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Abstract

In this dissertation, we study the dynamical and number theoretical behaviors of orbits
of lattices in homogeneous spaces. This work is composed of three relatively independent
topics.

The first part explores the Diophantine approximation and dynamical properties of the
successive minima of Euclidean lattices. We define Diophantine approximation properties
and Dani’s correspondence with respect to higher successive minima and use a variational
principle in parametric geometry of numbers to show that badly approximable matrices
of higher orders have full Hausdoff dimension. We also establish estimates of the Haar
measure of the sublevel sets of successive minima functions in the space of unimodular
lattices. We also prove a few number theoretical and dynamical properties associated to
successive minima.

The second part, based on a joint work with Michael Bersudsky, establishes an equidis-
tribution phenomenon of dense orbits in a space of sublattices of rank m in R™"! under
discrete group actions. We study the limiting distribution of dense orbits of a lattice sub-
group I' < SL(m + 1, R) acting on H\SL(m + 1,R), with respect to a filtration of growing
norm balls. One of the main challenges in this work is that the groups H we consider have
infinitely many non-trivial connected components. For a specific such H, the homogeneous
space H\G identifies with X, ;,+1, a moduli space of (oriented) rank m-discrete subgroups

in R™*1. The proof uses linearization technique and duality principle.

i



The third part, based on a joint work with Michael Bersudsky and Nimish Shah, studies
the equidistribution of definable curves in a polynomially bounded o-minimal structure in
homogeneous spaces. For an algebraic subgroup G < SL(n,R) and a lattice I' < G. We
consider definable curves {y(¢)} C G in a polynomially bounded structure that are unipotent
upper triangular and show such curves are equidistributed along its orbit closure under
homogeneous measure. The proof relies on linearization technique and (C, )-good properties

for certain families of definable functions in a polynomially bounded o-minimal structure.
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Chapter 1: Number theoretical and dynamical properties of

sucessive minima of lattices

Throughout this chapter, all norms of vectors in an Euclidean space without specification

are assumed to be the maximum Euclidean norm.

1.1 Diophantine approximation and successive minima of lattices

1.1.1 Dirichlet’s Theorem and Diophantine Approximation

Diophantine approximation is a branch of number theory studying the approximation of
real numbers by rational numbers. The first known result of this kind is due to Adrien-Marie

Legendre, which can be proved by the Pigeonhole Principle:

Theorem 1.1.1 (Legendre, 1808). For any real number x and every QQ > 1, there exists an

integer vector (p,q) € Z* such that
1
lxqg — p| <§ and 0 < ¢ < Q.

The Classical multidimensional version of approximation theorem, Due to Johann Peter

Gustav Lejeune Dirichlet, states that

Theorem 1.1.2 (Dirichlet’s approximation theorem [Dird2], 1842). For every real m X n

matriz A and every (Q > 1, there exists an integer vector p € Z™ and q € Z" such that

and 0 < g < Q.

n
m

1
|Ag—p| <
Q

1



The modern proof of Dirichlet’s approximation theorem often uses a generalized version
of “Pigeonhole Principle” for lattices in Euclidean spaces, called the (first) convex body

theorem, due to Hermann Minkowski, applied to an appropriately chosen convex set!:

Theorem 1.1.3 (Minkowski [Min96], 1889). Suppose that L is a unimodular lattice in R?
of covolume 1 and S is a conver subset of R? that is symmetric with respect to the origin
(namely x € S if and only if —x € S). If the volume of S is strictly greater than 2", then S

must contain at least one lattice point other than the origin.

1.1.2 Matrix diophantine approximation and Dani’s correspon-
dence principle

We begin by introducing two classes of matrices that generalizes the Diophantine ap-

proximation of real numbers.

Definition 1.1.4. Let M denote the set of all m x n matrices with real entries. A matrix
A € M is called singular if for all € > 0, there exists ). such that for all Q > @, there exist

integer vectors p € Z™ and q € Z" such that
|Ag+ p|| < Q™™ and 0 < [laf| < Q (1.1.1)

Here || - || denotes an arbitrary norm on R™ or R"™. We denote the set of singular m x n
matrices by Sing(m,n).
An m x n matrix A is called badly approximable if there exists ¢ > 0 such that for all

integer vectors p € Z™ and q € Z" — {0} we have
[Aq + pl| = cllal| 7.

We denote the collection of badly approximable m x n matrices by BA(m,n).

'For the special case when m = n = 1, this convex set can be chosen as

1 1 1
= 2:_ — =< < a - <= .
S {(m,y)ER N 27m7N+27\ax y|N}



Example 1.1.5. When m = n = 1, being singular is the same as being rational. If A is a
rational number, then it trivially satisfies (1.1.1). Conversely, by Hurwitz’s approximation
theorem [BE02], given any irrational number «, there exist infinitely many rational numbers
p/q with (p,q) = 1 such that

1

]a—8|<—

VT

and that /5 is optimal. So if € < LB, then there exist integers p, ¢ with (p,q) = 1 such that
P . . )
ja —E| > ~z which fails (1.1.1).
By Liouville’s theorem [EW11], any quadratic irrational (solutions to quadratic equations
over 7Z) is badly approximable, but it is unknown whether all algebraic numbers are badly

approximable.

The sets of badly approximable and singular matrices are linked to homogeneous dy-
namics via the Dani correspondence principle. For each ¢ € R and for each matrix A, let
g = letﬁg I, et(/)"ln} and uy = {I(’)” }ﬂ, where I, denotes the k-dimensional identity
matrix.

By the Dani’s correspondence principle ([Dan85]), the Diophantine properties of A and
the dynamical properties of the orbit (guazo)i>o (which consists of unimodular lattices)
can be summarized in the following table. Write g = Z™™ ,an element in the space of

unimodular lattices in R™*" also identified with the neutral element in SL(m+n,R)/SL(m+

n,Z):

Theorem 1.1.6. Let G be a Lie group and I' be a unimodular Lattice in G. Consider the
G-homgeneous space X := G /T, equipped with the G-invariant Borel probability measure iy .

Then the G-action on X is ergodic.



Diophantine properties of A Dynamical properties of (g:uao)i>o
A is badly approximable (gruaxo)i>o is bounded
A is singular (gruaxo)i>o is divergent

Table 1.1: Dani’s correspondence.

Proof. Let ug be a left Haar measure on G. Let f € L?*(X, ux) be such that f is invariant

under G-action, namely for any g € G
flg.x) = f(x),for px-almost every x.

We will show that f is a constant almost everywhere with respect to px.

Consider the product space G x X. We will apply Fubini-Tonelli Theorem to the function

|f(g.x) — f(z)] on G x X:

0= [ [ 18t0) = f@lduxduc = [ [ 1£(6.0) = a)ducdnx

Hence, 0 = [, |f(g.x) — f(x)|duc(g) for px-almost every x € X. Therefore for almost
all x € X (and in particular there exists # € X)), there exists U C G with pug(U) = 1 such

that for every g € U,

fg.x) = f(x).
That f is pux-almost everywhere constant follows from the claim below.

Claim: px(U.x) =1 for any x € X.

To show this claim, we use the quotient integral formula (See for example Theorem 1.5.3
in [DE14] or Theorem 2.51 in [Foll5]):

Take h = 1(G_1)g,, noticing that u((G — U)gy) = 0 because of the unimodularity. Now

let ur be a Haar measure on I', by the the quotient integral formula and Fubini’s theorem



we have:

OZ/hducz/ /h(m)dur dMX:// h(gv)dux dpr.
G a/rJr rJG/r

Since I' is countable, the Haar measure on it must be a scalar multiple of counting

measure. So we must have for every v € I', in particular for v = e,

0= /G o) = ix(© = U)ol

Since gg € G is arbitrary, and by the transitivity of the action, G/T" — Uz is contained in
(G —U).x, we are done.

O

Theorem 1.1.7 (See Chapter III Corollary 2.2 of [BMO00]). If a simple Lie group with finite
center acts ergodically on a probability space X, then every subgroup of G' with a non-compact

closure is strongly mixing, and thus ergodic on X.

It follows from the ergodicity of (g;)-action on SL(m+n, R)/SL(m+n,Z) and the equidis-
tribution of orbits under ergodic actions that BA(m,n), Sing(m,n) and VSing(m,n) all

have Lebesgue measure zero.

To further investigate the sets with various Diophantine properties, we will look into their
fractional dimensions. In order to compute the Hausdorff dimension of badly approximable
numbers and matrices, Schmidt invented the following topological game [Sch66] [Sch69]
called Schmidt Games:

Choose two parameters 0 < a < 1 and 0 < < 1. Two players, called Alice and Bob,

will play the following game:

« First Bob choose a closed ball B; in RY;

e Then Alice choose closed ball A; C B; in R? whose radius is a times the radius of By



o Next Bob chooses a closed ball By C A; whose radius is 8 times the radius of A;

o Then Alice chooses a closed ball Ay C By whose radius is « times the radius of By

We call a sequence of choices by Alice (resp. Bob) depending on the choices of Bob (resp.
Alice) a strategy. A set S C R? is called (Alice)-winning if Alice has a strategy to make sure

(no matter how Bob chooses his strategy), we have
Nee A C S,
Schmidt proved the following

Theorem 1.1.8 (Theorem 2, [Sch69]). The set of badly approzimable matrices in R™*™ is

a winning set.

Theorem 1.1.9 (Corollary 2 to Theorem 6, [Sch66]). Any winning set in an Euclidean space

is of full Hausdorff dimension.

By introducing a modified version of Schmidt’s game, Kleinbock and Weiss [KW10]
proved that the set of weighted badly approximable matrices is also winning and thus of full

Hausdorff dimension. Specifically,

Theorem 1.1.10. For r;,s;,1 < i < m,1 < j < n with Y ;" r, =1 = Z?:l s;, let
r=(ry,...,mm) and 8 = (S1,...,8,). Then the set of badly approximable matrices with
weight (7, 8), denoted

BA™(m,n) :={A € R™": inf IlAg — p||r - ||¢||s > 0},

pEZ™,qeZ"—{0}

1
where the notation ||z||, := max{|zy|™, -, |znm %n} for any x € R™, is a winning set of

modified Schmidt game and thus of full Hausdorff dimension mn.

6



However, it is a major challenge in Diophantine approximations to compute the Haus-
dorff dimension of the set Sing(m, n) of singular matrices. The first breakthrough was made
in 2011 by Cheung [Chell], who proved that the Hausdorff dimension of Sing(2,1) is 4/3;
this was extended in 2016 by Cheung and Chevallier [CC16], who proved that the Hausdorff
dimension of Sing(m, 1) is m?/(m + 1) for all m > 2; while Kadyrov, Kleinbock, Linden-
strauss, and Margulis [KKLM17] proved that the Hausdorff dimension of Sing(m,n) is at
most dy, 1= mn(l— m+rn) Most recently, Das, Fishman, Simmons and Urbariski [DFSU20]
proved that this upper bounded is sharp. Their proof is based on a generalized variational

principle and is independent of the previous results.

Theorem 1.1.11 ([DFSU20]). For all (m,n) # (1,1), we have
dimpy (Sing(m, n)) = dimp(Sing(m, n)) = dm.n,

where dimg (S) and dimp(S) denote the Hausdorff and packing dimensions of a set S,

respectively.

Remark 1.1.12. When m = n = 1,dimg(Sing(m, n)) = dimp(Sing(m,n)) = 0, since in this

case Sing(m,n) is simply the set of rational numbers.

1.1.3 Successive minima functions and matrices with Diophantine
Approximation properties of higher orders

Definition 1.1.13. Let d = m + n, and for each j = 1,...,d, let A\;(A) denote the j-th

minimum of a lattice A C R? (with respect to the /2 norm on R? 2), i.e. the infimum of A

such that the set {r € A : ||| < A} contains j linearly independent vectors.

2Note that || - [leo < || - |l2 < V|| - [|lso- So if we use the maximum norm || - || := || - ||ec to define \;, the
resulting A$° is equivalent to A; up to a multiple constant depending on d, which doesn’t change any results
below. We use 2 norm here since it is most common in literature.



Diophantine properties of A Dynamical properties of (g:uao)i>o
A is badly approximable sup;>o —ha1) < o0
A is singular limy oo —ha14) = 00

Table 1.2: Dani’s correspondence with successive minima function.

For a m x n matrix A, the successive minima function of the matrix A, denoted h =

hy = (hy,...,hg) : [0,00) = R? is defined by the formula
hi(t) := log \i(guaZ?). (1.1.2)

Then the Dani’s correspondence principle can be translated into the language of succes-
sive minima function as follows:
In light of successive minima functions, we can generalize the notion of badly approx-

imable matrices, singular matrices as follows:

Definition 1.1.14. For r = 1,2,...,d = m+n, A matrix A € M(m x n,R) is called badly
approximable of order r if

sup —hu,(t) < oo.
>0

A€ M(m x n,R) is called singular of order r if
lim —loghy . (t) = oo.
t—o0

Let BA,(m,n) (resp. Sing,(m,n)) denote the set of badly approximable (resp. singular)
m X n matrices. BA,(m,n) (resp. Sing,(m,n)) form an ascending (descending) sequence

of sets in 7.



1.1.4 Dani’s correspondence for Diophantine Approximation prop-
erties of higher orders

For r = 1,2,....,d and a lattice A, let I"(A) denote the set of all r-tuples of linearly

independent vectors (vy, ..., v,).

Theorem 1.1.15. A matric A € R™*" s badly approximable of order r if and only if
there ezists ¢ > 0 such that for all linearly independent r vectors (py, qy),---,(D,,q,) €

ZMm x (7" —{0}), there ezists 1 < i < r satisfying

|Ag — pill = (1.1.3)

laill
Proof. For the forward implication, notice that the definition of badly approximable of order

r is equivalent to saying that there exists 0 > 0 such that
M (gruaZ®) > 6,9t > 0.
Using our I" notation, this is the same as saying there exists ¢ > 0 such that
I"(quaZ®) N B = @,Vt > 0. (1.1.4)

where B; denotes the (open) ball in R? centered at the origin with radius 6 and B} means
its r-fold Cartesian product.

But

| S S | O e A

So the above equation 1.1.4 implies (from here we change the 2-norm to oo-norm) that
there exists ¢ > 0 such that for all linearly independent r vectors (p;,q,),---, (P, q,) €

ZMm x (Z" — {0}) = Z4, there exists 1 < i < r satisfying

||e%(Aqi +p;)| > dor

_t
le™maqll =6



for all ¢ > 0. Note that since q; # 0, we can choose ¢ = (6, ¢;) so that ||e”wq,|| = 8 <4,
then the second possibility is blocked and
_t _t\n 0/2 " c
l4q, + Bl 2 6 = () = (1) o =
il [l
For the backward implication, there exists ¢ > 0 such that for all linearly independent r

vectors (py, 41)s - -5 (PyyQ,) € Z™ X (Z™ — {0}), there exists 1 < i < r satisfying

|Aq; — p;l| > -
[ a; ||

We want to find § > 0 such that
A (gruaZ®) > 6,

for all £ > 0. From the computation of product 1.1.5, this is the same as there exists § > 0,

such that for all £ > 0,

Ar ({W(pqu)} :pGZm,qu”) >0
e nq

Suppose on the contrary that this is not possible, then for any ¢ > 0, there exists t > 0 and

linearly independent r vectors (py,qy),---, (P,,q,) € Z™ x Z" satisfying
lew (Aq; + p;)|| < & and
_t
le™mqull <6

for all 1 <7 <r. But the first equation times the ~-th power of the second equation yields

m—+n

| Aq, + py| - quH% <0

m—+n

fori =1,2,...,r, contradicting to (1.1.3) whenever ¢ < § m .

]

Theorem 1.1.16. A matriz A € R™*™ is singular of order r if and only if for any ¢ > 0
there exists QQ. > 0 such that for all QQ > Q., there exist v linearly independent vectors

10



(p17 ql)? R (pm qr) € Z’m X (Zn - {0}) satzsfymg

|Ag; — pil| < o
gl

and 0 < ||g;|| < Q.
foralll <1< d.

Proof. We first prove the forward direction. The aim is to find @).. Fix € > 0, the definition
of singularity of order r is the same as saying that for any ¢ > 0, there exists Ts > 0 such
that for all t > Ty,

A (gruaZ®) < 6.

In view of the equation 1.1.5, this is equivalent to that for any 6 > 0, there exists Ts > 0
such that for all ¢ > Ty, there exist linearly independent r vectors (py,q;),---,(P,,q,) €

Zm x 7" = 7. with

= (Aq. .
lemq,ll <4
foralll <7 <d.

In order to find the (). we need, we consider the system of inequality

e IS QT (1.1.7)
end < Q o

and solve it for (). Note that this is equivalent to

t

Jer < Q< (%) er (1.1.8)

We first fix § := %emiw < emin so that 1.1.8 is solvable for @ and it follows that as long

as
Qel=Usrl(t),

where

I(t) = {562, (g) e,ﬁ] ,



then 1.1.8 holds. Therefore, our choice of (), in the statement of the theorem can be

For the backward direction, suppose now for any € > 0 there exists (). > 0 such that for
all Q > Q., there exist r linearly independent vectors (p;,qy),- - -, (pP,,q,) € Z™ x (Z"—{0})

satisfying

|Aq; — p;l| < and

||qi”%
0 <laill <@, (1.1.9)
foralll <i<d.

For any 0 > 0, we want to find Ts > 0 such that for any ¢ > Ty,
M (gruaZ®) < 6.

Again from 1.1.5, what we need is
lew (Aq; + py)l| < 6
le™mqyl| <6
From 1.1.9, we solve

{emg@m <9 (1.1.10)

enQ <0

nlog (%) <t < mlog <§
€
+n

m+n m

O m <O m

for t as

o)
This is solvable as long as we choose € := . Let

1
2

J =Uqg>q.Jg,

where Jg = [n log (%) ,mlog (gQ%)] It follows that the T we need can be taken as

Ty = nlog (%) .
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1.2 Fractal Dimensions and Variational Principles

1.2.1 Hausdorff and packing dimensions and a theorem of
Rogers-Taylor-Tricot

The s-dimensional Hausdorff measure of a set S C RP is defined to be

S(QY o T 3 : s 5 : ‘
H0°(9) : (lslg(l]lnf {Zl(dlam U;)* LJIUl D S, diamU; < 5} (1.2.1)
The s-dimensional packing measure of a set S is defined as
2°(S) = inf { Z P5(55)]S C U S, J countable} : (1.2.2)
jed jed

where &5, called the s-dimensional packing pre-measure, is defined as

{Bi}icr is a countable collection
of pairwise disjoint closed balls with 3 . (1.2.3)
diameters < ¢ and centres in S

Z5(S) = limsup Z diam(B;)*

6—0

iel
Given the measures defined above, we define the Hausdorff dimension and packing di-

mension of a set S C RP as follows:
dimy(S) := inf{d > 0: #4(S) =0} =sup ({d > 0: #(S) = 00} U{0}), (1.2.4)
dimp(S) := sup{s > 0|2°(S) = +oo} = inf{s > 0|22°(S) = 0}. (1.2.5)

Let 1 be a Borel probability measure on R? and z € R?, we define the lower and upper

pointwise dimensions of the measure u at x by

L los(u(B.)
dim, (p1) =1 7"—>Of log(r)

and

) =ty 2 5

Remark 1.2.1. By a squeezing argument, we can replace the liminf and limsup on the right

hand sides by the lininf and limsup over any sequence r,, — 0 with r,, /7,11 bounded. Namely,

log(u(B(z,r)))
log(r)

log(p(B(x,rn)

liminf, = liminf, Tog(r) ) ,and similarly for limsup.
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The following powerful theorem introduces a method of computing the Hausdorff and
packing dimensions of a set in terms of local geometric-measure-theoretic information, which

plays an important role in establishing the relation between Hausdorff dimension and game:

Theorem 1.2.2 (Rogers—Taylor—Tricot, [Fal97] Proposition 2.3). Fiz d € N and let p be a

locally finite Borel measure on R%. Then for every Borel set A C RY,

If dim,(p) > s for all z € A and p(A) > 0, then dimy(A) > s.

If dim (p) <'s for all x € A, then dimy(A) < s.

If dim,(p) > s for all v € A and u(A) > 0, then dimp(A) > s.

If dim, (1) < s for all x € A, then dimp(A) < s.
1.2.2 Templates

Recall the definition of successive minina (Definition 1.1.13). The key idea of variational
principles is to approximate successive minina function h by piecewise linear functions called
templates, define appropriate averaging quantities for templates and study the relation be-

tween such quantities and the fractional dimension.

Definition 1.2.3 ([DFSU20] ). An m x n template is a piecewise linear map f : [0, 00) — R4

with the following properties:

(I fig---<fa

(I1) —% < f/ < L foralli.

1
(III) For all j =0,...,d and for every interval I such that f; < f;+; on I, the function

Fj = .ic; [i is convex and piecewise linear on [ with slopes in

) L L_ .
Z(j) := ﬁ - Ly €[0,dy)z, Ly + L =j} (1.2.6)

14



Figure 1.1: A graph of a 1 x 2 partial template f = (f1, fa2, f3)-

Here d; := m,d_ :=n,[a,b]z := [a,b] N Z.

We use the convention that fj

—oo and fg41 = +00. We will call the assertion that F;
is convex the convexity condition, and the assertion that its slopes are in Z(j) the quantized

slope condition. We denote the space of m x n templates by T,

Observe that Fy; = f1 + ... + fq is always a constant due to the property (III) above.
A template f is called balanced if F; = 0. A partial template is a piecewise linear map f

satisfying (I)-(IIT) whose domain is a closed, possibly infinite, subinterval of [0, c0).

The fundamental relation between templates and successive minima functions is given as
follows:

Theorem 1.2.4 ([DFSU20]).

(i) For every m x n matriz A, there exists an m x n template f such that hy <, f.

(i) For every m x n template £, there exists an m x n matriz A such that hy <, f.

15



Theorem 1.2.4(ii) asserts that for every template f, the set D(f) := {A : hy =<, f}
is nonempty. It is natural to ask how big this set is in terms of Hausdorff and packing
dimensions. Moreover, given a collection of templates F, we can ask the same question
about the set

D(f) = Ufe]—'D(f).
1.2.3 The lower and upper contraction rates

The next important notion we need to introduce for the statement of the variational
principal is the lower and upper average contraction rate of a template.

We define the lower and upper average contraction rate of a template f as follows. Let I
be an open interval on which f is linear. For each ¢ = 1,...,d such that f, < f,41 on I, let

Li=1L.(f1,q) € [0,dy]z be chosen to satisfy L, + L_ = q and

Fr=> f= Ly Lo (1.2.7)

= m  m’
as guaranteed by (III) of the definition of templates. An interval of equality for f on I is an

interval (p, q|z, where 0 < p < ¢ < d satisfy

fp < fp+1 == fq < fq+1 on I. (128)

As before, we use the convention that fy = —oo and fz11 = co. Note that the collection of
intervals of equality forms a partition of [1,d]z. If (p, ¢]z is an interval of equality for f on I,

then we let My (p,q) = My(f,1,p,q), where
Mi<f7[7p7Q) :Li(f7[7Q) _Li(ﬂjvp) (129>

or equivalently, M (p, q) are the unique integers such that

a
M M_
M, +M_=q—pand Zfi’:ﬁ—Ton]. (1.2.10)
i=p+1
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It can be shown from the definition of template that My > 0 by (II) of the definition of

templates. Next, let

S+ = S+(f, ]) = U(p,q]z(p,p + M+(p, Q)]Z (1211)
S-=S_(£1) = Upq.(p+ Mi(p,q), dlz (1.2.12)

where the unions are taken over all intervals of equality for f on /. Note that S, and S_ are
disjoint and satisfy S, US_ = [1,d]z, and that #(S+) = m and #(S_) = n.
Next, let
S(E 1) = #{(is,i_) € Sy x S_ iy <i_} €[0,mnlz, (1.2.13)
and note that

mn —0(£,1) = #{(iy,i-) € Sy x S_ iy >i_} (1.2.14)

Definition 1.2.5. The lower and upper average contraction rates of f are the numbers

§(f) = lim inf A(£, T), (1.2.15)
and
3(f) == limsup A(f, T), (1.2.16)
T—o00

where A(f,T) := %IOT d(f,t)dt. Here we abuse notation by writing §(f,t) = §(f, I) for all

tel
To help illustrate the definitions above, let us introduce the following example:

Example 1.2.6 (The contraction rate of zero template is mn ). Let f be the template where
all of its components are zero, then the interval of linearity is [0, R) and the only interval of

equality is (0, d|z.
(1) Forg=0
{£++€_:O — {L+:O
Le Lo _ L_=0

17



(2) Forg=4d

r_
P
Hence,
M, (0,d) = M, (f,[0,R),0,d) := Ly(d) — L, (0) =m
and
St = Upa(:p + M(p, )] = (0,m]z
and

S_=[,dlz— Sy = (m+1,d].

It follows that

S(E 1) = #{(ir,i_) € Sy x S_ i, <i_}=mn.

Hence

T
o(f) = lim l/ o(f, t)dt = mn.
T Jo

T—o0

Example 1.2.7 (The contraction rate of standard quadrilateral partial template of order

r). For r < min(m,n), let f be the template with

fr==h < == fa

where each of the components is a piecewise linear function with two pieces defined on I :=

[0, 251 and Iy := [;.7, 1] (intervals of linearity). For f; = --- = f, the derivative (slope) on
the first interval is —% and the derivative on the second interval is %; for fri1 =+ = fqthe

derivative (slope) on the first interval is — @ and the derivative on the second interval is

(d—r)m*

There are two intervals of equality: (0,7]z and (r + 1,d]z.

(1) Over the interval Ii:

18



Figure 1.2: Construction of the standard partial template of order 7.

(a) For g =0
L. +L_ =0 L 0
oL — T
= —==0 L_=0
(b) For g =r
L++L7 =T L+ —0
<
{% R YA {L__T
(¢) Forg=d
L++L7 :d LJr m
{L—+ Ly {L_—n
Hence,
M, (0,7) = M (f [0,R),0,7) := L (r) — Ly (0) = 0;
M+(7”, d) - M+(f7 [07R)7 r, d) = L+(d) - L+(T) =m.
and
St = U (0,0 + M(p,q)] = (r,m + 7]z
and

S = [Ld]Z -5 = (Our]ZU (m—{—r—i— 17d]Z'
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It follows that

O(f, ) = #{(iy,i) € Sy x S_ iy <i_}=m(n—r).

(2) Over the interval Iy:

(a) For g =0
e = {0
(b) For g =r
Li+L_=r L,=r
e
(c) Forg=d
Lot =
Hence,
My (0,7) = My (£,0,7) := Ly (r) = Ly (0) = 7;
M, (r,d) = My(f,r,d):=L(d)—Ly(r)=m-—r
and

St =Upq (0,0 + M(p,q)] = (0,7]zN (r,m]z = (0,m]

S_=[1,dlz— Sy =(m+1,d.
It follows that
O(f, 1) = #{(i4,i-) € Sy x S_tip <i_}=mn.

Therefore,

1
/ O(f, t)dt = n m(n —r)+ " = mn— 2
0 m+n m+n m-4+n
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Note that when r = 1, this is equal to mn — ;*=. This example plays a central role in

the computation of the Hausdorff dimension of singular matrices.
Note that if r > min(m,n), then the derivatives (slopes) will violate the axiom — <

fl<=i=1,2,--- d for templates.

S|=

1.2.4 The variational principles for templates

Definition 1.2.8. A collection of templates F is said to be closed under finite perturbations

if whenever g <, f € F, we have g € F.

Theorem 1.2.9 (Variational principle: version 1 [DFSU20)). Let F be a collection of tem-

plates closed under finite perturbations. Then

dimpy (D(F)) :igﬁé(f) (1.2.17)
and
dimp(D(F)) = sup o(f). (1.2.18)

Theorem 1.2.10 (Variational principle, version 2 [DFSU20]). . Let S be a collection of
Borel functions from [0,00) to R? which is closed under finite perturbations, and let D(S) =

{A:hy € S}. Then

dimy (D(S)) = sup do(f) (1.2.19)
feSNTm,n
and
dimp(D(S)) = sup 4(F). (1.2.20)
fesmﬁnm

Theorem 1.2.11 (Variational principle, version 3 [DFSU20]).

(i) Let S be a (Borel) set of m x n matrices of Hausdorff (resp. packing) dimension > §.
Then there ezist a matric A € S and a template £ <, hs whose lower (resp. upper)

average contraction rate is > §.
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(ii) Let £ be a template whose lower (resp. upper) average contraction rate is > §. Then
there exists a (Borel) set S of mxn matrices of Hausdorff (resp. packing) dimension

> ¢, such that hy <, f for all A€ S.
1.2.5 Applications of the variational principles

With variational principle, one can immediate prove Schmidt’s result on the Hausdorff
dimention of the set of badly approximable matrices.

Indeed, by the variational principle (Theorem 1.2.10), the Hausdorff dimension of the set
of badly approximable matrices is equal to the supremum of § over all bounded templates.
Since the zero template satisfies §(0) = mn and any template f satisfies 6(f) < mn by
definition, this supremum has to be mn.

As mentioned in the introduction, the following theorem is one of the most important

result of Das, Fishman, Simmons and Urbanski in [DFSU20)]
Theorem 1.2.12 ([DFSU20]). For all (m,n) # (1,1), we have
dimpy (Sing(m, n)) = dimp(Sing(m, n)) = 6m.n,
where dimy(S) and dimp(S) denote the Hausdorff and packing dimensions of a set S,
respectively, as defined in the section 1.2.1.

Remark 1.2.13. When m = n = 1,dimg(Sing(m,n)) = dimp(Sing(m,n)) = 0, since in this

case Sing(m,n) is simply the set of rational numbers.

Let us summarize the proof of the lower bound for this theorem in [DFSU20]. The key

idea is the construction of the so-called standard templates:
Definition 1.2.14. Fix 0 <t < t;1 and €, €11 > 0 and let At = Aty = g1 — tx and
Ae = A€, = €x41 — €. Assume that the following formulas hold:
1 1
——At < Ae < —At (1.2.21)
m n

22



n—1

Ae> " Atifm=1 (1.2.22)
n
Ae< ™= Arien =1 (1.2.23)
m
1 1
either (n — 1)(—At — Ae€) > dey, or (m — 1)(—At + Ae) > dey, (1.2.24)
n m

Then the standard (partial) template defined by the two points (tx,e€x) and (tgi1,€xs1)
is the partial template (i.e. the restriction of a template to an interval) f : [ty, tr11] — R?
defined as follows:

Let g1, 92 : [tk, tki1] = R be two piecewise linear functions such that for ¢ = 1,2,

9i(t1) = —e1 and g;(t2) = —eo.

We assign g; with two intervals of linearity: first with slope —% and second with slope
%. go has two intervals of linearity flipped: first with slope % and second with slope —%. So
the graph of g, and go form a parallelogram, with g on the top. The existence of g; and ¢
is guaranteed by (1.2.21). Define g3 = g4 = -+ = g4 so that g1 + go + -+ + g4 = 0.

For each t € [tg, tr+1] let £(t) = g(t) if go(t) < g5(t); otherwise let fi(t) = g1(¢) and let

fa(t) = --+ = fa(t) be chosen so that f; +---+ f4 = 0.

The key idea to construct a template (over [0, 00)) using the standard (partial) templates
we defined above, give an estimate of the contraction rates and use the variational principles.

Specifically, we choose two parameters 7 > 0 and A > 1 and let
tr = \¥. ¢, = 7t,, for all k.
In this case, equations 1.2.21 through 1.2.24 become

T< -, (1.2.25)

S|

Cifn =1, (1.2.26)



1
1d7 or (m — 1>(E +7)>

1 1
either (n — 1)(— — Ae) > 3

dr. 1.2.27
. - r (12.27)

A—1

Now let f[7, A\] denote the template defined by gluing together the standard (partial)
templates defined by the pairs of points (tx, —€x) and (txr1, —€r+1) for all k. From the
example 1.2.7 with » = 1, the lower and upper contraction rates of s[(t,0), (t;41,0)] are
both 0y, := mn — 2% And with 7 — 0, using the integral estimates, one can indeed show

that this is indeed the average contraction rate over [0, 00) and the variational principle gives

the lower bound 0, ,.

