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CHAP'YER I 

INTRODUCTION 

In modern control theory, a practical control system represented 

by a dynamica l model has sources whose outputs have a limited range of 

permissible values. This limitat ion on the range of source output 

corresponds to the limited rate of energy conversion which can be 

achieved in practice and results in restrictions on the amplitude and 

speed of system variables in the model. 

The theory of optimal control is concerned with controlling the 

system variables of the model, placing r estrictj_ons on the source, 

in such a manner that a scalar quantity, the performance index, a chieves 

an extrema l value. In general, the performance index may be written as 

I = S (~' ~' t ) , (1-1) 

where xis the state vector and u is the control vector. 

In a flight control system, for example, this would mean combining 

into one scalar the effect of error in maintaining the desired 

trajectory, the amount of fuel expended, the magnitude of the control 

action, and the time to reach the terminal state. 

In economic systems, however, the factors of interest may be 

e conomic growth, inflation, and expenditure of resources. In effect, 

the engineer must select the factor of interest which yields a 

compromise design to be invest i gated in order to determine the best 
1 optimal system. 
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Ih this paper the system model is investigated to discover what 

variations of source outputs result in a desired change in position 

for a minimum expenditure of energy. 

A. Purpose of Thesis 

The problem is to investigate the transfer of a system from an 

initial state to a final state with a minimum expenditure of control 

or source energy. 

The system is conservative and characterized by a triple integral 

plant with three poles at zero. 

The major portion of this paper is devoted to the linear region 

of the control; however, the develo-pment of the control problem includes 

saturation, and a brief discussion is presented in Chapter V. 

B. Method of Analysis 

The performance index that is to be minimized represents the total 

energy consumed. This perfonnance index is forraulated by taking the time 

integral of the control signal squared . Here, u(t) represents the 

control signa l and the performance index is 

I= Jtf- u2(t) dt. (1-2) 
to 

The problem now becomes one of finding an optimum signal u0 (t), 

that will force the plant from the initial state X(t 0 ) to a final state 

X(tf) and minimize the performance index. 

The method which will be used to determine an optimum control 

signal, u0 (t), is Pontryagin's Maxim~~ Principle. Briefly stated the 
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Maximum Principle which is based on the calculus of variations maximizes 

a scalar H called the Hamiltonian which results in minimizing the scalar 

performance index I, equation ( 1-2 )1. 
The third order plant considered in this paper is defined via 

state variable notation -- three first-order differential equations. 

The performance index will be redefined as a new variable called the 

Pontryagin function. 2 

The Hamiltonian of the system will be formulated and maximized 

with respect to the control signal. Thus, in this manner , an optirn.wn 

control signal will be obtained. Through use of canonical equations, 

the adjoint system will be defined as function of time and the unknown 

adjoint initial conditions. 

Knowledge of the control signal and adjoint equations determines 

the state variables as a function of the unknown adjoint initial 

conditions Pio and time. Fixing the fina l state Xf(t=T)=O establishes 

the adjoint initial conditions Pio in terms of the initial states Xia 

and time T. Here, Tis defined as the total time required to move the 

system state point from an initial -position to a terminal location. 

In addition, an energy equation which is expressed in terms of the 

initial values of the system variables vri 11 be determined and examined 

for various ,alues of T. 

Here, the state variables and control signal are plotted as 

functions of time, and the corresponding trajectory lengths and 

consumed energy are a lso presented. 
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c. Summary 

The design parameter considered in the following chapters is 

energy; however, other characteristics of system performance will be 

examined. These include such factors as overshoot, total time required 

for corrective action, distance traversed, and a realizable controller. 

First, however, the necessary mathematical background is presented and 

considered next. 
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CHAP'l'ER II 

DEVELOPMENT OF THE OPTTMAL CONTROL SIGNAL 

A. ' Definition of State Variables 

The system to be analyzed is characterized by the third-order 

differential equation with zero time constants. 

(2-1) 

Where u(t) is the forcing function and the initial conditions of the 

equation are 

x(t 0 ) = x(O) 

dx (t ) = dx (o)
dt o dt 

Find the optimum control signal u 0 (t) which will transfer the system 

from initial state X(O) to final state X(tr) and minimize the energy 

function 

(2-2) 

subject to the constraints 

and½nin Iu I~ ~ax 

The state variables are defined as 

let x(t) = x1(t) 

x1Ct) = x2(t) 
(2-3) 

~2(t) = x (t)3 
;3(t) = u(t) 

5 



Where ~(t) denotes dx • Subject to the initial conditions, 
dt 

xl(to) = xlO 

x2(to) == x20 (2-4) 

x3(to) = x30 

The system can be shown by the simple open-loop process. 

FIGURE 1 

Eg_uation (2-3) is written in the following matrix form: 

X(t) = AX(t) + BU(t) * (2-5) 

:i\(t) 0 1 0 0 

x2(t) = o o 1 + 0 u(t) (2-6) 

0 0 0 1 

A new variable called the Pontryagin function2 is defined. 

*Refer to Appendix A, page 41, for basic definitions. 
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This variable is performance index 
2 u (t) dt (2-7) 

The energy problem now becomes one of minimizing the new function 

x4(t), evaluated at .the end of the trajectory with respect to the 

control signal u(t). 

The derivative of equation (2-7) is 

x4(t) = u 2 (t) 
with x4(t ) = 0 being the initial condition on the new function.

0 
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B. Formation of the Hamil tonian and t he Optimum Control Signa l 

The Hamiltonian* for the system and the energy function is 
· 2 4represented by the general equation, ' 

H = H [ ~( t ) , R( t ) , u( t ), tj 
r 

H = ~, ( t ) 6_' R( t ) + u ' ( t ) B' R( t ) + Pn+1 ( t) L u3 (t ) ( 2-8 ) 
j =l 

where R( t ) i s an order vector ca l led the costate . 

A' and B ' are the transposed matrices~ and~' respectively . 

~' ( t ) i s then order transposed state vector . 

Substituting the transposed state vector, the costate vector, and the 

transposed 1 and 1 matrices· of equation ( 2-6) into equation ( 2 -8 ) 

results in the Hami l tonian of this problem written in matr i x form. 

I n th i s probl em n = 3 and j = r = 1 in equation (2-8). 

H = ( x1(t) x2(t) x3(t ~ 0 0 0 P1(t) 

1 0 0 P2(t ) + 

0 l 0 p (t )3 
[o 0 u ( t) ] 0 0 0 -P1(t ) 

20 0 0 P2( t) + Pl_~ u ( t ) ( 2 - 9) 

0 0 l p (t )3 
By simplifyi ng the matrix the Hamiltonian can be written as 

0 0 0 P1(t) 0 0 0 p1(t ) 

H = x2(t) 0 0 P2(t) + 0 - 0 0 P2 ( t) + 

0 x ( t ) 03 p (t)3 0 0 u( t ) P3(t) 

2P4 u ( t ) 

-K·Refer to Appendix A, page 41, for a general deve lopment . 
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( 2-10) 

The Hamiltonian may also be formed by the following expression: 
n 

H = L Pif i = P1 f1 + P2f2 + • • • + Pnfn 
i=l 

where 
. 
xl = fl =X2 . 
x2 = f2 =X3 . 

