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PREPACE 

The w r i t e r has a t w o f o l d purpose i n w r i t i n g t h i s t h e s i s . 
P i r s t , he f e e l s i t i s necessary t h a t a program be developed 
whereby students may begin t h e i r p r e p a r a t i o n f o r algebra i n 
k i n d e r g a r t e n and then b u i l d on t h i s foundation n a t u r a l l y and 
c o n s i s t e n t l y through the f i r s t e i g h t grades. Only through 
d e l i b e r a t e planning can the p u p i l develop the readiness which 
f a c i l i t a t e s h i s e x p l o r a t i o n of formal algebra. 

Second, i t i s hoped t h a t t h i s t h e s i s w i l l provide 
some degree of enlightenment f o r teachers whose p u p i l s are 
mere manipulators. Those teachers who t r a i n students t o op
erate mechanically on a m u l t i t u d e of symbols may be persuaded 
t o examine the reasons f o r r e o r i e n t i n g t h e i r teaching purposes 
and procedures. 

I t i s not the w r i t e r ' s i n t e n t i o n t o g l o r i f y algebra 
or t o degrade a r i t h m e t i c . Both are e s s e n t i a l and honorable 
p a r t s of mathematics. 
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CHAPTER 1. INTRODUCTION 

1.1 Background 
As a teacher o f n i n t h grade algebra, the w r i t e r has 

encountered two major obstacles which thwart his teaching 
e f f o r t s . P i r s t , there i s a c r i t i c a l need f o r more time to 
be devoted to the mastery o f algebra. One school term i s 
not adequate f o r a thorough coverage o f a l l o f the concepts 
which should be mastered by the end o f the f i r s t course i n 
formal algebra. As a r e s u l t , the n i n t h grader, who u s u a l l y 
i s handicapped by a l a c k o f readiness f o r algebra, f i n d s an 
avalanche of t o t a l l y u n f a m i l i a r m a t e r i a l heaped upon him 
f a s t e r than he i s able to handle i t . The exce p t i o n a l student 
may respond p o s i t i v e l y t o t h i s challenge, but the ordinary 
student i s f r u s t r a t e d by i t . Such an attempt t o teach alge
bra, or any other s u b j e c t , " a l l a t once" i s wholly i n c o n s i s t 
ent w i t h our c u r r e n t philosophy of education. 

Secondly, the student's responses are f r e q u e n t l y 
m i s d i r e c t e d by the "compartment" type o f mathematical expe
riences to which he has been exposed—pre-vionsly. A d i f f i 
c u l t y I n operating w i t h the p o s i t i v e and negative i n t e g e r s , 
f o r example, may stem from the impression of a second grade 
teacher's s h o r t s i g h t e d d i r e c t i o n : "We always s u b t r a c t the 
smaller number from the l a r g e r . " The student may st r u g g l e 
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unnecessarily with, algebra as a r e s u l t of having been 
confused about the d i f f e r e n c e between numbers and symbols 
f o r numbers and the r e l a t i o n s h i p s t h a t e x i s t between numbers 
and p h y s i c a l e n t i t i e s . He may have been taught to perform 
operations w i t h o u t ever having been s t i m u l a t e d t o examine the 
r e l a t i o n s h i p s which e x i s t i n the number operations. The a r i t h 
metic lessons planned w i t h o u t long-range goals are p o t e n t i a l 
stumbling blocks i n the algebra classroom. 

1«2 Statement_of the Problem 
How can the teachers o f Grades K-8 i n i t i a t e and pro

mote a continuous growth of the number concept i n order t o 
insure an adequate p r e p a r a t i o n f o r algebra? This i s the 
question which the w r i t e r has attempted to answer through 
t h i s t h e s i s . 

The ansX'Jer, i n general terms, i s i m p l i e d i n the p h i 
losophy o f the Twenty-Pourth Yearbook of the National Council 
o f Teachers o f Mathematics: 

Teachers i n a l l grades should view t h e i r tasks i n the 
l i g h t of the idea t h a t the understandings o f mathematics 
i s a continuum, t h a t understandings grow w i t h i n c h i l d r e n 
throughout t h e i r school career. . . . Teachers should 
f i n d what ideas have been presented e a r l i e r and d e l i b 
e r a t e l y use them as much as possible as the basis f o r 
teaching new ideas. . . . Teachers should look to the 
f u t u r e and teach some concepts and understandings even 
i f complete mastery cannot be expected.^ 

^ - P h i l l i p S. Jones, "The Growth and Development of 
Mathematical Ideas i n Ch i l d r e n , " The Growth of Mathematical 
Ideas: Grades K-12, Twenty-Fourth Yearbook o f the Na t i o n a l 
Council o f Teachers o f Mathematics (Washington, D. C: by 
the Council, 1959), pp. 3-^. 
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The problem then i s the a p p l i c a t i o n of t h i s "open 
end" philosophy to the opening question. 

I t should be r e a l i z e d t h a t the proposals o f t h i s 
t h e s i s , although d i r e c t e d toward p r e p a r a t i o n f o r algebra, 
support the basic procedures inherent i n any sound and mean
i n g f u l development o f the number concept throughout the study 
of a r i t h m e t i c even i f p r e p a r a t i o n f o r algebra i s not a major 
o b j e c t i v e . 

1.3 Scope 
The h i s t o r i c a l development o f the number concept from 

an algebraic p o i n t o f view i s remarkably s i m i l a r to the devel
opment of the c h i l d ' s understanding o f t h a t same concept. 
An understanding o f one broadens an understanding o f the 
other. Por t h i s reason, the w r i t e r has delved f i r s t i n t o 
the h i s t o r y of the development o f the number concept, i n c l u d 
i n g those phases u s u a l l y associated w i t h the study of algebra. 

I n discussing the i n i t i a t i o n and growth of the c h i l d ' s 
concept of number, only t h a t m a t e r i a l i s included which i s 
p e r t i n e n t to the school years which precede the student's 
formal algebra t r a i n i n g . I n raost schools formal algebra i s 
encountered by the p u p i l f o r the f i r s t time i n the n i n t h 
grade. 

I.i } . Procedures 
The w r i t e r has made a survey o f the a v a i l a b l e l i t e r a 

t u r e p e r t a i n i n g to the s t a t e d problem. Courses of study, 
c u r r i c u l u m guides, methods books, textbooks, p e r i o d i c a l s . 



pamphlets, yearbooks, and mathematics books were explored. 
The ma t e r i a l s most p e r t i n e n t t o the problem were selected f o r 
reading. The i n f o r m a t i o n c o l l e c t e d from t h i s body of l i t e r a 
t u r e was developed i n t o t h a t p a r t o f the a r i t h m e t i c program 
which provides f o r the growth o f the number concept during 
the Grades K-8 and thus prepares the student f o r his formal 
algebra t r a i n i n g . 

1.5 L i m i t a t i o n s 
To the w r i t e r ' s knowledge there are no a v a i l a b l e 

r e s u l t s of research conducted i n connection w i t h the i n i t i a 
t i o n and growth o f the number concept i n p r e p a r a t i o n f o r 
algebra. However, a t the present time several groups and 
i n d i v i d u a l s are making d e f i n i t e proposals t h a t are c l o s e l y 
r e l a t e d to the problem of t h i s thesis.2»3»U-»5,6,7,8,9 

2Lowry W. Harding, A r i t h m e t i c f o r C h i l d Development 
('Dubuque, Iowa: W i l l i a m C.. Brown Company, 1959). 

Blfation a l Council o f Teachers o f Mathematics, The 
Growth o f Mathematical Ideas: Grades K-12, Twenty-Fourth 
Yearbook. 

IjW. W. Sawyer, "Algebra i n Grade Five," The A r i t h m e t i c 
Teacher, V I I (January, I 9 6 0 ) , 25-2?. 

5Fr ancis J. Mueller, " B u i l d i n g Algebra Readiness i n 
Grades Seven and E i g h t , " The A r i t h m e t i c Teacher, VI (November, 
1959), 269-273. 

M̂. L. Hartung, H. Van Engen, a i d Lois Knowles, 
Teaching Guide f o r Seeing Through A r i t h m e t i c 6 (Chicago: 
S c o t t , Foresman, an d <Comp any, 1959TI ~ 

7school Mathematics Study Group, Mathematics f o r 
Junior High School (2 v o l s ; New Haven, Connecticut: Yale 
U n i v e r s i t y , 1959). 

^Eugene and State of Oregon A r i t h m e t i c Scope and 
Sequence Committee, " A r i t h m e t i c , " e d i t e d by Oscar Schaaf 
(Eugene, Oregon, 1958). 

9B. H. Gundlach, G. C. M. P. P r i n c i p a l s Notebook: 
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The w r i t e r himself has not had an o p p o r t u n i t y to put 
I n t o p r a c t i c e i n the classroom the suggestions proposed i n 
t h i s t h e s i s f o r the i n t r o d u c t i o n o f the number concept. 

1.6 Meanings o f Important Words 
I n order to avoid ambiguity, i t i s necessary t o pro

vide meanings f o r the important -words used throughout t h i s 
t h e s i s : (1) a r i t h m e t i c , (2) algebra, and (3) number concept. 

A r i t h m e t i c . — " A r i t h m e t i c , " according t o McDowell, 
" i s the science which t r e a t s o f numbers and of the method or 
way of c a l c u l a t i n g w i t h them." 1 0 James and James give a more 
precise d e f i n i t i o n of a r i t h m e t i c . They define a r i t h m e t i c t o 
be "the study of the integers 1, 2, 3, k, $ . . . under the 
operations of a d d i t i o n , s u b t r a c t i o n , m u l t i p l i c a t i o n , d i v i 
s i o n , r a i s i n g to powers, and e x t r a c t i n g r o o t s , and the use 
o f these r e s u l t s i n everyday l i f e . " l l Buswell's d e f i n i t i o n 
i s q u i t e comprehensive: 

The meanings of a r i t h m e t i c can be roughly grouped 
under a number of categories. I am suggesting f o u r : 

1 . One group consists of a l a r g e l i s t of basic con
cepts. Here, f o r example, are the meanings of 
whole numbers, of common f r a c t i o n s , of per cents, 
and, as most people would say, o f r a t i o and p r o 
p o r t i o n . Here belong, a l s o , the denominate num
bers, on which there i s only s l i g h t disagreeirent 
concerning the p a r t i c u l a r u n i t s to be taught. 

Elementary K-6 (Cleveland, Ohio: Educational Research Council 
of Greater Cleveland, I 9 6 0 ) . 

1 0C. H. McDowell, A Short D i c t i o n a r y of Mathematics 
(New York: P h i l o s o p h i c a l L i b r a r y , 1957), p. 3. 

UGlenn James and Robert C. James, Mathematics D i c t i o n -
a r j ; (Ndw York: D. Van Nostrand Company, I n c . , 19ft9), p. 20. 
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Here, too, are the t e c h n i c a l terras o f a r i t h m e t i c -
addend, d i v i s o r , common denominator, and the l i k e — 
and, again, there i s some d i f f e r e n c e of opinion as 
to which terms are e s s e n t i a l and which terms are 
not. 

2. A second group o f a r i t h m e t i c a l meanings includes 
understandings o f the fundamental processes. C h i l 
dren must know when to add, when to s u b t r a c t , when 
to m u l t i p l y , and when to d i v i d e . They must possess 
t h i s knowledge, and they raust also know what happens to the numbers used when a given operation i s 
employed. 

3. A t h i r d group o f meanings i s composed o f the more 
important p r i n c i p l e s , r e l a t i o n s h i p s , and g e n e r a l i 
zations o f a r i t h m e t i c , of which the f o l l o w i n g are 
t y p i c a l : When 0 i s added to a number, the value 
of t h a t number i s unchanged. The product of two 
a b s t r a c t f a c t o r s remains the same regardless of 
which f a c t o r i s used as a m u l t i p l i e r . The numera
t o r and denominator of a f r a c t i o n may be d i v i d e d 
by the same number w i t h o u t changing the value o f 
the f r a c t i o n . 

Ij.. A f o u r t h group o f meanings r e l a t e s to the under
standing of our decimal number system and i t s use 
i n r a t i o n a l i z i n g our computational procedures and 
our a l g o r i s m s . ^ 

Algebra.--Buswell's statement leads n a t u r a l l y i n t o 
the meaning of elementary algebra, f o r as Nunn says: 

The f i e l d of common algebra i s t h a t of numbers and 
t h e i r r e l a t i o n s . . . . 

The algebra w i t h which we are a l l f a m i l i a r i s only 
one of an i n f i n i t e number of possible algebras. Wher
ever there i s a f i e l d of i n q u i r y o f a c e r t a i n type, an 
algebra may be invented t o f a c i l i t a t e t h a t i n q u i r y . 1 3 

James and Janes emphasize the connection between a r i t h m e t i c 
and algebra by d e f i n i n g algebra i n the f o l l o w i n g words: 

A g e n e r a l i z a t i o n o f a r i t h m e t i c ; e. g., the a r i t h m e t i c 
f a c t s t h a t 2 * 2 + 2 = 3 x 2 , k+k+k=3xk' • • are 
a l l s p e c i a l cases of the (general) algebraic statement 

1 2G. T. Buswell ( e d . ) . Improving the Program i n A r i t h 
metic (Chicago: U n i v e r s i t y o f Chicago Press, 19l±b), pp. 10-19. 

13T. Percy Hunn, The Teaching of Algebra (New York: 
Longmans, Green and Company, 1931), pp. 5-6. 
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t h a t x + x + x = 3x, where x i s any number. L e t t e r s 
denoting any number, or any one of a c e r t a i n set of num
bers, such as a l l r e a l numbers, are r e l a t e d by laws t h a t 
hold f o r any numbers i n the set; e.g., x + x = 2x, f o r 
a l l x ( a l l numbers). On the other hand, con d i t i o n s may 
be imposed upon a l e t t e r , r e p r e s e n t i n g any one of a s e t , 
so t h a t i t can take but one value, as i n the study of 
equations; e.g., i f 2x + 1 = 9, then x i s r e s t r i c t e d to 
I4.. Equations are met i n a r i t h m e t i c , although not so 
named. Por instance, i n percentage one has to f i n d one 
of the unknowns i n the equation, i n t e r e s t = p r i n c i p a l . 
times r a t e , or I = p x r , when the other two are given.•L1+ 

I t may be s a i d that a person must understand a r i t h 
metic before he can understand algebra. A knowledge o f the 
p r i n c i p l e s o f a r i t h m e t i c make the mastery o f elementary alge
bra easier since i n algebra a r i t h m e t i c i s encountered i n a 
generalized and shorthand f o r m . ^ 

Number Concept.—What i s a person's mental image of 
number; t h a t i s , what i s a person's number concept? Number 
has been spoken o f as probably the o l d e s t u n i f y i n g theme of 
mathematics.• L O An i n d i v i d u a l ' s mental image of number devel
ops as he acquires knowledge of the number system and how i t 
operates. 1? O r i g i n a l l y the number concept inc l u d e d only the 
counting numbers ( 1 , 2, 3, . . . ) . 1 8 As time passed the 

1^"James and James, o£. c i t . , p. 7. 
^ " P r e v i e w o f Algebra, Prepared by the D i v i s i o n o f 

I n s t r u c t i o n " (Columbus Public Schools, 1958), p. 1. 
l 6E. Glenadine Gibb, P h i l l i p S. Jones, and C h a r l o t t e 

W. Junge, "Nuraber and Operation," The Growth o f Mathematical 
Ideas: Grades K-12, Twenty-Fourth Yearbook of the N a t i o n a l 
Council o f Teachers o f Mathematics, p. 7. 

