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1.

The symbols al,az,aa;bi,bz,ba;qi,cl,ca;-dl,az,da;ei,ez,es;
£,,f,,f,¥411:bg used to represent the elements of the six ays-

tems of imprimitivity of the groups to be determined, and Hyp
will represent a head of order h.

The following intransitive groups of degree eighteen
having six systexs of Intransitivity may be used aé heads of the
imprimlitive grours to be ccnstructed. ’

Order.

He -{(a,a,28;)all (b, b,b5)a11(c,c,0)a11(d d,d)all(e, e, 8)all

(£,£,£)a1}  ........ 46,656
Hyg-{a,8,8)a11(b,b,0)al1(c,0,0)all(d, d,d)all (e, e, 0)all

(f,f,f)elljpositive ..... 23,328
Hz§=;Kaiazﬁgall(blbzqgall(olczqgall(dldzqgall(eleaqgall

(£, 2,818 3 3.3.3.3-3 +-++ - 1,458
Hy ={2,8,a),(5,b,0),(c,0,0),(4,d,4), (e 0,8), (£, £, £)} 729

Hys5={(e, a,a:b,b,), (b, v,bsc,0,0), (cpc,crd,d4,d),(d,d,d;
e,e;6) (e, e,8:%, £.£),(a,8,b by c,0-d,d;e e f fZX .486
Hys °{_(>5’1a'za€b1b3 b),(b,b,bec,c50),(c,0,00d,d,4), (d,d,d;

e,e,8), (e 0,8, £ 5)] . 343
Hyz ={a,2.8)al11(b, b, 0)al1(c,c,q)all(d,d,d)all(e,e, 8)all
(£,2,081 1 1 1 1 3.7 +oeer 6

Hy ={(a'1.a‘za:)’ (b,b,b),(c,c,0),(d,8,d4),(e,e,8), (f1fz§1-,,-1_1_1_13«

The identity can not ococur as a head for these groups.
i



3.

In determining the imprimitive groups containing the
above heads the following notation will be used:-

§=2a,8,8, S;=b,b,b, §=c,0,0 §-d,d,4, §-=-e,e,8, §-f 1,1
8 =8,8,,8,:bDb,,s =.c,_ ¢,,s,=d,d,,8;-¢,¢€,, 8,=f, T,

1,3,3,4,5,6 stand for the systems a,,e,,a,;b,,b,,b;5¢,,¢,,¢C,;

d,,d,,d;; e,,e,,e,;f,,f,,f;, respectively.

{12345, 12+46)=r, , {13345, 1436}=P,,, 113345, 126}=P,,,
and f_.‘l.8345, 16}5 PM0 stand for the primitive grours of degree
8ix and of orders 60, 130, 360, and 720 respectively; and the
systems of imprimitivity are permuted according to these groups.

pi stands for anﬁr substitution in Py.

ty stande for a substitution which permutes in the sim-
plest way according to Py’ for example;-

t

a3as = 8104033, 84%8,0,¢,d, -a,b.0.d 8,

t},Z'ﬁé = aibl .azba 'avsba .difi .dﬁfz. dafﬁ .



3.

The usual methods for determining ilmprimitive groups will
be employed, and the construction of the groups contalining
only & certain number of the heads will be given. Then will

follow a list of the groups containing all the heads.

The Iwprimitive Groups which contaln H.e.e.

The largest group which transforme H, into iteelf

without interchanging the systems of imprimitivity is H,e.e
and there are exactly 3°.3° substitutione which transform H,e.e
into 1tself and which interchange the systems of imprimitivity
according to each substitution of Pp. It follows that there

are just four groups containing this head, namely:-

i: SPPRE S vee... order .....2°%.3%.80

[Hzé,aé: Yi2ses o bigoed coes s " ... B8%3%.180
Boeger broags s trgel cevee. L., 3% 38360
Haess » birzes 5 bie} R - X% 8% -1

The Imprimitive Groups which contain H,s &

The largest group which transforms H s.e into itself
without interchanging its systers of imprimitivity isﬁ%;3e,sd.
There are then exactly two sets of 25.3¢ gubstitutione which
transform qué.into itgelf and which interchange the systems
according to pj, and these sets are H,s,¢ t1 And Hzaséslti.

