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ABSTRACT

The exponential Euler method is a specialized numerical method that was used
in a software package called GENESIS which was created to model neurons and
neuronal networks. In this thesis we provide a convergence analysis for this scheme
in the context of some standard models from neuroscience. We provide several
computational examples to further study the accuracy. We also briefly consider a
simple model of neuronal network activity waves.

There are two major parts to this dissertation. The first part concentrates on
the error analysis of the exponential Euler scheme. The basic scheme is first order
accurate. A second order modification is introduced. We also show how this expo-
nential Euler method can be applied to mathematical models of neuronal networks
that involve integro-differential equations. We prove a convergence theorem for this
case.

The second part of this dissertation focuses on the modeling of retinal waves in

the visual cortex. We propose a firing rate model for amacrine cells.
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Chapter 1

Introduction

Mathematics has been frequently used to describe and understand the major pro-
cesses of the nervous system. Mathematical neuroscience has two main goals. The
first goal is to develop suitable mathematical models that describe the properties
in the nervous system. The other important goal is to use these models to make
predictions and understand how the nervous system works.

There are two major parts in this dissertation. The first part concentrates on
the error analysis of the exponential Euler scheme that is a specialized numerical
method for computing approximate solutions to the mathematical models in neuro-
science. And the second part focuses on the modeling of retinal waves in the visual

cortex.



1.1 Error Analysis of Exponential Euler Method

Mathematical models in neuroscience usually consist of systems of ordinary differ-
ential equations (ODEs). The basic equation for the electrical activity of a neuron
was developed by Hodgkin and Huxley in their Nobel Prize winning work in the
1950’s and consists of four ODEs ([HK] and [HH]). The FitzHugh-Nagumo equa-
tions form another model for a neuron’s activity (See [KS] for an overview). These
models can be solved by Runge-Kutta or Euler (forward or backward) methods as
well as standard ODE solver packages. However, these schemes do not exploit the
structure that exists in the neuron models.

Nonstandard methods are numerical schemes constructed to solve differential
equations which have special properties (See [AL], [M1], [M2], [M3], or [RU]). In
general, these schemes consist of special representations for nonlinear terms and
more complex functional forms for the step sizes. The major advantages of non-
standard methods are that they often provide better approximations than those of
conventional schemes in many situations. Although many such schemes have been
introduced and studied computationally; except for [RG], there have been very few
that offer a rigorous error analysis.

The exponential Euler method is a nonstandard method that was introduced

by computational neuroscientists. It was used as a default integration method in



GENESIS which is a popular package for the simulation of neuronal systems [BB].
The scheme is explicit like forward Euler, but the data shows that it is stable for
large time steps; however, in [BB], it is noted that it is difficult to rigorously analyze
the error of the scheme (see page 334 of [BB]) and it is not as accurate as the forward
Euler method with the same step size. In this dissertation we provide this rigorous
error analysis. Our estimate shows that the exponential Euler method is first order
accurate.

Most ODE discretization schemes (e.g. Runge Kutta, Multistep, etc) can be
extended to provide higher-order accuracy. However, the exponential Euler scheme
introduced in [BB] is only first order accurate. Using the Runge-Kutta technique
for extrapolation, we provide a second order modification of the exponential Euler
scheme.

A certain type of integro-differential equation has frequently been used to de-
scribe neuronal activity in a synaptically coupled neuronal network ([PE], [TEY]).
We have applied the exponential Euler scheme to the integro-differential equation
and have shown that this scheme is first order accurate.

When dendrite and axonal structures are included in neuron models, the result-
ing mathematical system typically involves time-dependent nonlinear partial differ-
ential equations (see [KS] for an overview). We briefly discuss methods based on

splitting schemes combined with the exponential Euler method.



1.2 Mathematical Modeling of Retinal Waves in Visual

Cortex

The second part of this dissertation focuses on the mathematical models of retinal
waves in the visual cortex. Most neuronal systems are very complicated, and their
mathematical models will have many parameters and variables. Often, simplified
minimal models are sufficient to analyze and interpret the neuronal system.
Synchronized bursting activity generated by synaptically connected networks
can be detected by multielectrode recordings and fluorescence imaging of calcium
indicators can detect modulations in the levels of cytoplasmic calcium throughout
the developing nervous system in various vertebrate species ([WMS] and [Y]). In the
developing retina, spontaneous neuronal activity can be monitored in the ganglion
cell layer and it exhibits complicated spatiotemporal patterns called retinal waves
([IMWBS] and [C]). It is known that a synaptically connected network of amacrine
cells and ganglion cells in retina produces these waves ([WCSS] and [FWSWS)).
Feller et al ([FBARS]) have created a computational two layer model of the
developing retina which reproduces the spatiotemporal properties (retinal waves)

and suggests a mechanism by which the retinal circuitry can generate these patterns.



The model in [BFSR] and [FBARS] uses instructions much like those used in cellular
automata instead of using the more common integrate-and-fire, Hodgkin-Huxley or
firing rate techniques to produce the main mechanisms. In this dissertation, we have
developed a firing rate model that simulates the results in [BFSR] and [FBARS].

The model is simplified to be only one-dimensional.

An outline of this dissertation is as follows. In Chapter 2, we briefly introduce
concepts on mathematical neuroscience as well as some of important mathematical
models. We include Hodgkin-Huxley, FitzHugh Nagumo, and Morris-Lecar models
as well as an integro-differential equation model for networks. In Chapter 3, we
introduce the exponential Euler scheme and provide a rigorous error analysis of
the scheme as well as a second-order accurate extension of it in the case of ODE
system neuron models. A brief qualitative and stability analysis of this scheme is
furnished. Next, we analyze the exponential Euler scheme when it is applied to
integro-differential models and show that the scheme is first-order accurate. At
the end of this chapter we suggest a fully discrete approximation method for time-
dependent partial differential equations which uses the exponential Euler scheme for

the time discretization. We also provide rather extensive computational results for



the scheme in this chapter. In Chapter 4, we introduce a firing rate mathematical
model that reproduces the spatiotemporal properties of retinal waves as well as a

derivation of the model and some computational results.
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Chapter 2

Mathematical Neuroscience

In this chapter, we briefly discuss some basic concepts in neuroscience. This will
help to understand the mathematical models in Chapters 3 and 4. More information

and details can be found in [Z], [KS], [F], and [T].

2.1 Neuron and Action Potential

The basic unit of the nervous system is the neuron. Most neurons consist of three
parts: the cell body (or soma), the dendrites, and the axon. Figure 2.1 shows the
structures of a typical neuron. The dendrites receive incoming signals from other

neurons. These signals are transmitted along the axon to other neurons. At the
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end of an axon, there are cellular junctions, called synapses, where the cells can
communicate with each other.

