UNIVERSITY OF CINCINNATI

Date: 3-Nov-2009

I, Eugene Kramer

hereby submit this original work as part of the requirements for the degree of:

Doctor of Philosophy

in Mathematical Sciences

It is entitled:

Nonhomogeneous Boundary Value Problems for the Korteweg-de Vries

Equation on a Bounded Domain

Student Signature: ~ Euaene Kramer

This work and its defense approved by:

Committee Chair: Binavu Zhana. PhD

Bingyu Zhang, PhD

H Dumas. PhD

H Dumas, PhD

Anthonv Leuna. PhD

Anthony Leung, PhD

Philio Korman. PhD

Philip Korman, PhD

11/5/2009 225




Nonhomogeneous Boundary Value Problems for

the Korteweg-de Vries Equation on a Bounded Domain

A dissertation submitted to the

Division of Research and Advanced Studies

of the University of Cincinnati

in partial fulfillment of the

requirements for the degree of
Doctor of Philosophy (Ph.D.)

in the Department of Mathematical Sciences
of the McMicken College of Arts & Sciences

2009
by
Eugene Kramer

M.S., University of Cincinnati, 1998
B.S., University of South Florida, 1996

Committee Chair: Prof. Bing-Yu Zhang



Abstract

The Korteweg- de Vries equation models unidirectional propagation of small finite amplitude
long waves in a non-dispersive medium. The well-posedness, that is the existence, uniqueness
of the solution, and continuous dependence on data, has been studied on unbounded,
periodic, and bounded domains.

This research focuses on an initial and boundary value problem (IBVP) for the Korteweg-
de Vries (KdV) equation posed on a bounded interval with general nonhomogeneous boundary
conditions. Using Kato smoothing properties of an associated linear problem and the
contraction mapping principle, the IBVP is shown to be locally well-posed given several
conditions on the parameters for the boundary conditions, in the L?-based Sobolev space

H*(0,1) for any s > 0.
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CHAPTER 1

Introduction

The research presented here is concerned with the Korteweg-de Vries equation (KdV-
equation henceforth)

U + Uy + Uy + Upgy = 0 (1.1)

posed as an initial- and boundary-value problem. In the conception pursued here, one asks
for a solution of (L.1]) for (z,t) € Q@ x RT, where Q2 = (a,b) is a finite interval in R, subject

to an initial condition
u(x,0) = ¢(x) (1.2)

and the following general boundary conditions at the ends of the interval (without loss of

generality, we choose (a,b) = (0,1)):

Biu := aqug, (0, 1) + agu,(0,t) + asu(0,t) = hy(t),
Byu = Brttgs (1) + Boua (L) + Bau(L,t) = ho(t), (1.3)
Bsu = &ug(1,t) + &u(l, t) = ha(t)

where o, 3;, §; for i = 1,2,3 j = 1,2 are real constants.

It is shown that this problem has a unique solution that depends continuously on initial
data in the L2-based Sobolev space H®(0,1) for any s > 0 when given conditions on the
parameters for the boundary conditions are imposed.

The well-posedness will be proven using the approach developed by Bona, Sun and Zhang

in [§]. It relies heavily on the smoothing properties of the associated linear problem

ut_l'uxmc:fa U($,O):¢($),
Blu = h1<t), BQU = hg(t), Bgu = hg(t)



Introduction

There are three types of smoothing associated with solving this problem ([1.4); the
smoothing effects of the solution u with respect to the forcing f, the initial value ¢ and

the boundary data h; =0, 7 = 1,2, 3, respectively. It will be demonstrated that

(i) For ¢ € L*(0,1) with f =0, h; =0,j = 1,2,, the solution u of (1.4)) belongs to the
space C(RT; L*(0,1)) N L*(R*; H'(0,1));
(ii) For f € L*(R";L?*(0,1)) with ¢ = 0, h; = 0,5 = 1,2,3, the solution u of (1.4)
belongs to the space C'(R*; L?(0,1)) N L*(R*; H'(0,1));
(iii) For hy,hy € HZ.(RT), hy € L2 .(RT) with f = 0,¢ = 0, the solution u of 1)

belongs to the space C'(R™; L?(0,1)) N L*(R*; H'(0,1)).

With the aid of those smoothing properties of the associated linear system, the well-
posedness of the nonlinear IBVP - will be established by the contraction mapping
principle.

The organization of this paper is as follows: in chapter one, a brief history of the
development and renewed interest in the study of the Korteweg-de Vries equation is presented.
The second section details the derivation of the KdV equation. Chapter two is devoted to
relevant notation, definitions, and the motivation for this research. The second section of
the chapter is an overview from a purely mathematical perspective of the well-posedness of
initial and boundary value problems of the KdV equation on infinite, periodic and bounded
domains.

Chapters three and four contain the main results of the dissertation. The estimates for
the associated linear problem using homogeneous and nonhomogeneous generalized boundary
conditions are developed in chapter three. The well-posedness of the problem is considered
in chapter four. Conclusions and future research are presented in chapter five. The appendix
contains relevant theorems and a brief review of the semigroup theory used in chapters three

and four.



1.1 History of Korteweg-de Vries Equation Introduction

1.1. History of Korteweg-de Vries Equation

During the nineteenth century, the study of water waves was of great interest due to
applications for naval architecture and engineering as well as for the knowledge of tides and
floods in regards to commercial and industrial growth. John Scott Russell (1808-1882), a
Scottish engineer, investigated the feasibility of steam-powered canal transport and, as part
of his research, studied the connection between resistance to motion and wave-generation. He
presented these findings to the British Association for the Advancement of Science (BAAS).
Due to this work the association appointed Russell and Scottish physicist, Sir John Robison,
to a ‘Committee on Waves’ in 1837. The report generated by the committee was published
in 1844 and contained observations of waves at sea, in rivers and canals, and in Russell’s
own wave tank constructed for experiments. Included in the report was the observation of a
‘Great Wave of Translation’, now termed a solitary wave. While observing a canal boat at
the Edinburgh-Glasgow canal, Russell noticed a wave moving in front of a canal boat.

I was observing the motion of a boat which was rapidly drawn along a narrow channel by
a pair of horses, when the boat suddenly stopped - not so the mass of water in the channel
which it had put in motion; it accumulated round the prow of a vessel in a state of violent
agitation, then suddenly leaving it behind, rolled forward with great velocity, assuming the
form of a large solitary elevation, a rounded, smooth and well-defined heap of water, which
continued its course along the channel apparently without change of form or diminution of
speed. I followed it on horseback, and overtook it still rolling on at a rate of some eight or
nine miles an hour, preserving its original figure some thirty feet long and a foot to a foot
and a half in height. Its height gradually diminished, and after a chase of one or two miles
I lost it in the windings of the channel. Such, in the month of August 1834, was my first
chance interview with that singular and beautiful phenomenon which I have called the Wave
of Translation.

In his observations of the ‘Wave of Translation’, both in the field and his experiments

conducted in his homemade wave tank, he noted that these waves were stable and could

3



1.1 History of Korteweg-de Vries Equation Introduction

travel over very large distances. This conflicted with the contemporary wave theory, as
normal waves would tend to either flatten out or rise and topple over. Russell also noted
that the speed of the solitary wave depended on the size of the wave, and its width depended
on the depth of water. Another curious observation was that these solitary waves never
merged. When two moved in the same direction, and the large one overtook the slower,
smaller wave ahead of it, a nonlinear interaction occurred, after which both waves returned
to their original shape. If one of these solitary waves was too big for a particular depth
of water, the wave split into two, one component with larger amplitude than the other.
Russell’s observations challenged the accepted theories of Newton and Bernoulli regarding
hydrodynamics. Mathematician Sir George Biddell Airy objected to the emphasis placed
by Russell on his ‘Great Wave’, arguing that it was just one consequence of linear shallow
water wave theory. Airy also raised doubts that the solitary wave could propagate without
change in form. George Gabriel Stokes submitted that the only permanent wave would
be sinusoidal, and the solitary wave would eventually dissipate. Despite these objections,
experimental results for the existence of the solitary wave remained strong, and it was Joseph
Boussinesq who first developed the mathematical theory to support Russell’s observations.

There were also several publications during the later part of the nineteenth century that
offered mathematical theory allowing for the observed solitary waves. In an 1871 publication,
Boussinesq considered long shallow waves in a canal with regular cross section and found a
partial differential equation that allowed for the existence of solitary waves. In his approach,
he used a fixed coordinate system and the assumption that the potential and its derivatives
with respect to z, y, and t vanish for x — +o0o. Independently, in 1876, Lord Rayleigh
also proposed an equation that allowed for solitary waves. He proposed a constant basic
velocity equal and opposite to the wave to eliminate the dependence on time. In addition,
he assumed the existence of a solitary wave vanishing at infinity. The issue was not truly
settled until 1895 when Korteweg and de Vries derived and published a model equation for

the motion of waves on the surface of a layer of fluid above a flat bottom:
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o 3 [g0o (1, 2 1 0%
8t_2\/;8x (2" HER oy

where 7 is the surface elevation above the equilibrium level h, « is small arbitrary constant

related to the uniform motion of the liquid, g is the gravitational acceleration, and
o = h?/3 — Th/pg with surface capillary tension 7" and density p. This equation is known
as the Korteweg-de Vries equation (KdV) equation.

In the paper, Korteweg and de Vries used an independent approach to develop their
theory of the behavior of long waves in shallow water. Their approach used a coordinate
system moving with the wave and did not assume that the potential and its derivatives
vanish, giving a new free surface condition.

Re-scaling and translating the dependent and independent variables to eliminate the

physical constants using the transformations
g ’

St
ho

U + Uy, + Ugyy = 0.

t/

DN | —

The KdV equation becomes

This model is known to have the solitary wave solution and describes the phenomenon
observed by Russell. After the KdV equation was presented in 1865, the solitary wave was
not considered significant. It was a small aspect of the mathematical structure of nonlinear
wave theory. The dispute had been settled, and the equation and research in the area faded.
However, within the next 50 years, interest in the equation would become much greater.

It was not until 1965 that the full significance of the solitary wave and its generalization
would be revealed. Palais [57] describes the events leading to the renewed interest in his
1997 paper. In the early 1950’s, Enrico Fermi, John Pasta, and Stanislaw Ulam (FPU) [32]
were exploring the heat-transfer in crystal lattices with nonlinear interactions and made an

interesting discovery. They wanted to verify numerically the conjecture that if a mechanical



1.1 History of Korteweg-de Vries Equation Introduction

system has many degrees of freedom and is close to a stable equilibrium, a generic nonlinear
interaction would cause the energy to become equidistributed among the normal modes
of the corresponding linearized system. The computer simulations surprised them because
the system showed very little tendency towards equidistribution of energy. Ten years later
Zabuski and Kruskal [71], at the Plasma Physics Laboratory in Princeton University, decided
to re-investigate the problem. They demonstrated that certain solutions of the FPU Lattice
Equations could be described in terms of solutions of the KdV equation. Zabusky and
Kruskal coined the term soliton to describe these particle-like solitary waves. In fact, it was
quickly recognized that the soliton was a vital new feature of nonlinear dynamics. The KdV
equation established a mathematical basis for the study of the phenomena.

Understanding nonlinear wave equations that had soliton solutions became a primary
focus for research in both pure and applied mathematics. Many equations exhibit solitonic
behavior, examples include the Schrodinger equation, the sine-Gordon, Born-Infeld, and
the Boussinesq equation. The KdV equation has been found to have applications in the
studies of plasma physics, anharmonic lattices, elastic rods, shock waves, nonlinear optics,
superconductivity, blood flow in the body, and protein folding. Several far reaching results
have been discovered while investigating the KdV equation. In 1967, Gardner, Greene,
Kruskal and Miura [37] devised a method for exact solution of the initial value problem
of the KdV equation through a sequence of linear problems. This method, called Inverse
Scattering Transform, is known as the nonlinear Fourier transform. In 1968, Peter Lax
[55] made a fundamental step forward by providing a mathematical framework to apply the
inverse-scattering theory to initial-value problems for partial differential equations. Research
regarding the behavior of the KdV equation solutions has yielded many real world applications

and methods applicable to the study of ordinary and partial differential equations.



1.2 Derivation of the Korteweg-de Vries Equation Introduction

1.2. Derivation of the Korteweg-de Vries Equation

From conservation laws we will derive the KdV equation. First recall that the conservation

of mass is given by

Bip+V - (p) = 0 (1.5)

where p is the density, and ¢ is the velocity of the fluid. The conservation of momentum
is given by
p(0+T-V)i=—-VP+f (1.6)

where P is the internal pressure and f is the external force density.

We wish to model long waves in a shallow canal with rectangular cross section, where
the length of the channel is far greater than the width. The comparison between the length
and width allow the flow to be considered one dimensional. Let the x-direction be in the
direction of flow (the length of the canal) and y-axis be oriented vertically. Friction for the
fluid and along the boundaries of the canal will also be neglected, and the flow is assumed to
have no viscosity (called inviscid flow). In order to derive the model we will assume that the

fluid is incompressible and homogeneous, therefore the density is constant. We then have
pr =0 and Vp=0 (1.7)

The vorticity of a fluid is the circulation per unit area at a point in the fluid flow, the
curl of the fluid velocity. We can assume that the flow being considered is rotation free. For

irrotational flow we have

V x0=0, (1.8)

In addition we will look at the velocity field as the gradient of a scalar function called

the velocity potential, ¢, that is ¥ = V¢ = uZ + vy. Combining the potential function and
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the conditions given by incompressible and irrotational flow we can rewrite the conservation

of mass equation (|1.5))

V- i=Vp=Ap=0 (1.9)

For the momentum equation first recall that

1
7% (V x 7) :V<§U-ﬁ) -V
Using this with the fact that the fluid is rotation free ([1.8)) and the velocity potential we

have that

a-va:v(%w-w)

We will also assume that the external force in the momentum equation is gravity acting
in the negative y-direction, f = V(—gy). Assuming that ¢ = ¢(x,y,t) is smooth enough,

the momentum equation (|1.6)) becomes
1 P
v(¢t+§v¢.v¢+;+gy> —0

therefore

¢t+%v¢~v¢+§+gy+x(t):0 (1.10)

Suppose that the depth of water in the channel at rest is given by y = h. The bottom of
the channel is rigid so the water cannot move it, therefore we have the boundary condition
Oy = 0. Also, assume that the amplitude of the traveling wave is given by n = n(x,t).

