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Abstract

In this thesis, we concentrate on the study of different properties of non-uniformly hyperbolic
systems. From §1 to §3, we introduce our main results, preliminaries and main techniques. The
core of the thesis is in §4 - §6, where we illustrate the detailed proofs of our main results.

The first result is on thermodynamic formalism. In §4, we work with a C'"*° non-uniformly hyper-
bolic diffeomorphism on the 2-torus, known as the Katok map. We prove for a Holder continuous
potential with one additional condition, or geometric t-potential ¢, with t < 1, the equilibrium state
exists and is unique. Motivated by the ‘Orbit Decomposition’ technique we used in the derivation
of the thermodynamic formalism, we also obtain a weak version of Gibbs property and the level-2
large deviation principle for the equilibrium state from above.

In §5, we prove an asymptotic version of the Central Limit Theorem for the unique measure
of maximal entropy of the geodesic flows on rank-one non-positively curved manifold with Holder
observables. We generalize an approach of Denker, Senti and Zhang from the discrete case with uni-
form expansiveness and specification to the continuous flow where only partial specification holds,
and simplify the condition so that only Lindeberg condition and a weak positive variance condi-
tion are required. Moreover, we show that the Lindeberg condition follows from a strong positive
variance condition which parallels the one used in the classic study of Central Limit Theorem in
dynamics. We also extend our results to dynamical arrays of Holder observables, and to weighted
periodic orbit measures which converge to a unique equilibrium state.

Finally, in §6, we investigate how results in thermodynamic formalism of non-uniformly hyper-
bolic systems can benefit the study of dimension theory and multifractal analysis in those cases.
The main example we study here is the topological entropy and Hausdorff dimension of Lyapunov

level sets in the case of the geodesic flow on rank-one surfaces with no focal points.
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CHAPTER 1

Introduction

This thesis is devoted to the study of equilibrium states in non-uniformly hyperbolic systems. In
a discrete dynamical system (X, T'), equilibrium states refer to those Borel probability measures
that are invariant under the action of T" and maximize the free energy associate to certain potential
¢ € C(X), which is defined as E,(f) = h,(f) + [ ¢dp, where h,(f) is the measure-theoretic
entropy of u. This characterization of free energy also parallels the classic mechanical energy in
physics as entropy gives the global estimate on expansion under f with respect to u, thus being
considered as the kinetic energy, and potential function literally quantifies the total interaction
between points, thus generating the potential energy. This natural inner connection motivates
the study of thermodynamic formalism in dynamics, whose foundation was established by Ruelle
[45], Sinai [47] and Bowen [7] who first developed the theory on the existence and uniqueness of
equilibrium states. These results enable researchers to deeply understand the global behavior of
orbits as well as their statistical properties, e.g. Bernoulli property, exponential decay of correlations
and central limit theorem. Moreover, the tools enlightened by their work also lead to further
applications including Gibbs property, large deviations and dynamical zeta functions [43,52].

Thermodynamic formalism turns to be most useful when the orbit complexity grows exponen-
tially. In particular, this is the case when the system possesses some degree of hyperbolicity. If the
map is uniformly hyperbolic and topologically transitive, it is known that any Holder continuous
potential has an unique equilibrium state satisfying all the statistical properties from above as
expected. In particular, when the potential function is the geometric potential, which measures
rate of expansion in the unstable direction, the respective equilibrium state is a certain ‘physical
measure’ known as the SRB measure (which stands for Sinai-Ruelle-Bowen).

At the same time, the uniform hyperbolicity condition could be too restrictive. For instance, for
a smooth system, after slowing down the trajectories or adding some non-linear perturbations, it is

still common to encounter some overall hyperbolic behaviors, but without uniformity in expansion or

1



contraction. These phenomena naturally generalize to the conception of non-uniform hyperbolicity,
which possesses asymptotic expansion or contraction, whose rate depends on the orbit in a way
such that no uniform bound is admitted. Nevertheless, as for non-uniformly hyperbolic systems,
a general theory on thermodynamic formalism is far away from being complete. In this thesis, we
will study thermodynamic formalism of certain important non-uniformly hyperbolic examples in
both discrete and continuous case, then investigate applying such formalism and the technique to
obtain statistical properties of the equilibrium states as well as dimensional estimate over Lyapunov
level sets. These three seemingly distinct objects are in fact closely related and can be studied
together, due to the orbit decomposition technique applied here; see §3.2 for a full exposition of
the technique. In short, this construction makes the equilibrium state and the essential part of the
orbits satisfy certain properties that directly contribute to the establishment of statistical properties

and dimensional estimates. Details are revealed through §4 to §6.

1.1. What is a non-uniformly hyperbolic system?

To provide the readers with enough motivation, we describe briefly in this section the historic
development on non-uniformly hyperbolic systems by presenting some key ideas and important
results. As mentioned above, the notion of non-uniform hyperbolicity originates from the more
classical uniformly hyperbolic systems. Roughly speaking, the generalization is done in a way such
that stepwise hyperbolicity is weakened so that almost every point admits long-term hyperbolicity
with respect some invariant measure. This is explicitly defined by the notion of Lyapunov exponent
(see §2.1.8 for definition), which is first developed in the study of stability of differential systems by
Lyapunov [31] and Perron [36]. The work of Pesin [37] and Oseledets [33] developed these ideas
in the context of non-uniformly hyperbolic dynamical systems.

In the mean time, it turns out that non-uniform hyperbolicity is also general enough in a way
such that any compact smooth manifold with dimension at least two would support such a system
which is smooth, volume preserving, and satisfies Bernoulli property (see [19]). Then it is natural
to conjecture that whether such system with appropriate regularity (e.g. C'7%) is generic in some

sense, which still remains one of the biggest open problem in the field of smooth dynamics.
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On the other hand, non-uniformly hyperbolic systems still give sufficient structure to develop
a powerful dynamical theory. That is to say, properties of uniformly hyperbolic systems, such as
positive entropy, stable manifold theorem, absolute continuity of holomony map between leaves,
spectral decomposition, as well as mixing property on each ergodic component, are still satisfied by
non-uniformly hyperbolic systems almost everywhere (with respect to a prefixed positive smooth
volume). The results above are based on the work of Pesin [37], also known as Pesin theory
nowadays. Being the foundation of the non-uniformly hyperbolic dynamics on smooth manifolds,
Pesin theory also has a wide extension to other settings, including billiards and other physical
models [27], infinite dimensional space such as Hilbert space [46], and random mappings [30].

Finally, it is worth noticing that Pesin theory can not reveal its true power when we look for the
uniqueness of equilibrium states, simply because we are concerned about the family of all invariant
probability measures, instead of a single fixed one. Therefore, the study of thermodynamic formal-
ism relies mostly on different techniques. During the past few decades, there has been a variety of
techniques with distinct spirit that are able to show their respective strength in different settings,
including but not limited to transfer operator [11], inducing scheme [41], Patterson-Sullivan mea-
sure [35], etc. In our case, as mentioned above, we apply orbit decomposition technique, which is
based on Bowen’s specification property and has been applied in a wide range of examples beyond
uniform hyperbolicity, e.g. [15], [16], [9]. Full details concerning this technique will be diclosed in
§3.2.

1.2. Thermodynamic formalism of the Katok Map

The first example we look at is the Katok map, which is a C'*° toral automorphism in dimension
2 and generated by a slow-down of the trajectories of a uniformly hyperbolic toral automorphism
in a small neighborhood near the fixed point (see §2.2 for full details). As in the case of its one
dimensional model example of the Manneville-Pomeau map on S (z — x + 2'*® mod 1 for some
a € (0,1)), non-uniform hyperbolicity of the Katok map is caused by the existence of the neutral
fixed point. As mentioned in the preceeding paragraph, the technique we apply here is called ‘Orbit
Decomposition’, which is first introduced in [17]. The main idea is to generalize the dynamical

properties for the map and regularity conditions for potential from [7] in a way that they will
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hold on an ‘essential collection of orbit segments’ which dominates in global complexity of orbits
(reflected by topological pressure; see §2.1.2). The potentials we observe on are Holder continuous
potentials ¢ satisfying a gap condition ¢(0) = P(dp) < P(y), where 0y is the Dirac measure at the

origin, and geometric-t potentials defined by

geo

or =177,

with
¢9 = —log | DG|pu(y)|

being the standard geometric potential, where E"(z) is the unstable distribution of DG at x € T2
and G is the Katok map. We will prove that such potentials satisfy the required regularity prop-
erty on an appropriate collection of orbit segments that dominate in pressure, thus make the orbit
decomposition technique applicable. Notice that the Katok map is topologically conjugate to the
original linear toral automorphism via a homeomorphism, thus has specification property and ex-
pansiveness. By the main theorem in [7], it has a unique measure of maximal entropy. Nevertheless,
as the conjugacy map is not Holder continuous, thermodynamic formalism of the Katok map is far
from trivial. Meanwhile, the unstable distribution E* is also not Hélder continuous, so we need to
deal with these two families of potentials from above separately.

Before we state our theorem, we need one final remark on the notations. To define the Katok
map, we need two parameters « and rg. Roughly speaking, « is the exponential slow-down rate of
the perturbation function near the origin, and 7q is the radius of the perturbed region. Full details
can be found in §2.2.

Our main result concerning thermodynamic formalism of the Katok map is stated as follows

THEOREM A. For the Katok map whose defining o and ro are sufficiently small, if the potential
@ satisfies one of the following conditions
(1) ¢ is Hélder continuous and satisfies p(0) < P(p) with 0 being the origin,
(2) ¢ is the geometric-t potential for t € (—oo, 1),

then it has a unique equilibrium state.



The orbit decomposition technique has one additional advantage in constructing the equilibrium
state as a non-uniform Gibbs measure. In our case where the map satisfies global specification,
we obtain a global weak Gibbs property for the equilibrium states derived in Theorem A, which
is enough to conclude its large deviation principle. The following result addresses the ideas from

above and is proved in §4.5.

THEOREM B. The equilibrium states derived in Theorem A have the level-2 large deviations

principle.

1.3. Central Limit Theorem in non-positive curvature

The essential collection of orbit segments constructed in the orbit decomposition technique can
be readily used in the study of thermodynamic formalism of non-uniformly hyperbolic systems
in geometric settings, as well as to show the statistical behaviors of the equilibrium states. In
probability, Central Limit Theorem describes the behavior of the distribution of normalized sum
of i.i.d random variables being asymptotically normal. In dynamical systems, it can be shown that
systems with uniform hyperbolicity exhibit such stochastic behavior, see for example [44]. A natural
idea is to extend above results to those systems where hyperbolicity can not be demonstrated
globally, which is the main topic of the second part of this thesis. We consider the case of the
geodesic flow on a compact non-positively curved rank-one Riemannian manifold, and estimate
the limit distribution of ergodic sums (integrals) with respect to the measure of maximal entropy.
We will show that certain approximations of such measure by closed geodesics obey an asymptotic
version of Lindeberg Central Limit Theorem.

The Lindeberg condition is a criteria from classic probability which says that the variance of any
individual random variable is negligible compared to the total variance. In many situations, this
condition serves as an equivalent condition to the Central Limit Theorem when the random variables
being added are only independent but not identically distributed. This idea was recently explored
by Denker, Senti and Zhang [18] in the setting of discrete dynamics where uniform specification is
available.

In our result, we extend their idea to the case of non-uniformly hyperbolic flows. The target

measure we study is the measure of maximal entropy pxpm (known as the Knieper-Bowen-Margulis
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measure). We construct a sequence of certain measures distributed on regular closed geodesics that
converge to ugpm in weak*-topology. In particular, the closed geodesics selected are those with
enough hyperbolicty and obtained by Orbit Decomposition technique. We will then establish the
Central Limit theorem for the time average of Holder continuous observables with respect to the
sequence of measures constructed from above.

In order to state our main theorem, we briefly introduce some notations. Consider M being a
compact smooth connected rank-one Riemannian manifold with non-positive curvature. Denote
the action of geodesic flow on the unit tangent bundle 7'M by G = {g;}+cr. For each I € N and
n > 0, denote Per%n(Tl — 01, T;] by the set of regular closed geodesics whose period is in (T} — d;, T7]
and ‘hyperbolic strength’ is at least 1, where §; | 0 and 7} T oo. Define the measure m; by choosing
one point on each such geodesic (named Ej) and distributing mass equally. We also define the
measure v; by ‘lifting’ m; via a gluing process on Elk " using specification, where k; T co. Write S
for the total length of the orbit segment specified this way. A simple version of our main result is

stated as follows.

THEOREM C. Suppose the observable f is Hélder continuous and satisfies the following weak

positive variance condition

liminf/(F(-,Tl) — /F(-,Tl)dml)2dml > 0,

l—o00

where F(v,t) = fg f(gs(v))ds, then the sequence of measures (v;) constructed as above converges to

uwirBMm and satisfies the following asymptotic Central Limit Theorem

. CF(v,8) =81 [ fdv B
llg(l;lo v <{v : o (FCLS0) < a}) = N(a) for all a € R,

where N is the cumulative distribution function of the standard normal distribution N'(0,1), if and

only if a Lindeberg-type condition holds for (v;).

Details on the choice of parameters and the statement of Lindeberg condition can be found in
§2.5 and §5. Meanwhile, we can show that the Lindeberg condition actually holds under a stronger

assumption on variance. The following result is proved in §5.3.



THEOREM D. Under the above setting, if instead f satisfies the following strong positive variance

condition

. F(-T) — [ F(,T)dm;\>
(1.3.1) hlxgégf/( l i l l) dmy > 0,

then the Lindeberg condition holds for (v;).

In fact, our results also extends to a larger class of equilibrium states whose uniqueness are
justified in [9]. Meanwhile, due to the nature of Lindeberg Central Limit Theorem, our technique

also applies to dynamical arrays with distinct observables. See §5.4 for more details.

1.4. Multifractal analysis on surfaces without focal points

The other strength of thermodynamic formalism lies in its connection with dimension theory. In
particular, when the potential function is the geometric-t potential, we can use the properties of
equilibrium states to obtain multifractal information of the Lyapunov regular sets of the system by
studying their Hausdorff dimension and topological entropy. In the third part, we focus on the case
of the geodesic flow on surfaces with no focal points. Our main object is the so-called Lyapunov

reqular sets, which is defined as
L(B) := {v e T'S: v is Lyapunov regular and x(v) = £}.

Here we say v € T'S is Lyapunov regular if y(v) exists; see §2.1.8 for detailed explanations.
As described above, we will concentrate on the estimate of the topological entropy and Hausdorff
dimension of £(f), which are denoted by h(L(5)) and dimg(L(8)) respectively. We rely on the
thermodynamic formalism of geometric-t potentials, which are denoted by ¢; and defined for all

teR and v € TS as follows

1
er(v) =197 (v) with 9% (v) :Z—gin(l]glonggtlEg :
—

where E}' is the unstable distribution at v (see §2.3.1). It was shown in [13] that ¢; has a unique

equilibrium state for all ¢ < 1. In particular, this shows that the pressure function

P(t) = P(@t)a
7



where P(¢;) is the topological pressure of ¢y, is C* except for t < 1 (see §6.1 for details). As P is
also convex and non-increasing, we can define

a1:= lim DTP(t) and ay:= D P(1).

t——o00

At t = 1, there exists a phase transition. Based on this observation, we will discuss £(8) in
two separated cases concerning the domain of 5. The first case § € (—ay, —ag) corresponds to the
time before phase transition. In this case, we can explicitly evaluate h(3) by applying results on
thermodynamic formalism of ;. The second case § € [—a2,0) corresponds to the time at phase
transition, where uniqueness of equilibrium states fails at ¢ = 1. In this case, we will follow the
technique in [10] and construct an increasingly nested sequence of basic sets {A;}ien (see §6.2 for
definition) that exhaust hyperbolicity of the whole system. For any such 3, we show that L£(f)
will eventually intersect with A; for all ¢ that is sufficiently large. As the multifractal information
on the basic sets is well understood, we can establish an effective lower bound for h(L(f5)) and
dimg (£(B)) using such information of A;. The construction of {A;};en relies on the hyperbolic
indicator function A7 introduced in §2.3.2 and will be proceeded explicitly in §6.3.

Summarizing the above two cases, our main result is stated as follows

THEOREM E. For the geodesic flow on a compact Riemannian surface without focal points, we
have
(1) The Lyapunov level set L(—c) is non-empty if and only if o € oy, 0].
(2) For a € (a1,0), we have

and

dimg E(—a) >142- (C/EZ),

where () is the Legendre transform of P at «; see §2.4.3 for details.



CHAPTER 2

Preliminaries

2.1. Conceptions in dynamical systems

In this section, we introduce the definitions of objects that help us describe basic quantities and
settings in dynamical systems. In general, we will limit our discussion to compact metric space.
There are certain places, e.g. section 2.4, where we introduce quantities that are not restricted to

the compact setting. In those cases, non-compactness will be specified.

2.1.1. Background setting. Let (X,d) be a compact metric space and f : X — X be a
continuous map. Such a pair (X, f) is called a (discrete) dynamical system. Throughout the
thesis f will be a diffeomorphism. Denote by B(X) the Borel algebra on X and M(X) the set
of probability Borel measure on X. We call a measure u € M(X) to be f-invariant if for any
E € B(X), we have u(f~}(E)) = u(E). Denote by M(f) the set of f-invariant probability measure
on X. In addition, if 4 € M(f) has the property that for any E = f~1(E), u(E) = 1 or 0, then it
is called ergodic. Denote by M.,(f) the set of ergodic measures under f.

For any continuous real-valued function ¢ € C(X), we write

n—1

Sulp) = Sh(e) =Y e(fF).

k=0

Given n € N and x,y € X, we define Bowen metric as

dn(x,y) =  max  d(f*(2), f ().

DEFINITION 2.1.1 (Bowen Ball). Given € > 0, z € X and n € N, the Bowen ball of order n at

center x with radius e is defined as

By(z,e) ={y € X : dp(z,y) < €}.



DEFINITION 2.1.2. Let Z C X. We call aset Y C Z to be (n, €)-spanning for Z if for any = € Z,

there is a y € Y such that d,,(z,y) < e. We also call a set Y’ C Z to be (n, ¢)-separated if for any

y1,y2 €Y', y1 # ya, we have d,,(z,y) > €.

We refer to §7 in [49] for the basic properties of spanning and separated sets.
More generally, instead of a continuous map f, we consider the case of flow, which is a family of
continuous self maps {g;}tcr on X satisfying g; o gs = g1+ for all t, s € R, and continuous in the

time parameter. In this case, given a continuous function A € C'(X) and any t € R, we write

H(x,t):/o h(gs(x))ds.