Each neuron is surrounded by a cell membrane that separates the cell from the
external environment. Many ions such as Na®, K*, Ca?", and Cl~ are dissolved in
the intracellular and extracellular environments. Usually the ionic concentrations
in and out of the cells are different. For example, the intracellular concentration
of the potassium ions is higher than that outside of the cell, while the intracellular
concentrations of sodium and calcium ions are lower than their extracellular con-
centrations. There are many ion channels and pumps in the cell membrane that
maintain these concentration differences of the ions between the inside and outside
of the cells. Since the ion concentrations on the inside and the outside of the cells
are different, there is a potential difference across the membrane.

When the cell is stimulated (if enough applied current occurs so that the mem-
brane potential reaches a threshold level), the membrane potential goes through a
dramatic change, which is called an action potential. Neurons communicate with
each other by generating and transmitting these action potentials. During the ac-
tion potential, the permeability of the cell membrane to the ions is changed. For
instance, during the action potential, the sodium channels are open allowing the
sodium ions outside of the cell to flow into the cytoplasm. This results in a rapid

rise in the membrane potential. After that, the sodium channels are closed and
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Figure 2.1: Schematic diagram of biological neuron

the potassium channels are open so that the potassium ions flow out of the cell.
This brings the membrane potential back to the resting potential (Figure 2.2). It
is important to understand that the sodium channels act very quickly while the
potassium channels act slowly.

After firing an action potential, a nerve cell is incapable, for a certain amount
of time called a refractory period, of firing another action potential and the sodium
and potassium pumps move sodium and potassium ions in and out of the cell until

the membrane potential reaches the resting membrane potential.
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Figure 2.2: Action Potential

2.2 Morris-Lecar Model

Mathematical modeling took a major step forward in 1952; Alan L. Hodgkin and
Andrew F. Huxley developed the first quantitative model of electrical activity of a
squid giant axon in a series of five articles ([HHal|, [HHb], [HHc], [HHd], and [HH]).
They were awarded the 1963 Nobel Prize in physiology and medicine. Although
their model was originally developed to describe the action potential in the giant

axon of a squid, it became the basic equation for modeling of electrical activity of

cells and the study of excitability.

The Morris-Lecar model is a Hodgkin-Huxley type model that contains a system
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Figure 2.3: Schematic diagram for the Hodgkin-Huxley model.

of two differential equations. This model is orginally formulated to describe electrical
activity for a barnacle muscle fiber. The Morris-Lecar model is defined by the

following system of differential equations:

dV
CE = —gcaMoo(V —Vio) —grw(V = Vg) —gr,(V = Vi) + 1
dw (Weo — W)
_— = — 2.1
dt T (2.1)

The basic idea of this equation is obtained from Ohm’s law,

V=IR

where V' is the potential difference (voltage) between two points which includes a

15



resistance R. For biological work, it is often written as
I =gV

where the conductance g = %. In neuroscience, V represents the potential difference
between the membrane potential and the resting potential, and I is the current
flowing across the membrane. We consider the cell membrane as a capacitor in
parallel with ionic currents. In this model, there are a delayed rectifier potassium
current, a fast activating calcium current and a leak current. The Ohm’s law gives
the potassium current as Ix = gxw(V — Vi) where the potassium conductance is
grxw and (V —Vk) is a driving potential. g is the maximum potassium conductance
and w, known as a recovery variable, represents the fraction of open potassium
channels. Similarly, the calcium current is represented as Icq = goaMoo(V — Vig)-
Here my, is the percentage of open calcium channels and gc, is the maximum
calcium conductance.

The functions

V —
Moo (V) = 0.5-[1 + tanh( V”l)],
2
V —
wee(V) = 0.5-[1+tanh(——)],
4
V—V3

(V) = (cosh( )~

2y
are the equilibrium open fractions for the calcium current, the potassium cur-

rent, and the activation time constant for a delayed rectifier, respectively. Here,
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C = 20umF/em?, goa = 4.4mS/cm?, gk = 8mS/em?, g, = 2mS/em?, v, =
—1.2mV, vy = 18mV, v3 = 2mV, vy = 30mV, Vi = —84mV, Vo, = 120mV, and

VL = —80mV.

2.3 FitzHugh-Nagumo Equation

The FitzHugh Nagumo equation is a simplication of the Hodgkin-Huxley model that
consists of two variables, one fast and one slow. The fast variable is the excitable
variable while the slow variable is called the recovery variable. The parameter ¢ is
introduced in order to control the speed of one variable relative to the other variable.
Phase plane techniques can be used to analyze this model (see [KS]).

The FitzHugh Nagumo model is defined by the following system of differential

equations with the dimensionless variables:

“u fv) —w—wp
dw o
P v — yw — Uy

where f(v) = Av(v —a)(1l —v) with 0 < a < 1.

The generalized FitzZHugh Nagumo model is defined by the following system of
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Figure 2.4: Solutions of FitzHugh Nagumo system (2.2 and 3.27) with ¢=0.014

where I=0 (left) and I=0.5 (right)
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differential equations:

dv

e = flo,w)+1

dw

L= gww) 22)
where the nullcline f(v,w) = 0 resembles the cubic shape and the nullcline

g(v,w) = 0 has precisely one intersection with f(v,w) = 0. See Figure 2.4 for

pictures of the solution v.

2.4 Hodgkin-Huxley Model

The Hodgkin-Huxley model consists of four differential equations. One of the equa-
tions of the model describes the evolution of the membrane potential, and the rest of
the equations represents the properties of the ionic channels. The Hodgkin-Huxley

model can be written as follows:

C% = —grn*(v —vK) — gnamh(v — vNe) — gL (v — v1) + Tupp,
dm  (m—my)

WS

dn (n—nwo)

o

dh (b= hoo)

a1
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Here, v represents the membrane potential and each term in the first equation
represents the ionic currents. vg, vyg, and vy, represent the resting potentials of the
ions and gxn?, gnem>h, and g7, are the conductances of the ions. Also, m and n are
the activation gating variables, and h represents the inactivation. All are functions
of v. These gate variables obey the equations of two-state channel models and vary

between zero and one with voltage dependent functions, 7, 7,, and 75, (See [KS]).