(z,0,t)
We then have at the free surface that y = h + n(x,t). Using the velocity potential ¢, we

have at the surface

_dy B dx
sur face N dt =

/l) —
sur face e dt sur face
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which gives the kinematic condition

Gy =1+ ¢ at y=h+n(z,t) (1.11)

Next consider the surface tension of the water. Let T represent the surface tension,

looking at the force balance over a small element of the free surface gives

Pf0S = Patm0s + 2T'sin(56/2)

where py is the pressure of the fluid at the surface, ds is the arc length associated with
the angle 06, and pgu, is the atmospheric pressure at the surface. Since ds ~ R0 where R

is the radius of curvature, we have

T
Py — Patm = E

We have the following estimate involving the curvature

1 0%y,

R 0x?
where y, = h + n(x,t) is the surface of the water. Therefore we find that

0%n
— Patm — —T—
Py = Pat Ox2

Using this in equation ((1.10]) for P = ps — pas, at the surface we find

1 T 0?
b+ 5V Vot gn+x(t) =50 (L12)
which can be rewritten
L 5 2 L, 5 o T8277
Gt 5(Szt0y) Fgntx(t) = b5 (u+07) +gntx(t) = e at y = h+n(z,t) (1.13)
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This is where an important difference occurs in the approach of Korteweg and de Vries.
Since Boussinesq assumed that f and its derivatives vanish for x — Zo00, the arbitrary
function x(t) can be eliminated from the equation. Korteweg and de Vries do not make this
assumption, and the function x(t) is eliminated by taking the derivative of the equation with
respect to x. Differentiating along the channel flow, that is with respect to x, and

evaluating at the surface, we find the following free surface condition

T &*n T &*n
¢mt + ¢z¢xm + ¢y¢zy + 9Nz — ;% = Ut + UUy + VU + GNy — ;@ =0 (114)

Next we consider ¢ as a power series in v,

¢ = Z yn¢n(x7 t)
n=0

then substitute this into ({1.9)),

A = gz + Py =0

(Zavon) +(Sew'sn) =0

S Y bns T Doy 2 (n) (0 — 2)¢y, = 0 (1.15)
S Y Gpae + (0 +2)(n+ 1)in} = 0

(bn,:m: + (n + 2) (n + 1)¢n+2 =0

we also have ¢, = > °7 ny" ¢, (z,t). Recall that ¢, o = 0, so we have that ¢; = 0.
xz,0,t

Using this with ([1.15]), we find that the terms with odd values of n vanish. Letting

f = ¢o(x,t) we now have

2 6 )n 2n

4 0 ~1

n=0

where f(?") is the 2n-derivative of f with respect to x.

10
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Introduction

Therefore we have

2 4
U=y = fo— L foga+ 5O — -

3
U:¢y: _yfmr‘i_%fxx:px"'_

(1.17)

Using ((1.17)), in the free surface condition (|1.14)) and the kinematic condition ([1.11]) we

can develop approximations for the waves. For the approximations we will also use that

y =h+n(z,t) and f(z,t) = ¢o(z,t) = qo + B(z,t) where ¢p is an undetermined constant

velocity. Also note that \/gh is the approximate linear, non-dispersive wave speed for small

amplitude disturbances. The first order approximation for small 1 and for a wave progressing

in the positive z-direction is the expression

n=n(x— (g + /gh)t)

If we let ¢ = —+/gh, then we have

an B op B
a0 w0
and
98 _ @dn_ g0n
ox h Oz qo Ox
therefore

B = —%(nﬂb)

where @ is an undetermined constant. The next approximation is obtained by

Flat) = qo — i(n+a+v<w,t))

with 7 small in comparison with n and a.

11
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Substitution into the free surface condition (|1.14)) and the kinematic condition (|1.11))
gives two equations for  and . We can then rewrite into a single equation eliminating = to

find

ot 2qy0x

with o = $h3 — %. Consider the transformation from a fixed coordinate system (z,y)

n+san+ ;o-—

on 3g 01, 2 1 0%
(37 + 591+ 375) (113

to a moving frame where

t (1.19)

{’zx—(@—a %)t, T

Applying this to (1.18]) we have the Korteweg-de Vries equation as described in section

one

o 3 [gd (1, 2 1 0%
— =—/== 1= - —0— 1.20
ot 2\/;% (2” 3T 392 (1.20)
If we view this over the entire real line, this can be rewritten using the following transformations

g /
—t T
V ho '’

We then have(leaving off the primes),

x 1 1
o =_—p— - 1.21
Jo o T3 (1.21)

t/

N[ —

Uy — 6UU, + Ugyy = 0 (1.22)

The factor of six is left in for reasons of complete integrability, but can easily be scaled
out. This transform is not available on the half line or the finite domain, so the drift term

(derived from taking & (%an)) would not be eliminated.

12
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In general, the family of KdV equations is given by

U + Ugga + (P(u))e =0 (1.23)

k+1 then the equation is referred to

P(u) is a polynomial in terms of u. When P(u) = cu
as generalized KdV of order k. The original KdV equation is the generalized KdV of order

one.

13






CHAPTER 2

Problems and Motivation

2.1. Notation and Definitions

Definition 2.1. If X is a Banach space, the continuous mappings w : [a,b] — X,
equipped with the maximum norm

max [lw(t)]]y ,

is again a Banach space denoted by C(a,b; X).

Definition 2.2. Let X be a Banach space, 1 < p < oo and —oo < a < b < 0o. Then

LP(a,b; X) is a class of LP functions from (a,b) into X which is a Banach space with the

: .
i ( / |f(t)!€’<dt) .

Let H*(R), where s > 0, be the Sobolev-class of L?-functions whose first s (s is not

norm

necessarily an integer) derivatives belongs to L?. Then for f € H*(R)

1

) = ( [a+ 52>S|f<s>|2dg) § 2.1)

[e o]

/]

is the norm on H*(R). Given the Parseval formula,

| irwrar= [ ifepa

We have that for s =0, H°(R) = L*(R).

In addition the norm on H*(R) is equivalent to the usual norm
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1=

(Z Hf(”(x)\liz> ,

when s is an positive integer.

Definition 2.3. Let B(X,Y) denote the set of all bounded linear operators from X and

Y. The associated norm is denoted by ||-||xy. The domain of an operator A is written as

D(A).
The following are useful spaces for this research

Definition 2.4. For any T > 0 and s > 0 define the space,

Xs,T = HS(O, 1) X H(S+1)/3(O,T> % H(S+1)/3(0,T) < HS/3(O,T)

with norm

1
2

(@, R)l

xor = (lll

315(0,1) + ||h1||?1(s+1)/3(0,T) + ||h2||?1(s+1>/3(0,T) + ||h3| ?{s/3(o,T)>

Definition 2.5. For s > 0, and T > 0, let

Hop = HED3(0,T) x HEHY/3(0,T) x HY3(0,T)

If T'= oo, denote Hsr by Hs. The norm on the space Hyr is defined as

17 2som)

Hor = <||h1||§1(s+1>/3(o,T) + ||h2|’12q(s+1>/3(o,T) + [[hs]

Definition 2.6. Let Y, 1 be the space of functions v(x,t) such thatv € C([0,T7; H*(0,1))N
Ly([0,T); H*1(0,1)) with v, € C([0,1]; La(0,T)) The norm for v € Yy r is defined as

Jun

2
v Yor = (HUH%’([O,T];HS(O,I)) + HUH%Q([O,T];HSH(OJ))

16
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In addition , let
Yo = Yor N H*P(0,T); H'(0,1))

with its norm defined as

[N

2
Hs/3(0,T;H1(0,1)))

olly.r == (N3, + Il

Note that if u is a C'*°-smooth solution of the IBVP(L.1)-(1.3) then the initial data
u(z,0) = ¢(z) and its boundary values h;(t), j = 1,2, 3 must satisfy the following compatibility
conditions:

Bi¢y, = h{(0), Bagr = hY(0), Bsg = b (0)

for k =0,1,..., where hgk) (t) is the k—th order derivative of h; and

¢o(z) = (),
(@) = = (971 (2) = ¢y (@) + Bi0((2) Py (2))').

(2.2)

Definition 2.7 (Compatibility Conditions). Let s > 0 be given. For any ¢ € H*(0,1)

and

—

s+l s+l s
It = (b1, ha, hy) € Hoo (RY) x H.* (RY) x H

loc loc loc

(R"),

we say that (¢, ﬁ) is s—compatible if

Bi(¢w) = h{P(0),  Ba(gr) = h(0),  Bs(or) = A (0) in the space H*=35(0,1) (2.3)

fork=0,1,2,---,[3] = 1.
Note here when we say that af”(0) + bf'(0) + ¢f(0) = 0 in the space H*(0,1) with

f € H"(0,1) it means for real u > 0, a, b, and ¢,

cf(0)=0 Z‘f%<s§

bf'(0) +cf(0) =0 if 3<s<

af’(0) +bf"(0) +cf(0) =0 if s> 2.
17
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2.2. Well-Posedness of the Boundary Value Problem

The modern definition of a well-posed problem is based on a classification proposed by
J. Hadamard. He proposed that for mathematical models of physical phenomena to be well-
posed, the problem should have the following properties: A solution exists, the solution is
unique, and the solution depends continuously on the data in some topology. The solutions
can exist in the classical (or strong) sense or in the weak (or mild) sense. Existence of
a solution may also only be local, over a time interval to some time T, or there a global
solution as 1" — co. The remainder of this section will review the research conducted on the
well-posedness of the initial value problem (IVP) for the KdV equation posed on the real

line or periodic domain, and the IBVP problem posed on the half line and bounded domain.

2.2.1. Infinite or Periodic Domain. The first natural problem to consider for the

KdV equation is the Cauchy problem, in which the initial position u(z,0) is specified.

Ut + Uy + Uy + Ugzy = 0, u(z,0) = ¢(x), re, te R" (2.4)

The solution of depends on (x,t) € Q x RT. The space € for the initial value
problem is either the real line R, where there is the assumption of some decay at infinity, or
on a periodic domain S, where the initial data ¢ is periodic.

The study of the Cauchy problem where 2 = R, was initiated by Gardner et al.
[37] and Lax [55] with the development of inverse scattering theory. Later this problem
was investigated by Sjoberg [66] and Temam [68] using new methods for the analysis of
nonlinear partial differential equations. The well-posedness where ¢ lies in an L?(R)-based
Sobolev space H*(R) has received much attention. Various smoothing properties have been
discovered in researching the pure initial value problem that enable one to prove that
it is (analytically) well-posed in the space H*(R). A brief review follows.

Bona and Smith [5] showed the Cauchy problem
18
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Up + Uy + Upry =0, zER, tER
u(z,0) = ¢(x)
was well-posed in the space H*(R) for s > 2 using a regularization approach. In 1979
this was improved by T. Kato [45] to s > % using a semingroup approach developed by Kato

for abstract evolution equations in Banach spaces in the late 1960’s.

Remark 2.8. The use of semigroups will play an important role in the development of
the research presented in this dissertation. More information regarding semigroup theory is

located in the appendizx.

Using a contraction mapping approach, Kening, Ponce and Vega ([47],[48], and [49])
improved the results to s > %. It was thought that this would be a sharp result for this
approach, however Bourgain [15], used the contraction mapping principle and what is now

termed the Bourgain space

Xop ={f € (R H'(R)); || f|lx,., = A(f) < oo},

where 1
3

o= ([ [Casiaras - epise npds)

to improve the value to s > 0. This led to further research and smoothing properties

shown by Kenig et al. ([50], [52]) that show that the Cauchy problem for 2 = R is well-posed
for s > —%.

On the periodic domain S, (e.g., the unit circle in the plane), the well-posedness has also
been well researched using similar methods. In 1979 Kato [45] proved that the problem was
well-posed for s > % Bourgain [I5] improved this to s > 0 in 1993. The problem on
the periodic domain has been shown to globally well-posed in H*(S) for s > —1, in the real

case by Kappeler and Topalov [44]. For more details on the IVP for both R and S domains
19
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please see [, [5], [14], [15, [26], [40], [A1], [45], [46], [, [@9, [50), 51, [52), [55], [56], 611,
62, [63], [65], [67], [68], [72], [73], and [74].

2.2.2. Half Line. For the one point boundary value problem of the KdV equation, or
the KdV equation posed on the half line, the corresponding solution is the wave propagating

to right. The problem is as follows,

U + Uy + Uy + Ugze = 0, u(z,0) = ¢(x),
u(0,t) = h(t)

(2.5)

where z € R and ¢ < co. This model with ¢(z) = 0 corresponds to experimental data
with the waves generated by a wave-maker at the left-hand end of the channel and monitored
as they propagate down the channel, with the experiment ceasing as soon as the waves reach
the other end to leave out reflected components ([3], [40], [41], and [70]). Therefore the KdV
equation no longer models the behavior of the wave once the incoming wave encounters the
boundary reflections. Another assumption for the half line domain problem is that the zero
boundary condition holds as  — 4o00. The study of its well-posedness was initiated by Ton
in [69], where existence and uniqueness were established assuming that the initial data ¢ is
smooth and the boundary data, h = 0. The first well-posedness result for the IBVP (2.5)) was
presented by Bona and Winther ([12],[13]); they showed that the IBVP is (globally)
well-posed in the space H3**1(R*) with (¢,h) € H**(R*) x HFTH(RY) for k = 1,2,---
There have been many works on the well-posedness of since then. The reader is referred
to [2], [6], [7], [9], [X0], [25], [28],[29], [30], [31], [33], [34], [35], [36], [43] and the references
therein for an overall literature review. In particular Bona, Sun and Zhang in [6] extended
the theory of Kenig, Ponce and Vega ([48],[51]) on the initial value problem (IVP) for the
KdV equation posed on the whole line R to the IBVP , showing that it is well-posed in
the space H*(R™) x HZ(DS:WS(R*) for s > 3/4.

