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l. 
v 

The symbols a 1 , a~, a ; b ., bz., b ; c ., c2 ., 0 ; d ,:i ,d ;e ,e ,e ;
3 1 3 1 3 1. 2. c5 1. 'Z. 3 

ft 1 f 2 ,f3 
y~l:~:·b~.u~ed to re1;resent the elements of the six are- 

tems of imprimitivity of the groups to be determined, and Hh  

will represent a head oi order h.  

The following intransitive groups of degree eighteen 

having six systems of intransitivity may be used as heads of the 

imprimitive groups to be constructed. 

Order. 

Ht,.3' ~~a1 a 2 a 3 )all (bi. bz.b3 ) all (o1 o2 c)all (d d d) all (e'.l e!..e) all1 2 

(fl f2;>a11J . . . . . . . . 46,656 

· H2s,t-..\C a1a 2aJall (b_,.b 2 cJall ( c1 o2 c.) all (dJ. dz.dJ all (e1 e2 eJall 

f ~all) positive~ • • . • • 23., 328(f1 2 

Hz~= Ra1. a2aJall (b1 b2bJall (c1 c2clall (dJ.d2a.Jall (e1 e2 eJa+l 

( f 1 f 2 f) al~ 3-3-3-3-3-3 • • . . . . l, 458 

H3 , =~a 1 az.aJ, (b1 b2 b), ( c 1.ccz..qJ, (di.dz.~~ ( e1 e 2.e)., ( f1. f2..f)} 729 

H2s c.{{ a1 a2. a.; bl b,. 'tW ., (b1.. b Lb_; C1.A, c) ' ( 01. 0oz. 03• d L d 3 d.J' (di.d 2.d3 

el. e3 ~) ,. ( e~ ez. e,3° f~ f3 fj, (a1 8i b1 b2• c 1. cz·d1.die 1. e2 f 1 ~i.. 486 

HJ" ::{(a1 aza.,; b~ b3 bz), (b 1.b 2 b~· 02. c3 aj, (c 1 oz.o3•dj_ d3 d.), (d1. dz.d3 
~'2. e~ \}, (e,_ e2 i· f1. f 3 ~)) • • • • • • • 243 

H2.3: ia. 1a2.~all (b~ b2. b)a.11 (c!l 0 2 i)all (d1.dz.dJall (e 1.e 2 e)all 

( f2. f z. t) al~ 1-1-1-1-1-1 • • • • • • 6 

H3 ~~aLa 2 a)., (b1. b 2 b), (ct oz. c), (d1.d 2dJ, (e 1 ez.e.), (f~ f 2 ~l_1_ _1 3._11

The identity can not occur as a head for these groups. 
i 
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2. 

In determining the in~rimitive groups containing the 

above heads the following notation will be used:-

S1 =a1 a 2 ~ S1..=b1.bz.b~ S3 ~c1.c2.c~ S:::d1 d 2 ~ Ss-=e'1.e2.e3' .. f~f2 f..3"4 
S6 

s1 :: a1.. az., e2 :::. b~ b2, ~ =-c"1. 0 2 , st-= d~d2., es= et e2 , e6 :::. f'l..fa.. 

l,2,3,4,5,6 stand for the systems aJ. 1 a 2 ,a3 ;b:1.,bz.,b3 ;c.1.,02.,c..:,; 

dt, d 
2
, d_,; e1, e2, eJ; f1., f 2, f3, respectively. 

(12345, 12• 46) ~ PE,O , tl2345, 1426);;. p1. 2.0 , ll2345, 126]=p360 , 
and P,2345, 16]-= p720 stand for the primitive group e of degree 

six and of orders 60, 120, 360, and 720 respectively; and the 

systems of imprimitivity are permuted according to these groups. 

Pi stands for any substitution in Ph. 

ti stands for a substitution which permutes in the sim-

plest way according to p1; for example;-

\2345 =-a 1b 10.1 dt: e.r • a2..02. c~<\ ea· a.ab~o~ d3 e~ 
t.12.-1-, = a1 b1 •a2 b2 .a"bo).d1-.f1. ·d~e· d3 f.,. 



3.  

The usual methods for determining imprimitive groups will 

be employed, and the construction of the groups containing 

only a certain number of the heads will be given. !hen will 

follow a list of the groups containing all the heads. 

!ae Inrprimitive Groupe which contain H~6. 456. 

