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Chapter 1 

INTRODUCTION 

1.1 Overview 

Robotic manipulators are being introduced in to the workplace at an 
ever increasing ra te . The present day indus t r ia l robot had or ig ins in 
both numerically contro l led machine tools and also in te leoperators. 
The teleoperator is a device which allows an operator to handle 
mater ials at a distance. Teleoperators are usually six-degree of 
freedom arms equipped wi th tongs for grasping. The teleoperator 
provides i so la t ion from an object (such as a radioact ive substance) but 
the problems associated wi th human error are s t i l l inherent w i th in the 
system. The numerically contro l led machine i s used to do simple, 
r epe t i t i ve tasks faster and more accurately than humans, but there is no 
in te rac t ion between the machine and i t s work. I f an object i s in the 
wrong loca t ion , the machine has d i f f i c u l t y adapting to the new pos i t i on . 
Worse ye t , i f one desires to change to a new pa r t , reprogramming i s a 
d i f f i c u l t task. Today's indus t r ia l robots, although cont ro l led by 
mini/micro-computers, are s t i l l basical ly posi t ional machines. Because 
they are equipped wi th few or no external sensors, they cannot obtain 
v i t a l information about the working environment. This thesis i s an 
attempt to provide a manipulator with force sensing capab i l i t y , and the 
a b i l i t y to improve i t s performance based on th i s sensed in format ion. 

Manipulator performance is usually researched through the study of 
robot arm kinematics, dynamics, and con t ro l . Robot arm kinematics deals 
wi th the spat ial conf igurat ion of the robot as a funct ion of t ime. 
Robot arm dynamics deals wi th the mathematical formulation of the 
dynamic equations of robot arm motion. Robot arm control i s concerned 
wi th maintaining the dynamic response of a manipulator in accordance 
wi th some pre-speci f ied goals for system performance. One can use a 
s imi la r analysis when studying human postural dynamics. For t h i s 
reason, advances made in robot ics also have appl icat ions toward 
understanding human locomotion, and vice versa. Thus, robot ics research 
can be helpful in such areas as the development of prosthet ic devices. 
Also, in understanding the control strategies necessary fo r human 
locomotion, one might be able to understand such c r ipp l i ng diseases as 
mul t ip le sc leros is . 
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1.2 L i tera ture Survey 

The f i e l d of robot ics i s new and i n te rd i sc ip l i na ry , so i t 
a t t rac ts many types of researchers from varying backgrounds. In order 
to give a consistent approach, there have been textbooks wr i t t en which 
help to uni fy many theories and technologies. In [ 1 ] , the author 
presents theories from the fo l lowing f i e l d s : computer graphics, 
kinematics, dynamics, c o n t r o l , and programming. Much of the theory 
presented has already been applied in experimental work. Vukobratovic 
and colleagues [ 2 , 3] have wr i t ten a two volume set of books fo r 
robot ics . The f i r s t deals wi th the dynamics of manipulation and motion. 
Variable structures of robots are studied as well as open and closed 
conf igurat ions. The second volume studies the control of robot ic 
systems. The robotic system i s studied as a redundant, mu l t i va r iab le , 
essent ia l l y nonlinear automatic control system. Since the robots are 
dynamically coupled, the control task i t s e l f i s a dynamic task. Other 
tex ts have been wr i t ten which also deal with the kinematics, dynamics, 
and control of manipulation robots [ 4 , 5 ] . 

Some studies in the area of biped locomotion were done. In [ 6 ] , 
Goddard studies the motion of a th ree- l ink biped model in the f ron ta l 
plane as a constrained system wi th one or two feet on the ground. The 
t r ans i t i on from constrained to unconstrained motion i s discussed. In 
[ 7 ] , a th ree- l ink biped model was used to estimate internal feedback 
gains in the human body solely from remote and external measurements. A 
method was proposed by which postural s t a b i l i t y and four motions of the 
biped could be real ized: standing, s i t t i n g , bending, and squat t ing. 
This method was used to derive open loop and feedback torques. This 
work i s s ign i f i can t since the v a l i d i t y of the resu l ts can be checked by 
making comparisons wi th actual human motion. 

A computer graphics model was developed [8 ] to simulate the motion 
of a th i r teen-1 ink biped. In order to simulate d i f f e r e n t human 
movements, the assumption was made that human movements are stored in 
the brain as subroutines, and new movements can be learned by combining 
parts of old movements. Suggestions are made for advancement in such 
areas as robot ics , prosthesis and even choreography. In a fur ther 
study. Beck [ 9 ] focuses on a computer graphics model of the knee j o i n t . 
Specif ic movements such as j o i n t in teract ion and muscle contract ion and 
re laxat ion are discussed. 

Many mathematical studies have been done in the area of 
s tab i l i za t i on and placement of system poles. In [ 1 0 ] , systems are 
discussed whose state-space is natura l ly par t i t ioned in to pos i t ion and 
ve loc i ty coordinates. Planar linkage systems used as robot or biped 
models f a l l in to t h i s category. A strong c o n t r o l l a b i l i t y hypothesis 
resu l ts for these systems. Linear state var iable feedback can be used 
to not only place the system poles, but also the corresponding eigen­
vectors. The resu l t ing eigenstructures can be designed to s tab i l i ze and 
decouple systems in such a way that specif ied subspaces of the 
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state-space are invar iant under the dynamics of the closed loop system. 
This par t i cu la r type of eigenstructure assignment i s also discussed in 
[ 1 1 ] . This method i s applied by Bavarian [12] to control a constrained 
system. In th i s model, pre-compensation by an inverse plant i s used to 
improve performance. In a recent study, Raibert and Craig [13] have 
discussed the hybrid pos i t ion/ force control of manipulators. 

Manipulators must be capable of funct ioning at a number of 
d i f f e r e n t process operating po in ts , which sometimes assume a rather wide 
range of values. I f these values assume a range too wide, a normal 
f i xed parameter system model is sometimes not capable of completing the 
required task. In such cases, a model i s needed which i s capable of 
changing i t s parameters during a specif ied task. Model reference 
adaptive control [14-17] has recently been used in robotic systems to 
solve t h i s problem. 

Control becomes d i f f i c u l t wi th manipulators i f operating 
condit ions change. When an object i s being moved, i t s e f f ec t i ve i n e r t i a 
usually changes along the t r a j ec to r y . In [ 18 ] , pos i t ion and ve loc i ty 
control in a th ree- l ink manipulator is achieved by use of an adaptive 
con t ro l l e r at each j o i n t . 

In order for robotic systems to be e f f e c t i v e , they must come in 
contact wi th the external environment. Therefore, force control i s 
necessary to regulate the force exerted by the robot ic system on i t s 
environment. This problem i s discussed by Whitney in [ 19 ] . Small 
correct ions are made in manipulator f ine motions by incorporat ing a 
force-feedback model on a manipulator. Force/torque sensors are also 
used in [ 20 ] . In t h i s paper a grasping mechanism is discussed which i s 
very much l i k e a human hand. In [ 21 ] , a system i s discussed which eases 
a problem in assembly operations such as mating par ts . S t i f f pos i t ion 
cont ro l led manipulators sometimes require compliance in which various 
coordinates are free to comply wi th external const ra in ts . 

A goal of many robot ics researchers i s to have robot ic 
manipulators wi th human q u a l i t i e s . Nearly one t h i r d of the a r t i c l e s in 
the Internat ional Journal of Robotics Research are re lated to robot 
v is ion or v is ion sensors [22-27] . Tac t i le sensing has also been 
researched. A detai led study of the human hand [28] was done which 
incorporates touch con t ro l . Transfer functions for the force sensing 
mechanisms of the hand provide t a c t i l e sensing to the system. A survey 
was done [29] to assess the needs in state of the a r t automated t a c t i l e 
sensing. The survey determined that t a c t i l e sensing arrays are needed 
which are " sk in l i ke " in nature, durable, and capable of t ransmi t t ing a 
t a c t i l e image with high reso lu t ion . Drawbacks are in the area of data 
processing in software. Also mentioned was the problem of in tegrat ing 
tac t ion and manipulation. 

A step toward rea l iz ing a sk in l i ke t a c t i l e sensor array was made 
by H i l l i s [ 30 ] . This sensor i s a monolithic array of 256 t a c t i l e 
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sensors that f i t s approximately on the t i p of a f inger . The sensor i s 
rugged, f l e x i b l e , and has a sk in - l i ke tex ture . A tes t was done where 
the sensor was to discern between six tes t objects placed in f ron t of 
i t . I t could conf ident ly choose the correct ob jec t , but i t would also 
i den t i f y other objects placed in f ron t of i t as one of the six tes t 
ob jects . Although not per fec t , t h i s sensor represents a major step in 
t a c t i l e sensing. 