In [25], Colliander and Kenig demonstrated how the powerful theory developed by Kenig,

Ponce and Vega, Bourgain and others for the pure initial value problems for nonlinear
20
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dispersive wave equations can be adapted to deal with initial boundary value problems for the
same equations. They showed in [25] that for a given s—compatible pair (¢, h) € H5(R') x
Hl(jjl)/g(RJr) with 0 < s <1, s # 1, the IBVP 1’ admits a solution v € C([0,T]; H*(R™))
which depends continuously on (¢, k). This result was strengthened later by Holmer [43]
to include the case —3/4 < s < 0. In a recent paper [10], Bona, Sun and Zhang showed
that the IBVP possesses a strong global smoothing property that comes about because
of the dissipative mechanism introduced through imposition of the boundary condition at
x = 0. With the aid of this boundary smoothing property and the use of restricted Bourgain
spaces, they resolved the uniqueness issue left open in [25] and showed that the IBVP
is unconditionally well-posed in the space H*(R") x H*"'3,,.(R+) for any s > —2. More
recently, they showed that the well-posed in a weighted Sobolev space H3(R*) for any

s > —1 where

H)(RT) = {f € H*((R");¢"f € H*(R")}.

2.2.3. Bounded Domain. Perhaps the most realistic application of the KdV equation
is the two point boundary value problem. As mentioned earlier the KdV equation is used
to model unidirectional propagation of small finite amplitude long waves in canals, and in
most physical applications, fluid dynamical experiments, and numerical computations, the
region is finite. Therefore it is realistic to consider the KdV equation in a bounded domain,

namely an interval in R. Traditionally the problem is viewed in one of two ways

Up + Uy + UlUg + Ugee =0, O0<2z <1, t>0
u(w,0) = o(x). (2.6)
w(0,8) = ha(t),  u(1,8) = ho(t), w,(1,2) = ha(t)

Up+ Up + UUp — Uge, =0, O0<x <1, t>0
u(z,0) = é(z), (2.7)
w(0,8) = by (1), u(l,t) = halt), a(0,) = hs(t)
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the only difference being the direction of the wave. For our discussions we will refer to

problem ((2.6)).

Bubnov ([20], [21]) studied the general two point boundary value problem

Up + Uy + Ugee = [, € (0,1),2 >0,
: £ e @) .
u(z,0) =0,

with boundary conditions

Uy (0, 1) + o (0,t) + azu(0,t) =0,
Bitgs (1,) + Boug (1,) + Bau(l,t) =0, (2.9)
&ug(1,t) + &u(l,t) =0
where «;, 3;, § for i = 1,2,3 j = 1,2 are real constants. In order to ensure that the energy
would decay and that there would be three distinct boundary conditions, Bubnov developed

the following conditions on the parameters o, 3;, & fori =1,2,3 j =1,2.

(i.) If ayf1& # 0, then Fy >0, Fy >0

(i.) If B4 #£0,& # 0,04 =0, then Fy > 0,5 =0,a3 # 0
(43i.) If By =0,& # 0,1 #0, then F; >0, F3#0 (2.10)
(iv.) If oy = 51 =0,& #0, then F3 # 0,09 = 0,3 # 0

(v.) If B =0,0q4 #0,&§ =0, then F} >0, F3 #0

(

’UZ)IfOél 51251 :O, thenF37é0,OéQZO,Oé37é0

where F; = a1 2a2, Fy, = g?gf — % - 25 225 and Fy = 528 — 3361

Given on of these conditions held, Bubnov proved the problem was well-posed.

Theorem 2.9 (Bubnov). Assume that one of the conditions of is satisfied. Let
T > 0 be given and

»=0, h; =0 for j =1,2,3.
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For any f € H'([0,T]; L*(0,1)), there exists a T* > 0 depending on S g o, 22 (0,1y) Such
that (@—@ admits a unique solution solution

u € L*([0,7%]; H*(0,1)), u, € Loo([0,T]; L*(0,1)) N L*([0, T*]; H*(0,1)).

In proving the theorem Bubnov used the linear form of the partial differential equation

and considered the following equation along with the conditions ({3.2):

Up + Ugew +Vuu, = F, 0<v <1

Defining the set A = v € [0, 1] as the values for which the equation had a solution, he
proved that the set A was closed using the linear approximation and that the set was open
using Shauder’s principle.

Zhang [72] considered boundary control of KAV equation posed on a finite interval (0, 1)

with the Dirichlet boundary conditions

U + Uy + Ugge =0, x € (0,1),¢ >0,
u(r,0) = 6(x), (2.11)
u(0,t) =0, u(l,t) =0, u,(1,t) =0,

He showed that the IBVP (2.11)) is globally well-posed in the space H3**1(0,1) for k =
0,1,....
Colin and Ghidaglia [23] considered the following initial-boundary problem

Up + Uty + Ugze = 0, x € (0,1),t >0,
u(z,0) = ¢(x), (2.12)
w(0,t) = hy(t), uy(1,t) = ha(t), ug(1,t) = hs(t)

and showed that the IBVP (2.12)) is locally well-posed in the space H'(0,1) with the initial
data ¢ € H'(0,1) and boundary data from the product space C*[0,T] x C'[0,T) x C*[0,T).
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Bona, Sun and Zhang [8], considered the following initial-boundary value problem with

nonhomogeneous boundary conditions

U + Uy + Uy + Ugze =0, 2 € (0,1),¢ >0,
u(z,0) = ¢(x), (2.13)
U(O,t) = hl(t)> u(lvt) - hZ(t)a ux(Lt) = h3(t)

They proved using smoothing properties of the associated linear problem, various linear
estimates, the contraction mapping principle, and finding a priori estimates for the smooth
solution of as well as nonlinear interpolation theory. that the IBVP is locally
well-posed in the space H*(0,1) for any s > 0 with s—compatible ¢ € H*(0,1), hy, hy €
H_' (RY) and hs € H (R*).

This well-posedness result in F%(0, 1) was extended later to the case of s > —3 by Homler
[43], and then by Bona, Sun and Zhang [11], to reach s > —1.

In this dissertation, we continue Bubnov’s work to study the general two-point boundary

value problem with nonhomogeneous boundary conditions for its well-posedness in the space

H%(0,1).

2.3. Statement of Results

The focus of this dissertation is the well-posedness of

U + Uy + WUy + Ugyy = 0 (2.14)
subject to an initial condition
u(z,0) = ¢(x) (2.15)

and the following general boundary conditions at the ends of the interval (without loss of

generality, we choose (a,b) = (0,1)):
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Biu := aquz, (0, 1) + agu,(0,t) + azu(0,t) = hy(t),
Bou = Btz (1,8) + Boug (1, 1) + Bzu(l,t) = ha(t), (2.16)
Bsu := §ug(1,t) + &u(l, t) = hs(t)
where «;, 3;, § for i = 1,2,3 j = 1,2 are real constants.
The IBVP — will be considered with the following assumptions imposed on

the coefficients of the boundary conditions:

(a) If anf1&1 # 0, then Fy > 0,Fy >0

(b) If 51 #0,& # 0,001 = 0 then Fy > 0,0 = 0,3 # 0
(o) If B1 =0,& #0,a1 #0, then F; >0, F3#0
(d) If 1 =0,01 #0,& =0, then F; >0, F3#0

(2.17)

where,

Bols B &F _
Fl_a_l_Qa%’FQ ﬁlgl—a—ﬁandﬂ—@&—ﬁs&-

Theorem 2.10 (Well-Posedness). Assume one of the conditions of is satisfied.

LetT' >0, s >0 and n > 0 be given. For any s—compatible
(¢,h) € H*(0,1) x H (0,T) x HF (0,T) x H3(0,T))

with
(¢, )]

there exists a T* € (0,T] depending only on n such that the IBVP -(2.1¢) admits a

3 S 777
H#(0,1)x H (OT)><H (OT) H3(0,T)

unique solution

u € C([0,T*]; H*(0,1)) N L*(0,T*; H*t*(0,1)).

Moreover, the solution map is real analytic in the corresponding spaces.
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CHAPTER 3

Linear Estimates

In this chapter the following initial boundary value problem of the linear KdV equation

posed on the finite interval (0, 1) is considered

U+ Upee = f,  u(z,0) =¢(z), x€(0,1), t>0,
Biu = hy(t), Bou = hy(t), Bsu = hs(t)
for various estimates and smoothing properties of its solutions.
In continuing Bubnov’s work to study the general two-point boundary value problem with
nonhomogeneous boundary conditions for its well-posedness in the space H*(0, 1), consider
the assumptions Bubnov [20] imposed on the parameters for the boundary conditions (mentioned

in section 2.3 of chapter two), namely,

(i.) If a16:& # 0, then Fy > 0, F; > 0

(i.) If By #£0,& # 0,04 =0, then Fy > 0,5 =0,a3 # 0
(dii.) If By =0,& # 0,00 # 0, then F; >0, F3 #0 (32)
(iv.) If oy = 51 =0,& #0, then F3 # 0,09 = 0,3 # 0

(v.)If By =0,0q0 #0,& =0, then F} >0,F; #0

(vi

’UZ.) IfOél :ﬁl :fl :O, then F37é07052:0,0637é0

where,

as o . & B & _
a_l_T«%’F?_ﬁl_&_E_@ and Fy = (28 — (361

For this research the IBVP (3.1) will be considered under the following assumptions

F1:

imposed on the coefficients of the boundary conditions



Linear Estimates

( (a) If ay1&1 #0, then Fy > 0,F, >0
(b) If 81 #0,& # 0,1 =0 then Fy > 0,0 = 0,03 # 0 (3.3)
(o) If B1 =0,& #0,a1 #0, then F}; >0, F3#0

| (

d)Ifﬁlzo,oq;éO,fl:O, thenFlzo, Fg?’éo

where,

2 2

a3 0 Bale B3 &
=0 p 2 8 2R = 86, — Baty.
T T2 T R TR 2 and F3 = (28 — (31

The difference in the inequalities for to is due the difference in the equation
under consideration. Bubnov considered wu; + gy, + uu, = f with generalized homogeneous
boundary conditions, however in the research presented here the equation under consideration
iS Uy + Ugye = f with nonhomogeneous boundary conditions. In addition the cases (iv) and
(vi) presented in are shown below to be equivalent to the Dirichlet boundary conditions
for the linear partial differential equation studied for this research.

First consider case (iv), where we have ay = 1 = 0,&; # 0. This reduces the boundary

conditions of (3.1)) to

0300(0) = hu(t) — asg(0),  ga(1) = éhm - %gm, 0 (1) = Zhy(t) — (1)

In this case we also have F3 # 0 and as # 0 and a3 = 0, so the boundary conditions can

be rewritten further resulting in

1 1 &

9:(0) = ihl(t)v g9(1) (Erha(t) + B2has(t)), 9=(1) = —hs(t) — =g(1)

(&%) B 5252 - 5351

Now consider case (vi), we have ay = ) = & = 0 which gives the following boundary

conditions

a29:(0) = hi(t) — azg(0),  Bogu(l) = ho(t) — B39(1),  g(1) = ha(t)
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For (vi) we also have that F3 # 0 and ay # 0 and ag = 0, so the boundary conditions

become

0:(0) = aizhm g.(1) = éw) By g() = ko)

Therefore given cases (iv) and (vi) the boundary conditions can be rewritten in the

following form:

g(ovt):f1<t>7 g(l’t) :f2(t)7 gac(lvt) :f3(t)

whose corresponding well-posedness in H*(0, 1) has been thoroughly studied as reviewed

in chapter two.
The IBVP ({3.1)) will broken up for analysis. First the linear problem with homogeneous

boundary conditions is considered, followed by the nonhomogeneous boundary value problem.

3.1. Homogeneous Boundary Conditions

Consideration in this section is given to the following problem:

U + Uger = f, u(z,0)=0¢(z), z€(0,1),t>0,
B1U = 0, BQU = 0, Bgu =0.

Let A be the linear operator defined in the space L?*(0,1) by

Ag = —Gzzz

with domain

D(A)={g € Hg(O, 1)] Bi1g=0,Byg =0 and Bsg =0}

Then we also have

A*=-A
29



3.1 Homogeneous Boundary Conditions Linear Estimates

with D(A) = D(A").

