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An Abstract of
Hyponormality and Positivity of Toeplitz operators via the Berezin transform
by
Krishna Subedi

Submitted to the Graduate Faculty as partial fulfillment of the requirements for the
Doctor of Philosophy Degree in Mathematics

The University of Toledo
August 2018

This thesis will present an original work characterizing hyponormality and positivity
of Toeplitz operators with bounded symbols on the weighted Bergman spaces of on
the disk and whole complex plane.

Cuckovic and Curto [9] have recently obtained a necessary condition for the hyponor-
mality of the Toeplitz operators with a certain harmonic symbol on the disk in C.
We further extended the same problem to the weighted Bergman space and obtained
the analogous result as in the unweighted Bergman space. This thesis will also survey
the positivity of Toeplitz operators with bounded and unbounded symbols on the
Bergman, Fock and certain Model spaces in terms of the Berezin transform of the
symbol. Inspired by the paper of Zhao and Zheng [10], we have studied positivity of
the Toeplitz operators with a bounded symbol on the Model spaces in terms of the
Berezin transform. Analogous results have been obtained in the Fock space case as

well.
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Chapter 1

Basic Functional Analysis

1.1 Hilbert Spaces|[11]

Definition 1. An inner product space (also known as a pre-Hilbert space) is a vector

space V over K = (R or C) together with a map

(,):VxVoK

satisfying (for x,y,z € V and X € K):

(i) (x+y,2) = (x,2) + (y, 2)

(i) (z,y) = (y, )

(i) (Az,y) = Az, y)

(iv) (x,z) >0

(v) {(z,z) =0 = z=0.
Note that it follows from first three properties that:
(Vi) (z,y +2) = (2,9) + (2, 2)

(vii) (z, \y) = Mz, y).



An inner product on V gives rise to a norm

lz]] = v/ (2, 2).

If the inner product space is complete in this norm (or in other words, if it is complete
in the metric arising from the norm) then we call it a Hilbert space and denote it
by H.

A sequence of vectors {e,} in a Hilbert space H is called an orthonormal basis for

‘H if it has the following properties:
(i) The vectors in {e,} are mutually orthogonal;
(ii) Each e, is a unit vector;

(iii) For every x € H we have

xTr =

Nk

<£L’, en>6n>
1

n

with the series convergent in the norm topology of H.

Definition 2. Suppose X and Y are normed spaces and 7' : X — Y is a linear
transformation (also called a linear operator). If there is a constant C' > O such that
||Tz|| < Cl|z|| for all z € X, then we say that 17" is a bounded linear operator

from X into Y.

A matrix (a;;)1<ij<n gives rise to a bounded linear operator 7' : C" — C”" in the

natural way: for x = (x1, ..., z,), we define as

11 Q12 ai13 ... Qainp T
G271 G292 Q23 ... d2n T2

T(z) = , for all xeC".
an,l an,2 nn,3 s an,n Tn,




Lemma 1. For X,Y e H let T : X = Y be a linear operator. Then the following

are equivalent:
(i) T is bounded
(ii) T is continuous
(iii) T is continuous at 0.

For the proof, see Conway “A Course in Functional Analysis”.

Definition 3. Suppose T : Hy1 — H is linear operator between the Hilbert spaces H;
and Hy. Then T* : Hy — H; is a linear adjoint operator if it satisfy (T'z,y) =

(x, T*y) for all z € Hy and y € Ho.

A bounded linear operator T on a Hilbert space H is said to be self-adjoint if T' = T™*.
If T is self-adjoint on H then it is easy to see that (T'x,z) is real for all x € H. It

turns out that the converse of this is also true. Moreover, we have

Tl = sup{[{Tz, 2)| - [|=[| = 1}

if T' is self-adjoint.

Lemma 2. Let T : H — K be a bounded linear operator between two Hilbert spaces.

Then the following statements are true.
(i) (1) =T

(i) |7 = 17|

(iii) ker(T) = ran(T*)*

(v) ker(T*T) = ker(T).



For the proof, see [11].
Let T' = [ay;]}3-; be m x m matrix then we say that T is positive (or positive se-

mindefinite) if for any complex numbers (3, (s, ...¢,, we have

_Cl _
o _ G2 " _
G G ... Cm:| | =Y au(G > 0.
: 7l=1
_Cm -

Or we say, if the inner product (T'z, z) is nonnegative for all x € H, then T' is positive
operator. In particular, any positive operator is self-adjoint. Just as for a positive
number, a positive operator can be raised to any positive power. In particular, if n is
a positive integer and 7' is a positive operator on H, then then there exists a unique
positive operator on H, denoted by T , such that (T%)" = T. An easy example of
positive operators is T*T, where T is any bounded linear operator on H. We denote

o(T) as a set of complex number, called the spectrum of 7', and defined as follows:
o(T) ={X € C: X — T in not invertible},
where [ is the identity operator on H.

For a bounded linear operator T on H, is invertible if it one-to-one and onto.

Lemma 3. Let Hi and Ho be Hilbert spaces. For a bounded linear operator T : Hi —

Ho, the following are equivalent:
(i) T is invertible
(ii) there exists a constant ¢ such that T*T > (I, and TT* > (I3, .

Proposition 1. Let H be a Hilbert space, every positive operator T € B(H) has

non-negative spectrum, i.e. one has the inclusion o(T) C [0, c0).
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Proof. Let T € B(H) be a positive operator. We know that positive operator is self-
adjoint and has a real spectrum. We wish to prove that this spectrum is positive. We
only need to prove that, for every number a € (—o0,0), the operator A = al — T is
invertible.

Since, A*A = AA* = a*I—2aT+T? and —2aT and T? both are positive so A*A > a?I.
Hence, By the above Lemma 3, Ais invertible so a ¢ o(T"). Hence the spectrum o(7T)

is positive. O

Theorem 1. (The Riesz Representation Theorem):
If ¢ is a bounded linear functional on a Hilbert space H then there exists some g € H

such that for every f € H, we have ¢(f) = (f, g).

A bounded linear operator T" on a Hilbert space H is called hyponormal operator
if T*T > TT*; normal operator if T*T = TT*. Clearly all self-adjoint and unitary

operators are normal.

1.2 Bergman Space [11]

Let C be the complex plane. The set
D={zeC:|z| <1}

is called the open disk. Let dA denotes area measure on D, normalized so that the

area of D is 1.

A = Lavdy = Zards,
T T

where

z=x+iy =re?.



For p > 0 and ¢ > —1, we define
dAc(2) = (C+ 1)(1 — |2]*)*dA(z) and

A(D) = H(D) N LP(D, dA),

where H (D) is the space of analytic functions in D. These spaces are called Bergman spaces
or Bergman spaces with standard weights.

By the help mean value theorem, we can prove sup norm of f on D is dominated by

the LP norm. Hence as a consequence, we can easily see Alg(]D))is closed subspace of

LP(D, A¢). As it is well known that L*(D,dA¢) is a Hilbert space space so AZ(D)is

also a Hilbert space.

1.2.1 Bergman Kernel

The point evaluation map at z € D is a bounded linear functional on the Hilbert space
Ag(]D), the Riesz representation theorem tells that there exists a unique function h,

in AZ(ID) such that
1) = [ st twjas

for all f in AZ(D). Let K¢(z,w) denote the function on D x I defined by

Ke(z,w) = h,(w).

Then K¢(z,w) is called the weighted reproducing kernel of A%(D). When ¢ =0,
we call K(z,w) the Bergman kernel of D.

The expression of kernel K¢(z,w) in terms of the orthonormal basis {e,} is

Ke(zw) = Y ea()ea(w)



and the series converges uniformly on the compact subsets of D x D. In particular,
K¢(z,w) is independent of the choice of the orthonormal basis {e,(z)}.