In the above examples, appl icat ions are made in both robot ics and 
human modell ing. These are j u s t a few examples of the current research, 
and they also help to give ins ight in to the areas that need to be 
addressed. Many unsolved problems remain for future research in 
robot ics and human modell ing. 

1.3 Organization 

Chapter 2 describes the th ree- l ink robot arm. The nonlinear 
equations of motion are given (a detai led der ivat ion of these equations 
i s in Appendix A) and control strategy i s discussed. State var iable 
feedback s tab i l i zes the system. Constraint forces at the point of 
contact of the arm with the wall are calculated and shown to be a 
funct ion of state and input . Sensing mechanisms are discussed, and 
force feedback i s used to improve system response. In Chapter 3, the 
system is 1 inear ! ized, and l inear state feedback gains are ca lcu lated. 
Sensor dynamics are discussed, as well as the system wi th force feedback 
implemented. Chapter 4 gives the resul ts of d i g i t a l computer 
simulations used to ve r i f y the equation developed in the previous 
sect ions. Chapter 5 contains a summary and recommendations for fur ther 
work. The programs used can be found in Appendix B. A four th order 
Runge-Kutta in tegrat ion rout ine i s used on the system of nonlinear 
d i f f e r e n t i a l equations to calculate the state var iables of the model. 
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Chapter 2 

The Three-Link Planar Arm 

2 . 1 Introduct ion 

This chapter contains the theory and control strategy used to move 
the robot arm. Section 2 . 2 contains the equations of motion of the 
robot arm as well as the parameters used in t h i s model. A control 
strategy for simultaneous s tab i l i za t i on and decoupling is presented in 
section 2 . 3 , along with an inverse plant which generates control signals 
to move the arm along a specif ied t ra jec to ry . 

Force sensing and character is t ics of t a c t i l e sensors are discussed 
in section 2 . 4 . These concepts are applied in 2 . 5 , providing force 
feedback to the system. Block diagrams are given to spec i f i ca l l y show 
the system dynamics. 

2 . 2 Equations of Motion and Parameters 

The robot arm shown in Figure 2 . 2 . 1 can be analyzed as a 
th ree- l ink planar inverted pendulum. This arm i s chosen wi th parameters 
to match those of a robotic system designed by SANDHU Incorporated, 
ca l led a RHINO R X R - 1 . The robot arm was b u i l t wi th the same operating 
technology as large indus t r ia l robots, and is used mainly fo r research 
and educational purposes in the f i e l d of robot ics. 

In th i s analysis, the robot arm i s studied in the sag i t ta l plane. 
The arm consists of three l i n k s , wi th the f i r s t l i n k anchored to the 
ground by a p i n j o i n t . The bottom of the second l i n k i s connected by a 
pin j o i n t to the top of the f i r s t l i n k . The t h i r d l i nk i s connected at 
i t s center of mass to the end of the second l i n k . On the RHINO R X R - 1 , 
there are DC motors at each j o i n t which provide the torques needed to 
move the arm. In t h i s analys is, i t i s assumed that each torque 
generator is i dea l , and capable of providing any amount of torque in 
zero t ime. Each j o i n t i s connected by a f r i c t i on l ess pin j o i n t . 

To aid in the discussion, a numbering system i s introduced. The 
bottom l i nk i s named l i nk 1 , the middle l i nk i s named l i n k 2 , and the 
top l i nk i s named l i nk 3 . With each l i n k , there i s an associated torque 
U i , j o i n t J-j , and angle e i ; i = 1 , 2 , 3 . Angular posi t ion ei i s 
measured at j o i n t J i clockwise with respect to the v e r t i c a l . Each l i n k 
i s characterized by four parameters: length, mass, locat ion of center 
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Figure 2.2.1 The Three-Link Robot Arm 
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of mass, and the moment of i ne r t i a about the center of mass. These 
parameters can be seen in Figure 2 .2 .2 , where l-j i s the length of l i n k 
i , mi i s the mass of l i n k i , ki i s the locat ion of the center of mass of 
l i n k i , and I i i s the moment of i n e r t i a about the center of mass of the 
i t h l i n k . The parameter values, which are estimates of actual l i n k 
parameters [ 3 1 ] , are given in Table 2 . 1 . 

The instantaneous posi t ion of the robot i s speci f ied by vector 
e( t ) = [ e i 92 9 3 ] T , and the ve loc i ty of the robot i s vector o U ) . 
In order to study contact of the robot arm with a surface, a ve r t i ca l 
wall i s assumed to ex i s t at x = d. The arm leans against t h i s wall wi th 
a force y. A constra int equation which i s a funct ion of the angular 
pos i t ion vector 9 governs t h i s contact, and is given in Eq. 2 . 2 . 1 . 

P(e) l i s i n e i + l2Sine2 + k3Sin93 - d (2.2.1) 

As stated e a r l i e r , the j o i n t i s constrained to stay f ixed to 
the ground, and the arm i s to be contro l led to move such that l i n k 3 
moves along the wall with a contact force, y. I t i s assumed that the 
wall i s f r i c t i o n l e s s , so there i s no tangential component of force at 
the point of contact on the w a l l . 

The equations of motion for the arm (Appendix A) in matrix form 
are 

J (e )e + 6(0)02 + F (0) d9 ' (2.2.2) 

where 

9 = [ ei 92 

.2 
[ 

.2 .2 
9 = [ e l 9 2 

u = [ "1 U2 

3̂ ] T (2.2.3) 

The matrix C i s a constant torque matr ix . 

C = 
1 -1 0 
0 1 -1 
0 0 1 

(2.2.4) 

The force of constra int in the horizontal d i rec t ion i s y. The matrices 
J , B , and F are nonlinear functions of 9. The J matrix i s of dimension 
( 3 x 3 ) containing i n e r t i a l terms, B i s a (3 x 3) matrix containing 
c o r i o l i s terms, and F is of dimension, (3 x 1) containing grav i ta t iona l 
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Figure 2.2.2 Parameters o f the Robot Arm 
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Table 2.1 

PARAMETERS OF THE ROBOT ARM 

PARAMETER VALUE UNIT 

11 0.25 ra 

12 0.25 m 

13 0.10 m 

k i 0.15 HI 

k2 0.15 m 

ks 0.05 m 

mi 1.0 kg 

m2 1.0 kg 

m3 1.0 kg 

11 0.005 kg-m : 

12 0.005 kg-m: 

13 0.001 kg-m: 
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-1 

_ an j - i F + dK J _ l c u (2.2.11) 

I t fs apparent that y i s a funct ion of both state X and input U. Figure 
2.2.3 i s a block diagram of the constrained system, obtained by 
combining Eqs. 2.2.6 and 2.2.9. The switch i s closed for constrained 
motion, and open for unconstrained motion. 

2.3 Control Strategy 

The robot arm is an unstable nonlinear system, and therefore a 
method of s tab i l i za t i on and control must be provided. In the th ree- l ink 
biped model of Hemami et a l . [ 7 ] , open loop torques are derived from 
records of a man performing the same actions as those desired by the 
th ree- l ink biped. This method however, i s not pract ica l fo r most 
i ndus t r ia l robots. They must do many d i f f e ren t tasks that require large 
amounts of memory. Control i s achieved in th i s model by l inear state 
feedback. This section discusses pole placement and decoupling, as well 
as the control signals derived from an inverse plant model. 

Linear State Feedback and Decoupling 

For overal l system s t a b i l i t y , i t i s desired that a l l of the poles 
(eigenvalues) of the system be in the l e f t ha l f of the complex frequency 
plane. State var iable feedback i s used to place the system poles, and 
thus s tab i l i ze the system. Posit ion and ve loc i ty feedback are general ly 
used in l inkage systems since these states are eas i ly measured. 

Marked improvement was demonstrated in the response of a 
f i v e - l i n k biped leg decoupling the motion of each l i n k [ 3 2 ] . This 
method is both easy to apply and requires few computations. The 
necessary computations are matrix inversion and matrix m u l t i p l i c a t i o n . 

The system is l inear ized for unconstrained motion (y = 0 ) . 
Subst i tut ion of the s ta t i c values o = 0, e = 0 in to the equations of 
motion (2 .2 .2 ) , and solving y ie lds the bias torques for an a rb i t ra ry 
operating po in t . 

Ub = C- lF (9 b ) (2.3.1) 



terms. Eq. 2.2.2 describes both the free motion of the arm, in which 
case y = 0 and P(9) ^ 0 and the constrained motion where y > 0 and P(9) 
= 0. 