Lemma 3.1. Assume that one of the conditions from is satisfied, both operator A

and A* are dissipative, i.e., for any g € D(A),

<Au, u> <0, <A*v,v> <0.
L2(0,1) L2(0,1)

PrOOF. Consider g € D(A) in <Ag, g> 20) using integration by parts we have,
L2(0,1
1
< 9:9) 0o, /g gdx
0
I (3.5)
= —Yzz9 0 + 2(996) 0
L, L,
= ~922(1)9(1) + 922(0)9(0) + 59:(1) — 592(0)

Suppose case (a) from (3.3) is satisfied. That is, for the given boundary conditions

a11& # 0. We can then rewrite the boundary conditions as

T a3 . B2€a B3 - —&2
Using the rewritten boundary conditions and Young’s inequality where
Qg 0522
~ 20,(009(0) < 3820) + 556%0) (37)
we find that
1 1
(49.9) 0 = ~9e=(D9(D) + 0:(0)9(0) + 502(1) = 52(0)
2 1
(52 - )0 - Lo 09(0) - 20 + 3550%(0) - 3020
— % _ @ _ i 201y _ @2 a3 5
= (e — 5~ 2e2) 00 = L0:(0)90) = 24(0)

< —Fyg*(1) — Fig*(0) <0
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as F1 > 0 and Fy > 0. Therefore the operator A is dissipative.
Next we need to consider the adjoint operator A*g = g,... Using integration by parts it

can be determined that,

1
+ u Vs
0

1
— GUzx
0

(o)

A s > = " Yzxx
< 90 L2(0,1) Jo? L2(0,1)

Given that (a) holds, we can then rewrite the boundary conditions and substitute to

determine,
1 1 1
— JzzV 0 + 9.V, 0 — Uzy 0
(P& B3 ) a3 &
= (G~ 5)9e() = 2a.0)0(0) = 2g(0)0(0) = Zg(ue())  (38)

— 62(0)v5(0) — g(1)vae (1) + g(0)v42(0)

Reorganizing the terms and setting equal to zero gives the following boundary conditions

for the adjoint problem.

ve(1) = —(% _ %)ml) _ %vx(l), 0l0) = 220(0), 0 (0) == 220(0) (39)
Then for v € D(A*) we find that
1
A*v,v , = [ Upgr¥ dx
()|
=) b lvi '
2 “lo
(B B3 & az o’ 1
= (Gig - )0 = Zuu) - (22 2500 - 52

(B2 E)ew - (2-55)e0

= —Fy?(1) — Fv*(0) <0
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where we have used the inequality,

=2 _0%(1) (3.10)

and the assumptions for (a) that F; > 0 and F, > 0.

Therefore both the operator A and the adjoint A* are dissipative for case (a).

Next consider case (b) of . If 51 # 0,& # 0,1 = 0, the boundary conditions for
(3.4) can be rewritten:

50 = =290, gual) = (22 -2 0u) =9
Then we have
<Ag,g>L2(0 = el 1+ %(%)2‘1
= 0 (19(1) + 502(0)9(0) + 562(1) ~ 5620
= ~Fg?(1) + gua(0)9(0) + (22 4 5)g2(0)

Case (b) also requires ay = 0 and ag # 0. These conditions combined with the boundary
condition awsg,(0) = —a3g(0) forces g(0) = 0. In addition we have that, F; > 0. Hence the

operator A is dissipative.
1

+ G2 Uz
0

1

1
For the adjoint boundary conditions we have, —g,,v — gUz| = 0, which leads
0 0

to the following adjoint boundary conditions for case (b),

_ _ &2 P& Bs\, gy —
v(0)=0,  v.(0) =0, vm(1)+51%(1)+(ﬁ1§1 ﬁl>v(1) 0

Then
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i 11 1
<A U’U>L2(o 1) = Vol 0 5(’03;)2 0
_ & Y AR TSI
= g = (52 = 5)7 () = 5

< —Fp*(1) <0

where we have used inequality and F, > 0. The adjoint operator is therefore
dissipative.

For cases (¢) and (d) of (3.3), the boundary conditions for can be rewritten to the
same result. First consider case (c), where we have 3; = 0,&; # 0, a; # 0. This reduces the

boundary conditions to

022(0) = —20,(0) - 229(0), 9,(1) = —%gm, 0.(1) = —ggm

In order to ensure there are three distinct boundary conditions, it is required in case

(c) that F3 = [2&s — (3 # 0. Looking at the boundary conditions g,(1) = —%g(l) and

gz(1) = —g—fg(l) we see that (G262 — (3&1)9(1) = 0. As aresult g,(1) = g(1) = 0 since F3 # 0.
The argument is similar for case (d).

The assumptions 3; = 0,9 # 0,& = 0 for (d), give the following

022(0) = ~220,(0) - 229(0), 9,(1) - —%gu), £29(1) = 0

Again to ensure there are three distinct boundary conditions we require F3 # 0. This
means that & # 0. Therefore the resulting boundary conditions are the same as case (c¢).

—Og as

g:ﬂm(o) - gz(o) - 04_19<0)7 gz(l) =0, g(1> =0

aq

Using these boundary conditions we can prove that A and A* are dissipative.
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A > “—Yaxx ~ :EZ
<9,g N R 1CON
(0%} a3 o 12
= —224.(0)g(0) — =242(0) — =¢%(0
alg()g() alg() 2ggc()

given the inequality (3.7)) we have that A is dissipative,

A > < —Fig*0)<0
< 99) a0 = 197(0) <

since F; > 0.

1
+G2Vz

0

1
—GUzy
0

1

For the adjoint boundary conditions again consider, —g,.,v . The adjoint
0

boundary conditions assuming the conditions for case (¢) or (d) are

since F; > 0 then <A*v,v> <0.
L2(0,1)

The proof is complete.

The following corollary then follows from the standard semi-group theory [5§].

Corollary 3.2. The operator A is the infinitesimal generator of a Cy semigroup Wy(t)

in the space L*(0,1). Furthermore, for given ¢ € L?(0,1) and f € L, (R"; L?(0,1)), there
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is a unique solution uw € C(RT; L*(0,1)) to which can be written in the form of .
¢
u(z,t) = Wo(t)o(x) + /W(t — 1) f(T)dr. (3.11)
0

Next we demonstrate the solution u of (3.4) also possesses a global Kato smoothing

property.

Proposition 3.3. Let T' > 0 be given and assume one of the conditions of 18
satisfied. There exists a constant C' > 0 such that for any ¢ € L*(0,1) and f € L*(0,T; L?*(0,1)),
the corresponding solution u € C([0,T]; L*(0,1)) of the IBVP also belongs to the space
L2(0,T; H*(0,1)) and satisfies

sup |lu(-, )|l 20,1y + [JuC, )| 220,01 0,1)) < C (H¢HL2(0,1) + HfHLl(o,T;L2(0,1)))

0<t<T

PRrROOF. Without loss of generality we may assume that ¢ € D(A) and f € L*(0,T;D(A)).
From corollary (3.2)the solution u then belongs to the space C([0, T]; D(A))NC*(0, T; L*(0, 1)).
Using the fact that we have u in the form consider problem .

Multiply both sides of the differential equation in by ue*®, with 0 < X < %,and

integrate over (0,1).

1 1
/(utuem + Ugppue™)dr = /fue’\”dx
0 0

Consider the terms on the left side of the equation,

1 1
1d
/utue’\x dr = ST /uQeM dx
0 0
and using integration by parts,
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1 1 1

| 1 )\2 1 L3\ 3
/uzmue’\x dr = ugue™ 5 ZeAe +7u2em —Mugue® 5 uie’\’”dx—E u?e™ dx
0 0 0

0 0 0

Rewriting the original equation gives,

1d 1 L )\2 1
§d_/ e dr + uggue® 2w . EUQG)‘:C .
° 1 (3.12)
— Mugue® / 2eMdy — / 260 dx = /fue’\xdx
0 0

Suppose that (a) of (3.3 is satisfied. Since ay/51&; # 0, - can be rewritten using the

boundary conditions as

1 1

1d 3\ A3

5—/u26)‘“ dz + > /uie“dw 5 /u2e’\x dx + [FQ + A + }eAUQ(l)
0

dt &1
0 0 1 (3.13)
# (22 4 A ua0u0) + [22 - 51020) + 30200) = [ ueaa

0

1
From the inequality above consider [wu2?e**dz. For the following recall z € (0, 1)
0
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3.1 Homogeneous Boundary Conditions Linear Estimates

u?(x)e — u?(0) (u?e*)da

S, O —,

(2uu e + Au?e)dx

T x

2/uuxe’\xdx+)\/u26)‘zdx

0 0

T T

< 2/]u||ux]e’\’”dx+/\/u2e>‘xdx
0 0

1

1
< 2/!u||uz]e’\xdx+/\/u2e>‘mdx
0 0

Integrating both sides over (0, 1),

1 1 1 1
/u2(m)e>‘“”da¢—u2(0) < / (2/|u||ux|e’\xdx—|—/\/u2e/\$dx>dx
0 0 0 0
1 1
< 2/|u||u$|e>‘$da:—|—)\/u26/\xdx
0 0

Rearranging the terms and using Young’s inequality |u||u,|e?” < eu?e? + Lu,2e™, where

e>0
1 1
(1=X) /uQG)‘xdx < 2/ || |ug| N da + u?(0)
0 0
1 1
1
< E/uze’\xdx + = /uie’\x + u*(0)
5
0 0
Therefore,
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3.1 Homogeneous Boundary Conditions Linear Estimates

1 1

1
(1-X—¢) /u%“dm < - /uie)‘x + u*(0)
£

0 0
One can choose A and ¢ such that 1 — A — e > 0, which gives

1 1

1 1
2)\zd < /2)@ 2
/ue x_—g(l—)\—e) uze +—1_/\_€u(0)

0 0

Then given 0 < \ < %,

) e) [t () ) <~ (2) [ e
0
With this result and the following inequality,

~52(0) =5[22 2] w(0) < [ 4 N 0)u(0)

We can now rewrite (3.13)) as follows,

1
1d 2 Az 3A AP 2 Az A )‘§2 A2 2
Ea/ue dac—k[?——%(l_/\_g)}/uxe da:—l—e[Fg—i-g—i—?}u(l)
0 0
; . 1 2 1 (3.15)
(0% &) 2 Az
@A A o2 < d
+[oz1 2 21-X—¢) 2[a1+ H“(O>—/f“e *
0

For (a) we have that F} > O0and F, > 0. We can choose 0 < \ < % and € > 0 such that

DX 5 Rileisg w2 1w,
3 T g = U 2ty 720 T T s T A 2
Let Cy = % — 2s(1i—3>\—s)’ the inequality becomes,
p 1 1 1
1
ia/uQe’\xdx—i—Co/uie’\xdx < /fue”dx (3.16)
0 0 0
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3.1 Homogeneous Boundary Conditions Linear Estimates

Multiplying by two and using Cy > 0 we have

1 1

d

d_/ My < Q/fue’\xdaf
0

g/f%”dx—i- 2e M dy

0

O\H
I

By Gronwall’s Inequality we have

1 1

/uQGMdz < et[/ <u(x,0)>2e)‘$d:p+/t/lfze’\wdxdﬂ
0 0 0

0
1

t o1
< et/gbze’\x dr + 6t//fze”da:d7
0 0

0

With ¢ € L2(0,1), f € H([0,T); L»(0,1)) and e** bounded when 0 < X\ < %, 2 € (0,1)

— 27
we find that

1 1

1 t o1
/u2dx < /u26’\$dx < et/ngZe’\w dx+//f2e)‘rdxdr
0 00

0 0
with,

1

1
sup /qux < eT/q52 A dr + el //f2€>\mdl'd7'
0<t<T

0
SM/ngdx—l—M//dexdT
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3.1 Homogeneous Boundary Conditions Linear Estimates

Therefore,

1 T 1
sup 2l 22 (0,1 <M/gi>2 dx+M//f2dxdT (3.17)
0 00

0<t<

From inequality (3.16|) will now consider
1 1
Co [u2erdz < [ fuerdx
0 0

Combing the properties that Cy > 0, e*® is bounded when 0 < \ < % and z € [0, 1], we
find that

1

1 1
1
/uidm < /uie’\’”dx < —/fuemd:v
Co
0 0
1

0

(AN
£
—

s

aQ

3

.

g

+

[a—y
—
3
i~
8
N——

VAN

0
%(/lfgdx+/u2dx>

VAN
[\D
9
\

R

oW

&

+

i o
\.—-

<o

IS

&

+

<

O\H
O\H

\H

Q.

&

QL

\]

I/\
[\3
8%
\

<,

.

&3
[\3
9
o — _

&h

&

8

+
w
85

O\ﬂ
o — _
~

.

8

Sy

\]

Therefore,

1
M2
||wc||%2(07T7L2(071)) S Q_Cb/¢2 dﬂ?+ 200 /f d$+ 200 //f dxdr (318)
0

40



3.1 Homogeneous Boundary Conditions Linear Estimates

Combining (3.17) and - we have,

sup [lullz20,1) + Hux”%%o,T,L?(o,n)
0<t<T

gMj¢2dx+M7jf2dxdr+ /¢ dx+200/fdx+200//fdxd7
0 0

T

1
M o 2 el 2 M Il 2
+200 /gb d:c—|—200/fd:c—|— +2C0 //fd:z:dT
0

0

(3.19)

< C1H<Z5HL2(0,1) =+ C2||f”L2(07T;L2(071))

This proves the Proposition for case (a).
Starting with (3.12)) assume that case (b) of (3.3)) is satisfied. Using the boundary conditions
with the assumptions that 51 # 0, & # 0, a3 = 0, as = 0, and a3 # 0 we have that u(0) =0

(as shown in the proof of Lemma (3.1))). with these boundary conditions and inequality

(3.14), (3.12)) can be rewritten as:

N —
Q.l&

1 1
>\ A3
d i| 2 )\xd
/ue x—l— ) —25(1_/\_6) /uxe T
0 0

1
)\52 1 x
|:F2 + T + } Au?(1) + §ui(0) < O/fue’\ dx

where € > 0. As with case (a) we can choose 0 < XA < 1 and ¢ > 0 such that

Co= % NT > 0, thereby reducing the above inequality to (3.16|).

The remainder of the proof is the same as for case (a).
Lastly we consider cases (¢) and (d) together. Recall that the boundary conditions

determined for cases (¢) and (d) reduced to the same result. These boundary conditions

along with the inequalities (3.7)) and ( allow (3.12]) to become:
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3.2 Nonhomogeneous Boundary Value Problem Linear Estimates

1
1d [ ,, 3\ A3
- rd |:__—} 2)\zd
2dt/“€ S I e p /“’”6 g
0 0
1

a3 )\2 )\3 1 (6%) 2 9 A

- - = < L

+[041 SRR 2[a1+AH“(O)—/f“6 de
0

Furthermore with F; > 0 for both (¢) and (d) it is clear that o2 > 0. Then it is possible

tochooseOS)\S%andsZOsuchthatC’oz%—2A—320and [%—’\—2—’\—3—
e(1—X—¢) o1

2
% [Z—f + )\] } > 0. Thereby reducing the inequality to (3.16)).

