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An Abstract of
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by
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Doctor of Philosophy Degree in Mathematics
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August 2016

This manuscript contains three topics in missing data problems and causal infer-
ence.

First, we propose an empirical likelihood estimator as an alternative to Qin and
Zhang (2007) in missing response problems under MAR assumption. A likelihood-
based method is used to obtain the mean propensity score instead of a moment-
based method. Our proposed estimator shares the double-robustness property and
achieves the semiparametric efficiency lower bound when the regression model and
the propensity score model are both correctly specified. Our proposed estimator has
better performance when the propensity score is correctly specified. In addition,
we extend our proposed method to the estimation of ATE in observational causal
inferences. By utilizing the proposed method on a dataset from the CORAL clinical
trial, we study the causal effect of cigarette smoking on renal function in patients with
ARAS. The higher cystatin C and lower CKD-EPI GFR for smokers demonstrate the
negative effect of smoking on renal function in patients with ARAS.

Second, we explore a more efficient approach in missing response problems under
MAR assumption. Instead of using one propensity score model and one working re-
gression model, we postulate multiple working regression and propensity score models.
Moreover, rather than maximizing the conditional likelihood, we maximize the full
likelihood under constraints with respect to the postulated parametric functions. Our
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proposed estimator is consistent if one of the propensity scores is correctly specified
and it achieves the semiparametric efficiency lower bound when one of the working
regression models is correctly specified as well. This estimator is more efficient than
other current estimators when one of the propensity scores is correctly specified.
Finally, I propose empirical likelihood confidence intervals in missing data prob-
lems, which make very weak distribution assumptions. We show that the -2 empirical
log-likelihood ratio function follows a scaled chi-squared distribution if either the
working propensity score or the working regression model is correctly specified. If the
two models are both correctly specified, the -2 empirical log-likelihood ratio function
follows a chi-squared distribution. Empirical likelihood confidence intervals perform
better than Wald confidence intervals of the AIPW estimator, when sample size is
small and distribution of the response is highly skewed. In addition, empirical likeli-

hood confidence intervals for ATE can also be built in causal inference.
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Chapter 1

Introduction

1.1 The missing data problem

Missing data problems are pervasive in medical, social, and economic studies,
which may result in serious impact on the conclusion drawn from the study. There
are numerous reasons that can lead to missing data. For example, some people may
refuse to respond and some people are reluctant to provide all the information in a
sample survey. Some missing data are even designed by researchers, which may save
time and cost, or reduce unplanned missingness. In a longitudinal study, individuals
may drop out before the end of the study, which may also introduce missing data.
Although researchers always try to avoid missing data during the collection period, we
still need to learn how to deal with missing data when the missingness is inevitable.
Missing data may occur in responses, covariates, or both responses and covariates.

Missing data mechanisms, which describe the relationship between the propensity
of data to be missing and measured variables, are often classified as missing com-
pletely at random (MCAR), missing at random (MAR), and missing not at random
(MNAR) (Little and Rubin, 2002). Missing completely at random (MCAR) means
the missingness of data is independent of any observed or unobserved variables. An

example is that some questionnaires are lost by accident in a sample survey. Missing



at random (MAR) occurs when the missingness only depends on observed data, and
is conditionally independent of unobserved data given observed data. For example,
people in service occupations are less likely to report their income. Missing not at
random (MNAR) indicates that the missingess of data depends on unobserved data.
An example is that in a physical examination, only overweight people have their
weight measured.

Our three research topics focus on missing response problems, under MAR as-
sumption. The main objective in our study is to estimate the population mean. If
the response is fully observed, an intuitive estimate of the population mean is the

sample mean.

1.1.1 Previous methods

When the response is subject to missing data, a naive method is to delete all
cases that contain missing values, and only analyze the complete cases, which is
called complete-case analysis. The complete-case estimator of the population mean
response is then defined as the sample mean of the observed responses. Now, the
question is does the complete-case estimator actually estimate the population mean
response, or is the complete-case estimator a consistent estimator of the population
mean response? The answer is it depends on the missing data mechanism. If responses
are MCAR, the weak law of large numbers suggests that the complete-case estimator
is a consistent estimator of the population mean response. On the other hand, if
the MCAR assumption does not hold, the complete-case estimator does not actually
estimate pu, instead, it estimates the true average of those observed responses. As a
result, many debias approaches are employed by researchers.

The regression estimator is very popular in missing response problems. It starts
with specifying a working regression model for the conditional expectation. A para-
metric working regression model, such as the linear regression model, is often postu-
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lated. Coefficients in the working regression model can be estimated from complete-
case data. The regression estimator is then defined as the average of predicted re-
sponses. Under MAR assumption, the probability of observing the response is condi-
tionally independent of the unobserved response given the covariates, which implies
that the conditional expectation of the response given the covariates is the same in
the observed group, the unobserved group, and the whole population. It explains
why we could use the complete-case data to estimate the regression coefficient. When
the working regression model is correctly specified, the regression estimator is a con-
sistent estimator of the population mean response. From our simulation results, we
notice that the regression estimator is more efficient than other estimators when the
regression model is correctly specified. This is also mentioned by other researchers;
see, for example, Kang and Schafer (2007).

Different from the regression estimator which makes assumptions about the re-
lationship between the response and covariates, the inverse probability weighting
(IPW) methods model the relationship between the missing indicator and covariates,
or propensity score. In a missing data problem, the propensity score is defined as the
probability of observing response given the covariates. We often postulate a para-
metric working model for the propensity score, where the coefficients in the working
propensity score can be estimated by maximizing the binomial likelihood function.
The most popular choice for the working propensity score model is the logistic re-
gression model. Motivated by survey inference of Horvitz and Thompson (1952), an
estimator that weights observed responses by the reciprocal of the predicted propen-
sity scores was proposed, and it is called the Horvitz-Thompson (HT) estimator. If
the working propensity score is correctly specified, the HT estimator is a consistent
estimator.

To enhance precision of the HT estimator, the sum of missing indicator to esti-

mated propensity score ratios is often used as a substitution in the denominator of



the HT estimator. In this way, the IPW estimator is given by reweighting the HT
estimator with normalized weights (Hirano and Imbens, 2001). Similar to the HT
estimator, the IPW estimator is also consistent when the working propensity score is
correctly specified. In most cases, the IPW estimator is more efficient than the HT
estimator.

To improve efficiency, Robins et al. (1994, 1995) proposed an augmented inverse
probability weighting (AIPW) method, which augments the IPW methods by adding
an outcome regression term. The AIPW estimator enjoys a double-robustness prop-
erty, which guarantees consistency of the estimator if either the propensity score or
the outcome regression model is correctly specified, and, moreover, the AIPW estima-
tor attains the semiparametric efficiency lower bound (Robins and Rotnitzky, 1995;
Hahn, 1998) when two working models are both correctly specified. The estimated
propensity score in the AIPW estimator can be replaced by the true value when the
true propensity score is known in some special cases, such as in planned missing data
designs. However, a counterintuitive result (Robins et al., 1995) suggests that the
ATPW is more efficient if the estimated propensity score is utilized instead of the true
propensity score, even if the true propensity score is known.

Qin and Zhang (2007) proposed an empirical likelihood (EL) approach for estimat-
ing the population mean by maximizing the conditional sampling likelihood subject
to moment constraints. Instead of using an outcome regression model as in the AIPW
method, the EL method employs a set of known functions, which avoids the estima-
tion of unknown coefficients in the regression function. The constraints in the EL
method calibrate both the propensity score and the known functions. Similar to the
AIPW estimator, the EL estimator also enjoys the double-robustness property; in
addition, it still achieves the semiparametric efficiency lower bound when the true
outcome regression function is a linear combination of the specified known functions

with a correctly specified working propensity score. Simulation results show that the



EL estimator is more efficient than the AIPW method when the regression model is
misspecified.

Various other methods related to missing response problems have been proposed
in literature. Wang and Rao (2002) introduced an empirical likelihood approach by
employing kernel regression imputation for missing response data, which estimates
the regression function using the nonparametric kernel method. If the covariate vec-
tor is high-dimensional, the nonparametric method is not very practical due to the
well-known curse of dimensionality. Qin et al. (2008) proposed an efficient and doubly
robust imputation method. Their estimator is derived by adding a new term to the
regression imputation estimator, where the new term is constructed by employing the
empirical likelihood method. This proposed estimator has good efficiency, enjoys the
double-robustness property, and achieves the semiparametric efficiency lower bound
when both propensity score and regression models are correctly specified. More-
over, this estimator does not suffer from the dimensionality problem, since it uses a
parametric regression model instead of a nonparametric one. Han and Wang (2013)
extended the double-robustness property to multiple-robustness property. They pro-
posed a weighted method based on empirical likelihood theory. Instead of postulat-
ing one propensity score model and one outcome regression model, their proposed
method postulates multiple propensity score and outcome regression models. The
weights are estimated by solving multiple constraint equations. Their estimator en-
joys a multiple-robustness property, which allows the estimator to be consistent if any
of the multiple postulated models are correctly specified. The estimator also attains
the semiparametric lower bound if one propensity score model and one regression

model are correctly specified.



1.1.2 Owur proposed methods

In Chapter 2, we propose an empirical likelihood estimator as an alternative to Qin
and Zhang (2007), which makes use of the empirical likelihood approach (Owen, 1988,
1990, 2001; Qin and Lawless, 1994). Our work differs from that of Qin and Zhang
(2007) in three aspects, as described below. First, instead of using a set of known
functions a(z) as in Qin and Zhang (2007), we postulate a working regression model
which possibly involves unknown parameters, but reduces the number of constraints
and lowers the implementation difficulty. Second, instead of constructing constraint
equations by calibrating both the propensity score and the functions a(x) as in Qin
and Zhang (2007), we only employ the calibration constraint equation to match the
first-order moment conditions of the estimated working regression function between
the complete-case subsample and the full sample, with no calibration weighting on the
constraint of the working propensity score; this gives rise to a different empirical like-
lihood method than that of Qin and Zhang (2007) by treating the expected working
propensity score as an unknown parameter in the constraint equations and estimating
the unknown parameter through a profile empirical likelihood function. Although an
additional parameter is introduced in constraint equations because no calibration is
imposed on the working propensity score, the reciprocal of the expected propensity
score parameter is constrained to be equal to one of the two Lagrange multipliers.
This implies that in terms of calculating probability masses supported on observed
data, the computational effort of our proposed empirical likelihood method is compa-
rable to that in Qin and Zhang (2007) because the number of unknown parameters in
our estimating equations is the same as that in the estimating equations of Qin and
Zhang (2007) when the dimension of a(z) equals one. Finally, our proposed partial
calibration weighting method using empirical likelihood yields a different asymptotic

variance of the estimated mean response from that produced by the full calibration



weighting empirical likelihood method of Qin and Zhang (2007); neither dominates
each other asymptotically, though simulation results show that our proposed estima-
tor has better performance when the working propensity score is correctly specified.
Apart from these three different aspects, our proposed estimator shares the double-
robustness property and achieves the semiparametric efficiency lower bound when the
working regression model and the working propensity score model are both correctly
specified.

In Chapter 3, we propose another empirical likelihood method in missing response
problems, which employs multiple working propensity score and regression models.
Our proposed method maximizes a full likelihood function instead of a conditional
likelihood function, and includes more constraints, such that the estimator is more
efficient than its competitors. This estimator is consistent when one of the working
propensity score is correctly specified, and it achieves the semiparametric efficiency

lower bound if one of the working regression models is correctly specified as well.

1.2 Causal inference

Questions related to causal inference may arise in many different areas, including,
but not limited to, epidemiologic, social, and econometric studies. For example, what
is the effect of a specific drug in patients with heart disease? How does education affect
people’s income? Do citizens of Beijing die due to air pollution? Researchers have
been studying different types of causal effect problems for decades. The counterfactual
framework described in Rubin (1974) is a fundamental approach to study causal effects
based on the idea of potential outcomes.

The treated and control potential outcomes for an individual, defined as the values
of the outcome if the individual were to receive treatment or control, are counterfactu-

als, because each individual can only be in the treated group or in the control group,



not both. Assume the stable unit treatment value assumption (SUTVA) holds (Rubin,
1980), there is no treatment variation and potential outcomes are well defined. Our
central interest in causal inference is the estimation of the average treatment effect
(ATE), which is defined as the comparison between two population mean potential
outcomes.

In a randomized experiment, subjects are randomly assigned to treatment or con-
trol groups, which means distributions of baseline characteristics of subjects are bal-
anced in two groups and potential outcomes are independent of treatment assignment.
In this case, the population mean observed outcome among subjects in the treated
group is equal to the population mean potential treated outcome, while the popu-
lation mean observed outcome among subjects in the control group is equal to the
population mean potential control outcome. This indicates that a comparison of mean
observed responses from the two sample groups can be directly used to estimate the
ATE.

Randomized experiments cannot always be conducted due to ethical, budgetary,
or practical reasons. For example, it is infeasible to assign people to smoking or
non-smoking groups to study the causal effects of smoking on some diseases. Ob-
servational studies are often implemented instead of randomized experiments in such
cases. In an observational study, data are observed after the experiment and the
treatment assignment is outside the control of the investigator. In this case, associa-
tion between treatment assignment and covariates and potential outcomes may exist,
and characteristics of the subjects may be unbalanced between the two treatment
groups. A biased result may occur if sample mean difference is used as an estimate of
the ATE in an observational study. For example, if smokers are significantly younger
than non-smokers in an observational study, a sample mean comparison might lead to
unreasonable results, such as smokers have better kidney function than non-smokers.

In an observational study, treatment exposure and potential outcomes are very



unlikely to be independent; however, it is plausible to make a strongly ignorable
assumption (Rosenbaum and Rubin, 1983), which is potential outcomes are condi-
tionally independent of the treatment exposure given the covariates. This assumption
is also called no unmeasured confounders assumption. By making this assumption,
researchers assume that the covariate vector measured in the dataset contains all con-
founders associated with treatment exposure and potential outcomes and there are
no other unmeasured confounders. Therefore, researchers can make inferences on the
ATE by adjusting these confounders.

An approach of adjusting confounding factors is to match the treated and control
subjects with similar covariate values. The basic idea of the matching approach is
to balance characteristics in two treatment groups and to enforce the observational
study almost the same as a randomized experiment. An intuitive way to achieve the
matching is by matching each treated subject with a control subject who has exactly
the same values of all covariates. It might be very easy to achieve this matching with
only one covariate; however, if the covariate vector is high-dimensional, such match-
ing is almost infeasible. Rosenbaum and Rubin (1983) proposed a propensity score
approach to estimate the ATE by adjusting pretreatment covariates. The propensity
score is defined as the conditional probability of receiving treatment given the co-
variate vector. Rosenbaum and Rubin (1983) provided two effective features for the
propensity score. First, the propensity score is a balancing score, which means the
distribution of the covariate vector is the same in the treated and control group for
subjects with the same propensity score. Second, if the strongly ignorable assump-
tion holds, then the treatment exposure is conditionally independent of the potential
outcome for subjects with the same propensity score. These features allow us to
match the subjects on propensity score instead of covariates (Rosenbaum and Rubin,
1985; D’Agostino, 1998). A parametric working propensity score, such as a logistic

regression model, is often needed in a propensity score matching. After estimating



coefficients of the propensity score model from the binomial likelihood function, we
can perform a 1 : 1 or k£ : 1 matching for subjects with similar estimated propen-
sity scores in control and treated groups and make inferences on the ATE using the
matched dataset.

An alternative usage of propensity score for confounder adjustment is through
stratification (Rosenbaum and Rubin, 1984; D’Agostino, 1998; Lunceford and Da-
vidian, 2004). Subjects are stratified into k strata by sample quantiles of estimated
propensity scores. Sample mean difference between two treatment groups can then be
calculated in each stratum, and the ATE can be estimated using the sum of weighted
sample mean differences across all strata. If the balance is still not achieved within
each stratum, residual confounding may still exist and bring about biased estimation.
To reduce the bias, alternative methods such as regression estimates can be applied
instead of the sample mean difference within each stratum.

Another approach to adjust for confounding factors in observational causal infer-
ence is by treating the problem of estimating ATE as a two-sample missing response
problem. If we view the treated responses as missing data for subjects in the con-
trol group, the estimation of the mean potential treated response can be viewed as a
one-sample missing response problem. On the other hand, the mean potential control
response can also be estimated by considering control responses as missing data for
subjects in the treated group. As a result, methods developed in missing response
problems, including, but not limited to the regression estimator, IPW methods, the
ATPW estimator, EL methods, and the multiple-robustness estimator, can be applied
immediately in the estimation of the ATE in observational causal inference; see, for
example, Hahn (1998), Hirano et al. (2003), Tan (2006), Qin and Zhang (2007), and
Zhang (2016). We also extend our proposed empirical likelihood methods in miss-
ing response problems to the estimation of ATE in observational causal inferences in

Chapter 2.
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1.3 Empirical likelihood method

Empirical likelihood is a well-known nonparametric approach introduced by Owen
(1988, 1990, 2001). Parametric likelihood methods are very popular in statistical in-
ference, which require us to specify parametric joint distributions of the data; how-
ever, if the distributions are incorrectly specified, results may no longer be efficient.
The empirical likelihood method surmounts the difficulty of distribution specifica-
tion, while maintaining the attractive advantages of parametric likelihood methods
as well. For example, the Wilks” theorem still works under an empirical likelihood
setup (Owen, 1988); Bartlett correction can be applied to improve the precision of
inferences (DiCiccio et al., 1991). In addition, semiparametric methods that combine
the empirical likelihood and parametric methods through constraints may achieve
more desirable results on different inference problems; see for example, Qin and Zhang
(2007), Zhang and Zhang (2014), and Wang and Zhang (2014).

In empirical likelihood inferences, the empirical cumulative distribution function
(ECDF) is a nonparametric maximum likelihood estimate of the distribution func-
tion. We define the nonparametric likelihood ratio as the ratio of the nonparametric
likelihood of the cumulative distribution function and the likelihood of ECDF'. If we
are interested in a parameter, the profile likelihood ratio function of the parameter
can be defined as the maximum of the nonparametric likelihood ratio under some
constraints with respect to probability masses and the parameter. In addition, if
we are interested in the population mean, the empirical likelihood theorem (Owen,
2001) states that the —2 empirical log likelihood ratio converge in distribution to a
chi-squared random variable with one degree of freedom, which allows us to build
an empirical likelihood confidence interval of the population mean. For more details
please refer to Owen (2001).

