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INTRODUCTION 

Amold Nordsieck i n Mathematics of Computation 1 presents 

an algorithm f o r the numerical integration of d i f f e r e n t i a l equa

tions . This algorithra i s stable, s e l f - s t a r t i n g , designed to set 

i t s own elementary i n t e r v a l size, able to reverse the order of 

integration, and capable of handling continous or piecewise con

tinous functions„ Using t h i s algorithm, a user merely specifies 

the function to be integrated, the i j i i t i a l values, the length on 

the x»axis to integrate, and the accuracy required i n the solution. 

The routine takes care of the step-size and automatically builds a 

5*^ degree approximating polynomial,, 

The routine begins by assuming that the approximating 

polynomial i s one vrith c o e f f i c i e n t s of zero 0 Tbis polynomial i s 

then used and refined by the s t a r t i n g routine u n t i l the trunca™ 

t i o n error i s w i t h i n the specified limits„ The routine then 

begins to integrate the function over the specified x - i n t e r v a l . 

As the integration proceeds the routine maintains i t s accuracy 

by changing the elementary i n t e r v a l size as required by the lo g i c 

of the routine. 

Arnold Nordsieck, "On Numerical Integration of Ordinary 
D i f f e r e n t i a l Equations", Matheraatics of Coraputation, Vol. 16, 
No. 77, January, 1962, ppi 22 -'"T£9. 
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Nordsieck uses the following quadrature formula to define 

h i s methodo 

y(x^h) - y(x) = h/lWO( 4-75 f(x^h) + 1^2? f ( x ) - 798 f(x-h) 
f ^ 2 f(x-2h) - 173 f(x-3h) * 2? f(x-Jtfi) ) 

However, he does not use t h i s formula d i r e c t l y i n the integration 

processo He suggests the following; 

y(x+h) - y(x) = h( f(x) + a(x) + b(x) 4- c(x) ^ d(x) l a , 
<. 95/288 ( f(x+h) - fP ) ) 

fP = f ( x ) 4- 2a(x) 4. 3b(x) * 4c(x) * 5d(x) l b . 

a(x*h) - a(x) = 3b(x) 4- 6c(x) <> 10d(x) ^ 25/24 ( f ( x + h ) - fP) l c . 

b(x!.h) - b(x) = kc(x) « 10d(x) + 35/72 ( f ( x f h ) - fP) I d . 

c(x*h) - c(x) ~ 5d(x) * 5/^8 (f(x4.h) - fP) l e . 

d(x*h) - d(x) = 1/120. (f(x+h) - f P ) e I f . 

These equations constitute the set of working equations^, and 

are formulated i n t h i s manner f o r ease of elementary i n t e r v a l 

size changing. 

Nordsieck has defined a stable integration algorithm 

which w i l l integrate a function vrithin specified l i m i t s . To 

control the truncation error the step-size (h) i s set to provide 

the proper accuracy. After each step of the integration the 

following two conditions are checked 

l ^ - ^ j m a x ^ l / 8 | ^ y ( l ) | _ 

|f(x»h)-fP | m a x ^ T0L/|h| . l h . 

VJhere y ^ i s the i t h predicted value of y(x+h), and TOL i s the 

tolerance specified by the user. Failure t o pass either of these 

tests indicates that h i s too large and i s to be halved. 
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Test ( I g ) checks to insure that the i t e r a t i o n error i s 

dominated by the truncation error. Test ( l h ) checks to insure 

that the truncation error i s w i t h i n the user specified l i m i t s . 

Both of these tests can be "over-satisfied"„ that i s 2h w i l l also 

s a t i s f y the two conditions; i f so the elementary i n t e r v a l size 

i s to be doubled,, 

Nordsieck 1s c r i t e r i a f o r c o n t r o l l i n g the truncation error 

are complete and machine or arithmetic type independent. There 

i s , of course, one other major error which appears namely round

o f f error,, Nordsieck's algorithm was designed f o r ths ILLIAC, 

a machine which uses "fixed-point" arithmetic. The version of 

t h i s algorithm under consideration i s f o r the- IBM 7094, a machine 

which has " f l o a t i n g - p o i n t " arithmetic. Nordsieck points out: 

The discussion i n the present paper i s l i m i t e d to 
"fixed-point" arithmetic procedures, the question 
whether a " f l o a t i n g - p o i n t " version of the method 
could be made safe against loss or i l l u s o r y gain 
of significance of the quantities i n the course of 
a long computation, and otherwise trustworthy, i s 
f o r future investigation. 

The source of round-off error i n t h i s routine i s found 

i n the working equations. I n "fixed-point" one solves the prob

lera by using guard d i g i t s . I n formula ( l a ) one keeps log2(|h|"" 1) 

extra d i g i t s i n the calculation of h» ( ), and one keeps log2( jhj "•'•) 

extra d i g i t s i n y(x*h), formula ( l a ) 0 The use of guard d i g i t s 

i s a technique which cannot be done i n " f l o a t i n g - p o i n t " since 

Tbidc, p. 24. 



one i s not free to scale manbers at w i l l , , The only p a r a l l e l 

i s double precisionj however, double precision arithmetic requires 

more computer time, and perhaps may not be necessary f o r every 

evaluation of the working equations, 

J» Ho Wilkinson^ has developed a technique which allows 

one to estimate the round-off error i n a single precision, 

" f l o a t i n g - p o i n t " calcvilation. I t can be shown that ( l a ) of the working 

equations i s the primary source of round-off error; an analysis 

of the round-off error i n t h i s calculation w i l l give an error esti™ 

mate which can be tested to provide a conditional double precision 

r o u t i n e 0 One must examine fomula ( l a ) as i t i s act u a l l y imple

mented i n the program. 

y ( x t h ) = y(x) + h( f ( x ) f a ^ b + c + d ) * h'95/288( f ( x v h ) - f p ) l a . l 

The l a s t term of t h i s expression i s less than 288/95"TOL, 

t h i s i s always the case because of t e s t ( l h ) . Tliis term need not 

be considered i n the round-off error as the other terms w i l l 

be dominanto 

As Wilkinson points out, the " f l o a t i n g - p o i n t " accumulation 

of the bracketed quantity i n the second term of the above express

ion w i l l be; i n a double registe r accumulator: 

f ( x ) (l+e-^) <• 3(1^63) <• b(l+e^) + c(l4e^) 4 d(l+e^) . 

The quantity e^ i s the round-off error associated with the 

representation of a number i n a double registe r accumulator. 

H. Wilkinson, Rounding Errors i n Algebraic Processes 
' (Englewood C l i f f s . N . J.: Prentice-Hall,Inc.,1963),pp.~2>25r" 



I n the IBM 7094 there are 54 b i t s i n the mantissa of a double 

register r e s u l t , hence 

| (1 4 e.)! 5 (1 * 2-5'+) . 

This quantity i s then reduced to a single register to allow the 

m u l t i p l i c a t i o n by ho The r e s u l t a f t e r the reduction w i l l ba 

( f (x) • ( l ^ e ^ ) * a»(l«.e2) ̂  b<>(l^e^) * C'Cl^e^) <• d'Cl^e^)) • (l^.e) . 

Here J ( l * e ) j £ (1+2-27), since there are only 27 b i t s i n the 

mantissa of a single register number. The factors associated 

with each term of t h i s calculation w i l l be (lo-e^) ' ( l ^ e ) and 

since 
2-54 

i s very small compared to 2-27t each factor w i l l be 

j u s t (l ^ - e ) . The quantity can be reduced to 

DEL • ( l ^ e ) . 

The next step i n the evaluation of expression ( l a , ! ) i s the 

calculation of y(x*h): 

y(x<»h) r (h«DEL.(l+e)'(l*e1) 4 y(x) <>(l4e 2)) <»(l4e) 

y(x4h) = h»DEL.(l42e) 4 y(x)«(l+e) . 

I f conditional double precision i s to be used i n the 

evaluation of the working equations, then y must be stored i n 

double precision. The calculation of h«DEL yields a double 

precision r e s u l t , even though DEL may be only a single precision 

number. The f i n a l addition i n the calculation of y(x4h) w i l l be 

performed i n double precision. Expression ( l a . l ) w i l l become 

y(x4h) = h-DEL'CUe) 4 y ( x ) . 

The round-off error i n the calculation of y(x4h) w i l l be 

h'DEL-e . - 5 -



The routine must be able to estimate the t o t a l round-off 

error a t the end of each step, i f the round-off error iai the 

integration over the entire x - i n t e r v a l i s to be controlled. At 

the. end of each calculation of formula ( l a ) of the working 

equations, an estimate of tlie t o t a l round-off error can be 

obtained by 

DXoDEL*e , 

where DX i s the t o t a l x-axis integration i n t e r v a l . 

This analysis leads to a t e s t to insure that the truncation 

error dominates the round-off error. 

TOL > jDX.DEL«e| l i . 

I f t e s t ( l i ) i s not s a t i s f i e d , the working equations should be 

calculated i n double precision. 

When the routine switches precision i t may have to recal

culate the l a s t step. I f step i i s performed i n single precision 

and t e s t ( l i ) requires double precision, then step i must be redone 

i n double precision. I f step i i s done i n double precision and 

t e s t ( l i ) requires only single precision, then there i s no need to 

recalculate step i, and the routine proceeds to step i < . l . With 

t h i s conditional use of double precision the user need not worry 

about whether or not to use double precision; the routine auto

matically does so, i f necessary. This algorithm now has auto

matic step-size selection and automatic precision selection. 
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IMPLEMENTATION 

j ODESA, vrhich stands f o r Ordinary D i f f e r e n t i a l Equation 

Solver Automatic, i s the name of the FAP subroutine which has 

been coded from Nordsieck's algorithm. This subroutine has been 

designed f o r implementation on the OSU 7094 subroutine l i b r a r y . 

ODESA i s a multiple entry subroutine vrhich w i l l integrate any 

system of functions of the form: 

dy^dx = f 1 ( x s y l 9 y 2 , e . . , y n ) = f ^ x . y ) 

dyg/dx r: f 2 ( x , y 1 , y 2 9 o..,yn) = f 2 ( x t y ) 

dy n/dx =: f n ( x t y 1 , y 2 t ».e,yn) ~ f n ( x , y ) , 

where the set of i n i t i a l conditions i s known 

7±(^o) ™ y i t o i ~ 15,2,3, .oo.n . 