= f3 = u(t)X3 
2 

x4 = f4 = u (t) 

The boundary conditions on the adjoint equation pi(t) are 

To sununarize, the Hamiltonian function is de-pendent upon the control 

~(t), the state vector ~(t), and the adjoint vector :2_(t). 

To find the optimal control, Pontryagin's Maximum Principle has 

to be applied to the Hamiltonian, equation (2-10) which is maximized 

with respect to the control signal u( t). Equation (2-10) is a quadratic 

function of u(t) and therefore the optimum control is readily obtained. 

'l'aking the derivative of equation (2-10) with respect to u( t) gives 

t_P1(t) x2(t) +P2(t) x3(t) 
2PL~(t) u (t) 3 = 0 

;~(t) = p3(t) + 2p4(t) u(t) = 0 

P3(t) = -2p4(t) u(t) 

from the boundary conditions set Pl~( t) = --1 and solve for u( t) 

u(t) = ½P-:i(t)
.) 
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subject to the condition stated earlier that 

where U = ½nax the upper bound on u(t). 

If lv3(t)I 2U, the optimum control signal that maximizes t he 

Hamiltonian equation (2-9) is 

For simplicity the control signal is nonnalized and U is set equal to 1. 

In summary, the optimum control signal is defined as 

u(t) = ½p (t )3 IP3(t)I 2 U (2-11) 

u(t) = U sgn p (t)3 IP3(t)I 2 U (2-12) 

C. The Development of the Auxiliary Equations 

The canonical equations are 2,,3defined as 

'a H = b_ and 
~Ei 

c)H . -- -u d~ 

First, taking the derivative of equation (2-lo) with respect to pi(t) results 

in variables in agreement with equation (2 -3) . 

. 
c) H (t)= x2(t) = x (2-13)3 ~ P2 

aH = :x: (t) = u(t)3°c) P3 
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Now, taking the derivative of equation ( 2-10) with respect to xi ( t) results 

in the adjoint differential equations. 
.~H = -P1(t) = 0 (2-14)

"c,xl 

~H = -p2( t) = Pl( t)
~x2 

~H = -i>3(t) = P2(t)
~X3 

Writing the adjoint differential equations in matrix form gives 

p1(t) 0 0 0 P1(t) 

p2(t) = -1 0 0 P2(t) 

p3( t) 0 -1 0 p3(t ) 

Assume the adjoint equations to have the initial conditions 

P1(0) = P10 

P2(0) = P20 

P3( 0) = P30 

Integrating the adjoint equations (2-14) gives 

Pl( t) = P10 (2-15) 

p2(t) = -P1ot + P20 
2

P3( t) = Plot - P2ot + P30 
2 

D. Conclusion 

Note from equation (2-11) that the ·n1agnitude of the control signal 

is less than one and linear; hence, an analytic solution to this problem 

is possible. 
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Also note that equation (2-12) the magnitude of the control signal 

is greater than one and non-linear. An analytic solution is extremely 

difficult to obtain and one must usually rely on geometrical techniques 

to overcome this difficulty. 
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CI-IAPrER III 

DERIVATION OF THE SYSTEM EQUATIONS 

A. ~he Control Law, Function of Known Variables 

The linear optimum control signal given by equation ( 2-11) is 

Upon substitution of equation ( 2 - 15) into the above expression yields 

U o (t) == "P10t2 (3-1) 
4 

This equation is a function of the adjoint system initial conditions and 

is irrelevant unless there is a method to solve for p10 , p20 , and p30 . This 

is accomplished by substituting equation (3-1) into equations ( 2-13) 

~3 ( t) == u(t ) == uo ( t) == "P1ot2 - P2ot + P30 
4 2 2 

integrating 
2 x3(t) == l)10t3 - P2ot + P3ot + x30 (3 - 2) 

-2-12 4 

~2(t ) == x (t )3 
. 2 x2 (t ) == P1ot4 - -P2ot3 + P3ot + x3ot + x20 (3 - 3) 

48 12 4 

; 1(t) == x2(t) 

x1(t) == P1ot5 - P2ot4 + P3ot3 + x3ot2 + ½ot + xlO (3 - 4) 
240 48 12 2 

P10 , p20 , and p30 can now be determined as functions of final time 

(tf = T) and the initial conditions of the state vectors x10 , ½o, and 

13 



Substituting the final condition equation, X (tf = T) = 0 into 

equations (3-2 ) through (3-4 ) results in 
5 4 3 2

0 = P10T - P20T + P30T + X30T + x20T + x l O ( 3-5) 
240 48 12 2 

0 = p10T4 
- P20T3 + P30T2 + X30T + x20 (3-6 ) 

48 12 -i+"° 

(3-7 ) 

Clearing the above equations of fractions and multip l ying equation 

(3-6 ) and (3-7) by T and T2 respectively gives 

T5 4 T20 :::: p - 5P2oT + 20p T3 + 120x + 240x20T + 240x10 (3-8 ) 10 30 30 
40 = P10T5 - 4P20T + 12p T3 + 48x T2 + 48x T (3-9)30 30 20 

0 = P10T5 - 3p20T4 
+ 6P30T3 + 12x30T2 (3-10) 

Subtract eQuation (3-10) from equation (3-9), 

40 = -p20T + 6p30T3 _+ 36x30T2 + 1~8x20T ( 3-11 ) 

Subtract equation ( 3-9 ) fr om equation (3-8) . 

T20 = -p20T4 + 8p30T3 + 72x + 192x20T + 240x10 (3-12)30 
Subtract equation ( 3-11) from equation ( 3-12) . 

0 = 2p30T3 + 36x30T2 + 144x20T + 240x10 
2 

Solving for p30 = - ~ l_18x T + 72x20T + 120x10 ( 3-13)
3 30 

Substituting this va lue of P:io into equation ( 3-11),.., 
2

P20 = - ½4 t72x30T + 384~0T ·.~ 720x10 J, (3-14) 



Substituting this value of p20 into equation (3-8) gives 
2 

Pio = -¥5 t 120x30T + 720x20T + 144xl0 5 ( 3-15) 

Further substitution of equations (3-13), (3~14), and (3-15) into 

equation (3-1) results in 

u0 (t) = -1 { 30x30T
2 

+ 18ox20T + 36ox10 t 2 

2l36x30T + 192x20T + 36ox10 S t 

(3-16) 

The control law satisfies the necessary conditions and is a unique 

function of the initial and final conditions and time. 