The· largest group which transforms H2.6,36 into 1taelf 

without interchanging the systems of imprimitivity is H~~ac 

and there are exactly 2 6 •3~ substitutions which transform H2.6.a6 

into itself and which interchange the systems of imprimitivity 

according to each substitution of Ph. It follows that there 

are just four groups containing this head, namely:-

@2&.3, , t 12.'30 ' tt'2• i-61 .... . . order 6 6••••• 2 • 3 •60 

@26..:,6 , t 12~!-S ,tuuJ .. . . . . ff .... 2 6 •3 6 •120 

f!l 2" ·3' ' t U.3i,S" 1 t12.sJ ...... • • • • • 2G • 3~360 

~2.6,36 I t 12.39:S ' t16} ...... ff • • • • 26 •36 •720. 

The Imprimitive Groups which contain H2s:~"' 

The largest group which transforms H2s.3 1, into itself 

wi tliout interchanging it a eysterre of imprimi tivi ty is lHi.s-,3 6 , s1J. 
There are then exactly two sets of as.36 aubatitutiona which 

transform H2.s:3, into i taelf and which interchange the systems 

according to Pi, and these sets are H2 .s: 3 , ti and H s-,36 s1 t1. 
2

As 1 equals 12345 for each Ph, this substitution oan now 

be treated ooncluaiviely for H2 s, 36 • Of the two sets, Hz.s:3 6 tj_?.54:.5' 

and H2s;3" s1 tu3 4:5 , only the former can be used, since H2~.3's1. t1.z34:-s .  
consists of negative substitutions, and since their fifth 
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powers are not in H2 s; 3 6 • 

When Ph equals P60 , more than half the operators in Ph 

are positive and as H 2 ~ 3 o contains only positive substitutions, 

it follows that all the substitutions in any imprimitive group 

to be constructed must be positive. Therefore the set Hz.s; 3 6 s1.t 1?.·!l-6 

consisting of negative substitutions, is eliminated. tL~~'J;Sa.nd 

t 11.·H generate a group of order sixty which is simply isomol'l)hio 

to P • It follows that \.u4.s- and t 12.4 '5 with H s; 6 generate an60 2 3

imprimitive group containing the given head, namely:-

. . . • • • order. . • • ~5 •3°.60g 

When Ph equals ~ 20 , since P60 is an invariant subgrcup 

of ~i.o , it follows that the substitutions which permute ac-

cording to f·i, i being 1426, must tranefotm )!{ 2s-,3 ~ , t 1234:s-, t 12.4:o} 
into itself, in addition to transforming H2s.36 into itself and 

having their fourth powers in H~~~6. Therefore these equations-

( t 1 u 6 f1· H2.s;36 t.1 426 : H2.s. 3 6  

1  
( t1.4:.'26y t12.3i-5 tH2& = t2.S'1.6~ 

( t H26r1 t12.·!:6 tu.-2.G -= t1.'2·4~ 
:i. 

( al tH:·26) HzS:3& 81 tu.2.0 -= H2s,36 

( 81 t.14:2.& f1 t12.H5 81. tU2.6 =- SAc 65t 2.5463 
-1 

( )81 t,_42s t12.·~G 81 tl42.6 ~s4:s6t1'Z.·46 

show· the existence of the two grour:,s:-

[H2.S:5b, t:1.'2.~4:.S , t1H.6J .•.•.. order ... . 2 5 
• ,3 6

• 120 

36fH 2,r.. 3 6, t .1-z. 34:s- ~~14:u,J .. . . . . n • , • 25 . • 120. 

When Ph equals P3 ~ 0 , and. 1 equals 126, Hz.s-. 3o s1. t1.z.o con-

sists of negative eubsti tut ions and their third. po,nera are not 

in H s;?P • Therefore only the set H s, 3 , can be used, and2 2 t 126 
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there exiate the group:-

fil2.s:3, ' t 12.6) •.•••order ....t12.3~S- ' 

When Ph equals P
720 

, since P3 "'0 ia an invariant subgroup 

it follows that the substitutions which permute ac-of P
720 1 

cording to Pp i being 16, must transform (H2 s-.3 t>, t1.i.a4:-5', t1.20J 
into itself, in addition to transforming H2~ 3pinto itself and 

having their squares in H25'; 36 • As both t.,_ 6 , ands:1..t1.6 fulfill 

theae conditions the following two groups are listed:-

fH2s, 3 6 , t j.'Z.3!:S , t.uJ 
S" 6

••••• order •.•.2 •3 •720 

fHzS:36 , t :1.Z3§:S, &s_t1.sj • • • • • tt •••• 2
5 
•3
6 
•720 • 

The Imprin;itive Groupe 7vhich contain H~.
3 
6. 