To use the subroutine, the user c a l l s tho i n i t i a l i z a t i o n 

routine as follows: 

GALL ODSSST ,DXD„XD,Y,YFR,TOL,N,D,AUX,IFLAG • 

DXD - i s the x - i n t e r v a l length the in t e g r a t i o n 
i s to proceed, i n double precision. 

XD - i s the value of XQ i n double precision. 

Y - i s a double precision array of length N, 
which contains the set of y ^ C ^ ) values. 

YPR - i s a double precision array of length N, 
which w i l l contain the f( x , y ) values. 

TOL - i s a single precision array of length N, 
which contains the tolerance values 
supplied by the user. TOL^ i s the t o l 
erance f o r y^. 



N - i s the number of equations i n the system 
to be integrated. 

D - i s a double precision array used f o r work
ing storage and has length at least 10oN. 

AUX - i s the name of a subroutine which calculates 
the YPR values. 

IFLAG - a c e l l which contains the number of elemen
ta r y steps. 

The subroutine AUX must be defined t o be compatible with 

CALL AUX,X,Y,YPR 

The tolerance supplied by the user specifies the accuracy 

i n the following way; a TOL-10"n w i l l supply n s i g n i f i c a n t 

d i g i t s i n Y, The number of elementary steps taken w i l l be pro

por t i o n a l t o DXD <• log2( l/TOL ) . 

After i n i t i a l i z a t i o n the routine w i l l integrate the system 

of functions from XQ to xq 4 DXD by c a l l i n g ODESA. Subsequent 

c a l l s to ODESA w i l l integrate the system from Xj_ t o «• DXD. 

' CALL ODESA 

ODESA has no c a l l i n g parameters. I f the user wishes to revise 

the x - i n t e r v a l of integration,the subroutine ODESRV i s called. 

A new DXD which i s of opposite sign to the l a s t one w i l l reverse 

the d i r e c t i o n of the i n t e g r a t i o n . ODESRV i s called as follows: 

CALL ODESRV, DXD 

DXD - i s the nevr x - i n t e r v a l length f o r i n t e g r a t i o n 
i n double precision. 

I n order to cause the routine to integrate with t h i s new DXD 

a c a l l t o ODESA must fo l l o w the c a l l to ODESRV. 



There i s one error condition, i f a c a l l i s made to ODESA 

or ODESRV i s made without, a c a l l to ODESST being made; the job 

w i l l be terminated. Any other error conditions must be supplied 

by the user. ODESA has conditional double precision f o r the 

evaluation of the working equations; the user does not concern 

himself about t h i s and he has no e x p l i c i t control over i t . He 

has no e x p l i c i t control over the elementary i n t e r v a l size selected 

by the logic of ODESA. 

The subroutine ODESST, flowchart page 10, performs the 

function of suppling the remainder of the routine with the ad« 

dresses of the c a l l i n g parameters and perfoms the setup of the 

approximating polynomial. ODESST sets the working equation 

precision t o double precision ; t h i s i s changed as required by. 

c a l l s to ODESA. 

The subroutine ODESA, flowchart page 11, has the function 

of performing the integration of f( x , y ) from x to x + DXD* ODESA 

takes i t s f i r s t elementary step i n double precision and on each 

succeeding step checks the precision c r i t e r i o n and proceeds with 

the proper precision. I f the user i s integrating a system of 

functions, ODESA can perform the integration on each function 

i n single or double precision dependent only on that function 

and i t s tolerance. ODESA, as well as ODESST,uses certain other 

i n t e r n a l routines to perform the operations of changing h, pre

d i c t i n g y(x*h), correcting a ^ c . d and te s t i n g checks l g , l h , and 

li . These routines were w r i t t e n as subroutines t o increase 



FLOWCHART I 

EXIT * step 
24 

Reverse h 
Set double 
delay 

Restore y 

ODESST J 

IIIII 
Store addresses 
Zero step count 
Set double precision 

Set h 
Reset stepping switch 
Clear a,b tc 9d 

Advance x { predict 
step"l 

Test l g 
I f a i l 

pass 

Deadvance x, depredict zx: 
Halve h 

step 
2-24 

1. 
Correct a,b tc.d 

Step 
r- 1 

Reverse h H i — ^ 

pass 
Test l h 

I f a i l 

Halve h « 

Reverse h Double h « 

4 

8 

12 

16 

20 

24 

«5-
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FLOWCHART I I 

ODSSA ^ 

Set f i n a l x value 

Delay doubling h ? 
no 

Over-satisfied ? 
no 

yes 
Reduce delay 

Double h j 

i Advance x, predict 

Correct 
a,b,c,d 

yes 
1 1 ~ 

Force stec ? 
no 

Test l g f a i l I pass 
pass 

Test l h 

Deadvance x, deoredic a d i c t j 

f a i l 
Halve h 

Test l i 
f a i l 

Deadvance x, depredict 

- 11 -



generality and make the routines available to a l l of ODESA without 

redundant coding. 

The changing of the step-size i s handled by three sub

routines SETH, MULCH, and REVRSE. SETH, sst h, has the function 

of halving and doubling h, i f possible. The step-size can be halved 

i f h/2 4 x # h 4. x i n the high order part; i f t h i s i s not true, 

then the old h i s used and a step i s forced. This i s done to keep 

|hj >2~'ir<', and set an upper bound on the number of steps. The step-

size can be doubled i f 2h 4. x £ f i n a l x; that i s , i f there are 

an even number of steps l e f t to be taken i n t h i s caLl to ODESA. 

I f SETH changes h, then MULCH, mu l t i p l y change i n h 9 i s called. 

MULCH performs the function of changing the remembered values a, 

b,c,d f o r the new step-size. Tnis i s done according t o TAELE I . 

TABLE I 

Reverse Double Halve . Replaces 

-h 2h h/2 h 
7 7 7 7 
-a 2a a/2 a 
b 4b b/4 b 
-c 8c c/8 c 
d l6d d/16 d 

These simple step changing rules allow ODESA to handle automatic 

step-sizing with ease. REVRSE performs the sole function of 

setting h to -h and c a l l i n g MULCH to change the remembered quan

t i t i e s . The flowcharts of these three subroutines follow on 

pages 13 and 14. 
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FLOWCHART I I I 

C SETH 
T = h •* ML TPL 

yes Doubling ? J3SL x rz x + T ? 
yes no 

( f i n a l x ~ x 
h 

T 

= 0 Set foi-ce 

JL -2n 
^2n 

& > EXIT 

Set doubling 
delay 
Set doubling 
delay h = T s Set doubling 
delay P h = T CaLl MULCH 

FLOWCHART IV 

C MULCH 
MLTPL same as 
l a s t one ? 

yes 

no 

Change a,b,c fd 
i n double precision 

Calculate new change 
constants 
save MLTPL 

EXIT 
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FLOWCHART ? 

( REVRSE 
ir 

MLTPL = -1 

V 
Call MULCH 

h = -h 

ZXT 
EXIT 

The subroutine MULCH i s a routine vrhich changes the remem

bered quantities a sb,c,d; t h i s changing can be done i n the 

vrorking equation precision as f a r as round-off error i n y(x+h) 

i s concerned,, However, the truncation error t e s t ( l h ) i s very 

sensitive to small errors i n a,b,c,d; as they are introduced i n t h 

calculation of the quantity f ^ . A change i n the step-size i n t r o 

duces a large transient i n the behavior of t e s t ( l h ) , t h i s 

transient can cause the doubling of h to be delayed i n d e f i n i t e l y , 

and can cause h to be halved whon halving should not be necessary. 

I t i s f o r these reasons that a l l the arithmetic i n MULCH i n done 

i n double precision, rather than conditional double precision. 

The subroutine ODESRV, ODESA revising entry, has the 

function of changing the e x i t i n t e r v a l , DXD. The e x i t i n t e r v a l 

can be changed by any fa c t o r , positive or negative; the magnitude 

of the change factor can be greater than one or less than one. 



ODESRV has to change the remembered quantities h ta,b (c,d to be 

consistent with the new DXD. I f a reversing DXD i s used, the 

routine must change the signs of the remembered quantities. I f 

the new DXD i s a change i n magnitude, the step-size must be 

adjusted along with a,b,c,d. Tliis changing i s done with the aid 

of MULCH. 

FLOWCHART VI 

h — XDX 

C ODESRV 1, 
XDX = new DXD 

MLTPL = XDX/h 

MLTPL : 1.0 

T = power of 2 
larger than XDX/h 

MLTPL = XDX/h/T 
h = XDX/T 

Call MULCH 

I 
Set doubling delay 

I 
EXIT 
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The advancing of x, and the prediction and correction of 

y(xfh) are performed by the subroutine PREDC. PREDC i s also the 

routine which causes ODESA to e x i t to.the user when Xjj_>XQ * DXD. 

This routine calculates the round-off error estimate f o r use i n 

t e s t ( l i ) , as w e l l as other values f o r use i n tests ( l g ) and ( l h ) * 

I t i s i n t h i s routine that formulae ( l a ) and ( l b ) of the working 

equations are calculated; 

y(x+h) = y(x)+h(f(x) *a4.b4C+d*95/288(f(x*h) - f p ) ) 

where f p = f ( x ) 4.2a.j.3b*4c*5d . 

As was discussed previously, the c r i t i c a l section f o r round-off 

error i s the calculation of y(x) ^ h(f(x)<,a4b*C4d)? so i t i s i n 

t h i s calculation that the conditional double precision algorithm 

i s applied. The p a r t i a l r e s u l t h»( ) "SDSL, i s saved f o r use i n 

the round-off error estimate of t e s t ( l i ) . 

I n the evaluation of the n o n - c r i t i c a l sections of t h i s 

formula single precision i s used; however some care i s taken to 

prevent round-off e r r o r . For example, i n the evaluation of f p 

each p a r t i a l sum r e s u l t i s saved i n a double precision temporary 

t o minimize the round-off accumulation. The flowchart of PREDC 

appears on page 17. 