Meanwhile, for any t1,ts € R, we write
t2
Hew, 1)) = [ blaate)is
Throughout the paper, we use this notation convention whenever we use other lower case letters
for an observable in the flow case. For example, given an observable k, we write K(z,t) =
fg k(gs(z))ds. Definition for Bowen metric, Bowen ball, (n,€)-spanning and (n, €)-separated set

can be directly adapted to the flow case.

2.1.2. Topological pressure. For a dynamical system, topological entropy describes the ex-
ponential rate of increasing in the number of orbit segments that are separated enough. Topological
entropy generalizes topological entropy in distributing weight to each orbit segments. We follow §9
in [49] to give an explicit definition of the topological pressure. Suppose Y C X and 6 > 0. For

each n € N, we write
AYP(Y, 0,6 f) = sup {Z eS¢ . E C Y is an (0, n)-separated set} .
zel

The pressure of ¢ on Y at scale § > 0 is defined as

1
P(Y,p,0; f) =limsup — log A;P(Y, ¢, 6; f),

n—oo N
and the pressure of ¢ on Y is
P(Y,¢; f) = lim P(Y, ¢,6; f).
0—0
10



In particular, when Y = X, we write P(Y,p,d; f) as P(p,d) and P(X,p; f) as P(y). We will
sometimes omit f in all of the notations above if we focus on one setting.

In our case, we also need to consider the pressure of a collection of orbit segments. We follow the
definition from [17]. For each 2 C X x N, we interpret it as a collection of finite orbit segments

and write 2, = {x € X : (z,n) € Z}. At this time the partition sum is written as follows

ANP(D,p,0; f) = sup {Z e . B ¢ 9, and is an (0, n)-separated set} ,
zelR

which allows us to define P(Z, p; f) in the same way as above.

In particular, when ¢ = 0, the above process gives the definition of topological entropy. We write
P(Y,0; f) as (Y, f), h(X, f) as h(f) and P(Z2,0; f) as h(Z, f).

In a similar way we can define the pressure of a flow by considering continuous ¢ — oo instead
of discrete n. Notations are inherited from the discrete case and details can be found in [9].

We will also need the following variation of the definition in pressure, which appears in [17].
Given a fixed scale € > 0, we define

n—1

o) = s 3 o).
YEBn(z,€)

From the above definition we see immediately that ®g(x,n) = ZZ;(% o(fkz).

For ¥ € X x N, we write

AP(D,p,0,€ f) = sup {Z e®@n) . B ¢ 9, and is an (0, n)-separated set} .
el

The pressure of ¢ on & at scale 9, € is given by

P(2,¢,0,¢ f) = limsup = log AyP (2, 0,0, € f).
n

n—oo

Again, when 2 is the entire X x N, we simply write P(y,0,€). We also remark that ®.(x,n) is

often used in defining topological pressure as a dimension quantity in multifractal analysis.

2.1.3. Measure theoretic entropy. We call a collection of finite disjoint measurable subsets

of X whose union is the full X a (finite) partition of X. Given a measure p € M(f) and a partition
11



& of X, we define
H, () i= =Y u(A)log(u(A)),

A€g
and
1 n—1 '
hu(f,€) := lim —log H,(\/ 7).
=0

Notice that the above limit always exists (see §4 in [49]). We define the measure theoretic entropy

of (X, f) with respect to u as
hu(f) = sup{h,(f,&) : € is a finite partition of X}.

In the case of flow G = {gt}+cr, for a G-invariant measure v, the measure theoretic entropy of
(X, G) with respect to v is
hy(G) := hy(g1).

2.1.4. Variational principle and equilibrium states. For a compact dynamical system
and continuous ¢, the variational principle from §9 in [49] says that

(2.1.1) P(p) = supf){hu(f)Jr/sodu} = sup {hu(f)Jr/wdu}.

pEM( reEMe(f)

DEFINITION 2.1.3. A measure u € M(f) achieving the supremum in (2.1.1) is called an equilib-

rium state (ES). If ¢ = 0, such a measure is called measure of maximal entropy (MME).

The study of existence and uniqueness of equilibrium states has always been one of the main
topics in the research of smooth dynamics. When the entropy map u — h,(f) is upper semi-
continuous, by weak*-compactness of M(X), we know the equilibrium state always exists. This
happens in the case where the map is expansive (see §2.1.5), or more generally, where the map is
entropy-expansive (see [4] for details). The uniqueness is the main target we focus on in our work.
It is known that in the case of topological mixing Markov shift and uniformly hyperbolic system, all
Holder continuous potentials possess a unique equilibrium state. This is further generalized in [7].
Nevertheless, in non-uniformly hyperbolic systems, very few examples are known to exhibit such a

property. We shall have more discussion on this later in §3.
12



2.1.5. Expansiveness. Expansiveness is the property of no orbits being able to stay perma-
nently close within certain distance. We first look at the discrete case and give the most classic

definition.

DEFINITION 2.1.4 (expansiveness). Given € > 0, a system (X, f) is called expansive at scale €
if for any x,y € X satisfying d(f(z), f'(y)) < € for all i € Z, we have z = y. (X, f) is called

expansive if it is expansive at some scale.

It is not hard to see that if (X, f) is expansive at scale €, then it is expansive at all scales smaller
than e.

The definition of an expansive flow is much more complicated. One of the most commonly used
definition is given in [8], which is preserved under homeomorphic conjugation and makes the system
possess only countably many periodic orbits. As we work with flows that are not expansive, we
will not give a definition here. Instead, we give a much weaker replacement which asks that the
measures with large free energy observe expansive behavior.

We start with defining so-called non-expansive set at some certain scale. Given z € X and € > 0,
we write I'e(z) := {y € X | d(g:(), g:(y)) < e for all t € R}. In the discrete case, we simply define
the above set using all n € N and Definition 2.1.4 just refers to I'c(x) = {z} for all x € X. Since
Le(x) = Nyz0 9—tBi-at,24(9:(x), €), we know T'c(x) is compact. As we wish to capture expansiveness
using a measure, we would like the measure to have zero measure over the non-expansive set. This

gives rise to the following definition

DEFINITION 2.1.5. For a discrete dynamical system, we write the set of non-expansive points
at scale € as NE(¢) := {z € X : I'(z) # {z}}. For a flow, NE(¢) := {z € X : I'((z) €
fi=s,s)(%) for any s > 0}}. An invariant (under f or g;) Borel probability measure is called al-

most expansive at scale € if u(NE(e)) = 0.

To see whether the set of non-expansive points at some scale is negligible regarding pressure, we
need the following quantity. This is known as the pressure of obstructions to expansivity in [17].

We only give a definition in the case of flow, which can be easily adapted to the discrete case.
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DEFINITION 2.1.6. Given a potential ¢ € C(X) and € > 0, the pressure of obstructions to
expansivity at scale € is given as

Py = s (o) + [ odu: n(NE(©) > 0}
nEMe(gt)

= ueiip(gt) {hu(gl) +/90du : W(NE(e)) = 1}-

From the definition we notice that if P,(p) > P

oxp (P> €) and p is gi-invariant and ergodic, then

w1 is almost expansive at scale €. Choosing p among the ergodic measures is crucial as otherwise a
convex combination of a non-expansive measure and any other g;-invariant measure will make the

supremum equal to P(p).

2.1.6. Specification. Specification is a strengthened version of topological transitivity which
describes the property that different Bowen balls can be connected by an orbit segment with any
pre-fixed gaps that are bounded from below uniformly. The following is the definition of specification

in the case of flows.

DEFINITION 2.1.7 (Specification for flows). A collection of orbit segments 2 C X x R™ is said
to have specification at scale € if the following holds: given € > 0, there exists 7 = 7(€) such that
for every (z1,t1), ..., (zn,tn) € Z and every collection of times 71,...,7ny_1 with 7; > 7 for all ¢,

there exists a point y € X such that for s) = 79 = 0 and s; = g:l ti + Zg;& T;, we have

fs]'71+7'j71(y) € Btj (l'j,p)

for every j € {1,...,N}.

The above definition can also be adapted to the discrete case easily by making all the time
integer-valued. In either case, we say Z satisfies specification if it satisfies specification at some
scale. In contrary to what we have seen in the definition of expansiveness, if Z has specification
at some scale ¢, it then has specification at all scale greater than e. Meanwhile, sometimes we are
only interested in gluing orbit segments that are long enough. In these situations, we consider the

following weak version of specification (also stated in the flow version).
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DEFINITION 2.1.8 (Tail specification). A collection of orbit segments 2 C X x R* has tail
specification at scale € if there is some Ty € R' such that P57, = {(z,t) € 2|t > Ty} has

specification.

2.1.7. The Bowen property. The Bowen property describes the property of the total varia-
tion of potential within any Bowen ball being uniformly bounded from above. This was first defined
for maps by Bowen in [4], then extended to flows by Franco in [22]. Here we follow [17] in defining

Bowen property over a collection of orbit segments Z.

DEFINITION 2.1.9 (Bowen property). In the discrete case, given 2 C X x N and € > 0, we say a

potential function ¢ satisfies the Bowen property at scale € if the following holds
sup{|Snp(z) — Snp(y)| : (z,n) € Z,dn(2,y) < €} < 0.

For the continuous case, given 2 C X x RT and € > 0, the Bowen property is defined via

sup{| /0 o (g5())ds — /0 (gs(0))ds] - (2,) € D, di(,) < €} < oo,

In either case, Z is said to have Bowen property if it has Bowen property at some scale e.

One can see that if we define 2 as the full orbit collection (X x N or X x R™), the above definition
matches those original ones in [4] and [22]. This dynamical regularity property of potential function
is essential in the proof of uniqueness result for equilibrium states. In uniformly hyperbolic systems,
it can be proved that every Holder continuous potential has the Bowen property. This no longer
holds in the non-uniformly hyperbolic systems, even for one-dimensional systems. For example,
one can easily see that in the case of the Manneville-Pomeau Map, which is defined on [0, 1] as
fiz— o+ mod 1 with o € (0,1), its geometric potential —log f’ is Holder continuous, while
it can be proved that this potential does not have Bowen property due to the neutrality of f at O.
To make up for that, our strategy is to ask for the Bowen property to hold on some collection of

orbit segments that is essential in pressure estimating. Details will again be revealed in §3.

2.1.8. Lyapunov exponents. In this section we give a brief introduction on Lyapunov expo-

nents. In dynamical systems, Lyapunov exponents quantifies the long-term growth rate along the

15



orbit. Essentially, it describes the exponential rate of expansion for the vectors under the action
of flow or diffeomorphism. In the continuous case (X, F), given p € X and v € T, X, the forward
Lyapunov exponent of v is defined as

. 1
(2.1.2) xt(v) := limsup > log || Dg:(v)||.

t—o00 t

Similarly, the backward Lyapunov exponent of v is written as

1
(2.1.3) X~ (v) :=limsup —

m sup - 1og | Dgi(v)]]
We also briefly describe here the regularity of Lyapunov exponents, referring to §1,2 in [3] for
readers who are interested in the details. Roughly speaking, ¥ is forward Lyapunov regular at p if
the filtrations of x* (determined by the value of x* on 7,X) and its dual in the cotangent bundle
are ‘well adapted’ to each other. This property is essential in showing that x*(v) being negative
implies stablity of solution initially conditioned on v under perturbation in the forward direction for
the corresponding differential equation. Similarly we have ‘backward Lyapunov regular’ for x~ to
describe the stability of solution in the backward direction. Moreover, we say the pair of Lyapunov
exponents (xT,x7) is regular at p if xT (resp. x~) is forward (resp. backward) regular at p and

their filtrations comply. Since we will only consider the case where dim(X) = 2 in the study of

Lyapunov exponents, regularity is significantly simplified and can be presented as follows

DEFINITION 2.1.10. If dim(X) = 2, the forward Lyapunov exponent x™ is forward regular at

p € X if for every v € T, X, (2.1.2) can be replaced by

1
+ — 1 -
(2.1.4) X" (v) = thm ; log || Dgi(v)]].
Similarly, x~ is backward regular at p € X if for every v € T, X, (2.1.3) can be replaced by

(2.1.5) v (0) = Tim - log|[Dgi(v)]]

t——00 |t|

The pair (x*, x ) is called Lyapunov regular at p if x*(v) = —x ™ (v). In this case, we call

X(v) = x"(v) = —x"(v)
16



the Lyapunov exponent of v and say the point p is Lyapunov regular.
We will study the level sets for Lyapunov exponent. That is, for § € R, we define
(2.1.6) L(B) := {v: v is Lyapunov regular and x(v) = 8}.

We remark that in general, having (2.1.4) or (2.1.5) is not enough to deduce forward or backward
regularity and having forward and backward regularity can not guarantee the regularity of the
Lyapunov exponent. Details can be found in §1.3 and §1.5 in [3].

Notice that y is F-invariant. Therefore, if i is an ergodic Borel probability measure, we know the
Lyapunov exponents are constant p-a.e. We call an ergodic Borel probability measure a hyperbolic
measure if none of these Lyapunov exponents is zero.

All the above can be easily adapted to the discrete case and we omit the details. We end this
section by giving the following famous theorem, which states that regularity is typical from the

measure theoretic point of view.

THEOREM 2.1.11 (Multiplicative Ergodic Theorem). If F (resp.f) is a C* flow (resp. diffeomor-
phism) on a compact smooth Riemannian manifold X, then the set of Lyapunov regular points has

full measure with respect to any F (resp. f)-invariant measure.

2.2. The Katok Map and its properties

In this section, we define the Katok map and show its basic properties. The Katok map is
a C* diffeomorphism on T? which preserves Lebesgue measure and is non-uniformly hyperbolic.
Katok [24] originally constructed the map to verify the existence of C'™° area-preserving Bernoulli
diffeomorphisms of D? that are sufficiently flat near 9D?, which furthermore gives rise to a Bernoulli
diffeomorphism that preserves any given smooth measure on any compact connected smooth surface.
We organize this part following [50] and will state other properties of the Katok map that are needed

for the study of its thermodynamic formalism in §4.

2.2.1. Construction of the Katok map. First we consider the automorphism of T? given

by A = , which is locally the time-one map generated by the local flow of the following
11
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differential system:

% = s1log A, % = —s9 log A.

where (s1,s2) is the coordinate representation in the eigendirections of A and A > 1 equals the
greater eigenvalue of A. We slow down the trajectories of the flow in a neighborhood of origin as
follows: Choose a number 0 < a < 1 and a function ¢ : [0, 1] — [0, 1] satisfying:

(1) ¥ is C everywhere except for the origin.

(2) v
(3) ¢'(z) > 0 and is non-increasing.
(4) v

2

where rq is very small. Let D, = {(s1,52) : 52 + s2 < 7?}. We also define r; = r9log \. Now

(0) =0 and ¥(r3) = 1 for some 0 < ryp < 1 and ry is close to 0.

(u) = (u/r3)* for 0 < u < é.

the trajectories are slowed down in D, at the rate of v, which induces the following differential
system:

d
% = s19(s] + s3) log A,

dSQ

= —s91(s% + 53) log \.

Denote the time-one map of the local flow generated by this differential system by g. From the
choice of r; and the assumption that rg is small, one could easily see that the domain of g contains

D,,. Moreover, f4 and g coincide in some neighborhood of 0D,.,. Therefore, the following map
A(x) if z € T2\ Dy,
g(x) if x € Dy,

defines a homeomorphism of 2-torus which is C'*° everywhere except for the origin. One can verify

that G(z) preserves probability measure dv = K Lidm, where & is defined by

(1/)(5% + s%))_1 if (s1,s2) € Dy,
k(s1,82) :=
1 elsewhere

and kg is the normalizing constant.

18



Furthermore, G is perturbed to an area-preserving C*° diffeomorphism via a coordinate change.

Define ¢ in D, as

51+52 du 1
(2.2.1) d(s1,82) = j[ )2 (81, 82),
\/ 31 + 32

and set ¢ identity outside D,,. It is not hard to show that ¢ transfers the measure v into area (the
Lebesgue measure on T?), and the map G = ¢ oG o ¢! is thus area-preserving. Moreover, one

can check G is a O diffeomorphism on 2-torus. This resulting G is what we call the Katok map.

2.2.2. Basic properties. We add a comment on the property of ¢. Observe that ¢ is in

fact a scalar product of identity at each point and also a map between circles centered at the

origin. Moreover, by writing ¢(s1, s2) as — fo w(u) ) with 7% := s? + 53 and

S1 59
b
Vﬁ+£ Vsi+ss

differentiating in r, together with property ( ) of 1 and standard geometric argument, we conclude

. d(¢(s1,82),p(s),s"
that there is a constant C' = C(a, ro) such that &?28175237?£&,§éf))) > \/% for all (s1,52), (s}, 55) € T?

such that (s1,s2) # (s}, s5). Since ¢ is invertible, respectively we have

d(¢_1(51782)a¢_1(5,178/2)) \/Hi0
(222 (o1, 52), Gs)) = O

This property will be useful when we deduce the regularity of geometric potential of G from the

regularity of geometric potential of G in §4.4.

PROPOSITION 2.2.1. Here we have some useful properties of the Katok map [24]:

(1) The Katok map is topologically conjugate to fa via a homeomorphism h, i.e. G=ho fao
h=L. In fact, it is in the C' closure of Anosov diffeomorphisms, which means it is a C'
limit of a sequence of Anosov diffeomorphisms.

(2) For every x € T2, it admits two transverse invariant continuous stable and unstable distri-
butions E (z) and E“(x) that integrate to continuous, uniformly transverse and invariant
foliations Ws(x) and W“(:c) with smooth leaves. Moreover, they are the images of stable
and unstable eigendirections of fa under h.

(3) Almost every x with respect to area m has two non-zero Lyapunov exponents, one positive
in the direction of E“(m) and the other negative in the direction of Es(a:) The only ergodic

measure with zero Lyapunov exponents is dg, the point measure at the origin.
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(4) It is ergodic with respect to m.

In Proposition 3.1, properties (1) and (2) hold for G with h replaced by 1~! o h and properties
(3) and (4) hold for G with respect to v. The distributions and foliations for G respectively are

written as £%% and W#%". Therefore, the following functions are well-defined and continuous.
DEFINITION 2.2.2 (geometric potential). The geometric potential of G and G are defined as

geo — H9¢° — |

and

0G " () = —1og | DG|pu(y)|.