Conjecture 1.2.15 (Schimidt’s conjecture on successive minima functions, [Sch82]). For all

2 € k € m, there exists an m x 1 matrix A such that

Me—1(gruaZ®) — 0 and Apy1(guaZ?) — 0o as t — oo. (1.2.28)

This conjecture was proven by Moshchevitin [Mos12]. Tushar Das, Lior Fishman, David
Simmons and Mariusz Urbanski [DFSU20] improved Moshchevitin’s result by finding a lower
bound on the the Hausdorff dimension of the set of matrices witnessing Schmidt’s conjecture

in the matrix framework:

Definition 1.2.16 ([DFSU20]). An m x n matrix A is k — singular for 2 <k <m+n—1

it

M1 (gruaZ®) — 0 and A1 (gruaZ?) — 0o as t — oo. (1.2.29)

Theorem 1.2.17. For all (m,n) # (1,1) and for all 2 < k < m +n — 1, the Hausdorff

dimension of the set of matrices A that satisfy (1.2.29) is at least

max(fm,n(k)7 fm,n(k - 1))
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where

kn

m-+n

fmn(k) :==mn — k(m(:;bi_n)kz)m” B { km }{

m-+n

} (1.2.30)

Here {x} denotes the fractional part of a real number x. The same formula is valid for
the set of matrices A that satisfy (1.2.29) and trivially singular (meaning entries satisfy a

linear equation with rational coefficients).

1.2.6 Fractional dimensions of badly approximable matrices of or-
der r

In this section, we shall prove the following results on the measure and fractal dimensions

of badly approximable matrices of higher orders:

Theorem 1.2.18. BA;(m,n) = R™*"™. Forallr =1,2,...,d — 1, BA,(m,n) is Lebesque

null.

Since BA;(m,n) C BAy(m,n)--- C BAy(m,n) = R™ " a natural question to ask next
is how big the gaps BA,1(m,n) — BA,(m,n) are in terms of fractional dimensions. We

have

Theorem 1.2.19. For1 <r < d—1, we have the Hausdorff dimension for the gaps between

the badly approximable matrices of order r and r + 1 is full:
dimpg (BATH(m, n) — BA,(m, n)) = dimp (BATH(m, n) — BA,(m, n)) = mn.
To prove Theorem 1.2.18, the following lemmata are needed:

Lemma 1.2.20. Ford =m+n, G = SL(d,R), let P_ denote the subgroup of lower diagonal

block matrices

pP= {[é g} € SL(d, Z)

A, C, D are any real matrices of size m X m,n X m,n X n respectively,
and O is a zero m X n matric

25



and U™ denote the subgroup of unipotent upper diagonal matrices

Ut = {{]g IB} € SL(d,Z) ‘ B is a any m X n real matm'x.,}

then the complement G — P_U™ has Haar measure zero in G.

Proof. The classical proof of this involves the theory of algebraic geometry and algebraic
groups. By looking at the orbit P_\P_U™" in the irreducible projective variety P_\G. By
the theory of algebraic groups, P_\P_U™ is Zariski open in its closure and further Zariski
open, and therefore dense in P_\G. Therefore its complement in P_\G has strictly non-full
dimension. So P_U™* has non-full dimension in G and thus of zero Haar measure.

For the self-containedness purpose,we shall give an elementary proof here that only in-
volves linear algebra and manifold theory. We will study the set of matrices [)Z( 3{//1 in
SL(n,Z) that can be (and cannot be) represented by matrices in P_ and U™.

Suppose {é g] € P_ and {]5 ]B] € U~ and we have the following equation of block

matrices:

SOl D) e

We have the system of equations:

X=A

z=C (1.2.32)
Y = AB

W = BC+D

which can be simplified to Y = XB and W = BZ + D. Therefore, the matrix equation
1.2.31 is solvable for A, B,C, D and if and only if Y = X B is solvable for B (noticing that
W = BZ + D always gives the solution D = W — BZ). However, if Y = X B is not solvable

for B, then we must have det(X) = 0 for the m x m matrix X from the beginning. It follows
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that

G-PU*t
X Y XY . A O| |, B| |A AB
—{[Z W] € SL(d,R) : {Z W} cannot be written as [C D] {O [nl = [C BC+D}}
X Y
C{[Z W} eSL(d,R).det(X)—O}

By the last term is a subvariety of SL(d,R) whose dimension is strictly less than the full
dimension, and therefore of Haar measure zero since the Haar measure on Lie groups are
given by the full-dimensional volume form.

]

Lemma 1.2.21 (Decomposition of Haar measure in Lie groups, Theorem 8.32 in [Kna02]).
Let G be a Lie group, and let S and T be closed subgroups such that S N'T is compact,
multiplication S X T — G is an open map, and the set of products ST exhausts G except
possibly for a set of Haar measure 0. Let At and Ag denote the modular functions of T and

G. Then the left Haar measures on G, S, and T can be normalized so that

_ 2rt) o
/Gf(x)dx = o f( t)Ag(t)d dt,

for all Borel function f >0 on G.

Remark 1.2.22. We can apply this lemma to the scenario where S = P_ and T' = U™ since
they are both closed subgroups with trivial (compact) intersection. That P x Ut — G is
open follows from the fact that this map is injective (since S = P_ and T'= U™ have trivial
intersection) and thus an immersion for Lie groups. Also the product maps in Lie groups are
submersions. Therefore it gives an local diffeomorphsm and thus open. Finally, the previous

lemma gives G — P_U™ is of measure zero.

Theorem 1.2.23 (Birkhoff’s Pointwise Ergodic Theorem, the discrete version,[EW11],Theorem
2.30). Let (X, %, 1) ba a probability space and T : X — X be an ergodic measure-preserving
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transformation. If f € LY(X), then

Corollary 1.2.24 (Birkhoft’s Pointwise Ergodic Theorem, the continuous version). Let G
be a topological group with continuous action on X namely G x X — X,(g,z) — g.x is
continuous and let (X, A, i) a probability space with p a G-invariant probability measure .
Suppose that (g;)ier s a one-parameter subgroup of G and that there the discrete subgroup

(gn)nez acting ergodically on X.

tgg})oT/ f(gex /deu,

If f € LYX), then

for p-almost every x € X.

Proof. First, observe that from the definition of ergodicity we have immediately that for
fixed s > 0, (gsn)nez acting ergodically on X implies that gs acts on X ergodically. Now
taking T := g5 and fs(x fo (g¢.x)dt in the discrete version of Birkorfl’s ergodic theorem,

noticing that f, is again a L'-function since s is fixed and

/st(:v)du:/X/Osf(gt-x)dtduZ/OS/Xf(gt-x)dudt<oo,

by Fubini’s theorem.

The discrete version of Birkorft’s ergodic theorem gives us

]- S (N Sd
nggoan gi /Xf 7
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Therefore for this fixed s, we have

z+1)s
hm—/fgt dt—hm— / x)dt + O,(1)

1
= lim T / f Gt+is-T dt+0 ( )
0

= lim —— fs(gis-x)dt + O, (1)

1
= / Jsdp (by the discrete Birkorff)

/ / Flgez)dtdy
- /0 /X Fgra)dpdt = é /0 S /X flgra)dudt  (by Fubini)

1 S
__/ /f(x)dudt (i is gi-invariant)
X

]

Lemma 1.2.25. For anyr =1,2,...d—1 and § > 0, the set B :={A € L: \.(A) < 6}
has positive measure, where the measure is the unique SL(d,R) invariant measure in the

homogeneous space G/T" := SL(d,R)/SL(d,Z).

Proof. First we observe that for r = 1,2,...d — 1, B} is nonempty since it contains the

elements

4] )

5617 e 7§€d717

which already form a linearly independent set in Bj of lengths all less than 6. Note that
for 6 small enough, this cannot be generalized to r = 1,2, ..., d due the Minkowski’s second
convex body theorem A.8.

By the continuity of A\, on G/T" (by the Theorem A.10), Bj is open.
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Any open subset on G/I". Indeed, since any open subset of SL(d, R)/SL(d,Z) has count-
ably many translations under SL(n, Q) whose union will cover the whole space, whose mea-

sure is 1, and this follows from the G-invariance of the measure. 0

Proof of the Theorem 1.2.18. We first notice that the condition

limsup —hy () < oo.

t—o00

is equivalent to

. d
g(f] Ar(gruaZ®) > 6,

for some ¢ > 0.
When r = d(= m + n), we notice that by the Theorem A.8 (Minkowski’s second convex

body theorem),

d
Na(gruaZhH)® > H A (gruaZ®) =4 covol(guuaZ®) = 1.

r=1

Hence there exist a d4 > 0 such that for any m x n matrix A and ¢t > 0,
%Izlg Na(GgruaZ®) > dg4.

Hence, BA (m,n) = R™*".

For r < d — 1, we first observe that the set {A € £ : inf;>0 A\.(g:A) > 6} is gi-invariant
for any ¢ > 0. So by the ergodicity of (g, )nez-action (Theorem 1.1.7), this set has p-measure
zero or 1. So it suffices to show its complement {A € L : infi>g A\.(g:A) < 0} has positive

measure for any 6 > 0. However, by the continuous version of Birkoft’s ergodic theorem,

Corollary 1.2.24,

lim = /0 U gt = /X F(A)dA,

T—o0 T’

for p-almost every A € £ (identified with X := SL(d,R)/SL(d,Z) and f € L'(L, u).
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Now take f as the characteristic function on the set Bf := {A € £ : \.(A) < J§}, which

is of positive measure by Lemma 1.2.25 and it follows that for p-a.e. A € L,

T—o00

1 /T
lim T/ 1p:(ge-A)dt > 0. (1.2.33)
0

This means for almost every lattice A € £ and over a positive proportion of time ¢ € [0, 7T
when T is large, A\, (g:A) < 6. More precisely, thanks to the boundedness of 1, for p-a.e. A

and any Ty > 0,

1 T

T—o00 Ty

In particular, for p-a.e. A and any Ty > 0, there exists t > t, such that

limsup f(g:.A) < 6. (1.2.34)

t—o00

This together with the fact that the set B} := {A € £ : A\.(A) < §}, which is of positive

measure gives

i ({A eL: 11:1;15 Ar(geN) < 5}) > 1 ({A € L : limsup A\ (g A) < 5}) >0
> >0

Therefore by the ergodicity of g;-action, {A € L : inf;>g A (g:A) > 0} has zero p-measure
in the space of unimodular lattices.

It remains for us to show that the set of matrices corresponding to the lattices {usZ%}
has measure zero.

To this end, we first recall the root space decomposition for sl(d, R), cf. [Kna02] Chapter

IT section 1:

sl(d,R) = b Dizj 94
= (Digj1<i<m,1<i<n; mr1<i<manm+1<j<m+nBis) ® § © (B1<i<cmm+1<j<m+nij)

- p_ @u_;’_.

31



Under the exponential map exp : sl(d,R) — SL(d,R), p_ corresponds to the subgroup
P_ in SL(d,R), and u, corresponds to the subgroup U" in SL(d,R), cf. lemma 1.2.20. In
particular,

gt € eXpP_,uy € expuy

Since the canonical quotient map 7 : SL(d, R) — SL(d, R)/SL(d, Z) is a local diffeomorphism

of manifolds, for any A € M(m x n,R), we have that the map

moexp:sl(d,R) = p_ & u, —s SL(d,R)/SL(d, Z)

(X_, X;) — exp X_exp Xy - usSL(d, Z)

gives a local coordinate at the point uaSL(d, Z).

Observing that
grexp X_exp X - uaSL(d,Z) = grexp X_g_; - grexp X1 - uaSL(d, Z)

and that
{grexp X g1},

is bounded, since exp X_ is a lower triangular block matrix contracted to the identity matrix
as t — oo under the {g;}:>¢ conjugation, and in view of the inequality in the Lemma A.9,

we have for fixed X_, A
Ar (gruaSL(d,Z)) is bounded below away from zero
if and only if
Ar (grexp X_ - uaSL(d, Z)) is bounded below away from zero.

By what we proved above using the ergodicity of (g;)-action

p{r e G/T": %ESAT (grz) >0} =0
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I, A
0 I,

morphic to M (m x n,R) with multiplication corresponding to the addition. The Haar mea-

Now notice that the subgroup U* := { { } :Ae M(m x m]R)} is naturally iso-

sure on U™, by the uniqueness, can be identified with the Lebesgue measure on M (m xn, R).
Notice that with the local diffeomorphism 7 : SL(d,R) — SL(d,R)/SL(d,Z), the identifi-
cation also can also go from the Haar measure on UTT/T to the Lebesgue measure on
M(m x n,R).

Now by Lemma 1.2.20, almost every element ¢gI' in G/T" := SL(d,R)/SL(d,Z) has the

decomposition gI' = pul” with p € P_ and u € U*. By the decomposition of Haar measure

dy = Bur® dpdu in G and the local identification of Haar measures on G and G/T", we have

Ag(u)
that
0 :/ 1{weG/Tiint 0 A (gi2)>0y AT (by the ergodicity of g;-action)
G
Ay+(u)
= /U X / L{pureG Tiint o A (gepul) >0} v () A dpdu
(by the decomposition of Haar measure)
AU+ (u) .
— ]1 {PUl€G/intiz0 A (gepul) >0} 7 7~ ) ——dudp (by the Fubini’s theorem)
AU+ (U)
:/1;)_/ ]l{quEG/F iinfeso A (geul’) >0} A ( )d d
(by the contraction above on g;-contraction)
Apy+ U)
:/ / LiureG/Tint,s A (grul’) >0} AU (( ) dudp
(since pul’ € G/T" if and only if ul' € G/I)
Therefore,

Ay+(u)
/U+ ]]_{uFGG/F :infy>q )\r(gtuF)>0}A—()du = 0,

and thus ly,req /Ty Ar(grul) >0y = 0 for p-almost all uw € U™ or equivalently

po+({pul’ € G/T: %gg Ar (grul’) > 0}) = 0.
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Finally, by the identification between the Haar measure on U™ and the Lebesgue measure

on R™*™ we have
m({A € some neighborhood of O in M(m x n,R) : %I>1£ Ar (grual’) > 0}) =0

Note that the above argument also works if we replace I' with us,I" for some Ay €
M(m x n,R) and a countable union of zero-measure sets is again of zero measure. This

completes the proof of the Theorem 1.2.18.

Proof of Theorem 1.2.19

To illustrate the idea of the proof, we first observe that the Examples 1.2.6 and 1.2.7
allows us to construct an “electrocardiography” template with deeper and deeper “pulse”
(corresponding to quadrilateral partial templates) that spends larger and larger proportion
of time with zero templates. However, the limitation for this construction, as discussed in
the Example 1.2.7, is that we will violate the bounds for the derivatives of components for
such templates when 7 > min(m,n). So the main task left for us is to lower the slopes for the
templates so that they are confined in [—%, %} and at the same time make sure we still have
the “quantized” accumulated slope as required in the definition of templates, cf. Definition
1.2.3.

To this end, we need to following lemma from the elementary number theory, which will

later allow us to generalize the bound on r to r < max(m,n):

Lemma 1.2.26. For positive integers m,n,r with r < max(m,n), we have

rm< [ mr__ 1} (1.2.35)
m-+n
and dually
o < { o 1} (1.2.36)
m-+n
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Proof. For the first inequality, if » < n, then it trivially holds (notice that the right hand

side is always nonnegative). Hence it suffices to assume n < r < m.

[ mr
r—n< —1—‘
m+n
I nr
= r—n<|r— —1}
m+n
[ o _
= r—-n< |- —1-‘+r (since [z +r] = [z] +71)
m-+n
nr
(z)—nﬁ[— —1—‘
m-—+n
<:>O§[n— nr —1—‘
m-+n
nm . s .
—0< [n— e 1—‘ (by the monotonicity of ceiling function)
m-+n

The nonnegativeness of the right hand side on the last line follows from - < n. This

proves the first inequality and the second follows from switching m and n.

Proof. Recall the variational principle gives us

dimg(D(S)) = sup d(f)

feSNTm,n

and

dimp(D(S)) = sup 0(f)

feSNTm,n

where S is a (Borel) collection of functions closed under finite perturbation and D(S) :=
{A € R™*™ : hy € S}, where hy is the successive minima function of A. In this proof we

shall take

S :={g € C([0,00), R : liminf g;(z) = —o0,Vi < r;liminf g;(x) > —o0,Vi > r + 1}.

T—00 T—
Then it follows that
D(S) =BA, 1(m,n) —BA,(m,n)
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We first observe that for any m x n template in f, we have by definition of lower and
upper contraction rates:

6(f) < mn.

In view of the variational principles,it suffices to find a template (or a sequence of tem-
plates) whose contraction rates is equal to (or approximates) mn.

Let 71, 7 be two positive number, which will represent slopes for templates, to be deter-
mined later. We now construct a piecewise linear map f as follows:

For convenience let us denote
ap = k* — k, by = EF,

and by = 0. Observe that b,_; < a;, for all £ > 1.
For n = 1,2,3,4---, we first define the restriction of f on [by — k,bx], denoted q,, :=
q; 1, 2] as follows:

For the first » components of q,

—L(x—by+n) ifxelb,—knp(r,T
U1 = Qr2" = Qer = § )" ( k) . b (71, 72)] , (1.2.37)
d—r (.CE - bk) ifze [nk(Tla 7—2)7 bk]
where 7;[71, 7o) is the point satisfies
—by + k + (11, 72) _n
—nk(T1, T2) + by o
For the last d — r components of q;,, we set
Gnr+1 = " = (nd
so that
1+ G2+ + qra = 0.
and then we define
g0 i € e, = k] (1.2.38)
q|m1, 1o)(x) if z € [by — K, b]
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fr-‘rl:"':fd

Figure 1.3: Construction of gy, 7.

It is easy to see that
lim fr(k(m1,72)) = —o0,
and therefore

I%gglof fr(t) = —o0.

Now let us see under what circumstances will f indeed becomes a template on [0, 00).

Recall that we have three conditions for a template:

(I fig---<fa

(1) =L < fI <L foralli.

1
(III) For all j =0,...,d and for every interval I such that f; < f;+; on I, the function

Fj =) o_ic; [i is convex and piecewise linear on / with slopes in

, L, L. _
Z(j) = ﬁ =~ L €[0,ds]s, Ly + L = j} (1.2.39)

Here d; = m and d_ =n.

(I) is obvious from our construction. So our next goal is to find an appropriate choice 7

and 7o so that (II) and (III) hold.
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The template f we defined above, restricted on the interval [b; — k, by], has two intervals

of linearity, namely
I = [by — k,mi(m1, 7)), and Iy == (71, 72), by
On the both of them, we have the separation of components of templates as follows:
—co=fo<fi=fo==fi <frr1="=fa= foy = F00.
By the definition of templates, there are two (integer) intervals of equality:
(0,7]z and (r,d|z,

where the subscripts means intersections with the set of integers, forming a partition of the
set {1,2,--- ,d}.

On the interval of linearity I, we have slopes:

fllag+) == flla+) = -2
. : 1.2.40
{ Llat) == fllapt) =+ ( )

Now we will follow the procedures of computing the lower and upper contractions rates:

(1) On the intervals of linearity [;, we shall determine the possible values for L, :=

Ly (11,q) as follows:

(a) For ¢ =0,
Lo+L =0
{L—+—L——:F5: — L, =L_=0.
(b) For ¢ =d,
L L =d=
Lj—i_L, , men < Li=m,L_=n.
T = ta=0
(¢) For g =r,
L++L_:T
L—+—L;:F/:—T1
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Note that in this case, in order to make our solution

rm — mnmy

L. =

+ m-+n

L_:rn—i-mnﬁ
m-+n

satisfy the conditions (II) and (III) in the definition of templates. We need:

>0 (1)
rm — mnm
L, = 0 2
=TT o, 2
N + mnTty
L =r— = 0 3
r + m+n [ ) ]Z ( )
_lg_ﬁgl (4)
n rom
1 T1 1
——< < — 5
n_d—r _—m (5)
Solving (2) for 7; and using (1), we get
— L
o ZmAnLetrm v, mtny (1.2.41)
mn n mn

Now we can list the possible choices for L, L_, 7 in the following table:

L, | 0 1 i — 1
L r r—1 r— [ -1
no| & | EomErol (72 )min

Table 1.3: Correspondence between Ly and 7, on I;.

39



Under the condition 7; > 0, the maximal possible value for L, is (HITH — 1-‘,

which gives us the minimal positive value for 7;. Note that here we cannot choose

m
m-+n

L, = [ — J since this may result in 73 =01 is an integer.

m-+n

Now we turn to look at the conditions (4) and (5). Given 73 > 0, it is equivalent

to saying

oor d—r
0 <7 <min{—,
n

}

m

Note that

By our lemma above, the last line holds for r» < max(m,n).

(2) On the intervals of linearity I5, we shall determine the possible values for Ly :=

L.(I5,q) as follows:

(a) For ¢ =0,
L L =0
{LjJFL_F,_ — L, =L =0,
‘m n T T0T
(b) For g =d,

< L,=m,L_=n.

Ly L_ ’
T = =0

{L++L_:d:m+n
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(c) For g =r,

Li+L-=r L Ly =
Le Lo _pr— 4, [, — rm-mnm
m n T 2 - m+n

A similar discussion yields the possible values for L., L_ and 7 as listed in the following

table:
Lo 1 | L
Ly r r—1 r—(rgjn—ﬂ
T2 % % - ":ntln (TQ)min

Table 1.4: Correspondence between Ly and 7, on Is.

From the derivative restrictions:

IA

IN

1
d—r ~ m

we have 7 < min{=, d:"}, but 7, < I is automatic and the condition

m-+n rn
(T2>min = - ’V

—1W+1§
mn m-—+n m n

is equivalent to

™
T—mg{ —1—‘.
m+n

Again, this is guaranteed by the proceeding lemma as long as r < max (m,n).
Summarizing what we have done so far, we have demonstrated that it is possible to find
slopes 71, 75 such that the d-component piecewise linear function f = q[r1, 7] on [ag, by] =

[br — k,bi] as constructed is indeed a partial template as long as r < max(m,n).
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Now we will show that

i(f) = mn.

Indeed,

O(f) := lim A(f,T) := lim %/T d(£, [0, t])dt,

T—o0 T— o0
where 0 < 0(f, [ax, bx]) < mn and 0(f, [by—_1, ax]) = mn.
Since

Oz:bo<bl<---<bk:n”—>oo,

any 7' > 0 lies in the dilating period (b,_1, bg] of f for some n > 0. In each of such period,
the average of integral fo £, [0, T])dt reaches its maximum at 7" = a; and its minimum

at T = bk:
1 [
— d(£, [0, t])dt < mn.
a/k 0

But

1
= > E
o 5 ( 0 t dt a /

0

i=1 Y bi-1
1 -,
=mn.— z:(zZ —i—(i—1)"h
i=1
- b k(k+1)
Kk 2(kF — k)

which converges to mn as k — oo.

Therefore, by the variational principle,
dimp(BA(r +1) — BA(r)) = dimg(BA(r + 1) — BA(r)) = mn,

for all r < max(m,n). Since ¢ < max(m,n), we have proved the theorem for at least half of
the orders.
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For the computation of cases when r > max(m,n), we will study the dual of the orbit of
lattices (g;uaZ®)i0.

Recall that for a lattice A C R? with basis {by, -+ , by}, since by, -, by are linearly
independent, from linear algebra we know there exist vectors bj,--- b}, call dual vectors to

by, -, by, such that
0 it
R
1 1=

The Z-span of dual basis vectors, namely A* := Span{b],---bj}, is called the dual (or
polar or reciprocal) lattice to the lattice A.
Although defined through basis, it turns out that the dual lattices are independent of

the choice of basis of the original lattice.

Proposition 1.2.27. The dual lattice A* consists of all vectors b* € R? such that (b*,b) is

an integer for all b in A. As a consequence, N* is also the dual of A.

Proof. Let by,--- ,by be a basis of the lattice A and their duals be bj,---  bj). For any

b € A and any ¢ € A*, suppose
b = s1b; 4+ -+ s4bg, and ¢ = t1b] + -+ - + t4b}
with integer coefficients s;,t; € Z for ¢ = 1,2,--- ,d. We have immediately that
(b,c) = s1ty -+ + Sqtq € Z.

On the other hand, if b* = u;b} + -+ + ugb); € R4, where u; € R satisfies (b*,b) € Z,

for any b € Z, then in particular this holds for b = b;, for any ¢ = 1,2, --- ,d and thus

Therefore b* € A*.
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The dual lattice operator commutes nicely with an invertible linear transformation on

R?:

Proposition 1.2.28. Let A be a lattice on R? and T : R? — R? be an invertible linear
transformation, then we have

(TA)" =T"A",
where T* = *T'~! js the inverse of the transpose of T and A* is the dual lattice to A.

Proof. If by, -+ by is a basis of A, then Tby,--- ,Tb, is a basis of T'A. The corresponding

dual basis
(Tby)", -+, (Tbg)"
satisfy
Y(Thy)*
; [Tby - Thy] =1,
Y(Thy)*
But on the other hand,
t(tT—1b1>
: [Tbl de} =1y
t(tT—lbd)

So by the uniqueness of inverse matrix, T*b; = ‘T~'b; = (Tb;)*, for any i = 1,2--- d.

Therefore (TA)* = T*A*. O

We are able to use the idea of dual lattice to address the issue of higher r’s, thanks to

the following theorem:

Theorem 1.2.29 ([Cas97] Chapter VIII, Theorem VI). Let Ay,---,A\g be the successive

minima of lattices in R%. Then for a lattice A and its dual A*, we have
1 <A (A) A1 (A7) < d!

foranyr=1,2,---d.
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Now let us return to our proof, for the flow of lattices (guaA), the proposition above

gives its dual as:

(gruaZ®)* =gju (Z4)*
:tgt—l . tUZIZd

L [et/mlm 0 }U{Jm Arzd

0 e t/ng, 0 I,
_ e7t/mp 0 Lm0 7
0 et'J, —tA I,

Now observe that for r > 4, d+1—r <d+1—4% =% +1 <max(m,n)+1 (which is the

same as d + 1 —r < max(m,n)), and we have that

liminfh,, = —oo
t—o00
— li{n inf A (guaZ®) = 0
—00
— litm inf A\ (guaZ®) = 0
—00
= limsup A\g11_((quaZ?)*) = 0o
t—o00
. e "1, 0 In 01,4
<= h?iigp Adi1—r <[ 0 et/”IJ . {—tA LJ 7% = co
<= limsuph_+4441-,(t) = 0
t—o00
<= liminf —h_t4 4.1 ,(t) = —©

t—00
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and that

liminfhy,(t) > —o0
t—00

lim inf A\, 1 (gruaZ?) > 0
t—00

liminf A\, 41 (gruaZ?) > 0
t—00

limsup Ag_, ((g:uaZ®)*) < oo

t—00

. e V™I1., 0 I, 0],4
hrtlligpAdT({ 0 et/nIn1'|:_t A In]z <00

limsuph_t44_,(t) < o0

t—o00

(S A A

liminf —h_ 4 4,.(t) > —00
t—o0

Therefore, by replacing templates f with —f in our § and observe that if we change
any m X n matrix A D(S) to its negative transpose —t*, then the Hausdorff and Packing
dimensions of D(S) will not change and the result we obtained above for d < max(m,n)

applies. This proves
dimp(BA(r +1) — BA(r)) = dimg(BA(r + 1) — BA(r)) = mn,
for d > max(m,n) and completes the proof of the theorem.

]

1.3 Haar measure distribution of successive minima on the space
of unimodular lattices and logarithms laws.

1.3.1 Distribution function associated to higher sucesssive minima
and estimates

Proposition 1.3.1. For a rank d unimodular lattice A € L, let \;(A) denote its i-th succes-

sive minima (1 <i <d). For any 6 > 0, we have
pw({A e L:N(A)=4d}) =0,

where v 1s the Haar measure defined on the space of unimodular lattices.
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Proof. Indeed, the set {A € £: \;(A) = d} is contained in
Ss :={A € L : there exists a vector v € A with |jv]| = d}.

Noticing that any unimodular lattice can be written as gZ? for some g € SL(d,R) and the

local identification between Haar measure on G = SL(d,R) and G/I" = SL(d,R)/SL(d, Z),

we shall look at the set

Ts :={g € G : there exists a vector v € Z¢ with ||gv|| = 6}

=Uyezi {9 € G : ||gv]| = 6}.

This is a countable union and each member in the union is a submanifold of G with lower

dimension and hence of zero Haar measure. O]

For x > 0, it would be interesting to give an estimate for the distribution function
O;(0) :=pu({A e L: N(A) <)) =p({A e L:N(A) <6}

For i = 1, Kleinbock and Margulis gave both lower and upper bounds for ®;(x) [KM99]

using a generalized Siegel’s formula:

Theorem 1.3.2 ([KM99], Proposition 7.1). There exists Cy, C!, such that
Cy6% — 6% < d1(6) < Cyo,

for §d < 1.

The main result in this section is a generalization of the above result to \;:

Theorem 1.3.3. For 1 <i < d, there exists Cy and C}; such that
Cad™ — o(6%) < @;(0) := u({A € L : Mi(A) < 8}) < Ch6™,

for all 6 < 1.
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Corollary 1.3.4. For1 <i<d—1, we have

lim —logpu({A e L:N(A) <e'})

t—o00 t

=di

Proof. Take § = et O

For the proof we will use a generalized version of Siegel’s mean value formula in geometry
of numbers: For a lattice A in R? let P(A) denote the set of primitive vectors in A, i.e.
those vectors that are not a proper integer multiple of any other element in A. Given a
real-valued function f on R?, we define a function f on the homogeneous space X = G /T =

SL(d, R)/SL(d, Z) by

f=> f

vEP(A)

Theorem 1.3.5 (Classical Siegel’s Formula [Sie45]). For any f € L'(R?), one has

/deuzcd/Rdfdv,

S I T
@ -

where ¢cg =

Below is a generalization of classical Siegel’s formula. First let us recall the notion of

primitive tuple from geometry of numbers:

Definition 1.3.6. For 1 < k < d, we say that an ordered k-tuple of vectors (vy,...,v;) €

A x --- x A for a lattice A C R? is primitive if it is extendable to a basis of A, and denote
—_——

d-times

by P*(A) the set of all such k-tuples. Note that P1(A) = P(A) above 3.

Now for a function f € R%* = (R%)* we define correspondingly
rk -
f (A) T Z f(vlw"avk)‘
(v1,..,0K)EPE(A)
3 Any primitive vector in a lattice can be extended to a basis of the lattice. This follows from the general

fact that any element of a free abelian group which is not divisible by any integer bigger than 1 can be
extended to a basis of the abelian group
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Here the superscript on f ¥ should not be confused with the composition (power) of a function.
Then we have a generalized Siegel’s Formula for primitive tuples which will be helpful for us

to estimate the distribution for X;(A).

Theorem 1.3.7 (Generalized Siegel’s Formula for primitive tuples). For 1 < k < d and

¢ € LY(R¥), we have
/ fkdu = Ckd fdvy -+ - duy, (1.3.1)
X Rdk

_ 1
where Cdk = m

Proof. Let {ey,...,eq} be the canonimcal basis of R?. For G = SL(d,R) and T = SL(d, Z)

and the k-tuple (eq,...,ex), be , let
GrL:={9€G:ge=0¢,V1<i<k},
Ip:={9€l :g¢e =0e,V1 <i<Ek}

be the stabilizer subgroup of (ey,...,ex) in G and I, respectively.

Now consider the subset
L:={(vy,...,v) € R* .0y, ... v, are linearly independent vectors in R}
Claim 1. L is open dense in R% and in particular R¥* — L is of Lebesque measure zero.

Proof of claim . That L is open follows from the condition that linear independence im-
plies that [vy,...,vx] is a full-rank matrix (there exists at least one k x k submatrix with
determinant zero).