The updating of the remembered values as x i goes to x^* h 

i s done by a subroutine called UPDT. This routine evaluates the 

l a s t four formulae of the working equations to correct a,bsc,d; 

UPDT also formally advances x frora x̂ ^ to x^ «. h. 

- 16 -



FLOWCHART V I I 

C PREDC 
x + h > f i n a l x EXIT ODESA 

no 
tL 

XD s= x * h 

Check precision 
single 
precision 

1 

double 
precision 

yCx+h) ss y(x)4h(f*a«.b*C4d) 
save DEL 

fP ss f42a43b44c45d 

TEMPA = h(f(x».h) - fP) 

y(x4h) = y(x4h) 4 TEI4PA 

EXIT 
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The two routines PREDC and DPDT form the core of the 

working equation evaluation section and could be fused i n t o one 

subroutine. However, since a y(x+h) predicted by PREDC may be 

rejected by tests ( l g ) or (lh),and a new h may be generated by 

SETH; the two routines have been seperated. The remembered 

quantities a.b.c.d and x are updated i f and only i f the y(x+h) 

predicted passes a l l the c r i t e r i a of tests ( l g ) ? ( l h ) p and ( l i ) , 

UPDT has been implemented vdth the conditional precision 

algorithm; p a r a l l e l single and double precision coding i s pro

vided f o r the updating of a.bjCjdo This i s necessary since these 

quantities enter i n t o the c r i t i c a l round-off error section of the 

evaluation of y(x4h)e 

FLOWCHART VIU 

* 
TEMPA - f(x+h) _ f p 

Check precision 
single double 
precision ^ y precision 
a = a+3b+6c4l0d+25/2'J-TEMPA 
b s b+4c4l0d+35/72•TEMPA 
c = c+5d+5/1*8» TEMPA 
d = d+1/120«TEMPA 

x = XD 
SL 

EXIT 
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The tests which maintain a check on the truncation error 

are i n subroutines CK22A and CK22B<, I f either of these tests 

f a i l , then the step-size must be halvBd. I f both pass such that 

2',h w i l l also pass, then the tests are "over-satisfied" and the 

step-size should be doubled i f possible. The subroutine SPBP 

sets the precision needed by that step, and sets t e s t ( l i ) to 

f l a g whether or not that step must be redone. A step i s t o be 

recalculated i f i t was done i n single precision and double pre

cision was required. 

SPDP and the conditional double precision algorithm i s 

designed i n such a way that each function i n the systera to be 

integrated w i l l be integrated i n single or double precision as 

required. The precision flags are stored i n the working storage 

( D ) , provided by the user; i n the low order part of D(9!f:N) 

through D(10*N - l ) . A f l a g of zero indicates single precision, 

and a non-zero f l a g indicates double precision. The user must 

supply the values f ( x , y ) i n double registers. However, i f 

each f ( x , y ) i s independent of the others, the user can write 

h i s own conditional double precision routine t o evaluate the 

f(x, y ) , . s . This can be done since f ( x , y ) need only be carried 

i n the precision i n which the working equations are to be cal 

culated. A user w r i t i n g the subroutine AUX i n SCATRAN or other 

algebraic language may f i n d t h i s suggestion quite d i f f i c u l t t o 

implement. 

The flowcharts of these three subroutines follow. 
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FLOWCHART IX 

C CK22A 
Set l g f a i l 

| y ( 3 ) - y ( 2 ) | : | y ( 2 ) - y ^ 

< 
K— Set l g pass 

|f( x ) - f p | / |f(x+h)| s 3xlO- 8 

< 
Set l g pass 

Set over-satisfied f a i l 
1 

|f(x) - f p ) / | f ( x f h ) | : 1.5xl0- 8 

Set over-satisfied pass 

I 6 * | y ( 3 ) . y ( 2 ) | :|y(2)„ y(l)| 

EXIT 
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FLOWCHART X 

CK22B 

Set l h pass 
T 

TEMPFs f(x*h) - f p 

_ I 
Did l g f a i l ? yes 

no 
95/288 * h * TEMPF : TOL 

Set l h f a i l 

t 
| 64 * 95/288 * h * TEMPF | : TOlTJ* 

Set over-satisfied 
f a i l 

EXIT 
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FLCWCHART XI 

SPDP 

Set l i pass 

TMP1 = precision f l a g 

DXD * DEL * 10' -8 : TOL 

< 
t 

• 

> 

Set "single" Set "double" 

TMPl : "double" 

new f l a g : "single" 

Set l i f a i l 

~ EXIT EXIT 
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RESULTS 

I n order to te s t the method, functions must be selected 

vrhich contribute no round-off error i n the evaluation of f ( x , y ) , as 

th i s analysis assumes no round-off i n the subroutine AUX. Such 

a function i s 

dy/dx = y where y(0) ~ 1. 3a. 

This d i f f e r e n t i a l equation i s vrell behaved and one with a w e l l 

known solution 

y(x) - e x . 3b. 

This equation was integrated from x = 0 to x = 10; the tolerance 

was set to 10-3, i c r 7 , and IO" 9. 

To demonstrate the performance of ODESA, i t was run i n 

three d i f f e r e n t versions; one that evaluates the working equations 

i n single precision, one that was double precision, and one 

that uses the conditional double preeision algorithm. I n these 

t e s t runs information vras obtained about the solution, Y, the 

nmber of elementary steps i n single and double precision, and the 

computer time used. A l i s t i n g of the conditional precision version 

of ODESA i s included i n the appendix. 

TABLE I I shovrs the results of a t e s t run made with single 

precision arithmetic used throughout, even i n the subroutine 

MULCH. As was discussed, the elementary i n t e r v a l size control 

l o g i c i s very sensitive to small errors i n the remembered quan

t i t i e s , and these results show what e f f e c t transients have on 

the step-size c o n t r o l . 



TABLE I I 

dy/dx = y y(0) = 1 Single Precision 

TOL - IO" 7 

X Y STEPS TIME/MINUTES 

1.0 ' .271828179x10J 159 .006 
4.0 .5459814?6xl0f 5^3 .020 
7.0 .109663307x10^ 927 .034 
10.0 .220264634x10^ 4453 .159 

The solution, Y, i n each case i s vrithin the tolerance, 

however, the number of elementary steps taken to get these 

solutions i s quite excessive. The mathematical truncation error 

i n t h i s 5 degree method i s 

(863/12) .h 7/7l • y ^ 1 ) . 

At x s 10 t h i s expression becomes 280.h? , which should be 

equal to the tolerance. Solving t h i s , the number of steps should 

be on the order of 200 rather than 4453; of course, one can not 

expect to predict exactly the number of steps from expression (3c) 

This demonstrates that the number of elementary steps taken i s 

at least an order of magnitude too 3.arge. 

TABLE I I I , page 25, shows the results when t h i s function 

i s integrated with the working equations i n single precision, and 

the subroutine MULCH done i n double precision. These results 

show th a t the w i l d behavior of the eleraentary i n t e r v a l size 

can be controlled. At TOL = K r ? , the number of steps i s 480 

rather than 4453, t h i s behavior i s much closer to the predicted 
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TABLE I I I 

y(0) = 1 Single Precision 

TOL = 10-

1.0 
4.0 
7.0 

10.0 

.27182885X101 

.54598l25xl0f 

.10966326x10^ 

.22026455xl05 

ERROR 

.67xl0- 6 

.25x10-6 

.51x10-7 

.lOxlO" 5 

STEPS TIME/MINUTES 

28 
44 
69 

116 

.001 

.002 

.004 

.006 

TOL - 10-

1.0 
4.0 
7.0 

10.0 

.27182817X101 

.54598l45xl0f 

.10966330x10^ 

.22026462x105 

ERROR 
.llxLO-7 
.51x10-7 
.11x10-7 
.31x10-7 

STEPS TIME/MINUTES 

38 .001 
119 .004 
244 .009 
480 .018 

TOL ~ IO*"9 

1.0 
4.0 
7.0 

10.0 

.2718281795x101 

.54598l4746xlof 

.IO96633069XIO4' 

.2202646326x105 

ERROR 

. 3 3 3 C L 0 - 8 

.26x10-' 

.89xl0- 8 

.25x10-7 

STEPS TIME/MINUTES 

67 
254 
484 
733 

.002 

.009 

.017 

.026 
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TABLE IV 

dy/dx =: y 7(0) Double Precision 

TOL » 10" 

IcO 
4.0 
7.0 

10.0 

.27182885X101 

.54598l27xl0f 

.10966327x10^' 

.220264-57x105 

ERROR STEPS TIME/MINUTES 

.67x10-^ 28 .003 

.23x10-° it4 . 0 0 4 

.42x10-0 69 .006 

.80x10-7 116 .008 

1.0 
4.0 
7.0 
10.0 

. 2 7 1 8 2 8 1 7 X 1 0 1 

.54598148x102 

.10966331x104 

.22026465x105 

TOL =10-7 

ERROR 
.11x10-7 
.17x10-7 
.30x10-3 
.70xl0- 8 

STEPS TIME/MINUTES 

38 
118 
243 
456 

.001 

.005 

.009 

.018 

1.0 .2718281828X101 

' 4.0 .5459814999x102 
7.0 .1096633156x10^ 
10.0 .2202646574x105 

TOL = 10-9 

ERROR 

.lOxlO- 1 0 

.16x10-9 

.18x10-9 

.52x10-9 

STEPS TIME/MINUTSS 

67 
247 
4 8 3 

7 2 3 

.003 

.009 

.019 

.028 
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behavior, and i s acceptable. 

At tolerances of 10-3 and IO" 7, i t can be seen that the 

error i n the solutions are w i t h i n the required tolerance. VJith 

a tolerance of I O - 7 the solutions are satisfactory, but the error 

i s quite near the tolerance. With TOL set to 10~9, the single 

precision calculation f a i l s to y i e l d acceptable solutions, the 

round-off error i n the working equations i s destroying the solu

t i o n s . This i s predictable, since a TOL of 10"^ requires raore 

than one register of accuracy. 