Since G is conjugate to G via a homeomorphism that is C°° everywhere except at the origin, the
dynamical properties of G are inherited by G. For example, both specification and expansiveness
are preserved under conjugacy. The only place where the properties of G and G need to be
distinguished is the regularity of (9¢° and (p%e °  since these are essentially two different potentials.
Therefore, we want to analyze them separately. The idea will be to first prove regularity of cnge °

then use the property of ¢ and the conjugacy between G and G to obtain the one for p9¢°. Details
will be displayed in §4.3.

2.3. Geometric background

In this section we recall the basic background of the geometric objects that are studied in this
thesis. Specifically, we focus on the geodesic flow in the setting of rank-one non-positively curved
Riemannian manifold, as well as surface with no focal points. We will briefly introduce the necessary
geometric definitions and properties here, and then show their dynamical properties with more
details in §5.1.

Throughout this section M denotes a compact C'* boundaryless Riemannian manifold equipped
with a Riemannian metric g. We focus on the unit tangent bundle 7'M under the action of the
geodesic flow. For each v € T' M, we have a unique constant speed geodesic 7, such that 4, (0) = v.
The geodesic flow F = {g;}1er acts on T'M by g;(v) = 4, (t). Notice that T*M is F-invariant and

compact. We recall some well-known classical results of the geodesic flow on T M.
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2.3.1. Jacobi Field and invariant distributions. We begin with the definition of Jacobi

Field, which is the variation field of geodesic variation.

DEFINITION 2.3.1. A vector field along the geodesic « is called Jacobi Field if it satisfies
(2.3.1) J"(t) + R(J(t),4(1)7(t) =0,

where  above represents the covariant derivative along %(¢) and R is the curvature tensor on M.

Given a Jacobi Field J(t) along a geodesic 7, if there is a time ¢y € R such that both J(¢y) and
J'(to) are orthogonal to (tp), we know from (2.3.1) that both J(¢) and J'(¢) will be permanently
orthogonal to 4(t). Such a Jacobi Field is called an orthogonal Jacobi Field. Write the space of all
Jacobi Fields along v as J(y) and the one for all orthogonal Jacobi Fields along v as J* (7).

Since we focus on the action of F on T M, we need a metric on the double tangent space TT M,
which will be characterized by using Jacobi Field. For each v € T'M, there exists a direct sum
decomposition T, 7'M = H(v) @V (v), where H(v) and V (v) are horizontal and vertical subspaces
equipped with metric induced by the Riemannian metric on M. In fact, H(v) and V(v) can be
identified respectively as the kernel and its orthogonal complement of the map dn : T,(T'M) —
Tr(vyM, where 7 is the natural projection from the tangent bundle to the base point. Moreover, for
each v € T*M there is a natural isomorphism between T,,7'M and 7 (7,) which maps ¢ to Jg. In
particular, the orthogonal component in T, 7'M to the flow direction corresponds to J+ (Yw). The
Sasaki metric on T,,7' M, which is induced by g on H(v) and V(v) and defined by making H (v)

and V' (v) orthogonal, gives the following useful property

(2.3.2) 1dge(O1* = T¢I + [ Je (I

for all t € R.
Sasaki metric induces a natural distance function on 7'M, which is denoted by dg. There is
another distance function dg s on T*M used by Knieper in [28] (and proposed by Manning in [32]),

which is defined as

dg v (v, w) := max{y,(t), v (t) | t € [0,1]}.
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We call dips the Knieper Manning metric on TTM. It is not hard to observe that dg s and dg
are equivalent. We will typically work with dg s in this thesis and write it simply as d.

An orthogonal Jacobi Field along a geodesic « is called stable if ||J(t)|| < oo for ¢ > 0, and
unstable if ||J(t)|| < oo for t < 0. Denote by J°(v) and J"() the stable and unstable Jacobi
Fields. We write the corresponding stable and unstable subbundles in T'TM at a given vector
veET'M as

E} :={¢ e T,T'M : J € T°(w)},

and

El:={€T,T'M : Je € T"(v)}-

We also denote by ES the subbundle corresponding to the flow direction at v and write £ :=
E°c® E*, E®* .= E°® E™.
The stable and unstable subbundles enable us to give the following definition in terms of the

Riemannian manifold M.

DEFINITION 2.3.2 (rank). The rank of a vector v € T'M is given as 1 +dim(E$ N EY). The rank
of M is min{rank(v) : v € T'M}.

DEFINITION 2.3.3. The singular set (written as Sing) is the collection of vectors in T'M whose
rank is greater than 1. The regular set (written as Reg) is the complement of Sing, which refers to

the collections of vectors in 7'M with rank being 1.

From the above definitions we immediately see that M is rank-one iff Reg # (.
We summarize the properties of stable and unstable subbundles in the case where M is rank-one
and non-positively curved. Details on the first seven properties from below can be found in [21].

Reference for the other properties are specified after the statements.

PROPOSITION 2.3.4. Let M be an n-dimensional compact connected C*° boundaryless rank-one
non-positively curved Riemannian manifold. Then we have
(1) dim(E?) = dim(E*) =n — 1, dim(ES) = 1 for any v € T'M.
(2) E*, E*, E¢ are invariant under the action of geodesic flow F. That is to say, dgi(E3) =

E;t(v) for allv € T'M and t € R, and same holds for E¢ and E".
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(3) All these subbundles depend continuously on v.

(4) E* and E® are both orthogonal to E°.

(5) EY and EY intersect non-trivially iff v € Sing. When v € Reg, they intersect transversally
at zero vector in T,(T*M).

(6) The subbundles E*, E*, E° and E are all integrable and integrate to foliations W*,
W W and W respectively.

(7) Define stable and unstable horosphere at v € T*M as the footprint of the respective folia-
tions on M, i.e. H*(v) = n(W*(v)) and H"(v) = n(W"(v)). All vectors in W*(v) (resp.
W¥(v)) are orthogonal to H*(v) (resp. H"(v)) and point towards the same side as v.

(8) Both stable and unstable leaves are minimal. That is to say, for any v € TYM, W*(v) and
WH(v) are both dense in T*M (see Theorem 3.7 in [1]).

(9) The geodesic flow F is topologically mizing. That is to say, for any open subsets U,V C
T'M (with topology induced by the Sasaki metric), there exists T > 0 such that for all
[t| > T, we have U N g_(V) # 0 (proved via minimality; see Theorem 3.5 in [1]).

(10) The geodesic flow F satisfies Flat Strip Theorem. That is, any bi-asymptotic geodesics
1,72 i.e. the distance between v1(t) and y2(t) are uniformly bounded from above for all
t € R, bound a flat strip. This only happens when both ~1 and o have their tangent vectors
lie in Sing (see Proposition 1.11.4 in [20]).

We will also deal with the case where M is in a different setting: instead of being non-positively

curved, we consider the manifold that contains no focal points, which is defined as follows

DEFINITION 2.3.5. A Riemannian manifold M is said to have no focal points if for any non-trivial

Jacobi field J(t) along any geodesic v with J(0) = 0, its length ||.J(¢)|| is strictly increasing.

Similar to the non-positively curved case, geodesic flow on manifold without focal points satisfies

most of the properties displayed in Proposition 2.3.4. Details can be found in Proposition 3.5 in [13]

PROPOSITION 2.3.6. Let M be an n-dimensional compact connected C*° boundaryless rank-one

Riemannian manifold with no focal points. Then we have
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(1) Properties (1)-(10) from Proposition 2.3.4 are all preserved. In particular, for any v €
T'M, both W#(v) and W"(v) are minimal. This is obtained by showing these leaves are
minimal at a certain vector then generalizing to all vectors in T M.

(2) When n = 2, i.e. when M is a surface, there is a useful characterization of the singular

set, given by
(2.3.3) Sing = {v € T'M : K(r(g:(v))) = 0 for all t € R}.
where K refers to the curvature.

We conclude this subsection by introducing the intrinsic metric on the leaves. Suppose vg € T'M

and vy, v2 both belong to W#(vp). Then we follow (2.11) in [9] and define
(23.4) & (0n,02) i= {I(7) | 7 [0,1] = W (1), 7(0) = v1,7(1) = wa},

where [ is the length of the curve in M and the infimum is taken over all curves connecting v; and

vg in W*(vp). Given 6 > 0, the local stable leaf of vy with size ¢ is defined as
(2.3.5) W3 (vo) == {v € W¥(vg) : d*(vo,v) <}

Similarly we have d“ and Wg'(vg). We also have a local representation of the metric on W<,

Suppose vy, vy € W(vg) and t is the unique value such that g;(v1) € W*(vy). We have

d®(vr, v2) := [t] + d*(ge(v1), v2),
which can be extended to the whole W (vg). Similarly we can define d*, W§* and Wg*.

2.3.2. H-Jacobi Fields and A function. In this section we introduce an important index
function A : T*M — [0, 00), based on which (or its variation form) we can measure the hyperbolicity
of the geodesic flow F on T M.

We first give the definition of a special family of Jacobi Fields. Given a unit speed geodesic ~y
with v(0) = p € M, let H C M be a hyperplane orthogonal to 4(0) at p. Denote by Jr(y) the
collection of H-Jacobi Fields, which refers to those Jacobi Fields obtained by the geodesic variations

of v through geodesics that are orthogonal to H. Notice that for any given v and H, Jg(v) is
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(n — 1)-dimensional. Recall H® (resp. H") stands for the stable (resp. unstable) horospheres
and we assume its dependence on v and p. It is easy to observe that Jgs(y) = J*°(vy) (resp.
Tru(v) = T"(7))-

Define U = U,(H) : T,H — T,H as U(v) = V,N, where N is the unit vector fields orthogonal
to H that point towards the same side as 4(0). Observe that this also determines the second
fundamental form of H.

It is shown in Lemma 2.9 of [9] that we have the following useful estimate
LEMMA 2.3.7. If J is an orthogonal Jacobi Field along v at t =0, then J'(0) = U(J(0)).

It follows from Lemma 2.3.7 that if we write Ay as the minimal eigenvalue of U, for every

H-Jacobi Field J, we have

(J,J)'(0) = 2(J,UT)(0) > 22 (J, J)(0),
which implies that (log||J]|?)'(0) > 2\y. In particular
(2.3.6) (log [[7]1)"(0) > As-

Observe that we can replace 0 by any time t in the above inequality. Now given v € T'M,
associate to H® and H" we can define two linear maps U, and U, as above. It is not hard to see
that U, is negative semi-definite, U} is positive semi-definite, they satisfy U = —U4", and both are
continuous in v.

We are now ready to define the A function on T'M.

DEFINITION 2.3.8. For v € T'M, define A“(v) := Mg« (v), which is the minimal eigenvalue of LY.

Define A*(v) = A*(—v) and A(v) := min{\*(v), \*(v)}.
From (2.3.6), we immediately see the following (Lemma 2.11 in [9])

LEMMA 2.3.9. Given v € T'M, let J* be any unstable Jacobi Field along v, and J° be any stable
ones. Then we have
[T4E)]| > el M@ @s| )| and ||l < e Jo A =Dds| g 0.
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Lemma 2.3.9 is what motivates us to understand A as an analogy to the hyperbolic strength of
the flow. Meanwhile, when dealing with a manifold with no focal points, as A being 0 does not
necessarily imply the vanishing of hyperbolicity in either direction, we need the following integral

on A from [13].

DEFINITION 2.3.10. For any v € T*M and T > 0, we define A\ (v) as

T
Ar(v) == / Agao))ds.

We also give several definitions on the collections of vectors whose A is bounded from below by
a positive number.

For any n > 0, we write

(2.3.7) Reg(n) := {v € T'M : \(v) > n},
and
(2.3.8) Regy(n) := {v € T'M : M\p(v) > n}.

To end this section, we introduce some properties of A in the case where M is a surface with no

focal points, which are used in §6.

PROPOSITION 2.3.11. In the above setting, we have
(1) Alsing = 0.
(2) If AM(v) =0, then K(wv) = 0.
(3) If A(grv) =0 for all t € R, then v € Sing.

PROOF. Since M is 2-dimensional, when v € Sing, ES = E}'. In particular, the norm of its
unstable Jacobi field ||J*(¢)|| is bounded for all ¢ € R thus a constant by flat strip theorem. This
shows A\¥(v) = 0. Similarly A\%(v) = 0 and the first statement is concluded.

For the second statement, suppose v € T'M satisfies A(v) = 0. Without loss of generality we
assume A°(v) = 0. Then the stable Jacobi Field J*(t) along =, satisfies (J°)’(0) = 0. Since the

stable Jacobi Field is one-dimensional in this case, we also use J° to denote its norm. Then (J*) is

26



a non-positive function, which shows that (J%)”(0) = 0. As a result, by Jacobi Equation, we have

K (mv) = —(J#)"(0)/J*(0) = 0. The last statement follows easily from (2) and Prop 2.3.6 (2). O

2.4. Dimension Theory in dynamical systems

In this section we will define those dimensional quantities which are frequently studied in dy-
namical systems. In particular, we will give a dimensional definition of topological pressure for
non-compact sets and compare them with which defined in §2.1. We will also state some theorems
that are helpful in multifractal analysis of level sets of Lyapunov exponents in our settings.

Throughout the section we assume (X,d) is a compact metric space (and study subsets of X
which are not necessarily compact), denote by F the action of flow, f the diffeomorphism on X, ¢
the continuous potential, Sy, () the n-th ergodic sum on X and B(z,r) the ball of radius r centered

at x € X.

2.4.1. Hausdorff dimension. The most well-known quantity in dimension theory is Haus-
dorff dimension, which is a fractal dimension that generalizes the dimension of real vector space.
It is particularly useful in distinguishing sets with zero Lebesgue measure. The definition is given
in the following steps.

Suppose (X, d) is a compact metric space. For given Z C X, s € R and § > 0, we write

H(Z,s,6):= inf{er 1 Z C UB(xi,ri),xi € X,r <0}

i

Observe that H(Z,s,d) is non-decreasing as ¢ | 0, so we can define H(Z, s) := lims|0 H(Z, s,6).
Meanwhile, from the definition of H(Z, s, d), if there is some s; such that H(Z,s1) € [0,00), then
for any so > s1, H(Z, s2) = 0. Moreover, if s} is such that H(Z,s]) = oo, then for any s, < s,
H(Z,s,) = oo. Therefore, there is one unique sy € [—00, 00| such that H(Z,s) = oo for all s < s

and H(Z,s) =0 for all s > sg. The value of this s¢ is known as the Hausdorff dimension of Z.

DEFINITION 2.4.1. The Hausdorfl dimension of Z is defined as

dimy(Z) :=inf{s: H(Z,s) =0} =sup{s: H(Z,s) = oco}.
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2.4.2. Topological pressure. In this section we introduce the topological pressure, being a
dimensional characteristic, of sets that are not necessarily invariant or compact. This definition is
due to [39], which is a generalization of Bowen’s definition of topological entropy for non-compact
sets [6]. Close to the spirit of how we define Hausdorff dimension, given Z C X, s € R and € > 0,
we define the following

M(Z,s,e,N,p) = inf Z exp(—nis+ sup  Sp,e(x)),
r xE€Bp(x;,€)
Bn(fti,e) ’

where the infimum is taking over I', whose elements are countable coverings of Z using Bowen balls

with radius € and degree n being greater than or equal to N. As before we define
m(Z,s,e,p):= lim M(Z,s,e, N, ).
N—o00
Following the same argument as in §2.4.1, the following is well-defined.
(2.4.1) Pz(p,€) :=inf{s: m(Z,s,¢€,¢) =0} =sup{s: m(Z,s,¢,¢) = o0}.

By using compactness of X and applying Lebesgue Number Lemma (see §11 in [38] for details),

the following quantity is well-defined

DEFINITION 2.4.2. The dimensional topological pressure of ¢ on Z is defined by

Pz(p) = Eﬁ;‘ Pz(p,€).

In particular, when ¢ = 0, h(Z) = Pz(0) is the dimensional topological entropy of Z.

We should not confuse the above definition with the one defined in §2.1. In our situation, the
definition for topological pressure in §2.1 is only used for X (which is compact by itself) and
some collection of orbit segments in X. The evaluation on topological pressure for a subset of X
only appears in the multifractal analysis part, where we use Definition 2.4.2 to characterize the
topological pressure (entropy) of the level sets of Lyapunov exponents. In fact, by Theorem 11.5

in [38], these two definitions are equivalent for any compact invariant set.
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2.4.3. Results in multifractal analysis. In this section we give some results from previous
work in the field of dimension theory in dynamical system that are used in this thesis.
Consider a discrete dynamical system (X, f) satisfying specification at all scales. Given potential

function ¢ € C(X) and a € R, we can define

K(a) :={z e X : lim St (@) = a}.

=
By specification, for any oy < ae such that K(aq), K(ag2) are both non-empty, if we take aq to
be any convex combination of o; and e, K(«p) is also non-empty. Therefore, we know the set of
a that makes K («a) non-empty is an interval.
Now we fix ¢ and consider h(p, ) := h(K(a)) as a function of a. Define P(t) := P(tp). When
¢ is continuous and non-positive, P(t) is non-increasing, Lipschitz continuous and convex. We will
study h(p, a) by the Legendre transform of P(t), which is written as

(2.4.2) E(a) = ;gFfe(P(t) — ta).

We have the following preliminary result from [14], which shows that

LEMMA 2.4.3. P is the Legendre transform of h, i.e.
P(t) = sup(h(p, a) + ta).
a€eR
From above we immediately see that h(p, a) < E(a).
When we conduct multifractal analysis on certain sets, we want to bound its dimension from
below by which of some reference subsets, for which the dimension is known. In our cases, the

reference sets will be hyperbolic sets. The following theorem is useful in the discrete setting.
THEOREM 2.4.4 (Main Theorem in [51]). Let (X, f) be a C? diffeomorphism on compact surface
and p be an ergodic Borel probability measure with Lyapunov exponents being Ay > 0 > Ay. Then

1 1

dim(p) = hu(f)(/\T - )\*2%

where dim(p) := inf{dimy(Z2) : p(2Z) = 1}.

In particular, when p is hyperbolic, the above theorem has the following natural corollary
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COROLLARY 2.4.5. If X = T2, f preserves the Lebesque measure on X, then for any hyperbolic

measure [, we have

dim(p) = ;

where x(u) is the positive Lyapunov exponent of .

A similar result in the case of hyperbolic flows can be derived using thermodynamic formalism
of hyperbolic set and Corollary 15 in [2]. We will state the result when we get more involved in

the specific problem in §6.2.