To see it is dense, we observe that this is equivalent to proving that the set of full-rank
d X k matrices, denoted F', is dense in M (d x k,R). Noticing that its complement F° is

contained in some subvariety (of stricly lower dimension)
{A e M(dx k,R):det(Agxx) = 0},

for some k x k submatrix of A. Therefore F' must be dense in R%%. #
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Claim 2. L is equal to the G-orbit of the k-tuple (ey, ..., ep) in R,

Proof of claim . Indeed, for any g € G = SL(d,R), the tuple (g.ey, ..., g.e;) corresponds to
the first k£ columns of the matrix g. However, any k linearly independent vectors vy, --- , v
in R? (k < d) can be completed to a d x d matrix of determinant 1 (by adding diagonal

entries to the last d — k columns). #

Now consider the map
bg:G—=LCR¥ g (ger,...,g.e)

By the Orbit-Stabilizer theorem, we have the identification of homogeneous spaces ¢, :
G/Gy — L. Since L is open dense in R% and the Lebesgue measure on R%* (viewed as a
product (Lebesgue) measure on R? x --- x R?%) is invariant under G = SL(d, R). The pull-
—— —
k-times
back of the Lebesgue measure on R% gives a (unique up to scalar multiple) G-invariant Haar

measure fic/c, on G/G}, (uniqueness of Haar measure on G/G, follows from the unimodu-

larity of G).

Claim 3. P*(Z%) is equal to the T-orbit of the k-tuple (eq, ..., e) in R,

Proof of claim . Let (qi,...,qx) be any k-tuple of integer vectors in Z? that are extendable

to a basis {qi, . .., qq} of Z¢, and as a basis we have det[q; ... qq] = 1 (up to adjusting the sign

of the last column ¢,) and hence (qi, ..., qx) lies in the I-orbit of the k-tuple (eq, ..., ex).
On the other hand, for any (g.ey, ..., g.ex), where g € I' = SL(d, Z), clearly {g.e1, ..., g.ex}

can be completed to a basis {g.e; ..., g.eq} of Z<. #

It follows that the map

or: ' — Pk(Zd) - de,fy = (y.€1, ..., 7-€k)
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gives the identification of I'-homogeneous spaces ¢r : I'/Ty — P¥(Z?), under which the
counting measure on P*(Z?) (clearly I'-invariant) can be pulled back to a (unique up to scalar
multiples) I'-invariant Haar measure on I'/T';, denoted pip/r,. Note that the summation over
P*(Z%) is equal to the integration with respect to the counting measure pr/r, over I'/T.
By the Lemma 1.6, Chapter I in [Rag72], the invariant measures on G/I" and I'/T';, give

an invariant measure on I'/I"y and we have the quotient integral formula

/ / ©(glT%) dprr,, (IT)dp(g)

/v Jrr,

= / ¢(gT') dpgyr, (97)
G/Ts

= / / ©(99:Tx) duc, v, (9l'r)dpcyc, (9Gr)
G/Gy J Gy /Ty

for any p € L'(G/T%).
Now for any f € LY(R%), we first identify f with a function in L'(G/G},) via ¢g. For

this new f, we define ¢y on G/I'; by setting it as of constant value on each Gj-coset:

©;(gTs) == f(9Gr),VYg € G.

In other words, ¢;(glx) = ¢;(hL')), whenever h™'g € Gy.

It follows that

/ or(9U)dpucr, = pa,r, (G /Tk) / f(9Gr)duca, (9Gr) < oo.
G/Ty G/Gy

So ¢; € LY(G/T).

Claim 4. The inner integral on the left hand side is (recall that the integration with respect

to counting measure on I'/Ty is the same as the sum over primitive tuples)

/F/F @r(glly)dprr, (1) = Z Flor,.. ) = fR(gZ).
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Proof of claim . First recall by our identification

= f(hGy) (viewing f as a function on G/GYy,)
(hei,...,her)EPk(gZ4),heG

_ Z f(hGy)
(9 'hei,....g~ They)€PF(Z4),heG

= Z f(glGy) (change of variable [ := g~'h)

(lex,....lex)EP*(Z9),leG

= f(glGr)dprr, (ITx) (summation to integration w.r.t. counting measure)
/T

:/ @7 (9llx)dprr, (ILk) (definition of ¢y)
/T

i

Hence this proves

/ fkd,u_ck,d/ fdvy -+ - duy,
X Rek

with Ck,d = ,qu/pk (Gk/l“k) O
Now we can give the distribution for ®;(J):

Proof of Theorem 1.3.3. Let B be the ball centered at 0 with radius ¢.

Note that the condition A\;(A) < § implies that there are at least ¢ linearly independent
vectors in A lying in the open ball B. However, this does not necessarily mean they can be
extended to a basis. But thanks to the Theorem A.6, there exists a basis vy, ..., vs of A such
that

o1l = AL(A), lvalla <a A2(A), .. [[vall <a Aa(A).
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It follows that there exists a constant factor n; > 1 such that if we dilate the ball B by 7y
to a new ball B’ (centered at the origin with radius 740), we have A N B’ contains i linearly
independent vectors that can be extended to a basis of A. Tt follows that (since by symmetry
v and —v must be contained in A N B’ simultaneously and any permutation of this i-tuple
also gives a new primitive i-tuple):

|PY(A) N B"| > 2",
where B" := B’ x --- x B’ C R%.
—_—
i-times
Now take f := 1ps and f = fi(A) := > (o1, onepia) /(U1 -, v;) counts the number of

points falling into B”. The left hand side of the generalized Siegel’s formula (Theorem 1.3.7)

yields

/ Fidu > / Fidu > 2ilu({A: M(A) < 6)).
X {A: X (A8}

On the other hand
/ fdvy - --dv; = Vol(B')" = ni,6%c,
Rdi
where ¢4 is the volume of unit ball in R

Hence we have the upper bound

A < < (159

For the lower bound, for 1 <i <d—1and z > 0, let N(i,2) denote the quantity
min{|P'(A)NB(0,z)"| : A € £, ANB(0,z) contains at least i+1 linearly independent vectors},

namely the miminum of the number of all primitive i-tuples (vy,--- ,v;) with each com-
ponent taken from the lattice A N B(0,x) for all unimodular lattice A, given A N B(0, x)
contains at least ¢ 4+ 1 linearly independent vectors. Note that by our assumption and the
discussion above, N(i,1n40) > 2%!.
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Since one can always choose a unimodular lattice with the first ¢+ + 1 sucessive minima

small enough to be contained in B(0,x) for any x > 0 whenever i < d — 1, we have
Claim 5. N(i,z) < 2i(i + 1)! (independent of x € (0,1)) whenever i < d — 1.

Proof of claim . Consider the unimodular lattice

3 3 1 1
A, = 76 i, (g)j@w.g, e (-

Note that when z < 1, we have

3
Ax N B(O, LC) = {:l:zl'el, ey :|:—$€Z'+1}

since any integer linear combination

71111361 + ...+ Mi+1 ZZL‘BZ‘_;,_l

with some |n;| > 2 or at least two of n; # 0 must be outside of B(0,x). So
1+ 1

]ﬂmgmBm@ﬂ§2m< ):T@+DL

Therefore N(i,x) < 2'(i + 1) #

Now set = §. The idea is to separated the integration domain into two parts: {A :
fi(A) < N(i,8)} and {A : fi(A) > N(i,6)}. We will see that the integration over the second

domain contribute insignificantly as 6 — 0. Hence,

/ﬁWZ/A_ ﬁw+/A, fldu
X AFHN<N G} (AFHN)>NG6)
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Notice that by our choice of B', f and the definition of fi, fi((A) = |P{(A) N B|, and the

first term *

| Fau=[ iy
{A:fH(A)<N(3,0)} {A:f*(A)<N(3,0)}

-/ A fidu
{A:ANB contains no i+1 linearly independent vectors, fi(A)<N(i,6)}

S/ 2°(i + 1)ldp
L;

=2"(i + 1)!u(S;) (by the estimate from the claim above)

where L; denote the set of unimodular lattices that contain no ¢ 4+ 1 linearly independent

vectors but contain at least one family of primitive i-set of vectors (so that the integral will

not vanish). But clearly S; C {A: A\;(A) < 4§}

Now we look at the second term f{A:fi(A)zN(z',é)} fidp. It fY(A) > N(i,9), by definition it
means the ball B = B(0,0) contains at least ¢ + 1 linearly independent vectors in A. But
again by symmetry that extra vector has to come in pairs namely BN A has to contain both
Vip1 and —v41.

Therefore for such A,

) . 1 . .
[PHA) N B < S[PTHA) N BT,

4Note that if i = d — 1 this argument won’t make sense since N (d,§) will become zero if § — 0 by the
Minkowski’s second convex body theorem A.8.
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Notice that the left hand side is precisely fZ(A) Let f; = 1pgit1, a function in R4HD | we

have

~ z+1

2 1
I Pin=s | j
{A:f*(A)>N(4,0)} A:fi(A)>N(i,6)}

/ Az—i-l
_2

= / fidvy -+ - dviyq (by the generalized Siegel’s formula)
2 RAG+1)

1 )
:_(/ 1de)z+1
2 R4

1 )
:i (Cdéd)z+1

Therefore we obtain the lower bound

1 b fi
At A(A) < 6)) >—— g — K
n(f (A) < })>N(z,5) (/Xf : /{A;fi(A)>N(i,6)}f M)

) .
2i(i 4+ 1)! ( R {A:f1(A)=N(i,8)}
1 AT ;
s’ = e,
i(q !

This finishes the case when 7 < d — 1.

To cover the remaining case when ¢ = d — 1, we will study the following example:

Example 1.3.8 (Measure of a subset of {A : \;(A) < d}).
In view of Iwasawa decomposition of G = SL(d,R), we shall first construct a subset of G
that will shrink the first ¢ canonical basis vectors in Z%: Let S; denote the collection of all

elemnents of the form kan, where k € SO(d,R),

a = diag(ay, ...a;, @11, ..., aq) € SL(d,R), (1.3.2)

56



with ‘/7309-_1 <a; < \%,Vl < j < i (assuming ag = 0 as convention) and %gaj_l <a; <1

whenever 7 > 7, and

_1 nig Nz ... nld-
0 1 Nog ... TNogyg

n=10 0 1 .. mny (1.3.3)
o 0 0 L]

with % <n;; <1foralli<yj.

Clearly, with restrictions ‘/Tgaj_l < a; and % < ny;, S; is contained in the Siegel domain

=X 2.1 The reason that we choose to restrict our set to Siegel domain is that over
37

Siegel domain, we have very good control on the overlaps modulo the I' = SL(n,Z) action

thanks to Theorem B.4.
Claim 6. \;(S,Z%) < § for all j <.

Proof of Claim . Indeed, for kan € S; and j <71,

|kane;|l2 =||[a1naj, o ai1ni 1, @i ||2 (k preserves the distance)

_ 22 . 2,2 i
_\/alnlj + +aing_;+a;

2
S\/i'é—.=5
i
#

Therefore m(S;) C {A : N\;(A) < d}. Now we shall give a lower bound estimate for the
measure of 7(5;) in G/I.

Let f = 1g, denote the indicator function of 7(S;) on G/I" and let N; denote the (finite)
number of v for which ¥ N F~ is nonempty, then since S; is a subset of the Siegel set 3,

S; = UWGF(Si’}/_l N F) is a finite union of no more than N, nonempty sets. Let my denotes
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the largest measure of these Ny sets, it follows that

Now we compute [, f o f(9)dg via Iwasawa decomposition in view of Theorem B.8:

| 1(6)da
///f (kan)p(a)dkdadn

5/Vi 6/\f §/Vi
dk . dag—y ...d dn;
/ / 7(11 —a 1/\[11 /fadlal...ad_l a1 al/[l d(d— 1)1_[ Tij

SN pBING oI
>Vol(K) 2d(d 5 / . /f - (ay_ia) o+ ai"?) dag_s . ..da

701 1

oVi 6/\[ oV 2d—1—2i 2d 3
=Vol(K 2d(d 1/ - (ai . )dal...dal

70% 1

>D6(2dzl +05(2dz1)

where the constant cg,7 comes from the integration w.r.t. the variables a;y1,...a4 and the
exponential 62¢="=17 comes from (2d —i — 1)i = 2d — 1 — 2i + --- +2d — 3 + i (the last
i is from the accumulation of the total order of anti-derivatives of polynomials) and when
i=d—1, 6"V = d(d — 1) = di.

Therefore, for ¢ = d — 1, we have proved
p{A N(A) <8} > LMY as § < 1.
This completes the proof for all 1 <u <d — 1. O

By looking at the dual lattice, we can also obtain the tail bound for this distribution.
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Corollary 1.3.9. For 1 <i < d there exist Cy and C}; such that

Cad™ < ({A €L: NN > %}) < Chot,

for all 6 < 1.

Proof. Recall the notion of dual lattice (cf. 1.2.6) and notice that the dual map
x: X > X, A= A"
is measure-preserving. By the Theorem 1.2.29. We have
L < A (A)Agi1-(A7) < d!

for any r = 1,2,---d. Hence the corollary follows. [

1.3.2 The measure of the set of unimodular lattices with k-tuple
vectors avoiding a measurable set

For a more general setting, using Rogers’ formulas [Rog56], Athreya and Margulis [AMO09]

proved the following:

Theorem 1.3.10 ([AMO09], Theorem 2.2). For d > 2, there is a constant Cy such that if A

is a measurable set in RY, with m(A) > 0,

Cq
m(A)

p{Ae L ANA=g}) <

For 1 < k < d and a unimodular lattice A in R?, let A* denote the direct sum of k copies
of A, which is again a unimodular lattice in R%.

The main result in this section is the following:
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Theorem 1.3.11. Ford > 2 and 1 < k < %, there is a constant Cy such that if A is a

measurable set in R™* with m(A) > 0,

p{Ae L:A*NnA=2}) <

Before we give the proof, let us first introduce some background on Rogers’ theory on
the mean value formulas in the geometry of numbers.
In order to tackle with the arbitrary measurable set A, we shall use the following Rogers’

symmetrization technique:

Definition 1.3.12 (Spherical Symmetrization of a measurable function).
Let f be any measurable function in RY, we define a function f*, called the spherical sym-

metrization of f, as follows:

fH(0) == sup f(x)

zCR4

and if z # 0,
fr(a):==mf{p>0:m({y € R": f(y) > p}) <m({y € R : [|y[| < [|l=[I})}-
The following example justifies the terminology spherical symmetrization:

Example 1.3.13 (Spherical symmetrization of indicator functions).

For A C R? measurable, if we take f = 14, then 1%(0) = 1 and

Ui(z) =inf{p > 0:m({y e R : 1u(y) > p}) < m({y € R? : ly|| < ||z[]})}

= 1pa)(z).

where B(A) denotes the ball in R? centered at the origin that has volume equal to the

measure of A, namely m(B(A)) = m(A).
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Theorem 1.3.14 (Special case of Theorem 1, [Rogh6]). For d > 2, let f : R? — R be
a nonnegative Borel measurable function, and let f* be the function obtained from f by
spherical symmetrization. Then

J (35, ) = ] (3,10

veEA-0 veEA—-0

Now we state a multiple-sum formula due to Rogers:

Theorem 1.3.15 (Theorem 4, [Rog55] and for the convergence part, Theorem 2, [Sch58]).
Let 1 <k <d—-1and f : R* — R be a non-negative Borel measurable function in
(x1,...,2x). Then

/ > flur,. . oR)dp(A)

V1,.., U EN

0 +/ f(xl,...,xk)dxl...dxk
R4 R4

N Zzz(el...em>/ /Rd ( ,...,i%xi)d:pl...dwm. (1.3.4)

—1q=1 D i=1 i=1
Here the first sum is over all partitions (v,i) = (V1, ..., Vm; 1, -y fe—m) Of the numbers
{1,...,k} into two sequences 1 < 11 < ... < Vpy <k and 1 < g < ... < pg—m < k with
1 <m<k—1 (of course v; # p; for anyi,j).

The third sum is taken over all integer-valued m x k matrices D, such that
(1) the greatest common divisor of all entries is 1
(2) for alli,j, D satisfies

{diyj =qoy; fori=1,..mandj=1,...m (135)

dip; =0 forp; <vi, i=1,...,mandj=1,...k—m.
Finally, e; = (e;,q), where €1, ..., €, are the elementary divisors of D.

Moreover, if f is bounded and compactly supported, then the both sides of the equation 1.3.4
are finite.
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Here for the convenience of readers, we shall give an example for the matrix D:

Example 1.3.16. Let £ = 6 and m = 4 and assume the partition is given by

(V17V27V37V4> = (2737576)7 and (,U/b,LLZ) = (174)

The the 4 x 6 matrix D with respect to this partition has the form

0 g 0 x 00
00 g = 00
000O04gq O
000 O0O0gq

Note that in the 4-th column, since pup = 4 > vy = 2, d;,, are not necessarily zero, however
they must be chosen so that the greatest common divisor of all coefficients of D is coprime

to gq.

Proof of Theorem 1.3.11.
For a measurable subset A C R™, let ¥4 := {A € L: A*NA =2} and ga(A) = 1z (A).

Let®

fA(A) = Z 1A(U1,...,Uk).

Since

ga(A) =0 <= AeXy;, <= NnA=g = fi(A) =0,

it follows that f4 = gafa and by Cauchy-Schwarz’ theorem

(o) = ([ roe) ([ )

Notice that since g% = ga, we have

1(Eag) =1—lgalli =1—|lgall3,

®Note here we are excluding the all-zero term in the sum.
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and therefore
2 2
Il miar
[ fall [|.fall3

where the last inequality follows from Theorem 1.3.15 (the remainder term is non-negative).

w(Ear) <1

On the other hand, by the spherical symmetrization (Theorem 1.3.14 and Example

1.3.13), we have

1fall3 < | Z 13,

where B(A) is the spherical symmetrization of A in R%. Note that the radius of this ball

has magnitude r < %/m(A).

It follows that

(1.3.6)

I ZAk—(o 0) Lpl3’

-----

-----

Assume 1 < 2k < d — 1. By replacing k£ in Theorem 1.3.15 with 2k, f with f x f and
keeping all other assumptions are the same as the previous theorem (with 2k playing the

role of k, of course), and distribute the products in the square of sums, we have

/){( > f(vl,...,vk)> du(A)

V.., UL ENA

(vp)=1g¢=1 D

0o el e d
Py ZZ(;";) /Rd.../Rd
f (f: %x“,i%xz> f (i di’kﬂxi,...,zm: dlﬂkm) dry...dz,,. (1.3.7)
i=1
2

i=1 i= - q

1
=£(0,...,0)* + U f(xl,...,xk)dxl...dxk}
R4 Rd

s iz(%%ﬂ)d/R/R

(v)=14=1 D

f (i . i %%) f (Z i i d’*%xi> dry .. de,.  (138)
= 4 - 4 -1 4 -1 4
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Note that the condition 1 < 2k < d — 1 guarantees the convergence on the right hand side
of equation. Now take f = 1ga = 1p(a), where B is a ball in R with radius r whose

volume is the same as that of B(A) and thus A. Specifically, 7% =, m(A) or

1

T Xdk TTL(A)ﬁ (139)

Then the first term is 1 and the second term can be easily computed as m(A)?2.

For the third term, we have

f (i %JZZ‘, .. .7zm: %JZZ> f (i di’f]—i_ll‘i, .. .,i dz(,]Qka> =1

i=1 =1 =1 =1

m.o 9 moo52
— Z%Hx-w +o § % P < +? amd
2 i 2 t -
i=1 '

m 2
Zdlk—&—l H2 _'_Z ’LQk |£CZ”2 <7"
=1 q

If the partition is given by 1 <1y < ... <y, <kand 1 < py < ... < pgp—m < k, then in
view of the definition of entries in D (1.3.5), each ||z;|| for 1 < i < m must be in the range

[0, 7] in order to make the integrand nonvanishing. So we can magnify each the integral as

— dzk‘ “ di,k—}—l m d’i,Qk}
/]Rd /Rd <i1 a,Z7Iz>f<Z P J;Z»,---,Z p xl> dl'ldl‘m

i=1 =1 =1
1dl‘1
Bd Bd

=Vol(BH)™ = Oy (r'™).

Noticing that m < 2k < d — 1, it follows from the convergence that the right hand side of

(1.3.8) is m(A)? + Og(r¥2=1). So the estimate (1.3.6) becomes

m(A)?
m(A)? + Og(ris-2)
Od(rd(%—l))
m(A)? + Og(riCs-1)

(Eak) <1—

pd(2k—1) m 21
1
:Od(l)m(A)%
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1.3.3 Logarithm law associated to the higher successive minima

Now we define A;(A) := —log(A;(A)). It follows from taking the negative logarithm of

all sides of the equation (A.0.4) that A;(A) is uniformly continuous. Recall from [KM99]:

Definition 1.3.17. For a function A on a G-homogeneous space X, define the tail distri-
bution ®a(2) == p{zr € X : d6(x) > z}.
For k > 0, we will also say that ¢ is k distance-like if it is uniformly continuous and in

addition there exist constants Cy and C; such that
Cae™ < da(2) < Cle™™ V2 eR.

It follows from our Theorem 1.3.3 that A; is di distance-like in the space of unimodular
lattices. And as an immediate consequence of Theorem 1.7 in [KM99], we have the non-

unipotent version of logarithm law:

Theorem 1.3.18. For any nonzero (z1,...zq) with z1 + -+ + z4 = 0, and for almost all

unimodular lattice A in X = SL(d,R)/SL(d,Z) we have

] Ai(eXp(tz)A) 1
1 _ = 7 = 1.3.10
s = i (1.3.10)

For the unipotent flow and first successive minimum, Athreya and Margulis proved the

following logarithm law:

Theorem 1.3.19 ([AMO09], Theorem 2.1). Let (ut)ier be a unipotent one-parameter subgroup

of SL(d,R) and X := SL(d,R)/SL(d,Z). For pu-a.e. A in X, we have

lim sup ——————~ log M (uh) _ !
Hoop log t S d
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We shall generalize this theorem to higher \;’s:

Theorem 1.3.20. Let (g¢)ier be an unbounded one-parameter subgroup of SL(d,R) and
X :=SL(d,R)/SL(d,Z). For p-a.e. A in X, we have

, —log \i(heA) 1
limsup ———= = —.
t—s00 logt di

This is also discovered independently by Kim and Skenderi [Kim22]. To prove this

theorem, we first observe that by Borel-Cantelli Lemma, the upper bound holds for all flows:

Lemma 1.3.21 (The upper bound). For u-almost every A € X, 1 <i < d—1, and any

one parameter subgroup (hy)ier of G = SL(d, R),

. “log M(hA) 1
1 — 08 AR o -
PSP T et T

Proof. For any € > 0, and for k£ > 1, let r, = (% + €)log k and let ¢, be any sequence going

to oo as k — oo, we have by Theorem 1.3.3 and the fact that u, is measure-preserving that
HHA € X 5 A(u A) < e < G,

which is equivalent to

1
p({A € X : —log A\j(up A) > 1 }) < Célkudie'

Since the summatin on the right hand side over k is finite, by Borel-Cantelli Lemma, we

have

p(limsup{A € X : —log A\;(us, A) > ri}) = 0.

k—o0

Taking the complement, this means

p(Un N>y {A € X - —log N\i(u, A) <1i}) = u(li}gninf{/\ € X : —log\i(up A) <ri}) =1.
—00

In other words, for p-almost every A € X, there exists IV such that £ > N implies

1
—log \i(ug, A) < 1 = (E + €) log(k)
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Since t; — oo is arbitrary, we have

_ “log M(hA) 1
1 Z oA o 2
PSP T et T

for p-almost all A. ]

To show the lower bound, we shall use a logarithm law for hitting time of unbounded

flow against the spherical shrinking target due to Kelmer and Yu [KY17].

Theorem 1.3.22 (Special Case of Theorem 1.1, [KY17]). Let {B;}+~0 denote a monotone
family of spherical (meaning each set By is invariant under the left action of K = SO(d,R))
shrinking (meaning By D Bs for t > s and limy_,o, u(By)) targets in X = G/T =
SL(d,R)/SL(d,Z). Let {gm}mez denote an unbounded discrete time flow on X . Then

forae. Ne X
lim log(min{m € N: g,,A € B;})
=00 — log(p(By))

=1 (1.3.11)

The quantity min{m € N : g,,.x € B;} is often called the first hitting time with respect

to the flow {g,,} and the target set B;.

Proof of 1.3.20 (the lower bound). We will take the shrinking targets as
By = {A : \i(gmA) < e '}t >0.

These sets are clearly spherical, namely SO(d, R)-invariant since A;. So by Theorem 1.3.22,

logmin{m € N: \;j(gmA) <e™ '} 16

I 1.3.12
i — log iu({A : Ai(gmA) < e7'}) | )
By Corollary 1.3.4,
—1 A s N(A) <et
T ogp({A € ﬁt M) e (1.3.13)

6The set {m € N : \;(gA) < e~'} is non-empty because (g,,)-action is ergodic by the Howe-Moore
theorem, and thus almost every (gy,)-orbit is dense.
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Therefore by taking the product and reciprocal,

t 1
li = —. 1.3.14
P logmin{m € N : \;(gnA) < et} di (13.14)

But observe that

)\i (gmin{meN:)\i(gmA)ge*t}A) < €7t7 (1315)
and therefore
_ lOg )\z (gmin{mEN:)\i(gmA)ge*t}A) >, (1316)
It follows that
} —log \;(hiA)
limsup ———=
t—o0 10g t
_1 )\2 min{meN:)\; e—t A
th sup 0g (g {meN:A; (gmA) < } )

t—oo  logmin{m € N : \;(gn,A) < et}
(By the definition of limsup. Here the subscript is considered as a subsequence.)

t
>1i By the i lity (1.3.16
=P logmin{m € N : \;(gnA) < et} (By the inequality ( )
1
= (By the limit (1.3.14))
i
This finishes the proof of lower bound and thus the whole logarithm law theorem. [
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Chapter 2: Equidistribution of sub-lattices in R

This chapter is based on the joint work with Michael Bersudsky [BX23].

2.1 Introduction

In this paper we study the limiting distribution of dense orbits of a lattice I' < SL(m +
1,R) in the space X,, .11 of normalized m-dimensional discrete subgroups of R™*! with
respect to a filtration given by growing norm balls (see precise definitions below). Such a
research direction was originally suggested by U. Shapira as natural continuation of the work
[SS17] which considers random walks on X 3 (see also the more recent work [GLS22] which
generalizes [SS17]). Another motivation for our work is to extend the scope of applications
of the duality principle in homogeneous dynamics to the ergodic theory of lattice subgroups,
see Section 2.1.1 below for more details.

We start with our results in X, 1. In what follows, m is a natural number strictly
larger than 1. We say that A C R™*! is a m-lattice if A is the Z-Span of a tuple of linearly

independent vectors vy, vs, ..., v, € R™, that is,
A := Spany{vy, vg, ..., U }.

For A we let
Cov(A) := y/det((v;, v;)),
which is the area of a fundamental parallelogram of A. An m-lattices A is called unimodular

if Cov(A) = 1. Next, we recall the definition of the shape of lattices, a notion that was
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extensively studied in e.g [EMSS16; AES16], which refined the classical work of Schmidt
[Sch98]. We view R™*! as row vectors, and for a unimodular m-lattice A C R™*! let w € S™
be such that w L A. We choose a p € SO(m + 1,R) such that wp = ;11 := (0,...,0,1),

and we define the shape of the pair (A, w) as

SO(m,R) O] ’ (2.1.1)

s(A, w) = Ap [ g X

which is independent of the choice of p. By identifying the unimodular m-lattices A C e 41
with X, := SL(m,Z)\SL(m,R), we view s(A,w) as a point in X,,/SO(m,R). Note that in
general

s(A,w) # s(A, —w).

Remark 2.1.1. A more intrinsic definition of a shape of a discrete subgroup, see e.g. [SS17;
Sch98|, is defined by the equivalence class under the equivalence relation of scaling and
rotations. When defining shape in this way, one gets a point in X,,/O(m,R), and it captures
slightly less information. Our definition (2.1.1) is mainly motivated by the definition in

[EMSS16; AES16], which produces a point in the more familiar space X,,/SO(m,R).

We consider

KXm+1 = {(A,w) : Cov(A) = 1,w e S",w L A},

and note that s defined in (2.1.1) yields a map
s Xom+1 — Xin/SO(m, R).

We define a right SL(m + 1,R) action on X, ,,,+1 using the usual right matrix multipli-

cation by
Ag w('g™)
(A, w).g == , — , g € SL(m+1,R), weS™, (2.1.2)
VCov(Ag) lw(*g=)ll
where || - || is the usual Euclidean norm. We note that this action is transitive.
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It turns out that for each lattice subgroup I' < SL(m + 1,R) and each x¢ € X, 11, the
orbit zol" is dense in X, ;,+1. This follows for example by [SS17], and a more direct proof of
this fact is obtained by applying a duality argument as follows — X, ;,4+1 is a homogeneous
space identified with H\SL(m + 1,R), with H as in (2.1.7). Now a I-orbit HgI" is dense
in H\SL(m + 1,R) if and only if the "dual” H-orbit HgI" is dense in SL(m + 1,R)/I". By
Proposition 1.5 of [SR80], it follows that all H-orbits in G/I" are dense.

Our goal in this paper will be to compute the limiting distribution of I' orbits in X, ;41
with respect to growing Hilbert-Schmidt norm balls. Namely, let ||g|| = /Trace(lgg) =

\/2_i; 9%; be the Hilbert-Schmidt norm of g € SL(m + 1,R), and let

Ipi={yel: |y <T}. (2.1.3)
For

zo = (Ao, wo) € X1,

consider the probability measures

1
/’LT,QZO = E Z 5550.7’ T > 0

vel'r
Remark 2.1.2. When m = 1 the space X, 41 is naturally identifies with S* the unit circle

in R?. The limiting distribution of 7, in the case of m =1 was obtained in [Gor03].

Our result below states that the probability measures pr,, converge as T' — oo to a
probability measure 7,, depending on zy € X, ,,+1 which we describe now. We observe that

Xm,m+1 has a natural projection to S™ defined by
T (A, w) == w,
which endows X, ,,+1 with a fiber-bundle structure, where the fibers are isomorphic to

X = SL(m, Z)\SL(m,R).
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To define the measure 7,,, we define a measure fi,, ,, on each fiber 7' (w), and we integrate
those measures by the unique rotation invariant probability measure pg» on S™. We note
that the measures p,, ,, have a slightly surprising form; they are a combination of a SL(m, R)-
invariant measure with a density involving the Hilbert-Schmidt norm of operators which we
define now.

For an operator T" from a hyperplane U C R™ to another hyperplane V' C R™, we define

IT|Ifs ==Y 1 Twal?, (2.1.4)
=1

where {uq,us, ..., u,} is an orthonormal basis of U, and where the norm on the right hand
side is the usual Euclidean norm on R™. We note that this norm is independent of the choice
of an orthonormal basis {uy, us, ..., u;, }. Moreover, this norm is bi-SO(m + 1,R) invariant

in the following sense. If p1, py € SO(m + 1,R), then py 0 T 0 py : p; U — poV satisfies

lp2 0 T'0 piflus = || Tl

For an ordered tuple of linearly independent vectors B = (uq, ug, ..., uy,) € R™™ we de-
fine the linear map Tp : Spang{e,es,...,en} — Spang{uy,us, ..., un,}, by sending e; —
UL, ..., €y > Up,. Now fix unimodular m-lattice Ag C R™, and let %, be an ordered tuple of
linearly independent vectors forming a Z-basis for Ay. We define for an arbitrary unimodular

m-lattice A C R™,

VIWC D e — (2.1.5)

Spany, #=A [T o Ta, ||H§

We note that W,, is independent of the choice of basis %y, and we observe that by bi-
SO(m+ 1, R) invariance of the Hilbert-Schmidt norm that the values of the function W, (A)
only depends on the shapes of A and A,.