This function was then integrated i n double precision; 

the results are presented i n TABLB IV, page 26. These results 

show that i n double precision the routine can provide solutions 

accurate to nine d i g i t s , where as single precision can not. 

The number of elementaiy steps i s compatible m t h the single 

precision r e s u l t s . The computer time used to integrate the 

function i n double precision i s approximately 50$ greater at a 

tolerance of 10"* 3. 

Since a t large tolerances ODESA can give satisfactory , 

solutions with single precision arithmetic and at small t o l 

erances ODESA must use double precision arithmetic, the con

d i t i o n a l precision algorithm seems to be i n order. TABLE V, 

page 28, shows the results from the integration of function (3a) 

i n conditional precision. With a tolerance of 10"3, the routine 

proceeds i n single precison over the ent i r e x - i n t e r v a l , a f t e r 

s t a r t i n g i n double precision. Tlie solutions a t t h i s tolerance 



TABLE V 

dy/dx - y y(o) Conditional Pi^ecision 

TOL ~ 10-3 

1.0 
4.0 
7.0 

10.0 

1.0 
4.0 
?c0 

10.0 

1.0 
4.0 
7.0 

10.0 

.27182885x10; 

.54598125xlof 

.10966326xl0z,' 

.22026455x105 

.27182817x105: 

.54598147xl0f 

.10966330x10^ 

.22026464x10^ 

.2718281828X101 

.54593l4999xlof 

.1096633156x10^ 

.2202646574x10^ 

ERROR 

.67x10-^ 

.25xl0~ 6 

.51x10-7 

.10x10-5 

TOL = IO" 7 

ERROR 

. l l x l O - 7 

.30x10-7 

.11x10-7 

.12x10-7 

TOL s.-10 

ERROR 

.lOxlO- 1 0 

.16x10-9 
>l8xl0~ 9 

.52x10-9 

iJJMli 
o r U r 

4 24 .003 

45 24 .006 
92 24 .008 

i l i llli 
o r ur fLLN U Liho 

14 • 24 .001 
41 77 .005 
41 199 .009 
41 431 .019 

STEPS TIME 
SP DP MINUTES 

0 67 .002 
0 247 .010 
0 483 .019 
0 723 .029 
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are quite acceptable, and the number of steps taken i s compat

i b l e with the two other versions. At TOL ~ lO""^ the routine 

s t a r t s i n single precision and then switches to double precision, 

even though the single precision solutions have been shorn to be 

accurate to seven d i g i t s . This behavior i s a t t r i b u t e d to the 

f a c t that the round-off error bound developed through the Wilk

inson analysis i s an upper bound, and i n t h i s case the actual 

round-off error i s below t h i s bound. Tlie solutions obtained 

with TOL = IO""9 are obtained by the use of double precision over 

the entire x - i n t e r v a l . Single precision arithmetic has been 

shown to f a i l at TOL = 10-9f and t e s t ( l i ) i n ODESA caused double 

precision to be used. .The solutions obtained are accurate to 

wi t h i n the tolerance. 

As a check on ODESA's a b i l i t y to handle a d i f f e r e n t i a l 

equation where the elementary i n t e r v a l size should vary, the 

following equation was used: 

dy/dx = 1 x < 4.5 or x > 6.5 

dy/dx - 100 4.5 £ x £ 6.5 where y(0) 0. 

The solution i s : 

y(x) = x 0 < x < 4.5 

y(x) s 100.(x-4 o5) * 4.5 4.5 £ x ̂  6.5 

y(x) = (x-6.5) 4 204.5 6.5 < x . 

The int e g r a t i o n i s to proceed over the i n t e r v a l x s. 0 to 

x = 25. The tolerance was set to 10-3,10-7, and 10-9. TABLE VT, 
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page JL, shows the results of t h i s integration using ODESA i n 

conditional double precision. Of i n t e r e s t i n these results w i l l 

be the behavior of the step-size oontrol as the routine integrates 

the function. There are tvro areas of i n t e r e s t ; one where the 

derivative i s constant, and one where the derivative i s changing 

rapidly,, 

At each tolerance the routine begins by taking 4 steps 

from x - 0 to x ~ 4, a f t e r the 24 i n i t i a l i z a t i o n steps. This 

i s the expected behavior, since the derivative i s constant. To 

step from 4 to 5 the routine takes 74,122, and 337 steps at 

tolerances of 10"^, 10"°7, and IO" 9 respectively. This i s due to 

the change i n the derivative at x =4.5; the error at t h i s point 

i s large due to the disc o n t i n u i t y . I n the i n t e r v a l x = 5 to 

x = 6, the routine takes 6,6, and 454 steps at the three tolerances. 

I n the i n t e r v a l x = 6 to x = 7 the derivative again changes, the 

routine takes 72,97, and 338 steps a t the three tolerances. This 

stepping behavior i s almost i d e n t i c a l t o the behavior a t the f i r s t 

d i s c o n t i n u i t y . The derivative again becomes constant and the 

step-size begins to increase. From x-7 to x = 10, ODESA takes 

11, 11, and 14 steps. Over the remainder of the i n t e r v a l from 

x =10 to x = 25, the routine takes 1 step per u n i t of integration 

a t the tolerances 10-3 a n d 10-7. At TOL = IO" 9, four steps are 

taken per u n i t of int e g r a t i o n . 

The precision used a t a tolerance of 10-3 i s single pre

c i s i o n over the entire i n t e r v a l . A tolerance of IO" 9 requires 



TABLE VI 

dy/dx = 1 x < 4 . 5 or x > 6 c 5 

dy/dx = 100 4 . 5 £ x £ 6 . 5 

TOL = 10-3 

y(0) = o 
Conditional Precision 

4 . 0 

5 . 0 

6 . 0 

7 . 0 

1 0 . 0 

1 5 . 0 

2 0 . 0 

2 5 . 0 

4 . 0 

5 . 0 

6 . 0 

7 . 0 

1 0 . 0 

1 5 . 0 

2 0 . 0 

2 5 . 0 

4 . 0 

5 . 0 

6 . 0 

7 . 0 

1 0 . 0 

1 5 . 0 

2 0 . 0 

2 5 . 0 

. 4 0 0 0 0 0 0 0 X 1 0 1 

.54501224xl02 

.15450122x103 

.20500302x103 

.20800302x103 

.21300302x103 

.21800302x103 

.22300302x103 

.4000000000X10 1 

.5450000079xl02 

.1545000008x103 

.2050000016x103 

.2080000016x103 

.2130000016x103 

.2180000016x103 

.2230000016x103 

.4000000000X10 1 

.5450000079xl02 

.1545000008x103 

.2050000016x103 

.2080000016x103 

.2130000016x103 

.2180000016x103 

.2230000017x103 

ERROR 

.00x10° 

.12x10-^ 

.12x10-5 

.30x10-5 

.30xl0-| 

.30x10-5 

.30x10-5 

.30x10-5 

TOL - 10- 7 

ERROR 

,00x10° 
.79xl0- 8 

.87x10-9 

.16x10-° 

.16x10"° 

.16x10-^ 

.16x10-8 

.I6xl0- 5 

TOL - 1 

ERROR 

.00x10° 

.79xl0- 8 

.89x10-9 

.16x10"° 

.16x10-8 

.16x10"^ 

.16x10"° 

.17x10-8 

STEPS TIME 
SP DP MINUTES 

4 24 .003 
78 24 .006 
84 24 .007 
156 24 .010 
167 24 .011 
172 24 .013 
177 24 .014 
182 24 .015 
•7 

STEPS TIT'-E 
SP DP MINUTES 

4 24 002 
34 116 .007 
34 122 .008 

124 129 .012 
135 129 .013 
140 129 .014 
145 129 .01.6 
150 129 .01? 
•9 

STEPS TIME 
SP DP MINUTES 

0 28 .002 
0 365 .016 
0 819 .036 
0 1157 .051 
0 1171 .052 
0 1189 .054 
0 1209 .056 
0 1228 .058 
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double precision over the ent i r e i n t e r v a l . With the tolerance 

set to 10-7 > the precision switches from single t o double vrhen 

the derivative increases a t x - 4<,5 c The precision switches 

back to single precision, a f t e r the derivative decreases a t 

x — 6«,5 o 

The t o t a l error a t tolerances of 10-3 and 10-7 i s w i t h i n 

the specified tolerances. At TOL = IO"*9 the error i s not w i t h i n 

the tolerance, at x s 5 • This large amount of error i s due to 

the sharp discontinuity at x " 4.5 • The solution at x =• 6 i s 

w i t h i n the tolerance, since the derivative i s constant frora 5 to 

6. After the second disc o n t i n u i t y at x = 6o5f the error returns 

to a more reasonable l e v e l . 
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CONCLUSION 

The conditional precision feature of ODESA gives the user 

freedom frora a l l worry about how to obtain solutions t o d i f f e r 

e n t i a l equations accurate to at least one f u l l register<, Conditional 

precision should be the most e f f i c i e n t method of obtaining solutions 

accurate to any tolerance, since faster less accurate arithmetic 

w i l l be used when less accuracy i s required, and slower more 

accurate arithmetic w i l l be used only when very accurate solutions 

are required or when round-off error could s p o i l the solutions. 

However, as the results show the user must pay f o r the automatic 

feature. The routine checks i t s precision c r i t e r i o n at each step, 

t h i s checking increases the overhead tirae. ODESA i s not, i n a 

l i m i t e d sense, the most e f f i c i e n t d i f f e r e n t i a l equation solving 

algorithm. Tne raost e f f i c i e n t scheme would be one -without 

automatic s t a r t i n g , automatic i n t e r v a l control, and automatic 

precision selection. The user would be responsible f o r the 

analysis of his problem, and would predetermine the step-size 

and precision. Through the use of ODESA, a user can make the most 

e f f i c i e n t use of computer time, i n an over-all sense. Nordsieck 

estiraates that the saving i n computer time can be by a factor of 

10 or greater, i f the elementary i n t e r v a l size should vary; since 

ODESA controls the step-size and evaluates the derivatives only 

twice per step. 