The remainder of the proof is the same as for case (a), so the proposition holds in all

cases. O

3.2. Nonhomogeneous Boundary Value Problem

In this subsection we turn to consider the following nonhomogeneous boundary value

problem of the linear KdV equation.

Up + Ugge = 0,  u(z,0) =0,
Blu = hl (t), BQU = hg(t), Bg'u, = hg(t)

(3.20)

Using the Laplace transform an explicit solution formula for (3.20)) will be determined in
terms of the boundary values. Applying the Laplace transform with respect to ¢, (3.20) is

converted to

su(x, 8) + Upgpe(z, s) = 0,

. . (3.21)
Blﬁ = h1<8), Bsz = hg(S), Bgﬁ = h3<8)

where

u(z,s) = /e“u(az,t)dt, hi(s) = /GSthj(t)dt for j =1,2,3.
0 0

42



3.2 Nonhomogeneous Boundary Value Problem Linear Estimates

The solution of (3.21]) can be written in the form

a(w,8) = c1(8)eME 4 cy(s5)eM T 4 cy(s)eM 9T = Z c;j(s)e e

J=1

where \; = \;(s), 7=1,2,3, are the solutions for the characteristic equation

Mirs=0

For the ¢; = ¢;(s), j=1,2,3, are constants depending only on s. Notice that

Ajx 2 _\jzx
Uy, E cj\;e?, and Uy, (z, s) = E cijN; e

7=1

The ¢j, j=1,2,3, then solve the system

aq 25:1 Cj>‘j2 + o 25:1 CiNj + as Z?Zl cj = lAzl (s),
Bu3io1 AN + Ba 3y e + B33 cped = ha(s)
512 LciNjet +§QZ 16 = ﬁg(s)

Rewriting the system we have

~

(o (i + aod ) + 2 (o + sk + as ) + es(a1ds® + azks + ag ) = ns),
e (BN + Bodi + s) + e (B + Boda + By
e (B + s + B ) = hia(s),
| e (ml + 52) +epe (51)\2 ¥ 52) +ege?s (&Ag v 52) — ha(s),

Let A(s) be the determinant of the coefficient matrix and A;(s) be the determinants of
the matrices that are obtained by replacing the jth-column of A(s) by the column vector
(h1(s), ha(s), hs(s))T, j = 1,2,3 Cramer’s rule implies that

J=12,3



3.2 Nonhomogeneous Boundary Value Problem Linear Estimates

for A(s) # 0. For A(s) = 0 we can look at homogeneous boundary conditions. Recall

the linear operator A,
Ag = — oz, D(A) = {g € H*(0,1)|B1g = 0, Byg = 0 and Bsg = 0}

Consider
Av = Ao, veD(A)
then we have
—v" = v
Bl’U = 0, BQU = 0, BgU =0

The solutions 1,2 and us for the characteristic equation —p® = X lead to the following

v =1 (AT 4y (N)er2 T g (N)ers Ve

Since Byv = 0, Bov = 0, and Byv = 0, we have the following system of linear equations

;

c1 (Oélﬂlz + aopy + a3> + ¢ (CYleQ + agpig + a3> +c3 (Oélﬂfs2 + aops + a3> =0,
crett (51#12 + B + ﬁ3) + coet? <51N22 + Bapia + 53)

+cgel (51#32 + Paps + 53) =0,
| et (51#1 + 52> + cpeh? (flﬂz + 52) + czets <51M3 + 52) =0,

Let A(XN) = A(s) be the determinant of the coefficient matrix. Hence, there will be a
nontrivial solution v, if and only if A(A) = 0.

The following proposition has now been proven.
Proposition 3.4. \ is an eigenvalue of A if and only if A(X\) = 0.
Next we look more closely at the possible eigenvalues of A.

Proposition 3.5. Suppose that one of the conditions from holds. If Re(\) > 0,

then X\ is not an eigenvalue of A.

44



3.2 Nonhomogeneous Boundary Value Problem Linear Estimates

PROOF. Recall that the operator A has been shown to be dissipative if one of the
conditions of 1) holds, <Av,v> 20 < 0. Suppose there is an eigenvalue for A such
L2(0,1
that Re(A) > 0. Then

R€<<Av’ U>L2(0,1)) - Re<<)\v, U>L2(0,1))

= fie </\<U’U>L2(0,1)) 20

This contradicts the fact that A is dissipative. 0

Consider

Av = A, v € D(A)
with A =ip, p € R. Then we have
—v" =ipv

Biwv=0, Byw=0, Bsv=0

The solutions for the characteristic equation —u?® = ip, give the following

v = c1(p)eM T 4 cy(p)e V)T 1 cq(p)ets )T

Since Byv = 0, Bov = 0, and Bsv = 0, we have the following system of linear equations

4
" (OZ1M12 + gy + a3> T e <041M22 + Qofis + a3> + c3 (oleg? + Qopz + Oz3> =0,
crett <51M12 + B + 53) + cpef (51#22 + Bapiz + 53)
+caets (ﬁluf + Bopus + ﬁ3> =0,

| aet <€1,u1 + fQ) + o€t (51,&2 + §2> + czet? (51#3 + §2> =0,

Let A(p) be the determinant of the coefficient matrix. Given the solutions for the characteristic
equation are

p3(i+V3), s =sps(—i+V3)
45
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3.2 Nonhomogeneous Boundary Value Problem Linear Estimates

we can rearranging the terms for A(p) into the real and imaginary parts by powers of p.

For Re(A(p)) we have

pgalﬁlgl(_\/ge—m _ ?6—;@ + ?e—m)
5 —H2 3 —p3 3 —p2 3 —p3
+ p3 [agﬁl&( e +26 )—&15152(26 +§€ )]
+ p[a351€1<\/§67u1 —V3eH2 4 \/§e*“3) + 041/6351(\/567“1 —V3e 2 4+ \/ge*,us)

- 0425152(\/367”1 — ?6“2 + \/—367”3) - Oé152§2(\/§€*‘” —V3e "2 + \/§e’“3)]

2
2 3 3 3 _ 3 3 _ 3 _
+p3 [042ﬁ3f1(§€ 2+ € ) — 0435152(56 2+ 3¢ ) + 042ﬁ2§2(§€ 2+ 3¢ H)]

) — a3Ba&y(V3e T 4+ 22 )]

%[a3ﬁ3§1( \/_ —H1 __ \/736_”2 + ?6_“3

f e V3
2

For Im(A(p))

pgalﬁlél(—ge‘“ - 26“3)
\/756/13) —0416152(\/_6 moy ¥Y2 \/_ e H2 _ \/gefus)]

%[0425151(\/_6 Mt — \/_ et —

3
—p1 \/T_G_M + %e—m) —|—a3ﬁ1§2(\/—6_’“ 4+ 22

2 2

+ p5 [aa 561 (—V/3e )

— a3 (V3e ™ +

)]
* é[&gﬁggl(_;e " ;eus) - 0435252(—26“2 - 26“3)]

Proposition 3.6. Suppose that one of the conditions from holds. There are finitely
many X\ = ip, p € R which are eigenvalues. That is, there exists an N such that if |p| > N,

then A(p) # 0.
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3.2 Nonhomogeneous Boundary Value Problem Linear Estimates

PROOF. As p — oo we find for Re(A(p))

Given case (a), with a3 1€ # 0

For the remaining cases: case (b), with ay,as = 0, a35:& # 0, case (¢), with 5, = 0,

@11 # 0 and [aéy — F361 # 0 and case (d), with 31,& =0, ay # 0, and 26y — #361 # 0 we

have

1
P8

A(p) ~ —pe

As p — oo we find for Im(A(p))

Given case (a), with oy 51& # 0

3

A(p) ~ —pies?

ol

For case (b), with ay, 0 =0, ag1& # 0

2 1
o3

A(p) ~ pie
For cases (c), with 51 = 0, a1&; # 0 and (52&s — (361 # 0 and (d)with £;,& =0, oy # 0,
and 6252 - 5351 # 0 we have

3

A(p) ~ —pies?

ol

Given these results we can find for p >> 0, that A(p) # 0. O

Now we will go back to considering the solution u(z,t) for (3.20]). It can be written in

the form
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3.2 Nonhomogeneous Boundary Value Problem Linear Estimates

u(z,t) = uy(z,t) + us(x, t) + us(x, t) Zun (x,1) (3.22)

where u,(z,t) solves (3.20) with h; = 0 when j # n, j,n = 1,2,3. Using the inverse

Laplace transform yields

r+100 r+100

— 1 st )\ j(s)x
u(z,t) = 5 u(z, s)ds = Z 57 / A ) ds (3.23)

r—100 r—100

for any r > 0. Combining this with (3.22]) we can write the values of u, as follows for

n=1273
3 r—+ioco
1 stAjyn(S) Aj(s)z 7, —
un(x,t):;% / “Afs) € o (s)ds = [W, (8)ha)(2) (3.24)

where A, (s) is obtained from Aj;(s) by letting h,(t) = 1 and hi(t) = 0 for k # n,
k,n =1,2,3. In the last two formulas, the right-hand sides are continuous with respect to r
for r > 0. For r = 0 we have shown that there are finitely many eigenvalues . Without
loss of generality we can assume there are no eigenvalues since these can be easily estimated.

Then, as the left-hand sides do not depend on r, we can take » = 0 in these formulas.

3 .
1 +100 An .
un((p7t) = g _/ GStL—@eM(S)mhn(S)dS
0

Il
=
—~
8

~
S~—

+

~
N
—
8

~
SN—

for n =1,2,3. Letting s = (—ip)® = ip> with 0 < p < 400 in the characteristic equation

A3 4+ s = 0 the three roots are given in terms of p by

LEVRY =i

2 2
48
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3.2 Nonhomogeneous Boundary Value Problem Linear Estimates

therefore I,,(z,t) and II,(z,t) may be written in the form

3
1 oo in3 + xA+n(p> 7
:Zg/ Pt AL () Ajjr(p) 352 (0)dp
=1 0

and

3 _
1 [t JA .
= 0

~

for n = 1,2,3, where ht(p) = ha(ip?), At(p) and AT, (p) are obtained from A(s) and
Ajn(s), respectively, by replacing s with ip* and \;(s) with A} (p), for j =1,2,3.

Notice that we can rewrite, A=(p) = A*(p) and ArL(p) = E(p) for j = 1,2,3, and
hy (p) = It (p)-

Let h(t) = (hi(t), ha(t), hs(t)) and write the solution u of using as

u(z, t) = W()h)(@) = > [Wa()ha(x) (3.26)

The following lemma from Bona, Sun and Zhang [§] is also used in proving the propositions

presented in this section:

Lemma 3.7. For any f € L?(0,00), let K f be the function defined by

+o0
Kf(z) = / 109 f () dp

where (1) is a continuous complex-valued function defined on (0,00) satisfying the

following two conditions:

(i) there exist 6 > 0 and b > 0 such that

R
sup Fl S

0<pu<d 1% -
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3.2 Nonhomogeneous Boundary Value Problem Linear Estimates

(ii) there exists a complex number o + i3 such that

T (V) iB.
p—too [

Then there exists a constant C' such that for all f € L?(0,00),

1K fllz20.0) < CU™O F(V | p2ary + [1FC) ]| 2ry) (3.27)

The following three propositions will be used to prove the theorem at the end of this

section by providing estimates of uy, us, and us.

Proposition 3.8. Assume that one of the conditions from 18 satisfied. There exists

a constant C such that

lurlleqresir o + sup i B)llze) < Cliknllaacasy (3.28)
<t<oo

and dyuy € Cy([0,1]; L*(R™)) with

sup 10pur (2, )| L2(re) < Cllhall s re) (3.29)
z€(0,1

for all hy € HY3(R™T).