^George E. H o l l i s t e r and Agnes G. Gunderson, Teaching 
A r i t h m e t i c i n Grades One and Two (Chicago: D. C. Heath and 
Company, 1 9 ^ ) , p. 6. 

i ft 
-^Richard Courant and Herbert Robbins, What i s Mathe

matics? (New York: Oxford U n i v e r s i t y Press, i f j l ) , p. 52. 
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concept o f number was broadened to include new numbers—zero, 
the f r a c t i o n s , the negative i n t e g e r s , and the i r r a t i o n a l 
numbers. 1^ 

A l l e n d o e r f e r and Oakley give the f o l l o w i n g represen
t a t i o n o f the nuraber systeras and t h e i r r e l a t i o n s h i p s : 

complex numbers 
a + b i 

I 1 . -
r e a l numbers imaginary numbers 

b = 0 a = 0, h 4 0 
I ' 1 

r a t i o n a l numbers i r r a t i o n a l numbers 
r - J • 

i n t e g e r s f r a c t i o n s 

n a t u r a l numbers zero negative numbers^O 
(coun t i n g numbers) 

Summary.—Arithmetic i s the study o f the p o s i t i v e 
r a t i o n a l numbers. Algebra i s the study o f the r e a l number 
system. The number concept i s a person's mental image of 
number. The study o f a r i t h m e t i c w i t h a view to p r e p a r a t i o n 
f o r algebra, i n t h i s t h e s i s , r e f e r s t o a c o n t i n u a l l y expand
i n g concept of number. The study of number as an expanding 
and growing concept i s fundamental to any e f f e c t i v e a r i t h 
metic program whether or not p r e p a r a t i o n f o r algebra i s 
intended. 

^ G i b b , l o c . c i t . , pp. 7-8. 
2 0C. B. A l l e n d o e r f e r and C. 0. Oakley, P r i n c i p l e s of 

Mathematics (Hew York: McGraw-Hill Book Company, I n c . , 1^3>5), 
p. 65. 



CHAPTER 2. A BRIEF HISTORY OF THE NUMBER CONCEPT 
FROM AN ALGEBRAIC POINT OF VIEW 

The scope of ttie h i s t o r i c a l development o f the number 
concept i s indeed tremendous. Of necessity, the w r i t e r has 
l i m i t e d his study to those f a c t s which best i l l u s t r a t e the 
f o l l o w i n g p o i n t s : (1) the s i m i l a r i t y between the h i s t o r i c a l 
development o f the number concept and the student's growth 
i n understanding t h a t same concept and (2) the development 
of algebra as an outgrowth of man's struggle to understand 
numbers and the processes t h a t he performs w i t h them. 

The number concept had i t s beginning i n the obscure 
p e r i o d before recorded h i s t o r y . I n 1938 i n Moravia, a pre
h i s t o r i c bone was found, which i s marked w i t h groups o f f i v e 
notches, each group of f i v e being f o l l o w e d by a l a r g e r notch.^ 
From evidence such as t h i s , one surmises t h a t e a r l y man was 
i n t e r e s t e d i n number. I t i s probable t h a t e a r l y man f e l t a 
need f o r a system o f keeping t r a c k o f his meager possessions. 
Perhaps he viewed his belongings as sets to be matched by a 
one-to-one correspondence to pebbles or notches i n a bone. 
I n such a simple, p r a c t i c a l manner he would have been b e t t e r 
able to comprehend the q u a n t i t a t i v e aspect of his environment. 

2 1 G i b b , Jones, and Junge, o£. c i t . , p. 10. 

9 
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The system of matching one o b j e c t to a n o t h e r — a one-
to-one correspondence—is one o f the e a r l i e s t stages of a 
c h i l d ' s developing number c o n c e p t . 2 2 Pre-school c h i l d r e n 
f r e q u e n t l y hold up fou r f i n g e r s to i n d i c a t e how many pieces 
of candy they want or how o l d they are. 

Just as t h i s p e r i o d o f holding up the f i n g e r s to i n d i 
cate a number i s but one phase i n the developmental process, 
so the use of sets of elements and t h e i r corresponding re p r e 
sentations i s only one phase i n man's development of the 
number concept. I t r e q u i r e d thousands of years f o r man to 
progress from t h i s e a r l y stage to a stage i n which he e n v i 
sioned an a b s t r a c t symbol to f a c i l i t a t e his q u a n t i t a t i v e 
t h i n k i n g . Again i t r e q u i r e d thousands of years f o r man to 
l e a r n to generalize the a b s t r a c t symbols i n t o r e p r e s e n t a t i o n s , 
such as the f o l l o w i n g : X represents any i n t e g e r . 23 

Thus i t i s apparent t h a t algebra d i d not begin as a 
po l i s h e d body o f ge n e r a l i z a t i o n s about number processes. 
P i r s t , man thought i n terms of sets o f obj e c t s . Next, he 
used a b s t r a c t symbols, such as //// and ev e n t u a l l y " I j . " to 
represent the number q u a l i t y of a s e t . F i n a l l y , he developed 
processes of comparing and combining these a b s t r a c t symbols 
t o a r r i v e a t new c o n c l u s i o n s — t h e processes o f a r i t h m e t i c . 

This stage represents another plateau o f growth i n 
the c h i l d ' s developing concept o f number—the study of number 

22Bruce E. Meserve, Foundations o f Algebra f o r High 
School Mathematics Teachers ( S t i l l w a t e r , Oklahoma: Oklahoma 
A g r i c u l t u r a l and Mechanical College, 1955), p. 3. 

2 3 l b i d . , p. 6. 
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operations o f a r i t h m e t i c . H o l l i s t e r and Gunderson eraphasize 
the step by step development of the c h i l d ' s number concept 
from the concrete stage o f sets to the a b s t r a c t stage o f sym
bols as f o l l o w s : 

1. The concrete stage i n v o l v i n g counting or manipulating 
t a n g i b l e objects to discover the ideas and meanings 
o f numbers. 

2. The semiconcrete stage i n which the p u p i l s work 
w i t h p i c t u r e s of r e a l objects and then w i t h dot 
diagrams, l i n e s , and geometric designs. The l a t t e r 
r epresentations are a f u r t h e r step toward the ab
s t r a c t because, although they are used to repre
sent the number of o b j e c t s , they do not resemble 
the o b j e c t s . 

3. The a b s t r a c t stage i n which number symbols and 
w r i t t e n words are used to represent quantities.^q-

I t i s of s i g n i f i c a n c e t o the educator t h a t these three steps 
apply to both the h i s t o r y of the number concept and the devel
opment of a c h i l d ' s understanding o f number. 

One should not f e e l t h a t the study of numbers from an 
algebraic p o i n t of view blossomed q u i c k l y at t h i s p o i n t i n t o 
a f u l l y developed concept. Only g r a d u a l l y d i d algebra pass 
through various stages u n t i l i t emerged i n i t s present form. 
These stages are sometimes r e f e r r e d to as the f o l l o w i n g : (1) 
the r h e t o r i c a l phase, (2) the syncopated phase, and (3) the 
symbolic phase. 

I n the beginning o f the r h e t o r i c a l phase man had devel
oped a concept of number and a b s t r a c t symbols to i n d i c a t e num
bers. He was now ready t o study these numbers as they com
bined i n operations. His d i f f i c u l t i e s i n t h i s study l a y i n 
his method o f s t a t i n g and w r i t i n g out s o l u t i o n s . Everything 

21*011 i s t e r and Gunderson, o£. c i t . , p. 19. 
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was w r i t t e n out i n words. I t was because of t h i s cumbersome 
method t h a t the phase was so named. 

The e a r l i e s t records of the a c t i v i t i e s o f the r h e t o r i 
c a l p e r i o d have been preserved i n the w r i t i n g s of the Egyptian 
scribe Ahmes. The Ahraes Papyrus, w r i t t e n about 16^0 B. C, 
was a copy of e a r l i e r works. 25 Ahmes introduced i t as "the 
entrance i n t o knowledge of a l l e x i s t i n g things and a l l ob
scure secrets." 2^* 

I n general t h i s "knowledge of a l l e x i s t i n g things and 
a l l obscure secrets" was concerned w i t h word problems and 
t h e i r s o l u t i o n by a r i t h m e t i c r u l e s and procedures. The Egyp
t i a n s had a thorough understanding o f the f o u r fundamental 
number operations. Number, by t h i s time, had been extended 
to include the system of r a t i o n a l s i n the form o f u n i t f r a c 
t i o n s . I t i s iraportant to note t h a t although the Egyptians 
solved t h e i r problems a r i t h m e t i c a l l y , these same problems 
would today be solved by algebraic processes. 27 This i s an 
i n d i c a t i o n of the r e l a t i o n s h i p which e x i s t s between a r i t h 
metic and algebra. 

The e a r l y Greeks also played a r o l e i n the r h e t o r i c a l 
phase. At t h i s tirae they extended the'number system to i n 
clude the i r r a t i o n a l s . Moreover, they I n t e r p r e t e d the 

25Daoud S. K a s i r , The Algebra o f Omar Khayyam (New York: 
Bureau of P u b l i c a t i o n s of Columbia U n i v e r s i t y , 1931), p. 12. 

^Meserve, OJD. c i t . , pp. 7-8. 
^ 7 I b i d . , p. 10. 
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fundamental number operations i n terms of geometric construc
t i o n s . 2 ^ The Greek geometric i n t e r p r e t a t i o n of algebra placed 
r e s t r i c t i v e notions upon algebra which l a s t e d u n t i l the begin
ning o f the seventeenth century. 

The development o f algebra.was n o t i c e a b l y advanced a t 
about 5>0 A. D. when Diophantus introduced the use of abbre
v i a t i o n s i n t o number problems. 29 This event ushered i n the 
syncopated phase. I t should not be i n f e r r e d t h a t Diophantus 
introduced the generalized number. His abbreviations were 
merely a means o f e l i m i n a t i n g the burden of w r i t i n g out each 
word and each idea surrounding the s o l u t i o n o f a pr o b l e m — 
one step towards man's conception o f the generalized nuraber 
X. By the end o f the syncopated phase i n the s i x t e e n t h cen^ 
t u r y , i t could be s a i d t h a t elementary algebra was f a i r l y 
w e l l p e r f e c t e d . The only remaining task was the development 
of a good symbolism.30 

When Descartes recognized X 2 as a number r a t h e r than 
as an area (as had been the custom since the days of the e a r l y 
Greeks), the symbolic phase was begun. Students of elemen
t a r y algebra were now able to understand the concept o f a 
general member o f a s p e c i f i e d set.31 

2 8 I b i d . , pp. 17-18. 
2 9 I b i d . , p. 32. 
3 0David Eugene Smith, H i s t o r y of Mathematics, I I (New 

York: Dover P u b l i c a t i o n s , I n c . , 1953T7 p. 306. " 
^Meserve, o£. c i t . , pp. 38-39. 
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The symbolic phase represents the stage of t h i n k i n g 
t h a t i s the goal of elementary algebra students today. They 
have p r e v i o u s l y mastered an understanding of symbols i n d i c a t 
i n g a set o f o b j e c t s , such as 6 or 9. They are now g r a d u a l l y 
to develop an understanding o f the generalized symbol, such 
as X, which, f o r example, might stand f o r the s e t of r a t i o n a l 
numbers• 



CHAPTER 3. OPPORTUNITIES POR INITIATING AND 
DEVELOPING THE NUMBER CONCEPT 

IN GRADES K-8 

Chapter 3 presents and discusses o p p o r t u n i t i e s f o r 
i n i t i a t i n g and developing various phases o f the number con
cept i n Grades K-8. The m a t e r i a l has been planned w i t h a 
con s i d e r a t i o n of the c h i l d ' s s o c i a l and mental stage of de
velopment. Por a concise resume of t h i s chapter the reader 
may r e f e r t o the Grade Placement Summary provided i n Chap
t e r i j . . 

3.1 Kindergarten 
How important i s the kinde r g a r t e n p r e s e n t a t i o n of 

the mathematical Ideas t h a t can l a t e r be used i n algebra? 
According t o one source, the beginnings o f mathematical ideas 
are the very cornerstone o f a l l such concepts; and kindergar
ten i s the time to l a y t h i s Important b u i l d i n g b l o c k . ^ 2 This 
i s the viewpoint to which the w r i t e r of t h i s t h e s i s adheres. 
He v i s u a l i z e s the c h i l d ' s development of the number concept 
as a work of c r e a t i v e a r t — t h e weaving of a t a p e s t r y . Just 
as the weaver conceives his goal before he s t a r t s t o work, 
so the kinde r g a r t e n teacher establishes her goal before she 
s t a r t s t o teach. Unless she d e l i b e r a t e l y intends to b u i l d 

3 2Harding, op. c i t . , p. 85. 

15 
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readiness f o r algebra, her program i s l i k e l y to f a l l s h o r t o f 
meeting t h i s necessity. I n s t a r t i n g his t a p e s t r y , the weaver 
select s w i t h care threads t h a t he knows w i l l enhance his f i n 
ished product. Likewise, the teacher sele c t s w i t h care ideas 
which w i l l provide a f i r m f oundation f o r f u t u r e l e a r n i n g . 

Of the mathematical concepts which are to be i n i t i 
ated i n kindergarten and l a t e r used i n algebra, the number 
concept i s the one which has beeh selected f o r c o n s i d e r a t i o n 
i n t h i s study. Throughout the c h i l d ' s schooling one o f the 
u n i f y i n g themes o f the mathematics program i s the f a m i l i a r 
and fundamental idea o f number.33 

The kindergarten c h i l d i s ready f o r number.3^ i t i s 
the task of the teacher to promote her young p u p i l ' s number 
consciousness. This task she accomplishes by means of con
s c i e n t i o u s planning w i t h respect to the developmental stage 
of the c h i l d and the goal of b u i l d i n g algebra readiness. 

A b r i e f examination of the developmental stage, of the 
kind e r g a r t e n student enables one to understand and appreciate 
the a c t i v i t i e s planned by the teacher f o r developing the nura
ber concept. According to Harding, the k i n d e r g a r t e n c h i l d r e 
quires a c t i v i t i e s which i n v o l v e the use of the large muscles 
and l i t t l e m anipulative s k i l l . His program must be f l e x i b l e 
because the c h i l d i s impulsive. One o f his noticeable char
a c t e r i s t i c s i s his use o f imagination. He enjoys t a l e s and 

33Gibb, Jones, and Junge, l o c . c i t . , p. 
3 % i a r d i n g , o£. c i t . , p. 
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dramatic plays. He has l i t t l e self-consciousness and w i l l 
p a r t i c i p a t e w i l l i n g l y i n suggested a c t i v i t i e s . His a b i l i t y 
t o communicate i n number i s not as w e l l developed as h i s 
other language a b i l i t i e s . The a r i t h m e t i c p r i n c i p l e s t h a t 
mean the most t o him are those which can be i l l u s t r a t e d 
t h r o u g i the use of concrete m a t e r i a l s . ^ He has not acquired 
an a b i l i t y f o r the se q u e n t i a l mastery and use of number.^ 

The Twenty-Fourth Yearbook mentions the f a c t t h a t the 
kinder g a r t e n c h i l d has had some pre-school number experiences. 
As s t a t e d p r e v i o u s l y , he has made use of the one-to-one c o r r e -

37 
spondence, as i n h o l d i n g up f o u r f i n g e r s t o i n d i c a t e h i s age.-" 
He I s now ready f o r a program of I n t r o d u c t o r y and developmen
t a l a c t i v i t i e s . 

At a quick glance one might assume t h a t the program 
of the kin d e r g a r t e n teacher lacks planning and c o - o r d i n a t i o n 
because of i t s i n f o r m a l nature. However, a cl o s e r examina
t i o n of her a c t i v i t i e s reveals the developing number concept 
i n i t s f i r s t stages. I n c o n t r i b u t i n g t o the development of 
the complete number concept as r e q u i r e d i n algebra, the k i n 
dergarten teacher develops ideas about the f o l l o w i n g : (1) the 
number system, (2) counting, (3) zero, (lj.) number symbols, 
(5) r a t i o n a l s , and (6) the fundamental operations. 

Ideas about number o r i g i n a t e i n the c h i l d ' s immediate 
surroundings, both at home and i n school. Through discussion 

3 ^ I b i d . , pp. 5-6. 
3 6 i b i d . , p. 7lj.. 
-^Gibb, Jones, and Junge, l o c . c i t . . , p. 10, 



18 

periods the teacher can draw out thoughts such as the f o l l o w i n g : 
Every time I set. the table f o r "breakfast, I put one 

bowl f o r Mommy, one bowl f o r Daddy, one box-?! f o r Steve, 
one bowl f o r me, and one bowl f o r S i s t e r . I put out f i v e 
bowls every day.38 

Discussions about the numbers other than f i v e can proceed i n 
a s i m i l a r , r e a l i s t i c fashion. I n t h i s n a t u r a l manner the 
c h i l d progresses i n his comprehension of the c a r d i n a l numbers. 

