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INTRODUCTION 

A s p l i n e f u n c t i o n f o f degree n, or s i m p l y an n - s p l i n e on 

5? i s any f u n c t i o n whose graph c o n s i s t s o f a r c s o f p o l y n o m i a l s o f 

degree < n connected so t h a t the (n - l ) s t d e r i v a t i v e of f i s 

co n t i n u o u s on R. The s i m p l e s t s p l i n e f u n c t i o n s a r e p o l y g o n a l 

l i n e s (see F i g u r e 1 ) . As i t i s w e l l known, any c o n t i n u o u s f u n c ­

t i o n on R can be approximated u n i f o r m l y on R by a p o l y g o n a l l i n e . 

x 

F i g u r e 1. A s p l i n e f u n c t i o n f o f degree 1 on R. 

An a d j u s t a b l e curve used by d r a f t s m e n i s c a l l e d a " s p l i n e " . 

I t c o n s i s t s o f an e l a s t i c r o d t o which w e i g h t s a r e a t t a c h e d t o 

h o l d the s p l i n e i n p l a c e (see F i g u r e 2 ) . The mechanical s p l i n e 

can be ben t t o approximate any d e s i r e d c u r v e , l i m i t e d o n l y by the 

e l a s t i c i t y o f the m a t e r i a l . T h i s i n s t r u m e n t gave i t s name t o t h e 

c l a s s o f f u n c t i o n s d i s c u s s e d h e r e . 

The name s p l i n e f u n c t i o n was i n t r o d u c e d by I . J. Schoenberg 

i n 1 9 ^ who s y s t e m a t i c a l l y s t u d i e d f u n c t i o n s of t h i s t y p e as a 

t o o l f o r t h e a p p r o x i m a t i o n o f f u n c t i o n s . They were suggested by 

the work o f T. N. E. G r e v i l l e and o t h e r a c t u a r i a l w r i t e r s i n 

c o n n e c t i o n w i t h problems o f o s c u l a t o r y i n t e r p o l a t i o n . 

1 
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Weight 

Fi g u r e 2. A Mechanical S p l i n e Used by Draftsmen. 

For purposes of i n t e r p o l a t i o n the use of s p l i n e functions 

o f f e r s s u b s t a n t i a l advantages. By employing polynomials of r e l a ­

t i v e l y low degree one can often avoid the marked undulatory 

behavior th a t commonly a r i s e s from f i t t i n g a s i n g l e polynomial 

e x a c t l y to a l a r g e number of e m p i r i c a l observations [ l ] . On the 

other hand, much greater smoothness i s obtained by using s p l i n e 

functions i n s t e a d of the t r a d i t i o n a l piecewise i n t e r p o l a t i o n pro­

cedures, which give r i s e to d i s c o n t i n u i t i e s i n the f i r s t d e r i v a ­

t i v e [ l ] . A s p l i n e f u n c t i o n provides c o n t i n u i t y of the g r e a t e s t 

p o s s i b l e number of d e r i v a t i v e s of the i n t e r p o l a t i n g f u n c t i o n 

c o n s i s t e n t with the use of polynomials of lower degree than would 

be r e q u i r e d to f i t a l l data points e x a c t l y by a s i n g l e polynomial 

C l , quoting Schoenberg]. 

I n a s e r i e s of fundamental papers ( [ 2 ] , [ 3 ] , [4] and [5]) 

Schoenberg shows that the fundamental r o l e played by polynomial 



i n t e r p o l a t i o n i n elementary n u m e r i c a l a n a l y s i s i s t a k e n over by 

s p l i n e i n t e r p o l a t i o n , and t h a t t h e r e s u l t i n g f o r m u l a e are b e s t i n 

a c e r t a i n sense. 

The procedures f o r i n t e r p o l a t i o n by means of s p l i n e f u n c t i o n s 

are f a c i l i t a t e d by Schoenberg's unique r e p r e s e n t a t i o n o f an a r b i ­

t r a r y s p l i n e f u n c t i o n as a sum o f a l i n e a r c o m b i n a t i o n o f 

"elementary s p l i n e f u n c t i o n s " o f p a r t i c u l a r l y s i m p l e form [ l ] . 

The appearance o f s p l i n e f u n c t i o n s and t h e i r use i n i n t e r ­

p o l a t i o n and a p p r o x i m a t i o n o f f u n c t i o n s began w i t h Schoenberg's 

work i n 1 9 ^ and h i s p u b l i s h e d paper i n 19^6 [ 2 ] . Both the t h e o r y 

and a p p l i c a t i o n s o f s p l i n e f u n c t i o n s have been developed w i t h 

i n c r e a s i n g i n t e n s i t y i n t h e l a s t f o u r y e a r s . The t h e o r y now 

i n c l u d e s t h e f i n i t e and p e r i o d i c cases; f u n c t i o n s o f s e v e r a l 

v a r i a b l e s ; a r b i t r a r i l y spaced, m u l t i p l e ( c o a l e s c e n t ) a b s c i s s a e , 

e t c . The r o l e o f s p l i n e f u n c t i o n s o f one or s e v e r a l v a r i a b l e s i n 

the broad realm o f t h e n u m e r i c a l A n a l y s i s o f E n g i n e e r i n g and 

m a t h e m a t i c a l P h y s i c s i s d i s c u s s e d by B i r k o f f and deBoor i n [ 6 ] . 

T h i s t h e s i s w i l l f o l l o w the work of Schoenberg [ 5 ] * C^l a n d 

[ 5 ] . We s h a l l c o n s i d e r o n l y s p l i n e f u n c t i o n s o f one r e a l v a r i ­

a b l e w i t h s i m p l e , a r b i t r a r i l y spaced a b s c i s s a e a t which the 

o r d i n a t e i s s p e c i f i e d . 

The f i r s t c h a p t e r w i l l g i v e d e f i n i t i o n s and b a s i c p r o p e r t i e s 

o f the "fundamental s p l i n e f u n c t i o n s . " I t s main p o i n t w i l l be 

Schoenberg's r e p r e s e n t a t i o n theorem f o r a r b i t r a r y s p l i n e f u n c t i o n s 

by fundamental s p l i n e f u n c t i o n s . 

I n t h e second c h a p t e r the e x i s t e n c e and uniqueness o f t h e 

i n t e r p o l a t i n g s p l i n e f u n c t i o n i s shown. T h i s " s p l i n e f i t " arose 



from the need i n n u m e r i c a l a n a l y s i s f o r a method o f i n t e r p o l a t i o n 

l a t i o n by s p l i n e f u n c t i o n s , b e i n g e s s e n t i a l l y the n u m e r i c a l 

analogue o f the draftsman's s p l i n e , c o n s i s t s o f j o i n i n g the as­

si g n e d n p o i n t s by s e c t i o n o f p o l y n o m i a l s o f degree < 2m - 1, 

r e q u i r i n g t h a t t h e f i r s t 2m - 2 d e r i v a t i v e s be c o n t i n u o u s a t the 

j u n c t i o n p o i n t s . 

L e t t i n g S be an i n t e r p o l a t i n g f u n c t i o n , t h e q u a l i t y o f 

a p p r o x i m a t i o n i s measured by 

where m i s a p o s i t i v e i n t e g e r . I t w i l l be shown i n t h e c o n c l u d i n g 

s e c t i o n t h a t the i n t e r p o l a t i n g s p l i n e f u n c t i o n m i n i m i z e s t h i s 

i n t e g r a l . 

We remark here t h a t i f the number o f p o i n t s of i n t e r p o l a t i o n 

i s n and n < m, then n < m - 1 and S i s a p o l y n o m i a l o f degree 

< m - 1. I n t h i s case the i n t e g r a l i s z e r o . Thus, we s h a l l 

assume t h a t m < n. 

which produces d e r i v a t i v e s as smooth as p o s s i b l e [ l O ] . I n t e r p o -

a 



CHAPTER I 

DEFINITIONS AND REPRESENTATION THEOREMS 

I«l« D e f i n i t i o n s and examples o f 
s p l i n e f u n c t i o n s 

The p r e c i s e d e f i n i t i o n o f a s p l i n e f u n c t i o n g i v e n by 

Schoenberg i n [3] i s as f o l l o w s : 

D e f i n i t i o n 1. L e t 

(1.1) . . . < X 2 < X • ^ < X Q < X - ^ < X 2 < • • • 

be a sequence o f r e a l numbers, and l e t n be a n a t r u a l number > 1. 

By a s p l i n e f u n c t i o n S ( x , n ) , o f degree n, h a v i n g k n o t s (1.1), we 

mean a f u n c t i o n o f t h e c l a s s C n ~ ^ ( - 0 0, 0 0) , such t h a t i n each 

i n t e r v a l ( x ,x ,) i t reduces t o a p o l y n o m i a l of degree n o t v v+1 
exceeding n. S(x,n) w i l l a l s o be r e f e r r e d t o as an n - s p l i n e . 