B, The Performance Index, Function of Knoym Variables 

So far the minimurn energy problem has been treated from a general 

point of view. The mathematical analysis ha s progressed through the 

necessary steps needed to obtain the optimum control law u0 (t), equation 

(3-16). With the aid of the optimu.m law, the initial conditions x10 , 

x20 , x30 , and the knowledge that at tf=T, x('I')==O; the position vectors 

x1 ( t), x2 ( t), and x 3(t) were obtained. By µsing the optimum control law, 

equation (3-16) and the energy criterion function, equation (2-7), an 

expression for energy can be obtained. 

Equation (2-7) 
2t t -T o 

E( t) sf = sf- \u (t)} dt (3-17) 
Q t =0to 0 

15 



From equation (3-1) 

or 

s O 2 2 4 
·~ (t)\ = P10 t -

16 

Substituting the above expression into equation (3-17) and integrating . 

with respect to time gives 
tf='I' 2 4 2 23E( t) = J 'Pio t - · P1o'P20 t + P20 + 'P10P30 t 
t 0 =0 l~ 4 

-P20P30 t + P~o2 Jdt 
2 4 

4 2 t3 t2= [ P102t5 - 'P10P20 t + P20 + P10P30 - P20P30 
80 16 12 4 

2 tf='J.1 
+P30 t] 

t =00 

4 2E(t) = P102 T5 - + P20 T3P10P20 T + P10P30 
bO 16 12 

2 2 T (3-18)-P20P30 T + P30 
4 

C. Conclusion 

The system equations restated are as follows: 

a) The state variables. 

xl(t) = Pio t5 - P20 t4 + P30 t3 + X30 
2r~o 7+8" 12 2 

x2(t) = Pio t4 - P20 t3 + P30 t2 + x3ot + x20 
48" 12 T 
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b) The adjoint initial condition equations. 

2 = - \ 120x30T + 72ox20T + 144x10 }p10 

2 
p20 = - \72x30T + 384x20T + 720x10 } 

P30 = - ¥°3 l18x30T2 + 72x20T + 120xl0 J 
c) The optimum control law. 

0 2 2 
u (t) = - \ 3ox30T + 18ox20T + 36ox101t 

2 
+ { 3Px30T + 192x20T + 36ox101t 

2- ¥ \_9x30T + 36x20T + 6ox10 13 

d) The energy equation. 

E(T) =- P102 T5 - P10P20 T4 + P202 + P10P30 T3 - P20P30T2 + P302 T 
To 16 12 4 T 

17 



CHAP'l1EH IV 

EXAMPLE OF THE APPLICATION OF NUMERICAL 
VALUES TO SYS'l'EM EQUATIONS 

A. Introduction 

The minimization technique will be best displayed if numerical 

values are substituted into the system equations. B°'J allowing the time 

of movement, (T == tf-t ), to assu.._vne the values, T == LO, T = 2.0, ... , 
0 

T == 40.0 seconds and letting the initial and final states be 

x (o) == 1 x1(T) = 0== xlO1 

x ( 0) = 1 x2 (T) = 0== x202 

x (o) = 1 x (T) = 0== X303 3 
then the initial conditions of the ad.joint system can be ca lculated as 

function of xio and final time T. 

There is no particular reason for choosing the initial conditions 

to be these specific values, but the initial point was placed in the 

lower right hand octant for the purpose of plotting. 

Small tis given increments of value t = 0, 0.5, ..• , T for each 

T = 1,2, •.• , 40 seconds. 

Establishing the initial states of the adjoint system a llows the 

calculat ion of: 

a) 'l~e state variables x1(t ), x2(t), x3(t1 and the control 

function u0 (t, pi 0 ). 

b) The performance index or energy function E (T, xi ) as 
0 

function of total time. 

Because the calculations of t he state variables, cont rol function, 

length of t he traj ectories, and energy are repetitious and tedious, t he 
-18 



computer was used. The data compi led are voluminous if all values of 

T = 1.0 second through T = 40.0 seconds are considered. For the sake 

of brevity, it was necessary to scrutinize the data for only pertinent 

information. Appendix B consists of these data. 

The purpose of this pa.per is to find an optimum control function 

that minimizes the energy of the system as the state space is .traversed. 

This can b~ accomplished only by plotting the data and comparing the curves. 

Before a specific control function is chosen, such parameters as 

trajectory overshoot, time of movement, and energy expended are all 

taken into account. In addition, the control function must be realizable. 

The lengths of the trajectories (S) are calculated by using the 

well knmm relationship 

tJ. s = /(x1 - X10)2 + (x2 - X20)2 + X3 - X30)2 

for each value of time of movement (T = tf-t ), T = 1.0 through T = 
0 

40.0 seconds. 

For example, let T = LO second in the expression of the 

position vectors x1 , x2 , and x3, equations (3-2), (3-3), and (3-4) 
respectively. Let the instantaneous time t span the range 0~ t T 

with increments of L1 t = 1. 0 second. For each increment of time L:it an 

increment of the trajectory (/JS) is calculated by substituting the value 

of the position vector and its initia l condition into the above 

equation (4-1). Each previous va lue of the position vector serves as 

the initial condition for the next calculation. Initially the position · 

vectors x10 , x20 , and x 30 take on the arbitrary values of 1, 1, and -1 

respectively. Finally, adding a ll of the increments.LlS results in the 

length of the trajectory s. 
19 



The calculations of the trajectory lengths (S) for each value of 

time of movement Tare in Appendix B, page 46. The plot of the above 

calculations is in Figure 11. 

B. Discussion of Data 

The graphs of Figure 2 and Figure 3, showing energy versus time of move-

ment, represent the minim~~ energy expended by the optimal control for 

changes in final time. 

The graphs are plots of equation (3-18). They illustrate well 

the importance of choosing time of movement (T = tf-t ). Since it is0 

physically not practical to operate j_n the high energy region, T 6.0 

seconds, the region of interest to be considered is for T > 6.0 seconds. 

A caref ul examination of Figure 3 discloses that for 8.0~T~ll.0 

seconds the energy curve has an inflection point. This point occurs 

at T = 10. 0 seconds. For values of T greater than 12.0 seconds, the 

minimum energy required decreases at a slow rate. 

If the system is to be moved from the initial state to the fina l 

state by using relat ively small amounts of energy, and if there is no 

rest riction on time, then T =· 8.0 seconds and upward would fulfill the 

requirement. 