In order to study the robot arm under constrained motion, i t i s 
necessary to calculate the force of const ra in t , y. The state equations 
are obtained by solving Eq. 2.2.2 for 9 and by adding 9 = 9 to obtain 

9 = 9 

9 = J - 1 ( 9 ) [ - B ( 9 ) 9 2 - F(9) + CU - Y ] (2.2.5) 

where the state i s X = [9 9 ] ^ . Equation (2.2.5) can be compactly 
expressed as 

X = f (X, U, Y) (2.2.6) 

The force of constra int y can now be solved as a funct ion of state 
and input . For th i s purpose, the constra int P(9) (Eq. 2.2.1) i s twice 
d i f f e ren t i a ted with respect to t ime, to obtain 

P(e) = Q(X)X = 0 (2.2.7) 

Subst i tu t ing X from Eq. 2.2.6 in to Eq. 2.2.7 resul ts in 

Q(X)f(X, U, Y) = 0 (2.2.8) 

Eq. 2.2.8 can now be solved for Y in terms of the state X and input U , 
to obtain 

Y = Y ( x . U) (2.2.8) 

More e x p l i c i t l y , the solut ion for y i s obtained by the fo l lowing 
steps. Eq. 2.2.7 when expanded is given below in Eq. 2.2.10. 

{(jHUr))^} e + f T e = 0 • ( 2 . 2 . , 0 

Now, subst i tute 9 from Eq. 2.2.5 in to Eq. 2.2.10 to obtain the solut ion 
for y. 



Y ( X , U ) 

\ 

f ( X , U . Y ) 
X ! f ( X , U . Y ) ! 

Figure 2.2.3 Block Diagram of the Dynamic System 



To l inear ize Eq. 2 .2 .2 , the fo l lowing quant i t ies are subst i tu ted: 

9 = 9B + A9 

9 = 9B + A9 
(2.3.2) 

9 = 9B + A9 

U = U B + AU 

Neglecting the powers of incremental var iab les, and subtract ing the bias 
Eq. 2 . 3 . 1 , the fol lowing l inear equation resul ts wi th the del ta notat ion 
removed. 

J(9B)e + | | ( 0 B ) 9 = CU (2.3.3) 

Let the desired poles fo r each l i n k be \ n , Xi2» i = 1 , 2, 3. 
A decoupled system in matrix form describes the desired system behavior: 

9 + Mg + N9 = 0 (2.3.4) 

The matrices M and N are diagonal matrices whose elements are found from 
the desired poles of each l i n k : 

mii = - (M l + M2) 

n i i " Ml M2 (2.3.5) 

Implementing state feedback in the l inear ized equations (2.3.3) y ie lds 
the desired decoupled form. Subst i tut ion of the state feedback control 
law in to Eq. 2.3.3 y ie lds 

Je + $L4 = C(U5 + Ke + Ge) (2.3.6) 

Algebraic manipulation of the above equation resu l ts in 

6 + [ - J " 1 CG] e + [ J - 1 ^ - CK)]9= J- lCU b (2 .3.7) 

Comparing coe f f i c ien ts with Eq. 2 .3 .4 , the feedback gain matrices K and 
G can be calculated. 
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K = C-1(JN * | 1 

G = - C - i j M 

(2.3.8) 

In order to f ind these feedback gain matr ices, i t i s necessary 
tha t the matrix C i s i n v e r t i b l e . This i s true i f there i s a torque 
generator at each j o i n t of the linkage system. The block diagram in 
Figure 2.2.3 i s modified by adding feedback gains as shown in Figure 
2 . 3 . 1 . Thus, the system i s s tab i l i zed about an operating point X b . 

Inverse PI ant Model 

In the preceding sect ion, l inear state feedback gains were derived 
using a l inear ized model of the system. Once these gains were 
ca lcu la ted, they were put back in to the nonlinear system, thus providing 
s t a b i l i t y . However, i f in addi t ion to s t a b i l i t y , a speci f ic movement 
i s desired, control inputs must be provided which w i l l move the system 
to the desired operating po in t . The method of the inverse plant model 
i s used to generate these control inputs. 

Suppose that i t i s desired that the system track a pre-speci f ied 
t r a j ec to r y . This t ra jec to ry i s a continuous funct ion of angular 
pos i t ion G , and has continuous f i r s t and second der iva t i ves . An er ror 
signal i s generated by subtracting the desired t ra jec to ry from the 
actual s ta te . 

0e = Od - e 

This can be seen in Figure 2.3.2. To calculate the control inputs , the 
desired values for angular pos i t i on , ve loc i t y , accelerat ion and 
constra int force are subst i tuted in to the equations of motion (2.2.2) 
and solved for U i n , the control inputs from the inverse p lan t . A f ter 
making the subst i tu t ions stated above, the fol lowing equation resu l ts 

0e = ed 0 (2.3.10) 

J (0d)0d + B ( 0 d ) 0 d

2 + F ( 0 d ) = CU i n - 5P T 

(2.3.10) Yd 

Solving for U i n y ie lds 

Uin = C - l [ J ( 0 d ) 0 d + B(0 d ) 0 d

2 + F (0 d ) + Y d ] (2.3.11) 

where 

in = K n M2 1 n 
(2.3.12) 
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Figure 2 .3 .1 Block Diagram of System with State Feedback. 



Figure 2.3.2 Block diagram of system including 

the inverse plant model 



Each U-j-jn speci f ies the torque generated at the i t h j o i n t , J-j. 

2.4 Force Sensing 

Adding human-like sensing to a robotic manipulator i s the real 
challenge in the robotics f i e l d . There has been a great deal of 
research in the area of visual sensing and pattern recognit ion [22-27, 
33, 34] . However at the present, t a c t i l e sensing appears to be a more 
appropriate way to assess an environment. For one, there are far fewer 
data to be processed, which means that most complex processing can be 
performed in real t ime. Another factor is that data co l l ec t i on is much 
more readi ly con t ro l led . Placement and pressure of a f i n g e r t i p are 
cont ro l led by a program, so one can go d i r ec t l y to the area at which a 
t a c t i l e image is desired. 

I f one wants a robot arm which i s l i ke a human arm, then some type 
of grasping mechanism might be desired which compares to a human hand. 
A mul t i - f ingered hand was made in [35] so that f ine movements could be 
done without moving the en t i re arm. The human hand contains thousands 
of sensors which detect heat, pressure, v i b ra t i on , and tex tu re . I t was 
found that the highest density of sensors i s in the f i n g e r t i p , and the 
lowest density i s in the palm of the hand [ 36 ] . Because of the 
complexity of the human hand i t i s impossible to implement these same 
propert ies on a robotic hand, but i t i s possible to do a rough estimate. 
There are two main obstacles when using sensors: F i r s t , sensing 
mechanisms are s t i l l somewhat crude when presenting an image, and 
secondly, the large amount of data from sensors causes d i f f i c u l t y in 
data processing and decision making. However, i t i s not necessary to 
exact ly model a human hand and arm for most robot ic app l ica t ions. 
Instead, one might provide the robot with sensors d i r e c t l y re lated to 
i t s job func t ion , thus reducing the number of sensors and s impl i fy ing 
the arm. 

There are many performance speci f icat ions of sensors which are 
usually highly dependent upon the appl icat ion of the manipulator. One 
of these speci f icat ions i s proximity sensing. I t i s necessary to 
determine locat ion and or ienta t ion of an object to avoid damaging 
co l l i s i ons when making contact. Another spec i f ica t ion i s contact 
sensing. For array type sensors, t h i s refers to determination of a 
t a c t i l e image upon contact with an object . For single sensors i t simply 
refers to binary sensing. The sens i t i v i t y of a sensor transducer is 
another important fac to r . One must apply enough force to an object so 
that i t does not drop, but i t must also not press too hard so as to 
damage the ob ject . Therefore, a sens i t i v i t y range must be determined, 
again depending upon the par t i cu la r app l ica t ion . L inear i t y and 
hysteresis of a device are qua l i t i es that are often mentioned together. 
Nonl inear i ty i s to lerable since inverse compensation i s easy i f the 
device is s table. Hysteresis, on the other hand, i s i n t o l e rab le . Touch 
sensing devices should be s tab le, monotonic, and repeatable. Another 
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q u a l i t y , time reso lu t ion , i s sometimes discussed in two ways. F i r s t , in 
terms of the sensor response t ime, secondly in terms of overal l 
contro l - loop response. Touch-transducer response time should be small 
compared to loop cycle t ime. 

For t h i s app l i ca t ion , i t i s adequate to use a single analog sensor 
at the point of contact of the robot arm with the w a l l . I t i s desired 
to measure the force exerted by the arm on a f l a t w a l l . 

The force sensor i s described by a t ransfer func t ion , as shown 
below in Eq. 2 . 4 . 1 . 