By identifying 7" (emy1) with SL(m, Z)\SL(m,R), we obtain the SL(m,Z)\SL(m,R)

invariant measure ., ., supported on w7 ' (e,,41) scaled such that the measure v, ., ., defined
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V.Io,em+1 (f) = /1( )f(A7 6m+1)qu0 (A)duem+1 (A)a f € Cc(Xm,m-l—l)a
T, (Eém+1

is a probability measure. Then, the measure supported on Wll(w), for w € S™, is defined

by choosing p,, € SO(m + 1,R) such that w = e,,,1py, and by letting,

V:r:g,w = (pw)*l/xo,em+1,

which is the push-forward of the right translation by p,, via the right action of SO(m+ 1, R)
on X, mt1 defined in (2.1.2). Note that v, ,, is independent of the choice of p,,. Finally, we

define v,, by
(1) = [ Vnon e (w)

Theorem 2.1.3. Let I' < SL(m + 1,R) be a lattice and fix vo € Xpms1- Then, pra,
converges in the weak-* topology to vy, as T — oco. In other words, for all f € Co(Xymm+1),

we have

i 1 3 fa )= [ S (o) (2.16)

T—o0 #FT ~elr Xom,m+1

We observe that that the push-forward of 7, by s is given by

SxVro = S«Vg,em1-

Corollary 2.1.4. Let I' < SL(m + 1,R) be a lattice and fir xy € Xymi1. Then, the
probability measures on X,,/SO(m,R) given by

1
#Lr

Z 55(3[;0_”, T >0,

yelr

S«UT zog =
converge in the weak-* topology to the probability measure 8,.Vy ., .., as T — 00.
2.1.1 Connection to homogeneous dynamics - the duality principle

To simplify notation, we denote G := SL(m + 1,R). We note that G-action on X, ;,,+1
given in (2.1.2) is transitive, and we observe that the stabilizer subgroup of the base point
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(Spang{ey,...,em}, emyi1) is

H = {[_:q (t)] :t>0,q€SL(m,Z),v€Rm}. (2.1.7)

Then we obtain the identification H\G = X, ;n41-

This connects our problem to the study of distribution of orbits of closed subgroups
in homogeneous spaces. The duality principle allows us to connect the equidistributional
properties of the I'-orbits on H\G to the equidistributional properties of the H-orbits in
the dual action of H on G/I', see Section 1.7 of [GN14] for an extensive exposition of the
existing literature on this principle. A general recipe for applying the duality principle was
developed in [GN14] and [GWO04]. Our approach in this paper uses a theorem of Gorodnik
and Weiss ([GW04]), since it allows to prove equidistribution for every starting point.

Prior to this work, the duality principle wasn’t applied to the setting in which H has
infinitely many non-trivial connected components. We note that the case when H is con-
nected algebraic was studied in great generality in [GN12; GWO04], and the case where H is
a lattice was studied in [Oh05] and in greater generality in [GWO04].

In the section below we formulate our main result which we view as a first step towards a
more general theorem in the setting which G is a semi-simple group and H is a subgroup of

a parabolic group P such that in at least one of the levi-components of P appears a lattice.
2.1.2 Our general results

From now on, G := SL(m + 1,R), I' < G is a lattice,
: t=mq 0] . m
H = o t>0,ge A,veR™ | (2.1.8)

where A < SL(m, R) is a lattice, and

v t

P {{_’"’” 0} :t>0,n€SL(m,R),v€Rm}. (2.1.9)
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Let xg := Hgy € H\G, and consider the one-parameter set of probability measures on H\G

HT oy = 17 # . Z Ozg.75

yel'r

for T' > 0. Our main result below will show that p7,, equidistributes as T — oo with respect
to the 7., the probability measure we define below.

The space H\G is naturally a fiber-bundle over P\G with respect to the natural map
sending

m(Hyg) = Py,
(note that P\G is identified with S™ the unit sphere in R™*! via the right action w.g :=
ngt 1;”, g € G, w e S™). The fibers are isomorphic to A\SL(m,R). Notice that SO(m +

R) acts transitively on P\G (with respect to the natural action), and we let 11pso(m+1,r)
be the right SO(m + 1, R)-invariant probability on P\G = P.SO(m + 1,R). Now we define
measures on each fiber

“Y(Pp) = HPp, p € SO(m + 1,R).

We write (as we may, using Iwasawa decomposition)

B Go 0
ro = H [ 1/det(G0):| po;

where Gy € SL(m,R), and py € SO(m + 1,R), and consider the function

o, (H {” ot } ) ZHGO Yl

qeEA

Here p € SO(m + 1,R) and n € SL(m,R). The experession on the right is well-defined as
the Hilbert-Schmidt norm is bi-SO(m + 1, R) invariant. The infinite sum is convergent due
to Lemma 2.2.1 below. The “standard” fiber 771(P) = H\P is naturally identified with
A\SL(m,R), and we let iy srmr) be the SL(m,R) invariant measure on H\P such that

the measure

Vegn-1(p)(f) = /_I(P)f(y)q)r()(y)d,uH.SL(m,R)(y)v f e C.(H\G)
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is a probability measure. On any other fiber 77*(Pp), p € SO(m + 1, R), we define the

pushed measure
Veom=1(Pp) = PxViro,n—1(P),

where the pushforward is via the right translation by p. Having defined the above measures
on the base space and the fibers of the fiber bundle H\G, we can now define our probability

measure on H\G to be

b (f) = / Vron 1 ()diesomira(b), f € Co(H\G).
P.SO(m+1,R)

Theorem 2.1.5. LetI' < SL(m+1,R) be a lattice and fix xy € H\G. Then, pr, converges

in the weak-* topology to Uy, as T — oo.

Theorem 2.1.3 is a particular case of Theorem 2.1.5. We leave the details to the reader.
As mentioned above, to prove our main result we will follow the method developed in
[GW04]. The key ingredients are certain volume estimates and certain ergodic theorems

which we present in the following section.

2.1.3 Volume estimates of expanding skew balls in 4 and an equidis-
tribution theorem on G/I’

Let us first describe the left invariant measure on H. Put

L A 0 . _%]2 0
A, = [0 1}“4_{{ 0 t

Then the group H has the decomposition:

:t>0}, = {R?n (1)] (2.1.10)

H=Ux(Apn1xA) =Ux(AXA,1).

Notice that any element in H can be uniquely represented as uqa, where u € U, ¢ € A, 1(Z),

a € A (note that a commutes with ¢),
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where the semidirect product is given by:

(u17QI7a1) ) <U2;Q2,CL2) = (U1Q1G1U2(Q1a1)_17Q1Q2,alaz) (2'1'11)

Now we give a formula for the left Haar measure p on H. For z € H, write x = u,aq,

where

1
|2 0|7 _|tTml, O — [dm O
q:= {O J LGy = [ 0 J Uy 2= {v iE (2.1.12)

where ¢ € A,t > 0,v € R™. Then a left Haar measure on H is given by

o 1

/ f(z)du(z) :Z/ f(uparq)dv—-=dt, (2.1.13)

H 0o Jrm e
gEA

where the measure dv and dt denote the Lebesgue measures on R™ and R correspondingly.

Let || - || denote the Hilbert-Schmidt norm on matrices. Namely || Al := /Trace(ATA),

or the square root of the sum of squares of all entries of the matrix A.

For any subgroup L of G = SL(m + 1, R), let
Lr:={geL:|g| <T}. (2.1.14)

Following [GWO04] (cf. [GN12)), for g1,92 € G and T > 0, we define the so-called “skewed

balls” as follows:

Hrlgi, 9] == {h € H : ||gy *han|| < T} (2.1.15)
Let
Vorlgn go) = {h € UAq : ||g7  ha|| < T}, (2.1.16)
then it follows that
Hrlgr, 2] = | | Varlor, g2)- (2.1.17)
gen

"Here and henceforth we shall abuse the notation ¢, allowing it to represent both the m x m and (m +
1) x (m + 1) matrices whenever its meaning is evident from the context.
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For g1, 92 € G, by using Iwasawa decomposition (for block-lower-triangular matrix), we

may assume

— |& 0 _ |82 0
g1 = [vl det(gl)_l] ki, g2 = [V2 det(gQ)_l] ks (2.1.18)

where ky, ky € SO(m + 1,R), g;,8, € R™™ and vy, vy € RIX™,

The key volume estimates we will prove are given in the following proposition.

Proposition 2.1.6. Let I'(z) be the classical Gamma function, and let
w3 ml (%)

C(m) = — :
(5 + 5 +1)

There exists kK > 0 such that for any bounded subset B C SL(m + 1,R) it holds for all
g1, 92 € B that for q € A,

det (gl)m Tm(m+1)

— — + C,O(T™mtD=r) (2.1.19)
det(g,) [lg1 g™ *

1(Varlgr, go]) = C(m)

where Cy > 0, and

W(Hrlgs, g2]) = C(m) UL pmons N s FO(TTD ) (2.1.20)

det(g,) 1€ ||g1 q8s ™

As an immediate corollary, we obtain the following statements which are key requirements

for the method of [GW04].

Corollary 2.1.7 (Uniform volume growth for skewed balls in H, property D1 in [GW04]).
For any bounded subset B C G and any € > 0, there are Ty and 6 > 0 such that for all

T > Ty and all g1, 9> € B we have:

p(Hassyrlon g2]) < (1+ € (Hrlgr, g5]) - (2.1.21)

Corollary 2.1.8 (Limit volume ratios, property D2 in [GWO04]). For any g1,92 € G. the

limit
i (Hrlgn, o) det(g,)™ 2ogea o lg 2
a(g1, g2) = lim s = : L Bn (2.1.22)
T—oo H (HT) det(g2> quA HquQ

exists and is positive and finite.
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We prove Proposition 2.1.6 in Section 2.2.
Next, we give our ergodic theorem. For F' € C.(G/T) and ¢1,92 € G, we consider the

measure defined by the integral

1

NT,gl,gz(F) = m

/ F(h='g.T)du(h), F € C.(GT). (2.1.23)
Hr[g1,92]

Theorem 2.1.9. Let ux be the normalized G-invariant probability measure on X = G/I.

For all g1,90 € G and all F € C.(X)

im pir g, g,(F) = /XF(m)duX(x). (2.1.24)

T—o0

The above ergodic theorem is proven in Section 2.3. In an overview, we will establish
unipotent invariance of the limiting measure, which opens the way to apply the celebrated
results of Ratner (see e.g. [Rat91]), combined with the results of Shah (see e.g. [Sha94]) on
the behaviour of polynomial orbits. The main technical result we prove is a certain divergence
of polynomial maps in representation space, where the domain of the maps "shrinks” (see

Lemma 2.3.6).

Notations and conventions

Throughout this paper, for function f and g on R, by f(x) = O(g(z)) or f(x) < g(z) we

mean there is some C' > 0 such that |f(z)| < C|g(x)| for sufficiently large z; by f(x) < g(z)

we mean f(z) < g(x) and g(x) < f(z); by f(x) ~ g(z) we mean lim,_, ’% =1or
lim,_. % = 1, depending on the context.

2.2 Volume estimates of skewed balls in H

The main goal of this section is to prove Proposition 2.1.6. In our arguments below we

will make use of the following Lemma.
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Lemma 2.2.1. For an integer n > 1 and o0 € R, when T — o0,

[ oy ~volsLR)/) [ lalvdd 221
SL(n,R)p

Ar
N {C"nz;‘"ﬂﬂ"w-w o> —nln—1

, (2.2.2)
Lo +O(TM=0%9)  ifg < —n(n —1)

where I, , and C,, are constants, and dvy is the counting measure.

Remark 2.2.2. We note that our method of proof doesn’t give explicitly the constants I, .
The constants C,, come from formula A.1.15 in [DRS93]. We also note that our method of

proof below also gives the asymptotics for 0 = —n(n — 1), but they will not be used in our

paper.

Proof. The case o = 0 is the estimate that as " — oo, Vol(SL(n, R)/A)-#Ar ~ Vol(SL(n,R)r)
and the estimate Vol(SL(n,R)7) ~ C, 7"~V which were obtained in [GN09] (see formula
A.1.15 in [DRS93] for the expression of the constant C),). For ¢ > 0, by Fubini argument

and using A1.15 in [DRS93], we have

gl
[ laldg= [ [ ara
SL(n,R)r SL(n,R)r 40
= / / Lit<gli1dtdg
SL(n,R)r 40
= / / Lie<gi1dgadt
0 JSL(R)r
TO'

:/0 Vol([t= < ||g|| < T))dt

= [ Vot < Thar— [ Vol < ¢4

TU
_ CnTn(n—1)+0' . / Ontn(n—l)/odt + O(Tn(n—l)-i-o)
0

n(n —1)

a Cnn(n— )+o

Tn(n—l)+0 + O(Tn(n—1)+a> )
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For —n(n —1) # 0 <0,

lglle
| eleag= [ [ g
SL(n,R)r SL(n,R)r J0
= / / Li<|g)o1dtdyg
SL(n,R)7 J0
= / / Lit<|g)-1dgdt
0 JSL(nR)r

— /Oo Vol([|lg|| < min(t=, T)])dt
/ (gl < £4])dt + / Vol([[lg| < T)dt

/ Vol([[lgl < £4])dt + / Vol([[lg| < T)dt
(For g € SL(n, R), |lg] > 1)

/ I([[lg]| < t=])dt + C, T "D+ 4 o(Tnin=Dte)

(n 1))

as t — 0 (recall that here ¢ < 0), and since fo dt

Since Vol([||lg|| < t#]) = t™

converges, we have by dominated convergence that

1
/ Vol([lgll < t7)dt = I,
0

for some (implicit) constant = I,, ,. Now

/ Vol([[lg| < £*])dt =L, — / Vol([[lg| < £4])dt

Td
=lno+ 0 < / a )dt> = Lo + O(T""H0%9),
0

which concludes the proof of the estimate for o < —n(n — 1).
The proof for the statement with A is similar — use the Fubini argument with the
counting measure dq instead of dg, and then apply the estimate that A, ~ C,7"1 as

T — 00. U
For ¢g; € SL(m + 1,R) we write

1 Gi O _|Hi O
g1 = kl {Gg G4 y 92 ‘= H3 H4 k27 (223)
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where ki, ky € SO(m + 1,R), G, H € R™™ G3, Hy € R™™ and Gy, Hy € R. We proceed
now to study u (Hr[g1,g2]), where Hrlgi, go] == {h € H : ||g; *hga| < T}. Recall that our
Hrlg1, g2] is the disjoint union (2.1.17), so that
p(Hrlgr, o) = 1 (Varlor, g2)) (2.2.4)
geA
where we recall V,7[g1,92] = {h € UAq : ||lg; *hgz|| < T}. We will now inspect closely
V,rlg1, g2]. Since the Hilbert-Schmidt norm is bi-SO(m + 1, R) invariant, we may assume
that k1 and ko in (2.2.3) are equal to the identity matrix.

A generic term h € U A~ is of the form

o [0 t=wl, 0][¢ 0] [tmqg 0
Tle 1 0 t| [0 1] [tmoug t]’

where t # 0,q € A,v € R™. Note

hee _[G1 0 ~wg 0] [Hy 0
giig2 Gs Guf [twoq t| |Hs Hy
_ [ _%qu 0 H1 0
_t_iGgq—i-t_%qu Gut] |Hs Hy
- [ tiiqu}[l 0
t~w GaqHy + tm GyogHy + Gy Hst GuHgt|'

Upon taking the sum of squares and rearranging terms, we conclude that ||g1hge|| < T is

equivalent to
|GsqHy + GauqHy + GuHstw |2 < —|GuHy2tn 2 + tn T? — ||GyqHy | (2.2.5)
In view of (2.2.5), let
Dyry = {v € R™ : ||GsqH, +GavqHy + Gy Hytw HY|> < —B2tm 2 4tm T2 — A, (q)?}, (2.2.6)

where

Am(q) = |GrgH | (2.2.7)
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and

By = |G H,l. (2.2.8)

Recall the expression (2.1.13) for the left Haar measure on H, which gives

o 1
w(Vorlor, g2)) / / V,.zlg1,92] uvatq)dv —dt = / Vol(D%T,t)Wdt, (2.2.9)
0

where Vol(D, 1) is the Lebesgue measure of D, ;. We observe that D, r, is the interior of

an ellipse in R™, whose area is

m

_thm+2 tmT2 Am(q)? 2

. 2 2

Vol(Dg,r¢) [Gal ™ det ()] if — BHw 2 15T = An(0)? >0 (2.9.10)
otherwise.

Here v,, = 3 denotes the volume of Euclidean ball of radius one in R™. We now

r( +1

inspect more closely (2.2.10) with the goal to shed light on how it changes as we vary 7 and
T. Roughly, we will show that when A,,(q) is “large” with respect to T', then the volume of
the ellipse is “small”.

First, observe that the maximal value of —B2tw 2 4 tw T2 for t > 0 is

1 o T2+ 5
Mp =" - (2.2.11)
m+1\m+1 Bm
1
which is attained at
1 T
0T) = ———. 2.2.12
D= 2212
Then, according to (2.2.10), we get that m(D, ;) # 0 only if
T
An(q) </ Mp = : (2.2.13)
By

Next, observe that f(t) = —B2tm 2 +tw T2 — A,,(¢)? is monotonic increasing in (0, 6(T)) and
monotonic decreasing in (6(7"), 00). Also, note that f(0) < 0 and that f(v/m + 16(T)) <0
Then, whenever A,,(q)2 < My, it is easy to see that —B2tmt2 4 tu T2 — A,,(q)? has two

positive roots, which we denote by oy and 5,7, and the following bounds hold

0<a,r <0(T)<pPyr < vVm+16(T), (2.2.14)
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whenever A,,(¢) < v/ Mr. In particular,

(-BpF A -a,0?)
Vol(Dgr) = § Um Gl der )| if ¢ € (agt Fae) (2.2.15)
0 otherwise,

and by recalling (2.2.4), we conclude that

By, (_B2t%+2 —i—t%TZ — A ( )2)%
Um m\{q
|% = 1 dt. 2.2.16
:u( qu[glmgQ]) ]G4|m|det(H1)| /Q%T tm+2 ( )
f(t) = —GIHZ® +1T% — | G1vH1 ||?

Figure 2.1: Illustration of the estimate of the roots of the polynomial when m = 2.

The following gives more precise bounds for the root a., r as ¢ and T" vary. By rearranging

terms in
— B 4 ol T — Anlg)? =0,
we get that
- Am(g)?
am = amla)” (2.2.17)
o T? — Bia2,
and by using that a,r < 6(T'), see (2.2.14), we conclude that
2 Am(q)? Am(@)* (m+1)An(q)”
Y1 = o B2a2, < T2 T2 : (2.2.18)
q7
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In particular, it follows that

Am(g)™
Qg X (2.2.19)
and moreover, by (2.2.17) and (2.2.18),
2 Am(q)2 1
Lemma 2.2.3. [t holds that
Ui Tm(m+1)
1(Varlor, go]) < (2.2.21)
! |G| det(H)| || Am(q)|I™
" G—l m2 H—l m? Tm(m+1)
|Ga|™| det(Hy)[  [lgl™
In particular, when g1, g2 vary in a compact subset of SL(m + 1,R), it holds that
m(m+1) 1
w(Vorlgr, g2]) <T ) W .
Proof. We have
Ba,T _B2t%+2 t%TQ A 2\ ™
/ (=Bt + m(@))® (2.2.23)
tm—i—?
Qg T
Bq,T (t%T2)%
< / LKk L (2.2.24)
Qaq,T
Bq,T 1
=T / . (2.2.25)
Qq, T
<T"— (2.2.26)
maog'y
Using (2.2.18), we get
L™ e |G ™ | H
agy — Amlg)™ ~ [iod ik ’
which proves the claim upon recalling (2.2.16). O

We now return to u (Hrlg1, g2]). We conclude by (2.2.27) that

Z Ui /ﬁq’T (—B%t%+2 + t%TQ - Am(Q)Z)% dt
|G4|m| det(H1)| gt 2 )

1% (HT[91792]) =
qeA,

Am(q)<v/Mr

(2.2.27)
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where My is given by (2.2.11). We split the sum into two parts as

Part (—Bw 2 4 twT? — Ap(q)?)

U, 3 + m(q)?)

Yo+ ) / dt.
g, T

geEAN, geA, \G4\m\det(H1)\ tm+2

Am(Q)<VT — VT<Am(q)<v/Mr
(2.2.28)

We will now estimate the second sum. The second sum is relatively easier to estimate,

and it will eventually follow that it is of lower order in T compared to the first sum.

Lemma 2.2.4. If g1, g2 vary in a bounded set, then

2 2 =
Z Uy /6q,T (—B%tm+2 +tmT? — Am(q)Q) 2 g — O(Tm(m+1)—m/2)
|Gl det(H)] Ja, 2

q€eA,
VT <A (q)<v/Mr
(2.2.29)
Proof. In the following gi, go vary in a bounded set. By Lemma 2.2.3,
ﬁq,T _B2t%+2 t%TQ —A 2\ ™
3 / (=Bitn" + m(@))* (2.2.30)
tm+2
geA, ®q,T
VT <Am (q)</Mr

1
<o Y —— | (2.2.31)

2 Tl

\/T<Am(Q)

We have

An(q) = Gy Holl < Gl I,

where ||G4||, || H1|l are bounded above since they depend continuously on ¢y, go. Then, for

some C' > 0, we conclude that

1 1
ol 2 =0 2

q€A7 qEA,
VT<Am(q) CVT<|qll

By Lemma 2.2.1 with n = m and o = —m?, it follows that quA W converges with the

tail estimate

1 —-m
20 e =T
qeA, 1
VT<|lq|
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which proves our claim. O

We now proceed to treat the first part of the sum (2.2.28). Namely, in the following,
assume that A,,(q) < V/T.

For ¢; we define 6 = §(T', q,€;) by

An(q)
6= T, (2.2.32)
we define as = as(q, T, €1) by
1 1
agt == alp + 0, (2.2.33)

and for €5 € (0,1) we let A = \(q, T, €2)

A= (A,}”—iq)) " . (2.2.34)

We consider the following partition of the integral appearing in the terms of (2.2.28),

/Bq,T _B2t%+2 t%TQ o A 2\ m
/ =Bt w0 (2.2.35)
tm+2
aq,T
a5(Q7T761) )‘(qu762) /Bq,T _B2t%+2 t%TQ _ A 2\
= / +/ +/ U = w2 4 (2.0.36)
Qq,T as(q,T,e1) Aq,Te2) t

Our key point in the computation below will be that the main term among the three integrals

above is the integral in the range [ MaTe) o the following, we note that

as(q,Te1)

G I gl < An(a), (2.2.37)

and we note that |Gy || 7!, ||[H; ||~ are bounded from below when gy, g, vary in a bounded

set.

Lemma 2.2.5. Suppose that g1, go vary in a bounded subset of SL(m+1,R) and fixe; € (0,1).

Then

/aa(q,:r,el) (=B2twt2 4 tmT? — An(q)?)% =0 (Tm(mﬂ)_qmﬁ) (2.2.38)

o tm+? gl
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Proof. By substituting the variable s = tw in —B%t%Jr2 +tmT? — A, (q)?, the expression

becomes
f(s) = —=Bis™ + T?s* — A,.(q)*. (2.2.39)
Recall
0s(a.T.cx) = iy + (0. Toer) = oy + T,

1
and note that f(a/7) = 0. In the following, to ease the reading, we will omit from the
notations the dependencies on ¢, T and ¢;. We apply Taylor expansion to f(s) in the range

R 1 . .
s € [am,af'] at s = am which gives

&52
2

<T2am b+ f(£)0 (2.2.40)

flaf) =[—(2m + 2 B2 4 2T a5 +
5 1

1
where £ € [a%, aj']. When g1, g» are bounded, we get that B; is bounded above and away

1
from zero. Then the second derivative f”(€) over [am o] will be bounded as

1£7(6)] =| — (2m + 2)(2m + 1) B2*™ + 277
<(2m +2)(2m + 1)Bfa;?m + 272

i (2.2.41)

We note that for all large T' (independently of g and €;) f is monotonically increasing on the
1

interval (a%,a?). To see this, recall that 6(T)m ~ Twm is a critical point for f(s), f(s) is

monotonically increasing in (0,6(T)w ), and a5 = o(1). Then
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dt

/a5 (—B%t%” w2 — An(g)?)
3 tm+2

1 o
prwe / (=BXut? 44w T? — A,(q)?) % dt
1
1 [ m
=/, f(s)2ms™ ds
a™ o
1 Loy, m-l o
L——flag)zas™ 6 (monotonicity of f(s))
1 Lom
<<WJ‘“(045")?5 (a5 < @)
{r2aks 1 127"
< prTETs -0 (by (2.2.40) and (2.2.41))
1V
IR G e
= am-l—l—i—% 2
()’
5m;—2
< oMt

Using the bounds of «v in (2.2.18) and by applying the definition of ¢ in (2.2.32), we get

{TQOé%} 67”7” '1"'771(7rz—i-1)—61mT+2
TSRS A

(2.2.42)
which concludes our proof. O

We proceed to treat the middle integral, which will be the main term in (2.2.35).

Lemma 2.2.6. Suppose that A,,(q¢) < VT, and g1, g2 vary in a bounded set of SL(m+1,R).
Suppose that 0 < €1 < 2¢5 < 1, and let

1—262
m-+1

1. (2.2.43)

€ := min{ey, 2e5 — €1, 1 +

Then
)‘(qu,GQ) _BQt%—‘rQ t%TQ . A 2 %
/ ( : * m—+42 m<q> ) dt
as(q,Tye1) t
_ml(g + DI() | Tty (Tm<m+1>—e) o
- m?2 m m2 m2 /N
(- + 5 +1) An(9) 4l
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Proof. Suppose that A,,(q) < VT, and assume that g1, g» vary in a bounded set. In par-
ticular, recall that B; will be bounded above. To ease the reading, we will omit from some
notations the dependencies on ¢, T" and €1, €5. The dependencies should be clear from the
context. We first rewrite our integral as

m
2

2 2 m 2 m 2
/A (=Bitw ™2 +tmT? — Am(q)Q)idt _ /A (tmT? — Ap(q)?)= (1 _ Biw*? ) "
ags ag t

e e T Al

We now show that in the range t € (as, A) it holds that

24242
Bt = O( ! ) : (2.2.45)

ET2 — Ap(q)? TR
Indeed,
B24at2 A2t
p— <
tnT? = An(q)® o T2
)\2m+1
= (definition of a5 (2.2.33))
(am +§)2T?
)\2m+1
<
amyT?
(o’ 1
T T1+61
Now in view of the estimate (1 4 z)* ~ 1+ ax as © — 0, we conclude that
s s tmT? — An(q)?
M T? - An(9)?)® 1
_ ( /a | LD gy (1 +0 ( T%”l)) S (2246)
We shall now estimate | )\5 (tn1? t,,ﬁi’;(q 2 dt. To this end, we use the substitute u = ‘3”;222
(or conversely t = T’fn&) so that
(tﬁTz _ Am(q)2)%
/aa prwS dt (2.2.47)

m
2

A Tm
:/a& th( - 22 > it (2.2.48)
2

Tm2+m Am(@)?/12%0 m2 m
e A R (R 2:2.49)
m(q)™" Ja

m<‘1)2/T2)\%
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We will now prove that

Am(Q)Z/T2a§ m2 m 1 m2 m 1 ]_
/ uz_l(l—u)zdu:/ uz_l(l—u)2du+0( > +O(T2ez)
Am(q)Q/TQA% 0 " Tt

G N o (L),
(22 4 m 4 1) T

(2.2.50)

where in the last equality we used the classical formula for the beta function. Notice that
by (2.2.46), by (2.2.49) and by (2.2.50) the proof is complete.

To prove (2.2.50) it suffices to estimate the differences between the endpoints of the

corresponding integral, namely it suffices to estimate |1 — Am_(q; and ‘.A;,:ilg _ O‘ _ A;n; ql)Q.
T2agn m -
We have
2
2| z
T2am T2a)
T2am — Ap(q)? Q0§ & 62)T2
= (T (9) )—;( amé 4 0%) (using definition of as, see (2.2.33))
T?ap
1jm—0.5 4 (204%5 + (52)T2
B 2 (see (2.2.20))
T2a
I/Tmf[).S + (204#5 + (52)T2
S 2
‘TQQE
1 , 1
=0 (Tﬂ) ; (we have T?am = O(1) and (2aw0 + 62)T? = O(7))
and finally
A, (q)? A, (q)? A, 22, .
2(%) _ (q) — = (2q) - = O (ﬁ> . (2.2.51)
T2Am T2 (Am(@)/re) mi Tw eyt LT
O

For the last integral, we have the following.

Lemma 2.2.7. Suppose that g1, go vary in a bounded set and fix €5 € (0,1). Then

2 2 m
/ﬁﬂ CBT + T2 An@)* gy _ qrtma-nti—80)0 ( 1 ) . (22.52)
A

(aT,c2) gmt? lqll =
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Proof. Again, to ease the reading, we will omit from the notations the dependencies on ¢,T’

and e5. We have

I& _th%m t%Tz _A 2\ 2
/ (=Bt + m(@)* (2.2.53)
A tm+2

B (t%TQ)% B8 Tm
™ T T

= = ; (2.2.55)

T (An(@)) T mA(g)R

O

Proof of Proposition 2.1.6. We first conclude the estimate for the volume of V, r[g1, ¢2]. By
combining Lemmata 2.2.5 - 2.2.7, we conclude that there exists £ > 0 and C, > 0 (which
can be explicitly determined by optimizing €; and €;) such that whenever g1, gs vary in a

bounded set, we have

ﬁqT _B2ta+2 —f—t%TQ _A (q)2)%
Ve NP m dt
:U’( qT[91>g2]) - |G4|m|det Hl |/ Jr
_ /a‘s(q’T’“) N /A(Q’TQ BqT /B (= B2+ 4 (2T — Am(qy)%dt
Qg T as(g,Te1) q T,e) |G4|m| det H1)| agr tm+2
2
m?) r (m+1) m(m+1)—k
N, p” — -+ C,0(T ).
Lemmata 2.2.5—2.2.7 |G4| |det<H1)| QF(? 2 + 1) A (7)
Now we compute the total volume p (Hrlg1, g2]).
p(Hrlg, o) = Y n(Varlor, gl) (2.2.56)
qeA,
Am(q)? <My
< > w(Virlar, ga)) + O(Tm D7), (2.2.57)
Lemma 2.2.4 and (2.2.37)  g€A4,
llall<CvVT

As above, we split the computation of the volume of V, r[g1, go] into the sum of the three

integrals

as(q,Ter) Mg, Tse2) Bq,r U b (_B%t%—ﬂ + t%TQ _ Am(q)Q)%
+ + — ) dt.
ag,T as(q,Ther) g, Te2) |G4| | det(Hl) | a t
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But now, in order to conclude the volume estimate (2.1.20), we need to use Lemma 2.2.1
when summing over v € A the estimates depending on ||y|| that appear in lemmata 2.2.5
- 2.2.7. For the summation over ~ of the estimates in lemmata 2.2.5 - 2.2.6, note that by

Lemma 2.2.1, the infinite sum »_ _, —— converges. For the estimate appearing in Lemma

1€A |q ||m

2.2.7, observe that

€2m

> T+—m (2.2.58)

qeA, Am(Q) m+1

lal<CvT
e m2 m— 71%72
e o (VT (2.2.59)
2 (0.5—¢9)m?
_O(T"3m +m)7%)' (2.2.60)

As we may choose any €7, €s with 0 < €1 < 2€5 < 2 (this restriction appears only in Lemma

2.2.6), it follows that there exists a x > 0 such that

v ml(%3 + DI(75) 1 -
Hrlg1, 2] = m ; 2ot N O(T ),
rlg1 92| G| det(Hy)| 20(% + 2 + 1) 2 Am(g)™ ( )

To obtain the exact expressions appearing in Proposition 2.1.6, recall that A,,(q) = ||G1qH ||

geEA

of

™
NG

]

and note that v, the volume of the unit ball in m-space is

+

1)

2.3 Proof of equidistribution along skewed H-balls

We start by reducing Theorem 2.1.9 to the following equidistribution statement along
skewed balls of the connected component of H. Consider for g1, g2 € SL(m+1,R) and 7" > 0

the measures

o 1 -1, —1 1
1 F) = —/ F(a; u, g:I')dv
T 792( ) ,U(VT [917 92]) VT[gl,gz] ( ! ) tm+2

Theorem 2.3.1. For all g1,9> € SL(m + 1,R) and all F € C.(X) it holds that

dt. (2.3.1)

hm lu’Tgl gQ(F) = MX(F)

T—o0
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Proof of Theorem 2.1.9 assuming Theorem 2.3.1. In view of (2.1.17), we can decompose

UT.g1.90(F) as the following convex linear combination:

M q 7191, 92)) 1 /
WT g1, F(q 'a; v, glf) —dvdt (2.3.2)
onon( 2 1 (Hrlgy, g21) 11 (Varlgr: 920) Jv, rigrgo) !
Notice that
w(Varlgrs g2]) = 1(Vrlgr, qg2)), (2.3.3)
and observe that
1 1 o
m Vol ]F(q at U glf) dvdt /‘LT,g1,qgg(Lq71(F>>‘ (234)
) ) q,T191,92
By assuming Theorem 2.3.1, we have for all ¢ € A,
A 170, 40, (Lo (F)) = i (g2 (F)) - = i (F).
We denote
2 (VQT[QM 92])
CoT = ——"—""2, 2.3.5
T W (Hrlgr, g9)) ( )

Then clearly,

ZCQ’T =1, VT, and ¢, 7 <1, Vq,T

qeEA
Importantly, by Lemma 2.2.4 and by (2.1.20) there is C' > 0 such that for all T' > 0

C

Cqr < ——5.
7 gl

By Lemma 2.2.1, >  _, —— converges. Then for arbitrary small ¢ > 0, we may find N,

€A |q ||m

such that

Z Cq,T <e€ VT > 0.

gEA,
llqll>Ne
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Thus,

171,02 (F) = 1ix (F)| = | Y (15, 490 (F) = 1 (F)) (2.3.6)

geA

< Z Cq,1 "uoﬂgl,qu (F) — px (F)| (2.3.7)

geA

<D

qeA,
lgll<Ne

2 g1sags(F) = 11x (F)| + 2€[| F | . (2.3.8)

Then, by assuming Theorem 2.3.1, we get that

lim sup |, 6, (F) = pux (F)] < 2€[| F[oo,

T—o0

which concludes our proof. 0

In the rest of the section we will be proving Theorem 2.3.1. Let X = G/T denote the
one-point compactification of X = G/T". Our plan is to show that if a finite measure n on X
is a weak-* limit of the measures pu7., .., T > 0 (recall that by the Banach-Alaoglu theorem,

there’s always a weak-* limit)®, then
(1) There’s no escape of mass, namely n(oco) = 0, and
(2) nis G-invariant.
As a result we must have n|x = px the unique G-invariant probability on X.

