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CHAPTER I 

INTRODUCTION 

I n recent years the concept o f d i g i t a l or sampled-data systems has 

become a r e a l i t y i n the f i e l d o f Coramunications. Such systems have 

o f t e n proven t o be more e f f i c i e n t , l e s s complicated, and much f a s t e r 

means of sending and r e c e i v i n g various types o f s i g n a l s than t h e i r 

continuous-time predecessors. 

Several mathematical s t u d i e s have been made i n the past t en years 

concerning the f e a s i b i l i t y o f p a r t i c u l a r networks or elements o f d i g i t a l 

communications systems. One such study was performed by the Stanford 

U n i v e r s i t y Systems Theory Laboratory. The primary o b j e c t i v e was t o 

describe and analyze the concept o f an adaptive f i l t e r . 

The term adaptive f i l t e r might be defined as a device t h a t processes 

incoming s i g n a l s or other data so as t o produce a desired response, vrith 

the added f e a t u r e t h a t i t i s s e l f - o p t i m i z i n g and may be adjusted i n order 

t o minimize some chosen performance or e r r o r c r i t e r i o n . 

The purpose o f t h i s t h e s i s i s t o simulate various types of adaptive 

f i l t e r s using a d i g i t a l computer and t o study and analyze t h e i r p e r f o r ­

mance under c e r t a i n i n p u t / o u t p u t reqjairements and f o r v a r i a t i o n s i n 

design parameters. 
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P r i o r t o presenting the computer programs and the experimental 

r e s u l t s , some of the background theory developed by the Stanford Systems 

Laboratory w i l l be discussed. 



CHAPTER I I 

THEORY 

The term " f i l t e r " i s o f t e n applied t o any device or system t h a t 

processes incoming s i g n a l s or other data i n such a way as to e l i m i n a t e 

n o i s e j or smooth s i g n a l s , or i d e n t i f y each s i g n a l as belonging t o a 

p a r t i c u l a r c l a s s , or even p r e d i c t the next s i g n a l from moment t o 

moment. The term "adaptive" used i n t h i s t e x t r e f e r s t o the a b i l i t y 

of a system to s e l f - o p t i m i z e or s e l f - a d j u s t i t s v a r i a b l e parameters i n 

order t o optimize some chosen performance c r i t e r i o n . 

The type of adaptive f i l t e r t h a t w i l l be discussed i s a sampled-

data system i n which the i n p u t and output s i g n a l l e v e l s e x i s t a t only 

f i x e d i n s t a n t s of time, forming numerical sequences. Thus the i n p u t 

and output r e l a t i o n s can be described by means of d i f f e r e n c e equations. 

Two kinds of processes take place i n an adaptive f i l t e r : t r a i n i n g 

and operating.. The t r a i n i n g process (adaptation) i s concerned w i t h 

a d j u s t i n g parameters ( i n t h i s case v a r i a b l e weights or g a i n s ) . The 

op e r a t i n g process consists i n forming output s i g n a l s by weighing the 

various i n p u t (and or feedback) samples, using the f i n a l optimum weight 

values r e s u l t i n g from the t r a i n i n g process. 

During the t r a i n i n g process an a d d i t i o n a l i n p u t s i g n a l , the 

"desired response", must be supplied t o the f i l t e r i n a d d i t i o n t o the 

3 
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usual i n p u t s i g n a l s . I t i s p r e c i s e l y the d i f f e r e n c e between t h i s 

desired s i g n a l and the a c t u a l f i l t e r output which forms an e r r o r s i g n a l 

used t o c o r r e c t or a d j u s t the weights between successive i n p u t samples. 

The performance c r i t e r i o n used throughout t h i s paper w i l l be 

minimum mean square e r r o r between desire d and f i l t e r outputs. A l e a s t 

mean square a l g o r i t h m based on a g r a d i e n t search or "method o f steepest 

descent" w i l l be used as the o p t i m i z i n g scheme f o r weight adjustment. 

I n the case o f a p u r e l y feedforward or t r a n s v e r s a l adaptive f i l t e r , 

the q u a d r a t i c form f o r the raean square e r r o r "surface" as a f u n c t i o n o f 

the weight s e t t i n g s i s assured and a unique minimum e x i s t s . However, 

the performance c r i t e r i o n must be modified s l i g h t l y t o e l i m i n a t e the 

p o s s i b i l i t y of l o c a l minima i n t h i s same e r r o r surface when a feedback 

system i s employed. Each case w i l l be thoroughly discussed i n t h i s 

s e c t i o n . 

Although much of the theory presented w i l l r e f e r t o s t a t i s t i c a l 

p r o p e r t i e s o f the i n p u t samples, i t i s a simple matter t o adapt these 

ideas t o d e t e r m i n i s t i c s i g n a l s f o r which means and variances have l i t t l e 

meaning. The same f i l t e r operations are v a l i d i n both cases. 

Now t h a t a general view o f adaptive f i l t e r s has been presented, i t 

i s a p p r o p r i a t e t o discuss the mathematics o f p a r t i c u l a r designs of these 

f i l t e r s . 

A. The Feedforward D i s c r e t e Adaptive F i l t e r 

The a n a l y s i s o f the feedforward adaptive f i l t e r performance w i l l be 

based on a study o f the system shown i n Figure 2-1. S t a t i o n a r y i n p u t 

s i g n a l s w i l l be assumed. 
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A set o f i n p u t s i g n a l s i s weighted and summed to form an output 

s i g n a l . The i n p u t s are assumed t o occur simultaneously and d i s c r e t e l y 

i n time. 

The e r r o r s i g n a l a t time L i s given by: 

N 
E(L) = D(L) - Y(L) = D(L) - £ Wi X(L - ( i - l ) ) (1) 

i = l 

where 
D(L) = the desired response at time L 
Y(L) = the f i l t e r output at time L 
X(L) = the i n p u t a t time L 

Wi = the i t h v a r i a b l e gain or weight 

The square of the e r r o r given by (1) i s : 

N N 
E2(L) = D 2 a ) + I I Wi Wj X (L - ( i - l ) ) X (L - ( j - l ) ) 

i = l j = l 

N 
-2 D(L) I Wi X (L - ( i - l ) ) (2) 

i = l 

The expected value of t h i s e r r o r squared (the mean-square e r r o r ) 

i s given by: 

N N 
E 2 ( L ) = D2(L) + I I Wi Wj (KXi.X-j) 

i = l j = l 

N 
-2 I Wi 4>(Xi,D) (3) 

i = l 

where <KXi,D) s D(L) X(L - ( i - l ) ) 

<KXi,Xj) H X(L - ( i - l ) ) X(L - ( j - l ) ) 
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are the s t a t i s t i c a l c o r r e l a t i o n s between i n p u t and d e s i r e d response, 

and combinations of i n p u t samples r e s p e c t i v e l y . 

I t may be observed t h a t f o r s t a t i o n a r y i n p u t s , the mean-square 

e r r o r i s a second-order or p a r a b o l i c f u n c t i o n of the weights so t h a t 

a unique minimum may be found. The means t h a t w i l l be used t o accomplish 

t h i s i s known as the method o f steepest descent. ' 

The steepest descent technique uses gradients o f the performance 

surface i n seeking a minimum p o i n t on the surface. The g r a d i e n t a t any 

p o i n t on the performance surface may be obtained by d i f f e r e n t i a t i n g the 

mean-square e r r o r f u n c t i o n . The gradient component from (3) i s : 

To f i n d the o p t i m a l set of weights, (WLMSJ> t h a t minimized E ^ ( L ) , 

set VE2(L) = 0. 

3E2(L) 
3Wi 

N 
- -2 <KXi,D) + 2 ^ Wj <KXi,Xj) CO 

^ ( L ) . o -2,»(X,D), + 2 lW J[$(X,X)] (5) 

using m a t r i x n o t a t i o n where 

i»(X,D), = ,$(Xi,D), 4>(X2,D), <KXN,D) 

W.SWI, W2, » w N 

[*(X fX)] = • ( X l X l ) • ( x i XN) 

• ( % x i ) • (XN XN) 
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Accordingly, 

"LMS, s . f r O W l*(X,X)] - 1 (6) 

An expression f o r the minimum mean-square e r r o r may be obtained 

i n the form 

I n seeking the minimum e r r o r by the method of steepest descent, 

an i n i t i a l set o f values i s chosen f o r the weights. The next set 

weight values i s obtained from the previous set by making a change i n 

the weights i n a d i r e c t i o n opposite t o the gradient vector o f the e r r o r 

surface. I f the mean-square e r r o r i s reduced w i t h each weight vector 

change, the process w i l l converge on the s t a t i o n a r y minimum regardless 

o f the choice of i n i t i a l weights. 

The method of steepest descent f o r the feedforward adaptive f i l t e r 

weights may be expressed as a r e l a t i o n 

where k s i s the adaptation constant o f p r o p o r t i o n a l i t y which c o n t r o l s 

the r a t e o f change of the adaptive process. 

The l i n e a r i t y o f the g r a d i e n t as a f u n c t i o n o f the weights and the 

quad r a t i c form o f the e r r o r s u r f a c e , p r o v i d i n g freedom from l o c a l minima, 

make the method of steepest descent a very d e s i r a b l e technique f o r t h i s 

adaptive process. 

(7) 

« IT , N 7 9 ^PREVIOUS. WPRESENT " WPREVIOUS + k s v e 2 ( CYCLE > (8) 
CYCLE CYCLE 
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I t can be shown t h a t the weights undergo geometric ( d i s c r e t e 
exponential) t r a n s i e n t s i n r e l a x i n g toward the e r r o r surface minimum. 
I f the u n i t o f time i s taken t o be one i t e r a t i o n c y c l e , a time constant 
can be defined as the time constant o f an exponential envelope e~''"̂ T 

where T i s the constant. I f , 

- 1 
T >> 1 then Tp = (9) 

2ks Xp 

where Tp i s the time constant of the p ^ weight expressed i n a proper 

coordinate system** and Xp i s the pt* 1 eigenvalue of the c o r r e l a t i o n 

m a t r i x [*(X,X)]. The number o f n a t u r a l modes i s equal t o the number o f 

weights N. 

Widrow has shown t h a t the steepest descent adaptation process i s 

s t a b l e when a l l Tp > 1/2. Since the eigenvalues of a ' c o r r e l a t i o n m a t r i x 

are always £ 0, the only way t h a t s t a b i l i t y can be assured i s f o r the 

c o n d i t i o n s [ks ^MAxl < ^ an^ ks < 0 t o be t r u e . A bound can then be 

placed on the a d a p t a t i o n constant k s^ 

1 < kg < 0 . (10) 
AMAX 

I n p r a c t i c e , the t r u e value of the g r a d i e n t vector f o r the mean-

square e r r o r surface i s seldom a v a i l a b l e . To overcome t h i s d i f f i c u l t y , 

a Least Mean-Square (LMS) Adaptation A l g o r i t h m o f f e r s an easy procedure 

f o r implementing the method o f steepest descent. This a l g o r i t h m uses 

measured g r a d i e n t estimates i n place of t r u e gradient values. These 

estimates may be "noisy" ( c o n t a i n e r r o r s ) but the e r r o r can be minimized 

through c a r e f u l a p p l i c a t i o n o f the LMS a l g o r i t h m . 
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I n e f f e c t the a l g o r i t h m employs the gradient v e c t o r approximation 

f o r time L 

,VE2(L),» ,VE2(L), " - 2 E ( L ) ,X(L), * (11) 

A l l t h a t i s needed i n order to estimate the gradient i s the present 

i n p u t - s i g n a l v e c t o r L X ( L ) L and i t s associated s c a l a r e r r o r E ( L ) . I t 

can be shown t h a t I ( 7 E 2 ( L ) ) I = | 7 E 2 ( L ) F and thus the gradient estimate i s 

unbiased.^ 

The f i n a l form f o r the LMS a l g o r i t h m f o r a d j u s t i n g the weights can 

be expressed, using the gradient approximation, as 

W ( p ™ - W^KEVIOUS, - 2 R S E ( P g ™ * ) X ( ™ ™ U S ) ( 1 2 ) 

CYCLE ' K CYCLE < z I i 

or 

w q ) , = wq-p, - 2 k s E ( L - I ) x q - p , 

f o r the weight v e c t o r at time L. 

The expression f o r the adaptation time constant using the LMS 

a l g o r i t h m i s the same as s t a t e d e a r l i e r i n ( 9 ) . The bounds on k s which 

i n s u r e s t a b i l i t y o f the LMS a l g o r i t h m may be expressed i n a d i f f e r e n t 
c 

manner than ( 1 0 ) . 

0 > k s > - v | ) 2 (13) 
L— 1 "'MAX 

where || X | p i s the squared magnitude of the i n p u t vector. 

* 
X ( L ) c o nsists of a l l i n p u t samples a t time L which a f f e c t the output 

LT7e?, X ( L ) , x q - 1 ) , , X ( L - ( N - 1 ) ) . 
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Thus I f the maximum i n p u t v e c t o r magnitude i s known or can be 

estimated c l o s e l y , the ada p t a t i o n constant s t a b i l i t y range i s w e l l 

defined w i t h o u t knowledge o f the eigenvalues of the c o r r e l a t i o n m a t r i x . 