The conditional precision technique presented here repre-
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sents a method of c o n t r o l l i n g the accumulation of round-off 

error i n a " f l o a t i n g - p o i n t " nuraerical methodo The application 

of conditional precision can be seen where greater precision i s 

availableo There exi s t routines which deliver up to 15 registers 

of precisiono These routines are slow, since they are subroutines 

and not hardware routines l i k e double precision arithmetic. The 

conditional precision t e s t could be used to determine any precision 

between single and 15*11, and r e s u l t i n large savings i n computer 

titae. This use of conditional precision remains f o r future 

investigation. 
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APPENDIX 
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S F A f 

ODESST 

G E T C A L 

COUNT 600 
ENTRY ODESST S T A R T I N G ENTRY POINT 
ENTRY ODESA REGULAR ENTRY POINT 
ENTRY ODESRV ENTRY FOR R E V E R S I N G THE S T E P 
STZ GO R E S E T GO SWITCH 
STZ B S A T C ALWAYS OK« 
ST L STARTD SE T SWITCH FOR I N I T I A L I Z A T I O N 

f -r- i 
b> T L 

C T A I -} T C E T T O T A r~» T" C - <. /T 'T" ' "UJ 

C T I 

S 1 L 
rr r\ r~> r- i— bri i r U K L L bW 1 I C M 

TK A SAVE MC GO b A V LL m A C ri I N t CONuI TIONS 
c* r"> A i~ O r' A t., t 
rM it-ULU* /*~ [~* T T M T rr n \ / A I I CT \ i f T UJ ot. I I N 1 tj. K v A L . L_t No 1 n 
DST \/ r"̂  v XUX STOWb IN XDX 
LAL C. 1 H (.•j CL 1 L. U K K tL N 1 A uy L. U L . A 1 O N 
O 1 A 
O 1 A v rN /i 
c; T A A U O 

Q T A V 1 
V C-t /A — P A O H J C 

Q T A c T I 1 ] M + 1 

b 1 A UoL n + J 
CLA* 6»4 GET NUMBER OF' EQUATIONS 
STO N SAVE IN N 
ADD N FORM N*2<. 
STO NTN ** 
CAL 3 « 4 GET ACY) 
STA Y 
ACL NTN NEED BES ADDRESS e 
STA DEPRED+2 
STA RST0R4-2 
STA CLEAR-4 
STA S8 + 2 
STA SAVYYP+ 2 
STA L A S T 4 
STA F I XY + 2 
STA F I XY+4 



o A L. rr T A / V D D \ 

O 1 A VDD 
ALL K 1 T fv I N. i r— t r TN W i r c A r> p\ n cr c c 

Q T A o 1 A I A Q L A o 
C T A 

c> f A 
n> c T f~\ o i /i 

C T A o 1 A Pi O n r r r> J_ / , L/ti. ̂  K I J T ̂4 
C T A 3 I A b A v Y Y M 
Q T A ' A Q T u. A c> I 

Q T A O f A V P> O 1 

^ T A V P D P 4- P 

Q T A C> 1 A 1 V V P i A Y 
T ' ^ Jj 

Q T A 

r ^ F T A I T D I \ 

A r i 
M L_ I N M F F n F Q A n n P ( ~ Q Q 

STA 1 N t„ O 

STA 1 1 
JD' A I 

C AL / y *-t 0 1 1 ' * \ VJ ! 

^- L_ M T M f N 1— Ly L_ O * * Ly 1^ \— J!> • 

A 
Z> ) M 

("1 F A P — 
L_ U. M !•< ~ J) 

Q T A o 1 A T J 

A C 1 
" O L_ 

M T M l \ 1 INJ M F F n R F Q A n f P F Q Q « 

C T A ^ N u L c. + 1 
C T A O 1 A r- j f r A D JL 1 L. L C. A K T 1 
C T A C> 1 A i A C T / I L A o 1 — 4 
A r* i 
A L. 

M T K1 M f r i r R r r c A P\ O F C c N L C U O c 0 A | J ij K L. b * 
C T A O f A c M i cr _ i o b N (o L t + d 

Q T A O J A f i r r A IT i o wL. L A K + c 
C T A O 1 A 1 A Q T — ~2 L A O 1 — O 
A M T '-.1 

1 V 1 i N 
K l F F T̂ . W F C A P i P l O F Q Q IN Cl C O tl b A l̂J L L. u ̂  

Q T A o 1 A C M C I f r j T 

S 1 A C L L AR+ 3 
STA L A S T - 2 
ACL NTN NEED BES ADDRESS. 
STA S N G L E + 4 
STA C L E A R 4 - 4 

STA LAST~1 
ACL NTN NEED BE-S ADDRESS. 
STA DEPRED+1 
STA RSTOR+1 
STA S A V Y Y P + 3 
STA L AST 2 
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A L. L [>J 1 IN 
b 1 A Y ̂  K I £ 

o 1 A 
h> 1 A 
C T A 
5 I A 

r \ A _ i _ i 

ACL N 1 N 
C T A p 1 A V D D O 

Q T A o 1 A C" T V V 4- 1 r 1 A T T \ 

A r l A U L M T K ( 
N 1 IN C T A 21 1 A Z> A V Y Y P T J 

STA I—> cr T A~\ f"! i *•J 

STA DLKRt.D + J 
ACL NTN 
STA LAST 1 
STA L A S 1 
STA SP 1 + 1 
ACL = 1 
ST A SP6 
STA DP 1 
STA SP1 i +3 
C T A 
b 1 A 

c O 1 i i_ rr 

C T A 3 1 A V \ / A 1 
Y V A 1 C T A 

o 1 A 
i i o r̂ i i UHU 1 

/- A 1 
CAL Q T A O 1 A A I I V j 1 

A \ J A T 1 
\^ M l _ 
Q T A Z. L. K W o K 
Q T A O 1 A O T C O 

C T A w> f A O T C D - l_ P ix 1 o H ' T 

c T "7 

ACL = 1 
STA . ZERODP 
STA PKTDP 
STA PKTDP+2 

ZERODP STZ ** 
SXA D P I + 2 , 4 
LXA NTN « 4 

DPI S T L 4 

T I X DP 1 ,4,2 
AXT * * , 4 

NEED BES ADDRESSo 

NEED BES ADDRESS« 

NEED BES ADDRESSo 

GET A D ( D 9 ) . 

GET ADDR OF AUX SUBROUTINE 

SETUP AND ZERO* 
S T E P COUNTER. 

START DOUBLE P R E C I S I O N . 
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XD3 

STARTING I N I T I A L I Z A T I O N PROCEDURE 

OLD 
DST 
DLD 
DST 

XD4 DEAD 
DST 
LXA 
DLD 
DST 
T I X 
DLD 

CLEAR LXA 
DST 
DST 
DST 
DST 
T I X 
AXT 

AXT 

STZ 
AXT 
TSX' 

XD 
XTD 
XDX 
HD 

XD 
FXD 
NTN, 1 

, 1 
**, 1 
* - 2 , 1 , 2 
ZOO 
NIN, 1 
* * » 1 
** , 1 
** , 1 
** , 1 
C L E A R + 1 v 1 , 2 
0 , 6 

6, 1 

F I RST 
4,2 
AUX , 4 

GET CURRENT XD 
STORE IN THE LAST GOOD S T E P C E L L 
GET THE INTERVAL LENGTH 
T H I S I S F I R S T INCREMENT 
ADD I N THE CURRENT X 
STORE AS ABSOLUTE VALUE 

GET NO. EQNS * 
GET I N I T I A L Y. 
SAVE DO. 
ALL EONS. 
GET .ZERO. 
GET NO. EONS. 
ZERO Dl 
ZERO D2 
ZERO D3 
ZERO D4 
ALL EONS. 

SET S T E P COUNTER 

S I X 4 S T E P INTER FOR STARTING 

SET F I R S T I N I T I A L ENTRY SWITCH 
FOUR S T E P S NECESSARY. 

GET Y P R ( Y , X D ) 
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V, fi fl A T N. 1 n O f~ O A Vt 
M A i N H K U K A . V I 

C CT T T O K I ' 

PREDCT TSX f~> P> r \ / i A r\ \ / A K i f IT H) F i m~ r \ T T T "T ET' r~) A T t ~ 
A D v A N L fc. * HK C D J C 1 t 1 I t i K A l c NZT r U K C t l b f n J b A r UKC i NO b i t H 

T r< A r ' rZ) T T li b « OL. INtJLY Or^Kt-O 1 
N v . 1 C T A T 

i> 1 A K 1 
l b 1 rl I b 1 N i 1 I AL, 1 ̂-A 1 1 UIM 

T K A 
A r\ O O A A L J M ^ A I N U * K L L H IN N U K i • 1 A L L N i K Y b 1 K c A !vt 

ZET F I R S T I S T H I S THL F I R S T S T E P 
TRA CORC T NO, OO COKKLCT S O L U I I O N 
TSX CK22 A,A CHECK 22A C R I T c R I A 
NZ T BSAT A r^i T r> T l-J T c o T E— r~i i — i A r* c 

DID I H I S S I t P PA o S TRA DEPRED NO, OO D E P K L D I C l AND DtADVANCE 
ZET START I S T H I S 1N1T1 A L i Z ATI ON 
TRA CORC T w r~ O O Ov o Oi F l F l r~ o "T* 

Y L b i OU OUKKL^I T SX C!<22B « 4 CHECK 2 2 d C K I T E R I A 
NZT B S A T B 
TRA DEPRED 
TSX SPDP,4 T E S T r OR PROPER PRcCIb10N» 
NZT B S A T C 
TRA CORCT 

RSTOR LXA NTN < 4 
DLD 
DST -K-*- , 4 
DLD 
DST 
1 I X n c* T f~) i i / i o K . 3 1 U K + 1 x H s £. 

j K A 

r~ n cr r\ LXA N T N » 4 o cr T* > i r. o\ K i c 

DLD •K- * , 4 GET OLD Y IN Db. 
DST ** 4 4 R E S T O R E ' I N Y. 
DLD , 4 GET OLD YPR IN 0 8 . 
DST ** » 4 STORE IN YPR. 
T I X # - 4 , 4 , 2 GET A L L EQNS. 
DLD HALF GET HALF .5 
DST . MLTPL HALVE V A L U E S . 
TSX SETH < 4 HD ( S T E P S I Z E ) 
TRA PREDCT GO BACK AND P R E D I C T 
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COPCT 