The reproducing kernel of A% (D) is given by

1

K(z,w) = A=

Since AZ(D) is a closed subspace of the Hilbert space L*(ID, dA¢), there exists an or-
thogonal projection P from L*(ID,dA.) onto A(ID). Indeed P is an integral operator

because of any f € L*(D,dA;) we have,
P f(2) :/Kg(z,w)f(w)dAC(w).
D

1.2.2 Berezin transform

For any z € D, K¢(z,2) > 0, so we can normalized reproducing kernel to obtain a

family of unit vectors k., as follows
kz(w) - — w e D.

Definition 4. Let T be a bounded linear operator on H. We say T is a Berezin

transform of T, as a function on D, is defined as,
T(z) = (Tk., k) for all z € D.

In the same way, we define the Berezin transform of the function. We just replace the
operator T by a function f € L'(D,dA,) and interpret (,) as an integral pairing rather

than an inner product. Thus the Berezin transform of f denoted as the function ]7



on D, and defined as,
~f2—— fwk:szdA.

By a change of variable, this integral reduces to,

o) = / f 0 px(w)dAc(w),

where ¢, (w) is a Mobius transformation.

Whenever f € L>°(D), the Berezin transform of the function f is same as the Berezin
transform of a certain bounded linear operator on A%(ID).

Furthermore, the Berezin transform of a operator 7' is one-to-one. To prove it, one
has to show, if T =0 then T = 0.

The fix point characterization of the Berezin transform tells that if p € L}(D, dA.)
is a complex-valued harmonic function, then ¢ = ¢. The other direction follows if
¢ € C(D). For proof, see [11].

Another important characterization about the Berezin transform is that if ¢ € C(D),
then 3 is in C(D) and & = ¢ on 9.

Main part of the proof is , if zg € 9D, then lim,_,,, ¢, (w) = z.

Let ¢ € L'(D,dA;) for some (. For the sequence of the Berezin transform of ¢
{@s : B € Z;} we have,

lim g =
BEI;O@ﬁ ¥

and the convergence is in the norm topology of L*(D, dA).

1.2.3 Toeplitz operators on the Bergman space

Given a function ¢ € L>(D), we define an operator T, on AZ(D) by

Tof = P (o), f € A{D)



where

PC : LQ(D,dAc> — AE(D)

is a Bergman projection onto AE(]D)). The operator T, is called the Toeplitz oper-
ator on the Bergman space Ag (D) with symbol ¢.

Suppose a and b are complex numbers, ¢ and ¢ are bounded functions on . Then
(1) Toprvy = aly, + Ty
(ii) T =15

Moreover, if ¢ € H*, then

(i) Ty T, = Ty,

(v) ToTy = T



Chapter 2

A necessary condition on the
hyponormality of Toeplitz
operators on the weighted

Bergman space

2.1 Introduction

Let D denote the open disc in the complex plane, and dA denotes the normalized
Lebesgue area measure on D. For —1 < ¢ < oo, the weighted Bergman space,
Ag(]D)), is a closed subspace of L?(D,dA.), consisting of all holomorphic square inte-

grable functions on D with respect to the measure,

dA¢(2) = (C+1)(1 = [2*)*dA(2),

10



If { =0, then A3(D) = A%*(D) is the Bergman space. The inner product on L*(D, dA,)

is defined as

(f,9)¢ _/f dAC z) forall f, g€ L*(D,dA).

For 2" € A%(D), one can compute that,

a2 P+ 1 +2)
12"l = Fn+¢+2)

Hence, the orthonormal basis {e, } is of the form

B Cin+¢+2) "
en(z)_\/F(n+1)F(C+2) 2", for z€D

where I'(s) is the usual Gamma function.

The reproducing kernel in AZ(D) is defined as

K 1

w (Z):W for ZED

For ¢ € L*(D), the Berezin transform of ¢ on AZ(D) is a function @¢(z) defined
by,

Filz) = (TLkS KS) = / () K (w) PAA, (),

For ¢ € L*(D), the Toeplitz operator T, on AZ(D) is defined by

T,f = P(pf) for fe AYD),

where P; denotes the orthogonal projection that maps L*(ID,dA¢) onto AZ(D). Sim-

11



ilarly, we define the Hankel operators by

Hyf = (I = B)(ef)

from A%(D) onto AZ(D)* and [ is identity operator.

A bounded linear operator acting on H is said to be normal if
T =TT",

and hyponormal if

T >TT".

This is equivalent to saying

||Tx|| > [|T*z|| for all z € H.

2.2 Preliminaries

C. Cowen [2] gave an elegant characterization of the hyponormality of Toeplitz op-
erator on the Hardy Space with a bounded measurable symbol on T, where T is the

unit circle in the complex plane. He proved that for a symbol ¢ € L,

p=f+7 (fgeH),

the Toeplitz operator T, acting on the Hardy space of the unit circle is hyponormal

if and only if

f=c+T;g, forsome ceC, he H*, ||h]lo <1

12



It is natural for us to consider the same problem on the Bergman space. However, C.
Cowen’s proof does not adapt to the Bergman space, since the multiplication operator
M., is no longer an isometry.

Then, for the case that ¢ is a continuous function, Yufeng Lu and Chaomei Liu [7]
found a sufficient condition for the hyponormality of 7, by using the Mellin transform
on weighted Bergman space.

H. Sadraoui [8] gave a necessary and sufficient condition on the Bergman space for
¢ = f+7g with f, g bounded and analytic, which is also true on the weighted Bergman

space.

Theorem 2. ( H. Sadraoui): If p = f + g, then following are equivalent
(i) T, is hyponormal in A*(D);
(ii) H;Hy < H:H;
(i) Hy = CHj, where C is a contraction on A*(D).

Later, P. Ahern and Z. Cuckovic [1] generalized H. Sadraouis result by using a mean

value inequality and the Berezin transform.

Theorem 3. (P. Ahern and Z. Cuckovic):
If T, is hyponormal with the symbol ¢ = g+ f € L*(D), then u > u, and u :=
12 = lg]*.

Hwang and Lee [5], and Hwang, Lee and Park [6] gave some necessary and sufficient
conditions for the hyponormality of Toeplitz operators on weighted Bergman space
with the class of functions ¢ = f +¢g (f,g € H?).

Recently, Cuckovic and Curto [9] gave a necessary condition for the hyponormality

of the Toeplitz operators on the Bergman space which stated as follows.

Theorem 4. Assume that T, is hyponormal in A*(D), with symbols of the form

p=a"+ B2 42 + 021
13



where o, 8,v,6 € C, m,n,p,q € Zy,m <n and p <q, andn—m =q—p. Then

la|*n® + [B]°m® — |7]*p* — |6]°¢* > 2|aBmn — Fépq|.

A natural question arises, do we get the same necessary condition for the weighted
Bergman space with weight (1 — |2|?)*dA where ¢ € Z,7?

We show the same result holds as in non-weighted case. In fact, we let T, act on the
vectors of the form

Kt rd (k<l<v),

and then we study the asymptotic behavior of a suitable matrix of inner products, as

k — o0o. As a result, we obtain the same result.

Lemma 4. For u,v > 0, we have

0, if v<u
Pe(z"2") =

D(o—ut+C+2)T(w+D) _v—u
Fo—wr i) 2 0 f v

Proof.