I f i t i s not known a p r i o r i , then the magnitude can be estimated and 

updated as more i n p u t - s i g n a l observations are made. 

As was s t a t e d p r e v i o u s l y , the d i f f e r e n c e between the t r u e g r a d i e n t 

and the measured gradient estimate used i n the LMS a l g o r i t h m can 

int r o d u c e e r r o r or gradient-measurement noise. A f t e r t r a n s i e n t s i n the 

adjustments e s s e n t i a l l y d i e out (3 t o 5 time constants of slowest n a t u r a l 

mode), there can s t i l l be random f l u c t u a t i o n s of the weight values about 

t h e i r LMS-optimal values. I f the i n p u t s i g n a l i s d e t e r m i n i s t i c , then 

such "noise" w i l l not be observed since the t r u e g r a d i e n t and measured 

gradient are equal. 

Widrow has gone through extensive a n a l y s i s t o show t h a t the 

amplitude of t h i s steady s t a t e noise has a s t a t i s t i c a l r e l a t i o n s h i p t o 

the i n p u t s i g n a l s expressed by 

where 

[<KV,V)] - 4 ( E ^ ) [*(X,X)] 

[*(V,V)] = " 

(14) 

ViL V I L V I L V 2 L 

VNL V I L •VNL V N L 

'iL 
3E2(L) 3E2(L) 

3Wi 

'MIN = minimum mean square e r r o r 
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He has also shown t h a t the average excess mean-square e r r o r due 

t o a d a p t a t i o n i n the steady s t a t e i s r e l a t e d t o the normal mode time 

constants by 

( i 2 a ) > - i S - i ( i ^ ) I f ( i s ) 
^ p = l AP 

summed over a l l modes p. 

I t i s observed t h a t i f the adapting process i s done sl o w l y (small 

k s ) , the Tp's w i l l be l a r g e and t h e o r e t i c a l l y the excess mean-square 

e r r o r can be made a r b i t r a r i l y s m a l l . Slow adaptation acts as a gradient 

noise f i l t e r . 

B. The Feedback D i s c r e t e Adaptive F i l t e r 

The a n a l y s i s of the feedback d i s c r e t e adaptive f i l t e r w i l l be based 

on a study o f the system shown i n Figure 2 -2 . 

A set o f i n p u t s i g n a l s and a set of previous output s i g n a l s are 

weighted and suramed t o form the output s i g n a l . When the f i l t e r i s I n 

the normal mode a f t e r a d a p t a t i o n i s complete, the output a t time L may 

be expressed as a d i f f e r e n c e equation o f the form 

N+l N 
Y(L) - Z AJL X a - ( i - l ) ) + I Bj Y(L - j ) (16) 

i - l j - l 

The e r r o r c r i t e r i o n used f o r the feedback adaptive f i l t e r i s 

s l i g h t l y d i f f e r e n t from t h a t used i n the feedforward case. Mantey^ i n 

h i s study o f such systems has proven t h a t the sum-squared d i f f e r e n c e 

c r i t e r i o n i n which the e r r o r a t time L i s given by 

E(L) - D(L) - Y(L) , (17) 

where D(L) i s the desired response at time L 
and Y(L) i s the f i l t e r output a t tirae L given by ( 1 6 ) , 
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w i l l not have a unique set of weight values f o r the minimum mean-
squared e r r o r . I t can be shown t h a t the e r r o r surface 

oo oo 
S = I ( E ( L ) ) 2 = I (D(L) - Y ( L ) ) 2 (18) 

k=0 k=0 

i s quadratic i n the feedforward weights k± but not i n the feedback 

weights B i . So i f the feedback weights are not f i x e d , there i s a 

high p r o b a b i l i t y t h a t l o c a l minima w i l l e x i s t on the e r r o r surface S. 

I n f a c t , the p a r t i a l d e r i v a t i v e o f S w i t h respect t o each o f the weights 

B i i s a f u n c t i o n of order N + 2 i n these v a r i a b l e s . Thus the p o s s i b i l i t y 

of as many as N + 2 r e a l s o l u t i o n s t o the equation f o r the minima, 

- 0, e x i s t s / * 

3Bi 

Therefore, the d e s i r a b l e method o f steepest descent f o r determining 

the o p t i m a l set o f weight values could f a i l . 

I n order t o circumvent t h i s problem a modified quadratic performance 

c r i t e r i o n w i t h a unique minimum can be e s t a b l i s h e d . Much of the ana l y s i s 

of such an e r r o r surface i s based on s u b t l e theory o f Z-Transforms aud 
4 

w i l l not be presented here. However, p h y s i c a l l y , t h i s performance 

measure i s the sum of the squares o f the d i f f e r e n c e s between the network 

output and the desired o u t p u t , w i t h the m o d i f i c a t i o n , t h a t , d u r i n g the 

synthesis or adapta t i o n process the desired output i s feedback instead 

of the a c t u a l f i l t e r o utput. 

This e r r o r surface i s q u a d r a t i c i n a l l of the v a r i a b l e weights and 

t h e r e f o r e has a s i n g l e , o p t i m a l s et o f weight values f o r the minimum. 

I n f a c t , i f a set of values e x i s t s f o r which (18) vanishes, then t h i s 
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s o l u t i o n also makes the modified e r r o r surface vanish. So t h i s 

c r i t e r i o n as a measure o f "goodness" i s established.'* 

Under the new c r i t e r i o n the e r r o r a t time L i s given by 

N+l N 
E(L) = D(L) - I A i X(L - ( i - l ) ) - I Bj D ( L - j ) (19) 

i = l j = l 

The square of the e r r o r i n (19) i s 

N+l N+l 
E 2 ( L ) = D2(L) + I I A i A k X(L - ( i - l ) ) X(L - ( k - l ) ) 

i = l k = l 
N N 

+ I I Bj B k D(L-j) D(L-k) 
j = l k = l 
N+l N 

+ 2 I I At Bj X(L - ( i - l ) ) D ( L - j) 
i - l j = l 

N+l 
- 2 D(L) I A i X(L - ( i - l ) ) 

i = l 
N 

- 2 D(L) I Bj D(L-j) (20) 
j = l 

The mean-squared e r r o r i s given by 

N+l N+l 
E2(L) = D2(L) + I I A i A k <KXi,X k) 

i = l k = l 
N N 

+ : I I Bj ^k <KDj>I>k) 
j = l k = l 

N+l N 
+ 2 I I A i Bj .{.(Xi.Dj) 

i = l j = l 
N+l N 

- 2 I A i <|>(Xi,D) " 2 I Bj $(D,Dj) (21) 
i = l j = l 
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where <KXi,X k) = x a ~ ( i - l ) X(L - ( k - l ) ) 

•(Dj.Dfe) 5 D(L-j) D(L-k) 

• ( X i . D j ) 5 X(L - ( i - l ) ) D ( L - j ) 

•(Xi.D) = X(L - ( i - l ) ) D(L) 

•(D,Dj) = D(L) D(L-j) 

are the s t a t i s t i c a l c o r r e l a t i o n s between various combinations o f i n p u t 

and desired output samples. 

Again the method of steepest descent w i l l be employed to seek the 

e r r o r surface minimum. The i 1 - * 1 g r a d i e n t component f o r the feedforward 

weights from ( 2 1 ) i s 

T T P " - 2 I A k *(X i,X k) + 2 I Bj •(X i,D j) 
i k = l 3 = 1 

- 2 •(Xi.D) ( 2 2 ) 

and the gradient component f o r the feedback weights i s given by 

SE^TiT N N + ] l 

JYT1- -2 I B k KDj,D k) + 2 I Aj, <KXi,Dj) 
J k = l ±-1 

- 2 <|.(D,Dj) ( 2 3 ) 

The o p t i m a l weight v e c t o r s , LALMS |and B^MS t h a t minimize E 2 ( L ) 

are obtained by s e t t i n g the p a r t i a l d e r i v a t i v e expressions equal t o zero 

and s o l v i n g two sets of vector equations simultaneously. 
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where 

.LMS, - (,'KX,D), - (,^(0,0), - ^ ( X . D ) , 

[ f C X . X ) ] " 1 [ * ( X , D ) ] ) ( [ * ( D , D ) 1 - [ * ( X , D ) ] 

f^CX.X)]" 1 [ • ( X , D ) ] ) - 1 [ * ( X F D ) ] ) [ * ( X , X ) ] - 1 

BLMS " (,»(D»D)T - ,»(X,D)T [ ^ ( X . X ) ] " 1 [ * ( X , D ) ] ) 

( [ * ( D , D ) ] - I * ( X , D ) ] [ * ( X , X ) ] - J - [ * ( X F D ) ] ) - 1 r*,„ ^ s . s - l 

[ * ( D , D ) ] 2 • ( D l . D i ) •(DI.DN) 

<{>(DN 

[ * ( X F D ) ] = "<KX1 

Dl) 

Dl) 

• (DN 

• ( X l 

DN) 

DN) 

( 2 4 ) 

• (XN+1,D1) •(XN+1,D N) 

^(D.D), 2 .•(Dl.D), •(D2>D)» » •(DN»D) , 

^ ( X . D ) = • ( X I . D ) , • ( X 2 > D ) > ..... • ( X N + 1 > D) [ 

and the other c o r r e l a t i o n matrices are i d e n t i c a l t o those i n the feed­

forward case. S t a t i s t i c a l l y s t a t i o n a r y s i g n a l s are assumed. 

I n order t o implement the system a measured gradient estimate 

s i m i l a r t o t h a t developed f o r the feedforward case i s used. From ( 2 0 ) 

the g r a d i e n t estimates are obtained. 
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a A i 2 E(L) X ( L - i ) 

3[E2(L)] 
9 Bj 2 E(L) D ( L - j ) (25) 

As i n (11) the g r a d i e n t vector approximation f o r time L, 

.VE^CL), » VE^OL^, has been used. 

The f i n a l forms f o r the LMS a l g o r i t h m f o r a d j u s t i n g the weights 

can be expressed as 

f o r the feedback gains at time L, 

where k^ = a d a p t a t i o n constant f o r the feedforward weights 

k2 = a d a p t a t i o n constant f o r the feedback weights 

i X ( L - l ) [ = the vector o f i n p u t samples i n the f i l t e r a t time L - l 

D ( L - l ) - the vector of desired response samples i n the f i l t e r 
a t time L - l . 

By r e f e r r i n g t o (13) the s t a b i l i t y bounds on the adaptation 

constants k^ and k2 can be e s t a b l i s h e d e a s i l y since the LMS a l g o r i t h m 

f o r the feedback adaptive f i l t e r i s the same as t h a t f o r the feedforward 

.Aq), = A q - i ) , - 2 k i E ( L - I ) x q - p . (26) 

f o r the feedforward gains at time L, and 

B(L) = B ( L - l ) - 2 ko E ( L - l ) Dq-1) 
1 i i * i i 

(27) 

case. 8 
1 0 > ki > 

0 > k2 > 1 
(28) 

MAX 
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I f a s i n g l e a d a p t a t i o n constant k s f o r a d j u s t i n g a l l weights i s 

d e s i r e d , then a value t h a t l i e s w i t h i n both i n t e r v a l s must be chosen. 

A t y p i c a l bound f o r k s , although somewhat s t r i c t e r than r e q u i r e d , 

would be 

0 > k s > - : (29) 

I l i l l L * 1 1 ^ 1 1 ^ 

A l l weights undergo geometric t r a n s i e n t s i n r e l a x i n g toward the 

e r r o r surface minimum. The expressions f o r these adaptation time 

constants are e x a c t l y the same as those developed f o r the feedforward 

case i n ( 9 ) . 

-1 

TP " 2 k i Xp ( 3 0 ) 

f o r the feedforward v/eights, and 
-1 

T q ~ 2 k2 Xq 

f o r the feedback weights, where Xp i s the p*-*1 eigenvalue of the 

c o r r e l a t i o n m a t r i x [^(X.X)] and Xq i s the q1-*1 eigenvalue of the 

c o r r e l a t i o n m a t r i x [$(D,D)]. The number of n a t u r a l modes i s equal t o 

the number o f weights 2N + 1. 

I f a si n g l e , adaptation.constant k s i s used, then k i = k2 = ks i n 

(30). 

I t i s evident t h a t f o r n o n - d e t e r m i n i s t i c s i g n a l s gradient-measure­

ment noise i n the steady s t a t e w i l l be observed because the a c t u a l and 

estimated mean-square e r r o r gradients are not equal. But no s p e c i f i c 

s t a t i s t i c a l q u a n t i t i e s f o r the amplitude of these "noise" f l u c t u a t i o n s 

about t h e o p t i m a l weight values has been developed f o r the feedback 

adaptive f i l t e r . 



I n Chapter V the experimental r e s u l t s w i l l be presented. I t i s 

hoped t h a t through a n a l y s i s o f these data a hypothesis concerning the 

m e r i t s o f using feedback might be formulated. Because the output of 

the feedback adaptive f i l t e r i s a f u n c t i o n of previous outputs and 

hence o f a l l past i n p u t s , t h e re i s an advantage o f more "working" 

knowledge f o r t h e f i l t e r i n t h i s case. The e f f e c t remains to be seen. 