S T E P 
s a 

REV I N 

S4 1220 

S l 6 

S24 

TSX UPDT,4 
S T L EORCE 
C T 1 

o 1 L F I R S T 
M~7 T START 
T D A 
1 K A 

DU8LCK 
T T V 1 1 A PREDCT, 2 
A V T A X I 4 , 2 
1 A 1 *+ 1 , 1 , -1 
1 K A ^ STEP,1 

ST ART ING 

T D A J K A . S4 1220 
T Q A i r< A S8 
T D A 1 K A S 4 1 2 2 0 

S 1 6 
T R A S 4 1 2 20 
T D A ) K A 524 
1 A M NTN , 4 

•X- -fr , 4 

n c. T # -X- , 4 

T i y 
1 i A 

* - 2 , 4 , 2 
T y 
1 O A 

AUX , 4 
A Y T 
A A 1 4 , 3 
T ci y R E V R S E , 4 
M y T STARTD 
T R A 1 A EX I T 
T R A 
1 A PREDCT 
LVU. Ly HALF 

MLTPL 
T ^ y 
1 o A 

SETH , 4 
T ^ Y 1 A CK22S,4 
~7 — T BSAT3 
TRA s a 
TSX R E V R S E , 4 
TRA CLEAR-1 
DLD TWO 
DST MLTPL 
TSX SETH ,4 
STZ STARTD 
STZ START 
TRA S8 

CORRECT REMEMBERED VALUES 
R E S E T FORCE SWITCH 
S E T F I R S T ENTRY SWITCH 
I S T H I S I N I T I A L I Z A T I O N 
NO,TRA TO CHECK DOUBLING 
P R E D I C T FOR I N I T I A L I Z A T I O N 

R E S E T S T E P OUNT ER ' 
DECREASE INTERVAL COUNTER 
TRANSFER TO PROPER S T E P 

AFTER S T E P 4 
- F T E R S T E P 8 
- F T E R S T E P 1 2 
- F T E R S T E P 1 6 
~ F TER S T E P 20 
- F T E R S T E P 24 

G E T N0« E Q N S . 

G E T Y I N 0 0 . 
R E S T O R E I N Y . 

A L L E O N S , 

G E T Y P R O F O R I G I N A L 

S E T D O U B L I N G C O U N T 

R E V E R S E D I R E C T I O N S 

F I N I S H E D S T A R T I N G 

Y E S , E X I T 

G O B A C K A N D P R E D I C T 

G E T H A L F .5 
H A L V E V A L U E S . 

V A L U E S 

C H E C K " T H E T I L E R A N C E S 

D O E S I T P A S S 

Y E S , G O B A C K A N D R E S E T 

N O , R E V E R S E D I R E C T I O N S 

G O B A C K A N D S T A R T N E W H 

G E T T W O 2.0 

IC 

S I Z E 
I N l T I A L I Z A T I ON COMPLETED 
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ODESA 

SAVEMC 

XD5 

DUULOK 

NORMAL ENTRY 

NZT START 
TRA ABORT 
STI GO 
STZ START 
LMTM 
SXA y R 1 + 1 . 1 
SXA y R 1 4 - p « 
SXA XR1+ 3, 3 
y A 

O A /A 
y R i 4- . 

^y A 
O A M 

y R i + ̂  . 
A 'X I v , 

) 
c y A 
O A M 

A " N 1 T O • o 

TRA G- T T Al 
i y A T P M P . T 1 i l"!r , O 

ni n y H 
A L > Uo i VTn A I u 

DEAD XDX 
DST FXD 
T 1 X PREDCT ,3,1 
NZT BOVSAT 
TRA PREDCT 
DLD T WO 
DST MLTPL 
TSX SETH,4 
TRA PREDCT 

•HAS PROCEDURE BEEN STARTED 
NO, GO PRONT MESSAGE N K I L L 
SET RUN SWITCH 
R E S E T START SWITCH 

I S T H I S A GO RUN 
NO, GO GET C A L L I N G SEQUENCE 
RESTORE DOUBLING COUNT 
GET CURRENT XD 
SET L E F T HAND S I D E 
ADD I N THE INTERVAL LENGTH 
SAVE LAST I N T E R V A L AS A B S V A L 
CHECK DOUBLE COUNT AND P R E D I C 
ARE CONDITIONS SOVERSAT I F I ED 
NO, GO P R E D I C T 

YES,DOUBLE S T E P 
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* ENTRY WHICH 

^ V L> L . o rx v SXA HE R F , 4 

t N <-~ i c T A P T 

T R A 
1 rx M 

A R O D T 
M i.J ^r rx 1 

Ul— U " 1 * A J • H 

Pi c: T V P V A L - * A 

n F n P HP r r L V 

P S T 
L ^ O I 

M l T P l 
^ ^ p 
1 R S 
L_ rx O 

o 
C A c-, 
^ 'A o TRA G O A H F P 

TRA 1 
Pl P 
Ly l— L V 

XDX 
DST HD 
TRA CHANGT 

aOAHFn 
\J> w t- \ i it— 

ANA = 0 3 7 7 0 0 0 0 0 0 0 0 3 
A P P 
M L V L V 

= 0 0 0 1 & 0 0 0 0 0 0 0 0 
S T O T fl M P 
L.l_ 'A 

FDP TEMP 
STO MLTPL 
STZ TEMP+1 
DLD XDX 
DF DP TEMP 
DST HD 

CHANGT TSX MULCH,4 
AX T 4 , 3 
SXA TEMP,3 

HERE AXT , 4 

TRA 2 , 4 

z V I S E S THE E X I T INTERVAL 

SAVE MACHINE CON I T I O N S 
HAS T H I S BEEN STARTED 
NO, K I L L 
GET NEW XDX 
STORE 
D 1 I D E BY OLD HD 

SAVE FOR CHANGING VALUES 
MAKE SURE I T S P O S I T I V E 
ALL OF I T 
I S XDX NEW GREATER THAN OLD 
Y E S , MUST D E F I N E NEW HD 
NO , 
GET NEW XDX 
XDX GOOD ENOUGH FOR HD 
GO CHANGE REMEMBERED VALUES 
FIND POWER OF 2 LARGER 

THAN XDX/HD AND 
SAVE IN TEMP 

GET XDX/HD 
D I V I D E BY NEXT POWER OF 2 
T H I S I S THE CHANGE OF VALUES 

GET NEW XDX 
DI V IDE B Y LARGES T P0 W E R 0F 2 
T H I S I S THE NEW HD 
GO CHANGE REMEMBERED VALUES 

R E S E T DOUBLING COUNT. 
SAVED IN TEMP 

RETURN 
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* ROUTINE WHICH DETERMINES THE P R E C I S I O N TO PROCEED WITH. 
SPDP SXA S P 2 t 4 SAVE XR4 » 

SXA S P 2 + 1 . 3 SAVE XR3 * 
STZ 3SATC 
LXA NTN,4 
LXA N«3 

SP5 CLA* S P I 1+3 
STO TMPl 
ZAC 

SP1 LDO XDX . GET DISTANCE MOVED. 
FMP D9,4 
XCA 
FMP = l o E - R 
S S P ABS. ( DI ST* (.))<> 

SP11 CAS TOL,3 COMPARE WITH TOL. 
TRA * 4 4 SET DOUBLE. 
TRA *+3 S E T DOUBLE 
STZ D 9 + l , 4 FORCE S I N G L E P R E C I S I O N . 
TRA *+2 
S T L D 9 + l , 4 FORCE DOUBLE P R E C I S I O N 
CLA TMPl -
TNZ SP4 

SP6 CLA D94-1 ,4 
TZE SP4 
S T L BSATC 
TRA SP2 
TXI *+1,3,-1 

SP4 T I X S P 5 . 4 . 2 
SP2 AXT *-*.,4 

AXT * * . 3 
TRA 1,4 RETURN. 
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SETH 

HOK 

REG4 

DBLH 

T O J ML 

STCT 

rv \J \J 1 1 1N l_. pi ̂  T F P VI T M ̂  ^ U / H F ' T H F D A c: T F P C A M R F SA A Pi cr 
SXA RE G4,4 
p i i P I 

U L_ U 
i l u r ~ T O l 1 0 p F' N 1 T T \ 1 P F M t-- M T \JiZ 1 >~Ur\r - ;CIN! 1 I N lw C. I -1 L. IX1 I 

Pi F" M P 
LVr lv|r 

M l T P l r H A l\l C ~ H Y M l M T T O l ~ 
IwP l ' ^ IMvy i— u) " l-'t'w'l l l ' l i Pi T 1 ! '1 f-^ c: A \ / F 

C1 fl i^ i ^ M 1 T P l 
I ' l l — I r I 

I S T H I S 
0^ M o A n m I ^ I T M T , 

f-\ LyivV L . J O L _ 1 ' \ ! o TRA * + P • r N w' ŵ t— Ly w rx c 
TRA DBLH Y f r S « GO r l C i r C K r)Ollr ; i l I N G 

ni n 
Ly 1— Ly 

T F M P t i— I I P NJO « rHFrKT FOP 
DEAD XDX TOO S M A1 1 

n o A LV A ^ M T f \ l r D P V I K I T O 

TRA * + 2 
TRA TOS M i T NIC PF iViFNT TOO SMAI 1 
DLD TEMP MAKE CHANGE 
DST HD 
TSX M U I r H • 4 
A Y T AND 
TRA 1 » 4 RETURN . 
ZAC ZERO AC 
LDO = 0 ZERO MG 
DF AM FXD GET ABS OF LAST' X 
DF SM XD SUB ABS OF THE PRESENT X 
DFDP HD D I V I D E BY OLD INCREMENT 
SSP USE ABSOLUTE VALUE 
F A ri 
p M Ly 