The larg~at grour,: which transforms H
2 
•3ointo itself with-

out interchanging ita systen:s of imprin:itivity islH
2 
.
3
6,S1.s2.s:5s4s.s-}• 

There are then thirty-two and just thirty-two sets of 2•36 sub-

stitutions which transform Hz..§1.nto 1 t self and interchange the 

systems according to Pi• These sets are[H~,3o, ·s1 sz.s.:!>a4.s.;\t1• 

When i equals 12~iR~)he fifth power of each substitution 

of (st. s-z. s:!5 s4. ~t-t.~~t.&- must be in the head, the sixteen sets that 

contain odd substitutions can not be ueed. The remaining six-

teen even sets are all conjugate as shown by the equation:-

( Ol.i_ ,(~ :'3 &L_o(,S\1. t ,J. oC. ol.;, oL ,A,b oL -•z oLz.-J. "':J-"'• ,1.._.-c,I..S° oLs-• °'t 
8~B3 S~"'"tt.,-/ ~'Z.~t.sS1."-S2283 S4:4Ss =B/ ~o?I Ss- 12:z.4.s-S1 82 B4 

(wbere ~,.o or 1.) It is evident that the exponents may be so 
chosen that all of the sets will be included. 

When Ph equals P,
0 
,1 equals 12345 and 12·46. Of the 

thirty-two sets (s1.. a2. e
3 
s4. ~ t1.12..~& the negative sets are excluded 

as proven for P"
0 
and H

2 
s-.
3
t., because H2 .3oalso contains only pos-
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itive substitutions. Of the sixteen even sets just four have 

their squares in the head;namely:-

tl.c.·!:&1 S1 82..tu.,H,' 8 3 8s-t12 .46 :, S 1 Sz.S;,S 5 t 1 z.,!eG" 

-1
Now, ( s.1 82. B.5 s'r Ss) H2,,?,f> s.2,. S2.Bl5 st: Bs--= Hz.36 

( s1 8 z. S5 s'l: Bs t t1.Z3~s81 82. 83 et, BS" :. t3234:S' 

( 8 1 8 2 a3 8~ 0S"f1 t 1z.t4>sj. Sz. e3 a~ 8 5 =- s4 8 6 t 1.2.,g, fB1. az. e3 85 t 12_4 ~ 
-1. 

( BJ. 8 2 8~ S4 BS') Bs. 82. t 1 2,.4-6 SJ. S'2.. 8 3 8"1- S.s--: 82. 8 2 8 4 8 6 t 12.4,6 

Hence there remains tH·H and s1. 0 •2 t 12 . 46 

That t 1 z~ 4 s and S-z. t J.'2.·ibgenerate a groui:: of order greatere1 

than sixty follows from the fact that the product et. Bat 1 z..fcl. t.11'. 3 4-s 

equals a1 e2 t~3 ~&s which is a substitution of order ten, and 

therefore could not occur in a grouJ: simply isomorphic to P60 ; 

But it may be verified by the usual ruethoda for group con-

structicn that tu3 .,s- and e e as-s t.,_~.g,~O generate a group of or-3 4 6 

der sixty which is sirq:ly ieomor1;hic to P60 j ao also do t1.z.3 1:s-

and t 1'Z,,46 I and there are the two grcupe, namely:-

lH z..3E. 1 t 1c"f>4S , t i2·4:c j ••••• order •.•• 2•3 6 •60 

fH z..3& 'tiz..541',t:r ,~•i:ss.s& ti.2•4a-6J ••••• order •••. 2•3()•60. 

These tv;o grOUJ:·i:- cf order 87,480 are distinct abstract 

groU:f.-B for each contains just one invariant subgroup of half 

its order which would corresrond in any eimi:;le ieomorphiam 

established between the tvrn group a. Besides the invariant 

operators cf these subgrcups would also corree:pond. But the 

subgroup fH 0 1:., tLz.~H··, t ~i..~Jhas three invariant operators, while 

just the identity is inve..riant infH3 6 ,\.z..3 4:.g1 e,Ja... ss-e 6 t1.2,'l-Q); 

therefore the two groups are different. 
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When Ph equals F~~o ,it has been proved that any substitu-

tion corres1onding tc Pi must transform(H2.~o, t 12~4s> t12.46Jand 

[Hz..:,6 , t 123u, & 3 8.., S5 s. t 124&3into then,selve s as well as transform 
H2.~ into itself. Of the thirty-two sets [e~ Sz..e.3e'!l-e lt'l.4,26 only 