At t h i s stage the c h i l d i s making a connection between 
the c a r d i n a l numbers and the counting numbers. The imagina
t i v e teacher can p l a n numerous " e x p l o r a t i o n " a c t i v i t i e s f o r 
a s s i s t i n g the c h i l d i n l e a r n i n g to count. For example, she 
may suggest these: (1) determining the number o f windows i n 
the classroom, (2) counting the number of students present, 
(3) counting cookies i n t o small groups f o r d i s t r i b u t i o n d uring 
snack t i m e . 3 9 

Another idea to be presented to the k i n d e r g a r t e n s t u 
dents i s t h a t o f zero and i t s uses. The class may observe 
t h a t as the teacher f i l l s i n an attendance c h a r t , she uses 
the zero to shov? no one i s absent from school t h a t day. Dis
cussions of temperature can lead to the understanding t h a t 
zero i s a reference p o i n t . The students may observe t h a t the 
use of zero on a p r i c e tag makes the d i f f e r e n c e between an 
a r t i c l e which costs ten cents and one which costs one cent. 

The number symbols may be approached, i n the same 
manner, through discussions. For example, the teacher may 

^ H a r d i n g , op. c i t . , p. 79. 
3 9 i b i d . , p. 76. 
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draw a t t e n t i o n to the meaning of the number above the c l a s s 
room door. I t can be observed t h a t such a symbol d i s t i n g u i s h e s 
the kindergarten classroom from the others. The c h i l d r e n are 
probably already f a m i l i a r w i t h the use o f number symbols i n 
the form of s t r e e t numbers, residence numbers, loc k e r numbers, 
and b i r t h dates.U-0 

The i n t r o d u c t i o n o f r a t i o n a l numbers i s another seg
ment of the k i n d e r g a r t e n teacher's number concept program. 
She may present the r a t i o n a l s i n simple statements about 
halves and q u a r t e r s . Por example, she may i n s t r u c t the s t u 
dents to cut sheets o f paper i n t o halves so t h a t each sheet 
w i l l be enough f o r two p u p i l s . A f r a c t i o n a l idea may be 
planted w i t h as simple a statement as t h i s : nA l o l l i p o p 
costs only h a l f as much as a b a l l o o n ; t h a t means t h a t every
one may have e i t h e r two l o l l i p o p s or one balloon."U- 1 

The number concept grows as the p u p i l s t h i n k out 
operations w i t h numbers. Again there i s an o p p o r t u n i t y f o r 
r i c h o p e r a t i o n a l experiences on a very i n f o r m a l and i n t r o 
ductory basis. Comments and questions such as the f o l l o w i n g 
may s t i m u l a t e thoughts about the fundamental operations: 

How many more b o t t l e s o f m i l k are needed at t h a t 
table? 

How many more wheels does John need f o r his c a r t i f 
he has three? 

Mary gave away three s t i c k s o f gum from her new pack, 
so she has two l e f t . 

( Two sheets f o r each of you f o u r . That makes e i g h t 
sheets. 

^ I b i d . , pp. 81-82. 
^ I b i d . , p. 77. 
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I f each of you three boys would b r i n g three blocks> 
we would have nine. 

This long s t i c k of candy can be d i v i d e d I n t o three 

The' kindergarten teacher can lead her p u p i l s t o r e a l i z e the 
commutativity o f a d d i t i o n by h e l p i n g thera to observe t h a t i f 
they f i r s t place three blocks and then two blocks on the t a b l e 
the r e s u l t i s the sarae as when they place f i r s t two blocks 
and then three blocks. 

Thus i t i s apparent t h a t the k i n d e r g a r t e n c h i l d can 
b e n e f i t from the teacher's e f f o r t s t o introduce nuraber. His 
tremendous t h i r s t f o r a c t i v i t y can be u t i l i z e d to lead him 
i n t o a frame of mind r i p e f o r the more formal number program 
of the f i r s t grade. C e r t a i n l y i t Is not too e a r l y to com
mence the journey towards algebra. 

as a c o n t i n u a t i o n o f the weaving of the imaginary t a p e s t r y 
begun by the kindergarten teacher. At t h i s stage the p i c t u r e 
i n the t a p e s t r y i s not r e a d i l y apparent. One can see vaguely 
the concept o f counting numbers, r a t i o n a l s , zero, and number 
operations t a k i n g form. These are threads which the teacher 
of Grade I must p i c k up and continue t o weave. Moreover, she 
w i l l have many new threads to i n s e r t . Her work raust be done 
w i t h a c l e a r mental view of her g o a l — e x t e n d i n g the wholesome 
growth of the number concept. 

3.2 Grade I 
The f i r s t grade number concept program may be viewed 

^ I b i d . , pp. 79-80. 
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The task of the f i r s t grade teacher i s s i g n i f i c a n t . 
She must guide the student from the manipulative and p i c t o r i a l 
l e v e l of number t h i n k i n g , which i s t y p i c a l o f the six - y e a r -
o l d , to a higher l e v e l o f symbolic t h i n k i n g . 

What k i n d o f person i s the f i r s t grade teacher's pu
p i l ? Gesell and l l g describe him as one who spends most of 
his day i n a c t i v e play. He throws himself i n t o tasks i n a 
somewhat clumsy fashi o n and does not do a thorough job of 
raost tasks. He i s a curious person w i t h a desire to touch, 
handle, and explore everything. The t y p i c a l f i r s t grader i s 
the center o f h i s universe. He wants—and n e e d s — t o be f i r s t 
and to win. The a c t i v i t i e s o f the previous year are s t i l l 
pursued but w i t h greater i n t e n s i t y of f e e l i n g . I n most i n 
stances he approaches f i r s t grade w i t h p o s i t i v e a n t i c i p a t i o n , 
a desire to do w e l l , and an eagerness to learn.UU-

How does the nuraber program of Grade I corapare w i t h 
t h a t o f kindergarten? T r a d i t i o n a l l y Grade I i s considered 
the i n i t i a l stage o f the c h i l d ' s formal education. Therefore, 
i t seems n a t u r a l t h a t the teaching procedures f o l l o w e d i n the 
f i r s t grade program are more c l e a r l y defined. f 

According to Harding, the t y p i c a l f i r s t grade program 
i s designed to develop the f o l l o w i n g number ideas: 

1. Counting by one's and ten's to one hundred i n 

U3john R. Clark e t a l . , O u t l i n e f o r Teaching A r i t h m e t i c 
i n Grades One t o Eight (Chicago: World Book Company, 1957) 
p. 2. 

^ A r n o l d Gesell and Prances L. l l g . The C h i l d from Five 
to Ten (New York: Harper and Brothers, WlfiTT PP- 99-101, I l k , 
121-22. 
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order to b u i l d an understanding of the s t r u c t u r e 
of the number system. 

2. Using the o r d i n a l s . 
3. Grouping concrete objects through ten, i n c l u d i n g 

p u t t i n g together and t a k i n g away. 
Handling the r a t i o n a l s one-half and one-fourth i n 
appropriate s i t u a t i o n s . 

5. I n t e r p r e t i n g number meanings w i t h an enlarged 
vocabulary. 

6. Understanding number s t o r y problems and how t o 
solve them, e i t h e r w i t h concrete objects or men
t a l l y according to the i n d i v i d u a l ' s l e v e l of devel
opment . 

To the above number ideas the Eugene Public Schools 
and State of Oregon A r i t h m e t i c Scope and Sequence Committee 
adds the f o l l o w i n g two: 

1. A d d i t i o n w i t h sums to 6. 
2. S u b t r a c t i o n w i t h minuends to 6. 
To the student i n Grade I the nuraber system i s a 

l i m i t e d q u a n t i t y of whole or n a t u r a l numbers. His e x p e r i 
ences w i t h them have been through a c a r d i n a l or o r d i n a l ap
proach. Using the c a r d i n a l approach, the c h i l d studies the 
meaning of number by becoming f a m i l i a r w i t h the n a t u r a l 

^ H a r d i n g , 0£. c i t . , p. 8^. 
^Eugene and State o f Oregon A r i t h m e t i c Scope and Se

quence Committee, op, c i t . , "Course of Study f o r P i r s t Grade 
A r i t h m e t i c , " p. 92. 
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numbers as names f o r sets of o b j e c t s . These c a r d i n a l numbers 
can be ordered by or d e r i n g the r e p r e s e n t a t i v e sets. By the 
o r d i n a l approach the student simply learns the number names 
i n sequence. 

11-7 
The sequence of the number system takes on meaning 

f o r the f i r s t grader as his teacher leads him ttirough concrete 
a c t i v i t i e s . She may suggest examining the page numbers i n a 
s t o r y book and s t i m u l a t e a discussion of the idea t h a t the 
f i r s t page i s numbered w i t h the numeral " 1 " . I n a f o l l o w -
up a c t i v i t y the student may make a notebook of his own and 
use the numerals as he ascribes a number to each page. The 
p u p i l may be given an o p p o r t u n i t y t o analyze the meaning of 
" s i x t e e n g i r l s i n attendance" i n c l a s s , w i t h emphasis on the 
idea t h a t s i x t e e n means "ten g i r l s and s i x more." The l i s t 
of a c t i v i t i e s should include a c t i v e games i n v o l v i n g c a r d i n a l 
and o r d i n a l ideas. Por example, the f o u r t h c h i l d i n the 
t h i r d row may be d i r e c t e d to run up and place f i v e crayons 
on the teacher's desk. Such simple i n s t r u c t i o n s may be i n 
corporated i n t o a v a r i e t y o f game experiences t h a t i s l i m 
i t e d only by the imagination o f the teacher. 

I n G-rade I the number concept i s broadened also through 
counting experiences. The student may be assigned u s e f u l tasks, 
such as checking to see i f a l l the books are i n the classroom 
l i b r a r y and counting m a t e r i a l s f o r d i s t r i b u t i o n . A discussion 

^ G i bb, Jones, and Junge, l o c . c i t . , pp. 15-16. 
^ H a r d i n g , 0£. c i t . , p. 9^. 
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of the s o c i a l plans f o r the month might include a considera
t i o n of the number o f students' birthdays to be celebrated i n 
a p a r t i c u l a r month. 

Another v i t a l segment o f the developing number con-
cept i s the zero. There are numerous ways i n which the 
teacher raay present t o the f i r s t grader t h i s r e p r e s e n t a t i v e 
of the empty se t . The n o t a t i o n "l+O^" on the lunch t i c k e t 
may be explained as "four groups o f ten pennies and no e x t r a 
pennies." The idea of zero raay be a p p l i e d to the f a c t t h a t 
there are no students s i t t i n g a t the s i x t h t a b l e . The c h i l d 
can, through guidance, l e a r n to use zero i n re p r e s e n t i n g the 
f a c t t h a t he has no money l e f t i n his piggy bank.^O 

Further mastery of number symbols may be developed 
i n conversations about telephone numbers and numbers i n a 
table of contents. The student's c u r i o s i t y may be s t i m u l a t e d 
to a comparison of the Arabic and Roman numerals as they ap
pear on the faces o f clocks. The class may develop a map o f 
the immediate neighborhood surrounding the school. A s h o r t 
f i e l d t r i p w i l l enable them to o b t a i n s t r e e t numbers and house 
numbers f o r the map. 51 

The number concept i n Grade I i s extended to include 
more of the r a t i o n a l numbers than were experienced i n the 
kind e r g a r t e n . The teacher may again use d i r e c t i o n s to f u r t h e r 

^ I b i d . , p. 92. 
5 0 i b i d . , p. 97. 
5 l l b i d . , p. 96. 
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tke concept; f o r example, "One-half of the class w i l l go now, 
and the other h a l f w i l l go a f t e r lunch." Mixing poster p a i n t s 
may be a lesson i n the use of f r a c t i o n a l p a r t s . The students 
may share candy and f r u i t by d i v i d i n g i t i n t o halves and 

52 
qua r t e r s . 

I n a d d i t i o n t o the components of the growing number 
concept already discussed, the fundamental operations should 
be presented. I n teaching the operation of a d d i t i o n , i t i s 
advisable f o r the teacher t o note t h a t a d d i t i o n i s commutative 
and t o p o i n t t h i s f a c t out t o the p u p i l s . She does n o t , how
ever, use the word "commutative" w i t h the p u p i l s . She should 
lead the c h i l d r e n to observe t h a t s u b t r a c t i o n can undo what has 
been accomplished by a d d i t i o n and, thereby, begin an under
standing of the inverse operations. The f o l l o w i n g ideas, 
suggested by Harding, are taken from everyday comments and 
experiences t h a t o f f e r o p p o r t u n i t i e s f o r the student t o make 
use of the number operations: 

Sam has f i v e pennies i n one hand and three i n the 
other. He has how many pennies I n a l l ? 

Three, g i r l s and f o u r boys are on t h i s team. How 
many do we need t o have another team? 

I f David uses h i s t e n cents t o buy an i c e cream cone 
t h a t costs s i x cents, how much w i l l he have l e f t ? 

We need two s t r i p s f o r each window of our " s t o r e " . 
There are f o u r windows, so we need e i g h t s t r i p s . 

I f each o f you two b r i n g three books t o the c i r c l e , 
there w i l l be enough. We need j u s t s i x . 

I f the l o l l i p o p s cost two cents each and Mary has f i v e 
cents, how many can she buy? 

I f we cut the large^sheets of paper i n two, we w i l l 
use. only h a l f as many.-5-? 

I b i d . , p. 92. 

I b i d . , pp. 914.-95. 
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Through such a c t i v i t i e s the teacher r e i n f o r c e s what the p u p i l s 
have been l e a r n i n g about a d d i t i o n and s u b t r a c t i o n ; and she also 
b u i l d s readiness f o r m u l t i p l i c a t i o n and d i v i s i o n . 

Thus through concrete experiences the f i r s t grader i s 
encouraged to apply his n a t u r a l c u r i o s i t y and boundless en
ergy to l e a r n i n g more about the number concept i n p r e p a r a t i o n 
f o r algebra. At the end of t h i s f i r s t year of formal educa
t i o n he should have experienced a measure of success i n mas
t e r i n g the simple process of counting, the use of zero to i n 
dicate absence of q u a n t i t y , o n e - d i g i t a d d i t i o n and s u b t r a c t i o n , 
and the meaning o f simple f r a c t i o n s . To a great extent h i s 
number achievements are dependent upon the enthusiasm, i n i t i a 
t i v e , and wise planning o f his teacher. 

3.3 Grade I I 
As the second grade teacher looks at the number con

cept t a p e s t r y , she sees t h a t the p i c t u r e i s s t a r t i n g to take 
shape. There are more counting numbers than there were l a s t 
year. There are the o r d i n a l s and the u n i t f r a c t i o n s one-half 
and one-fourth. The number operations are assuming vague 
forms. A d d i t i o n appears as a commutative o p e r a t i o n . These 
are loose threads which the second grade teacher w i l l p i c k 
up and continue t o weave. There are new threads also t h a t 
she has selected to i n s e r t i n t o the t a p e s t r y . 

The teacher of Grade I I must be aware o f the devel
opment stage of her p u p i l s . The t y p i c a l second grader i s 
becoming cautious about making new performances. He l i k e s 
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to repeat an a c t i v i t y over and over u n t i l he can do i t w e l l . 
His behavior has taken on a more serious and t h o u g h t f u l tone. 
He i s s t i l l i n t e r e s t e d i n himself p r i m a r i l y . The second 
grader's reading a b i l i t y i s improving. He has a mental a b i l i 
t y t h a t l i m i t s him almost e n t i r e l y t o t h i n k i n g i n concrete 
terms. Por t h i s reason, the second grade teacher must r e l y 
h e a v i l y on a c t i v i t i e s w i t h r e a l , f a m i l i a r objects as a means 
of expanding the c h i l d ' s ntmiber concept. 