Empirical likelihood has very wide applications in different areas in statistics.
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Chen and Qin (1993) demonstrated that the empirical likelihood method can be ap-
plied to finite population sampling problems to use auxiliary information efficiently.
Smoothed empirical likelihood confidence intervals were developed by Chen and Hall
(1993) for quantiles. Qin and Lawless (1994) utilized the empirical likelihood method
to solve estimating equations when the number of parameters is less than the number
of equations. A blockwise empirical likelihood method proposed by Kitamura (1997)
was applied for general estimating equations with weakly dependent processes. Qin
and Zhou (2006), Zhang and Zhang (2014), and Wang and Zhang (2014) employed
the empirical likelihood method in ROC analysis. Many researchers also applied the
empirical likelihood method to missing data problems. Wang and Rao (2002) intro-
duced an empirical likelihood approach for mean response by using kernel regression
imputation. An empirical likelihood approach proposed by Qin and Zhang (2007)
estimated the population mean by maximizing the conditional sampling likelihood
subject to moment constraints. Xue (2009) constructed empirical likelihood confi-
dence intervals for mean response under MAR assumption after the kernel regression
imputation. For more references on missing data problems, I refer readers to Qin
et al. (2009), Wang and Chen (2009), and Han and Wang (2013).

In Chapter 4, we propose semiparametric empirical likelihood confidence intervals
in missing response problems by utilizing the AIPW method proposed by Robins
et al. (1994). We prove that the —2 empirical log-likelihood ratio function follows a
scaled chi-squared distribution if either the working propensity score or the working
regression model is correctly specified. If the two models are both correctly specified,
the —2 empirical log-likelihood ratio function follows a non-scaled chi-squared distri-
bution. Simulation results suggest that our proposed empirical likelihood confidence
intervals have better performance compared with the Wald type confidence intervals
for the AIPW estimator, when sample size is small and distribution of the response

is skewed. Moreover, this method can be extended to the construction of empirical
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likelihood confidence intervals for the ATE in causal inference.
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Chapter 2

An alternative empirical likelihood
method in missing response

problems and causal inference

2.1 Introduction

Missing data occurs frequently in medical, social, and economic studies. Miss-
ing responses, missing covariates, or both are possible missing data patterns. In
this chapter, we focus on missing response problems. We assume that responses are
missing at random (MAR), which means that the missing indicator variable is condi-
tionally independent of responses given the covariates. The simplest way to deal with
missing data is complete-case analysis, i.e., deleting subjects with missing values and
analyzing the subjects with complete observations. However, this approach may lose
efficiency and lead to biased results unless the missing data mechanism is missing
completely at random (MCAR).

The regression method is an efficient approach to estimate the mean response.
After fitting a regression model from the complete-case data, the regression estimator

can be derived by the mean of the fitted values from all subjects; this is motivated
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from survey sampling methods Cochran (2007). Another common approach is the
inverse probability weighting (IPW) method motivated by Horvitz and Thompson
(1952). This method weights the complete-case response by the inverse of estimated
selection probability or propensity score (Rosenbaum and Rubin, 1983). Both of
these methods are simple to use; however, they are not consistent if the regression
model or the propensity score model is misspecified. Robins et al. (1994, 1995) pro-
posed an augmented inverse probability weighting (AIPW) method, which extends
the IPW method by adding a regression term as an augmentation. The AIPW esti-
mator has a double-robustness property, i.e., the estimator is consistent if either the
outcome regression model or the propensity score model is correctly specified. It also
achieves the semiparametric efficiency lower bound when the regression model and
the propensity score model are both correctly specified. Various doubly robust and
multiply robust estimators have been studied in recent years; see for example, Bang
and Robins (2005), Tan (2006), Kang and Schafer (2007), Qin and Zhang (2007), Qin
et al. (2008), Cao et al. (2009), Zhang and Little (2011), and Han and Wang (2013).

In this chapter, we propose an empirical likelihood estimator as an alternative to
Qin and Zhang (2007), which made use of the empirical likelihood approach (Owen,
1988, 1990, 2001; Qin and Lawless, 1994). Our work differs from that of Qin and
Zhang (2007) in three aspects, which are described in Section 1.1.2. Our proposed
estimator also shares the double-robustness property and achieves the semiparametric
efficiency lower bound when the working regression model and the working propensity
score model are both correctly specified.

Estimation of the average treatment effect (ATE) is often the basis of epidemi-
ologic and econometric studies. In a randomized experiment, the ATE can be esti-
mated by simply employing the sample mean difference. However, in an observational
study, the treatment assignment may depend on covariates; thus, the sample mean

difference may no longer be consistent. In this case, the estimation of ATE requires
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adjustment for confounding factors. The propensity score proposed by Rosenbaum
and Rubin (1983) plays a critical role in observational causal inference. It can be
used to adjust for confounding factors through matching, stratification, and weight-
ing; see for example, Rosenbaum and Rubin (1984, 1985), Hahn (1998), Hirano et al.
(2003), Lunceford and Davidian (2004), Qin and Zhang (2007), and Zhang (2016). If
we consider the control responses as missing data for subjects in the treated group,
the estimation of the mean potential control response can be viewed as a one-sample
missing response problem. In the same manner, the mean potential treated response
can be estimated by viewing the treated responses as missing data for subjects in the
control group. As a result, methods developed in the missing data problems can be
applied in the estimation of the ATE in observational causal inference.

Cigarette smoking may worsen renal function in people with diabetes mellitus and
primary kidney diseases (Stegmayr, 1990; Orth et al., 1998; Shankar et al., 2006; Obert
et al., 2011); however, the effect of cigarette smoking on renal function in patients with
atherosclerotic renal artery stenosis (ARAS) is uncertain. In this context, we apply
our proposed method and several other methods on a dataset from the Cardiovascular
Outcomes in Renal Atherosclerotic Lesions (CORAL) clinical trial (Cooper et al.,
2014) to study the causal effect of cigarette smoking on renal function in patients
with ARAS; see Drummond et al. (2015). The CORAL study was a prospective,
international, randomized clinical trial which compared medical therapy only with
medical therapy plus stenting in patients with ARAS, followed from May 2005 to
January 2010. Randomization was carried out by an interactive voice randomization
system (IVRS) with the use of a permuted block design (Cooper et al., 2014). Active
cigarette smoking, defined as regular tobacco use within one year prior to enrollment
in the study, was observed after randomization; hence, the study of the causal effect
of smoking on renal function of ARAS patients is an observational study. In the

CORAL study, 277 (30%) of the 931 enrolled patients were self-reported smokers.

16



This chapter is organized as follows. Section 2.2 presents empirical likelihood
estimators in one-sample missing response problem and two-sample missing response
problem (causal inference). Section 2.3 provides theoretical properties and asymptotic
distributions of the proposed estimators. Simulations studied for both one-sample and
two-sample missing data problems are given in Section 2.4. Section 2.5 presents an
application of the proposed method based on a dataset from the CORAL clinical trial
(Cooper et al., 2014). Section 2.6 contains concluding remarks. Proofs of theoretical
results are given in the Section 2.7. Section 2.8 provides some theoretical properties

for estimators in simulation studies.

2.2 Methodology

2.2.1 One-sample missing response problem

As in Qin and Zhang (2007), we consider the standard missing data setup. Let Y,
X, D be the response variable, covariate vector, and missing indicator respectively,
where D =1 or 0 as Y is observed or missing, and X is always observed. Our goal is

to estimate the population mean

MZE(Y)I//yf(y,@drdy,

where f(y,x) is the joint density function of (Y, X)), and pug is the true value of p.
Let (D;Y;, X;, D;), i = 1,...,n denote the observed data. Without loss of gen-
erality, we index the subjects with observed response by i = 1,...,ny, where n; =
>y D;. Our proposed method requires making assumptions about the propensity
score P (D = 1|X = z) and the conditional expectation E(Y|X = z), which are de-
noted as m(z) and m(x), respectively. A parametric working propensity score model

m(x,7y) for m(x) is often postulated by researchers, where v is a p X 1 unknown vector

17



parameter, and v is often estimated by maximizing the binomial likelihood

n

| G PR SO 0 aa? (2.1)

i=1

The most common choice of the propensity score model is the logistic regression model

() = exp(y'z)
’ 1+ exp(yTz)
Similarly, we can posit a parametric working regression model m(x, 3) for m(x), where
[ is a ¢ x 1 unknown vector parameter that can be estimated from complete-case data.
The conditional likelihood founded on (Y}, X;), given D; = 1,7 =1,...,n; can be

written as
ni

I — H W(szpi’ (2.2)

where

0= [ [ #@) ity o)dedy = E{x()}

and p; = f(Y;, X;) = dF(Y;, X;), i = 1,...,ny, denote positive jumps with sum 1,
where F'(y, ) is the joint cumulative distribution function of (Y, X). Accordingly, we
can now treat the inference on the conditional likelihood (2.2) as a biased sampling
problem similar to Vardi (1982, 1985). To obtain a more efficient empirical like-
lihood estimator, we maximize the conditional likelihood (2.2) under the following

constraints

Zpi =1, Zpi{W(Xi,’AY) - ‘9} =0, sz{m(XuB) - m(ﬁ)} =0, (2-3)

where 4 is the maximizer of binomial likelihood (2.1), A is the coefficient of the regres-
sion model m(z, 8), and m(3) = n~* 321 m(X;, §). The first constraint corresponds

to the truth that the total jumps equals 1. The second constraint reflects the selection
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bias. The third and final constraint is to improve efficiency by using the regression
function. For fixed (6, ), applying the method of Lagrange multipliers shows that

the maximum value of L is attained at

1 1
T4 M (X A) — 0} + Mm(Xs, B) — (D))

pi(0) i=1,...,n1, (2.4)

where A\; and A\ are Lagrange multipliers. Substituting p;(#)’s into the conditional

likelihood (2.2), the profile likelihood of @ is

XA 1 L
HO) _H 0 1+ \{m(X;,4) — 0} + Mm(X5, B) — i(B)}

Maximizing the profile likelihood function by differentiating the log-likelihood (),

where [(0) = log{L(6)}, with respect to § and setting the derivative to 0, we obtain

1
)\125.

Under constraints (2.3), 6 and A satisfy

m (X, 75) — 0
Z 0-17(X;, %) + Mm(X;, B)

=1

m(6)}

- m(szB) - M(ﬁ)
; 017 (X5, ) + Mm(X;, B) - m(é)}

Suppose (é, S\)T is a solution of equations (2.5). Then from (2.4) we obtain

It turns out that our proposed estimator is given by

ni
ﬂ = Z ﬁiY;
i=1
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1 « 1
= — ~ = = —D,Y;. 2.7

Remark 1: A major difference between our proposed method and Qin and Zhang’s
(2007) empirical likelihood method is in the second constraint of (2.3). Their approach
is to calibrate the estimated working propensity score m(z,4) by matching its first-
order moments from the complete-case covariate vector {(X;, D; = 1), i =1,...,n}
to the full-data covariate vector (X, ..., X,,). By contrast, our approach matches the
first-order moment of w(x, %) from {(X;, D; = 1), i = 1,...,n} to the expected work-
ing propensity score § = E{n(X,~)}, an additional unknown parameter introduced
into the second constraint equation in (2.3) due to no calibration on 7(z,4). In other
words, Qin and Zhang (2007) performed calibration on both the propensity score
m(x,%) and the known functions a(z) through matching between the complete-case
subsample and the full sample on the covariate vector X, whereas we only perform
partial calibration on m(z, B) and impose no calibration constraint on 7 (z,4). As
a result, the expected working propensity score 6 is estimated differently depending
on whether or not calibration is performed on 7(z,%). In Qin and Zhang (2007),
0 is estimated by the sample mean propensity score § = n=* Yoy m(X5,%), which
only uses the observed data on (D, X) and the estimated working propensity score
m(x,%). It is worth pointing out that 6 reduces to the non-missing proportion n4 /n
for any logistic propensity score with an intercept. In contrast to their estimator 9,
our proposed estimator 0 is obtained by maximizing the profile likelihood function
L(#) and has the potential advantages of utilizing all the observed data on (DY, X, D)

~

and extracting useful information from both working models 7 (z,%) and m(z, 5).
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2.2.2 Causal inference or two-sample missing response prob-

lem

Let D denote an indicator of treatment exposure such that D = 1 if treated and
D = 0 if control. Let X denote a covariate vector which is not affected by either
treatment. Denote Y'(0) and Y(1) as potential outcomes, respectively, when D = 0
and D = 1. Y;(1) — Y;(0) represent the treatment effect for the ith subject. However,
it cannot be observed, since each subject can only be in the treated group or in the

control group, not both. Accordingly, the actual observed outcome Y is written as

Y = DY (1) + (1 — D)Y(0),

and (Y;, X;, D;), i = 1,...,n are observed values. Nevertheless, causal effects are
still comparisons between potential outcomes, which can be measured by the average

treatment effect (ATE), defined as

A=B{Y(1)-Y(0)} = ' — 2. (2.8)

In an observational study, the propensity score is the conditional probability of re-
ceiving treatment given the covariate vector X (Rosenbaum and Rubin, 1983), which
is

m(x)=P(D=1X=2), 0<n(z) <l

In addition, if the strongly ignorable assumption (Rosenbaum and Rubin, 1983) holds,
which is

{Y/(0), Y()}LDIX,

the estimation of A in causal inference can be considered as a two-sample missing

response problem under the missing at random assumption. The two samples are
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(Yi(1), D;, X;) and (Y;(0), Dy, X;), @ = 1,...,n, where Y;(1) and Y;(0) are missing
if D; = 0 and D; = 1, respectively. Then we can estimate pu' and p° in (2.8)
separately by our proposed method in Section 2.2.1. Denote m;(x) = E{Y (j)|X =
z}, 7 = 0,1. Then we can postulate parametric models 7 (z,~), mo(z, 3°), and

my(x, B1), for w(xz), mo(z), and my (), respectively, where v can be estimated from the
binomial likelihood function which has the same format as (2.1), 47 can be estimated
from the complete-case data of (Y;(j),D;, X;), i = 1,...,n, and 7 = 0,1. Write
i (67) = n S0 my(X5, ), n = Y1, Di and ng = n — ny. On the basis of the

methodology in Section 2.2.1, u! is estimated by

1
= — ~ Dz}/:u 2.9
ny Z (017 (X;,4) 4+ A{mq (X5, BY) — 1 (BY)} 29

where 6! and \! satisfy the equations

G (X177) - 91 -0
; (01 7(X5,A) + M (X, 1) — i (B}

(Xz,Bl) 1 (Bl) -0
; 0) (X0 ) + N {ma (X0 ) — (BN}

Similarly, p° is estimated by

wo Ly !

o ; (6°)7H{1 — m(Xi, 4)} + A0 {mo(XG, 5°) — 1o (5°)}

where 69 and \° satisfy the equations

f: 1 —m(X, %) 90 i i _0
—(0°)H{1 — (X5, 7))} + A{mo(X;, B°) —1g(80)}

i mo(X;, 3°) — mo(BO)A _ _
= (0°)7H{1 = m(X3,9)} + A2{mo(Xi, BO) — 1o (B°) }
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According to (2.9) and (2.10), we propose the estimate A by A = gt — 0.

2.3 Theoretical Properties

2.3.1 One-sample missing response: consistency when the

working regression model is correctly specified

Suppose that m(x) is correctly modeled by m(z, $). Denote the true value of 5 as
Bo such that m(z, By) = m(x), then 3 — f3, in probability, and, moreover, m(B) — o
in probability. Applying the results of White (1982), 4 — 7 in probability under
suitable regularity conditions, where 7 is the value that minimizes the Kullback-

Leibler discrepancy

/ log{m(x)/n(x,7)}n(x) de

with respect to 7. In addition, suppose (é, 5\)T is a solution of equations (2.5). We
can prove that (6, \)T — (6%, A\%)” under suitable regularity conditions. Then the

consistency of ji can be obtained as follows after some algebra, which is

=Y pdYi—m(Xe, )} + Y him(Xi,5)
i=1 =1

_nly DA{Y; — m(X;, B)} )
mn = -1 (X, 4) + Mm(X;, B) — m(B)}

1 [ D{Y —m(X)}
P(D=1)" [ 'n(X,v*) + N{m(X) — o}

)
)

in probability. It follows that

Theorem 2.3.1 If the regression model m(x, ) is correctly specified, [i is a consis-

tent estimator of pyg.
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2.3.2 One-sample missing response: asymptotic distribution,
consistency, and efficiency when the working propen-

sity score is correctly specified

Now suppose that 7(z) is correctly modeled by 7(x,~). Denote the true value of
~ as 7o such that 7(x,~9) = 7(x). Applying the results of White (1982), § —
in probability under suitable regularity conditions. Furthermore, m(3) — mg in

probability, where mj§ = E{m(X, 53)}. Write

v(x,7) = On(x,v)/9,

D~ (X)X
(X, v){1 — 7(X,%)}’

B = B | e tmlX,55) — mif?]. (211)

G =B | mx. ) - mi

_D(Y_NO)_ 71D_7T(X)m S
H = W(X) GB 7_[_()() { (Xuﬂo) 0}'

Theorem 2.3.2 [f the propensity score model 7(x,7y) is correctly specified. Under

suitable reqularity conditions, i is a consistent estimator of jg. Moreover, asn — 0o,
n*2(ji — py) — N(0, Var(K))
i distribution, where
K=H - EHA"){E(AAT)} ' A. (2.12)

The proof of Theorem 2.3.2 is given in the Section 2.7.
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From a geometric viewpoint, the term E(HAT){E(AAT)}71A in (2.12) can be
viewed as the orthogonal projection of H onto A, and K can be regarded as the
residual. As a result, Var(K) < Var(H). In contrast, the empirical likelihood es-
timator figy, of u proposed by Qin and Zhang (2007) possesses a different influence
function in that it is the residual Kgy, = Hgr, — E(Her AT){E(AAT)} 1A from the
projection of Hgr, onto the linear space spanned by A, where

g - P¥ —n) o pa D= m(X %) (7(X, %) — 0
PR (X ) ELZEL7(X, ) a(X) — ag

with ap = B{a(X)} and
=5 (o )

oot (S22}

This implies that the proposed estimator i and the estimator figy, of Qin and Zhang
(2007) have different asymptotic variances Var(K') and Var(Kgy); neither estimator
appears to dominate the other one in terms of having a smaller asymptotic variance.
The simulation study presented in the next section shows favorable results and im-
provement of f under the correct working propensity score. To optimize the cost and
accuracy of a study, planned missing data designs are usually applied by researchers.

In this case, m(z) is known. It follows that,

Corollary 2.3.1 If the true propensity score m(z) is known, we substitute 7(x) for

m(x, %) in (2.7). Under suitable regularity conditions, as n — oo,
n?(fi — po) — N(0, Var(H))
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in distribution, where H is defined in (2.11).