There are essentially two key facts that stand behind our proof of the above statements.
The first is that the measures p7.,, .. involve integration along families of polynomial tra-
jectories, which allows to utilize deep results due to Shah on the behavior of polynomial
trajectories in G/I". We note that those results are generalization of the celebrated results of
Dani-Margulis [DM93] building on the linearisation technique. The second key fact is that 7

is invariant by a unipotent group, see Theorem 2.3.2. This opens the way for the application

8recall if any convergent subsequence of a bounded sequence converges to the same limit, then so does
the original bounded sequence.
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of Ratner’s theorems on measure rigidity [Rat91] in combination with the results of Shah.
We note that our apporach is similar to the one taken by Gorodnik in [Gor03]. The essential
difference between our approach compared to [Gor03] is in our treatment of the divergence

of the polynomial trajectories in the representation space, see Section 2.3.6.
2.3.1 The U-invariance of the measure along skewed balls of

The main goal here is to prove that any weak-* limit of 3. gr.go 18U 1= {RT” 1] -invariant.

For any uy € U, consider Ly, (F)(z) := F(uy'x).

Theorem 2.3.2. For all g1, g2 € SL(m + 1,R) and all F' € C.(X) it holds that

hm (/’L%,gl,QQ (F> - /’L?F,gl,gz (LUO (F)) = O (239>

T—o0

The following lemma will be needed:

Lemma 2.3.3. Let f : RY — R be a bounded continuous function. Let E C R? be an

ellipsoid with surface area S, then for y € R we have the estimate:

< N fllsollyllS. (2.3.10)

/E (o) = Fly + v)]dv

Proof. Indeed,

J170) = fty+ o

EC dv—/f
_/Myu )ldv

<|| flloollyllS, (f is bounded)

where the last line follows from the Theorem 1 of [Sch10]. O

Proof of Theorem 2.3.2. Recall that

Vrlgi, go] = {upa; : t >0, v € Dr,},
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where Dy, := Dy, 1, which is given by (2.2.6). We denote ar := «y,, v and fr := Sy, r the

roots of —B2twt? + twT? — A,,(q)* which determine Dy, see Section 2.2. Let F € Cy(X)

I, 0

and fix u,, = L} 1
0

} € U. We have

[ rectanaan - [ Fagntanam)
Vr(g1,92] Vrlg1,92]

= / (F(h'giT) — F(uy'h™gil)) d,u(h)’
Vr(g1,92]

Br 1
_ / / (Fla; uy " i) = Fluy)a; 'y i) dvd
aT DTt
pr 4 1, -1, -1y, —1 1
- /aT /D (F(at u, 1I') — Fa; [agu,, a; " ]u, 91F)) dvtm+2dt

;
Tt
,

Br 1
/ <F(at_1u_vglf‘) - F(at_luit%ﬂvowglf)) dv—dt
T JDry

t
cr Br - X 1
_ < /a C /CT ) /D ) (Pl o) = Flay u_ya, oT)) dossat

where the auxiliary parameter ¢y is chosen by

9

1

=7 (2.3.11)

Cr .

To estimate the integral fci " we use the trivial bound

/ (F(at_lu_vglF) - F(at_luit%+1 _1,vglr)) dv
Dt

voq

m
2

(=B2tmt2 4 tmT? — A2)
G| det(H, )| ’

§/ 2||F||odv = 2||F || oV (by (2.2.10))
Dr 4

so that the integral ffT " will be bounded by

/5T2IIFH (=B2tm2 4 tmT? — A2)% 1 u
oovm
or G| det(Hy)| tmt2
Br m
< / P
cr
m2
LT =" (using (2.3.11))

After normalization by Vr[g1, go] < T™™*V | this integral vanishes as T — oo.
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Now it remains to estimate the integral f:; For that we use Lemma 2.3.3.

Pla; u gil) = Fla "y, ol ) do—sdt
Dr ¢
m—1
r B2tm T2 4 tmT? — A2 1
<[#1lo0 | =t m gt (byL 2.3.3
<l /aT | UOH\/ G| det(H,)| pm+2 (by Lemma )
m—1
1 B2tmT2 4 tmT? — A2
=[Fll tm mo g
Ml / mu\/ e
m—1
cT 1 %TQ
——m—1 C
S F oo/ gt Vo _Tr- dt
1P [ o™ | e
mmm=1, m—1
< crof (crT)
< mim=3, (using (2.2.18) the range for the root a)
Again, this term goes to zero as T — oo, after normalization by Vy[gi, go] < T™m+D, O

2.3.2 The non-escape of mass

Recall G = SL(m + 1,R) and I' < G is a lattice. Let g be the Lie algebra of G. For
positive integers d and n, denote by Py, (G) the set of functions ¢ : R® — G such that for
any a,b € R", the map

TE€R— Ad(p(ra+0b)) €g (2.3.12)

is a polynomial of degree at most d with respect to some basis of g.

Let Vg = Zdlmg A'g. There is a natural action of G on Vg induced from the adjoint
representation (in other words, we are considering a representation = : G — GL(Vs) but
sometimes omit the symbol 7). Fix a norm || - || on Vg. For a Lie subgroup H of G with Lie

algebra B, take a unit vector py € A“™"b.

Theorem 2.3.4 (Special case of the theorems 2.1 and 2.2 in [Sha96|, combined). With no-
tations above, there exist closed subgroups U;(i = 1,2, ...,1) such that each U; is the unipotent
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radical of a parabolic subgroup, U;I" is compact in X = G/I" and for any d,n € N, ¢,§ > 0,
there ezists a compact set C C G /T such that for any ¢ € Payn(G) and a bounded open

conver set D C R", one of the following holds:
(1) there existy € I and i =1,...,1 such that sup,cp || (v)y.pu,|| < 0;
(2) Vol(v € D : o(v)[' ¢ C) < eVol(D), where Vol is the Lebesgue measure on R™.

Fix g1, 92 € SL(m+1,R). We shall consider the family of polynomial maps which appear

in the integration along the measures pz . which are given by
oi(v) = a; ', gy, (2.3.13)

where ¢ > 0 and v € R™. For each fixed ¢, the map ¢;(+) is in Pa,,(G). Our strategy is to
investigate how ;(v) fails the condition 1 of the Theorem 2.3.4 by studying the expanding
phenomenon of the map ¢;(v). This will be the key fact which will allow to prove the

non-escape of mass.

Denote by Hr the family of all proper closed connected subgroups H of GG such that I'MH
is a lattice in H, and Ad(HNT) is Zariski-dense in Ad(H). We have the following important

theorem:

Theorem 2.3.5 (Theorem 1.1 [Rat91], Theorems 2.1 and 3.4 [DM93]. see also Section 3

and Proposition 4.1 in [Sha96]). The set Hr is countable. For any H € Hp,I.py is discrete.

Consider the finite set of unipotent radicals of parabolic subgroups, denoted Uy, ..., U;
appearing in Theorem 2.3.4. By Theorem 2.3.5, we have that I".py, is discrete in Vg for all
i.

Write Vg = Vo @ Vi, where V) is the space of vectors fixed by G and V) is its G-invariant

complement (exists because every finite-dimensional representation of a semisimple Lie group
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is completely reducible). Denote by II the projection of Vg onto V; with kernel Vy, and note
that by Lemma 17 in [Gor03] it holds that II(I".py,) is discrete for all 4. Since py, is not fixed
by G (this is because the action is through conjugation and U;’s are not normal subgroups

in the simple group G), II(I".py,) does not contain 0. So it follows that

inf  ||II(z)|| :==r > 0. (2.3.14)

weUé:1 I.pu,

The following lemma will play a crucial role in proving n(cc) = 0:

Lemma 2.3.6. Let B C R™ be a bounded set, and let x € (0,1). Then for any v > 0, there
exist tg > 0 such that for any 0 <t < ty, any & € B and any x € Vg such that ||II(z)]| > r,
it holds

sup la; 'uy .|| > v, (2.3.15)
vED(tl%)-i-E

where D(3) is the ball of radius  in R™ centered at the origin.

~1 into m elements,

The idea of the proof of the lemma to decompose the elements a; 'u;

each belongs to a subgroup isomorphic to SL(2,R) and then use the representation theory
of SL(2,R) for each component. We note that a similar approach was used in [KW06].
Let E;; be the (m + 1) x (m + 1) matrix where the (¢, j)-th entry is 1 while all other

entries are zero. Consider the following copy of SL(2,R) in SL(m + 1,R)
SLY(2,R) := {Lni1+(a—1)Ejj+bEn 1 j+CEjmi1+(d—1)Epyrmy - ad—be = 1}, (2.3.16)
for j =1,2,...,m. We will denote
70) [CC‘ Z} = i1+ (a— D)Ej; + bEpirj + CEjmsr + (d = D) Epiimer.  (2.3.17)

We have the following observation which we leave the reader to verify.
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Lemma 2.3.7. Let o : {1,2,...m} — {1,2,...,m} be a permutation. Then it holds that

T w0y ([0 L 0 2.3.18
it =L ([T 0 L, U)) s

where v = (V1 ..., V) and t > 0.

The decomposition (2.3.18) reduces the proof of Lemma 2.3.6 to the study of the expan-

tm 0 ][1 0
0 t=| |y 1

in representations of SL(2,R). In the following we review some of the basic facts on the

sion of elements of the form

SL(2,R)-irreducible representations, and then we will proceed with the proof of Lemma
2.3.6.
Recall that if 7 is an (n + 1)-dimensional irreducible representation of SL(2,R) and 7’ is

the induced Lie algebra representation, then there exists a basis vg, vy, ..., v, such that

7 (H)(v;) = (n —20)v;,1 =0,1,...,m; (2.3.19)
W/(X)(’Ui) = z(n —i+ 1)’01‘,1,7; = 0, 1, o (2320)
7 (Y)(v;) = 041,41 =0,1,...;n (vy41 = 0). (2.3.21)

1 0 01 0 0 .
where H = [O _1} X = [0 0], and Y = [1 O] form a generating set of sl(2, R).

Under the matrix Lie group-Lie algebra correspondence,

1
([ %)) = ewomenm)
has the matrix representation

(2.3.22)

and



has the matrix representation

1

p21.(y) '1 (2.3.23)

where pg;(y) is a monomial in y of degree I. Both matrices are under the basis vy, v1, ..., Up.
Observe that the line
W = Ru,

1 0

is the fixed subspace of ™ ( {—y 1

} ) . This space is important for us since it’s the eigenspace

1
of the matrices <[tg t‘Ol ]> which corresponds to the largest eigenvalue as t — 0. We
denote by pry, the orthogonal projection on W with respect to some scalar product on V,.
The following lemma is a special case of [Gor03, Lemma 13], which is essentially [Sha96,

Lemma 5.1].

Lemma 2.3.8. Let 7 : SL(2,R) — V), be the n+ 1-dimensional irreducible representation of

SL(2,R), and let

Fix a bounded interval 1. Then there exists a constant co > 0 such that for any B € (0, 1),
Teland x €V,

sup |[pryy (nx)|| = co8" x| (2.3.24)
ne®((0,8]+7)

We have the following corollary.

Corollary 2.3.9. Suppose that m : SL(2,R) — V is a representation, fix an interval 1 and

let x € (0,1). Then for all t € (0,1) the following holds.

(1) If 7 is irreducible, then for all T € I it holds that

([ S )

for all x € V, where the implied constant depends on m only.

sup >t x| (2.3.25)

1—
ye[o,t%]-kr
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(2) If w is any representation, then for all T € 1

([ S -

for all x € V, where the implied constant depends on 7 only.

sup > [1x]], (2.3.26)

17
yelo e |4

Proof. In the following, for convenience, we will omit the representation symbol 7. Suppose

that V is the n + 1’th irreducible representation. Then for all y € R and all x € V

twm 0 1 0
1 X
0 tm| |-y 1

1
>C'||pry ({tm 0 } [ L 0] .X) H (by the boundedness of the linear operator pry,)

0 — —y 1

<|[5 A ([ 1)

(since the matrix (2.3.22) commutes with pry, = prg, )
=Ct ™ ||pryy (O(y)x) || (see the last component of (2.3.22))

Then, part 1 of our corollary follows by Lemma 2.3.8. To conclude part 2, note that we may
always decompose V as Vy @ V; where )V is the space of fixed vectors, and V; is an invariant
complement. By further decomposing V; into irreducible representations, and applying part

1 of the corollary in each component, we get the result. Il

The proof for Lemma 2.3.6

Recall Vg = Vy @ Vi where V) is the space of SL(m + 1, R)-fixed vectors, and V; is it’s
invariant complement. Note that in order to prove Lemma 2.3.6, it’s enough to verify that

for a fixed r > 0, a bounded set B C R™ and x € (0, 1) it holds that

min sup lla; uy x| > 7Y™ Ve € B (2.3.27)

x€eV1, IIX”E’I‘ 1—x
veD (tT) +&

where ¢t € (0,1). As V) is invariant by each SLU )(2, R) action, we may further decompose V;

by
_ ) (4)
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where Véj ) is the subspace of fixed vectors of the action of SL(j)(Q, R) for j =1,2,...,m and

Vl(j ) is its invariant complement. For any x € V; we write

x=x{ +x7 j=12 . m (2.3.29)

where XZQ) € Vi(j),i =1,2,...,m from above.
Lemma 2.3.10. It holds that infxey, jx,|>r <||x§1)|| I ||x§m)||> = Lr for some L >0

Proof. We recall that UA is an epimorphic group, cf. [SW00]. This simply means that if
x € V; is fixed by UA, then it’s fixed by all of SL(m + 1,R). But in such case, x = 0,
since V) is an invariant complement of the fixed vectors. In particular, this implies that

Nie, Véi) = {0}. Since the sphere of radius 1 is compact and as (", Véi) = {0}, we have

inf (P ™)) = 2> 0.

x1E€VL,[[x1]|=1

By scaling, it is easy to see for r > 1,

inf (legl)H bt ||x§m)||) —  inf <||X§1)|| - ||X(1m)||>

xlevl,”le:T X1€V]_,||X1||:1
(by linearity and scaling)
=Lr > 0.

]

Now take x € V; and fix j such that ||x(1j)|| > Lr. We pick a permutation o : {1,...,m} —

{1,...,m} such that o(m) = j. Using Lemma 2.3.7 we write

m—1 1 1
tm 0 1 0 , tm 0 1 0
1, -1, _ H (o (1) - ) )
R zzlﬁ ({0 t_?“l"] [—t_ = Vo) 1DW ([0 ‘51} [—Uj 1] X)

Note that

<[0, itlm"] +11> X . X ([0 %tm] +Im) cD (tlfnx> + B,
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for some intervals I, 1 < | < m. Then (2.3.27) is obtained by applying Corollary 2.3.9
as follows: We decompose Vl(‘j ) into SL(j)(Q,R)—irreducible representations, and we assume
(without loss of generality, as all norms are equivalent) that our norm || - || on V) is obtained
by taking the sup norm with respect to a basis of V; composed out of a basis for V(()j ) and

bases for each of the SL\)(2, R)-irreducible spaces. Then, using Corollary 2.3.9 (1), we have

([ )1 )

and by further applying Corollary 2.3.9,(2) when taking the supremum of (2.3.30) over the

for all 7; € I; that

sup >t (2.3.31)

1—x
v €[0,tTm |47

parameters ([0, \/Lmtl%] + Il) X ... X ([0, Lmtl%] + Im), we obtain (2.3.27).
Proof of n(c0) =0

Recall that 7 is a weak-* limit of the measures

1 pr 1
° F ;:—/ / F (a7 'uy'gil) do dt, F € C.(G/T"), (2.3.32
K010 (F) e (Vrlgr, g2]) Jar Dr ( ! g ) tmt2 (/1) ( )
where we recall that Dy, is the ellipsoid centered at —G;*G3 — HyH; Lmtl e R™ given by
Dy = {v € R™: ||G3Hy + GuHy + Gy Hstm V> < —B2m ™2 4 tmT? — A2}, (2.3.33)

A, = Ap (1) which was defined in (2.2.7), and 0 < ar := ay,, v < fr = Br,, 1 are the two
positive roots of —B2tw 2 4+ twT? — A2 . We note that Dy, contains the ball with the same

center whose radius is equal to the shortest radius of the ellipse, which is

2 2
Rrs = Cy 4 \/ —B¥tm T ptmT? — A2

for some constant Cy, 4, > 0. The displacement of the center from the origin has two parts:
one part (—G; 'Gs) is constant and the other part (—HsH; 't +1) involves ¢ but is bounded

when t € (0,1). To use Lemma 2.3.6 in our proof for n(occ) = 0, we would like to have
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Ry > s But, when t approaches to either ar or to B, Rr; becomes too small. Thus
we need to truncate the range for ¢ as following. Using Lemmata 2.2.5 and 2.2.7 together
with the estimate of p(Vr[g1, g2]) in (2.1.19), we have that for €, €2 € (0, 1) there exists some
Kk = K(€1, €2) > 0 such that for any fixed F' € C.(G/T") it holds

1 A(The2) 1
WT g 0o (F) = —/ / F (a;'uy,'giT) do ——dt +O(T™"). 2.3.34
Tonse(F) 1 (Vrlgis 921) Jasre) Jor (o il tmt2 @) )

Lemma 2.3.11. Fiz x € (0,1). Then, there exist 0 < ¢; < €5 < 1 such that for all T large

enough, we have that for all t € (as(T, €1), N(T, €2)) it holds that
Rpy >t (2.3.35)

Proof. To prove the inequality, we estimate from below the left hand side, and estimate from

above the right hand side. For the right hand side, we have for ¢ € (as(T, €1), \(T) €3)) that

AT, e) 7 >t (2.3.36)
By definition of A, see (2.2.34), we have
1-x 1
)\(CT7 EQ) m X =) (2337)
s
We now estimate Rr,. As we already noted, the function f(t) := —B2tut2 4 tmT? — A2,

has one critical point 67 in the range ¢ > 0, and f(¢) is monotonically increasing in (0, fr),
where we recall that 67 < T. Since \(T,€e3) = o(1) as T — oo, we conclude that for all

t € (as(T,e1),\T,€3)) it holds

VoBHER 4 AT - A2 > \[—Blog(T,e) %2 + (T e) T2 — A2, (23.38)

Note that as ' — oo (by (2.2.33) and by (2.2.20))

1 A 2 1 2
_ m m - A2
o (aT + T1+e1) - Am (T2 + T2+61) )
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Then, as T — oo, we have

1
T61/2

V- BRas(T, )%+ + as(T, e) T2 — A2, = (2.3.39)

We are free to choose €; and € in the interval (0,1) as we wish. In particular, we as well

may assume that

e(1 _X>.

@/2 < m+1

With the latter choice, we obtain our claim by the estimates (2.3.39) and (2.3.37). O

We are now ready to prove n(oco) = 0. By the above Lemma 2.3.11 and Lemma 2.3.6, we
conclude that the first outcome in Theorem 2.3.4 for the translated ellipsoids D = Dy, fails
in the range t € (as(T,€1), \(T, €2)) for all T large enough. Here €;, €5 are fixed such that
Lemma 2.3.11 holds. Thus, by the second outcome of Theorem 2.3.4, for arbitrarily small

€ > 0 there’s a compact C' C G/I" such that
VOI(U € DTt ( ) ﬁé C) < EVOI(DTt) Vt € (Oé(s(T, 61), )\(T, 62)). (2340)

Now take F' € C.(G/T") with 10 < FF < 1. As T' — o0,

1
°©  (F :—/ F(h g, dp(h
/‘LT,QLQQ( ) M(VT[91792]> Velor.a ( 1 ) lu( )

L] rawn g
= v)T) dv
(VT 915 92)) Jasr.er) Jrs 7t tm+2

dt +O(T~)  (by (2.3.34))

dv —dt+0
VT 91,92 /%Tel /DTt (pt ( )
(T,e2)
>t 1 — )Vol(Dry) ——dt + O by (2.3.40
TRy / v ) (T (by (23.40))
Br
=(1—c¢ / Vol(D dt + 0
( )M(VT[91,92]) ( Tt) ( )
(by Lemmata 2.2.5 and 2.2.7)
=1—e+0O(T7").
Therefore,
liminf 1., ,,(F) > 1 ¢ (2.3.41)
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so that

n(oo) < limsup g, . (support(F)) < e (2.3.42)

T—oo

Since € is arbitrary n(oco) = 0.

2.3.3 Proof of G-invariance

Recall U = [é’fn ?] . For a closed subgroup H of GG, denote
NH,U) :={ge G:Ug C gH}, (2.3.43)
S(H7 U) = UH'§H7H’€HFN<H/7 U) (2344>
Consider,
Y= |J NH U= | [NHU)-SHU) C G/T, (2.3.45)
HeHr HeHr

where Hr was defined above Theorem 2.3.5. The equality holds since for any g € N(H, U), if
g isalso in S(H, U), then g must belong to N(H',U) for some H C H (note for Lie subgroups,
this condition means dim H' < dimH) and H' € Hr. Since H' has strictly lower dimension,
by repeating this argument we see eventually, g will fall into some N(H,U) — S(H,U) (with
S(H,U) possibly empty when H has minimal dimension).

Now we perform the ergodic decomposition of the U-invariant measure 7. By Theorem
2.2 of [MS95], each ergodic component of 7 is either G-invariant or supported on Y U {oco}.

Thus, in order to show that 7 is G-invariant, it is sufficient to prove the following lemma.
Lemma 2.3.12. n(Y) = 0.

By the discreteness of Hr (Theorem 2.3.5), it suffices to show that for each fixed H € Hr
it holds

n([N(H, U) — S(H,U)]T) = 0. (2.3.46)
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Since [N(H,U) — S(H,U)|I" is a countable union of compact subsets in G/T" (See [MS95]
Proposition 3.1), it suffices to show n(C') = 0 for any compact subset C' of [N(H,U) —
S(H, U)]T.

The main tool in the proof of the latter statement is the following consequence of Propo-

sition 5.4 in [Sha94]. We use in the following the same notations as in Section 2.3.2.

Theorem 2.3.13. Let d,n € Nye > 0,H € Hr. For any compact set C C [N(H,U) —
S(H,U)|T, there exists a compact set F' C Vg such that for any neighborhood ® of F in Vg,
there exists a neighborhood ¥ of C' in G/T" such that for any ¢ € Pyn(G) and a bounded

open convex set D C R™, one of the following holds:
(1) There exist v € I' such that o(D)y.pg C .
(2) Vol(t € D: p(t)I' € ¥) < eVol(D), where Vol is the Lebesque measure on R™.

Fix ¢ > 0 and H € Hp. Recall that ¢;(-) which was defined in (2.3.13) is in Ps,,. Let
C C [NH,U) — S(H,U)|I" be a compact set and take a compact set F' C Vg satisfying
the outcome of Theorem 2.3.13. By the same argument as in the Section 4.3 with Lemma
2.3.6 applied, the first outcome of Theorem 2.3.13 fails for all 7" large enough. Then, for

t € (as(T,e1),\N(T,e2)) for all T large enough,

Vol(v € Dry : pr(v)I' € ¥) < eVol(Dry), (2.3.47)
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where C' C U is the compact neighborhood from Theorem 2.3.13. Now let f € C.(G/I") be

such that 1¢ < f < 1 and support(f) C U, it follows that

77(0) < llHl sup MT ,91,92 (f)

T—00
_) / £ (0 (o)D) do——dt
=lim sup ———— v
Tooo I VT 91:921) Jar D1, ol tm+2
TEQ 1
=limsup ——— / f dv dt
Tooo M ( VT (91, 92]) Jasr,er) J D1 (ew)T) 2

(by Lemmata 2.2.5 and 2.2.7)

T62
<limsup ———— / / Ly (pi(v dU
Tooo 1 VT (91, 92]) Jasr,er) J D1

AT,e2) 1
<l S 1(D dt
<lim sup ( [91792])/04 eVol( T’t)tm—i-

T—oo H s(Te1)

—dt

<e.

Since € > 0 is arbitrary, n(C') = 0 and thus n(Y") = 0.

2.4 Proof of Theorem 2.1.5: The limiting measure on H\G.
We follow Section 2.5 of [GWO04]. First, we provide an explicit measurable section
o:H\G—Y CG,
and then we define a measure vy on Y such that
dg = dudvy, (2.4.1)

where dp is the left Haar measure on H given by (2.1.13) and dg is the Haar measure on G
normalized such that Vol(G/T") =1

To define the section, let F,, C {SL(m R) 0

0 1] denote a measurable fundamental domain

of
[ﬁ ﬂ\[SL(%%R) (ﬂ / [So(g’R) ﬂ =~ A\SL(m,R)/SO(m,R),  (2.4.2)
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and consider the product

Y :=F,-SO(m+ 1,R).

Then, we claim that the product map H X Y — G is a Borel isomorphism, which defines
a section o identifying H\G with Y. The surjectivity is clear from the block-wise Iwasawa
decomposition. We only verify the injectivity here:

Suppose h1g181 = hagass where h; € H, g; € F,, and s; € SO(m + 1,R). Then

*x

{* ﬂ > g5 thythigr = s9s7' € SO(m + 1, R),

and it follows from the definition of SO(m + 1, R) that both side must lie in O(gn, R) ? :
_ - SL(m,R) 0 SL(m,R) 0 A0

So hythy = gososylgr! € [ (O ) 1}. But [ (0 ) 1] NH = {0 1}. Hence

49151 = ¢oSo for some g € ﬁ (1) . Tt follows that g, 'qg1 = sps," € [SL(?’R) ?] N

SO(m,R) 0

SO(m + 1,R) = [ 0 ]

]. Hence g1 = g2, = s by the definition of fundamental

domain, and h; = hs.
t‘in 0
t

T we define the Haar measure dr = dvt,ff%dn, where dn is the Haar measure on SL(m,R)

Next, let T := { [ } :n € SL(m,R), v e R™, t > 0} and S := SO(m+1,R). On

defined through standard Iwasawa decomposition, under which SO(m, R) has volume 1. We

note the formula

/ p(n)dn = / > / @(qnp’)dp'dn. (2.4.3)
SL(m,R) - SO(m,R)

geA
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On S we take dp to be the Haar measure probability measure. Then, by using Theorem 8.32

of [Kna02], we unfold a Haar measure on G (with some implicit normalization) as follows

/ f(g)dg
G
~ [ [ steprarap
sJr
o0 dt o
= / / / f (uvamp)dvmdndp (by definition of dr)
SL(m,R) Rm
= / dt /
) f(upargnp’p)dv v, dndp'dp (by formula (2.4.3))
qu (m,R) JO R™
dt . :
= / Z / / / (UvatCIUP)dU—tm+2 dndp (invariance of dp)
FmJo  Jrm

dt
/ Z / / ) f (woagnp)dndv = dp

= /H /S Enf(hnp)dndpdu(h)

-/ ) /S £ (hnp)dpdndu(h)

Then it follows that the measure vy on Y defined by
dvy = dpdn,

where dn := ydn, satisfies (2.4.1).

VbKG/F

Fix Hgy € H\G. By identifying H\G with Y, we define a measure on H\G via
dvig, (Hg) := a(o(Hgo),o(Hg))dvy (o(Hyg)). (2.4.4)
where af-,-) is given in (2.1.22).

In view of Theorem 2.2 and Corollary 2.4 in [GWO04] (duality principle), an immediate
consequence of Theorem 2.1.9 is the following

Corollary 2.4.1. Fiz gy € G. For any compactly supported ¢ € C.(H\G),

lim
71+oo/1(ffr)

> etHm) = [ g i (1), (2.45)

YE€l'r
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Now we would like to replace the normalization factor u(Hr) by #I'r. By Theorem 1.7

of [GN12],

=1. 2.4.6

We notice that by formula A.1.15 in [DRS93] and by Proposition 2.1.6, the limit

. 1(Hr)
L= lim ————
T30 Vol(Gr)

exists. Thus we conclude

- p(Hr) . p(Hr) Vol(Gr) . p(Hr)
lim ————= = lim = lim =L,
T—00 #FT T—o0 VOI(GT) #FT T—o0 VOI(GT)

(2.4.7)

which shows that

1
lim Hgyy) =1L Hg)dvy, (Hg).
Jim #FTVEZFTSD( 90-7) /H\Gsﬁ( 9)dviig, (Hg)

Our goal now will be to show that Ly, (H\G) = 1. We first show that the total measure
Vhg,(H\G) is independent of the choice of the base point Hgy. Namely vy, (H\G) =

v (H\G) for all Hgy € H\G. For gy, y € Y, we consider the decompositions

Go 0 0
Jdo ‘= [OO 1:| pPo, Y = |:/g 1:| P, (248)

where Go,n € F,,, and pg, p € SO(m + 1,R). Hence « in (2.1.22) takes a more simpler form

_ 1 [Get o
(notegolz—pol{g 1})

1
ToA—1 12
2 gea Gy tanll™

Oé(f]O;y) = Z 1

9EA |q|m
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Using the invariance of the SO(m + 1,R) invariance of the Hilbert-Schmidt norm, we

compute

Virg,(H\G)

=/ a(go, y)dvy
Y

1 1
S / / = didp (definition of dvy)
quA lla Hm O(m+1,R) J Fp, geEA ||G0 qT]”

=
>gea T Jsumm 1Go 77||m2

1 1
= 1 T di) (invariance of dj)
zqu Ilgllm= /SL(m.R) 7]

dn (by formula (2.4.1))

This also confirms that vy, (H\G) is finite. Finally, we prove

Proposition 2.4.2. vy, (H\G) = vyg(H\G) = limr_, % =1

Proof. vy is a Radon measure since is finite and Borel. So for any € > 0, we can choose
fe € C.(H\G) with support B, (note B, is bounded) such that (recall that Y is a lift of

H\G to G such that H x Y — G is a Borel isomorphism)

/Y F.(Hy) — La(e, y)diy (y) = / f(Hg) — 1dva(Hg) < e. (2.4.9)

H\G
As in [GWO04], we observe that

1
p(Hr)

|[fe(Hy) — 1|dp(h)dvy (y) (2.4.10)

/GT\fe(Hg)—Hdg: (;

{h:llhyll<T}

(Hy) = Hp({h: [|hyll < ThH)dvy(y)  (24.11)

Hrple
=/ |fe(Hy) — 1|de(y) (2.4.12)
Y p(Hr)
Recall that limp_, “UiTT[;)yD = a(e,y). We will use below the dominated convergence the-

orem, and for that we will now show that the integrand % is bounded by a function
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in LY(Y) for large T. Recall that pu(Hz) ~ T™™+Y and it only depends on the variable T
(constant over Y').