0 n n
PE'") =3 (2 o )
[z2]] / 1]2"]

n=0
_ i (2427, 2") 2"
o T .m|]2
n=0 H’Z H
0 ifv<u
N (2.1)
Cv—ut¢+2)T(v+1) _y—u .
T(o—ut DD (v+¢+2) © if v>u.
]

14



Corollary 1. For v > u and t > w, we have the statement,

Fv—u+1)I(v+¢+2) F(t—w+1)F(t+C+2)z
:F(v—u+C+2) (v+D)ITt—w++2)I(t+1) (zr-u, o)
Fv—u+Dl'v+C¢+2) Tt —w+ It +(+2) ’
L Tt—w+C+2To+1)I(t+1) Tt—w+ 1) +2)
TT(t—wH+ 1) T+ +2)T(E+C+2) Tt —w+¢+2)
Tt —w++2)T(C+2)T(v+ DTt +1)
O T(t—w+ DT+ C+ 2T+ +2)

<P<(zuzv)’P<(zwzt)>:<F(v—u+C+2)F(v+1) ow DE—w+ C+ 20+ 1) tw>

5u+t,v+w

(2.2)

Other useful results:
For any

fe AE(ID)),f = anz” where b,, € C

n=0

Fk+ +1F +2
L e

125 FIP = (2% F, 25 F)
- <zk io: b,2", 2k i bmzm>
m=0
_ Z |b | k+n k+n>

> k+n+n(c+m
—E:M| Fk+n+(+2)

2. Norm value of P(Z*f)

Since we have, ||P(Z" f)||> = (P(Z"f), P(Z" f)) so we compute the value of P(Z* f) first,
(2.4)

15



= Z( kfa €n)en

N T+ ¢+2) A
Lt O

B o F(N—f—C—f—Q - A\
_E:Nn C+2<§:b k+>

= (n—I—C+2)
ZF(n+1) (¢ +2)

_E: L(n+¢+2) T(k+n+1)T(C+2)
T T+ )0 +2) " Tk +n+(+2)

<b +nzk+n k+n> "

o)

n+€+2)(k+n+1)n
_Z k+n F(k:+n+§—|—2])z

(2.5)

So, (2.4) turns out to be

Hp@gm2:<§:QMFm+c+m Tk +n+1) 23t D(n+¢+2) %+n+nj>
n=0 n=0

(n+1) T(k+n+¢+2) I(n+1) T(k+n+¢+2)
Ry T(n+¢+2) T(k+n+1)°
_; |bk+n!2r(n+1)2 (s (2", 2")
:i |b ’2F(”+C+2) F(k+n+1)2F(n+1) (g—|—2)
2 k+n. Fn+12T(k+n+(¢+2)? T'(n+(+2)
N (

=§:ImMFFC+m m+<+2)(k+n+n{

I(n+1)T(k+n+(+2)? (2.6)

In particular for k = 1,

D(C+ 200+ ¢ +2) Tl + 20
IPENIF = §:|%“P C(n+ )0(n+ ¢+ 3)2

F'¢+2) (n+1)I'(n+2)
_§:|”“| +C+m(n+g+@

2 I'¢+2)I'(n+1)
_§:|| n+<+m(n+<+m (2.7)

16



and for k£ = 2,

)| 5 §+2) (n+<+2) ['(n+ 3)2
HP f” Z ‘bn+2‘ ) (n+€+4)2

B ) n+2)(n+1) (C+2) T'(n+3)
Zw"”' (n+C+3)(n+(+2)T(n+¢+4)

L ()0 = DT(C+2) Tn 4 1)
-3 I R g 29

Proposition 2. (D.Farenick and W.Y. Lee [3]) Let ¢ be a trigonometric polynomial
of the form

= Z anz". (2.9)

If T, is a hyponormal operator then m < N and |ay,| < |ay|.

For the symbol,
0 =722+ 22, (2.10)

T, is not hyponormal on the Hardy space H*(T), because m =2, N =1, and m > N
(see proposition 2). However, Cuckovic and Curto [9] proved that T}, is hyponormal
in A?(D).

Following the similar idea, we show that T}, is hyponormal in the weighted Bergman

space as well.

Theorem 5. For ¢ > 0 and ¢ = z* + (2, show that T, is hyponormal iff

BENFI1P + IPGEHIE = IBIPIPEAI + [1° £

18] > 2.
17



Proof. Since we know,

[T;, Tso] = TETvJ - TsoT?
= (T + BT) (T + AT.) — (T + BT.)(Ts + BT)
Toeplitz operators with analytic or co-analytic symbols commute so only
the remaining terms are,

=TT — TooTo2 + |BI°TET, — |B)* T Tx. (2.11)

We know that T, is hyponormal iff

(T2Tof, f) = (TeToo f, f) + |BIHTETLf, f) = |BP(TT:f, f) > 0
IPE NI+ 8PN = 122117 + 1BP|PEHIP

(2.12)
This proves the first part of the theorem.
Next we prove second part of the theorem, which states that,
BENA11 + 1IPE NI = 1BPIPEI + 112° fI? (2.13)

if and only if

18] > 2.

We have already computed the values of [|P(Z2f)|%, ||zf]|%, ||2%f]]* and ||P(Zf)||* so

18



(2.13) becomes

» (n)(n —DI'(C+2) P(n+1) ) n+2 T(¢+2)
- Z s e o o) TP Z'b' i+ 2

9 n+3 (C+2) 9 s MI(C+2)T'(n+1)
E:W\ n+(¢+4) W|§:“” +C+D (n+¢+2)

5 (n)(n—1) M'(n+1) » I'(n+2)
::>§:|J(n+C+ )(n+-c)2rn+g"Lw'}:'”| +C+3)

5 n+3) 5 (n) T(n+1)
Sl F1BY I

n+¢+4) C+1DI'(n+¢+2)

(2.14)

Equation (2.14) must hold for every sequences (b,,) of coefficients of f. Consider first
sequence (by,) with by := 1, and b,;=0 for all n > 1.

For this sequence (2.14) yields,

» I'(2) I'(3)
3 2 T+ 9)
B > 2I'(¢C + 3)
— I(C+4)
2
2
W|_C+3 (2.15)
Next, we take by := 0,b; = 1, and b,, := 0 for all n > 2, then (2.14) yields,
s I'(3) I'(4) 9 1
A i S TH CHICT)
2 6 2
s 2 craees e
2 6.(¢C +2)
|5| > m (2.16)

Finally, we use sequence by := 0,b; :=0,...,b,_1 = 0,b, := 1, and b, = 0 for alln > k.
Then (2.14) gives us,
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(k)(k—1)T(k+1)
(k+C+1)%(k+ 2Lk + Q)
Pk (k) T(k+1)

(k+C¢+1D(k+C+2)

(k)(k—1)T(k+1)

Grcrgomaro VP T oG e DG Ot L0 2
(k+2)(k+1)I'(k+1)

T(k +2) T(k +3)
htc+3) ~Thicrd '

2
18

(k+1DI(k+1)

4 |B|2 (k) F(k + 1)
(k+C+3)(k+C+2)(k+C+1D)(E+ QO (k+ () (k+C+D(k+C+1D)(k+OT(k+C)
(k)(k —1) Pt (k+1) - (k+2)(k+1)

e O
(k+ ¢+ 1)(k+ Q) (k+C+2) = (k+C+3)(k+(+2)

(k+(+1)

(k+1)(k+C+1)—k(k+(+2) -

(k+C¢+1D)(k+C¢+2) -
k+O)k+C+ Dk +3k+2) — (K2 —k)(k+C+2)(k+C +3)
k+QOk+C+1D)(k+C+2(k+C+3))

= |l

4k? + 4kC? + 4k* + 12kC + 22 + 8k + 2¢
(k+Q)(k+C +3)
4R (C+ 1) +2¢(C+ 1) +4k(C+1)(¢+2)
(k+Qk+C+3)
4k? 4+ 2¢ + 4k(C + 2)
(k+Qk+¢+3)

= BI(C+1) >

— BPC+1) >

= [B]* > (2.17)

By the help of Wolfram alpha, (See the appendix for details).

Ak +2)

k> 1.
k+3 -

4k* +2C+4k((+2) B
{<k+ow+<+s>‘k2LC>O}‘

Since % is increasing in k so max attains at the infinity. One can show the value

¢ 4k+2)

3 at infinity is 4.

Thus, T, is hyponormal if and only if
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18] > 2.
]

Thus the hyponormality in the Hardy space does not imply the hyponormality in
weighted Bergman space.
Next, we introduce facts about the asymptotic expansion of ratios of Gamma func-

tions. For a,b € R,

Lk+a) .y~ Gila,b)

where,

Go(a, b) =1

G1(a,b) = %(a —b)(a+b—-1)

Gg(a,b):%(a;b>{3(a+b—1)2—(a—b—|—1)}

We use this facts to compute following ratios of Gamma functions,

rnae s et L ec - e+ ) +

(-1 ) ,
R o (75, 1) e27 - o)} + ot

12k 2

(2.19)
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I'(k+n+1)
IF'k+n+¢+2)

e 1 1 [—¢—1
Nk;C1{1—%(<+1)(2n+<+2)+12k2< 5 )

(3@2n+¢+2)*+¢) } + O(k™?). (2.20)

Dh+C+2) e

{1 + %(u 1)(C+2)+ (C N 1) (3(C+2)* = (¢+2) } +O(k™).