Yp = H (S )Y ( 2 . 4 . 1 ) 

In t h i s equation, Y i s the actual force, calculated as a funct ion of 
state and input and described by Eq. 2 . 2 . 1 1 . The perceived contact 
fo rce , Yp i s the force which i s sensed. The t ransfer funct ion H(s) 
provides a delay in the feedback loop, which i s necessary fo r overal l 
s t a b i l i t y . Detai ls of the t ransfer function are discussed in section 
3 . 4 . 

2 . 5 Force Feedback 

Once a sensor i s implemented, a strategy must be determined to use 
the sensor measurements to aid in the control of a manipulator. Force 
feedback i s used to control the force that the robot arm exerts on the 
w a l l . Since the force Y i s a function of both states and inputs , i t i s 
necessary to a l t e r one or both of these to change the force. The state 
of a system i s usually spec i f ied, so the force must be cont ro l led by 
changing the inputs to the system. These inputs are changed in such a 
way that the arm presses on the wall with a force comparable to some 
desired force Yd* 

One is usually concerned with moving the arm on a par t i cu la r 
surface while moving along a specif ied t r a j ec to r y . This regulatory 
process i s i n i t i a t e d by the t a c t i l e sensing strategy in the previous 
sect ion. The receptors of the sensing mechanism st imulate a signal 
which i s transformed in to some perceived contact fo rce , yp. This force 
i s compared to a desired force. Yd a r ] ^ t h e e r r o r signal Ye 1 5 to the 
con t ro l l i ng mechanism. 

Ye = -Yp + Yd ( 2 . 5 . 1 ) 

Since the inputs to the system are torque generators, the er ror signal 
Ye i s fed back as a torque through some gain fac to r . I f one assumes 
tha t the torque to be fed back i s a l inear funct ion of the d i f ference • 
between the perceived and desired contact force, then one can wr i te 
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Uf = G 1(Yp - yd) (2.5.2) 

where i s a (3 x 1) matrix of gains, and Uf i s the feedback torque to 
be added to the overal l torque as shown in Figure 2 . 5 . 1 . 

To calculate the gains G, the or ig ina l equations of motion are 
used (Eq. 2 .2 .2 ) , wi th the fo l lowing exceptions. 

U T = U + Uf 

YT = Y + Ye (2.5.3) 

In Eq. 2 .5 .3 , Uj i s the to ta l torque and yT 1 5 the to ta l force on the 
w a l l . The incremental torque and force from the force feedback loop are 
Up and Ye» respect ive ly . I f the s ta t i c values 9 = 0 and 9 = 0 and 
the bias values 9 = 9b a^e subst i tuted in Eq. 2 .2 .2 , the fo l lowing 
equation resul ts a f te r subtracting the bias equation. 

' CUf = ^ 1 
r 59 

Ye 
e = 0b 

(2.5.4) 

Solving for Uf, 

Uf = C" 1 5P T 

50 Ye 
e = 0b 

(2.5.5) 

Therefore, the feedback gains Ĝ  can be found as a funct ion of an 
a rb i t ra ry operating po int : 

Gl . .1 5P T 

50 
(2.5.6) 

Ob 

The (3 x 1) matrix of gains Gi i s now determined. These gains are va l id 
fo r excursions close to the operating po in t , 0b . 

2.6 Summary 

The equations of motion for a robot arm were derived for a r i g i d 
planar l inkage system model. The evolut ion of the block diagram is seen 
as the complexity of the model i s increased. The f i r s t block diagram 
shows the dynamic system and force calculat ions necessary fo r 
constrained motion. 
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Figure 2.5.1 System with Force Feedback 



As the chapter progresses, feedback i s added to stabi l ize the 
system, and an inverse plant i s used so that the system tracks a desired 
input. F ina l ly , force sensing i s discussed, and a force feedback 
strategy i s derived to regulate the force on the wal l . 
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Chapter 3 

STABILITY 

3.1 Introduct ion 

In Chapter 3, the equations derived in Chapter 2 are used along 
wi th speci f ic parameter values to obtain the numerical values to be used 
in the d i g i t a l computer simulations. In section 3.2, the equations of 
motion are l inear ized for small excursions about an operating po in t . In 
section 3.3, the l inear state-var iable feedback gains are calculated 
using the l inear ized equations. 

In section 3.4, sensor character is t ics are discussed. Included in 
t h i s discussion i s the algorithm for moving from unconstrained to 
constrained motion. The sensor is equipped with a material which 
absorbs the shock of impact. F i na l l y , in section 3.5, a force feedback 
loop i s added to the system, and appropriate feedback parameters are 
der ived. 

3.2 Stat ic Analysis - L inear izat ion about an Operating Point 

In section 2 .2 , the equations of motion for the robot arm are 
derived for both constrained and unconstrained motion. These equations 
are then l inear ized in section 2.3. The operating point i s chosen so 
that the arm i s s i tuated in a ver t i ca l pos i t i on , wi th the t h i r d l i n k 
hor izontal as shown in Figure 3 . 2 . 1 . I f the parameter values in Table 
2.1 and the bias values 

9 b = [ 0 0 n/2 ] T (3.2.1) 

Bb = [ 0 0 0 ]T 

are subst i tuted in to Eq. 2 .3 .3 , and y = 0, the fo l lowing matrix equation 
resu l t s . 
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.1525 .1 0 -6.3765 0 0 

.1 .09 0 0 + 0 -3.924 0 e 
0 0 .001 0 0 0 

l - i 0 
0 i -1 
0 0 1 

(3.2.2) 

This equation i s put in to state space form: 

X = AX + BU 

X = [ 0 Q]T 

U = [ u i U2 U3] 

(3.2.3) 

(3.2.4) 

The resu l t ing state space equation i s 

1 0 0 

0 0 
1 0 

0 0 1 

154.06 -105.34 0 
-171.18 160.65 0 0 

0 0 0 

u 
24.161 -57.01 26.85 
-26.85 67.785 -40.94 

0 0 1000 
(3.2.5) 
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The poles of the l inear ized system are 

X = -17.029, -4.7991. 0, 0, 4.7991, 17.079. 

C lear ly , the above system is unstable. However, i t can be s tab i l i zed 
since a simple ca lcu la t ion shows that c o n t r o l l a b i l i t y matrix has f u l l 
rank: 

This i s a system of c o n t r o l l a b i l i t y index two, and i s the same type of 
system as those discussed by Ceranowicz, et a l . [ 1 0 ] . 

3.3 State Feedback 

State feedback i s provided as a means of placing the system poles 
in the l e f t ha l f of the complex frequency plane, thus s t ab i l i z i ng the 
system. In section 2.3 the l inear ized equations are given, and a 
feedback scheme which simultaneously places the poles and decouples the 
system is discussed. In section 3.2, numerical values for the system 
parameters and bias posit ions are given in Eq. 3 .2.2. The l inear ized 
system in state space form i s given in Eq. 3.2.5. In t h i s sect ion, the 
state var iable feedback gains are calculated. These w i l l be used in a l l 
of the simulations of Chapter 4. 

In section 3.2 the system was l inear ized about an operating point 
wich was chosen so that the arm stands ver t i ca l wi th the top l i n k 
ho r i zon ta l . 

With t h i s choice of bias values, i t was determined in section 2.3 that 
the gain matrices K and G can be calculated from Eq. 2 .3 .8 . In the pole 
placement method used, i t i s f i r s t necessary to place the eigenvalues, 
so that the matrices M, and N can be calculated. The fo l lowing poles 
were a r b i t r a r i l y chosen: 

M l = " 2 . M2 = - 3 . ^21 = - 4 . ^22 = - 5 » ^31 = - 6 » ^32 = - 7 

Now the diagonal matrices M and N from Eq. 2.3.4 are spec i f ied: 

rank [B | AB] = 6 (3.2.6) 

9b = [ 0 0 it/2 ] T 

0 0 ]T (3.3.1) 
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N = 
13 

20 
42 (3.3.2) 

From Eq. 2.3.8 K and G can be calculated 

K = 
-7.8915 

-0.6 
0 

•7.724 -.042 
•5.724 -.042 

0 -.042 

G = 

•1.2625 
-0.5 

0 

-1.71 
-0.81 

0 

-0.013 
-0.013 
-0.013 (3.3.3) 

For d i g i t a l computer simulat ions, the nonlinear system equations 
are used with the l inear state feedback discussed above. Therefore, the 
feedback i s va l id only fo r small excursions about the bias values. 

3.4 Character ist ics of Sensors 

In order to model the e f f ec t of a sensor in a d i g i t a l computer 
s imulat ion, t ransfer functions must be derived so that appropriate 
equations can be w r i t t e n . These t ransfer functions must incorporate 
such character is t ics of sensors as time resolut ion and s e n s i t i v i t y . The 
sensor must also be rugged in order to absorb contact forces when making 
the t rans i t i on from unconstrained to constrained motion. 