2.5 Integro-Differential Equations

Synaptically coupled neuronal activity models are often described by integro-differential
equations (see [TEY], for instance). Consider the following integro-differential equa-
tion which, loosely, models a one dimensional network of neurons connected by

synapses in nondimensionalized form ( see page 213 in [PE], for instance),
w=—u—w*g(u)(u—ugr)+ f and u(-,0) = ug (2.3)

where v = u(z,t) usually represents an averaged membrane potential at point x
(spatial location) and time ¢. Here, up is a nondimensionalized reversal potential,

the second term, w * g(u)(u — ur) represents the synaptic currents. The symbol x*

20



is for convolution over the spatial domain and is defined by

wegtw = [ " w(e - y)g(uly, 1) dy

—o0
where w is the distance dependent strength (or weight) of synaptic interaction. The

function w is often defined on (—o0, ), bounded, even and normalized such that

/wdaczl.
R

For example, w might be defined to be a Gaussian ([PE]) or a Mexican hat ([LTGE]).
The firing rate function g(u) is nonnegative, monotone increasing and f = f(z,t) in-
cludes equations for ionic channels and gates as well as the applied current. Interest

in these models focuses on traveling wave solutions and stationary bump solutions

([PE], [TEY] and [LTGE]).
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Chapter 3

Error Analysis of Exponential

Euler Method

In this section, we introduce the Exponential Euler method, and present the error
analysis of the scheme and a second order modification. Also, we provide an error
estimate of the method applied to the basic integro-differential equation model that

often describes synaptically coupled neuronal networks.
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3.1 Derivation and Motivation

Consider the initial value problem:

y' = A(y) — By)y, y(0) =1yo (3.1)

where, in general, A(y) and y will be vectors and B(y) will be a diagonal matrix.
In neuroscience, one of the components of y is the voltage (membrane potential) of
a cell and is dependent on time (and often spatial location too). The other compo-
nents will represent the states of the various ion channels. Most of the initial value
problems that arise in neuroscience take the form of equation (3.1). For example,
consider the Morris-Lecar equations introduced in previous chapter (see [ML] or

[T]). To place the Morris-Lecar equations in the form (3.1), we set

v %(gLvL + grwUK + gcaMoo(V)Vq + I)

w Weo (V) /7 (V)

and

(9L + grw + goamoo(v)) 0
B(y) =

0 7(v) !

The exponential Euler method could also be applied to the ionic current equations

23



that arise in cardiology (see [KS] or [SLT]).

The derivation of the exponential Euler scheme follows from the fact that there
would be an exact solution for the differential equation if the functions A and B
were constant. Partition the interval [0, T'] uniformly and let t,, = nh and h = T'/N.

Also let I, 41 = [tn, tn+1]. The exponential Euler scheme is
Yn+1 = e_B(gn)hyn + B(gn)il(l - e_B(gn)h)A(gn)- (32)

where in the standard scheme, the extrapolation is 4, = y,. Since B is a diago-
nal matrix, B~!(f,) and e BUn)h are straightforward to compute. By setting the

extrapolation

h

Yn =Yn + E(A(yn) — B(Yn)Yn)s (3.3)

we will show that a second order accurate scheme results.

3.2 Error Estimation for the Basic Exponential Euler

Scheme:

In this section we focus on the error analysis for the exponential Euler method. As

we mentioned earlier and noted in [BB] this has not been done before. The basic
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exponential Euler scheme is first order accurate and our error estimation allows us
to create second order extensions which we present in Theorem 3.3.2.

In order to analyze the error of the scheme, we need the following hypotheses.
We assume that the solution of the IVP (3.1) has two continuous derivatives; thus

there exists a positive constant M so that
| D7y |0y < M for j=0,1,and 2. (3.4)

This is reasonable for models from neuroscience since in most cases, y represents
a bounded quantity such as the membrane potential of a cell (Action potentials,
though representing sharp changes in behavior, are generally smooth in Hodgkin-

Huxley models.). We also assume A and B are continuously differentiable.

Lemma 3.2.1 Let w be a continuously differentiable function on I,y which is

bounded with a bounded first derivative. Then

Aw(t)) ~ 5 [ Atw(s) dsl < o (3.5)
Bt~ 5 [ Blus)ds < on (3.6)

where C' is positive constant that is independent of h.

Proof:  Both estimates follow by rewriting the first term as an integral (e.g.

25



A(w(ty)) = 1 fln+1 A(w(t,)) ds and then using the Taylor expansion

A(w(s)) — A(w(tn)) = A'(y(©)y' () (s —t,).M

We are now in a position to state and prove our main theorem,

Theorem 3.2.2 Let y be the solution of (3.1) and y, be the values obtained from

the method (3.2) forn=1,2,..., N with §, = yn on I,1. Then,
| y(tn) = Yn [loo< Ch for n=1,2,...,N.

Proof: We redefine A and B to create a numerical approximation, the z,, which
is guaranteed to be bounded; we eventually show that z, = y, for all n. Let
A(z) = A(z) for || = | zoo(0,y< M + 1 and extend A(z) outside of [—(M +1), M +1]
so that

| AD || ooy < K for j=0and 1. (3.7)

Similarly define B(z) so that for j =0 and 1,

B(z) =B(z) for || z|lpe@mr<M+1 and || BY ||per)< K. (3.8)

Since y is bounded by M, it is also the solution of the differential equation with A

and B replaced by A and B. Let zZp+1 be defined by

26



g1 = e PEa 4 Ban)THT — e P A(zy,).
forn=1,2,...,N and zy = yp . We will now show that
| y(tn) — 2n lo< Ch. (3.9)

This will complete the proof since

| 2n lloo=ll ¥(tn) + 2n — Y(tn) o<l Y(tn) lloo + || 20 — y(tn) loo < M + Ch

and so for h < &, we have || z, o< M + 1. Then we have y, = z, since

A(zy) = A(zy) and B(z,) = B(zy) for all n. Therefore, || y(tn) — yn [|loo< Ch.
We now prove (3.9). Let 7,41 be the local truncation error on I,,;; defined, as

is customary, by inserting the true solution y into the numerical scheme (3.2) (with

y(tn) as the extrapolation substituted in the A and B functionals),

Yltar) = POy () + Bly(t,)) L (1— e BOODN) Ay (t,) + moga.

or

Y(tns1) = e By ) 4 / e~ i B0 s Ay (1)) dt + T

In+1

Then

a1 = yltasr) — e BOEDhy ) / e I Bt s Ay (1)) dt

In+1

27



Now, using (3.6) of the lemma 3.1,

1T oo = | (&7 ws POODE _ emBOEDIRY ) o

et (B(y(tn))h —/I B(y(S))dS) y(tn)

oo

Ch?.

IN

We used the meanvalue theorem on the second step with ¢ a diagonal matrix and &;;

in between (B(y(t,))h),; and ( Ji B(9)) ds) fori=1,2,---,d. For the second

22

term V', we have

I e T B s gy (1)) — e T BOED) ds 4 (1)

Ing1

e BT PG A (A (1)) — Aly(ta)))] dt [l

IV lloo

<1 et (B(y(tn»h - [ Bt ds) Aly(t)) dt 1o

Ing1
L[ e BT B A1) — A(y(ta)) dt o - (3.10)

Ing1

Here, we also used the Mean Value Theorem on the second step with &;; in between

(fi Bga)hds)

)

and (ftthrl B(y(S))d5> fori =1,2,---,d. For the first term

i

28



on the right of the expression above, we have

[ et (B(y(tn»h - [ Bt ds) Aly(t)) dt o

Ing1

e ( [ e - B(y(s)))ds) Aly(t)) dt [

Ing1

IN

O(h?)
since for t < s < 41,

|1B(y(tn)) = B(y(s))| = |B'(n)(y(s) = y(tn))| < Ch.

