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Abstract

This thesis presents two sets of new sharp estimates in harmonic analysis united by a
common theme: they are both related to A, weights, they are both treated with the use of
Bellman functions, and they both develop new technical tools that go beyond established
theory. The first part concerns estimates for a family of Carleson sequences related to
dyadic As weights; the corresponding Bellman functions do not arise as solutions of a PDE
and have a new, non-infinitesimal kind of optimizers. The second part deals with lower
LP-estimates for logarithms of A, weights as an indirect way of estimating the constant
of exponential integrability of BMO? for 0 < p < 1. The geometry of the underlying
PDE is significantly complicated by a lack of regularity in the boundary condition, and
the known mechanism relating A, estimates to BMOP? has to be modified to work for
this range of p.

Throughout this work we maintain the perspective on Bellman functions as stand-
alone objects of study, and emphasize the connection among sharp constants, optimizing
functions or sequences, and, in the second part, the structure of developable surfaces.
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Chapter

Introduction

This thesis covers a variety of sharp estimates for A, weights in the dyadic and contin-
uous settings, obtained using Bellman functions. It consists of two parts, each of which
presents a joint result with Dr. Leonid Slavin. In addition to obtaining new sharp results,
in each part we develop new technical tools to overcome limitations of existing Bellman
machinery.

The first part deals with sharp estimates for a family of Carleson sequences related
to dyadic Ay weights in dimension 1. These are accomplished by constructing the cor-
responding Bellman functions or Bellman majorants. An in-depth earlier study left a
prominent special case open. This was because the standard Bellman approach to esti-
mating dyadic sums seeks Bellman functions as solutions of certain PDEs. An equivalent
way of putting it is that the optimizing sequences in the resulting sharp inequalities
are obtained using infinitesimal extremal splits. However, the solutions of all applicable
PDEs were found in the earlier work and none of them covered the open special case.
In this part of the thesis, we develop a new non-infinitesimal splitting procedure, which
yields new optimizing sequences and new Bellman majorants. These coincide with the
actual Bellman functions for a key selection of points in the Bellman domain, which

yields the desired sharp estimates.



The second part of the thesis deals with sharp estimates for continuous (i.e., non-
dyadic) Ao weights on the line. These estimates are used to obtain new best bounds
for the John—Nirenberg constant of BMO?, 0 < p < 1. Bellman functions on this space
cannot be evaluated directly, so one instead estimates p-oscillations of logarithms of A,
weights from below and examines the behavior of the corresponding Bellman function
defined on the A, domain. Our work here is an extension of earlier studies that dealt
with p > 1. However, while the generalized Monge-Ampére PDE our Bellman functions
solve is the same as before, the geometry of the solution is much more complicated for
our range of p, due to a lack of regularity in the boundary condition. This produces new
geometrical configurations that go beyond established theory. Furthermore, an earlier
theorem that allowed one to obtain estimates on BMOP as certain inverses of estimates
on A fails to yield non-trivial results; we prove a new, sharper version that does yield

new best estimates.



Chapter

Dyadic Ay weights, Carleson
Sequences, and Non-infinitesimal

Bellman functions

2.1 Setting, preliminaries, and main questions

We begin with some definitions. Let D be the collection of all open dyadic intervals on
R, i.e., intervals of the form (27%j, 27%(j 4 1)), 4,k € Z. For an interval I € D, let D(I)
be the collection of all dyadic subintervals of I, and D,,(I) be the collection of the dyadic
subintervals of I of the n-th generation, D, (I) = {J: J € D(I),|J| =27"|I|}.

A weight on R is a locally integrable function that is positive almost everywhere. Our
weights will be assumed to belong to the dyadic Muckenhoupt class Ag. Let (w) s be the

average of a weight w over an interval J,

1
() = M/Jw(t) dt.



A weight w is said to belong to A4, written w € A4, if

[w]Ag = igg(wb(w*l}] < 00, (2.1.1)

where w1 denotes the reciprocal of w. The quantity [w] Ad is called the Ag—characteristic
of w. Observe that [w] ag 2 1 by Jensen’s inequality, and w € Ag if and only if w™! € A,
in which case [w]Ag = [w‘l]Ag. For Q > 1, let Ag’Q be the set of all A4 weights w with

characteristic at most Q):
d7
A9 = {w € A ]y < Q) 212)

If I € D and the supremum in (2.1.1) is taken over all J € D(I) instead of all J € D, we
will write Ag(I) and AS’Q (I), as appropriate.

A non-negative sequence {c;}jep is called a Carleson sequence if

1
II{cs}le := sup — Z cy < o0. (2.1.3)
rep || JED(I)
The quantity ||[{cs}||c is called the Carleson norm of {c;}.
Take a weight w € AZ. Let ® be a non-negative increasing function on [1, c0). Consider
the following sequence {c%(w)}jep:
(Ayw)?*  (Ayw )

c‘}’(w) = |J| @((w)ﬂwilb) 5— + —3 | (2.1.4)
w2 T w2

where Ajw = (w), — <w)J+, and J* are the two halves of .J. We are looking to estimate
sharply [[{c%(w)}|lc for w € Ad. Specifically, the goal is to find the sharp upper bounds

in terms of the characteristic [w] Ads O, equivalently, find the best (smallest) function



Kg(+) in the inequality:

1
sup — Z T (w) < Ko ([w)] 4a). (2.1.5)
1ep || 7 2
eD(I)
The need for such sharp estimates arises in applications when one uses the Carleson
embedding theorem in its various forms. One such form is given by the so-called Carleson

Lemma, whose proof can be found in [MP13]:

Lemma 2.1.1 (Carleson Lemma). A sequence {cj}jep is a Carleson sequence with

norm B if and only if for all non-negative, measurable functions F on the line,

ZCJ ian(:I:)gB/RF(x)dx.

=
Jjep

Sequences similar to (2.1.4) have been used to obtain weighted bounds for dyadic
paraproducts or square functions ([Bez08; MP13; Wit00]); in such situations ® is usually
a power function, i.e. ®(t) = t* for some a > 0. In [Slal6] Lemma 2.1.1 was used in
conjunction with sharp estimate (2.1.5) for a class of functions ® to obtain new bounds
in a larger family of inequalities for dyadic weights. In addition, these sequences provide
equivalent definitions of Ag: as shown in [Slal6|, for any increasing ®, w € Ag if and only
if {¢%(w)} is Carleson, and inequality (2.1.5) quantifies one side of this relationship.

Beyond immediate applications, given modern tools and specifically Bellman func-
tions, the family {c¢%(w)} presents a fascinating stand-alone object of study, and the
corresponding sharp bounds (2.1.5) yield a rich picture worthy of a detailed investi-
gation. (As one manifestation of this, it is shown in [Slal6] that for large classes of
functions ®, inequalities (2.1.5) are extremized by the same sequences of weights, which
allows for preservation of sharp estimates under polynomial algebra. The new results
presented here provide additional support for this notion.) This stand-alone study was

initiated and partly carried out in [Slal6|. To compute the function K¢ one defines the



corresponding upper Bellman function:

i RHCOE weEQ,M} (2.1.6)

JeD(I)

Bg o(x1,22) = sup {
where = = (x1,x2) and
EQag={w: we AS’Q(I), (w), = z1, <w_1)I =22}, (2.1.7)
The function Bg ¢ is naturally defined on the planar domain
Ag ={(z1,22): 1<z < Q} (2.1.8)

That is to say, Ag is precisely the set of z € R? such that each Eq .1 is non-empty
and which contains the point ((w), (w=1);) for all w € Ag’Q(I). The inequality on the
left in (2.1.8) is given by Jensen’s inequality, while the one on the right is due to the
assumption w € Ag’Q(I ). The elements of Eg . are referred to as admissible or test

functions. Furthermore, B ¢ satisfies the natural boundary condition:
Bos(z1,21") =0, (2.1.9)

since if w is a weight such that <w>1<w_1)l = 1, then w is constant almost everywhere
on I, meaning c¢%(w) given by (2.1.4) is zero for each I € D(I). We also note that the
Bellman function (2.1.6) does not actually depend on I. This can be shown by a rescaling
argument, which we will present later in section 2.3.

If Bg,o is known, then we immediately obtain the value K¢(Q) in (2.1.5).

Theorem 2.1.2. For Q > 1,

K3(Q) = sup Bgo(z). (2.1.10)
z€EAQ



Proof. We adapt an argument from [Sla16|. Take w € AJ such that [w] ad < Q. For any

I € D, by the definition of Bg ¢,

1

il > Fw) < Boe((w),, (w™),) < sup Bga(x).

JeD(I) e

Therefore, ||{c%(w)}|c < SUpP,ep, Bo,o(2) and, thus,

Ko(Q) = suwp |[[{cf(w)}lle < sup Boa(x).

[w]Ag =Q ZGAQ

To prove the converse inequality, note that by the definition of Bg ¢, for each z € Ag
and any interval I € D, there exists a sequence of AJ(I)-weights {w,}, such that for

each n, [wn]Ag(I) <Q, (wp); = x1, (w, ), = 22, and

1
lim il Z c(})(wn) = Bgo(x).
noo |1 JeD(I)

Let us extend each w, to all of R; call the extension w,. Let W, be the appropriately
translated copy of w,, on each dyadic interval of length |I|, except for one such interval,
say I, on which change w, to any A%-weight @ such that <1D>I~ = x1, (12)_1>I~ = x9, and
[@] Adh) = Q. (Such a weight can be constructed to take only two constant values on I;

section 2.6 has more complicated examples.) Clearly, @, € A3(R) and [@F] ag = @, thus,

1 D/~ 1 o
Ko(Q) > m Z () = m Z ¢ (wn) s Bg.o().
JeD(I) JeD(I)

It remains to take the supremum on the right. O

In section 2.3, we show that our Bellman function has certain homogeneity:

Bg.s(r1,72) = Bg,o(\/r172, /T172),



thus,

sup Bgao(z) = sup Bgal(s,s).
zE€AQ 1<s<V@Q

While we are looking for a sharp upper bound Kg in (2.1.5), one can similarly ask for
a sharp lower bound, which would naturally lead to the definition of the lower Bellman
function, with infimum replacing supremum in (2.1.6). Such sharp lower estimates were

obtained in [Slal6] for any ® for which the function ¥ given by

is either increasing or decreasing, covering most cases of interest. Thus, we focus on
upper estimates in this thesis.

In [Slal6|, the upper Bellman function Bg ¢ was computed for all increasing ¢ for
which the function W is convex on [1,00). When ®(t) = t*, let us write K, and B , for

K4 and Bg o, respectively. The following theorem was proven in [Slal6].

Theorem 2.1.3 ([Slal6]). If ® is increasing and ¥ is convex, then

Ko(Q) = 16<I>(Q)(1 . \/1@) + 8/1Q q);y)@ . i) dy.

In particular,

8(2a+1) o o 8
Q= e @7 gy @€ () U (31U [3,00)
Ka(Q) = 32@1/2—810gQ—32, a=1/2;
8log @, a=0.

(2.1.11)

This left unanswered the question of what happens for ® with concave ¥ and, in
particular, for ®(¢) = t*,« € (1, 3). One can obtain suboptimal estimates for this case, by

replacing such a ¥ with a tangential majorant; for a € (1, %) this amounts to interpolation



between the sharp results for « = 1 and o = % However, the correct value for K, was
not known until now.
Let us explain the reason. Directly from its definition, the Bellman function Bg ¢

satisfies a so-called main inequality: for all 27, 2" € Ag such that x := %(aj_ +a7) € Ag,

1 _ 1 xy —x)? x, —xd)?
Boa(a) > 1 Boa(e )+ L Boa(r) + @mmy) |70 B2 2R g 1)

Furthermore, for each € Ag there exists a split x = %(x* +a1) such that this inequality
becomes equality, or approximate equality, when z~ and z™ are infinitesimally close.
The standard approach is to focus on such infinitesimal splits. This is accomplished
by expanding both sides of the inequality to the second order of smallness, turning the
resulting differential inequality into a PDE, and then solving this PDE subject to the
boundary condition (2.1.9). While the PDE here is non-linear, it is easy to solve due to
the homogeneity of the problem. In fact, we have two distinct families of solutions and
one expects B ¢ to be found as an element of one of these families. That is exactly what
happens for convex W. However, one can show (see section 2.4) that for concave ¥ neither
of these solutions of PDE can be the Bellman function (for such ¥ a particular step in
the process, the Bellman induction, reverses in direction). The standard Bellman arsenal
for dyadic estimates, which relies on infinitesimal extremal splits, is thus unavailable,
and a new, non-infinitesimal splitting procedure is necessary. This leads us to a series of

questions.
Question 1. What is K,(Q) for a € (1,3)?
Question 2. What is the Bellman function Bg ¢ for ®(t) = t* and a € (1,3)?

Question 3. Describe the non-infinitesimal splitting procedure and optimizing se-

quence(s).



Question 4. What about other increasing ® with concave V¥, different from power

functions?

2.2 Main results

Answer 1. We have obtained a complete answer to Question 1.

Theorem 2.2.1. For a € (1, %),

Ko(Q) = 161/Q(vVQ-1)Q* ' +8(v/Q-1)° i 27k ((1-27%)/Q+27F)* % (2.2.1)

k=1

It is easy to check that this expression is strictly larger than what formula (2.1.11)
would give for this range of a. On the other hand, for other a > 0, (2.1.11) gives a larger
value than (2.2.1). This is illustrated in Figure 2.1 and is, of course, expected behavior

for sharp estimates.

251

N

La

24
| — 8(2+1)
23- a
[ 8(2+35 27K (1-27k)2a-2)
22/
21! \

1.0 1.1 1.2 1.3 14 1.5 1.6

Figure 2.1: Coefficient comparison for dominant terms of K, (Q).

Formula (2.2.1) was obtained with the use of a Bellman majorant. This is a common
term for functions that satisfy the main inequality such as (2.1.12), and thus can be used

in induction arguments to estimate the original sum, but also may be larger than the

10



Bellman function itself at some or all points of the domain. Let s = /z1x5 and define
L=yQ; sp=5+1-2"M(L-s); rm=1+1-2"%L-1).
Here is our majorant:

Bg.alz1,2) = 16L(s—1)L** 248 i 2R [(L—1)(r) 22— (L—5)*(s1)?*7?]. (2.2.2)
k=1

This function arises as a result of a purported splitting procedure that is, in a way, the
opposite of infinitesimal splits. To describe it, first observe that due to the homogeneity
it is enough to construct the Bellman function, or a Bellman majorant, only at the points
(s,8), 1 < s < L. We postulate that each s > 1(L+1) splits so that the right endpoint is
at L. Along this split, we require that the the main inequality (2.1.12) hold with equality.
Turning this around, each point s € [1, L] is now the left endpoint of such a split, meaning
that the value at that point of the Bellman candidate being constructed is prescribed by
the values of the candidate at %(s + L) and L. Continuing this procedure and coupling it
with the zero boundary condition at (2.1.9) and a natural condition on the derivative at
the point L, we obtain the complete candidate (2.2.2). The details of this construction
are given in section 2.4. We note that this function satisfies the main inequality (2.1.12),
meaning it indeed majorates the actual Bellman function Bg 4.

However, it turns out that the procedure described above is overdetermined and can
be realized as an actual sequence of weights only for the points r;. Indeed, it is clear that
the candidate (2.2.2) does not even use any values of ® on the interval (1, 1(L+1)). For

s = 1 such a weight sequence does exist and we have a partial answer to Question 2.
Answer 2. For @Q > 1,let L=+/Q, 1, =27"+ (1 -2""L, k> 1, and 7o, = L.

Theorem 2.2.2. If a € (1,3), then

Bg.a(s,5) < Bga(s,s), 1<s<L

11



and

Bg.o(rk, k) = BQ,a(rk, k), 0 <k < oo.

Answer 3. As mentioned above, for each s = r; we have an actual optimizing sequence of
weights {w%k)}n on the interval I := (0, 1). This means that (wﬁP)I = ((w%k))_w] = rg,

wd e Ag’Q(I), and
lim — Z cf,a) (wﬁlk)) = BQ,o(Tk, Tk)-

(k)

The weights wy, ’ are defined recursively, in a manner similar to that used for infinitesimal
splits in [Slal6], but with important differences accounting for non-infinitesimal nature
of the splits.

Answer 4. Our majorant actually satisfies the main inequality (2.1.12) for a larger class

of ® with concave ¥ than just ®(t) = t*, a € (1, 3), though not for every such ®. Let
. 2 2
B (w1, w2) = 16L(s = 1)T(L) + 8> 27 F[(L = 1)"T(rg) — (L — 5) ¥ (sy))].
k=1
Theorem 2.2.3. If U € C4([1, L)), such that ¥ and $" are increasing and concave, then
Bga(s,s) < Bga(s,s), 1<s<L

and

Bgo(rk,me) = Boa(rk,me), 0< k< oo

This theorem applies to some ®’s that are not power functions. As an example, consider
O(t) = tlog(t), then U(t) = 2log (t). Clearly, ¥ satisfies the conditions of this theorem,

and we thus have the following corollary.

12



Corollary 2.2.4. For ®(t) = tlog (t),

lﬂyag)::32Llog(L)(L——1)—%16(L——1)2i§32‘klog(rk)
k=1

2.3 Necessary conditions on the Bellman candidate

To find a Bellman function such as (2.1.6), one typically determines key properties that
it possesses directly from its definition. These properties become conditions imposed on
any candidate function being constructed. Once a candidate is found, it is then shown
to be equal to the true Bellman function, or at least to bound it from above or below,
as appropriate. In this section, we first derive the independence of Bg ¢ with respect
to the interval I. This property is crucial for induction arguments involving Bg s. We
then proceed as in [Slal6] and derive three conditions and an induction-on-scales result
which together make up the essential properties of Bg ¢ on Ag. Following this, we use
these properties to translate the main inequality from a condition on Ag to one on the

interval [1, L], L = /Q.

Lemma 2.3.1 (Interval Independence). Let I be an interval with A%(I), Bg.s, Eg.i

and AQ the respective analogues of A3(I), Bg.a, Egx1 and Ag. Then
Vo € AQ = AQ, BQ@(.T) = BQ@(JZ).

Proof. This follows directly from the fact that a linear change of variables ¢ : I — I will

preserve both dyadic lattices and integral averages. Indeed, let ¢ be such a function and

define:

W= wo ¢; J=o¢(J), JCI.

If we assume, without loss of generality, that ¢ is increasing, i.e. ¢'(t) = ¢ > 0, then

vJ=(a,0) C I, |J] = ¢(b) — $(a) = (b —a) = c|J|.

13



Therefore, if J € D(I) then there exists an n > 0 such that J partitions I with 2" — 1
other intervals of equal measure. From the above, we see that the same will hold for
J within I, and with the same relative position; hence, J € D(I) and J*= = $(JF).

Consequently, given any weight w € A4(I) and interval J C I,

1 1 L
W) = /J wlt) dt = /jww(t)) dt = (@) 5

thus J <% Jis a bijection from the dyadic intervals of D(I) to D(I) on which w and @

(along with their reciprocals) have the same average. Since it clearly follows that

1 1 -
et = =)

we have w < @ is a bijection from Eg ; 1 to EQ .f Which preserves the value of the sum

in definition (2.1.6); hence, Ag = Ag and

1 1 - -
Bgo(z) = sup Il Z S (w) = osup = Z ¢ (w) = Bg.a(z). O
WEEQ,u,1 JED(I) wekq ., § | | Jjep(i)

With this in hand, we will now prove the following key properties:
Lemma 2.3.2. The function Bg s satisfies the following

1. Main Inequality. For all points x~,x" € Ag such that x = %(x_ + 1) € Ag,

1 ! -
Bga(z) > sBgae(x™) + ;Bga(z") + ®(x112) ( 5 + 2
2 2 fEl x2

2. Boundary Condition. For all 1 € (0,00),

BQ@(HTl, 331_1) =0.
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3. Homogeneity. For all x € Ag,
Bg a(x1,22) = Bo.o(vr122, \/T122).

Proof. Fix =,z € Ag such that x = (2~ +2™) € Ag and let w* € Ag’Q(Ii) be
admissible weights for 2% for which the supremum of the sum in the Bellman function

is almost attained, i.e. for some small, positive 7:

1

o, + +
e Z cj(w®) = Boo(z™) —n.

JeD(IE)

Such a selection is possible since, as previously mentioned, given any interval I and
x € Ag the corresponding set Eg , ; is non-empty; furthermore, it should be noted that
there are no constraints on the relationship between these weights (i.e. we choose them
independently). We construct a new weight, w, on I by concatenating w¥, i.e. we define

w on I+ as w*. Tt follows that w is an admissible weight for x = (21, z2) since

(w)r = %<w‘>r + %<w+>l+ = %(xl‘ + ) =z, (2.3.1)
s = M@ ) 4 @) Y = S e = (232)

and w € Ag’Q(I), which follows from the fact that w* € Ag’Q(Ii) and x € Ag. We can

split the quantity in the definition of Bg ¢ as follows:

1 1 1
7 Z ¢ (w) = ef (w) + oA Z ¢ (w) + 27| Z ¢ (w)
JeD(I) JeD(I~) JeD(IT)
1 _ 1
JeD(I) JeD(IT)

15



Consequently, for our constructed weight w, we’ll have

G Z c(})(w) P %BQ@(JE*) + %BQ@(gg*) -n+ @(<w>1<w71>1)R1(w)
JeD(I)
= %BQ@’(‘T?) + %BQ,CD(CCi) —-n—+ (I)(.Clilajg) |:( 1 _2xir)2 + (3327 _2$;)2:|
.'L‘l x2

Taking the supremum over all w € Eg . 1 gives

1 _ 1 T 5
Boola) > 3Boala )+ 3Baala®) ~n+ aarwy) |0 4 (25,

Since 7 can be made arbitrarily small, the main inequality follows.