The proof of Corollary 2.3.1 is similar to that of Theorem 2.3.2 and is omitted.
Although 7(z) is known in planned missing data designs, since Var(K) < Var(H), we
can improve the efficiency of /i by postulating a model for 7(z). This is a well-known

counterintuitive result (Robins et al., 1995).

Corollary 2.3.2 If the propensity score model mw(x,~) and the working regression
model m(x, ) are both correctly specified, the asymptotic variance Var(Hg) reaches

the semiparametric efficiency lower bound, where

_ DY —w) D -w(X) _
Hy = = = S m(X) ) =

D{Y —m(X)}
(X)

Proof. If w(z,v) and m(x, 8) are both correctly specified, in (2.11) and (2.12),

1 2
B=G=E m{m(){)—ﬂo} ,

which leads to

gy DV ) DemX) T _
H = Hy= 2o o m(X) ) and B(HAT) =0

Therefore, we have K = Hg, and the asymptotic variance Var(Hg) equals the semi-
parametric efficiency lower bound (Robins and Rotnitzky, 1995; Hahn, 1998). The

proof is complete.

2.3.3 Theoretical properties in causal inference

Let (ud, b, Ag) be the true value of (u°, p', A). When 7(z) is correctly modeled
by m(z,7), denote the true value of v as ~y such that 7(x,vy) = w(z). Applying the

results of White (1982), Bj — Bg*, J = 0,1, in probability under suitable regularity
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conditions. Furthermore, for j = 0,1, mj(Bj ) — mj, in probability, where m}, =

E{m;(X, B")}. For j = 0,1, write

v(z,vy) = Or(x,v)/0v,

A= {D - 7T<X7 ’70>}U(X’ ’70)
ﬂ-(X? 70){1 - W(X7 7())} 7

- ! 7 — k)2
B = Gy ) f”y
_ - Y — i m. 7Y _
@ = E ooy - ropo e A 30}17

DI - D) — i)
T P - (P

— (=16 B!

D —n(X) | oy
(m(X)J{1 —n(X)}~ {m; (X, By") — mjo},

HA:HI_HO~

(2.13)

Theorem 2.3.3 Under suitable reqularity conditions, our proposed estimator A has

the following properties:

(a) Aisa doubly robust estimator, i.e. it is a consistent estimator of A if either
the propensity score model 7w(x,7) or the regression models m;(x,3?), j = 0,1,

are correctly specified.

(b) If the propensity score model w(x,~) is correctly specified. As n — oo,
n'/2(A — Ag) — N(0, Var(Ka))
i distribution, where

Ka = Hxy — E(HAAT){B(AAT) A
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(c¢) If the true propensity score mw(x) is known, we substitute m(x) for w(x,7) in

(2.9) and (2.10). Asn — o,

(A~ Ag) s NO,Var(H)

in distribution, where Ha is defined in (2.13).

(d) If the propensity score model 7(x,~) and the working regression models m;(x, 37)
are both correctly specified. The asymptotic variance Var(Hag) reaches the semi-

parametric efficiency lower bound, where

fay = DO =) (1= D) =)

m(X) 1 —7n(X)
D —7(X) (X) D 0
— W{ml(){) 1o} — 7T(X) Ty tmo(X) = po}
CD{Y -mi(X)} (1-D){y — mo(X)} (X)) — ma(X) —
e 1 —7(X) 0 = ol ) = o

The proof of Theorem 2.3.3 is similar to proofs of Theorem 2.3.1, Theorem 2.3.2,

Corollary 2.3.1, and Corollary 2.3.2, and is omitted.

2.4 Simulation studies

2.4.1 One-sample missing response problem

The first simulation study is presented to compare the performance of relative
estimators and our proposed estimator fi in a one-sample missing response problem.

The relative estimators include the full data sample mean
y=1yy,
- n — 79
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the complete-case estimator
1 D; Y
flcc = = —F—
Zz 1 D

the regression estimator
1 < -
1 = - Xi7 )
HREG o ; m(Xi, B)
the Horvitz-Thompson (HT') estimator (Horvitz and Thompson, 1952)

n

=5 e

the inverse probability weighting (IPW) estimator (Hirano and Imbens, 2001)

~ . Z?zl Dz’Y;'/W(Xi,’AY)
Hipw = n N
> i1 Di/m(X5,9)

the augmented inverse probability weighting (AIPW) estimator (Robins et al., 1994)

n

. 1 D;Y; D; — (X}, 79) 5
= - - 1) )
e = > e x|

m(Xi, ) (X, )

and the empirical likelihood (EL) estimator (Qin and Zhang, 2007)

n No—1 A n
fEL = Z 9A7r (X“:Y)é - Din‘/ZDi;
=1

i=1 1+77TT(X1'7’77 3 )

where § = n~! S (X, ), alx) = (ai1(z),...,a.(x))" are r independent known

functions, & = (n'Y 1 ai(Xi),...,n >0 a(X;)T, and ) = (71,73 )7 is the

solution of
ni

Z r(Xi,%,0,a) _ 0
1+nTr(X;,7,0,a)

=1

with
1— 0 (z,~)

7 (z, 7 ){a(x) —a}

r(z,7y,0,a) =
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We generate data by the following process: X ~ Un(—2.5,2.5), D|X =z ~ Ber{n(z)},
and Y|X =z ~ N{m(x), 42 4+ 2}, where

(2) exp(—0.1 4+ 0.5z — 0.3 exp(z))
m(z) =
1+ exp(—0.1+ 0.5z — 0.3 exp(z))

and

m(z) =1+ 2z + 327,

such that the missing rate is around 0.69 and py = 7.25. The working propensity

Scores are
exp(Yro + Y1 + yr2 exp(x))
1+ exp(yro + yr1% + Y72 €xp(x))

7TT<:E7 ,YT) =

and

7r(z,vr) = 1 — exp{—exp(yro + Yr12° + Yr21")}.

The working regression models are

mr(z, Br) = Bro + Pz + 5T29€2

and

mp(x, Br) = Bro + Brix + Braexp(x),

ar(z) = ! and ap(z) = !
T exp(z)

for figr,. Some theoretical properties and approximate sampling variances for estima-
tors used in simulation studies are provided in Section 2.8.
Let
dy = —— (2.14)
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denote the standardized difference between observed and missing groups of covariate
X in one sample, where X, and X,,, denote the sample mean of covariate X in observed
and missing groups, and s? and s?, denote the sample variances, respectively.

Figure 2-1 presents the histograms with kernel density curves of X and W in
observed and missing groups from 5000 Monte Carlo samples with sample size 500.
The left panel of Figure 2-1 shows that there is no significant difference between ob-
served and missing groups in covariate X. Mean (£SD) of X in observed and missing
groups are —0.015 £ 0.101 and 0.004 + 0.082, respectively; the mean standardized
difference between observed and missing groups in X is dx = —0.014 with 95% confi-
dence interval -0.197 to 0.170. In the meantime, the right panel of Figure 2-1 indicates
a significant difference between the two groups in exp(X). Mean (£SD) of exp(X) in
observed and missing groups are 1.97 + 0.18 and 2.62 4 0.17, respectively; the mean
standardized difference between observed and missing groups in X is Jexp( x)=—0.23
with 95% confidence interval -0.41 to -0.05. In this case, the complete-case estimator
iicc will introduce biases, and therefore, debias methods should be applied.

5000 Monte Carlo simulations are then conducted with two sample sizes, 300 and

500, under four scenarios:

(a) both m(z) and m(x) are correctly modeled by 7r(x,~yr) and my(x, 5r) or ar(x),

(b) m(x) is correctly modeled by 7p(z, yr), m(x) is incorrectly modeled by mg(z, fr)
or ap(x),

(¢) m(x) is correctly modeled by mr(x, Br) or ar(x), m(z) is incorrectly modeled
by TF (1:7 7F>7

(d) both 7(z) and m(z) are incorrectly modeled by np(x,vr) and mg(z, fr) or
ap(x).

We examine and compare the bias and root-mean-squared error (RMSE) of each

estimator. The results are shown in Table 2.1, Figure 2-2, and Figure 2-3 present
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Figure 2-1: Histograms with kernel density curves of X (left) and exp(X)
(right) in observed and missing groups based on 5000 Monte
Carlo simulations with n=500

the boxplots of 8 estimators from 5000 Monte Carlo samples of size 300 and 500,
respectively.

Since Y is the sample mean with no missing data, it always performs the best,
as expected, and we use it as a benchmark. Conversely, ficc only uses information
of the complete-case responses, because it always has the largest biases and RMSEs
under MAR assumption, therefore, performs the worst under the four scenarios.

The first scenario considers the case that both 7(z) and m(x) are correctly mod-
eled. At n=300 and n=>500, the bias of jirga, fiur, fipw, fapw, feL, and [ are
all small. Then, by comparing the RMSEs, firgg performs the best. The RMSEs
of fiarpw, figL, and [i are very close, which are smaller than the RMSEs of jigr and
fapw -

The second scenario compares the performance of the estimators when 7(z) is
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correctly modeled, but m(x) is incorrectly modeled. As expected, the bias of firgq
is large because of the misspecified working regression model. All estimators with
working propensity score have small bias. Our proposed estimator is more efficient
than other estimators, since the RMSE of /i is smaller than other estimators, especially
at n=300, the RMSE of [ is smaller than that of jig;, by 10%. The boxplots also
show that i has fewer outliers compared to other estimators.

Under the third scenario, m(z) is correctly modeled, but 7(z) is incorrectly mod-
eled. Large biases demonstrate that figr and fijpw are no longer consistent. The
three doubly robust estimators have similar biases and RMSEs. However, the RMSE
of fi is still smaller than that of jigy,.

The last scenario examines the case that both 7(z) and m(z) are incorrectly
modeled. All the estimators produce some biases to a certain extent, except for Y;
however, [ig, performs much better than other estimators by comparing the biases
and RMSEs. The boxplots indicate that fig;, has fewer outliers than other estimators
in this case. In addition, the performance of fiajpw is the second worst except for

ficc, which is consistent with the results given by Kang and Schafer (2007).
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Table 2.1: Biases and root-mean-squared errors (RMSEs) of Y, fco, AREG,
fur, fpw, fatpw, feL, and i based on 5000 Monte Carlo simu-
lations. Missing rate is about 69%.

n=300 n=500 n=300 n=500
Estimator ~ BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE

(a) Both correctly modeled (b) m(x) correctly modeled
Y 0.001  0.405 —0.000  0.317 0.003  0.412 0.000  0.321
fice —1.468  1.595 —1.483  1.560 —1.465  1.588 —1.476  1.550
AREG 0.007  0.531 —0.007  0.415 0.123  0.629 0.109  0.490
faT —0.022  0.718 —0.021  0.524 —0.020  0.722 —0.016  0.524
fapw —0.020 0.644 —0.019 0.484 —0.020  0.646 —0.016 0.484
fatPw 0.005  0.549 —0.008  0.429 0.042  0.636 0.019  0.488
[EL 0.005  0.552 —0.008  0.430 0.020  0.668 —0.005  0.475
f 0.005  0.547 —0.008  0.428 0.033  0.602 0.014  0.463

(c) m(x) correctly modeled (d) Both incorrectly modeled
Y 0.007  0.409 0.002  0.322 0.003  0.406 0.006  0.316
flco —1.449  1.575 —1.460  1.539 —1.457  1.581 —1.473  1.550
AREG 0.007  0.539 0.003  0.417 0.127  0.639 0.111  0.487
Lot —0.122  0.658 —0.130  0.503 —0.136  0.652 —0.132  0.500
fuapw —0.122  0.647 —0.130  0.498 —0.136  0.640 —0.132  0.496
fiatpw 0.007  0.551 0.003  0.423 0.303  0.729 0.297  0.578
[EL 0.005  0.557 0.002  0.427 0.068  0.587 0.049  0.441
i 0.006  0.553 0.003  0.425 0.235  0.676 0.226  0.522

Y, flcos flReG, fur, fipw, farpw, and figr, are corresponding to full data sample mean,
complete-case estimator, regression estimator, Horvitz-Thompson estimator, inverse proba-
bility weighting estimator, augmented inverse probability weighting estimator, and empirical
likelihood estimator, respectively, defined in Section 2.4.1; i is corresponding to our proposed
estimator, defined in Section 2.2.1.
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Figure 2-2: FEstimates of YV

on 5000 Monte Carlo simulations with sample size 300. Missing

rate is about 69%
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2.4.2 Causal inference or two-sample missing response prob-

lem

The second simulation study is presented to compare the performance of relative
estimators and our proposed estimator A in causal inference. Since causal inference
can be viewed as a two-sample missing response problem, the relative estimators can
be directly derived from the methods used in one-sample missing response problem,

defined as the full data sample mean difference

S e
== M) -0},
i=1
the complete-case (CC) estimator

ACC _ Z?:l D;Y; _ 2?:1(1 - Di>Y:£
Z?:l D, 2?21(1 - Di) 7

the regression estimator
. 1 — . .
Arpe = > {ma (X, B) = mo(X:, 1) }
REG = — my(Xy, B7) — mo(Xy, 57)

i=1

the Horvitz-Thompson (HT') estimator (Horvitz and Thompson, 1952)

_‘i[ X, 1<1—7r£53,}:§>]’

i:9)

the inverse probability weighting (IPW) estimator (Hirano and Imbens, 2001)

}

A _ Z?:l DY /7 (X, 7) Zﬁ: (1-Dy)Y;/{1 - 7T( ;Y
)

Apw = - )
i Di/m(Xiy) 2L (1= D)/ {1 =7(Xi,9)}
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the augmented inverse probability weighting (AIPW) estimator (Robins et al., 1994)

A 1< D;Y; D; — W(Xia’AY) A1
A - - - Xiv
AP T ; {ﬂxi,fy) x,q) e

1 (1-D,)Y; D; — (X, %) y
: ﬁ lzl { L= W(X’Mﬁ/) * 1-— 7T(X7,7’3/> mO(Xia/B )} )

and the empirical likelihood (EL) estimator (Qin and Zhang, 2007)

A _ - é_1<X277
Ao = (X n B / 2.
_ 1 —7(X;, -
IS, /21_

=1 1 + (77 )TT'()(X“’}/,(Q &0

where § = n=' 0 7(Xi,4); for j = 0,1, a;(x) = (a1 (x), ..., a;, ()T are r; in-

dependent known functions, a; = (n7' 3" a;1(X;),...,n7 ' 30 a;,(X;))T, and

i = (ﬁ{, (15)T)T is the solution of

T

Z Tj(sz’YaeaA ) :0
i=1 1+ (n])TTj(Xi7 e 9’ dj)

with
1—607(1—0)n (2, y){1 — 7(x,~)} -1

7 (@, {1 = m(2,7)} N ay(2) — as}

We generate data by the following process: Y (1) = 2 +3X; + Xy + €1, Y(0) =

Tj(x77797aj> =

1+ X, +2X5 + €, X1, Xo,€1,60 ~ N(0,1), D|X =z ~ Ber{n(x)}, where

exp(—1+ 0.5z — 0.3z3)
1+ exp(—1+ 0.5z — 0.323)

m(x) =

such that the average treatment rate is around 0.23 and Ay = 1. The working
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propensity scores are

exp(Yro + yrizr1 + ’7T293§)
7.‘—T(‘Tu IYT) = 2
1 4 exp(yro + yriz1 + Yr223)

and
exp(Yro + vr1 exp(z1) + Ypat2)
1 + exp(vro + Yr1 exp(z1) + Yr2x2)

7TF<£77F) =

The working regression models are

mlT(L 5}) = ﬁil“o + 5%151 + ﬁil“zx%

mor(z, ﬁ%) = 5%0 + 5%1551 + 5%2552

and
mlF(% 5117) = 511?0 + 51131% + ﬂ}mx%,
mop(z, 5100) = 5%0 + 510?155% + 510?25’327
or
X x
arr(z) = , aor(z) =
X9 X2
and
T ZL‘%
arp(r) = 5 apr(r) =
[L’% T
for AEL-

Redefine dy in (2.14) as the standardized difference between treated and control

groups of covariate X in one sample. Figure 2-4 presents the histograms with kernel

density curves of X; and X_;? in treated and control groups from 5000 Monte Carlo

samples with sample size 500, which shows that there are significant differences be-

tween treated and control groups in both X; and X2. Mean (£SD) of X in treated
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Figure 2-4: Histograms with kernel density curves of X; (left) and X2 (right)
in treated and control groups based on 5000 Monte Carlo simu-
lations with n=500

and control groups are 0.36 £ 0.09 and —0.11 £ 0.05, respectively; the mean stan-
dardized difference between treated and control groups in X is dy, = 0.48 with 95%
confidence interval 0.27 to 0.69; meanwhile, mean (£SD) of X2 in treated and control
groups are 0.68 +0.09 and 1.10+£ 0.08, respectively; the mean standardized difference
between treated and control groups in X2 is d xz = —0.33 with 95% confidence inter-
val -0.52 to -0.15. It implies that the strongly ignorable assumption (Rosenbaum and
Rubin, 1983) holds, and the sample mean difference estimation will be biased.

5000 Monte Carlo simulations are then conducted with two sample sizes, 300 and

500, under four scenarios:

(a) m(x), mo(z), and my(z) are all correctly modeled by wr(z, vr), mor(x, 52), and

mar(z, B7) (or mr(z,vr), aor(x), and aip(x)),

(b) 7(z)is correctly modeled by mr(x, yr), mo(x) and m, (z) are incorrectly modeled
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by mor(z, B%) and myp(z, 8) (or apr(z) and air(x)),

(c) mo(z) and my () are correctly modeled by mor(z, 8%) and my7(x, 5%) (or apr(z)

and ayp(z)), m(x) is incorrectly modeled by 7 (z,vr),

(d) 7(z), mo(x), and my(x) are all incorrectly modeled by 7r(z,vr), mor(z, B%),

and myp(z, B5) (or mr(x,vr), aor(x), and a;p(z)).