And using (3.5) of the lemma 3.1, the second term on the right of (3.10) is O(h?).
Thus, we can conclude

IV [lo< Ch?

and therefore, we have

| Tt oo < Ch*.

So, letting E, 11 = y(tp+1) — 2n+1, we have

f:n+1

E,p1 = e_B(y(tn))hy(tn)+/ e B(y(tn))dsA(y(tn))dt

In+1

bl = -
—e By / e et B(zn)ds 4(z,) dt + Tni1. (3.11)
Int1
We now estimate the difference of the first and the third terms;

| e BOEDhy(,) — =Bk,

< | (e PWEIh — o= BEIy (1) e PER (y(t) — 2n) oo

29



< b €"(B(zn) = By(ta)y(ta)lloo + (I = he* B(zn)) En ||

< (1+Ch)||Enlle

using B(y(tn)) = B(y(ta)). Here, ni; is between (B(zn))ii and (B(yn))i and & is
between 1 and (B(z,))s; for i = 1,2, -- -, d. Similarly, estimating the difference of the

tpal
second and the fourth terms in (3.11) by adding and subtracting e~ J¢ T B(zn) @ Ay (t,))ds,

we obtain

ty ntl Bz A
|| o i B(y(tn))dsA(y(tn)) dt — / e B(Zn)dsA(én) dt ||oo

In+1 In+l

< (1+Ch) | En lloo

using the fact that B(y(tn)) = B(y(t,)) and A(y(t,)) = A(y(t,)). So, we have from

(3.11) and our estimates
I Enst lloo< (L4 Ch) | En lloo + | Tat1 lloo -

We now apply the above inequality for n,n —1,---,1. Since || Th11 |leo= O(h?), we
have

| En [lo< (14+Ch)" || Eo [lso +O(h) < Cl|Eq|l + O(h). B

That completes our proof. Hence, the basic exponential Euler method is first order

accurate.
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3.3 Error Estimate for the Modified Exponential Euler

Scheme

In this section, we introduce a modified exponential Euler scheme which is the sec-
ond order accurate. Here, we used the basic midpoint method to define the g, in
equation (3.3). To prove the second order accuracy of the modified scheme, we need

the following lemma.

Lemma 3.3.1 Let y be the solution of (3.1). Suppose (3.4) holds and A, B and

their first and second order derivatives are bounded. Then,

At + 5106 ~ 5 [ Aw)dslwsor @)
| Bt + 570~ 5 [ Boe)ds lusor® (313)

where C' is positive constant that is independent of h but may depend on the bounded

quantities (e.g. A, A', B, ...). Here f(y) = A(y) — B(y)y.

Proof: We can easily show (3.12), using Taylor expansion with the assumption
(3.4) and the boundedness of the derivatives of the function A;

At + 510~ 5 [ Ao ds

= Aly(t) + 5 Fo00) A Cy(00)
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_%/I [A(y(tn)) + A,(y(tn))yl(tn)(s _ tn)] ds + O(h2)

= O(h?).

The last step follows since fln+1(3_t”) ds = %2, %fln+l ds = land y/'(t,) = f(y(tn)).

Similarly, we can prove (3.13). B

The following theorem shows that the modified exponential Euler method using the

basic midpoint scheme is second order accurate.

Theorem 3.3.2 Let y be the solution of (3.1) and y, be the values obtained from
the method (3.2) with §, defined as in (3.3) for n = 1,2,...,N. Suppose (3.4),
(3.12) and (3.13) hold and second order derivatives of the functions A and B are

bounded. Then
I y(tn) = yn lse< CH® for n=1,2,...,N.

Proof: The proof of this theorem is very similar to that of Theorem 3.2.2. We only
need to show that the truncation error of the modified exponential Fuler scheme is

O(h3). Let 7,,1 be the local truncation error on I, 1, then we have

Thil = € J1, 41 BOG) dsy(tn) + / e~ J B(y(s) dsA(y(t)) dt
In+1
o tn o
—e Bhy 3,y — / e Ji Bgn)ds A (g, dt

Ing1
e S 5]y
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+/ e BT BN 5 Ay (1)) — o= I BOD A ] b
In+1
= U+ Vs
Now, using (3.13) of the lemma 3.3.1 and the Mean Value Theorem,
1 Us [loo< O
. For the second term V5, we have
B tn+1
Vel < 1 [ e (B [ Bt as) Aw) d -
n+1
tn -
e BRI Ay) - AGa) dt - (314)

Iy

We also used the mean value theorem. For the first term on the right of the expres-

sion above, we have
~ tpt1
1] et (Ban- [ B ds) Awo)ar
n+1 t

=0 e ( [ @ - B(y(s)))ds) Aly(t)) dt |1

IN

O(h?)

since for t < s < tp41,

| >

I B(n) = B(y(s) o = Il B'()y(s) —y(tn) — 5 (Aly(tn)) — B(y(tn))y(tn))] lloo

< Ch.

And using (3.12) of the lemma 3.3.1, the second term on the right of (3.14) is O(h3).
Therefore, we can conclude

| Va lao< CR.
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Hence, we have

| Tt oo < Ch’.

That completes our proof. B

Numerical results will be presented in the Section 3.7 that will provide an explicit

example of this.

3.4 Qualitative Analysis of the Scheme

In this chapter, we examine the dynamics and stability of the exponential Euler

scheme. In general, to test the stability of a method, the scalar test equation,
y' =Xy, with y(0) =1 where Re(\) <0

is used. However, the exponential Euler method solves the above test equation
exactly making it already quite stable relative to the usual criterian. To explore the
schemes stability properties a little further, inspired by the work in [I], we used the

logistic equation,
y' = By(l —y), with y(0) =y, where 8> 0 and real. (3.15)

as a test equation.
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First, we quickly summarize some basic ideas used in a qualitative analysis of

an ODE. For
y' = f(y) with y(0) = y. (3.16)
We define that ¢ is a fized point of (3.16) if f(¢) = 0. To examine the stability of the

differential equation (3.16) at the fixed points, it is customary to set €(t) = y(t) — ¢

and then

And we have a following definition for the stability of the fixed point of (3.16); we

say the fixed point of (3.16) is stable if f'(¢) < 0.

Example 3.4.1 (Logistic Equation)

In the case of the logistic equation (3.15), the fixed points are 0 and 1 and, since
f'(9) = B(1 - 29).

the fixed point § = 1 is stable. It turns out that tgrgo y(t) =1 if yo > 0.
To study the stability of numerical methods near fixed points, we examine the
map
Yn+1 = P(yn).
We also define Y as a fixed point (rest point) of the numerical method if Y = ®(Y).
and we say that the numerical method is stable in the neighborhood of the fixed
point Y if |, (V)| < 1.
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Example 3.4.2 (Forward Euler Scheme)

The forward Euler method is the conventional explicit method;

Ynt+1 = Yn + hf(yn)- (3.17)

If we let ®(y) = y + hf(y), then (3.17) can be written as y,+1 = ®(y,). To find
the fixed point of the forward Euler method, we let Y = &(Y) = Y + hf(Y). Then,
f(Y) = 0. On the other hand, the fixed points §j of the differential equation (3.16)
satisfy f(9) = 0. Therefore, the forward Euler scheme has the same fixed points as
the differential equation. For instance, the fixed points of the forward Euler method
are 0 and 1 in the case of logistic equation (3.15).