Now, fix z € Ag with 29 = :1:1_1. If is w an admissible weight for this point, i.e.
w € Egr, then (w™); = (w); ' and so w satisfies Jensen’s inequality with equality.
This can only occur if w is constant almost everywhere, and there is only one such
constant function admissible for x, namely w = x;. Therefore, VJ € D(I) we have
Aj(w) = (w) ;- — (w);+ = 0 and thus Bg ¢(z) = 0. All that remains to show now is
homogeneity.

For a fixed x € Ag and 7 > 0, let w € Eg ., and define the new weight w,(t) =
Tw(t). It’s readily seen that (w,); = 7(w); and (w;); = 7~ Hw™);, VJ € D).

1

Consequently, w, € AS’Q(I), w; is admissible for 2, = (121, 7 122) and ¢ (w) = ¢ (w,),

VJ € D(I). It follows that w — w; is a bijection from Eg , 1 to Eg ;. which preserves

the value of the sum in the definition of Bg ¢; hence, Bga(r) = Bgao(r,). Taking
T = \/x2/x1 gives B ao(x) = B ao(\/T1%2,/T1Z2). O

Lastly, we will need the following lemma.

Lemma 2.3.3 (Bellman Induction). Let B be a function satisfying the main inequality

and boundary condition on Ag, i.e. for all z1 € (0,00):

B(:Bl,ﬂnfl) =0,
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and for all points x* € Ag such that %(x* +az1) € Ag,

(wy —21)? | (wy —29)?
ot

B(z) > =B(z™) + %B(f) + ®(z122)

1
2
Then B magorates the Bellman function Bg e on Ag, i.e.

BQ}@(%‘) < B(l‘), Vz € AQ.

Proof. We begin by proving a simple estimate on B, namely B(z) > 0, Vo € Ag. Fix

x = (21, 72) € Ag and define the points z7:

I 1
if=m (1 1= —), af=a(1F,/1-—).
12 12

Clearly, xfxét =1land z = %(Jc+ + a7 ); thus, by our assumptions on B, we have

1 1 (zy —x)* (x5 —23)°
R — 2
= &(z129) (y Qxl) + (rz 2:62) } > 0.
] €Ty

Now, choose any admissible weight w € Eg ;. For J € D(I) we define the associated
point by(w) := ((w), (w™1t);). Clearly, by(w) = x. Since w € Ag’Q(I), it follows that

bj(w) € Ag for any J € D(I). Furthermore, by (2.3.1) and (2.3.2), we have
1 1

Observe, b;- (w) and by+(w) are two points in Ag whose midpoint b;(w) € Ag. Since B

satisfies the main inequality we have

Bby(w) > 5 Blby- () + 5 Blbre (w) + ek w)
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Equivalently,
[1|B(br(w)) = [I7|B(by-(w)) + [I|B(br+(w)) + ¢F (w). (2.3.4)

We can iterate this argument by splitting subsequent b;(w) as in (2.3.3) then applying
(2.3.4). Doing so until the n-th generation, i.e. J € D,, :=={J € D(I): |J| =27"|I|},

gives:

B> Y e S Y .

JeD,(I) k=0 JeDy( I)

from which it follows that
1 ¢ )
SR
k=0 JeDy(I)
since B(x) > 0. Taking the limit as n — oo gives

B(w)> = Y f(w).

i JeD(I)
As w was chosen arbitrarily, this holds over all weights in Fg , ;. Taking the supremum

of the right hand side expression over all such weights gives the desired result. O

Let B be a function on Ag and define A(s) = B(s,s) for s € [1, L]. Suppose B satisfies
the homogeneity property on Ag and fix 2% € Ag such that z = (2~ +2™) € Ag. If

we let s = s(x) = \/T122 and sT = s(xT), a quick calculation gives:
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The main inequality for 2% becomes

B(x) > 5B(a™) + 5 Ba™) + 2(r122) [g ) p (s9)? , ((s7)? ;4<s+>2)2}
s7)2 — (sT)2)2
= BT+ B+ 006 857 () + (572 + R,

or, equivalently,

A(s) = A(s_)+%A(s+)+\I/(s) [8 s2—4((s7)2+(sH)Y) + ()" - (8+)2)2] . (2.3.5)

1
2
It follows that for B to satisfy the main inequality on Ag it is both necessary and
sufficient for the function A to satisfy (2.3.5) for some selection of s, s* € [1, L]; this latter
observation follows from the fact that the constraints on x, namely x = %(;v_ +27), will
result in constraints on s. Let wy, denote this collection of triples (s—,s™, s) € [1, L]?. We
will specify conditions for wy, so that it contains all (s7,s*, s) arising from z, 2% € Ag
with 2 = £(z~ + 2 "). If we freely choose s* € [1, L], it is clear that s can be made as
large as desired in the interval [1, L]. (Consider z& on the tangent to the upper boundary

of Ag such that z = (L, L).) We are therefore interested in the lower estimate:

-+ -
: $1+$1><x2+x2). o (a2 ot ()2
zﬂlpelz{lQ \/( 9 9 rwyxy = (s7)% aiay = (s7)

We can see that this minimum is attained when all three points z, 2% lie on the same

line through the origin. Indeed

(B (222 — L4 () + Saras +aat)

2 2 4
1 _ 1, _
:Z(<S+)2+(S )2)+§(x , 0(z™)),
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where 0 denotes the reflection through the line 22 = 21 and (-, -) the inner product on R?;
this product is minimized precisely when the vectors 2~ and 6(x*) are perpendicular,

i.e. when & are parallel. It follows then that s = (s~ + s*). We therefore take
1
wr = {(3_73+78)1 1<s <Ly 1<sT <L 5(5_—1—3"‘) gsgL}_

If we define

s 2 s 2\2
P(s7,sT,s) = A(s)—% [A(s_) +A(S+)]_\Ij(8) 852 — 4((s)2 + (s7)2) + ((s7)*=(s7)%)

then by the above discussion, to show B satisfies the main inequality on Aq it suffices

to show that P > 0 on wr. We make a further modification to this problem by defining
1
U(s™,sT,s) = A(s) — 5 [A(sT) + A(s7)] —8U(s) [s* — s sT].

It is clear that P > U on wy, and that P = U when s = %(8_ +sT). Though a seemingly
harder task, we will prove that U > 0 on wy, as this function is computationally easier

to work with.

2.4 Non-infinitesimal candidate

As discussed in the introduction, the standard approach to finding the Bellman function,
or a majorant, is to assume the Bellman function satisfies the main inequality with
equality, or approximate equality, whenever z* € Ag are infinitesimally close. This gives
a PDE which we then solve to produce a candidate function B. This function is then
shown to satisfy the main inequality for all other z& € Ag, from which it follows that it
majorates the Bellman function by Bellman induction. Optimizers, which are sequences
that support the value of the candidate, are then constructed for each x € Ag to give

the converse inequality B(z) < Bg o (z).
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However, this approach fails when ¥ is concave. The function U, derived in the
previous section, fails to be positive for any triple (s, s™, #) € wr—a necessary
condition for the main inequality to hold. Specifically, in [Slal6] it was shown that for
any candidate arising from this PDE, we have for all s* € [1, L]
st +s~

A(TE) - LAt 4 A 2w (]

5 5 )(S+—87)220<:>

A
8/_A(A 1)) <;\Il(s+t) 4 %\I'(s - \If(s)> dt >0

where A = %(SJr — 87 ); for concave W the latter inequality is clearly reversed. Therefore,
since Bellman induction implies the existence of a direction in which the Bellman function
splits optimally, we must have that these splits are non-infimitesimal.

In this section we construct a special Bellman candidate via a non-infinitesimal splitting
procedure which we will show to be equal to the Bellman function at a key selection of
points in Ag. By homogeneity, it suffices to construct our candidate as a function of one
variable on the interval [1, L] which we will then extend to Ag as follows: if A is our
candidate on [1, L], we define the extension Bg ¢ (z1,22) := A(\/Z122).

Our candidate A will be defined as the pointwise limit of a sequence of functions
{A,}. For every s € [1, L], each A, will be constructed so as to satisfy equality in the
main equality for a prescribed number of splits to the boundary point L. We recall the
notation:

sp=s+(1—-2"M(L—-s); m=14+0-2"F)(L-1).

Fix s € [1,£52) and n > 1. We define A,, at the points {s;}}_, simultaneously as the

solution of the system of equations:

1 1
An(sk) = S An(st-1) + 5 An(L) +2¥(sy) [ - sp—1?, 1<k<n (2.4.1)

An(L) = Ap(sy) + 8¥(sy) [L* — s2] . (2.4.2)
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This definition is well-defined in the sense that each s € [1, L) will belong to a unique
system, so there are no redefinitions. (The case of L will be addressed shortly.) Further-
more, as each system consists of n+ 1 equations in n+2 unknowns, A,, is fully determined
at each s € [1, L) up to knowledge of A,(L). When s = 1, i.e. {sp};_y = {rr}tp_g, we
set A, (1) = 0 to satisfy the boundary condition and solve the resulting fully-determined

system, thus fixing A,,(L). This splitting procedure is illustrated below in Figure 2.2.

A3(1) = Az(ro) =0 Az(s) = Az(so) As(ry) As(s1) As(ra) Ag(ss) As(rs) As(ss) A:;.(L)

As

Figure 2.2: The splitting procedure for the intermediate function As
We now proceed to solve (2.4.1) and (2.4.2) for A,, and {ry};_,. Define:
P(sg) = 2W(sg) [L — sp1]®;  T(sp) = 8%(sy) [L? — s7] .
Then for 1 < k < n, using (2.4.1) repeatedly, we have:

An(r2) = 5 An(ri) + 5 An(L) + P(r2)

%An(rk,z) 4 %AH(L) 4 P(r“)} + 54n(L) + Plre)

N =N

= ZAn(Tk’—Q) + %An(L) + %P(Tk—l) + P(rk)

k
=2""A,(r0) + (1 - 27F)An(L) + > 277 P(r))
Jj=1

k
= (1-27F) A, (L) + ) 277" P(r)).
j=1
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Therefore, by (2.4.2)
ALy =(1—-27" ) + Z 2P (r;) + T(rn),
so that,
Ap(L) = 2"T(ry) + Zn: 2 P(r;),

J=1

n k
An(ri) = (1 =27%) |2"T(ry) + Y 20P(r) | + > _27FP(rj), 1<k<n.

j=1

As mentioned, this fixes A, (L) for all other systems. By a similar argment, we have:

N
>
N
S

k
An(sk) = 27 An(s0) + (1= 275 An(L) + 3 27" P(sy), 1
We may then solve for A, (s) = A,(so) explicitly using (2.4.2):

Ap(s) = 2" An(sn) — (2" = DA(L) = Y 27 P(s)
=1

= 2" (A (L) = T(s)) = (2 = DAL(L) = Y P(s)

n

= A, (L) — 2" T(s,) 22119 55)

n

= 2" [T(rp) — T(sn)l + > _ 27 P(r;) = > 2/ P(s).
=1 =

Noting that L — s = 27%(L — s), we have the general formula for A, on [1, L]:

An(s) = 16L(s — 1)¥ +8Z2 i 2U(rj) — (L — s)*U(s;)]
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and thus for A as well,

A(s) = lim A,(s) = 16L(s — 1)¥(L) + Si 277 [(L = 1)*U(r;) — (L — 5)*¥(s;)].
j=1

n—o0

Therefore, our Bellman candidate on A is:
Bg.o(x1,22) := A(Vx122). (2.4.3)

2.5 Main inequality verification

In this section, we prove that the Bellman candidate Bg o given by (2.4.3) satisfies the
main inequality. In section 2.3, it was established that for a function B with homogeneity

on Ag, to prove the main inequality it was sufficient to show that the function
1
U(s™,sT,s) = A(s) — 5 [A(sT) + A(s7)] — 8U(s) [s* — s sT]

is non-negative on the domain

where A(\/x123) := B(z1,2z2). This task is made easier by the following lemma.

Lemma 2.5.1. Let ® ¢ C™W([1, L]) such that ¥ and ¥" are concave and increasing.

Then U > 0 on wy, if and only if

1
U(s1, s2, 5(81 +52)) 20, Vsi1,s0 € [1, 1] (2.5.1)

U(81,81,82> 20, V1 <81 §SQ<L (2.5.2)

Proof. Both inequalities are clearly necessary. To prove sufficiency, assume (2.5.1) and

(2.5.2) hold. We will first prove a simple pointwise estimate for A’. For notational
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convenience, let G(s) := 3 7%, 277W(s;) so that
A(s) =16L(s — 1)W(L) 4+ 8(L — 1)2G(1) — 8(L — 5)*G(s).
For j > 1, we have s;_1 = s; — (L — s;) = s; — 277(L — s). Thus, by concavity of ¥,
U(sj-1) < U(s5) = (55— 85-1)W'(s5) = W(s;) — 277(L — 5)¥'(s;).
Since G'(s) = 3272, 27 27W'(s;), the above estimate gives
G(s) — (L —s)G'(s Zz J —279(L - 5)V/(s;)]

22 TW (s 1)

[W(s) + G(s)].-

l\')\»i

Therefore, since ¥ is positive and increasing, we have

A'(s) = 16LY(L) + 16(L — s)G(s) — 8(L — 5)*G’(s)
> 16LY (L) +12(L — s)G(s) + 4(L — s)¥(s)

> 16LW(L). (2.5.3)

Let (s7,s",s) € wr; we may assume, without loss of generality, that s~ < s™. Since
%(s +s ) s, we must have either s~ < s < s or s~ < s <s. Let us consider these

cases separately.
Case 1: s~ < s < st. Since %(s* +sT) < s, we have s~ < 2s —sT <s<st.

Differentiating U with respect to s~, we have

ou

oy ——A’( )+ 8W(s)sT <8L[¥(s) — ¥(L)] 0. (2.5.4)

Therefore, U(s™,sT,s) > U(2s — sT,s™, s), which is non-negative by (2.5.1).
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Case 2: s~ < sT < s. This also follows from (2.5.4). We’'ll have U(s™,sT,s) >

U(st,sT, s), which is non-negative by (2.5.2). O
It remains to verify (2.5.1) and (2.5.2).

Lemma 2.5.2. Under the assumptions of Lemma 2.5.1, inequalities (2.5.1) and (2.5.2)
hold.

Proof. To prove (2.5.1), we must show that for all s* € [1, L]

A (5+ ‘; 5_> - % (A(s™) + A(s™)) — 20 <5+ '; 5_> (st —s7)2 > 0.

We first introduce some notation. Let s = 3(st +s7), A = 3(st —s7) and for k > 1
sp=s5+(1—2"F)(L-s); si=sT+0-27F)(L-sh).
After cancellation of first order terms, inequality (2.5.1) becomes
4%2‘]’ [\I/(sj_)(L — 5T W(s) (L — sT)2 — 20 (s;)(L — 3)2] —8U(s)A2 > 0.
j=1
Let H(t) = ¥(t)(L —t)2. Since L — s = 27%(L — s), we can rewrite the above as
i 2i [H(sj_) + H(st) - 2H(sj)| — 20(s)A? > 0.
j=1
Finally, we define the function
S(s,A) = i 91 [H(S;) +H(st) - 2H(sj)] —2W(s)A2.
j=1

To prove (2.5.1), it suffices to prove S is non-negative on the domain
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To this end, we prove a stronger result: that S is non-negative on the enlarged domain

D:={(5,A): 1<s<L, 0SALL-s}.

Clearly, S is identically zero on the line segment A = 0 in D, as for such points we’ll have

5j = Vj 1. We can also readily deduce the behavior of S along the line segment
A=L—s,since sy =sandforj>1,s; = Sit1 and s = L. It follows that,
H(sj) = H(s;,,), H(sj) =0, Vj=1

Therefore,

S(s,L — s) ZQJ[ - (j)—2H(sj)}—2\I/(s)(L—s)2

=2 (sy) + 302 [H(sy0) + Hlsy)] ~ 20 -
j=1

=2H(s) — 2U(s)(L —5)2 = 0.

We use the behavior on these two line segments to prove positivity for all points in the
domain via an argument involving the partial derivatives of S in A. We first compute

these derivatives and note some of their properties on D, making use of our assumptions

on U:
Sals,A) = i_oj H(s) = H'(s7)| = 49 (5)A,
San(s, A) 22 IH"(s7) + H"(s7)] - 49(s),
Saaa(s,A) 22 2 [H”’ H”’(sj_)].
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Clearly, Saana(s,0) = Sa(s,0) = 0. Furthermore, Saaa < 0 since
HY () = 0D (4) (L — 1)2 — 89" (t)(L — t) + 129" (t) < 0.

Fix s € (1, L) and suppose that min {S(s,A): 0 < A< L —s} = 5(s,A’) <0. Clearly
then Saa(s,A’) > 0. Since Saaa < 0, we must have that Saaa is monotonically
decreasing, and thus positive, on [0, A’]. Given that S(s,0) = Sa(s,0) = 0, there exists
a neighborhood of 0 on which S is strictly positive (except at 0). Let [0, ) be the
largest such neighborhood. By the Extreme Value Theorem, S attains its maximum on
[0, a], say at A”. Consequently, Saa (s, A”) < 0. However, by the Mean Value Theorem
(MVT), this implies the existence of some A" € [0, A’] such that Saaa(s,A”) > 0, a
contradiction. Therefore, no such point exists, i.e. inequality (2.5.1) holds.

To prove (2.5.2), we must show that for 1 < s~ < s < L:
A(s"') —A(s7) = 8\I’(S+) [(s+)2 — (s_)Q] .

This follows directly from (2.5.3) and the MVT, since for some ¢ € (s7, s*) we’ll have

A(sT) = A(s7)

T = A= 16LU(L) > 8U(sT) [s" +57].

O

As a consequence of Lemma 2.5.2, we have that U > 0 on wy, and thus Bg ¢ satisfies

the main inequality. Therefore, Bg ¢ majorates the Bellman function:
BQ@(QB) < BQ’¢($), Vx € AQ‘

The opposite inequality is taken up in the next section.
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2.6 Optimizers

In this section, we construct special sequences of functions which will prove the converse
inequality for Bge. As mentioned in the introduction, we are only able to do so for
those points (g, ry) and (L, L), as Bg ¢ is not the true Bellman function but a majorant.
Naturally, the construction of these sequences for Bg ¢ will reflect the splitting procedure
of section 2.4. Recall that a sequence of functions {w®} on I is called an optimizing

sequence for Bg o(x), if {w}} satisfies the following three conditions:

Vo, w®e AYI); (2.6.1)

Vn, (wi)r=x1; ((wh) ™) = w; (2.6.2)
% > cF(wh) — Bgals), asn — oc. (2.6.3)
| ’JGD(I)

Once optimizers are constructed for these points, we will have finished the proof of
Theorems 2.2.2 and 2.2.3. By the independence of the Bellman function on the interval
(Lemma 2.3.1), we may take I = (0, 1).

Let k > 1. We construct for each (rg, r;) an optimizing sequence {wgﬁ) }ZO: . recursively.
The n-th optimizer in the sequence at (rg,ry) will be construted in terms of the (n — k)-
th optimizer at the points {(7, rk)}z;é and (L, L). Specifically, we define n-th element
of the optimizing sequence at (rg,ri) as the concatenation of the n-th element of the

optimizing sequence at (rg_1,7rx—1) and (L, L), i.e.

(k1)
Wy =4 (), e (0:3) (2.6.4)

wh(2t—1), te(3,1).
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(0)

Naturally, for (rg,rg) we take the constant optimizer wy,’ := 1 and we close the recursion

at the n-th level by homogeneity: let A,, = \/L? — r2, we define

L=fn M(2t),  te(0,1)

Tn

wP(t) = : (2.6.5)
Ltba (20— 1), te(

N[
—_
S~—

“\

(L - Am L + An)\i

XS
A}

\\ ’
(10, 7n) @,

(T277’2) . ~\
l‘
4

Figure 2.3: The optimizer for A : normal splits to the boundary r; = %(Tk—l + L) inside
the domain; tangential split on the boundary at (L, L).

(2.6.1)-(2.6.3), we will give an alternate presentation to help illustrate the behavior of
(k)

these functions. We will express each wy,” as a sequence of simple functions defined on

a strictly increasing subset of (0,1). For a fixed n > 1, we introduce the notation

LA, LA,
ap = ——, by = ———,
Tn Tn
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and define the sequence of functions {vﬁf ) }Oo

_, on an increasing subset of (0, 1) as follows:
m=0

Qn, t e (0,27(nF1)
Undefined t e [2-(+D 1)

v (1) = ? (2.6.6)
b, tel3, 5 +2-(H)

Undefined t¢€ [L+27(+D) 1)
u

and for m > 1,

ans t e (0,27(nFD)
anolD (21— 1), te[270t) 27) 1<i<n
v (t) = . (2.6.7)
bn, te i, o))
buot) (28— 1), te[l+270tD 1127 1<i<n

\

(L)

Observe that the measure of the set on which vy,” is undefined is (1 —27") times that

(L)

of the set on which v,,”; is undefined. This follows since there are 2n intervals on

which vﬁf ) is not explicitly given; on each of these intervals vﬁf ) is just a rescaling of

vﬁfil and the total measure of these intervals is 2(3 — 2-(+1)) = (1 — 27"); hence,

the measure of the set on which v\ is undefined is (I —27™)™. Furthermore, we
(L) (L) (L)

have vy,” agrees with v, 7, everywhere v,,”, is defined, i.e. there are no redefinitions.