Here since g; = e and g» = ¥y, A.(q) = [|Golanll = |lqn|| in view of (2.4.8). Recall
Y = F,-SO(m + 1,R) and the factor SO(m + 1,R) does not affect the finiteness of the
integral over Y, therefore in this proof we shall ignore the SO(m + 1,R) part and only
integrate against the variable H; € F,,.

By (2.2.21) and by (2.2.4), we see

HT e y
Z ” nHmQ (2.4.13)
€A

By Lemma 2.2.1, we get that WU(y) := > A W € L'(Y) (more precisely, to see that this
is a L' function, use (2.4.3) and then Lemma 2.2.1).

By the dominant convergence theorem, the second term satisfies

Hrle
Jim / |f.(Hy) — 1|<T—[y] y) = / |fe(Hy) — 1|dvg(y) < e (2.4.14)
pu(Hr) y
Therefore, by triangular inequality
. \Qﬂ((;T) ‘
limsup | ————= — vy (H\G
T%OOP ,U(HT) H( \ )
<lim sup - Je(Hg)dg
Too | M(HT) n(Hr) Je, (Ho)
+ lim sup fe(Hg)dg — f(Hg)dv ‘
WS | (Hyg) o (Hg)dve(g)
+ limsup f(Hg)dg — vu(H\G)
T—o0 H\G
<e+0+e (the middle term vanishes because of Theorem 2.3, [GW04])
Now let € — 0, and this finishes the proof. [

Therefore, Vg, := Lvpg, is a probability measure, and we conclude

lim
T—00 # T

S o(Hgon) = /H PO 0) (2.4.15)

yelr
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Chapter 3: Equidistribution of o-minimal curves in homogeneous

spaces

This chapter is based on part of a joint work in progress with Michael Bersudsky and

Nimish Shah.

3.1 Introduction
Throughout this chapter, G = SL(n,R) and I' = SL(n, Z).

Definition 3.1.1. We say that a curve ¢ : [0,00) — G (not necessarily a one-parameter
subgroup), has the homogeneous equidistribution property, if for all x € G/T" there exists a
closed subgroup F' < G and a y € G/T" such that F'y has a finite F-invariant volume, and

for any compactly supported function f € C.(G/T")

im =~ [ fle@a)dt= [ fdur, (3.1.1)

T—o00 T 0 Fy

where pp is the F-invariant probability measure on F'y.

Along this direction of research, Shah [Sha94] established the homogeneous equidistri-
bution property for multivariate polynomial trajectories in homogeneous spaces general real
algebraic group with a product type assumption and later generalized by Zhang [Zha23] to
trajectories without product type assumption (but with an additional regularity condition on

the domain of averaging). For more general curves, Peterzil and Starchenko established the
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equidistribution results for definable curves in complex and real tori [PS18a] a polynomially
bounded o-minimal structure with dense image in nilmanifolds [PS18b].
In this chapter, we establish homogeneous equidistribution property for single variable

unipotent definable curves. A curve

o(t) = [fii(O)i<ij<n (3.1.2)

is definable in a polynomially bounded o-minimal structure, if each f;; : [0,00) — R is

definable in such a structure.

Theorem 3.1.2. Supose that p(t) € U for all t € [0,00), where U < G is a unipotent

upper-triangular subgroup. Then ¢ has homogeneous equidistribution property.

Another result of independent interest which stands behind our equidistrbution theorems
is the following (C, a)-good property. This property stands behind many applications in

homogeneous dynamics, as first was noted in [KM98].

Theorem 3.1.3. Let .F be a vector space of functions definable in a polynomially bounded

o-minimal structure such that for all f € % ~ 0 it holds that

lim f(t) # 0.

t—o00

Then, there exists C, o > 0 and A > 1 such that for all f € F 0 and all I C [A, o0)

el sdi=c () 1

This property is well-known for polynomials, and is new in the above setting.

3.2 (C,a)-good property of definable functions in a polynomially
bounded o-minimal structure

The (C, a)-good property (Theorem 3.1.3) will follow from the following inequalities for
suprememums of a function on nested intervals. This form of inequalities are well-known in
the literature as Remez-type inequalities, see [Rem36].
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Definition 3.2.1. Let 6 € (0,1). A family of real functions .# defined on [A, c0) is called

d-good if there exists a constant M (0) depending on § only such that

1/ 11z
11125

for all f € .# and all bounded sub-intervals I5 C I C [A, oo] satisfying |I5| = 0|I].

< M(6), (3.2.1)

The following is our key theorem which stands behind Theorem 3.1.3.

Theorem 3.2.2. Let .F be a finite dimensional vector space of functions definable in a

polynomially bounded o-minimal structure such that for all f € .F 0,

lim f(t) # 0.

t—o0
Namely, % doesn’t contain functions decaying to 0. Then, there exists A > 0 such that for

all 6 € (0,1) and all f € .F 0 it holds that f restricted to [A,o0) is §-good.

We first prove Theorem 3.1.3 by assuming Theorem 3.2.2, and the rest of the section will

be dedicated to proving Theorem 3.2.2.
3.2.1 Proving Theorem 3.1.3

We recall that for a definable function f in a polynomially bounded o-minimal structure
it holds that either f : [0,00) — R is eventually constantly zero, or there exist r # 0 such

that limy; . f(t)/t" = ¢ # 0, see [Mil94a]. We will denote this exponent by:
deg(f) :==r. (3.2.2)
We have the following elementary observation.

Lemma 3.2.3. Suppose that ¥ is a finite dimensional vector space of functions f : [0,00) —
R definable in a polynomially bounded o-minimal structure of dimension n + 1. Then there

exist a basis { fo, f1, ..., fn} of F, where

deg(fo) < deg(f1) < ... < deg(fa).
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In particular, F doesn’t include functions decaying to zero if and only if 0 < deg(fo).

For the rest of the section,

F = Span{fo,fl,...,fn}, (323)

where
0 < deg(fo) < deg(f1) < ... < deg(fn),
and we denote
r; = deg(f;).
In addition, we assume without loss of generality that

tim £
t—oo {ri

In what follows, for a tuple (cg, ¢y, ..., ¢,) € R" we will denote

fg = Cofo + lel + ...+ Cnfn~ (324)
We have the following Corollary from Theorem 3.2.2.

Corollary 3.2.4. Let .# be a finite dimensional vector space of functions definable in a

polynomially bounded o-minimal structure such that for all f € F 0,

lim f(t) # 0.

t—o0

Let A > 1 such that the outcome of Theorem 3.2.2 holds. Then, there exists X\,r > 0 such

that for allz > 1, f € F N0 and I' CI C [A, o0) such that % < x it holds that

£l < A2"[[ (3.2.5)
Proof. Consider the definable set:
c 1
S :={(z,y) : x,y > 0, such that , |‘||;|||‘I <y,Ve#£0,I' CIC[A 00), % <z}
clll’
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By Theorem 3.2.2, the projection of S to the first coordinate includes [1,00). Then, by the
definable choice theorem there exists a definable function ¢ : [1,00) — S in the polynomially

bounded o-minimal structure. Since ¢ is polynomially bounded, the result follows. O
We are now ready to prove the C, a-good property.

Proof of Theorem 5.1.3. By o-minimality, the number of connected components of the sub

level sets
{tel:|f(t)] < e,

where € > 0 and f € .% ~ 0 is bounded uniformly, say by K. Let
I'cf{tel:|ft) <€}
be an interval of maximum length. Then
L < K|I'|,

where

L=t el:[ft)] <€}l

The latter inequality implies,

11l _ 1
'l — L/K

By Corollary 3.2.5, we get

LAY HRY
<A —— <A —— .
1< (275 ) W< (77 )
Reordering the latter inequality, we get that

1
T

(el 1[0 <d|=L<\EK (H;HI) 11,
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3.2.2 Proving Theorem 3.2.2

The following is the fundamental well known example of d-good functions. We present

it’s proof for completeness.

Proposition 3.2.5. Let % := Spang{1,z, ..., 2"} \0, then F is §-good on R. More precisely:

llco + 1z + -+ + coz™||1
”Cg + c1r —+ -+ CnCL’”H[(S

(3.2.6)

< (n+ 1)7;—”,

for all cy,cq,...,c, € R not all zero, interval I C R and sub-interval 15 C I satisfying

1] = o1

Proof. Let f:=co+crx+ - +cpa™and I = [a,a+T]. Put t; =ty + “STT fori=0,1,...,n,
a<ty<t;<---<t,<a+T,and I5 = [ty,t,]. Then by polynomial interpolation of f at

points to, t1, ..., t,, we have

- Hi;éj(t - ti)

f(t) = f(t). (3.2.7)
=0 Hi;ﬁj(tj - ti)

Now, by triangle inequality

‘—“’éﬂ o™ wer

Hz;éj ) 5
Thus

nn
[FO)] < (n+ 1) max|f(t:)] < (n+ 1) ||f||157 Viel,

and the statement follows. O

We will be using the following facts:

o The derivative f’ of any definable function f : [0,00) — R exists and continuous for

all large enough ¢, and moreover f’ is definable.

« For a definable function f : [0, 00) — R in a polynomially bounded o-minimal structure
with f(t) ~ " where r # 0, we have f'(t) ~ rt"~!, as t — oo, see [Mil94b, Proposition
3.1].
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Lemma 3.2.6. There exists A > 0 such that for any interval I C [A,00) it holds that

| fellz > 0 for all ¢ # 0.

Proof. We first note that there’s no loss in generality in assuming that fo(t) = 1 after
possibly dividing f. by fo. In fact, since fo(t) ~ ¢, we get that fo(¢f) > 0 for all large t.
Moreover deg(f;/fo) =i — 70.

We now prove the statement for n = 1, and then argue by induction. Let Ay > 0 be such
that f{(t) # 0 for all t > Ay. Assume that for an interval I C [A, 00) we have ||co+cy f||r = 0.

Since ¢o + 1 f(t) =0, Vt € I, we get that

Cleotaft)=art) =0 viel

and as f'(t) # 0 for all t € [A, ), it follows that ¢; = 0. As a consequence, ¢y = 0 as-well.

Nowlet n >2, 0<r <ry<---<r, be a fixed sequence of real numbers, and assume
that fi,..., f, are definable in a polynomially bounded o-minimal structure such that for
1<i<n-—-1

fi(t) ~t",

as t — oo. Observe that in some ray J = [A;, 00| we have f{(t) # 0, Vt € J, and for all

2 < ¢ < n the functions J{{ 8 are well defined in J. Note that
1

n 0

~Y

nfit)

where 7} := r; — r1. By induction, there’s A > 0 such that if

HCl + Cghg + ...+ CnhnHI =0

for some I C [A,00) then ¢y = -+ = ¢, = 0. Now if

HCO + lel + 02f2 + ...+ Cnan[ = 0,
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then

r r
||Cl + Cg—lhg + ...+ Cn—lhnH] = 0.
T2 Tn
It then follows that ¢; = 0 for all <. L]

In what follows we will take A such that fy(t), fi(¢), ..., fu(t) are continuously differen-

tiable (n 4 1) times for all ¢ > A. We consider the Wronskian matrix

D(t) = D(fo, .., fa)(t) (3.2.8)

which is the (n+1) x (n+1) matrix D(t) is whose 0-th row is Do(t) = (fo(t), f1(t),. .., fa(1))

and its and i-th row is D;(t) = Déi) (t), the i-th derivative of the 0-th row at ¢, for 1 <i < n.
Lemma 3.2.7. There exists an A > 0 such that D(t) is non-singular for all t > A.

Proof. If n = 0, the statement is trivial. Assume that D(f1, ..., fn—1)(t) is not singular for
all t > Ty. Since D(t) = D(f,..., fn)(t) is a definable function, it’s either non-zero for all
large t or eventually is constantly zero, say D(t) = 0,Vt > T}. Suppose for contradiction the
latter case. Then by a classical result of Bocher [Boc01], we get that fy, f1, ..., fn are linearly

dependent in any sub-interval of [T, 00). This contradicts Lemma 3.2.6.

In the following we will make use of the fact:

A definable function f : [0,00) — R either converges as ¢t — oo or diverges to oo or to

—00 as t — oo.

Proof of Theorem 3.2.2. Let A as in Lemma 3.2.7. Fix 6 € (0,1), and assume for contradic-

tion that .# \ 0 is not d-good on [A, 00). Consider the following definable subset:

s>1,¢c#0, a>A, T >0, }

a<a<a+T—90T, —”HfoH':[“’“;TT]] > 3

A= {(s,g,a,T, Q) : (3.2.9)
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By the assumption, the projection of A to the first coordinate is R>;. By the choice
function theorem, there exists a polynomially bounded definable curve ¢ : [1,00) — A,

meaning each of the coordinate components of

= s". (3.2.10)
We will now discuss two cases for k.

Case 1: if k < 0. In this case, we treat two sub-cases in which 7'(s) is bounded or not.

Case 1.1. T(s) is bounded in s. Then a(s) is also bounded, and by o-minimality that

T(s) and a(s) converge as s — oco. We first observe that lim, ., T'(s) # 0. In fact, if we

assume by contradiction that lim, . 7'(s) = 0, since we have that a(s) > A > 1, we will
a(s)

get that lim,_, . TG = %O which is a contradiction to the assumption that £ < 0. Now let

A(s) = ||c(s)||1 be the I' norm of the coefficients. Denote

1>
I

>0

and observe that by o-minimality, since ¢(s) is bounded, ¢&(s) converges to some vector v
with ||v||; = 1. Also, the end-points of the intervals [a(s), a(s) +0T'(s)] C [a(s),a(s)+T(s)]

converge to the end-points of some intervals, say Is C I C [A, 0o) where ||115|| =¢. Now

e la@.a@ 71— e /M) a)a@re) e la.ats)+7)]
Hf@ s) H[oc(s ,a(8)+6T(s)] ||fg(s)/)\( )H[oc(s ),a(8)+8T'(s)] Hfg(s H [a(s),a(s)+6T(s)]

> S.

Namely:

| fos)lfa(s).a(s)+7(s)
y > || fets) ljas),a(s) 5755

and by taking the limit s — oo, we get

0= ||fV||[67
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which is a contradiction.
Case 1.2. T(s) is unbounded in s. Then, by o-minimality T'(s) — oo. Since f;(z) ~ z",

there exists 0 < v; such that for all ¢ € [0, 1], we have

fila+tT)  (a+Tt)" (a+Tt)" ™™
Tri - Tri + 0 Tri

- (% + t) +0 (T—”i (% + t)Ti_Vi) .

Now, lim, ., T'(s) = 0o and % is bounded in s. Thus,

fila(s) +1T(s)) _ <a(8)
T(s)ri

+t) +O(T(s)™), Y0 <i<n, Vtel01],
where v = min{r;} > 0. In particular,

fes)(als) +1T(s)) =co(s) folals) + T (s)) + - - + cals) fula(s) + 1T'(s))

= (co(8)T'(8)™) (% + t) 0 + o+ (en(8)T(s)™) (a(s) + t> ” +0(C(s)T(s)™),

where C'(s) = max{c;(s)T(s)"}. We consider:

Pe(s) (1) = fe(s)(als) +1T(s)), t € [0,1].

als)

) is bounded, we have lim,_, . as) xq (here it’s possible that zo = 0). We put

Since 2 T =

Als) == [[(co(s)T'(8)™, s en(s)T(5)™) 1,

and we observe that

Cst T T
lim (p*()():vo(xo+t)°+---+vn(xo+t)"
s—o0  \($)

uniformly in ¢ € [0, 1], where (vy, ..., v1) is the limiting vector of —— )\(S s(co(s)T(s)"™, ..., cn(8)T(s)™)

having [|(v, ..., v,)[[1 = 1. Now

c(s) s s c(s cls A
o < WMewlia@aw+rer _ Iecwlion _ e /Aoy (3.2.11)

et latsya)rors  N@e sy Neets) /A8l zses)
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where I5(s) := (a(s) — a(s),% — a(s)) C [0,1], where |I5(s)| = 0, Vs > 1. We con-

clude that:
T [oes) /A(8) 155 = 0
As s — 00, we have that I5(s) converges to a sub-interval J of [0, 1] of relative length ¢, and

we get that

Uo($0+t>ro+"'+Un($0+t>rn:O, thJ,

which is a contradiction since not all the coeflicients v; are zero.

Case 2: if k > 0. In an overview, in this case, the idea is to approximate f; in the inter-
vals [a, a + T using Taylor expansion and to apply Proposition 3.2.5 to get a contradiction.
As above, let A(s) = ||c(s)||1 be the I'-norm of the coefficients. We denote: ¢ := £, and

we note that

| fets) llats) a7 fets) lags).ats)+7es)
[ fes) lfa)atstorey e liats).ats)+o76s)

> 8

We now consider two cases: a(s) is bounded or a(s) — oo.

Case 2.1. a(s) is bounded. We observe that lim, ., T'(s) = 0. In fact, this follows since

a(s) > A>1, and ;((‘Z)) ~ §" — 0o because k > 0. We have that lim, . a(s) = 2o > A, and
limg o0 €(s) = v with ||v]]; = 1.

Recall that fy, f1,..., fn are (n 4+ 1)-times continuously differentiable for all a € [A, c0).
Then we may consider the Taylor polynomial Q,, .(s)(t) for fz) centered at a(s) € [A, 00) of
degree n. Since a(s), ¢(s) and T'(s) are bounded, we get that | fé((z;rl)(f )| is uniformly bounded
in the range £ € [a(s),a(s) + T'(s)]. By Taylor’s theorem there exists & € [a(s), a(s) + T(s)]

such that
fi P (€)
Fe(®) = Quaton )] = | gy (8 = alo))™!

(
—O(T(s)"*")
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for all t € [a(s),a(s) + T(s)]. Denote I(s) := [a(s),a(s) + T(s)], and Is(s) := [a(s), a(s) +

0T (s)]. We have:

1 feo) l16) =@n.a)ll1s) + O(T(s)™+) (By Taylor approximation)
SMn(5)||Qn,a(s)||15(s) + O(T(s)”“) (By Proposition 3.2.5)
<M 0) (|| fes 155 + O(T(s)" ) (By Taylor approximation)

T n+1
0,0 ol [1+0 ()]
[FECIIAS!

Namely,

ClS S T n+1
| fe(s) lrcs) <<1+0( (s) )
| fes) Nl 2505) | fes)ll 15()

We now show that
T n+1
lim (S)

Sl S (3.2.12)
=00 || fa(s) |15 (s)

This outcome gives a contradiction to our assumption s < W To prove (3.2.12), first
c(s)lg(s

recall the following general fact: if ¢(z) = co + c1 + ... + cx2* is a polynomial of degree k

and J is an interval of length |J| < 1, then
HqHJ > ||(CO,017 7Ck>||oo|<]|k (3213)

Now Q,q(s) is a polynomial of degree n whose coeflicients are given by D(a(s))¢(s), where
D = D(fy, ..., fn) is the Wronskian matrix. According to Lemma 3.2.7, using the fact that

a(s) is bounded, the [*-norm of it’s coefficients is uniformly bounded from below. Then

1 fe 1 1s6s) + O(T ()™ ) = Qo155 > T'(s)" (3.2.14)
Since T'(s) — 0, we get (3.2.12).

Case 2.1. a(s) is unbounded. Here a(s) = s, for § > 0. We recall that for each N € N

there’s z such that f; will be continuously differentiable N times in a ray [An, 00), see
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[DM96]. We have by [Mil94b] for a non-negative integer [,
10@) < ar

Then we conclude that for integers N such that r; — (N + 1) < 0 for all 1 <14 < n, we have

for all ¢ € [a(s), a(s) + T'(s)] that

S (1) = O(a(s)™= (V).

By Taylor’s theorem:

| fa() (£) = Qa(s) ()] = Ola(s) =N TIT(5)N )

=0 (a(sy” (Z;((j)))NH>

= O (smfs(NTDR) (using that ;((SS)) ~ ")

The function W(s) := || fe(s) || ja(s).a(s)+o7(s)] 18 POsitive and definable in a polynomially bounded

o-minimal structure, which implies that there’s n > 0 such that
| fa(s) lfas),as)+om(s)) > 5", as s — 00 (3.2.15)
We take NV large enough such that
vi=r,0 —(N+1)k>n,

where 7 as in (3.2.15). Then:

| fas) 116s) SN@nags)llrs) +O(s™) (By Taylor approximation)
<My (0)||Q]15¢5) + O(s™") (By Proposition 3.2.5)
<My ()| faes) | 1505 + O(s7") (By Taylor approximation)

=My () ([ fees) 1 15¢5) [1 +0 <L>}

| fe(s) |l zss)

S*V
<Ml 140 (55 By (3.215))
This is a contradiction to our assumption || facs)llz(s) > || 155)- O
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3.2.3 (C,a)-good property of o-minimal curves in representations
Our goal in ths section is to prove the following proposition.

Proposition 3.2.8. Let 0 : G — GL(m,R) be an algebraic homomorphism, and fix a norm
|- || on R™. Let ¢ :[0,00) — G be either contained in a unipotent group for all t. Then the

following holds:
(1) For v € R™ we have lim;_, 0(¢(t))v = v or limy_, 0(p(t))v = 0.

(2) There exists A,C,a > 0 such that for all v the function O(t) := ||6(¢(t))v]] is (C, a)-

good in [A, 00).
In order to prove Proposition 3.2.8, we have the following statement.

Lemma 3.2.9. Let U < GL(m,R) be the unipotent group of upper-triangular matrices, and
let ¢ : [0,00) — U be a continuous curve definable in a polynomially bounded o-minimal

structure. Then there exist upper triangular unipotent matrices o(t) and u(t) such that
Y(t) = o(t)u(t) (3.2.16)

where limy_,oo 0(t) = I, and the real span of entries of u(t) in each row form a real linear
space containing either constant functions or functions converging to oo in absolute value as

t — o0.

Proof. We prove this by induction on m. m = 1 is is trivial. Now let m > 1, and consider

1 f1,2 e fl,mfl fl,m
0 1 T f2,m—1 f2,m
V() =|: (3.2.17)
0 0 . 1 fm—l,m
o 0 --- 0 1

Using the induction hypothesis, we assume without loss of generality that the (m—1)x(m—1)
sub-matrix on the left upper corner of v satisfies the outcome of the lemma. If ¢ is such
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that Spang{1l, fiit1, .., fim—1, fim} — {0} contains a non-trivial linear combination yielding

function decaying to zero, then, there’s coefficients ¢; 1, ..., ¢;» € R not all zero such that
hi(t) := cii + Ciisr fiir + 0+ Cimfim

which decays to zero. By induction hypothesis ¢; ,, # 0 so without loss of generality we may

always assume c¢;,,, = 1. Consider

oM (t) = : (3.2.18)

where the function h; is in the i-th row. We have that the span of the functions in first

row of u;(t) := o;!

(t)p(t) is as the span of {1, fii+1,..., fim—1}, which contains functions
that are either constant or converge to infinity in absolute value. Also, lim; .., 0;(t) = I,,.
Let i1, ..., i be the indices of the rows in p(t) whose span contains decaying functions. We

conclude that

and

satisfy the outcome of the lemma.

]

Proof of Proposition 3.2.8 for curves in a unipotent group. Suppose that U < G is a unipo-
tent subgroup and ¢ : [0,00) — U is a continuous curve definable in a polynomially bounded
structure. Let 6 : G — GL(m, R) be an algebraic homomorphism. Then #(U) is a unipotent
subgroup and up-to conjugation, #(U) is contained in the group of unipotent upper-triangular
matrices in GL(m,R). Moreover, 6 is a polynomial map and therefore ¢ (t) := 0(p(t)) is
definable. The rest follows from Lemma 3.2.9. O

130



3.3 Non-escape of mass

Let X U{oo} denote the one-point compactification of X := G/T". For T'> 0 and A € X,

let
o (F) = 7 / F3()-A)dt. (3:3.1)

Since {jty A 1}7>0 is a family of probablity measure and by Banach-Alaoglu theorem, there
exists a subsequence T; — oo such that py 7, has a weak-star limit pa o. With an abuse of
notations we shall drop the subscripts in below.

For a rank k sublattice A C Z", let ||A|| denote the volume of the quotient space RA/A.
This definition can be interpreted using the exterior algebra of R™: if A is generated by
Vi, ..., Vg, then A = ||[vy A -+ A vg||, where the norm is the standard Euclidean norm on the
wedge product defined through inner product.

The following powerful theorem on quantitative non-divergence due to Kleinbock [Kle07]
will be needed. Let P(Z") denote the set of primitive sublattices of Z" (whose bases can be

extended to a basis of Z").

Theorem 3.3.1. Suppose an interval B C R, C,a > 0, 0 < p < 1 and a continuous map

h: B — SL(n,R) are given. Assume that for any A C P(Z"), we have
(1) the function x — ||h(z)A|| is (C, a)-good on B, and
(2) sup,ep |h(z)Al] = prok®
then for any € < p,
{z € B: M\(h(z)Z") < €}| < On2" (g)a B, (3.3.2)

where \(+) is the function that outputs the length of the shortest nonzero vector of an

FEuclidean lattice.
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The follow classical fact for representations of algebraic groups will also be used in the

proof (Cf. Theorem 9.18 [Mil17]):

Lemma 3.3.2. Let V' be an R-vector space and 0 : G — GL(V') be an algebraic homomor-

phism. If u € G is unipotent, then so is p(u) as a linear map on V.
Lemma 3.3.3. pp (00) =0, for all A € X.

Proof. For any exterior representation p : G — GL(AFR") = GL(RY).

Fix a norm | - || on RY. We will denote below for r > 0,v € RY by B,(v) C R" the
ball of radius r centered at v. Since ¢ is contained in a unipotent group or is polynomially
regular, we get by Proposition 3.2.8 that there exists A > 0 such that ©(t) := ||¢(t)v] is
(C,a)-good for all v e RN \ 0 and ¢ € [4, ).

We identify SL(N,R)/SL(N,Z) with the space of unimodular lattices
Ly = {A := Spany{vy, ..., v, } | det(v; ;) = 1}.

Consider

B.:={A € Ly | (A~0)NB.(0) #0}.

By Mahler’s Criterion ([BMO00], Theorem 3,2), Ly ~\ B, is compact for all ¢ > 0 and thus B,
is a neighborhood of oc.

To use Theorem 3.3.1, we assume the base point A = gZ" and h(t) = p(t)g and p =
infae pezy [[R(A) Ak,

Now it suffices to connect condition (1) to Proposition 3.3.1. To this end, we observe

that for any rank k sublattice of Z" with a Z-basis vi,--- , vy,
h(t)A = h(t)vy A - A h(t)vy.

The action of h(t) on the linear space A¥_;RY is unipotent by Lemma 3.3.2 and therefore
there exist C, « > 0 that only depend on ¢(t) such that t — ||h(t)A|| is (C, a)-good.
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It follows from Theorem 3.3.1 that there exist C,a > 0 that for an interval I C R,

{teT: M(pA) < e} <O (g)a 1] (3.3.3)

Now we take I = [A,T] and f be a continuous bump function on SL(N,R)/SL(N,Z) com-

pactly supported on B. and constantly equal to 1 on B./,. It follows that for large T,

ue) < 7 [ Fetnn < - / "1 (o)A < Oy (;)

This completes the proof.

3.4 Unipotent invariance of limiting measure

An important ingredient of the linearization techique is to show the limiting measure is
invariant under a one-parameter unipotent subgroup of G.

For the following, for » < 1, consider

1

Trs(t) == (" + (L —7)s) " =t +st" +o(t"), where s € R, (3.4.1)

and let

Ty 4(t) :== st, where s > 0. (3.4.2)

The following is a summary of the results we require from [Poulios__thes|

Proposition 3.4.1 (Poulious’ Thesis). Let ¢ : [0,00) — SL(n,R) be an unbounded curve
definable in a polynomially bounded o-minimal structure. Then there exists a unique r < 1
such that the limit

M, = lim ¢" - O'(t) o) (3.4.3)
—00
exists and non-zero. We have that M, is nilpotent <= r < 1. M, is diagonalizable

<= r =1. Moreover, let p = Spang{M,} <sl(n,R), and P =expp. Then:

133



(1) r <1 <= for each s € R, the limit

p(s) = lim o(T,.(t))p(t) ", (3.4.4)

t—o00

exists. In this case p defines an isomorphism R — P. Here R denotes the additive

group of real numbers.

(2) r=1 <= for each s > 0, the limit

pls) = Jim (T3 (1)) olt) (3.4.5)

exists. In this case p defines an isomorphism p : Ry — P. Here Ry denote the

multiplicative group of positive real numbers.

Notice that when ¢(t) is contained in a unipotent subgroup, it follows that the matrix
M, is nilpotent. In particular, it follows from the proposition that r < 1.
Next, we will show the invariance of limiting measure under this unipotent subgroup. To

this end, we need the following elementary lemma from Calculus:

Lemma 3.4.2. Let : [ : (0,00) — R be a differentiable function such that lim; ., I'(t) = 0

as t — oo. Then, for any bounded continuous function f : R — R, we have

1 [t - s =o 346
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Proof. We don’t necessarily have lim; o, f(t+1(¢))/f(t) =1. Let y = g(t) :=t+1(¢). Then

by change of variables formula,

_/ FlE+10) — f(0))dt

1 [ s ——/f

-2/ Tf(y)dg‘l(y) 1 / (1)
:_/ i y——/ 7()
:_/f 1+l’ T+ () y__/f -
- 1 [W -1

Since @ = gj’(y), lim, o g7 (y) = oo, then last limit is zero by the boundedness of f and
integral-truncation trick. ]

Lemma 3.4.3. Let G < SL(n,R) be a closed subgroup and let T' < G be a discrete subgroup.
Suppose that ¢ : [0,00) — G is an unbounded curve definable in a polynomially bounded
o-minimal structure such that (3.4.3) holds for r < 1. Let p as in (3.4.5). Then
1 (7
lim = [ {f(p(s)e(t)z) — fp(t)z)}dt =0, (3.4.7)
for all f € C.(G/T), x € G/T and s € R.
Proof. For any f € C.(G/I'), € > 0, take T, such that

[f(p(s)e(t)z) = Flo(Trs()] < £ (p(s)e(t)r) — f(Ts(t))(t) " p(t)2)] < €/2,

for t > T.. Now

1 / F(p(s)o(t)r) — Flolt)a)dt

<t [ - o)lde+ 2 / Fo = Flplt)a)lde

<t [ D+ 1 [ 1elT(0) - (@(t)w)ldt|+§
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Now take T — oo. The first term goes to zero by boundedness of the function f and the

middle term goes to zero by Lemma 3.4.2. O

We call the 7, j index of an upper-triangular matrix b € SL(n,R) of the form

-fl,l o --- 0 0 - 0 0 -0
0 0O --- 0 o --- 0
0 -+ 0 fiz O -+ 0 fij - fin

b= | j - j e (3.4.8)
0 fij -+ fin
_() B 0 fnn_

where f; ; # 0, the first non-zero off-diagonal entry. More precisely, (i, j) is the first non-zero

entry amoung the off-diagonal entries according to the following lexicographic order on NZ:
(i,7) < (k,]) <= i<kor(i=Fkandj<l). (3.4.9)

Let B < SL(n,R) be the group of upper-triangular matrices. Let b : [0,00) — B be a
definable curve. Recall that each definable function f(t) is either zero for all large enough
t or f(t) either positive or negative for all large ¢. Thus, for all large enough ¢ there exists
a unique first non-zero off-diagonal entry in b(t), or b(t) is diagonal for all large t. We will

refer to this entry as the first non-zero off-diagonal entry of the curve b(t).