PROOF. First note that Ai(s) + Aa(s) + A3(s) = 0. Next the determinant of the matrices

for Aj1(s) with j = 1,2, 3 will be determined. To determine A;;(s) consider the matrix

1 (al)\22 + ag g + oz3> (al/\32 + a3 + a3>
0 et (51)\22 + BaAa + 53) e (51)\32 + B2A3 + 53)
0 eM2 <§1)\2 + 62) s (51)\3 + f2>

we have

A1,1<5) = 6_/\1()\2 — A3)[B1&1 223 — B1&a A1 + o — [3&]
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3.2 Nonhomogeneous Boundary Value Problem Linear Estimates

For Ay (s) consider the matrix

((xl)\f + a9 A + 053) 1 (al)\32 + o3 + a3>
eM (ﬁle + BaA1 + ﬁ:a) 0 et (51)\32 + B2A3 + 53)
eM <§1/\1 + 52) 0 ers (51)\3 + §2>

we have

Ag1(s) = e 2(A3 — M) [Bréa Az — Bibada + Baba — B381]

For Aj;(s) consider the matrix

(al)\12 + ag A + oz3> (ozl/\22 + a9 g + a3> 1
eM <51)\12 + BaA1 + 53) e (ﬁl/\zz + BaAa + ﬁ:ﬁ) 0
eM <51)\1 + 52) e (fl)\2 + f2> 0

we have

Agzi(s) = 67/\3(/\1 — ) [Bi&iMiAe = Bi&ads + B2 — [3&1]

Therefore for A(s) we have

A(S) = <Oél)\12+042>\1 +C¥3)A171— (Oél/\22+062)\2+063> A2’1+ <Oél)\32+052/\3+0é3) A371 (330)

: Ail(ﬂ)
Notice that for AT0)

A1+,1(P> e (A — A3)[Bi1&adAs — Bi&or + Boba — Bs&i]

At(p) <041>\12 + ag A + 043) A — (041)\22 + apAg + Oé3> AVEIES (061)\32 + a3 + 043) As

multiply by Z% and substituting the values for A;;, 7 =1,2,3
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3.2 Nonhomogeneous Boundary Value Problem Linear Estimates

Afl(ﬂ) o (A2 — )\3)%1)

At(p) <Oél)\12 +an) + ag) (Mo — )\3)%1) — M (\g — >\1)’y§1) +eM—As(\ — )\2)%(’1)

where

A = [B16100As — Biéadr + Bols — Bsi]

O (al Ao 4 ashy + ag) (G611 A3 — Bi&adg + Babs — Bs&1]

SO (al As? + s + ag) [Bi€&iMiAs — Bifads + Baba — Bs]
Using (3.25) we have

I e A e
As p — oo we find that
AT (p) V3
’ ~e 27F 3.31
At (p) (331)
holds for all cases (a)-(d).
: Ag@(ﬂ)
Next consider <+ B
A;,l(ﬂ) e (A3 — M) [Bi&aMiAs — Bi&ada + [ola — (&)

At (p) (041)\12 + o\ + Oé3> Ay — (Oél)\22 + oo + 043) Aoy + (041)\32 + a3 + 043) As

er2

multiply by & and substituting the values for A;,, j =1,2,3

A;—,l(p) o (As — )\1)752)

A*(p) er2m A ( Ny — )\3)%2) - <a1)\22 + oAy + 043> (Az — )\1)752) + et A (A — >‘1)’Y:§2)

’YF) = (041)\12 + a1 + 043) [B1&1 A2 As — Bréari + Baba — 58]
752) = [B1&i M A3 — B1&2da + Bola — B3&1]
’Y§2) = (041)\32 + a3 + Oé3> [B1&1 A1 Ae — Bréars + Baba — B8]
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3.2 Nonhomogeneous Boundary Value Problem Linear Estimates

Using (3.25)) we have

— —3ip _ V3 —
MM =TT e r M2 = V3

As p — oo we find that

5 ~e 3.32
() 932
holds for all cases (a)-(d).
Lastly consider AA%;I((;))
A;ﬁ(ﬁ) e (A1 — M) [Bi&iMiAe — Bi&ads + [ola — B:&1]

A+(p) (Oé1>\12 + 062)\1 + 063) Al,l — (()41)\22 + 042)\2 + Oé3> Az’l + <Oél)\32 + 062)\3 + 063> A371

multiply by z% and substituting the values for A;;, 7 =1,2,3

A:f,l(/)) o (A1 — )\2)%(,3)

A+(p) ers—A1 ()\2 — )\3)’7&3) — M3 A2 ()\3 — )\1)")/53) + <041)\32 + 062)\3 + Oég) ()\1 — )\2)’}/:&3)

A = (h®+ azhi + 0 ) [BrEheds = Bi&ods + Foe — i)
7Y = (041)\22 + azs + 043) [B1&1A1A3 — Br&ada + B2€o — B561]
1) = [Bi&ihids — Bi&ads + Babe — Bs€l]

Using we have

_ —3ip _ /32 _ _
6)\3)‘12626 - 6>\3>\2:€\/§P

As p — oo we find that for cases (a), (¢) and (d);

A;l(p) )

i) P (3.33)

53



3.2 Nonhomogeneous Boundary Value Problem Linear Estimates

For cases (b), since a; = ag = 0, we have

Az (p)

A~ 1 (3.34)

Now we are ready to estimate the solution u,(x,t) = I (x,t) + [[;(x,t). As

400 +
1 eip3te)\;'(p)z Aj,l(’o)g 2il+(p)dp

Il = b p
= 21 Jo At(p) '

an application of Lemma ({3.7]) produces a constant C' such that

3 o0
IGO0 <€ [
0

2

2.4
<€Re)\j(p) + 1) (3.35)

1 (p)

A+ (p)

Jj=1

Using the asymptotic behavior for each case, (3.31), (3.32), (3.33)), or (3.34) consider

+ 2 2
AA’;;((;)) (eRe’\JJ'r 0 4 1) from each integral in the sum.
At1(P)
For 356
2
(e_g” ) (e + 1)
A;l(p)
For 356

For Aér,l (p)

At We have two possibilities

() ) () )

Hence in any of the cases there exists a constant C' such that

AL (p) ’
A*(p)

Therefore, for any t > 0,

2
(eRe’\j(p) + 1) < (C forany p > 1.
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3.2 Nonhomogeneous Boundary Value Problem Linear Estimates

1)y, < C / i (P)I2(30%)2dp

e / 3021 (0)[23p%dp
0

C/OOILLZ/S
0

CHh1||12q1/3(R+).

2
dp

IN

/ e "hy(T)dr
0

IN

where we have rewritten the integral in terms of 1 = p3. The same argument applied to
I (z,t) gives

1L (-, )] 220,0) < CllPall s pe)-

Therefore (3.28]) holds.
To prove (3.29)), let 6(u) be the real solution of u = p? for p > 1. Then for 9,1;(x,t) we

have

3 +
1 [T AT s
Oz t) = Y o /0 €A (p)ei @) Lpi%ffhf(p)dp

Using the Plancherel Theorem (with respect to t) yields that for any x € (0, 1),

3
1 [t
2
Ha;c11<33',-)”L2(R+) S ;%/0

In addition,

2

S OUDN iy P

)‘j(e(ﬂ))e% (00 AT(0(p))
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3.2 Nonhomogeneous Boundary Value Problem Linear Estimates

/ 10,1, )2 gryde < sup 0Ty (2, ) e e

z€(0,1)

[ (i) P

< CZ/ |>\+ 2 sup ‘e’\;r(e(“))””

z€(0,1)

2
. Looking at each value of \;, j=1,2,3 we have the following

Consider sup,¢ 1) ‘eﬁ(G(u))x

estimates

2 2
SUP.¢(0,1) leh(p)ﬂ = SUP,e(o) l€”]" < C,

2 _ip<1+i\/§)x 2
Supme(OJ) ‘e)‘Z(p)-’E| = Supxe(OJ) e 2 S C <e\/§p i 1> 7

2

9 _ip<17i\/§>x
SUD,e(0,1) ’6A3(P)1| = SUP,e(0,1) |€ ’ <(C (e*\/gp + 1>

2

+

AT (0(u))
(3.31)), (3.32), (3.33), and (3.34)), we have the following (recall that 6(u) is the real solution

Using these estimates with the results for the asymptotic behavior of

of u=p?)

212 AT o(w) 2 _B 2
SUP,e(0,1) | M| —Alf(eof)) < C<6 ’ p> ’

212 | AT (0(1)) _ 2
Gy |? | 22l Sc(ex/ﬁp+1><e \/§p>7

A2
Supr(O,l) ‘ €

AT, (0) |2
SUDPye(0,1) ‘ekg(p)zf A37Ll((0(%))) <C (e_\/gp + 1) (;0_2> or C (6_\/‘% + 1>

N
The two possibilities in the last inequality are due to the results for AA s (( )) which depend

on the assumptions for the boundary conditions. In any of the cases the expressions on the

right hand side are convergent as p — oo, therefore we can find a constant C' such that
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3.2 Nonhomogeneous Boundary Value Problem Linear Estimates

1
/0 10211 (2, ) IZ2reydr < sup (10T () T2 (e

z€(0,1)
i 2| AL O]
<C / O] sup |ed @z | T2 R G 2dp
2 ), PIEw s Ay | M)

+o0 .
<C / (1+ @) ha (i) P < Cllhall3p e
0

where we have also used the definition of A;, j=1,2,3, rewritten in terms of x.
To see 0,I; is continuous from [0,1] to the space L*(R™), choose any xy € [0,1] and

x € (0,1) and observe that

axll(a;,t) — 896[1(950,15)
3 +
1 [T AT (0(w)) -
= E _/ ezut)\;(g(u))<ekj(9(u))x _ eAj(a(“))m)Mhl(iu)du.
= 2m Jo

Using the Plancherel Theorem (with respect to t) as above yields

|0:11 (2, -) — Op11 (2o, ')H%?(Rﬂ

An application of Fatou’s Lemma gives
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3.2 Nonhomogeneous Boundary Value Problem Linear Estimates

i (|8, 11 (z, ) — OxTa(wo, ) |72ty

T—T0
3 2
L[ : ; ALOW)[
< - AT i AT Oz _ A7 (0(w))o g1 ha(i Zd
o _]Zl 27T/0 J ( (M»xggo (6 € > A+(9(M)) | I(Zﬂ)| H

Continuity is established. Similarly we can show that

1
/W@HMwmmmmsswn@munﬁmﬂsmmﬁwm)
0

z€(0,1)

and I'T(z,-) € Cy([0,1]; L2(R")). Therefore since u; (z,t) = I (z,t)+11(x,t), the inequality
(3-29) holds.

Next consider uy(x,t) = Ir(x,t) + I15(x,t)

Proposition 3.9. Assume that one of the conditions from 1s satisfied. There exists

a constant C such that

lallzz sy + sp s tllzzon < Cllhallman (3.36)

and Oyus € Cy([0,1]; L*(RT)) with

S?P) 0zua(, )| L2(r+y < Cllhall /sy (3.37)
z€(0,1

for all hy € HY3(RT).

PROOF. The proof will be very similar to the proof for Proposition (3.8)). First note that
A1(8) + Aa(s) + A3(s) = 0. Next the determinant of the matrices for A;(s) with j =1,2,3

will be determined. To determine A; 5(s) consider the matrix
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3.2 Nonhomogeneous Boundary Value Problem Linear Estimates

0 (al)\22 + gy + a3> <a1)\32 + a3 + a3>
1 eM (ﬁl)\22 + B2 Ao + ﬁs) s (51/\32 + Bz + 53)
0 e <£1/\2 + 52) ers <§1)\3 + 52)

we have

Al a(s) = —e™ <a1A22 + g + a3> (51/\3 + §2> + et (oq)\?,? + ash; + Oég) (51)\2 + £2>

For Ay (s) consider the matrix

(al)\12 + A + a3> 0 (al)\32 + a3 + a3>
M (BN +Bdi+ ) 1 e (B + Gods + )
eM (51)\1 + §2> 0 e <§1)\3 + 52>

we have

Nos(s) = s (oq)\12 + o\ + oz;;) (51)\3 + §2> —eM (oq)\32 + a3 + ozg) (fl)\l + 52)

For Aj(s) consider the matrix

(al)\12 + A + ag) (041/\22 + a9y + a3> 0
eM (51)\12 + oA + 63) e (ﬁl/\QZ + Bao + ﬁ3> 1
eM (51/\1 + §2> e (51)\2 + 52) 0

we have

Ags(s) = —e* <a1/\12 +agh + ag) (glAQ + §2) 4o (alAf +anhg + ag) (51)\1 + 52)

For A(s) we still have (3.30))
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3.2 Nonhomogeneous Boundary Value Problem Linear Estimates

As in the proof for Proposition (3.8]) using (3.25)) we find the asymptotic behavior as

n
p — 00. To determine the behavior we multiply AAJ%((:)) by ziii for j = 1,2,3. The results
AT,(p)
for Alf(/g are
Al (p)
U (339
holds for cases (a) and (b).
A+
Alf((;) ~1 (3.39)
holds for case (c¢) since §; = 0.
AT5(p)
Ajf(p) ~pt (3.40)
holds for cases (d) since §; = & = 0.
+
F AAQf((:)) we have
As5(p) VL (3.41)
A*(p) '
holds for all cases (a)-(d).
Af,(p)
The results for Agf(,g are
Ags(p)
A " 342)
holds for cases (a) and (b);
A+
Asf((pp)) ~1 (3.43)
holds for case (¢) since 1 = 0;
Ag5(p)
Agf(p) o (344



3.2 Nonhomogeneous Boundary Value Problem Linear Estimates

holds for cases (d) since 51 = & = 0.

Next, recall that us(z,t) = I(x,t) + I1s(x,t), consider

3 +
L7 e D2(P), o5
I, — - ip’t AT (p)w J,2 3 2h+ d
=L, R
An application of Lemma (3.7)) produces a constant C' such that

AL )|
At(p)

<€Re>\}L(p) + 1>2 ‘ﬁ;(p)&o?r dp

3 o0
TAS OZ/
0

Jj=1

As in the proof of Proposition (3.8]) the asymptotic behavior of (3.38), (3.39), (3.40]),

+ 2
AA]f((pp)) (eRe’w( P 4 1> to be bounded for

3.41)), (3.42), (3.43) or (3.44]) allows the term

each integral in the sum. The inequality becomes

1L < C / it () 2(30%)2dp

/ e "hy(T)dr
0

2

< c/ (14 p)*? du
0

< CHhQHiﬂ/S(Rﬂ-

where we have rewritten the integral in terms of p = p3. The same argument applied to
I15(z,t) gives
11 12(-,t)[ 220,) < Cllhallgrspe)-

Therefore (3.36) holds. To prove (3.37), we follow the same steps as in the proof of
Proposition ((3.8))

Lastly we consider ug(z,t) = I3(x,t) + [13(x,t)
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3.2 Nonhomogeneous Boundary Value Problem Linear Estimates

Proposition 3.10. Assume that one of the conditions from s satisfied. There

exists a constant C' such that

sl L2 (r+;m0,0)) + Sup [us(-, )l 2200y < Cllhsll /s ge (3.45)

and Oyuz € Cy([0,1]; L*(RT)) with

S?p) ||azU3(fL‘, ')||L2(R+) S C||h3||H1/3(R+) (3.46)
z€(0,1

for all hy € HY3(RT).