What does the number program of the second grade 
teacher include? According t o the Eugene Public Schools and 
State of Oregon A r i t h m e t i c Scope and Sequence Committee her 
program should include the f o l l o w i n g : 

1. Teaching t h a t number i s everywhere i n the student's 
surroundings. 

2. Teaching counting to a thousand. 
3. Teaching place value: numerals as place holders; 

grouping; one's, ten's, and hundred's i n t h r e e -
d i g i t numbers. 

k' Teaching o r d i n a l s through t h i r t y - f i r s t . 
5. Teaching r a t i o n a l s : one-half, o n e - t h i r d , one-

f o u r t h . 
6. Teaching a v a r i e t y of number operation problems 

solved by concrete devices and dramatizations. 
7. Teaching a d d i t i o n : a l l combinations of o n e - d i g i t 

addends; three o n e - d i g i t numbers; three t w o - d i g i t 

R e s e l l and l l g , 0£. c i t . , pp. 139, li+3, 1̂ -7, 15k 
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numbers (no c a r r y i n g ) ; three t w o - d i g i t numbers, 
w i t h devices ( c a r r y i n g ) . 

8. Teaching s u b t r a c t i o n : two t w o - d i g i t numbers (no 
borrowing); two t w o - d i g i t numbers, w i t h devices 
(borrowing). 

9. Teaching m u l t i p l i c a t i o n : f i n d i n g products w i t h 
concrete m a t e r i a l s . ' 

10. Teaching d i v i s i o n : f i n d i n g quotients w i t h con
c r e t e m a t e r i a l s . 

The second grade teacher who looks beyond her pro
gram f i n d s many o p p o r t u n i t i e s t o prepare her students f o r 
t h e i r f u t u r e study of more general number systems. She en
courages them to see r e l a t i o n s h i p s t h a t e x i s t among numbers 
as they are inv o l v e d i n the fundamental operations. The com
m u t a t i v i t y o f a d d i t i o n i s again observed. Readiness i s devel
oped f o r the commutativity o f m u l t i p l i c a t i o n . The inverse 
nature of the a d d i t i o n and s u b t r a c t i o n operations i s pointed 
out and made meaningful. The s p e c i a l behavior of zero i n 
a d d i t i o n and s u b t r a c t i o n i s n o t i c e d . 

The teacher of Grade I I u t i l i z e s the a s s o c i a t i v i t y 
of a d d i t i o n i n teaching her p u p i l s to f i n d the sum o f three 
o n e - d i g i t numbers. A d d i t i o n i s defined to apply to only two 
numbers. Hence, t o add 3, 7, and 8, f o r example, one of two 
procedures may be fo l l o w e d : 

55Eugene and State o f Oregon A r i t h m e t i c Scope and 
Sequence Committee, o£. c i t . , "Course of Study f o r Second 
Grade A r i t h m e t i c , " p. 9I4-. 
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+ 8 + 8 or 
— } — 

Although these procedures i n v o l v e experience w i t h the asso
c i a t i v e p r i n c i p l e o f a d d i t i o n , the name o f the p r i n c i p l e would 
not be mentioned i n second grade. 

Por developing an understanding o f the decimal number 
system, Harding suggests a c t i v i t i e s such as keeping records 
i n v o l v i n g money and helping the teacher arrange supplies i n 
groups of ten.56 

the teacher may encourage the students t o use zero instead of 
le a v i n g a blank space i n re c o r d i n g game scores. When c o r r e c t 
i n g the students' papers, she may mark the number of iteras 
missed as w e l l as the number c o r r e c t . Keeping a d a i l y record 
of the outdoor temperature shows zero as a reference p o i n t . 
The two preceding teaching methods may be u t i l i z e d also to 
develop readiness f o r the i n t r o d u c t i o n of the negative i n t e g e r s . 

dents as they p a r t i c i p a t e i n a c t i v i t i e s such as the f o l l o w i n g : 
reading t h e i r own weight on the scales, reading the numerals 
on r u l e r s and y a r d s t i c k s as they measure a r t paper, and read-

The students extend t h e i r understanding o f the r a 
t i o n a l s as they decide whether one-half, o n e - t h i r d , or one-
f o u r t h of the class w i l l be able to play a t one time. They 

I n order to keep the concept o f zero before the cla s s . 

The number symbols become more meaningful f o r the s t u 

in g Arabic and Roman numerals i n t e l l i n g time.^7 

5 6Harding, o£. c i t . , p. 109. 
57lbid.» P. U L 
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may be asked to c a r r y a f r a c t i o n a l p a r t o f a stack o f books 
to the storage room. While making covers f o r books, they may 
be i n s t r u c t e d t o f o l d the rectangular sheet o f paper i n h a l f . 
They may be encouraged t o estimate how much i s a h a l f , a t h i r d , 
or a f o u r t h i n d i v i d i n g the a v a i l a b l e chalkboard space.58 This 
i s an o p p o r t u n i t y f o r the p u p i l s to n o t i c e the "or d e r i n g prop
e r t y " o f r a t i o n a l numbers. 

Na t u r a l p h y s i c a l a c t i v i t i e s provide o p p o r t u n i t i e s to 
make the number operations more meaningful. A garden p r o j e c t 
would a f f o r d l e a r n i n g experiences such as these: adding the 
number of seeds plan t e d by each c h i l d i n the classroom gar
den, s u b t r a c t i n g the number o f germinated seeds from the t o t a l 
number plante d , f i n d i n g the t o t a l cost of the seeds p l a n t e d , 
and d i s t r i b u t i n g an equal number o f seeds t o each c h i l d f o r 
p l a n t i n g . 

59 
I t i s through concrete a c t i v i t i e s t h a t the second 

grade teacher i s able to work most e f f e c t i v e l y . The m a j o r i t y 
of Ideas which she stresses are the ones t h a t the students 
encountered i n Grade I . The p u p i l ' s f a m i l i a r i t y w i t h these 
r e c u r r i n g ideas gives him a b e t t e r vantage p o i n t f o r evaluat
i n g them. Thus he i s able t o view the various aspects of the 
number concept w i t h a greater depth o f understanding. 

5 8 I b i d . , p. 107. 
5 9 i b i d . , p. 109. 
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3.14- Grade I I I 
As the t h i r d grade teacher examines the t a p e s t r y and 

prepares to make her c o n t r i b u t i o n , she thinks o f the t y p i c a l 
student w i t h whom she i s going t o work. He i s i n c r e a s i n g i n 
his a b i l i t y t o use the f i n e muscles. He i s less s e n s i t i v e 
than he was l a s t year and more i n t e r e s t e d i n the world out
side himself. His reading a b i l i t y has improved t o the extent 
t h a t he can read t o e n t e r t a i n himself. He enjoys v a r i e t y i n 
his school program.6° 

The task o f the t h i r d grade teacher i s a s i g n i f i c a n t 
one. According t o Hartung, Van Engen, Knowles, and Mahoney, 
the t h i r d grade student should l e a r n to : (1) comprehend our 
place value system through thousand's, (2) regroup place value 
numbers as r e q u i r e d I n c a r r y i n g and borrowing, (3) understand 
the o r d i n a l s as a system, (lj.) use f r a c t i o n s w i t h denominators 
of two through n i n e , (5) ̂ develop a readiness f o r the r e d u c t i o n 
of f r a c t i o n s , and (6) Increase h i s a b i l i t y to perform the f u n 
damental number operations. I n doing so, he w i l l master the 
basic a d d i t i o n f a c t s and use the commutative p r i n c i p l e to 
change the order o f the addends. He w i l l be able to perform 
a d d i t i o n w i t h two t h r e e - d i g i t numbers. 

I n his development of the s u b t r a c t i o n concept, the 
student w i l l master the basic s u b t r a c t i o n f a c t s . At t h i s 
time the teacher should b r i n g out the important idea o f the 

^OGesell and l l g , o£. c i t . , pp. 169, 173, I83. 
D J-Maurice L. Hartung e t a l . , Teaching Guide f o r Seeing 

Through A r i t h m e t i c 3 (Chicago: S c o t t , Foresman and Company, 
1956), p. 31+6. 
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inverse r e l a t i o n s h i p between the operations of a d d i t i o n and 
s u b t r a c t i o n , which w i l l be r e c a l l e d l a t e r when the p u p i l s 
encounter the inverse elements of r e a l numbers. The student's 
understanding w i l l be broadened to the s u b t r a c t i o n process 
w i t h t h r e e - d i g i t numbers. 

I n the t h i r d grade the c h i l d w i l l f u r t h e r develop 
his concept of m u l t i p l i c a t i o n and d i v i s i o n . Ee should master 
the basic m u l t i p l i c a t i o n f a c t s through products o f t h i r t y - s i x 
and the basic d i v i s i o n f a c t s through dividends o f t h i r t y - s i x . 
He w i l l l e a r n to use the commutative p r i n c i p l e to change the 
order o f the f a c t o r s i n the m u l t i p l i c a t i o n process and to see 
the inverse nature of the r e l a t i o n s h i p between m u l t i p l i c a t i o n 

A? 
and d i v i s i o n . This r e l a t i o n s h i p w i l l , be encountered l a t e r 
i n algebra as the inverse property of r e a l numbers. 

To these o b j e c t i v e s Harding adds one more. He says 
t h a t the t h i r d grader should be exposed to the h i s t o r y o f 
number.^3 This aim Is s u i t a b l e i n the t h i r d grade program; 
f o r , as was mentioned p r e v i o u s l y , the student i s at t h i s 
p o i n t beginning to take an i n t e r e s t i n the w o r l d outside of 
himself. The h i s t o r y o f number contains the s t o r y of man's 
development o f a number system to the base ten. This i s the 
stage a t which the t h i r d grader f i n d s himself i n his path 
toward mastery of the number concept. His study o f the h i s 
t o r y of number a t t h i s time b u i l d s readiness f o r the h i s t o r i c a l 
reasons f o r the.development o f the r e a l number system. 

6 2 I b l d . 
^ H a r d i n g , 0£. c i t . , p. 118. 
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I n carrying out her objectives, the thir d grade teacher 
may r e l y on numerous r e a l a c t i v i t i e s i n l i f e situations frora 
Twhich her students w i l l learn number ideas. To make the pu-

> p i l s aware of the number system, they may be asked to a s s i s t 
her i n t a l l y i n g attendance by using a bead abacus. The stu
dents may be led through an analysis of adding three-digit 
numbers i n the form of dollars and c e n t s . ^ 

The meaning of the number symbols can be developed 
by keeping scores and adding scores, by considering the three-

65 
d i g i t number enrollment, and by setting the thermostat. 

Fractions, both common and decimal, become meaningful 
as the pupils participate i n learning experiences such as -
these: noting and comparing symbols for the f i r s t quarter, 
half, t h i r d quarter, and f u l l moon on the calendar and i n the 
sky; i l l u s t r a t i n g seventy-five cents as three-fourths of a 
dollar; and deciding by the use of a r u l e r how deep the r a i n -

66 
f a l l report of 2.I4. inches would be. 

The pupil's a b i l i t y to operate with numbers increases 
as he learns various combinations and groupings through the 
handling of concrete o b j e c t s . ^ 7 Situations within h i s envi-

^ ronment contain sources of objects which he can v i s u a l l y 
study and physi c a l l y manipulate. The following ideas suggest 
operations with numbers: 

6 i t-Ibid., p. 12k.. 
6 ^ I b i d . , p. 126. 

Ibi d . , p. 123. 
67 
'Clark j3t a l , oj). c i t . , p. 5. 
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I f the show costs ten cents and there are t h i r t y - s e v e n 
of us, how much money w i l l there be when i t i s a l l collected? 

I f there were t e n punches on your lunch t i c k e t and three 
are gone, how many do you have l e f t ? 

Susie p r a c t i c e s on the piano f o r t y - f i v e minutes each 
day. How long does she p r a c t i c e each week? 

I bought a popsickle and a t a b l e t . The popsickle cost 
s i x cents. The t a b l e t was f i v e cents. I spent eleven 
cents altogether.«° 

I n performing number operations, the t h i r d grader can, 
through experience, develop a readiness f o r algebra. Addi
t i o n and m u l t i p l i c a t i o n , he discovers, are commutative. The 
a s s o c i a t i v e p roperty o f the a d d i t i o n operation makes the add
i n g o f numbers i n v o l v i n g c a r r y i n g meaningful. Por example, 
27 + 6 = (20 + 7) + 6 = 2 0 + (7 + 6 ) = 20 + 13 = 20 + (10 + 
3) = (20 + 10) + 3 = 30 + 3 = 33. He learns the inverse 
nature of the r e l a t i o n s h i p t h a t e x i s t s between a d d i t i o n and 
s u b t r a c t i o n . This discovery prepares him f o r the inverse 
property o f the r e a l numbers o f algebra. 69 

His experiences w i t h the number operations reveal the 
s p e c i a l p r o p e r t i e s o f zdro and one: (1) any number minus i t 
s e l f i s zero, (2) one times any number i s t h a t number, and 
(3) any number plus zero i s t h a t number. Such observations 
as these prepare the c h i l d f o r an understanding o f the e x i s t 
ence o f the i d e n t i t y and inverse elements o f the r e a l number 
system. Thus, i n the t h i r d grade the p u p i l ' s number concept 
i s f u r t h e r developed. 

6 8 H a r d i n g , o£. c i t . , p. 125. 
k ^ d a r k e t a l . , o£. c i t . , pp. 5-8. 



35 

3.5 Grade IV 
What does the imaginary t a p e s t r y look l i k e and how 

does i t change through Grade IV? There i s an e n l a r g i n g under
standing of the place value nature of our number system; the 
operations of a d d i t i o n and s u b t r a c t i o n ; the commutative and 
a s s o c i a t i v e p r i n c i p l e s as they occur i n the r a t i o n a l number 
operations; a p a r t i a l l y developed a b i l i t y to perform m u l t i 
p l i c a t i o n and d i v i s i o n ; the idea of inverse operations, l a t e r 
developed as the inverse p r o p e r t i e s of r e a l numbers; the con
cept of u n i t and non-unit f r a c t i o n s w i t h s i n g l e - d i g i t denom
i n a t o r s ; and a r e c o g n i t i o n o f the s p e c i a l p r o p e r t i e s associated 
w i t h one and zero i n t h e i r r e l a t i o n t d the fundamental number 
operations, l a t e r r e c a l l e d as the i d e n t i t y elements of the 
r e a l numbers. 

Before planning her c o n t r i b u t i o n to the t a p e s t r y , 
the teacher must take inventory of the c h a r a c t e r i s t i c s , of the 
type of student w i t h which she s h a l l work. She f i n d s t h a t the 
f o u r t h grader i s capable of applying himself d i l i g e n t l y to 
his work. His hands and eyes are w e l l co-ordinated. He i s 
able t o accept r e s p o n s i b i l i t y and work independently. The 
f o u r t h grader I s impressed w i t h what he Is t o l d . He p r e f e r s 
w r i t t e n work to o r a l exercises. Often he has more spontaneous 
i n t e r e s t i n problem s o l v i n g than his school work o f f e r s him.70 

Keeping i n mind the p i c t u r e of the u n f i n i s h e d t a p e s t r y 
and the developmental c h a r a c t e r i s t i c s of her students, the 
teacher o f Grade IV plans her number concept program f o r the 

70Gesell and l l g , o£. c i t . , pp. 197, 208-209 
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year. According to Hartung, Van Engen, and Knowles, i n the 
f o u r t h year of school the student should l e a r n to understand 
our place value number system through m i l l i o n ' s , to perform 
regrouping as r e q u i r e d i n c a r r y i n g and borrowing, to round 
o f f numbers, and t o understand the numerals f o r the r a t i o n a l e 
numbers.71 

The f o u r t h grade program provides.more experience i n 
the a d d i t i o n and s u b t r a c t i o n of whole numbers. A d d i t i o n , the 
inverse operation' of s u b t r a c t i o n , should be considered as a 
check on s u b t r a c t i o n . The basic f a c t s of m u l t i p l i c a t i o n are 
to be increased through products o f eighty-one. I t should be 
emphasized t o the student t h a t changing the order of the f a c 
t o r s has no e f f e c t upon the product and there are s p e c i a l 
r e s u l t s always obtained when zero and one are f a c t o r s i n 
m u l t i p l i c a t i o n . He should acquire the a b i l i t y to m u l t i p l y 
t h r e e - d i g i t numbers by t w o - d i g i t m u l t i p l i e r s . I n teaching 
the m u l t i p l i c a t i o n o f two- or m o r e - d i g i t numbers, the teacher 
can develop a readiness f o r algebra by using the d i s t r i b u t i v e 
p r i n c i p l e . Por example, 7 x 32 = 7(30 + 2) = 7 x 30 + 7 x 2 
= 210 + l l j . = 221}.. This p r i n c i p l e w i l l be encountered i n alge
bra as the d i s t r i b u t i v e p r o p e r t y of the r e a l numbers. D i v i s i o n , 
the inverse o p e r a t i o n o f m u l t i p l i c a t i o n , should be used as a 
check on the r e s u l t of m u l t i p l i c a t i o n . 7 2 

'Maurice L. Hartung, Henry Van Engen, and Lois Knowles, 
Teaching Guide f o r Seeing Through A r i t h m e t i c jj. (Chicago: Scott, 
Foresman and Company, 1956), p. 365• 

7 2 I b i d . 
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I n d i v i s i o n Hartung, Van Engen, and Knowles say t h a t 
the f o u r t h grader should master the basic f a c t s through d i v i 
dends of eighty-one. He i s to observe the s p e c i a l r o l e o f 
zero and one i n d i v i s i o n . He should n o t i c e t h a t d i v i s i o n w i t h 
whole numbers does not always r e s u l t i n another whole number. 
This idea w i l l be encountered i n algebra as the closure prop
e r t y of r e a l numbers. I t should be p o i n t e d out t h a t the quo
t i e n t s i n d i v i s i o n are r a t i o n a l numbers and m u l t i p l i c a t i o n , 
the inverse operation of d i v i s i o n , i s a check on the d i v i s i o n 
operation. 