20 
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FIGURE 2 - ENERGY VERSUS TIME OF MOVEMENT (T) 



,

·

__ 

··
l

_ _

i

_

I

-

::: : ., , ! ' ~ ·- ~ 1rlT"" Ii • ·1 ·: , , TT, ' , ::r, 11' :1' , 11 = 0 1-r · :-i-;-;Tf1 11--; 77 I ~T[ jH::11-1- ·1rr.TFTTTTTf1· 
I I _' 1, :1· 1 , , 11 . ,,1 : ::: 1: : :, , 11, , , ,,1,; ,: ;: ,. , : : ;: : 11 : L: ::1;1, · ;: ·· : 1!1 :11 , ,,rllli, i ,i- 'r1+ 1-i l J!L:1~ 

'I~ .: :.; . i :: ;! ; :1: i~: 1; 1 ~~ , ·~:. ·;i 1;·~ :-·1--H:_:: ~:·1:~ r-i i-r~:·rri-i ' :-~-~~+: ~ ~ i_:_ 777 :· 0 -P+~~-i-i; -~ ·-!:~ if+H 
' : ! " l l I: It II : : !I ,j t \ ' ;!I I ' I · ' I I;.; :;1 l : I • : ' 1 ! ; I; j . ' . : ; l , j i ! ! !·j1: ' I JI, _j l- l : ., 1i . ! [I IIi1 . j l 1' .. ' -l-~ L:..._,'._'.____:_ · ~ I~ ,, ·;_)__ · · ' ' :.!,..'-:..: ' _,;_ ' / 11 I '' ,_,_,_,_, i i'! ,; l1 1,I, I 1I ' ,_ I· :llj 

1 

i l j , , 1; ,11 11 
o.15 T , i . , , , -:-f1 'f i ' 1 i i . ,, ·1 , 'ti , , 1 1·1 l i · •- ' · 1 r .. - ,1·' 11 f:1 --11• 1'· 'I I 1·1 • ·''I. .,~., . ,--;--rr-:- · ·· -

' ' I ! ' ' 1 ' I I . I ! I I ' . ! ' ! I ' ' 11 1 ' 'I ' I! ; I I I ! t 11 1 ; 1 r ! I ;· t 'l. ! 11 ! : -, : r1 j- 1 -! :. rl r; l . r H l 
, . • I I • , , , , , • I " , . . , . I , - • , - J.l- i , i . " . " . I I - -I -, -, i .r1 , i . , i ' ... , I 
j ' ' I' ' I ' ' I / ' ' j ' " : ' i" I , ' ' j : , - · ' , I ! " i I ' t " I 't I i ,·I -!:J~ 1 ,: · - '"t .,. -, i · ... 

I I ' ; r ; 1·• ~ I . I . ~ ; ' 1,- ~-- . I :·j -~r. ·--;-~ -,iT, ---:-- -1----: -~-;-1- rr:-.- I • ' ' L.Ir ---r-r 1 fTT .. l- ·,n:Ti i I. ; :-TTTT~j·· IT-1-TTTt 
• I: 1 1 1• , , " : , I , , : • I',,,. 1. 1' I. : , , . 1 , , : , 1I , :, , 1I I " , : . , ' I 1 -\ 1· j j i ; , , I ; ,-1 1 I ·1' , 1-d ...--.., ' I , , ' 11• ! ' 11 1 , . I' r-1I l -I r ll i l I 'I ·1 I '· ! ·' I I 11 !- 1-· ~, -1 I · r -1 1··,1 1· 

I ' , r,::i --, · ·__ 1. :: L:.:....:. r __ ,_ :i,__ ~--f.:..,_.;_--i+-,-:-: ___:_c__ i ~.:. ·.c..:..LI : , , ' , _.: , · ·, .:..~!..: · +---~-~- 1 •" , , , ; ; ,. ,- . -1 i , , , • , ,, -1 
· • ( 1 : 1 .,,_., " t · ' j ' ' I 1 ' •1·1 11 l' ·, 1' •11 ' ·1 i ' 1: 1· ·• 1\· l 1' · l t:I : 11'1I , t! -Ji l·t tj·j-' ' 1-1-:-l-,-1

I, I ' , I . ' • , ' t i , I , 11 11I • r 7 . , I I I ' I"' , I . I. , 11 . i ! . r ·-• . ·1·· 1· • r r -1 . 1- 1- -r -; ,-,... 
I ' ' ' ' : ' i 'J ' I " ! I : 11 ! 1.. ' I ' : ' ' ' ' I' ! ·1' ' I ; i I; I ' f 1~---,-++-1-+H- J I i -: - -,] r\·r,· -, . - "I I j -~1-'I',;'' ! ..__, I I ' : I I ' I, ' I ' i 11' ' 'I' ' 1 1--, I I I I . , ' I I 11 I ' .1-1- ,__ ·- ' ' - ,_, __, _5 . l ' ,: 1 ·r·- 1;-:; -,•-: 1r1r·-, -1-il! "! , 1-;-: 1;Tr!i7 jT·:-rrH-Ti--;- 7J, lTfi 1;-:T ! Hi-:-·:-I ' ! 11 n "' I ' ' , ! '• ! ' 1 ' ! 1 l !. ,; 1 ' I ' , i 1 ; 1' 1• ! + ; 1 • 1I l ! i ! 1, I it l: l i ' ! I; 1' 

1 1 1.__ :.. :. '.... ;.__t.!.J.:_J...:_ L_:_:.l..~..l...:.: t • ~ - r ,,_ /l , ' 1 ! 111 1 • 1 1 1 ! ,1 t I ri ; t 1 1 ! 1 ! 1' ! l j ! :1t l ' IJ 'j '11 1 1 'r 1t J" :: • 1 1: 1 1·· o.+s ,=; , , ' i 1 . , . I ' ,, ' I I .~1 , · . , ' I · ' I ' 1111 , ! ' 1'•1 · -~ , , , ,_'' , , , , , . ,I . I, ,., 
1: r.:;:i I '' ' ' ' ! I' '. ': ' I ' I I . : I I!: ;I I1: ! : ' IL': I , i ' I I I I I : l Ii" I ' ! '·~· !;I 

i.! . 
1 1 _;_' ; 1,.1 . i : ,, ~.:- 1' -. ,-T '1' ' : :I :_ • .i~-'---11~: ~~-LHl__,.,~ i l.: : ..,µ . 

' I ' l'' I· " ' ""I' I ' , , · • , · 1, .. 1' I "II 11 'I ' 
i • , I , . ' r I , 1 I i i , : ' , l ! i j i : , - i i I i , • i ! I ; j 

1 1 ! ; ; ; i l ! i l j I i l ' : ; ! ! t I , l 1: i' ' ' : 1: .. • 
1t: . . '.J : - -- --~ '. .. ;~·..1...r ~ _, _' _ !_~ · _ ___ __JJ_J_l1 · t ...!.---.J-~J.....:_ ..:_:_:_~-...!J-~...L..t l 1 , , t 1 1, f-W-H l '1 , t · , , : 1 ,, , . 1 . ·1 , ,1 ,::. I l • t , , 1: : ' il i ,'' I. ' '.'R 1, ;1 ' : :1 : j1 :~ ! ' 1; ;~i >! , ' ,, I , ,, ,., , 1, 111 . , , 

' : 1 
I ' I ,, 'l : , 11 : ' 11 i : . : : ' ,: :!, ;;,; :: 11 ' !!: 1i 1 !:1;:1 i 

1 ! ' ; . i , --• ;· I ;'11"--. -;-:-1-J\' T ;F ·1· ';• , ,-!T 11:r :+-lit- --,.--i~ -',1-l +tti 1HitiHi,I I 
, , i · , ' · ' ' , , '· , ! ·, : , l , I I' , 1r i 1 : i · !, i I I! 1 I 1