V/hen the degree o f the s p l i n e f u n c t i o n i s c l e a r , v/e s h a l l 

use t h e s i m p l e r n o t a t i o n S(x) i n s t e a d o f S ( x , n ) . 

D e f i n i t i o n 1 shows t h a t an S ( x , l ) i s a co n t i n u o u s broken 

l i n e a r f u n c t i o n w i t h p o s s i b l e c o r n e r s a t some or a l l of t h e p o i n t s 

(1.1). L i k e w i s e , an S(x , 2 ) has a graph composed o f a sequence o f 

pa r a b o l a s which j o i n a t the k n o t s c o n t i n u o u s l y t o g e t h e r w i t h t h e i r 

s l opes [4j« These are i l l u s t r a t e d i n F i g u r e 3-

The s i m p l e s t n - s p l i n e f u n c t i o n s a r e generated by the 
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(a) A 1 - s p l i n e S ( x , l ) . (b) A 2 - s p l i n e S ( x , 2 ) . 
F i g u r e J. S p l i n e f u n c t i o n s . 

t r i n c a t e d power f u n c t i o n d e f i n e d as f o l l o w s : 

x n ^ ' 0 ^ X 

+ \ o , x < 0 

where n i s a p o s i t i v e i n t e g e r . The d i f f e r e n t i a t i o n r u l e f o r t h i s 

f u n c t i o n i s s i m i l a r t o t h a t f o r o r d i n a r y powers: 

d n , n v n-1 ^ x + = (n - l ) x + . 

The n t h d e r i v a t i v e o f x 1 1 i s nix®, where x^ i s taken t o be the 

Heaviside f u n c t i o n , d e f i n e d as 1 f o r p o s i t i v e x and 0 f o r nega­

t i v e x. 

A f u n c t i o n of the form (x - c ) ^ , where c i s a r e a l number, 

w i l l be c a l l e d an elementary s p l i n e f u n c t i o n . The n t h d e r i v a t i v e 

o f t h i s f u n c t i o n has i t s o n l y d i s c o n t i n u i t y a t x = c, where t h e r e 

i s a jump o f magnitude n l [ l ] . 

The f i r s t two s p e c i a l cases o f ele m e n t a r y s p l i n e f u n c t i o n s 

a r e shown i n F i g u r e k. 

The o p e r a t i o n of d i f f e r e n t i a t i o n ( o r i n t e g r a t i o n ) t r a n s ­

forms a s p l i n e i n t o a n o t h e r s p l i n e o f a degree decreased ( o r 

i n c r e a s e d ) by one. 
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(a) Graph o f (x - c) (b) Graph o f (x - c)' 

F i g u r e k. Graphs o f t h e f u n c t i o n (x - c ) ^ f o r n = 1 and 2, 

The n - s p l i n e s w i t h f i x e d k n o t s ( l . i ) form a l i n e a r space 

o^. A l t h o u g h the k n o t s ( l . i ) may be p o i n t s o f d i s c o n t i n u i t i e s 
(n) 

f o r S ( x , n ) , t h e y need not be. Hence, af c o n t a i n s the f a m i l y 

o f p o l y n o m i a l s o f degree < n o f which of i s a g e n e r a l i z a t i o n 
[43. [ 5 ] . 

We s h a l l c o n s i d e r now a s p l i n e f u n c t i o n S(x,n) v a n i s h i n g 

o u t s i d e t h e range ( x ^ , x v + ^ ) b u t n o t o u t s i d e any subrange. We say 

i n t h i s case t h a t S(x,n) has t h e span N C^]. C l e a r l y f o r n = 1 

we have N > 2. I t w i l l be shown i n Theorem 1 t h a t i n g e n e r a l 

N > n + 1 f o r a l l n. 

The s p l i n e f u n c t i o n s o f t h i s type w i t h t h e s m a l l e s t p o s s i b l e 

span, i . e . , f o r which N = n + 1, p l a y an i m p o r t a n t r o l e i n the 

t h e o r y o f s p l i n e f u n c t i o n s . We s h a l l see n e x t t h a t these s p l i n e 

f u n c t i o n s c o i n c i d e w i t h the s o - c a l l e d fundamental n - s p l i n e s 

( o r B - s p l i n e s , where B stands f o r " b a s i s " [ 5 ] ) . F i g u r e 5 i l l u s ­

t r a t e s s p l i n e f u n c t i o n s w i t h f i n i t e spans. 

To d e f i n e the fundamental n - s p l i n e s we f i r s t c o n s i d e r 
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(a) A 1 - s p l i n e v a n i s h i n g 
o u t s i d e [ X Q ^ , , ] , w i t h 
m i n i m a l span N = 2. 

(b) A 2 - s p l i n e v a n i s h i n g 
o u t s i d e LXQ,X,J, w i t h 
m i n i m a l span N = 3» 

( c ) A 1 - s p l i n e v a n i s h i n g o u t s i d e (d) A 2 - s p l i n e v a n i s h i n g o u t s i d e 
[ x ^ x , - ] , w i t h span N = 5. [ x - j X ^ ] , w i t h span N = 7. 

F i g u r e 5« S p l i n e f u n c t i o n s w i t h f i n i t e spans, 

the elementary s p l i n e f u n c t i o n M, d e f i n e d as f o l l o w s : 

D e f i n i t i o n 2. The f u n c t i o n M i s d e f i n e d by 

(1.2) M(x tn;y) = (n + 1) ( y - x ) " , 

so t h a t M i s a p o l y n o m i a l of degree n f o r x < y and vanishes f o r 

a l l x > y, and M € C11"1. Hence, M i s an n - s p l i n e . 

The c o e f f i c i e n t n + 1 has been employed by Schoenberg 

t o n o r m a l i z e t h e f u n c t i o n f o r o t h e r p r o p e r t i e s , and w i l l be r e ­

t a i n e d h e r e ; a l t h o u g h t h e p r o p e r t i e s d i s c u s s e d h e r e i n do n o t 

depend upon t h i s c o e f f i c i e n t . 

I t s h o u l d be n o t e d t h a t 

(1.3) (x - x ) k = (x - x ) * + ( - l ) k ( x - x ) * 
V V "r V ~ 



f o r a l l k = 0, 1, and v = 0, + 1, + 2, .... T h e r e f o r e , we 

may, w i t h o u t l o s s o f g e n e r a l i t y , develop t h e fundamental s p l i n e s 

i n terms o f e i t h e r (x - x) or (x - x ) . 
v + v + 

D e f i n i t i o n 3- The fundamental s p l i n e f u n c t i o n 

M (x,n:x ,...,x ,) o f degree n i s d e f i n e d t o be t h e (n + l ) - s t v ' ' v v+n+1 0 

o r d e r d i v i d e d d i f f e r e n c e o f the f u n c t i o n M(x,n;y) w i t h r e s p e c t t o 

the v a r i a b l e y, and based on t h e p o i n t s x , x . , » • . , X , [ > ] 

Using t h e g e n e r a l f o r m u l a f o r d i v i d e d d i f f e r e n c e s i n [?!» 

i . e . , 
v+n+1 

A n + 1 f ( y ) = f [ x ,...,x J = L . L J v v+n+1 . cu'Cx.) 

where a)(x) = ( x - x ) # * * ( x - x n ) , w e see t h a t the fundamental 
v v+n+1 

s p l i n e M v ( x , n ; x ^ , . . . , x v + n + ^ ) i s d e f i n e d by 

. I 1 1 1 
i M x . - x > + 

(1.^) M (x,n;x ,...,x v v v+n+1 . i / \ i = v W ( x i ) 

The f u n c t i o n i s c l e a r l y an n - s p l i n e f u n c t i o n w i t h the n + 2 

k n o t s x , ..., x ., s i n c e i t i s a l i n e a r c o m b i n a t i o n o f v v+n+1 
n - s p l i n e s , ( x ^ - x ) ^ , ( x v + n + 1 - x ) + . 

I t i s a l s o easy t o see t h a t vanishes o u t s i d e ^ x
v > x

v + n + i - l 

I f X < x , we may omit t h e s u b s c r i p t "+" on the r i g h t hand s i d e 

o f (l.k). Thus, f o r x < x we have 

v+n+1 
V' (n + l ) ( x i 

M ( x , n ; x , . . . , x ^) = Li 
v v v+n+1 i = v u ) , ( x i ) 

= A n + : L ( ( n + l ) ( y - x ) n ) = 0 
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s i n c e t h e (n + l ) - s t d i v i d e d d i f f e r e n c e o f a p o l y n o m i a l of degree 

n i s z e r o . On t h e o t h e r hand, i f x > x , j we have ( x . - x ) n = 
' v+n+1 x + 

0, i = v, v + n + 1 , and so 

M (x,n;x ,...,x .,) =0. v ' ' v v+n+1 

T h i s shov/s t h a t the span o f t h e fundamental n - s p l i n e i s 

c l e a r l y o f m i n i m a l l e n g t h n + 1. 