CHAPTER I I I 

DISCUSSION OF TEST PROBLEMS 

I n order t o study the adaptive f i l t e r under a wide v a r i e t y o f 

c o n d i t i o n s , t h r e e very d i f f e r e n t problems were considered. For each 

case, given a known i n p u t , a c e r t a i n desired output was s p e c i f i e d . 

The o p e r a t i o n o f adaptive f i l t e r s u t i l i z i n g o n l y feedforvard weights, 

or only feedback weights, or a combination o f the two was studied and 

analyzed i n each o f the three cases. 

Computer programs were w r i t t e n t o simulate the f i l t e r s i g n a l 

processing and i n t e r n a l adjustment or o p t i m i z a t i o n schemes. These 

programs were constructed so t h a t they would be easy t o change t o 

accommodate the t h r e e problems considered and the v a r i a t i o n of f i l t e r 

parameters r e q u i r e d . More w i l l be s a i d about t h i s phase of the 

experiment i n Chapter IV. 

For each type o f adaptive f i l t e r the number o f weights or v a r i a b l e 

gains, the r a t e o f ad a p t a t i o n , and the number of i t e r a t i o n or adjustment 

cycles were v a r i e d i n a wide range so t h a t t h e i r e f f e c t upon the f i l t e r 

response could be examined. The r e s u l t s w i l l be discussed i n Chapter V. 

At t h i s time i t i s ap p r o p r i a t e t h a t the three problems be defined 

and discussed both mathematically and p r a c t i c a l l y . 

21 
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A. SIN X/X Continuous Time Response 

Most of the l i t e r a t u r e published on the subject o f adaptive 

f i l t e r s i s concerned v/ith continuous time responses. Both the i n p u t 

and desired output s i g n a l s are zero f o r only a f i n i t e number of p o i n t s . 

Therefore, i t seemed advantageous t o formulate a problem t h a t 

u t i l i z e d only continuous time waveforms f o r the f i r s t t e s t of the 

adaptive system. By analyzing these r e s u l t s any unforeseen d i f f i c u l t i e s 

i n the s i m u l a t i o n programs or i n the a p p l i c a t i o n of the theory might be 

detected e a r l y . 

The time f u n c t i o n s chosen f o r t h i s phase of the experiment were 

of the SIN X/X type. Since i t was desired t o make the f i l t e r response 

causal and since the computer s i m u l a t i o n used subscripted v a r i a b l e s 

(the s u b s c r i p t s must be p o s i t i v e i x i t e g e r s ) , only the p a r t of the wave­

forms f o r t > 0 could be u t i l i z e d . The i n p u t sampling began a t t = 1 

and continued every i n t e g e r time u n i t f o r the d u r a t i o n of the sampling 

i n t e r v a l . 

The i n p u t s i g n a l chosen was 

x(t) = S I N «(t) 
irt 

and the d e s i r e d output s i g n a l chosen was 

Af^ o SIN t/8 
d ( t ) = 3 — — u ( t ) 

where u ( t ) i s the u n i t step f u n c t i o n . Time delays through the f i l t e r 

were ignored. 



The corresponding Fourier Transforms f o r these waveforms are^ 

I X ( a ) ) = ~tt ( p l / 8 * u ( u ) ) 

= ^ (Pl/8 («) * <*«(«) + 3^)) 

= i Pi/g (w), - 1/8 v< u $ 1/8 

- -^7 I n P + y.S

o), > 1/8; to < - 1/8 Znj w - 1/8 

where p j y g (w) = 1 , - 1/8 w 1/8 

= 0 otherwise 

and D(OJ) = 3X(a)). 

Since the system i s l i n e a r and t i m e - i n v a r i a n t the continuous time 

impulse response of the f i l t e r can be found from i t s Fourier Transform 

H(a)) «= D(u)/X(w) = 3 - oo < w < co 

This i s e f f e c t i v e l y an a l l - p a s s f i l t e r w i t h l i n e a r a m p l i f y i n g 

c h a r a c t e r i s t i c s a t a l l frequencies. Such a f i l t e r has an impulse 

response of the form 

h ( t ) = 3 6 ( t ) . 

I n a d d i t i o n t h e re would probably be some phase f u n c t i o n e --^"') 

associated w i t h H(w). However, such a response can be made causal and 

r e a l i z a b l e w i t h proper choice o f 6 (to) s ince the Paley-Weiner C r i t e r i o n 

i s s a t i s f i e d and the i n t e g r a l 
co 
J 1 + w 2 

I n 3 dw 
-oo 

converges 
-co 

5 



This p a r t i c u l a r problem r e a l l y has l i t t l e p r a c t i c a l iraportance and 

was devised s o l e l y as an i n i t i a l t e s t o f the simulated system using 

continuous time waveforms. However, an a n a l y s i s o f the r e s u l t s from 

t h i s phase o f the experiment provided valuable i n f o r m a t i o n concerning 

adaptation c h a r a c t e r i s t i c s o f the f i l t e r . 

B. Square Pulse D i s t o r t e d b^. RC Channel 

The next problem considered was t h a t o f r e c o n s t r u c t i n g a 

r e c t a n g u l a r pulse t h a t had been d i s t o r t e d by transmission through a 

channel w i t h an RC (exponential decay) t i m e - i n v a r i a n t impulse response 

c h a r a c t e r i s t i c . 

I n order t o set up the problem assume t h a t the square pulse f ( t ) 

shown i n Figure 3-1 has been t r a n s m i t t e d through a medium w i t h an 

impulse response determined t o be very s i m i l a r t o the time waveform 

h ( t ) shown i n Figure 3-2 and have a frequency c h a r a c t e r i s t i c displayed 

i n Figure 3-3. The output s i g n a l x ( t ) w i l l be the c o n v o l u t i o n 

f ( t ) * h ( t ) since the channel i s l i n e a r , d e t e r m i n i s t i c , and t i m e -

i n v a r i a n t . 

x ( t ) - f ( t ) * h ( t ) 

" 1°° ¥F e " ( t " T ) / R C u ( t - T ) [u(T) - u(T-10)] dT -oo 1 4 0 

- J L [ /' e-(t-T)/RC d T _ j t e - ( t - T ) / R c d T ] 

R C 0 10 

0 < t < oo 10 < t ^ oo 

k ( 1 - e " t / R C ) , 0 t ^ 10 

k e-t/RC , i o <̂ t ^ oo 
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Figure 3-1. Rectangular Pulse Input t o Channel 

Figure 3-2. Channel Impulse Response 
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Figure 3-3. Channel Frequency Response (Magnitude) 

T I M E U N I T S 

Figure 3-4. Channel Output Waveform 
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I n t h i s p a r t i c u l a r case k was given the value one f o r s i m p l i c i t y 

and the RC time constant was chosen t o be 10. The reason f o r s e l e c t i n g 

t h i s value f o r RC was t h a t i t insured enough d i s t o r t i o n t o e l i m i n a t e 

any f a c s i m i l e of the f l a t n e s s o f the o r i g i n a l pulse, which would defeat 

the purpose o f the experiment. 

Figure 3-4 depicts the output waveform x ( t ) . 

This d i s t o r t e d s i g n a l was then a p p l i e d as the i n p u t t o the 

simulated adaptive f i l t e r system. The desired output was the o r i g i n a l 

pulse. Tests were then made t o determine how w e l l the f i l t e r could 

a d j u s t so t h a t i t would r e c o n s t r u c t the square pulse and compensate 

f o r the channel d i s t o r t i o n . Time delays were again ignored. 

The problem considered here, although somewhat narrowed i n scope, 

has many p r a c t i c a l a p p l i c a t i o n s . The need f o r general purpose 

"repeaters" t o reduce the u n c o n t r o l l a b l e d i s t o r t i o n caused by t r a n s ­

mission media atmospheric c o n d i t i o n s , l o c a l environment i n t e r f e r e n c e , and 

r e c e i v e r f r o n t end noise has o f t e n been shown. Linear a m p l i f i e r s alone 

w i l l not s u f f i c e when the waveform shape has undergone great changes. 

For the purposes o f the s i m u l a t i o n study a d e t e r m i n i s t i c channel 

impulse response was assumed. I n general, t h i s problem would be handled 

s t a t i s t i c a l l y , considering the channel as r e p r e s e n t a t i v e of a 

s t o c h a s t i c process. But, as p r e v i o u s l y discussed, the f i l t e r o p e r a t i o n 

i s optimum under these c o n d i t i o n s i f c e r t a i n s t a t i s t i c a l p r o p e r t i e s are 

known. 
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C. Square Pulse D i s t o r t e d by A d d i t i v e 
Gaussian Noise 

The f i n a l problem considered i n t h i s experiment was t h a t o f 

r e c o n s t r u c t i n g a rectangular pulse upon which a d d i t i v e White Gaussian 

Noise had been superimposed. The method used t o simulate the Gaussian 

Process and provide the a d d i t i v e samples needed i s discussed thoroughly 

i n the f i r s t p a r t of the appendix. I t was assumed, f o r the sake of 

s i m p l i c i t y and because no t e s t f o r checking s e r i a l c o r r e l a t i o n was 

a v a i l a b l e , t h a t the samples were unc o r r e l a t e d and hence independent.^ 

The d i s t r i b u t i o n had zero mean and u n i t variance approximately. 

Figure 3-5 shows a block diagram o f the simulated system. The 

square pulse waveform was sampled at u n i t time i n t e r v a l s and a noise 

sample was added at each i n s t a n t to form the i n p u t s i g n a l to the f i l t e r . 

The desired response was the "clean" pulse. Again time delay through 

the f i l t e r was ignored. 

The purpose o f t h i s phase o f the experiment was to determine how 

e f f e c t i v e l y the f i l t e r could smooth out or reduce the noise d i s t o r t i o n 

on the pulse. The basic d i f f e r e n c e between t h i s problem and the 

previous two i s t h a t the f i l t e r i n p u t i s a c t u a l l y a s t o c h a s t i c process 

w i t h known s t a t i s t i c a l p r o p e r t i e s r a t h e r than a d e t e r m i n i s t i c s i g n a l . 

Most types o f thermal noise such as t h a t encountered at the 

rec e i v e r f r o n t end or i n c i r c u i t elements such as r e s i s t o r s and gas 

tubes may be represented as a d d i t i v e broadband Gaussian Noise. I n many 

other s i t u a t i o n s noise i n t e r f e r e n c e s are assumed t o be Gaussian f o r the 

purpose of s i m p l i f y i n g a n a l y s i s . 
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So t h i s problem has many p r a c t i c a l a p p l i c a t i o n s and represents 

one o f the most common noise models used today. 



CHAPTER IV 

COMPUTER SIMULATION 

There were two computers a v a i l a b l e f o r the s i m u l a t i o n , the IBM 

7094 and the D i g i t a l Equipment Corporation PDP-9. The former was used 

f o r the Gaussian Noise problem, since i t possessed a random number 

generator i n i t s e x t e r n a l f u n c t i o n l i b r a r y . The PDP-9 was used i n 

a l l other cases. 

The programs were w r i t t e n i n standard F o r t r a n IV language. 

Figures 4-1, 4-2, and 4-3 show the general f l o w charts d e s c r i b i n g 

a l l o f the s i m u l a t i o n programs. Figure 4-1 d i s p l a y s the continuous 

time (one-pass) sampling case i n which minimum memory storage o f past 

i n p u t samples i s re q u i r e d d u r i n g the adaptation process. Figure 4-2 

depi c t s the r e p e t i t i o n case i n which a c e r t a i n number of i n p u t samples 

(25 i n t h i s case) are stored d u r i n g the f i r s t pass and then repeated 

s e v e r a l times a t the i n p u t d u r i n g adaptation. This method i s e s p e c i a l l y 

powerful f o r t i m e - l i m i t e d s i g n a l s or continuous s i g n a l s which have most 

of t h e i r energy contained i n a small time i n t e r v a l . 

Figure 4-3 i s common t o both cases and shows the c a l c u l a t i o n of the 

f i l t e r output and mean-square e r r o r a f t e r the adaptat i o n process has been 

completed. The same i n p u t samples were ap p l i e d here as during the 

f i l t e r l e a r n i n g c y c l e . 
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The f i n a l forra o f the computer programs i n F o r t r a n IV language 

as w e l l as a t a b l e l i s t i n g the important program v a r i a b l e s and t h e i r 

meaning w i l l be presented i n p a r t B of the Appendix. 
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Figure A - l . Flow Chart f o r Continuous-Time Sampling Program 
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CHAPTER V 

EXPERIMENTAL RESULTS 

Tliis s e c t i o n i s devoted t o a p r e s e n t a t i o n and explanation of some 

of the important r e s u l t s obtained from the adaptive f i l t e r s i m u l a t i o n . 

Each of the three problems explained i n Chapter I I I w i l l be considered 

separately. 