PROOF. The proof will be very similar to the proof for Proposition (3.8]). First note that
A1(8) 4+ Aa(s) + A3(s) = 0. Next the determinant of the matrices for A, 3(s) with j =1,2,3

will be determined. To determine A; 3(s) consider the matrix

0 (al)\gz + a9 + 043) (al)\32 + a3 + a3>
0 & (Biha® +Bde+ ) € (B’ + Bads + )
1 et <§1/\2 + 52) e <§1)\3 + fz)

we have

Aq3(s) = e (061)\22—1-@2)\24-063) (51)\32+52)\3+ﬁ3) —e (041)\32+042)\3+043) (51/\224—52/\24‘53)

For Ay 3(s) consider the matrix

(al)\12 + oA + ag) 0 (al)\32 + a3 + a3>
M BN+ BXi+ ) 0 e (B + Gads + )
eM <£1/\1 + §2> 1 e <§1)\3 + 52>

we have
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3.2 Nonhomogeneous Boundary Value Problem Linear Estimates

Ay 3(s) = —e (041)\12—1-0&2)\14‘063) (51)\32+52)\3+53> +eM <Oé1)\32+062>\3+043> (51)\12+52/\1+53)

For Aj3(s) consider the matrix

(al)\12 + o\ + ag) <a1/\22 + aa Ny + a3> 0
eM (51)\12 + Be A1 + 53) e <ﬁ1/\22 + Bao + 53) 0
eM (§1>\1 + 52) e <§1>\2 + 52) 1

we have

Ass(s) = e (041)\12‘1‘042)\1—1‘043) <ﬁ1)\22+62)\2+53) —eM (041)\22+Oé2)\2+043) (51)\124'@/\1‘1‘53)

For A(s) we still have (3.30)
As in the proof for Proposition (3.8]) using (3.25)) we find the asymptotic behavior as

+ _
p — 00. To determine the behavior we multiply AA”%((:)) by Z,ii for 5 = 1,2,3. The results

Af5(0)
for Alf(p) are

Afg(ﬂ) 1
’ ~p 3.47
At(p) (3.47)
holds for all cases (a)-(d).
+
For AAQJ;—‘?’(([)'D)) we have
Agi&(ﬂ) 1 V3
— s~ p e 2 3.48
At(p) (3.48)
holds for all cases (a)-(d).
Ad5(0)
The results for Agf(;) are
A3+3(p) 1
2 ~ pf 3.49
At(p) (3.49)
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holds for all cases (a)-(d).

Next, recall that us(z,t) = I3(x,t) + I 13(x,t), consider

12 A15(p)
I = et e I3 2 (p)dp
i Z 2%/ A+(/)) )
An application of Lemma produces a constant C' such that

Ay(p) [
At(p)

<eReA]~+(p) + 1>2 ‘ﬁ;(p)3p2)2 dp

3 o0
TAS OZ/
0

Jj=1

As in the proof for Proposition (3.8]) the asymptotic behavior of (3.47)), (3.48]), or (3.49))

AI3 (p) 2
At (p)

2
allows the term <6R“")‘;r °) 4 1) to be bounded for each integral in the sum. The

inequality becomes

15, ) < C / et () 2(30%)2dp

/ e "hs(T)dr
0

2

< 0/ (14 p)*? du
0

< CHhi’t”iﬂ/S(Rﬂ-

where we have rewritten the integral in terms of p = p3. The same argument applied to
I13(z,t) gives

I113(-, )| 220,) < Cllhsllgrspe)-

Therefore (3.45) holds. To prove (3.46), we follow the same steps as in the proof of
Proposition ((3.8))

For s > 0, and T" > 0, let

Hop = HETV3(0,T) x HETY/3(0,T) x H3(0,T)
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3.2 Nonhomogeneous Boundary Value Problem Linear Estimates

It T = oo, denote Hy r by Hs.

A

— 2 2 2 /
o = (1o + 1R rcsnsiom + sl

The following theorem regarding problem (3.20) has now been proven, combining the
results from the beginning of the section with Propositions (3.8))-(3.10]).

Theorem 3.11. Assume that one of the conditions of holds. For any h € H

Up + Ugge = 0,  u(z,0) =0,
Blu = hl (t), BQU = hg(t), Bgu = hg(t)

admits a unique solution
u(z,t) = [Wy(t)h(t)) (2)

which belongs to the space Cy(RT; L*(0,1)) N L*(R*; H*(0,1)) with u, € Cy([0,1]; L*(RT)),
if one of the conditions from holds. Moreover there exists a constant C' such that

lellzarer oy + sup ful D)2 < C Al

<oo

and

sup (2, )| 2(r) < CllBllse,
z€(0,1)

for all he Ho.
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CHAPTER 4

Well-Posedness

In this chapter the well-posedness of the nonlinear IBVP

U + Uy + UUG + Ugyy :07 U($,O) :¢(I)7
Blu = hl (t), BQU = hg(t), Bgu = h3<t>

is considered. For any 7" > 0 and s > 0, let X be the space defined by

Xop = H*(0,1) x HETVB0,T) x HEHIB3(0,T) x HY3(0,T)
with norm

1
2

1(¢, D) llx, == (Héﬁ\ﬁ{s(o,u + 1 allFreor oy + Mhallfresnssor + Ihal ?{s/sm))

Let Y; 7 be the space of functions v(z, t) such that v € C([0, T]; H*(0,1))NL*([0, T]; H¥™1(0,1))

with its norm defined as

N[

[l = (1012000 + 02 qozyarsso)

In addition, let
Vor = Yor 0 H730,T; HY(0,1))

with its norm defined as

1
2

lolly.r = (1013, + 1005 1 0y

Note that y(),T = YvO’T.

The following two lemmas are helpful in establishing the well-posedness of (4.1)).



Well-Posedness

Lemma 4.1. (i) For s > 0 there exists a C > 0 such that for any T > 0 and

u, v S YS,T;

o) dr < C(T? +T5)||u

YS,T (42>

YS,T HU

T
/ v
0

(ii) For 0 < s < 3 there exists a C > 0 such that for any T >0 and u, v € Vs,

C(T2 +T%)|u

”uvx||wt§71(07T;L2(071) < ys,T”v Vs, (43)

PROOF. It is only necessary to prove (4.3) since (4.2) has already been established in
[[8], Lemma 3.1]. Note first

N / el < CCTE + T el ol
according to (4.2)) (with s = 0). Since
(wvz) = Uy + UV,
and w;, v, € Yor if u, v € V31, we have
l(wea)illwoa o zz201) < CT2 + T5)([uelly o 10l + Nullyn, 2 loellyn, )

Therefore

1 1
|uve lwiromz20,1)) < Cr(T2 +T3)|lully, 1|Vl -

So estimate (4.3]) is true for s = 0 and s = 3. For 0 < s < 3 the result follows from the

nonlinear interpolation theory developed in Bona and Scott [4]. O

Consider the following linear IBVP

Ut + Ugzs :f7 U(.T, 0) :¢(£L'),
Blu = hl(t), BQU = hg(t), Bgu = hg(t)
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Note that if u is a C*°-smooth solution then the initial data u(x,0) = ¢(z) and its

boundary values h;(t),j = 1,2, 3 must satisfy the following compatibility conditions:
By = 1{P(0), Bagy, = h$"(0), Bsoy, = hi(0)
for k =0,1,..., where h§-k) (t) is the k—th order derivative of h; and

Po(x) = o(x),
(@) = = (L1 (2) = $_a (@) + T720 (0 () Py (2))').

(4.5)

Therefore for any s > 0, ¢ € H*(0,1) and

—

s+l s+l s
It = (b1, ha, ) € Hoo (RY) x H.® (RY) x H

loc loc loc(R+)7
(o, E) is called s—compatible if
Bi(¢x) = hgk)(o)’ By(dr) = hgk)(o)a Bs(¢r) = h;(),k)(()) in the space H573%(0,1) (4.6)

for k=0,1,2,---,[5] = 1.

Lemma 4.2. LetT > 0 and 0 < s < 3 be given and assume that one of the conditions of

is satisfied. There exists a constant C' > 0 such that for any f € W3(0,T; L*(0,1))
and s—compatible (¢, ﬁ) € X1, the IBVP (4.4) admits a unique solution u € Vs r satisfying

v < C (Il oy + 106 B xr ) (4.7)

lu

PrOOF. When s = 0 the solution is established from the results proven in chapter three.
In addition (4.7]) follows from the linear estimates presented in chapter three. The remainder
of the proof focuses on s = 3. The other cases follow from interpolation. Given that we have

the solution u for s = 0, let v = u;. Then v solves

Vi + Vzaa :fta ’U(ZL',O) = f(l',O) _¢W($>7
Bl'U = hll(t), BQ’U = hé(t), BgU = hg(t)
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Applying (4.7)) for v gives
el r = ol < € (I lwsoizany + 16.F) s

Note that

Ugzx = f — Uy,

and for s = 3, we have f € WH1(0,T; L*(0,1)) with u,u; € Yo,. It then follows for s = 3,

lullysr < C (1 lwomezon + 16 D)l )

O

Next the well-posedness of the nonlinear IBVP (|4.1]) is established. First it is shown that
the IBVP (4.1)) is locally well-posed in the space H*(0,1) for 0 < s < 3.

Theorem 4.3. Assume one of the conditions of 15 satisfied. Let T >0 ,0<s<3
and > 0 be given. There exists T* € (0,T] such that for any s—compatible (¢, E) € Xor
with

(6, 2l x,.r <,
the IBVP (4.1) admits a unique solution u € Ysr«. Moreover the solution depends Lipschitz

continuously on (v, 71) in the corresponding spaces.

PROOF. Let (¢, h) € X1 be as given and rewrite 1} as

Ut + Upgy = —Ug — Uy,

u(z,0) = ¢(x),
Blu = hl (t), BQU = hg(t), Bgu = hg(t)

Let 7 > 0 and 0 < 6§ < max{1,7} be constants to be determined. Set

Sor={v€Vsp | JV]ly,, <7}
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which is a bounded closed convex subset of ). Define a map I' on Sy, by
u="T(v)
where using the results from chapter three we have u being the unique solution of

Ut + Upge = —Vgp — Vg,

u(z,0) = o(x),
Blu = hl (t), BQU = hg(t), B3U = h3(t>

for v € Sp,. According to Lemma (4.2)), for any v € Sp,, we have

HF(U)”ys,a < CO”(¢> h)’ Xs,T + C”(U + 1)1)00"1/1/%’1(0,9;[/2(071))

then using Lemma 1) and given ||(¢, E)HXT <n with 0 < 0§ < max{1,T}

1T (v) Voo = Con + Cl|(v + 1)UIHW%J(079;L2(071))
< Con + C(07 +05)[|v + 11y, 0]l
< Con+ C165|[vlly.,([vlly,, + 1)
For given 0 < a < 1, choose r > 0 and 0 < # < 1 such that
1 1
r=2Cm and Ch03(r+1) < 3@ (4.9)
then for any v € Sy,
- 1
IT()ly,0 < Coll(¢, 2)llxs - + C1O5 ||0]ly, 4 ([0]]3,, + 1)
r 1
< 3 + Ch03r(r+1)
o7 N r
— - =7
-2 2
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Therefore I' : Sg,, — Sp,. Recall that

u="T(v) =Wy(t)p(x) + [Wb(t)ﬁ] (x) + /Wo(t —7)[(v + 1)v,ldr

0

. Then using Lemma (4.1)), 0 < § < max{1,7"} and for any u,v € Sp,;

0
WﬁO—F@W%ﬂZH/W%@—TWU+D%r%v+U%Mﬂxﬂ

< Clf(u+uy — (v + 1)UIHW§”1(0,9;L2(0,1))

< O (I + D =)l 320 10 =0l 51 0002017))
1
S 0193(”“”3}370 + ”U||ys,9 + 1)Hu - ,U”ys,e

< 20103 (1+7)|ju—v

y.s,@

< all(u —v)

ys,Q‘

Therefore the map I' is a contraction mapping on Sy .. Its fixed point u = I'(u) is the desired

solution. O

Next consider the following linearized IBVP associated to (4.1)).

g + g + (a(x, t)u)y + Upge = f, u(z,0) = ¢(x),
Blu = hl(t)7 Bgu = hg(t), B3U = hg(t)

(4.10)

where a(x,t) is a given function.

Proposition 4.4. Let T' > 0 and 0 < s < 3 be given and assume that a € Vs and
that one of the conditions of is satisfied. Then for any s—compatible (¢, l_i) € Xsr
and f € W51(0,T; L?*(0,1)), the IBVP admits a unique solution u € YVsp. Moreover,

there exists a constant C > 0 depending only on T and ||al|y, . such that

llyor < € (1@ I)xeir + 1 iy om0y )
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PROOF. For given (¢, ﬁ) and f, rewrite (4.10]) as

Ut + Uggy = f — Uy — (CL'U,)I,

u(z,0) = ¢(z),

Blu = hl (t), BQ’LL = hg(t), Bgu = h3(t)
As in the proof of Theorem (4.3)), consider the map

u="T(v)

for any v € V59 where 0 < § < max{1,7} and w is the unique solution of

Ut + Uggy = f — Uy — (CLU)x,
u(z,0) = o(x),
Blu = hl (t), BQU = hg(t), Bgu = ]’L3(t)

Its norm in the space )V is estimated by

—

1Ty, < CUS — v — (@0)allyingprzony + 16 D)lx..r)

< C(HfHW%’I(O,G;L?(O,I)) + 11+ a>vm||W§’1(0,6;L2(0,1)) + ||“$“”W%’1(o,e;L2(o,1)) + [[(, h)|

< Co(ll(¢, h)|

1 1
Xs,1 + ||f||W%’1(O,T;L2(071))) + 0(02 + 63)(“1 ta

vor Fllally, llvlly,,

< Co(ll(@, )|

1
Xs,T + ‘|f”w§vl(07T;L2(o71))) + 0193 (2”a| Vs, + 1)H/U”ys,9

- 1
< Colll(6: Bl + 11y 3 0 21220y + 2C16% (lally, o+ Dlelly.,

where we have used Lemma (4.1]). Thus, if r and € are chosen such that for 0 < o < 1

r=2Go(|[(¢, h)|

1 1
Xor T Hf”W%’l(O,T;L?(oJ)))? 0193(||a||y3,T +1) = 504 (4.11)

then for any v, u € 5,4 in the space Vg,

IT(v)

T
Voo S 5t
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and as in the previous proof

0
I (u) = T'(0)lly., = | /Wo(t = 7)(f + vz + (au)a) = (f 4+ va + (av)s)]dT |y, ,

< C (@ + D= el s przon + 180 = 0y i50p0201)

< 165 (2]|a

ys,Q + 1) ||u -v ys,G

< afl(u=v)ly,,-

with o = €103 (2|a

y.r +1) < 1. That is to say, I' is a contraction mapping from
Srg to Sy if 7 and 0 are chosen according to (4.11). Its fixed point u € S,y solves the
IBVP (4.10) in the time interval [0,0]. Note that 6 depends only on ||a|

y.r (In fact, 6 =
3
max{1, m }). By the standard extension argument, the solution u can be
Tally, 7 D)

extended to the time interval [0, 7] such that u € Vs . The proof is complete. d

Theorem (|4.3]) can be extended to the case where s > 3 for the IBVP (4.1).