2.5. Central Limit Theorem

The classic Central Limit Theorem (abbreviated as CLT) claims that in some situations, when
independent random variables are added, their normalized sum converges in distribution towards
the standard normal distribution, regardless of the original distribution of those variables. In dy-
namical systems, the sum of random variables are replaced by ergodic sums/integrals of observables
with certain regularity, e.g. Holder continuity. One of the most famous and widely used type of
CLT in probability is CLT of Lindeberg type, which is what our argument is based on.

To introduce the Lindeberg CLT, we first give a few definitions and notations. Let (Q,v) be a
probability space, h : 2 — R be an observable (not necessarily continuous) and ¢ be a non-negative

constant. We have

DEFINITION 2.5.1. Let Z(c) = Z(c,h,v) = {z : |h — [ hdv| > ¢}. The Lindeberg function is

Ly(h,c) := /(h - /hdv)2lz(c)(v)dl/(v).

Recall that given a function f: Q — R, the variance o, (f) is defined by

a,%(f)z/(f—/fdy>2dyz/f2dy—(/fdy>2.

THEOREM 2.5.2 (Lindeberg CLT for random arrays). Let Q be a sample space which is equipped
with a sequence of Borel probability measures {v;}ien. Consider a triangle array of random variables
{Xik}tieN,1<k<m, where m; T oo in i and {X;1,X;2,..., Xim,;} are independent for each i € N.
Assume E,, (X k) = pig and 0,,(X; ) = Uzk <oo. Let Vi = X — figs $2 =D gy Uzk.
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Suppose for every € > 0, the following Lindeberg condition is satisfied

&
(25.1) Jim S ; B (Vi [Yirl 2 esi}) = 0,
then
(2.5.2) 2= Yk N(0,1) in distribution,
Sg

i.e. for any a € R, lim; V,(M < a) = N(a), where N(a) :=

Si

cumulative distribution function of standard normal distribution.

Moreover, if the following holds

1
1' sy 2 ==
(253) ; 1m 512 1§III€12X i O%k 0,

then we also have (2.5.2) imply (2.5.1).
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CHAPTER 3

Main Technique

3.1. Local product structure and cone argument

In the (locally maximal) uniformly hyperbolic case, the uniform expansion in the unstable di-
rection and uniform contraction in the stable direction can be combined together to derive some
very useful properties on connecting orbit segments, e.g. shadowing lemma, which roughly says
orbit segments that are close consecutively can be actually approximated by one single orbit seg-
ment. This is achieved by so-called product structure, which reflects the transversal nature of
stable and unstable leaves. In general, though the product structure is likely to hold globally in
the universal cover, it can only be expected to hold locally in the ambient manifold. As a result,
we call this structure as local product structure. In §2, we have already described the existence of
stable/unstable leaves in the cases of the Katok map and geodesic flow on non-positively curved
manifold (and manifold with no focal points). Therefore, we are able to define their local product

structure respectively.

DEFINITION 3.1.1. For the Katok map, given k > 1 and § > 0, the leaves W* and W*" are said
to have local product structure with constant s at scale ¢ if the following holds: For any z,y € T?
with d(z,y) < §, there exists a unique z € W (x) "W 35(y), where W(x) and W;s(y) refer to the

local unstable leaf of z and stable leaf of y with radius k6. Such z is also written as [z, y].
In the continuous case, we follow Definition 4.2 in [9] and define it as follows

DEFINITION 3.1.2. Given v € T'M, k > 1 and 6§ > 0, the foliations W* and W have local
product structure with constant x in a d-neighborhood of v if for every € € (0,6) and all vy, vs €

B(v,€), there exists a unique vg € W (v1) N WEE(ve), which is again denoted by [vy, va].

To prove the local product structure, we apply the cone argument, which is to show the tangent

vectors to the stable/unstable leaves are contained in separate invariant cones whose angles are
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strictly less than 7. The cone argument is widely used in smooth dynamics. In fact, the existence
and smoothness of such stable/unstable foliations in either the classic uniformly hyperbolic cases
or the non-uniformly hyperbolic cases in Pesin Theory are contents of Stable Manifold Theorem
(of different types), whose proof heavily relies on the cone argument. We will omit the details here
and refer to [26] and [3] for further reading.

We follow §3 in [50] and show the invariant cone argument is indeed applicable. Given z € T2,
denote by F'(x), F?(z) the corresponding expanding and contracting eigenspaces in T, T2, which
can be regarded as copies of F', F2, the eigenspaces of A corresponding to A and A~!. We want to
show there exists some 3 € (0,1) independent of z such that the cone families C3(F(z), F?(z)) :=
{21+ 29 : 11 € Fl(),29 € F?(2), % < B} (vesp. Cg(F?%(x), F1(z))) are invariant under dG (resp.
dG—1).

LEMMA 3.1.3. There exists B € (0,1) such that for all x € T2, we have
dG(Cy(F'(x), F*(x))) C Ca(F(G(x)), F*(G(x))),

and

dG™H(Cp(F(z), F(2))) € Ca(F* (G~ (2)), F1(GT(2))),

where F1(x), F?(x) are defined as above. Moreover, 3 only depends on o (the exponent of fucntion

Y, see §2.2.1) and f — 0 when a — 0.

PROOF. The case where =1 is proved by Katok in [24]. We will follow the main idea of his
proof by observing on the variation equation and making further refinement.

Recall from §2.2.1 that the underlying generating differential system for the flow is

d
T = srelst + s3)log A

ds
=2 = —s91(s% + 53) log \.

dt

We follow the first few steps of Proposition 4.1 of [24] by considering the linear part of the differential
system, also known as the variation equation. By a standard partial differentiation, we have for

each (£1,&2) in the tangent space the following equations

DL og A(EL (25345 (3 + 53) + (53 + 53) + 2152600 (57 + 53),

dt
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% = —log M(&151520 (57 + 53) + E2(2531 (52 + 53) + (52 + 53))).

In order to study the evolution of the angle in time ¢, we define n := ? and combine the above two

equations together to get

(3.1.1) Z—Z = —21og Mn(¥(st + 52) + (1 + 53U/ (s1 + 52)) + (n* + 1)s1829 (s + 53)).

2
Now we consider the above system in two cases where 0 < s 4+ s3 < "0 and 2 < s? + 53 < r.

2
When 0 < s7 + s3 < 2, we know from definition that 1 (z) = (%)O‘. After some elementary
computations, we have (s? + s3)¢'(s? + s3) = ap(s? + s3) for 0 < s34+ s3 <0

Otherwise, when < s? + s2 <12, by applying property (3) of ¥ in §2.2.1, we have:

2
P (52 + s3) ¢,(T7O):2£< 200 .
Ulst+s3) © o)y r6 T si+s

Therefore, for every 0 < x < r, we have o) 27“ Plugging this into (3.1.1), we are able to

derive the following inequality:

Lyt s1sa(1+72))).

(3.1.2) D o log A (52 + s2)((s2 + 52)(1 + =

dt

When sys9 = 0, any cone with arbitrarily small angle is preserved since by (3.1.1), 1 is in-
creasing when 1 < 0 and decreasing when 1 > 0. Therefore, we only need to analyze the case

where s1, 59 > 0 because of symmetry. Observe from (3.1.1) that dn < 0 when 1 > 0, so we focus

on the case where n < 0. By defining k := % and going through some elementary quadratic
1 2

—(2a+1)—+/(2a+1)2-16k%2a? —(2a+1)++/(2a+1)2— 16k2a2] As

analysis, we can see that % >0 when n € | Tha ) Tho

0<k< 1, we have the collection of all possible slope of the invariant cones with such k to be
(2a+1)—4/(2a+1)2—16k2a?
Mke(o
2a

4ka
is monotonically increasing in k, by plugging in k = % we obtain 3 := TatirviaTT A5 an appropri-

(2a+1)—4/(2a+1)2—16k2a2? (2a+1)++/(2a+1)2—16k2a?
[ 4ka ) 4ko

1 ]. Meanwhile, since
’ 2

ate choice on the slope of the invariant cone. This also gives a rather straightforward description

on the relation between o and £. O
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To show local product structure of W* and W* for G, we first need the following result on the
global product structure over Euclidean space (see Lemma 3.6 in [15]). We need this as R? is the

universal cover of T2.

LEMMA 3.1.4. Suppose € (0,1) and F', F? are orthogonal linear subspaces in R?. Let W', W?
be any foliations of F' & F? with C' leaves satisfying T,W'(z) C Cz(F',F?) and T,W?(z) C
Cs(F?, FY). Then, for every x,y € F & F?, W (z) N W?2(y) consists of a single point. Moreover,

(3.1.3) masc{dy (2, 2), dy2 (y, 2)} < igd(m,y).

Lemma 3.1.3 and 3.1.4 imply that the lift of W* and W* to R2, written as W% and W*L,
have a product structure with constant v = ~(3) := % To prove our main result, We only
need to show that product structure on the universal cover can be ‘projected down’ to the ambient
space, with the constant being unchanged. We sketch the proof as follows. Given some € > 0
that is sufficiently small and z,y € T? such that d(z,y) < e. We can lift  and y to x1, yz in
R? such that dp(xp,yr) < € (where dy refers to the lifted metric on R?). By Lemma 3.1.4 we
know nyﬁ’L(azL) N W2 (yr) consists of a unique point zz. By projecting zz down to T2 we get
z € Wi (x) N W5 (y). To show z is the unique intersection, suppose there is another 2’ € T2 such
that it is also in W2 (x) N W2 (y), then there is a curve C : [0, 1] — T2 that first goes from z to 2’
along W (x) then from 2’ to z along W3 (y). Lift C' to Cf in R2. Observe that CL(0) # Cp(1)
(otherwise it will contradict the uniqueness of intersection from Lemma 3.1.4). Since they project
to the same point, the length of Cp, is large, while we know the length of C' is at most 4-ve. Since
v is close to 1 when § is small and € is small, we reach a contradiction.

Therefore, we have shown that

PRroOPOSITION 3.1.5 (local product structure). When «, € > 0 are sufficiently small, the leaves

We, W of G have local product structure at scale 500 e with a constant only depending on .

Here the constant 500 is chosen so that 500\e is large enough to cover all the scales for local
product structure used in the verification of all the properties of the Katok map. Meanwhile, we

should keep in mind that 500\e is still much smaller than 1.
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Following the same spirit (with necessary adaptions to flows), the local product structure for W*
and W¢ of the the geodesic flow are shown in [9] for the rank-one non-positively curved manifold,
and in [13] for the manifold with no focal points. We cite their results here respectively as follows.

In the case where the manifold is rank-one non-positively curved, we have (Lemma 4.4 in [9])

LEMMA 3.1.6. For every n > 0, there exist § > 0 and k > 1 such that for every v € Reg(n),
W and W have local product structure with constant k in a §-neighborhood of v. Moreover, for
v1,v2 € B(v,0), we have

d"(v1, [v1,v2]) < Kd(v1,v2),
d*(va, [v1, va]) < Kd(v1,v2).

Meanwhile, when the manifold is rank-one and has no focal points, we have the following result

(Lemma 5.2 in [13])

LEMMA 3.1.7. For every n > 0, there exist § > 0 and k > 1 such that Regp(n) has local product
structure with constant k in a d-neighborhood. Similar to Lemma 3.1.6, for v € Regr(n) and
v1,v2 € B(v,0), we have

du(vh [/Ula /UQ]) S K'd(vla U2)7
d®(vg, [v1,v2]) < Kkd(v1,v2).
3.2. Orbit decomposition technique

We will display here the main technique we apply to study the thermodynamic formalism of
non-uniformly hyperbolic maps/flows, which is called orbit decomposition. It is first compeletely

introduced in [17] as a generalization of Bowen’s famous criteria in [7].

3.2.1. Introduction. Recall in [7], Bowen showed that given an homeomorphism f on a
compact metric space X, if f is expansive and satisfies specification, then any potential satisfying
Bowen’s property will have a unique equilibrium state. The idea of the orbit decomposition tech-
nique is to find an essential collection of orbit segments that satisfies (a weaker version of) three
properties from above and dominates in pressure.

We will show the orbit decomposition construction in the discrete case. The continuous case is

similar and is not used in this thesis directly, so we omit the details and refer to §3 in [17]
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Consider a compact metric space X and f : X — X which is C'*. A decomposition for a pair
(X, f) consists of three collections &2,¥,. C X x N and three functions p, g,s: X x N — N such
that for every (z,m) € X x N, the values p = p(x,n), g = g(z,n), s = s(x,n) satisftyn=p+g+s
and

(z,p) € 2, (fP(x).,9) €Y, (fM(x),s) €.

Meanwhile, for each M € N, denote by 4™ the set of orbit segments (x,n) such that p < M,
s < M. We also assume that (x,0) is contained in all of three collections, which indicates that
some elements of the decomposition can be made empty. We will apply the following theorem
(Theorem 5.6 in [17]) to obtain the uniqueness of equilibrium state from the orbit decomposition

construction.

THEOREM 3.2.1. Let X, f be as above and ¢ be a continuous potential function on X. Suppose

there is an € > 0 such that P (p,100€) < P(p) and (X, f) admits a decomposition (2,4 ,.7)

exp
with the following properties:
(1) For each M >0, 9M has tail specification at scale €.
(2) ¢ has the Bowen property at scale 100e on 9.
(8) P(Z U7, p,e,100€) < P(yp).

Then there is an unique equilibrium state for .

The choice on the constant 100e has no specific meanings, while we do want to control expan-
siveness and regularity in a much larger scale than which of specification as we apply specification
multiple times to ‘push out’ the orbit segments. In particular, 100e provides an upper boundary
for the scale under which all the estimates will be safe.

The transition time for ¥M is allowed to be dependent on the choice of M. Specification at all
scales for & also implies specification at all scales for 9™ for any M due to a simple argument
in modulus of continuity (see [17] for detail). This is the case for the Katok map, as it has
specification at any small scale due to its conjugacy to linear automorphism. Nevertheless, the
Katok map does not inherit thermodynamic formalism from the original hyperbolic model as the

conjugacy homeomorphism is not Holder continuous.
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3.2.2. Orbit decomposition for the Katok map. In this section we construct the orbit
decomposition for the Katok map. As mentioned above, the Katok map satisfies specification at all
scales. Therefore, we can make ¢ big as long as Bowen property for the given potential holds on
it. Once ¥ is big enough, the pressure supported on & U.¥ will be smaller than the total pressure.
We follow the structure of §4 in [50] to organize this section.

Consider the following set of orbit segments:
G(r)={(x,n): %Six(x) > r and %S’ix(G"_i(x)) >rforall 0 <i<n},
where ¥ is the characteristic function for T2 \ Diggyetr, and r € (0,1] is a parameter. In practice,
we only consider the case where r is small. The idea behind such choice of ¢ is that orbit segments
that start and end far away from the origin and spend enough time outside the perturbed area
would show high regularity for the chosen family of potential function.

Respectively we choose
1
P(r)=S(r)={(z,n) € TP x N: - wx(z) <}

The case where n = 0 shall not cause any ambiguity as we can always assume T2 x {0} to be
contained in all three collections by adapting the definition. We will see later that the appropriate
choice of r will make Theorem 3.2.1 applicable to (Z(r),¥4(r), #(r)). Before verifying those
properties, we must first show that they actually form an orbit decomposition as described in

§3.2.1.

PROPOSITION 3.2.2. For every 0 < r < 1, the collections (L (r),4(r),#(r)) form an orbit

decomposition for G.

PROOF. Given any (z,n) € T? x N, we take the largest integer 0 < i = i(z,n) < n such that
Six(z) < ir, then the largest integer 0 < k = k(z,n) < n — i such that Spx(G" *(x)) < kr.
Meanwhile, if S;x(x) > jr for all 0 < j < n, we just take i = 0. The same works for k. From

the way i and k are defined, we immediately get that %Slx(Gi(x)) >rfor0 <! <n-—iand

%Smx(G"*k*m(:U)) >r for 0 < m < n — k. Therefore, the following is evident

(z,9) € P(r), (Gz,n—i—k)e9(r), (G Fz,k)e.L(r).
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The proof is now concluded by taking p(x,n) =i, g(z,n) =n —i—k, and s(z,n) = k. O

3.2.3. Orbit decomposition for the geodesic flow. In this section we construct the orbit
decomposition for the geodesic flow in both cases as they are very similar. The idea parallels the
discrete case as we still want the essential collection of orbit segments to occupy the majority of
hyperbolicity of the system. As one could possibly imagine, the main difference in the construction
lies in the hyperbolic strength indicator we use. For non-positively curved manifold, we use function
A from Definition 2.3.8 to measure hyperbolicity, while for the manifold with no focal points, the
hyperbolic measurement becomes function Ap from Definition 2.3.10.

We first look at M which is non-positively curved. For any n > 0, we define

(3.2.1) 4 (n) = {(v,t) : /OT Ags(v))ds > nr, /OT Mg—sg¢(v))ds > nr for all 7 € [0, 1]},
and
(3.2.2) 20) = S (o) = #n) = {(0.0) 5 | Maw(o))ds <t}

As in the proof of Proposition 3.2.2, it can be shown that (£(n),¥(n),#(n)) is an orbit decom-
position for every n > 0.

Similarly, in the case where M has no focal points, for any 7 > 0 and 7" > 0 we define
(3.2.3) Gr(n) = {(v,t) : / Ar(gs(v))ds > 777',/ A (g—sgt(v))ds > nt for all T € [O,t]},
0 0
and
t
(3.2.4) Pr(n) = Sr(n) = Br(n) = {(v,1) : /0 Ar(gs(v))ds <t}
Accordingly, (Zr(n),%r(n), #r(n)) is an orbit decomposition for every n > 0 and 7" > 0.

REMARK 3.2.3. Both types of decomposition belong to the class of A-decomposition later defined

by Call and Thompson [12].
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CHAPTER 4

Thermodynamic formalism of the Katok Map

We will focus on the study of thermodynamic formalism of the Katok map in this chapter. As
mentioned before, the main technique we apply here is orbit decomposition technique introduced
in §3.2. We will formulate our results following the structure of [50] by showing all the properties
of G and using them to establish what we need for G.

Before we move forward, let us clarify the scales and parameters used in our case. Recall « is

the exponent in the perturbation function % in §2.2.1, 8 = is the angle of the invariant

2c
20+14++4a+1
cone derived in Lemma 3.1.3, g is the radius of the perturbed ball and € > r is a scale compatible

with dynamical properties (e.g. expansiveness, Bowen property) we will verify in this chapter. We

need 8 to be small enough so that % in (3.1.3) is small, therefore @ must be small. € needs to
be small for the obvious reason. Meanwhile, we need rg to be small so that 500\e covers all the
scales containing r¢ and rq in this chapter and both scale and constant for local product structure

are consistent. Finally, we comment that the choice of € is independent of the size of the gap

P(p) — ¢(0).