I t i s advisable to allow time f o r the reteaching and 
e n l a r g i n g of the concept o f r a t i o n a l numbers. The program of 
the f o u r t h grade provides the p u p i l w i t h a concept of u n i t 
and non-unit f r a c t i o n s w i t h denominators up to s i x t e e n . The 
p u p i l should observe the use and meaning of improper f r a c t i o n s 
and mixed numbers.73 

The Eugene Public Schools and State of Oregon A r i t h 
metic Scope and Sequence Committee add to the above l i s t of 
aims f o r the f o u r t h grade teacher the f o l l o w i n g two: (1) t o 
teach the number Ideas of p r i m i t i v e people and (2) to teach 
zero as a p o i n t of reference. 

The goal of the f o u r t h grade teacher i s not the teach
i n g o f numbers as i n d i v i d u a l s but the teaching of numbers as 
members of a system. I n t h i s manner the p u p i l s w i l l be enabled 

7 3 i b i d . 

"^-Eugene and State of Oregon A r i t h m e t i c Scope and Se
quence Committee, OJD. c i t . , "Tentative Pourth Grade A r i t h 
metic Course of Study," p. 7. 
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to understand and deal w i t h any number by u s i n g the p r i n c i p l e s 
of the system. 7^ The number system involves many r e l a t i o n s h i p s . 
When these r e l a t i o n s h i p s are c l e a r to the p u p i l , he i s able 
to see many f a c t s t h a t would otherwise seem to be i s o l a t e d 
elements as r e l a t e d p a r t s of a few general p r i n c i p l e s . The 
student need not be burdened at t h i s time w i t h the names of 
the r e l a t i o n s h i p s t h a t he observes. The importance of the 
commutative and a s s o c i a t i v e p r i n c i p l e s , f o r example, l i e s i n 
the understanding they lend to the number operations. The 
a s s o c i a t i v e p r i n c i p l e adds i n s i g h t to the operations of a d d i 
t i o n and m u l t i p l i c a t i o n . The a s s o c i a t i v e p r i n c i p l e makes 
"29 + 3" meaningful as i t becomes (20 + 9) + 3 = 20 + 12 = 
20 + (10 + 2) = (20 + 10) + 2 = 30 + 2 = 32. The a s s o c i a t i v e 
and d i s t r i b u t i v e p r i n c i p l e s add meaning to H 3 l j - x 8.rt For 
example, 3 i | . x 8 = 8 x 3 i | . = 8(30 + i(.) = 8 x 3 0 + 8 x 1 ) . = 2i|.0 
+ 32 = 272. The g e n e r a l i z a t i o n t h a t the sum and the product 
of two whole numbers are both whole numbers i s c a l l e d the 
closure p r i n c i p l e . An understanding of g e n e r a l i z a t i o n s such 
as these r e s u l t s i n a meaningful a r i t h m e t i c which leads natu
r a l l y i n t o a l g e b r a . 7 ^ 

Although the f o u r t h grader i s progressing towards 
m a t u r i t y i n his t h i n k i n g , the concrete s i t u a t i o n s t h a t are 
inherent i n his surroundings are s t i l l the most f e r t i l e source 
o f growth i n the number concept. The nature of the number 

f^Hartung, Van Engen, and Knowles, Teaching Guide f o r 
Seeing Through A r i t h m e t i c ij., p. 239. 

7 6 I b i d . , p. 6. 
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system becomes apparent as the teacher discusses w i t h the class 
the meaning of "212." Some i n the class may have seen such 
a number on a telephone r e p a i r t r u c k . As a p u p i l w r i t e s the 
number on the chalkboard, the teacher explains t h a t the f i r s t 
two on the r i g h t side means two u n i t s or, i n t h i s case, two 
t r u c k s . The one means ten t r u c k s , and the second two means 
two hundred t r u c k s . The c l a s s , t h e r e f o r e , concludes t h a t the 
p a r t i c u l a r r e p a i r t r u c k which they saw i s the two hundred and 
t w e l f t h t r u c k bought by the telephone company.77 

The c h i l d ' s counting a b i l i t y increases as he engages 
i n a c t i v i t i e s such as counting sales tax stamps and p u t t i n g 
them i n t o hundred-unit bundles of each denomination. Serving 
as class l i b r a r i a n , he may be made responsible f o r counting 
the books and the students t o see i f there i s an adequate num
ber of books f o r the class.7$ 

The zero develops more meaning as the p u p i l examines 
i t s use i n the world about him. He may be asked t o c a l c u l a t e 
the d i f f e r e n c e i n the t o t a l cost o f a book p r i c e d a t a d o l l a r 
and e i g h t y cents and one p r i c e d a t a d o l l a r and e i g h t cents 
f o r t h i r t y - s e v e n p u p i l s . The zero may be stressed as a r e f 
erence p o i n t i n discussing the distance t r a v e l e d by a v e h i c l e 
whose speedometer was set at zero at the beginning of a journey. 
The concept o f zero as a reference p o i n t i s a fundamental 

77Harding, 0£. c i t . , p. ll|.0. 
7 8 I b i d . , p. 138. 
7 9 i b i d . , p. l l | 2 . 
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element to understanding the number l i n e . The use of zero i n 
t h i s manner i s f r e q u e n t l y encountered i n algebra. 

I n studying the number symbols, the students may com
pare the Roman numerals on monuments w i t h the Arabic counter
p a r t s . They raay compare the number o f d i g i t s i n hundred's, 
thousand's, and m i l l i o n s as they are found i n the geography 
and h i s t o r y t e x t s and the en c y c l o p e d i a . 8 0 

Class p r o j e c t s may be u t i l i z e d f o r a con s i d e r a t i o n 
of the r a t i o n a l numbers. Por example, the teacher may say: 
"Three pipe cleaners make one lamb f o r favors f o r our s p r i n g 
p a r t y . One pipe cleaner i s then what p a r t of the t o t a l num
ber needed f o r making one lamb?" 8 1 

The number operations may, l i k e w i s e , be drawn from 
class a c t i v i t i e s . The students may decide—and a t the same 
time develop i n s i g h t i n t o the fundamental o p e r a t i o n s — t h e t o t a l 
cost of wieners, buns, p i c k l e s , paper p l a t e s , and napkins f o r 
the class p i c n i c . Or they may determine the cost o f new desks 
f o r t h e i r c l assroom. 8 2 

By the end o f the f o u r t h year of school the p u p i l has 
advanced a long way toward the understanding of the nuraber 
concept. The concept w i l l continue to grow and to develop 
greater depth o f meaning f o r him as he moves closer to algebra. 

8 0 I b i d . , p. Ikl. 
81] 

- I b i d . , p. 11+0. 

L I b i d . , pp. 138-139. 
82, 



kl 

3.6 Grade V 
What techniques have p r e v a i l e d i n the weaving of the 

ta p e s t r y up to t h i s point? The teachers have worked p r i m a r i l y 
w i t h r e a l , p h y s i c a l experiences from the c h i l d ' s n a t u r a l e n v i 
ronment. Therefore, the t a p e s t r y i s a n a t u r a l i s t i c form o f 
a r t as opposed to the a b s t r a c t nature o f many cre a t i o n s of 
modern a r t . However, i t i s only the technique which gives the 
t a p e s t r y i t s r e a l i s m . One must not conclude t h a t numbers are 
t a n g i b l e . Numbers are a b s t r a c t concepts and p u r e l y mental 
cons t r u e t s . 8 3 As the f i f t h grade teacher takes her place at 
the frame of the t a p e s t r y , she i s aware t h a t she has the Her- ^ 
culean task of b r i d g i n g the gap from a r e a l world to an ab
s t r a c t w o r l d i n order t h a t her students raay progress from the 
realm of concrete t h i n k i n g to t h a t of a b s t r a c t t h i n k i n g . 

Before the f i f t h grade teacher plans her program, she 
too reviews the c h a r a c t e r i s t i c s o f her t y p i c a l student. The 
f i f t h grader is s t a r t i n g to evaluate his f a u l t s and assets. 
Por t h i s reason, his l e a r n i n g may be i n h i b i t e d by an increas
i n g s e n s i t i v i t y to his own inadequacies unless he i s given 
frequent encouragement. 85 jje i s an a c t i v e i n d i v i d u a l and play 

83Maurice L. Hartung, Henry Van Engen, Lois Knowles, 
Teaching Guide f o r Seeing Through A r i t h m e t i c 5 (Chicago: 
Scott, Foresman and Company, 1957), p. 251;. 

^^•Arnold Gesell, Prances L. l l g , and Louis B. Ames, 
Youth: The Years from Ten to Sixteen (New York: Harper and 
-Brothers, 1956), p. 53. 

ard of Education of the C i t y o f New York, C u r r i c 
ulum Development i n the Elementary Schools, A Curriculum B u l 
l e t i n Prepared by the Curriculum Council o f the New York C i t y 
Schools (New York: by the Board of Education, 19^6), p. 206. 
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i s important to him. At school he i s l e s s teacher-centered 
than he has been previously. I t i s ess e n t i a l that he be kept 
interested and motivated. He i s a l e r t i n seeing and hearing. 
There i s a hint of the restlessness which accompanies the 
gradual t r a n s i t i o n from the child's world to the adult's 
world. 

The number concept program planned for the f i f t h grader 
includes the following: 

1. Extending the understanding of decimal fr a c t i o n 
places to tenths and hundredths. 

2 . Understanding the symbol zero as a reference point, 
as an indicator of absence of quantity, and as a 
number having a l l the properties of numbers and 
also some sp e c i a l q u a l i t i e s . 

3. Recognizing fractions as symbols of d i v i s i o n . 
ij.. Becoming aware that the whole numbers are r e c i p 

rocals of unit, fractions and that whole numbers 
and fractions are a part of the rational system 
of numbers. 

5 . Exploring the story behind the existence of the 
two fractions, common and decimal. 

6. Extending the operations of addition and subtraction 
to include the operations with whole numbers, com
mon fractions, and decimal frac t i o n s . 

86 
Gesell, l l g , and Ames, 0£. c i t . , pp. I44, 56, 60, 62 . 
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7. Extending the operations of m u l t i p l i c a t i o n and d i 
v i s i o n to include the operations w i t h whole numbers 
and common f r a c t i o n s . 8 7 

Among the aims of the f i f t h grade teacher i s the de
velopment o f the operations w i t h r a t i o n a l numbers. I n dealing 
w i t h the f r a c t i o n concept, i t i s the task of the teacher to 
guide the p u p i l from the concrete l e v e l to the a b s t r a c t l e v e l . 
I t i s not too d i f f i c u l t f o r the student to observe t h a t one-
s i x t h of a cookie and o n e - t h i r d o f a cookie make a h a l f o f the 
cookie. This i s a concrete f a c t . 8 8 However, a g i a n t s t r i d e 
must be taken before the student can say, "One-sixth plus 
o n e - t h i r d equals one-half." Perhaps i n t a k i n g t h i s s t r i d e , 
the teacher w i l l begin w i t h exercises using drawings, r u l e r s , 
and f o l d e d paper. The class may be encouraged to examine 
the ideas t h a t they have developed p r e v i o u s l y about the opera
t i o n s w i t h f r a c t i o n s . Gradually they w i l l be l e d t o a r r i v e 
a t g e n e r a l i z a t i o n s and t o formulate b^ thems elves r u l e s f o r 
adding, s u b t r a c t i n g , m u l t i p l y i n g , and d i v i d i n g which they can 
apply i n f u t u r e encounters w i t h r a t i o n a l numbers. 

I n teaching the p u p i l s the a d d i t i o n and s u b t r a c t i o n 
of u n l i k e f r a c t i o n s , the teacher uses the idea t h a t there are 
many names f o r a number. This idea i s h e l p f u l i n overcoming 
the d i f f i c u l t i e s encountered i n f i n d i n g common denominators. 

8 7Eugene and State o f Oregon A r i t h m e t i c Scope and Se
quence Committee, _op. c i t . . "Tentative P i f t h Grade A r i t h m e t i c 
Course o f Study," pp. 7-8. 

8 8 W i l l i a m A. Brownell, "Psychological Considerations 
i n the Learning and Teaching of A r i t h m e t i c , " Tenth Yearbook 
of the N a t i o n a l Council of Teachers o f Mathematics (New York: 
Bureau of P u b l i c a t i o n s of Columbia U n i v e r s i t y , 1935), p. 22. 
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The approach is p a r t i c u l a r l y worthwhile, f o r i t develops a 
readiness f o r the i n t r o d u c t i o n t o the number l i n e . 8 9 Each r a -

. / t i o n a l p o i n t on the l i n e has a set of names, a l l of the names 
being e q u i v a l e n t . Por example, the p o i n t corresponding to one 
and one-half has the a d d i t i o n a l names three-halves, n i n e - s i x t h s , 
twenty-one-fourteenths, and many others. 

I n his a r t i c l e , "Algebra i n Grade Pive," Sax^yer sug* 
gests t o the teacher t h a t she f r e q u e n t l y ask the students how 
they p i c t u r e a r i t h m e t i c a l expressions. Por example, how do 
they p i c t u r e "three plus two"? Do they v i s u a l i z e three objects 
and two objects put together to form a group of f i v e objects? 
S i m i l a r l y , they should l e a r n to t h i n k of "three minus two" as 
three objects and then two removed. "Three times two" may be 
p i c t u r e d as three rows o f two o b j e c t s . This emphasis upon 
what the p u p i l s are doing when they perform a number operation. 
Sawyer says, i s the important p a r t of a l g e b r a — t h a t i s , seeing 
c l e a r l y the processes i n v o l v e d . The answer i s important, too, 
but less s o . 9 0 

Readiness f o r f u r t h e r extension of the number concept 
i s developed i n the f i f t h grade program as the student ob
serves the r e l a t i o n s h i p s t h a t e x i s t i n number operations. The 
a d d i t i o n of r a t i o n a l numbers, the c h i l d raay be l e d to observe, 
i s a commutative and a s s o c i a t i v e operation t h a t always r e s u l t s 
i n another r a t i o n a l number. S u b t r a c t i o n i s not a commutative 

8 9 H e n r y Van Engen, "Twentieth Century Mathematics f o r 
the Elementary Schools," The A r i t h m e t i c Teacher, VI (March. 
1959), 7^. 

W. Sawyer, loc - . - c i t " ; , p. 2.6. 
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nor an associative operation; and i t does not always r e s u l t 
i n another r a t i o n a l number with which the f i f t h grader i s 
f a m i l i a r . The teacher may suggest that subtraction may y i e l d 
numbers with which he i s now unfamiliar but with which he w i l l 
work i n l a t e r arithmetic lessons. Through such ideas as these 
the teacher lays the groundwork for the closure property of 
r e a l numbers and the negative integers. She develops the i n 
verse property of r e a l numbers by i l l u s t r a t i n g that the opera
tion of addition can undo the r e s u l t s of the operation of sub
traction. The multiplication of ra t i o n a l numbers i s another 
operation which i s commutative and associative; i t r e s u l t s i n 
another r a t i o n a l number. 