Therefore, this sequence converges to a function defined almost everywhere on (0,1).
li_r>n vlF) = () This can be easily seen when we express the original
m [e.9]
(n)

recursive definition of wy, ~ as follows:

Specifically,

wM(t) = . te (0.27) . (2.6.8)

w2t —1), te27,27),1<i<n
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Hence, by (2.6.5), we have

an, t e (0,2-(+1)
an wi (2t — 1), te 270D 27) 1<i<n

wi(t) = . (2.6.9)
b, fe bt 42 )

bowi? (2t —1), te[l+276D) 1107 1<i<n

D=

(L)

Therefore, v,y,” is defined precisely for those values such that the recursion given above

(L)

terminates within m recursive steps; thus, for the intervals on which it is defined, vy,

agrees with w,(lL). Recursing as we had to obtain (2.6.8) gives V1 < k < n:

wh) (1) = b te (0.27) . (2.6.10)

(k)

Therefore, for a fixed n > 1, we can also represent each wy,’ as the limit of the simple

functions {v,% )};::0 defined on an increasing subset of (0,1) as follows:

1, t € (0,27F)
v (t) = , (2.6.11)

Undefined te€ [27%1)

and for m > 1,

vk (1) = . te (027 . (2.6.12)

o) (2t - 1), te[27,27), 1<i<k

To complete this presentation, we fix L = 1.1 and plot the first few functions from the

sequence {v%)}::(], first for n = 1 (Figure 2.4) then for n = 2 (Figure 2.5). Recall
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Figure 2.4: The first four functions of the sequence {w(,jl; )}?no:o defining ng)

that the sequence {vfnL ) };’::0 for a fixed n only approximates one element of the sequence

{wSLL) }Zozl, so each optimizer in this sequence becomes quite convoluted.

Lemma 2.6.1. The sequence {wff)}zo

_, 18 an optimizing sequence for Bg.¢ at (T, Tk)

and {w,gL)}le for Bg.e at (L,L). Therefore, if & € CW([1,L]) such that ¥, ¥" are

concave and increasing:
Bgo(L,L) < Bgo(L,L);  Bqao(rk,me) < Boo(rkmk), k=1

Proof. Fix n > 1. We proceed to show that w,(lL) is admissible for (L, L) from which

conditions (2.6.1) and (2.6.2) will follow. From the above discussion, we have that wi

is the limit of the sequence of functions e given by (2.6.6) and (2.6.7). If we let I,
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Figure 2.5: The first four functions of the sequence {1)7(7% )}?no:o defining wéL)

denote the set on which vﬁf ) is defined, noting that a,, + b, = 2%, we have for m > 1:

/ oD (@) dt = 27D (a, + by) + <1 - 2_(”+1)> (an + bn) / ,Uv(?fll(t) dt
I Imfl

2
_onl 4 _omL (L)
=27 (12 )Tn/lm1vm1(t)dt
L Ll L L ()
—o 2y (1-2M 2 2 (1—2) =
R e L RN (R ool vm_1<t>dt]
L L\? L\? L
=2 4o 12 = 1—27m2 (= (L)
Larra-am (E) wa-om2 () [/Mvm_zwtl
L & LY
:2_’"‘— 1_2—7’L R
2
_ 1 _og-miLl”
T'n
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Therefore, by the monotone convergence theorem,

1 L2
/ w (@) dt = lim L—2" M2 =,
0

m—o0 Tn

(L)

A similar argument can be applied to (wy;”)~!. This function is evidently the limit of the
sequence of step functions {(vy(,f))*l}fnozo. Since a,, ' +b,! = (an+bn)(anby) ™t = ay+by,
we obtain the same recursion for [; (WP (¢)) 1 dt as that for I o$P) (t) at; thus,

1 L2
/ (W () dt = lim L—2" MV
0

m—00 Tn

Furthermore, by (2.6.11) and (2.6.12), we have for k£ > 1

1 1
/ w®(t)dt = 27 1+ (1 — 27k / WD () dt
0 0
=2Fpr(1-27ML

=rk.

Arguing as we had for (ng))_l gives fol (w,(@k) ()L dt = rp; thus, (2.6.1) is satisfied.
To show (2.6.2), it suffices to remark that on every J € D(I), w,(lk) is, by construction,

(L) (k)

a constant multiple of an appropriately scaled w;”’ or wy’. Let ¢ be this constant
and w this function. It follows then that, on J, (wgk))_l is just a rescaling of ¢ tw™1.

Consequently,
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(k)

Then by our conditions on each wy, ’, we have the following system of equations for the

assoclated sums:

(k) — %z(k—w + %2@) L w®); W =50 L 8u(L) [L2 - 2] 2O =

Since |I| =1, we have

ef (wi) = 112 ((w) (W) ™)) R (wll)

Therefore, the system of equations (2.6.13) is identical to that defining the intermediate

function A,, at the points {ry};_, and L. That is to say, we are again solving the system

s(k) _ %Ew—l) n %g@) + P S =™ L7, nO =g

where

P(ry) = 2U(ry,) [L — rp—1]?, T(ry,) = 8U(rg) [L* — 7] .

Consequently, %) = A, (r;.) and so

lim Z < (w —nh_>ngoA( k) = Bo,o (T, Tk)
> Jen(n)

which proves (2.6.3). O
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Chapter

The John-Nirenberg Constant of

BMO?, 0 <p<1

3.1 Introduction, preliminaries, and main results

Here we are taking up a study begun in [Sla15] and continued in [VS16]. We are concerned
with obtaining sharp estimates for BMO norms of logarithms of A, weights, and in so
doing estimating the so-called John—Nirenberg constant of the space BMOP. For p > 0

and a fixed interval I this space is defined as follows:

BMOP(I) = {¢ € LYI): l¢llpmor(r == t suldeGso — (), [P /P < oo}

It is classical that BMOP norms are equivalent for all p > 0; the paper [SV12] contains a
series of sharp results concerning this equivalence.
Recall that a weight is an almost everywhere positive function. For a fixed interval

I we say that a weight w on I belongs to Ax (), w € Ax(I), if both w and logw are
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integrable and the following condition holds:

[Wlasmy = sup  (w) e B < oo (3.1.1)

interval JCI

Observe that [w]s () = 1 by Jensen’s inequality. For C' > 1, we will also use the
notation AS (I) for the set of those A (I) weights with the characteristics bounded by
C:

AS(D) = {w € An(D): [l gy < O} (3.12)

Let us also recall the definition of Ay, which we gave earlier in a dyadic setting. We

say that w belongs to As(I), w € Ay(I), if both w and w™! are locally integrable and

[W]ay(ry == sup <w>J(w’1>J < 0. (3.1.3)
interval JCI

The quantities [w]4_ () and [w]4,(1) are called the A- and the Ap-characteristics of w,
respectively. Clearly, Ao C As. In fact, it is easy to show that w is in Ay if and only if
both w and w™! are in A.

The John—Nirenberg constant of BMOP, denoted by €¢(p), is the supremum of all ¢ > 0
such that for any function ¢ € BMOP(I) with BMOP?-norm ¢ we have e¥ € Ay(I). Since

a weight w € A, if and only if w,w™! € Ay, we have the following equivalent definition

of go(p):
eo(p) =sup{e > 0: Vo € BMO?, ||¢|lpmor = ¢ = €% € A}

This constant was computed for 1 < p < 2 in [Slal5| and for p > 2 in [VS16]. Here is

the combined main result of those studies:
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Theorem 3.1.1 ([Slal5; VS16]). If p > 1, then

co(p) = [p (r(p) - /01 1t dt) + 1] Up. (3.1.4)

e

Let us briefly explain how £¢(p) may be computed or estimated. A straightforward

approach is to compute the supremum of the A, “oscillation" (e“a_(@J ) ; for all ¢ such
that ||¢llBmor = €. The value of ¢ for which this supremum becomes infinite is precisely
go(p). As discussed in [Slal5], in trying to put this in practice one might consider the

following upper Bellman function:

Bye(w1,w3) = sup{(e?); = (p); = 21, {0 = (), ")} = @2, [[#llmmoray < e} (3.1.5)

This works well for p = 2, since

(o= (@), ?), = (), = ()%,

and one can then describe the dynamics of the function By in terms of the variables z1
and x9. Indeed, this is precisely what was done in [SV11], where it was first proved that
£0(2) = 1. However, this direct approach no longer works when p # 2, since one cannot
describe the dynamics of the oscillation (| — (¢),|P); = 2 when the interval I is split
into subintervals. In particular, one cannot obtain a PDE for this function.

For p # 2 an inverse approach was developed in [Slal5]: instead of fixing (¢), and
l¢llemor(ry and estimating (e?), from above, one fixes (), (€?),, and [e?]4_ ;) and

estimates ([p|?), from below. Thus, one aims to compute the following lower Bellman

function:

byc(z) =inf{(|e[");: ¢ € By} (3.1.6)
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where E, ¢ 1 is the set of admissible (or test) functions ¢ on I:
E%CJ = {SD: e¥ € Ago(l)’ <§0>[ = 71, <ew>[ = xQ}'

As in the case of dyadic As, this function can be shown by a simple rescaling argument

not to depend on I. It is naturally defined on the planar domain
Qc={z¢€ R?:e® <29 < Ce™}, (3.1.7)

where the left inequality is Jensen’s and the right one follows because e? € A (I). Since
the only test functions for which the left inequality in (3.1.7) holds with equality are

constants almost everywhere on I, we also have the following boundary condition:
bpc(z1,e™) = |z1[P. (3.1.8)

We are interested in computing this function for all values of parameters and vari-
ables. This will allow us to obtain sharp lower estimates for p-averages of logarithms of
Ao weights, and also sharply estimate their BMOP norms. It will also yield new best
estimates for £¢(p), 0 < p < 1. Finally, as we will see later, the graph of such a function
is a special degenerately-convex surface, and this computation will allow us to extend
the existing geometric techniques for building such surfaces to the settings with lower

boundary regularity. We thus arrive at our first question.
Question 1. Compute b, ¢ for 0 < p < 1.

If b, ¢ is at hand, one can estimate ¢(p) using a theorem from [Slal5|:

Theorem 3.1.2 ([Slal5]).

go(p) = limsup by, (0, C) (3.1.9)

C—oo
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Note that this theorem does not guarantee equality, but if equality does hold the
converse estimate is obtained by presenting an explicit function ¢ € BMO? such that
llellBMor = €o(p) and e? ¢ Ao. This is precisely what was done in [Slal5] and [VS16].
Unfortunately, for 0 < p < 1 Theorem 3.1.2 fails to yield a non-trivial result: even
without knowing b, ¢ it easy to show, using a simple test function, that for this range
of p we have limsupo_,o, bp.c(0,C) = 0 (this is done in section 3.7.1). We thus arrive at

our second question.

Question 2. Replace Theorem 3.1.2 with a sharper result that allows one to estimate

€0(p) non-trivially using the formula for b, c.

Remark 3.1.3. By “nontrivial” we mean an estimate that couldn’t be obtained from an
earlier result. Specifically, it is shown in [SV12] that for 0 < p < 1 one has ||¢|| ppor =
217217\l paso2- Since €0(2) = 1, we immediately have eo(p) > 2172/, We are looking

for a better estimate.

Next, it is easy to show that £¢(p) coincides with the supremum of all constants ¢g in
the weak-form John—Nirenberg inequality,

1

] [{t € J:]o(t) = (@) ;| = A} < Crem oM I¥llacor, (3.1.10)

However, it’s not obvious that one can replace ¢y with eo(p). In [Slal5], it was shown
to be the case for 1 < p < 2 (the cases p = 1 and p = 2 had been established earlier
in [Kor92] and [VV13], respectively). However, the argument used in [Slal5| did not
extend to the range p > 2, so this question was left open for that range. We ask the

same question for 0 < p < 1.

Question 3. Can the value obtained while answering Question 2 replace ¢y in (3.1.10)?
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3.1.1 The answers.

Answer 1. We have been able to fully compute the function b, c. At its core, this is a
purely differential-geometric task, though a challenging one. Indeed, the main theorem
from [SZ16| asserts that b, ¢ is simply the largest locally convex function on Q¢ sat-
isfying the boundary condition (3.1.8). (“Locally convex" means convex along any line
segment contained in Q¢c.) Therefore, wherever b, ¢ is second differentiable, it satisfies
the homogeneous Monge-Ampére equation. Its graph is a surface ruled by lines of zero
curvature. The projections of these rulings — referred to as Monge-Ampére characteristics
— foliate the domain and do not intersect unless the function is affine in a neighborhood
of the point of intersection.

The Monge-Ampére geometry of by, ¢ is the simplest for 1 < p < 2: for large enough C'
(and these are the only values of C' that inequality (3.1.9) is concerned with) the foliation
consists solely of one-sided tangents to the upper boundary of the Bellman domain. For
p > 2, the geometry is more complicated: the tangential foliation splits into two parts,
separated by a so-called “trolleybus” region (see [Iva+18] for the BMO analog of this
region); however, as C' — oo, the width of this region goes to 0, which effectively yields
the same result.

For 0 < p < 1, the geometry is more difficult still, due to the lack of differentiability
of the boundary function (3.1.8) at z; = 0. In particular, the foliation contains sev-
eral non-tangential elements, none of which disappear or become infinitesimally thin as
C — oo. Furthermore, the nature of these regions changes as C increases, a process re-
ferred to as evolution. Our solution draws inspiration and basic understanding from the
monograph [Iva+18| and the next (as yet unpublished) iteration in the modern-Bellman
series, [Iva+a|. However, both of those sources treat Bellman functions with C?* bound-
ary conditions, while our boundary function is not even differentiable. As a result, we

obtain foliations that are partly outside the established theory. In addition, we compute
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b, c for all possible C' and not just large ones; as we will see below, this is needed in
Theorem 3.1.4, which is our replacement for Theorem 3.1.2.

Our focus is on the value b, ¢(0,C). It turns out that there exists a certain threshold
C = Cy(p) such that for C € [1, C,] this value is unaffected by the parts of the foliation
outside of a fixed central configuration; for such C' the formula for b, (0, C) is relatively
simple. However, for C' > C, this central configuration collides with another evolving
region, which makes the formula for, and subsequent analysis of, b, (0, C’) much more
complicated. The complete answer to Question 1 requires much additional notation to
state. This result is contained in Theorem 3.4.5. With b, ¢ in hand, we also record
a number of immediate corollaries, concerned with sharp estimates for p-averages, p-
oscillations, and BMOP norms of logarithms of A,, weights. All of these are new in

literature.
Answer 2. We have indeed managed to find a useful substitute for Theorem 3.1.2.

Theorem 3.1.4.

P bp,C(O> C)
W e o

Of course, this estimate is formally stronger than (3.1.9), but what matters is that
it does produce new estimates on eo(p). As a simple test, if we take the limit of the
expression under supremum as C' — 17, we get f(p) > 2P=2_ thus recovering what we
could have obtained from [VS16]; see Remark 3.1.3 above. In section 3.7.3 we expand on
this calculation and show that in fact go(p) > 2P~2 for every p € (0,1); we then illustrate

this fact quantitatively.

Answer 3. We also have the positive answer to Question 3. In fact, the following key

theorem has Th. 3.1.4 as a corollary.

Theorem 3.1.5. Take p € (0,1). Let

B (by.c(0,C)) P
)= max e
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Then there exists a constant K = K (p) such that for all ¢ € BMOP(I) and any subinterval
J of I we have

Gt T2 10(t) = (), 2 M < K e aner (31.11)

The proofs of Theorems 3.1.4 and 3.1.5 are given in section 3.7.

The rest of this chapter is organized as follows. In section 3.2 we describe a conjectured
geometry of our Bellman function, i.e., the splitting of the domain ¢ into specific
regions, and Monge-Ampérefoliation in each region. In section 3.3, we construct an
explicit function in each region according to the conjectured foliation. In section 3.4,
we formulate compatibility conditions for these regions, prove that they are fulfilled,
and thus obtain a so-called Bellman candidate in Q. We then state our main Bellman-
function result, which asserts that the candidate is in fact equal to the Bellman function,
and record several key corollaries. In section 3.5, we demonstrate the local convexity
of the candidate, which proves that it bounds the Bellman function from below. In
section 3.6, we present explicit optimizers for each point of the domain, thus sowing the
the candidate bounds the function from above. Finally, in section 3.7, we prove the main
theorems relating the Bellman function and the John—Nirenberg constant and explore

specific estimates.

3.2 The conjectured foliation for a Bellman candidate

As pointed out in the introduction, the Bellman function b, ¢ defined by (3.1.6) is the
largest locally convex function on the domain £¢. Accordingly, we aim to build a locally
convex Bellman candidate b, c on {2¢ and then rigorously show that the candidate and
the function are one and the same.

While there is currently no definitive algorithm for constructing such functions on

non-convex planar domains for arbitrary boundary conditions, the current state of the
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Bellman studies does provide important insights as to what our function might look like.
In this section, we first introduce important notation and collect several facts about the
geometry of the domain Qc. We then synthesize a conjectured recipe for b, ¢ from several
recent studies and implement this recipe piece-by-piece, splitting 2¢ into subdomains and
constructing b, ¢ in each piece. Finally, we prove that the pieces can be glued together

in a continuous — in fact, C'!, with a couple of important exceptions — fashion.

3.2.1 The domain Q¢ and the numbers ¢+

Fix C' > 1 and let £€* = ¢¥(C) be the two solutions of the equation

et =001-¢): —co<& <0<K<ET <1 (3.2.1)

The numbers ¢+ are variants of the so-called product logarithm functions. They are

well-studied, and we collect several of their key properties without proof.

M) =0,  lim £HC) =1, lim £7(C) = -0 (3.2.2)
pyg 1651
(€H)(C) = Zae (3.2.3)

Thus, T is strictly increasing in C, while £~ is strictly decreasing.

lim M)
-1 €7(0)

=1, & +£H<0 (3.2.4)

We will often encounter the difference £~ — T, so we will give it a separate name:

wo =& — €T, (3.2.5)
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We can readily express ¢ through wy:

woe™o

1 —ewo’

=1+

(3.2.6)

For R > 0, let

I'r={zcR?: 25 = Re™};

then Q¢ is the region in the plane bounded below by I'y and above by I'c. We can
interpret ¢ as the x;-coordinates of the two points of tangency when two tangents to
I'c are drawn from the point (0, 1). In relation to that, let us define two new functions

on Qc¢, u™ and u~, by the implicit formula

- =
@:eui(zl " +1). (3.2.7)

e

To illustrate their geometric meaning, take a point x € Q¢ and draw two one-sided
tangents to I'¢, so that each tangent starts at I'y, passes through x, and terminates at
the point of tangency. One of these tangents will have its point of tangency to the right
of x; the other has the point of tangency to the left of x. In the first case, the horizontal
coordinate of the initial point is ™ (z) and that of the point of tangency is u™t(x) + £*;
in the second case, these are u™ (z) and u™ (z) + £, respectively; see Figure 3.1, which

is reproduced from [Slal5|.

3.2.2 Conjectured foliation for the Bellman function

Perhaps the most important inspiration for our conjectured foliation comes from [SV12],
where the lower Bellman function was found for the functional (|¢[?),, 0 < p < 1, for
¢ € BMO?(I). Thus, this is exactly the same functional as ours, but the domain is a
symmetric parabolic strip. Figure 3.2, reproduced from [SV12|, shows the key elements

of interest to us: There are five regions in total. Two are so-called cups — the regions
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(u*—}— ¢t Ceuﬂr&*)

Figure 3.1: The geometric meaning of £+ and u™(z).

Figure 3.2: The foliation for the boundary function f(t) = [/’ on the BMO? domain.

under a single chord connecting two points on the lower boundary. Though cups can be
foliated in any number of ways, in these cups all extremal trajectories emanate from a
single corner, the point (0,0). Such cups result from insufficient differentiability of the
boundary functions and are called singular. Two other regions are foliated by tangents

to the upper boundary. Lastly, there is a central region in which the function is affine.
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The biggest difference between that setting and ours is, of course, the lack of symmetry
in our domain. Still, it is reasonable to conjecture that we do have the central aggregate
consisting of two cups and the “triangle" with the vertex at (0, 1) (the equivalent of (0, 0)
in the BMO formulation). It turns out upon inspection that we cannot combine this
conjectured configuration with the two regions of tangent as was done in [SV12|; the
resulting function will not be locally convex in the whole domain.

However, the difficulties lie away from the point (0, 1), meaning away from the point
t = 0 for the boundary function f(¢) = |[¢|P. And such smooth situations are completely
described in a pair of recent monographs, [Iva+18| and [Iva+a|. The first one lays out a
complete theory for BMO; the second one, still in preprint form as of this writing, deals
with general non-convex planar domains, of which Q¢ is an example. Both references
assume C?* boundary conditions, which we do have away from ¢ = 0. Without going
into details, the main, beautiful idea is that the sign changes of the so-called torsion
function determine the configuration of various foliation blocks for small values of the
domain constant — in our case, for C' close to 1. After that, the configuration starts to
evolve, often in complicated ways. We will see how the evolution proceeds in our case.