4.1. Expansivity

We know expansiveness is preserved under (homeomorphic) conjugacy. Therefore, by Proposition
2.2.1 (1) and the well-known fact of f4 being expansive, we know G is expansive. In this section
we prove that G is expansive at scale 100e. This can not be derived directly from definition. In
fact, since the conjugacy map h is not Holder, we can not directly say that G is expansive at a
given small scale. Meanwhile, at this moment we can not just shrink the size of € casually since it
is greater than rg, while rqy is an intrinsic parameter of the Katok map that is fixed from the very
beginning. Therefore, a rigorous proof is needed here. We also remark that once some € > rg is
found to satisfy Theorem 3.2.1, we can make ¢ arbitrarily small without breaking any dynamical

properties at scale e.
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Before moving to the proof of expansiveness at scale 100¢, we first display a lemma that will be

used both in this section and the follow-up statistical estimates in §4.5.

LEMMA 4.1.1. Suppose x,y € T? and y € By, (z,100¢) for all n > 1, then there exists a unique
z € T? satisfying G'(z) € WfOOWE(Gi(:c)) N W{LOO,Ye(Gi(y)) forall0 <i<n-—1.

PRrROOF. Recall from Proposition 3.1.5 that we have local product structure at 500\e with
constant y = % Fix any x € T2 and y € B, (x,100¢). As d(G'(x),G%(y)) < 100¢ for all 0 < i <
n— 1, by Proposition 3.1.5 we know there are z; € T2 such that z; = Wlsooye(Gi(fL’)) N Wiboye (G'(y))
for all 0 < ¢ < n — 1. Meanwhile, by a standard geometric argument on the invariant cone with
angle 3, we have G(z;) = Wfoo/\(HB)%(GiJrl(x))ﬁWﬁ)O/\(Hﬁ)%(GiH(y)). By applying local product
structure at scale 100A(1 4 8)ve of G and using uniqueness, we immediately have G(z;) = z;41 for

all 0 < i <n—2, thus G(29) = 2 for all 0 < i < n — 1. It follows that 2 is the desired z. O

PROPOSITION 4.1.2. G is expansive at scale 100e. In particular, P (p,100¢) < P(¢p).

Xp

PROOF. Suppose there are 2,y € T? satisfying d(G*(x), G¥(y)) < 100¢ for all k € Z. Our goal
is to show that x and y have to be the same. We first take care of the positive k£ by applying
Lemma 4.1.1 to By (x,100¢) for each n > 0. This provides us with the existence of some z € T?
such that G(z) = Wf007E(Gi(ac)) N Wf‘OOWE(Gi(y)) for all ¢ > 0.

Observe that d(G%(x),G%(z)) < 100ve for each i > 0, which implies that d(G*(y), G*(z)) <
100(1+7)e for all i > 0. Meanwhile, by noticing that G*(y) and G*(z) are on the same unstable local
leaf for all i > 0 and applying Lemma 3.7 from [15], we have d“(G*(y), G'(z)) < vd(G(y), Gi(z)) <
100(1 4+ 7)ve for all @ > 0, which would only happen when z = y. In other words, we have
Y € Wigoye()-

Now applying Lemma 4.1.1 in to backwards iteration and repeating the above argument on ¢ < 0,
it is not hard to show that y € Wi, (). As a result, y belongs to Wi, (z) N Wiy, (), which

is just x by itself. O

4.2. Pressure Gap

In this section we will verify property (3) in Theorem 3.2.1. Recall in §3.2.2 we construct a

family of decompositions (Z(r),¥(r), Z(r)) with parameter r € (0,1]. We want to show that if
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the potential function ¢ satisfies ¢(0) < P(¢) (equivalent, dg is not an equilibrium state of ¢), then
we can find some small ' > 0 such that P(Z2(r'), ¢, €,100€) < P(y) is satisfied.

Our strategy is stated as follows. First we show the existence of some constant 7’ > 0 such that
P(2(r'), ) < P(p). By definition in §2.1.2 we have (2(1'),¢,e) < P(Z(r'),p) < P(yp) for free.
Finally, we will show that P(Z(r'),p,e) = P(Z(r'),¢,€,100¢). This will conclude the desired

property on pressure gap of ¢.

4.2.1. General estimates. We first state a pretty classic and useful result regarding the
pressure on the set of orbit segments. For each (z,n) € T2 x N, define the corresponding empirical
measure as 0z p = %Z?:_ol 0Gi(z), Where Ogi(,) Is the Dirac measure at G'(z). Given 2 C T2 x N,

for every n € N, we define the convex hull of the empirical measures on Z as follows

k k
%n(@) = {Zaiéxi,n rap > O,Zai = 1,.%'i € @n} .
=1 1=1

We denote by .#*(2) the collection of weak™ limit of elements in .#,,(2) when n — co. Since
A (T?) is weak™ compact, we know .#*(%) is non-empty whenever P(Z, ) > —o0.
As in the standard proof of variational principle for pressure (see for example [49, Theorem 9.10]

or [9, Proposition 5.1]), we have
PROPOSITION 4.2.1. P(Z,¢) < sup,c g+ Pulp)-

4.2.2. Pressure gap estimate. In this section we will find the appropriate r’ such that
P(2(r"),p) < P(p). Recall that x is the characteristic function for T2 \ Diggyetr,. For u, €
My(P(r)), we observe that [ xdu, < r by definition of Z(r) and x. Therefore, if we denote by
M+ (r) the set of G-invariant Borel probability measures p satisfying [ xdu < r for each 0 <r <1,
we will have #,(P(r)) C My (r) for all n € N and 0 < r < 1. Moreover, we claim that this

inclusion holds true in the limit case, as indicated by the following lemma.
LEMMA 4.2.2. A" (P (1)) C My (r).

Since elements in .Z*(Z(r)) are the weak™ limits of those in .#,(Z(r)) with n — oo, to prove

Lemma 4.2.2, it suffices to show the weak*-compactness of .#, (r), which is stated as follows.

LEMMA 4.2.3. A\ (r) is weak*-compact for all 0 < r < 1.
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PROOF OF LEMMA 4.2.3. We begin with a sequence {p, }n>1 in 4, (r). From weak™ compact-
ness of ./ (T?), we know there is a subsequence {j,, }x>1 that converges to some p € . (T?).
To prove the lemma, it suffices to show that f xdp < 7. Since x is the characteristic func-
tion for an open set as we define D, to be the closed balls, it is lower-semi continuous. Then
[ xdp < liminfy_,oo [ xdpn, < r by remarks preceding [49, Theorem 6.5], which concludes the

proof. O

From Lemma 4.2.2 we immediately have
(4.2.1) sup  Pu(e) < sup Pyu(y).

peM*(2(r)) HE M ()

Observe that .#, (r) is non-decreasing in 7 and .#, (0) = [, -#(r). Meanwhile, if u € .#,(0),
we have 11(T? \ Digoyetr,) = 0. However, we also know that ;> __ G*(T?\ Digoyerr) = T2\ {0}.
Since p is G-invariant, it must be equal to dg, thus .#, (0) = do.

Meanwhile, since G is expansive, the entropy function u — h,(p) is upper semi-continuous
by [49, Theorem 8.2], so is the pressure function u — P,(¢) (by continuity of ¢). Therefore, for
any € > 0, there is some open neighborhood U = U(€') of & in the weak* topology of .# (T?) such
that P,(¢) < Ps,(p) + € = ¢(0) + € for every u € U. By Lemma 4.2.3, U must contain .#, (r’)
for some " > 0. Since p(0) < P(p), we can fix any ¢ € (0, P(¢) — ¢(0)) and get ' = r'(¢') > 0
respectively such that sup,e 4 () Pu(@) < sup,ey Pu(p) < ¢(0) + € < P(p). Together with
(4.2.1), we have shown that P(Z(r"),¢) < P(y) for the above r’ we use. In conclusion, we have

proved the following result.

PROPOSITION 4.2.4. For a continuous ¢ satisfying p(0) < P(p), there exists a small v’ > 0 such

that P(2(r'), ) < P(p).
4.2.3. Two-scale estimate. As stated in the introductory part, the next move is to show
P(‘@(T/)a P, 6) = P(@(’r‘/)’ @, €, 1006)

We define the following n-th variation term of ¢ at scale 100e, which will be used both in this

section and the large deviation estimate in §4.5.
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DEFINITION 4.2.5. ((n) = ((n, ¢, 100€) := Sup,ct2 ye B, (2,100¢) [SnP(y) — Snip(z)].

Since
NP, 9,6.G) < MP(P (1), ,6,1006,G) < AP(P (1), 0,6 G)e ),
we have
1
P(2(r'), ¢, €,100¢) = lim sup — log A7 (2(17), 9, €, 100¢; G)
n—oo N
1 1 Se; / . 1
(4.2.2) < limsup —log A;P(2(r'), ¢, €; G) 4+ limsup —((n)
n—oo N n—oo N

=P(2("),p,€) + limsup lC(n)

n—oo N

Therefore, to eliminate 100e from the two-scale estimate, it suffices to show that
LEMMA 4.2.6. limsup,,_,, ~((n) = 0.

PROOF OF LEMMA 4.2.6. We will evaluate ((n) in terms of the total variations along stable
and unstable directions. The key tool is the local product structure at 500\e derived in Proposition
3.1.5. For any x € T? and y € B,(z,100¢), by Lemma 4.1.1 there exists z € T? such that
G'(z) = WISOO'ye(Gi(‘T)) N W%OWE(Gi(y)) for any 0 <i <n — 1. Then we have

C(n) = sup 1Sne(y) — Snp(z)
z€T2,y€ By (x,100¢)
< sup (ISnp(z) = Snp(2)] + |Snp(2) — Sne(y)])

z€T2,y€ By, (x,100¢)
(4.2.3)

< sup |Sn90(x) - SnQO(Z)H—
mETQ,zEWfOO,YE(m)

sup 1Snp(2) — Snp(y)|-
yET2,Gn=1(2)eWh,. (G 1(y))

From the above decomposition, the proof of Lemma 4.2.6 becomes proving the following result.

LEMMA 4.2.7. Write (°(n) := supget2 2ews,  (2) 19n0(2) — Snip(2)]. We have

100ve

(4.2.4) lim sup lCs(n) =0.

n—oo N
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In the unstable case, write (*(n) := SUPyeT2, Gn1(2)eWh,. . (G"=(y)) |Snp(z) — Sne(y)|. We have

(4.2.5) lim sup lC“(n) =0.

n—oo N

PROOF OF LEMMA 4.2.7. To prove (4.2.4), for any = € T? and n > 1, we define
dfl(w) = max{d(G"_l(a?), Gn_l(z))7 EAS WfOO'ye(x)a ds(l'v Z) = 10076}

Since W* is one dimensional, the maximum makes sense here. Notice that {df (x)},>1 consists of
a sequence of continuous functions that converges pointwise to 0 monotonically. As T2 is compact,
the convergence of d(x) to 0 is uniform by Dini’s Theorem.

Fix any small € > 0. It suffices to show that there exists N = N(¢/) € N such that 2¢%(n) < ¢ for
all n > N. Since ¢ is uniformly continuous on T2, there exists dg > 0 such that |p(z) — p(y)| < %/
for all x,y € T? with d(z,y) < dp. Meanwhile, by uniform convergence of dS, there is some mg € N
such that df (x) < & for all n > mg. By separating |S,p(z) — Spp(z)| into two sums that proceed
and follow mg, we have (*(n) < 2mgl|p||+ (n%mo)a, where ||p]| := sup,e12 ¢(x). Now it is not hard
to see that we can choose some N large enough such that %C $(n) < € for all n > N. By shrinking
the size of €, (4.2.4) is proved.

To prove (4.2.5), similar to d,, we define di(z) by

d%(z) = max{d(z, 2),z € f~"TIWih, (G" (@), du(G"H(z), G 1(2)) = 100ye}.

Parallel to the proof above, we have d!(z) converge uniformly to 0 and use it to prove the existence
of M = M(eo) € N which satisfies 2¢%(n) < € for all n > M. This ends the proof of (4.2.5), thus
the proof of Lemma 4.2.7. ]

By applying Lemma 4.2.7 to (4.2.3), we complete the proof of Lemma 4.2.6. O

Finally, we apply the result of Lemma 4.2.6 to (4.2.3) and conclude that
(426) PP (), 0,6, 100¢) = P(P (), 0,¢) < P(P("),9) < P(g).

which is exactly what we want.
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4.3. Bowen Property

In this section we discover the Bowen property of certain potential functions over (T2,G). We
mainly focus on two families of potentials: Holder potential and geometric-t potentials (recall from
Definition 2.2.2 that it is defined as ¢ (z) = t¢%°(z) = —tlog|DG|pu(y)|). In general, Hélder
continuity and Bowen property are not necessarily related. In the case of uniformly hyperbolic
maps, it can be shown that all Holder continuous functions have Bowen property. This is not the
case for non-uniformly hyperbolic maps, even in one-dimension cases, e.g. the Manneville-Pomeau
map defined in §1.1, where the geometric potential is obviously Holder, while it can be shown that
it does not satisfy Bowen property. In the case of the Katok map, we will verify the regularity

condition only for the essential collection of orbit segments ¢(r) as required by Theorem 3.2.1 (2).

4.3.1. General estimates. We will begin with a general estimate on the uniform expan-

sion/contraction along unstable/stable local leaves of points in ¥(r).

LEMMA 4.3.1. If (z,n) € 9(r) and y € Wiy, (), then we have
(4.3.1) d*(GY(z), G (y)) < (N1 = B))""d*(z,y) for all0 <i <n— 1.
Similarly, when (z,n) € 4(r) and f*~(y) € Wi, (f" H(z)) and 0 < j < n — 1, we have
(4.3.2) 4G (x), G (y) < A1 = B)~ " ma (7N (a), [ (y)-

PROOF. For (x,n) and y as above and any point z € Wiy, () lying between z and y, if
x(G¥(x)) = 1, then from d(G*(z),G%(z)) < 100ve and the definition of x, we know G'(2) is outside
the perturbed area. This shows that || DG|gs (.|| < (A(1 — 8))~'. Moreover, DG is non-expanding
along stable distributions. Consequently, we have | DG'|gs(,)| < (A(1—8))~"" by definition of ¢ (r).

This proves (4.3.1). (4.3.2) is proved similarly by iterating backwards. O

4.3.2. Regularity for Holder continuous potentials. In this section we focus on Holder
continuous . By definition, there exist constants K > 0 and o’ € (0, 1) such that |p(z) — ¢(y)| <
Kd(x, y)a/ for all ,y € T2. We want to show that ¢ has Bowen property at scale 100e on ¢ (r) for
any 0 < r < 1. We will estimate the total variation along the orbit by evaluating the distance at

each time, which is provided by the following lemma.

46



LEMMA 4.3.2. If (z,n) € 4(r) andy € By(z,100¢), then d(G*(z), GF(y)) < 100ve((A(1—B))~F+
(A1 = B)~(=k=1ry for all 0 < k <n — 1.

PROOF. By Lemma 4.1.1, there exists z € T2 such that G¥(z) = WfOOWE(Gk(x))ﬂWfOOVG(Gk(y))
for 0 < k <n—1. Lemma 4.3.1 then shows that d(G*(x), G¥(2)) < 100ye(A(1—3))~*". Meanwhile,
by pushing the essential collection of orbit segments further from the perturbed area if necessary,
we can assume the local unstable leaf connecting G¥(y) and G*(z) does not intersect the perturbed
area for all 0 < k < n — 1. Then the second part of Lemma 4.3.1 shows that d(G*(x), G¥(2)) <

1007ve(A(1 — 8))~=1=F)" "and concludes the proof of Lemma 4.3.2. O

Now Lemma 4.3.2 enables us to show
PROPOSITION 4.3.3. For any 0 < r < 1, ¢ has Bowen property at scale 100e on ¢ (r).

PRrOOF. Fix any r € (0,1). Suppose (z,n) € 4(r) and y € B, (z,100¢). By Holder continuity
of ¢ and Proposition 4.3.3, we have

n—1

[Snp(x) = Snp(y)| < K Y d(G* (), G*(y))*

< K(10076)* Y (2(max{(A(1 — ) 7F", (A(1 — B)) ==k D))’
= K(20076) Y (max{(A(1 — 8)) 7", (A(1 — §))~(n=F=ryye’

< K(20076)* Y 2(A(1 - B8)) " = Ko < o0,
k=0

where the last term converges as 8 is chosen small so that A(1 — ) > 1. This concludes the proof

of Proposition 4.3.3. O

4.3.3. Regularity for Geometric-t potengtial. In this section we will explore Bowen prop-
erty of geometric-t potential. It is well-known that for C'*¢ uniformly hyperbolic maps, the un-

stable distributions are Holder continuous. Meanwhile, as log(z) is Lipschitz when x is uniformly
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bounded away from 0 (which is the case there), we immediately see that the geometric potential
for a uniformly hyperbolic map is Holder continuous.

However, we can not apply this argument to most of the non-uniformly hyperbolic maps. In our
case, by approximating the Katok map by a sequence of Anosov diffeomorphisms in C'-topology and
applying the standard cone argument from Theorem 2.3.2 in [3], we can show that the respective
Holder exponent explodes to 0. Therefore, Hélder continuity of the distribution fails in the case of
the Katok map and the verification of the Bowen property for geometric-t potential can not rely
on results of §4.3.2.

We follow the proof from §6.2 in [50] (see also the appendix in [12]). The strategy is to split the
variation along stable and unstable directions using local product structure, then apply coordinate

transform and make use of the non-uniform expansion rate in E* over E°.

PROPOSITION 4.3.4. ©&°(x) satisfies Bowen property at scale 100e on 4(r).

PrOOF. Consider E% : z — E%(z) as a map from T? to G!, where G is the one-dimensional
Grassmannian bundle over T2. Denote by 1/ € C(G') the function that sends E € G! to
—log |DG(z)|g|. Then naturally ¢¥°(z) can be identified as ¢ o E*. Meanwhile, it is shown
in [15, Lemma A.1] that the map ¢’ is Holder continuous with exponent o if G is C'*®. This is
done by identifying G! with T? x Gr(1,R?) and writing out v’ as a composition of Lipschitz and
smooth functions. Since G is smooth in our case, ¢’ is Holder continuous. Therefore, Proposition
4.3.4 can be proved by obtaining a distance estimate that is similar to the one in Lemma 4.3.2 |
then following the proof of Proposition 4.3.3.