= • 5 ADD ONE HALF FOR SURE 
UFA = 0 2 3 3 0 0 0 0 0 0 0 0 0 GET INTEGER PART 
A \ t A A I N A = 0 0 0 0 7 7 7 7 7 7 7 7 7 CLEAR THE INTEGER. 
T Z E REG 4 ZEDR0 DONT DOUBLE HD. 
LBT I S I T EVEN 
TRA STCT Y E S , ALRIGHT TO DOUBLE 
TRA REG4 NO, USE PRESENT HD 
STZ FORCE MUST FORCE T H I S S T E P 

TRA REG4 
AXT 4 »3 R E S E T DOUBLING COUNT ' 
TRA HOK GO CHANGE VALUES. 
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PREDC 

COMPUTES NEW Y VALUE Y ( X T D + HD) 

SAVE MACHINE CONDITIONS SXA 
SXA 
SXA 

XR4 , 4 
XR4 4 1 , 2 
XR4+2*1 

OUT 

ST I L I N 

*• 

SAVYYP 

YV A 1 

Y V AL 

LA S T 
LAS T 1 

L A S T 2 
LAST4 

DLD 
AXT 
TP L 
AXT 
DEAD 
ZET 
TRA 
DST 
DFSB 
TZE 
T P L * 
TRA* 
TRA 
TRA 
TRA 
DLD 
DST 

LXA 
DLD 
DST 
DLD 
DST 
T I X 

LXA 
CLA 
TZE 
DLD 
DEAD 
DEAD 
DEAD 
DEAD 
DEAD 
STO 
DFMP 
DEAD 
DST 

D E F I N E XD AND 
HD 
1 ,2 
-K-4-2 
0 , 2 
XTD 
STARTD 
S T I L I N + l 

1 TEMP 
FXD 
S T I L I N 
OUT, 2 
OUT+ 5 2 
EX I T 
S T I L IN 
EX I T 
TEMP 
XD 
SAVE Y P R ( X T D ) 
NTN, 2 
** , 2 
** , 2 
** , 2 
**,2 
SAVYYP,2,2 

P R E D I C T NEXT 
NTN , 2 
**, 2 
SNGLE 

E X I T TO CALLER WHEN NECESSARY 
GET CURRENT INCREMENT 
SET N E G A T I V E SWITCH 
I F H P O S I T I V E OK 
SET P O S I T I V E SWITCH 
ADD E F T MOST VALUE 
I S T H I S DURING I N I T I A L I Z A T I O N 
Y E S , FORGET ABOUT E X I T 
SAVE 
SUBTRACT F I N A L X 
I F I S ZERO EVEYONE I S S T I L L IN 
D E C I D E WHERE TO GO 

EX I T 
OR STAY 
EX I T 
STAY, D E F I N E 
XD 
AND Y ( X T D ) 

ZOO 
2 

** , 2 
** , 2 
** , 2 
** , 2 
D9, 2 
HD 
**,2 
**,2 

GET NO. EQNS. 
GET NEXT YPR. 
SAVE D8. 
GET NEXT Y. 
SAVE D5. 
DO A L L . 

VALUE OF Y 
GET NO. EQNS. 
GET SPDP. 
DO I T IN S I N G L E PRE, 
ZERO.ACMO. 
D! 
D2 
D3 
D4 
ADD YPR 
SAVE FACTOR. 

M U L T I P L Y BY CURRENT X VALUE 
ADD Y IN D5« 
STORE Y. 
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* COMPUTE THE NEXT VALUE FOR F ( D-~4 ) 
STZ TEMP 
STZ TEMP+1 
DLD T W 0 
DST T 1 SAVE CONSTe 
AXT 4 v 1 FOUR D VALi 'F'S TO CHANGE 

NE XO CLA LAST o 1 
STA ttH-1 
L DQ tttt , p Gi-T NFXT De 
FMP J I * T i e 
DEAD TEMP 
DST TEMP 
C l A 
Vy 1 M T l I N C R E A S E 
F A n = 1 . CONSTANT 
STO T 1 BY ONE 
T I X NEXD,1,1 
DLD TEMP 

YPR 1 D F AD tttt, 2 ADD YPR, 
YPP 1 p DST tttt , 2 STORE D6* 

*-
T 1 X YV A 1 ,2,2 

* FIND CORRECTION FACTOR AND DETERMINE LARGEST 
tt CORRECT I ON AND D I F F E R E N C E 

STZ F MAXB ZERO OUT ELEMENT 
AXT 2, 1 WISH TO CORRECT TWICE 

AUXX TSX AUX , 4 C A L L AUX SUBROUT I .NE FOR YPR 
LXA NTN, 2. GET A L L EONS. 

GET A DLD tt* , 2 GET APRX YPR. 
TXH tt + 2, 1 , 1 I F F I R S T A C HAS PROPER VALUE 

YPR 2 DLD tttt , 2 GET 2ND YPR. 
STO TEMPB SAVE APPROX 
CLA tt-* , 2 GET NEW YPR 
STO T2 S A V E I T 
F S B TEMPB FORM D I F F E R E N C E YPR - APPROX 
STO TEMPG STORE 
XCA 
FMP HD T E M P A = . 3 2 9 8 6 1 l l l l * H D * T E M P G 
XCA 
FMP COR 
DST TEMPA 
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* I S T H I S THE LARGEST TEMPA 
S S P ' MAKE SURE I T I S P O S I T I V E 
CAS FMAX 5 
TRA *+3 NO• GO SET LARGEST VALUE 
TRA ' F I X Y Y E S , CO CORRECT Y 
TRA F I X Y Y E S , CO CORRECT Y 
STO FMAXB T H I S I S THE LARGEST TEMPA ABS 
CLA TEMPG SAVE D I F F E R E N C E 
S L 'A' FM AXC SAVED AS ABS VAL 
CLA 72 SAVE YPR VALUE 
SLW TEMPC SAVED ABS VAL 

F I X Y DLD **,2 
DST tt-K-, 2 
DLD **,2 
DEAD TEMPA 
DST tttt,2 
T I X GE TA ,2,2 
TXL F I N I S H , 1 , 1 
CLA FMAXB 
STO FMAXA 
STZ FMAXB 

F I N I S H T I X AUXX, 1 , 1 
XR4 AXT tt-2,4 

AXT tttt,2 
AXT * t t , i 
TRA 1,4 RETURN 

E X I T SXA TEMP,3 SVE DOUBLING COUNT 
XRI SXA TEMP+1,6 SAVE S T E P COUNTER 

AXT tttt,j 
AXT tttt,2 
AXT * * , 3 
AXT tt tt,4 

AXT tttt,5 
AXT tttt,6 
S T L START 
ZET GO 
TRA 1,4 
TRA 10,4 

SNGLE ZAC ZERO AC. 
FAD * t t , 2 " Dl 
FAD **,2 D2 
FAD tttt,2 D3 
FAD tttt,2 D4-

LAS FAD **,2 ADD YPR. 
LAS1 STO D9,2 SAVE ( . . ) . 

XCA 
FMP HD tt CURRENT X. 
TRA L A S T 2 
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* 
DETERS I MES I F 22A S A T I S F I E D OR 0\'ER S A T I S F I E D 

8.*FMAXB•LEc FMAXA » O R . F M A XC / T E M P O . L E e3 « *X.-8 

CK22A 

NEXTES 

OVERSA 

SET B 

NE X TRY 

STZ 
LDO 
FMP 
FORM 
CAS 
TRA 
TRA 
S T L 
CLA 
FDP 
XCA 
CAS 
TRA 
TRA 
S T L 

STZ 
CAS 
TRA 
TRA 
S T L 
TRA 
LDO 
FMP 
CAS 
TRA 
TRA 
TRA 

BSATA 
FMAXB 
= 8. 

8*FMAX3 
F M A X A 
NEXTES 
•if f i 
BSATA 
FMAXC 
TEMPC 

OVERSA 
* + 1 
0 S A T A 

BOVSAT 
= 1 . 5 E - 8 
NEXTRY 
-iM 1 
BOVSAT 
1 ,4 
FMAXB 
= 16. 
FMAX A 
1 , 4 
SET 3 
SE TB 

SET TO F A L S E 
GET FMAXB 

COMPARE WITH F i-1 AXA 
AC GREATER. TRY NEXT TEST 
EQUAL OK 

SET TRUE 

FORM FMAXC/TEMPC 

COMPARE WITH CONSTANT 
FMAXC/TEMP .GT. 3#E--8 

S E T TRUE 

S E T F L A S E 
T S FMAXC/TEMPC . L E . l o 5 E - 8 

NO 
Y E S 
Y E S 
RETURN 
GET FMAXB 

COMPARE WITH F f-'i A X A 
NO GOOD RETURN 
OK SET TRUE 
OK SET TRUE 
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* 
C K 2 2 B 

N E O 

N E O 1 

N E 0 3 

Y P R 3 

C H E C K C O N D I T I O N A N D O V E R S A T I S F 1 C A T I O N 

N X T S 

E N D I T 

S X A E N D I T , 2 

S X A E N D I T + 1 4 4 

S T L a i A T n o c 1 CUNU 1 ( I UN cL i KUt-
L X A M CT Ol' 1 A T" f Ol f\ 1 C 

IM fc. U\J A I | U (X1 o 
1 V A 
L X A N T N i 4 

C L A tt * 4 4 O c l L A S T Y P K I N D G 

S T O T 1 S A V E T 1 

C L A tttt , 2 O f r T Ov i i— Oi A ». i /~ r -

G E T T O L E R A N C E * 

S T O T 3 A \ / t— T T 
S A V E I T 

C L A tt tt , 4 GEiT L A S T Y P K « 

S T O T 2 b A V fc. , J 1 
P" c ra T 1 1 J cr o\ o fv v o ̂ f̂ A 

r U W lvi Y r rx U O C C D 

b est-' 
M A t-̂ " [t" C ( ( O t T I T T Q V^!^\ C T x I v / t ~ 
MAfxc oUKfc. i 1 1 o HUo 1 1 J Vfc. C T r\ 