To analyze the stability of the method applied to (3.15), we find that <I>’(Y) =
1 + hB(1 — 2Y). Therefore, for the method to be stable at ¥ = 1 we must have

h < 2/ (restriction on the step size h.) B

We carry out similar calculations for the exponential Euler scheme; here

N

Blyn)h (y”)(l _ =Blumhy,

(Yn

Cb(yn) = Yn€

S~

Solving <I>(f/) =Y forY,wehave Y =1 or Y = 0. So, the exponential Euler scheme
also has the same fixed points as those of the logistic equation.
To examine the stability of the exponential Euler scheme applied to the logistic
equation near Y = 1, we find
&' (V) = e PV — BV h + Bh).
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Since ®/(1) = e™#" and B > 0 we have ®,(1) < 1 for all positive number h. This
allows us to conclude there are no restrictions on the step size h. In Figure 3.1, we
display the results of several computations with 8 = 0.5 and h = 5. These plots con-
firm that the forward Euler method is unstable while the exponential Euler scheme

is not.

Remark: We have also applied this analysis to the second order exponential Euler
introduced in Section 2.2. In that case, the method has three fixed point, Y = 0,1,
and 1+2/(hg). However, studying ®, as above we found that the method is unsta-
ble at the extraneous fixed point, 1+ 2/(hf3). Thus, in computations, the numerical

solution will still tend to 1.

3.5 Application to an Integro-Differential Equation

In this section, we apply the exponential Euler scheme to the following integro-

differential equation that was introduced in Chapter 2:
w=—u—w*g(u)(u—ugr)+ f and u(-,0) = uyg

(See the Section 2.5). We assume that the functions u and g are smooth (typi-

cally, g is a smooth approximation to the Heaviside function) and f has a bounded
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Figure 3.1: Logistic Equation on 0 < ¢ < 25. The true solution as well as the
standard exponential Euler, Runge Kutta midpoint rule modification ((3.2) and

(3.3)), and forward Euler approximation are plotted with h = 5.
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derivative. Also, we assume that

|lw(z)| < p(z) and /Rp(z) dz = 1. (3.18)

For simplicity, we assume that the function u is a scalar here. We do not consider
existence. We could define w a priori and then determine f; thus we argue there are

problems for which there is a solution.

Theorem 3.5.1 Under the assumptions above, there is at most one solution to

(2.3).

Proof: Assume that v and v are the solutions to (2.3). Then we have

w = —u—wkrgu)(lu—1)+f
vy = —v—wx*xgw)(v—1)+f.
Let Y = u — v. Then,
Vi = =Y —wx(g(u)u—g)v+g(u) —g(v))

= Y —-wx{gu)Y +4Yv+g )Y}

= —Y —wxPu,v)Y

where

P(u,v) = g(u) + g'(§)v + ¢'(£).
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Since u, v, g, and g’ are bounded,
| P lloo< Mp. (3.19)

Then we have,

Yi+Y = /R w(w — ) P(u, v) (1) Y () da.

That is
%(etY(x,t)) = —et/Rw(w —y)P(u,v)(y,t)Y (y,t) dz.
Then,
¢
Y (z,t) — Y(z,0) = /0 ) (z,s)ds
¢
V() = /0 e « (PY) (2, 5) ds

since Y(-,0) = 0. Because we have (3.18) and (3.19),

Y (2,)] < //Iw(w—y)lllplloo Y (y, )| dy ds

< Mp//pdan ) e (e ds

< Mp/ | Y () ey ds. (3.20)
Let F(t) = [ || Y(- 8) | Leo(ry ds, then (3.20) becomes
F'(t) < MpF(t)

with F'(0) = 0 and F(¢) > 0. This is a Gronwall type inequality. Hence,

%(e_MPtF(t)) <0
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or

e MPtE(t) — F(0) < 0.

Then we have F(t) < 0. Since we have F(t) > 0, we can conclude F' = 0. Therefore,

Y (1) [ zoe@®y= 0

for all £. Hence, we can conclude u = v, which completes our proof. B

In our approximation we consider the semi-discrete case only; we obtain nu-
merical solutions which will be discrete in time by using the exponential Euler
approximation.

In order to apply the exponential Euler scheme, we let A(u) = f + w * g(u)ug
and B(u) = 1+wx*g(u). If we let u, be the numerical solution using the exponential

Euler method to (2.3) and u be the true solution to (2.3), then we have

u(-tn) =€ Ir, B(“(',S))dsu(-,tn_ﬁ +/ e [ B(u(.,s))dsA(u(.’ 7)) dT
I

and

—B(un_1)h Alun-1) (1 — e=Blunhy

Up = € Up—1 +

where h, t,, and I,, have the same definitions as in Section 2.2.

Theorem 3.5.2 Under the assumptions above, there exists a constant C > 0 so
| (s tn) — un [|Le®)< Ch.
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Proof: Let o, be the local truncation error of the method (2.3) on I,, defined by

inserting the true solution u into the numerical approximation. Then,

Au(s tn-1))

AUy tn-1)) 0 —B(u(ta-1)h
B(u(',tn—l))(l ¢ )+ on

Wy ty) = e~ BObtn—tDhyy (1) +
Therefore,

O B A L I
I,

B(u(- Alu(:, tn1)) _B(u(-
— (e~ BlCstn—1))hy, (. LA Inl)) o= Blu(sta—1))h
. RN TTor) L )
. (67 fIn B(u(-,s))ds _ e—B(u(.,tn,l))h)u("tn_l)
+ [ {e L BuCs) ds A (y(-, 7))
In

—e f:n B(u(':tn—l))dsA(u(.,tnil))}d'r (321)

= P+Q.
Then,
P o= e / (Blu(-8)) — Blu(rtn_r))) ds - ul-,tn_1)
Iy

= eCu( ) /, w s {g(u(-,tn 1)) — g(u(-, 5))} ds
= eEulty ) / W g (- 1)ue (- Co 1)(5 — tn 1)} ds.

We used the mean value theorem on the first step with £ in between B(u(-,t,_1))h
and fi”ﬁl B(u) ds and on the third step with (,,—; in between s and ¢,_; and 7,_1 in

between u(-,t,_1) and u(-,s). Since ¢ and u(-,t,_1) are bounded, |e~¢ - u(-, t,_1)| <
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Cy for some constant Cj,
|P| < Coh max [w * g' (Np—1)ws (-, Cu1)h| = Ch*.