As i equals 13345 for each Py, this substitution can now
be treated conclusiviely for H,s.36 Of the two sets, H,s:;6%,,2,¢
and Hys,6 8, t,,,,., Only the former can be used, since H,x (8, b,,5,¢

consiets of negative substitutions, and since their fifth



powers are not in H,s.6
When Py, equals P, , more than half the operators in Py
are positive and as H,sje contalns cnly positive substitutions,
it follows that all the substitutions in any imprimitive group
to be constructed must be positive. Therefore the set H,s,68,%,,.4¢
consisting of negative substitutions, is eliminated. t,,,,s8nd
t,.4¢ 8enerate a group of order sixty which is simply lsomorphic
and t

to P, . It follows that t ¢ With H .6 generate an

12345 12-4

imprimitive grour containing the given head, namely:-
4 6
@25236 s tl’l—ﬁts » tla'kb} s s e e e Ordel’. “c e 25'3 ’60

When Py, equals P, since P,, 1is an invariant subgroup

20?

of P,, » it follows that the substitutions which permute ac-
cording to py, 1 being 1486, must transfotm H,s.e ,bti505 5 bisue)
into itself, in addition to transforming H,s,e into iteelf and
having their fourth powers in H,s.6¢ « Therefore these equations-
(%1426 )y Hysa6 B1a26 = Hys6
(tmzb)-l tm_sq;s Y1426 = Yosres
<t1426)’1 tlz.g:e tuzs =t12-46
(s, tl&za)-l Hysse 8 550 =Hysye
(8t f’ tio3es B V1426 = 885025463
(8, t1a26) typas 8 Y1426 =8,55012.06
show the exlstence of the two groups:-
fHos56» b1osas »basze} vv....0order....8% 3% 130
{Ho56s tresasoBbiacel  eeens " ,..8%. 3. 130,
When Py equals P, , and 1 equals 136, Hy,e 8,%t,,, con-

slsts of negative substitutions and their third powers are not

in H v « Therefere only the set H,s,56 t,,, can be ueed, and
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there exists the group:- _

B 5 tipsas » bioe) v....corder .... 28°+3%.360.

When Py equals Prao 'since Pasco 18 an invarlant subgroup
- of P-rzo* it follows that the substitutions which permute ac-
cording to py, 1 being 16, must transform (H,556 » ty20a5st126}
into iteelf, in addition to transforming H,s einto iteelf and
having their sgusrss in H,c,c . As both t,,, andgt,, fulfill
these conditions the following two groups are listed:-

fHys.56 5 tazac » by o) «ve..order....3%:3°4730

iHZs.'36 ’tlaaﬁﬁsitlS} DR ) " ....35'360730o

The Inprinitive Groups which contain H, .e.

The largest group which transforms H,,sinto itself with-
out interchanging its systems of imprimitivity i.s;f_l—l?_,z,e,,1‘:\1329334'=
There are then thirty-two end just thirty-two sets of 3+3°sub-
stitutions which transform H&id.nto itself and interchange the
systems according to pj. These sets arein,,se, .alsassaé_a&ti.

When 1 equals 13338 %ne fiftn power of each substitution
offs,s,8,8,8{t,,,c must be in the head, the sixteen sets that
contain odd substituticns can not be used. The rema.ini_ng six-
teen even sets are all conjugate as shown by the eguation:-

O R Pt e e S i i
(where «; w0 or 1.) It is evident that the exponents may be eo
chosen that &ll of the sets will be included.

When P, equals P, ,1 equals 13345 and 13°46. Of the
thirty-two sets s, s,8,8, 8/ t,, , the negative sets are excluded

as proven for P, and H,s_, because H, salsc contalns only pos-



6.

1tive substitutions. Of the sixteen even sets just four have

their squares in the headjnanmely:-

tlz-u L4 51 satizrg-s ? ss Sstn-es ? s1 szs3sstiz-£6 .

o1
Now, (s,8,8,8,85) H,.c8,8,8,88.=H,,6

-1
(B:l 8,858, 55‘) t123£581 8,8,8,85 = tua!—ﬁ'

: -1
(s,8,8;8,8:) t.,,8 8,8,8,8.=8,8,t,,,z8,8,8,8:t
-1
(8,8,8,8,8,)8,8,%,,0,8 5,8,8,8,=8,8,8,8.%,2.46
85 85 tu-“ *

Hence there remains t,,,,and s 8,%,,,, -

That ¢,,,.5 2nd s,8,%,,,,8enerate a grour of order greater

12-46

than sixty followe from the fact that the product s,8,t,, 2% 54c

equals 8,8,%,.,,5 Which is a substitution of order ten, and
therefore cculd not occur in a group sinply isomorphic to P, ;
But it may be verified by the usual methods for group con-
structicn that t,,,,, and s_s,8,8.t,,,40 generate a group of or-
der sixty which is sinply isomorphic to P, ; s0 alsc do t ...
and t,,, and there are the two groups, namely:-

Hose s¥iomms s bine) veeosOTdEr. ... 33°.60

Hose sbacors s5%5s%bangel +o oo o0TdET 00, 53°+60.