Bias and root-mean-squared error (RMSE) of each estimator are given in Table 2.2.
Figure 2-5 and Figure 2-6 present the boxplots of 8 estimators from 5000 Monte Carlo
samples of size 300 and 500, respectively. Results in Table 2.2, Figure 2-5, and Figure
2-6 show that under the causal inference setting, the proposed estimator A performs
better than other methods in most cases under four scenarios, except for AREG when
the working regression models are correctly specified. When the propensity score
model is correctly specified and the regression models are misspecified, the RMSE
of A is much less than that of Agy, (18% reduction when n=300). In this case, the
boxplots also show that A has much fewer outliers than Agy, (Panel (b) in Figure 2-5

and Figure 2-6).
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Table 2.2: Biases and root-mean-squared errors (RMSEs) of A, Acc, ARE(;,
Aurt, Arpw, Aarpw, Agrn, and A based on 5000 Monte Carlo
simulations. Average treatment rate is about 23%.

n=300 n=>500 n=300 n=500
Estimator ~ BIAS RMSE BIAS RMSE BIAS RMSE BIAS RMSE

(a) All correctly modeled (b) m(x) correctly modeled
A 0.000  0.151 —0.001  0.117 —0.003  0.154 —-0.001  0.120
ACC 1.201 1.272 1.191 1.234 1.191 1.263 1.191 1.234
AREG 0.003  0.194 —0.001  0.150 0.110  0.281 0.111  0.227
Aur 0.006  0.402 —0.001  0.288 —0.005  0.384 0.000  0.282
Arpw 0.022  0.399 0.009  0.297 0.012  0.389 0.011  0.297
Aarpw 0.002  0.206 —0.001  0.157 —0.002  0.270 —0.001  0.209
AgL 0.003  0.204 —0.001  0.155 —0.007  0.323 —0.000  0.237
A 0.003  0.201 —0.001  0.154 —0.001  0.265 —0.001  0.205

(c) m(x) correctly modeled (d) All incorrectly modeled
A —0.004  0.152 0.001  0.118 —0.000  0.152 —0.000  0.118
ACC 1.200 1.271 1.201 1.244 1.191 1.262 1.193  1.236
Argeg —0.005  0.193 —0.000  0.151 0.112  0.276 0.114  0.225
Aur 0.417  0.621 0.418  0.593 0.423  0.542 0.410 0.572
Arpw 0.467  0.570 0.472  0.541 0.468  0.570 0.464  0.536
Aarpw —0.004  0.207 0.000  0.157 —0.009  0.281 —0.031 0.431
Agr —0.005  0.198 0.000  0.153 0.022  0.252 0.023  0.198
A —0.005  0.195 0.000  0.152 0.009  0.231 0.002  0.188

A, Acc, ARE(;, AHT, AIPW, A Arpw, and Ay are corresponding to full data sample mean dif-
ference, complete-case estimator, regression estimator, Horvitz-Thompson estimator, inverse
probability weighting estimator, augmented inverse probability weighting estimator, and em-
pirical likelihood estimator, respectively, defined in Section 2.4.2; A s corresponding to our
proposed estimator, defined in Section 2.2.2.
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Figure 2-5: Estimates of A, Acc, AREGa AHTa Alpw, AAIPW; AEL; and A

based on 5000 Monte Carlo simulations with sample size 300.
Average treatment rate is about 23%
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2.5 Application to the CORAL data

The CORAL study (Cooper et al., 2014) was a prospective, international clinical
trial of individuals with ARAS. Patients were randomly assigned to either a stenting
plus medical therapy group or a medical therapy only group and were then followed
to a maximum of 8 years; however, the study of the causal effect of smoking on
renal function of patients with ARAS is an observational study, since smoking/non-
smoking groups were not randomly assigned. As a result, differences of covariates
in treated and control groups may cause biases if the sample average difference is
used to estimate the ATE A. Methods used in the simulation study are then applied
to the CORAL baseline dataset to adjust for confounding factors. We examine the
ATE of smoking on patients’ renal function measured by cystatin C and CKD-EPI
glomerular filtration rate (CKD-EPI GFR). Note that lower cystatin C and higher
CKD-EPI GFR represent better renal function.

Of the 931 patients enrolled in the CORAL study, 277 (30%) were self-reported
smokers. Smokers were significantly younger than non-smokers (63.3+£9.1 and 72.4+7.8
years, respectively; p <0.001), establishing age as a main confounder in the estimation
of the smoking effect, since reduced renal function is related to advancing age (Cooper
et al., 2014). The distributions of age in smokers and non-smokers are shown in Figure
2-7. Logistic regression and linear regression models are postulated as the working
propensity score and the working regression models, respectively. After model se-
lection, covariates X are determined to be Age, Gender, BMI, and Diabetes status.
Also, we have Y =cystatin C or CKD-EPI GFR and D =Smoking status. Observe
that of the 931 patients, 46 are missing CKD-EPI GFR, 45 are missing cystatin C, 4
are missing BMI, 13 are missing Diabetes status, and 10 are missing smoking status.
It is plausible to assume that the missingness in these variables are completely at ran-

dom; therefore, the patients with missing data are excluded. Based on complete-case
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Figure 2-7: Distributions of age in smokers and non-smokers (mean =+ stan-
dard deviation)

data from the remaining 866 patients, results of the estimation of ATE are shown in
Table 2.3 and Table 2.4 .

Table 2.3 shows the ATE of smoking on cystatin C of the patients. Before the
adjustment for confounding factors, sample mean comparison Acc = —0.007 with
a P-value = 0.842, which implies that smoking has no effect on renal function of
patients by means of cystatin C. Nevertheless, after adjusting for confounder, almost
all estimators present a significant positive ATE at a = 0.05, except for Agr, which
implies smoking worsens renal function of patients by means of cystatin C.

Furthermore, Table 2.4 shows the ATE of smoking on CKD-EPI GFR of the
patients. Before the adjustment for confounding factors, sample mean comparison

Acc = 5.68 with a P-value = 0.002, which indicates smoking has a contradictory
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beneficial effect on renal function of patients by means of CKD-EPI GFR. However,
after the adjustment for confounding factors, all estimators give an opposite sign of
ATE; in addition, AREg, A AIPW, AEL, A are significantly negative at a = 0.05, which
indicates smoking worsens renal function of patients by means of CKD-EPI GFR.

Finally, the higher cystatin C and lower CKD-EPI GFR for smokers demonstrated
the negative effect of smoking on renal function for patients with ARAS.

Table 2.3:  Average treatment effect (ATE) of smoking on renal function

of patients with ARAS measured by cystatin C (mg/L). ATE,

standard error (SE), 95% confidence interval and P-value of Acc,
AREG; AHT) AIPVV) AAIPVV? AEL7 A.

Cystatin C
Estimator ATE SE 95% CI P-value
Acc —0.007 0.036 [—0.078, 0.064]  0.842
Arga 0.149 0.043  [0.064, 0.234] 0.001
Anr 0.087 0.062 [—0.035,0.209]  0.062
Apw 0.117 0.045 [0.029, 0.204] 0.045
Anrpw 0.140 0.047  [0.048, 0.232] 0.003
Agr 0.138 0.044  [0.052, 0.224] 0.002
A 0.140 0.044  [0.054, 0.227] 0.001

Table 2.4:  Average treatment effect (ATE) of smoking on renal function of
patients with ARAS measured by CKD-EPI GFR (ml/min per
1.73 m?). ATE, standard error (SE), 95% confidence interval and
P-value of Acc, Arga, Aur, Apw, Aarpw, Arr, A.

CKD-EPI GFR

Estimator ATE SE 95% CI P-value
Ace 568 1.82  [2.11,9.25] 0.002
Argc —6.08 1.92 [-9.83, —2.32]  0.002
Anr —4.66 2.69 [—9.92, 0.60] 0.083
Arpw —3.53 195 [—7.36, 0.29] 0.070
Asrpw —5.24 204 [-9.24, —1.25]  0.010
AgL —4.47 1.92 [-8.22, —0.71]  0.020
A —4.94 192 [-871,—1.17]  0.010
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2.6 Concluding remarks

In this chapter, we have proposed an alternative empirical likelihood approach
to estimating mean response and causal effect under MAR assumption. In common
with estimators proposed by Robins et al. (1994) and Qin and Zhang (2007), our
proposed empirical likelihood estimator also enjoys the double-robustness property
and achieves the semiparametric efficiency lower bound when the regression model
and the propensity score model are both correctly specified. Compared to Qin and
Zhang (2007), our approach postulates a working regression model instead of a set
of known functions, which reduces calculation difficulty. Furthermore, our approach
performs calibration only on the working regression function, whereas the approach
of Qin and Zhang (2007) performs calibration on both the working propensity score
and the known functions a(x). The difference in whether calibration is performed
on the working propensity score entails that the estimation of the expected propen-
sity score in our proposed method is likelihood-based, while the estimation of the
expected propensity score in Qin and Zhang (2007) is moment-based. Moreover, our
proposed approach yields different asymptotic variances of the estimated mean re-
sponse and ATE from those in Qin and Zhang (2007); neither dominates each other
asymptotically. However, our simulations show favorable results and improvements
of our approach under our simulation settings. Simulation results indicate that our
proposed method is appreciably more efficient, in general, than its competitors when
the working propensity score is correctly specified, especially when the working re-
gression model is misspecified. It would be interesting to compare the two methods

theoretically, and this provides a venue for further research.
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2.7 Proof of Theorem 2.3.2

Based on the likelihood theory, 4 is a solution of the score equation

=0

{Di — 7(Xs, y)}o(Xi,7)
Z m(Xi, ) {1 - W(Xza7)}

derived from the binomial likelihood (2.1). Taylor expansion of U (%) at 7, gives

§ =20 = {BAAT} U () + 0y (n™ ), (2.15)

Write

0 = B [Z LM e, 5) - .

Then expanding the second equation of (2.5) at (6,0, o, 55) leads to

ni

> () - mwsn] 60

i=1

0= ;ﬁ{mmm — (B} +

- 3 st (X ) - wg)}?]X

L =1

> e ) - mwz;)}] (3 = )

aps <£i70>{amg§358)_%2%}] oo

- s -
Li=1 =1

" 0u{D; — 7(X;, v
-y { - 7(Xs,%)

_ L (X, 80) — mi} — n62BA — nBoC( — o) + 0p(n'?),
i=1 Xw P)/O)

which suggests that,

Q 1 _ - Dl — 7T(Xz ’)/0) 1 _
— B 1 ’ B —m\—— B~ 1 . 1/2 21
A= 0 ;:1 7% 0) {m(X;, B5)—mg} G C(F—0)+0,(n™%) (2.16)

49



Next, based on the expansions (2.15), (2.16) and the result n/n; = 0" + 0,(1), we

expand i — po at (6o, 0,70, 55), which gives

ni
b= fo = Zﬁi(Yi — o)

1
R =~ Dz Y; -
ny Z 0 (X, 5) + )\{m(Xmﬁ) m(53)}

:_290 i(Yi — o) _Z i(Yi— Mo — 0)
ny Xz,’Yo ny Xz,’Yo

~ azw{mmm — ()}

i=1 (XZ7 ’YD)
00 Y ILLO (Xz> ’YO) A 1
-— — )+ 0
ni Z (X3, %) (7 =0+ Op(n™)
1 n Y ,LLO X,L, "}/0) 1 R
n ; T Xzafyo Z Xzaﬁ)/[) {m< BO) m()} ("}/ 70)

- p [t %)} (5= 0) + 0p(n™)

(X, %)
I [DiYi =) Di = w(Xi%0) (X BY) — m*
- n Z |: W(Xi7fyo) GB W(Xi;f}/o) { (Xwﬁo) 0}:|

_ (Y = po)v" (X, %) _ v (X 0) m £ A o (n—1/2
p | R Gt L, 5) = )| (= 20) + 0n7)
1 n

= =37 [H, - BE(HAT){E(AAT)} A + 0,(n"/?)

n <
=1

where
DI<Y; — ,LLo) . GB_1 Dz - 7T(X1770>
7T(Xi,'}/0) W(Xiaf)/o)

{Di — m(Xi, %) Yv(Xs, 70)
m(Xi, v0){1 — 7(Xi,70)}

=1,...,n.

A=

Applying the central limit theorem, we obtain that

n'?(f = po) — N(0, Var(K))
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in distribution, where

K=H - E(HA"){E(AAT)}'A.

In addition, by using the law of large numbers, ji — pg converge to 0 in probability,

which proves the consistency of i. The proof of Theorem 2.3.2 is complete.

2.8 Some theoretical properties for estimators in
simulation studies

In this section, we briefly introduce some theoretical properties for estimators used
in simulation studies. Approximate sampling variances are also given for calculation

purpose.

2.8.1 Regression estimator

Write w(z, 8) = Om(z,5)/0. When the working regression model m(zx, 3) is
correctly specified, 3 — B, in probability. Applying lemma 7.2.2A of Serfling (1980),

page 253, we have

AREG = E{m(X,B)}
= E{E(Y|X)}

= Mo,

which means firgg is a consistent estimator. Moreover, assume Var(e;|X;) is a con-
stant o2, Taylor expansion of firpg — fo at By gives

1 n
[IREG — fo = — Z [{m(Xz'yﬁo) — o}

n

=1

o1



+ E{w"(X, )} E{Dw(X, fo)w" (X, 50)}71 D; {Y; — m(X;, Bo) } w(Xi, /60)]

+op(n”'%),
which suggests that under suitable regularity conditions,
n'(firec — to) — N(0, 0fpq)
in distribution, as n — oo, where
orpe = Var {m(X;, fo)}+0°E {wT(X> 50)} E {Dw<X7 ﬁo)wT(X> 50)}_1 E{w(X, Bo)}-
The approximate sampling variance of firgg is then given by
Ghpe = 62, + 02w’ B w,

where

1 ~
U= — Xia )
W= 2 w(Xi, B)
. 1 . .
Em - - Dz Xz'v r Xza
- Z w(X;, fw’ (X, B)
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2.8.2 Horvitz-Thompson (HT) estimator

If the working propensity score is correctly specified, ¥ — 7o in probability.
Lemma 7.2.2A of Serfling (1980), page 253 implies that

DY
finr 2> E{—}
T

(X;'YO)
_ ~[EDIX)E(Y|X)
‘E{ (X, 70) }
= Mo,

which suggests that figr is a consistent estimator of p. In addition, Taylor expansion

of figr — po at o gives

. 1 D;Y;
NHT_NO—Eiz({m_NO}

[DYUT(X,%)] [(U(X,VO)UT(X,’)/O) - {Di—w(Xi,vo)}v(wao)>

7T2(X7 70) X?VO) {1 _W(Xv 70)} W(Xiaﬁ)/o){l _W(Xi>70)}

+ Op(n_1/2)7

which suggests that under suitable regularity conditions,

n'2(fir — po) — N(0, 0fip)

in distribution, as n — oo, where

DY }_ {DYUT(X,%)} . [W(U(X,VO)UT(X,%) )}}1]5 {DYU(X,%)].

o2 = Var {—
i 7T<X7 70) WQ(Xa /70) X? 70) {1 - W(Xa Yo 7T2(X7 70)

The approximate sampling variance of iyt is then given by
A2 a2 T f—17
Otir = Opro — Varfy Var,

93



where

1 & D,Y; 2
) il o~
OuTo = nz{—ﬂ(Xi,?y) ,UHT} )

=1

— 1 DYool (X, 9)
Vo — = N Hitiv (Aa, )
o n ZZ 7T2(Xi7 /3/) 7

{D _7T XHPY)}Q (XZ,’A}/) T(Xw:y)
Z w2 (X L =7 (XA

2.8.3 Inverse probability weighting (IPW) estimator

Similar to figr, firpw is also a consistent estimator of ;1 when the working propen-

sity score is correctly specified. Taylor expansion of jijpw — po at yo gives

. 1 <~ [ Di(Yi — o)
Hipw — Mo = " ; <—7T(Xi7%)
L[ DY = po)v" (X, 0) v(X,7)v" (X, 70)
R SR s et e e ey
. {Dl — W(Xi770>}v<Xi7’70> +o0 (n71/2>
m(Xi, o) {1 — m(Xi,70)} 8 7

-1

which suggests that under suitable regularity conditions,
n'2(fupw — o) — N(0, ofpyy)

in distribution, as n — oo, where

=2 S

[P = po)v (X, 70) V(X0 (X 70) ] L [P = po)v(X, %)
b [ (X, 70) } b L(X, o {1 a(X, w}} b [ 72(X.0)
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The approximate sampling variance of figr is then given by

UIPW—UIPWO VIPWE VIPWa

where

. L~ [ Di(Y; — jupw) | *
2 i\t
Opwo = N Z { (X5, 3) )

i=1

_ 1~ Di(Y; — fupw)v” (X3, 9)
Vi = 5 2 = %, 5

Y

=1

{D -7 Xlaf)/)} (XH;Y) (X“ﬁ/)
Z 7T2 Xlaf}/) {1 _7T<X177)} ‘

2.8.4 Augmented inverse probability weighting (AIPW) es-
timator

Write

d{y —m(z,p)}

Ty e

Wy, z,d,v, B) =

{d— 7o) (e, )
@47 = = wa )}

b(y,x,d, 6) = d{y - m(x,ﬁ)}w(m,ﬁ),

d{y B m(w,ﬁ)}vT(x,v)
m2(x,7)

Cl(y7x7d7fy’/8) =

_ {d B W(:Ea 7)}2 U(ZL‘, ’y)’UT(ZL’, ’7)
7-‘-2(1:”7) {1 - Tr('raf)/)}Q

{d —7m(z,7)}w”(x,p)
m(z,7) ’

Y

02(x7d77a6> =
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hQ(xad7 B) = dw(x,ﬂ)wT(x,ﬁ)

2.8.4.1 Working propensity score is correctly specified

If the working propensity score is correctly specified, 4 — ~ in probability. Under

suitable regularity conditions, 8 — B in probability (White, 1982). It follows that

~ 4 DY D — 7T(X, 70) *
farw = B {w<X, RO e B 50)}

— E{E<D|X>E<Y|X) _EOIX) —a(X0) ﬁg)}

7T(X7 70) W(X7 70>

Taylor expansion of fiarpw — 1o at (70, 55) gives

n

1
1 - = vaiu D’i? ) o) —
HAaTPW — Ho 0 E {{M( Yo 50) Mo}

i=1

— E{ei(Y, X, D, %, 58)} E{h(X, D, %)} ' a(Xy, Dy, o) | + 0,(n~13),
It suggests that under suitable regularity conditions,
n'?(fiapw — po0) — N(0, 07 1pw1)
in distribution, as n — oo, where
ohpwi = Var [u(Y, X, D, %0, 85) = E{e1(Y, X, D, 50, 55)} B {h(X, D,%0)} " a(X, D)) -

2.8.4.2 Working regression model is correctly specified

On the other hand, if the working regression model is correctly specified, B Bo

in probability. Under suitable regularity conditions, 4 — 7§ in probability (White,
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1982). It follows that

fiarpw = E {D {YW?)?ZL%()’ b} +m(X, BO)]
L [EOX){EYX) —m(XA)
- { (X, 75) tm, ﬂ())}
= Ho-

Taylor expansion of fiarpw — o at (g, fo) gives

n

. 1 .
farpw = po = Z {{M(YLXi, Di, 5. B0) — o}

=1

— E{ca(X, D, 75, Bo)} E{ha(X, D, Bo)} " (Y, Xi, Di, Bo) | + 0,(n™/2),
It suggests that under suitable regularity conditions,
n'2(fiarpw — o) — N(0, 0% pwo)
in distribution, as n — oo, where
ohpwz = Var [u(Y, X, D, 75, Bo) — E{e2(X, D, 75, o)} B {ha(X, D, B0)} ' 0(Y. X, D, )] -

2.8.4.3 Both working models are correctly specified

When both working models are correctly specified, the large-sample variance re-

duces to

O-iIPWopt = Var {M<Y7 Xa Da 70, 60)} )

which is the semiparametric efficiency lower bound (Robins and Rotnitzky, 1995;

Hahn, 1998).
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2.8.4.4 Approximate sampling variance

The approximate sampling variance of jia;pw is given by
n
1 A
A2 _ 2
TATPW = n E Garpw:
i=1
where

i=1 =1

1
R 1 a1 E X .
Garew = (Y, X3, Dy, %, 8) — - > Vi, Xi,Di,4, B) {ﬁ Zhl(Xini77)} a(X;, D, ¥)

~

-1
1< NS A

- XiaDi7 A? - h XiaDia b }/;aXhDia .
n;@( 76){n; o B)} ( B)
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Chapter 3

An empirical likelihood method in
missing response problems using

multiple models

3.1 Introduction

In Chapter 2, we proposed an empirical likelihood method in missing response
problems under MAR assumption. We demonstrated that the proposed estimator in
Chapter 2 is doubly robust and achieves the semiparametric efficiency lower bound
when the working propensity score and the working regression model are both cor-
rectly specified. Performances of different estimators were also compared in simulation
studies and we noticed that our proposed estimator had better performance under
some specific settings.