Here, we used the assumptions that the functions g and u are smooth and bounded

as well as asssumption (3.18) to show
max |w * gl(nnfl)ul(Cnflﬂ <M (3'22)

for some constant M. Now turning to the second term on the right side of (3.21),

we have

Q = [ fe I BOCb DA (A 1, 1)) — Alu(, 7))

In

(e PO s o [ PG 40, 7))} dr
Substituting A(u) = f + w * g(u)upr in the first term, we obtain

Q- | K w0 g e,
w5 {9 (i 1)u (s G 1) (7 = b 1) bur] dr

tn
+ {6_5/ w{g' (n—1)ws (-, dn—1)(s — tn-1)} dsA(u(-, 7)) } dr;
In T
We used the same analysis as for P for the second term in @), above. We used the

mean value theorem repeatedly on the second step. Then, using (3.22) and the fact

that the functions % and u are bounded, we arrive at

Q| < Ch?
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for some constant C. Therefore, |o,| = O(h?).
To show the global error estimate of the scheme for (2.3), we let F" = u(-,t,) —

Uyn. Then,

J - €_B(u("t"*1))hu(-,tn,1) +/ o thn B(u("s))dsA(’u,(-,tnfl)) dr
In

— (e Jn Plun)doy, | 4 / e I Bl Ay, 1) dr) + oy
I

= G+H+o,

where G consists of the first and the third terms and H is the second and the fourth

terms. If we add and subtract e~/ Blun-1)ds ), (. 4. 1) to G, then
Gl = o B oy BBy

e fln B(un_l)dS(u(., tnfl) — un,1)|

IN

et o (g(ulstn1)) = glun-a))lds - [uls tn1)]

e Jrn Blun—1)ds| 1)

The exponents in both of the exponential functions above are O(h) so there exists

a constant K so

Gl < W+ KW [ Jwg ()P dsfuC o) + 1)
In

< L+ KR) (B |w g (1) F™ Hlul,ta )] + [F7 1)

IN

(1+Kh) || F* | o (R)

where || - ||poo(w) is the L>°-norm over the real line in the z-variable.
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Next, if we add and subtract fln e I B(un-1)ds A(y(-,t,_1)) dr to H, then

H| = | / [{e= J=" Bl ds _ o= [ Blun—1)dsy g(y (. 1, 1))
I

e R B s A (e b)) — Aluny)}]dr]

< /lnneﬂ/tﬂB(unl)—B(u( ) S| A b 1)
vl P04 2 )t ) w0 (g b)) — guno)) Y
< O P ey +O(R2).

So,

|E™|

IN

|G|+ |H]

IN

(L+Kh) | "7 gy +O(h?)
or
| F™ lpoo)< (L+ Kh)" + LR {1+ (1 + Kh) 4+ ...+ (1 + Kh)" '} || F° || 100 gy
for some constant L. Now, by the standard iteration argument (see [A]),
I ™ ooy < C (Il F° [l oo my +h) -

Therefore, we can conclude that the exponential Euler method applied to the above
integro-differential equation is first order accurate (i.e. the global error is O(h)). B
Numerical results of the scheme applied to an integro-differential equation are

presented in Section 3.7.
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3.6 Applications to Partial Differential Equations

In this section we suggest a way to use splitting methods to extend the range of ap-
plication of the exponential Euler scheme to certain partial differential and integro-
differential equation models of neuron activity where a diffusion operator is involved.

The Hodgkin-Huxley model for electrical activity along an axon is described by
a reaction-diffusion equation for the membrane potential. After nondimensionaliza-

tion, it has the following form

Ov v
a :D@—i—f(v,m,n,h,...). (323)
There are also channel equations for m,n, h, ... which would have the same form as

equation (2.1).

When applying exponential Euler to a typical reaction-diffusion equation, one is
confronted with the choice of whether to place the diffusion in the A(y) or B(y)y
terms. Inclusion of the diffusion in the A(y) term leads to an explicit treatment of
the diffusion and therefore a time step restriction is required. Inclusion in the B(y)y
term leads to the evaluation of a matrix exponential (of the diffusion operator). Both
of these approaches would typically be considered too expensive computationally.

We therefore, suggest the use of a splitting scheme.
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To apply the splitting method to (3.23), we introduce the following equations:

0z 0%z
a = DW and Z(,O) = 20 (324)
and
ou
5= f(u,m,n,h,...) and wu(-,0) = ug. (3.25)

Let 2(-,t) = X'z and u(-,t) = Y'ug be the solutions of (3.24) and (3.25) respec-
tively. These two formulas are combined over a time step interval of length At to
produce a splitting method approximation. If v,_; is an approximation to v(-, ;1)

then the splitting method solution at time ¢, would be

Uy, = XAtYAtUn,l.

The Strang formula typically would provide more accuracy and be defined by

Uy = XAt/ZYAtXAt/z/Un_I

([BBD] and [Sb]). The equation (3.25) is a standard linear diffusion equation that
can be solved efficiently by many time discretization methods. We suggest that the
exponential Euler scheme could be used to approximate Y*. Here, the f term will

typically have the same form as in (3.1).
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3.7 Numerical Results

In this section, we present some computational results with the exponential Euler
scheme applied to the logistic equation, the FitzHugh-Nagumo equation and an
integro-differential equation similar to (2.3). For comparison in the ODE cases we
also experimented with the forward Euler method as well as the midpoint extension
of the exponential Euler scheme introduced in Section 3.2.

We have also created and numerically tested another extension of the exponential

Euler scheme using a multistep idea. We used

1

- 3
Yn = §yn - §yn—1 (3.26)

in the form (3.2) and the method computationally showed the second order accuracy

(See figure 3.2).

First, we present our numerical results for the logistic equation (3.15)
y' = By(l —y), with y(0) =yo where B3>0 and real.

with 8 = 0.5 and initial condition y(0) = 0.5 (Figure 3.1). The true solution of the
logistic equation is y(t) = yo((1 — yo)e B¢ + yo) ™.

Figure 3.2 shows the error vs h plots for forward Euler, exponential Euler, as well
as the midpoint and multistep extensions. The slope of the lines is the experimental

order of convergence for each of the methods. Careful study of the graphs reveals
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Figure 3.2: Error of the each methods: forward Euler, standard exponential Fuler,
Runge-Kutta midpoint rule modification (3.2 and 3.3), and the multistep extension

(3.2 and 3.26). Logarithmic scales are used for both the x- and y- axes.
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the midpoint and multistep methods are second order while the two Euler methods
are first order.
As a second example, we present the Fitzhugh-Nagumo equation (2.2) which was

introduced in Section 2.3. Here we have
flo,w) = vw—-01)(1-v)—w
and g(v,w) = v—0.5w (3.27)

and 0 << e << 1.