The n o t a t i o n w i l l sometimes be s i m p l i f i e d by 

M ( x , n ) = M (x, n : x ,...,x ,) . v v v v+n+1 

The d e r i v a t i v e s o f M a r e g i v e n by 
v 

M (x,n;x ,...,x n ; = v ' ' v v+n+1 
v+n+1 

(n + l)n«*'(n + 1 - k ) ( - 1 ) 
( x . - x ) + 

i = v cu'Cx^) 

f o r k = 1, ..., n. 

E x p l i c i t e x p r e s s i o n s and graphs of t h e fundamental n - s p l i n e s 

w i l l be g i v e n f o r n = 1 and 2, assuming t h a t x. s i, i = 0, 1, .... 

Example. L e t n = l , x 0 = 0 , x ^ = l , and x 2 = 2, then we 

have 
2 2(x. - x) 

M ( x , l ; 0 , l , 2 ) = S i 1 , 
u 1=0 a)'(xi) 

where U)(x) = x ( x - 1) (x - 2) . Thus 

0 i f x < 0 

x i f 0 < x < 1 

- ( x - 2) i f 1 < x < 2 

0 i f 2 < x 

The graph o f t h i s fundamental 1 - s p l i n e i s shown i n F i g u r e 6. 

M 0 ( x , l ; 0 , l , 2 ) =-< 



Example. L e t n = 2, and = i f o r i = 0, 1, 2, 3, then 

we have 

3 3(x. - x ) ' 

1=0 u ) , ( x i ) 

where u)(x) = x ( x - l ) (x - 2) (x - 3 ) . Each term i n t h e expansion 

o f t h i s fundamental 2 - s p l i n e i s a l a 2 - s p l i n e as i l l u s t r a t e d i n 

F i g u r e ?. 
M(xt2;3) _ x ) i 

M(x.2;2) _ 3 n x ) 2 

- f ( 2 - x ) ' + 

F i g u r e 7. Graph o f t h e 2 - s p l i n e s composing M n(x,2;0,l,2,3). 

Combining t h e f u n c t i o n s shown i n F i g u r e 7 g i v e s 



M 0(x,2;0,l,2,3) 

1 2 
? X 

= < - x + 3x -
1 2 

^0 

x - 3x + 

i f x < 0 

i f 0 < x < 1 

i f 1 < x < 2 

i f 2 < x < 3 

i f 3 < x 

The graph o f t h i s fundamental 2 - s p l i n e i s shown i n F i g u r e 8. 

1 4-

_ x 

F i g u r e 8. Graph of t h e fundamental 2 - s p l i n e M 0(x f2;0,1,2,3,). 

The fundamental s p l i n e f u n c t i o n s of h i g h e r o r d e r s w i l l be 

s i m i l a r t o the i l l u s t r a t e d fundamental 2 - s p l i n e , except o f course 

the p o l y n o m i a l a r c s between nodes w i l l be o f c o r r e s p o n d i n g l y 

h i g h e r degree. 

I t i s u s e f u l t o observe t h a t the fundamental s p l i n e s on 

s i m p l e , e q u i d i s t a n t k n o t s over C a , b ] i s symmetric w i t h r e s p e c t 

t o the b i s e c t o r x = a + b 

For t h e d i s c u s s i o n of s p l i n e i n t e r p o l a t i o n we s h a l l need t o 

c o n s i d e r t h e s e t o f a l l s p l i n e f u n c t i o n s o f degree 2 - 1 h a v i n g 

the k n o t s x- < ... < x . T h i s s e t w i l l be denoted by 0 n 
J~ n ( x _ , . . . , x ) . V/e s h a l l a l s o need t h e f o l l o w i n g 2m-l 0' ' n 

D e f i n i t i o n k. A f u n c t i o n S i s c a l l e d a n a t u r a l s p l i n e f u n c t i o n 

o f degree 2m - 1 p r o v i d e d t h a t 



(a) S(x,2m-1) .(x.f**««X ) and 
2m-l 0 n 

(b) S(x,2m-1) € P . i n (- ",x_) U (x ,+ •») [ 5 ] . 
m—l u n 

The c l a s s o f such n a t u r a l s p l i n e f u n c t i o n s i s denoted by 

^ m - l ^ O ' - ' - ' V ' a n d c l e a r l y ^ 2 m - l ( x 0 X n ) C ^ m - l ^ O X n ) ' 

F i g u r e 9. Graph of a n a t u r a l s p l i n e f u n c t i o n 
S ( x , l ) € ^ 1 * ( x n , . . . ,x ) . 

1.2. R e p r e s e n t a t i o n o f a r b i t r a r y 
s p l i n e f u n c t i o n s by fundamental 
s p l i n e f u n c t i o n s 

The fundamental n - s p l i n e s w i l l be shown t o form a b a s i s f o r 

a l l s p l i n e f u n c t i o n s o f degree n and g i v e n k n o t s C3J« Thus, t h e 

f u n c t i o n s do indeed m e r i t t h e i r name from t h i s fundamental r o l e . 

The d i s c u s s i o n w i l l f o l l o w Schoenberg's paper C3J« 

The p r o o f o f t h e r e p r e s e n t a t i o n theorem i s based on the 

f o l l o w i n g e l e m e n t a r y lemma. 

Lemma 1. I f P i s a p o l y n o m i a l o f degree < n, and 

P < k ) ( c ) =0, k = 0, 1, n - 1 

t h e n 
P(x) = A(x - c ) n . 



( k ) 

P r o o f . Since P ( c ) =0, k = 0, 1, n - 1 , the p o l y n o m i a l 

has a zero o f degree m > n a t c. Thus 

P(x) = (x - c ) m Q ( x ) 

where Q i s a p o l y n o m i a l such t h a t 

m + deg Q < n . 

Since m > n, i t f o l l o w s t h a t deg Q = 0, i . e . 

Q(x) = A f o r a l l x € 

and t h e lemma i s proved. 

For s i m p l i c i t y , the r e p r e s e n t a t i o n o f a r b i t r a r y s p l i n e 

f u n c t i o n s by fundamental s p l i n e f u n c t i o n s i s d i s c u s s e d i n f o u r 

theorems, each i n c r e a s i n g t h e span o f t h e s p l i n e f u n c t i o n s o f the 

p r e c e d i n g case. 

Theorem 1. I f 0 < N < n and i f S i s an n - s p l i n e h a v i n g the k n o t s 

x^ < x. < ... < x.T, and such t h a t 0 1 N' 
S(x,n) = 0 everywhere o u t s i d e the i n t e r v a l ( X Q , X ^ ) , 

t h e n 

S(x,n) = 0 f o r a l l x. 

P r o o f . On each of the s u b i n t e r v a l s [ x ^ x ^ ) , «.., [ x ^ 2 , XN^ ^ e 

graph o f S i s a p o l y n o m i a l of degree < n and S € C (- 0 0, 0 0) . 

By h y p o t h e s i s , the n - s p l i n e S vanishes f o r a l l x < x^, i . e . , 

S(x) =0, x ^ XQ . 

Thus 

S ( k ) ( x ) = 0, f o r a l l x < x , k = 0, 1, 2, .... 

n 1 

The c o n t i n u i t y c o n d i t i o n , S € C ~ (- 00,°0) , r e q u i r e s t h a t 

(1.5) S ( k ) ( x 0 ) =0, k = 0, 1, n - 1 . 
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Since on [ X Q , X ^ ] S c o i n c i d e s w i t h a p o l y n o m i a l o f degree 

< n, then from (1.5) i t f o l l o w s , by Lemma 1, t h a t S i s o f the form 
S(x) = a 0 ( x - x 0 ) n , x 6 [ x Q t X ^ ] , 

where a^ i s a c o n s t a n t . 

Proceeding t o t h e n e x t i n t e r v a l Cx«fXglj the c o n t i n u i t y 

c o n d i t i o n a t x^ r e q u i r e s t h a t 

and 

S ( x 1 ) = a 0 ( x 1 - x 0 ) n , 

S ^ ^ ) = a 0 ( n ) - - - ( n + 1 - k ) ( x ^ - x 0 ) n " k , 

k = l , 2, . . . j n - l . L e t 

P(x) = S(x) - a 0 ( x - x 0 ) n , x € [ x 1 , X 2 ] . 

We have t h e n , deg P < n and 

P̂  ; ( x 1 ) =0, k = 0, 1, n - 1 . 

Thus, by Lemma 1, we have 

P(x) = a 1 ( x - x ^ ) 1 1 , 

i . e . , 

S(x) - aQ(x - X Q ) 1 1 = a 1 ( x - x^^ ) 1 1 , 

and so 

S(x) = aQ(x - X Q ) 1 1 + a ^ ( x - x ^ ) n , x € [ x ^ ^ X g ] * 

C o n t i n u i n g t h i s process f o r succeeding i n t e r v a l s g i v e s , 

k 

(1.6) S(x) = Z a ( x - x ) n , x € [ x ,x ] V V K K.-r± V=0 

f o r k = 0, 1, N - 1 . 