t1.~26 fulfille these requirements, therefore the following 

grou:r:s exist, na.rr.ely:-

6 l"·OfH z.. 36  , t 1.23!1::s- ••.•. crder •••• ,2•3 • '° 
6

.@ z.3'1 , t 1.2.3!5" " ••.. .2•3 ·120 

When Ph e~uale P3b0, i equals 126 and 12345. Of the 

thirty-two sete ias s s4: s:Jt1. only the following four have
1  2 3 26 

their cubes in the head:-

t12.6' s1. si.t1.ze' el so t1.20' s2e6 t1.i.&• 
-1  

Now, ( s
6 
) H 

2 
.30 sE> -= H2 .36  

-1  

( SG) t:t2.3"J:5' 86 t::ti.2.34:S' 
-1 

(eEI) t-1.26 8~ ::.S286tl.26 

-1 

( sa ) a'1. e6 t H-6 so ~ e ~ez \26  • 

Hence there remains t~2.and e~et s.~.
0 2 1 

The following group may be listed:-

• •. • . . • order •••• 2•3
6 •360. 

But t1234:s-and s1. e2 t1.26 do not generate a grouJ: of order:360 

Since in a simple iacmorphisni between P
360 

and the i:,ropcsed 

group the orders of corresr;onding substitutions should be equal 

which is not the case in the ~reduct e~et~26t 'J§whioh is a
2 120

substitution of order eight, and the product t~26t~z34>which is 

the corresponding suhetitution in P~&o • 

When Ph equals P
7 
Lo, and i equals 16, the thirty-two 

sets ts,.s~ e.3 s.,_ s , H
2
.61t transform the head into itself, but 

5 3 16 



8':  

only sixteen of these have their squares in the head. Ofily 

the one set, H-z..a6t u; , also transforms \_H 2 ,3 6i1.2.3 .._5 , ti2.<i) into 

itself and therefore there is just the following group:+ 

lHa,3•, ti.234.,-, t1. 6 ) ••••••••••• order••.••••• 2 •3~720 

T!l.e Imprimitive G:floups which contain }t~,3 s. 

In the 2~3 sets of substitutions which interchange the 

systems of imprimitivity according to Pi only t1, S 1 t 1 , and 

Siti transform H2 .3 sinto itself. When 1=12345, 12°46, 1426, 

and 16 respectively S1 ti a.nd Sfti have·npt their required po-w-

,... ers in H~_
3 
,, and therefore can not be used to form groups. 

Hence the following groups for ti may be listed:~ 

~ 2 .~s-,ti-z.34s- ,t12.4:,} ••.•. .ortler ..... 2.3!f60 

~'2·3s-, tJ.2.<!49" f tl'l:2.E>) • • • • . . . " ••• 2 .3S:120 

~z.3s",tl"2.3CJ;S ,t1',} •••• ••' ff•t ••~'2:•3~'120 
When P£. equals P3 b 0 , the three substitutions t1.2. 6 ,S.,:_t126 , 

and sftJ.u, trans:rorm H2.,:,s into itself ana. also .nave their third 

powers; in H2 . 3 s-. As ti."Z.~4-sB-nd S1 t1.2~are subs ti tut ions in any 

group possible of construction their product S~ t 1 ~ 45. 26must be 

in the group. But this is imposaible as the fourth power of 

S1.t1 ;,,q.s,u;is not in H';_. 3 s-e As the same reasoning ·v:an be applied 

for s:t12~, only the following group for t~ 2 ~is listed:+ 

.••••••••• order ••••••• 2•3~360 



The Imprimitive G~oups which contain H~. 

When Ph equals P;, 60 , and i equals 126·, there are 2~3s-

sete of substitutions, namely:- ~~s2 s3 s~s 5 s.,SLSzS 3 S4 S~t 126 , 

which transform H3 into itself, and interchange the systems of 

imprimitivity according to Pi• But, as the substitutions of 

the set{s1 s 2 s.,a4,-ss-s..Jt1 u,have not their cubes in R 3 , only the 

sets ~ 1 S2.S-;,S 4 S~1 t 1 u, need to be considered. Since t1.2.3 4- 5 and the 

substitutions {s 1 s 2 S'3s4:s,.3t 126 are contained in ~group possi-

ble of constru_ction, their products {s1-S1;..SjS4cS~Jt2.u,must be sub-

stitutions the fourth powers of which are in H~ • After 

eliminating all substitutions which do not fulfill thia;re-

quirement, the products (s1 S2 S3 S1:S4 ] t 1 -H,,t1 -z.. 46 and i_s1 Sa: S3 s~ S6Jt12E> 

t~632~can be used in the same manner. Finally, this leaves 

only the one set, t~z~• which together with t~204~nd H~ 

forms the following group:-

•••••.•. order •••••.•. 3.360. 
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Order. 
1. Uiz.6,;,6 Iti2.o4:S , t,.f:,) 	 3~.,592,320. 