: , 1 :: 1! i11 . 1, 1Ii I ,- · .4 .:+ :~-,..,..~.~ - ___:_~J_:___ __ _J . _ 4.~.:__:_ 1_~ , _ 111 .~.!....:- 1 i t · •j l , r ' 1r ! • • I 1 11 , l 1,:--1 '11' 1 1 11 1 1 111-. 1· :• 1j r : 1• 1n 1111· 1r1 1• 111 1r- j 1in 

I\) 
I\) 

o. 
'\ , 

, : ;+: !<!• _;lJ~!H+if:ili! 1i ;!~,:P,iYJ~]i) 
1 

i~H:8!ii!~ ., ,., ., . 
! ' 1 ' I 'I' , , , .. I .;! ,. , 11 ! · 11:• \· , :; J1·: 1·!·1,-- ·-1· •1·1 •i ·! ;!!i,,1 : 1!1 ,. ,. '11 1 : · 

1 I ,1 1 ' • • • ! • • \ ~ ' 1 ' ' •• ;• • • i ! • ' ·• •: ' 1 • 1; ; I 1 : ; \·' ! j , • •fr 
-- I ' ' : i"; ; :;- . : : ' ;-~ I ' -,~--;-. !I : : ' ~T;T,T: T;--;-:-T~im:-1- ! : : ,~ I 1· ~ " I i - , r'--1~ t , ,'-',-+- , ;..1 -,-- - i' I /·11·h-' -r+- .,+ ..-H--'--'---'-+-'--'-+++:..;..;1-f-j '- I 

1 
1 1 1.1 
1 

·1 t , ·1 : 1 · : .11::.:·i ; · :, t '. : :: 1i : :l i ·: . .11: -i- !:~ ·: i : ~-r:1J:!·1. : ;·!: j , 1 .1 ·11;· ;! :j .,. 
: I , ; • • ... - : ,_• . i : -.. 

I 

! --· ; , , - ~---t -:.. _i . :.1_, : ~:-' '_;_'._:_Ir.:.;_: .:....! -:.J_:J...:....: .:.:..l..:.L...L !..:.. ++:: IJ.:J_ J :.:..L i_-H-~-'--:Ji ; I - • , • , : 
, 1 l 1 !, ': ~ . !jj;, 1 '1 1 :1: . : :·::1 :: r: ; : . ; i ::i l ;:.:1 : '. ~:1 :: i : j ; i: ; ::; J! :: , .;; 4i1' ~- .. ! :- "1' ' . I' '' ,, 1, ' I '. ' 1· "l "' " ," 1 , . , , . , .. , ... ' I .. , .,, , .. ,. , I ' I :·1 1 · II 

-~-o.;~s --;--! ~_;~ -'. ·:;1,:: ;;,t:il~~•1~:~r -,.1i-:-:-1Tit( i:1::; ;' ;:;; i: ;;_; ;;'.ii !\ : ;;;i ii1: ;;; ; : !1 ;11} 1· 1 ;:1 :~; :!i ,r 

r· 

: ! , ' 1 1 , I ,: ' ' , 1: ' i' :i : ' 11 i ' "i ' ;,, ' ! : , ' ; i ! ' ·' 1: · : 1 '.11 i ! ' : · ; : 1!- I i ' l j ! ii 11! ~ 1,:, 1: 11 - : j 1: il 

1
•:1 .. 1 .JiHY ;·;i;:::;J HH~ m•J.HH;•i,-FJ~;t:t~~~;1;~!,~~i;1R1TJ 1!?#•: 

-i! ; l l·TII :.~;.-J :..;..L '. ; J l1 .: ,.:.: .! 1·~ :.:. 1':L . ,.'1~+.:.-:. Ll -;. : ·1;\r.i-!.IU..: L!' r' _;_ jJ_--l -"-;._J '...!.l.:.L.:..:._ . .1J.P,r -:__?Fl4 ~~~t' 
, :

1~r~L(1) +' ' ' I " I , . .. .r;,,. ' " '·1 ·1 , I ' ', , .. , , ' 'I' ,.. . 11. ' I ii !,"'· ' 1· 1 ,1 1 · 1I · .. , ··11' ' j ' I 1· 1· 1· ' 1·11 
ij : ; · i · 1 • 1··1 ;~ :1 · 11 • 1 •• i,;, .... . .. : .. :J , t ,~ ; 1 · , · ill r i tl f 1' •1i] · 1 ; 1 i i • 111 , it 11, ' f ! ! t i j Ill ' . i ' . . 1 ' I ' 1 · · . i ' . ' · ' · I . ' . I i " ' ; ! " I ! ! ' , I ' I ' ' ' ' ; ; I , ' 1 1 • 1 I ' -I -I ! . 1--t 1 . ,. , . .. . , , · · ·· · 1 ·· , , I , I I , , , 1 1; l1 

'. '. : · 'L : ·1:: i ' ,. I;:, : :'. ' io i \ !:, ;i i ;)! :: : :; i · i: '[' J) i~: ;: ,! : :i1
; 

1 !i :.11 : i) ~J Jtj~
- -· ,: f>;~ : -t ::-'1 : -  -,: ;:9 l~-: ,+j;,•,-1 -i- :- }()j~ ', ii nji ' -r~t.e> --r -1 ·trt -

1 

;t z ~7: :hr1; :-: ° 1:-;;:j ;-r' I~ ..:JJ ~ _
1 1 1J; j : '. : : I· .: J ! i ' ; ! : j : j ) j l 1 i : 1 '. ; : : '. ; '. l I \ : l '. 1 : I i ! 1 ; i • ; ! ; . 1I ! : J l j ; '. r ; ; J ; ; i :_/ l : t q ! i l !I:I j j Li I 1 r ;. l i !! _i LI t • : l r:: 

1 1•: ! , 1-_I · . ' . : Ii i •1l1: · , I : ; ,1! ! , ! 1: 1 , :: , , !i , · 1, •L ! 1 : l i ; • , : !r 1 -:1!1 •i·r l ! I:, 1, 11 :di : ); !l-i1 1I. -' 1 -I i : :!I •,11 , l-1-~ 

FIGURE 3 - ENERGY VERSUS TIME OF MOVEMENT ( T) • EXPANDED SCALE. 



The next point to be studied is the system behavior of the position 

vectors x 1 , x2 , and x3 . Figure 5 through 10 are plots of the optimal 

trajectories for different values of time of movement (T = tr-t0 ). 

These figures are the plots of equation ( 3-2) through (3-4). 

A point of great interest is the severe changes that occur in the 

trajectories as T increases. From Figure 2 and Figure 3 it is known 

that the energy differential for T = 5.0 and T = 15.0 seconds is very 

small; however, the trajectories are radically different with large 

overshoots occurring when Tis both sma ll and large in value. Figure 4 

depicts a three-dimensional state space x1x2x3 of the trajectories; ·it 

illustrates best the dissimilarity of the paths of T = 5.0 seconds and 

T = 15.0 seconds. 