We have carried out numerical experiments with the different applied currents
I =0.0, and I = 0.5. Figure 2.4 is a plot of the solutions of the FitzHugh-Nagumo
equations with 7 = 0.0 and I = 0.5. Here we used the forward Euler method with
the stepsize h = 1079 as a solution of the FitzHugh-Nagumo equation to calculate
the error of the schemes. Our results are in Tables 3.1 and 3.2. Here, FE, EE, EEMP,
and EEMS are the acronyms of forward Euler, exponential Euler, exponential Euler
with midpoint rule, and exponential Euler with multistep method, respectively.
These tables demonstrate that the forward Euler method is unstable for large h
while the exponential Euler methods are not. We also observe from the table that
the forward and exponential Euler methods are O(h) since their errors are divided
by 1/2 on each reduction of stepsize. At the same time the results suggest that the
exponential Euler extensions are O(h?).

Finally, we have tested the scheme on one example of the integro-differential
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h FE EE EEMP | EEMS

.05 00 1.1346 | 0.8258 | 0.8935

025 | 0.5223 | 0.1294 | 0.0532 | 0.1351

.010 | 0.2493 | 0.0476 | 0.0042 | 0.0078

.0050 | 0.1358 | 0.0228 | 0.0009 | 0.0017

.0025 | 0.0688 | 0.0115 | 0.0002 | 0.0004

Table 3.1: Errors in approximation of solutions to FitzHugh-Nagumo equation with

I=00and 0<t<1.

h FE EE EEMP | EEMS

025 00 1.2035 | 0.6373 | 1.3049

.010 0.8691 | 0.5616 | 0.0763 | 0.7271

.005 0.6072 | 0.3143 | 0.0136 | 0.0297

.0025 | 0.3580 | 0.1634 | 0.0026 | 0.0071

0.00125 | 0.1889 | 0.0823 | 0.0006 | 0.0018

Table 3.2: Errors in approximation of solutions to FitzHugh-Nagumo equation with

I=0.5 and 0 < ¢t <b.
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equation. Consider the following integro-differential equation
up = —u—wx* H(u—0)(u—1) (3.28)

where H is the Heaviside function

1 fors>0
H(s) =
0 otherwise

and

wet(u=0)= [ wl— )0 - 0)dy

— 00

is similar to the one we analyzed above. However, because of the jump discontinuity
in H our Theorem 3.5.2 does not apply. Nevertheless, it is interesting to see if the
O(h) convergence still holds.

In order to calculate the true solution of the (3.28), we have studied traveling
front solutions to (3.28) that are introduced by ([PE]). We let the traveling front
solution U to (3.28) be monotone decreasing with U(—o0) = A, U(o0) =0, U(0) =0
and c of constant value ([PE]). And we substitute u(x,t) = U(z — ct) in (3.28) and

let z =z — ct. Then we have,
cU'(z) =U(z) + (w* HU —0))(U(z) — 1). (3.29)

And

(wx H(U(2) = 0))(2) = /oo w(z = QHU(C) - 0)d¢
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where ( = y — ct. Then

0
(w+ H(U(2) - 0))(2) / w(z — ) de

Let

where

To apply the exponential Euler scheme to (3.28), we let

A(u) = w* H(u — 0)

and

B(u) =14+ wx* H(u—0).

We used w(z) = %

when —1 <z <1 and w(z) = 0 otherwise in our computation.

Here we are computing a fully discrete approximation on a spatial mesh with subin-

terval width Az. We used the rectangular rule with mesh parameter width 1076
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h=0.05 | h=0.1 h=0.2 | h=0.4

Az=.01 | 0.00742 | 0.01277 | 0.02306 | 0.04094

Az=.02 | 0.00880 | 0.01441 | 0.02483 | 0.04168

Az=.04 | 0.00517 | 0.00858 | 0.01553 | 0.03272

Table 3.3: Errors in approximation of solutions to the integro-differential Equation

with —5 <z < .5,and 0 <t <10

to evaluate the convolutions in the true solution. Table 3.3 verifies that our fully
discrete exponential Euler method is nearly first order accurate (O(h)). Of course,

our Theorem 3.5.2 only applies to semi-discrete methods with smooth g.
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Chapter 4

Mathematical Model of Retinal

Waves in Visual Cortex

In this Chapter, we present a one-dimensional firing rate type model for retinal
waves that produces similar results to those in ([BFSR]| and [FBARS]). In the
developing mammalian retina, spontaneous neuronal activity, called retinal waves,
can be detected and it is known that a synaptically connected network of amacrine
cells and ganglion cells in the retina is involved in generating these waves ([WCSS],
[FWSWS]). Feller et al ([FBARS]) has created a two layer readout model that
consists of those two cell types. In their model, ganglion cells receive excitatory
inputs and depolarize through synaptic coupling only if nearby amacrine cells reach

their threshold. The ganglion cells cannot cause nearby ganglion cells or amacrine
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Figure 4.1: Schematic of Retinal Model (Page 3582 of [BFSR])

cells to depolarize (See Figure 4.1). Because of this we focus on the amacrine cells
only.

The primary goal in this chapter is the introduction of the firing-rate model
of amacrine cells in the retina and confirmation through computer simulation of
their validity. In particular, they should match the following three experimentally

testable quantities:

e The wave velocties should be in the range of 0.2-0.6 mm/sec (see page 3580 of

[BFSR]).

e The average length covered by an individual wave should be approximately
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0.55 mm (This the square root of 0.298 mm? which is noted as the average

area on page 3583-3584 of [BFSR]).

e The average interval in time between waves should be around126 seconds (see

page 3583-3584 of [BFSR]).

Our model network consists of a one-dimensional array of N neurons which rep-
resent the amacrine cell layer. As in [FBARS] the cells are assumed to be 34 pm

apart and N 22 70; thus the array has length around 2 mm.

4.1 Model Description

Our model for the amacrine cell layer is based on firing rate techniques that in-
cludes a slow calcium variable. The main equation for an individual amacrine cell

n contains five different currents as follows:

dv
dtIL = ICQ—FIAHP‘FIRest"FISyn + Inoise (4'1)
de,, Cn
no_ _f[ 4.2
dt f ca Tc ( )
where
Cn ..
Iagp = —gApr(vn — VRest),



ISyn = —9Syn Z "I)é,nH(ﬁé - é)(ﬁn - UC’a)

LeFy,
Igest = —gr (QN)n - vRest)a
Icq, = _gCaH(QN)n - é)(i)n - UCa)a
form=1,2,...,N and
1 fors>0

H(s) =

0 otherwise
is the Heaviside function. Here ©,(f) and &,(#) represent the membrane potential
and cytoplasmic calcium concentrations of amacrine cell n. The set F),, has the
indices of the amacrine cells connected to cell n. We connected each amacrine cell
to its 6 neighbors; 3 on each side.