I n p a r t i c u l a r , f o r x € Cx^_^,x^] we have 



N-1 

S(x) = I a (x - x ) n . 
n v V V=0 

By h y p o t h e s i s , S(x) = 0 f o r x > x^, so the c o n t i n u i t y c o n d i t i o n 

r e q u i r e s t h a t 
N-1 

SCx-J = ^ a Cx M - x ) n = 0, N n v N v v=0 

and N-1 
( k ) ^ = ( n ) . . . ( n + 1 - k) 1 S < V v=0 

a (x.. - x ) = 0, v N v 

f o r k = 1, 2, ..., n - 1. I t f o l l o w s t h a t t h e numbers a^, 

a ^ _ ^ are s o l u t i o n s o f the f o l l o w i n g system: 

a 0 ( x N " X 0 ) n + + a N - l ( x N " X N - l ) n = 0 

/ x n-1 N n-1 -
a 0 ( x N - X 0 ) + + a N - l ( x N " XN-1 ) = 0 

a0^ xN x 0 ; + ... + a
N - 1 v X N - X N _ I ; - U 

a 0 ( x N - + + a N - l ( x N - X 0 ) = 0 

We have here n e q u a t i o n s i n N unknowns, and N < n. 

F i r s t , assume N = n. Since 

det 

( xN - x 0 ) n •*• ( x N ~ ^ - l ^ 

( xN X 0 ) ( xN " XN-1 ) 

^ 0 , 

i t f o l l o w s t h a t t h e o n l y s o l u t i o n s o f the p r e c e d i n g system are 

the t r i v i a l s o l u t i o n s , a^ = 0, a _̂-|_ = 0. Thus, i f N = n, 

then 
S(x) = 0 f o r a l l x. 



Next, assume N < n. W i t h o u t l o s s of g e n e r a l i t y , we can add 

s i m p l e k n o t s between and x^ so t h a t t h e r e are e x a c t l y n + 1 

k n o t s . T h i s r e s u l t s i n p r e c i s e l y t h e p r e v i o u s case, p r o v i n g the 

theorem. 

The f o l l o w i n g c o r o l l a r y i s a u s e f u l r e s t a t e m e n t o f Theorem 1 

C o r o l l a r y . A non-zero n - s p l i n e S has a t l e a s t n + 2 k n o t s , i . e . , 

deg S < span S + 1. 

Theorem 2. I f N > n + l and i f S i s an n - s p l i n e h a v i n g the k n o t s 

XQ < x^ < ... < x^ and such t h a t 

S(x,n) = 0 everywhere o u t s i d e the i n t e r v a l ( x Q f X ^ ) , (1.7) 

t h e n S can be u n i q u e l y r e p r e s e n t e d i n t h e form 

N-n-1 

I (1.8) S(x,n) = 
v=0 

c M ( x , n ; x , . . . , x ,,) , v v ' ' v v+n+1 ' 

where MQ, n ^ are fundamental n - s p l i n e s . 

P r o o f . Assuming t h a t (1,7) h o l d s , and u s i n g (1.6), an n - s p l i n e S 

may be w r i t t e n as 

a 0 ( x - X Q ) 

(1.9) 

n 

S(x,n) E a . ( x - x . ) n 

i=0 

x ^ x0 
XQ < X < X^ 

^ S X ^ ^+1 
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F i g u r e 10 i l l u s t r a t e s S f o r N > n + 1. 

x0 x l 

F i g u r e 10. An n - s p l i n e on CXQIXJJ) f o r N > n + 1. 

By (1.3) and ( 1 . ^ ) , t h e fundamental n - s p l i n e s may a l s o be 

w r i t t e n i n the form (1.9). Thus, f o r s u i t a b l e c o n s t a n t s b. ., we 

have 

M 0(x,n) = 

M 1(x,n) = 

r 0 
k 
S i 3=1 

x < x 0 

X - X i ) n ' x k ^ x ^ x k + l ' 
k = 0, ..., n 

' X n + 1 i X 

b i d < x " x o ) n ' x k ^ x ^ X k + 1 ' 
k = 1, . .. , n + 1 

' X n + 2 i X 

and i n g e n e r a l , f o r v = 0 , 1, N - n - 1 

(1.10) M (x,n) = 

x < x 
= V 

2 b . ( x - x . ) , x € [ x , ,x ] 
i .i=v V J 

k'Tc+l-
k = v, ..., v + n 

' X v + n + l i X 
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The f o l l o w i n g f i g u r e shows the fundamental n - s p l i n e s M., 

O X— • • • . - m m 0 y. — X « 0 m m X-.T 

1 N-n-1 n+1 n+2 
F i g u r e 11. The fundamental n - s p l i n e s on [ X Q , X ^ ] , N > n + 1. 

I t i s r e q u i r e d t o show f o r an a r b i t r a r y n - s p l i n e S v a n i s h i n g 

o u t s i d e ( x 0 , x N ) , N > n + 1 t h a t 

N-n-1 

(1.8) S(x,n) = YJ C M (x,n) , f o r a l l x, 
n v v v=0 

where the c^'s a r e u n i q u e l y d e t e r m i n e d . From (1.9) and (1.10) i t 

f o l l o w s t h a t on [ X Q , X ^ ] we have 

S(x,n) = a 0 ( x - X Q ) 1 1 

M 0(x,n) = ^QO^ ~ x 0 ^ n ' w h e r e boO ^ 0 ' s i n c e M o 

i s a fundamental n - s p l i n e 

M (x.n) = 0 , v = 1, N - n - 1 . 
v 

I f we d e f i n e SQ by 
N-n-1 

:,n) - I S-(x,n) = S(x,n) - L c M (x,n) , 0 ' ^ v v v=0 

we have on CXQ,X^] 



S 0 ( x , n ) = a o ( x - x 0 ) n - c 0 b 0 0 ( x - x 0 ) n 

= ( a o " c o b o o ) ( x " x o ) n 

a0 
Then S (x,n) = 0 f o r a l l x € [ x - ^ x . . ] i f and o n l y i f c n = — 

u u i u D 0 0 

Next, l e t x € [ x ^ x , , ] , t h e n by t h e same procedure 

S(x,n) = SQCX - x 0 ) n + a^Cx - x ^ ) 1 1 , 
M 0(x,n) = b 0 0 ( x - x 0 ) n + b 0 1 ( x - x 1 ) n , 

M 1(x,n) = b 1 1 ( x - Xj)11, b 1 1 / 0, 

M (x.n) =0, v = 2, N - n - 1 . 

D e f i n e Ŝ^ by 
N-n-1 

,n) - YJ C M ( X ^ ) . S 1 ( x , n ) = S(x.. 
v=0 

Then on Cx^,X2] we have 

S 1 ( x , n ) = ( a 0 - c 0 b 0 0 ) ( x - X Q ) " + 

( a i " c o b o i " c i b i l ) ( x ' x i ) n 

n i . e . S ( x f n ) = ( a 1 - c 0 b 0 1 - c ^ ^ ) (x - x^^) 

Thus, S 1 ( x , n ) = 0 f o r a l l x € [ x ^ x ^ i f and o n l y i f 

a l - c0 b01 
b l l 

C o n t i n u i n g t o t h e n e x t i n t e r v a l , x € [ x 2 , x ^ ] , we have 

S(x,n) = a 0 ( x - x 0 ) n + a ^ x - x 1 ) n + a 2 ( x - x 2 ) n 

M 0(x,n) = b 0 0 ( x - x 0 ) n + b 0 1 ( x - x 1 ) n + b 0 2 ( x -

M 1(x,n) = b ^ t x - x ^ ) 1 1 + b 1 2 ( x - x 2 ) n , 

M 2(x,n) = b 2 2 ( x - x 2 ) n , b 2 2 ^ 0, 
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M (x.n) = 0 , v = 3, .... N - n - 1 . 
v 

The d i f f e r e n c e S 2 d e f i n e d by 

N-n-1 

:,n) - I S_(x,n) = S(x,n) - L c M ( x , n ) 2 ' v v v=0 

i s t hen 

S 2 ( x , n ) = ( a 0 - c 0 b 0 0 ) ( x - x 0 ) n + 

( a i " c o b o i " c i b i i ) ( x " x i ) n + 

( a 2 - c 0 b 0 2 - c 1 b 1 2 - c 2 b 2 2 ) ( x - x 2 ) n , 

i . e . , S 2 ( x , n ) = ( a 2 - c 0 b 0 2 - c^b^,, - c 2 b 2 2 ) (x - x 2 ) n . 