T'(k+1) 12k2\ 2
(2.21)
F(I]f(;f Zi;z) ~ k4+1{1 + i(c +1)(-2n+(+2)+ 121k2 (C ;L 1)
(3(=2n+(¢+2)* - (¢ +2)) } + O(k™). (2.22)

2.3 Main Results

We study the necessary condition for the hyponormality of the Toeplitz operators on

the weighted Bergman space of the disc with symbol of type

o =oa"+ B2+ 2P 4627

where «, 3,7,0 € C and m,n,p,q € Z,,m <n and p < q with n —m = ¢ —p. We

show if T, is hyponormal then

a*n® + |BIPm® — |7*p* — |0°¢* > (aBmn — 3dpq).

Proof. Here C' := [T;,Tw] denotes the self-commutator of 7,,. We study necessary

conditions on the symbol ¢, assuming positivity on C.
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We consider the expression (C'f, f), given by
<[(Taz”+ﬁzm+’)/§p+55q)*7 Tazn+ﬁzm+,yzp+571](zk + CZl + er), Zk ‘l— CZl ‘l— dZT>,

for large values of k (and consequently large value of [ and r). And it is easy to see

(C'f, f) is a quadratic form in ¢ and d, that is,
<Of, f) = AOO + QRG(AH)C) + QRG(A()ld) + AQOCE + QRG(AHEd) + Aggdd, (223)

where AOO = <02k,2k>, A10 = <OZI,Zk>7 A(n = <OZT,Zk>, A20 = <OZZ,ZI>, AH =
(C2", 2 and Agy = (C2", 27).

Alternatively, the matricial form of 2.23 is

A Ao Ao 1 1

Aw Axg An cl-]C >
12101 12111 Apo d d

(2.24)

Now, we compute the values of coefficient Ay which is just action of T, on monomial

2k,

Ago :<02k7 Zk> = <[(Tazn+6zm+ﬁp+JEQ)*a Taz”+ﬁz’”+véﬁ+éé‘?]zka Zk)
= <(Ta2"+52m+7yzp+ézq)-(Taz"+,8zm+vzp+62q) - (Taz”+ﬁzm+'yip+62q)-(Ta2"+52m4rﬁ7zp+$zq)2ka Zk)
= <(Tazn+Bzm+ﬁzﬁ+5zq)‘(Tazn+ﬁzm+721’+6EQ)2ka Zk>_

(Tozn4pzmiyzoy5za)- (Ta2n+62m+ﬁzp+5zq)zka Zk> (2.25)

To compute Ay and other coefficients explicitly, we use the facts that Toeplitz oper-

ators with analytic symbols is commutative, two monomials z* and 2" are orthogonal
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whenever u # v. Only the remaining terms are,

Ago = |a? (M, 25y — (P(2"2F), P(2"2F)))
+ Bz, 2Ry — (P(2m2F), P(2™2F)))
— [ P((PFF, 2PF) — (P(2P2Y), P(2P2Y)))

— |82 ((27F, 21Ky — (P(212%), P(212%))). (2.26)

We compute the first two term of Agy; the rest will follow similarly.

| |2(H k4n||2 P =n k\ |12\ __ 2 F(k+n+1)r(<+2> F<k+n+C+2)F(k+1)2F<<+2)
ol (1 lle= 1Pl = o ( F(k—n+¢+2)  T(k—n+tO0(k+C+2)2 )
:pﬁﬂc+mmk+n<F@+n+nrw+g+2) Nk—n+§+mﬂk+n)

T(k+¢+2) T(k+n+C+2)0(k+1) Tk—n+1)I(k+(+2)

(2.27)

To compute the difference in (2.27), we multiply (2.20) & (2.21), and (2.19) & (2.22)

and take their difference. First we multiply (2.20) & (2.21).

T(k+n+1) T(k+(+2)
M'k+n+(+2) I'(k+1)

Lt gD+ + o (5 ) (e oee ) -

§%£+D@n+§+2yiiﬂ(+U%2+Q@n+c+m+
1;ﬁ<_€;1)<amr+c+2f+c)+CXk3)

(2.28)

Similarly we multiply (2.19) & (2.22),
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T(k+1) T(k—n+C+2)

Thrc+2) Th-ntD) o (C“)( 2n+C+2)

+ 121k2 (C; ) (3(=2n+¢+2)* = ((+2))

1 1
~op (O D) = e (G D22+ ¢)(-2n+ ¢ +2)

+ 121k2 (—42— 1) (3(C+2)* +¢) + O(k™).

(2.29)

Now we subtract (2.28)—(2.29) to get the difference (2.27)

= & (CHD)(2+CH2n—C=2)+ 1z (T {82+ €2 — 2+ ¢) = 3(=2n+ ( +2)? + (2 + )} -
#C+D2n+(+2-2-0 - 1=C+12C2+0OCn+(+2—-2n—(C—2) +

5z (S BRr+C+2)2+0) —3(¢C+2)? =3+ Ok

— S ENBERF 02 - 32+ O + 12n(C + 2) — 1202} — than(¢ + 122+ ¢) +
7 (S HBCH2)T120(C +2) + 1207 = 3(C +2)%} + O(k)

N

= 2{ (TN +2-n) = g an(C+12C+O) + F (5 +2-n) } + 0K

= B{ P2 — 1P+ O+ SN (424 m) )+ O

= 5. 4;”{§(§+2 —n)—2(C+1)(2+¢) + (2+C)(C—|—2+n)} + O(k™3)

= B CC+2) = nC = 2C+ D@+ + (24 O 4+ 2n+nC | + Ok

wF

(C+1)+O(k: 3).
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Now (2.27) becomes,

_ePT(C+2)T(k +1)
B I'(k+(+2)

{Z—j(g +1) + Ok}

using (A), we get

= lafPr(¢ + 2k~ {1+ (’)(k‘l)}{:—z(( +1)+ 0k}
::kﬂQF(C—%2)k‘¢4%§(C%—1)%—CXk‘A‘Q

= |a|?T(¢ + 2)k~3n2(C+ 1) + O(k=*°)
Hence the first two terms of Agg;
(25712 = [|P("2M)[[2) = k= *|alT(C 4+ 2)n* (¢ + 1) + O(k ™)

Following the similar pattern, we obtain remaining terms of Ay as below.
B2 = [1P(E"2R)12) = k= PIBPT(C + 2)m*(¢ + 1) + O(k ™)
VP1HEE = 1P 29)[E) = =P PT(C + 2)p*(C + 1) + O(k™)
6121272 = 1P (2729)[2) = B P10*T (¢ + 2)¢*(C + 1) + O(k™)

Finally we take get,
Ay = k=3 + 1)T(C + 2 {n2lal? +mlBP — 2y = o} + O(kY),

Now we compute Aqg,

Al[) :<C,Zl, Zk> = <[(Tazn+52m+75p+5EQ)*, Tazn+ﬁzm+,ygp+5gq]zl7 Zk>

- <<Ta2n+52m+wzp+5zq)‘(Taz"+,8zm+vip+65q) - (Taz"+ﬂzm+vip+65q)-(Ta2"+/§2m4rﬁzp+$zq)zl7 Zk>

(2.30)
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= <(Ta2n+52m+ﬁzzﬂ+szq)-(Tazn+ﬁzm+vzp+62q)2la Zk) -
<(Tazn+ﬁzm+,},2p+52q).(Ta2n+65m+,—yzp+gzq>zl’ zk>.