In the same figure for T = 8.o seconds , the trajectory displays 

less overshoot than T = 5.0 and T = 15.0 seconds; however, T = 10.0 

seconds has even better characleristic s than T = 8.0 seconds. 

23 



I\) 
.j::"" 

(i,1,-1) p;:;:L...---------,--

A Xz 

F'IGURE 4 - SYSTEM 'I'RAJECTORIES IN THREE DIMENSIONAL SPACE 



Figure 5 is the plot of the position vectors x1 , x2 , and x for3 
T = 1.0 second. The curves of Figure 5 disclose that x1 and x2 

exhibit satisfactory responses, . but x is very irregular and not3 
acce-ptable. Figures 6 through 10 are all plots of the position 

vectors for T = 6.o, 8.o, 9.0, 10,0, and 15.0 seconds respectively. 

The graphs of T = 6.0 seconds through T = 10.0 seconds show that 

as T increases the overshoot _of x1 increases while that of x2 and x3 
decrease. However, for values of '1' greater than 10. 0 seconds, particularly 

T = 15,0 seconds, damped oscillations are introduced into the system. 

The graph of T = 15.0 seconds is shown in Figure 10. 

If a choice were to be made of the time of movement ('1' = tf-t0 ), 

T = 10.0 seconds displays the most satisfactory system response. 

The data for the position vectors xi with their respective time of 

movement are shown in Appendix B, _page 47. 
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Since the region of minimum overshoot has been determined to 

be approximately 10.0 seconds, the data pertaining to position vectors 

x. reveal that the trajectory lengths vary greatly, depending on the 
l. 

time of movement chosen. 

Figure 11 and Figure 12 are plots of trajectory lengths versus 

time. The trajectory lengths should be of some importance because 

at some point there must exist a minimlli~ path. The minimum trajectory 

length or optimu~ path is found to occur when time of movement Tis 

10.0 seconds. 

The computed lengths with their respective time of movement are 

shown in Appendix B, page 46. 

32 



~
!;,· i_-:-:-i· ::·~ ·: 1 

r1J · · ) ·' ' CJ j' 

f i~ i: i .. : Ti -~-. 
-1_,1: I:,: · 11 r3TI...i..:35 : I ~ I 
: : : ·I . . J' ,', 'j i " I. •:L:J " ·1I 1.. 1I " .· I ' .. · ~ 3·•o' i_;

11,. I I11 ·· i i· 
1 ,1,1·· · - 1I .. I . I " 
•I • j T 

:!i; 1. ;:· 
~~2s·-1 

. 'I' I iII I ' I : . I ' •7:il\ :_;: ' i, . 
..m.120-~; .;i" ; ; 

1
!1·' ,, ' 'I' I' .'1l ! , , I 1w - - 1IL ' Tl ..,.I_Lw I ! 

' 
I 
! :l 

( 
l !! 11I!1; j i -~1sJ ·~I , ·.:...:... ~, · · · 1 · 1 1 1c.1 · · • •1-'-,+l..,-+-ri~; ; ,. , ; , l j TT, I , I I .. , , . , , , , , . 1 ,1 1 1;:! · !.,: !I: : 1;'1 · 

-·, i -: ,-: : 1 J·: r" /-!I:,.1 •::1 ! •:! . 11 
·: 1 ., 0 ' . I,' I, I ' I; i I I ' I I I ' I I' I ' ' ' . I ' I I' I ''' . I ' I . ' 1· I ' 1.c~ ' '.'' I '. I I ''. I '.' ,, , .. ' I I '' ' , , '' I ' I ' ' I'' I ''' I;JJ\,j .. i: . 

1 
, , .. I I "",•i ,., I ,,,I·'" . ,, ' , . I , " 1 ., 1 .. ; ,., , ! .. ,,, I I ,,., 

l1L: .1!!! ur: : ::I: ;. 
. 1 ' i ,1 1 !· ·1 H,o ·'.,_ . 

, : • ·, •• : I 1·. 
1 , I , I . I I'll 

1_: J .111 : 1 ~-- +-· -
I I' • I· 'I ' ii I Ii:!: ;11: ! 111! lit! 1111 11!I !11 1I !Ii : 1 

! I I •iii 11, ! .r,I i r1,I , I ,,.' ..,i 1, , . ' . i i , . . . . .I . , , . . " , , I ,! I I I I . '. t ! : : I i 1 . ; ! 1 . : ' • ' I I ; ' : ! ' . '. !I I • ' ! : I 
I' . I I I . 11 ' . 4 0 . ' c::, 0 ' . '2 . .., ,/' . " .? ' . . . . . ' . - o : ' I-· 1 .J. , ·"-· ·-- ~ -"' ' .. -r·'-i .i·, 1ii 1 1 iiJ1·'w:· 1: 1 i: i ! ·J:,·; ; 11 i 

· I 1-1I I i I I Iillilllli lI 1I ! ! ll l:J1 J. - ~j_IJ_tl.!_..1JJ j ~j J1 _[i JI. :,1 1 , , 1 1 1 , 1 1 1 1 , 1 1 1 1 ; 1 1 1 1 , 1 r 1 , , 1 , , , , , , , 1 1 ,1 1 , 1 r 1 1 1 , 1 1 1 1 1 1 1 1 1 1 

FIGURE 11 - TRAJECTORY LENGTH (S) VERSUS TIME OF MOVEMENT (T) 



--
J 1

_

~
·.

' • ' ' ... ' ' . • I I I • I I . . . . . ! I ' : ' ,_, ' .. I I , -, ' . I t I 7 , _ , I -11 ' j·. ' .--~. ~1··---., ,-~1- •· . , ,·1 11"1 •, 111•1,r1 J7 17 , .,-.fl •1••rr nfi-~u· 1 1 1 11 • • 1 • ' 1 ' • • , • 1 t I · • I , -, 1 • r r 1--- • 1 1 t • 1 • r I · · · · H - I · - • · . , , . , , . . , • : , , I , , - , 1 ,, , I ' .. , 1, , , . j I j 1. l -- - t, 1 !1'- J 1 , r--, 1 -, ,_ ' •' ·j 1. , • I j 011. 
1 , '. !. ~ ~ . i ~_'. j __: •.1 ~:...: ~ : ;. :.:.:...: ....;~:;- ..: :.J. ~l:J_j~: -!.l.!.LH', · ~-4-f! ! ; ! : 1 I 11 • i ·-~= -. r , , . H++-H1I . , , .. I. . , : , . , q , . ,1, .. , - , 11. 1 : , , 11 - , · , · .1· ,· !f , , .. , · I1, , · · ... · I'1j :· : 1., · • · ' , . , . ......... · ·1 ••II ' 11, •1 1 1. ,1 ,. •I ·1 I .. ' 1·· .. I ' ·111 ··1 . . II . !'II I I + I (J'J • • r , ! • I t ' ' ' ! \ ; I ' j I' I I I I , I • ! : , 1 ' I '. j . • , · I . t. I I . 