Double robust estimators require one of the two working models to be correctly
specified, yet this assumption is not always valid in practice. A method utilizing more
than two working models may give us a better option, although it usually increases
the calculation difficulty. Han and Wang (2013) proposed an estimator based on

empirical likelihood theory, which is more robust than double robust estimators. Their
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proposed method employs multiple propensity score and outcome regression models in
multiple constraint equations. The estimator is then constructed by the weighted sum
of observed responses, in which weights are estimated by solving multiple constraint
equations. Their estimator enjoys a multiple-robustness property, which means the
estimator is consistent if any of the multiple postulated models are correctly specified.
The estimator also attains the semiparametric lower bound if one propensity score
model and one regression model are correctly specified.

Motivated by Han and Wang (2013), we proposed a new empirical likelihood
method in missing response problems under MAR assumption, which also utilizes
multiple working propensity score and regression models instead of only one working
propensity score and one working regression model. Our proposed method has four
major differences compared to Han and Wang (2013). First, rather than maximizing
the conditional likelihood function under a series of constraints as in Han and Wang
(2013), we maximize a full likelihood function, which makes use of more information.
Second, Han and Wang (2013) build calibration constraint equations to match the
first-order moment of estimated working propensity scores and regression functions
between complete cases and full cases; instead, we have no calibration but to introduce
a series of unknown parameters as the expected working propensity scores and regres-
sion functions in constraint equations. Some parameters are canceled or combined at
a later stage, and the rest are estimated from the constraint equations. Third, our
constraint equations not only contain propensity score and regression models, but also
include first derivatives of the working propensity scores. As a result, when one work-
ing propensity score is correctly specified, the projected linear space in our method
is larger than that in Han and Wang (2013), such that the asymptotic variance of
our estimator is smaller or equal to that of Han and Wang (2013), and our estimator
is more efficient. Finally, our estimator is consistent when one working propensity

score is correctly specified, and it achieves the semiparametric efficiency lower bound
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if one working regression model is correctly specified as well; however, different from
Han and Wang (2013), our estimator does not enjoy the multiple-robustness prop-
erty because our estimator is no longer consistent if all working propensity scores are
misspecified, even when one working regression model is correctly specified. Similar
to Chapter 2, our new method can also be applied to observational causal inference
by considering the estimation of the average treatment effect as a two-sample missing
response problem.

This chapter is organized as follows. Section 3.2 presents an empirical likelihood
estimator in one-sample missing response problem using multiple working propensity
score and regression models. Section 3.3 contains theoretical properties and asymp-
totic distributions of the proposed estimator. Section 3.4 provides a simulation study
comparing different methods in one-sample missing data problem. Section 3.5 con-

tains concluding remarks. Proofs of the theoretical results are given in Section 3.6.

3.2 Methodology

As specified in Chapter 2, we consider the standard missing data setup. Denote
Y, X, and D as the response variable, covariate vector, and missing indicator, re-
spectively, where D = 0 if Y is missing, and D = 1 if Y is observed; X is always

observed. Our goal is, none the less, to estimate the population mean

M=E(Y)=//yf(y,x)dfrdy,

where f(y,x) is the joint density function of (Y, X). The true value of p is denoted
as flo.

Let (D;Y;, X;, D;), i = 1,...,n denote the observed data. Without loss of gener-
ality, we index the subjects with observed response by j = 1,...,n; and the subjects
with missing response by ¢ = 1,...,n9, where ny = Y " | D; and ng = n — ny.
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It is required in our proposed method to make assumptions about the propensity
score P (D =1|X =) and the conditional expectation F(Y|X = x), which are
denoted as 7(x) and m(x), respectively. Instead of postulating only one working
propensity score, we postulate multiple parametric working propensity score models
{me(z,v); k=1,..., K} for w(x), where -, are ry x 1 unknown vector parameters,

estimated by maximizing the binomial likelihood

Hﬂk(Xia'Vk)Di{l — (X, ) P (3.1)

The most common choice of the propensity score model is the logistic regression

model
exp(yf x)
1+ exp(y,fx) '

(2, k) =
At the same time, we posit parametric working regression models {m;(z, §;); | =
1,..., L} for the conditional expectation E(Y|X = x), where (3, are s; x 1 unknown
vector parameters that can be estimated from complete-case data. In addition, we de-
fine a series of functions as products of each term of {1 —m(x,v); k=1,..., K} and
each term of {my(z,5); | = 1,...,L}, denoted as {hs(z,vs,5s); s =1,...,5, S =
K x Ly={[1 — mp(x,v)|mu(x,6); k=1,...,K, l=1,...,L}.
In our proposed method, a full likelihood founded on (Y;, X;, D;), i = 1,...,n is

employed instead of the conditional likelihood function, which is

Ly = HW(Xi)Di{l — (X))} H [, X5) Hf(XOi)

= H”(le)n{l —W(XOZ')}HPJ‘H%, (3.2)

where p; = f(Y;,X35), j=1,...,n; and ¢; = f(Xo:), i = 1,...,ng, denote positive

jumps. X;; and Xo; denote covariates with respect to D; = 1 and D; = 0, respec-
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tively. To obtain an efficient empirical likelihood-based estimator, we maximize the

full likelihood (3.2) under the following constraints.
ni no
Y=l Y a=1
j=1 i=1

ni ni
> pdme(Xa,Ak) = 0k =0, > g me(Xoi Ak) — Ok} =0,
=1

i=1

ni no
ij{hs(leaﬁ/m Bs) - hs} - 07 Z Qi{hs(XOi/?su ﬁs) - hs} - 07
j=1 i=1

ni ni
ij{vk(XU,%) — vk} =0, Z ¢i{ve(Xoi, ) — v} = 0, (3.3)
=1

i=1

where 4y is the maximizer of binomial likelihood (3.1), B, is the coefficient of the re-
gression model my(z, f;), 75 and B, are from 44’s and §;s, ve(z, ve) = O (x,Yk))/ OV,
Or = E{m(X,v)}, hs = E{hs(X,7s, Bs)}, and vy, = E{vr(X,v,)}. The first two
constraints correspond to the truth that the total jumps equals 1. The next two
constraints reflect the selection bias. By using regression functions and first deriva-
tives of the working propensity scores in the last four constraints, the efficiency of the

proposed method can be improved. Write

7T(£L’,"A)/) = {7?1(.1',’3/1), s 77TK(x7;YK)}T>

h(flf,’%B) = {hl(xafs/bgl)? . '7h5($7&5735)}Ta
U(ZE,’?) = {Uf(l‘,’%), ce vvijg(x”?K)}Tv
0:{6’1...,9K}T,

h:{hl"'7hS}T7
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v={vl .. . v}
Following the method of Lagrange multipliers, write

Q= Zlog(pj) + Zlog(qi) + (1 - ij) - ”1)\; ij{W(XquY) — 0}
j=1 i=1 j=1 j=1

ni ni
— n1)\3TZPj{h(X1j,%5) — h} —mAy ij{U(leﬂ) — v}
=1

J=1

+ As(1 — Zqz) — NG ZC]i{W(XOiﬁ) — 0}
i=1 i=1

— 1oAY G {h(Xoi %, B) = by = noAS Y aif{v(Xoi, %) — v}
=1

=1

Setting the partial derivatives of ) with respect to p; and g; to 0, gives

o0H 1 . oA R

8_p = F—Al—nlAgT{W(Xm7)—9}—”1>\§{h(X1j7’Ya@)—h}—”l)\z{v(le’7)—U} =0,
J J

8H 1 T ~ T A A T 2

90 5—)\5—710)\6 {m(Xoi, ¥) =0} —noA; {h(Xos, 7, ) —h}—noAg {v(Xos, ¥)—v} = 0.

It follows that

ni

N OH N 5 B
D pin—=), [1 = pid = mpidg (X, 9) — 0} = mapAs {h(X1;, 9, 8) — h}
= " p;

j=1

— n1pj)\4T{U(X1j7’AY) - U}} =0,
Zoqa—H = i [1 — gids — 0@\ {7 (Xoi, 4) — 0} — nogi A {h(Xoi, 4, 8) — b}
- zaqi a— 1/\5 04iNg 075 04 N7 02y />

no
—nogiAg Y qifv(Xoi,4) — U}] =0,
=1
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which leads to

)\1 = N1,

)\5 = Nyg.

So we obtain the maximum value of Ly at

ps(0,h,v) = — !
n1 14+ MA{n (X1, %) — 0} + M {h(X1;,7, B) - h} + M H{v(X4,,79) —U}7
q2(9> h,?)) ! s
no 14+ N m(Xoi,5) — 0} + MA{h(Xoi, 7, 5) h} + M H{v(Xoi,5) — v}

(3.4)

where 7 = 1,...,nq, ¢ = 1,...,n0; A2, A3, Ay, Ag, A7 and Ag are Lagrange multipli-
ers. Substituting p;(6, h,v)’s and ¢;(0, h,v)’s into the full likelihood (3.2), the profile
likelihood of (6, h,v) is

r(0,h,v) H?T Xij,% H{l — m(Xoi, )}

=1
L 1 1
T+ )\T{W(le, ) — 0} + AT{h(le,fy ﬁ) h} + )\Z{’ZJ(XU,’A}/) — v}
U 1

F 10 1 N (Xoi, 4) — 0} + N {R(Xoi, 4, B) — b} + M{v(Xoi, 3) — v}

Then, we maximize the profile likelihood by differentiating the log-likelihood I (0, h, v),

lp(0, h,v) Zlog{ﬂ X159} + Zlog{l — 7(Xoi,7)} — n1logny — nglogng

—Zlog + M7 (X15,4) = 0} + MN{R(X1,,%, B) — by + AT {u(X1;,%) — v}]

7j=1

- Z log[1 + Mg {m(Xoi,4) — 0} + N {h(Xoi, 4, B) — b} + As {v(Xoi,7) — v},

i=1
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with respect to (6, h,v) and set the derivative to 0, we obtain that

ni

A = —— A,
no
ni

A7 = —— A3,
o
ny

As = ——MN\g
no

We reparameterize from (Ag, Az, A1) to p = 22(1 — X0 — ATh — Ao, AT, AT AD)T. Tt

follows from constraints (3.3) that,

Zn:{DZgb(X“S/’g) _ (1 — Dz)gb(Xw%B)} — (35)

=1

where ¢(z,%,8) = {1,77(x,4), hT(z,4, 8), vT(x,4)}T. Suppose p is a solution of

equations (3.5), then from (3.4) we obtain that

1
ﬁT(b(lea ’A% B) ’

A

S|

It turns out that our proposed estimator is given by

ni
e =Y p;Y;
j=1

==Y ———=DY, (3.7)

3.3 Theoretical Properties

Without loss of generality, suppose that m(z) is correctly modeled by m(x, ;).
Denote the true value of 7y, as 719 such that m(x,v10) = 7(z). Applying the results of
White (1982), 4 — i, and 3, — S in probability for k =1,..., K andl =1,..., L,

under suitable regularity conditions. Moreover, since m(z) is correctly modeled by
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m1(z, 1), we have v§, = 710. Write

DY — o)
¢= T(X)

___D-n(X) .
M = W(X){l—w(X)}gb(X’%’ﬁO)’
H=C—E(CMT){E(MM™)}" M. (3.8)

Theorem 3.3.1 If{mi(xz,v); k=1,..., K} contains a correctly specified propensity
score model for m(x), fip 1s a consistent estimator of py; moreover, under suitable

reqularity conditions, as n — oo,
n'2(jie — po) — N(0, Var(H))

i distribution.

Proof. The proof of Theorem 3.3.1 is given in Section 3.6.1.

From the geometric viewpoint, E(CMT) { E(MMT) }_1 M can be regarded as the
orthogonal projection of C' onto the linear space spanned by M, and the influence
function H can be viewed as the residual of the projection. In contrast, figw in Han

and Wang (2013) has a different influence function, which is
Huw = C — [Guw1Bliwi Muw1 + Grwe Biiws Muws]
where

9;:;0 = E{Trk(Xa 7;:)}7

myy = E{mu(X, 5)},
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Prw (X, ’Ymﬁo) {Wl(X 710) 010 - - - , T (X, 7?(0) — %o,

ml(Xa BTO) - m){m cee 7mL(X7 BZO) - mEO}T’
Myuw, = D_(—;T(()X)¢HW(X WS,ES),
a { (Y — o ¢HW(X 70750)}
HW1 — ) )
B { w(X ’Yo?ﬁo) w (X, ’Yo’ﬁo)}
HW1 = (X) )

D —m(X)

Myuws = (X ){1—7T<X)} v1(X, 710),

Guw2 = E {(C — Guw1 Biiw1 Muw1) Mijws }

BHWZ = E(MHWQMI?;WQ)'

Since Gawi B§W1MHW1 +GHW2.B§W2MHW2 belongs to the linear space spanned by M
in our proposed method, Var(H) < Var(Hpw), which means our proposed estimator
fir is more efficient when one working propensity score is correctly specified.
In addition, when one working regression model is correctly specified, say, mq(z, £1)
without loss of generality, then 35, = B10, m1(x, B10) = m(z), and {1—7(X)} ' o(X, 75, 55)

contains m(X). It follows that

Corollary 3.3.1 If one propensity score model and one working regression model are
correctly specified, the asymptotic variance Var(Hg) of the estimator fip reaches the

semiparametric efficiency lower bound, where

Proof. The proof of Corollary 3.3.1 is given in Section 3.6.2.
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3.4 Simulation study

In this section, we compare the performance of our proposed estimator fir with
several relative estimators in a missing response problem. Some relative estima-
tors have been defined in Section 2.4.1, including the full data sample mean Y, the
complete-case estimator jicc. the regression estimator jigrgg, the Horvitz-Thompson
(HT) estimator figr, the inverse probability weighting (IPW) estimator jijpw, and the
augmented inverse probability weighting (AIPW) estimator fiarpw. We also include

the multiply robust estimator proposed by Han and Wang (2013)

ni
Haw = E w; Y

_Zl—irnng,vB/ 1+779 B)

where 1) = (71, ...,Mk+1) is a solution of the equation

i=1 1 + UTQ(Xw :)/7 B)

and
Oy = %;M(Xi,%),
. 1¢ 5
= izlmz(Xz,ﬁl),
9(Xi, 7, B) = {7T1(Xz‘7%)—é17 o T (X, 7}()—9}(, my (X, 51)—7711, coomp (X, BL)_mL}’

In missing response problems, propensity score models are built on full data,
so we can perform goodness-of-fit tests on working propensity scores. However,
working regression models are constructed on complete-case data, thus we cannot

test if the models fit well on full data, which may lead to misspecification on re-
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gression models. In our simulation study, we employ one correctly specified and
one misspecified working propensity score models on the two methods using mul-
tiple models. For methods containing only one propensity score model, the cor-
rect working propensity score is applied. Moreover, a misspecified working regres-
sion model is posited whenever a working regression model is needed. Suppose
X = (X1, X>) is a two-dimensional covariate vector, where X; and X, are indepen-
dent standard normal random variables. The error term ¢ also follows the standard
normal distribution. Y = 2 +3X; + X5 + ¢, and D|X = x ~ Ber{n(z)}, where
m(z) = 1 — {1 4+ exp(Y00 + Y0171 + Yo222)} ", and (Y0, v01,%02) = (—1,0.3,0.3),
(—1,0.6,0.6), and (—1,0.9,0.9), such that pg = 2 and the dependence of the propen-
sity score on covariates increases as 7y, and 7o become larger. The correct working
propensity score is my(x,7) = 1 — {14 exp(y10 + 71121 + y1222) } " and the misspeci-
fied working propensity score is ma(x,72) = 1 — exp{— exp(y20 + Y2121 + Vo223)}. The
misspecified working regression model is my(z, 31) = Bio + 1171 + Bra23.

For different values of (700, Y01, 702), biases and root mean square errors (RMSEs)
are compared for the eight estimators, based on 5000 Monte Carlo simulations with
three sample sizes: 500, 2000, and 5000. Results are shown in Table 3.1, Table 3.2,
and Table 3.3.

The sample mean Y always performs the best, because it is calculated from the full
data. ficc is calculated from the complete-case response, thus it always has the largest
biases and RMSEs as expected under MAR assumption. Since we use a misspecified
working regression model in our simulation studies, firgg gives us biased results as
well. The other five estimators provide very small biases because of the correctly
specified working propensity score. Comparing the RMSEs, fiarpw performs better
than jigr and fpw, but not as good as figw and jig. Next, we focus on comparison
between figw and fip.