The time resolut ion of a sensor i s af fected by two parameters. 
F i r s t , touch-transducer response t ime, and secondly, time necessary fo r 
data-processing must be considered. As mentioned in section 2 .4 , i t i s 
important that sensor response time i s small compared to the overal l 
loop cycle time of the manipulator on which the sensor i s incorporated. 

The sens i t i v i t y of a sensor varies according to the appl icat ion of 
the manipulator. For del icate operations, a sensor might need to be 
accurate enough to detect a change in mass on the order of a few grams, 
whi le fo r heavy machinery the sensor might not even respond to a mass 
less than a few kilograms. However, no matter what type of 
app l i ca t ion , i t i s important to have a large dynamic range. In [ 2 9 ] , 
i t was reported that dynamic range i s much more important than 
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l i n e a r i t y , since one can compensate for l i n e a r i t y during processing of 
data. For sensors today, a good response time would be logari thmic 
in nature wi th a dynamic range of about 1000:1. 

In [28] t ransfer functions for the t a c t i l e sensing mechanisms in 
the human f inger were derived. I t was assumed that the sensor had a 
second order response charac te r i s t i c . This response incorporates the 
delay which comes from the indentation of the skin which stimulates the 
neural response from the t a c t i l e sensors. In [29] i t was reported that 
the amount of reaction time (whole-loop) i t takes for a human t o , say, 
push a lever as fast as possible a f te r any st imulus, i s about 150-200 
ms on the average. 

There are many transduction technologies avai lable that can be 
used for t a c t i l e sensing. Some examples are res i s t i ve and conductive 
mater ia ls , semiconductors, p iezoelectr ic t ransduct ion, capaci t ive 
sensing, and photoelectr ic t ransduct ion, to name a few. There i s no one 
mater ials technology that simultaneously provides l i nea r , s tab le , 
sens i t i ve , rugged, and cheap sensing. However, many of these 
technologies are in use today and are performing r e l a t i v e l y w e l l . 

These sensors have such a quick response that fo r the single force 
sensor implemented on th i s manipulator, a simple delay can be used for 
the t ransfer charac te r i s t i c , the response is assumed ideal except fo r 
the delay element. Recall Eq. 2 . 4 . 1 : 

Yp = H ( S ) Y (3.4.1) 

In t h i s equation, y i s the actual force exerted on the w a l l , calculated 
as a funct ion of state and input . The perceived contact force yp i s 
tha t force which i s sensed. The t ransfer funct ion i s a delay given by 
the fol lowing equation. 

Yp = yit - T) (3.4.2) 

The time delay % used for th i s appl icat ion is about 40 ms. This value 
could not be found e x p l i c i t l y in the l i t e r a t u r e , but i t i s assumed 
reasonable by researchers in sensor technologies. 

A sensor must be rugged enough so that i t i s not damaged when 
contact i s made with a surface or an object . Therefore, in order to 
make the t rans i t i on from unconstrained to constrained motion, t h i s 
sensor is equipped with an absorbing structure which i s capable of 
absorbing the shock of impact. This material should be l i k e the spongy 
part at the t i p of a human f inger . I t i s modelled as a spring and 
dashpot and i s shown in Figure 3 . 4 . 1 , and 3.4.2. The equation re la t ing 
force and distance i s Eq. 3.4.3, where e is the distance from the sensor 
to the w a l l , and e is the ve loc i ty in the X-d i rect ion of the t i p of the 
manipulator. 
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0 IF e #W > *n 

F = -Ke - Be IF *com < e < x e q 
yCX, U) IF (•$ e < x c o m ( 3 . 4 . 3 ) 

In the above equation, the force on the wall i s zero i f no contact 
i s made. The force i s calculated by using the second part of Eq. 3 .4 .3 
when compressing the absorbing s t ruc ture . In t h i s app l i ca t ion , values 
are chosen for x e q and x c o m to be x e q = 1 cm and x c o m = 0 . 5 cm. The 
absorbing structure cannot be compressed beyond x c o n 1 . The s t i f f n e s s , K 
provides a restor ing force as represented by a spr ing. Thus, i f 
s t retched, the spring t r i e s to contract ; i f compressed, i t t r i e s to 
expand. The damping, or viscous f r i c t i o n , B characterizes the element 
that absorbs energy. The damping force i s proport ional to the re la t i ve 
ve loc i ty of the two ends of the dashpot. For t h i s s t ruc tu re , K i s 
chosen to be small since i t i s desired to mostly provide damping, wi th a 
small restor ing force. The t h i r d part of Eq. 3 .4 .3 i s the force on 
the wall calculated as a function of state and input as before. 

As mentioned above, e i s the distance from the sensor at the 
manipulator t i p to the wall (See Figure 3 . 4 . 1 ) . The ca lcu la t ion for e 
i s given in Eq. 3 . 4 . 4 , where x e q i s the size of the absorbing structure 
at r es t . 

d 
e = l i s i n e i + l2sin92 + l y s i n e , - ( 3 . 4 . 4 ) 

S im i l a r l y , Eq. 3 . 4 . 4 can be d i f f e ren t ia ted with respect to time to y i e l d 
the ve loc i ty in the K-di rect i on of the manipulator t i p , as given in Eq. 
3 . 4 . 5 . 

e = l i S l cosei + 1292 COS92 + K3 93 cose3 ( 3 . 4 . 5 ) 

The values for the s t i f f n e s s , K and the damping, B can be 
determined fis fol lows When the absorbing structure i s f u l l y compressed 

= X c o m , e = 0 ) , the force should be equal to f j , Newtons. Therefore, 
K can be calculated by subst i tu t ing the above values for e, and e in to 
Eq. 3 .4 .3 and solving for K as given below 

K = f i /x C om (3 .4 .6 ) 

The value for B can be chosen a r b i t r a r i l y , depending on the amount of 
damping desired. 
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absorbing 

Figure 3.4.1 Link Three Equipped with Sensor 
and Absorbing Structure 

Figure 3.4.2 Absorbing Structure modelled as a 
Spring and Dashpot 
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3.5 System with Force Feedback 

Force feedback i s used in t h i s system to provide f ine control of 
the force exerted on the wall by the robot arm. The force is sensed by 
force sensor, and the perceived force i s regulated about a desired 
fo rce , yd* ^ h i s desired force can be constant or t ime-vary ing. 

The t ransfer functions of the previous section can be implemented 
in Eq. 2.5.2 to derive the appropriate feedback torques. Subst i tut ing 
Eq. 3.4.2 in to Eq. 2 .5 .2 , one obtains the fo l lowing equation. 

U f = G 1 [ H ( S ) Y - yd] (3.5.1) 

The only unknown in th i s equation i s the (3 x 1) vector G i , representing 
the force feedback gains. 

The feedback gains, G j , can be derived using Eq. 2 .5 .6. Using the 
same operating point as in the previous sections: 

9 b = [ 0 0 n/2 ] 

% = [ 0 0 0 ] (3.5.2) 

One can make subst i tu t ions in to Eq. 2.5.6. To get the fo l lowing gain 
values. 

Gi = [ 0.5 0.25 0] (3.5.3) 

I f the system deviates from the bias values by too much, 
i n s t a b i l i t y can r e s u l t , so addit ional gain control i s needed. One way 
to do t h i s i s by decreasing the above gains by a constant value. 

Gl = aGi (3.5.4) 

In Eq. 3.5.4, a can be a scalar between 0 and 1 , thus decreasing the 
gains. 

A more desirable approach to regulating these gains i s by using 
t ime-varying feedback. I f the bias posit ions and ve loc i t i es are 
t ime-varying, then the gains can be calculated on- l ine using Eq. 2.5.6. 

Gi = C •1 S L L 
ae e = e b ( t ) (3.5.5) 

This i s actual ly a more va l id assumption, since one usually fol lows a 
t ime-varying reference t ra j ec to ry . However, one must again be aware of 

29 



i n s t a b i l i t i e s that might resu l t from deviations too far from the bias 
values. These can be compensated for by mul t ip ly ing by a scalar , a as 
mentioned above. 