In order to be sure that the students are digesting 
the above generalizations, the teacher may ask thought-
provoking questions, such as: "Does the d i v i s i o n of whole 
numbers always r e s u l t i n another whole number?" In th i s manner, 
she enlarges the students' understanding of the system of num
bers and builds readiness for future extensions of the number 
system. 

The special properties of zero and one are reinforced 
at the f i f t h grade l e v e l . The c l a s s should be led to make gen
era l i z a t i o n s such as these: 

1. Any number plus zero i s that number. 
2 . Any number minus zero i s that number. 
3 . Any nuraber minus i t s e l f i s zero, 
lj.. Zero times any number i s zero. 
5. Zero divided by any number i s zero. 
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6. Any number times one i s th a t number. 
7. Any nuraber d i v i d e d by i t s e l f i s one. 

The f i r s t andsixth g e n e r a l i z a t i o n s above b u i l d readiness f o r 
the i d e n t i t y element, w h i l e the t h i r d and seventh b u i l d r e a d i 
ness f o r the existence of the inverse element. 

As the f i f t h grade teacher plans her program f o r the 
year, she too r e l i e s on r e a l experiences. The decimal nature 
of our number system i s s t u d i e d through the school health r e 
p o r t . The c h i l d r e n read i n the r e p o r t t h a t nine per cent o f 
the f i f t h grade students are underweight. By d i r e c t examina- ^ 
t i o n of t h e i r weights, they determine whether nine per cent 

- w r i t t e n i n decimal form i s "0.90" or "O.Og."91 

A deeper understanding o f number symbols i s l i k e l y to 
r e s u l t from discussions of such to p i c s as the b i r d p o p u l a t i o n 
i n d i f f e r e n t states and the markings on r a i l r o a d cars. I n 
f i n d i n g the average cost per c h i l d o f ' t h e class p i c n i c , the 
symbols f o r f r a c t i o n a l remainders i n d i v i s i o n become s i g n i f i c a n t . 9 2 

The f r a c t i o n s , common and decimal, are a p a r t of the 
f i f t h grader's number program. I n a h e a l t h p r o j e c t , he may 
prepare toothpaste using a recipe t h a t l i s t s the f r a c t i o n a l 
p a r t s of ths i n g r e d i e n t s . Practibns are used when the class 
determines how to d i v i d e a dozen peppermint candy bars among 
the twenty-eight class merabers. Decimal f r a c t i o n s are needed 
when the class keeps account of the money c o l l e c t e d by the 

91flarding, ojo. c i t . , p. 157• 
9 2 I b i d . , p. 159. 



room f o r the Red Feather Drive. During the scrap paper d r i v e , 
the students may compare the progress o f various home room 
teams; one may have c o l l e c t e d s i x - t e n t h s of i t s goal and an
other nine-tenths o f i t s goal.93 

The task of the f i f t h grade teacher i s indeed a large 
one. Her success i n "building algebra readiness depends l a r g e l y 
on her p r o f e s s i o n a l i n s i g h t i n t o the number concept. 

3.7 Grade VI 
As the teacher o f Grade V I takes her place a t the 

frame of the imaginary t a p e s t r y , she sees t h a t , i n s p i t e of 
the tremendous amount of work t h a t has been done, the p i c t u r e 
i s f a r from complete. There i s s t i l l an assortment o f new ' 
bobbins beside the frame. Frora these she s h a l l s e l e c t new 
threads f o r new concepts and b r i n g the students c l o s e r to the 
open door of algebra. 

I n making her c o n t r i b u t i o n , w i t h what type of student 
w i l l she work? Many of her p u p i l s are experiencing a sudden 
sp u r t i n p h y s i c a l growth. The s i x t h grader no longer regards 
play as paramount i n his l i f e , and he p r e f e r s more ad u l t pro
j e c t s . I n mental and s o c i a l a c t i v i t i e s he shows increased 
f a c i l i t y . At school he p r e f e r s a f ftough' r teacher who c h a l 
lenges him. Although he i s eager t o l e a r n , he may become 
f a t i g u e d w i t h even the best planned teaching r o u t i n e . He i s 
f a r more aware of his . f a u l t s than of his assets. I t i s not 

9 3 r b i d . , p. 156. 



uncommon for the sixth grader to speak of school as one of 
his "problems.'*9*1-

The Eugene Public Schools and State of Oregon Arith
metic Scope and Sequence Committee cover the si x t h grade num
ber operations program as follows: 

1. I n the study of addition to learn (a) to estimate 
sums of whole numbers and decimals, (b) to add four 
to s i x addends with as many as s i x d i g i t s , (c) to 
mentally add three or more two-digit addends, (d) to 
add fractions and mixed numbers without common de
nominators, and (e) to add decimal fractions and 
mixed decimal f r a c t i o n s . 

2 . I n the study of subtraction to learn (a) to e s t i 
mate the difference between three- and four-digit 
whole and decimal f r a c t i o n numbers, (b) to sub
t r a c t using a s i x - d i g i t subtrahend, (c) to sub
t r a c t fractions and mixed numbers without common 
denominators, and (d) to subtract decimal fractions 
and mixed decimal f r a c t i o n s . 

3. I n the study of multiplication to learn (a) to 
estiraate the product of a four-digit number and a 
two-digit number; (b) to multiply mentally by ten, 
one hundred, and one thousand; (c) to mentally 
multiply a four-digit number by a one-digit num
ber; (d) to multiply with common and mixed 

9 ^ G e s e l l , l l g , and Ames, op. c i t . , pp. 77, 88, 93-914., 
96, 100. , 
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f r a c t i o n s ; (e) to m u l t i p l y decimal f r a c t i o n s w i t h 
products t o ten-thousandths; and ( f ) t o estimate 
the products of decimal f r a c t i o n s . 

k.. I n the study of d i v i s i o n to l e a r n (a) the impossi
b i l i t y d f d i v i d i n g by zero; (b) t o d i v i d e mentally 
by ten, r one hundred, and one thousand; (c) to d i v i d e 
a f i v e - d i g i t number by a t w o - d i g i t number; (d) to 
estimate quotients by a one- or t w o - d i g i t d i v i s o r ; 
(e) t o d i v i d e w i t h common and mixed f r a c t i o n s ; 
( f ) to f i n d decimal quotients r e s u l t i n g from the 
d i v i s i o n of a whole number by a l a r g e r whole num
ber; (g) to d i v i d e w i t h a decimal i n the dividend; 
(h) to d i v i d e a mixed decimal by a decimal; and 
( i ) to estimate decimal quotients.95 

Hartung, Van Engen, and Knowles include as o b j e c t i v e s 
i n t h e i r number concept program f o r the f i f t h grade (1) t o 
introduce the p o s i t i v e and negative numbers as members o f a 
number system and (2) to introduce the number l i n e emphasizing 
the f a c t t h a t there are sets of names f o r every r a t i o n a l p o i n t 
along the l i n e . 9 ^ 

Brown and Coffman add one important new o b j e c t i v e t h a t 
b r i n g s the student c l o s e r t o a l g e b r a — t o introduce the gener
a l i z e d number.97 

95Eug e n e and State o f Oregon A r i t h m e t i c Scope and Se
quence Committee, o£. cit., "Tentative S i x t h Grade A r i t h m e t i c 
Course of Study," p. 7. 

96Hartung, Van Engen, and Knowles, Teaching Guide f o r 
Seeing Through A r i t h m e t i c 6, p. i+O?. 

97jos eph C. Brown and Lotus D. Coffman, The Teaching of 
A r i t h m e t i c (Chicago: Row, Peterson and Company, 1921;), p. 359. 
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I n order to take care o f a l l o b j e c t i v e s , the number 
program f o r the s i x t h grade requires serious planning. The 
need f o r challen g i n g the s i x t h grader may be s a t i a t e d i n new 
ideas, such as the i n t r o d u c t i o n o f the negative numbers. The 
f i r s t brush w i t h the more "grown-up" s u b j e c t , algebra, i s es
p e c i a l l y appealing to the student a t t h i s time, and i t may be 
used t o develop a wholesome readiness f o r f u t u r e work w i t h 
algebraic concepts. However, the operations w i t h signed num
bers are not s t u d i e d a t t h i s time. There are various t a n g i b l e 
means o f making signed numbers r e a l to the s i x t h - g r a d e r ; f o r 
example, (1) the scale on the thermometer, (2) the scores o f 

d i f f e r e n t games, (3) d i r e c t e d distances, and ( l i ) the stock 
qQ 

market and weather r e p o r t s i n newspapers and magazines. 7 

Through such concrete devices the i n t r o d u c t i o n o f the nega
t i v e numbers doubles the scope of the number f i e l d f o r the 
student. 

The study of p o s i t i v e and negative numbers I s natu
r a l l y f o l l o w e d by the I n t r o d u c t i o n t o the number l i n e . Zero 
i s i n d i c a t e d as the reference p o i n t t h a t i s n e i t h e r negative 
nor p o s i t i v e . 9 9 The l i n e shows ge o m e t r i c a l l y t h a t there i s 
a one-to-one correspondence between the p o i n t s on a l i n e and 

v the r a t i o n a l system of numbers. I t becomes evident t o the 
student t h a t the f a m i l i a r n a t u r a l numbers s t u d i e d p r e v i o u s l y 
are a p a r t o f the r a t i o n a l number system as they are placed 

y Hartung, Van Engen, and Knowles, Teaching Guide f o r 
Seeing Through A r i t h m e t i c 6, pp. 252-53. 

9 9 i b i d . 
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on points to the right of zero."*^ Fa m i l i a r i t y with the nega
tive numbers i s acquired as they are assigned to points on the 
li n e to the l e f t of zero. The study of the number l i n e should 
stress the fact that there are many names for each of the 
points on the l i n e . The student should learn that he may ex
tend the li n e i n either direction to include any desired 
number. 1 0 1 

Another concept that may be introduced to challenge 
the s i x t h grader i s that of the generalized number, usually 
represented by a l e t t e r of the alphabet. Although t h i s i s a 
new idea for the sixth grader, he w i l l accept i t naturally. 
Just as he i s accustomed to use N. Y. to represent New York, 
so he w i l l learn to use C to represent cost. However, there 
i s a necessary d i s t i n c t i o n to be emphasized. I n the former 
case "N. Y." i s an abbreviation which represents an unvarying 
quantity; whereas, i n the l a t t e r case the l e t t e r "C" i s a 
generalized number which represents any number that i s an 
answer to the problem. ^ 

The student has reached a maturity l e v e l at which 
inconsistencies i n the number system that may have confused 
him previously may be c l a r i f i e d . For instance, i n a discussion 
of population the teacher may point out "ten one^ are c a l l e d 
ten, ten ten 1s are c a l l e d a hundred, and ten hundred's are 

1 Q 0 I b i d . , p. 3k3. 
1 0 1 I b i d . , p. I6I4.. 
102' 

Brown and Coffman, lo c . c i t . 
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c a l l e d a thousand, but ten thousand's are not c a l l e d a 
m i l l i o n . " 1 0 3 

I n s i x t h grade the p u p i l may be l e d to observe some 
general p r o p e r t i e s of numbers. His observations, however, 
must be made a t his developmental l e v e l . He should be en
couraged t o express i n his own language his observations o f 
the commutative p r i n c i p l e , the as s o c i a t i v e p r i n c i p l e , the d i s 
t r i b u t i v e p r i n c i p l e , the a d d i t i v e and m u l t i p l i c a t i v e inverse 
elements, and the a d d i t i v e and m u l t i p l i c a t i v e i d e n t i t y elements. 

As the s i x t h school year comes to a close, the student 
prepares to leave the elementary b u i l d i n g . His success from 
kindergarten to Grade VI i s p r o p o r t i o n a l t o the alertness o f 
his teachers, who have cued t h e i r teaching to the many chang
in g f a c e t s o f his p e r s o n a l i t y . 

3.8 Grade V I I 
The seventh grade teacher now approaches the frame of 

the imaginary t a p e s t r y . The p i c t u r e has progressed frora the 
muted colors and vague forms representing the meager number 
experiences o f the pre-primary c h i l d t o the bold c o l o r s and 
sharp o u t l i n e s r e p r e s e n t i n g the more sharply defined number 
concepts acquired by the s i x t h grader. However, the t a p e s t r y 
i s not y e t complete. There are many threads l e f t loose which 
the teacher of Grade V I I must p i c k up. I n a d d i t i o n , she w i l l 
weave her share using a s u b t l e , new technique. As a r e s u l t , 
her students w i l l discover new and d i f f e r e n t ways of l o o k i n g 

1 0 3 H a r d i n g , o£. c i t . , p. 176. 
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at the number s t o r y thus depicted. They w i l l develop the 
a b i l i t y to view number i n the perspective of algebra students. 

The t y p i c a l student w i t h whom t h i s teacher w i l l work 
loses his own i d e n t i t y i n his "gang." He displays a wide 
v a r i e t y of i n t e r e s t s . At times he i s buoyed away from r e a l i t y 
by his unleashed enthusiasm. He i s capable of b r i n g i n g h i s 
group t o a high p i t c h of excitement l e a v i n g an unwary teacher 
i n doubt o f how t o r e s t o r e q u i e t . I t i s the task of the teach
er to u t i l i z e his enthusiasm and vast range of i n t e r e s t s i n 
productive a c t i v i t i e s . ^ k 

As the teacher of Grade V I I b u i l d s her cur r i c u l u m , 
she has two major ideas which she plans to emphasize: (1) how 
the number system grew out o f p r i m i t i v e man's attempts to keep 
t r a c k of the q u a n t i t i e s i n his possession and i n his environ
ment and (2) how number, as a fundamental concept, i s r e l a t e d 
to the t o t a l mathematics program and to the world. 

The f o l l o w i n g idea o u t l i n e suggested f o r the seventh 
grade number program i s condensed from the proposed c u r r i c u l u m 
of the School Mathematics Study Group: 1 05 

1. The System f o r Naming and W r i t i n g Numbers 
1.1 The h i s t o r y of our numeration system began i n 

ancient times. 
1.2 Reading and w r i t i n g numerals i n the decimal 

system f o l l o w s a p a t t e r n . 

1 0 ^ O e s e l l , l l g , and Ames, o£. c i t . , pp. 131-33. 
•J-O^school Mathematics Study Group, op. c i t . , I . 



1.3 Qui? knowledge o f the decimal system of numera
t i o n may be increased by studying the numerals 
as used i n a system to another base. 

2. The Whole Numbers 
2.1 The counting numbers plus zero comprise the 

whole number system. 
2.2 The counting numbers are known as " n a t u r a l " 

numbers and are man's answer t o the question 
"How many?" 

2.3 Each of the fundamental operations has prop
e r t i e s which are observed i n the elementary 
grades but which are not named d i r e c t l y . 

2.I4. The inverse of the a d d i t i o n operation i s the 
s u b t r a c t i o n operation, and the inverse o f 
the m u l t i p l i c a t i o n o p eration i s the d i v i s i o n 
operation. 

2.5 One and zero are s p e c i a l numbers. 
3. F a c t o r i n g and Primes 

3.1 A prime i s any counting number other than one 
t h a t i s d i v i s i b l e only by i t s e l f and one. 

3.2 A number i s a f a c t o r o f a second number i f 
there i s a t h i r d number such t h a t the product 
o f the f i r s t number and the t h i r d number i s 
the second number. 

3.3 A composite number i s one which can be ex
pressed as the product of two smaller whole 
numbers. 
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3.1\. The greatest common f a c t o r of tvro counting 
numbers i s the l a r g e s t counting number t h a t 
i s a f a c t o r o f each of them. 

3.5 The l e a s t common m u l t i p l e of two counting 
numbers i s the smallest counting number which 
i s a m u l t i p l e o f each o f than, 

il. The R a t i o n a l Number System 
l j . . l I n general, a r a t i o n a l number i s a whole 

number over a counting number. 
I4..2 The number l i n e may be used t o f i n d geometric 

s o l u t i o n s f o r the f o u r fundamental operations 
w i t h r a t i o n a l numbers. 

i|..3 The r a t i o n a l numbers can be ordered. 
ij..i j . The m u l t i p l i c a t i o n o f r a t i o n a l numbers i s 

commutative and a s s o c i a t i v e . 
i(..5 The a d d i t i o n of r a t i o n a l numbers i s commutative 

and a s s o c i a t i v e . 
i|..6 A r a t i o n a l number can be expressed i n decimal 

form by d i v i d i n g the numerator by the 
denominator. 