Theorem 4.5. Assume one of the conditions of 15 satisfied. LetT >0, s> 3 and

n > 0 be given. There exists T* € (0,T] such that for any s—compatible (¢, E) € Xy with

||(¢7 E)HXZS,T < n,

the IBVP admits a unique solution u € Vs +«. Moreover the solution depends Lipschitz

continuously on (1, fz) in the corresponding spaces.

Remark 4.6. : In the above theorem, the length of the time interval (0,T*) depends only

— —

on [[(¢, W)l x, - instead of [[(¢, h)||x, r-

ProoOF. Consider the case 3 < s < 6. The others can be proved similarly. First of all,
according to Theorem (4.3)), the IBVP (4.1) admits a unique solution u € Y5 +. We just

need to prove this solution u also belong to the space YV, r+. To see that, let v = u;. Then v
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solves the following linearized IBVP

vy 4 vy + (a(x,8)0) g + Vpge = 0,
U(ZL’, O) - 9251(.17),
By =h"1), Byw=h"t), Byw=hr{)

where a(z,t) = u(z,t) € Y3+ and

¢ € H30,1), bV, nY € HF(0,77), n" € HF (0,T7).
It thus follows from Proposition (4.4) that
V=1Uu € Vs_37*

and therefore

(RS yS,T*

since

Ugppr — — Ut — Uz — UUy.
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CHAPTER 5

Conclusions

The focus of this dissertation has been the the nonhomogeneous IBVP of the KdV

equation posed on the finite interval (0, 1)

Up + Uy + Uy + Ugpe = 0, u(z,0) = ¢(x),
Blu = hl (t), BQU = hg(t), Bgu = h3<t)

(5.1)

for its well-posedness in the space H*(0,1) with initial data ¢ € H*(0, 1) and the boundary

value data

s+1 s+1
3

(RY) x H,® (R*) x H}

heH,; loc oc(BT).

After establishing the global Kato smoothing property for the associated linear problem,
the IBVP is shown to be locally well-posed in the space H*(0,1) for any s > 0 via the
contraction mapping principle. In particular, the life span (0,7*) of the solution depends
only on the norm of auxiliary data (¢, FL) in the space X, when 0 < s < 3, but in the space
X3 when s > 3. The results from this research have improved the earlier works of Bubnov
[20], [21] and Colin and Ghidaglia [23] and have extended the local well-posednes results of
Bona, Sun and Zhang in [§] for the KdV equation posed on a finite domain with Dirichlet
boundary conditions to the IBVP (5.1)) where a class of general boundary conditions are

imposed. There are still many problems left open for further study.
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Problem 1: Is the IBVP globally well-posed in the space H*(0,1) for any s > 07

As indicated in the work of Bona, Sun and Zhang [§], it suffices establish the following
a priori global estimate for solutions of the IBVP ((5.1) with homogenous boundary data
(hy = hy = h3 = 0) in the space L?(0,1):

for any T > 0, there exists a constant Cp such that

sup |lu(-, 1) r200,1) < Cr- (5.2)
0<t<T
To try and establish this we will consider an energy estimate and determine where 22 <

dt
0. Consider the differential equation (5.1)) and multiply both sides of the by u and integrate

over (0,1) with respect to x.

1 1 1 1

/utudx = —/uqudx — /uuxdx— /uuxmda:
0 0 0

0

Using integration by parts we find that

1 1 1 1
1d 1 1
- /qux = ——/(u3)xda: - /(uz)mda: — /uumxdaz
2dt 3 2
0 0 0 0 (5.3)
I ST T S N
N 3u 0 2u 0 umu0+ 2ux 0

Consider the conditions placed on the parameters to establish local well-posedness,

namely,

a) If &1ﬁ1§1 7&0, then F1 Z 0,F2 Z 0
b Ifﬁl %0,51 7&0,0(1 = 0 then FQ 20,()(2:0,@37&0

(

®) (5.4)
(C) Ifﬁlz(),fl#O,al;éO, thenFlzo, Fg?éo

(

d)Ifﬁlz(),ozl#O,&:O, thenFlzo, F37§O
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where,
2 2
az Al e B3 &
FLF=——-—=F="—"-""—2_and I3 = — .
1 o 205% y 472 5151 51 2512 an 3 ﬁ2§2 ﬁggl

Consider case (a), where a;3:& # 0. As in the proof of lemma (3.1)) in chapter three,

the boundary conditions become

aa(0) = ~2u,(0) — Z2u0), emmzéf—%mm, ue(1) = —2u(1)

using these in (5.3)), along with the inequality (3.7 we find that

%% /u2dx = —%u?’(l) + %u?’(O) - %uZ(l) + %uz(o) - <§2—§2 - %)UQ(D
161 1
0
2 1
- S, 0u(0) = £202(0) + SL02(1) - G0

=)+t - (22 -2 ) - S 0uo)

3 Bi& B 25’12 2 o
1 1
- Z—TUQ(O) — 5u.%(0) + 5u*(0)
L4 1 4 Bobs B3 &5 1\ as  oa? 1y
S—gu (1)+§U (O)_ <ﬁ1_£1_a_ﬁ+§>u (1)— (a—l—m—§)u (O)

Recall that for (a), F1 > 0, F, > 0. However to control the first two terms, —zu3(1) +
3u3(0), we need to further assume that «(0) = 0 and u(1) = 0. Then the boundary conditions
reduce to u(0) =0, u(1l) = 0, and u,(1) = 0.

Consider the second case with 3; # 0,& # 0,a; = 0. As before use the rewritten
boundary conditions which gives:

[l B3

s(0) = = 2u(0), wanz(ag—aym» (1) = —2u(1)

using these in ([5.3]), we have
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1
1d 1 1 >
i = 0520 (G5 g e
0
Ua (0)u(0) + (Z—z + %)uQ(O)

Using Iy > 0,9 = 0, a3 # 0 from (b), we know that u(0) = 0. This still leaves the term
—zu3(1). In order to control this term we will need to assume that u(1) = 0. This implies
then that w,(1) = 0, which leads us back to the reduced boundary conditions u(0) = 0,
u(1l) =0, and u,(1) = 0.

Lastly consider cases (¢) and (d). Using the boundary conditions we have

As with previous cases we will have to assume that «(0) = 0.
Therefore, using this approach, %it) < 0 is available only in the case of the Dirichlet

boundary conditions

w(0,t) =0, wu(l,t)=0, wu.(l,t)=0.

Problem 2: Is the IBVP well-posed in the space H*(0,1) for some s < 07

The IBVP (5.1) with the Dirichlet boundary conditions

w(0,8) = ha(t), w(l,t) = hot), uu(L,t) = hs(t)
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has been proved to be locally well-posed in the space H*(0,1) for any —1 < s < 0 [II]. It
will be interesting to see if this will hold for the IBVP with general boundary conditions
presented in this research.

One may also view the boundary value functions h;, j = 1,2,3 as control input and

study the IBVP (5.1)) from control theory point of view as in [76].
Problem 3: Is the system exactly controllable?

Control and stabilization of the KdV equation has been extensively studied in the past
two decades (an overall view of the subject is presented in [60]). The control question
posed here is given an initial state ¢ and a terminal state ¢ in a certain space, is there an
appropriate control input f so that the equation admits a solution u which equals ¢
at time ¢ = 0 and equals ¢ at time t = T To be exactly controllable a control input f can

always be found to guide the system from any given initial state to any given terminal state.
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Appendix

Introduction to Semigroup Theory

Semigroup theory can be applied to solve many time-dependent partial differential equations
as ordinary differential equations on a function space. This section contains a brief introduction
to the elements of semigroup theory from Pazy [58] used in chapter three.

Let X be a Banach space with norm || - ||,

Definition 5.1. A linear operator A with domain D(A) C X and range in the Banach
space Y, is called a closed operator if it has the property that whenever x,, C D(A) satisfying
x, —x € X and Az, —y €Y, then x € D(A) and Az = y.

Definition 5.2. An operator (D(A), A) is closable if for every sequence x, € A such

that z,, — 0 we have either

(i) Az, — 0, or (1) lin% Az, does not exist.
n—
We can conclude that all bounded operators are closed as well as differential operators.

Definition 5.3. A linear operator A with domain D(A) C X is a densely defined operator

for the Banach space X if D(A) = X.

Definition 5.4. A linear operator A is dissipative if for every x € D(A) there is
a* € F(z)={a": 2" € X* and (z*,z) = ||z||* = ||=*|]*},

such that
Re(Ax,x*) <0,



Appendix

where F(x) C X*.
Note that if the space is Hilbert, for the operator to be dissipative we need Re(Ax, z) < 0.

Definition 5.5. A one-parameter family T(t),0 < t < oo, of bounded linear operators
from X into X is a semigroup on X if
(i) T'(0) = I, where I is the identity operator on X;

(il) T(s+t)="T(s)T(t) for every s,t >0 (the semigroup property).

A semigroup T'(t),0 < ¢t < oo of bounded linear operators is a uniformly continuous

semigroup if

lim||T(t) — 1]| = 0. (5.5)

From the definition, we can conclude that if 7'(¢) is a uniformly continuous semigroup of

bounded linear operators, then

lim ||T(z) — T(#)|| = 0. (5.6)

T—t

The linear operator A defined by

D(A) = {ZL‘ € X: limw exists} ,

t—0 . (57>
Az — lim T(t)x —x _ drT(t)z o |
t—0 t dt

is called the infinitesimal generator of the semigroup 7'(¢), and D(A) is the domain of

the operator A.

Definition 5.6. A semigroup T'(t), of bounded linear operators on X is strongly continuous

semigroup of bounded operators if

lim T (t)r = x, (5.8)

t—0

for every x € X.
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A strongly continuous semigroup of bounded linear operators on X will be called a

semigroup of class Cy or a Cj semigroup.

Theorem 5.7. Let T(t) be a Cy semigroup. There exist constants w > 0 and M > 1
such that
I1T()| < Me** for 0 <t < oo (5.9)

If w =0, T(t) is uniformly bounded and if moreover M = 1 it is called a C, semigroup
of contractions. In other words if ||T'(¢)z|| < ||z|| that is, ||T(t)|] < 1 for each ¢t > 0, then T
is called a Cy contraction semigroup.

Now we recall that if A is a linear, not necessarily bounded, operator in X, the resolvent
set p(A) of A is the set of all complex numbers A for which A/ — A is invertible,that is,
(M — A)~! is a bounded operator in X. The family R(A : A) = (A\[ — A)~', X € p(A), of
bounded linear operators is called the resolvent of A.

The following theorem is known as Hille-Yosida’s theorem.

Theorem 5.8. A linear (unbounded) operator A is the infinitesimal generator of a Cy
semigroup of contractions T(t),t > 0, if and only if

(i) A is closed and D(A) = X ;

(i) the resolvent set p(A) of A contains RT and for every A > 0,

[R(A = A)|] < (5.10)

> =

As a consequence of this theorem we obtain the following corollary:

Corollary 5.9. A linear operator A is the infinitesimal generator of a Cy semigroup

satisfying ||T(t)|] < e if and only if

(i) A is closed and D(A) = X;
(7i) the resolvent set p(A) of A contains the ray {\: Im\ = 0, \ > w} and for every X\ > 0,

1
1RO Al < 5—. (5.11)
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The Lumer-Phillips theorem and its corollary are used in considering the associated linear

problem for the IBVP.

Theorem 5.10. Let A be a linear operator with dense domain D(A) in X.

(i) If A is dissipative and there is a N\g > 0 such that the range, R(AoI — A), of Aol — A
1s X, then A is the infinitesimal generator of a Cy semigroup of contractions on X.

(ii) If A is the infinitesimal generator of a Cy semigroup of contractions on X then
RA — A) = X for all A > 0 and A is dissipative. Moreover, for every x € D(A)
and every x* € F(z), R€<AJZ, x*> <0.

As a result we have the following corollary:

Corollary 5.11. Let A be a densely defined closed operator. If both A and A* are

dissipative, then A is the infinitesimal generator of a Cy semigroup of contractions on X.

The previous results allows us to prove the following theorem especially useful in the

research presented.

Theorem 5.12. Let A be a closed densely defined linear operator. The initial value

problem
® — Au(t) + f(t), t >0
A0 = Au(t) + (0, ¢, 1)
u(ty) =z, e X
with f € C(RY,X) has a unique solution u(t), which is continuously differentiable on

[0,00), for every initial value x € D(A) if and only if A is the infinitesimal generator of a

Co semigroup T'(t).
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