For a domain with the boundary curve (gi(t),g2(t)) (that boundary on which test

functions are constants) and the boundary function f(¢), the torsion function is given by

/ /! "

g 91 91
n .

T(t):=|gy o5 gb
f/ f// f///

We have g1(t) = t, go(t) = €', and f(t) = [t|P, so T(t) = e'p(p — 1)[t|P~*(t — p +2). This
function changes sign from negative to positive at ¢t = p — 2, which for the lower Bellman
function indicates the presence of a triangular region between two counter-directed one-
sided tangents; the function is affine in the region. The lower vertex of this region starts

at the point (p — 2,eP~2) and then moves away from it as C' increases, though it is not
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a priori clear in what direction. Let us refer to the horizontal coordinate of this point as
w. Upon extensive experimentation, we have determined that w moves to the left from
the starting point p — 2. Here is our conjectured foliation for sufficiently small values of
C. It has a fixed configuration of four regions: the left singular cup P, the right singular
cup P4, the triangular region P5 at the center, and a tangentially foliated region to the
right of Ps, called Pj. This fixed configuration is complemented by the moving triangular
region Ps and two regions of opposite tangential foliations on its left and on its right,

called P; and P respectively. This foliation is presented in Figure 3.3.

w+§~

P;

Figure 3.3: The global foliation, pre-collision; Pj is not shown.

We now explore what happens with the moving region Pg as C' increases. Note that
the left-most point of the cup Py, (wp,e™), is moving to the left as C' grows. Three
possibilities now present themselves: Py could be moving to the left and disappear for all
large enough C} it could be moving to the left and be present for all C, but never collide
with the Py; or it could be moving to the left and eventually collide with P;. The first and

second possibilities can be ruled out with calculation, and we conjecture that the last one
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is the one that actually happens. We will refer to the value of C' when P, and Py collide
as the moment of collision; to the smaller values of C' as being in the pre-collision range;
and to the larger value of C as being in the post-collision range. In later sections we will
formally prove that the collision happens. At the moment of collision, Py is reduced to a

single half-tangent; see Figure 3.4.

w+§~

‘R¢ = P;

Figure 3.4: The global foliation at collision; P; = R; is not shown.

After collision there are only six regions instead of the original seven; these are now
called Ry, ..., Rg. We have R; = P;, Ry = P», and R3 = P5. The cup Py, now reduced by
collision, is called Ry, and the left-most region of one-sided left-leaning tangents is called
Rg. The “quadrilateral” region Ry is referred to as “trolleybus" in Bellman literature.
The candidate b is affine in Ry, as it is in the adjacent R3. However, it is not affine in
R5 U R3. One usually does not see two regions of affinity next to each other; the reason
we see it here is that the vertex of the central triangle R3 is fixed at (0, 1) because of the

singularity. See Figure 3.5 for the post-collision foliation.
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w+€

“wo Rg
Figure 3.5: The global foliation, post-collision.

3.3 Construction and properties of local Bellman candidates

We are now starting to build the global foliation conjectured in the previous section. To
that end, we construct the unique Bellman candidate in each region. Of our regions, cups
are entirely self-contained (or “complete," in the language of [SV12]), being independent
of the values of the candidate outside; regions foliated by tangents are “half-complete,"
reading information from either left or right, depending on their lean; and regions of

2

affinity are “incomplete,” requiring the knowledge of the candidate on both sides (or on

two of three sides in the case of Rj).

3.3.1 Candidates in cups

Bellman candidates in cups depend only on the location of the cup and the conjectured
foliation within it. As pointed out earlier, all of our cup foliations will be of the so-
called singular variety, meaning all foliating chords emanate from one corner of the cup.

Furthermore, that corner will be the point (0,1) in all cases.
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Specifically, one of our cups is the region called P pre-collision and Ry post-collision.

In this region all extremal chords start at (0,1) and terminate at a point (v, e”") on the
lower boundary, for some v € (0, —wy]. Its top chord is tangent to the upper boundary

at the point (£, C65+); see Figure 3.3.1.

Figure 3.6: The cup P» = Ry and a typical element of the foliation.

Another cup region is Py, existing only pre-collision. It is algebraically symmetric to
Py; see Figure 3.3.1. In this region all extremal chords start at (0,1) and terminate at a
point (v,e¥ ) on the lower boundary, for some v~ € [wg, 0). The top chord is tangent

to the upper boundary at the point (67, CeS™).

Figure 3.7: The cup Py and a typical element of the foliation.
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Lastly, we have the cup R4, which is Py partially reduced by the collision. Unlike in the
previous two cases, its top chord does not reach the upper boundary, and it terminates

at the points (w, e"), where w > wp; see Figure 3.3.1.

Figure 3.8: The cup R4 and a typical element of the foliation.

For each x in each of our cups, there is a unique chord containing the points (0, 1), z,

and (v, e?) (here v stands for either v~ or v™). This v is given by the following equation:

xg—1 e"—1

(3.3.1)

I v
We will also need v,,:
v? 1

= 3.3.2
V2 vel —eV +1 a3 ( )

It clear both from geometry and from this formula that v,, > 0 when v = v+ and v,, < 0

when v = v~. We require that the candidate b be affine along each such chord:

b(x) = m(v)(z1 —v) + f(v).

This implies that b satisfies the homogeneous Monge-Ampére equation in the interior of
the cup. Since we also have b(0,1) = 0, we conclude that m(z) = o) - sgn(v)|v[P~L.

v
Thus,

b(x) = sgn(v)|v|P ;. (3.3.3)
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We will need the first partial derivative of b with respect to xo:

(p—1)|vf
ve? —e? 4+ 1

by, = (3.3.4)

3.3.2 Tangential candidates
General considerations

We are constructing a locally convex function b in a subdomain of Q¢ between two
one-sided tangents of the same orientation (both left-leaning or both right-leaning). If
the orientation is chosen, each point x in such a region corresponds to a unique one-
sided tangent connecting the points (u,e*) € I'y and (u + &,Ce"*¢) € T'c. Here u is
u~ () for left-leaning tangents and u™(z) for right-leaning ones; see Figure 3.1. Recall

equation (3.2.7):
+

To9 = et (% + 1).
In calculations below that apply to both 4~ and u™ (and, thus, to £~ and £1), we simply
use v and &.
We require that the function b have constant first partial derivatives for each fixed

u, which will automatically imply that it satisfies the Monge-Ampére equation in the

interior of the region in question. Thus, b is affine along each tangent and we have

b(x) = m(u)(z1 —u) + f(u), (3.3.5)
where f(u) = |ulP.
From (3.2.7) we obtain
_et(1=9
o —u—¢
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Then

by = (' (w) (w1 = u) — m(w) + f'(w) ) ua,
_ () (21 —u—§) +m' (W) —m(u) + f(w) .y
= - (1-9)
_ m/(u)efu(l _ f) 4 m (u)g —i”l’L(’U;) + f (u) e U
r—u—E§&

(1-¢)
Since for a fixed u, by, is constant with respect to x;, we have
bey = m/(u)e (1 —§) (3.3.6)

and

m/(w)€ — m(u) + f'(u) = 0. (3.3.7)

Though we will mostly be dealing with b;,, in the same fashion we can obtain a formula
for by, :

by, = m(u) —m/(u), (3.3.8)

Solving the linear differential equation (3.3.7) gives

m(u) = /¢ (A _ 2 /u " el (s ds) . (3.3.9)

0

For a left-leaning tangential foliation, wug is the horizontal coordinate of the right-most
point on the lower boundary I'; to which it extends (including the possibility ug = —00),
while for a right-leaning tangential foliation, it is the left-most point. We have three
(pre-collision) or two (post-collision) different tangential foliations. Let us consider them

separately.
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Candidate in P; (pre-collision) and Rs (post-collision)

Recall that the regions P; and Rg have identical definitions in terms of the number w.
While we will see that w itself is computed differently pre- and post-collision, the formula
for b stays exactly the same.

Specifically, in this case we have u = u~, £ = £, ug = —o0, and A = 0. Hence,
b(x) = M(u)(z1 —u”)+ flu"), —oo<u” <w, (3.3.10)
where, from (3.3.9),

M(u):;eu/ﬁ‘ /_" € f(s) ds. (3.3.11)

Candidate in P;

Here we have u = u+ and & = £T. To determine ug and A, recall that in the cup P, we

have

b(z) = —|v["~ a1,

where (v,€") is the left end-point of the chord from (0,1) passing through z. We must
match this expression with out desired formula b(z) = m(z)(z1 — u) + f(u) along the

boundary between P, and Ps. Thus, we set
Uy = v = wy.

Now, from (3.3.9),

and so,

b(x) = plu™) (v —ut) + flu), w<ut < w, (3.3.12)
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where

wo
w(u) = eu/€" <—ew°/£+]w0]p1 + ; / 675/£+f/(8) d8> . (3.3.13)

Candidate in P, = R;

Recall that P; and R; denote the same region, pre- and post-collision, respectively. Here
we have v = u~ and £ = £~. By an entirely symmetric reasoning to the previous case

(matching in this case with the cup P» = Ra, we obtain

up = —wp, A = eW0/& P
and
b(z) = M(u™)(z1 —u) + flu™), —wy<u” < o0, (3.3.14)
where
M(u) = /s (ewo/é\wo\pl - ;_ efs/éf'(s) ds) (3.3.15)
—wo

3.3.3 Candidates in regions of affinity
General considerations

Affine regions occur when two candidates with different foliations must be glued together.
The boundaries of the regions being glued meet at a single point on I';. For regions Pj
and R3 this point is fixed; for regions Ps and Rs, this point evolves with the parameter
C to satisfy a compatibility condition imposed by our conjectured foliation. Since the
function we are constructing is affine along each boundary subject to gluing, it must be

affine in he whole region between these two boundaries. That is to say,

b(x) = y121 + Y2 T2 + V3.
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The coefficients ; are determined by the values from the two boundaries. We will now

consider each case separately.

Candidate in P
b(z) = Br(x1 — w) + Pa(w2 — ) + f(w)
Since w is chosen so that b is continuously differentiable in the interior of P; U Pg U Ps,

we have, using (3.3.6) and (3.3.8):

B1 = by, (w) b M(w) = M'(w), B2 = bg,(w) P M'(w)e™(1—=¢7).

Once we have established the defining equations for w we will be able to rewrite these

coefficients more explicitly.

Candidate in P3

b(x) = aqxy + ag(xe — 1),

where
o1 + og ! = —|wo[P? Q]+« L = |wo|P!
1—-¢- ’ 1—-¢&t
So, solving for a; and as,
ap = lwolP (€T +E67 —2), ap=2JwolP (1 —&7)(1-&T) (3.3.16)

Candidate in R;

b(z) = Pi(z1 —w) + Bo(x2 — €*) + f(w).
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Since, again, w is chosen so that b;, and b, are continuous across the boundary between

Rg and R5, we again have the same formulas for 81 and (52 as in section 3.3.3 above:

B1 = by, (w) e M (w) — M’ (w), B2 = by, (w) R M'(w)e ™ (1 —€7). (3.3.17)

Candidate in R3
b(x) = aqxy + ag(xe — 1),

where

= BBy — = M(w)+ M (w)(e"—1) = M'(w)(e~"~1+€")—pluw’L,

1
=& 1=¢

a1+ao

where we have used 1 and B are from (3.3.17) and the equation M = &~ M' + f’

(cf. (3.3.7)), and
1

_ p—1
a1+a21_£+—\w0| .

Solving for oy and o we have

jwo|P~t = M'(w)(e™™ — 14 &) + plwfP?
|wol

o = |weP~t — (1—¢7) (3.3.18)

and

N jwo|P~t — M'(w)(e™ — 14 &) + plwlP™!
2 pr—
|wo

(1—€7)(1—¢h). (3.3.19)

3.4 The global candidate and the main Bellman theorem

In this section, we prove that the individual regions and foliations conjectured in sec-
tion 3.2 and constructed in section 3.3 can be glued together using certain compatibility

conditions. We then prove that these conditions are fulfilled, which gives the formula
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for the Bellman candidate in the whole domain Qc. We then state the main theorem,

asserting that the candidate and function coincide, as well as several corollaries.

3.4.1 Compatibility equations for C, and w
Equation for w in the pre-collision case

When C' < C,, w is defined to be the unique number so that the Bellman candidate b
so far defined individually in the regions Pr, Py, and Ps is continuously differentiable in
the interior in the interior of their union. Since b is affine in P by construction, this

happens if and only if

Using (3.3.6), we have

M (w)(1—&7) = p'(w)(1 - £7), (3.4.1)

where the functions M and p are given, respectively, by (3.3.11) and (3.3.13).

Using the differential equation (3.3.7) and integrating by parts, we have

'w:i w) — f(w _ 1 —iew/F we_s/fils s — flw
M) = &= (M) = ') = = (= g e [ s — fw)
— _ 1 ew/£7 v e—s/&* "(s) ds

and

szgmm—ﬂw

1Gwﬁ«wWMWmVH}i/OK%V%Mﬁ_fWO

N w

-1 1 wo
:2+wﬂwﬁww+gww/ e 1 (s) ds
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Substituting these two expressions into (3.4.1), writing f” explicitly, changing the variable

in both integrals to y = 2 and cancelling where appropriate, we have

1—& w [0 w 1—¢6t w _wo L
— ¢ pes / e & YyP2dy = 3 est (e et +p/ e ef Yyp2 dy) (3.4.2)
& 1 &t %o

w

Equation for w in the post-collision case

Similarly to the previous case, when C' > C,, w is defined to be the unique number so
that the Bellman candidate b is continuously differentiable in the interior Rg U Rs U Ry.

Since b is affine in Rs, this happens if and only if

Recall that in the cup R4, we have

(p—Dvf?

by, = ————.
2 pev —ev + 1

Using (3.3.6) we thus obtain the following equation for w:

(p—1Dwl?
e — 14w’

M'(w)(1-¢7) = (3.4.3)

where the function M is given by (3.3.11). Rewriting M’(w) as in the previous section

and rearranging (3.4.3) slightly, we have

pe/E /Oo eiﬁ%?”yp*2 dy = — & il (3.4.4)
1 1—-¢ e —1+w

Equation for C,

Finally, C, = Ci(p) by design is the value such that

w(C) = wo(Cy),
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where w(C') is given by either (3.4.1) or (3.4.4). These two equations become the same

at the moment of collision, thus, using (3.4.4), we have the following equation for C.:

_ [ _wg & \w \
wo /€ —Y, p-2 _ 0
pe /1 e &y dy = R P . (3.4.5)

From the definition of é’i,

e +iet _gm
eV 14wy =e & T 14 ¢t = 1_; —14+E ¢t = 5(15_;) (3.4.6)
and, thus, (3.4.5) becomes
_ [ _w — &M
p6w0/§ /1 e &Y yp—2 dy = — 8 — ging (3.4.7)

3.4.2 Key lemmas about C, and w

Here we prove that the compatibility equations stated stated above can be resolved

uniquely and also obtain key bounds on the numbers C, and w(C).
Lemma 3.4.1. Fizp € (0,1).

1. There exists a unique w1 = wi(p) < 0 such that

2
wy

e —1tw P (3.4.8)
2. There exists a unique wa = wa(p) < 0 such that
: _“:;wz —p. (3.4.9)
3. The following inequalities are true:
w1 (p) < min{p — 2, wa(p)} (3.4.10)
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and

wa(p) < p—1. (3.4.11)

Proof. To prove statement (1), let us rewrite (3.4.8) by flipping the fractions and ex-

panding the exponent in a power series:

— (—w)* 1
2 E+2)!  p

o

(3.4.12)

The left-hand side of this equation is strictly increasing in |w1|; it is also equal to % and
thus less than % when wy = 0; and it is clearly larger than % for all sufficiently large |w;|.
This proves the existence of a unique root w; € (—o0,0), as required.

To prove statement (2), let us similarly rewrite (3.4.9):

o) —w k
> ((k +21))! _1 (3.4.13)

k=0 p

The left-hand side is strictly increasing in |ws|; is equal to 1 and thus less than % for
wy = 0; and is larger than % for all sufficiently large |ws|. This proves the existence of a
unique root we € (—00,0).

To prove that w; < wg, compare the left-hand sides of (3.4.12) and (3.4.13) when

evaluated at the same negative number w. We clearly have:

St S Cw)t
— (k+2)! — (k+1)!

When w = wq, the left-hand side equals %, thus the right-hand side is greater than %.
Since the right-hand side is strictly increasing in |w| and equals ]13 when w = wsg, we

conclude that |wq| > |we| or, equivalently, that wy < ws.
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Proving that w; < p — 2 is equivalent to showing that the left-hand side of (3.4.12) is

less than % when we replace wy with p — 2. Equivalently, we want to show that

2-p 1 —2 1
¢ +(§ )<f — pe? P 4p—4<0
(p—2) p

The last inequality is true at p = 1, and its left-hand side is increasing in p. This means
it is true of all p € (0,1), and (3.4.10) is thus proved.
Similarly, to show (3.4.11) is equivalent to showing that

1—el?
— <

1
- — pel 7P < 1.
1—p p

The last inequality becomes equality when p = 1, and its left-hand side is again increasing
in p. The proof of the lemma is complete. O
Lemma 3.4.2. For any 0 > 0 and ¢ > max{0,1 — 8} we have

1 1

oo
< e 0Dy~ tgy < —— 3.4.14
0+ q /1 yoWsy +qg-—1 ( )
Proof. We make use of the elementary inequality
Y
valid for all y > 1. With it, we immediately obtain
oo oo oo
/ e~ 0+ E=1) gy < / =01 ;=4 gy < / 0 dy,
1 1 1
and, after integration, the bounds in (3.4.14). O

Lemma 3.4.3.
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(i) For every p € (0,1), there exists a unique Cy, = Cyi(p) > 1 such that equation (3.4.7)
holds with wo = wo(Cy) and £ = £(C,).

(i1) Let wi(p) = wo(Cx(p)). Then

w1(p) < wi(p) < min{p — 2, wa(p)}, (3.4.15)

where wi(p) and wa(p) are the numbers given by Lemma 3.4.1. Consequently,

w2

o1y 2P foralw>w.(p). (3.4.16)

Proof. We first prove statement (i). Let us refer to the left- and right-hand sides of (3.4.7)
as L(C) and R(C), respectively. Let 7(C) =1 — g;gg;; thus,
L(C)=p / yP2e7 WD gy (3.4.17)
1

From (3.2.4), we have 7(C') — 2 as C' — 1; from (3.2.2), we have 7(C) — 1 as C' — oc.

Thus,

[e.e] o0 1
lim L(C) =p / yP~ 27200 gy < / e 20D gs = =
C—1 1 1 2

From (3.2.4) we also have
lim R(C) = 1.

C—1

At the other endpoint we have

lim L(C)=p / yP2e~ = gy > 0,
1

C—oo

and, from (3.2.2),
lim R(C) =0.

C—o0
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In shorthand, L(1) < R(1) and L(oo) > R(o0). This proves the existence of a root C, in
the interval (1, 00).

The uniqueness of this root will follow if we show that L(C') is strictly increasing in
C and R(C) is strictly decreasing in C. First, observe that 7 is decreasing in C. Indeed,

using (3.2.3) we have

N (S0 Y (e (S T 2 Tt S R o
T &) ‘_O<£—>2< & ¢ T e &)
_ ot re et
N C(&)Per ’

since £T+&7 +£T¢~ < 0, which follows from the second inequality in (3.2.4) and the fact
that €761 < 0. By (3.4.17) L is decreasing in 7, and we have thus reached the desired
conclusion about L(C).

To deal with R(C), we differentiate directly:

o CLEVE+ (1))~ €he — (e + (- ehE))a - )et
e = T-PE?
R o e e W
= ci—erEre ’

where we used (3.2.3) on two occasions. The last factor in the numerator is positive
by (3.2.4); the denominator is obviously negative. This completes the proof of (i).

We turn to the proof of (ii). In light of the monotonicity in C' of the two sides of (3.4.7)
that we have just established, to prove the left inequality in (3.4.15) is the same as to
demonstrate that the left-hand side of (3.4.7) is greater than the right-hand side, when
both are evaluated at wg = w1 (p) and the corresponding £*. Similarly, to prove the right
inequality in (3.4.15) it the same as to show that the left-hand side of (3.4.7) is smaller

than the right-hand side, when both are evaluated at wp = min{p — 2, wa(p)}.
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Now, for wg = wi(p) and the corresponding C, we use Lemma 3.4.2 with § = 7 and

g = 2 — p to estimate L(C) from below:

> 2 (y—1) p
P27 dy > ————
p/l Y Y T12—p

On the other hand, using first (3.4.6) and then the definition of wy,

) (1 - £+)§_ _ £ w1
wo=w1 (1—5_)§+ 1—5_ e~ w1 —1+w1
_ & wi _ £ p

Tl —&) e —1tw Lw(l-¢&) rl-¢&)

Hence, to show L(C)| > R(C)| it suffices to show that

wo=w1 wo=w1

L1
T+2-p  T(1-¢7)

or, equivalently, —7¢~ < 2 — p, which is the same thing as w; < p — 2, which is true by
Lemma 3.4.1.