Then S 2 ( x , n ) = 0 f o r a l l x € C x 2 , x ^ ] i f and o n l y i f 

c 2 = 
a 2 - c0 b02 " C l b 1 2 

b22 

I n g e n e r a l , f o r x € f x ^ ' X ^ + ^ - i • k = 0, N - n - 1 we 

have t h e r e c u r s i o n r e l a t i o n 

S 0 ( x , n ) = ( a 0 - c 0 b 0 0 ) ( x - X Q ) 1 1 , and 

k n 

S k ( x , n ) = S k - 1 ( x t n ) + Ca k - E ^ b ] ( x - x k ) , 
v=0 

k s i , N - n . 

Thus, 
N-n-1 

S, (x,n) = S(x,n) - L c M (x,n) = 0 
v=0 

f o r a l l x € ^ x k , x k + 1 ] , k = 0 , N - n - 1 i f and o n l y i f 

CQ = , and 
b00 



Now c o n s i d e r t h e n - s p l i n e S i n t h e i n t e r v a l [ x ^ n» xN-l* 

D e f i n e S* by 

N-n-1 

S(x,n) - Z c M (x,n) , x € [ x , x M ] 
v=0 

(1.11) S*(x,n) = 
, x fi ( x

0 » x

N ) 

Since S* i s a l i n e a r c o m b i n a t i o n o f n - s p l i n e s , i t i s a l s o an 

n - s p l i n e , w i t h k n o t s x^ < x^ < ... < x^. By t h e p r e v i o u s 

arguments 

(1.12) S*(x,n) =0 f o r x € [ x
0 » x

N _ n ^ 

Hence, S* degenerates i n t o an n - s p l i n e w i t h o n l y n + 1 k n o t s , so 

by Theorem 1 

(1.13) S*(x,n) =0 f o r x € [ x j j . X J J ] . 

F i n a l l y , combining ( l . l l ) , (1.12) and (1.13) 
S*(x,n) a 0 f o r a l l x, 

which i m p l i e s t h a t 
N-n-1 

S(x,n) = X c M (x,n) f o r a l l x, 
v=0 

c o m p l e t i n g t h e p r o o f f o r Theorem 2. 

Theorem 5. An n - s p l i n e S v a n i s h i n g i f x < x 0 can be u n i q u e l y 

r e p r e s e n t e d i n t h e form 

( l . l i f ) S(x,n) = 2 c M (x,n) , 
v=0 v v 



and c o n v e r s e l y any such s e r i e s r e p r e s e n t s an n - s p l i n e v a n i s h i n g 

f o r x < XQ. 

P r o o f . F i g u r e 12 i l l u s t r a t e s t h i s case. 

F i g u r e 12. An n - s p l i n e v a n i s h i n g f o r x < x n . 

The p r o o f o f t h i s theorem i s t h e same as f o r Theorem 2, 

except the sum c o n t i n u e s i n d e f i n i t e l y , r e s u l t i n g i n 

oo 
(1.1^) S(x,n) = E c M (x,n) . 

v v 
v=0 

Theorem 2 i s c l e a r l y a s p e c i a l case o f t h i s where c^ = 0 f o r 

v > N - n - l , N f i n i t e . 

We can now e s t a b l i s h t h e f o l l o w i n g p r o p e r t y o f the f u n d a ­

mental s p l i n e s which w i l l be needed f o r t h e n e x t theorem. 

Lemma 2. The n + 1 fundamental n - s p l i n e s 

M , M , ..., M , M -n -n+1 -1 0 

are l i n e a r l y independent i n the i n t e r v a l (XQ,X^) and t h e r e f o r e 

form i n t h i s i n t e r v a l a b a s i s f o r P . 
n 

P r o o f . F i g u r e 15 i l l u s t r a t e s t h e n + 1 fundamental n - s p l i n e s 

over ( x ,x . ) . -n' n+1 



2h 

Each fundamental n - s p l i n e has e x a c t l y n + 2 k n o t s so t h a t e x a c t l y 

2n + 2 d i s t i n c t k n o t s a r e r e q u i r e d f o r these n + 1 f u n c t i o n s . 

Assume these n - s p l i n e s are dependent i n ( X Q , X ^ ) , x^ ^ x^, 

then t h e r e e x i s t s c o n s t a n t s c . c^, n o t a l l z e r o , such t h a t 
-n 0' 

0 
S(x,n) = 2 c.M.(x,n) = 0 , x € ( x ^ x . ^ . 

3 3 j = - n 

We may r e p r e s e n t S by 

S L ( x ) 

S(x,n) = < S 0 ( x ) 

S R ( x ) 

0 

- 0 0 < x < x -n 
x.nix< X 0 
XQ < X < X 1 

x l ^ X < Xn+1 
x , < x < n+1 = 

which i s i l l u s t r a t e d i n F i g u r e 1^. 

S i s an n - s p l i n e v a n i s h i n g f o r a l l x € (- *»* .J u C x o » x i ^ u 

C x n + 1 , 0 0 ) J w i t h t h e u s u a l c o n t i n u i t y c o n d i t i o n s a t x _ n , XQ, X̂ ^ and 

x ~. . L e t n+1 



* * ( X / S R ( x ' n ) • x i ^ x < x n + l S*(x,n) = ^ 
[^0 , elsewhere 

Since S R i s a segment o f an n - s p l i n e and t h e c o n t i n u i t y c o n d i t i o n s 

a t i t s e n d p o i n t s a r e s a t i s f i e d , then S* i s an n - s p l i n e w i t h a t 

most n + 1 k n o t s , namely x^, x
n + ^ ' Hence, by Theorem 1 

so t h a t 

and thus 

S*(x,n) a 0 f o r a l l x. 

S R ( x , n ) = 0 , x 1 < x < x n + 1 

S(x,n) = 0 , x^ < x < x
n + 1 • 

We can now r e p r e s e n t S as an n — s p l i n e w i t h a t most n + 1 

k n o t s , namely x , . . « , XQ. Again a p p l y i n g Theorem 1, t h i s i m p l i e s 

S(x,n) = 0 f o r a l l x. 

From the uniqueness p r o p e r t y i n Theorem 2, i t f o l l o w s t h a t 

c. = 0, j = -n, 0, c o n t r a d i c t i n g t h e assumption o f l i n e a r 

dependence. T h i s completes a p r o o f o f Lemma 2. 



Theorem ^f. Every n - s p l i n e S can be u n i q u e l y r e p r e s e n t e d i n the 

form 
• 

,n) = I (1.15) S(x,n) = ZJ c M (x,n) , 
v=— 0 0 

where the c a r e c o n s t a n t s and t h e M a r e fundamental n - s p l i n e s . v v 
Conversely, any such s e r i e s r e p r e s e n t s an n - s p l i n e . 

P r o o f . L e t S be an a r b i t r a r y n - s p l i n e , and l e t 

S ( x l n ) = P(x) , x 0 < x < x 1 , (P <= P n ) . 

By Lemma 2, we can w r i t e 

0 
(1.16) P(x) = 2 c.M.(x,n) , x € ( x 0 , x n ) . 

j = - n ^ 0 1 

D e f i n e S* by 

(1.17) S*(x,n) = S(x,n) - P(x) 

which i s an n - s p l i n e v a n i s h i n g i n t h e i n t e r v a l ( X Q , X ^ ) . We may 

t h e r e f o r e w r i t e 

(1.18) S*(x,n) = S 0 ( x , n ) + S 1 ( x , n ) , 

v/here and are n - s p l i n e s v a n i s h i n g i n the i n t e r v a l s ( x Q I + 0 0 ) 

and (— 0 O , x ^ ) , r e s p e c t i v e l y . By Theorem 5 we may t h e r e f o r e w r i t e 

u n i q u e l y 

-n-1 

(1.19) 

S-(x,n) = L, c.M.(x,n) , 

y 
> (x,n) = L c.M.(x,n) , 

j = l 3 J 

f o r a l l x. 



Combining (1.16) t h r o u g h (1.19) and s o l v i n g f o r S g i v e s 

S(x,n) = S*(x,n) + P(x) 

= S 0 ( x , n ) + P(x) + S . ( x f n ) , 

1. e., 
00 

(1.15) S ( x f n ) = 2 c.M.(x,n) , 

which i s t h e d e s i r e d r e p r e s e n t a t i o n . T h i s completes the p r o o f o f 

the r e p r e s e n t a t i o n theorems. 

V/e observe t h a t on any f i n i t e i n t e r v a l t h e s e r i e s (1.15) 

always reduces t o a f i n i t e sum C ^ ] . 

1.3. Examples 

T h i s c h a p t e r w i l l be concluded w i t h some examples t o 

i l l u s t r a t e the r e p r e s e n t a t i o n theorems. 