To be more precise, what we want is the following:

PROPOSITION 4.3.5. For any 0 < r < 1, there exist constants C = C(r) € R and § = 6(r) € (0,1)

such that for every (x,n) € 4(r),y € Bigoe(x,n) and 0 < k <n — 1, we have
dg, (E*(G"*(x)), E“(G*(y))) < C(0" +6"'7F),

where dg, is the natural metric on Gr(1,R?) defined by dg, (E, E') = dg(ENSY, E'NSY), with dy

being the Hausdorff metric on ST C R2.
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PROOF OF PROPOSITION 4.3.5. Fixany r € (0, 1), choose any (z,n) € 4(r) and y € Biooe(x, n).
As mentioned in above, by applying Lemma 4.1.1, we get z € T? such that G¥(z) = Wfoo»ye(Gk ()N
W%OWE(Gk(y)) for 0 <k <n — 1. The idea is to estimate dg, (E"(G*(x)), E*(G*(y))) along stable
and unstable leaves, which are represented by dg, (E*(G*(z)), E*(G*(2))) and dg, (E*(G*(2)), E*(G*(y)))
respectively. Since E“ integrates to W* and is continuous on a compact local unstable leaf, there

exists some constant C7 such that
wu ( k u ( vk k k o —(n—k-1)r
da, (E*(G"(2)), E*(G"(y))) < C1d(G"(z), G"(y)) < 100C1ve(A(1 — B)) ;

where the last inequality follows from Lemma 4.3.1. Therefore, to complete the proof of Proposition

4.3.5, it suffices to show
(4.3.3) da, (EY(G*(2)), E*(G*(x))) < C'¢'*

for some C’ > 0 and ¢’ € (0,1).

We will start with a coordinate transform. For any (z,n) € 4(r), 2 € Wiy, () and 0 < k < n—1,
we define (e;k)%zl to be an orthonormal basis for TGk(z)TQ such that e;k spans E°(G*(z)). In fact,
we can choose (e;k)%:l in a way such that the map z — e, is K-Lipschitz on Wy, () for every
k,1, where K is independent of the choices on x, n, ¢ and k. This is because we can choose such K
for any open neighborhood of z and compactness of T? will make K independent of z. Meanwhile,
as we focus on the local stable leaves of orbit segments in ¢(r) where an overall exponential
contraction in d* under G exists, K is independent of the other parameters as well.

Now we can compute dg, (E*(G*(x)), E*(G*(2))) using their respective coordinate representa-
tions in ei’k and eé,k. Let 7, : TGk(Z)TZ — R? be the coordinate representation in the basis of
ei’k. We also denote by A7 : R — R? the coordinate representation induced by DGgr(), in other
words, A7 o, ) = T, 41 © DGGk(z).

Now we fix (z,n) and z as above and write EY = 7, ,E%“(G*(z)). The goal is to show that
da, (B, Ef) < CH* for some appropriate 6 € (0,1) that does not depend on z, z, n or k. From now
on we focus on the dynamics of A7 and A?. First notice that A?(Z) = Z, where Z = R x {0} C R%.
Denote by Q the set of subspaces E C R? such that Z @ E = R?. Obviously Ef € Q) for all

z € Wigoye(®). Therefore, in order to measure the distance dg, (Ef, Ef), we can restrict our
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discussion to distance over ). Now for E € (), define Lf : EY — Z as the linear map whose graph
is E. By applying standard trigonometric computation (see [15, Appendix| for details) we get
sin(dg, (B2, E)) < ||[LE|. Since sin(dg, (E¥, E7)) effectively approximate the value of dg, (E¥, E7)
when dg, (E}, Ef) is sufficiently small, to verify (4.3.3), it suffices to show exponential decay of
||LkEZ || in k£ and the rate and constant are independent on the choice of z, n and z (and is only
dependent on 7).

Denote by P : Ef,; — AjEf the projection along Z. It is shown in [15, Lemma A.4] that

(4.3.4) Lt +1d = (4|7 0 L o Af|ph +1d) o P,

which implies that
4.3.5 E1§+1 z z|—1 Ef
(4.3.5) It | < NARLZN - [AG g - PIF- (1L ™ [+ (1P = Td]].

To study the limit behavior of HL,CEZ ||, we know from (4.3.5) that estimates on || P| and ||A}|z] -
||AZ\E% || are indispensable. From Hélder continuity of DG, Lipschitz continuity of e;k and the fact

of z being in Wiy (), we have constants C' > 0 and ag € (0,1) that are independent of z, z, n, i, k

and satisfy ||Af — Af|| < C(100ve)* (A(1 — 3))~"*, which shows that
(4.3.6) da, (B, ARER) = de, (ARER, ALER) < C'(1007€)* (A1 — 8)) ™"

for another constant C’ that is also independent of x, z,n,i, k. We comment that ag is just the

Holder exponent of DG. To study || P—Id||, by taking any v € E} |, we have a triangle formed by v,

Pv and Pv—v. Then ”P‘ml}” = :iﬁ z; , where 67 is the angle between v and Puv, 5 is the angle between
Py and Pv —v. Since Pv € AZE¥ and Pv — v € Z, we know sinf; < C”(100ve)* (A\(1 — g))~"kao
for some constant C” by (4.3.6) and 6 is uniformly bounded away from 0 by continuity of P

and compactness of T?. Therefore there exists another constant C" that is again independent of

z,2,m,i, k such that L5l < €7(1009€)20(A(1 — B)) =", This shows that

(4.3.7) |P —1d|| < C”(1007€)* (A(1 — B)) ko,
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Now write |[L,* || as Dy, [| 4|zl - |47l 51| as Pk, C"(1007€)°0 as Q and (A(1 — B))7"* as u. By

plugging (4.3.7) into (4.3.5), we have
(4.3.8) Diy1 < Py(1 + Qu¥)Dy, + QuF.

To study the inequality above, we notice there exists a constant \g € (0,1) such that P, < A
when x(G*(x)) = 1. Meanwhile, P; < 1 for all i. Therefore, for any (x,n) € %(r) and z € Witoye(),

we have

J
(4.3.9) I[P <2 forallo<j<n-—1.
=0

Inequality (4.3.9) is the key to make Bowen property still hold even with the presence of neutral
fixed points. Write C} := %, where 0 < v < 1 is a constant close to 1 that will be determined

later. Now (4.4.4) becomes

(4.3.10) Cor < P14 0utyCy 1 0
- 1S + Qu”)Ck + R

It suffices to show ()} is bounded from above for a suitable choice of v that is not related to the
choice of (z,n). We know Cy = Dy is finite by compactness of T? and continuity of the unstable
distribution. Suppose B > 0 is an upper bound. We define a sequence {F}}ren satisfying Fy = B

and the following relation

L1+ QuMF + Q% if x(GF(x)) =0,

2014+ QUIFL + Q% if x(GF(x)) = L.

Fr1 =

By the property of Py, Ao and the construction of {F}}, we know Cy < Fj, for all k. So instead
of Cy, we focus on the uniform upper bound of Fj.

We will need some assumptions on v for future use. First assume % < 1 and % < 1. Fix such
a v. Then we choose two constants ¢ > % and % < n < 1 such that v < vn and Cl_gng < 1. Such
choices on ¢ and 7 are possible since (%)%(%)1_% <1 and (%)%(%)1_% <1

We want to set up an further uniform upper bound for the coefficient in front of Fj in the

representation of Fyy; Choose N € N large enough so that when £ > N, %(1 + QuF) < ¢ and
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%(1 + Qu¥) < 1. Now for all possible (z,n) € 4(r) with n < N, by compactness of T? and finite
choice on n, Fy, = Fj(z,n) is uniformly bounded from above by some M > 0 for any 0 < k < n.
This motivates the construction of the new sequence {Hy}i>n, where Hy = M and the following
is satisfied
CHy+ 2(4)F if x(GH(x)) =0,
nHy +2(%)F  if x(G*(x)) = 1.
Again the main problem is shifted to the proof on Hj being uniformly bounded from above.
Consider large enough k such that k > 2. In this case ZLN x(Fi(z)) > kr — N > . The

following lemma shows that Hj are in fact uniformly bounded from above for all such k.

LEMMA 4.3.6. There exists a constant M' > 0 such that Hy, < M' for all k > %, and the choice

on M’ is independent of x,n, z, k.

PROOF OF LEMMA 4.3.6. By writing aj, = ay(z,n) := ((1—x(F¥(x))) +nx(F*(z)) for k > N,

we can simplify the representation of Hy,; for such £ as

SO

(4.3.11) Hy = apHp +

In fact, by iterating (4.3.11) on k , we are able to derive the explicit form of Hj for k > N as

follows
k-1 0 L
(4.3.12) sz(’ a)M + =% ((-) H as)
i=N j=N s=j+1
By using ar > n and v < vn, we have
k—1 0 u k—1 kN-1 o N4
Hy, = (H a;) M + ;(;)N - ( H as) - (;)l( H as)”!
i=N s=N+1 1=0 s=N+1
k—1 O u k—1 BN-1 oy
< (T +2EN (I a)- > (2
r or 1 > u
< (Y55 )E=N-1 s u.ny 1L Uy
< (@B SON 250



for all k > 2¥. Here we can replace Hf:_]bﬂ a; by (¢'2nz)k—N-1 gince Zf:N x(Fi(z)) > . This

ends the proof of Lemma 4.3.6. O

Lemma 4.3.6 shows that Hj is uniformly bounded for k > g, therefore for all k. Following the
argument preceding to Lemma 4.3.6, we have an uniform upper bound for Fj thus for Cy. This

ends the proof of Proposition 4.3.5. (|

Finally, by applying Proposition 4.3.5 and following exactly the same argument used in Propo-

sition 4.3.3, we conclude the proof of Proposition 4.3.4. ]

4.4. Proof of Main Theorem

With the help of the results obtained in §4.1, §4.2 and §4.3, now we are ready to apply Theorem

3.2.1 to prove our main thermodynamic results for the Katok map.

4.4.1. Proof of Theorem A : ¢ is Holder. We begin with the case where the potential
function ¢ is Holder continuous. First consider Holder continuous ¢ satisfying the gap condition
P(¢;G) — ¢(0) > 0. We will study the equilibrium state of ¢ for G. Recall from §3.2.2 that the
collections (Z(r),¥4(r),#(r)) form an orbit decomposition of G for all r € (0,1). We want to
show that the conditions in Theorem 3.2.1 hold when r is properly chosen. Specification, thus tail
specification, clearly holds at scale e. Obstruction to expansivity is satisfied due to Proposition
4.1.2. Meanwhile, (4.2.6) shows that the pressure gap condition holds for some 7’ € (0,1) (at
the desired scale). Finally, Bowen property holds for ¢ along orbit segments in ¢(r) for all r at
scale 100e by Proposition 4.3.3. As a result, by taking (22(r'),4(r"),.” (1)) as the wanted orbit
decomposition, all four conditions are satisfied and Theorem 3.2.1 can be applied.

Following the same spirit we can apply the above argument to study G. Suppose ¢ is Holder
continuous and satisfies the gap condition P(¢, G) — ¢(0) > 0. Since G = ¢ o G o ¢!, for cach

r € (0,1), Z(r) and ¢4(r) naturally induce two collection of orbit segments under ¢, written as
P'(r)="(r) == {(z,n) e T?xN: (¢ (z),n) € 2(r)},

and

G'(r) = {(x,n) € T*xN: (¢ (z),n) € 4(r)}.
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Since ¢ is identity outside D, we can easily show that
' l.g Loa g ,
G'(r) = {(z,n) : ESZ- x(x) > r and Esi X(G"(x)) >rforal 0<i<n}

and

D) = 7 (r) = {(zn) € T2 x N : %ng(:c) <)

where S&x(x) = 372 X(GY (x)).

Following the proof of Proposition 3.2.2, the collection of orbit segments (Z'(r),¥'(r), Z'(r))
form an orbit decomposition for G. As in the case of G, we need to check those conditions in The-
orem 3.2.1 hold at the correct scale. Specification is again for free by its homeomorphic conjugacy

to the linear toral automorphism f4. Expansiveness of G at scale ﬁ% can be obtained by using

expansiveness of G at scale € and (2.2.2) (where C' and kg are from §2.2.2). Meanwhile, by following
exactly the same process as in §4.2 and using the gap condition P(y, G) — ©(0) > 0, we can find
7 = 7(p) € (0,1) and some €; > 0 such that P(Z'(7), ¢, e1,100e1; G) < P(p; G). Here we need
€1 other than the original ¢ due to the difference of scale and constant of local product structure
between G and G. Finally, the same process as in §4.2 shows that ¢ has Bowen property along orbit
segments in ¢'(r) for all r € (0,1) at some scale 100e2. Denote min{\%io, €1, €2} by €. Since expan-
siveness, pressure gap and Bowen property will continue to hold when the scale is decreased, all

four conditions in Theorem 3.2.1 continue to hold for the orbit decomposition (£'(7), 4" (), 2'(7))

with scale being € and Theorem A is verified for the case of Holder continuous .

4.4.2. Proof of Theorem A : ¢ is the geometric-t potential. To prove the case where ¢
is the geometric-t potential, notice that when G and G are conjugate, gogi ? and @9 are different
functions. Therefore, we need to verify Bowen property of ©9¢° on the proper essential collection of
orbit segments. We will consider an appropriate orbit decomposition for G and use Bowen property
of go*‘éf ? on 4(r) to induce Bowen property of ¢9¢° on the respective essential collection of orbit
segments. Meanwhile, we also need to deal with the pressure gap, which is t@9¢°(0) < P(tp9°; é)
in this case. We will show this gap condition holds for all ¢ < 1.

As in the previous section, we use (2'(r),%’(r), 2'(r)) as the orbit decomposition for G. We

will first deduce the regularity property of ©9°° on ¢'(r) from which of ¢%° on ¢(r). Recall that
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G =¢oGo¢ ! and D(E"(x)) = E*(¢(x)). For all i > 0 we have
P7(G(x))
—log \Dé‘Eu(éi(m))’
—log|D(¢poGo ¢71)|E“(éi(:v))‘
(4.4.1) = =108 Do Gog-1)Bu(Gi(ey | = 108 1DG p g1 (@i ()| — 108 ‘D¢71|E“(éi($))‘
=108 | DYl p g1 (G| — &7 (G (@7 (2))) =108 |DO ™ G|
—10g [ Dol pe(p+ (661 oy — ¢4 (GH (67 () — 1081 D™ 5 Gu(oy|
= —10g| Dol pu(Gi1(s-1 ()| — 9& (G (¢ () — log D™ iy |
Meanwhile, observe that
0= —log|D(¢o ¢_1)|Eu(éi(x))|
(4.4.2) = —10g | D¢ 1w Gi(ay) | — 1081007 | @iy
= —log |Do| pu(ci(g-1(x)))| — log |D¢_1|Eu(éi(x))|‘

By plugging (4.4.2) into (4.4.1) we have
(4.4.3) @geo(éi(x)) = log ‘D¢71|Eu(éi+1(x))| - SO%EO(GZ‘((ZTI("’U))) — log |D¢71|Eu(§z‘(w))‘-
Now fix r € (0,1], choose (x,n) € 4'(r) and y € Bf?( 10005) With the help of (4.4.3), we have

S ORI (()

i
L

(07°°(G'(x)) — ¢7(G (1))

I
)
ing
- o

3

( ) (log ‘D¢_1|Eu(éi+l(x))| geO(GZ(¢ ( ))) - log ‘D¢_1|Eu(éi(x))‘
4.4.4 i=0

— (log |D¢_1|Eu(éi+1(y))| - ‘P%eo(Gi(ﬁb_l(y))) — log ’D¢_1|Eu(éi(y))|))

= log ‘D¢_1|Eu(én(x))‘ — log |D¢_1’Eu(én(y))’ — log ‘D¢_1|Eu(x)‘ + log ’Dd)_l‘ﬁu(y)‘

n—1

+ D (LG W) — e (G~ (2)))).

i=0
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Let us observe on the last line in (4.4.4). By definition of ¢’ (r), we know both z and G"(x) belong
to T2\ D10oye+r,- Therefore, both y and G"(y) are in T2\ D,,. In particular, as ¢~ is identity in
T2\ Dy, we know 10g | Do | 5u @n (4)) | =108 1D fu (i )| =108 1Dy [H108 [ DS | = 0
and we only need to concentrate on Z?z_ol(tngeO(Gi@*l () —¢&°(GH(¢~ 1 (2)))). Since (¢~ '(z),n) €
4(r), we only need to show that d(G'(¢~*(z)), G (¢ (y))) < 100e holds to apply the result
in Proposition 4.3.4. By 2.2.2, we know d(G(¢~1(z)), G (¢~ (y))) = d(¢ ' Gi(z), o 'Gi(y)) <

”—Cod(él(x), Gi(y)) < %ﬂ’;oe = 100e. This concludes the Bowen property of ¢9¢° for G on ¢'(r) for

100e
Ko

any 0 <r <1 at scale
The only thing left to check is that £p9%°(0) < P(tx9%°; G) holds for all ¢ < 1. Since the Lebesgue
measure m on T2 is é—invariant, ergodic and has all Lyapunov exponents to be non-zero, it is an

SRB measure. Therefore, we have

e e

where A is the positive Lyapunov exponent with respect to m. Meanwhile, as — [ ¢9°°dm > 0,

we have

P(t09°: G) > P99, m: G) = hon(G) + ¢ / S0 = (1 — 1) / S0 dm > 0,

As a result, we have P(tp9°;G) > 0 = P(t¢9°,dp) for all t < 1. This concludes the proof of

Theorem A when ¢ = ¢, for t < 1.

4.5. Statistical properties of equilibrium states

In this section we will exhibit a series of statistical properties of equilibrium states derived in
Theorem A. We will also briefly survey on a result of Pesin, Senti and Zhang, which is based on
studying thermodynamic formalism of the Katok map using Young’s Tower. This provides some

nice statistical properties due to the symbolic nature.

4.5.1. Preliminary on Gibbs property. Gibbs property is a property that makes the mea-
sure of Bowen balls ‘uniformly comparable’ regardless of their center and degree. To be more
precise, for a discrete dynamical system, given ¢ € C(X), d > 0 and Z C X x N, we say an invari-

ant measure p has Gibbs property at scale § over & with respect to ¢ if there exists a constant
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Q = Q(,2,¢) > 1 such that for every (z,n) € 2, the following estimate regarding the size of
Bowen balls holds

~1 o _Bu(z,9))
(451 Q= SRsem <@

We can also define Gibbs property from one side. That is to say, if the left (resp. right) inequality
holds in (4.5.1), then we say u has lower (resp. upper) Gibbs property at scale § over & with respect
to ¢. Sometimes we will also omit the reliance on ¢ when the potential is fixed.