(2.31)

We again use the facts that Toeplitz operators with analytic symbols are commutative,
two monomials z* and 2" are orthogonal whenever u # v. Only the remaining terms

of Ay are,

Ay = ap({TenTom2, 2F) — (TomTon 2!, zk))5k+n,m+l
+Ba((TemTon 2t 2%) — (TonTom 2, Zk>>5m+k7n+l
(T Tea 2", 25) — (TeaTon 2t 2%)) 0k pa
+0Y((ToaTen 2, 25) — (Ter Toa 2ty 2%)) 0k gai-

(2.32)

Since we have m < n and k < [, so that m + k < n +, and therefore 0,4 n4; = 0.

Also, p < ¢ implies p + k < ¢+, so that dp4; 4+ = 0. As a consequence,

Ao :&ﬂ(<zm+l, 4y (p(znb), P(zmzk>)5k+n,m+,

—’75((zp+l, LR (P50, P(z%’f))(sﬁk,pﬂ. (2.33)

We compute the first two terms of Ajg; From the corollary (2.2), we have

dﬂ((zm+l, 4y (p(znh, P(zmzk>)5k+n,m+,

(2.34)
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a8 (F(k+n+1)F(C+2) B F(k:—m+§+2)F(C+2)F(l—|—1)F(/€+1))
- L(k+n+¢+2) L(k—m+1I({1+(+2)I'(k+¢+2)
e I'k+n+1) F'k—m+¢+2)I'(I+DH0(k+1)
=apr(c+2) (F(k+n+(+2) _F(k—m—l—l)F(l—i—C—i—Q)I‘(/{:—i—C—i—Q))

L(k+1) JT(E+(+2) T'(k+n+1)
(k+¢+2)| I'(k+1) T(k+n+(+2)
'k—m+¢+2) T(k+n—m+1)
F'k—m+1) T'k+n—m+(+2)

=apl'(( +2) T

} (because I =k +n—m).  (2.35)

Before computing the difference in (2.35), we calculate the product of ratios first. To

do that we repalce n by n —m in (2.20) to get,

Fk+n—m+1)
F'k+n—m+(¢+2)

1 (e
Nk—c—1<1_%(4+1)(2n—2m+4+2)+12k2( C2 )

(3(2n —2m+(+2)°+ (C))) +O(k™?) (2.36)

Assuming a = —m + ¢ + 2 and b = —m + 1 in (2.18) we get,

I'k—m+(¢+2) i 1 1 (¢+1
Th—m+ 1) ~k+(1+ﬁ(c+1)(—2m+c+2)+12k2( 5 )

<3(—2m FCH22—(C+ 2))) (2.37)

The first product inside the bracket of (2.35) has been obtained in (2.28). And, we

multiply (2.36) and (2.37) to get the second product.

F'k+n—m+1) T'(k—m+(+2)
F'k+n—m+¢+2) I'(k—m+1)

1
:1+ﬁ(C+1)(—2m+C+2)

+ 121k;2 << ; 1> (3(—2m +C+2)° = (C+ 2)) - i(C +1)(2n —2m +(+2)
— (G 10— 2m 4 () (~2m - +2) + #(_gz_ 1) (320 —2m+c+27+)
- (2.38)
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Subtracting (2.28)—(2.38), we get

— —(CHD)En+C+2-2m+C+2)+ gz (5 {B(2n+C+2) + (=32 —2m+C+
2)2—C}+i((+1)(2+§+2n—2m+§+2) —$(<+1)2{(2+C)(2n+<+2)—(2n—
2m-+C+2) (=2m+(+2) e {322 (C+2)=3(=2m+(+2)2+(C+2) f+O(k ™)

= (75 {3@ +2)2+12n(C+2) +12n% = 3(¢C +2)2 — 12(n — m)2} — L+
1)2{2n(2+ )+ (2+ 02 + dmn —m) — 2(n — m)(C +2) + 2m(C +2) — (¢ + 2)2} +
o (G307 = 3¢+ 22 + 12m(C +2) - 12m2 } + (k)

= s (C+ 1)+ O{120(C+2) + 1202 — 120(C+2) +12m(C +2) — 1207 + 24mn
12m2} — = (C+ 1)2{2n(2+C) +4m(n —m) —2n(¢ +2) + 2m(¢ +2) + 2m(¢ + 2) +

ﬁ((( + 1){12m(§ +2) — 12m2} + Ok

= 5 (C+ 12+ +2+2n —m) = 55(C +1)7(2n — 2m +2¢ +4) + 55C(C +
D(¢C+2—m)+O(k™)

= %(C+1){(2+C)(C+2+2n—m)_(C‘H)(2n—2m+2C+4)+C(C+2—m)}+(’)(l€*3)

:%(C‘F1){C(C+2+2n—m—2n+2m2§’—4+§_|_2_m)+(gc+4+4n_
2m = 2n+2m = 20 — 4) } + O(k™?)

= I (C+1)2n + O(k )
= mlt) 1 O(k~?)

Therefore (2.35) becomes,

aBr(C +2) sty { e + 0k %) |
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—aBT(C+2)(1+ Ok {6 + ok~ }
= kBaBmnl(C+2)(C+ 1) + O(k=*°).

Other terms of Ajy follow similarly, and we get,

Ao = k= Pafmnl(C +2)(C+ 1) + k= 30pgl (¢ + 2)(C + 1) + O(k~*7¢)
= k=T(C + 2)(C+ D{aBmn — 3opq} + O(k~*7¢).
Next we compute Ag; = (C2", 2%). We will imitate the calculation for A;9. Observe

that k& < r, the remaining terms of Ay; will be same as (2.32),

AOl = O_éﬂ(<TgnszZT, Zk> — <szT2n2r, Zk>)6k+n,m+r
+Ba(<TZmTz”ZT7 Zk> - <TZ"TZWZT7 Zk>)5m+k,n+r
70 (TerTzaz", 2%) = (TeaTon 2", 2)) gk pr

+0Y((ToaTer 2", 25 — (T Toa2", 2%)) 6 ps kg (2.39)

Since we have m < n and k < r, so that m + k < n 4+ r, and therefore 0,1 ,+r = 0.

Also, p < q implies p + k < g+ r, so that 6,444+ = 0. As a consequence,

Aoy :@5(@%& 4y (p(zngn), P(zmz'f))(sm,w

—75(<zp+’“, LR p(za,TY, P(z%k))aﬁkw. (2.40)

Weletl:=n+k—mandr:=[+q—p. It follows that n + k =m +1 < m +r and
q+k < q+1=p+r. Therefore, both Kronecker deltas appearing in Ay, are zero,
and thus Ag; = 0.

We compute Ay; = (C27,2") where | < r. We replace [ with r and k with [ in the
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calculation of Ajg.

An :aﬁ(<zm+r, Y (P(5m7), P(zmzl>)5l+n,m+r

—75<<zp+7", LMY (P30T, P(zpzl>)5q+l,p+r. (2.41)

The calculation of Ayy = (C2!, 2!) and Agy = (C2", 2") are similar to Agy. We replace

k by [ and r separately to get as follows,

Ay = laP (2157, 210 — (P(2), P(2))
IBE((m ) — (P4, P(Em2)
— PP, M) — (P22, P(EA)

— [0 ((291, 27Ty — (P(222Y), P(2121))). (2.42)
and,

A = |oP (747, 277) — (P(2"), P(2")))
1B, 2™ — (P(22"), P(")
— P (7, ) = (P(2P27), P(2)

— [0 ((2917, 2917 — (P(2927), P(272"))). (2.43)

In the calculation of Aqq, Asg and Age, we use the assumption n —m = ¢ — p, and let
g:=n—m = q—p. It follows that | = k+ ¢ and r =1+ g = k+ 2¢g. Then we imitate

calculation of Ajy to obtain Ay, and Ay to obtain Agy and Ags. It follows,
Ay = E73T(C+ 2) (¢ + D{aBmn — 3opq} + O(k4°),
Aso = kDG 2)(C + Dlaln? +8Pm2 = 282 = P} + O ),
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Agz =k °T(C+ 2) (¢ + D{lal>n® + |BPm® = y*p* — 16/°¢°} + O(k~*¢)