These two groupc cf order 87,48C are distinct abstract
grougs for each contains just one invarient subgrcur of half
its order which would corresrond in sny simple isomorphism
established between the two groups. Besides the invarilant
operators cf these subgrcups would alsc cocrrespond. But the
subgroup{Hag, tllseg,tlz&ghas three invariant operators, while

s 8,8 _8_%t

just the identity is inveriant iniﬂsé 08 e 858858 12'463;

therefore the two groups are different.
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When Py ecuals .T-“-“o it has been rroved that any substitu-
tion corresyonding tc py must transform{H, s,t,,ss t,,4s]e0d
[Hz_aa,tﬂus,iaa* 8,8, tlw,} intc thenselves &s well as transform
H, s into itself. Of the thirty-two sets ia,s?_sasiaét#zsonly
t,,, fulfills these requirements, therefore the following
grours exist, nanely:-

6,12

iH 2.-?\6 ,tiasﬁs‘ ’t’l.i-ze'} LU ] .Crder L) 03'3 160

. &6

gi 2.35 ’tlaas ’shsi?ssﬁtia'iﬁ-’tli-z&.. 'R " PR Y -3'3 '120

When Ph equaels P, , 1 equals 136 and 18345. Of the
thirty-two sets 1319235%3;3*'17_6 only the following four have
their cubes in the head:-

1:126, sis?_tlw, slaetiab, szast,_“.

~L
Now, (8,) H,,6 8, =H, 36

-1 .
( 8¢ ) ta.za&s’ 8, =t

( -1
36) %26 &8, =8,8,%, 26

412348

1
(s) 8,8, 5106 8 =8,8,5, .

Hence there remeins tl?_band Bf‘zt;ae .

The following group mey be listed:-
[2)
{Hz.séite_as*s )tlael MR 01‘(161‘ 'R 8'3 '360.

But t,,,,.and s ,8,t,,, do not gensrate a grour of orderd60

Since In a simple iscmorphism between P, ., and the propcsed
group the orders of corresponding substitutions should be equal

which is not the case in the prcduct s, s,%,, %, .., which 1s &

substitution of order eight, and the product t , t,,,4s Which 18

126

the corresponding suhstitution in P, .

When Ph equals P

120 » 2nd 1 equals 16, the thirty-two

sete fs,8,8,8, 8, H,(t  transform the head into iteelf, but



8.
only sixteen of these have their squares in the head. Only
the one set, H, . ét,. , also transforms in,se;:,_?_“s,t“_b} into
itself and therefore there is just the following group:=+

{H.“z,é. tlZS*s'tle} ® s 2008000 coorderoo se e .2 '36'720

Ihe Imprimitive GPoups which contain H, .s.

In the 2€3 sets of substitutions which interchange the
systems of imprimitivity according to pj only tj, S,t;, and
Siti transform H, ;sinto itself. When i=12345, 12°46, 1426,

and 16 respectively Slti and Sfti have not their fequired pow-

L

L5, and therefore can not be used to form groups.

~ersin H

Hence the following groups for t; may be listed:+

%Ii'as’ t1234-$' ’ tiz'&‘\s L O R Oréer e e 8 02 '3560
s

%12-3»:’ tlla&s ’ tl‘k?_b‘} LI BN " .o ol -3 2120
[ " ey

%lz-sg'tlzs&s ,'tle cevrren " e 22534720

S,t

the three substitutions t¢,,.,5;%t,,,,

When Py equals P

3601

and 8$7t,, transtorm H,.sinto itself ana also have their third

1l2e
powers:in H, ,s. As 1, ,&nd S,1,,are substitutions in any
group possible of construction their product S,t,,,c,cmust be
in the group. But this is imposdiible as the fourth power of
Sytises26l® not in H, .. As the same reasoning wan be applied

for Sit,,¢, only the following group for t,, is listed:s

.5
ibli'ss't123$g 't1263 ..........Order ......-2‘3'360
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The Imp_rimitive Groups which contain Hs.