1 1 1 i 1 ! 1-!-.. ~.'..L:- ~--..._, -:..:_,.:_:_~_ _:__'~ _ _~ ' ' J._ ' 1 I I ' 1 1 ' ' ' ' . . , ' ,_:_ •, . . ·;1 ;1 1:· 
" ' I · ' ' I I 111•1 ·1 ·I ·1 I, . I ' 

j 

I' ' I ,, ' ·I I ;,, rt\ 1il·j ·· •·111·1· I; ;'j i·'I1 
• , ) ' ! ! ? I J 1 •, , ' ' I I 1 • I ; r , • • 1 ; !I ' ' 1 

; ; 1 ' • I I ; · : • ' '. .. : ! j l ! ! J j l i j l I 
I ; 1.. ,1: ! ' 1 1· ! 1! ' , · ! 1 . ' l . , I i • ! · j , . I _,Ji : 1 . ' , ; : . l,1 ,,, ! , 1 ,I , 
I .... 1. E·! 'j 1+'-- .·· 1 • . ,., . ;. !, •. -- ,-!7-\-' ·j•--Ll--r - 14..J..- ' c· j·' ···'·--', · --'-·-.,..,- :,l-;- i-' - • •-. " . ! • • .' · 11 ., I ·· t • ' 11•; •IJ '. II" ' I i '• 

I 

·· , 1· 1•1 · .. ·1 · • t,,, .. ..,, ,.. 
111f4.s-:: :~·;;J~; 1;::1~~~-{~:/,~·:: __ ; :.;.···.i _:..:T: ~-~: :\;--~: <:: : 11::. ;:1111:!1 :: 

1· 1, 1· : · I ,, I · ' ..! 1 11 1, ,] · I , 1i~1· I'· ,1 , , · , · i, I I I " I I 
1 1 ' J r • ' I I i 1 I , ' I ' · 1 • ' ; ' ' I I ' ! 1 1 1 I ' I , ! ' ' I I ii ( t • ! ! ' i,.... - . I. - I .. ,, ,.•. r r· - - --,-I T'7 

1 
·rh --- -,-Lr 1- _..,_, .I : ' .. --~ill+; -,----,+;..... c+ ,-i~H+~I-H +J 
1 

! 1 j ·, 1 1 : • 1 1 f 1- 1 • • 1 11; • • • • 1 I ' ·, 1 ; 1: 1· , 1· !, 1 1 I I r it ! ; r · '" 1 1 " 1 1 r 1I • · 1 1 1· 1 ·1 11 1 ' ' r! , , , . • 1 11 ft. 1 1 1 j1 H \ 1 1! · ' 1 1 j ,
1 1 1 

: : l • 1 : . ! ! I : ; I ! ' ; ' ' 1 j . i • ' I ; I ; !. . + • • ' 1 ! i ; ' ! : j I l ; ' j ' ; : ; . : ' 11 l ·i· 1. 

,J:7'"1·.. ,:! ·::- ·.T: :. 1,1.:· ·,;:~,:;; 11 1: 1·· :i:;l1;:' :,:: ... iH i:l1·i~'~' I ·: f · : • : , , .! ., . . ; I·· ! It ' I I . , t ·! · !: . ::1~- i;Jj":l : : il w 
+='" · -~:1~:;-:1!-:!11::;~ ;;'.- r::: ~~~-i-~: ~-: :7~--;--r1:~- :; :1 :.:,! ;:; 1; · '. t;T;·"-i • ., 

.. I . . . ' . I.' . . . ' . ' . ! ' I I ' , .. . I I . " ' · I .' .! '*:'.I I ' I . I L.. I ' : I.: ; 4 · 
0 

. .:...:. :-,.- ·____ ;__i . .. -· ! 1 ...:J-t-.... JJ ,· 1 • - ' " , L.:.._:~ : ::1 , , . , +-+I 1" !-
: ' •• . I , ! I " I" ... . 1· 111 ' I l1 II I • •;l-·· !!1· ''I ,, . , / , ..i• • 

:'-Efu1i1;:c.i2 -1 Ji ::~i!' ih:T!I :r:mrn:'._ " ...~ttj,~
' ·'· i ,, ,. ,. ·1 j., , , I .. [1"'1 .. .. : ' 1'' 11 ·Ir' ,, . : ·1 : : 1, · •: •<11 ,: l ,J,, ·i '1 · j- j '111· 

;.!< . itH: ·:)it::. ::J:·;: ::.::L:Y\ i_::i": ~,-;~+7~~~~t7·7-:;i:;: '·: lti 7f ~ttH-+:;i·17: 
r 3 S ·· ··--'--·- ·- -L---1··-··---··-·.J-,_- '-·-·· ·- --B·-aj-- - 'l'JME•·•QF:-MO:VEMENr.D- (T,fn ;: ; ·: : !i: ' · ::; i1 :::,; t ::1::t:::1 ' I . ' . .. '. I ' . ' :1; :, . j:....1!. , ,..: : i-L I : !, , J 

1,J
' .. - .. , . , .. " ' · •1-· • ' I . ,. ' I . , , i" "·· I . 1-- • I · j" . ,I · , I , . ' ,1. . ' :J.lj •·1 • , ..1, .. ,! -:~-.u··· 1, ,-:- ··1T h°1:'.-'-;-'-: ~~ : r . . , :- · ; l~:-; : -:- :---1 - -:-,1- ;-:-; --:-.-1 ;--_ -=-·-,l -;-:--7-;-'-,-. ,~·--:-. ~-,/ l ·1~ .,; ·7-Ti""JT",· 

1: ' ' ' ' ' ' · ' ~, ' ' . ' ' ; ! ! ' ' - · ' ' ' I · • , ' 1 1 ' 1 I ·· • I ·' [ I l • 1 ! • 1 I I ; I l \ 
I ' . . ' • I . . ' • • I . ' . I' . . I . • : • ! I , 1 ' • j • I 1 : • • .. I . f • • I . ' 11· 

. , , , : · · • • • ,·· • • r , • 1 • l , , ., , , •• 1 •• • • • ,, 1 :·j- •.1 • 
-; - '."•·-,:-- . . . . . . . I . . . . . . 'I" ..... •1 · . : l 

1 

I . : I: : ; . .J i . I I ! i I ' I l ' I i I. . . ' . ' . : I !i I !:: '. [:
' ' , ' .. !, 'O 6 0 "7 0 8 0 9 0 iO 0 1t O U O · 1~ O · · : · · ·, ,,-:; ;;;;; .·.:. i .. .. . . .· . . : ,·. .. · ; . /" i.: /: . ,' ,.:;ij J.:[:1iff-'~:- ·-,1,i 1:r;T:" 

· · ' •I< · · , 1 .. I ' · j , ' I I I · · r • • · · , j · · ' I ··I · · 1 • ' .. ' • • · ' · • ·' • ' • : • ' ' ' : . • ·•·1'' · ' ' •11J, . . , · : · 11 ·! ,, :, , .,, :, .. : ' 1 , : · ·:1 1' :-·1·, ,· :·· · :· · · : : ·: l · '·r 1i :•' : I " 1' 1- 11 : ,· :· I i', , J.;_·, _:; , 1t!I ! ii, 

FIGURE 12 TRAJECTORY LENGTH ( S) VERSUS TIME OF MOVEMENT . ( T) • 
EXPANDED SCALE. 