A. . - f f l . •- Continuous Time Response 
X 

A l l o f the s i m u l a t i o n work on t h i s phase o f the experiment was 

performed on the DEC PDP-9 Computer. Three parameters (the adaptation 

constant, the number of adaptat i o n c y c l e s , and the number of weights) 

were v a r i e d over the widest range t h a t computer storage l i m i t s and 

system s t a b i l i t y would per m i t . One hundred output samples from the 

adjusted f i l t e r v/ere observed i n every case and a time-averaged square 

e r r o r (T.A.S.E.) was c a l c u l a t e d . This e r r o r can be expressed by the 

equation 
100 

T.A.S.E. = I (D(L) - Y( L ) ) 2 / 1 0 0 (31) 
L = l 

where D(L) - the desired response a t time L 

Y(L) = the adjusted f i l t e r output a t time L 
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The i n i t i a l weight values were set equal t o u n i t y before each 

computer run. 

Table 5-1 shows the s t a b i l i t y bounds f o r the adaptation constant 

k s c a l c u l a t e d from equations (13) and (29) o f Chapter I I . During the 

course o f the e n t i r e experiment these equations proved q u i t e adequate 

both f o r d e t e r m i n i s t i c and s t a t i s t i c a l i n p u t s although t h e i r accuracy 

was much b e t t e r f o r the l a t t e r . 

TABLE 5-1 

Adaptation Constant S t a b i l i t y Bounds 
f o r fi*^ Continuous Time Response 

X 

^Feedforward Weights ^Feedback Weights Bounds 

5 0 0 > k s > - 133.8 

7 0 0 > k s > - 108.5 

10 0 0 > k s > - 76.6 

3 2 0 > k s > - 30.5 

1 4 0 > k s > - 17.8 

5 5 0 > kg > - 13.4 
1 9 0 > kg > - 9.1 

Although much o f the theory developed p r e v i o u s l y was not based on 

d e t e r m i n i s t i c s i g n a l s , several of the ideas presented by these s t a t i s t i ­

c a l expressions are v e r i f i e d i n t h i s case. 

Figures 5-1 through 5-5 p e r t a i n t o the feedforward adaptive f i l t e r 

and Figures 5-6 through 5-9 t o the feedback system. 
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I n Figures 5-1 and 5-6 the adaptation constant i n each case 

corresponds t o t h a t f o r which the T.A.S.E. was minimum f o r a l l the 

experimental values considered. 

Two o f the important c h a r a c t e r i s t i c s o f a l l the response curves 

shown are t h a t there i s a n o t i c e a b l e time delay ranging from two t o ten 

time u n i t s a t the f i r s t zero-crossing and there i s a " r i s e time" 

ranging from ten t o f i f t e e n time u n i t s before the f i l t e r outputs 

approach the desired response curve. 

One explanation f o r these phenomena i s t h a t any f i l t e r subjected 

to a s i g n a l w i t h an abrupt amplitude change w i l l u s u a l l y r e q u i r e a s h o r t 

tirae t o a d j u s t . A t y p i c a l example i s the u n i t step response of a l i n e a r 

phase f i l t e r . ^ There i s a c e r t a i n r i s e time requirement before the 

response approaches the f i n a l amplitude. 

The zero-crossing time delay might be considered a r e s u l t of t h i s 

r i s e time. Since the peak amplitude o f the f i l t e r response was not 

reached immediately, i t s time waveform can be expected t o be delayed i n 

r e l a t i o n t o the desired response w i t h the d i f f e r e n c e i n l a t e r zero-

crossing times becoming smaller and smaller. 

I t i s i n t e r e s t i n g t o observe t h a t as the r i s e time becomes s h o r t e r 

the zero-crossings become closer as expected. 

For each type o f f i l t e r , as the number of weights was increased 

the response became poorer i n shape and the mean-square e r r o r became 

greate r . This observation was made f o r an equal number o f adaptation 

cycles and the best adaptation constant i n each case. One major cause 

f o r t h i s might be the t r a n s i e n t s undergone by the weights i n a d j u s t i n g 



t o the e r r o r surface minimum. For each type o f f i l t e r the best 

adjustment r a t e decreased as the number o f weights increased. From 

(9) and (30) i n Chapter I I the t r a n s i e n t time constants are i n v e r s e l y 

p r o p o r t i o n a l t o the a d a p t a t i o n constant. With these time constants 

i n c r e a s i n g as the number of weights increases i t seems l i k e l y t h a t the 

weight adjustment t r a n s i e n t s would a f f e c t the response of a f i l t e r w i t h 

more weights f o r a longer time. 

Of course, (9) and (30) were developed f o r s t a t i s t i c a l i n p u t s but 

there i s no reason t o b e l i e v e t h a t a very s i m i l a r r e l a t i o n cannot be 

applied to d e t e r m i n i s t i c i n p u t s i g n a l s . 

One observation f o r which no explanation can be presented i s t h a t 

the optimum adaptation constant f o r the feedback f i l t e r was not the 

" l a r g e s t " (most n e g a t i v e ) . Since g r a d i e n t measurement noise i s not a 

f a c t o r when the s i g n a l s are d e t e r m i n i s t i c , adapting slowly should not 

be an advantage. Indeed the " l a r g e s t " constant was always the best f o r 

the feedforward f i l t e r , but a r e l a t i v e l y small constant always proved 

superior i n the feedback case. 

I n the f i n a l a n a l y s i s the f i l t e r employing both feedforward and 

feedback weights seemed t o perform best i n approximating the desired 

continuous time response. I t s time averaged square e r r o r was less than 

t h a t f o r the pure feedforward and pure feedback cases given equivalent 

o p e r a t i n g c o n d i t i o n s , e s p e c i a l l y when 10 weights were used. However, 

the feedforward f i l t e r o p e r a t i o n was very s a t i s f a c t o r y f o r the cases 

examined. The pure feedback f i l t e r performed p o o r l y i n a l l categories. 
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B. Rectangular Pulse D i s t o r t e d by RC Channel 

The DEC PDP-9 Computer perforraed a l l of the s i m u l a t i o n work f o r 

the RC Channel D i s t o r t i o n Problem. The same parameters mentioned i n the 

continuous time example were v a r i e d over the widest ranges p o s s i b l e . 

Twenty-five output samples from the adjusted f i l t e r were observed i n 

every case and a time-averaged square e r r o r (T.A.S.E.) was c a l c u l a t e d . 

This e r r o r i s given by 

25 
T.A.S.E. = I (D(L) - Y ( L ) ) 2 / 2 5 (32) 

L= l 

The i n i t i a l weight values were set equal t o u n i t y before each 

computer run. 

There were two key d i f f e r e n c e s i n s i m u l a t i o n technique and f i l t e r 

o p e r a t i o n between t h i s t e s t problem and the continuous time example. 

F i r s t , since the desired response was a t i m e - l i m i t e d waveform w i t h a l l 

zero values beyond ten time u n i t s , i t was considered h i g h l y i m p r a c t i c a l 

t o perform continuous time, one-pass sampling i n t h i s case. Instead, 

the f i r s t t w e n t y - f i v e i n p u t and desired, output samples were c a l c u l a t e d 

and repeated over and over again d u r i n g the a d a p t a t i o n process. I n 

p r a c t i c e t h i s would r e q u i r e , the f i l t e r t o have a f i n i t e memory or storage 

capacity a v a i l a b l e . 

Secondly, the feedback adaptive f i l t e r was a t a disadvantage i n 

t h i s case because the t w e n t y - f i v e repeated desired output samples 

consisted o f se v e r a l zero-values. The f i r s t ten desired response 

samples were equal t o u n i t y , but the l a s t f i f t e e n were zero. Therefore, 
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the feedback weights were only being adjusted d u r i n g t w o - f i f t h s o f 

the t o t a l a d a p t a t i o n time. I n order t o make an o b j e c t i v e comparison 

of the th r e e d i f f e r e n t types of f i l t e r s i n performing the pulse 

r e c o n s t r u c t i o n , an adaptation cycle s c a l i n g process was used. The 

f i n a l " e q u a l i z e r " i n a l l cases was the t o t a l number of adjustments and 

not the t o t a l number of complete cycles. The f o l l o w i n g simple equation 

was used. ' 

SCLDCYC (NFWD + (NFBK X 2/5)) = NADJ (33) 

where SCLDCYC = number of adaptation cycles a f t e r s c a l i n g 
NFWD = number of feedforward weights 
NFBK = number of feedback weights 
NADJ = t o t a l number of weight adjustments desired 

I n order t o use the repeat process the number of scaled cycles was 

"rounded-off" t o the nearest m u l t i p l e o f t w e n t y - f i v e . 

Table 5-2 shows some of the values used i n t h i s phase of the 

experiment. 

Table 5-3 shows the s t a b i l i t y bounds f o r the adaptation constant 

k s c a l c u l a t e d frora equations (13) and (29) of Chapter I I . 

Figures 5-10 through 5-14 p e r t a i n t o the feedforward adaptive f i l t e r 

and f i g u r e s 5-15 through 5-19 t o the feedback system. 

I n Figures 5-10 and 5-15 the adaptation constant i n each case 

corresponds t o t h a t f o r which the T.A.S.E. was minimum f o r a l l the 

experimental values considered. 



TABLE 5-2 

Adjustment E q u a l i z a t i o n 

NFWD NFBK NAD T 

•a J 

J 0 
£• 

i n n n 
"i J 0 i n n i s n n 
o A ^ n J . / _>U 
1 A 200 500 
1 4 375 1000 
1 4 575 1500 
1 4 675 1750 
5 5 150 1000 
5 5 275 2000 
5 5 425 3000 
5 5 500 3500 
1 9 225 1000 
1 9 425 2000 
1 9 650 3000 
1 9 750 3500 

TABLE 5-3 

Adaptation Constant S t a b i l i t y Bounds 
f o r Channel D i s t o r t i o n Problem 

Feedforward Weights // Feedback Weights Bounds 

5 0 0 > k s > - .606 
7 0 0 > k s > - .471 

10 0 0 > kg > - .376 
3 2 0 > kg > - .325 
1 4 0 > k s > - .227 
5 5 0 > kg > - .151 
1 9 0 > kg > - .106 
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The desired square pulse has two abrupt changes i n amplitude. 

These occur a t time zero and at ten time u n i t s . As discussed i n 

p a r t A of t h i s chapter, the f i l t e r response e x h i b i t e d r i s e and f a l l 

times due t o i t s I n a b i l i t y t o a d j u s t immediately. I n the feedforward 

case these r i s e and f a l l tiraes increased as the number o f weights 

increased. Although w e l l - d e f i n e d " f l a t " p o r t i o n s f o r the f i l t e r 

response were not evident i n a l l of the feedback cases, i t appears 

t h a t the time r e q u i r e d t o r i s e t o the maximum response amplitude and 

f a l l t o the zero value again also increased w i t h the t o t a l number of 

weights. 

For an equal number o f weights the f i l t e r employing both feed­

forward and feedback weights had the smallest r i s e and f a l l times. The 

pure feedforward f i l t e r , however, had very comparable times, e s p e c i a l l y 

f o r t e n weights. The pure feedback f i l t e r had much longer r i s e and f a l l 

times than e i t h e r o f the other types. 

For each type o f f i l t e r , as the number o f weights increased the 

response became ge n e r a l l y poorer i n shape f o r the same t o t a l number of 

weight adjustments and the best adaptation constant. As surmised 

p r e v i o u s l y , the f a c t t h a t the t r a n s i e n t s undergone by the weights i n 

a d j u s t i n g t o the e r r o r surface minimum have longer time constants w i t h 

i n c r e a s i n g number of weights i s probably the major cause f o r t h i s 

phenomenon. 

The o p t i m a l adjustment constant f o r the feedforward f i l t e r was 

again the " l a r g e s t " (most n e g a t i v e ) . As b e f o r e , a r e l a t i v e l y small 

^constant always proved superior i n the pure feedback case. However, 
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t h i s time the " l a r g e s t " adaptation constant worked best f o r the f i l t e r 

using both feedforward and feedback weights. This i s i n d i r e c t c o n t r a s t 

to the continuous time problem o f p a r t A and remains w i t h o u t a reasonable 

explanation. 

The mean square e r r o r decreased as the number o f adaptation cycles 

increased and as the adaptation constant increased i n a l l cases i n 

which only feedforward weights were used. This i s not an unexpected 

r e s u l t when d e t e r m i n i s t i c s i g n a l s are involved and the method of 

steepest descent i s being used as the adjustment a l g o r i t h m . 

I n general, t h i s same observation was t r u e f o r the mean square 

e r r o r of the f i l t e r using both feedforward and feedback weights. 

No such o v e r a l l remarks can be made about the e r r o r i n the pure 

feedback case. There were no obvious trends which could be e s t a b l i s h e d . 

There are three areas which must be considered when comparing the 

o v e r a l l performance o f the various types of adaptive f i l t e r s f o r t h i s 

p a r t i c u l a r problem. These are response shape, response amplitude, and 

adjustment time. 

The combination feedforward and feedback adaptive f i l t e r had a 

s l i g h t l y b e t t e r response shape than t h a t o f the pure feedforward f i l t e r 

i n most cases. However, the amplitude was much smaller than the desired 

response. 

The feedforward f i l t e r response had an amplitude which was very 

close t o the desired waveform i n i t s best case. 