For wg = wa(p), we estimate L(C) from above using Lemma 3.4.2 with § = 7 and
q=2—p:

p
L < —.
(C) T+1—0p

On the other hand, using (3.4.6) and then the definition of ws,

_ B —ws _q
R(C) - _ § - w2 _6
womws | T—€ e —1 e — 1+ w
_ £ e —1
= pl_g_ €—w2_1+w2
Since 1—1:Ew2:pwe have e—wz_lz_w%7 0
£ F p &
R(C = — _ _
( )w0=W2 Pi—e —2 +ws 1—pl—§&
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Thus, to show that L(C)| < R(C’)‘wo:w2 it suffices to show that

wo=w2

1 1 &
< - .
T+1-p 1—pl-—-¢&-

Rewriting, we have

1-p)(1-¢ )< - (14+1-p) <= —<E17>1—-p <= wr<p-—1,

the last inequality being true by Lemma 3.4.1.

For wy = p — 2 we have to work a bit harder. We take the integral in L(C') by parts:

L(C) =

Rk

[1 — (2 —p)/1 T dy} :

and now estimate the new integral (which has a negative multiple in front) from below

using Lemma 3.4.2 with # = 7 and ¢ = 3 — p, obtaining a new upper bound on L(C):

L(C)gf[l 2—p ]:Tp(r+1)

CT43-p (t14+3—p)
For the right-hand side we have from (3.2.6):

e"o —1 —wy

We have p = wg+ 2 and 7 = 2”—9 = ;’féiuim. Let us temporarily write w for wq. After

some elementary algebra, we conclude that to prove that L(C)’w 5, < R(C)’

0=p wo=p—2

for 0 < p < 1 it suffices to show that, for all w € (=2, —1)

((w +1)(e¥ —1) — w)(w +2) - w(e®” —1)

3.4.19
ev —1 —w+ w? eV —1+w ( )
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Define,
S(w) =we” —1)(e” =1 —w+w?) — ((w+1)(e¥ = 1) —w)(w +2)(e™™ — 1+ w).

To prove 3.4.19, it’s sufficient to show S is positive on the interval (—2, —1). Rearranging

gives:
S(w) = [efw(QwQ + 5w+ 2) + w> + 3w? — bw — 4] — ew(?yw2 —we” — 2+ w).
Additionally, we define the functions:

h(w) = e (2w? + 5w + 2) + w? + 3w? — 5w — 4,

g(w) = e (3w? — we” — 2 +w).
We compute the following derivatives:

B (w) = e (3 — 2w? —w) + (3w? + 6w — 5),

B (w) = e V(2w? — 3w — 4) + 6(w + 1).

Since 2w? — 3w —4 > 0 on (-2, —1), we have:
R (w) > 4w* — 6w — 8 + 6(w + 1) = 4w? — 2 > 0.
Therefore, h is convex on (—2,—1). Similarly, we compute:

g (w) = e (Tw + 3w? — ¥ (1 + 2w) — 1),

g"(w) = € (6 + 13w + 3w? — 4™ (1 + w)).
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Since —(1 4+ w) > 0 on (=2, —1), we have:
g (w) < (6 + 13w + 3w? — 4(1 + w)) = e“ (9w + 3w? + 2) < 0.

Therefore, g is concave on (—2,—1). It follows that h lies above its tangent at w = —1

and g lies below its tangent at this same point. Since:
h(-1)—g(-1)=3—-e—e2>0, K(-1)—g(-1)=e?[2e* -8+ 5e —1] <0,

the tangent to h at w = —1 lies above the tangent to g at w = —1. Consequently,
h(w) > g(w) on (—2,—1), from which the desired result for S immediately follows.

Finally, to see (3.4.16), we rewrite it as

i (—w)* <
(k+2)! = p

k=0

"=

The left-hand side is clearly increasing in |w|. Since for w = w; we have equality and if

w = wy then |w| < |wy], (3.4.16) holds as claimed. O

Figure 3.9 shows the function w,(p) given by Lemma 3.4.3 and graphically illustrates

inequality (3.4.15).

0.2 0.4 0.6 0.8 1.0

“r w2 (p)

Figure 3.9: The relationship among w,, wy, we, and p — 2.
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Now, fixp € (0,1) and C' > 1. The notation in the following statement is from Lemma 3.4.3.
Lemma 3.4.4. Let C, be given by Lemma 3.4.5.

(i) If 1 < C < C, then equation (3.4.2) has a unique solution w in the interval (—oo, wy)

satisfying wy(p) < w < p — 2.

(ii) If C. < C < o0, then (3.4.4) has a unique solution w in the interval (wo,0) satisfying

wi(p) < w < wi(p).

Proof. We start with statement (i). Let us rewrite (3.4.2) in the form

where

l(w)ngu/1 e e WD =2 gy (3.4.20)

and, after changing the variable in the integral,

=2 (-8 (F - ) [L )

First, note that with £~ fixed the function [(w) is increasing in =+ Since this fraction

itself is decreasing in w, we conclude that [ is decreasing in w. Likewise, the function

G(s) :=se* (680 +ps'? / e P2 dz)

S0
is decreasing in s for 2 < syp < s. Note that we have —2"—3 > 2, meaning r(w) is decreasing

in —E%. Since this fraction is decreasing in w, we conclude that r is increasing in w.

Therefore, to prove the statement, we have to show that

l(wy) > r(wy) and [(min{p — 2, wo}) < r(min{p — 2, wo}).
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The inequalities [(w,) > r(wy) and [(p—2) < r(p—2) are handled using similar arguments
to those in the proof of Lemma 3.4.3. To show that I(wg) < r(wp), recall the notation
L(C) and R(C) from the proof in Lemma 3.4.3 for the left- and right-hand sides of
equation (3.4.7), respectively and observe that since C < Ci, we have L(C) < R(C).
Then

as required.

To prove (ii), we rewrite (3.4.4) in the form

where [(w) is the same as before and given by (3.4.20) and

B 1 w?
Sl e 14w

r(w)

First, as noted above, [ is decreasing in w. Second, as we have seen already seen, the
second fraction in 7 is decreasing in |w|, which means that r is increasing in w. Therefore,

to prove the statement, we have to show that

Hwy) > r(wy) and l(wg) < r(wg).

Since C' > C,, we have £~ < £ (C4) and so = > S*IE]EJ*)' Hence,

l(w*) >p é'*lgg ) /1 e 5#5*) (y—1) yp—2 dy — !wi* L(C*)

On the other hand,

1 w? W
rw) < TTeEy e e e (Cy) )
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Since L(Cy) = R(Cy) and 2~ > 0, we have established the inequality for the left

£ (Cu
endpoint.
When w = ws, we estimate [ from above using Lemma 3.4.2 with 0 = 2”—_2 and ¢ = p—2:
pe
wa) < 21—
Next, observe that
1 w3 1 w3 1 —wap

A ey e =l = s
p

Thus, to show [(w2) < r(ws) it suffices to show

Pe= < 1 —wop
2”%—&-1—1) 1—-¢6 1-p’

which is equivalent to the inequality wo < p — 1, which in turn is true by Lemma 3.4.1.

This completes the proof of (ii) and the lemma. O

Figures 3.10, 3.11, and 3.12 illustrate the results of Lemma 3.4.4 for p = %, p= %, and

p= %, respectively. Shown are the starting position of w (the red line at w = p — 2), its
dynamics of w in both pre- and post-collision ranges (the blue line); the bounds w, and
wy (the green and dashed red lines, respectively); and the movement of wy (the yellow

line). The moment of collision corresponds to the intersection of the w and wq graphs.

3.4.3 The expression for the global Bellman candidate

We will now assemble the pieces of the last two sections and present our full Bellman

candidate b, ¢ on )¢ with explicit expressions for each region of our proposed foliation.
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W(C), 1=C, p=0.25
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Figure 3.10: The dynamics of w(C) for p = ;11.
w(C), 1=C, p=0.75
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Figure 3.11: The dynamics of w(C) for p = %.
w(C), C.<C, p=0.9
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Figure 3.12: The dynamics of w(C) for p = 1%, post-collision
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In the pre-collision configuration, we have:

P ={¢" < m

< —wp, Cet 214+ 1 < 39 < Ce™ I

{—wp < 21 < 00, "2 < x9 < Ce™}

P, ={0 < x; < —wyp, €2 < xp < Ce™}

Py ={0<z; <&, C’ef+x1 +1< < Ce™ U

{ <x
Py ={wy < 1
Ps ={wy < 4
{w+er
{w<
Ps ={w <y
{w+¢”

Pr ={w+¢

<0, Cc® z1+1< 25 < Ce*}
<0, €2 <y < Ce* 1+ 1}
<E, Otz +1<ap < Ce™ U

< x1 < wo, €72 < a9 < Ce™ U

SwHEF, e <ay <O [y — (w+eh) +1]}
<w+ET, Cewte’ [331 —(w+ €M)+ 1] <xy < Ce™ U
<z <w, Cev e [acl —(w+€&)+ 1} <zy < Ce™}

<21 < w, €72 < xo < Ce e (21 — (w+ &)+ 1] U

{—o <z <w+E, e <wg < Ce™}

The formula for the Be

bp,c(z)

llman candidate is given by:

M(u™) (@1 —u”) + [u P,
(vF)P~tan,

a1 1 + ag (xg — 1),

=\ P,

p(u) (@ —u®) + |ut PP,

B1 (x1 —w) + B2 (w2 — €v) + |w|?,

M(u™) (21 = u™) + [u”[P,
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T e P
r e P
r € Py
€ Py
x € Ps
s

x € Py

(3.4.21)



where the slopes M, p and M are given by formulas (3.3.11), (3.3.13) and (3.3.15),
respectively, and the coefficients aq, g by the formula (3.3.16). The coefficients 1, fo
are given by:

(1= &)M(w) — (1 =& )pu(w)

|wo

B = (3.4.22)

M(w)] (1 — 57)(1 — €+)e—w

|wol

Ba = [p(w) —

(3.4.23)

In the post-collision configuration, we have:

R, =P,
Ry =P
R3 =P;

Ry={w <21 <0, e? <ay< w_l[ew — 1]z + 1}
R ={w+¢& <z <w, Cevte [wl —(w+&)+ 1] <29 < Ce™ U
{fw<e <€, w e — 1]z +1 < a9 < Ce® U
{w < 21 <0, w_l[ew — 1z +1< 29 < Cet 11+ 1}
Rs ={wo <z <&, Cet 71 +1< a9 < Ce" U
{w+ " <1 <wo, €7 <ap < Ce™ U
{fw<o <w+ET, 2 < a < Cewtet [:101 —(w+ €M)+ 1]}

Re¢ =P
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where RZ gives the region Rj for those C such that w < £~ (and Rs afterwards). The

formula for the Bellman candidate in this case is:

Mu" )z —u™) + Ju” [P, xr € Ry
(vF)P~ 1oy, x € Ry
a1 r1 + ag(xg — 1), x € R3
bp’c(w) = (3.4.24)
—JvT P ey, x € Ry

Bl(ﬂcl—w)+52(:ﬂ2—ew)—|—|w\p, T € Rj

M(u™)(x; —u™)+ Ju™|P, x € Rg

\

where M and M are the same as in the pre-collision case and the coefficients oy and
ag are given by the formulas (3.3.18) and (3.3.19), respectively. The coefficients $; and
B9 are:
(I—e™)A—¢&)Mw) — w
A=) (1—6)—w

jw]” — w M (w)
(I—e)(1-¢7)—w

p1 = (3.4.25)

B =

1—¢)e ™ (3.4.26)

3.4.4 The main Bellman theorem

Having constructed our candidate, we are in a position to state the main Bellman theo-
rem. Recall the definition (3.1.6) of the Bellman function b, ¢ and the definition of the

candidate b, ¢ in the previous section.

Theorem 3.4.5. Let p € (0,1) and C > 1. Then

byc(z) =bpo(x), =€Qc.
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The proof of the theorem consists of two parts: b,c > b,c and b,c < b,c. As
mentioned in the introduction, the first part has traditionally been carried out using the
so-called Bellman induction. In our setting, one would first prove that the candidate b is
locally convex on Q¢ and then use Vasyunin’s lemma from [Vas03| to constructs a special
quasi-dyadic martingale on which to run the induction on scales. However, the second
part is no longer necessary. We have the following special case of a general theorem

from [SZ16].

Theorem 3.4.6 ([SZ16]). The Bellman function b, ¢ is the largest locally convex function

b on Q¢ satisfying the boundary condition b(t,e') = |t|P.

Since our candidate by, ¢ satisfies the boundary condition by construction, to show that

b, c = byc it is sufficient to show that b, ¢ is locally convex in Q¢.

Lemma 3.4.7. The function b, c given by 3.4.21 and 5.4.24 is locally convex in Qc.
Consequently,

bp7C 2 bp7C'

The proof of this lemma is given in section 3.5.
The converse inequality will be established by presenting explicit optimizers, i.e., ap-

propriate test functions whose p-averages coincide with the values of by, ¢.

Lemma 3.4.8. For each x € Q¢ there exists a function ¢ € E,c 1) such that
<|<P\p>(0,1) = by,c(z). Consequently,

bp’c < bpvc'

The proof of this lemma is given in section 3.6.
We now collect several immediate corollaries of Theorem 3.4.5. The first corollary is
the sharp estimate for the p-average of a logarithm of an A, weight in terms of the

appropriate averages and the A,.-characteristics.
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Corollary 3.4.9. Let ¢ be a function on an interval I such that e¥ € A (I). Let

C = [e?]a(n)- Then, for each p € (0,1), we have the inequality

{elP); = boo((#)f:(e);) (3.4.27)

The inequality is sharp for each choice of (p), and (e¥),.

The second corollary is the formula for b, (0, C'), which will be important in our main

application to the John—Nirenberg constant.

Corollary 3.4.10. Fiz p € (0,1). Let C = Ci(p) be given by (3.4.7). Then For 1 <

c<a,
byc(0,C) = 2(6" =€) 21— €)1 - €5)(C - 1),
For C > C,,
(=& )P 4wt <p _ (11—p)EU(ei’:+£*—11)>
by,c(0,0) = (1-&)(e v +w—1) (1—&)(1—=€NC-1)

£ —¢-
where w = w(p, C) is given by (3.4.4).
Lastly, we have a sharp estimate on the BMOP norm of logarithms of A, weights.

Corollary 3.4.11. Let w € A (1) and let C = [w]a (). Then
ltogwllpaor > (byc(0.0))"",

where by, ¢(0,C) is given in Corollary 3.4.10.

3.5 Local convexity of the Bellman candidate

In this section we prove Lemma 3.4.7. Our Bellman candidate b is by construction

continuous on ¢. Furthermore, it is twice continuously differentiable and satisfies the
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homogeneous Monge-Ampére equation the interior of each subdomain. Therefore, as
explained in [SV12] to check the local convexity of b in Q¢, it is necessary and sufficient
to check that b;,,, is non-negative in each individual subdomain and then verify that
the jump in the derivative by, (if any) across any shared boundary and in the direction
of increasing xo is non-negative. We first collect several useful general calculations and

then separate presentation into the the pre- and post-collision cases.

3.5.1 General calculations pertaining to b,,,,
Tangential candidates

We examine sign of by,,, for b given by (3.3.5) and (3.3.9), with u given by either u~ or

ut from (3.2.7). Here by, is given by (3.3.6). We differentiate further:
browy = (bay)ulzy = (m”(u) — m’(u))efu(l — &) Uy,.-
Since ug, > 0 when v = v~ and uy, < 0 when u = u™, we have
sgN byyy = Fsgn(m” (ut) — m' (ut)).
Using (3.3.7) we have
,_m—f w oo m = f" m—f _ m-—f

m = = m —m = — = (1-¢ ——

§ § § &

Thus,

g0 brsey = Fogm (m(u®) = /(%) = 12z 1106)) (3.5.1)

Integrating in (3.3.9) by parts we get

m(u)e ¢ = A+ e WEf (1) — e /8 f (ug) — /u e/ " (s) ds.

uo
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Therefore,

§

S(u) == (m—f’—li5 f”) e U/ = A—euo/é}cl(uo)—lg5 eu/gf"(u)—/u e/ " (s) ds

T (352)

For future use, let us compute the derivative of this function:

§
1-¢

£

§'(w) = —

e (f"(w) = () =

e p(p = D[ulP~*(jul — (p — 2) sen(w))
(3.5.3)

Candidates in cups

We compute by, for b given by (3.3.3) and (3.3.1). Here, by, is given by (3.3.4). We have
the following formula for b,,;,, obtained by direct differentiating and some rearranging:

v|vlP 1 v?
beaes = (=1 =2 o 2y (P~ =1 70) (3:5.4)

Since p < 1, and z1 and v always have the same sign in all our cups, we have

2

v
sgn bx2$2 = sgn (m - p) (355)

Let us also observe that the expression in parentheses is increasing in v, as can be checked
by direct differentiating (twice). Thus, if v = v™, it suffices to check that the limit of

this expression as v — 07 is positive. Indeed,

2

v
i () =2 p0
vi%l"" e v—1+4v p p

The situation is more interesting when v = v~. For this case, to show that b;,,, = 0
in the cup, it is necessary and sufficient to show that the expression in parenthesis is

non-negative for the left-most v—.
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3.5.2 Pre-collision case

We first show the local convexity in P7, then in Ps, then in P4. By our choice of w
and the fact that the boundary between Ps; and Py is a part of the foliation for each
region, the function b is continuously differentiable on the interior of P; U Ps U P5 U Py.
Since it is affine in P, it will automatically be locally convex in the union of these four
regions. After this, we verify the local convexity in P, then in P;. Again, since these
are separated by a common extremal trajectory, b will be locally convex in their union.
Lastly we verify that b,, is increasing in x3 across the boundary between P, and P; and,

separately, across the boundary between P, and Ps.

Subdomain P;

Here, b is given by (3.3.10), (3.3.11), and (3.2.7), with w given by (3.4.1) or (3.4.2).
Using (3.5.1) and (3.5.2) with A = 0 and up = —o0, we have

byoz, = 01in Py = S(u) >0, for u < w
where S(u) is given by

Su) = ‘155— L) - /_ eV (s)ds (3.5.6)

and its derivative is given by (3.5.3):

¢

=12

e p(p = DI’ (Ju] =2+ p)

Since £~ and p—1 are both negative, S has a single extremum — a maximum at © = p—2.
Since limy, o, S(u) = 0, we have S(u) > 0 for all u < p—2. By Lemma 3.4.4, w < p—2,
thus, we have S(u) > 0 for all u < w. Thus, we have shown the local convexity of b in

the region Px.
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Subdomain Pj

Here, b is given by (3.3.12), (3.2.7), and (3.3.13). Using (3.5.1) and (3.5.2) with A =

_e—wo/§+]w0]?’—1 and ug = wq, we have
bryay 20in Ps <= S(u) <0, for w < u < wp
where S(u) is given by

S(u) = —e™0/E [Pt — 7w 8T 7 (wy) —

wo
e E 1 (u) + / e=5/& £ (s) ds

u

1-¢&F
and its derivative is given by (3.5.3):

§+

S =g

—u/E¥ _
e plp — Dl (ju] 2+ p)
Thus, S attains its minimum at v = p — 2. To show that S(u) < 0 for all w < u < wy, it
suffices to show that S(w) < 0 and S(wp) < 0.

First, using differential equation (3.3.7) we see that equation (3.4.1), which defines w,
is equivalent to

§+

S (w0) = £ = T ()

=

e

_1-&
e -

§+

(M(w) = f'(w) 1"(w)

By (3.5.1), the expression in parentheses on the left has the same sign as by, |y——w
in subdomain P, which was shown to be non-negative in the previous section. Since
&~ < 0, the left-hand side is non-positive. On the other hand, again by (3.5.1), the
expression in parentheses on the right has the opposite sign from that of by, |y+—y I

subdomain Ps, meaning the same sign as S(w) above. Thus, S(w) < 0
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For the other endpoint, we compute:

. +
(o) = ¢/ ((p = Dl = plp = D7 o)

N + 1 — et (et — ¢
o= ot (L)),

By (3.4.6), we have

1-&NE -¢) e wg

£t e"wo —1 4 wp

Since we are in the pre-collision case, wy = w.(p), which means that by Lemma 3.4.3
(inequality (3.4.16)), this expression is non-negative. Since p < 1, we have S(wg) < 0

and and the consideration of this case is complete.

Subdomain P,

By the remarks at the end of section 3.5.1, to show that b is locally concave in P it

suffices to show that

2
Wy

—0 _p>0,
e wo — 1+ wp P

which was shown immediately above, at the end of the consideration of the region Ps.

This completes this case.

Subdomain P,

This case was already addressed at the end of section 3.5.1.
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Subdomain P;

Here, b is given by (3.3.14), (3.2.7), and (3.3.15). Using (3.5.1) and (3.5.2) with A =

e—wO/g_ ‘w0|p_1 and ug = —wp, wWe have
buye, = 0in P = S(u) <0, for u > —wy,

where S(u) is given by

S(u) = e wo/&" ]wolp_l — wo/E” f(—wg) — 1§€_ e_“/gif"(u) - /u e s/E f"(s)ds

and its derivative is given by (3.5.3):

e

=1

e p(p — D|uP™3 (u+2—p).
Since £~ < 0,p < 1, and u+2—p > 0, we conclude that S is increasing. Thus, it suffices

to verify that S(—wg) > 0. Note that |wg| > —£~. We then have

e bl — Dluol?)