The associated 3 x 3 matrix of C' become,

Aw A 0
M:= [ Ay Ap An
0 Ap Ay
We study the asymptotic behavior of k3M as k — co. We get,

lim kT3 Ag = T(C 4 2)(¢ + D{|a|*n? + |8)*m* — |7|*p* — |0)°¢°} = a (2.44)

k—o00

lim k¢T3 A0 = D(C + 2)(¢ + 1){apmn — ¥dpq} = p. (2.45)

k—00
Similarly asymptotic expansion of the other entries are,

kh_}m ]CC+3A20 = kh_)m l{?C+3A02 =a
) 00

and,

lim kC+3A11 = pP.

k—o0

It follows that asymptotic expansion of k*3M as k — oo will be a tridiagonal matrix,

a p 0

Y

a p

0 p a

Now, if instead of using a vector of the form

fodired +d (k<l<r)
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with l =k + g and r =1+ g = k + 2¢ (that is, a vector of the form

R e

we were to use a longer vector with similar power structure,

k k k+2 k+N
fi2F 429 4 02T 4 ey

The associated matrix of C' with respect to new f will be of N x N order.

(C2F, 2F) (CZFEF9. 2F) . (CZF N kY
P (Cz2FFa, ZFY  (C2k+9, h+e) ... (Czh+No pk+a)
<C’zk+N9, Zkz> <C'zk+N9, Zk+g> - (Czk"'Ng, Zk+Ng>

We imitate the calculation of Ay, to calculate asymptotic expansion of diagonal en-
tries; that is we replace k by k + Ng, we get

Tim KON, RNy — ()T () {nlafP4mIBR-p P~ } = a. YN
Similarly we imitate the calculation of Ajg to obtain upper diagonal; we replace [ by
k+ Ng and k by | + (N — 1)g, we get,

kh_}rrolo kT3 (C NS G IN=D9)y — P(¢ 4 2) (¢ + 1){aBmn —F0pgy =p VY N .

By our assumption we have,

m+l=k+n
k+g+m=k+n
k+Ng+g+m=k+n+ Ng

k+Ng+m=k+n+(N—-1)g #k+n+(N—-t)g Vit>2
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Similarly,

p+k+Ng #n+q+(N—-t)g Vt>2

As in Ajg, the surviving terms of (CzFTN9 k+(N=09) " N > 1 & ¢ > 2 are,
:d5<< SRR > - < SRR >>5k+n+(N—t)g,k+Ng+m

(SR R PUS) AT

Therefore, (CzF+N9 AHF+(N=09) — 0 N > 1 &t > 2.
It follows that asymptotic expansion of k¢34 as k — oo will be still a tridiagonal

matrix,

a p 0 0 0
p a p 0 0
0 p a p 0

P
000 - P a

Since this must be true for all N > 1, It follows that asymptotic expansion of k¢*3A

as k — oo is infinite tridiagonal matrix,

a p 0 0

P a 0
B:P P

0 pa p

The hyponormality of T,,, detected by the positivity of the self-commutator C, leads
to the positive semi-definiteness of associated matrix. It follows that a necessary

condition for the hyponormality of T, is the positive semidefiniteness of the infinite
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tridiagonal matrix B.

We now consider the spectral behavior of B as an operator on [?(Z, ).

Lemma 5. Fora € R and p € C, the spectrum of the infinite tridiagonal matriz B

is [a = 2|p[, a + 2]p]].

Proof. The proof is already known. Here B represents the Toeplitz opertator on
H?(T) with symbol ¢(z) = a + 2Re(pz). As symbol is harmonic, the spectrum of

T, = al + T4,z is the set a + 2Re({pz : z € D}) = a + 2[—|pl, |pl]- O

As a consequences, if B is positive (as an operator on [*(Z,)), then

a = 2|p|.

The values of a and b from (2.44) and (2.45) gives,

L(C+2)(¢C +a){lal*n® +|B*m* — [y[*p* — [0]¢"} = T(¢ +2)(¢ + a){(aBmn — 70pq)}

al*n® + |B]*m* — |7]*p* — |6]*¢*} > (@Bmn — 5dpq)}.
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Chapter 3

Positivity of Toeplitz operator via

Berezin transform on Model spaces

3.1 Introduction

Denote by T the unit circle in C, and let ds represent the normalized arc length
measure on T. The Hardy Space of the unit disc H*(D) is the set of all functions

f which are holomorphic on D and satisfy the condition

I£I1 = sup / F(r2)[2ds(2) < oo,
o<r<1 JT

It is well known that for f € H?(D) the integral means

- / F(r2)[ds(z)

are increasing in r for r € (0,1), and so we may conclude that

sup [ 1£)Pds) = T [ 12)Pds(e)

0<r<1
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It is also well known for f € H%*(D) that the radial limits

f(2):= lim f(rz)

r—1—

exists almost everywhere on T and that the H? norm of f coincides with the L? norm

of the boundary function of f on T. In this way, we regard H? as a closed subspace

of L?(T), so that it is indeed a Hilbert space.

Definition 5. We say that a function v is an inner function if u is a bounded
holomorphic function on D such that |u(z)| = 1 for almost every z € T.

Examples of inner functions includes: z",n € N and Blaschke products

where || =1, a; € D for 1 <i <k.

Definition 6. The unilateral shift operator S : H?> — H? is defined by

for z € D. The unilateral shift operator S is unitarily equivalent to S : [ — [? as an

operator defined on sequences of Fourier coefficients of functions in H? by

S(ag, ai, as,...) := (0,ap, a1, as, ...).

In 1949 Beurling characterized all the S-invariant subspaces in H?2.

Theorem 6. Beurling’s Theorem: The nontrivial S-invariant subspaces of H? are

precisely the subspaces of the form

wH? = {uf : f € H*},
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where u s an inner function.

Definition 7. Suppose u is an inner function. Then the model space IC, is given by
K. = (uH?)* = H> © uH?.

In other words, model spaces are the orthogonal complements of the nontrivial invari-
ant subspaces for the unilateral shift Sf(z) := zf(z) on H?. Hence, K, are precisely
the nontrivial invariant subspaces of S*.

Hence we conclude, model spaces are invariant subspaces for the backward shift op-

erator,

f(z) = f(0)

z

S*f(z) = zeD.

The following known proposition describes Model spaces in a different way.

Proposition 3. If u is an inner function, then

K, =H?NuzH?,

where we regard the right hand side as a set of functions on T.

Since IC,, are closed subspaces of the Hardy space, they are Hilbert spaces with repro-
ducing kernels, which we will now identify. The reproducing kernels for the H?*(D),

known as the Szego kernels, are given by

for A € D and z € T. From here, one finds that the reproducing kernels K} for I,
are given by
I —u(Mu(2)

Kx(z) = BRI

for A\ €D and z € T.
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Since K, is a closed subspace of the Hilbert space H?, there must be an orthogonal

projection P, : H?> — K,. This projection is an integral operator given by

Py = (585 = [ 1 1 D,

for A € D. If w is an inner function and ¢ € L>°(T), we define the truncated Toeplitz

operator T} : K. — Ky by

From the integral representation of P,, we may write T as an integral operator,

1—u()\)m
N = [ fCeo 5 ast),

for A € D. For ¢ € L*(T), let ¢ represent the Berezin transform of ¢ on K, given
by

BulN) = (T2 ) = [ ol IR Pao,
where kY (z) represents the normalized kernel of IC,,.
We will concern ourselves with Model Spaces generated by the inner functions u = 2".

It is well known that the matrices of truncated Toeplitz operators with bounded, real

valued symbols on K.~ are simply n x n Toeplitz matrices of the form

where
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@:/@(eie)e—in9d6‘7
0

is the n'* Fourier coefficient of . If o € L>®(ID), we say Tjn is a positive operator

if it’s associated matrix T is positive definite, or, in other words, if the determinant
of every principal minor is positive. For more introductory information on Model

spaces, see [4].