When n = 500, g does not perform as good as figw, because jir employs a large
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Table 3.1: Biases and RMSEs of Y, ficc, firgc, fur, fapw, fapw, Anw,
and fip when (Y00, %01, Y02) = (—1,0.3,0.3) based on 5000 Monte
Carlo simulations. Missing rate is about 72.3%.

n=>500 n=2000 n=>5000
Estimator BIAS RMSE BIAS RMSE BIAS RMSE
Y —0.0014 0.1496 —-0.0016 0.0733 0.0006 0.0474
e 0.8368 0.8829 0.8370 0.8483 0.8394 0.8441
[REG 0.2069 0.2747  0.2044 0.2231 0.2086 0.2161
far —0.0022 0.1928 —0.0021 0.0944 0.0011 0.0597
fapw —0.0011 0.2004 —0.0018 0.0977 0.0012 0.0617
fiatPw 0.0052 0.1769 —0.0004 0.0870 0.0017 0.0556
flrw 0.0019 0.1694 —0.0008 0.0836 0.0019 0.0535
fip 0.0056 0.1741 —0.0016 0.0838 0.0011 0.0532

number of constraint equations. The number of constraint equations is 11 in simula-
tion studies. Small sample size may result in large variance and poor performance.
jip performs better as the sample size becomes larger. It outperforms figw when
n = 2000 and 5000, especially when (Y00, Y01,702) = (—1,0.6,0.6) and (—1,0.9,0.9),

such that the dependence of the propensity score on the covariate vector is strong.
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Table 3.2: Biases and RMSEs of Y, ficc, fireG, fur, dpw, [fapw, AHW,
and fir when (Y00, Y01,%02) = (—1,0.6,0.6) based on 5000 Monte
Carlo simulations. Missing rate is about 70.5%.

n=>500 n=2000 n=5000
Estimator BIAS RMSE BIAS RMSE BIAS RMSE
Y —0.0031 0.1502 0.0010 0.0737 —0.0002 0.0473
ficc 1.4875 1.5100 1.4877 1.4933 1.4858 1.4880
[REG 0.3672 0.4069 0.3696 0.3798 0.3682 0.3724
fiuT 0.0036 0.2605 0.0027 0.1275 0.0005 0.0805
fpw 0.0113 0.2936 0.0045 0.1457  0.0011 0.0918
fLarpw 0.0100 0.2114 0.0046 0.1059 0.0003  0.0669
forw 0.0160 0.1815 0.0082 0.0903 0.0028 0.0578
fip 0.0188 0.1869 0.0056 0.0875 0.0015 0.0558

Table 3.3: Biases and RMSEs of Y, ficc, fireG, fur, fipw, fapw, Anw,
and fip when (Y00, Y01, Y02) = (—1,0.9,0.9) based on 5000 Monte
Carlo simulations. Missing rate is about 68.2%.

n=>500 n=2000 n=>5000
Estimator BIAS RMSE BIAS RMSE BIAS RMSE
Y 0.0005 0.1476 —0.0002 0.0730 —0.0017 0.0469
fice 1.9025 1.9176 1.9025 1.9063 1.9004 1.9019
[REG 0.4816 0.5111 0.4810 0.4884 0.4816 0.4846
fiuT 0.0105 0.3957 —0.0032 0.2149 —0.0011 0.1232
fupw 0.0380 0.4516 0.0031 0.2475 0.0018 0.1510
fiatPw 0.0207  0.2850 0.0025 0.1550 0.0018 0.0939
[orrw 0.0470  0.2038 0.0175 0.1021 0.0088  0.0654
fip 0.0465 0.2143 0.0124  0.0962 0.0052  0.0609
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3.5 Concluding remarks

In this section, we have proposed an empirical likelihood method in missing re-
sponse problems under MAR assumption. Similar to Han and Wang (2013), our
method also utilizes multiple working propensity score and regression models. Both
methods achieve the semiparametric efficiency lower bound when one propensity score
and one working regression model are correctly specified. Compared to Han and Wang
(2013), our approach maximizes a full likelihood function rather than a conditional
likelihood function under a series of constraints. Our constraints do not calibrate
propensity scores and regression functions, but introduce a series of unknown param-
eters as the expected working propensity scores and regression functions in constraint
equations. Some parameters are canceled or combined at a later stage, and the rest
are estimated from constraint equations. This is different from the calibration setup
in Han and Wang (2013). In addition, our constraint equations include the first
derivatives of working propensity scores beyond the propensity scores and regression
functions. As a result, our estimator is more efficient when one working propensity
score is correctly specified. Different from Han and Wang (2013), our estimator does
not share multiple-robustness property because our estimator is no longer consistent
if all working propensity scores are misspecified, even when one working regression
model is correctly specified. Simulation results show that our proposed estimator
performs better than its competitors when the working propensity score is correctly

specified, and the sample size is large.
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3.6 Proofs

3.6.1 Proof of Theorem 3.3.1

Write

Po = (0, L le(K+S+Zf:1rk—1))’

1
b=r L(X){l (X))

(X, 75, B)d" (X, ve. B3) |

Y_
GzE{ Ko s (X, v, )|

m(X)

éi _ Dz(Yz _ANO)’

1 (X, %)
. D; — m(Xi, %) LA
Mi: I ~ Xia ) ’

7T1(Xi,71) {1 _Wl(Xiaf)/l)}d)( ! 6)

DY —
)

m1(X5,710)

Di — T XZ', * *

Mi = 1( 710) ¢(Xi)70760)7

7T1(Xi,710) {1 - 7T1(Xi,710)}

For fixed (4, (), expanding the equation (3.5) at py leads to

~—

n , A RST(X AR
-y [chb(xz,%ﬂ)cb (X5, 4, 8 (5— o)+ O,(1)

W%(XM:YI) {]- - ﬂ-l(XiJfAyl)}Q
D; — m(Xi, %) ~ A . 1/2
X, v, 8) —nB(p— +0,(n"'7),
; ™ Xu’yl {1 - 7T1(X1771)}¢( K ﬂ) (p pO) p< )
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which suggests that,

n

~ 1 _ Dl — 7Tl<Xi ”71) ~ A _
. — _RB 1 ) ; 1/2 )
p—po > —7 (X5, Y, B) + op(n” %)

n — i (Xi, ) {1 = m(Xi, %)}

Next, for fixed (4, 3), expanding jir — pio at po gives

fr — o = sz (Y: — po)

:—Z D;(Y; — o)

— T o( Xu%ﬁ)

(3.9)

ilYi — L\~ DiYi - o )
_Z - o) —E;%qﬁ%‘xh%ﬁ)(ﬂ_ﬂo)*—@p(n n

Xw% 2 Xi;%)

= LS {e- ot} 4o ).
=1

Next, we partition ¢(X;, 7, 5) into

(bl(Xi)/%B) = {laﬁT(Xia’?% hT(Xi/S/aB%Ug(Xiaﬁ/Q): ce aUII;<Xi7’?K)}T’

G2( Xy, ) = v1(Xi, 7).

It follows that partitions of G, B, M;, and M; are given by

G = (0, Go) = [ B| Mo (x ,5‘,55)}’4%(1)5()(%)})’

m(X)

5

(3.10)



¢1(X773758)¢?{<X776758) ¢1<X778758)¢5(X778>
E[ (O — (X))} } E[ (O — 7(X)] }

(
b [ (O — m(X)} } b { ~(CO{L - (X)) }

)

D; — m (X, %)

M, = Mi | (X A {L = (X, 1) }
Mo D; — 1 (X, %)

71 (X, Y1) {1 — (X, Y1) }

D; — (X, 710)
M, = M _ | m(Xi; 70) {1 — i (Xi, mo0)
Mo D, — 7T1(Xi;710)
771<Xi7 ’710) {1 - Wl(Xia’ho)}

(rbl(Xz'? ’787 55)

¢2 (X’L ) P)/()k ) :
In addition,

Bl _ bii b1z
ba1 oo

GB! = (Glb11 + Gabar, Gibio + G2b22)’
where
bi1 = By + Byy' Bia(Bas — BayByy' Bis) ™' Ba Bi,
b = — By Bio(Bay — BBy Biz) ™',
byt = —(Bas — By By)' Bi2) "' BBy,

bog = (Bag — BQlBl_lle)_l-
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Based on the likelihood theory, 47 is a solution of the score equation

Z {D — T XZ?Vl)}vl(XZnyl) — 0
1 X“’Yl 1 - Wl(Xza’Yl)}

derived from the binomial likelihood (3.1). Taylor expansion of the score equation at
Y10 gives

1 n
Y —vi0= By — Y M, -y, 3.11
71— 710 2 Z 2+ op(n=77) (3.11)

=1

Since £ 7% | M;, = 0, Taylor expansion of iy — 1o in (3.10) reduces to

I 172
UF — o = n Z {Cz (G1b11 + G2b21) } +0,(n )- (3.12)

i=1

Note that

{G2 — (Gibi1 + G2bs1) Bio} By
=— G1B{|'Br» {Bg_gl + 52232131_1131232_21} + Go {Bg_Ql + by Bo1 By Bia B3y
= — G1 By, Bizba {(322 — By B! Bi2) By + B2lBﬂ1312B{21}

+ Gabao {(Bas — Bay Byy' Bi2) Byy' + Bo1 By Bia By

—Gbiy + Gabas. (3.13)

Expanding fir — uo in (3.12) at (75, 53), together with (3.13) gives

. 1 & Y —pn .
fir — fo = EZCZ - E{ W<X>OU?(X7’710)} (%1 — 710)
i1

_ (G1b11 + G2b21) (% Z Mﬂ — F |:¢1(7)Ti;(;)k7{fg_)1);(())§;;10):| (,3/1 . 710)) + op(n_1/2)

1 & 1 &
= — C; — (Gyb Gaboy)— M;
n; (G1by1 + 221)71; 1

1 n
—{G2 — (G1b11 + Gaby1)Bia} 32_215 Z My 4 0,(n=1/?)

i=1
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1O 1 1 ¢

== C;—(Gib bo1)— Y My — (Gib bo)— > M; —1/2
n C; — (G1b11 + Go 21)n 2 1 — (Gibia + Gy 22)n 2 9 + 0p(n )
1 n

=—>Y {¢:-GB'M, —1/2
P { }+o,(n71?)

_ l - o T ™1 ! as —1/2

=~ (G = BOM) {EMM")} ™ Mij + 0,(n™7).

i=1
The central limit theorem indicates that n'/?(jip — o) — N(0, Var(H)) in distribu-

tion, where H = C' — E(CMT) {E(]W]\/[T)}_1 M. Moreover, the consistency of jig is

also given by the law of large numbers. The proof of Theorem 3.3.1 is complete.

3.6.2 Proof of Corollary 3.3.1

Write
A=DY/n(X).

Similar to the proof of Theorem 3.3.1, the influence function of the estimator fip can

be written as,

Hp = A— E(AMTY {E(MM™)} ™" M — pio.

¢a X7 /y*? /8*
We partition ¢(X,~g, ) into (X%, 55) , where

¢b(X7 767ﬁ(>)k>

¢a(X7 787 68) = {17 WT(Xa 78)7 hQ(Xv 7507 B;O)’ ] hS(X> ,72”07 5;‘0)’ UT(X> ’7;)}T>

¢b(X7 WS, 5{;) = hl(X; Y10, 510)-
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It follows that the partition of M is given by

Dosx) o
M = Ma _ | m(XO{1 - W(X)}%(X’ %%, 55)
Mo D —n(X)

PO = r(x)3 (X6, )

In addition,
E(AM") = {E(AM, ), E(AM,)}
E(M,MF) E(M,M,
prar — [ FORMD) EOLL)
E(M,M;)  E(M;)
We notice that E(AMT) = E(M,MT) = {E(M,M,)}" and E(AM,) = E(M2). Write
Zy = E(M,M?Y), Z, = E(M,M,), and Zy = E(M?). Tt follows that

-1

_ oy 7
EAMTY {E(MMTY = (Z0, z) | 7"
7T 7,

211 12
= (Z1T> ZQ)

221 R22

= (ZlTZn + Zozor, Z{ 212 + Z2222) )
where

o =2yt + 250 20 (Zy — ZE 25 2 2 2
210 = —25 Z\(Zy — 25 251 20) 7,
v = —(Zy — 21 25t 2)) 1 2T 77,

2oy = (Zo — 2L 251 2))
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Next,

Zizn+ Zozoy = ZL Z5  + Z1 250 20( 20 — 21 Z  2)) P 2T 25 — Z0(Zy — 2T 251 20) T 28 25
= {1+ Z{ Zy' 21(Z, — Z{ Z' 20) ' — Zo(Zo — 21 2y 20) 7'} 21 25

= O1x(K+s+zle )

and

ZL 210+ Zozgy = =25 25 20(Zy — ZT 27V 20) 7Y + Z9(Zy — 2T 751 21) 7!

=1
suggest that

Hp = A—B(AMT) {E(MMT)} ™" M — p1q

M,
= A= Oirrsasic myr D) M, s
b
DY D —7n(X
= - l )m(X) — Ho

The proof of Corollary 3.3.1 is complete.
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Chapter 4

Empirical likelihood confidence
interval in missing response

problems and causal inference

4.1 Introduction

In previous chapters, we have introduced several methods for mean response esti-
mation when the response are subject to missing data under MAR assumption. For
each method, we can construct a Wald type confidence interval using the approxi-
mate sampling variance based on normal approximation. When sample size is large,
a Wald confidence interval usually performs well; however, when sample size is small,
and distribution of the response is highly skewed, a Wald confidence interval may
no longer perform well. In this chapter, we propose empirical likelihood confidence
intervals, which perform better compared to the Wald confidence intervals in small
sample size, highly skewed missing response problems.

Empirical likelihood, introduced by Owen (1988, 1990), is a nonparametric method
for constructing confidence intervals of the mean and other parameters. It has many

advantages compared to Wald type confidence intervals and the bootstrap method

81



(Hall and La Scala, 1990; DiCiccio et al., 1991; Owen, 2001). Empirical likelihood
methods have been studied comprehensively during the last three decade; see for ex-
ample, Chen and Qin (1993), Chen and Hall (1993), Qin and Lawless (1994), and
Kitamura (1997). In addition, empirical likelihood methods have been applied ex-
tensively to different areas, such as ROC analysis (Qin and Zhou, 2006; Zhang and
Zhang, 2014; Wang and Zhang, 2014), missing data problems and causal inference
(Wang and Rao, 2002; Qin and Zhang, 2007; Qin et al., 2009; Wang and Chen, 2009;
Han and Wang, 2013; Zhang, 2016), and longitudinal data analysis (Xue and Zhu,
2007a,b; Han et al., 2014). Liang et al. (2008) proposed an empirical likelihood-based
confidence interval for the mean response in a missing response problem under MCAR
assumption. They used a ratio imputation method (Rao and Sitter, 1995) to impute
missing values. The empirical likelihood-based confidence interval is compared with
two Jackknife-based confidence intervals, and is used to estimate CD4+ cell counts
in an AIDS clinical trial study. Xue (2009) proposed empirical likelihood confidence
intervals for mean response with MAR data. After the kernel regression imputa-
tion, he constructs a weight-corrected empirical likelihood ratio for the population
mean. The empirical likelihood ratio can be constructed with or without auxiliary
information, and is shown to be asymptotically chi-squared distributed. It follows
the construction of empirical likelihood confidence intervals. Simulation results indi-
cated advantages of the empirical likelihood confidence intervals compared to normal
approximation methods; however, the curse of dimensionality still exists for kernel
regression imputation when the covariate vector is high-dimensional.

Although several empirical likelihood-based confidence intervals for missing re-
sponse problems have been proposed by using kernel regression imputation or ratio
imputation, a semiparametric empirical likelihood confidence interval has not been
well established. In this chapter, we propose semiparametric empirical likelihood

confidence intervals in missing response problems under MAR assumption by utiliz-
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ing the AIPW method proposed by Robins et al. (1994). The central idea for our
proposed method is to create a pseudo empirical likelihood ratio for the population
mean by using estimated functions from the AIPW method. We demonstrate that
the —2 empirical log-likelihood ratio function follows a scaled chi-squared distribution
if either the working propensity score or the working regression model we propose is
correctly specified; if the two models are both correctly specified, the —2 empirical
log-likelihood ratio function follows a non-scaled chi-squared distribution. Simulation
results show that our proposed empirical likelihood confidence intervals perform bet-
ter than Wald type confidence intervals for the AIPW estimator when sample size is
small and distribution of the response is skewed. Our proposed method can also be
extended to the construction of empirical likelihood confidence intervals for the ATE
in causal inference.

This chapter is organized as follows. Section 4.2 introduces empirical likelihood
confidence intervals in one-sample missing response problem and causal inference,
along with theoretical properties. In section 4.3, we conduct a simulation study to
compare the proposed semiparametric empirical likelihood confidence intervals with
Wald type confidence intervals. Section 4.4 presents an application of the proposed
confidence intervals based on a dataset from the CORAL clinical trial (Cooper et al.,
2014). Section 4.5 provides concluding remarks. Proofs of theoretical results are given

in Section 4.6.
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4.2 Methodology

4.2.1 Empirical likelihood confidence interval in one-sample

missing response problem

The setup of the missing response problem is the same as previous chapters.
Let Y, X, D denote the response variable, covariate vector, and missing indicator,
respectively, where D = 1 or 0 as Y is observed or missing, and X is always observed.

Our goal is to construct a confidence interval for the population mean

MZE(Y)Z//yf(y,x)dwdy,

under MAR assumption, where f(y, z) represents the joint density function of (Y, X),
and let o denote the true value of the population mean .

We denote the observed data as (D;Y;, X;, D;), i = 1,...,n. Without loss of
generality, subjects with observed response are indexed by ¢ = 1,...,n;, where
ny =y, D;. Our proposed method requires making assumptions about the propen-
sity score P (D = 1|X = x) and the conditional expectation E(Y|X = z), which are
denoted as 7(z) and m(z) respectively. We postulate a parametric working propen-
sity score model 7(x,~) for 7(z) and a parametric working regression model m(z, 3)
for m(x), where 7 is a p X 1 unknown vector parameter estimated from the binomial
likelihood function, and [ is a ¢ x 1 unknown vector parameter estimated from the

complete-case data. The AIPW estimator (Robins et al., 1994) is then given by
e = 5 (Y X Do, ) (4.1)
HAIPW = n p M\ Yi, Agy g, 7, ) .

where




4 is the maximizer of the binomial likelihood function, and B is the coefficient of the
regression model m(z, 3). Let vy and 3y be the true values of v and .