Lemma 3.4.4. Let ¢ : [0,00) — SL(n,R) be a definable curve. Then there’s a definable
curve b : [0,00) — B, such that b(t) is either diagonal for all large t, or the first non-zero

off-diagonal entry f; ; satisfies
(1) deg fi; # deg fi;, and

(2) deg fi; > deg f;;,
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and importantly,
o(t) = a(t)b(t)C, (3.4.10)
where C' € SL(n,R) is constant, and o(t) € SL(n,R) is convergent as t — oc.

Proof. Using the KAN decomposition, we first write ¢(t) € SL(n,R), as ¢(t) = k(t)B(t),
where k(t) € SO(n,R) and B(t) € B an upper-triangular matrix. Since k(t) is obtained by
performing the Gram-Schimdt process in the columns of ¢, we conclude that k(t) is definable.
As a consequence, B(t) is definable. Since k(t) is bounded and definable, limy;_,, k(t) exists.
For all t large, B(t) is either diagonal, or B(t) takes the form of (3.4.8). To obtain the

outcome of the lemma, we consider the following algorithm:

(1) If deg(f;;) = deg(fi), then subtract the i-th column from the j-th column. This
amounts to multiplying by a constant unipotent matrix from the right. The obtained
matrix is the same, besides that the 7, j-th entry is replaced with f; ; — f;;. There are

two possibilities now:

(a) fii — fi; is eventually zero. This means that in the obtained matrix, the first

non-zero off-diagonal entry has a larger index. Then one repeats step 1. again.

(b) deg(fii—fi;) # 0. In this case, we get that deg(f;;— fi;) # deg(fi:), which fulfills

the first requirement of Lemma 3.4.4. One continues then with the following step.

(2) If deg(fi;) < deg(f;;). Then subtract % times the j-th row from the i-th row. This
amounts to multiplying from the left by a unipotent matrix converging to identity as
t — o0o. The i, j-th entry in the resulting matrix is now replaces with zero, and the
eventually first non-zero off-diagonal entry has a larger index. One now repeats step

1. again.

The algorithm ends with a finitely many steps with either a diagonal matrix, or a definable
curve b(t) satisfying the requirements of the lemma. O
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Definition 3.4.5. A curve {p(t)} € G C SL(n,R) is called essentially diagonal it has the

decomposition of Lemma 3.4.4 with b(¢) eventually diagonal.

Proposition 3.4.6. An unbounded continuous curve ¢ : [0,00) — SL(n,R) definable in
a polynomially bounded o-minimal structure is essentially diagonalizable if and only if the

unique r € R such that limy_,.. t"¢'(t)p(t) ™! exists in gl(n,R) — {0} is equal to 1.

Proof. Using Lemma 3.4.4 we write:

where limy o, 0(t) = g € SL(n,R). Let T§,(t) be is as in (3.4.1)—(3.4.2), where r < 1. We

note that the limit

lim (T, (¢))p(t) "

t—o00

exists, if and only if the limit

lim b(T,.(t))b(t)""

t—o00

exists, and according to Proposition 3.4.1, we have

lim o(Ts(1))p(t) ™ = gCexp(sMp)(9C) "

t—o00
Thus, there’s no loss in generality in assuming that ¢(t) = b(t) is either eventually diagonal
or upper-triangular satisfying the conditions of the eventually first non-zero off- diagonal
entry.
Since (i,7) is the first non-zero off diagonal entry in b(¢) (for all large enough t), we

observe that (i, j)-th entry in the matrix ' (¢)b(t)~?! is

—fiifig+ fijhii i\ fii
#lig T ighi _ <va) g (3.4.11)
fiifii Jii)  ij
/
Since r;; = deg f;; # ri; = deg f;j, we have that deg (?—J) = 1, — 17— 1 (see

Theorem C.14). Thus,

fij)/ fzz)
deg((—’ = = — L
fii)  Jig S
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Recall by Lemma 3.4.4 that 7; ;—r;; > 0. Thus the (7, j)-th entry in ¢0'(¢)b(t) ! is unbounded.

As a consequence, r < 1. [

3.5 Linearization

3.5.1 Thin neighborhood of tubes — the singular sets

In this section we state the general definitions and results on a special class of closed

subgroups in GG which plays a key role in linearization technique.

Definition 3.5.1. Let H be the class of all closed connected proper subgroups H of G
such that the identity component I'° C H, H/H N T admits an H-invariant probability
measure and the subgroup Wy generated by all unipotent one-parameter subgroups of H

acts ergodically on H/H N T with respect to the H-invariant probability measure.
Theorem 3.5.2. ([Rat91, Theorem 1.1]) The collection H is countable.

Let 7 : G — G/I' be the canonical projection and let W be a subgroup generated by

one-parameter unipotent subgroups of G contained in W. For H € H, define

N(H,W)={ge G:W C gHg™'};

SHW)= |J NHE W)
H'eH,H'CH
Ty (W) =r(N(H,W) — S(H,W)).

The following is a consequence of Ratner’s theorem ([MS95, Theorem 2.2]) describing

probability measures invariant under the subgroup W given as above.

Theorem 3.5.3. Let P denote the space of reqular Borel probability measure on X = G/’
and let W be a subgroup which is generated by one-parameter unipotent subgroups of G
contained in W. Assume that p € P(X) is a W-invariant measure.

For every H € H, let pg denote the restriction of p on Ty(W). Then the following

holds.
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(1) For all Borel measurable subsets A C X,

wA) =Y pu(A),

HeH*

where H* C H is a countable set consisting of one representative from each I'-conjugacy

class of elements in H.

(2) Each py is W-invariant. For any W -ergodic component u € P(X) of pg, there exists
a g€ N(H,W) such that u is the (unique) gHg~'-invariant probability measure on

the closed orbit gHT'/T".

As a consequence, there exists H € H such that
u(m(N(H,W))) >0 and p(r(S(H, W))) = 0.

Moreover, almost every W -ergodic component of i on w(N(H,W)) is a measure of the form
gupimr, where g € N(H, W)\ S(H,W) and pg is a finite H-invariant measure on w(H). In

particular, if H is a normal subgroup of G then u is invariant under H.

Let H € H. Let g,b be the Lie algebras of G and H, respectively. Let d = dimb
and Vg = /\d g. Consider the adjoint representation of G on Vi = /\dg. Fix a vector
pu € N\ {0}. Also define a continuous map 7y : G — Vi by nu(9) = g - pu = Ady.py

(with Adg(Al_, z;) := A, Ady(z;) and extended to Vi by multi-linearity). Define
NY(H) = ni (o) = {g € N(H) - det(Adyly) = 1}, (351)

where N(H) is the normalizer of H in G.

Put I'y = N(H)NT. It follows that for any v € Iy, we have y(HI'/I') = HI'/T" and
hence 7 preserves the volume of HI'/T". Therefore, v.py = £pg.

Now we define Vi = Vi / {1} if Ty.py = {£py} and Vi = Vi if Ty.py = pu. The
action of G factors through the quotient map of Vi onto V. Let Py denote the image of
pr in Vi and define G, : G — Vg as f(g) = g.py for all g € G. Then 'y = 7(py) NT.
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For any subset Z of G/T', define
Rep(Z) == {g.pyg : 9 € G, n(g) € Z} CVy. (3.5.2)
Theorem 3.5.4. (/DM93, Theorem 3.4]) Let H € H, then
(1) the orbit T.py is discrete in Vg and hence closed;
(2) NY(H)T is closed in G/T';
(3) For any compact set Z C GT, the set Rep(z) is discrete in V.
(4) For any compact set Z C G/T, the set Rep(Z) is closed in V.

(5) The map ¢ : G/Ty — G/T x Vi defined by

¢(9l'n) = (7(9).Mu(9)), Vg € G, (3.5.3)
1S proper.

Recall that W is a subgroup of G which is generated by unipotent one-parameter sub-
groups of G contained in W. Let Ay denote the Zariski closure of Gy (N(H,W)) in V.

Evidently, N(H, W) is contained in the preimage 7' (Ag). Indeed, we have the following:
Lemma 3.5.5. (/DM93, Proposition 3.2]) Let H € H, then 77 (Ag) = N(H,W).

Proposition 3.5.6. ([MS95, Proposition 3.2]) Let D be a compact subset of Ay C V.
Define

S(D) ={g € n5"(D) : gy € 15 (D) for someyeTl —Ty} CG. (3.5.4)

Then the following holds:
(1) S(D) C S(H,W);

(2) n(S(D)) is closed in X;
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(8) For any compact set K C X — w(S(D)), there exists a neighborhood ® of D in Vy
such that every y € ©(M5;(®)) N K has a unique representative in ®; that is, the set

(7 (y)) N ® consists of a single element.

3.5.2 A dichotomy theorem

Theorem 3.5.7. For H € H, let a compact set C C Ay and a 0 < € < 1 be given. Then
there ezists a closed subset S of X contained in w(S(H,W)) such that the following holds:
For a given compact set K C X — S, there exists a neighborhood ¥ of C' in Vi such that for
any unbounded unipotent definable curve {y(t)}i>a of G in a polynomially bounded o-minimal

structure and any x € X, at least one of the following is satisfied:

(1) There exists w € Ty(m 1 (x)) NV and bounded {6(t)}»a C G with limy o, 5(t) = e,
such that

{6t 'y} C Gy :={g€G:gw=uw} (3.5.5)

In other words, there exists g € G, such that §(t)~'~(t).x C gN*'(H)T.
(2) For all large T > 0,

Ht € [A,T]):v(t).x € KNy (9)} < €T (3.5.6)

Proof. For given compact set C' and 0 < € < 1, we will show (3.5.6) holds whenever (3.5.5)
fails.

For H € H, let Ay and V := V be as in Section 3.5.1. Since Ay is a real algebraic
subvariety of V. By the Hilbert Basis Theorem, Ay is a set of zeros of a finitely many
polynomials fi, ..., f., there exists a real polynomial function p := f2+--- + f2 on V such
that

Ay ={veV:pkv) =0} (3.5.7)
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In particular, Ay is contained in a co-dimension one hyperplane V' C V. Without loss of
generality, we may assume V = RY™YV and V/ = RdImV-1 »

Let Ry > 0 be the smallest number such that [— Ry, B;]4™ V= is the smallest closed cube
containing C'. We then determine Ry, €5, and €1 (see the end of the proof) consecutively and
define @ := [~ Ry, B9V =1 x [—€1,6)] D D and ¥ 1= [~ Ry, Ry]4™V =1 x [—63, 6] D C and
prove a relative-time property for C' and D.

Put Q = 7(77; (V) N K and define
J={t>T,:~(t).x cQ} (3.5.8)

Then for every ¢ € J, there exists a unique w = w(t) € ny(7~'(x)) C V such that
Y(t).w = p(y(t)).w € ®, in which case v(t).w € V.

Since s +— 7(s).w is a polynomially bounded definable map, it is either convergent to a
constant map fixing w or unbounded.

In the first case, it is well-known from the theory of algebraic groups that p(y(t)) is
still unipotent as a linear map on V', we have the stable-unstable decomposition p(~y(t)) =
S(t)U(t) with S(t) — Id. Since the map G — G.py is open, there exists §(t) — e in G such
that p(6=(t)y(t)) = U(t), and that §(t)"'y(t) C Gy := {9 € G : gow = w}. This becomes

the first outcome of the theorem; or we have
|7(s).w| — oo (3.5.9)

as s — 0o. We will show in this case (3.5.6) holds.
For every t € J, we define I(t) := [t7,t*] to be the largest closed interval in [Ty, T

containing ¢ such that
(1) ~v(s).w € ® for all s € I(t);

(2) YtH)wed—dortt =T;
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(3) t— e J.

For the case t* = T, we denote the corresponding maximal interval by I,s := I(t).

For any s1, s € I(t), we have by the maximality of I(¢) that
either I(s1) = I(s2) or I(s1)NI(se) =@ (3.5.10)

Now we have the decomposition let [T,,T] = | |, I(tx) || [ast- We will show by (C, «)-
goodness that the relative-time property is satisfied on each interval. To this end, we need
to discuss a few cases:

Let n denote the unit vector perpendicular to the hyperplane V’.

Figure 3.1: Segment of trajectory leaving Ry-box from the ceiling (with dim V' = 2)
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Case 1: If y(s).w on some [(ty) = [t7,tT] satisfies:
In-vy(s)w| < e€,VseI(t) and |n-vy(tT).w| = e, (3.5.11)

noticing that by our construction there exists v > 0 and Cj, oy > 0 such that t’|n - v(t).w|

is (Co, ap)-good for some Cy and « and that

sup [s"m - y(s)w| = () m -y (t7)w| = (17)e,

SE[t™,t71]
we have
()N J[ <[{t € I(t) : [n-~y(s).w| < e}
<H{s e I(t):s'In-v(s)w| < s}

<Hs € I(t) : s"In-v(s)w] < (t7) e}

)Y “
<Cy ) 1)
SUPseft— t+) s - y(s).wl

<C C—:)a I(2)].

Case 2: If y(s).w on some I(t;) = [t7,t] satisfies:

|v(s)w| < Ry, Vs € I(t) and  ||y(t1).w| = Ry, (3.5.12)

[1(t) N J| <[{s € I(t) - [[7(s)wl < B}

R .
<C I(t
1 (supsmt) ||7(8)-w||) e
R\™
—oy (22 1)),
e () e

Case 3: We now consider y(s).w on the interval I,y = [t7,t7] = [t7,T]. By dis-

creteness, there are only finitely many w = w(t) € Ty(r'(z)) C V with |Jw|| < R,
denoted wy, ws,...,wx (note that at most one of them corresponds to t € J). There-
fore, by the unboundedness of 7(s).w;, there exists T} > Ty such that for any s > Tj,
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Figure 3.2: Segment of trajectory leaving Rs-box from the side (with dim V' = 2).

lv(s).w;i|]| > Ry, =1,2,..., N and therefore we can ignore them on [T, 7] and assume the

base point w = w(t) satisfies |w|| > Rs. Now

(1) 0T <{s € [To, T] : [|v(s)-w]| < Ri}

R, o
Sq(mmmwwﬂﬁMO 1
RO\ Ry 2
Sq(mawMO ”w“””QwRVWﬂmO H®)

gq(ﬁb%?jgmuw|

-1 a1
<o, (R0
2

aq — aq
Now for the given Ry, we first choose R5 so that C (%) < e and that Cy (%W) <

2
€. Then we choose €5 = Ry/2 and €; < €3 so that Cj (6—1) ’ < €. OJ

€2
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v(8)-wi, [Jwil] < Ro

\ﬂ%@ (Ri,€1), ¥ s=T (R2’62>7(I)
—— WL

—— y(s)w, [[w] > Rp

Figure 3.3: The last segment of trajectory with different base points w (dimV' = 2)

3.6 Proof of Theorem 3.1.2

3.6.1 Lifting properties

Lemma 3.6.1. Let G be a locally compact Hausdorff group and H be closed normal subgroup

of G and T" be a lattice in G. Furthermore, assume H NT is a lattice in H. Let ¢ : G/T" —

G/HT = I:?l“/ﬁ{ be the natural quotient map. For an H-invariant probability measure j on

G/T', we have

F(gT)du(gT) = / / f(ghT)d(hT)dg. (g HT)
G/T G/HT J Hgr/T

where g, s the push-forward of p under q.
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Proof. By ergodic decomposition, we have

£(gT)du(gT) = / / F(ghD)dych e (hT)dguu(gHT),  (36.1)
G/r G/HT JHgr/T

where :LL;‘HF is the conditional measure concentrated at the A-atom of z relative to the sub-
sigma-algebra ¢~ (#(G/HT)) C %(G/T). Given p is H-invariant, we would like to show
M;‘HF is also H-invariant. Thus by the uniqueness of H-invariant measure on HgI'/I', we
have dyiy(h) = d(hD) for q.p almost every gHT € G/HT. To show this, we recall from
the construction of conditional measures that for ¢, a.e. gHI' € G/HT, ,u;‘HF is the unique

probability measure on gHT" satisfying

/ 1y (f)dq.u(gHT) Zu(f)zh*u(f)z/ hattprp (f)dgp(gHT)
G/HT G/HT

and thus we have for every h € H, h*/ﬁer = ,LL?HF for g, a.e. gHT. Let S := {(h,gHT) :

hattlye 7 Hpr}- Now by Fubini’s theorem,

0= / / Lsdq.pdpy = / / lsdpmdg.p
H JG/HT G/HT JH

Therefore for almost every gHI' € G/HT', we have h*#?Hr = M?HI‘ for py a.e. h € H. But

by approximation, it follows that h*ﬂ?Hr = N;‘Hr for every h € H. ]

The following corollary is immediate from Lemma 3.6.1

Corollary 3.6.2. If q.jt = 04 ur, the Dirac measure supported at goHI' € G/HT, then p is

supported on goHI'/T' C G/T.

Corollary 3.6.3. If q.uu is G/H-invariant, then u is G-invariant.
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Proof. For any gy € G, let L, ¢(g9) = ¢(gy ' g) be the left translation operator. Then

| La(Sar)utar)

(by Lemma 3.6.1)

I
T
>~
T
=
3
~
E
=
)
Ay
Z
IS
2
*
=
N
A
Z

[ Ly PUGHT g T)
G/HT
:/ P(f)(gHT)dg.pu(gHT) (by the G/H-invariance of g,.u)
G/HT
]

Proof of Theorem 3.1.2. Let W be the maximal subgroup generated by unipotent elements
under which the limiting measure p is invariant.

Let pt = piyA,00 denote the limiting measure. Let W be the subgroup of G preserving .
In particular, this group contains P.S,.

By Theorem 3.5.3, we have that there exists H € H such that
u(r(N(H,W))) > 0 and u(x(S(H, W))) = 0.

Let Cy € N(H,W) — S(H,W) be a compact set such that 7(Cy) N w(n(S(H,W))) = &
and that u(7(C})) = « for some a > 0. Now we apply Theorem 3.5.7 for C' = 7j,,(C}) and
a = €/2. Let § be as in Theorem 3.5.7. Then there exist a compact neighborhood K of
7(C}) in X such that KNS = @. Put Q = 7(7; (¥)) N K where ¥ is as in Theorem 3.5.7.
Since ¥ D C, 2 D 7(C}) and therefore p(§2) > 2¢ > ¢, contradicting to the second outcome

of Theorem 3.5.7as T > 1.

149



Therefore {071 (t)y(t)}i>a C g1 N (H)g; "' for some g € G. By Theorem 3.5.4, the orbit
g NY(H)T is closed. Now put Gy := ¢t N'(H)g;', Hy = g1Hg; " and T'; = ' N G;. Clearly
H, is normal in (.

Since HiI'y is closed in Gy, the subgroup HiI'y/Ty = I'1H;/T'y is closed (and hence

discrete) in G /T'; and we can view G1/H 'y as a G1/H; homogeneous space. Let

G1/H,

:G/T _—
q 1/1_>H1F1/H1

= Gl/H1F1

be the natural quotient map. Define a map ¢, : Z(G1/T'1) — Z£(G1/H T'1) such that for
any v € Z(G1/T) and any Borel measurable subset A C G1/H 'y, ¢.(v)(A) = v(qg7 1 (A)).
Then g, is continuous.

The following lemma will be needed:

Lemma 3.6.4. Let q: G1/T'y — G1/H1I'y be the quotient map as above where Gy/H1T'y is
viewed as a G1/Hy homogeneous space. Let v be a reqular Borel measure on Gy/Ty. If q.(v)

is invariant under gH, € G1/H,, then v is invariant under g.

Let ¢ : G1/Hy — SL(ny,R) be a regular algebraic group embedding. Then the map
A(t) :=romon(t): [A 00) = Gy — G1/H; — SL(n1, R)

is again definable in a polynomially bounded o-minimal structure.

Case 1: 5(t) is bounded (and thus convergent by definability). Suppose ¥(t) — go €
SL(n1,R), then the orbit y(t)HI'y — zo = ¢ *(g0)Hi'1/H, € G1/H I';. Now the limiting
measure associated to y(t)H1I'y is q.(p) = 0y,. It follows that u = (go)«pm,r,, Where pg,r,
denotes the Hi-invariant Haar measure on H;I';/T'y.

Case 2: 4(t) is unbounded. In this case, the Peterzil-Starchenko subgroup PS; C
t(G1/Hy) is a non-trivial one-parameter subgroup. This is unipotent by the Poulious’

condition and Proposition 3.4.6. ¢.(x) is invariant under the generator g € PSs;. Write
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171(g) = gHi, then by Lemma 3.6.4, we must have p is invariant under g ¢ H;. Since

W C Hy, g1 ¢ W, which is a contradiction to the maximality of . O
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Appendix A: More on Successive Minima

In this appendix we prove a few results on successive minima for a lattice that are known
to experts but whose proofs are hard to find in the standard literature on geometry of
numbers, for example [Cas97] and [SC89] . The goal is to relate the basis of a lattice to
successive minima.

Recall that for a positive integer d and a lattice A C R, and for each j = 1,...,d, The
J-th minimum of a lattice A C RY, denoted \;(A), is the infimum of X such that the set
{r € A :||r|| £ A} contains j linearly independent vectors. (with respect to the (> norm on
R?).

A natural question is, can the successive minima always attained by a basis of the rank

d lattice A? In other words, does there exist a basis {vy,...,v4} of A such that
HUjH = )\j, for j = {1, 2, Ce ,d}

The answer is positive if and only if d < 4, as are shown in the following theorem and

example

Theorem A.1. Let A be a lattice RY. Assume that d < 4, then there exist a basis {vy, ..., vq}

of A such that

HUJ'H = )‘j7 fO?“j = {17277d}
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The case when d = 1 is trivial. To prove this theorem for the cases d = 2,3, we need the

following lemma from Euclidean geometry.

Lemma A.2.

(1) The minimal distance from any point in the interior of a parallelogram in R? to its
vertices is always strictly less than the maximal length of the edges of the parallelogram.

(2) The minimal distance from a point in the interior of a parallelepiped in R? to its vertices
is always strictly less than the mazimal length of three linearly independent vectors form by
the vertices , with at least two of them being the edges of the parallelopiped. In particular,

these three vector will span the three dimensional lattice spanned by this parallelopiped.

Proof.
For the part (1), observe that a parallelogram ABCB’ can be divided into two triangles
ABC and AB'C, and any point D in the interior of ABC' B’ must fall in either the triangle

ABC or the triangle AB'C'

By drawing a line perpendicular to the line AC' through the point B, we easily see

|BD| < |BE| < max{|AB|,|BC|}.

For the part (2), first observe that a parallelepiped can be divided into six tetrahedra
and any point x in the interior of the parallelepiped, say ABC DEFGH must fall into one
of the six.

If X falls in the tetrahedra AFEH. It follows from the first part of this lemma that

[EX| < |EY[ < max{|EA| |EZ|} <max{|EH|, |EF|, |EA]},

If X falls in the tetrahedra DHAF'. It follows from the first part of this lemma that

DX| < |DY| < max{|DA|,|DZI} < max{|DA|, |DH|, |DF|},
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B/

Figure A.1: The parallelogram case

Figure A.2: X must fall into one of six tetrahedra.
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Figure A.3: Construction of points Y, Z in the proof.

If X falls in the tetrahedra BAF D. It follows from the first part of this lemma that

BX| < |BY| < max{|BA,|EZ|} < max{|BA,|BF],|BD]},

where the construction of auxiliary points and segments as illustrated in the figure A.3

above.

Proof of the theorem for the case d=2,3:
We do this for d = 3 and the case d = 2 is only simpler. Let vy, vs,v3 be any linearly

independent vectors in A such that

|lvj]| = Aj, for j ={1,2,3}.

Let Ay be the lattice spanned by those three vectors. Consider the fundamental domain

F = {tlvl + tQUQ + t3’03 . ti € [0, 1)}

of Ao.
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The closure of F is the parallelepipiped spanned by vectors vy, vs, v5 at the origin of R3
and it follows that R? = F + A,.

Suppose on the contrary that Ag is a proper sublattice of A, then there exists a vector
x € A — Ag. By translating z with a vector in Ay, we may assume without loss of generality
that

T = t1U1 + tQUQ + t31)3,

where t; € (0,1) (¢; cannot be equal to zero since x ¢ Ag). So z is in the interior of the
parallelepipiped.

By our lemma above, noticing that the length of each edge in the parallelepipiped is
equal to ||vy]|, [|[va]| or ||vs]|, there exists a vertex w of the parallelepipiped spanned by vectors

V1, Ug, v3 at the origin such that
|z — wl| < max{[lv;|| : j =1,2,3} = v

Translating the vector x — w to the origin. It follows that x — w, vy, ve are still linearly
independent and this lead to the contradiction to the assumption that v3 = A3(\). Therefore

we must have

AOIA,

namely vq, v, v3 form a basis of A.

We need the following lemma for the proof of d = 4 case:

Lemma A.3. Fork>1 and y; € R for all 1 <i <k, we have the identity
Sk = Zmlxg---xk =1,
where the sum is over all 2% possible choices of x; = y; or x; = 1 — ;.
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Proof. We perform induction on k.

When k£ = 1, this sum is simply 1 —y; +y; = 1.

Assume Sy_; = 1. For general k, we observe that Sy = y;Sk_1 + (1 — 4;)Sk_1 = Sp_1 =
1. O

Proof of the theorem for the case d=/:
The idea of proof is essentially due to Noam Elkies [Elk]. Let vy, vy, v3,v4 be any linearly

independent vectors in A such that
vl = Aj(A), for j ={1,2,3,4}.

As in the proof of cases d = 2,3, we let Ay denote the lattice spanned by vy, vs, v3, vy4.

If Ao is a proper sublattice of A\, then there exist v € A — Ay such that

4
v = Ztivz’7ti eR
=1

and without loss of generality, we may assume that ¢; € [0,1) for any ¢ = 1,2, 3, 4.

Namely v lives in

4
P = {Ztivi,ti S [0, 1)} .
=1

Claim 7. For any vy € Ay, and any v € A — Ay
[0 = woll = lvill, Vi=1,2,3,4

Proof of Claim. If ||v — vg|| < ||vy, || for some i € {1,2,3,4}, then v;, i € {1,2,3,4}\ {io},
together with v — vy would be still linearly independent (since v € A — Ay) and form a new

system of successive minima with strictly smaller \;. #
Claim 8. For any v € & we have
=
. 2 2
min ||v — v < - ;||
mig o=l < 33 ol
1=
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Proof of Claim.

The vertices of &2 form the set:

= {z:mvZ in; € {0,1}}.

In view of the preceding lemma, the idea here is to find a weighted sum of squared
distances from v to each vertices in #. For v = t1v; + tave + t3v3 + t4v4, we associae the
weights w(vg) to each ||v — vg||* where vy € ¥

If vg = S+, ngvi,n; € {0,1}, then w(vg) == [T, ((2t; — 1)n; + (1 — ;). For example, if
vy = U2 + v, then vy = (1 — t1)tats(1 — t4).

It follows immediately from the preceding lemma that

H w(vg) = Z T1ToT3T4 = 1.

voEV xr;=1—1; or t;

The claim then follows from the following subclaim:

> wv)l|o —wol* = Zt (1) \vz||2<z—|!vz\|2-

Vo EYV
Indeed, if we write |Jv — vl|* = (32, (t; — ni)vi, >, (ti — n;)v;) and in view of lemma for

the case when k = 3, the coefficient for each (v;,v;) is
(1 —t)t? +ti(1 —t;)* = (1 — t;)t,.
In view of lemma for the case when k = 2, the coefficient for each (v;,v;) where i # j, is
21 — ;) (1 — t;)tit; + 2(1 — t;)tits(t; — 1) 4 2t;(1 — ) (t; — 1)t + 2t5t;(; — 1) (t; — 1) = 0.

#
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Now we find the minimum of

Z ||U - ’U()||27

VoEY
for v = tivg 4 -+ tavy € y,tl,tg,tg,tzl S [O, 1)

Indeed,

Z [ — vl = Z <Z(tz —n)vi, ) (i — nz>vz>

voEY ni€{071} =1 7
For the moment, we assume that (t1,%s,t3,%4) can take any value in R* and this problem
becomes a standard optimization problem without constraints.

Now taking the partial derivative with respect to t;, for ¢ = 1,2,3,4, we obtain the

following system of linear equations:

0
=3 o= woll?

V€Y
B : -
=5 Z <Z(tz — n;)vi, Z(tz - nz)vz>
" nie{0,1} \i=1 i=1
4
n;€{0,1} =1

We may write the solution to the critical points of this four variable function in its matrix

form as:

(vi,v1) (vi,v9) (vi,vs) (vi,v4)| [2¢t; —1 0
(vg,v1) (vg,v9) (vg,v3) (vg,v4)| [2ta —1 _ 0
(v3,v1) (v3,v9) (v3,v9) (vs,v4)| [2t3—1 0
(vg,v1) (vg,v9) (vg,v3) (vg,v4)| |24 — 1 0

Since {vy, v, v3,v4} are linearly independent, the coefficient matrix, as a Gram matrix,

is nondegenerate and the unique solution to this equation is

1
h=ty=ts=ti=7.
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The second derivative test gives immediately that this is a local, and thus global minimum

for the function, and its miminum value is

min Y [l —wl* = > <Z(t@- =), (ki - ni)w>

voEY n;€{0,1} \:=1 i=1
1 1
ni€{0,1} \i=1 —1
1 1
= Z <Z 5 — Uz; 2(5 — nz)vz>
nZE{O 1} \i=1 i=1

= 42 lvall®,
i=1

where the last equality follows from the cancellations in the cross terms (v;, v;) whenever

i # j. It follows that (noticing that || = 16)

_ 2 < = _ 2
Uerf\nr}\o Uronel/{l |l —wo||” < mln ; |v — vol|
vo
=
< 1 Z w32 (by the Claim 8)
i=1
< max{||v;|| : j = 1,2,3,4}

Now combining this with Claim 7 above yields

4
. 1 )
max{[|v;]| : j =1,2,3,4} < ZZ JoslI” < max{[Jo;| - j = 1,2,3,4}, (A.0.1)
i=1
and thus
1]l = [Jvall = [lvs]| = [lval|-

Claim 9. (v;,v;) =0 for alli # j.

Proof of Claim. Let us summarize what we have obtained so far:
We proved that if vy, v9.v3,v4 are linearly independent and |jv;]] = A;,j = 1,2, 3,4, then

any vector v € Z N A — Ay must be of the form:

1
5(1)1 + vy + v3 + v4),
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Since & is a fundamental domain of A, it follows that
1
A= §(U1+U2+03+U4)+A0.

On the other hand, from the inequality

2

Y

1
Joi|> = Mi(A)? < HE(ﬂ:vl + vy + vz £ vy)

we have

Z + <Ui,Uj> Z 0.

1<i<j<4

By symmetry,

> E(v,v) =0. (A.0.2)

1<i<j<4

If we view this equation as a linear system with (}) = 6 variables (v;, v;) and the coefficient

matrix

11 1 1 1 1]
11 1 1 1 -1
11 1 1 -1 -1
11 1 -1 -1 -1
11 -1 -1 -1 -1
1 -1 -1 -1 -1 —1]

is clearly of rank 6, which forces

<Ui7 Uj> =0,

for all ¢ # j. #

Hence either

A - AO = Spa‘nZ{vh V2, U3, U4}
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or v;’s are of equal length and mutually orthogonal
1
A = Spang{vy, v, v3, 5(1)1 +ve+u3t+vg)} 2 Ao

In either case, it is possible to find a basis of A corresponding to the four successive

minima of the lattice, as desired. This completes the proof of the case d = 4.

The following example shows that the theorem above fails for d > 5.