3.6 Summmary 

In t h i s chapter, the system was l inear ized and the system was 
simultaneously s tab i l i zed and decoupled by using a pole-placement 
rou t ine . Sensors were discussed, along with the theory necessary fo r 
going from unconstrained to constrained motion. F i n a l l y , the system 
with force feedback was discussed. The feedback gains in the force 
feedback loop were adjusted so that i n s t a b i l i t y did not a r i se . 
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Chapter 4 

DIGITAL COMPUTER SIMULATIONS AND RESULTS 

4.1 Introduct ion 

In order to ve r i f y the resul ts of the previous chapters, d i g i t a l 
computer simulations of t h i s robot system are car r ied out . Both 
constrained and unconstrained motion are studied. In section 4 .2 , free 
arm s t a b i l i t y i s demonstrated. In section 4 .3 , a s imi la r simulation i s 
done, but a wall at a distance d from the base of the arm i s assumed, 
and the arm i s constrained to keep contact wi th the wall at a l l t ime. A 
tracking problem is discussed in section 4 .4 , where the robot arm moves 
wi th a pre-speci f ied periodic motion. In section 4 .5 , a force feedback 
loop i s added to the system, showing improvements in system response. 
F i n a l l y , section 4.6 is a simulation of the arm touching the wall 
( i . e . , going from unconstrained to constrained motion). 

4.2 Free Arm S t a b i l i t y 

A free arm simulation is used to check the v a l i d i t y of the 
o r ig ina l equations of motion. A bias point i s chosen and the arm is 
o f f se t from th i s bias po in t . The simulation i s done to ve r i f y that the 
arm returns to the equi l ibr ium pos i t ion . 

In t h i s case, the bias point i s chosen so that the bottom two 
l i nks are v e r t i c a l , and the top l i nk i s hor i zon ta l . 

The angular posi t ions are given in degrees. The equi l ib r ium ve loc i t i es 
are chosen so that the system remains at rest a f t e r reaching 
equ i l ib r ium. The bias ve loc i t ies are 

I n i t i a l condit ions are chosen reasonably close to the bias values so 
that the system i s not i n i t i a l l y unstable. The i n i t i a l condit ions are 

9b = [ 0 0 90 (4.2.1) 

9b = [ 0 0 0 ]T (4.2.2) 
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[ 1 0 ° - 1 5 7 0 ° ] T 

[ 0 0 0 ] T ( 4 . 2 . 3 ) 

Using the above bias point and Eq. 2 . 3 . 1 , the bias torques are found to 
be 

U B = [ 0 0 0 ] T ( 4 . 2 . 4 ) 

The resu l ts of t h i s s t a b i l i t y tes t are shown in f igures 4 . 2 . 1 to 4 . 2 . 3 . 

In the p lots of angular posi t ion (Figure 4 . 2 . 1 ) , the system s tar ts 
from the i n i t i a l o f f se t condi t ions, and set t les to equi l ibr ium in about 
2 seconds. The ve loc i t i es (Figure 4 . 2 . 2 ) s ta r t from rest and se t t le to 
the rest posi t ion (0 = 0 ) , a f te r the system is in the equi l ibr ium 
posi t ion (G = Gb)* Since no torque i s needed when the system i s in 
equ i l ib r ium, the control U goes to zero. A l l of the graphs reach 
equi l ibr ium in about two seconds, which i s expected according to the 
choice of system poles. 

4 .3 Constrained Motion S t a b i l i t y 

Af ter ve r i f y ing in the previous section that the feedback strategy 
i s va l id for unconstrained motion, a constra int i s imposed, and a 
s imi lar d i g i t a l computer simulation i s performed. The constra int i s a 
wall at a distance x = d from the f i r s t j o i n t of the robot arm. The arm 
i s to move along the wall without v io la t i ng the cons t ra in t . 

The equi l ibr ium point i s chosen to be the same as in the previous 
sect ion: 

Gb = [ 0 0 9 0 ° ] T 

Qb = [ 0 0 0 ] T ( 4 . 3 . 1 ) 

The constra int equation is also the same. 

P ( G ) = l i s i n e i + l2Sine2 + K3 sines - d = 0 ( 4 . 3 . 2 ) 
I n i t i a l condit ions are chosen so that the arm does not i n i t i a l l y v io la te 
the const ra in t . In add i t ion , i t i s desired that the top l i n k stay in 
the horizontal posi t ion throughout the s imulat ion. The i n i t i a l 
condit ions are: 
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TIME (SEC) 







Gi = [-10° 10° 90° ] T 

Gi = [0 0 O f (4.3.3) 

In addi t ion to keeping the const ra in t , i t is desired that the arm 
presses against the wall wi th a constant force of 10 newtons. The 
system at rest requires that bias torques are generated so that t h i s 
constant force can be appl ied. To calculate these bias torques, a 
modified form of Eq. 2.3.1 i s necessary; the bias fo rce , yb m u s t be 
included. For the.system at res t , the ve loc i t i es and accelerations must 
be equal to zero: 9 = 0 and 9 = 0 . Af ter subs t i tu t ing these values 
in to Eq. 2 .2 .2 , in addit ion to the values for 95 and Yb» ^ e fo l lowing 
equation resu l t s , a f te r some algebraic manipulat ion. 

Ufa = C" 1 [F(9b) + Yb] (4.3.3) 

In t h i s s imulat ion, 9b i s given above in Eq. 4 .3 .1 and yb = ^ which 
y ie lds 

Ub = [5.0 2.5 0 . 0 ] T (4.3.4) 

This equation shows that no torque i s needed at j o i n t three since l i nk 
three is pivoted at the center of mass. 

The resu l ts of the d i g i t a l computer simulation are shown in 
Figures 4.3.1 to 4 .3 .2 . The posit ions and ve loc i t i es s t a r t from the 
i n i t i a l values and return to the equi l ibr ium values t h i s time in about 
2.5 seconds (See f igures 4.3.1 a-c and 4.3.1 d - f , respec t ive ly ) . The 
control law i s again state var iable feedback; the contro ls are shown in 
Figure 4.3.2 a-c, where i t i s apparent that the inputs se t t l e to the 
bias values, Ub- Figure 4.3.2d i s a graph of the fo rce , y vs. t ime. 
The force set t les to the constant value of 10 newtons, but i t s tar ts at 
about 9.2 newtons at the beginning of the s imulat ion. In some 
indus t r ia l appl icat ions of robot ics , i t might be desired that the force 
stay wi th in a closer range of values to yb* T , 1 i s problem of t ightening 
the control on the force i s discussed in a l a te r sect ion. Figure 4.3.2e 
i s a p lo t of the constra int equation (2 .2 .1 ) . Notice that the magnitude 
of the values i s on the order of 10"^, so the const ra in t i s not 
v io la ted . 

4.4 Periodic Movement 

In the next s imulat ion, i t i s desired that the system tracks a speci f ied 
t r a j ec to ry . The robot arm i s again constrained to movement along the 
w a l l . However, in t h i s case, values for 9b and 9b are chosen which are 
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not constant. 

The system i s to track a sinusoidal t r a j ec to r y , where the point of 
contact of the arm with the wall moves with simple harmonic motion over 
a ve r t i ca l distance of about twelve centimeters. This i s accomplished 
by l e t t i n g ei vary s inusoidal ly from 0° to -40°] (0 to -0.7 rad) . 
S im i l a r l y , 02 moves through an angle equal in magnitude but opposite in 
sign to 91- Link three stays in the horizontal pos i t ion such that 93 = 
90 [%/Z radians). The posi t ion of the arm at the highest and lowest 
points on the t ra jec tory i s shown in Figures 4 .4 .1 and 4 .4 .2 , 
respect ive ly . 

The time-varying bias t ra jec to r i es are given in equations 4.4.1 to 
4 .4 .3 . The bias ve loc i ty 9b is the f i r s t time der iva t ive of the 
posi t ion 9b, and the bias acceleration % is the second der ivat ive of 
the posi t ion wi th respect to t ime. 

9bl -0.70 * [.5 - .5 c o s ( ^ ) ] 

9b2 = -0.70 * [.5 - .5 c o s ( ^ )] 

QbS 
•rc 

(4.4.1) 

9bl 

9b2 

-0.70 

-0.70 

( % ( 0 . 5 s i n ( 2 f ) ) 

( % 0 . 5 s i n ( 2 f ) ) 

QbS 0 
(4.4.2) 

9b 1 -0.70 ( ^ ) 2 ( 0 . 5 C O S ^ f ) ) _ 

'9b2 -0.70 [ 2 * f (0.5 c o s ( ^ ) ] 

9b3 0 
(4.4.3) 

In the above equations 9b i s measured in radians, 9b i s measured in 
rad/sec2' The period T is chosen to be two seconds for these 
simulat ions. 
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In order to implement t h i s periodic movement, the bias equations 
(4.4.1) and (4.4.2) are subtracted from the actual values of 9 and 9 to 
generate an error s igna l . The error signal i s then mu l t i p l i ed by the 
feedback gains to apply the state-var iable feedback. The above two bias 
equations are used along with (4.4.3) to generate the appropriate 
control signals for the inverse plant pre-compensator. At each time 
step, the bias values 9b. 9b» % a r e subst i tuted in to Eq. 2.3.11 to 
solve for the control signals of the inverse plant as shown below. 