The pure feedback f i l t e r was i n f e r i o r i n both c a t e g o r i e s . 
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But the feedforward f i l t e r r e q u i r e d s e v e r a l a d a p t a t i o n cycles 

l e s s than the combination f i l t e r t o produce i t s reasonably good response. 

This i s due t o the t i m e - l i m i t e d nature o f the d e s i r e d response. 

Unless a s l i g h t improvement i n response shape outweighs a l l other 

c o n s i d e r a t i o n s , the feedforward f i l t e r i s d e s i r a b l e i n t h i s case. 

C* Square Pulse D i s t o r t e d by A d d i t i v e 
White Gaussian Noise 

The s i m u l a t i o n f o r the Gaussian Noise problem was performed 

e n t i r e l y on the IBM 7094 computer. The same three f i l t e r parameters 

p r e v i o u s l y mentioned were v a r i e d over the widest ranges p o s s i b l e . 

Twenty-five output samples from the adjusted f i l t e r were observed i n 

every case and the time-averaged square e r r o r given by (32) was 

c a l c u l a t e d . 

The i n i t i a l weight values were set equal t o u n i t y before each 

computer run. 

Each i n p u t sample consisted of the value of the r e c t a n g u l a r pulse 

a t t h a t time plus a random noise sample from an approximate normal 

d i s t r i b u t i o n . The generation of t h i s noise process i s discussed i n the 

Appendix. 

The desired output was the "clean" rectangular pulse w i t h no noise 

present. 

Several values o f s i g n a l t o noise r a t i o (S/N) were t e s t e d f o r 

every.case t o determine the e f f e c t upon the f i l t e r performance. The 

s t a t i s t i c a l e f f e c t of m u l t i p l y i n g each noise sample by a constant k i s 

t o scale the variance of the noise process by k . I n c r e a s i n g the 

variance i s equivalent t o reducing the S/N. 



Since the desired response was t i m e - l i m i t e d the f i l t e r s employing 

feedback were a t some disadvantage. I n order t o make the performance 

comparisons f o r a l l types of f i l t e r s more v a l i d 600 adaptat i o n cycles 

were used f o r the feedback f i l t e r s and only 400 f o r the feedforward 

f i l t e r . This tended t o equalize the t o t a l number of weight adjustments 

i n a l l cases. The compensation was not as thorough as t h a t used i n the 

RC channel d i s t o r t i o n problera but i t was e f f e c t i v e . However, one minor 

d i f f i c u l t y was encountered i n t h i s method. The computer program was 

w r i t t e n so t h a t the i n p u t noise samples f o r the adjusted f i l t e r were 

i d e n t i c a l f o r a l l cases i n which the number of adaptation cycles was 

the same. Therefore, the i n p u t waveform was not i d e n t i c a l i n the feed­

forward and feedback cases. S t a t i s t i c a l l y t h i s made no d i f f e r e n c e , 

but experimentally some problems could have been encountered i n making 

performance comparisons f o r a r e l a t i v e l y s h o r t a d a p t a t i o n time. 

Table 5-4 shows the various s i g n a l t o noise r a t i o s used i n the 

experiment and the approximate d i s t r i b u t i o n of the normal noise process. 

TABLE 5-4 

Experimental Signal t o Noise Ratios 
and Noise D i s t r i b u t i o n s 

S/N Approx. Normal Noise D i s t r i b u t i o n 
Mean 1 Variance Absolute DB 

400.0 
100.0 
44.4 
25.0 
16.0 
11.1 

26.0 
20.0 
16.5 
14.0 
12.0 
10.5 

0 
0 
0 
0 
0 
0 

1 
4 
9 

16 
25 
36 
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The t i m e - l i m i t e d nature of the s i g n a l s made i t advantageous t o 

use the method described i n the RC channel problem. The f i r s t twenty-

f i v e s i g n a l values (10 u n i t y values, and 15 zero values) were repeated 

a t the i n p u t over and over again. However, the a d d i t i v e Gaussian Noise 

Samples were d i f f e r e n t f o r each time u n i t so t h a t the r e p e t i t i o n 

procedure d i d not a f f e c t the continuous time nature o f the noise process. 

Table 5-5 shows the s t a b i l i t y bounds f o r the adaptation constant 

k s c a l c u l a t e d from equations (13) and (29) o f Chapter I I . Since the 

noise process had zero mean i t was not a f a c t o r i n these c a l c u l a t i o n s . 

TABLE 5-5 

Adaptation Constant S t a b i l i t y Bounds 
f o r Gaussian Noise Problem 

j} Feedforward Weights // Feedback Weights Bounds 

5 0 0 > k s > - .00050 
10 0 0 > k s > - .00025 
13 0 0 > k s > - .00019 
3 2 0 > k s > - .00050 
1 4 0 > k s > - .00050 
5 5 0 > ks > - .00025 
1 9 0 > k s > - .00025 

Figures 5-20 through 5-27 p e r t a i n t o the feedforward adaptive f i l t e r 

and Figures 5-28 through 5-35 t o the feedback system. 

I n Figures 5-20, 5-21, 5-28, and-5-29 the adapta t i o n constant i n 

each case corresponds t o t h a t f o r which the time-averaged square e r r o r 

was minimum f o r a l l experimental values considered. 
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One general observation can be made f o r a l l types o f f i l t e r s , a l l 

S/N, and a l l experimental values o f the f i l t e r parameters. The output 

waveform was much "smoother" than the i n p u t waveform i n a l l cases. The 

maximum amplitude change f o r consecutive i n p u t samples was always 

greater than t h a t f o r ' c o n s e c u t i v e output samples. I n other words, the 

f i l t e r was reducing the variance or noise power through the adaptation 

process. The smoothing e f f e c t was more n o t i c e a b l e as the S/N r a t i o 

was decreased. 

The best a d a p t a t i o n constant f o r a l l f i l t e r types when the S/N 

was high was a r e l a t i v e l y l a r g e (most negative) value. However, f o r 

low S/N ( l e s s than 44.4) a small constant proved superior i n terms of 

output average square e r r o r . ^ 

This i s an a n t i c i p a t e d r e s u l t . When the S/N i s high the noise 

e f f e c t i s small and the i n p u t s i g n a l possesses n e a r l y a d e t e r m i n i s t i c 

q u a l i t y . As determined from the previous two problems, there i s an 

advantage t o a d j u s t i n g a t a f a s t r a t e when the gradient measurement 

noise e f f e c t i s very small or non-existent. However, f o r small S/N 

when the i n p u t samples are composed o f a l a r g e amount of noise, a d j u s t ­

i n g s l o w l y i s thought t o be a remedy f o r reducing the steady s t a t e 

gradient noise f l u c t u a t i o n s . The experimental r e s u l t s f o r t i f y 

t h e o r e t i c a l expectations i n t h i s area. 

The mean square e r r o r o f the output was much lower than t h a t o f 

the i n p u t f o r small S/N but was s l i g h t l y higher f o r l a r g e S/N. This i s 

not alarming when i t i s known t h a t the t r a n s i e n t s undergone by the weights 

i n a d j u s t i n g t o the e r r o r surface minimum have time constants i n v e r s e l y 

p r o p o r t i o n a l t o the variance o f the noise process. ^ 



Equations (19) and (30) of Chapter I I might be r e w r i t t e n f o r a l l 

time constants as 

T s " 1 (34) 
2 k s o 2 

where o 2 i s t h e variance of the noise process. 

The eigenvalues o f the i n p u t c o r r e l a t i o n m a t r i x are a l l equal t o 

the variance o f the process f o r White Gaussian Noise.'' As the 

variance increases (S/N decreases) the time constant decreases. 

Therefore, the weights were probably being h e a v i l y a f f e c t e d by 

t r a n s i e n t s f o r h i g h S/N cases. C a l c u l a t i o n s show t h a t f o r o 2 = 1,2 

many more a d a p t a t i o n cycles than were used i n the s i m u l a t i o n would be 

needed t o make t r a n s i e n t e f f e c t s n e g l i g i b l e . 

No trends could be est a b l i s h e d concerning the r e l a t i o n s between 

f i l t e r performance and number o f weights. 

Although no f i l t e r " r i s e time" phenomenon could be observed 

c o n s i s t e n t l y , t h e r e were many cases i n which the f i r s t one or two output 

samples were w e l l below the average amplitude l e v e l f o r the r e s t o f the 

samples. 

Comparison o f the various types o f f i l t e r s showed t h a t the combina­

t i o n feedforward and feedback f i l t e r c o n s i s t e n t l y had s l i g h t l y smaller 

mean square e r r o r . However, the "smoothing" e f f e c t was a l i t t l e more 

pronounced f o r t h e feedforward f i l t e r than f o r e i t h e r of the other 

types. 

I n b o t h categories the pure feedback performance was worst but not 

s i g n i f i c a n t l y . 



No o v e r a l l r a t i n g can be placed on the various types of f i l t e r s 

w i t h the l i m i t e d data a v a i l a b l e . But i t seems t h a t w i t h a time-

l i m i t e d desired response, the smaller a d a p t a t i o n time requirement 

gives an advantage to the feedforward f i l t e r . 



CHAPTER VI 

CONCLUSIONS 

The main o b j e c t i v e s of t h i s t h e s i s — t o simulate an adaptive f i l t e r 

system on a d i g i t a l computer and t o make a q u a l i t a t i v e comparison 

between p r e v i o u s l y developed theory and experimental r e s u l t s — h a v e been 

f u l f i l l e d . 

I n Chapter I I some of the theory developed by P a t r i c k Mantey and 

Bernard Widrow f o r the System Theory Laboratory a t Stanford U n i v e r s i t y 

was presented. I n essence they showed t h a t an adaptive f i l t e r based 

on a mean square e r r o r performance c r i t e r i o n and using a gradient 

search method (steepest descent) can a d j u s t i t s v a r i a b l e weights or 

gains so t h a t a minimum mean square d i f f e r e n c e between a desired 

response and the f i l t e r output i s obtained. 

I n the case of feedback adaptive f i l t e r s Mantey has shown t h a t 

feeding back the desired response r a t h e r than the f i l t e r output d u r i n g 

adaptation e l i m i n a t e s any p o s s i b i l i t y o f the e r r o r surface c o n t a i n i n g 

l o c a l minima. 

I t has also been shown t h a t the weights undergo t r a n s i e n t s i n 

a d j u s t i n g t o the e r r o r surface minimum which are i n v e r s e l y p r o p o r t i o n a l 

to the adaptat i o n constant and the eigenvalues o f the i n p u t c o r r e l a t i o n 

m a t r i x . 
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The s t a b i l i t y a n a l y s i s f o r adaptive f i l t e r s has i n d i c a t e d t h a t 

the a d a p t a t i o n constant must be less than zero and greater than the 

negative inverse o f the squared magnitude o f the i n p u t sample vec t o r . 

F i n a l l y , i t was shown t h a t i n the steady s t a t e the weights 

undergo f l u c t u a t i o n s about t h e i r l e a s t mean square values. This 

phenomenon i s c a l l e d gradient measurement noise and r e s u l t s from the 

f a c t t h a t the a c t u a l e r r o r square g r a d i e n t and the estiraated gradient 

using the Least Mean Square A l g o r i t h m are not equal. Widrow concluded 

t h a t since t h i s excess mean square e r r o r i s p r o p o r t i o n a l t o the 

adaptati o n constant, a slow adjustment r a t e would be the easiest way 

to e l i m i n a t e t h i s problem. 

I n a l l three examples considered i n t h i s experiment the theory 

proved b a s i c a l l y sound. Transients d u r i n g weight adjustment were 

observed r e g u l a r l y w i t h the e f f e c t s being most severe f o r small 

adaptation constants. 

The s t a b i l i t y bounds on the adaptat i o n constant were f a i r l y 

accurate f o r a l l cases. When the adjustment r a t e was increased t o 

values exceeding the maximum bound d e f i n i t e signs of f i l t e r i n s t a b i l i t y 

( e x c e p t i o n a l l y l a r g e outputs) were observed. . 

For the Gaussian Noise Problem when the S/N was small the outputs 

were a f f e c t e d by gradi e n t measurement noise. However, the steady s t a t e 

mean square e r r o r was much le s s when small a d a p t a t i o n constants were 

used. 

The combination feedforward and feedback f i l t e r c o n s i s t e n t l y had 

the smallest mean square e r r o r , but the feedforward f i l t e r was s u p e r i o r 

i n "smoothing" the noise (reducing noise power). 



The r e s u l t s f o r the continuous time response problem ( — - — ) 
A 

showed t h a t f o r feedforward f i l t e r i n g a f a s t a d a p t a t i o n r a t e was best 

when the i n p u t s i g n a l was d e t e r m i n i s t i c but a r e l a t i v e l y slow r a t e 

proved s u p e r i o r i n the other cases. This unexpected r e s u l t could not 

be explained. The combination feedforward and feedback f i l t e r gave 

the best approximation to the desired response, although the feed­

forward f i l t e r performance was very s a t i s f a c t o r y . 

For the RC Channel D i s t o r t i o n Problem the combination f i l t e r had 

a s l i g h t l y b e t t e r response shape than the feedforward f i l t e r but f e l l 

f a r s h o r t o f t h e desired response amplitude. The feedforward f i l t e r 

output amplitude was very close to the desired value. A f a s t adaptation 

r a t e proved s u p e r i o r i n a l l cases except the pure feedback f i l t e r . 