Since E{u(Y,X,D,~0,P0)} = i, the empirical likelihood ratio function is then
defined as

Ro(p) :Sup{L(Fn) T(F):M,Feﬁ}

i=1

pi > 0, Zpi =1, Zpi {u(Ys, X3, Disvo, Bo) — i} = 0} ’
i=1

i=1

nevertheless, the true values 7y and [, are not known in real data problems. We
replace v9 and [y by their estimates 4 and B, then the pseudo empirical likelihood

ratio function,

R(p) = sup {H np;

pi > 0, Zpi =1, sz' {M(YQ,Xi,Di,”AYaB) - ,U} = O}
i=1 i=1

can be maximized over the positive jump size p;, ¢« = 1,...,n, by the Lagrange
multiplier method. We obtain that
1

pilp) = N [1 i S\(H) {M(Yi,Xi,Di,’%B) - ,u}] ;

where A(zt) is the solution of

n

M(Y;a Xi> Dia ’3/7 B)

—n = 0. (4.2)
=1 N |:1 + )\ {,u(}/z’XlJ Di,ﬁ/, 6) - /’L}]
It turns out that the profile likelihood of p is
R = [ oot = [ — L
i=1 i—1 1+ () {M(Yi, Xi, Dy, 4, B) — H}
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Define the —2 empirical log-likelihood ratio function as

1) = ~21og ) = 23 "o [1 4+ Als) {a¥i X, D130 B) — )]

i=1

Write

v(z,y) = 0n(x,7)/0,

w(z, f) = om(x, §)/98,

A(ZE,d, 7) o {d B F({B,’}/)}’U(I,*y)

7T(.T, ’7){1 - 7T<I7 7)}’

B<y7$7da 6) = d{y - m(l’,ﬂ)}?l](l’,ﬁ),

d{y —m(z,B)}v"(z,7)

Cl<y)xadu’%6): 71_2(1_ ’7)

I

gy = L= )Y o )" (@)
Hi(x,d,) () {1 — n(z )Y
_ {d_ﬂ(x>7>}wT<$a6)

02<x7d7775) - 7T(Zl'f ’Y) )

Y

H2(‘r7d7ﬁ> :dw(x,ﬁ)wT(x,ﬂ),
Gi = {,U(Y%,Xi, Di,’AV,B) - ﬂAIPW}

-1

1 ¢ L1
- | }/7L7Xi7Di7A7 - H Xia-DhA AX%-DiJA
H;Cl( vﬁ){n; i v)} ( 7)

A

B(}/;iny Diaﬁ)?

[ -1
1 ¢ a1 .
- ﬁizlcb(XiaDi/%ﬁ){H;H2(XiaDiaﬁ)}

n 2

L1 -
0'(2):EZ{M(YLXDDEP}/?B)_MAIPW} )

=1
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(4.3)

In the next three subsections, we show that the —2 empirical log-likelihood ratio
function follows a scaled chi-squared distribution if either the working propensity
score or the working regression model is correctly specified. In addition, if the two
models are both correctly specified, the —2 empirical log-likelihood ratio function

follows a chi-squared distribution.

4.2.1.1 Working propensity score is correctly specified

Suppose that 7(z) is correctly modeled by m(x,v). Denote the true value of ~y
as o such that 7(x,7) = 7(z). Applying the results of White (1982), # — £ in

probability under suitable regularity conditions. Then, we have

Theorem 4.2.1 If the working propensity score w(x,~y) is correctly specified. Under
suitable reqularity conditions, the —2 empirical log-likelthood ratio function Z(Mo) has

an asymptotic scaled chi-squared distribution with one degree of freedom, which is

[(1o) = 3

Q>
[l =] ]

o
i distribution, as n — 0o.

The proof of Theorem 4.2.1 is given in Section 4.6.1.

4.2.1.2 Working regression model is correctly specified

Suppose that m(x) is correctly modeled by m(z,3). Denote the true value of g
as By such that m(z, fy) = m(x). Applying the results of White (1982), 4 — 7§ in
probability under suitable regularity conditions. Then, we have
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Theorem 4.2.2 [f the working regression model m(zx, ) is correctly specified. Under
suitable reqularity conditions, the —2 empirical log-likelihood ratio function Z(Mo) has

an asymptotic scaled chi-squared distribution with one degree of freedom, which is

[(1o) = X3

Q|
=N [ON

i distribution, as n — 0o.

The proof of Theorem 4.2.2 is given in Section 4.6.2.
It follows that the empirical likelihood confidence interval for the population mean

1 can be constructed by

Q>| Q>
o

g

where x%(1 — «) is the (1 — a)th quantile of the chi-squared distribution with one

W) < 21— a>} , (4.4

Ll \V]

degree of freedom.

When sample size is small, researchers suggest to use a threshold F,_;(1 — «)
instead of x3(1 — a) (Owen, 2001), where Fy,_1(1 — «) is the (1 — a)th quantile of
the I distribution with 1, n —1 degrees of freedom. Similarly, z;_,/» is often replaced

by t,-1(1 — «/2) in a Wald type confidence interval.

4.2.1.3 Both working models are correctly specified

If the two working models are both correctly specified, 62/6% — 1 in probability

as n — 0o, which yields the following corollary.

Corollary 4.2.1 If the working propensity score w(x,v) and the working regression
model m(x, 5) are both correctly specified. Under suitable reqularity conditions, the —2

empirical log-likelihood ratio function Z(Mo) has an asymptotic chi-squared distribution
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with one degree of freedom, which is

I(ko) = X3

i distribution, as n — 0o.

4.2.2 Empirical likelihood confidence interval in causal infer-

ence

Let D be an indicator for two possible treatment exposure such that D = 1 if
treated and D = 0 if control. Let X denote a vector of covariates, whose values are
not affected by either treatment. Denote Y (0) and Y (1) as potential outcomes when

control and treated, respectively. The actual observed outcome Y is written as

Y = DY (1) + (1 - D)Y(0),

and (Y, X;, D;), i = 1,...,n, are n observed values in a random sample. Assume
SUTVA holds (Rubin, 1980), our central interest is to construct a confidence interval
for the average treatment effect (ATE), which is defined as the comparison between

two population mean potential outcomes,

A=E{Y(1)-Y(0)}=p"—p

The propensity score is defined as the conditional probability of receiving treat-

ment given the covariate vector X, which is

m(x)=P(D=1X=2), 0<n(z) <Ll

In addition, if the strongly ignorable assumption holds, the estimation of A in causal
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inference can be considered as a two-sample missing response problem under the miss-
ing at random assumption. The two samples are (Y;(1), D;, X;) and (Y;(0), D;, X;),
i =1,...,n, where Y;(1) and Y;(0) are missing if D; = 0 and D; = 1, respectively.
Denote m;(z) = E{Y (j)|X =z}, j = 0,1. Then we can postulate parametric models
7(z,7), mo(z, 8°), and my(x, BY), for m(x), mo(z), and my(z), respectively, where
can be estimated from the binomial likelihood function, 57 can be estimated from the
complete-case data of (Y;(j), D, X;), i = 1,...,n, and j = 0,1. On the basis of the

methodology in Section 4.2.1, A can be estimated by
. ] — U
A ==Y A(Y;, X, D5, 6%, B
AIPW n - ( ) ) 777B 75 )7

where

Ay 0.6 = { = T 0

J (=-dy  d—mn(z,7)
{1—7r(:m) 1w @)

ol 1)}

The pseudo empirical likelihood ratio function can be written as

R(A) = sup {H np;

>0, > =1 3 p{ACG X, DA, 0,8 - A = 0} .
1=1 =1

It follows from the procedure in Section 4.2.1 that the —2 empirical log-likelihood

ratio function can be defined as

i(8) = —2log (&) =23 log [1+ M) {a;, X, D5, 8%, 54 - A}
=1
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where A\(A) is the solution of

" A(Y;, Xi, D4, 8%, 8') — A

= [1 A {A(Yi’Xi’ Dhﬁ%BovﬁAl) - A}] -

For 7 = 0,1, write

v(x,7y) = On(x,v)/9,

wj(@, B7) = Omy(x, B7) /05,

~Ad—7(x,7)}v(z,7)
A, d) = = rw )

Bj(]J,[E,d, Bj) = dj(]' - d>1_j {y - mj(x75j>} ’U)j(l’,ﬁj),

(1 —d)" {y —my(z, )} T (z,7)

Clj(yax:daﬁy:ﬁj) = 7T2(13 7)

Y

T _ {d—?T(:L’,’y)}QU([E,”}/)UT<J],’y)
) = = )
{d - 7T(l', ’7)} IU]T(.Z'7 BJ)
(o) {1 — ()}

Y

OQJ($7 da Y, /8]) =

ng(ﬂi’, da ﬁ]) = d](l - d)lijwj <$, 6J>ij(x7 6j)7

Ki == {A(Y%XhDia;YaB[%Bl) - AAIPVV}

[ n n -1
- lZ{C (Y;, Xi, Di, 4, BY) + Cio(Ys, X;, Diy 4 BO)} lZH(X- D;,4)

n - 11\ Lgy gy gy )y 10\ Lgy gy A5y )y n s 1 1y

- A(Xi, Dy, )

-1
1 — . 1 — .

— =S O (X, Dy, A, B =S T Hoy (X, Dy, B
n; 21( ) 7%6){71; 21( ) 5)}

Bl(Yi7 Xi; Di) Bl)
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-1
1 & . 1 & . .
— = Cy(Xi, Di,4, < =S  Ho(X;, Dy, 5° Bo(Y:, X;, D;, 3°
nz 20( ) ’76){71; 20( ) 75)} 0( ) 7B)a

i=1

. I Ay A . 2
6ho =~ { AV X0, Di,7,8° ) = Auew |

1=1
n
1 A
~2 2
Jm——g K.
n <
=1

Let Aq be the true value of A. Followed by Theorem 4.2.1 and Theorem 4.2.2, we

have

Theorem 4.2.3 Under suitable reqularity conditions, if either the working propensity
score 7w(x,7y), or both working regression models mo(z, 8°) and my(x, ') are correctly
specified, the —2 empirical log-likelihood ratio function Z(Ag) has an asymptotic scaled

chi-squared distribution with one degree of freedom, which is

A

2
T207(Ag) — X2
~9 0 Xl
OA1

i distribution, as n — 0o.

It follows that the empirical likelihood confidence interval for the ATE A can be

constructed by
0307
{a] Zoia) < -}
Similar to Section 4.2.1, x%(1 — «) can be replaced by Fy,_1(1 — &) when sample
size is small.

If the three working models are both correctly specified, 63,/6%; — 1 in proba-

bility as n — oo, which yields the following corollary.

Corollary 4.2.2 [f the working propensity score w(x,v) and the working regression

models mo(x, 8°) and my(z, B') are all correctly specified. Under suitable reqularity
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conditions, the —2 empirical log-likelthood ratio function Z(AO) has an asymptotic

chi-squared distribution with one degree of freedom, which is
I (Ag) = xi

wn distribution, as n — 0o.

4.3 Simulation study

In this section, we compare performances of four confidence intervals with 1 — «

confidence level, which are

(a) Wald normal confidence interval for AIPW estimator (Wald-z)

. ot o7
HAPW = Z1-a/2\[ = HATPW + Z1—q/2 PR

where fiarpw is defined in (4.1), 67 is defined in (4.3), and 2,2 is the (1 —
a/2)th quantile of the standard normal distribution,

(b) Wald ¢ confidence interval for AIPW estimator (Wald-t)

) 67 . o1
farpw — th—1(1 — a/2) P farpw + th-1(1 — a/2) e

where t,,_1(1 — a/2) is the (1 — a/2)th quantile of the ¢ distribution with n — 1

degrees of freedom,
(c) Empirical likelihood confidence interval constructed by (4.4) (EL-x?),
(d) Empirical likelihood confidence interval constructed by (4.4), but replace x?(1—

a) by Fi,-1(1 —«) (EL-F).
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We generate data by the following process: X ~ Un(—2.5,2.5), D|X =z ~ Ber{n(z)},
and Y| X =z ~ N{m(x),4}, where

() exp(l + x + 0.52?%)
m(x) =
1+ exp(l + x + 0.522)

and

m(z) =1+ 2z + 327,

such that the missing rate is around 0.20 and py = 7.25. The working propensity

scores are
(@, yr) = exp(yro + yrix + ’YT29C2)
R T exp(yro + Y& + yrox?)
and
e o) = o e £ I)

1+ exp(vro + VF12)

The working regression models are

mr(z, Br) = Bro + Pz + 5T29€2

and

mp(z, Br) = Bro + Brix.

Figure 4-1 presents histograms of Y and u(Y, X, D, 4r, BT) from one sample of
the simulation study, when 7(x) and m(z) are both correctly modeled and n=50. It
is seen from the histograms that the distribution of the fully observed response and
estimated function are both skewed to the right based on our simulation settings.

We generate 5000 Monte Carlo random samples with three nominal levels 1 —a =
0.90, 0.95, and 0.99, and five sizes: n = 30 and 50 are viewed as small sample sizes,
n = 80 and 100 are viewed as moderate sample sizes, and n = 500 is viewed as large

sample size. We consider four scenarios:
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Figure 4-1: Histograms of Y and u(Y, X, D, 47, Br) when 7(z) and m(z) are
both correctly modeled, n=50

(a) both 7(x) and m(z) are correctly modeled by 77 (z,vr) and mr(x, Br),

(b) 7(zx)is correctly modeled by mr(z, yr), m(z) is incorrectly modeled by mg(z, 5r),
(¢) m(x) is correctly modeled by mry(x, 5r), w(x) is incorrectly modeled by 7 (z, vr),
(d) both 7(z) and m(x) are incorrectly modeled by g (z,vr) and mp(x, Gr).

Under each scenario, confidence intervals (CI), average lengths (AL), and coverage
probabilities (CP) are presented in Tables 4.1, 4.2, 4.3, and 4.4. The simulation results
can be summarized as follows:

Overall, nominal levels does not affect the comparison between different methods
very much. When sample size is large, performances of four methods are very close.
Since the distribution of the response is skewed to the right, the empirical likelihood
based confidence intervals have a right shift compared with the Wald type confidence
intervals. Next we focus on comparisons of the four methods when sample size is

small or moderate, under the following scenarios:
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(1) At least one of the working models are correctly specified (Tables 4.1, 4.2, and
4.3).

When sample size increases, the coverage accuracies increase as well, but the
average lengths decrease; besides, the differences between four methods become
smaller. When nominal level 1 — « increases, the average lengths increase as

well.

In pairwise comparison, we first compare Wald-z and Wald-t confidence inter-
vals. As we expect, Wald-t confidence intervals have uniformly longer average
lengths and higher coverage accuracies than Wald-z confidence intervals when
sample size is small and moderate. For example, when two working models are
both correctly specified, n=30, and 1 — a = 0.9, Wald-t confidence interval is
0.12 longer on average, while 1.16% more accurate than Wald-z confidence in-
terval. Comparisons between EL-x? and EL-F confidence intervals give similar

results.

Comparisons between Wald-z and EL-y? confidence intervals show that EL-y?
confidence intervals have slightly longer average lengths, but higher coverage
accuracies than Wald-z confidence intervals when sample size is small and mod-
erate. For example, when two working models are both correctly specified,
n=30, and 1 — o = 0.9, EL-x? confidence interval is 0.03 longer on average,
while 1.24% more accurate than Wald-z confidence interval. Comparisons be-

tween Wald-t and EL-F confidence intervals suggest similar results.

Last, but not least, we compare performances between Wald-t and EL-x? con-
fidence intervals. We notice that EL-x? confidence intervals have uniformly
shorter average lengths, but slightly higher coverage accuracies in most cases
(26 out of 36 cases) than Wald-t confidence intervals when sample size is small

and moderate. For example, when two working models are both correctly speci-
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fied, n=30, and 1 —a = 0.9, EL-x? confidence interval is 0.09 shorter on average,

but 0.08% more accurate than Wald-t confidence interval.

(2) Both working models are incorrectly specified (Tables 4.4).

All four methods have very low coverage accuracies, although Wald type con-
fidence intervals perform better. When sample size increases, the coverage ac-
curacies decrease, which is contrary to other three scenarios. and the average
lengths decrease. When nominal level 1 — « increases, the average lengths in-

crease as well.

In summary, the empirical likelihood based confidence intervals perform better
than Wald type confidence intervals when sample size is small or moderate, at least
one of the working models is correctly specified, and distribution of the response is
skewed. To obtain a more accurate confidence interval when sample size is small, a
threshold Fi,,_1(1 — a) should be used instead of x3(1 — ) in an empirical likelihood

confidence interval.
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Table 4.1: Wald-z, Wald-t, EL-x?, and EL-F confidence intervals (CI), and
the associated average lengths (AL) and coverage probabilities
(CP), when 7(z) and m(x) are both correctly modeled, under
different nominal levels and sample sizes, based on 5000 Monte
Carlo simulations. Missing rate is about 20%.

1—-a=0.9 1—a=0.95 1—a=0.99
Method CI AL CP CI AL CcP Cl AL CP
n=30
Wald-z  (5.28,9.18) 3.90 87.44 (4.92,9.57) 4.65 93.20 (4.21,10.32) 6.12 97.46
Wald-t  (5.22,9.24) 4.02 88.60 (4.82,9.67) 4.85 94.08 (3.99,10.54) 6.54 98.26
EL-y? (5.40,9.32) 3.93 88.68 (5.08,9.78) 4.70 94.00 (4.47,10.69) 6.22 98.42
EL-F (5.34,9.40) 4.06 89.60 (4.99,9.90) 4.91 95.14 (4.29,10.96) 6.67 98.88
n=>50
Wald-z  (5.70,8.76) 3.05 87.48 (5.44,9.09) 3.65 94.08 (4.86,9.66) 4.80 98.38
Wald-t  (5.67,8.79) 3.11 88.16 (5.39,9.14) 3.74 94.72 (4.76,9.75) 4.99 98.66
EL-x? (5.78,8.85) 3.07 88.44 (5.54,9.22) 3.68 94.76 (5.03,9.89) 4.86 98.74
EL-F (5.75,8.88) 3.13 89.36 (5.50,9.28) 3.77 95.28 (4.95,10.01) 5.06 98.94
n=80
Wald-z  (6.03,8.47) 2.44 89.12 (5.78,8.69) 2.90 94.18 (5.35,9.17) 3.82 98.62
Wald-t  (6.02,8.49) 247 89.52 (5.76,8.71) 2.95 94.56 (5.30,9.22) 3.92 98.86
EL-x? (6.08,8.53) 2.45 89.34 (5.85,8.77) 2.92 94.60 (5.46,9.32) 3.86 98.86
EL-F (6.07,8.55) 2.48 89.78 (5.83,8.80) 2.96 94.94 (5.42,9.38) 3.95 99.10
n=100
Wald-z  (6.16,8.35) 2.18 89.36 (5.96,8.56) 2.60 94.28 (5.54,8.96) 3.42 98.58
Wald-t  (6.15,8.36) 2.20 89.72 (5.94,8.57) 2.63 94.50 (5.51,8.99) 3.48 98.64
EL—X2 (6.21,8.39) 2.19 89.84 (6.01,8.62) 2.61 94.60 (5.64,9.08) 3.44 98.86
EL-F (6.20,8.41) 2.21 90.28 (6.00,8.64) 2.64 94.82 (5.61,9.12) 3.51 99.08
n=>500
Wald-z  (6.76,7.74) 0.98 90.42 (6.66,7.83) 1.17 94.66 (6.48,8.02) 1.54 99.02
Wald-t  (6.76,7.74) 0.98 90.50 (6.66,7.84) 1.17 94.72 (6.48,8.02) 1.54 99.02
EL—X2 (6.77,7.75) 0.98 90.40 (6.68,7.85) 1.17 95.02 (6.50,8.04) 1.54 99.00
EL-F (6.77,7.75) 0.98 90.50 (6.67,7.85) 1.17 95.08 (6.50,8.05) 1.55 99.04
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Table 4.2: Wald-z, Wald-t, EL-x?, and EL-F confidence intervals (CI), and
the associated average lengths (AL) and coverage probabilities
(CP), when =(x) is correctly modeled and m(x) is incorrectly
modeled, under different nominal levels and sample sizes, based
on 5000 Monte Carlo simulations. Missing rate is about 20%.