(Jwol(1 = &™) +pE7)

S(—wp) = e~ wo/&” (|w0’p71 — plwo|P~! —

= e (1= p) g2

1
1—¢

> e*wo/ﬁ_(l _ p)\wo\p*Q

1 - —\2
?((—f )1 —p)+(E7)%) = 0.
Checking jumps in b,

As mentioned earlier, we need only check that b, is increasing in xo from P, into P3
and, separately, from P into Ps. Recall that in either cup we have b,, given by (3.3.4)

with v = v7. Since p < 1 and the denominator is positive for any v, we have b;, < 0
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everywhere is each cup. On the other hand, in Ps, we have

ba:g = Q2
P3

from (3.3.16), which is positive. Thus, the jumps have the correct signs.

3.5.3 Post-collision case

Since the collision affects neither the geometry of the regions Ry = P; and Ry = P,
nor the values of the Bellman candidate b in them, they do not have to be rechecked in
regard to the local convexity of b. Thus, going left to right, we have to check the local
convexity in Rg and R4, and then the jumps in b,, across the boundary between R4 and
R3, and between Ry and Rs. (Note that while the region R3 = Pj remains the same

geometrically, the expression for b is different in it, compared to the pre-collision case.)

Subdomain R4

Here b is formally given by the same expression as in Py, meaning by (3.3.10), (3.3.11),
and (3.2.7). However, w is now given by (3.4.3). Exactly as in section 3.5.2, the sign
of byya, is the same as that of the function S given by (3.5.6), S has a maximum at
u =p—2, and lim,_,_~ S(u) = 0. Thus, as before, it suffices to show that S(w) > 0.
However, unlike in the previous case, it can be that w > p — 2, meaning w can be to the
right of the point of maximum. Thus, we must analyze equation (3.4.3). Using (3.3.7),

we rewrite it as

1-& / § 1" _ (1_p)‘w|p 1"
e (M)~ )~ o ) = S )
w2
(e )
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The left-most side has the same sign as S(w), while the right-most side is non-negative: by
Lemma 3.4.4, w > w;(p), and the conclusion follows by inequality (3.4.16) of Lemma 3.4.5.

This case is thus complete.

Subdomain Ry

By (3.5.5),
2

v
seboss, = sn (=7 )

Since the function is increasing for all v, it suffices to show that the expression

7}2
e v—1+4wv
in parenthesis is non-negative for the left-most v, which for this cup is w. This was shown

at the end of the previous section.

Checking jumps in b,

As mentioned earlier we need to verify that by, is increasing with respect to z2 in two
situations: from Ro into R3 and from Ry into Rs. This is nearly as obvious as in the
pre-collision case: in the cups Rz and Ry b, is always non-positive, while in the affine
region Rj, (the constant) b,, equals b,,(w)|g, (see equation (3.4.3), thus it is again
non-positive. Since

b$2 = (X9 2 0,
R3

where ap is defined by (3.3.19); our verification is now complete.

3.6 Optimizers

In this section, we construct special functions, called optimizers, which will prove the
converse inequality for our Bellman candidate. Specifically, given a fixed x € Q¢, we

say that a test function ¢, is an optimizer for b(z) if the following three conditions are
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satisfied:

(@) =15 (7)1 = w2 (3.6.1)
e?r e A (I); (3.6.2)
(lzlP)1 = b(2); (3.6.3)

Once optimizers are found for every point x € ¢, we’ll have

bp.c(x) < (lezP)r = b(x), VxeQc

By the interval independence of b, ¢, we may construct these optimizers on any fixed
interval; hence, unless otherwise noted, all function constructions will be made on (0, 1).
Furthermore, for notational convenience, we will parameterize optimizers constructed for
points on the upper boundary by their first coordinate: i.e. if (a, Ce?) let ¥, := ¢ (4 cea)-

Much like our candidate b, whose expression was determined locally for subregions
and then glued together by choosing appropriate constants, our optimizers will be con-
structed from local variants, built for these same subregions then concatenated together
in appropriate proportions.

Condition (3.6.2) will be verified via a geometric condition as follows. Let J be an
interval and ¢, a test function. We call the point x7 := ({¢4), (e¥=);) the Bellman
point corresponding to ¢, and the interval J. Therefore, directly from the definition of
Qc, we have e?> € A (I) if and only if each Bellman point corresponding to ¢, and
J C I belongs to the domain Q¢.

The main principle behind building optimizers for Bellman foliations is to take for
each x the entire construction of ¢, to be along an extremal trajectory through x. This
means that when the interval I = (0,1) is split into two subintervals I = I, U I_,
the corresponding Bellman points of ., z'* = ((¢z)r., (€?*)1.), will also lie on the

trajectory. Indeed, since b, ¢ is linear along each trajectory, the local convexity inequality

88



becomes equality. Conversely, if m and n are two points on the same trajectory for which
we know the optimizers ¢, and ¢,, then the optimizer for every point z on the line

segment [m, n| can be obtained by concatenation of these two known optimizers:

Pe(t) = (3.6.4)

X1—niy

where, y_ := =

Remark 3.6.1. In general, the concatenation of two logarithms of A weights isn’t
necessarily a logarithm of an Aso weight itself; therefore, we must take care in how the
functions ©m, ©n in the formula above are concatenated. In particular, we rearrange our
constructions to ensure the smallest Ao -characteristic of e?. So long as the proportions

of om and @, remain the same, rearrangements like swapping concatenation order won’t

affect conditions (3.6.1) and (3.6.2).
We will need the following two lemmas.

Lemma 3.6.2 ([Slal5]). Let ¢ be such that e € As. For c,d € R, such that ¢ < d, let

Ped = N{p<e) T PXfecpcar T DX (pzay- (3.6.5)

Then for any interval J,

(ePed(Pealr) 1 L (97017

and, consequently,

[ePed] 4 < [€¥] AL, - (3.6.6)

Lemma 3.6.3. Let q(t) = u+ £log (%) such that u,pu € R, 0 < p, and & is one of £*.
Then el € Ax((0,1)) with

)4, =C
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and, for any interval (0,d) C (0,1), we have

20D = () 0.0), (D) 0.0)) € T

Proof. Let 0 < ¢ < d < 1. Integrating by parts, we compute

§
d—c

(@) ey = u — &og (1)) (e 4y = u — [dlog (d) — clog (¢)] — £(1 + log (1)),

thus

4~ @) ey = 7o [dlog () — clo (¢)] — 1o (1) — &

— C

Therefore, we have

<eq*(q>1>

R e — (3.6.7)

c
cd—c d—C

e ¢ [dddc d—¢ — 01_5] e=¢ [ _ 1 — 91_1
g 1-6 — —

where we repeatedly used the identities 1 — 6 = % and 7! — 1= % to obtain 3.6.7.
We have that 3.6.7 is decreasing with a limit of % as § — 0. Consequently,

e &

:1_5720

] asc

from which it follows that e? € Ay ((0,1)). Taking the limit as ¢ — 0 of 3.6.7 shows that
the Bellman point corresponding to ¢ and any interval of the form (0, d) will belong to

the upper boundary, i.e. 29 e I'c. O

3.6.1 Optimizers for Candidates in Cups

We recall that the cups consist of Py and Py (pre-collision) and Ry and R4 (post-collision).

In these regions, the expression for the local candidate b was given by:

b(x) = sgn(v)|v[P~ ay (3.6.8)
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where v is either one of v*. These regions are the portions of Q¢ lying entirely beneath
a single extremal trajectory. In the case of P, and Rp, this trajectory is the full tangent
to the upper boundary at (£+, C’ef+); in the case of Py, this trajectory is the full tangent
to the upper boundary at ({7, C’eg_); and, in the case of Ry, this trajectory is the line
segment joining (w, e) and (0,1). Each of these regions are foliated by trajectories, also
known as chords in this context, joining (0,1) to a point (u,e") on the lower boundary.
Due to the identical nature of these foliations, the optimizers constructed for these regions
will follow the same exposition. As such, we will address each case simultaneously, using

D¢ to refer to any one of these regions and v = v*

as appropriate.

Given that the only admissible functions for points on the lower boundary are con-
stants, the optimizers for the endpoints of each chord foliating Do are already deter-
mined; specifically, we have 1) = 0 and ¢, vy = u. Furthermore, through every
point z € De — {(0,1)} passes the unique chord which intersects the lower boundary at

(v, e"). Therefore, by the opening dicussion of this section, the optimizers for all x € D¢

will be an appropriate concatentation of the optimizers for (0, 1) and (v, ev):

0, te (0,a)
Pa(t) = (3.6.9)
v, te(a,1)

where, a = (v — x1)v™! =1 — 230!, We will now verify conditions (3.6.1) - (3.6.3).

Lemma 3.6.4. Let x be a point in one of cups Ps, Ro, Py or Ry. Then the function @,

given by (3.6.9) is an optimizer for b(x) given by (3.6.8).

Proof. For condition (3.6.1), we compute the following averages:

(P2)0,1) = ®z)(0,0) T (1 = @) (Pz)(a,1) = (1 — a)v = 1,

X
(%) 01 = ™) 0 + (L= a) (e ) = at (1-a)e’ =1+ (" — )" = .
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For condition (3.6.2), given an interval J = (¢,d) C (0,1), the corresponding Bellman
point 77 := ((p,) s, (€?=) ;) will be a convex combination of the points (0,1) and (v, ev).
This clearly follows if d < «, in which case z7/ = (0,1), or if @ < ¢, in which case

z7 = (v,e?). For the remaining situation, when ¢ < a < d, we have

a—c d—«

<90x>(c,d) = ﬁ<¢x>(o,a) + ﬁ(@x)(a,d) = (1 - )‘) U3 (3610)
oa—c d—« v

<90:(:>(c,d) = d—c <ewx>(c,a) + d—c <6¢x>(a,d) =A+ (1 - )‘)6 (3'6'11)

where A = 9=¢ < 1. Clearly, z/ = X(0,1) 4+ (1 — A) (v, €") and the claim follows. Since
the interval J was arbitrary, this implies all Bellman points of ¢, lie on the chord joining
(0,1) and (v, e¥)—which is fully contained in D. Therefore, e?* € AS (I). Lastly, for

condition (3.6.3), we compute:

(o2 0,1y = @ (|alP)o.a + (1 = ) (|@al?) (1,0) = sgn(v)[v]P~ 21 = b(x)

O
3.6.2 Optimizers for Tangential Candidates
Optimizers for Candidate in P; and R;
We recall the formula for the local candidate b in these regions:
b(z) = et |u0]p_le_579 - Eﬁ’ /u sPleT e ds] (x1 —u) + |ul? (3.6.12)
ug

where ug = ¢t — ¢~ and v = u~ is the unique point satisfying:

ra = CeME [ — (w4 €) 4 1] = 1 o — 0+ €) +1
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This candidate corresponds to the regions P; (pre-collision) and R; (post-collision).
These regions are the portion of ¢ sitting directly above the right-leaning tangent to the
upper boundary at (ag, Ce®) := (£7, Cef+) and are foliated by right-leaning tangents to
the upper boundary at points (a,Ce®), ap < a. Since all considerations are identical for
these regions in their respective configurations, we will only address the case for P;. The
case for Ry will follow immediately. This candidate is incomplete, reading information
from the local candidate in the adjacent cup, P», via the shared right-leaning tangent
at (ag,Ce™). As discussed, the optimizers constructed for this candidate will thererfore
depend on those of the candidate in this cup.

Clearly, the optimizers for this candidate are already determined for those x on the
lower boundary, viz. ¢, = x1. Suppose we had already determined optimizers for points
on the upper boundary. Then for a fixed € P; there passes a unique trajectory, i.e. a
right-leaning tangent to the upper boundary, which will intersect the lower boundary at
the point (u, e"); the corresponding point of tangency is then (a, Ce®), where a := u+¢§~.
It follows from the opening discussion of this section, that an optimizer for x can then

be constructed as an appropriate concatentation of ¢, cu) and q:

() = vela). re ) (3.6.13)

u, te(a,l)

where a = 93157_“_ It therefore remains to construct optimizers v, for points on the

upper boundary. For such points, there is no extremal trajectory on which they lie
whose endpoint optimizers are known. To overcome this limitation, an approximation
procedure was developed in [SV12| which we shall present here, adapted to the domain
Qc.

Let (a, Ce®) be a fixed point on the upper boundary I'c and A some small postive

number such that ag < a — A. Consider the point (a — A, Ce® %), also on the up-
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per boundary. We can relate the optimizers 1, and ¥,_aA by considering the left and
right tangents to T'c at (a, Ce?) and (a — A, Ce® 2), respectively. Define the following
function:

h(t) :=1—t(e! — 1)1 (3.6.14)

Then h gives the x1 coordinate of the point of intersection of the aforementioned tangents.
Let Ay := h(A);. Observe that h is monotone increasing on R with lim, o+ h(t) = 0,
lim; oo h(t) = 1 and A/(t) < 1; hence, 0 < Aj, < A. Since aa, lies on the extremal

trajectory through (a — A, Ce“_A), a corresponding optimizer is given by concatenation

as follows:
@Z)a—A(L)a t S (07 06)7
Pan, (1) = “ (3.6.15)
u— A, te (ayl)
where a = 1 + Ag,Ah. We now have a trajectory, albeit not an extremal one, to which

(a, Ce®) belongs and whose endpoint optimizers are known; thus, we can now build a

test function for (a, C'e®) through concatenation:

ba(t) = Ps, (5): 1€ (0:5), (3.6.16)

u, te(B,1)

where § = Efg:Ah' In all, combining (3.6.15) and (3.6.16), gives:

wa—A(%)a le (Oa’y)a

u— A, te(v,B) (3.6.17)

&

ba(t)

u, te(B,1)

\
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where y=af =1+ E*éAk‘ Repeating this procedure k more times, we obtain:

waka(,YLk)v te (Oa’Yk)7
u— kA, te (4 18)
—(k=1)A, te(1B,4F2
wa(t) ~ ¢£k)(t) — u ( ) € (/7 /8 Y 6) (3618)
U= A’ t € (Vﬁ)ﬂ)
u’ t € (57 1)

The function @b((lk) is completely determined up to knowledge of ¥,_ra. Since the optimiz-

ers are known for points on the shared boundary with P, choosing A = #5%0 completes

the definition of (3.6.18), as we’ll have ©,_gA = q,. To find 1, = limy_,0 ¢C(Lk), we
derive a basic differential equation which we then solve. Fix ¢ € (0, 1); then, for large k,

there exists 0 < j such that t € (y/3,7/713) and
Ya(t) = Ya(vt) = P (1) — P (v1) = (u = JA) = (u— (j+1)A) = A

Furthermore, if v, is assumed differentiable, for large k we have:

A

Ya(t) = a(vt) = a1 —7) = %(t)tm

Combining these approximate equalities yields the following differential equation:
Yu(t) = -t

whose general solution is

Ya(t) = D — £ log (t)
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Since A = “=#, we have k = “x* and so
A a—Aal
li k = I 1 — (a—a1)L
oo | alo+ < * £ — h(A)) °
where,

1 A
L:= 1 —1 _—
alo+ A8 (5— - h(A))

Using 'Hépitals rule, we have

tet — (et — 1) 1 1
i hl t)= 1 _ = 1i = 3
t1—1>%1+ ®) e (et —1)2 150+ 2(et —1)et +2e2t 2
and again
- / — 1
I~ lim § —h(A)+ AN (A) I3 1

As0+ (€7 —h(A)Z+AE~ —h(A)) 2 &

a—ag

thus, A := limy_,e0 ¥ = 85_7_. In all, this gives,

D—¢log(t), te (A1)

(3.6.19)

The constant D is determined by considering the imposed conditions on the averages
of 1, and 1,,. In particular, as optimizers for their respective points, we must have
(Ya)(0,1) = @ and (Pq)(0,1) = ag- We note the following integral for 0 < a < b, obtained

using integration by parts (and an appropriate limit if @ = 0),

b
/ log (t) dt = (blog (b) — alog (a)) — (b —a) (3.6.20)

Therefore, since

(Ya)0,1) = (Yar) 00 + (D — & log () a1)
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It follows that

a=aA+ D+ )1 =N+ Aa—ar)

and so D = a — & = u. By our precending comments, we can now construct optimizers

for all x € P;. Recalling formula (3.6.13), we can substitute (3.6.19) for 1, to obtain:

Yor (75 te (0, m),
Pa(t) = Ju+ & log (&), t€ (uv,p) (3.6.21)
u, te (Ma 1)
\
u—ug
where p = x%%“ and v = e ¢ . Lastly, we recall the formula for v, := Ple+, Cett): This

optimizer for the candidate in the adjacent cup P, was derived in the last subsection. In
this case, we have v = ug and a = g—s%ﬁ:

0, te (0,
Yay (t) = ( )

Uuo, te (a7 1)

which gives us the final formula

0, t € (0,auv)

U, t € (auv, pv)
0 (t) = (3.6.22)

u+E& log (§), te (uv,p)

u, te(p1)

Note that this formula will coincide with the one given for points on the upper and
lower boundaries and is thus valid for all z € P;. It remains to show that each ¢,, so

constructed, is an optimizer:
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Lemma 3.6.5. Let x be a point in the tangential region Py or Ri. Then the function ¢,

given by (3.6.22) is an optimizer for b(zx) given by (3.6.12).

u—ug

Proof. Recall that o = Y v=-e ¢ and that u satisfies:

xr1—

& & _
= _ef = w ) M= ¢

— [z1— (u+&7) +1]

We first compute the following two integrals

°w 1
/ log (%) dt = —,u/ log (t) dt = p[vlog (v) + (1 —v)] (3.6.23)
% v
“w B 1 _ u
/ et log (k) gy — Me“/ ¢ dt = - € . (10— pv "] (3.6.24)
% v -
where in the second integral we used the fact that v17¢ = pe“0~%  Therefore,

(Pz)o1) = pr(l —a)ug + & plvlog (v) + (1 = v)| + p(l = v)u+ (1 — pu
=pv(ug+ &)+ puv(u—uw) +& p(l—v)+ (1 —w)u
={ptu

:.’1}1

and,

u

1—¢

(%) oty =y + (L — @)e™ + — [ ] + (1= e

ot G- - L e [0 ]
_[Ea-e)-ea-ghy e
_“[ - ehE —&) 1—5+]+1—s

u

(21— (u+&7) +1]

:$2
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where we used the fact that e% = ¢f =6 = }:g ; this identity follows directly from the

definitions of ¢*. Therefore, condition (3.6.1) is satisfied. To show condition (3.6.2), we
let 0 < ¢ < d< 1 and define
e (M
q(t) =u+¢ log (?) (3.6.25)
Note that ¢ is the function in the statement of Lemma 3.6.3 with £ = £~. Therefore, ¢
has all its Bellman points in Q¢ and, for intervals of the form (0,c¢), 0 < ¢, these points

will belong to the upper boundary. Two additional results concerning g are needed; using

(3.6.20), we compute

(Do) =u—E (log () =u—& [log(v) =1 =u+& =ar  (3.6.26)

u u

(&

- . e
(e?) 0,u) = €“(t ¢ ) (o) = ?V ¢

= 1_576

Ut — CeutET = Cle™  (3.6.27)
Since @, is the cutoff at height u of the following function:

0, t € (0,auv)

Ne(t) = 9 o, t € (auv, pv) > (3.6.28)

qt), te (1)

by Lemma 3.6.2, to show e?= € A (I) it suffices to show e € A (I). We will do so by

proving its Bellman point corresponding to an arbitrary interval (¢, d) C (0, 1):

2D = ((9a) (e.a): (€7 ) ca)

belongs to Q. This is clearly the case if d < pv, since 7, restricted to (0, uv) is simply
the function 1,, rescaled; the function 1,,, an optimizer for the candidate in P», has

already been shown to have its Bellman points in Q. The case when aur < c¢ also
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readily follows, since 7, restricted to (auv, 1) is the cutoff at height ug of the function
q, given in (3.6.25), whose Bellman points we’ve also shown to be in Q. Therefore, we
only need to consider the case when ¢ < aur < pv < d. In addition to z(% we consider

the Bellman points:

07C) 07d)

= () (0.0 €7 )0.0)); 2O = ((0a)(0.0) (€Y 0.0))

2(

Since 7, is constant on (0,aur), the point 299 lies on the lower boundary of Q.

Furthermore, by (3.6.26) and (3.6.27), we have:

(<q>(0,,u1/)7 <€q>(0,,u1/)) = (<774L‘>(0,;w)7 <enz>(0,uy))

and therefore,
(@) (0,a)> (€1 0,a)) = ({12)(0,a)> (€™)(0,d))

(0:4) lies on the upper boundary of

for all pv < d. In particular, this means the point x
Qc. We consider the line through z(%9 and z(%9 . Since ¢ is increasing, (%% lies to
the right of the point (ag, Ce®) and (%9 to its left. Consequently, this line must exit

the domain Q¢ and re-enter at (%9, Since 2(% lies on this line to the left of (%9 we

must have that z(¢49 € Q¢. To show condition (3.6.3), we first compute the integral:
/u
nv

where we used the substitution s = u — £~ log (¢). Integrating by parts gives

1 u u—s
u+§ log (%)‘p dt:u/ lu—¢& log(t)‘p dt = —/J,/ |sPe¢ ds  (3.6.29)
v uo

u u—s w u—s
—,u/ |s|Pec ds = plul? — pv|ugl? —pu/ s|P~te s ds (3.6.30)
uo uQ
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Therefore, since ug = £t — £~ > 0, using (3.6.29) and (3.6.30), we have

uv
el 0.1y = (1 — @) uol? + /
w

£ uvluoP~t — pvfuol? — / sP1e S ds + [uf?