No p a r t i c u l a r mention has been given t o the pure feedback f i l t e r 

because i t s performance i n every aspect was f a r i n f e r i o r t o the other 

two f i l t e r types. 

I t i s not evident t o t h i s author which type of f i l t e r (feedforward 

o r combination) was most outstanding o v e r a l l . I n instances where the 

desired response i s t i m e - l i m i t e d the s h o r t e r adjustment time r e q u i r e ­

ment makes the feedforward f i l t e r most d e s i r a b l e . However, the f a c t 

t h a t adaptive f i l t e r s are workable systems not only on paper but also 

under experimental c o n d i t i o n s has been i n i t i a l l y s u b s t a n t i a t e d by the 

r e s u l t s o f t h i s t h e s i s . 



CHAPTER V I I 

SUGGESTIONS FOR FUTURE RESEARCH 

I t was not p o s s i b l e t o explore a l l of the p o t e n t i a l uses f o r 

adaptive f i l t e r s nor was i t intended t h a t t h i s t h e s i s be an a l l -

i n c l u s i v e a n a l y s i s o f adaptive f i l t e r o p e r a t i o n . Rather i t i s hoped 

t h a t t h i s experimental work might generate f u r t h e r i n t e r e s t i n t h i s 

area. 

There are s e v e r a l extensions t o the work j u s t completed and 

several new t o p i c s which might be i n v e s t i g a t e d . i n f u t u r e research on 

di s c r e t e - t i m e adaptive f i l t e r s . 

A thorough mathematical a n a l y s i s of the s t a b i l i t y regions f o r 

feedback adaptive f i l t e r s i s necessary i n order t o determine why a 

r e l a t i v e l y s mall adaptation constant proved s u p e r i o r t o a l a r g e one 

f o r d e t e r m i n i s t i c s i g n a l s . 

The p o s s i b i l i t y o f using the r e p e t i t i o n method f o r continuous time 

i n p u t s i g n a l s when most o f the energy i s concentrated i n a r e l a t i v e l y 

small time i n t e r v a l could be explored. 

I t might prove extremely i n t e r e s t i n g t o c a r r y out the computer 

s i m u l a t i o n t o complete f i l t e r steady s t a t e c o n d i t i o n s t o observe 

gradient measurement noise c l o s e l y . This would e l i m i n a t e the weight 

adjustment t r a n s i e n t s observed so o f t e n i n t h i s work. 
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Other s t o c h a s t i c processes v/ith d i f f e r e n t s t a t i s t i c s might be 

generated i n the d i g i t a l computer or i n an analog computer and then 
i 

d i g i t i z e d . The adaptive f i l t e r performance f o r such d i s t r i b u t i o n s as 

Poisson (shot n o i s e ) , Rayleigh ( f a d i n g channels v/ith random phase and 
6,7 

amplitude), and Gamma could be i n v e s t i g a t e d . 

I f a method could be developed t o generate non-stationary processes 

or those w i t h slowly time v a r y i n g s t a t i s t i c s , then a study of the 

adaptive f i l t e r performance i n t h i s case would be extremely valuable. 

Widrow has suggested t h a t i t i s i n t h i s area where the adaptive f i l t e r 

would have i t s g r e a t e s t advantage over conventional designed f i l t e r s . 

Very l i t t l e has been mentioned about the frequency response o f 

the adaptive f i l t e r i n t h i s t h e s i s . But i t seems p l a u s i b l e t h a t such 

f i l t e r s could be designed and analyzed using Z-transform techniques. 

Frequency spectrum st u d i e s would be another t o p i c worth considering. 

F i n a l l y , a comparison of the performances o f the adaptive f i l t e r 

and an o p t i m a l Weiner f i l t e r would provide important knowledge about 

the advantages, i f any, i n using t h i s s e l f - o p t i m i z i n g s i g n a l processor. 



APPENDIX 

A. Generation o f Normally D i s t r i b u t e d Samples 

I n the IBM 7094 computer a random number generator i s provided 
9 

as an e x t e r n a l f u n c t i o n RECDIS( ) . I t i s designed t o supply pseudo­

random f l o a t i n g p o i n t numbers w i t h a uniform d i s t r i b u t i o n i n the 

i n t e r v a l ( 0 , 1 ) . Such a d i s t r i b u t i o n has a p r o b a b i l i t y d e n s i t y f u n c t i o n 

of the form 

p x ( x ) = 1 0 < x < 1 

= 0 elsewhere 
I t can be shown by use o f the famous c e n t r a l l i m i t theorem t h a t 

the u n i f o r m l y d i s t r i b u t e d random numbers can be transformed i n t o other 

numbers w i t h an approximate n o m a l d i s t r i b u t i o n having mean zero and 
1.2 

variance one. 
" I f Xi,X2 .XN are random samples from a d i s t r i b u t i o n 
which has mean u and variance a 2 , then the random 
v a r i a b l e _ 

Y = / I T (X-u)/o 
has a l i m i t i n g d i s t r i b u t i o n t h a t i s normal w i t h mean 
zero and variance one." 2 

_ N 
Here X = (£ Xi)/N i s the sample mean. 

1 

For the case o f the un i f o r m d i s t r i b u t i o n over the u n i t i n t e r v a l , 

u = 1/2 and o 2 = 1/12. 
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I n t h i s coinputer s i m u l a t i o n o f a Gaussian Noise Process 49 

uniform samples were used t o create a s i n g l e normal sample. I n order 

t o check the approximate d i s t r i b u t i o n o f the newly generated numbers, 

a program was w r i t t e n which grouped these samples i n t o i n t e r v a l s o f 

s i z e 1/2 centered about zero and also c a l c u l a t e d t h e i r sample mean 

and variance. 

Table A - l shows the r e s u l t s f o r 400 such numbers. 

TABLE A - l 

D i s t r i b u t i o n of Simulated Noise Samples 

Frequency of Occurrence I n t e r v a l 

1 
0 
5 

22 
39 
65 
78 

[-oo, -3.0] 
(-3.0, -2.5] 
(-2.5, -2.0] 
(-2.0, -1.5] 
(-1.5, -1.0] 
(-1.0, -0.5] 
(-0.5, 0 ] 

78 
48 
39 
14 
7 
3 
1 

( 0, 0.5] 
(0.5, 1.0] 
(1.0, 1.5] 
(1.5, 2.0] 
(2.0, 2.5] 
(2.5, 3.0] 
(3.0, oo ] 

Sample Mean = .0328 
Sample Variance = 1.0211 

Figure A-2 d i s p l a y s a comparison o f the i d e a l normal d i s t r i b u t i o n 

p r o b a b i l i t y w i t h t h a t o f the 400 generated normal numbers. 
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The i d e a l n o m a l d i s t r i b u t i o n p r o b a b i l i t y f u n c t i o n F(x) i s given 

by 

F(x) - Pr (X ̂  x) - / X 7 = = - e " w 2 / 2 dW 

f o r the u n i t variance, zero mean case. 

The cumulative d i s t r i b u t i o n p r o b a b i l i t y expression f o r the 400 

generated normal numbers G(N) i s given by 

N(x) 
G< N> " ^ 

where N(x) = the number o f generated sample values x. 

I t i s obvious t h a t these two d i s t r i b u t i o n s l i e i n the i n t e r v a l 

[0,1] and are monotonic i n c r e a s i n g f u n c t i o n s i n x. 

The generated numbers are very nearly normal as the comparison 

o f the d i s t r i b u t i o n s show. 

B. Computer Programs 

The a c t u a l computer programs used i n the s i m u l a t i o n are presented 

i n the next few pages. I n the READ and WRITE statements the numbers 5 

and 6 appear r e g u l a r l y . These numbers r e f e r t o the devices which 

p e r f o m those operations i n the IBM 7094 system. For the most p a r t 

changing these c a l l i n g d i g i t s and observing maximum array dimensioning 

would be the only requirements t o use these programs on the PDP-9 o r 

any other computer t h a t compiles F o r t r a n IV. 

Table A-3 l i s t s s e v e r a l of the important computer v a r i a b l e s used 

throughout the programs and gives a b r i e f d e s c r i p t i o n o f t h e i r purpose 

The corresponding mathematical v a r i a b l e s from Chapter I I are given i n 

[ ] where a p p r o p r i a t e . 
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Name of Var i a b l e 

A(M) 
AINTL(M) 

ADRATE 
B(M) 
BINTL(M) 
DCL) 
EMSQ 
ERR 
ICYC 

IREPET 

N 

NA 
NB 
RC 
SME AN 
UNNM 

W(M) 

WTINTL(M) 

X(L) 
X ( L , I ) 

Y(L) 

[ A m ] 

[Bm] 

[ D ( L ) ] 

[E( ) ] 

[N] 

[N + l ] 
[N] 

TABLE A-3 

Program Variables 

,th 

[W m] 

[ X ( L ) ] 

[ X ( L - ( i - l ) ) ] 

[Y(L) ] 

D e f i n i t i o n 

M"* Feedforward Weight (Gain) 
M t h Feedforward Weight ( I n i t i a l 
Value) 

Constant C o n t r o l l i n g Adaptation Rate 
Mth Feedback Weight (Gain) 
M t h Feedback Weight ( I n i t i a l Value) 
Desired Output a t L Time Units 
Time Averaged Mean Square Error 
E r r o r ; Desired Output - F i l t e r Output 
Number of I t e r a t i o n or Adaptive 
Cycles 

Number o f Re p e t i t i o n s o f 25 Input 
Samples 

Number o f Weights (Gains); Feed­
forward Case Only 

Number o f Feedforward Weights 
Number of Feedback Weights 
RC Channel Time Constant 
Sample Mean o f Random Uniform Numbers 
A Uniform Number from Generator 
Routine 

Mth Weight (Gain); Feedforward Case 
Only 

Mth Weight; Feedforward Case Only 
( I n i t i a l Value) 

Input Sample a t L Time Un i t s 
Input Sample at Time L at I t h Weight; 
Feedforward Case Only 

F i l t e r Output a t L Time Units 

r 
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I n order t o r e l a t e the mathematics of the adaption process 

developed i n Chapter I I w i t h the computer s i m u l a t i o n programs a 

d e t a i l e d d e s c r i p t i o n of the important c a l c u l a t i o n s w i l l be presented. 

For the feedforward adaptive f i l t e r the e r r o r a t time L i s 

given by 
N 

E(L) = D(L) - I Wi X ( L - ( i - l ) ) 
i = l 

where I>(L) = the desired response sample a t time L 
Wi = the i t * 1 feedforvard weight or v a r i a b l e gain 

X ( L - ( i - l ) ) = the i n p u t s i g n a l sample a t time L - ( i - l ) 

The Least Mean Square (LMS) Alg o r i t h m used t o adju s t the weights 

d u r i n g each adapta t i o n c y c l e employs the gradient search Method of 

Steepest Descent. This gradient search method may be expressed as a 

r e l a t i o n 

^PRESENT " WPREVIOUS + k s V E PREVIOUS 
CYCLE CYCLE CYCLE , i — i i j > 1 

where k s = the adaptat i o n constant c o n t r o l l i n g the adjustment r a t e . 

The LMS A l g o r i t h m uses a mean square e r r o r gradient estimate 

i n s t e a d o f the t r u e e r r o r g r a d i e n t and t h i s measured estimate i s given 

by 

- VE 2(L) = VE 2(L) = - 2 E(L) X(L) 
t 1 i 1 i i 

where E(L) = the e r r o r a t time L 
X(L) «= the vect o r of i n p u t samples a f f e c t i n g the output a t time L. i i 



Now the LMS a l g o r i t h m f o r a d j u s t i n g the weight vector may be 

expressed by 

"PRESENT = "PREVIOUS 2 K S EPREVIOUS XPREVIOUS 
, CYCLE CYCLE CYCLE CYCLE 

or 

W(L+1) = W(L) - 2 k s E ( L ) X(L) 
> i i i i • 

f o r the weight v e c t o r a t time L + l . 

Once the adapta t i o n process has been completed the i n p u t samples 

are r e a p p l i e d t o the adjusted f i l t e r s t a r t i n g a t time zero. An 

approximate mean square e r r o r can be c a l c u l a t e d f o r the normal 

o p e r a t i o n process which uses time averages. 
L 

_ I (D(K) - Y ( K ) ) 2 

E 2 ( L ) - E 2 ( L ) = M 
TIME AVERAGE L 

N 

where Y ( K ) = I V± ^ j ^ ^ X ( L - ( i - l ) i s the adjusted f i l t e r output 

a t time K. 
For the adaptive f i l t e r employing feedback the e r r o r a t time L 

( d u r i n g adaptation) i s given by 

N+l N 
E(L) = D(L) - I A i X ( L - ( i - l ) ) - I Bj D ( L - j ) 

i = l j = l 

where D(L) = the desired response sample at time L 
A i = the i t h feedforward weight (gain) 
Bj = the j t * 1 feedback weight 

X ( L - ( i - l ) ) = the i n p u t s i g n a l sample a t time L - ( i - l ) 
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The LMS Al g o r i t h m used f o r a d j u s t i n g a l l weights i n the feedback 

f i l t e r i s the same as t h a t f o r the feedforward f i l t e r . The gr a d i e n t 

estimate used instead of the t r u e e r r o r gradient f o r ease of 

implementation i s given by 

VE2(L) a VE2(L) = -2 E(L) X(L) i J i i i i 

f o r the feedforward weights, and 

VEZq), * ,VE2(L) = -2 E(L) tD(L), 

f o r the feedback weights, where 

E(L) = the e r r o r a t time L 
X(L) = the vector of i n p u t samples a f f e c t i n g the,output 
' ' a t time L 
D(L) = the vector of desired response (feedback) samples 

1 ' a f f e c t i n g the output d u r i n g adaptation. 