The approach of obtaining Gibbs property is motivated by [17]. For the equilibrium state derived
from Theorem 3.2.1, it was shown in [17] that such measure satisfies a non-uniform version of upper
Gibbs property at a scale that is compatible with € over X x N and lower Gibbs property at the
same scale over M . In the case of the Katok map, as specification is satisfied for all orbit segments,
one would hope that lower Gibbs property will also hold on X x N.

Before stating our result, we first introduce the basic setups. Throughout this section we will
just work with G as the property for G can be obtained in the same way. We will also fix ¢ so
that it is either a geometric-t potential with ¢ < 1 or a Holder continuous potential with the gap
condition P(p) — ¢(0) > 0. The measure p we focus on is just the unique equilibrium state for ¢
over G that is derived in Theorem A. We also fix a proper r € (0,1) so that (Z2(r),4(r), P(r))
satisfies all properties in Theorem 3.2.1. The constant ¢ > 0 is still small, while the restriction
on € being greater than ry is removed in this section, as expansiveness, pressure gap and Bowen
property automatically hold at smaller scales, while specification in our case holds at all scales.

For each n € N, we denote by E, C X a maximizing (n,5¢)-separated set for A(X,n,5¢).

Consider the following measures
ZCEEEn esn@(x)(sx

VUp = ZIGE esn@(-r) 9
and
1 n—1 .
pn = Z(Gz)*yn.
=0

Similar to §4.2, by following the spirit of second half of the proof of the variational principle
in [49] and using the fact that € is small enough (in particular, 100¢ is an expansive constant),

we know any weak™® limit of {y,} is an equilibrium state. As we have shown that the equilibrium
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state is unique in this case, we know {u,} converges to p in weak*-topology. We will use {u,} to

approximate p throughout the proof of Gibbs property.

4.5.2. Global weak Gibbs property. The lower Gibbs property for p in our case is the
following version over all orbit segments, which is weak in a way that the Gibbs constant is decaying

subexponentially in n.

PROPOSITION 4.5.1. There is a constant Q = Q(e) > 0 such that for every (z,n) € X x N, we

have

(B (z,66€)) > Qe M P (@) +Snp()

where ((n) is defined as in Definition 4.2.5.

PROOF. Since Bowen balls are closed and we are looking for a lower bound, we can estimate
w(Bn(x, 6¢€)) using vs(G~F(B,(x,6¢))) for any (z,n) € X x N with s > k +n. We will follow the
spirit in the proof of [17, Lemma 4.16] and do the adaptions accordingly. Following [17, Proposition

4.10], there are constants T, L > 0 such that the following holds
(4.5.2) A(Z,12¢,m) > e LemP¥)

for all m > T. In other words, for every such m, there exists an (m, 12¢)-separated set E! C %,

satisfying

(4.5.3) Z eSm#@) > =LemP(e)
z€E!,
We will apply specification of G at scale € to study vs(G*(B,(z,6¢))) with s > T. Denote
by 7 = 7(e) the transition time of specification at scale e. Fix time s and k such that & >
T+7,s—k—n>T+7and s > T. As in [17], we will construct a gluing map 7 that

maps E;__ x E! we know from

 kn_r t0 Eg as follows. Given u = (u1,u2) € Ej__ X E!

s—k—n—1’
specification of G at scale € that there exists a y = y(u) such that y € By_,(u1,€), G*¥(y) € By(z,¢€)
and G**"+7(y) € B,_j_n_,(u2,€). Meanwhile, since E; is (s,5¢)-spanning, we can find a point
m(u) € Es such that ds(m(u),y(u)) < 5e (notice that when the choice of such point in Ej is

not unique, we just choose any point satisfying the above condition as 7(u)). By definition we

58



immediately observe that m(u) € G~%(B,(z,6¢)). It is also not hard to see that the map = is

injective. In fact, if we choose v’ = (u},u}), v’ = (uf,uy) from B, __xE!_, =

that are different,
as E}__ and FE!

! k_n_, are (k — 7,12¢)-separated and (s — k —n — 7, 12¢)-separated respectively,

we know dg(m(u’), m(u”)) > 12e — 2(5e + ¢€) = 0.
Since both Ej__ and FE!

! k_n_, are chosen from ¥ (r), where ¢ satisfies Bowen property at scale

100€e by §4.3, we have
(4.5.4) Do (m(u),s) > Po(ur, k —7) + ®o(x,n) + ®o(ug, s —k —n—7) —47|p| — 2K — ((n),

where || := sup{|¢(x)| : # € T?} and K is the constant in Bowen property. Meanwhile, by using
condition (2) and (3) of Theorem 3.2.1 and applying [17, Lemma 4.11], we know there exists a
constant C' > 0 that is independent of s and satisfies ) . B, e®0(2:3) < CesP(@) for all s. Therefore,

we have the following lower estimate for vs(G—*(B,(z, 6¢))) as

vs(G™H(Bp(z,6¢))) > O le sF® 3 ®o(m(u).s)
ueE]__XxFE!

s—k—n—T

> C—le—sP(cp)e—(j(n)—47—|cp|—2K( Z e<I>o(u1,k—7—))( Z e@g(uz,s—k—n—ﬂ)e‘bo(m,n)

“1€E//cfr 'LLQEEI

(4.5.5) e
> (1= 5P(#) g ~Cn)~arle| 2K (oL (k=7 P($)) (o~ L(s—k=n=T)P(9)) o Po(z)

_ (071672K672L674T\<p\6727—P(4p))(efC(n)efnP(go)Jﬂbo(x,n))

— Oy e=nP(@)+Po(en)

where the first inequality follows from 7(u) € G~%(B,(z, 6¢)), the injectivity of 7 and the choice
of C, the second one follows from (4.5.4), the third one follows from (4.5.3) and constant C in the

last equality is just O~ le 2K e=2Le=47l¢lo—27P(¢)

. Moreover, C is independent of s or k£ and only
dependent on €. Therefore, by taking s to be large enough and summing over k, we have
1, C1 _¢(n) —nP(p)+®o(zn)
pa((Ba(,66))) = = 3 ((GF)ov)(Ba(a,60)) > e P tuten),

S
k=0

where % in the last expression follows from the fact that (4.5.5) only holds for k£ such that k > T+
and s —k —n > T + 7, as well as s is sufficiently large. By making s go to co, we conclude the

proof of Proposition 4.5.1.
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Meanwhile, since [17, Proposition 4.21] has already provided us with a version of upper Gibbs
property for p on X x N, instead of repeating steps from above, we only need to slightly modify
the original proof. More precisely, we know from [17, Proposition 4.21] that there exists a constant

Q' = Q'(e) such that for every (x,n) € X x N, we have
(4.5.6) w(By(z,6€)) < Qe @)+ Poc(zn)

where ®g(x,n) is as in §2.1.2. We also know from definition of {(n) that @ (z,n) < $o(z,n)+{(n).

Therefore, we can rewrite (4.5.6) as
(4.5.7) 1(Bn(z,6€)) < Qe P (@) +@o(wn)+((n)
which is exactly the global weak upper Gibbs property that we are looking for. (]

4.5.3. Large Deviation Principle. One of the most important applications for Gibbs prop-
erty of a measure is to obtain its large deviation principle. In this section we will show that the
weak Gibbs property for p we have in §4.5.2 is sufficient to draw the same conclusion. In dynamics,
large deviation principle describes the exponential decay of measure of points whose space average

differ from time average by a certain distance.

DEFINITION 4.5.2. Let u and ¢ be as above. p is said to satisfy upper large deviations principle

if for any § > 0 and any continuous f: T2 = R, we have

(4.5.8) limsup%log,u {x : \Sn‘:;(x) — /fdu] > 5} < —q(0),

n—oo

where ¢(0) is called the rate function and defined as

00) = P() — s { @)+ [oavive o), | [ Fau [ Fai= s},
or q(d) = oo when no such measure exists.

We can also define the lower large deviations principle in a similar way by take the place of
limsup by liminf, > 6 by > ¢ and < by > in (4.5.8). When both upper and lower large deviations

hold for some fixed f, the statement above is called level-1 large deviations priciple (with respect
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to the observable f) If both of them hold for all f, the statement above is equivalent to level-2
large deviations principle by using the fact of C'(X) being separable.

To prove Theorem B, we need the following definitions. First, for a dynamical system (X, f), we
say it has the property of entropy density if for any n > 0 and invariant Borel probability measure
', there exists an ergodic measure v/ such that D(u',v') < nand |h,(f) — hy(f)] <71, where D is
a metric over . (X) that is compatible with the weak* topology. Since G satisfies specification, it
also satisfies the entropy density property. Meanwhile, as mentioned in §4.5.1, we notice that after
proving uniqueness and existence of the equilibrium measure u, we can indeed ignore the lower
bound of €. Therefore, by applying 4.2.6 to Proposition 4.5.1, we have

(4.5.9) lim lim inf inf ( log(u(Bn(, €))) + / (P(¢) — 9)db,0) > 0,

e—0 n—oo T2 N
where 593771 == % Z?;()l 5Gz($)
Since ¢ is continuous, following [42, Definition 3.2], The inequality (4.5.9) shows that P(¢) — ¢
is a lower-energy function for p. Similarly we have from (4.5.7) and Lemma 4.2.6 that the following
holds

(4.5.10) lim lim sup sup (l log(p(Bp(z,€)) + / (P(p) — ¢)ddzn) <0,

€20 nooo geT2

which in turns shows that P(p) — ¢ is an upper-energy function for p, whose definition can be
found in [42, Definition 3.4].

Now we have collected all the ingredients to prove the level-2 large deviation principle for p. To
do this, it suffices to show both upper and lower large deviation principle hold for u. As P(p) — ¢
is a lower-energy function for p and G satisfies entropy density property, by applying [42, Theorem
3.1], we have the lower large deviation principle for . Meanwhile, by the result of P(p) — ¢ being
an upper-energy function and entropy map being upper semi-continuous, the upper large deviation

principle for u can also be concluded by [42, Theorem 3.2]. This ends the proof of Theorem B.

4.5.4. Tower construction and Statistical properties. In this section we briefly describe
how to derive thermodynamic formalism of the Katok map via inducing scheme, also known as

Young’s tower. The study is based on results from [41] and [40]. The idea is to establish a full shift
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with countably many symbols that is conjugate to the first recurrence map on some certain region of
T2 (called the base). To be more precise, the base is the image of an element of the Markov partition
for f4 (which is far away from the perturbed region) under the conjugacy map h. The diameter
of such element can be made arbitrarily small due to the property of Markov partition for basic
sets and h being a homeomorphism. As the symbolic dynamics is induced by the first recurrence
map, we can construct the alphabet set in a way so that all its symbols consist of first recurrent
segments to the base. Furthermore, by Markov property, the shift is in fact a full shift. Then it
be shown that the unique equilibrium state for the full shift corresponds to the unique equilibrium
states for G that is ‘liftable’ on the base when certain conditions are satisfied. In particular, the
equilibrium state distributes positive weight to its corresponding base, as well as any open subset
in the base (resulted from Gibbs property). Then one can use topological transitivity of G to easily
show that such equilibrium state is not dependent of the choice on the base. Meanwhile, though
the set of liftable measures are different given different bases, the collection of the set of all such
liftable measures with respect to all different bases far away from the perturbed area run out all
of the measures we are interested in. In fact, if a measure is not liftable with respect to any of
the bases as above, it has to charge zero measure over all such bases. Therefore, it is supported
on a small neighborhood of the origin. However, the only point whose orbit will never escape
from the perturbed area in both forward and backward direction is the origin, which shows that
the only candidate for such measure is dyg. As shown in §4.4.2, P(t¢9¢°) > 0 for all t < 1 and
Pgo(é, t9¢°) = 0 for all t € R. Therefore, only liftable measures needs consideration in this case.

One of the strength of such Tower construction is that it shows explicitly that there are only two
ergodic equilibrium states for ©9¢°. The first one is among the liftable measures and is in fact the
Lebesgue measure m, which is also the SRB measure. The other one is the only candidate among
non-liftable ones, which is §y as explained above.

It is also shown in [40] that for given ry and « (same as what we have in our case) that are small
enough, there exists tg = to(ro, &) such that for all ¢ € (¢, 1), the geometric t-potential tp9¢° has a
unique equilibrium state p; for G. Meanwhile, ¢y | —oo as rg and « decrease to 0.

Finally, the statistical properties for the equilibrium state on the full shift also induces those

properties for the unique equilibrium state p; when ¢ € (g, 1).
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PROPOSITION 4.5.3 (Theorem 3.2 in [40]). When t € (to,1), p: satisfies Bernoulli property,
Central Limit Theorem with respect to a family of observables (including locally Hélder observables)

and exponential decay of correlations.

63



CHAPTER 5

Asymptotic Central Limit Theorem along closed geodesics for

equilibrium measures in non-positive curvature

In this chapter we will focus on the study of our second main result, which is the CLT for the
equilibrium measures in the case of geodesic flow on non-positively curved rank-one manifold. To
be more precise, we derive an asymptotic version of the Lindeberg type CLT for the measure of
maximal extropy (denoted by MME throughout §5) of the geodesic flow in this case and extend
the result to the equilibrium states for geometric-t potential and dynamical arrays with different
observables. The main idea is enlightened by [18] and the main tool we use is specification,
which is introduced in Definition 2.1.7. In general, Lindeberg CLT is used in the case where
random variables are independent of each other, which is not the case for different terms in the
ergodic sum. In order to use it to derive CLT for the equilibrium measure, the basic strategy is
to find some ‘typical’ collection of orbit segments that contains enough information of the target
measure, construct a sequence of measures on which the ergodic sums over typical orbit segments
are mutually independent and glue these orbit segments together to produce real orbit segments
by applying specification. The content of this section is based on the work in [48].

Unlike the case of the Katok map, specification in this situation is not global and its application
relies heavily on the orbit decomposition construction in §3.2.3. To see how those typical orbit
segments are constructed and how specification is put into usage, we will first introduce some
important preliminary setup in [9]. Throughout the section, we will take M to be a compact
connected C* rank-one non-positively curved Riemannian manifold without boundary. We also

consider the geodesic flow F = {g;}+cr as an action on T' M and denote h by its topological entropy.
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5.1. Background setups

5.1.1. Preliminaries. We begin with illustrating on the specification property in this case.
Recall from (2.3.7) that for any 1 > 0, we have Reg(n) = {v € T'M : A(v) > n}. Denote € (n) by

the collection of orbit segments whose starting point and ending point are both in Reg(n). That is,

C(n) = {(v, 1) : A(v) =0, Mgv) =0}
Then, as in Theorem 4.1 in [9], we have
THEOREM 5.1.1. For every n > 0, €(n) satisfies specification at all scales.

We will make an appropriate choice on ¢ (n) by fixing some proper n > 0. To do this, recall from
(3.2.2) that B(n) = {(v,1) : fg A(gs(v))ds < nt}. Since A vanishes on Sing, we immediately see that
Sing x [0,00) C A(n) for all n > 0. Meanwhile, we see from §5 in [9] that h(ZA(n)) | h(Sing) when
n 4 0. Since h(Sing) < h (see §8 in [9]), we can choose 1 small enough such that h(Z(2n)) < h’ < h,

/ .__ h4h(Sing)
where b/ ;= fth(Sing)

. Throughout the rest of this section we will fix such an 7.
The target equilibrium measure we study first is the measure of maximal entropy for (M, F),
which is unique due to [9, Theorem A] (see also [29]) and denoted by uxpm (as it is known as the

Knieper-Bowen-Margulis measure).

5.1.2. Counting closed regular geodesics. In this section we will construct the collection of
‘typical’ orbit segments described as above. Roughly speaking, we choose typical orbit segments to
be closed geodesics with enough hyperbolicty along the orbit. We will also give a lower estimate on
the cardinality of such closed geodesics. Then this will tell us that there are indeed enough typical
orbit segments, with which we can establish a sequence of probability measures that converge to
pxpMm weakly. Our goal is to build the asymptotic CLT along this sequence of measures.

We begin with introducing some definitions. For T > 0 and § € (0,7, write Perg(T — §,T] as
the set of closed regular geodesics whose length belongs to the interval (T'— ¢, T]. Meanwhile, for a
discrete set E, we denote #FE by its cardinality. Recall from Proposition 6.4 in [9], for any § > 0,

there exists T5 > 0 and 5 = () such that for all T' > T}, we have

(5.1.1) geTh < #Perp(T — 6, T] < g teTh.
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Moreover, there exists a constant C' > 1 which is unrelated to § and satisfies that

(5.1.2)

To define closed geodesic with enough hyperbolicity along the orbit, for n that is chosen as in

§5.1.1, we write

[v]
PerZ(T — §,T] = { € Perg(T — 4,T] - /O Mgsy(0))ds > [vIn)

as the collection of elements in Perg(7T — 0,7 whose average of A is at least n. Similarly we can
define Perf%77 (T — 6, T] by replacing > from the above definition by <. We also fix € > 0 to be small
enough so that 4e is an expansive constant for F. Notice that we might shrink the size of € later
as it will not affect the choice of other parameters.

We also define Apax := max{\(v) : v € T'M} and ¢ := )\;7? Now we proceed with the lower

estimate of #Per%n (T — 4, T) for properly chosen ¢ and T.