1|..7 Every r a t i o n a l mamber may be named by a d e c i 
mal which e i t h e r terminates,or repeats. 

The above program as suggested by the School Mathe
matics Study Group would be a meaningless e f f o r t i f i t d i d 
not have roots i n the p h y s i c a l w o r l d surrounding the seventh 
grader. The Study Group has included many a c t i v i t i e s b u i l t 
around concrete m a t e r i a l s and observable phenomena which the 
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teacher raay use to c l a r i f y ideas f o r her students. 
Although the content o f the seventh grade prograra may 

at f i r s t appear complex, the a l e r t teacher can create v i v i d 
scenes t o s i m p l i f y the m a t e r i a l . Por example, the class may 
momentarily go back i n h i s t o r y and v i s u a l i z e a group' of shep
herds gathered to t a l k around an ancient w e l l as they water 
t h e i r sheep. Most of the students have been impressed e l s e 
where w i t h the comfort and s e c u r i t y o f the o l d q u o t a t i o n : " I 
know mine and mine know me." As one of the shepherds moves 
away from his companions, he c a l l s t o his f l o c k . And s u r e l y 
enough his. own know his voice and leave the other f l o c k s to 
j o i n him. Hoitfever, l e s t there be one wayward sheep t h a t 
should not respond, the shepherd takes count of them before 
l e a v i n g . His method of counting i s most unusual. He com
pares each of his sheep w i t h a notch cut i n t o his crook. 
Prom a scene as simple as t h i s the meaning of one-to-one cor
respondence i s r e i n f o r c e d . 

As a sequel t o the lesson the teacher may suggest a 
problem such as the f o l l o w i n g : 

An o l d deck of cards contains a l l the necessary 
red cards, but i t i s not known whether any of the 
black cards are missing. Can you suggest a way, with' 
out counting, t o f i n d whgther or not a l l the black 
cards are i n the d e c k ? 1 0 6 

The nature o f our numerals comes to l i g h t as the s t u 
dents p l a y a game of l a r g e s t number and decide which rwould 
be e a s i e r — t o w r i t e or to read a numeral l a r g e r than t h a t of 
the opponent. 

1 0 6 i b i d . ! , p. 29. 
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The commutative p r i n c i p l e may be made c l e a r by leading 
the p u p i l s to an examination of common s i t u a t i o n s which are 
examples of the p r i n c i p l e , such as the f o l l o w i n g : (1) washing 
your face and washing your h a i r , (2) going one block n o r t h 
and going one block west, and (3) counting to one hundred 
and w r i t i n g the alphabet. There are other r e a l s i t u a t i o n s 
which are not examples of the p r i n c i p l e : (1) p u t t i n g the cat 
out and going to bed, (2) e a t i n g dinner and g e t t i n g up from 
the t a b l e , and (3) r a k i n g the leaves and burning them. 

The inverse operations may also be c l a r i f i e d through 
common s i t u a t i o n s . The students may be l e d to discover t h a t 
an inverse operation "undoes" what has been done. As an ex
ample of an inverse operation, one might suggest g e t t i n g I n t o 
a car and, the inverse, g e t t i n g out of the car. The class 
w i l l observe t h a t not a l l a c t i v i t i e s have inverse operations--
f o r example, s m e l l i n g a rose and t a l k i n g . 

The concept of r a t i o n a l numbers as r a t i o s may be ex
pl o r e d through the actual measurement o f the height of b u i l d 
i n g s , t r e e s , and fences and the lengths o f the shadows of 
these o b j e c t s . The r e s u l t i n g measurements are next arranged 
i n t o a t a b l e . I n t h i s manner the r a t i o of the height o f the 
ob j e c t t o the l e n g t h o f the shadow becomes apparent. 

The aspects of the Grade V I I number program mentioned 
here do not encompass a l l of the o b j e c t i v e s of the seventh 
grade teacher. As mentioned a t the beginning of the chapter, 
there are numerous loose threads l e f t by the s i x t h grade 
teacher; t h a t are to be picked up durin g t h i s school term. 
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The negative numbers, e s p e c i a l l y , w i l l need reinforcement. 
However, to avoid r e p e t i t i o n , tbe w r i t e r has included here 
only those ideas which shed a new l i g h t on the number concept. 
With t h i s new p e r s p e c t i v e , the seventh grader i s becoming 
equipped to view number not only as an algebra student but 
also as a student of mathematics. 

3.9 Grade V I I I 
Standing before the frame of the imaginary t a p e s t r y , 

the teacher of Grade V I I I sees a well-developed p i c t u r e — t h e 
e f f o r t s of the previous teachers who have worked d i l i g e n t l y 
t o promote the growth o f number concepts i n t h e i r students. 
The e i g h t h grade teacher w i l l p i c k up the loose threads and 
continue to weave them as the other teachers have done. She 
w i l l s e l e c t new bobbins t o introduce new ideas--such as, the 
r e a l numbers and the operations w i t h p o s i t i v e and negative 
i n t e g e r s . She has j u s t one s h o r t school term i n which to 
f i n i s h the task o f making her students ready f o r t h e i r entrance 
i n t o a more formal study of the generalized nuraber system. 

I t i s f o r t u n a t e t h a t i n t h i s f i n a l , busy year the 
e i g h t h grade teacher has a co-operative student w i t h whom to 
work. The t y p i c a l e i g h t h grader appears q u i e t and withdrawn, 
but he i s mentally a c t i v e . He i s able to organize and t o 
c a r r y out plans. His sense of r e s p o n s i b i l i t y i s well-developed. 
He knows his c a p a b i l i t i e s . He c o n t r o l s his enthusiasm and 
i s s e l e c t i v e i n his i n t e r e s t s . 1 0 7 

107 'Gesell, l l g , and Ames, 0£. c i t . , p. 165. 
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The f o l l o w i n g idea o u t l i n e prepared f o r the e i g h t h 
grader's number program i s condensed from the proposed e i g h t h 
grade textbook of the School Mathematics Study Group: 1 0 8 

1. Studying the Negative Numbers 
1.1 The number l i n e , a geometrical r e p r e s e n t a t i o n 

of our number system, i s again encountered 
as a h e l p f u l t o o l . 
1.11 There i s a one-to-one correspondence 

between some of the p o i n t s on the num
ber l i n e and a l l the numbers w i t h which 
the p u p i l s are f a m i l i a r . 

1.12 The p o i n t corresponding to zero I s 
the p o i n t of i n t e r s e c t i o n of the l e f t 
and r i g h t rays of the number l i n e . 

1.13 The negative numbers correspond to the 
po i n t s t o the l e f t of zero on the num
ber l i n e and are defined as f o l l o w s : 
I f a I s any r a t i o n a l number associated 
w i t h a p o i n t on the r i g h t h a l f o f the 
nuraber l i n e , then we define negative 
a, (-a), by saying (-a) i s the number 
which added to a gives the sum 0. 

1.2 The operations w i t h negative numbers are 
developed by the teacher i n a meaningful 
p a t t e r n . I t i s necessary t h a t the operations 
s a t i s f y the commutative, a s s o c i a t i v e , 

l o 8 S c h o o l Mathematics Study Group, o£. c i t . , I I . 
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and d i s t r i b u t i v e p r o p e r t i e s . Pollowing such 
a development, these d e f i n i t i o n s are made: 
1.21" The a d d i t i o n of p o s i t i v e and negative 

numbers may be defi n e d i n the f o l l o w i n g 
manner: 
1.211 a + (-b) = a - b i f a, b are 

p o s i t i v e r a t i o n a l numbers and 
a i s greater than b. 

1.212 a + (-b) = -(b-a) i f a, b are 
p o s i t i v e r a t i o n a l numbers and 
b i s greater than a. 

1.213 (-a) + (-b) = - ( a + b) i f a, 
b are p o s i t i v e r a t i o n a l numbers. 

1.22 The m u l t i p l i c a t i o n o f negative numbers 
may be defined i n the f o l l o w i n g manner: 
1.221 (-a)b = -ab i f a, b are any two 

p o s i t i v e r a t i o n a l numbers. 
1.222 (-a) (-b) = ab i f a, b are any 

two p o s i t i v e r a t i o n a l numbers. 
1.23 The d i v i s i o n of negative numbers may 

be defined i n ths f o l l o w i n g manner: 
1.231 I f bx = -a, where b i s a p o s i 

t i v e r a t i o n a l number and -a i s 
a negative r a t i o n a l number, 
then x must represent a negative 
number from what we know about 
m u l t i p l i c a t i o n . Hence, x = ^ 
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i s a negative number and we 
conclude that a negative number 
d i v i d e d by a p o s i t i v e number 
i s a negative number. 

1.232 I f (-b)x = a, where a i s p o s i 
t i v e , then x must be a negative 
number from our knowledge of 
m u l t i p l i c a t i o n . Hence, x = 

-b 
i s a negative number and we con
clude t h a t a p o s i t i v e number 
d i v i d e d by a negative number gives 
a negative number. 

1.233 I f (-b)x = (-a), x must be a 
p o s i t i v e number since -b must 
be m u l t i p l i e d by a po s t i v e num
ber t o give (-a). Hence, x = — 

-b 
i s a p o s i t i v e number and we must 
conclude t h a t a negative number 
d i v i d e d by a negative number i s 
a p o s i t i v e number. 

1.21}. The s u b t r a c t i o n of negative numbers may 
be defined i n the f o l l o w i n g manner: 
1.21}1 a - b = a + (-b) = -(b - a) i f 

a, b are any p o s i t i v e r a t i o n a l 
numbers and b i s greater than 
a. 

1.2I}2 a - (-b) = a + b i f a, b are any 
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p o s i t i v e r a t i o n a l numbers. 
I.2I4.3 (-a) - b = - ( a + b) i f a, b 

are any p o s i t i v e r a t i o n a l 
numbers. 

I.2I44 (-a) - (-b) = (-a) + b I f a, b 
are any p o s i t i v e r a t i o n a l 
numbers. 

2. The System o f Real Numbers 
2.1 The set of inte g e r s contains the set of 

p o s i t i v e i n t e g e r s , negative i n t e g e r s , and 
zero. 

2.2 The set of integers i s contained i n the set 
of r a t i o n a l numbers, which enables man to 
measure. The r a t i o n a l s s a t i s f y the f o l l o w i n g 
p r o p e r t i e s : 
2.21 Closure: I f a, b are r a t i o n a l numbers, 

then a + b i s a r a t i o n a l number, a x b 
i s a r a t i o n a l number, a - b i s a r a 
t i o n a l number, and £ i s a r a t i o n a l num-

b 
ber i f b does not equal 0. 

2.22 Commutativity: I f a, b are r a t i o n a l 
numbers, then a + b = b + a and ab = ba. 

2.23 A s s o c i a t i v i t y : I f a, b, c are r a t i o n a l 
numbers, then a + ( b + c ) = ( a + b ) + c 
and a(bc) = (ab)c. 

2.21}. I d e n t i t i e s : I f a i s a r a t i o n a l number, 
then a + 0 = a and a x 1 = a. 
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2.25 D i s t r i b u t i v i t y : I f a, b, c are r a t i o n a l 
numbers, then a(b + c) = ab + ac. 

2.26 A d d i t i v e inverse: I f a i s a r a t i o n a l 
number, then there i s a number (-a) 
such t h a t a + (-a) = 0 . 

2.27 M u l t i p l i c a t i v e inverse: I f a i s a 
r a t i o n a l number and a does not equal 
zero, then there i s a number b such 
t h a t a x b = 1. 

2.28 Order: I f a and b are d i f f e r e n t 
r a t i o n a l numbers, then e i t h e r a< b, 
or a > b. 

The r a t i o n a l numbers are dense: t h a t i s , 
there i s a t h i r d r a t i o n a l number between 
any two d i s t i n c t r a t i o n a l numbers. 
I n a d d i t i o n t o the s e t of r a t i o n a l numbers 
there e x i s t s a set o f i r r a t i o n a l numbers. 
Any r a t i o n a l number has a p e r i o d i c non-
t e r m i n a t i n g decimal r e p r e s e n t a t i o n and the 
r a t i o n a l numbers can be defined as the s e t 
o f a l l p e r i o d i c decimals. 
An i r r a t i o n a l number can be defined as any 
number w i t h a non-terminating, non-periodic 
decimal r e p r e s e n t a t i o n . 
The r a t i o n a l numbers and the i r r a t i o n a l num
bers considered together are known as the 
set of r e a l numbers. 
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2.8 The r e a l number system has the f o l l o w i n g 
p r o p e r t i e s : 
2.81 The r e a l number system i s closed under 

a d d i t i o n , s u b t r a c t i o n , m u l t i p l i c a t i o n , 
and d i v i s i o n . 

2.82 The r e a l numbers are commutative under 
a d d i t i o n and m u l t i p l i c a t i o n . 

2.83 The r e a l numbers are as s o c i a t i v e under 
a d d i t i o n and m u l t i p l i c a t i o n . 

2.81]. The r e a l numbers have an a d d i t i v e and 
a m u l t i p l i c a t i v e i d e n t i t y element. 

2.85 M u l t i p l i c a t i o n i s d i s t r i b u t i v e over 
a d d i t i o n of r e a l numbers. 

2.86 For every r e a l number there i s another 
r e a l number which i s i t s a d d i t i v e i n 
verse; f o r every r e a l number, excrept 
zero, there i s another r e a l number 
which i s i t s m u l t i p l i c a t i v e inverse. 

2.8? The r e a l numbers are ordered. 
2.88 The r e a l numbers are dense. 
2.89 The r e a l number l i n e i s complete; t h a t 

i s , to each p o i n t on the number l i n e 
there corresponds a r e a l number. 

2.9 I n a d d i t i o n t o the i r r a t i o n a l numbers which 
a r i s e from e x t r a c t i n g r o ots o f r a t i o n a l num
bers, there are many more i r r a t i o n a l numbers, 
such as £i, which are c a l l e d transcendental 



numbers. (These numbers the p u p i l s w i l l 
encounter i n high school mathematics.) 

3. Very Large and Very Small Numbers; S c i e n t i f i c 
N o t a t i o n 
3.1 Extremely l a r g e numbers are becoming i n 

c r e a s i n g l y u s e f u l t o man. 
3.2 A. very large number may be w r i t t e n i n s c i e n 

t i f i c n o t a t i o n ; t h a t i s , i t may be w r i t t e n 
as a product of a number between one and ten 
w i t h the appropriate power of ten. Por ex
ample, 9,100,000 may be w r i t t e n as 9.1 x 10^. 

3.3 Very small numbers may be w r i t t e n i n s c i e n 
t i f i c n o t a t i o n by making use o f negative 
exponents. Por example, 0.0000^6 may tte 
w r i t t e n as 5.6 x 10~5. 

3*k. I n performing c a l c u l a t i o n s w i t h numbers w r i t t e n 
i n s c i e n t i f i c n o t a t i o n , the teacher b u i l d s 
readiness f o r operations w i t h exponents. 

I n p r esenting the number program to her students, the 
e i g h t h grade teacher r e l i e s h e a v i l y on one p a r t i c u l a r t e c h n i q u e — 
she v i v i d l y constructs a "need." I n the study o f r a t i o n a l num
bers, she describes the background of ancient man i n which 
there were no methods f o r measuring f r a c t i o n a l parts of u n i t s 
of distance, weight and so f o r t h . Lacking these conveniences, 
man recognizes a need f o r something t h a t he can use i n dealing ^ 
w i t h f r a c t i o n a l p a rts o f u n i t s . The1 s o l u t i o n t o his problem 
i s found i n the r a t i o n a l numbers. 
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The need for the i r r a t i o n a l numbers may be i l l u s t r a t e d 
as the students construct triangles using the straight edge 
and compass. The triangle of which the hypotenuse can be 
shown to be not a r a t i o n a l number makes apparent the need for 
a system of numbers which includes some numbers that are not 
r a t i o n a l . 

The junior high school student i s e s p e c i a l l y "science-
minded." His imagination i s e a s i l y captured i n the small world 
of atoms and the large world of c e l e s t i a l bodies. Discussions 
of the weight of atoms i n grams, the distance between planets, 
the factors involved i n space t r a v e l , and the speed of l i g h t 
readily i l l u s t r a t e the need for s c i e n t i f i c notation i n writing ' 
and speaking of very large and very small numbers. 