3.2 Preliminaries

In the recent years, the Berezin transform has been a useful tool for characterizing
certain properties of Toeplitz operators. Here, we give a brief overview of some major
previous results concerning the characterization of the positivity of Toeplitz operators
in terms of the Berezin transforms of their symbols.

Recently, Zhao and Zheng [10] proved that the positivity of a Toeplitz operator on
the Bergman space is not completely determined by the positivity of the Berezin
transform of its symbol. In fact, they showed that even if the Berezin transform of
a quadratic polynomial in |z| on the unit disk is bounded from below by a positive
number, the Toeplitz operator associated with that symbol may not be positive. We

start with their result in the positive direction.

Theorem 7. [10] Let o = |z|?+alz|+b, where a,b are real. Suppose a € R\ (=2, —2),

then T, is positive if and only if (2) is a nonnegative function on D.

On the other hand, they gave a counterexample to show that the positivity of the
Berezin transform of such a symbol is not sufficient to prove the positivity of its

associated Toeplitz operator.

Theorem 8. [10] Let ¢(z) = |z|* + a|z| + b, where a,b are real. For each a €
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|
©|x
|
=[Ot

) C (—2,-2), there exist b € R and § > 0 such that

P(z) >,

for all z € D, but T, is not positive.

Motivated by this paper, we study the relationship between the positivity of trun-
cated Toeplitz operators on finite dimensional model spaces with corresponding inner
functions u = 2™ and the positivity of their Berezin transforms. We ask the following

question:

3.3 Main Results

Question 1. For the inner functions z", n > 2, if ¢ € L>®(D) and pn(N\) > 0 for

all \ € D, is T;" positive on K3'?

We answer this question affirmatively in the case that ¢ is real valued and n = 2,
and negatively in the case that ¢ is real valued and n > 3.

Case 1 forn =2

The Fourier coeficients of ¢ with respect to orthonormal basis {ey = 1,e; = z} are
27

P = <T;2€0, eo) = 5= [ p(e?)df
0
) 2 ] )
o1 =(T71,2) = 5= [ w(e?)e"df
0

21
p1 =T 2,1) = 5 [ p(e?)edd
0

On ICf\2, we compute the kernel and normalized reproducing kernel,

KZ¥(z)=14Xz, forAeDandzeT
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and,
> L+ A
K2 = —— 2% forAeDandzeT.

VI+ P

The truncated Toeplitz operator on the model space K2 is,

~ ~ ~

2 o P-1 Yo $1
TSO = . . = . .
Y1 $o Y1 $o
Then TSQ is positive iff ¢o > 0 and ¢F — |41]* > 0. (A)

Similarly the Berezin transform of ¢ is defined as: @,2(\) = <T52 k3 k2 for all X € D.

Lemma 6. For ¢ € L*>®(0D), we show @(\) = ¢ + Q?i(li‘ﬁl) for all A € D.

Proof.

PN = (TZ kS k)

2
1

= 57 [ Pl (@R
0

27

1 oy T+ 14 Ne ™
=— [ o(")

2 ) VI+HARVI+ AR

2
1 10 2 N 0 —i6
= N1+ | xe’” 4+ e
s | S R R )
0
Ap_1 4+ Ady
L+ |A]2
@1 + A
1+ |A]2
2R€()\¢1)
R

= ¢o +

= %o

0

]

Now we show positivity of the Berezin transform of the real valued symbol implies

the positivity of truncated Toeplitz operator corresponding to inner function z2.
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Theorem 9. Let ¢ € L¥(T) be a real valued function. Then @2 > 0 on D if and

only if Tf 15 positive on IC2.
Proof. From Lemma 6, we know that

. 2Re(A\py)

&ﬁ()\) = o + TP\P forall A €D

Thus,

2Re(A\p1)
L+ |A2 —

_ _ 2Re(\3))
S > -~ 7
= TR

R _2Re(\31)
< >sup ———~
w0 = Aeg L+ AP

$2(A) 20 <= Go+

1
|1

choose \ = —Elx for0 <z <

~ 2|1 [P
<= > su —_ 3.1
7= OS;BS% 1+ &1 |22 (3.1)

Let

|1 P2
xT) = — .
M= e

Then

& !

o~ 2 o~
/;1: _ |901 _Ax |§01 :
F@) = ey

which shows us that f has a critical point at x = ﬁ. Continuing,

_ 2|5 [T+ (@ *2?)? — dafrP(1 + @ *2?) (121]* — 221 )
(14 [@n[222)* '

/(@)

Note that f”(ﬁ) < 0. At this value of A, (3.1) becomes
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Po = |1l

Squaring both sides, we have

~

&5 > @)
By (A), T2 is positive. O

Case 2 for n >3

Next, we prove that the positivity of the Berezin transform of real valued symbol is
not enough to prove the positivity of the truncated Toeplitz operator corresponding

to inner function n > 3.

Theorem 10. Let ¢ be the real valued, bounded function given by ¢(0) = 1.1 +
3cos(20) for 6 € [0,27). Then $,5(A) > 0 for all A € D, but Tj,’s is not positive on
K.s.

Proof. One can compute, Ky(z) = 1+ Az + 2’22 and normalized kernel: kx(z) =

LiXei 322 o0 a1] A € . For @ € L>(0D), one can compute,

NETET
1 2m
B = 5 [ ol a(e) s

do

0
2w — . —2 .
1 / ( Z'(,)|1+)\e”9+)\ %02
= — e
or ) 7 T+ M2+ |\
0

2
/go(eie)(l F AR+ A4 A+ A 4+ (X + AN )e
0
+ A2 4 3620 g
-2

A+ T+ A2 )

1
C2m(1 4 A2+ A

~

LR I Y PRI YT I Py I YT A IR P YR YE RN IR P ER YT R
2 — 2
=@+ ———Re{(N+ I\ . — R A AW,
T Ve G A T D
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. 2(14|M?) . 2 -
= ———=Re(A ——————Re{(\
Pt T ) TR e ()

Since gp(@) =11+ 3C082(Q) — 1.1+ 362"9-&-23*21'97

so, the calculations yield,

Yo =1.1
p1=0
~ 3
90225
O
Hence,
2 3
~z A =11 — Rei{- /\2
(V) +1+|)\|2+|)\|4 6{2( )}
1
> 1.1+ inf —————— Re{(3)\?
- +}\2D1+|)\|2+|)\|4 e{(3X%)
1
=11+43(—=
+3(=3)
=.1>0
However,
Do P-1 P2 1.1 0 %
9.9 —4.576
det |3y go | =det|0 11 0]=131-—=——<0
P2 P11 Po 30 11

We have provided an example of a bounded, real-valued symbol ¢ satisfying ©,s > 0
on D whose associate truncated Toeplitz operator T ;3 is not positive on K,s. One

can use the same ¢ to prove @.» > 0 on D whose corresponding truncated Toeplitz
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operator 772" is not positive on K.» for all n > 4.

Next, we observe that the positivity of a truncated Toeplitz operator does not guar-

antee the positivity of its symbol.

Theorem 11. Let p =sinf +a, for a € R. We show for certain value of a € R, T;Q

15 positive but ¢ is negative.

Proof. We first compute Fourier coefficients of T;Q:

:—/81n9+a

- 1
1= 27T

l

(sm@—l—a) Z9d0——/81n€e 0+ ae”)dh = — 5

We know that the operator Tf is positive if and only if o > 0 and @ — |@1]> > 0.

From the above, we have

Yo =a
1
’@1‘ =a’— a1
Thus, T;Q is positive if and only if a > % However, if we let a = %, we still while TZ,Q
is positive, the symbol p(e??) = sin 6 + % is negative for certain values of 6. m
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Chapter 4

Positivity of Toeplitz operator via
Berezin transform on the Fock

space.