when Py, equals P,,,, and i equals 126, there are 2%3°
sets of substitutions, namely:- (s'lszsss&sss‘,SLSZS3S&SGt126,
which transform H, into itself, and interchange the systems of
imprimitivity according to pj. But, as the substitutions 6f
the set 151925;54.355‘} t,,ohave not their cubes in H,, only .the
sets {slszssstls& t,,, need to be considered. Since t,,,,;and the
substitutions {Slszsasils‘gtiuare contained in awygroup possi-
ble of construction, their products {Slst;szgsis‘}tiumust be sub-
stitutions the fourth powers of which are in Hy . After
eliminating all substitutions which do not fulfill thie.ire-
quirement, the products {S, 8,8;845. 1, ¢b10.4 204 {s,s,8,8,8}t,,.
Vies2408n be used in the same manner. TFinally, this leaves
only the one set, t,,., which together with t,,_,and Hj
forms the following group:=-

iHB ’tlz:s&S ’t126‘} .--.....Order........ 3'360.



l.
3.

3.

4.

5.
6.

7.

8.

9.
10.
11,
13.
13,
14.
15.
16.
17.

. 18, -

19.
30.
31.
33,
33,

24,

25.
36,

10.

Order.
P SR - . - - 33,583,320.
{Hz"-a‘ -'t1.zaq=s l'tuﬁ} ceor -.16,796,160
Hooge s bra0es 2816} . 16,796,160
Hooses 0005 28,8165 - - - . 16,796,160
M 500 sbygsas sbyee) - - - - - - - 8,398,080
{Hz"»a" 282508 ’tuzgj - - - - . b,588,730
Boeserty s 2 bizeel - - - - . 3,799,360
ﬁ'lzf-z‘”tizats Jtmzb} - - - - 8,799,360
@?ﬁa“ %) 2505 ’ga_tuza} - - - - - - 8,798,360
ﬁi'z’—s" %1234 ’t,\z-*b} - - - - . , 1,399,680
B, 46 1 biasms 2By} S 1, 049, 760
Bo st oty - - - . . . 524,880
H,e +ti2aas »8,8,8,8,8.8,t,) - - - 534,880
{Hz-a" 08 2305 126} - - - - - - 524,880
i, 5 stiages stye} - - - - - - 349,820
Bl biss sty - - - - - - 863,440
[Hss 2% 05055 tj_a} - - - - - - 174,60
fige 1t,,00c 08,8, 8,8,8,8,8, - - - - 174,960
H,.5 »t,00s 22 - - - - - - - 174,960
@12-36 18 iomas tmzq} - - - - - - 174,960
[Hzlsf’ 1P ises 28 B&gssetiz-gs’t1&261 -~ - 174,960
e bizaes st} - - - - - - 87,480
;S S tmzé} e e e . e s~ = - B7,480
B otius 2858,% 0 0bepg) - - - -~ - - 87,480
£H;,s »t,00ss 28,8,8:8,8.8,.t,,.]3 « - - 87,480
e sbgpgis 1858 bipae 28 8,8,8,8,8,%,,, ) 87,480



a7.
s8.
89,

4.
.43.
43,
44.
45,

i, e

{H 2:36

81 2.35 .

11.

? ¥17345 ’tlﬁ"l"'} -0 T T

H
» V90345 't1&26} - -
12345 ’tiz'“} - 07 -

?

12345 2 B3 85t 2-‘!6} - }

-

12345 ’tuzé} - -

-

-

12345 :tu-qrej - -

2 V12385 atiz-&é}

-
G o o o o o oF & o o

12345 :tle} - - - -

-

»Ypass 'txt’:} -7 ) i
12385 ,alsasss&sssétw} -
’t1?_39cs ’t12e3 - - i

% txze} - - N

»t123&5 ’t1&26} - - -

12245 ?

» 12345 :tha)i - ~ -
0t1?.3»;§ ’51825334-8586*51&1(}
)tlz3ts' ’tiz'i-é} - - -

’twus ’tlz-éé} - - -

12345 1858, 8.8, t 12'%} - -

12345 ,sls?_sssisssbtﬁzé} -

87,480
87,480
58, 350
43,740
43,740
39,160
29,160
2¢,160
14,580
4,320
3,180
3,160
3,160
1,080

- . "780

360
360
360
- 180