= pvlugP~H(ET — up) / |s|P~ e " ds + |ulP

u _ug u —s
o [\uople & e ds} et fup
uo

U,

u+§*log<%)‘p dt + (1 —

p)ul?

L uQ u —s
=eé& [\uop leme / |s|P~tee™ ds} (x1 —u) + |ul?
ug

= b(x)

Optimizers for Candidate in P; and Rg

We recall the formula for the local candidate b in these regions:
_ =l [ p—1," = p
b(x) =es | — (—s)P7e € ds| (x1 —u) + |ul

where u = u~ is the unique point satisfying:

Ty = Cet e (21— (u+&7)+1] = — 31— (u+&7)+

1-¢

(3.6.31)

1]

This candidate corresponds to the regions P; (pre-collision) and Rg (post-collision).

These regions are the portion of Q¢ sitting to the left of the right-leaning tangent to

the upper boundary at (w + £~,Ce”*¢") and are foliated by right-leaning tangents to

the upper boundary at points (a,Ce®), a < w + £ . Since this sequence is identical

among the two configurations, we will use Pr to refer to both. This candidate is similar
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to the one for the tangential regions P; and Rj; however, this candidate is self-contained.
Its expression is independent of those of candidates defined on adjacent regions. As in the
last subsection, we first seek to construct optimizers for points on the upper boundary.
Since optimizers on the lower boundary are known, we can obtain optimizers for arbi-
trary « € Py by appropriately concatenating the boundary optimizers on the half-tangent
through z.

To obtain optimizers for points on the upper boundary, we begin with the approxima-
tion procedure detailed in the last subsection. Specifically, fix (a,Ce®) € PrNT'¢ and let
aog < a. The approximation procedure gives a test function v,, defined up to knowledge

of the optimizer g,:

sz)a() 1 ) te 07)\ ’
¢a(t) = (A> ( )
u—¢& log(t), te (A1)

(3.6.32)

u—ug

where A =e ¢~ and up 1= ap — &~ . Since limg, oo g—i’ = 00, we have lim,,, oo A = 0;

thus, taking the limit of this test function (in ag) as ag — —oo gives

Ya(t) = u— ¢ log (1)

For an arbitrary x € P7, we then concatenate the corresponding boundary optimizers

(i.e. those for the points (a,Ce®) and (u, Ce")) as mentioned:

u+ & log (£
pu(t) = HeThs (i), te0n) (3.6.33)

u, te (1)

T1—u

=

where pu = . To finish, we verify the following

Lemma 3.6.6. Let x be a point in the tangential region Pr or Rg. Then the function @y

given by (3.6.33) is an optimizer for b(x) given by (3.6.31).
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Proof. Using (3.6.23) and (3.6.24), noting that p > 0, we first compute

/Oulog (“) dt = lim /:log (%) dt = p lim [zlog (z) + (1 —2)] = p

t z—=0% J n z—07t

u u

_ uo—u] _ €
[ — p 0] =

y I
/ erteoe(P) gr = tim [ e t€ 8(%) gt = lim
0

z—0t uz z—0t 1 — f_

Therefore,

()1 = pu+E p+ (1 —pu=pu+ (r1 —u) + (1 — p)u = 1,

e U = e e (-] =

and so condition (3.6.1) is satisfied. Condition (3.6.2) follows directly from Lemma 3.6.2

(€ )0,1) = 1

since ¢, is the cutoff at height u of the function ¢ from the last section. Lastly, to show

condition (3.6.3), we use (3.6.29) and (3.6.30) and compute

I [ P "
/ ‘u+§_log<—>‘ dt = lim/
0 t :c%()'*‘ nx
— st |l ~allog )P +» [

z—0t

logx
uw u=s
= ep [ 1 al

—00

u+ ¢ log (%) )p dt

w u—s
|s|P~le e ds]

where we used the fact that %|s|117 = —|s[P~! for s < 0. Therefore, we have

u—

(lpzl”) 0,1y = 1 [IUIP +p/ s le e dS] + (1= p)lul

—00

N IS N = P
=ef | — |s|P~ ee” ds| (x1 — u) + |u|
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Optimizers for Candidate in P
We recall the formula for the local candidate b in this region:

U _ %o wo _ s
b(x) = et —‘wo‘p_le et + ;jr/ <—8)p_l€ et ds (371 _ U) + ’u‘p (3634)
u

where wg = £~ — €T and u = u™ is the unique point satisfying:

u

Ty = Ceute” [931 —(u+€&M)+ 1} = # [351 —(u+&)+ 1]

The tangential region P5 is the portion of Q¢ sitting between the left-leaning tangents
to the upper boundary at the points (w + £+, Cew+’5+) and (67,Ce%") and is foliated by
left-leaning tangents to the upper boundary at points (a,Ce®), w4+ £~ < a < . This
candidate is incomplete, reading information from the candidate in the adjacent cup Py
via their shared boundary (the left-leaning tangent to the upper boundary at (£7,¢5")).

The argument producing optimizers for this candidate is entirely symmetric to the one
used for the candidate in regions P; and P». We again seek upper boundary optimizers
which we then concatenate with the trivial lower boundary optimizers for general x € Ps.
However, instead of using the approximation procedure to relate the upper boundary
optimizers v, to those further to the left, i.e. ¥,_a for some small 0 < A, we instead
relate them to optimizers further to the right, i.e. 1¥,4a. Since the optimizers are known
for points on the shared boundary with P, we can complete the construction. The

optimizer produced is the following:

0, t € (0, auv)
wo, t € (apv, uv)
ou(t) = (3.6.35)
u+&Tlog (8), te (uv,p)
U, te(p1)
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+ U— W,

where o = E*gj’ = x}g;“ and v = e ¢ . We record the following.

Lemma 3.6.7. Let x be a point in the tangential region Ps. Then the function @, given

by (3.6.35) is an optimizer for b(x) given by (3.6.34).

3.6.3 Optimizers for Candidates in Affine Regions

Before addressing each situation explicitly, we will first discuss some similarities in the
construction of optimizers for candidates in the affine regions P3, Ps, R3 and Rs. In
the following discussion, we shall D4 to denote any one of the aforementioned regions.
Therefore, D 4 is the portion of ¢ sitting between two half-tangents to the upper bound-
ary (and above a third, non-tangent line segment in the case of R5). The local candidate
b is incomplete, reading information from two of its neighbors, b*, each via a shared
trajectory. These shared trajectories will each touch the upper boundary at some point
a® and will intersect at a shared point u on the lower boundary; we’ll use the notation
[ai, u] to denote the trajectory shared with b* and we’ll suppose, without loss of gen-
erality, that a~ lies to the left of at. As a consequence of b’s dependence on G*, the
optimizers constructed for & € D4 will rely on those for b*.

As mentioned in the opening discussion of this section, to construct optimizers for
x € Dy, we seek to concatenate (in an appropriate proportion) two known optimizers
lying on either side of an extremal trajectory (entirely contained in D 4) through z. Since

the local candidate b is affine, i.e.

b(x) =ay1z1+agxs+as; o €R

every trajectory in D4 is extremal. This makes constructing optimizers straightforward.
For any x € D4, we simply take any trajectory through x which intersects both bound-

+

aries from which b reads information, i.e. [a™,u]. Provided such a trajectory exists, if

the optimizers for b* are known along these boundaries, then we have our optimizers to
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concatenate. More specifically, fix x € D4 and let [z~,z"] represent such a trajectory
through ; thus % lies on the boundary shared with b* and [z~,2T] € D4. We can

then define the corresponding test function ¢, as follows:

pat) =4 (3.6.36)

where,

+ +

ry — X LTy — X9
B="F—=="2—= (3.6.37)
Ty — I Loy — To

Regarding the existence of such a trajectory through x, if x itself isn’t on one of shared
boundaries (and thus assumed to be known), we may take the right half-tangent to the
upper boundary which passes through x.

Without explicit reference to either of the two adjacent candidates, b, we can show
that the test function given by (3.6.36) and (3.6.37) satisfies conditions (3.6.1) and (3.6.3).

We compute:

(pa)oy =21 B+ai(1—B)=z1; (e?) o1 =238 +a3 (1) =

which gives condition (3.6.1). For condition (3.6.2), since ¢,+ are optimizers for b*(z%)

)

x=p8z" 4+ (1—8)x" and b agrees with b* on their shared boundaries, we have

(leel”)0,1) = B{Lz=) 0,8 + (1 = B) {wz-)(8,1)
=Bb (a7) +(1-pB)b"(z")
= Bb(x7) + (1 - ) b(z™)
=B (a12] +aszy +az)+ (1 —B) (azf +azay + asg)
=1 71 + ap T2 + 03

= b()

106



Before we consider condition (3.6.2) for specific sequences, we will derive a new formula

for the test function ¢, given by (3.6.36) and (3.6.37), one that is independent of the

+

trajectory [x~,z%]. Indeed, since [a®,u] are extremal trajectories for b*, we can express

the optimizers ¢,+ as a concatenation of of the optimizers for b*(a®) and b*(u) as

follows:
Pa— (%) ) te (077—)7 uy, te (07’7-‘!-)
(1) = ! EOE (3.6.38)
ut, le (7—7 1) Pat (i:’jyi) , te (7+71)
where
r1 — Ul xr1 — af
Vo= = ; A (3.6.39)
a; —u Uy — aq

Here, we rearranged the value of u; so as to follow the principle mentioned in remark

3.6.1. Substituting (3.6.38) and (3.6.39) into (3.6.36) gives:

Pa- (ﬁ) : t € (0,587-),

Pa(t) = u, t e (By—, B+ (1—B)v:) (3.6.40)

\()OaLJr <W)7 tE(ﬁ—F(l—ﬂ)’)q_,l)

Observe that Dy is contained in the triangle with vertices a* and w. This is clearly for
the regions P3, P and R3. In the remaining case of Rs, this holds since the line segment
[a=,a™] lies above the line segment through a* and (£7,Ce%" ) since a~ < ¢~. As an
immediate consequence of this containment, every x € D4 can be expressed as a unique

convex combination of these corner points:

z=00a +du+dzat (3.6.41)
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where 01, 02, 03 are non-negative and d; + do + d3 = 1. Since,

By)a” +BA=1 )+ (1 =B )] u+ (1 =5A-y)a" =2

It follows that these coefficients must all be independent of z*. In particular,

o1 = By-;

02 = B(L =)+ (1= B)(r+);

Therefore, we have the final formula

o3 =(1-8)(1—4)

t e (0, 51)
te (51, o1+ (52) (3'6'42)

te ((51 +52,1)

We now verify condition (3.6.2) for each affine candidate

Optimizers for R;

The region Rj is the portion of Q¢ sitting between two right tangents to the upper

boundary at the points (¢7,Ce¢ ) and a~ = (w + £~,Ce” ¢ ) and above the chord

connecting u = (w,e®) and a®™ = (0,1). This candidate reads information from its non-

affine neighbors: the local candidate in the tangential region Rg and the one in the cup

Ry. In this case, the test function (3.6.42) becomes:

we & log (%)

w,

0,

t e (0, (51),
te (51, 0 + 52) (3643)

te ((514—(52, 1)
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To prove condition (3.6.2), we will show that the Bellman points of ¢, lie inside Q¢.
Fix (¢,d) C (0,1) and let 2(4® be the corresponding Bellmain point of ¢,. By Lemmas
3.6.3 and 3.6.2, we can assume d; + 02 < d. Furthermore, since ¢, restricted to (d1,1)
is a Bellman point for an optimizer for the candidate in the cup R4, we can also assume
c < 61. Let 8 be given by (3.6.37) and [z, 2] its coresponding trajectory through z;
note that d3 < 8 < & + 03, otherwise one of 2= = z(%8) and z+ = (1A will lie outside
Rs. We want to locate the Bellman points z(¢#) and z(®#) . Since (%9 is a convex
combination of zT = z(®1 and 2(41) = ¢F, we have that 2(#% lies on the line segment
[u,at], since 2T and at do, and below z* since ¢, is increasing. For the point z(&#),
observe that Lemma 3.6.3 implies (% lies on the upper boundary, and to the left of a™
since ¢ < 61 and w + £~ log (571) is increasing. Since the upper boundary is the graph
of a convex function, the line segment [z(%¢), 2~] has slope no more than that of the
line segment [x~,u], which itself has a slope no more than the line segment [z~ z7"].

0.¢) 2] to the right of = will lie below [z~,z"]; this includes

Therefore, points on [z
2B since 2~ = (%) is a convex combination of z(¢#) and 2(%9). Since both z(&5)
and (%% lie under [z~, 2], so too does the line segment between them. It follows that

[2(B) £(BD)] and thus z(¢9 | lies inside Qc. We have now proven the following.
Lemma 3.6.8. Let x be a point in the affine region Rs. Then the function o, given by
(3.6.43) is an optimizer for b(x) given by (3.6.42).

Optimizers for Pg

The region P is the portion of £2¢ bounded on the left by the right-leaning tangent to the
upper boundary at a~ = (w + £, Ce®t¢") and on the right be the left-leaning tangent

to the upper boundary at a™ = (w + &+, Ce® "), which meet at the point u = (w, e*).
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In this case, the test function (3.6.42) becomes:

0, t € (0, avds)
& ¢t t € (avds, vd3)
Px(t) = w+ &+ log (573) , t € (vds3,d03) (3.6.44)
w, t € (03, 02 + 03)
w~+ £ log (%), t € (92 + 03, 1),

where o = % and v = e . Here, we’ve rearranged the optimizers for a* in
formula (3.6.42) to minimize the A-characteristic of e¥* (see remark 3.6.1). To show

condition (3.6.2), we first consider the function:

(

w+ £1 log (575) , t € (0,93)

f(t) -\ w, te (53, 0o + (53)

w~+ £ log (%) , t € (09 + 03, 1),

We will show that all Bellman points of f lie in Q¢. Fix (¢,d) C (0,1) and let 2(4% be
the corresponding Bellman point of f. If 3 < ¢ or d < o + d3, then Lemmas 3.6.3 and
3.6.2 immediately imply z(¢% € Q. For the remaining case, when ¢ < d3 < 82 + 3 < d,
let z(OY be the Bellman point of f corresponding to (0,1). Since f and ¢, have the
same average on (0,d3) and agree elsewhere, the Bellman point of f corresponding to
(0,1) is precisely z and therefore lies in Ps. Let 3 be given by (3.6.37) and [z, 2]
the corresponding trajectory through z; note that d3 < 8 < do + 03, otherwise either
z= = 208 or 27 = 218 will lie outside Ps. We would like to determine the location of
z(eh), By Lemma 3.6.3, we have that 209 lies on the upper boundary, and to the right
of a® since f is decreasing. Therefore, (%) must lie above the line segment [z~ zT].

Since 2~ is a convex combination of (%9 and 2(¢#) we must have that (¢ lies beneath

110



the line segment [z~,z%]. A similar as that used to show the Bellman point z(©#) for
the optimizer in Rs can be applied to 2349, Therefore, (%9 also lies below [z, z1].
It follows that the line segment [z, z "] lies above [2(5F), 2(84)]; therefore, this latter

C7d)

segment, and thus 2@ must lie in Ps. So in all cases we have z(¢9 € Q.

We will now show the Bellman points of ¢, belong to Q¢. Fix (a,b) C (0,1) and

(@) he the corresponding Bellman point for ¢,. Since ¢, restricted to (avds, 1) is

let x
the cutoff of f at height £~ — £T, by Lemma 3.6.2 it suffices to consider the case when
a < avd. Furthermore, if d < d + d3 then z(*? is a Bellman point for an optimizer
for P5;. Therefore, we will assume that a < avds < d2 + d3 < d. Arguing as we had
for f, we let 3 be given by (3.6.37) and [z~, x| the corresponding trajectory through
x. However, this time (%% = (0,1) and is therefore on the lower boundary and above
the line segment [z~,27]. Since 2~ = (%) is a convex combination of z(%% and z(®#)

we conclude that z(®#) lies below the line segment [z~,z%]. From here, the argument

identical as that for f. Thus we have proven the following.

Lemma 3.6.9. Let x be a point in the affine region Ps. Then the function p, given by
(3.6.44) is an optimizer for b(x) given by (3.6.42).

Optimizers for Ps

The region Ps is the portion of ¢ bounded on the left by the right-leaning tangent to
the upper boundary at a~ = (£7,Cef ), and on the right be the left-leaning tangent to
the upper boundary at a™ = (£, Ce§+), which meet at the point v = (0,1). In this case,

the test function (3.6.42) becomes:

& — §+, t e (0, 05(51),

pa(t) =<0, t € (ady, 61 + 62 + ad3) (3.6.45)

£+_£_’ t€(51+52+a63a 1)
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where o = g—g%g Here, we've rearranged the optimizers for a® in formula (3.6.42)
to ensure the smallest A-characteristic of e¥* (see remark 3.6.1). To show condition
(3.6.2), we fix (¢,d) C (0,1). If ady < ¢ and/or d < 01 + 02 + ads, the Bellman point

z(&® will be a convex combination of u and one of a~ and a. Consequently, z(¢®

will lie on one of the two line segments [a*

,u] and thus inside Q¢. For the remaining
case, when ¢ < ad; and &1 + dy + ads < d, let B be given by (3.6.37) and [z~, =] the
corresponding trajectory through x; note that ad; < 8 < d1 + d9 + ad3, otherwise either
z= = 208 or 2t = (B will lie outside P3. We have £~ is a convex combination of
299 and z(59); therefore, since 2~ and z(%9 lie on the trajectory [a™, u], so too must
z(©P) and below x~, since ¢, is increasing. A similar argument gives that z(*% lies on
the trajectory [a™,u] and below zT. It follows that the line segment [z~, 7] lies above

c,d)

[az(c’ﬁ),x(ﬁ’d)]; therefore, this latter segment, and thus z(©, must lie in P3. We've now

proven the following

Lemma 3.6.10. Let x be a point in the affine region Ps. Then the function ¢, given by

(3.6.45) is an optimizer for b(x) given by (3.6.42).

Optimizers for R3

The region Rs, like Pj, is the portion of (¢ bounded on the left by the right-leaning
tangent to the upper boundary at a= = (¢7,Cef ) and on the right by the left-leaning
tangent to the upper boundary at at = (£7, Ce§+), which meet at the point v = (0, 1).

In this case, the test function 3.6.40 becomes:

w~+ & log (‘“Tél> , t € (0, u161),
w, t € (u101, (p1 + p2)é1)
0 (t) = (3.6.46)
0, t € ((p1 + p2)d1, 61 + 02 + ads)
£+_£77 t€(61+52+a537 1)
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where a = g_f%ﬁ and fu1, pi2, 13 are given by (3.6.41) with x = (¢7, Ce® ™), a™ = w+£,
u=w and at = 0. Fix (¢,d) C (0,1) and let (> be the corresponding Bellman point
of ¢,. Since the restriction of ¢, to the interval (0,d; + d2 + ads) is a Bellman point for
an optimizer for the candidate in Rs5, we may assume 91 + d2 + ad3 < d. Furthermore, if
(161 < a then the restriction of ¢, to (a,b) will be a Bellman point of an optimizer like
(3.6.45) from the previous section. So it suffices to show z(%?) € Q¢ for the case when
a < p1d < 81 + 02 + adz < d. Let 8 be given by (3.6.37) and [x~, 2| the corresponding
trajectory through z; note that 8; < 8 < & + 82 + ads, otherwise one of 2~ = 2(®#) and
2T = (1) will lie outside Rs. From here the proof follows, almost identically, the one

given for optimizers for the local candidate in R5. We have now finished proving:

Lemma 3.6.11. Let x be a point in the affine region Rs. Then the function ¢, given by

(3.6.46) is an optimizer for b(z) given by (3.6.42).

3.7 From the Bellman function to the John—Nirenberg

constant

In this section we prove Theorems 3.1.4 and Theorem 3.1.5. We also obtain new best
estimate on the John—Nirenberg constant eo(p) using the latter result. However, let us
first demonstrate that Theorem 3.1.2, for which Theorem 3.1.4 is a replacement, could

not have provided any non-trivial estimates for gq(p) in this range of p.
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3.7.1 A simple example

This conclusion can be derived without an explicit formula for the Bellman function b, ¢.

Indeed, consider the following simple function on (0, 1):

wo, te (077)
V(t): 0, tE(’}’,l—"}/)v

—wp, tE€ (1 - 1)

\

(1—57)(1—2§+)(C—1)

where v = —
0

. It is an elementary matter to check that
<V>(071) =0, <6_V>(071) =C, [ey]Aoo(O,l) =C.
Thus, v € Eg c),c,0,1) and by the very definition of b, ¢,
by,c(0,C) < (|[vfP); = 2|wolPy = 2|wo[P72(1 - €7)(1 - €7)(C — 1).

Since (1 —&1)(C —1) — e and |wo|P~2(1 — ¢7) — 0 as C — oo, we conclude that the

limit in the right-hand side of (3.1.9) is 0.

3.7.2 Proofs of Theorems 3.1.4 and 3.1.5

We first prove Theorem 3.1.5 and then obtain Theorem 3.1.4 as an immediate corollary.

We will need a definition and two further results from [Slal5]. For ¢ € BMO, let
g, =sup{e >0: ¥ € A} (3.7.1)

Lemma 3.7.1 ([Slal5]). Let ¢ be a non-constant BMO function. For e € [0,¢e,), let
F(e) = [e**]a. Then F is a strictly increasing, continuous function on [0,e,), and

lim. ., F(g) = oo.
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Note that it is also clear that lim._,o F'(¢) = 1.