Now the LMS a l g o r i t h m f o r a d j u s t i n g the feedforward and feedback 

weight vectors may be expressed by 

A(L+1) = A(L) - 2 k s E(L) X(L) 
> — I — - u — ^ — - ' ' -

f o r the feedforward weight vector a t time L + l , and 

B(L+1) = B(L) - 2 k s E(L) D(L) i i i i i i 
f o r the feedback weight vector at time L + l . 

Once the adaptat i o n process has been completed the i n p u t samples 

are r e a p p l i e d t o the adjusted f i l t e r s t a r t i n g at time zero. However, 

the a c t u a l f i l t e r output samples are fed back instead of the desired 

response samples d u r i n g t h i s normal o p e r a t i o n mode. An approximate 
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mean square e r r o r using time averages can also be c a l c u l a t e d f o r the 

feedback f i l t e r . ^ 
I (D(K) - Y ( K ) ) 2 

E2(L) . E 2 a ) = * * 
TIME AVERAGE T 

N+l N 
where Y(K) = I A i X ( L - ( i - l ) ) + I Bj Y ( L - j ) i s the adjusted f i l t e r 

i = l j = l 

output a t time K. 



FORMING SIN X/ X TYPE RESPONSE USING 
FEF.nrORWARO ADAPTIVE FILTERING 
D I KENS I ON D(50 0 > . W ( 1 5 ) , Y ( 5 0 0 ) , X ( 5 0 0 , 1 5 ) 
READ(5,100 )N, ICYC,ADRATE, (W(M) ,M = 1,N) 
F O R M A T ( 2 I 5 » F 1 0 . 5 / ( 7 F 1 0 . 5 ) ) 
WR ITE(6,?£0) 
FORMAT(9X,IHN,9X,4HI CYC,9X,6HADR ATE,31X, 

C 21 Fi I N I T I A L WEIGHT VALUES/') 
WRITE(6,201) N, ICYCADRATE, (W(M) ,M = 1,N) 
FORMA1(.3X,I2,9X,I4-7X,F10.5,5X»5F10.5/ 

C(45X,5F10.5) ) 
DO2 L - l , ICYC 
002 I=1,M 
X ( L . I ) = . 

C 0 N T I N U r 
n04 L=l,ICYC 
IF(L•FQ.i)GOTO30 
DO 5 J=2.N 
X ( L , I ) = X ( L - 1 , I - 1 ) 
CONT f :\:UE 
SUM-K. 
u ( L. ) - 3 . * S I N( FLOAT ( L > / 8 . ) / ( 3 . 1 4 1 6 * F L 0 A T ( L > ) 
X ( L , l ) = D ( L ) / 3 . 
006 I=1,N 
S U M - S 0 M + W ( I ) * X ( L , I ) 
CONTINUE 
ERR=0(L)-SUM 
DO 4 .j' - l , N 
K!( J) =U( J)-2.*ADRATE*ERR»X(L, J) 
CONTINUE 
WRITE(6,20 2) 
FORMAT(//50X,19HFINAL WEIGHT VALUES) 
WR I TL" ( 6, 20 3) ( W ( J ) , J = 1»N) 
F 0 R K> A T ( / 1 ?! X , 10 F 10 . 5 ) 
WRITE(6,20 4) 

' FORMAT ( /7"3£X , r3HF ILTER OUT PU T ,"10 X , 14 HDE S I R EO 
C OUTPUT,10X,10HT IME UNITS) 
SUMSO=0. 
D07 L = 1 , ICYC 
511^ = 0 . 
00 3 1=1,N 
SIH = SUM + W ( I ) *-X (L , I ) 
CONTIMUE 
ES0=(n(L)-SUM)**2 
Y ( L ) = 5 'J ••' 
SUMSn=SUMSO+ESQ 
W R I T t; ( f,, 2 0 5 ) Y ( L ) , D ( L ) , L 
F0Rf- 1\T(2 6 X , F l 5 . 6 , 8 X , F l 5 . f i , 1 2 X , I 6 ) 
CONTIkU E 
E M S f-l = S UM 5 Q / F L 0 A T ( L -)) 
W R I T F ( 6 , 2 0 6 ) L 
FORM/T(//30X,27HTIME AVERAGE SQUARED ERROR,, 

C I 5,14hCUTPUT SAMPLES) 
WRITh(6,207) EMSQ 
FORMAT(50X,F15.6/////) 
STOP 



FORKING SIN X/ X TYPE RESPONSE USING BOTH 
FEEOn-T; AND FEEDBACK ADAPTIVE FILTERING 
DIMENS TOM X ( 5 B 0 ) , Y ( 5 0 0 ) . D ( 5 0 0 ) f B ( 1 4 ) , A ( 1 4 ) 
READ(5,100 )NA,NB,ICYC,ADRATE, (A<K) .K = 1,NA) . 

C(B(K ) ,K = 1,NB) 
FORMAT(3 15, F 1 0 . 5 / ( 5 F 1 0 . 5 ) ) 
WRITE(6,210) 
FORMAT ( i 0 X , 2H.NA, 9X ,2HNB, 10X, 4H ICYC , 10X , 

C 6HADRATE,36X,21HINITIAL WEIGHT VALUES/) 
W R I T r ( 6 , 2 0 9 ) N A,NB, I CYC,ADRATE, (A(K),K = 1 , N A ) , 

C<B(K) , K = 1,NB) 
FORM A T ( 1V, X , 12, 9X, 12,10X, 14, 7 X , F 10 . 5 , 15X , 

C 5 F 1 0 . 5 / ( 6 9 X . 5 F 1 0 . 5 ) ) 
D04 L = l , I C Y C 
SUM-0. 
D ( L ) = 3 . * S I N ( F L 0 A T ( L ) / 8 . ) / ( 3 . 1 4 1 6 * F L 0 A T ( L ) ) 
X ( L ) = D ( L ) / 3 . 
IF(L.EO.1)GO TO 19 
K = L - 1 
DO 6 1=1,,VP 
SUM = SUr + F;( I ) *n (K ) 
K = K - 1 
IF(K.FO.0)GOTO20 
CONT] Mit: 
K = L - 1 
007 1 = 2 ,N A 
S U K i r S U M * A ( I ) •"• X ( K ) 
K = K-1 
IF(K.EO.0)GO f019 
CONT I NiJE 
S U I « ! = Sl.iM + A ( l ) * X ( L ) 
ER R = 0 ( L)-SUM 
0013 J=5,NB 
I I = L - J 
I F ( I I .EC .0)GOTO17 
B f J ) = B ( J ) - 2 . •»• A D R A T E •& E R R » D ( I I ) 
CONT I r'UE 
DO 14 J = 2,NA 
I I = L - J + 3 
I F ( H .EU .0)GOTO18 
A( J ) - = A ( J ) - 2 . ftADRATE«ERR*X( I I ) 
CONTI NOT 
A ( I ) A ( 1 ) - 2 • * A Q R A T E E R R * X ( L ) 

CONT IMI'E 
WRITE(6,202) 
FORM.AT ( //SOX , 19HF I N A L WEIGHT VALUES) 
WRITE(6,203) ( A ( K ) , K = l,NA ) 
FORMAT i / t 0 X , 1 0 F 1 0 . 5 ) 

• WRITE( 6, 204 ) (B ( K ) ,K = 1,NB) 
FORMAT(//,(10X»10F10.5)) 
WRITE(6,205) 
FORMAT(//30X,13HFILTER OUTPUT,10X,14HDESIRED 

C OUTPUT,10X.10HT1ME UNITS) . 
SUMSC-f/;. 
DOS L = l . ICYC 
S U M = B . 



1FCL .EQ.1}G0T021 
K=L-1 102 
DO9 1 = 1. ,NB 
SUM = SUK + B( I ) »Y(K ) 
K = K - 1 
IF ( K .EQ.0)GOTO22 

9 ! COMnNljE 
22 K=L-1 

DO10 I=2»NA 
S U M = S U n : + A ( I ) »X ( K ) 

K = K-1 
IF(K.EO.0)GCTO21 

10 CONTlrJUE 
21 S U K " S U M -<- A ( 1 ) •.- X ( L ) 

ESG=(0(L)-5UM)*-*2 
Y(L)=Su:' , 

SIJMSO-SUMSQ + ESO 
WR I Tr ( 6 , 906 ) Y ( L ) > D ( L ) , !_ 

206 F0RMAT(26X.F15.6#8X,F15.6,12X,I6) 
8 CONTINUE 

EMSQ = S U K S Q / F L O A T ( L - | ) 
WRUEf 6.2P7)L 

207 F 0 R!1 A T ( / / 3 0 X i 2 7 H T I M E AVERAGE SQUARED ERROR,, 
C iS.llHr.UTPUT SAMPLES) 
W R I T E ( 6 , 2 0 8 ) E M S 0 

208 FORMA! ( ̂ X , F i 5 . 6/////) 
STOP 
END 



RECOfvSlRUCTlNG RECTANGULAR PULSE THAT HAS BEEN 
DISTORTED BY RC CHANNEL USING FEEDFORWARD 
ADAPTIVE FILTER 
DIMENSION D(5k)0)»Y(500)»X(50 0 , 1 5 ) , W ( l 5 ) 
REA0(5,100) N, ICYC, IREPET,ADRATE,RC 
READ(5,101) (W(M),M=1,N) 
FORMAT(355,2F10.5) 
FORMAT(7F10.5) 
WRITE(6,210) 
FORM.AT(10X,IHN,10X,4HI CYC,10X,6HIREPET,10X, 

C 6H ADR ATE., 10X , 13HTI ME CONSTANT, 19X, 21H I N I TI AL 
t WEIGHT VALUES/) 
WRITE(6,209) N , I CYC, I REPET , ADR ATE,RC, 

C ( W ( K ) , M -1 , N ) 
FOPMAT(6X,I3,9X,I4,12X,I3,9X,F10.5,8X,F10.5, 

C4X,4F'10.5/(80X,4F10.5)) 
D02 L=1,ICYC 
D 0 2 3 - 1 , N 
X ( L , I ) - Z . 
CONT I \!JF 
DO 4 M = 1 , IREPET • 
OO* L = i , 2 5 
SUM=Z. 
IF(M . GT.1)GOTO 70 
IF(L.EQ.I)GO TO 30 
DOS I=?,N 
X(L , I ) = X ( L - 1 , I - l ) 
COMTINUE 
IF(L-LE.10)GOTO60 
D ( L ) r O . 
X ( L , 1 ) = E X P ( - F L O A T ( L ) / R C ) * ( E X P ( 1 0 . 0 / R C ) - 1 . 0 ) 
GO TO 7 0 
D ( L ) = 1 . 0 
X ( L , l ) = f l . 0 - E X P ( - F L O A T ( L ) / R C ) ) 
DO 6 I = l , N 
SUM = SUM + H( I ) '-• X ( L , I ) 
CONT i MUE 
ERR=D(L)-SUM 
00 4 I = l , N 
W( I)=W(1)-2.*ADRATE»ERR«X(L#T) 
CONT1NUE 
WRITE'(6.202) 
FORMAT(//50X,19HFIMAL WEIGHT VALUES) 
WRITE(6,203) (W(M).M=1.N) 
F 0 R M. A T ( /10 X , 1 0 F10 . 5 ) 
WRITE ( ( . , 204 ) 
FORMAT(/30X.13HF ILTER OUTPUT,10X,14HDESI RED 

C OUTPUT,10X,10HTIME UNITS) 
SUMSO=0. 
00 7 L = l , 2 5 
SUM-0. 
00 8 1=1,N 
SUM=SUM+W(I)*X(L,I) 
CONTINUE 
ESQ=(D(L)-SUM)»»2 
Y(L) rSUM 



SUMSQ = SIJMSQ + LSQ 
WRITE(6.205) Y ( L ) . 0 ( L ) . L " 1 0 . 