1—-a=0.9 1—a=0.95 1—a=0.99
Method CI AL CP CI AL CcP Cl AL CP
n=30
Wald-z  (5.31,9.17) 3.86 87.16 (4.91,9.50) 4.59 92.20 (4.17,10.21) 6.04 97.26
Wald-t  (5.25,9.23) 3.99 88.16 (4.81,9.60) 4.79 93.10 (3.96,10.43) 6.47 98.04
EL-y? (5.35,9.25) 3.90 87.76 (4.95,9.61) 4.66 93.28 (4.23,10.42) 6.18 97.90
EL-F (5.28,9.32) 4.03 88.82 (4.86,9.72) 4.86 94.36 (4.03,10.66) 6.64 98.48
n=>50
Wald-z  (5.72,8.76) 3.04 88.62 (5.40,9.01) 3.61 92.78 (4.85,9.61) 4.76 98.04
Wald-t  (5.69,8.79) 3.10 89.32 (5.36,9.06) 3.70 93.42 (4.75,9.70) 4.95 98.34
EL-x? (5.75,8.81) 3.06 89.18 (5.44,9.09) 3.65 93.60 (4.91,9.74) 4.84 98.44
EL-F (5.72,8.84) 3.12 90.04 (5.40,9.14) 3.74 94.22 (4.81,9.85) 5.04 98.68
n=80
Wald-z  (6.05,8.48) 2.43 88.90 (5.79,8.68) 2.88 94.62 (5.34,9.13) 3.79 98.42
Wald-t  (6.04,8.49) 245 89.32 (5.77,8.70) 2.93 94.88 (5.29,9.17) 3.88 98.74
EL-x? (6.08,8.51) 2.44 89.32 (5.82,8.72) 290 94.96 (5.39,9.21) 3.82 98.82
EL-F (6.06,8.53) 2.46 89.86 (5.80,8.75) 2.95 95.26 (5.34,9.26) 3.92 99.08
n=100
Wald-z  (6.15,8.32) 2.17 89.14 (5.95,8.55) 2.59 94.84 (5.55,8.96) 3.41 98.62
Wald-t  (6.13,8.33) 2.20 89.62 (5.94,8.56) 2.62 9522 (5.52,9.00) 3.48 98.78
EL—X2 (6.16,8.35) 2.18 89.62 (5.98,8.58) 2.60 95.14 (5.59,9.03) 3.44 98.98
EL-F (6.15,8.36) 2.20 90.02 (5.96,8.60) 2.64 95.44 (5.56,9.06) 3.51 99.10
n=>500
Wald-z  (6.76,7.74) 0.98 89.60 (6.67,7.84) 1.17 94.98 (6.48,8.02) 1.54 99.06
Wald-t  (6.75,7.74) 0.98 89.68 (6.67,7.84) 1.17 95.00 (6.48,8.02) 1.54 99.06
EL—X2 (6.76,7.74) 0.98 89.72 (6.68,7.85) 1.17 95.06 (6.49,8.03) 1.54 99.12
EL-F (6.76,7.74) 0.98 89.76 (6.68,7.85) 1.17 95.14 (6.49,8.04) 1.55 99.14
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Table 4.3: Wald-z, Wald-t, EL-x?, and EL-F confidence intervals (CI), and
the associated average lengths (AL) and coverage probabilities
(CP), when =(x) is incorrectly modeled and m(z) is correctly
modeled, under different nominal levels and sample sizes, based

on 5000 Monte Carlo simulations. Missing rate is about 20%.

1—-a=0.9 1—a=0.95 1—a=0.99
Method CI AL CP CI AL CcP Cl AL CP
n=30
Wald-z  (5.33,9.24) 3.92 86.84 (4.94,9.60) 4.66 92.96 (4.19,10.31) 6.12 97.56
Wald-t  (5.26,9.31) 4.05 87.72 (4.84,9.70) 4.86 94.02 (3.98,10.52) 6.55 98.32
EL-y? (5.46,9.40) 3.94 87.68 (5.13,9.82) 4.69 93.96 (4.50,10.70) 6.20 98.38
EL-F (5.41,9.48) 4.07 88.92 (5.04,9.94) 4.90 95.12 (4.33,10.97) 6.64 98.98
n=>50
Wald-z  (5.71,8.76) 3.06 89.06 (5.43,9.08) 3.65 93.76 (4.86,9.66) 4.80 98.28
Wald-t  (5.68,8.79) 3.12 89.76 (5.38,9.12) 3.74 94.28 (4.76,9.75) 4.99 98.60
EL-x? (5.79,8.86) 3.07 89.66 (5.55,9.22) 3.67 94.78 (5.06,9.90) 4.84 98.88
EL-F (5.77,8.90) 3.13 90.32 (5.51,9.27) 3.76 95.30 (4.98,10.02) 5.04 99.12
n=80
Wald-z  (6.04,8.48) 2.44 89.62 (5.80,8.71) 2.90 93.84 (5.35,9.17) 3.82 98.72
Wald-t  (6.03,8.50) 2.47 89.88 (5.78,8.73) 2.95 94.22 (5.31,9.22) 3.91 98.86
EL-x? (6.10,8.54) 2.44 90.00 (5.88,8.80) 2.91 94.28 (5.49,9.33) 3.84 98.94
EL-F (6.09,8.56) 2.47 90.48 (5.86,8.82) 2.96 94.56 (5.44,9.38) 3.94 99.14
n=100
Wald-z  (6.14,8.32) 2.18 89.38 (5.96,8.56) 2.60 94.80 (5.54,8.95) 3.41 98.72
Wald-t  (6.13,8.33) 2.20 89.78 (5.94,8.58) 2.64 95.06 (5.50,8.98) 3.48 98.84
EL—X2 (6.19,8.37) 2.18 89.80 (6.02,8.64) 2.61 94.92 (5.64,9.08) 3.43 99.06
EL-F (6.18,8.39) 2.21 90.08 (6.01,8.65) 2.64 95.36 (5.61,9.12) 3.50 99.18
n=>500
Wald-z  (6.76,7.75) 0.98 89.28 (6.67,7.84) 1.17 94.88 (6.48,8.01) 1.54 98.86
Wald-t  (6.76,7.75) 0.98 89.32 (6.66,7.84) 1.17 94.92 (6.47,8.02) 1.54 98.86
EL—X2 (6.77,7.76) 0.98 89.50 (6.68,7.85) 1.17 94.88 (6.50,8.04) 1.54 98.88
EL-F (6.77,7.76) 0.98 89.56 (6.68,7.85) 1.17 94.92 (6.50,8.04) 1.54 98.92
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Table 4.4: Wald-z, Wald-t, EL-x?, and EL-F confidence intervals (CI), and

the associated average lengths (AL) and coverage probabilities
(CP), when 7(z) and m(z) are both incorrectly modeled, under
different nominal levels and sample sizes, based on 5000 Monte
Carlo simulations. Missing rate is about 20%.

1—a=0.9 1—a=0.95 1—a=0.99
Method CI AL Cp Cl AL CP CI AL Cp
n=30
Wald-z  (5.80,10.10) 4.30 84.32 (5.37,10.51) 5.13 91.28 (4.59,11.31) 6.72 97.22
Wald-t  (5.73,10.17) 4.45 85.54 (5.26,10.62) 5.35 92.56 (4.35,11.54) 7.19 98.10
EL-y? (5.93,10.28) 4.35 83.42 (5.56,10.76) 5.20 90.64 (4.88,11.74) 6.86 96.88
EL-F (5.87,10.36) 4.49 85.06 (5.46,10.89) 5.43 91.96 (4.68,12.04) 7.36 97.96
n=>50
Wald-z (6.22,9.59) 3.37 83.14 (5.93,9.94) 4.01 89.92 (5.29,10.56) 5.27 97.30
Wald-t (6.19,9.62) 3.43 83.72 (5.87,9.99) 4.11 91.00 (5.18,10.67) 5.48 97.92
EL-x? (6.31,9.70) 3.39 81.82 (6.04,10.09) 4.05 88.76 (5.48,10.83) 5.35 96.90
EL-F (6.28,9.73) 3.45 82.62 (6.00,10.15) 4.15 89.80 (5.39,10.96) 5.57 97.46
n=80
Wald-z (6.57,9.25) 2.68 80.10 (6.30,9.49) 3.18 89.00 (5.80,9.99) 4.18 96.76
Wald-t (6.56,9.26) 2.71 80.62 (6.28,9.51) 3.23 89.60 (5.75,10.04) 4.29 97.38
EL-x? (6.63,9.31) 2.69 78.76 (6.38,9.58) 3.20 87.92 (5.93,10.15) 4.22 96.12
EL-F (6.61,9.33) 2.72 79.28 (6.36,9.61) 3.25 88.64 (5.88,10.21) 4.33 96.50
n=100
Wald-z (6.68,9.08) 2.40 79.02 (6.48,9.33) 2.85 86.52 (6.03,9.78) 3.75 96.64
Wald-t (6.67,9.09) 242 79.70 (6.46,9.35) 2.89 87.10 (5.99,9.82) 3.83 96.96
EL—X2 (6.73,9.13) 240 77.32 (6.54,9.40) 2.86 85.08 (6.12,9.90) 3.78 95.50
EL-F (6.72,9.14) 243 77.88 (6.52,9.42) 290 85.80 (6.09,9.95) 3.86 96.12
n=>500
Wald-z (7.37,8.44) 1.08 36.40 (7.25,8.53) 1.28 50.34 (7.05,8.74) 1.69 74.06
Wald-t (7.36,8.44) 1.08 36.48 (7.25,8.53) 1.29 50.44 (7.05,8.74) 1.69 74.44
EL—X2 (7.37,8.45) 1.08 35.28 (7.26,8.54) 1.28 4888 (7.07,8.76) 1.69 71.36
EL-F (7.37,8.45) 1.08 35.44 (7.26,8.54) 1.29 49.04 (7.07,8.76) 1.69 71.74
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4.4 Example

We apply methods introduced in this chapter to the dataset from the CORAL
study (Cooper et al., 2014) introduced in Section 2.5. We calculate 95% confidence
intervals for ATE of smoking on patients’ renal function measured by cystatin C and
CKD-EPI GFR. Results are shown in Table 4.5. Since the sample size 866 is large,
there is almost no difference between Wald-z and Wald-t, and between EL-y? and EL-
F confidence intervals. Empirical likelihood based confidence intervals are wider than
Wald type confidence intervals. Four confidence intervals for the ATE of smoking on
cystatin C are all above 0, and on CKD-EPI GFR are all below 0, which indicate a
negative effect of smoking on renal function for patients with ARAS.

Table 4.5: 95% confidence intervals for ATE of smoking on patients’ renal
function measured by cystatin C and CKD-EPI GFR

Cystatin C  CKD-EPI GFR

Wald-z  (0.0481,0.2318)  (-9.237,-1.251)
Wald-t  (0.0479,0.2319)  (-9.243,-1.245)
EL-x2  (0.0461,0.2347)  (-9.092,-0.944)
EL-F  (0.0460,0.2348)  (-9.097,-0.938)

4.5 Concluding remarks

In this chapter, we propose semiparametric empirical likelihood confidence inter-
vals in missing response problems under MAR assumption, and extend them to causal
inference. After deriving the —2 empirical log-likelihood ratio function, we demon-
strate that the —2 empirical log-likelihood ratio function follows a scaled chi-squared
distribution if either the working propensity score or the working regression model
is correctly specified, besides, if the two models are both correctly specified, the —2

empirical log-likelihood ratio function follows a non-scaled chi-squared distribution.
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Simulation results show that our proposed empirical likelihood confidence intervals
are more accurate than the Wald type confidence intervals for AIPW estimator when

sample size is small and distribution of the response is skewed.

4.6 Proofs

In this section, we provide proofs of Theorem 4.2.1 and Theorem 4.2.2.

4.6.1 Proof of Theorem 4.2.1
Write
Hl - E{Hl(XvDa’yO)}a
Ol - E{CI<Y7X7D7’YO7/BS)}7
0(2)1 = Var {N(Yv X? D77075(>')<) - :LLO}7

O-%l = Var [{M(Y7 Xa D7707ﬁ8> - /JJO} - ClH;1A<X7D770)} :

Based on the likelihood theory, 4 is a solution of the score equation

(D1 = (X, ) bu(Xi,)
ZA XuDZa,y Z Xu’y {1—7T(X177)} !

derived from the binomial likelihood function. Taylor expansion of the score equation

at v gives

1 n
Yy —q0=—Y H{'A(X;, D; -1/
Y= > " H{'A(X;, Do) + op(n7?),

i=1
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Then expanding the equation (4.2) at A = 0 leads to

O:l a :u(}/leaDZ?’??B)_MO

n i=1 1 + 5\ {M(K?leDw?yaﬂA) - /’LO}

1 n oA 1 n . 9 )
— ﬁz; {M(naXini7776> - ,uo} - Z {M(YZ',X,-,D%»,%B) - Mo} A+ 0,(n712),

=1

which suggests that,

LSt p(Ys, Xi, Di 3, B) = o
%Z?:l {u(}/;vXu Dmf?)B) - ,LLO}
_ HATPW — Ho : - op(n_l/Q).
%Z?:l {”(EvXu Dm&aﬁ) — Mo

A= 5+ op(n~1%)

Fix (9, 3), we expand I(j19) at A = 0, which gives

~

[(po) = —2log E(Mo)

- Qilog [1 +5\{M(Yi7Xi7Di’%B) _MOH
i=1

n

n R R R 2
=23 {5, Xi D4 B) = o p A = D { Vi, Xi, D4, B) = o A2+ 0,(1)
i=1

i=1

o O . 2
= 2n\ {,UAIPW — Mo} — n)\QE Z {M(K,X“D”’}/,/B) - /’LO} + Op(l)
i=1

~ 2
- el ) (45)
% Z?:l {M(}/;a X’Z7 Div ,3/7 /8) - MO}

Then expanding fiamw — o at (70, 3) gives

1 — )
1 - - - K?XiaDia Aa - }
fiatew — po = E {M( ¥, B) — 1o

=1

1 & i}
= g {u(Y;, X5, Di, v0, 55) — o}
i1
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1 <= D {Yi — m(X;, B} o (Xis %) , .
_;Z { 752()(“7)0}) ( 7)(7—%)
> P r el R )+ 0,0

- Z {1(Y;, X3, Diy o, B5) — b0} — Cr(A — 70) + 0p(n /%)

1 n
— Z [{1(Y:, Xi, Di,v0, B5) — po} — CrHy "A(Xi, Diy )] + 0p(n /%)

i=1
The central limit theorem suggests that \/n {fiatpw — o} — N(0, 07;) in distribution

Apply lemma 7.2.2A of Serfling (1980), page 253, we have

2
-z{ (Vi X, i3, B) = o} = By,

~2 2
0pg = 0015

and
2 2
01 — 0115

in probability as n — oo. It follows that

03 o4 n{/lAIPW - ,LLO}Q
Sallpo) = 5 —— - S+ 0p(1)
! 1 %Zi:l {M(E:Xi,Dh%ﬁ) _Ho}

=i
in distribution. The proof of Theorem 4.2.1 is complete

4.6.2 Proof of Theorem 4.2.2
Write

u(z, f) = dw(x, §)/9B,
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Hy = E{H5(X,D,f)},

Co = E{C2(X, D, 75, 50)}

a4y = Var {u(Y, X, D, 75, Bo) — o} ,

oty = Var [{u(Y, X, D,~5, o) — o} — CoHy ' B(Y, X, D, )] -

~

Based on the likelihood theory, 3 is a solution of the score equation
> B(Y;, Xi,D;, ) = Y Di{Yi —m(X;, B)} w(X;, B) = 0.
i=1 i=1

Assume the variance of the regression error is a constant. Taylor expansion of the

score equation at [y gives

0= Z D; {Y; — m(X;, Bo) } w(X5, Bo)
+ Z [~ Diw(Xi, Bo)w” (Xi, Bo) + D {Yi — m(Xi, Bo)} u(Xs, Bo)] (B — Bo) + Op(1)

= ZB(Yi,Xi, Dy, Boy) — nH2(B — Bo) + Op(n1/2>’

=1

which yields

. 1 &
o= S BB X, D ) o),

Then expanding fiarpw — fo at (75, So) gives

n

. 1 .5
HATPW — Mo = ﬁ Z {M(Yz‘,Xi,Du%B) - Mo}

i=1

1 < .
= E Z {/’L(K7Xla Di7707 60) - ,LLO}
i=1

i % Z D; {Y; — m(X;, Bo) } o7 (X, 75)

- ¥ =)
7T2(Xi770> ( 0

i=1
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-- Z (D= b0 ) 5 )+ 0,07

- Z {u(Yi, Xi, Di, %5, Bo) — o} — Ca(B — Bo) + 0p(n™7?)
' B(Y;, X;, Di, Bo)] + 0,(n""/?)

1
_Z [{M(K7X17Dla78750) ,uo} 02

The central limit theorem suggests that \/n {jiarpw — o} — N(0, 0%,) in distribution

Apply lemma 7.2.2A of Serfling (1980), page 253, we have
1 & . 2
_Z{ﬂ(}/;aXuDla’%ﬁ)_ﬂo} — 0p2,

2 2
0p =7 Op2s

and
) 2
01 = 019,

in probability as n — oc.
The above results, together with (4.5) imply that

03+ 0% n{iarpw — o}’
i) = 25— S+ 0y(1)
! ey L X0 Do) — o

2
— X1

in distribution. The proof of Theorem 4.2.2 is complete
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