Theorem 3.7.2 ([Slal5]). If C > 1 and ¥ € A (I), then for any A € R and any

subinterval J of I,

6_57/£+ _%

Tl (3.7.2)

|;||{teJ: p(t) = (p), = A} <

Proof of Th. 3.1.5. Take ¢ € BMO([). For ¢ € [0,¢,), let F(e) = [e*?] 4 (1)- Then

b, pe)(0, F
leelnson > by (0, F()) = € (P(e)yp 2L@BTE)

e (Fl)) (3.7.3)

By Lemma 3.7.1, F' maps the interval [0, ,,) onto [1, 00). Note that there exists € € [1,¢,,)

such that
() = b, r(0, F(£))
: EH(F(E)P
This is so because the fraction in the right-hand side is positive for all € € [1,¢,,) and its

limit is 0 as € — €, as explained in section 3.7.1 above. Note that while € depends on

¢, F(é) depends only on p. From (3.7.3),

EllellBmor = by r) (0, F(e)) = £ (F(£)) ex(p)

and, thus, for any A > 0,
A e
EX(FE) T Ellelismor”

Therefore, after applying (3.7.2) to £y we get

__2ex(p)
L1]| Ht €J: é(@(t) - <80>J) > A}’ < k‘(F(é)) e <lelsmor |
where
k C 6_5_/§+
=
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We can get the same inequality with |¢(t) — (¢) ;| in place of () — () ; by doubling
the constant in front of the exponent. Then, replacing % with A\, we obtain (3.1.11) with

K(p) =2k(F(9)). O

Proof of Th. 3.1.4. For any ¢ € BMO and any ¢ < e,(p) inequality (3.1.11) can be inte-
grated to bound the average <e“:|‘P_<‘P>JVHWHIE‘MC”D >J uniformly with respect to J, and with

the bound depending only on € and p. Specifically, using the layer cake representation,

< Ty _1) < ¢ /OO TeTasior [{t e T: |p(t) = ()] = A} dA
e llviiBMOP — > < — e llvllBMOP — c " —{p >
7 llellmor Jo || J

0 A(e—ex(p))
< K(p) _ & / e |W||BM£P d\ = ﬂ
lellBmor Jo

Thus, elv—(@l/lelsmor ¢ 4y € Ay and eo(p) > g«(p). O

3.7.3 Comparison to the estimate ¢y(p) > 2727

Recall, from Remark 3.1.3, that we already have a useful estimate on the John—Nirenberg
constant of BMOP? that follows from known results on BMO-norm equivalence: £o(p) >
21-2/P Let us show that our new estimate is better for every p. We will do this by

expanding the ratio b”i?ﬁ());c) up to first order in €T for C close to 1, meaning for ' close

to 0.

Lemma 3.7.3. For all p € (0,1) we have

b, (0,C i
p’éi)p ) Y1+ 27) +0(€9?), ase 0.

Consequently,

eo(p) > 2172/, (3.7.4)

Proof. By Corollary 3.4.10, for all C sufficiently close to 1 we have

by,c(0,C) =2(67 =€ P21 - €)1 - €7)(C - 1),
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Using this and the fact that (1 — ) (C' — 1) = e ¢ — 14 £T, we get

bp,c(0,C) _ 2<1 - %)pﬂ — &) (et —1+¢€")
&ty GE

We now expand every factor up to two terms in ¢T. The key is to understand the

relationship between £+ and €~ when C' is close to 1. Expanding the identity

et et
1—¢t 1-¢
we have
(€H)? € ) )
5 T3 T2 T3
Canceling the common factor £ — €7, we get €T + &6 =~ % (61)2,

2 2 - 2
A ) = e RATIER = 1o paatbach
In addition, 1 — &~ ~ 1+ &1 and

€2 €’

+
14+t
¢ 2 6

Putting everything together,

3

by (0,C)  2(2+2¢+) (1+§+)( &
@y~ (26+ + 2 (¢1)2)°
_ 21+ 360)%( 1+5+ (€2 -39
(et +1Er?)”
L+ Eena +f+)(1 3¢7)
1+ 2¢t

(e Beunenfi- o) -2 = for )

Note that the error in this compound approximation is of order (¢7)2, as promised.
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Therefore,

) _ o2
O\ YY) gp
o1 (grp
and for every p € (0, 1), there exists a number C' = C(p) > 1 such that the the function

% is increasing for 1 < C' < C. Hence,

which gives (3.7.4). O

The lemma just proved is qualitative in nature. Let us illustrate this result. While at
present we do not know the exact value of £.(p) or whether that value is, in fact, equal
to eo(p), we can use Theorem 3.1.4 to produce any number of estimates for €¢(p), simply

by substituting any specific C into the expression

(bp.c(0,C)) "7
§H(0)

We can do that because, unlike in the earlier studies for p > 1, for our range of p we know
the Bellman function b, ¢ for all values of C, and not just sufficiently large ones. To un-
derstand the nature of the estimate provided by Theorem 3.1.4, and also to see the subtle
quantitative nature of the w-related correction that Corollary 3.4.10 introduces after the
threshold C' = C, compared to the behavior given by the relatively simple formula before
the threshold, let us consider several numerical illustrations, given in Figures 3.13, 3.14,
and 3.15. In all pictures in this group, the red curve is the ratio by, c(0,C)/(£7)P; the
green curve is what this ratio would have been without the correction that happens after
C = C,; the yellow curve is the function b, ¢(0,C) itself; and the blue curve is this
function without the correction after C' = C. The vertical black line is at C = C,.

It view of the many implicit functions contained in the formula for b, ¢ in Corol-

lary 3.4.10 for C' > C, it might be better to choose a value C' < C, for an esti-
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Figure 3.14: The behavior of b &gf));c) for p = %

mate. Lemma 3.4.3 provides us with such a safe threshold: by (3.4.15) any C' such
that wo(C) > p—2 will be in the pre-collision range. Figures 3.13, 3.14, and 3.15 suggest
that the optimal wg decreases with p. In an admittedly simple-minded choice, we set
wo = —p, which does, of course, satisfy wyg > p — 2.

Having chosen wg, we can easily compute ¢+ using the formulas

woe° wo

+ - _
g _1+1—6w07 € _1+1—6w0’
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Figure 3.15: The behavior of %(())f) for p= %
which then immediately gives C. Using these formulas with wg = —p, we can graph

the quotient b, (0,C)/(£1)P against p in lieu of a complicated and opaque analytic
expression, and compare it to the function 2P~2, which, as we know, corresponds to
the limit of this quotient as C' — 17, meaning wg — 0~. The comparison is shown in

Figure 3.16. We see that it is indeed the case that

b,,(0,C)
(£H(©)”

> 2p2

wo=—p

)

(blue curve for the left-hand side, yellow curve for the right-hand side) and, thus, our
theorem readily yields better estimates than could be obtained from earlier results. Of
course, much subtler and more deliberate choices of wy (and, thus, C') can be made,

providing better — and perhaps optimal — values of this ratio for all p.
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Chapter

Appendix

4.1 Mathematica Code

The following pages contain all Mathematica code used for calculations and to generate

the figures present in this thesis.
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(*Used for Figure 2.1x)

Q:= 1000
1
LeadingK, [a_] :=8 (2 . _)
a
Lead‘ingKm2 [a_] :=8 [2 + Zz—k (1 B 2_k)2a—2]
k=1
1 32 1 8
Kﬂl[a_’ S_] =8 (2+_]ch_ Qa_;+—;
a 2a-1 a(2a-1)

2a-2
o

16 (Qa-Qa_é)*'S('\/a—l)ZiZ'j (52-j+\/6(1_2—j)) ;

Kaz [a_, 5_] H

P'Lot[{Lead'ingKal[a] , LeadingK, [a]}, {a, .9, 1.65},
AxesLabel » {"a", ""}, GridLines » {{1, 1.5}, {}},

1 ©
PlotLegends - {"8(2+_)", "8(2+Zz—k (1_2—k)2a—2)"}]
@ k=1



(*Used for Figures 2.4 & 2.5%)

L :=1.1

res := 28

rin_] :=1+ (1-Power[2, -n]) (L-1)

b[n_] :=L/r[n] +Sqrt[Power[L/r[n], 2] -1]
a[n_] :=L/r[n] -Sqrt[Power[L/r[n], 2] -1]

(*Binary Expansion Termination Checkings)
digits[d_] := StringRiffle[RealDigits[d, 2, res, -1][1], ""]
counts[s_] := Count[StringCases[s, "10" | "11"], #] & /e {"10", "11"}
zeros[n_, k_] := RegularExpressione
ToStringeStringForm["A(O{ "} | (A (O{0, "} (10]11))+0{ "}))", k, n-1, n]
dStar[n_, k_, d_] := First[StringCases[digits[d], Shortest[zeros[n, k]1]], ""]

(x»Iterative Optimizersx)
win_, k_, d_] :=If[dStar[n, k, d] =="", Null, powers[n, dStar[n, k, d]]]
powers[n_, s_] := Power[a[n], counts[s][1]] Power[b[n], counts[s]][2]

(xRecursive Optimizersx)
rLin_,i_,d_] :=If[1==res, Null,
Piecewise][
{
{a[n] xr[n, n, i,2d], d < .5},
{b[n] xr[n,n,i,2d-1],d> .5}
}
1
1

rin_, k_,i_,d_] :=If[k=20,1,
If[i == res, Null,
Piecewise][
{{r[n, k-1,1,2d],d< .5},
{rL[n,i+1,2d-1],d> .5}}
111

res = 1;
pl = P'l.ot[rL[l, 0,d], {d, 0, 1},
PlotRange -» {{0, 1}, {0, 4}},
PlotPoints » 100, AxesLabel » {t, ""},
PlotLegends -» Placed [Style ["vé") ", 14] s Below”
res = 2;
p2 = Plot[rL[l, 0, d1, {d, 0, 1},
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PlotRange -» {{0, 1}, {0, 4}},
PlotPoints » 100, AxesLabel -» {t, ""},

PlotLegends -» Placed [Style ["vl(") ", 14] ’ Below]]

res = 3;

p3 = P'l.ot[r'L[l, 0,d], {d, 0, 1},
PlotRange -» {{0, 1}, {0, 4}},
PlotPoints -» 300, AxesLabel » {t, ""},
PlotLegends -» Placed [Style ["vz(") ", 14] s Below”

res = 4;

p4 = PIot[rL[l, 0, d], {d, 0, 1},
PlotRange -» {{0, 1}, {0, 4}},
PlotPoints -» 400, AxesLabel -» {t, ""},
PlotLegends -» Placed [Sty'l.e ["v3(") ", 14] s Be'l.ow]]

res = 1;

p5 = PIot[rL[z, e, d], {d, 0, 1},
PlotRange -» {{0, 1}, {0, 4}},
PlotPoints -» 200, AxesLabel -» {t, ""},
PlotLegends -» Placed [Sty'l.e ["vé") ", 14] s Below]]

res = 2;

p6 = P'I.ot[rL[Z, 0,d], {d, 0, 1},
PlotRange -» {{0, 1}, {0, 4}},
PlotPoints » 200, AxesLabel » {t, ""},
PlotLegends -» Placed [Style ["vl(") ", 14] s Below”

res = 3;

p7 = Plot[rL[Z, 0, d], {d, 0, 1},
PlotRange » {{0, 1}, {0, 4}},
PlotPoints -» 800, AxesLabel -» {t, ""},
PlotLegends -» Placed [Style ["vz(") ", 14] , Below]]

res = 4;
p8 = Plot[rL[z, 0,d], {d, 0, 1},

PlotRange -» {{0, 1}, {0, 4}},
PlotPoints » 4200, AxesLabel » {t, ""},

PlotLegends - Placed [Style ["vé” ", 14] 5 Below”



(*Used for Figures 3.9-3.12x)

(*Computing C,x)
@ XM [w.[P]]

Clp_] iz ——— ™
1-xm,[w,[p]]
we"
xm,[w_] :=1+ s Xp,[w_] =1+
1-e" 1-e"
xm, [w] Abs [w]

R, [w_?NumericQ, p_] :

1-xm,[w] e¥-1+w

w W
L, [w_?NumericQ, p_] :=p exmm EprntegralE[Z— P, ol ]
xm, [w

w,[p_] :=w /. FindRoot[L,[w, p] =R, [w, p], {w, p-2}];

(*Various definitionsx)

w2

wi[p_] :=w/. F'indRoot[w— =p, {w, p—2}]
e"-1+w
wy[p_] i=w/. F-indRoot[1 — =P, (W, p-2}]
-e
1
xm[C_] 2= 1+ProductLog[—1, -c—]
e
1
xp[C_] := 1+ProductLog[-—
Ce

Wo[C_] := xm[C] - xp[C]

(*Computing w=wp. pre-collision; 1<C<C,*)
1-xm[C]

w w
Lpre [W_?NumericQ, p_, C_] := - ———— p e EprntegralE[z -p, ]
xm[C] xm[C]

Rpre [W_?NumericQ, p_, C_] :=
1-xp[C] w Xp[C]-xm(C] o w
—  exd |e a0  +p NIntegrate[e xwier ¥ yP-2 {y,
xp[C]
Were[P_, C_1 t=w/. F-indROOt[LPre[Wa P> C1 = Rpre[W, p, C1, {wW, p-2}]
(*Pre-collision wgx)

xm[C] - xp[C] ’ 1}]]

w

PreCollisionPlot[p_] :=
Plot[{wpre[pP, C], Wo[C], W, [P]; P-2}, {C, 1, C,[p] +1}, GridLines » {{C,[p]}, None},
AxesLabel » {"C", "x;"}, PlotLegends » {"w", "wp", "w,", "p-2"},

PlotLabel » "w(C), 1<C<C,, p="<>ToString[p]]

(*Computing w=wpyst post-collision; C,<Cx)
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xm[C] Abs [w]

Rpost [W_?NumericQ, p_, C_] :
1-xm[C] e"-1+w

Lpost [W_? NumericQ, p_, C_] :

w w
p exmic Eprntegra'LE[z—p, o ]
Xm

Wpost [P_s C_]1 ¢= w /. FindRoot [Lpost [W, Py C] == Rpost [W, P, C1, {W, p-2}]
(*Post-collision wgx)

PostCollisionPlot[p_] :=
P1°t[{WPost[p’ C] s We [C] s W [p] y W2 [p] s P~ 2} H {C, C* [p] ’ (50 + C* [p]) C* [p] ]’ ’
AxesLabel » {"C", "x;"}, PlotLegends -» {"w", "wp", "w,", "w,", "p-2"},
PlotLabel -» "w(C), C,<C, p="<>ToString[p],
PlotStyle -» {Automatic, Automatic, Automatic, Dashed, Automatic},
PlotRange » {Automatic, {-3, 1}}]

(*Computing w=wg,11; 1<Cx)
Wratt [P_, K_] := Piecewise[{{wpre [P, K], 1 <K< C,[pP]l}, {Wpost [P, K], C.[P] < K}}]
FullPlot([p_] := Plot[{wra1[P, K1, wo[K], w,[P], w2[P], P -2},
{K, 1, (4+C,[p]) C,[p1}, GridLines » {{C,[p]}, None},
AxesLabel -» {"C", "x;"}, PlotLegends -» {"w", "we", "w,", "w,", "p-2"},
PlotLabel -» "w(C), 1<C, p="<>ToString[p],
PlotStyle -» {Automatic, Automatic, Automatic, Dashed, Automatic}]

(xLemma 4.3 Plotsx)

Plot[{w,[p], wi[p], w2[pP], P-2}, {pP, O, 1},
PlotLegends - {"w,", "wy (p)", "w; (p)", "p-2"}]

(xPre-collision plots for p=1/4, 1/2, 3/4%)
PreCollisionPlot[.25]
PreCollisionPlot[.50]
PreCollisionPlot[.75]

(*Post-collision plots for p=1/4, 1/2, 3/4%)
PostCollisionPlot[.25]
PostCollisionPlot[.50]
PostCollisionPlot[.75]
PostCollisionPlot[.9]

(xFull plots for p=1/4, 1/2, 3/4%)
p7 = FUullPlot[.25]
p8 = FUullPlot[.50]
p9 = FullPlot[.75]



(*Used for Figures 3.13-3.16%)

wlp_] :=p-2

@ XPIP]
Klp_] := ————
1-xp[p]

wp]
1-eviel’

xm[p_] :=1+

wlp] e"[P]
xpp_] =1+ ————3

1 - e"[P]
NMaxValue[{xp[p]l, ® < p <1}, p]
NMaxValue[{xm[p], 0@ < p <1}, p]

b[p_1 := 2 (xp[p] -xm[p])P™? (1-xm[p]) ~ (1-xp[p]) (K[p]-1) xp[p]P;

NSolve[b[p] = 2P?&&0 <p <1, p]

Plot[{b[pl, 2°%}, {p, 0, 1}]
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(xFor the purpose of computing Cq*)
w

we
P XpOo[w_]:=1+ ;

1—e"' 1—-e"

xmO[w] Abs[w]

xmO[w_]:=1+

RHS1[w_?NumericQ, p_]:=-
1T—xmO[w] e™ -1+w

LHS1[w_?NumericQ, p_] :=p exmowm Nlntegrate[e_xmwwlyy"‘z, {y, 1, oo}]
wO[p_]:=w/. FindRoot[LHS1[w, p] == RHS1[w, p], {w, p —2}]

e—xmo[wolp]]

co =—

[p_] 1—xmO[wO[p]l]

(«For the purpose of computing wx)

xm[C_]:=x/.NSolve[C x(1—x) == e~ * && x <=0, x][[1]]

xp[C_]:=x/.NSolve[C *(1—x) == e * && 0 < x, x][[1]]
xm[C] Abs[w]

RHS2[w_?NumericQ, p_, C_]:=—
1T—xm[C] e —-14+w

LHS2[w_?NumericQ, p_, C_]:=p e Nlntegrate[e_myyp'z, {v, 1, oo}]
w[p_, C_]:= w/. FindRoot[LHS2[w, p, C] == RHS2[w, p, C], {w, p—2}]

(1-p)w[p, C] (e™"IP-€1 + xm[C] - 1)
(1=xm[C]) (e™"IPC1 + w[p, C] - 1)

Exprlp_, C_]:=p -

b1[p_, C_]:=2 (xp[C] = xm[C])*~2 (1 = xm[C]) (1 = xp[C]) (C = 1);

Cl-xm[C])*™" + Ab clP c
b2[p_, C_]:= (xp[C] = xm[C])P~" + Abs[w[p, C]]°~" Expr[p, ](1_Xm[C]) (1= xp[C]) (C — 1)
xp[C] — xm|[C]

b[p_, C_]:= Piecewise[{{b1][p, C], C < CO[p]}}, b2[p, ClI;
Plot[{b][.5, C], b1[1/2, C], b[.5, C]/xp[C]~(1/2)}, {C, 1, CO[.5] + 6}]

r=1/4;Plot[{b[r, C], b1[r, C], b[r, C] /xp[C]"(r)}, {C, 1, CO[r] +6}]

r=3/4;
Plot[{b[r, C], b1[r, C], b[r, C] / xp[C]1 " (r)}, {C, 1, CO[r] +2},
Epilog -» (*add vertical lines*)InfiniteLine[{CO[r], O}, {0, 1}]]

r=1/4;

Plot[{b[r, C], b1[r, C], b[r, C] / xp[C]1*(r)}, {C, 1, CO[r] +2},
Epilog -» (*add vertical lines*)InfiniteLine[{CO[r], O}, {0, 1}]]
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r=1/2;
Plot[{b[r, C], b1[r, C], b[r, C] / xp[C]1"(r)}, {C, 1, CO[r] +2},
Epilog -» (*add vertical linesx)InfiniteLine[{CO[r], O}, {0, 1}]]

r=3/4;
Plot[{b[r, C], b1[r, C], b[r, C] / xp[C]I " (r), b1[r, C]/xp[C]"(r)}, {C, 1, CO[r] +4},
Epilog -» (*add vertical linesx)InfiniteLine[{CO[r], O}, {0, 1}]]

r=1/2;
Plot[{bl[r, C], b[r, C], b1[r, C] /xp[C]" (r), b[r, C] /xp[C]"(r)}, {C, 1, CO[r] +2},
Epilog -» (*add vertical linesx)InfiniteLine[{CO[r], 0}, {0, 1}]]

r=3/4;

Plot[{bl[r, C], b[r, C], b1[r, C] /xp[C] " (r), b[r, C] /xp[C]1"(r)}, {C, 1, CO[r] +4},
Epilog » (*add vertical lines*)InfiniteLine[{CO[r], O}, {0, 1}]]

r=1/4;

Plot[{bl[r, C], b[r, C], b1[r, C] /xp[C]"(r), b[r, C] /xp[C]1"(r)}, {C, 1, CO[r] +6},
Epilog » (*add vertical lines*)InfiniteLine[{CO[r], O}, {0, 1}]]

r=1/10;
Plot[{bl[r, C], b[r, C], b1[r, C] / xp[C]" (r), b[r, C] /xp[C]"(r)}, {C, 1, CO[r] +6},
PlotRange - Full, Epilog » (xadd vertical linesx)InfiniteLine[{CO[r], O}, {0, 1}]]

Plot[{wO[p]l, p-2, w2[p]l, w3[pl}, {p, 0, 1}]
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