S ! O T E M P F 

N Z T B S A T A T o n O A T r t [— A l r - O " 
I S B S A , A F - A L S E 

T R A N X T S Y t . S < OO T O NbXT I c S T 
X C A 

F M P H D 
C 1 I t / 
S L W T 1 c A \ / zz A I J r LJ r\ T ir r~ii~ 
X C A 

r Mr-' r\ D 

cow 
cr Oi n \/ o o\ f ~) o rr" o T T ^ M ~r cr n M 

V A C 

C A b 1 Jt o o, i") A n P* 11 / T T t~J T 01 13 A K lO t" 

LUf^lr /X̂ v'L W l l f i 1 ULfc.KAI\'Lfc. 
T R A * + 3 

O r—i r— A i— r~\ 
G R E A T E R 

T " |—) A 

T R A 
N X T S E O U A L 

N X T S 1 c c c 
L E S S 

^ "T" "7 
S T Z 

in r- A - r ^ 

B o A T a 
KA A Ly [~ CT A 1 <" " 

M A K c r A L j c 
r A M G F T I N P 1 - " " * O F F A I <xF TPl R - P A N C F 

O C * J 1 ^ L y •— A r f I— o L_ f Vy {_ i rv i» A I N V- I , S T O T O I P O S S A V E I T 

T P" M P F C- '• • T T ̂  N'' P F 

F M P (r L/ M U I T I P I Y R Y C U P P F N T H l*i vy 1 1 1 i I— ' L y i v^vy^vrvL- iNi [i 

V r A A V w A 

r ( V i H — P i / i / i n o " 7 P p 
— £.1 ft4MVy> 1 r- c n 

S 
M A K . L 3 U W L 1 1 Jo HUb 1 1 ' V L 

C A S T 3 C O M P A R E W I T H T O L E R A N C E 

S T Z B O V S A T G R E A T E R S E T F A L S E 

T R A tt+ 1 

C L A B O V S A T C H E C K T O S E E 

A D D B S A T O ' I F P R E M A T U R E L Y 

T Z E E N D I T D O N E 

T X I * + 1 , 4 i - 2 

T I X N E O + 2 . 2 • i 

A X T tttt , 2 
A X T tttt, 4 

T R A 1 , 4 
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* 
MULCH 

PR E P A R E S REMEMBERED VALUES 
FOR A S T E P S I Z E CHANGE OF ML TPL 

CONST 

CONOK 

ML DP 

SXA X2 •> 2 
SXA X2+1 ,1 
SXA X2 + 2 ' 3 
LDQ = 0 
CLA MLTPL GET CHANGE M U L T I P L E 
CAS NUM-8 SAME AS LAST CHANGE 
TRA tt + 2 NO 
TRA CONOK Y E S * GO AHEAD AND CHANGE 
DST NUM-8 SAVE IN DP 
AXT 6, 1 
XCA 
FMP MLTPL FORM NEXT M U L T I P L E 
DST NUM , 1 SAVE I T IN DPo 
T I X CONST,1 « 2 
LXA NTN , 2 ALL S E T S . 
AXT 4 • 1 4 I N EACH S E T 
AXT rj ' - j 

o » 3 CLA L A S T * I GET PROPER D ADDRESS« 
STA tt + 2 

STA tt + 3 
DLD . -Xtt, 2 GET NEXT D» 
DFMP NUM , 3 
DST tttt , 2 STORE NEW D. 
TX I tt+1 , 3,--2 
T I X MLDP,1« 1 
T I X CONOKH-1 ,2,2 
AXT tttt , 2 
AXT • tttt , i 
AXT tttt , 3 
TRA 1 < 4 
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vT fr /A V 1 N o M K^, Ll r y T f- r~\ C T LV Q o P M P M W P" O P n 

ir 

ji. 

\ / A t 1 1 P" Q A M Tl 1 tr pr -r V 'k 'CT V T r ^ \ / A l ' I P 

TT 

i i r~> rx T SXA X O H ? M-

SXA X O H " r 1 ? O 

. SXA X 'o '4 -4- ^ t ^ 

S X A X V> H + J) « 1 
L A A N 1 IN « c L-n.A INLPL N O C . i o « 

Do rM rx C P V D O 

D i S U U O Y H K L' O » 

rx c T" 
D S l 

i C i l v ! H A 

A V T" A X 1 1 ^ . o 

A V T A X 1 o * *+ 

i i r~i rx i /— l A 

G L A 
tr t_ ^ fx r L. A <o o 

TZE O O I ") LT 

1 NDCH rx v A K X A Pi - yi U « ^ 

A O C 
A K b J 

PAX C 9 1 XR 1 HAS NO© OF TERMS / ^.OUAT 
DLD 1" E M P A 
DFMP COR ? ̂  
Dr AD* i A C T " "* 

L A S T , I OLD r AC 1 OR * 
DST TEMP 
TNX AGN1 , 1 • 1 

H U i:> <r rM rx -ii-U L LV * 1 A C T - 1 L A b 1 1 ] P'PT M P V T PAf—P T'l Q „ O C I N C A l r A ^ 1 UK e 

rx M D IJr \ArJ M i l l 

PiF A n U i A U T p M O 1 C i v l K 
n C T U b 1 T P V. O 

T v r 
T X I *+1 , 3 , ~ d 

T I X POSH ,1,1 F I N I S H T H I S UPDATING 
AGN 1 SXA * + 6, A 

PXA 0 , 4 
ARS 1 
PAX 0 , 4 
DLD TEMP 
DST* L A S T » 4 
AXT **, 4 
T I X INDCH,4,2 
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PK T DP CLA tt tt 
ADD = 1 
STO tt tt 

XG4 1 T I X D6 , 2 « 2. 
DLD XD 
DST XTD 

XG4 AXT tttt , 4 
AXT tttt , 3 
AXT tttt, ? 
AXT tttt , 1 
TRA 1 « 4 

SPR& PX A 0 , 4 
ARS 1 
PAX 0 « 1 
LDO T* r r h.l r™i A 

T t M P A cr* \A rx / " rx n /i L ^ ' x , <4 

r A IJ if ( A C T . 1 

L A b 1 • 1 
r x c T "T* Cr r x 

TNX AGN2 « 1 1 

9 1 
P 0 S 3 I rx r ^ J£- r Ai c x i 

L A S T » 1 FMP MUL • 3" 
r x cr A r x 
U r A U 

X P - (VI o 
1 L. I ' t H DST TEMP 

- r v i 

T X 1 * + 1 • 3 i O 
— 

1 I A K U o J « 1 < J 
O A A ^ - r o « ̂  
r> v A 

t A ^ 
VJ , M 

ARS 1 
PAX 0,4 
DLD TEMP 
DST* LAS T ,4 
AXT tttt , 4 
T I X SPRE , 4 , 2 

PKTSP CLA tt* 
ADD = 1 
STO tttt 
TRA XG4 1 

BUMP DP COUNTERe 

GET CURRENT X 
STORE IN L E F T MOST X C E L L 

BUMP SP COUNTER «• 
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* U T I L I T Y R O U T I N E S 

* 

* C A L L S S U B R O U T I N E A U X « F O R N E W V A L U E S O F Y P R 

# 

A U X S X A X 4 1 , 4 

T S X 

P Z E X D 

Y P Z E 

Y P R P Z E 

X 4 1 A X T 

T R A 1 • 4 R E T U R N 

# 

* R O U T I N E T O C H A N G E T H E D I R E C T I O N S O F T H E S T E P 

R E V R S E S X A R E G I S 4 « 4 

C L A S E T M U L T I P L E T O M I N U S O N E 

S T O M L T P L S A V E -1 S T E P F A C T O R . 

T S X M U L C H , 4 

D L D H D G E T C U R R E N T I N C R E M E N T 

C H S 

L R S 0 
D S T H D M A K E I T I N C R E M E N T N E G A T I V E 

A X T 4 , 3 R E S E T D O U B L E I N G C O U N T 

R E G 1 S 4 A X T - * * , 4 

T R A 1 , 4 

S P A C E 2 

A B O R T C A L L J O B O F F F O R C E O F F U S E R 
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EVEN 
f ̂  r*» i DEC 
HALE DE C 
T l DEC 
TEMPA DEC 
ZOO DEC 
TWO DEC 

XTD P Z E 
PZE 

XD PZ E 
PZE 

HD PZE 
PZE 

XDX PZE 
P Z E 

FXD r~i "7 t— P Z E 
PZ E 

MLTPL r x "7 r-
PZE 
r x "7 i— 
PZE NUM B E S 

TE MP r x T cr 
P Z E 
n V cr 

r x cr r • ULC 
r x cr r • U U C 

DEC 
COR DEC 

DEC 
Ml il 
M U L 

O'Z cr 

N r x "7 cr 

IN 1 1 v D~7 tr r - t - fc 

r M A X o n "7 cr H / L 

TEMPB PZE 
TE MP G r x "7 r~ P Z t 
FMAXC PZE 
T2 PZE 
TEMPC PZ E 
BSATC P Z E 

BSATA PZE 
BSATB PZE 
BOVSAT PZE 
T3 P Z E 
TOLPOS PZE 
FMAX A PZE. 
TEMPF P Z E 
FLAG P Z E 

INTERNAL STORAGE 

0 » « 0 • 

0 » 5 , 0 o 0 

Oo 9 0 » 

0 » , 0 . 

0 , 0 ZERO C E L L S * 
2 « , 0 « DP 2 « 

8 

1 • 0 4 1 6 6 6 6 7 4 3 2 7 , 0 « , , ' ' 4 8 6 1 1 1 1 1 4 7 4 3 , 0 e 

« 1 0 4 1 6 6 6 6 7 4 3 2 7 , O o O 

« 8 3 3 3 3 3 9 5 4 1 E - 2 » 0 . 

> 3 2 9 8 6 1 3 1 1 1 I , 0 o 

3 « , 0 o , 6 e , 0 t , 1 0 o , 0 o ' s 4 « , 0 e , 1 0 o , 0 o , 5 o , 0 o 

N+N. 
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G O . P Z E 

S T A R T P Z E 

S T A R T D P Z E 

F O R C E P Z E 

F I R S T P Z E 

T O L E Q U 

D 9 E Q U 

E N D 
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