205 F0RMAT(26X >F15.6,8X,F15.6,12X,16) 
7 CONTINUE 

EMSQ = 5JUHSQ/FLOAT(L*0 
WRITE(6.206)L 

206 FORMAT(//30X,27HTI ME AVERAGE SQUARED ERROR » > 
C I5,14HoUTPUT SAMPLES) 

WRITE(6,207) EMSQ 
207 FORMAT(50X.F15.6/////) 

STOP 
END 



RECONSTRUCTING A RECTANGULAR PULSE DISTORTED 
BY AN RC CHANNEL USING BOTH FEEOFWO 
AND FEEDBACK ADAPTIVE FILTERING 
DIMENSION X ( 1 0 B 0 ) , Y ( 1 0 0 0 ) , D ( 1 0 0 0 ) . B ( 1 4 ) , A ( 1 4 ) 
READ(5.100>NA.N8,ICYC, I REPET , ADR ATE,RC, 

C ( A ( K ) , K = l,NA ) , ( 8 ( K >,K = l,NB ) 
FORMAT(4I5,2F10.5/(7F10.5)) 
WRITE(6,210) 
FORM AT(10X,2hNA,9X,2HNB.10X,4HI CYC,10X, 

C6HlREPET,j0X,6HADRATE.10X,13HTIME CONSTANT/) 
WRITE ( 6 , 20 9 ) A . NB , I CYC . I REPET , ADR ATE , RC 
FORMAT(9,X,I3.6X,I3,1BX,I4,11X,I3.12X,F10.5, 

C10X,F10.4//) 
W R 1 T E ( 6 , 21 2 ) 
FORMAT(50X,2lhINITIAL WEIGHT VALUES/) 
WR I T E ( 6 , 2 1 1 ) (A(K ) ,K = l , N A ) , (B(K ) ,K = l,NB) 
FORMAT(10X,10F10.5) 
D03 M=l,IREPET 
003 1=1,25 
SUM=0. 
I F ( M . G T . 1 ) G 0 T 0 3 5 
I F ( L .LE.10>GOTO60 
D ( L ) = 0 . 
X(L)=EXP(-FLCAT(L.)/RC)«(EXP(10.0/RC)-1.0) 
GOTO 70 
Oil) =1,7, 
X ( L ) = ( 1 . 0 - E X P ( - F L O A T ( L ) / R C ) ) 
I F ( L . E Q . i ) G 0 T 01 9 
K = L-1 
004 1=1,NB 
S U M = SUM + f3( I ) # D ( K ) 
K = K-1 
I F ( K . E Q . 0 ) G 0 T 0 2 0 
CONT INUE 
K = L - 1 
005 1=2,NA 
SUM = SUM + A ( I )*X(K ) 
K = K-1 
1F(K.EQ.0)GOTO19 
CONTINUE 
SUM = SUM + A ( 1) X ( L ) 
ERR=0(L)-SUM 
DO6 J = 1,N3 
I I = L - J 
I F(II.EO.0)GOTO17 
B(J)=8(J)-2.*AORATE*ERR*D( I I ) 
CONT I HUE 
D07 J=2,NA 
I I = L - J +1 
I F ( I I . EQ . 0 ) G0 T018 
A(J>=A(J)-2.#ADRATE*ERR»X(II) 
CONT INUE 

•A(1)=A(1)-2.#ADRATE*ESR*X(L) 
CONTIMUE 
WRITE(6,202-) 
FORMAT(//50X,19HFINAL WEIGHT VALUES) 



WRITE(6,203) ( A(K ) ,K = 1,NA) 
FORMAT(/10X,10F10.5) 
WRITF(6,204) (B(K),K=1»N8) 
FORMAT(//, (10X,10F10 . 5 ) ) 
WRIT E( 6 , 2 0 5 ) 
FORMAT (//30X.13HFII. TER OUTPUT,10X,14HOESIRED 

C OUTPUT , 101X , 10HT IME UNITS) 
SUHSQ=0. 
008 1-1,25 
SUM=0. 
I F ( L .EQ.1)G0T021 
K=L-1 
00 9 I=1,NB 
SUM = SUK + B( I ) Y ( K ) 
K = K-1 
I F ( K .EQ.0)GOTO22 
CONTINUE 
K = L-1 
0010 I=2.NA 
SUM=SUM+A(I)*X(K) 
K = K-1 
IF(K.EQ.0)GOTO21 
CONTINUE 
SUM = SUr + A ( 1 ) * X ( L ) 
ESQ=(D(L>-SUM)ft*2 
Y(L)=SUM 
SUMSO=SUMSQ+ESO 
WRITE(6»206) Y(L).D<LV,L 
F0RMAT(26X.F15.6,8X,F15.6.12X,I6) 
CONTINUE 
EMSO=SUMSQ/FLOAT (L -I) 
WRIT C(6» 2 0 7 ) L 
FORMAT(//30X,27HTIME AVERAGE SQUARED ERROR,, 

C 15 ,14riOlJTPUT SAMPLES) 
WRITE(6,208) EMSQ 
FORMAT(50X.F15.6/////) 
STOP 
END. 



RECONSTRUCTION OF RECTANGULAR PULSE DISTORTED 
BY ADO I I i V E WHITE GAUSSIAN NOISE USING 107 
FEEDFORWARD ADAPTIVE FILTERING 
DI MENS ION D(4fc50),W(l5).Y(400)»X(400,15).WTlNTL(l5) 
COMMON 0 ( 4 0 0 ) 
CALL NORMAL 
RE AD(5,10 0)N.ICYC, IREPET,ADR ATE, ( W T I N T L ( J ) , J = 1,N) 
FORMAT(3I5.F10.6/(7F10.5)) 
D01NM = 1 , 6 
D022J=1,N 
W(J)=WTJNTL(J) 
COMT!NUE 
WRITE(6,210) 
FORMAT(10X,IHN,10X,4HICYC,10X,6HIREPET,10X, 

C 6H ADR ATE , 7X , 16 HNO I SE MIJLT I PL I ER » 19X , 
C 21H 1 N I T I A L WEIGHT VALUES/) 

WRITE(6,209)N, ICYC, I REPET,ADRATE,NM, 
C ( W T I iv T L ( J ) , J = 1 , N ) 
FORHAT(3X,I3,9X,I4,11X,I3,8X,F10.6,7X,I10, 

C 7X,4F10.5/(SyX,4F10.5) ) 
I I =0 
D02L=1,ICYC 
D0 2 I = 1 ,N 
X ( L , I ) = 0 . 
COMTINUE 
D04M = 1 , IREPET 
D04L=1,25 
11=11+1 
SUM=0. 
IF(L-EQ.1)GO!0 30 
D05I=?,N 
X ( L , I ) = X ( L - l - I - 1 ) 
CONTINUE 
I F ( L • L E . 1 0 ) GOTO60 
D ( L ) = 0 . 
X ( L , 1 ) = C( 1 1)"FLOAT(MM ) 
GOTO70 
D ( L ) = 2 0 . 0 
X ( L , -1) = 2 0 . 0 + C ( I I ) * F L 0 A T ( NM ) 
D0 6 I = 1 , N 
S U ^ S U M + W ( I ) * - < ( L. I ) 
CONTINUE 
ERR = 0(L)-SUM 
D04J=1,M 
W(J)=W(J)-2.*ADRATE*ERR»X(L,J) 
CONTINUE 
WR JTE( 6,20 0) 
FORMAT(//5 0X,19HFINAL,WEIGHT VALUES) 
W R I T E ( 6 , 2 0 3 ) ( w ( J ) , J = 1 , N ) 
FORMAT(/10 X,10 F10.5) 
WRITE(6,204 ) 
FORMAT(/3 0 X,13 H FILTER OUTPUT.10X . 14HDESI RED 

C OUTPUT,10X,12HTIMF UNITS) 
SUMS 0=3. 
D07L=1,25 
S U M=0. 



D08I=1,N 
S U H = SUM + W (1)»X(L• I ) 

8 CONTINUE 
ESO=(0(L ) -SUM)**2 
Y<L)=SUM 
SUMS0=3UMS0+ES0 
WRITE ( 6 , 235) f ( L ) . 0 ( L ) »L. 

205 F0RMAT(26X,F15.6,8X,F15.6,12X,I6) 
7 -CONTINUE 

EMSO = SUMSQ/F LOAT(L - I ) 
W R I T E ( 6 > 2 0 6 ) L 

206 FORMAT(//33X,27HTIME AVERAGE SQUARED ERROR, 
C15,14H0UTPUT SAMPLES) 
WRITE(6.207) EMSQ 

207 FORMAT(50X.F15.6/////) 
1 CONTUiUE 

STOP 
END 
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RECONSTRUCTING A RECTANGULAR PULSE DISTORTED 
BY ADDITIVE WHITE GAUSSIAN NOISE USING BOTH 
FEEOFWO ANO FEEDBACK ADAPTIVE FILTERING 
DIMENSION X(600),Y(600),D(600)»B(14),A(14) 

C.AINTL(14) , B I N T L ( 1 4 ) 
COMMON C(60B) 
CALL NORMAL 
READ(5,100)MA,NB,ICYC,ADRATE.IREPET, 

C ( A I N T L ( J ) , J = 1 , N A ) , ( B 1 N T L ( J ) , J = 1 , N B ) 
FORMAT(4I5,F10.6/(7F10.6)) 
D01NM=1,6 
D 0 2 3 J = 1 , M A 
A ( J ) = A I N T L ( J ) 
CONTINUE 
D024J=l,NB 
B ( J ) = B I N T L ( J ) 
CONTINUE 
WRITE(6,210) 
FORMAT(i0x,2UNA,9X,2HNB,8X,4HICYC,10X,6HIREPET, 

C10X, 6H AD RATE , 9X, 16 H N O I SE MULTIPLIER) 
WRITE(6,209)NA,NB, ICYC,IREPET,ADRATE,NM 
FORMAT(/8X»I3,8X, I 3 , 8 X > I 4 , 1 1 X , I 3,10X,F10•6' 

C10X, 110//) 
WRITE(6,212) 
FORMAT(50X,2lHINITIAL WEIGHT VALUES/) 
W R l T E ( 6 , 2 l l ) ( A ( K ) , K = l , N A ) , ( B ( K ) , K = l , N B ) 
FORMAT(10X,10F10.5) 
J J = 0 
D04M=1,IREPET 
D04L=1,25 
J J = J J + i 

SUM=0. 
I F ( L . L E.10)GOTO60 
D ( L ) = 0 . 
X ( L ) = C ( J J ) * F L O A T ( N M ) 
GOTO70 
D ( L ) = 2 0 . 0 
X ( L ) = 2 0 . 0 + C ( J J ) * F L O A T ( N M ) 
IF(L.EQ.1)G0T019 
K = L-1 
D 0 5 I = 1 , N B 
SUM=SUM+B(I)*D(K) 
K = K - 1 
IF ( K.EQ.0)GOTO20 
CONTINUE 
K = L-1 
D06I=2,N A 
S U M = S U M + A ( I ) X ( K ) 
K = K - 1 
IF ( K.EO.0)GOTO19 
CONTINUE 
S U M = S U M + A ( 1 ) * X ( L ) 
ERR = D('L)-SUM 
0 0 1 1 J = 1 , N B 
I I = L - J 
I F ( I I .EO.-0)GOTO17 



B(J)=B(J)-2.»ADRATE«ERR«D(II) 
CONTINUE 
D012J=2»NA 
I I = L - J +1 
I F ( I I . EQ . 0)C0T018 
A(J)=A(J)-2.*ADRATE*ERR«X(II) 
CONTINUE 
A(l)=A(l)-2.*-ADRATE*ERR*X(L) 
CONTINUE-' 
WRITE(6,202) 
FORMAT(//50X,19HFINAL WEIGHT VALUES) 
WR IT E(6»203) (A(K )» K = 1» NA) 
FORMAT(/10X,10F10.5) 
WR I T E ( 6 , 2 0 4 ) ( B ( K ) , K = 1 . N B ) 
FORMAT(//,(10X'10F10.5)) 
WRITE(6,205) 
FORMAT(//30X»l3HFILTER OUTPUT,10X,14HDESIRED 

C OUTPUT.10X.10HTIME UNITS) 
SUMSQ=0. 
D07L=1,25 
SUM=0. 
IF(L.EQ.1)GOT021 
K = L-1 
D08I=1,NB 
SUM=SUM+B(I)#Y(K) 
K = K-1 
IF(K.EO.0)GOTO22 
CONTINUE 
K = L-1 
DO10 I =2.NA 
SUM=SUM+A(I)*X(K) 
K = K-1 
IF ( K .EO.0)GOTO21 
CONTINUE 
SUM=SUM+A(1)#X(L) 
ESQ=(D(L)-SUM)**2 
Y(L)=SUM 
SUMSO=SUMSQ+ESQ 
WRITE(6,206) Y ( L ) . D ( L ) .L 
F0RMAT(26X,F15.6.8X,F15.6,12X,I6) 
CONTINUE 
EMSQ = SUMSQ/FLOAT ( L - ») 
WRITE(6,207) L 
FORMAT(//30X,27HTIME AVERAGE SQUARED ERROR,, 

C I5.14H0UTPUT SAMPLES) 
WRITE(6,206) EMSQ 
FORMAT(50X,F15.6/////) 
CONTINUE 
STOP 
END 



SUBROUTINE NORMAL 
COMMON C(40 0 ) 
D03KK=1,400 
SUM1=0. 
D 0 4 M M = i , 4 9 
lJNNM = RECO I S ( X ) 
S U M1 = S U M 1 + U H H M 

4 CONTINUE 
SMEAM=SUMl/49.0 
C(KK)=7.0*(SMEAN-.5)*SQRT(12.0) 

3 CONTINUE 
RETURN 
END 
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