Example. The fundamental s p l i n e f u n c t i o n s o f degree 1 and 

2, b e i n g e a s i l y computed, a r e f r e q u e n t l y used t o i l l u s t r a t e the 

t h e o r y . T h e i r e x p l i c i t e x p r e s s i o n s , when the i n t e g e r s serve as 

k n o t s , a r e g i v e n below: 

, - 0 0 < x < v 

, V < X < V + 

2 ) , v + l < x < v + 

, v + 2 < x < + 0 0 

r 

( x , l ;v,v+l,v+2) =•< 

0 

(x - v) 

- ( x - v 

0 



28 

- 0 0 < x < v 

v < x < v + 1 

v + l < x < v + 2 

v + 2 < x < v + 3 

v + 3 < x < + 0 0 

f o r any v = 0, +1, .... 

Example. To o b t a i n t h e c o n s t a n t f u n c t i o n 1 we may use t h e 

s o - c a l l e d " r o o f f u n c t i o n " , or fundamental 1 - s p l i n e s , s i n c e 

oo 
E M ( x , l ; v , v + l , v + 2 ) = 1 , f o r a l l x. 

v=— 0 0 v 

T h i s r e p r e s e n t a t i o n i s obvious i n view o f F i g u r e 15. 

L 
A A A A A A A " 

/ \ / \ / \ / \ / \ / \ 
/ / \ / \ / \ /A / \ A \ 

/ \/ v v \y \ N \ 
0 . . . v—2 v - l v v+1 v+2 . . . 

F i g u r e 15. The c o n s t a n t f u n c t i o n 1 as a l i n e a r 
c o m b i n a t i o n of fundamental 1 - s p l i n e s . 

Example. As i l l u s t r a t i o n s o f Theorems 5 and k1 Schoenberg 

[3] g i v e s t h e f o l l o w i n g i d e n t i t i e s : 

l e t x^ = v f o r a l l i n t e g e r s v, then 

00 
x k = E (v + 1) (v + 2 ) - " ( v + k ) M v ( x , k , v , . . . , v + k + l ) , 

M v(x,2;v,v+l,v+2) 

ro 

- v ) 2 
> 

- ( x - v - 3 ) 2 

T 

^ ( x - V - 3 ) 2 
> 

0 

and 



v + 00 

x = 2 (v + l ) ( v + 2)«"(v + k)M ( x , k ; v , . . . ,v+k+l) . 
V)=— 0 0 

The f i r e t f o u r s p e c i a l cases are 

1 = 2 M ( x , k ; v , . . . , v + k + l ) , f o r any k > 0 
— CO ^ " 

x = 2 (v + 1)M ( x t l ; v , v + l , v + 2 ) 
_ 00 

x = 2 (v + 1 ) ( v + 2)M (x,2;v,v+l,v+2,v+3) 
_ 00 • 

: 3 = 2 (v + l ) ( v + 2 ) ( v + 3)M (x,3;v,v+1,v+2,v+3,v+^t) 

Example. D e f i n e a 1 - s p l i n e f u n c t i o n S by 

r 0 

X 

S ( x , l ) =V 
? x + ^ 

3 . 5 
7 ~ - ? 

- 2x + 8 

^ 0 

x < 0 

0 < x < 1 

1 < x < 2 

2 < x < 3 

3 < x < k 

h < x 

and f i n d the r e p r e s e n t a t i o n of S as a l i n e a r c o m b i n a t i o n o f 

fundamental 1 - s p l i n e s . 

S o l u t i o n . F i g u r e 16 shows t h e graph o f S w i t h t h e s o l i d l i n e s , 

and t h e graph o f t h e fundamental 1 - s p l i n e s w i t h d o t t e d l i n e s . 

We have as t h e degree o f the s p l i n e n = 1 and t h e span i s N = f f , 

so t h a t n + 1 < N < o 0, and thus Theorem 2 a p p l i e s . Hence, we are 

t o f i n d CQ, C^ and such t h a t 
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F i g u r e 16. An example f o r Theorem 2. 

S ( x , l ) = S c M ( x , l ; v , v + l , v + 2 ) , f o r a l l x. 
v = 0 V V 

The r e q u i r e d fundamental 1 - s p l i n e s a r e g i v e n i n Table 1. 

I n t e r v a l 

- °° < x < 0 

0 < x < 1 

1 < x < 2 

2 ^ x < 3 
3 < x < ^ 

k < x < 00 

TABLE 1 

FUNDAMENTAL 1-SPLINES 

M 0 ( x , l ; 0 , l , 2 ) 

0 

x 

- ( x - 2) 

0 

0 

0 

M 1 ( x , l ; l , 2 , 3 ) 

0 

0 

(x - 1) 

- ( x - 3) 

0 

0 

M 2(x,i;2,3,^) 

0 

0 

0 

(x - 2) 

- ( x - k) 

0 

To e v a l u a t e CQ, l e t x 6 [ 0 , 1 ) , then 

S ( x , l ) = x, 

and 



S c M ( x , l ) = c^x . 
v=0 v v 0 

Thus, CQ = 1. 

Now l e t x € C l , 2 ) , t h e n 

and 

S ( x , l ) = - ^ x + | , 

2 
E c M ( x , l ) = - ( x - 2) + c, (x - 1) « v v ' 1 v=0 

= ( c ^ - l ) x + (2 - c^) . 

Thus, c l = ' 

F i n a l l y l e t x € [2,3), then 

S ( x , l ) = | x - | , 

and 
2 , 
E c M ( x , l ) = - i ( x - 3) + c-Cx - 2) ^ v v ' 2 2 v=0 

= ( c 2 - ^ x + - 2 c 2 ) . 

Thus, c 2 = 2 . 

The d e s i r e d r e p r e s e n t a t i o n i s then 

S ( x , l ) = M 0 ( x , l ; 0 , l , 2 ) + | ^ ( x . i a ^ ^ ) + 

2M 2(x,l;2,3, i+) , f o r a l l x. 

Example. An a d d i t i o n a l p r o p e r t y o f the f u n c t i o n M g i v e n 

by D e f i n i t i o n 2, i . e . 

M(x,k;y) =(k + 1 ) ( y - x ) k , 

i s t h a t M(x,k;y) > 0 f o r a l l x. Moreover i t s (k + l ) s t d i v i d e d 

d i f f e r e n c e i s a l s o n o n - n e g a t i v e , i . e . 



M ( x , k : x ,...,x , > 0 i n ( x ,x ,, v ' ' v v+k+1 v v+k+1 
and 

M ( x . k ) = 0 o u t s i d e ( x ,x ,_) . v v v+k+1 

As shown by Schoenberg [5] 

r 
J M ( x , k ; x .,x . .) dX s 1 , f o r any v - «> v ' ' v v+k+1 

f o l l o w s from Peano's Theorem. Hence, we may t h i n k of t h e 

fundamental s p l i n e f u n c t i o n s as f r e q u e n c y f u n c t i o n s 



CHAPTER I I 

INTERPOLATION 

I I » 1 . I n t e r p o l a t i o n by s p l i n e f u n c t i o n s 

I t w i l l be shown t h a t s p l i n e f u n c t i o n s can be used w i t h 

g r e a t advantages as i n t e r p o l a t i n g f u n c t i o n s . The u s u a l q u e s t i o n s 

of e x i s t e n c e , uniqueness, c h a r a c t e r i z a t i o n , and b e s t a p p r o x i m a t i o n 

w i l l be d i s c u s s e d . 

F i r s t , we c o n s i d e r t h r e e lemmas needed f o r t h e e x i s t e n c e 

and uniqueness theorem p r o o f . 

Lemma 3 CO. I f f € c k " 1 [ x 0 , x k ] w h i l e f ' * " * 1 ' i s a b s o l u t e l y 

c o n t i n u o u s , t h e n i t s d i v i d e d d i f f e r e n c e o f o r d e r k may be e x p r e s ­

sed as 

*k 
(2.1) f C x 0 , . . . , x k ] = i y J x ^ M 0 ( x , k - l ; x 0 , . . . , x k ) f ( k ) ( x ) dx . 

Pr o o f . T h i s lemma f o l l o w s from Peano's g e n e r a l theorem ( [ 8 ] , 

p. 69ff) c o n c e r n i n g l i n e a r f u n c t i o n a l s which v a n i s h f o r p o l y ­

nomials o f degree a t most k - l C ^ ] . 

Lemma k. Suppose t h a t cpCx^, .. . ,x m] = 0, t h e n t h e r e exists a 

unique p o l y n o m i a l Q o f degree < m - 1 such that 

cpCx^) = QCx^) , v = 0, m . 
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P r o o f . The i n t e r p o l a t i n g p o l y n o m i a l Q o f degree < m may be 

u n i q u e l y r e p r e s e n t e d by a f i n i t e Newton s e r i e s (see [ 8 ] , p. 39ft) 

such t h a t 

cp(x v) = Q ( x
v ) i v = 0, m . 

The Newton r e p r e s e n t a t i o n i s d e f i n e d by 

Q(x) = cpC x
03 + (x - x 0 ) c p C x 0 , x 1 ] + 

(x - x 0 ) ( x - x 1 ) c p C x 0 , x 1 , x 2 ] + ... + 

(x - x 0 ) • • • (x - x m _ 1 ) c p [ x 0 , ... , x n i ] . 