At the end of eighth grade the student stands at the 
door of h i s formal algebra training, the stepping stone to a 
further study of mathematics, i f such i s h i s wish. His back-
ground I n the number concept i s the r e s u l t of his own efforts 
and the eff o r t s of every one of h i s arithmetic teachers from 
kindergarten through Grade V I I I . Por t h i s student there w i l l 
be no frustrations r e s u l t i n g from too much and too unfamiliar 
material being heaped upon him a l l at once. He has been guided 
naturally through a number concept continuum. His training i n 
kindergarten and the f i r s t eight grades has been aimed at 
priming him for future growth i n mathematics. I t i s only natu
r a l that t h i s beginning algebra student s l i d e s into h i s new 
role with eagerness and self-confidence. 
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At the same time, the p u p i l who does not wish to study 
mathematics any f u r t h e r has b e n e f i t e d from such a program. 
His background, as a r e s u l t of t h i s work w i t h the number con
cept, w i l l enable him to comprehend the number s i t u a t i o n s 
which he w i l l encounter every day.. 



CHAPTER lj.. SUMMARY 

i j . . l General Summary 
I n Chapter I I I o f t h i s thesis the w r i t e r compares the 

development of the number concept t o the weaving o f a t a p e s t r y . 
V/hy does he s e l e c t f o r his comparison t h i s almost f o r g o t t e n 
art? The primary reason i s t h a t t h i s ancient s k i l l , t a p e s t r y 
weaving, i l l u s t r a t e s v i v i d l y the need t o e s t a b l i s h a d e f i n i t e 
goal before s t a r t i n g the a c t u a l work. Before the weaver takes 
a s i n g l e thread i n hand, he studies a f i n i s h e d p a i n t i n g — h i s 
goal. This p a i n t i n g , c a l l e d a "cartoon," he places d i r e c t l y 
under his frame. Now he is ready to du p l i c a t e the p i c t u r e i n 
c l o t h . As he weaves, he f r e q u e n t l y separates the threads 
s t r e t c h e d on the frame and studies the cartoon beneath to be 
c e r t a i n t h a t he i s not d e v i a t i n g from his goal. 

I n planning f o r the elementary study of number, i t i s , 
l i k e w i s e , e s s e n t i a l t h a t c l e a r goals be e s t a b l i s h e d before any 
teaching i s done. Readiness f o r algebra i s not l i k e l y t o r e 
s u l t from a number program unless one of the goals o f the pro
gram is_ the b u i l d i n g o f readiness f o r algebra. A f t e r the goals 
are c l e a r l y s t a t e d , i t i s necessary t h a t each teacher from 
kindergarten to the e i g h t h grade "separate the threads and 
study the cartoon beneath" f r e q u e n t l y during the school term. 

68 
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Each lesson must be t r e a t e d not as a complete segment w i t h 
immediate goals only, but as an i n t e r l o c k i n g u n i t i n a con
tinuum aimed toward the o b j e c t i v e s o f the t o t a l program. 

The second s i m i l a r i t y between the number concept and 
the t a p e s t r y i s t h a t both r e s u l t from gradual, continuous 
processes. The weaver i s a p a t i e n t man; he knows t h a t he can
not create a masterpiece at one s i t t i n g . Day a f t e r day he 
weaves, back and f o r t h he moves the bobbins, s i n g l e thread by 
single thread he progresses. 

The sarae is true of the h i s t o r y o f the number concept. 
The step-by-step process was ever so gradual. The sequence 
of phases shows a n a t u r a l and c o n s i s t e n t development. 

Likewise, the student's growth i n the development of 
the number concept i s gradual and continuous. E f f o r t s must 
be c o n s i s t e n t l y a p p l i e d from kindergarten to the e i g h t h grade 
i f the student i s to develop a readiness f o r algebra. Each 
idea should be presented as many times as possible to the 
p u p i l w h i l e he i s i n school. Ideas which are taught once and 
then dropped permanently are l i k e loose threads l e f t hanging 
on the t a p e s t r y ; they weaken the f i n i s h e d product. There raust 
be a c o n t i n u a l " p i c k i n g up of the loose threads" as the student 
progresses from k i n d e r g a r t e n to the e i g h t h grade. 

The outstanding weaver i s one who loves h i s work. Por 
him there i s no monotony i n weaving. He enjoys the v a r i e t y 
i n the c o l o r s and textures o f the threads t h a t he s e l e c t s , 
i n the i n t r i c a t e p a tterns t h a t he creates, and i n the s u b t l e 
techniques t h a t he devises. Most important, his enjoyment of 
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these v a r i a t i o n s steins not merely frora s i n g l e perceptions "but 
r a t h e r from the knowledge t h a t each v a r i a t i o n w i l l enhance the 
completed work. 

The outstanding teacher, too, i s one who has enthusiasm 
f o r her work. I n her classes there i s no monotonous reteach
i n g or tiresome d r i l l . She makes cl e v e r use of v i s u a l m a t e r i 
als and p h y s i c a l experiences. She accumulates a wealth o f 
v a r i e d teaching techniques. Most important, she evaluates 
each l e a r n i n g a c t i v i t y i n the l i g h t of i t s c o n t r i b u t i o n to 
the goals of the program. 

I n t h i s t hesis the w r i t e r has included suggestions 
f o r the teacher o f each l e v e l frora k i ndergarten to the e i g h t h 
grade. However, students are not a l l moulded i n the same pa t 
t e r n . Consequently, when presenting the m a t e r i a l , the teacher 
must take i n t o c o n s i d e r a t i o n not only the grade l e v e l but also 
the i n d i v i d u a l — h i s developmental stage and his readiness. 

Once again the problem i s s t a t e d : How can the teachers 
of Grades K-8 i n i t i a t e and promote the growth o f the number 
concept? This study y i e l d s a t h r e e f o l d answer: 

(1) The teachers of Grades K-8 raust e s t a b l i s h as one 
of t h e i r goals the d e l i b e r a t e b u i l d i n g o f a systematic concept 
o f number. Moreover, they must evaluate each lesson i n the 
l i g h t o f whether or not i t leads toward the goal. 

(2) The teachers must have an awareness t h a t the c h i l d ' s 
concept of number grows g r a d u a l l y by means of continuous e f f o r t s 
from k i n d e r g a r t e n to the e i g h t h grade. I t i s the task of each 
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teacher t o f i n d out what the c h i l d has been exposed to pre
v i o u s l y so t h a t she may r e i n f o r c e the m a t e r i a l and b u i l d upon 
i t . I n a d d i t i o n , she must f i n d out what i s to f o l l o w her 
teaching i n order t h a t she may develop readiness r a t h e r than 
erect obstacles f o r f u t u r e l e a r n i n g . 

(3) A readiness f o r f u r t h e r study o f mathematics i s 
promoted through an informed s e l e c t i o n of content, concrete 
m a t e r i a l s , p h y s i c a l experiences, and v a r i e d teaching techniques 
s u i t e d to the m a t u r i t y l e v e l of the student. 

i|..2 Grade Placement Summary 
The f o l l o w i n g summary i s a condensed, o v e r - a l l view 

of Chapter 3. I t i s intended to be used as a general guide 
to the approach t o the teaching o f the number concept t h a t 
i s advocated i n t h i s t h e s i s . The program proposed here i n 
cludes f o r each grade l e v e l (1) t o p i c s which the p u p i l should 
master a t the present time, (2) t o p i c s which the teacher 
should b u i l d readiness f o r i n a n t i c i p a t i o n of f u t u r e mastery 
by the student, and (3) t o p i c s s t u d i e d i n the past which should 
be r e i n f o r c e d f o r more permanent r e t e n t i o n by the student. 

Kindergarten 
Student l e a r n s : 

One-to-one correspondence 
Cardinal numbers 
Counting numbers 

Teacher b u i l d s readiness f o r : 
Ordinals 
Place value 
Zero t o i n d i c a t e absence of q u a n t i t y 
R a t i o n a l numbers 
Fuiidamental operations 
Commutative pr o p e r t y o f a d d i t i o n 



72 

Grade I 
Student learns: 

Cardinal numbers 
Ordinals 
Counting numbers 
Zero to indicate absence of quantity 
Rational numbers (one-half, one-fourth) 
Fundamental operations (addition, subtraction) 
Gomrnutative property of addition 

Teacher builds readiness for: 
Place value 
Zero as a reference point 
Fundamental operations (multiplication, division) 
Inverse operations (addition, subtraction) 

Program reinforces: 
One-to-one correspondence 

Grade I T 
Student learns: 

Cardinal numbers 
Ordinals 
Counting numbers 
Rational numbers (one-half, one-fourth, one-third) 
Fundamental operations (addition, subtraction) 
Commutative property of addition 
Associative property of addition 
Inverse operations (addition, subtraction) 
Place value 

Teacher builds readiness for: 
Zero as a reference point 
Fundamental operations (multiplication, division) 
Commutative property of-multiplication 
Regrouping for carrying and borrowing 
Zero i n addition and subtraction 

Program reinforces: 
One-to-one correspondence 
Zero' to indicate absence of quantity 

Grade I I I 
Student learns: 

Place value to 1000 
Rational numbers (denominators of 2, 3, ij., 5, 

6, 7, 8,.9) 
Fundamental operations (multiplication, division) 
Inverse operations (multiplication, division) 



73 

History of numbers 
Regrouping for carrying and borrowing 

Teacher builds readiness f or: 
Properties of zero and one i n fundamental operations 
Zero as a reference point 
Decimals 

Program reinforces: 
Zero to indicate the absence of quantity 
Cardinal numbers 
Ordinals 
Counting numbers 
Commutative property of addition 
Associative property of addition 
Inverse operations (addition, subtraction) 

Grade IV 
Student learns: 

Place value through million's 
Fundamental operations (multiplication, division) 
Rational numbers (denominators to sixteen) 
Zero as a reference point 

Teacher builds readiness for: 
Associative property of multiplication 
Decimals 
Properties of zero and one i n fundamental 

operations 
Fundamental operations with r a t i o n a l numbers 
Closure 

Program reinforces: 
Inverse operations ( a l l fundamental operations) 
Associative property of addition 
Regrouping for carrying and borrowing 
Commutative operations (addition, multiplication) 
Zero to indicate the absence of quantity 

Grade V 
Student learns: 

Decimals to hundredths 
Fundamental operations with r a t i o n a l numbers 
Associative property of multiplication 

Teacher builds readiness for: 
Closure 
Many names for a number 
Number l i n e 
Rational number system 



71; 

Commutative, a s s o c i a t i v e , and d i s t r i b u t i v e 
p r i n c i p l e s 

Properties of zero and one i n fundamental 
operations 

Operations w i t h decimals 
Negative i n t e g e r s 

Program r e i n f o r c e s : 
Zero ( p o i n t of reference, absence of q u a n t i t y ) 
Inverse operations ( a d d i t i o n and subtraction,. 

m u l t i p l i c a t i o n and divfeion 
Commutajbive and associ a t i v e p r o p e r t y of a d d i t i o n 
Commutative property of m u l t i p l i c a t i o n 

Grade VI 
Student l e a r n s : 

Number l i n e 
A l l operations w i t h decimals and r a t i o n a l numbers 

Teacher b u i l d s readiness f o r : 
Rational nuraber system 
Negative i n t e g e r s 
Generalized number 
Commutative, a s s o c i a t i v e , and d i s t r i b u t i v e 

p r i n c i p l e s 
Closure 
Prope r t i e s of zero and one i n fundamental 

operations 
Program r e i n f o r c e s : 

Fundamental operations w i t h r a t i o n a l numbers 
Zero ( p o i n t of reference, absence of q u a n t i t y ) 
Comrautative and ass o c i a t i v e p r o p e r t i e s of 

a d d i t i o n 
Commutative and associ a t i v e p r o p e r t i e s of 

m u l t i p l i c a t i o n 
inverse operations ( a d d i t i o n and s u b t r a c t i o n , 

m u l t i p l i c a t i o n and d i v i s i o n ) 

Grade V I I 
Student l e a r n s : 

Ancient system of numeration 
Number system t o other bases 
Commutative, a s s o c i a t i v e , and d i s t r i b u t i v e 

p r i n c i p l e s 
Closure 
I d e n t i t y elements 
Density 
T r a n s i t i v i t y 
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Order 
Prime s 
Composites 
M u l t i p l e s 
Pactors 
Powers 
Rational number system 

Teacher b u i l d s readiness f o r t 
Negative i n t e g e r s 
Completeness of r e a l number l i n e 
Generalized number 

Program r e i n f o r c e s : 
Fundamental operations w i t h r a t i o n a l numbers 
Number l i n e 
One-to-one correspondence 

Grade V I I I 
Student l e a r n s : 

Negative i n t e g e r s 
Operations w i t h the r a t i o n a l numbers 
Set o f i r r a t i o n a l numbers 
Real number system 
Complete number l i n e 
Inverse elements 

Teacher b u i l d s readiness f o r : 
I n f i n i t y 
Transcendentals 
Generalized number 

Program r e i n f o r c e s : 
Closure 
Commutative, a s s o c i a t i v e , and d i s t r i b u t i v e 

p r i n c i p l e s 
I d e n t i t y element 
Order 
Density 
T r a n s i t i v i t y 



CHAPTER 5. CONCLUSIONS 

How can the teachers of Grades K-8 i n i t i a t e and promote 
a continuous growth of the number concept i n order to insure 
an adequate p r e p a r a t i o n f o r algebra? I n studying t h i s question, 
the w r i t e r has a r r i v e d at the f o l l o w i n g conclusions: 

(1) C u r r e n t l y i n the world of mathematics there i s 
developing a sentiment t h a t the number concept should be 
taught i n such a way i n Grades K-8 t h a t : (a) adequate prepara
t i o n f o r algebra and the courses beyond algebra i s ensured and 
(b) numbers and operations w i t h numbers have more meaning. 
I n d i v i d u a l s and groups are producing recommendations, c u r r i c u 
lum guides, and textbooks advocating the systematic i n c l u s i o n 
of the number concept i n Grades K-8. 

(2) I n h i s t o r y may be found many of the answers t o the 
problems of m o t i v a t i o n and development of the number concept. 
V i v i d d e s c r i p t i o n s serve t o e n l i v e n mathematics and make i t 
more p a l a t a b l e f o r the student. Furthermore, the h i s t o r i c 
development of set s , c a r d i n a l numbers as nanes f o r the number 
q u a l i t y of sets, counting numbers, and r a t i o n a l numbers c l o s e l y 
p a r a l l e l s t h e i r development as mental images i n c h i l d r e n . 

(3) Mathematics, I f i t ' s a b s t r a c t content i s to have 
meaning, must be derived, i n Grades K-8, from the ph y s i c a l 
e n t i t i e s which i t counts, measures, and describes. I n Grades 
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K-8 the teacher should guide the p u p i l t o f i n d meaning f o r 
the number concept i n h i s surroundings. As the c h i l d matures, 
the amount of a b s t r a c t i o n which he can fathom increases. There
f o r e , the teacher must not bind her program i n the p h y s i c a l 
environment; she should proceed to the a b s t r a c t when her p u p i l s 
are ready to leave the concrete. Her program must, however, 
c o n t i n u a l l y r e v e r t t o e n t i t i e s which are f a m i l i a r t o the 
c h i l d r e n . 

The number system should be b u i l t from the counting 
numbers. A l l numbers may be presented, although not d i r e c t l y , 
as n a t u r a l and needed outgrowths of the counting numbers. 

(5) Because of the psychological f a c t o r s i n v o l v e d i n 
elementary and j u n i o r h i g h school education, number cannot be 
made r i g o r o u s l y l o g i c a l . However, i t can be presented con
s i s t e n t l y and taught i n such a manner t h a t i t may be e a s i l y 
extended t o the more abs t r a c t mathematics of algebra. ' 

(6) Mastering the mamber concept r e q u i r e s t h a t the 
student develop a sense of s t r u c t u r e and an a b i l i t y to make \ 
g e n e r a l i z a t i o n s . Otherwise, f o r him numbers are meaningless 
symbols i n v o l v e d i n misleading operations t h a t degenerate 
during the f i r s t p e r i o d of disuse. 
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