' i n = C •1 [J (9b)0b + B(9b)0b 2 + F(eb) - |f Yb ] 

0 = 0b 

(4.4.4) 

The resul ts of the d i g i t a l computer simulation are shown in 
Figures 4.4.3 and 4 .4 .4 . In Figures 4.4.3a and 4.4 .3b, the graphs of 91 
and 92 are superimposed on the graphs of the reference pos i t ions. 
S im i l a r l y , the graphs of &i and &2 a r e superimposed on the corresponding 
bias ve loc i ty graphs. The posi t ion and ve loc i ty graphs track the 
reference, but wi th phase lag and overshoot. This may or may not be a 
problem, depending upon the speci f ic app l i ca t ion . I f the arm i s 
paint ing a w a l l , then lag and overshoot are acceptable. I f closer 
fo l lowing of the reference i s desired, then some changes must be made. 

The value of the force y on the wall varies about the bias value 
(yb = 10 N ) . as shown in Figure 4 .4 .4d. The cons t ra in t , as shown in 
Figure 4.4.4 e is maintained. The force on the wall w i l l be cont ro l led 
by force feedback in the next sect ion, thus providing a smaller range of 
excursion of the force about the bias value. 

The phase lag and overshoot can be handled in a number of ways. 
One way i s to vary some parameters of the system. To change system 
parameters, one can e i ther move the system poles and speed up the 
system, or one can use adaptive con t ro l . A simulation was performed 
where the angles varied s inusoidal ly from 0° to 10°, and the system 
tracked nearly pe r fec t l y . From th i s s imulat ion, one can in fe r that the 
methods are va l id for small excursions about the operating po in t . 

Another way to decrease phase lag and overshoot i s to use dynamic 
state feedback, accomplished by implementation of a servo compensator. 

4.5 Ef fec t of Force Feedback 

I t was shown in the previous section that the robot arm i s able to 
track a desired t r a j ec to ry , but the force exerted on the wall varies 
around a constant reference force. In t h i s sect ion, force feedback i s 
used to keep the force on the wall closer to the reference force. 

A l l of the simulations done in t h i s section track the same 
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sinusoidal motion as in the previous sect ion. Improvements and 
modif icat ions are made by implementing a force feedback loop. In t h i s 
loop, a t ransfer funct ion is needed which models the force sensing 
device, and feedback gains need to be calculated so that the appropriate 
control signals can be derived. 

In the f i r s t s imulat ion, the force sensor i s modelled as a delay 
element. The amount of delay was chosen to be a 40 ms delay. Although 
the size of the delay depends on both the type of material used for the 
sensor and the speed of the processor, we can assume that t h i s value i s 
reasonable. In the d i g i t a l s imulat ions, the steps are taken in T = 20 
ms increments. The discrete time equations fo r the sensor can be 
wr i t t en as in Eq. 4 . 5 . 1 . 

Ye(kT) = Y ( ( k - 2 ) T ) - yd (4.5.1) 

This error signal i s mu l t ip l ied by a (3x1) gain matr ix , and the 
appropriate control signals are derived. However, one must f i r s t 
calculate the gain values. Using Eq. 3.5.3, gain values can be 
calculated based on the fol lowing s ta t i c values: 

9 = 0, 0 = 0, e = [ 0 0 f ] T (4.5.2) 

These gains are va l id for small excursions about an operating 
po in t . In the simulations done in t h i s sect ion, a sinusoidal t ra jec to ry 
i s desired. This type of reference t ra jec to ry deviates from the s ta t i c 
reference values by too much, causing i n s t a b i l i t y . Therefore, the gain 
matrix i s mu l t ip l ied by a constant « = .2 so that the gains in Eq. 
4.5.3 resu l t . 

Gi = [0 .1 0.05 0 . 0 ] T (4.5.3) 

Using these gains, the control signals for the force feedback loop can 
be derived and are given in Eq. 4 .5 .4 . 

UFFB = G lYe (4.5.4) 

The simulation is shown in Figures 4.5.1 and 4 .5 .2 . Notice the 
decrease in the excursion of the force on the w a l l , y. The bias force 
is again ION. 

The next simulation uses the same t ransfer funct ion for the 
sensor, but d i f f e ren t feedback gains. In th i s sect ion, time varying 
feedback i s used, as described by Eq. 3.5.5. The reference posi t ions 
are the same as those described by Eq. 4 . 4 . 1 . A simulat ion was done 
using these gains resu l t ing i n s t a b i l i t y . The gains were then mu l t i p l i ed 
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by a = 0 . 5 , and the resu l t ing simulation i s shown in Figures 4 . 5 . 3 and 
4 . 5 . 4 . 

Notice once again that the maximum value of y has now decreased to 
about 1 1 . 6 Newtons. One can in fe r that t i gh te r r es t r i c t i ons could be 
made on the excursions of the force i f the t ra jec to r i es were followed 
more c lose ly . 

4 . 6 Touching the Wall 

In th i s sect ion, the problem of moving from unconstrained to 
constrained motion is explored. The robot arm i s to s ta r t from a rest 
pos i t ion away from the w a l l . I t w i l l then move toward the wall and 
re-estab l ish equi l ibr ium a f te r making contact wi th the w a l l . To avoid 
damage to the arm, a structure i s mounted on the t i p of the manipulator 
which absorbs the force of impact. 

The arm w i l l s ta r t at the fo l lowing i n i t i a l pos i t i on . 

9 = [ - 1 0 ° - 1 0 ° 8 0 ° ] ( 4 . 6 . 1 ) 

The posi t ions 9 fol low a speci f ic t ra jec to ry and the control signals to 
fo l low t h i s t ra jec tory are given by the inverse plant as in the previous 
sect ion. The force exerted on the wall i s calculated the same way as in 
section 3 . 4 . I t i s calculated as fo l lows: 

0 i f 
F = -Ke - Be i f 

Y ( X , U ) i f 

In the above equation x e q i s the length of the absorbing structure at 
r e s t , and x c o m i s the length when f u l l y compressed. In t h i s s imulat ion, 
x e g = 1 0 mm and x c o m = 5 mm. I f these values along with K = 1 0 0 , and B 
= 5 0 are subst i tuted in to Eq. 4 . 6 . 2 the fo l lowing equation resu l t s . 

0 i f e < 0 

F = - 1 0 0 e - 5 0 *e i f 5 mm < e < 1 0 mm 
Y ( X , U ) i f e < 5 mm ( 4 . 6 . 3 ) 

The reference t ra jec to r ies for 9 can be described as fo l lows. The 
simulation s tar ts with the system at res t . At t = 0 . 2 sec, the 
reference is a ramp funct ion un t i l contact i s made with the w a l l . The 
reference then switches to the f i na l equi l ibr ium pos i t i on , 9 = [ - 0 . 0 1 
- 0 . 0 1 TI/2 ] 2 , where a l l angles are measured in radians. 

E < 0 

xcom < £ < x eq 
e < xcom 
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Figure 4 .5 .3 Angular Positions ( i n rad) and 
Veloc i t ies ( in rad/sec) vs. Time 
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Figure 4.6.1 Positions ( in rad) and Veloci t ies ( in rad/sec) 
vs. Time 
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(c) 
Figure 4.6.2 Torques ( in N-m), Force ( in N) , and posi t ion 
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The simulations are shown in Figures 4 . 6 . 1 and 4 . 6 . 2 . The 
posi t ions 0 are shown with t he i r reference t r a j e c t o r i e s . They each lag 
the reference, but end at t he i r equi l ibr ium values. The graphs of the 
ve loc i t i es 0 a l l tend toward zero at the end of the s imulat ion. The 
force Y» shown in Figure 4 . 6 . 2 d , i s zero while no contact i s made, and 
immediately jumps to about 2.5N a f te r making contact. The system stays 
at rest wi th the force remaining at 2.5N. A graph of e vs. time i s 
included in Figure 4 . 6 . 2 e . Notice that a f te r making contact wi th the 
w a l l , the system remains at the posi t ion where e = 5 mm, which i s the 
value for x c o m as described previously. 

4 . 7 Summary 

In t h i s chapter, the resul ts of the previous chapters were shown 
to be va l id through the use of d i g i t a l computer s imulat ions. The system 
was shown to be stable during both free motion and constrained motion. 
Also, the arm was able to move from unconstrained to constrained motion 
in the same simulat ion. A tracking problem was discussed, and force 
feedback helped to provide a f ine control on the force exerted on a wall 
whi le t racking a desired motion. 
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Chapter 5 

SUMMARY AND RECOMMENDATIONS 

5.1 Summary 

A planar th ree- l ink robot arm was presented and modelled in the 
sag i t t a l plane. In Chapter 2, the equations of motion were der ived. A 
control strategy was derived which helped to s tab i l i ze and decouple the 
system. In add i t ion , a control strategy was derived so that the system 
could track a desired motion. The robot arm was equipped wi th a force 
sensor to provide force feedback and to enable f ine control on the force 
exerted on a wa l1 . 