Since c p [ x 0 , f .. , x m ] = 0, we have c l e a r l y deg Q < m - 1 . 

Lemma 5. I f l < m < n and 

cpCx^, ... , x ^ + m ] = 0 , i = 0 , . , . , n - m , 

then t h e r e e x i s t s a unique p o l y n o m i a l P o f degree < m - 1 such 

t h a t 

P(x ) = <p(x ) , v = 0, n . 

P r o o f . By Lemma k, t h e r e e x i s t s a unique p o l y n o m i a l P^ o f degree 

< m - 1 such t h a t f o r each f i x e d i ( i = 0, ..«, n - m) 

P.(x ) = cp(x ) , v = i, i + m . i v v 

But t h i s i m p l i e s t h a t f o r each i ( i = 0, n - m) 

P i ( x v ) = p
i + 1 ( x

v ) « f o r v = i + l , i + m . 

Since two p o l y n o m i a l s o f degree < m - 1 c o i n c i d i n g a t m p o i n t s 

are i d e n t i c a l , i t f o l l o w s t h a t 

P„ = P., = ... = P = P, 0 1 n-m 

and t h e lemma i s pr o v e d . 
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Let m be a n a t u r a l i n t e g e r and d e f i n e a c l a s s o f f u n c t i o n s 

F i n a g i v e n f i n i t e i n t e r v a l [ a , b ] as f o l l o w s : m 

(2.2) f € F m [ a , b 3 » f € c ^ E a . b ] , f ( m " l ) a b s o l u t e l y 

c o n t i n u o u s on Ca,b] and f ^ m ^ g L 2 ( a J b ) . 

L e t the i n t e g e r n > 0 be g i v e n and suppose t h a t we a r e a l s o g i v e n 

n + 1 a b s c i s s a e 

x 0 < x̂ ^ < ... < x n i n [ a , b ] . 

We now choose a r b i t r a r y b u t f i x e d r e a l s x f o r v > n and 
v 

v < 0 so a s t o o b t a i n a sequence o f k n o t s 

(2.3) ... < x n < x_ < x^ < ... < x T < X < x , < ... . 

— 1 0 1 n—1 n n+1 

A l l o f the s p l i n e f u n c t i o n s i n t h e f o l l o w i n g d i s c u s s i o n may be 

c o n s i d e r e d t o be d e f i n e d on t h e k n o t s ( 2 . 3 ) . However, o n l y the 
n + 1 k n o t s x^, x w i l l be o f d i r e c t concern. 0 ' n 

The f o l l o w i n g theorem g i v e s the e x i s t e n c e and uniqueness o f 

i n t e r p o l a t i n g s p l i n e f u n c t i o n s . 

Theorem 5 C ^ ] . L e t t h e r e be g i v e n i n Ca,b] a f u n c t i o n f i n t h e 

c l a s s F m C a » b ] d e f i n e d by (2.2) and a s e t of n + 1 p o i n t s 

( 2 . i f ) a < x - < x n < . . . < x < b = 0 1 n = 

w i t h 1 < m < n. Then t h e r e i s a u n i q u e l y d e t e r m i n e d n a t u r a l 

s p l i n e f u n c t i o n S i n i / * m 1 ( x Q , . . . , x n ) which i n t e r p o l a t e s the 

f u n c t i o n f a t t h e p o i n t s ( 2 . ^ ) , i . e . , 

S ( x v ) = f ( x v ) , v = 0, n . 

P r o o f . Consider the (m - 1 ) - s p l i n e f u n c t i o n g r e p r e s e n t e d by 
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n-m y S(x,m-l) = Z-J c M (x,m-l;x ,,..,x , ) , ' n v v ' ' v v+m v=0 

where the c are a r b i t r a r y c o n s t a n t s and the M are fundamental 

(m - 1 ) — s p l i n e s . We have then 

§(x,m-l) = 0 i f x < XQ or x > x n . 

The numbers c 0 , .... c are d e t e r m i n e d from t h e f o l l o w i n g u n-m 
eq u a t i o n s 

b n ~ m 

(2.5) 1 ( 1 c M (x,m - l ) - f ( m ) ( x ) ) M . ( x , m - l ) dx = 0 , 
a v=0 v V 3 

j =0, ..., n - m , 

x.e, 
»b -b r ? r r r <*) c J MTdx + c,J M.M.dx + ... + c J M M_dx = J f v ̂ M.dx 0 a 0 1 a 1 0 n-m a n-m 0 a 0 

r b r b ? r b r b ̂  
c J M_M-dx + c J Mfdx + ... + c J M M. dx = J f v ̂ M^dx 0 a 0 1 l a l n-m a n-m 1 a 1 

pb pb pb pb 
c j NLM dx + c,J M-M dx + ... + c J M2 dx = J f ( m ) M dx. 0 a 0 n-m l a l n-m n-m a n-m a n-m 

The d e t e r m i n a n t o f t h i s l i n e a r system i n the unknowns c^ i s 

the Gramian o f t h e f u n c t i o n s M v ( x f m - l ) , (v = 0, ..., n - m). 

These b e i n g l i n e a r l y independent i n Ca,b], by Lemma 2, we conclude 

t h a t the problem (2.5) has a unique s o l u t i o n S. 

Assuming now t h a t 8 has been u n i q u e l y determined by the 

above p r o c e d u r e , we i n t e g r a t e t h i s (m - 1 ) - s p l i n e f u n c t i o n m t i m e s , 

o b t a i n i n g a (2m - 1 ) - s p l i n e , denoted by ̂ : 
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i J (x - t ) m " " 1 S ( t l r a - l ) d t . (2.6) 5(x f2m-l) = -
(m - 1)J x0 

C l e a r l y ^ € ^ ^ ^ ( X Q , ... , x n ) . 

De f i n e t h e f u n c t i o n cp by 

cp(x) = f ( x ) - ^(x,2m-l) . 

Then 

c p ( m ) ( x ) = f ( r a ) ( x ) - ^ ( m ) ( x , 2 m - l ) , 

or 

(2.7) c p ( r a ) ( x ) = f < m ) ( x ) - i ( x , m - l ) . 

S u b s t i t u t i n g (2.7) i n t o (2.5) g i v e s 

(2.8) J c p ( m ) ( x ) M . ( x 1 m - l ) dx = 0 , j = 0, n - m . 
a 3 

By Lemma 3 we have f o r each i ( i = 0, n - m ) 

x. J i+m 
--1- i+m- mi x. 9 ( m ) ( x ) M i ( x , m - l ; x i , . . . , x i + m ) d x , 

and so, from (2.8) and (2.9) 

(2.10) cpCx i,... , x i + m ] = 0 , i = 0, n - m . 

A p p l y i n g Lemma 5 t o (2.10) t h e r e e x i s t s a unique p o l y n o m i a l 

P o f degree < m - 1 such t h a t 

P ( x v ) = cp(x v) , v = 0, n , 

i . e . 

or 

P(x ) = f ( x ) - ^(x v,2m-l) , 

5 ( x ,2m-l) + P(x ) = f ( x ) . 
V V V 

we may t h e r e f o r e d e f i n e S by 



S(x,2m-1) = S(x,2m-1) + P(x) , 

and thus o b t a i n i n g u n i q u e l y S £ a'*^ ^(xQ,...,x n) such t h a t 

S(x ) = f ( x ) , v = 0, n , v V 

p r o v i n g Theorem 5. 

Remark. The n a t u r a l s p l i n e f u n c t i o n S i n Theorem 5 i s a l s o 

c h a r a c t e r i z e d by t h e f o l l o w i n g p r o p e r t y : 

(2.11) J ( S ( m ) ( x , 2 m - 1 ) - f ( m ) ( x ) ) 2 d x = a 

rb 
i n f J a ( g ( m ) ( x , 2 m - 1 ) - f ( m ) ( x ) ) 2 d x . 

C o r o l l a r y C^]. Given n + 1 p o i n t s i n the plane 

( x v , y v ) , (v = 0, ..., n; x 0 < x 1 < ... < x n ) , 

and an i n t e g e r m, 1 < m < n, t h e n t h e r e e x i s t s a unique s p l i n e 

S £ Jt n(x„,...,x ) such t h a t 2m-l 0' ' n 
S ( x v ) = y v i (v = 0, n) . 

Example. Given f ( x ) = (x - 1) on Co,3]» and l e t m = 2, 

n = 3i and t h e k n o t s b e x ^ = v , v =0, 1 , 2, 3* C o n s t r u c t a 

unique 3 - s p l i n e f u n c t i o n S w i t h t h e g i v e n k n o t s and such t h a t 

a) S , !(x,3) =0 i f x < 0 or x > 3, and 

b) S(x v,3) = f ( x v ) , v = 0, 1 , 2, 3. 