The first current I, is a spiking current which corresponds to the rapid de-
polarization of the amacrine cell. If a cell reaches its threshold (é), Ic, is turned
on due to the Heaviside function H causing the cell to be depolarized. There is
a current due to the Ca?" activated K+ channels (Iazp). This after-hypolarizing
current is thought to be important for temination of action potentials and determi-
nation of the refractory period ([T] and [SG]). The depolarization of a cell causes
an increase in the intracellular calcium concentration level, so that the I4zp cur-
rent dominates and the cell returns to resting potential. After a cell fires an action

potential, it enters its refractory period. The amacrine cell in our model has a long

refractory period because of the slow calcium variable and the time constant 7.
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The third current Iges is a leak current. Nonrefractory amacrine cells can reach
their thresholds either through excitatory inputs from neighboring cells (synaptic
curents) or through an intrinsic spontaneous depolarization (noise currents). In our
model, there is a synaptic current Ig,, which corresponds to inputs from nearby
amacrine cells. Finally, there is a noise current Iy,;sc which represents the current
from spontaneous random noise events that the cells experience and instigates the

waves. Here,

INoise (t) = Z MNoiseP(i - i’;yoise’ 7~—Noise)
J

where P(s,7) is a unit pulse function that lasts for y time units after s = 0;

1 if s €[0,9]
P(s,7) =
0 otherwise.
Thus Tneise is the length of each spontaneous noise event and M Noise 18 the mag-
nitude. The fé-v %is¢ are the times of the noise events for each individual neuron.
These times occur at random intervals of length, on average, N Noise, With standard
deviation Nyoise /2. We have chosen Ninoise as the value used in [FBARS].
We now nondimensionalize the equations describing the amacrine cells. We make
the following variable changes; our primary goal is to match the nondimensionalized
model with the automata-type model used in [FBARS]. We introduced the extra

nondimensional parameters py, and 6 to accomplish this.

0 — . C
Mvn, ¢p = K.c, and t= ﬂt.
¢ gL

99

Up = URest +



Thus we have a characteristic time ¢, = Cpr/gr. We also set

. _ Noise,
Y Noise = g MNoiseP(' - t]’ ;TNoise)-
J

After the variable changes we have the following nondimensional system
U;L = —PLUn _,OCaH(vn - Qb) (vn - 9) —PAHPCpUn — (Un - 9) Z wﬁ,nH(Ul - ¢) +1%Noise
LeFy,

and

where we introduce the following nondimensional parameters:

_ _ . fQCaPLC(9 - URest)
PCa = 9CaPL/9Ls PAHP = JAHPPL/GL, O =

b
gLKc¢
- Uca — VRest
T = 7—c/tca TNoise = 7—Noz'se/tca 0= ¢ ~ )
0 — VRest
PLP - -
Mnoise = ——=————-Mpoise and Wen = PLWE -

gL (0 - URest)

Choosing pr, = 1 and ¢ = 1 we have, using the constants from table 1,

pca =1, pagp =15, wp,=.5 t.=26ms, =3, &=.5 and 7 =800.

This completes the description of our nondimensionalize model of the amacrine cells.

60



Membrane Potentials Voe = 80 mV VRest = -70 mV
Threshold Potentials 6 =-20 mV

Capacitance C =1uF/em?

Conductances gr, = 0.04 mS/cm? garp = 0.06 mS/cm?

gca = 0.04 mS/cm?

Calcium Parameters K.=1uM .= 20s
f=1x10"2 uM em?/(uA ms)
Synaptic Current gsyn = 2 mS/cm? Wey = 1/2

Noise Current

MNoise = 6:U'A

TNoise = 1 8

NNoise =28s

Table 4.1: Physical Parameters used in this Study
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4.2 Computational Results

In this section, we present the computational results of the firing rate model of
amacrine cells. As mentioned in the previous section, we have introduced three
testable quantities : the wave velocities, the average length covered by an individual
wave and the average interval in time between waves. With the nondimensionalized
model of amacrine cells, we have compared these quantities from the computational
results to those in [BFSR] and [FBARS].

There are 70 amacrine cells in our model and the cells are assumed to be 34 um
apart from each other. We have solved the differential equations of the model with
the exponential Euler scheme and h(= At) = .05.

Figure 4.2 shows that the waves created in our one dimensional amacrine cell
model. We have calculated the average wave speed with 7 randomly chosen waves
and found it was around 3.0451 mm/sec which though large is still within the range
of order of magnitude for the wave speed (0.2 - 0.6 mm/sec) in [BFSR]. Figure 4.3
shows a single wave on a short time scale; the shape of the line provides a rough
approximation of the wave speed. In this example, the speed is 3.67mm/s.

Also we examined the average length covered by an individual wave with 25
randomly chosen waves. The average length of waves are approximately .4 mm

which is also within the range of order of magnitude for the average length covered
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by an individual wave. The average interval in time between waves were about 90

seconds that is also within the range of order of magnitute for the refractory periods.

4.3 Integro-Differential Equation Modeling

A synaptically coupled network of neurons is often described by an integro-differential
equation (IDE). Our amacrine cell model can also be transformed into an integro-
differential problem. We follow the approach in [TEY] to transform the network
into an IDE problem. We simplify by assuming the neurons lie on the entire real
axis and neuron n is placed at position x, = nAxz where, for amacrine cells, we take

Az = 34pm and n = 0,+1,£2,.... We define

.5 for |s| < 120pum
w(s) =
0 otherwise
as a continuum representation for wy ,. Recall wy, = 0.5 and each cell was connected

synaptically to its six nearest neighbors; so its range was around 120pm in each

direction. Our IDE model will have continuum functions v, ¢, and 4 so

V(Zp, t) Zon(t), c(xn,t) Zcey(t), and i(zp,t) = ineise(t;n).
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So, for the membrane potential equation for the amacrine cells we have, at say, x,

and £,
O = —puvtpCu (=) (—0) ~panper—5—(v—0) S ) H o)) A

Taking « in place of x,, y in place of zy, and approximating the synaptic current

sum by an integral over y we have, for any z,

G = e 0= 0000~ panrcrt - (0-0) [ ) H(o(y. ) g+

Similarly, we have

dc c
o =aH(v—¢)(v—10)— =
We expect standard mathematical techniques (similar to those in [Cs], [GE],

[PE], or [TEY]) could be used to derive traveling wave solutions of this IDE model,

speeds and pulse shapes.

4.4 Future Work

There are several improvements and extensions that should be made to our retinal
wave model. First of all, the model should contain a ganglion cell layer as the cellular

automata model in [FBARS] and [BFSR]. Since the retinal waves are observed in
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ganglion cell layer, it is important to include this cell type in the model even though
our model already reproduces the spatiotemporal patterns of retinal waves. To
compare our model to experimental data more precisely, we should introduce two-
dimensional geometry.

Our wave speeds were slightly large; to remodeling this we could introduce a
more complex synaptic response that allows a finite rise time instead of the Heaviside
function response we currently have.

Of course, the primary extension would involve an analysis of the IDE model
introduced in Section 4.3. For instance, one should be able to find traveling waves

and deduce their speed as is done in, say, ([TEY]).
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