In Chapter 3, e x p l i c i t feedback gains were derived based on poles 
which were placed to s tab i l i ze the system. The control necessary for 
moving from unconstrained to constrained motion was also discussed. 

Chapter 4 ve r i f i ed a l l of the resu l ts of the previous chapters 
through d i g i t a l computer s imulat ions. Both unconstrained and 
constrained motion were shown, as well as a t racking system. Force 
feedback was used e f fec t i ve l y to provide a smaller excursion of the 
force exerted on a w a l l . 

5.2 Recommendations 

Many areas remain to be addressed in the robot ics indust ry . This 
thesis i s a step toward understanding robots, and also lays the basis 
for fu r ther work in t h i s area. This thesis can be expanded in many 
ways. 

In t h i s thes is , constrained motion was done where the robot arm 
moved along a f l a t f r i c t i on l ess surface. I t would be in teres t ing to do 
constrained motion along a curved surface. Or, one could simulate 
f r i c t i o n a l forces on the surface. This i s perhaps not a d i f f i c u l t 
problem, due to the way th i s par t i cu la r arm i s b u i l t . Since the t h i r d 
l i n k i s pivoted at the center of g rav i t y , f r i c t i o n a l forces could be 
cont ro l led by the torque generator fo r the t h i r d l i n k , U3. 

Another problem that could be addressed i s the p o s s i b i l i t y of 
using two of these arms at the same t ime. The arms would have to be 
coordinated in order to work in tandem. One example i s picking up an 
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object . Another problem might be to equip to robot arm wi th a grasping 
mechanism. Or, a l t e rna t i ve l y , to use a more complicated t a c t i l e sensor. 

This thesis i s also s ign i f i can t because there i s a hardware model 
avai lable so that one can compare experimental resul ts wi th theoret ica l 
r esu l t s . I t i s d i f f i c u l t to do th i s wi th biped motion, because feedback 
gains, torques, e tc . are d i f f i c u l t to derive from human motion. 
However, in robot ics , one can ve r i f y the theory presented herein. 

There are many areas to be explored, and th i s work i s a s ta r t ing 
place for future research in t h i s area. 
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APPENDIX A 

Detailed Derivat ion of the Equations of Motion 

The robot arm can be analyzed as a th ree- l ink inverted pendulum in 
the sag i t ta l plane, (Figure A l ) . A l l of the l i nks are connected by 
f r i c t i o n l e s s pin j o i n t s , and the bottom l i nk i s connected to the ground. 
Each l i nk ( i = 1 , 2, 3) i s characterized by four parameters: i t s 
mass m-j, i t s moment of i n e r t i a , I-j about the center of mass, the 
distance l j from j o i n t i to j o i n t I + 1 , and the distance from j o i n t i 
to the center of mass k-j. These parameters are shown in Figure A2. The 
angle ei of each l i nk i s measured clockwise from the v e r t i c a l . A 
ve r t i ca l wall i s si tuated at x = d. The arm leans against t h i s wall 
wi th a force y. 

To derive the equations of motion, the robot can be divided in to 
three free body diagrams. Each l i n k can be represented as in Figure A3. 
Let Fi and be the reaction forces acting on l i n k i at pin j o i n t i . 
Let Xi and y i be the horizontal and ver t i ca l t rans la t ion of the center 
of mass of l i nk i , and l e t g be the grav i ta t iona l accelerat ion: g = 
9 . 8 1 m/sec 2. 

The sum of the horizontal forces i s equal to the product of mass 
times horizontal acceleration of the center of mass. 

Fl - F2 = = mi x i 

F 2 - F3 : : m2X2 

^3 " Y 
= "13x3 

The sum of the ver t i ca l forces equals the product of mass and 
ve r t i ca l acceleration of the center of mass. 

Gl - mig - G2 ' 8 miyi 

G2 - m2g - G3 : = m2y2 

G3 - msg - > 2 : z 113̂ 3 (A2) 

In add i t ion , the algebraic sum of clockwise torques exerted on each l i n k 
i s equal to the product of moment of i ne r t i a and angular accelerat ion. 
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Figure Al The Three-Link Robot Arm 
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Figure A2 Parameters of the Robot Arm 
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Figure A3 Free Body Diagrams of Each Link 
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I lG i = G2( l i - k l ) s i n 0 i + G ik is ine i - F ik icose i 

- F 2 ( l i - k i )cosei + ui - U2 

1292 = G2k2Sine2 + 63(12 - k2)sine2 - F2k2COS92 

- F3(l2 - k2)cos92 + U2 - U3 

1393 = U3 - Yk3 C 0 S93 ( A 3 ) 

There are six constra int equations which are derived from Figure 
A2. 

x i = k i s i ne i 

y i = kicosei 

X2 = k2Sin92 + l i s i n e i 

y2 = k2COS92 + l i cose i 

X3 = l2sin92 + l i s i n 9 i 

y3 = I2COS92 + l i c o s 9 i (A4) 

Equations (Al) and (A2) are solved to y i e l d force equations in terms of 
mass times accelerat ion and y. which i s assumed known. 

3 
T # i = I m kx k + y i = 1 , 2, 3 

k=* l 

3 
Qi = I mkyk 1 = 1 . 2 , 3 (A5) 

k=l 

The constra int equations are twice d i f fe ren t ia ted and solved for x- j , y-j 
and subst i tuted in to the force equations, (A5). These new force 
equations are then subst i tuted in to Eq. A3 the torque equations, 
e l iminat ing a l l in ternal forces except y, the const ra in t fo rce. 

Af ter s i m p l i f i c a t i o n , the fo l lowing equations are obtained. 
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1*0*1 = (-mk1 - m n g , - t iQljJSi 

- 92[(m2lik2 + m a l i ^ ) cos(ei - 6 2 ) ] 

- 92[(m2'lll<2 + malll2) s i n l e i - 6 2 ) ] 

+ [(m2 + 1113)911 + mikig] s inei - l i ycose i + u i - U2 

192 = " e i [ ( l i l 2m3 + Ilk2ni2) cos(9i - 9 2 ) ] 

" 2 2 
+ 92[- l2 m 3 " k 2 

rs 

+ 9^(1^2112 + 1112ni3)sin(9i - 92)] 

+ (121139 + k2in29)sin92 - 12Y c o s 92 + u 2 " US 

193 = -Yk3COS93 + U3 (A6) 

Matrix notat ion provides ease of algebraic manipulation for the 
equations of motion. Expressing these equations in matrix form y i e l d s : 

J ( 9 ) 9 + B (0 )0 2 + F(0) = CU + D ( 0 ) Y (A7) 

The elements of each matrix are given below: 

on : I l + mik^ + m 2 l 1 + ms^ 

jl2 : : (m2l ik2 + m s l i ^ ) cos (9i " 92) 

Jl3 : = 0 

j21 : : (m2l i k2 nv j l i l 2 ) cos(9i - 92) 

J22 : I2 + m2k2 

J23 " ' 0 

J31 '-= 0 

j32 : = 0 

033 : 5 13 
bn = = 0 

bi2 : s - ( m 2 l i k 2 + 0131112) s i n ( 9 i - 92) 
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bl3 = 0 

b21 = - ( m 2 l i k 2 + m s l i ^ ) s in (e i - 92) 
b 22 = b23 = b 31 = b32 = 0 

f l = -[(ni2 + 1113)11 + mik i jg s ine i 

f2 = -[m2k2 + 111312 ]9 si 1192 

fa = 0 

d i = - 1 l C 0 S 9 l 

d2 = - I2COS92 

ds = -k3COS93 

0 

U 

1 -1 0 
0 1 -1 
0 0 1 

[ i l 62 93 ] T 

[ 9 i E 2 e 3 ^ 

[ " I U2 U3 ] T 

Note that the contact constraint equation is 

P(0) = - ( l i s i n 9 i + l2Sin92 + k 3 s i n e 3 ) - d 

Di f f e ren t i a t i ng Eq. A8 wi th respect to posi t ion 9 , gives 

5pT _ 

ae 
D(0) 

(A8) 

(A9) 

Subst i tut ing Eq. A9 in to A7, we obtain the f i na l form of the equations 
of motion. 

J ( e ) 0 + B (0 )0 2 + F(0) 50 T 
(A10) 

Equation A10 i s convenient for two reasons. I t i s a compact form 
for w r i t i ng the equations of motion, which s imp l i f ies computations. 
Also i t can be used for both constrained and unconstrained motion, where 
the l a t t e r i s the case where y = 0. 
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