S o l u t i o n . F o l l o w i n g t h e p r o o f o f Theorem 5, we f i r s t c o n s i d e r 

t h e l - s p l i n e r e p r e s e n t e d by 



«(x,l) = 2 c M ( x , l ; v , v + l , v + 2 ) , ^ v v v=0 

where 

M 0 ( x , l ; 0 , l , 2 ) = ^ - ( x - 2) 

0 < x < 1 

1 < x < 2 

elsewhere 

1 < x < 2 

2 < x < 3 

elsewhere 

Using (2.5) we may e v a l u a t e and c^. We have f " ( x ) 

r 

0 

(x - 1) 

M ( x , l ; l , 2 , 3 ) = < - ( x - 5) 

so the l i n e a r system becomes 

0 J 0 M ^ ( x t l ) d x + c 1 J 0 M 0 ( x , l ) M 1 ( x , l ) ( i x = 2 J 0 M 0 ( x t l ) d x 

0 J 0 M 0 ( x , l ) d x + c 1 J 0 M j ( x , l ) d x = 2 / ^ ( x . l ) ^ 

P e r f o r m i n g the s i m p l e i n t e g r a t i o n r e s u l t s i n 

! 5 c o + ^ c i = 2 

1 2 0 

C 0 + 3 C l = 2 

v / i t h unique s o l u t i o n cq ~ c^ = 12/5. 

The 1 - s p l i n e & i s now u n i q u e l y d e t e r m i n e d , i . e . , 

12 

i ( x , i ) 

12 
5 

0 < x < 1 

1 < x < 2 

- i | ( x - 3) , 2 < x < 3 

0 elsewhere 



I n t e g r a t i n g I t w i c e we o b t a i n t h e 3 - s p l i n e 5- F i n a l l y , we 

can f i n d a and P such t h a t t h e f u n c t i o n 

S ( x ) = 5 ( x ) + ax + (3 

s a t i s f i e s t h e c o n d i t i o n s 

S(x ) = f ( x ) , v = 0, 1 , 2, 3 • 
V V 

A s i m p l e c a l c u l a t i o n shows t h a t 

7 
r x + 1 

2 3 7 
X - ^ X + 1 

| ( x - 2 ) 2
 + i | x - i | 

5 5 5 

^ 1 7 x 3 1 

x ~5 

x < 0 

0 < x < 1 

1 < x < 2 

2 < x < 3 

F i g u r e 2,1 i l l u s t r a t e s t h e problem. 

\ 

An i n t e r p o l a t i o n problem. 



i f l 

I I . 2 . M i nimal p r o p e r t y o f i n t e r p o l a t i n g 
s p l i n e f u n c t i o n s 

As an a p p l i c a t i o n o f t h i s s e c t i o n , H o l l a d a y [ i l l uses the 

problem o f b e n d i n g a s t i c k a l i t t l e b i t . "A b e n t s t i c k assumes 

a p o s i t i o n w h i c h , s u b j e c t t o t h e bending c o n s t r a i n t s , w i l l m i n i ­

mize i t s p o t e n t i a l energy. Assuming t h e s t i c k t o be o r i g i n a l l y 

s t r a i g h t and u n i f o r m , Hooke's Law i m p l i e s t h a t i t s p o t e n t i a l 

energy w i l l be p r o p o r t i o n a l t o t h e i n t e g r a l a l o n g i t s a r c l e n g t h 

o f t h e square o f i t s c u r v a t u r e . I f the problem i s two d i m e n s i o n a l , 

and i f t h e b ending i s s u f f i c i e n t l y s l i g h t [ s o ] t h a t the a r c 

l e n g t h may be c o n s i d e r e d as b e i n g p r a c t i c a l l y p r o p o r t i o n a l t o some 

c o o r d i n a t e a x i s , t h e n we g e t t h e problem o f m i n i m i z i n g 

/ ( f " ( t ) ) 2 d t . " 

A f t e r d e s c r i b i n g the c l a s s o f f u n c t i o n s which i n t e r p o l a t e s 

a g i v e n s e t o f p o i n t s , we t h e n seek t o m i n i m i z e the amount of 

" t w i s t i n g " , and whenever t w i s t i n g i s necessary, we w i s h t o "spread 

i t o u t . " 

The m i n i m a l p r o p e r t y of t h e i n t e r p o l a t i n g s p l i n e f u n c t i o n s 

i s g i v e n i n t h e f o l l o w i n g . 

Theorem 6 ( M i n i m a l P r o p e r t y ) [ 4 ] . L e t f be any f u n c t i o n such 

t h a t f ( m ) 6 c C a , b ] , and such t h a t 

(2.12) f ( x i ) = y. f i = 0, n , 

where 

a < x _ < . . . < x < b . = 0 n = 
Then 



(.b nb 
(2.13) J ( f ( m ) ( x ) ) 2 d x > J ( S ( m ) ( x , 2 m - l ) ) 2 d x , 

a = a 
where S £ Jl -(x_.,...,x ) and 2ra-l 0 n 

(2.14) S ( x i ) = y± •> i = 0, n . 

P r o o f . L e t f be any f u n c t i o n such t h a t (2.12) h o l d s and 

f ( m ) € L j a . b ] . L e t S £ J% n ( x _ , . . . , x ) be such t h a t (2.14) 2 ' 2m-l 0' ' n 
h o l d s . F o l l o w i n g [ 4 ] we s h a l l show t h a t 

r«b pb 
(2.15) J ( f ( m ) ( x ) ) 2 d x B J ( f ( r a ) ( x ) - S ( m ) ( x , 2 m - l ) ) 2 d x + 

a a 
pb 
J ( S ( m ) ( x , 2 m - l ) ) 2 d x , 

from which t h e m i n i m a l p r o p e r t y (2.13) o f t h e s p l i n e i n t e r p o l a t i o n 

i m m e d i a t e l y f o l l o w s . 

Since 

/ b ( f ( m ) ( x ) ) 2 d x = / b ( f ( m ) ( x ) - S ( m ) ( x , 2 m - l ) ) 2 d x a a 

+ / b S ( m ) ( x , 2 m - l ) ( f < m ) ( x ) - S ( r n ) ( x , 2 m - l ) ) d x 
SL 

+ / b ( S ( m ) ( x , 2 m - l ) ) 2 d x , 
SL 

we have o n l y t o show t h a t t h e m i d d l e term on t h e r i g h t s i d e 

v a n i s h e s . 

L e t t i n g cp(x) = f ( x ) - S(x,2m-l), we have from (2.12) and 

(2.14) t h a t 

(2.16) tpCx.) = 0 , i = 0, n . 

A l s o , s i n c e S 6 P , o u t s i d e ( x ^ x ) , we have 
m—x u n 
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(2.1?) S m + ;' ) (x,2m-l) = 0 , j = 0, 1, ... 

f o r x € (- " ^ X Q ] U t!x n,+ o0) . 

I n t e g r a t i n g by p a r t s , we g e t 

/ b S ( m ) ( x , 2 m - l ) c p ( m ) ( x ) dx = 
& 

= C s ^ ^ x ^ m - D c p ^ C x ) ] ^ - ̂  s ( m + : L ) ( x , 2 m - l ) c p ( m - l ) ( x ) d x 

= C S
( , n )

( p ( n - 1 ) ] l ) - [ S ( m + l ) c p ( m - 2 ) ] b
 + / b S ( m + 2 ) c p ( m - 2 ) dx 

= E ( - D ^ G ^ ^ x ^ m - D c p ^ - ^ ^ x ) ^ + 

( - l ) k + 1 / b S ^ ^ ^ ^ x ^ m - D c p ^ - ^ ^ x ) dx . 

F i n a l l y , l e t t i n g k = m - 2 g i v e s 

(2.18) J S ( m ) (x,2m-l)cp ( r a ) (x) dx = 

m-2 

Z ( - D ^ S ^ ^ ^ x ^ m - D c p ^ - ^ ^ x ) ^ + 

v=0 

-b 
( - l ) " 1 " 1 J S ^ ^ ^ x ^ m - D c p ^ x ) dx . 

But, s i n c e a < x 0 and x n < b, and by (2.17), the f i n i t e sum on 

the r i g h t s i d e o f (2.l8) v a n i s h e s . Then s i n c e S € ̂ 201-1' W e h a v e 

t h a t S i s c o n s t a n t on each s u b i n t e r v a l , i . e . , 

(2m-l) (x,2m-l) — (X 1 x € C x v , x v + 1 ) , v = 0, n-1, 

Thus 



kk 

b x n 
J S ( m ) ( x , 2 m - l ) c p ( m ) ( x ) dx = ( - I ) " 1 - 1 J S ( 2 m - l ) ( x , 2 m - l ) c p , ( x ) d x a x 0 

= (-1) 

= (-1) 

where t h e l a s t s t e p f o l l o w s from (2.16). This e s t a b l i s h e s (2.15), 

and hence proves t h e theorem. 
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