As the reader will note, Figures 6 through 10 consist of not only 

the ~osition vector x1 , x2 , and x3 but also the opt imal control 

function u0 (t). Because of the large magnitude of the optimum control 

signal for T = 1.0 second the function had to be plotted separately 

and not on the same graph as the position vectors. Figure 13 is this 

gra-ph. 

The plot of the control function u0 (t) for T = 1.0 second (Figure 

13) appears to be realizable having the shape of half a sine wave; 

however, the magnitude of the wave is very large implying the us e of 

enormous amount of energy by the system. This, of course, could have 

been predicted by re-exlli~ining the energy curve of Figure 2. 

As T increases , the control function deviates greatly from the 

sha-pe of a sine wave, becoming linear at approximately T = 8.0 seconds 

and thereafter evolving into a concave upward curve. 

The data to plot the control function u0 (t) are in Appendix B, 

page 47. 
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c. Conclusion 

On page 20, it was stated that if time was not a critical factor, 

then the system state could be changed with any desired amount of 

energy. Now that the behavior of the system variables has been 

investigated, it has been found that if the pro-per time Tis not 

chosen, large overshoot and/or damped oscillations will be introduced 

j_nto the system. By choosing the time of movement T = 10. 0 seconds 

a relatively small amount of energy will be used by the system and also 

the o-ptimum path will be utilized. 
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CHAPTER V 

DISCUSSION OF THE NON-LINEAR CONTROL SIGNAL 

A. Introduction 

When a constraint is put on the magnitude of the control signal, 

the optlmal control law is given by equation (2-12), 

u(t) = U sgn p3(t) 

where p3(t) is given by equation (2-15), 
- 2 

P3(t) = P1ot - P2ot + P30 
2 

This equation is a function of the unknown adjoint initial 

conditions. The v-alue of p10, p20, and p30 cannot be chosen freely 

since they must be a function of the initial state Xio and the final 

state Xf• 

Substituting equation (2-15) into equation (2-12) results in 

2u(t) "u sgn [p!0t - P20t + P301 (5-1 ) 

The arbitrary constants p10, p20, and p in equation (5-1) must30 
be chosen such that given x1(o), x2(o), and x3(o), then x1 (T) = 

x2(T) = x3(T) = O. The relationship between Pio' Xio' and Xf is 

non-linear and unknown. Nevertheless, an important result can be 

deduced immediately. Since p10, p20 , and p30 are real constants (some 

of which may be zero) the function (p 2 - p20t + p ) has o, 1, or 210t 30 
-2-

real roots. 



Therefore, u(t) = U sgn ( 2 
1 p t 2 - p20t + p ) implies that10 30 

optimal control consists of u = "± U with O, 1, or 2 switchings. A 

further consideration reveals that, only for certain initial values 

of x1 , x2 , and x can zero or one switch be employed. Generally, two3 
switchings are required to bring to rest this third-order system. 

U(t) in the literature is referred to as bang-bang control and in 

general (n-1) switchings are required to bring all then state variables 

to zero. 

B, Conclusion 

The difficulty in solving eq. (5-1) can be overcome by using 

geometric techniques to construct switching boundaries. However, this 

technique becomes extremely difficult when the order of the system is 

greater than two. In this problem the linear switching surface is 

a plane in three dimensions. Results for the triple integral plant 

with optimal non-linear switching have been given by Grensted and 

Fuller ( 1965 ) . 6 
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CHAPTER VI 

SUMMARY AND CONCLUSION 

When minimizing the energy criterion function I=jtf u 2 (t) dt, 

to 

a system can be made to change states in any specified time. The 

curve on page 21 gives the energy movement time relationship. Note 

from the figure that the system can change states in zero time, however, 

this movement would require an infinite amount of energy. On the other 

hand, it i.s possible for the system to change states using no energy, 

but in this case the movement time would be infinite. 

There exists a minimum trajectory or optimum path such that the 

overshoot of the system variables x1 , x2 , and x3 is minimized. The 

time and energy associated with this optimum path is not a minimum, 

but the magnitude of the energy required for the system movement is 

relatively sma ll and the movement time is not excessive . 

If minimum time and energy were required for the system, t hen 

another criterion f unction must be minimized. This performance index 

would be some combination of time and energy. 

The preceding discussion brings the sensitivity of optimal control 

probl ems into focus. A small change in one parameter such as time can 

cause either large or small variations in minimum energy, and of 

course energy means cost. A good engineering design must take all such 

effects into a ccount . 
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APPENDIX A 

STATEMENT OF BASIC DEFINITIONS AND TERMINOLOGY 

The following is taken from M • .Athanassiades article, "Optimal 

Control for Linear Time-Invariant Plants with Time, Fuel, and Energy 
4Constraints 11 

• 

A linear time-invariant system may be described by the matrix 

differential equation 

(1) 
where 

x (t) is an n-vector called the state of the plant, 

u(t) is an r-vector called the control function , 

A is a constant nxn matrix , 

B is a constant rucr matr ix, and 

n is t he order of the plant. 

The performance index is defined by 
t 

I= sf L (~, ~0 ,t) dt (2) 
to 

where u 0 denotes the optima l control function . 

The Hamiltonian is defined using eq. (1) and (2). 

H(~,R_,~,t) = L(~,~,t) + ( ~,R. ) ( 3) 

Where < ~,R. >indicates the scalar product 0f vectors x and R_, the R_ is 

an n- vector called the co- state. SJbstituting equation (1) into ( 3) gives 
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or expres sed in another form gives 

(5) 

where A' and~' are the transposed matrices A and~, respectively. 

The canonical equations are defined as 

;;lH = -p. i = 1,2, .•• ,n (6)
d.X, '""'l. 

l. 

or 

.d-H = -I?_ 
¢X 

and 

d"H = x. . i=l,2, ••• ,n (7) 
~pi l. 

or 
. 

= X 

Equation (6 ) a nd (7) represent a tota l of 2n equations where n 

is the order of the plant equation (1). 

Equation (6) defines mathematically the co-state vector R_(t). The 

vector R_(t), which is the solution of equation (6), depends: 

a) On the equation of the plant due to the presence of~'; 

b) On the performance function L. 

The above t heory briefly describes the definitions and equations used 

in this paper. 
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APPENDIX B 

A. Numer i ca l Data 

The followi ng pages 1:1-4 -62 consist of data compi l ed by a computer 

and used i n plotting the graphs of Chapter rv. 
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