4.1 Introduction

For fixed «, consider the Gaussian measure, d\, = %e‘“'z‘QdA(z) on C so that
f(c d\o = 1, where dA(z) = dzdy is ordinary area measure. We define Fock space,
denoted by F?(C), is a set of all entire functions f with the property that the function
f(2)e 21" is in L2(C,d)). F2(C) is closed subspace of L?(C) with norm

Il = (2 [ e sepan)’

and inner product on F?(C) is defined as,

(f.g) = /c f(2)g(2)dNa(2) for all f, g € F*(C).

We study positivity on the Fock space corresponding to a = 1.

2
Here K. (w) = ¢ is a reproducing kernel of F2(C) and k. (w) = 22 — ¢7v—"5 g
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a normalized kernel. For ¢(z) = ¢(|z|) we define the Berezin transform as ¢(z) =
(T k., k.) that maps C — R.
Let P : L?(C) — F?(C) is the orthogonal projection onto the Fock space. For a radial

symbol p(z) = ¢(]z|) on C, we define the Toeplitz operator T, as

Tof(2) = P(ef)(2) :/so(w)f(w)kz(w)dk(w)

c
for all holomorphic polynomials f € F?(C).
We say T, is positive on F?(C) iff (T,.f, f) > 0 for all f € F?(C). To show the
positivity of T,,, it suffices to prove (T,e,,e,) > 0 for all n > 0 where e,(z) = \/Lmz"

is the orthonormal basis for F?(C).

4.2 Lemmas and Theorems

In this section, we study the relation between the Berezin transforms of the monomial
symbols and the positivity of the Toeplitz operators with that symbols. First, we will
show that the positivity of monomial symbol to any integer power is enough to prove
the positivity of the Toeplitz operator. Second, we will show the positivity of the

Toeplitz operator is not enough to prove the positivity of the associated symbol.

Lemma 7. For any symbol p(z), show that,

™

5z) =1 / o (w)e™ P dA(w).

Proof. We have,

p(2) =(Toks, kz)
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_ /(C (W) (1) (w)dA(w) (4.1)
:l w K, (w) Kw(z)e_lwlz w
- LA e )
Ul K Kl e
= LA e A
:% /C p(w) 6622'2 :|222 e dA(w)
—2 [ otwpertr et )
L e GE) A fw
- /C o(w) dA(w)
:% /C p(w)e P dA(w). (4.2)
]

We will show that limit of the Berezin transform at the infinity of a monomial symbol

is infinity.
Lemma 8. For symbol v(z) = |z|, show that,

lim |z| = lim [ |wle P *PdA(w) = .
Z—00 Z—00 C

Proof. Since,

/ lwle P dA(w) > / lwle P dA(w)
C {w:|z—w|<1}

and,

|2 —w| = |z] = |w]
jw] > [2] = [z = w]

jw] > [2] =1
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also,

|z —w| <1

|z —w]* <1

S0,
e lFul® > el
Therefore,
/’wle_z‘w'2dA(w) 2/ (2] = Ve~ dA(w)
C {w:|z—w|<L1}
(21~ 1) | e dA(w)
{wilz—w| <1}
=(|z| — 1)6_17T
Hence,
lim / lwle P dA(w) = oo
Z—00 (C
i.e

lim ¢(z) = lim m = 00
Z—00 Z—00

]

The following theorem shows that if a symbol of the Toeplitz operator is harmonic

with certain property then the symbol and its Berezin transform are same.

Theorem 12. Suppose @ is harmonic function on C satisfying pot, € L'(C,d\),a €

C,where t,(2) =z +a. Then ¢ = ¢. Consequently, p(z) >0 <= T,>0
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Proof. For fixed z, t, is holomorphic so pot, is harmonic. By the mean-value theorem,

pot.(0) = /C 0t (w)d\(w)
o0+ 2) = /(Ccp(w + z)%e"deA(w)
o) = 1 [ o+ e daw)

let w+z=( so that w=_—=z

o) = 1 [ w0 A
o(2) = 3(2)

]

Next, we show the relation between positivity of Toeplitz operators and the Berezin

transforms of monomial symbols.

Lemma 9. For ¢(z) = ||, m € Z, prove that,

1
—T'(n+ oy 1)

szmn:
(T}spmen, €n) - 5

Proof.

mwmmm=4¢wmmmwx
1 1 2
=/hW“%M%—eMdAW>

= — / / P2 e drdf
.
2
— ﬂ-n'/ / m+2n+1 —r2 drd@

== "e~"dr  (substitution)
ol o
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1 [ w
== rz e gy (4.3)
n:Jo

1

:—F( +n+1).

2

Next, we compute the Berezin transforms of the monomial symbols.

Lemma 10. For the symbol p(2) = |2|™, show that $(z) = e~ 37° 07 Rzk L(k+%+1)

where R € R and z = Re™.

Proof.

1 [e.e] oo

k=0 k=0

1 00
= K QZ<T<PKZ>GI€><KZ7€1€>

1 o
=R > (K., Trex){ex, K.)
1 k=0

:HK B Z(KZ,A_kek>(ek, K.) where A\, = (T}.jmey, ex)
k=0

1 k=0

1 )
= K |2 Z/\k<€kaKz>ek(z)
k=0

—_

z

! 5 Z Aker(2)er(2)

z

1 o0
:W Z )\k’@k(Z)
2 k=0

we use by lemma 9 for \;, and we get,
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=1 m 1
—T(k+—=+1)—|z* 4.4
ka + 5 + Dl (4.)

e|z

for 2 = Re™ we get,

1 R
= Z Tk F(k+ +1)
k=0 *°

]

Now, we prove the positivity of the Berezin transform of the monomial radial symbol

implies the positivity of the Toeplitz operator associated with that symbol.

Theorem 13. For the symbols p(z) = |2|™ +a, m € Z;,a € R, show that p(z) >

0 < T, >0.

Proof. Assume that ¢(z) > 0. From Lemma 10 we get,

2%k
Pz) = Z (J;) Ik + 7; +1) +a, where z = Re™
k=0

The Berezin transform at the origin,

p0)=T(5+1)+a>0
By Lemma 9 we get,

1
(Tzjmyabns€n) = —I(n + +1)+a Yn>0

n! 2

;!F(Q +14+n)+a Vn>0
%{(%+1—|—n—1)(%+1+n—2)(%+1+n—3)...(%+1+2)
(%+1+1)(%+1)F(%+1)}+a
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> %{n(n — 1) (n—2)(n— 3)...3.2.1r(% +1)}+a

- F(%—l—l)—l—a

= (0) >0

Thus, p(z) >0 = (Tyen,e,) >0foralln>0 = T, > 0. O

Another way to prove Theorem 13 is to show %F(n + % + 1) is increasing in n for

nthterm
Here, n'* term= (ntb!%)! and (n + 1) term = %
So that,
(n+1)thterm:(n+%+1)!_ n! :n+%+1:1+ 2 >1Vn.
nthterm (n+1)! (n+%)! n+1 n+1
Since (T].jm+a€0,€0) = ©(0) > 0 is a first term of (T].jmiq€p,€,) and we showed

(T}2jm1+q€n, €n) is increasing in n so that (T).jmiqeen,e,) > 0.

Now, we prove that positivity of the Toeplitz operators on the Fock space is not

enough to prove the positivity of associated symbols.

Theorem 14. For symbol, ¢(z) = |z| — a,a € R, the following are equivalent:
(a) T, > 0 on F*(C)

(b) a <T(3)

(¢) () >0 on C

Proof. (a) <= (b)

By the Lemma 9 we have,
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(Tyen,en) = 2T (n+3)—a

1 3
T,>0 <:>—'F(n+§)—a20 Vn >0
n!

1 3
<:>GSHF<H+§) Vn >0
3 . 1 3. . L
—a< F(ﬁ) (It is true because —I'(n + 5) increasing in n).
n!

(a) = (c) is obvious.

(c) = (b)

Let ¢(z) > 0 for all z € C
so, (0) >0

by Lemma 10 we get,
M) -a>0

Hence, a < T'(3).

Thus, for 0 < a < T'(2), we have Tj,,) > 0 but ¢(0) < 0.
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