~a. (H 2.6,~" ., tii_.,~s-,ti~ . . 	 · ., l9, 796., 160 

3. Ui z.s,~& , t1.,3 4'S' , t16J 	 16,796,160 

4. {H '2.S:36 I t 12.3~5 ,s.1.t.1.6J 16.,796,160 

i 5. (H 2.s::f' , t 1234-s- 't1i.0J -8,398,080 
i 
[ 

' 6. {H26.30 , t iu4-s' 't142J 	 5,598,720 

,. @2,,;,f:,, t 12.~45 , t!Z•H,) 	 2,799,360 

8. 	 2.,799.,360@I 2.S:-a6 ,  t 12.39:-S" 't14-26] 

9. 
~2.S:36 't12"39:S , elt 1421,} 	 ?~799.,360 

1.0. 	(H'l.s-.36 1 tl'2H5 't1'2·4-6J r r 1,399,680  

l.,049,760 ll. (H z.36 , t 1234'5" , t163 

12. fH 36 1 t l.23t.-5" 't16) 	 524,880 

13. [B o .,s1e2s3s1s5e6t 1J -	 524.,880It12.3*53

14. [H 2.3, ,t.1·2.:"!1~5" ,t126) 	
524,880 

15. (H 1.3s-,t1'2.3~5" ,  t 1.63 	 349,920 

16. (H 6 ,t1'2.3~5' ,  t 1'2.J 	 262,440
3 

17. 	 174.,960fH 3s- ,t123~5" ,t16) 

18. {H~ 1 t 1'2.3~5" , Bl. 82. B3 84::-65 86 tJ.J 	
174,960 

19. 	 174,960(H2.·as ,t12.3~5' I t12.6J  

ac. {!I 2,36 ,  t lt".54.5' , t .1.4:2.6J 174.,960  

174,960 21. LH2.,36 ,  t 1:z. ;s4:-5' , 83 B~85B6t.1.2.·~6' t1.4:26J -

22. (H3s-	 87.,480'titH·S" 1 tt'2.6) 

~~
~ L23. (H ,3' 't12.54:S , t.1.~-Z.b1 . ... ,._ - 87,480 

~24. 	 .. • 87,480
~~(H36 ,  t J.234:-S- ,s,3s.,.t12:4-G ,t1'l:26J ~ • 

~~L #-25. (H3, ,  t 1.t..3 4:o ,  8 1 82 s ~e ~a 5 s Ot 14"1 ... 87.,480 

26. {H36 1 t !f3i,S ,83 Sstl'Z.·'H, ,el S2 S3 B4-S:;S6 \_1:zJ·--r 87,480 
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2?. fo2..36 

28. [H z.. 36 

29. ~ z..3S" 

30. [H 36 
31. fH36 
32. (H '3s-

33. fH 3s-• 
34. ~ 2..35' 

3.5. @I ~S' 

36. [HG 
37. ~3 

38. f!i "5 

39. &2..3 
40. IB:5 
41. fa2.3 

...42. fH~ 
43. (H3 
44. @'2·3 
45. (!f 3 

87,480'\z.H.5" 'tl~:tJ 
87,480't 1'2:34-5 '83 Si 85 BE:. t L2·'!:~) 

't 1'234-5". I t14:26}

 58,320 

43,7401 t 1 Z.34:5' I t1Z·4-6} 

1 t 1'2."34.S 's~ es t.1..z..4:6) - 43,740 

29,160't l'VH.6' 't3.H63 

't l.Z.34.5' 1 81. Sz. 6 36!: Ss- Sb t1.,,z.6j 29,160 

29,160't 1z34:S- 't11.,H,J 

It 1'2.34'5" 'ttz,4.6) - 14,580 

- 4,320't 12.3!:5' 'tH,J 

,t1'23!,S' 't 16]

 2,160 

,tl234:S 1 B1. S1. S3 S'i. a 5 a" t 16)

 2,160 

,tlZ-:5~5' ,ti'l6j 2,160 

- l,080't 1'2.-a.~S" 't126j 
·:·120' t 12.39:S' , t1u1>) 

It 1'2.."54:S' I t1426) 360 

I t 12.3.\5' ,s1s2s3e4-esso \'1:'2.lij 360 

360I tl2.'3!::S° 'ti'Z.·HJ 
l.80, t 1. 'Z.';!,~5' 1 t l.Z· 4:6) 