Example A.4. Let d > 5 and consider the lattice A spanned by

€1,€2,...,€4-1, 5(61 + -+ 6d)7

where e; is the canonical basis vector of R? whose i-th component is 1 while all the other
components are zero.

It is easy to see that A contains Z? since
1
ed:2-§(el+---+ed)—el—---—ed_1 € A.

Observe that \;(A) = 1,Vi = 1,2,...,d since the closed unit ball at the origin contains
exactly d linearly independent vectors ey, - - - , ¢4 with equal length 1.

On the other hand, we cannot find a basis vy, - ,v4 of A satisfying
vl =1, Vi=1,2,--- ,d.
This is because each vector in A is either of the form e; or of the form
1
i(iniei + nje; £ ngep £ nye, £ ngey),

where n;, n;, ng, ny, n, are all nonzero integers.

Since A 2 Z% the basis vectors of A cannot only be in the former case. But for the

5

2, contradicting to [lv;|| = 1, Vi =

latter case, the sum of squares of coefficients is at least
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1,2,--- ,d. Therefore, for d > 5, it is not true that the successive minima of a lattice can be

realized by a basis of the lattice. [

However, with a compromise, we can still choose a basis whose lengths are equivalent to
the successive minima of the lattice. To this end, we need the following lemma (the proof

given here mimics the proof of Theorem 11.33. in [EW11]):

Lemma A.5. Let A be a lattice in R? and v; € A be a vector with ||vi|| = A\ (A). In other
words, this is a nonzero vector in A of shortest length. Let m; be the projection of R onto

vi, the hyperplane in R® orthogonal to vy, then we have to following statements:

(1) [m(0)] = o], Yo € A;

covol(N) .

floall 7

(2) (M) is a lattice ® in v{ with covolume

Proof. For (1) and (2), we suppose on the contrary that there is a vector v € A such that

V3

3
Im (@) < ol
The orthogonal decomposition of R? gives
v = 7T1<U) + tvl,

for some ¢t € R.
Since 71 (v + nvy) = m1(v), for all n € Z, by replacing v with v 4+ nv; for some n, we may
assume v = 71 (v) + tv; with t € [-1,1).

9The projections of lattices are not always lattices of the corresponding subspaces. For example, the
projection of the standard lattice Z? onto the irrational line y = v/2z is no longer a lattice with respect to
that line, which can be deduced from Dirichlet’s simultaneous Diophantine approximation theorem.
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For (1), since v; is perpendicular to m;(v), by the Pythagorean’s theorem

ol = (@) + & er |
3 2 1 2
< —_ —_
ol + e

= HU1||2,

which contradicts to the choice of ||v1]| as a minimal-length nonzero vector of A. This proves
(1).

To see (2), we first observe that from (1), all vectors in 71 (A) are bounded \/7§||v1|| away
from zero (This gives the discreteness). On the other hand clearly m;(A) contains d — 1
linearly independent vectors. So by definition, m;(A) is a lattice in v{- and it makes sense
from now to talk about its fundamental domain, covolume and success minima.

We shall first study the relation between the fundamental domain of A and m(A). Let

F be a fundamental domain of 7 (A).
Claim 10. F := F; 4 [0, 1)vy is a fundamental domain of A

Proof of Claim. For any x € R%m; € vi. By the definition of fundamental domain 7;(A),

there exists a vector v € A such that
m(z —v) € F.

It follows that © — v — my(z — v) € Ruy. Since m(v1) = 0, there exists n € Z and t € [0,1)
such that

r—v—m(r—v) € Ru =nv +tvy.
Therefore, x — v — nvy = tv; + 7 (z — v) € [0, 1)v; + Fy. Namely for any vector z in RY, we

can find a translation of z by a vector in A that falls into [0,1)v; + F} =: F.

On the other hand, if x —¢" and x — v” are both in F' with v',v” € A, we would like to
see v/ =",
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Suppose:

)

x—v =t +9
r— " =ty + y//

where t',t” € [0,1) and ¢/, y" € F}.

Applying 7 to both sides, we get

{y' = m(z) — m (V')

y" =m(z) —m(")
Since F} is a fundamental domain for m (R?)/m;(A), the translation is unique and 7 (v') =
m1(v"). So v =" € Zv;.
But v —v" = (z —v") — (z = ') € [0, 1)vs + F1 — ([0, D)oy + F1) = (=1, L)vy + (Fy — F),

so it forces v/ = v". #

Now since v is orthogonal to all vectors in F}, it follows that
0o > covol(A) = m(F)
= m([()? 1)/01 + Fl)
= [[oal - m(Fy)

= ||v1|| - covol(my (A))

This proves (2).

]

Theorem A.6. Let A be a lattice in R%. Then there exist a basis v1,vs,...,vq of A such
that

[vi]l = A(A), [lvalla =a A2(A), .., [[vall =a Aa(A).

Here A <4 B means there exist positive constants cq, Cq depending only on d such that

cal Al < |B] < Cal Al
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Proof. We shall prove this by induction on d. The case d = 1 is obvious.
Assume the statement holds for lattices with rank less than or equal to d — 1. For a rank
d lattice A in R?, let v; be any nonzero vector in A satisfying ||v1|| = A1(A) and let m; be the
projection of R? onto v{, the hyperplane in R? orthogonal to v; as in the previous lemma.
Now applying the induction hypothesis to the d — 1 dimensional hyperplane v{ and the

rank d — 1 lattice 7 (A) contained in vi yields a basis wy . ..wq of 71 (A) with
[wa| = Aa(mi(A)), [[ws]l =a Aa(mi(A)), - lwall <a Ag—1(m1(A)).
By the monotonicity of )\;s, we know

[wall Sa -+ Za llwall-

Our next step is to choose some vs, ..., vy in A as preimages of ws, ..., wy under 7; such
that vy, vy ..., vg form a basis of A. We start by choosing vs, - - - ,v4 to be any d — 1 vectors
in R? with

7T1(’Uj) = U)j,2 S ] S d.

It follows that vy, - - ,v4 are R-linearly independent and thus form an R-linear basis of R,

For any v € A,

m(v) = nows + + -+ + Ngwy
= TL27T1(U2) S +nd7T1(’Ud)

= m(nguy + -+ - + ngug).
So m[v — (ngvg + -+ - + ngug)] = 0 and
U = NgUs + + -+ + Ngvg + tuy,

for some t € R. But since v € A, tv; € A and thus t = 0 or £1 since v; by our choice is a

minimal nonzero vector.
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Therefore, A = Span,{vy,...v4}. Namely vy, ..., vy indeed form a basis for A.

Observe that replacing each v; with v; + njvi,n; € Z does not change the nature that
v1,- -+ ,vg form a basis of A. Since v; = w; 4 t;v; for some t; € R, by carefully choosing n;
we may assume t; € [—3, 3).

It follows that for 2 < j < d,

lwill < flosll < flwslF + 125 [oa |

< oyl + 5=l
W, ——||w
— J 2\/§ 2

1
%)ijll,

where the second inequality follows from the previous lemma with 7;(vy) = ws. So

Sa (1+

;] =a lJwsll,j =2....d.

Next, we observe that A; 1(m1(A)) < A;(A). This is because if vy, vy, ... v} represent the
first j successive minima vectors in A, then their projection images (excluding m;(v;) = 0),
m1(v1), m(v5), ... w1 (v}) are still linearly independent in v~ and

[ ()| < Ai(A)

[ (W)l < A (A)
which implies A;j_1(7m1(A)) < A;j(A). Therefore

]l <a [lws]] <a Aj—1(m1(A)) < Ai(A)

for j=2,...,d.

On the other hand,

Aj(A) < max{][vl], ..., [Jvyl}
Sa max{ [|wel[, . . ., [lws][}
Sa |lws]|

— Aa(m(8)).
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Therefore

o1l =4 A (A), 5 = 1,2,...d.
The proof is complete by the induction hypothesis. ]

Remark A.7. In practice, the basis in the theorem can be achieve by the Minkowski reduced
basis. A basis {by,...,bs} of a lattice A C R? is called Minkowski reduced if for each 1 <
1 < d, b; is the shortest nonzero vector in the lattice such that ¢ linearly independent vectors
{b1,...b;} can be extended to a basis of the lattice. See [Hel85] for an algorithm to produce
a Minkowski reduced basis. Interestingly, it is still not know whether the construction of
shortest vectors in a lattice with respect to the I norm is NP-hard or not (But the answer
is affirmative for the (*-norm [Boa81]. Moreover, the [* case is proved to be NP-hard for

randomized algorithms in [Ajt98]).

As another corollary to our Lemma A.5, we can prove the classical Minkowski’s Second

Convex Body Theorem:

Theorem A.8 (Minkowski’s Second Convex Body Theorem, 1896 [Min96]). Let A C R? be

a lattice and let \i,(A) denote the k-th successive minima of A. Then
A (A) - Aa(A) =4 covol(A).

Proof. Like we did in the previous proof, we still proceed by induction. The case d = 1 is
obvious.

Assume the statement holds for lattices with rank less than or equal to d — 1. Let vy be
any nonzero vector in A satisfying ||v1|| = A1 (A) and let 7, be the projection of R? onto vi,

the hyperplane in R? orthogonal to v; as in the previous lemma.
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Now applying Lemma A.5 (1) to the d — 1 dimensional hyperplane v; and the rank d — 1

lattice 7y (A) contained in v{ yields a basis ws ... wq of m(A) with
[wa]l = Ar(mi(A)), [[wsl] <a Ao(m1(A)), -, lwal =a Aa—1(mi(A)).
By the induction hypothesis
[wa| -+ [[wall <a Ax(mL(A)) -+ Ada-1(m1(A)) =g covol(m(A)).
On the other hand, from the proof of the Theorem A.6, we know
s | =a Nyl =a Ag(A)G =2, d.
Since ||v1|| = A1(A) by construction, by Lemma A.5 (2),

covol(A) = covol(mi(A)) - [|Jvr]| =g A1 (A) - - Aa(A).

Next, we study the continuity of successive minima on the space of lattices.

Lemma A.9. Let b € SL(d,R) and ||b||,, denotes the operator norm of b, then we have for

allt=1,2,...,d and unimodular lattice A, the inequality

A(BA) < [bllopAi(A) (4.03)
Proof. Fori=1,2,...,d, let vy, ...,v; denote the i linearly independent vectors in R? such
that
[oil] = Ai(A).
Consider the vectors bvy, ..., bv;. Since b € SL(d,R), buy, ..., bv; are again linearly inde-
pendent. From ||bv;|| < ||b]|opllvi]| it follows that buy, ..., bv; are contained in a ball of radius
16llopAi(A). So it follows that A;(DA) < ||b]|opAi(A). O
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Theorem A.10. \;(-) are continuous functions on the space of unimodular lattices L for

i=1,2--d.
Proof. We may identify £ with the homogeneous space G/I' := SL(d,R)/SL(d,Z) By the
Lemma A.9, we have for any b, c € SL(d, R),

WWA) < (A < [lelopAile A, (A.0.4)
op

For any A € £, we may write A = gZ< for some g € SL(d,R), identified with gI". For

any convergent sequence of lattices
gil' = gt — o0 (A.0.5)

which is equivalent to the convergence g~'g,I" — T

Let d denote any right-invariant metric on G and define a metric d’ on G/I" by

d'(gT, hT) := infrd(gyl,hyg).

Y1,72€

For each i, we may choose 7; € I' as the element closest to g~ 'g;, namely
d(g™"9;,7;) = mind(g g, 7) = d'(g” g1 T).

It follows that the condition d'(g;T", gT") — 0 is equivalent to d(g~'g,~;) — 0. Therefore,
by replacing the representative g; in g;I' with g;7. We may assume g; — g for the equation
A.0.5.

Now taking b = g;¢g~" and ¢ = b™" in the inequality A.0.4, we have
Ai(gig~ A) = A(A).

and therefore )\; is continuous on G/I.
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Remark A.11. For G = SL(d,R) and I' = SL(d, Z). There is a right G-invariant (Rieman-

nian) metric dist on G/T". We speculate the following inequality holds:
[Xi(9Z7) = M(hZ9)| < Cudist(gT', IT), Vg, h € G, ¥i,

where Cy is a constant depending only on d.
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Appendix B: The Siegel Sets and Invariant Measure on the Space
SL(d,R)/SL(d,Z) and the Computation of the Constant ¢, for the

Generalized Siegel’s Formula

In this appendix we shall recall a few definitions and results on Siegel sets and the
probability Haar measure on the space SL(d,R)/SL(d,Z) and use them to compute the

coefficient in the generalized Siegel’s formula 1.3.7 in Chapter 2.

The main reference for the following is [BM00] Chapter V and [Fol15] Section 2.6.

Let K := SO(d,R),
A= {diag(ay,...aq) a1 --ag=1,a; > 0,Vi =1,2,...,d},
the diagonal subgroup of SL(d, R) with positive entries and
N :={(ni;) € SL(d,R) : ny; = 1,m;; = 0,Vi < j},
the subgroup of upper triangular unipotent matrices in G. We have

Theorem B.1 (Iwasawa Decomposition). The product map
K xAxN — G, (k,a,n) — kan

18 a homeomorphism.
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Definition B.2 (Siegel Sets in SL(d, R)).

A Siegel Set in SL(d, R) is a set ¥, of the form
Zt,u = KAtNu,
where t,u > 0 and A; and N, are given by

a;

2
A=< di cA: < —143=12..d—-1
t { lag(ala ad) Qir1 = \/g? ? ) }

and

It turns out that ¥,, can cover the fundamental domain of G := SL(d,R) under the

action of I' := SL(d, Z):

Theorem B.3. Fort > 13 and u > we have G = ¥,,I'. As a result ¥;, contains a

1
V3 2’
fundamental domain of G/T".

Another important fact about Siegel sets is that it only intersects finitely many of its

[-translates
Theorem B.4. Fix t and u, then for all but finitely many v € I', we have
ey Ny = O.
In particular, all but finitely many v € I' satisfies
YiuNFy=a.

Now we turn to look at the Haar measure on G. Let B = AN = N X, A (note that as

sets AN = NA) be the semidirect product of A and N with conjugation as action:
c: A= N,ar— cq,
where ¢,(n) = ana™!. In other words, the product in AN is defined by

any - agng = (a1as)(niainqa;t).
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Proposition B.5. da := %1 e ‘Zi;f, with the right hand side identified with the standard

Lebesgue measure on R4, is a bi-invariant Haar measure on A.

Proof. For a’ = diag(ay,d), ..., a)) € A, we have d'a = diag(a}ay, dyas, ..., a,aq). Hence,

d(a'a) _ d<a,1a1) . d(aii—lad—l) — da.

/ /
ajay al, aq—1

]

Proposition B.6. dn := HK]. dn;j, with the right hand side identified with the standard

Lebesque measure on R¥4=1/2 s o bi-invariant Haar measure on N.
Proof. For n' = (n};) € N, the (i, j)-th entry of (nj;)(n;) is

Nij + (N paNirg + 0 _ango1y) + nij,
whose partial derivative w.r.t. n;; is 1. So by the @—dimensional change of variable

formula with Jacobian the identity matrix, we obtain the left invariance d(n'n) = dn. The

right invariance is similar.

Proposition B.7. p(a)dadn is a right invariant Haar measure on B, where the coefficient
pla) == Hi<j Z_:

Proof. For a'n’,an € N x.A =: B, and for any continuous function f with compact support

on AN, identified with R4 ! x RU4=1D/2 yia the previous propositions,

/A/Nf(ana’n’)p(a)dadn :/A/Nf(aa’a’_lna’n’)p(a)dadn
—/A/Nf(aa/(a’_lna/)n’)p(a)dadn.
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Making a change of variable n — a’na’~!, whose Jacobian can be easily computed as p(a’) =

11 a—:", this is equal to

1<) aj;

/]VAf(aa’nn/>P(a)d(a’na’1)da:/N/Af(aa’nn’)p(a)p(a')dnda.

1 1

Making change of variables a + aa’~' and then n — nn/~' and noticing that da,dn are

bi-invariant and that p is a group character, the above is equal to

/N/Af(a””/)ﬂ(aa/_l)p(a’)dnda:/N/Af(an)p(a)dnda
:/A/Nf(an)p(a)dadn.

This proves the right invariance of the measure p(a)dadn on B. O

Theorem B.8. Let dk denote a (finite) Haar measure on K. If we identify G = SL(d,R)
with KB = KAN wvia the Iwasawa decomposition (Theorem B.1), then p(a)dkdadn gives a

bi-invariant Haar measure on G.
Now we define the Haar measure on G/I":

Theorem and Definition B.9 (Haar meaure on G/T"). Let F' be any compactly supported
continuous function on G /U, then there exists a compacted supported continuous function f

on G such that

F(gl) =Y flg7).

yel’
Define

/ F(gl)d(gl) := / f(g)dg. (B.0.1)
X G

The right hand side fG f(g)dg is independent of the choice of f by unfolding the integral using
the quotient integral formula (Theorem 2.51 in [Fol15]). Therefore by the theory of Radon
measures on locally compact Hausdorff spaces ([Fol07] Chapter 7), the equation B.0.1 defines
a left G-invariant (and thus bi-invariant by the unimodularity) Haar measure on G/T".
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For the Haar measure on K = SO(d,R) and the scaling, since the map
SO(d,R) — S¥! g~ gey

has

1xd—1
Stab,, (G) = [1 R }

0 SO(d-1,R)|’
we have the identification SO(d,R)/SO(d — 1,R) = S%~!. We use this identification and

induction to stipulate:

d—1 2
Vol(K) = pux (SO(d, R)) HVol S°) Hm. (B.0.2)
i=1 2

Theorem B.10. Every Siegel set ¥, ,, € SL(d.R) has finite Haar measure in G and it follows
from Theorem B.3 that the Haar measure defined above is finite. Therefore SL(d,Z) is a

lattice in SL(d,R).

Before we compute the coefficient in the generalized Siegel’s formula, let us first recall

the notion of admissible functions and Poisson summation formula:

Definition B.11. A function f : R — R is called admissible if there exist constants
¢1,¢; > 0 such that both |f(z)| and |f(x)| are bounded by ATy Where ff@) =

Jga [ (@)™ @ dz is the Fourier transform of f.

Theorem B.12 (Poisson Summation Formula). Given any unimodular lattice A € R?, a

vector v and an admissible function f : R? — R, we have

Y fla+v) =) e f),

TzEA weN*

where A* is the dual lattice of A, cf. 1.2.6.

176



Proposition B.13. As in the proof of Theorem 1.3.7, let {ey, ..., eq} be the canonimcal

basis of R%. For G = SL(d,R) and I' = SL(d,Z) and the k-tuple (ei, ..., ex), be , let

Gr:={9€G:ge=¢,V1<i<k},

Ip:={9€Tl :g9e =2¢,V1 <i<k}.

be the stabilizer subgroup of (e1,...,ex) in G and ', respectively. Let dg denote the Haar
measure on G (scaled as above) and dgr = duc,(gr).d(gl) = ducr(9l), ducr,(9T)
denoted the induced Haar measures on Gy, G/T" and G /Ty respectively. Then,

1
((d—k+1)---((d)

HGy /Ty (Gr/Ty) =
Proof.
We start from the case when k = 1. In this case,

1 H%lx(dfl)
Gy :=Stabg{ei} = {g € SL(d,R) : ge1 = 1} = [ }

0 SL(d—1,R)
1 le(dfl)
0 SL(d—1, Z)]

I'y :=Stabr{e;} = {g € SL(d,R) : ge; = €1} = {

For the computation, we first consider the Fourier transform of compactly supported
functions.

Let f € C.(R?), namely a continuous function with compact support. Furthermore,

assume that f is K-invariant and f(0) # f(0) := Jga f(x)dz. Such function exists. For

example, there exists n € (0, 1) such that

Fa) = ol iz e B0,1]
0 if 2 ¢ B[0, 1]

satisfy f(0) # f(0). Other properties are immediate.

Let F(g) : G — R be defined as

F(g):=>_ flgv).

vEZ
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It follows that F' is bounded and for any v € T' = SL(d, Z),

=D flgm =) flgv)=F

The T-invariance of F' induces a function F : G/I' — R by

= flgv).

vEZ

Consider the following decomposition of Z%:
=} | L[] [ ]e- (B.0.3)
AT €T /T j=1

It follows that F' € C.(G/I') and that

— G/Ff(O)d(gF)—l-/G/F D D fligred(gly)

7F1€F/I‘1 7=1

_ G/Ff(O)d(gF)Jr / S Fligrer)d(ay)

/F1j 1

1(G/T) 4—}{: f(ige))d(gTy) (B.0.4)

G/Ty

To treat the section part of the sum above, we introduce the following subgroups :

1 0
W= 0 SL(d- 1,R)] ’
'1 Rlx(d—l)
Or:= 0 Iy }
[t 0
At = _1] .
0 ¢ a1

The measures on them are canonical ones: py, is identified with the Haar measure on
SL(d —1,R), again defined through Iwasawa decomposition above; py, is identified with the
Lebesgue measure on R%™!; and the measure A, is identified with % on R-.

Clearly G; = W1 U;.
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Claim 11. td%dwdu defines a right invariant measure on AW1 Uy .

Proof of Claim. Indeed, for any continuous function f with compact support defined on
AW, Uy, identified with Ry~ x SL(d — 1,R) x R4t and a = diag(t, t_ﬁfd_l), w' € W, and

u € Uy. Notice that awa’~! = w and the Jacobian of the map ' — aua’"! is (tHﬁ)d*1 =

t9=1 the same change of variable argument for the integral

// flawud'w'v")dadwdu
Adw Ju,

gives the right invariance of td%dwdu. #

Observe that

1 0 N
KN AW, U, = [0 So(d_LR)] ~ S0(d — 1,R)

and that the map

K x Gy — KGl, (k‘,g) — k’_lg

has its fiber at the identity equal to K N AW U; = SO(d — 1,R), we have by the quotient
integral formula and the proof of Theorem 8.32 in [Kna02|, for any compactly supported

continuous function ¢ on G,

1
igel)d(gl) = ik dkt®dadwdu.
L¢(]g€1) (g ) Vol(so(d_ 17]R)) /KAthUl ¢(j awuel) aqwau

Since any compactly supported function ® on G/I'; can be expressed as

d(gl) = Y 6(97),

vel'y

for some compactly supported continuous function ¢ on G, we have by quotient integral

formula and the uniqueness of Haar measure on homogeneous space G /T’y

fliger)d(gl") = / f(jkawue, )dkt*dad(wul';)

G/Ty KAWWUL /T
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where f € C.(R?) as above and j > 1.

Now it follows from B.0.4 that

wawm

w(G/T) +Z f(jger)d(gl'y)

G/Iy

j Je o, PO
f(Gkawuey)dkt*dad(wul’
Vol(SO(d — 1,R)) ; K JAWA UL Ty ( ! ( 2

e}

=f(0)u(G/T) +

(f is K-invariant by assumption)

o0

=£(0)u(G/T) + Vol (S Z/A - f Gawue, t*dad(wul';)
=f(0)u(G/T) + Vol (S / / f(Gawue, )t da
Ay JW1UL /T

— F(0)u(G/T) + Vol(s1) S // F(jtwue) -t
Ay JWLUL /T

=f(0)u(G/T) + Vol(S* 1) Vol(SL(d — 1,R)/SL(d — 1, Z)) Z Oof (jtey )t tdt

(Vol(SL(d — 1,R)/SL(d — 1,Z)) = Vol(WlUl/Fl) since Vol(R?/Z%)=1.)

=1(0)u(G/T) + Vol(S* ') Vol(SL(d — 1,R)/SL(d — 1, 7Z)) i j—ld /OO f(te )t at

(change of variable ¢ — JL)

Note that the above only works d > 2. For the case when d = 2, this Vol(SL(d—1,R)/SL(d—

1,7)) has to be replaced by 1.

Claim 12.

Vol(S471) / h flte)td=tdt = f(0),
0

where f = Jpa f(z)dz is the Fourier transform of f at 0.
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Proof of Claim. Indeed, notice that f is K-invariant (rotation invariant), so
f(ter) = f(x),Vx € R? with ||z = t.
By the spherical coordinate in R?, we have

x1 = rcos(pr)
xo = 7sin(ipy) cos(pz)

x3 = rsin(pq) sin(ps) cos(ps3)

xg_1 = rsin(pr) - -sin(pg_2) cos(vq_1)

xq =7rsin(py) - -sin(pg_o) sin(pg_1).

where 0 < ¢y 1 <2mand 0 < ¢; < mforallt <d—1. and

f(x)d:c:/ / fze, ..., xq)dxy - - dxg
R 0 0
= flzy,...,x
/[o,ﬂdlx[o,m/o (@ ) 9 (r,¢;)

:/[ _ }/ fre))r?=sin®2(p1) sin®3(y) - - - sin(pg_s) dr dpy dpy - - - dipy 1
0,741 x[0,27w] JO

det

dr dpy dpy -+ - dpg—q

=Vol(S*™) /OO f(re))r®=tdr,
0

Therefore, we have

/G | F(G)AGT) = (Op(G/T) + Vol(S'~)Vol(SL(d ~ 1 R)/SL(d ~1,2) > jld /0 " Pt )1t

oo

~/(O)n(G/T) + JO)Vol(SL(d — L R)/SL(d ~ 1.2)) jid
—£(0)u(G/T) + F(0)Vol(SL(d — 1,R) /SL(d — 1, Z)){(d). (B.0.5)
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In other to find Vol(SL(d — 1,R)/SL(d — 1,7Z)), we shall look at the dual version of the

above equation.
For any g € G, gZ¢ defines a lattice and its dual lattice is g*Z? = ‘{g~'Z? (Proposition
1.2.28). But the automorphism

x:G—>G,g—g"

clearly preserves the Haar measure on G and yZ% = v*Z¢ for all v € I'. So it also
preserves the Haar measure on G/T".

On the other hand, by the Poisson summation formula:

F(gl) =Y flgv) =Y flg'v) = F(g").

veZ4 veZ

Since f(0) = f(0), by replacing f in the recursion equation B.0.5 by f, we have

JO)u(G/T) + F(O)Vol(SL(d — 1, R)/SL(d — 1,2))((d)

A

— [ P = [ Frdler)
G/T

G/T

= F(0)u(G/T) + F(O)Vol(SL(d — 1, R)/SL(d — 1,2))¢ (d)

=f(0)u(G/T) + f(0).
Since we have chosen f(0) = f(0) at the beginning, this yields:
Vol(G/T) = Vol(SL(d, R)/SL(d, Z)) = ¢(d)Vol(SL(d—1,R) /SL(d—1,Z)) = ((d)Vol(G,/Ty),
for d > 2 and with our discussion above (before the claim),
Vol(SL(2,R)/SL(2,Z)) = ((2).
By induction, we have
Vol(G/T) = ¢(d) - - - {(d — k + 1)Vol(Gy /T
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This gives the constant we need for the generalized Siegel formula as well as

Vol(G/T') = ¢(d) -+ ¢(2).
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Appendix C: Preliminaries in model theory

In this appendix we provide necessary background in polynomially bounded o-minimal
structures.

The notion of o-minimal structures dates back to Alexander Grothendieck in 1980’s
where he tried to give an axiomatic approach to tame topology [Gro97]. In this appendix we
introduce basic notions for o-minimal structures which are needed to formulate our theory

in the last Chapter. The main reference for this section is [Dri98].

Definition C.1. Let S be a set and & be a family of subsets of S. A finite boolean combi-
nation of o/ is obtained by a finite application of intersections, unions, and complements to
a finite subset of «7. o7 is called a boolean algebra of subsets of S if <7 is closed under finite

boolean combinations of its members.

Definition C.2. A semi-algebraic set, X C R™, is a finite boolean combination of sets of

the form

{r eR": f(x)=0} or {zeR":g(x)>0}, (C.0.1)
where f,g € Rlxy, ..., z,)].

Semi-algebraic sets has a lot of nice properties showing its stability (“tame”) under various

operations:
Theorem C.3 (Properties of semi-algebraic sets). Let A be a semi-algebraic set in R™, then
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o the closure, interior and boundary of A are also semi-algebraic;
o A has finitely many connected components, each of which is again semi-algebraic.

o (Tarski-Seidenberg Theorem) if n > m and 7 : R" — R™ is a projection onto its first

m-coordinates, then m(A) is again semi-algebraic.

Definition C.4 (Structure and definability). Given the field of real numbers R, we define a
structure . on R” to be a sequence (.7}, )nen (5, C ZP(R"), the power set of R?) satisfying

the following axioms: for each n > 0,
(1) (boolean axiom) .7, is a boolean algebra of subsets of R™;

(2) (diagonal axiom) The diagonal of R" is in .7, namely {(z1, ..., z,) : ©; = z;} € 7, for

all 7 # j.
(3) (lifting axiom) if A € .7, then the sets A x R and R x A are in S,1;

(4) (projection axiom) if A € %, 41 and if 7 : R"™! — R" is the projection map onto the

first n coordinates, then 7(A) € .%,.

(5) (operation axiom) For A;, By € ., ,the graph of addition {(z,y,z +y) : z € A,y €

By} and multiplication {(z,y,zy) : * € A;.y € B} are in .%5.

The elements (sets) in U,en., are called definable with respect to the structure .. A
function f : R — R is called definable if its graph graph(f) := {(z, f(z)) : = € R} is

definable.
Definition C.5. A structure . over R is said to be o-minimal if

(O1) (points and intervals axiom) {r} € .#; for all » € R and for all z,y € R with x < y,

we have the graph {(z,y) € R? : z < y} € %; and
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(02) (.1 axiom) The only sets in .#] are finite unions of points and open intervals in R.

Example C.6. The structure of semi-algebraic sets, Ry, are the smallest o-minimal struc-

ture on (R, -, +).

The following theorem is crucial in our proof of goodness of definable functions in a

polynomially bounded o-minimal structure:

Theorem C.7 (Definable choice function). If S C R™™ is definable and = : R™™™ — R™
the projection on the first m coordinates, then there is a definable map f : w(S) — R"™ such

that graph(f) C S.

Definition C.8. Given a family of real valued functions, F, the smallest structure on

(R, -, +) containing graph(f) for all f € F, is denoted (R, -, +, F).

Definition C.9. A structure . = (.%,)neny on R is polynomially bounded if for every

definable f : R — R there exists m € N such that f(t) = O(t™) as t — 0.

Example C.10. The structure of real numbers with restricted analytic functions, denoted
Ran = (R7 ) +7 A))

is constructed as follows:
Let R[[x1, ..., Zm]][—1,1» denote the ring of all power series in m-variables z, ..., z,, con-

vergent in a neighborhood of [—1,1]™ C R™. For each f € R[[x1, ..., Zp)][—1,1m, put

fla) = {f(gj) 26 L Hmj (C.0.2)

Finally, let A := (f)feR[[:cl 77777 @m]][_1apm -

(Ran, (z +— 27).er), where " := 0 whenever x < 0 is the largest known polynomially

bounded o-minimal structure on (R, -, +) to our knowledge [Mil95].
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Proposition C.11 (Growth Uniform Asymptotics). Let f be a polynomially bounded o-

minimal real function, then there exists C,r € R such that
f(z) =Cx" +o(z") (C.0.3)
for x> 1.

Proposition C.12. Let Ry = (0,00) and P : RY — R be a function of the form:

P(zy,...,x) = Z Cryop @1 - X5, (C.0.4)

where r1,...,7, € R and the sum is finite. If f1,..., fr are polynomially bounded o-minimal,

then so is P(f1,..., [x).

It is known that polynomially bounded o-minimal definable functions are piecewise

smooth and monotone ([Mil94b]).

Theorem C.13. Let f : Ry — R be a polynomially bounded o-minimal definable function.
Then there exist 0 < ag < -+ < ay < Gpy1 = 00 such that f|(ay, apy1) is differentiable and

monotone (including constant).

Theorem C.14 ([Mil94b], special case of Proposition 3.1). Let f : Ry — R be a polynomial
bounded o-minimal definable function and suppose f(x) = Cax"+o(x"). Then f(tz) ~t"f(z),

f(x+1t)~ f(x) for eacht > 0. If r #0, then xf'(z)/f(x) ~r.
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