LEMMA 5.1.2. For any 6 € (0,¢"), there exists Ty = To(6,m) > 0 such that for all T > Ty,
(5.1.3) #Perz (T — §,T] > %eﬂl.
PROOF. Since 7 is chosen so that h(#(2n)) < I/, there exists T} = T})(6) > 0 such that whenever
T > T{, we have the cardinality of the maximal (7 4e)-separated set for Z(2n) to be bounded
strictly from above by ™. Now for any fixed & € (0,d"), define Tp(3,7) := max{T}(n), Ts,1}. For
T > Ty and any closed regular geodesic v € Perf%"(T — 6, T], we choose a tangent vector vy € T'M

to v at some point. By the choice of § and §’, we have

T
(5.1.4) / A(gs(vy))ds < YN+ Amax < [7|1 + 6" Amax < T+ 1 < 21,
0

which implies that (vy,T") € B(2n). Moreover, we know from the choice of 4e that all elements in
Perp(T —6,T] are (T, 4¢)-separated. In particular, elements in Perf%"(T —0,T] are (T, 4¢)-separated
in #(2n) by (5.1.4). As a result, we know

(5.1.5) #Pery(T — 6,T) < ™ < %eTh.
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Finally, combining (5.1.1) and (5.1.4), we have

#Per%n(T — 6,T] = #Perg(T — 6,T| — #Per 3 (T — 6,T] > %GT}Z,

which concludes the proof of the lemma. O

Throughout the rest of the chapter we will always assume that § and T satisfy conditions in
Lemma 5.1.2. Now we are ready to construct our typical orbit segments. By definition of Perﬁn(T—
6, T], if v € Per%n(T — 0,T1], there exists some ¢t € [0,T) such that v = v(¢t) € Reg(n). Since v is
periodic, we know that (v, |y|) € €(n). For such ~, choose v = v(7) as above. It is straightforward

to see that we could have many candidates for such v, while we just take one arbitrarily. Write
E5(T) = {v(v) : v € Perz(T — 6, T)}.
By Lemma 5.1.2, we immediately see that

(5.1.6) |E5(T)| := #E5(T) > %eTh.

Throughout our construction, we will consider Es(T") as the typical collection of orbit segments

with appropriate choice on § and T'.

5.1.3. Growth of Variations along %'(n). As we are applying specification in our construc-
tion, the resulting orbit segment is in a small neighborhood of the original ones. Therefore, we
need to control the variation of the Birkhoff sum brought by this shadowing process. To do this,
we first define the variation term as follows. Let 4'(n) be defined as above. For any h € C(T'M)
and d > 0,7 > 0, write

w(h,T,0,C) := sup |H(u,T) — H(v,T)|.
(u,T)eCveBr(u,d)

We have the following result regarding the growth rate of w in 7', which is similar to Lemma

4.2.6.
LEMMA 5.1.3. If 0g is sufficiently small, then for any h € C(T*M), we have
T 4

T—o0 T
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PRrOOF. We choose dy by first choosing &, > 0 such that
(1) Reg(3") has local product structure at scale 44, with constant k = /-@(3’7 45() >
(2) For any u,v € T'M with d(u,v) < &), we have [A(u) — A(v)| < 7
Define & := &) /xk. Now given (u,T) € (3n/4) and v € Br(u, ), there exists ug € T M such that
up € W 50)(u) N Wgz‘éo)(v). By definition of distance along W<, there is some s € (—kdp, kdp) such
that gs(ug) € W:(éo)(v). Then we have

d(gr(v), gr+s(uo)) < d(gr(u), gr(v)) + d(gr(u), gr(uo)) + d(gr(uo), gr+s(0)) < 3Kd0,

which in turns shows that d“(g7s(uo), gr(v)) < 3k20p and d°“(gr(up), gr(v)) < 4K%8y = 4k},

Therefore, we have gr(ug) € W4R(§, (gr(uw)) N (97(v)), which is unique by our choice on

4/@ (80)
&y and the assumption of gr(u) € Reg(%") Meanwhile, since d(gr(u), gr(v)) < dp, we know

gr(u) € W,.f((;o)(gT(U)) N 5?60)(QT(1))). In particular, gris(ug) € W:((SO)(QT(U)). This shows that
gr+s(ug) € W;l((so)(gt(v)). As a result, we know

(5.1.8) g1(ug) € W5, (9e(w) N W (g4(v)) for all ¢ € [0, 7.

Now we can bound the total variation of h between (u,7’) and (v,T) from above by which
along stable, unstable and central directions as in the proof of Lemma 4.2.6, which is done by
|H(u,T) — H(v,T)| < |[H(u,T) = H(uo, T)| + [H(uo, T) — H(gsuo, T)| + [H(gsuo, T) — H(v,T)|.
From (2) in the assumption of d)), we know B(Reg(%”), xdo) C Reg(4) and B(Reg(3), kdo) C Reg(}).

Therefore, (v,T) € €(3). As in Lemma 4.2.7, in order to show (5.1.7), it suffices to show that

ws(h, T kéo, 3n/4)

(5.1.9) Jim - =0,
and
(5.1.10) lim et T5800,1/2) _
T—00 T
where
ws(h, T Kdo, 3n/4) = sup |H(u,T) — H(v, T),

g7 (u)EReg(3n/4) ,UEW:(;O (u)
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and

wy(h, T Ko, 1/2) = sup |(H(u,T) = H(v,T)|.
ueReg(n/2),0€g_7(Wi (97(u)))

The proofs for (5.1.9) and (5.1.10) are similar to the one of Lemma 4.2.7 by applying [9, Lemma
3.10], thus omitted here. We conclude the proof of Lemma 5.1.3. ]

Observe that from the definition of w, (5.1.7) will continue to hold when §y gets smaller. Mean-
while, recall that € can be made arbitrarily small. We will fix e small such that it is a specification

scale of € (n) satisfying 0 < € < Jp, then apply the result of Lemma 5.1.3 at scale e.

5.1.4. Construction of measures along closed geodesics. In this section we will ap-
proximate uxpym weakly by constructing a sequence of measures using typical collection of orbit
segments, for which we show that asymptotic CLT holds in the next section. Recall that the typical
collection of orbit segments we use is E5(T), so we need to make proper choice of §,T and intro-

duce new parameters if necessary. To do this, we start with constructing the following 4-tuples

(T3, k1, 61, C) )ien-

HypOTHESIS 5.1.4. We choose sequences T} € (0,00), k; € N, ¢; € (0,00), and C; € N which
satisfy the following relationships (also in the following order):
1) ki T 0.
2) k67 1 0.
3) 1) > maX{T0(5l, n),1} for all I € N, T} 1 oo, m 1 o0.
)

4\FT1

where Ty and §g are from Lemma 5.1.2 and Lemma 5.1.3. For each [ € N, we write
E; := E5,(Tq).

Consider the Cartesian product of Ej of order k;, which is Elk . Since E; C €(n), we know that
we can apply specification of elements in E; at scale e. For each [, define a map = : Elk P TI'M
as follows. Let z = (x1,22,...,2%) € Elk t. By specification property mentioned above, there is a

point z = m(z) such that

deyt, (9G-1)(Cm )% Ti) < €
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for all 1 < i < k;, where M = M(n,€) is the transition time in specification for € (n) at scale e.
Roughly speaking, z first tracks the closed geodesic (z1,t1) for C; rounds, then tracks (xg,t2) for
another Cj rounds, etc. This process will end after it tracks (xy,,ty,) for C; times. The transition
time at each step is different due to the inconsistency in the length of elements in E; and dependent
on the choice of x. To be more precise, it is chosen so that the time spent in each loop is uniform
and independent of the choice on z. It is not hard to observe that such transition time is between

M and M + C;9;. For each [, the image of m; is written as
Py =m(E").

As Ej is (T, 4¢)-separated and specification we apply to €' (n) is at scale €, we know P is (k;C/T; +
(ki — 1)M, 2¢)-separated. In particular, m; is injective and #P; = #Elk’.

Now we are able to define the desired sequence of measures based on P;. We first define a measure
by uniformly distributing mass over E; as follows

1
ml:EZ&,.

veEE)

We also define y; as the self-product of m; on Elk !, which is written as

p = 1kl Z O

E
# ! QEE;CZ

Define L(v,t) as the natural distribution along the orbit segment (v,¢). That is to say, for any
continuous function ¢, we have [ ¢dL(v,t) = fot #(gsv)ds. Then we define v; on T*M as follows

1 1 I 1 1 I
(5.1.11) ’ >t T = g > pLim@). T).

T H#P ZT,
#h g T #E ok

We will show that {7, };cn is the desired sequence of measures. In particular, we need to show that
vy converges to uxpm weakly and satisfies asymptotic CLT. We start with the verification of the

first statement as follows.

LEMMA 5.1.5. Given a sequence of 4-tuples ((1y, ki, 6, Ch))ien satisfying Hypothesis 5.1.4, we

have the corresponding v; to converge to pkpy.-
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PRrROOF. We begin with constructing another sequence of probability measures on 7'M named

{14} }1en, which is defined as

1 1
F=——= > —L(v,T).
1

We first show that pf converges to uxpm weakly. As §; | 0 and Tj 1 oo, it is not hard to see that

the weak™-limit of y4j is F-invariant. By the choice of Tj, §; and Lemma 5.1.2, we know

. 1 . 1 5(6[) Th . 1 6_Télh Th
1 f—1 E > 1 — log(——Ze ) > 1 — 1 !
fminf 7 log #£F = lim 7 log(Z7me™™) > lim 7 log(5mz-e™)

)

where C' is the constant from (5.1.2). Meanwhile, by the third assumption in Hypothesis 5.1.4, for
any € > 0, we can choose I large enough such that e 70" > e=¢Tih for all [ > I'. As a result, we

have

1 e_T‘Slh l—el)Tlh

lim — log(

Tlh) 1 el

> lim — log(

— )= (1-¢€)h.
T l=oo 1 2CT; ) ( E)h

(&

Since ¢’ is arbitrary, we have
1
lim — log #E; = h.
s gH#E
As we’ve seen multiple times in the discrete case, it then follows from the second half of the proof

of the variational principle (see [49]) that p; converges weakly to pxpwm. Therefore, in order to

prove the statement of the lemma, it suffices to show that for any f € C(T'M), we have

lim/fd/ﬁ: lim/fdul.
t—00 t—00
To show this, notice that [ fdy, — [ fdu; = ﬁ > er, Vi(z1), where Vi(z1) is the variation

term defined as

1

Vi(z1) = TEET > (F(miwr, 2, k), T)) — Flz1,Th)).

T2y 5Tl

By the choice of §y and ¢, it is not hard to see that

w(f, Ti,€,C (3n/4))
T

Vi(z1)] <
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for every [ and z1 € E;. As we have assumed that € < dg, by applying Lemma 5.1.3, we have

lim | /fduz" _ /fd,,l‘ < i ©ULTECBI/A)
l—00 [—o00 ﬂ
which concludes the proof of the lemma. -

5.2. Main Theorem

In this section we will state and prove the main theorem of this chapter, which is the asymptotic
Lindeberg type CLT of uxpy and also a detailed version of Theorem C. Throughout the section
we will fix a sequence of 4-tuples ((17, ki, 07, C7) )ien satisfying Hypothesis 5.1.4. Our main theorem

holds for any such sequence of 4-tuples.

5.2.1. Preliminaries and Statement of the Main Theorem. We begin with a few def-
initions. Recall that for a continuous function f € C(T'M) and v € T'M, we write F(v,t) =
fot f(gsv)ds. For each [ € N, we will consider the following variance term in the presentation of the

CLT statement:

2
1 1
l #El fBEEl #El IGEl
Define

which is the ‘actual times of rotations’ we make on each loop. Roughly speaking, due to the
inconsistency of the length of orbit segments in FEj, the shadowing orbit segment resulted from 7
will leave the loop at different time. Meanwhile, every such shadowing orbit segment spent at least
@1} time in each loop. We will show the information we gain along this Q;7; period of time is

enough to study our CLT. For fixed | and each p € [1, k], write ¢, = (p — 1)(C;T; + M) and define

Fl:= F(gy,v, QiT)).
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We also have the following sum of variance, which will be shown later to play in a roll of the actual

total variance in CLT of v;:
st = Z Ugl (Fli)
P
Recall L, (h,c) is the Lindeberg function from Definition 2.5.1. Our main theorem is stated as

follows.

THEOREM 5.2.1. Let (v))ien be as in (5.1.11). Given a Hélder continuous observable f €

C(T'M), suppose o satisfies
(5.2.2) lim inf o7 > 0,
l—o0 !

then the Lindeberg condition, which says for all v > 0, we have

(5.2.3) g 2spsh, Do (Fpsvs1)

=0 Sl2

is equivalent to the asymptotic CLT of (v))ien, which says for all a € R, we have

<{v F(o, k(GT + M) — Sle(', ki(CT) + M))dy, < a})

(5.2.4) lim v

l—00

where N above denotes the CDF of the standard normal distribution N (0,1).

The proof of Theorem 5.2.1 proceeds by verifying the equivalence of conditions between the ones

from above and those in the following theorem.

THEOREM 5.2.2. Let f be as above and recall {m;}ien, {1 }tien are defined in §5.1.4. We have

Lo, (F(-, T}, /o
(5.2.5) Jig L (F( ’2) 1vhkion)

l—o00 o

=0
to hold for all v > 0, if and only if

ML F(v,T) — k[ F(,T))d
(5.2.6) llim L (1., 0k) Liz1 F(0 T0) = b J F(, Ti)dmy <a = N(a).
— 00

We first sketch the proof of Theorem 5.2.2; which is in fact just a simple application of the classic

Lindeberg-Feller CLT for independent random variables. For each [, define a sequence of functions
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{Fll}fl:1 as follows
F‘l,i(‘rla e 7'1"161) = F(l‘la T‘l)

Ky

It is straightforward from the above definition that elements in { £} ;};*, are mutually independent

for different ¢ as Fj; is only dependent on the i-th component. Write

ky
§l2 = Z 0-}2” (‘F‘lﬂ/)'
i=1
Then it follows from Theorem 2.5.2 that the following Lindeberg condition

k A
(5.2.7) lim 2t L'uigFl’i’ v31)

l—00 S

=0 foranyy>0
holds if and only if the variance of {Fll}fl: | is asymptotically trivial

2
F .
(5.2.8) lim max M =0

oo 1<i<h, &2

and CLT holds for {u}ien, which means

(529> lhm n ({(xla e xkl) . Zflzl -Fl,i B IA(Zflzl -Fl,z)d,ul < a}) _ N(a)

Si

holds for all @ € N. Nevertheless, condition (5.2.8) is trivially satisfied as k; T co. This shows that
condition (5.2.7) is equivalent to condition (5.2.9). Meanwhile, from the fact of Fj; being i.i.d for
each [ and the definition of y;, it is not hard to see that §l2 = klof and L, (Fy;,v81) = Ly, (F14,751)-
This concludes the proof of Theorem 5.2.2.

We sketch the structure of the rest of §5 as follows. We first give a basic estimate in terms
of the total variation term, which will be used throughout the entire proof. Then we verify the
equivalence of corresponding conditions in Theorem 5.2.1 and Theorem 5.2.2, thus conclude the
result of Theorem 5.2.1. After that, we show that the Lindeberg condition (5.2.3) can be derived
from condition (1.3.1) stated in Theorem D. Finally, we extend our result to the cases of dynamical

arrays and equilibrium states.

5.2.2. Basic estimates. Suppose f is a Holder continuous function on T M satisfying | f(z)—

f(y)| < Lod(z,y), where Ly > 0 and a € (0,1). Then we have
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LEMMA 5.2.3. Foranyl €N, x € Elkl, t€[0,77] and p € {1,...,k}, there exists some constant

K = K(f) such that
1FL(ge(m(z))) — QuF (2, T1)| < 2K T} + (2k€ 4+ 26,Q0) || £])-

Proor. Fix ! € N. Choose z = (z1,...,2x,) € Elkl and let z = m(x). We also fix any p € [1, k]

and ¢ € [0,7;]. By definition of 7;, we immediately have

doyt(ay) (9p-1) (T +00) % Tp) <€,

where t(xp) € [1} — ;,T7] is the period of the closed geodesic (xp,t(zp)). In particular, from the

choice on Q; we know Cjt(x),) > (Q; + 1)T}. As a result, we have

d(@+1)71 (9p—1) i+ M) 2 Tp) < €

It then follows from the proof of Lemma 5.1.3 that there exists some u, = u,(x) in T*M such that

9s(up) € Wi(gs 1,2 N W (9s(p))

for all s € [0, (Q; + 1)T;]. Meanwhile, it follows that there exists s, = s,(x) € [—ke, ke] such that

gsp+8(up) € W (gs(xp))

for all s € [0,(Q; + 1)T;]. Once again, we decompose the total variation into variations along
different directions. To be more precise, we bound \Fé(gtz) — QiF(xp,T})| from above by the sum
of the following four terms

(1) |Fl(giz) — F(geup, QiTY)],

(2) |F(geup, QiT1) — F(givs,up, QT7)l,

(3) [F(getsyup, QiTh)) — F(gep, QiTh)|,

(4) |F(gizp, QiT1) — QuF (zp, Th)|.

We will estimate these terms from above one by one. For (1), for each g € [0,Q; — 1], we write

Fl () := F(gy,v, [Ty, (q + 1)T)).
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Observe that Fll) = Zq Fé’q. Meanwhile, we know from the choice on € that for any u,v € T'M
satisfying d(u,v) < do, we have |A(u) — A(v)| < 7. Therefore, By [9, Lemma 3.10], we know

(¢+1)T,

IFL (g02) — Fgeup, [T, (g + VT < / i) = Hor)|ds
qlg

(¢+1)T,
< Lo / d(Gt+s+t,2, Gt stp)“ds
qTy

< LoTyd(9q1i 44+, %> GgTy+tUp)~

gTyna

< LoTikee™ 27,

which shows that
Q-1

_4Tyno
|ENg2) — Flgrup, Q)| < > LoTikee™ 2 < KTj,
q=0
where K := lL(’i_”f%n is a constant that only depends on the choice of f (as € and 1 are both fixed).
—e

This gives the upper estimate on (1).

Similarly, by repeating the above proof along unstable leaves backwards, it is not hard to obtain
that KT is also an upper bound for (3).

On the other hand, observe that 2||f|||sp| is an upper bound for (2). As |sp| < ke, we put 2xe| f||

as the upper bound. Finally, observe that

< 26| f1],

(¢+1)T, T,
/ f(gtysmp)ds — f(grzp)dt
qT) 0

as t(xp) € [T} — 6;,T7]. Therefore, 26,Q;|| f]| is our desired upper bound for (4). By adding all these

four upper bounds together, we conclude the statement of Lemma 5.2.3. O

Lemma 5.2.3 immediately implies the following result

LEMMA 5.2.4. Under the same setting, we have

y/F;du,—Ql/F(~,Tz)dmz\ < 2KTy + 2kel|| f|| + 26,Qi| |-
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We introduce some notations for the convenience of formulating the proof of the main theorem.

For each | and = € Ej, define

Dy, (z) = F(z,T}) — /F(‘,Tl)dml.
For 1 <p<k,te|0,T;] and z € Elkl, define

Duy(a,t5p) = Flar(m(z))) ~ [ Fiam,

and define their difference as

Al (z,t) == Dy, (2,t;p) — Q1D ().
Lemma 5.2.3 just states that for each [, any ¢t € [0,7;] and z € Elkl, we have
(5.2.10) Ay (@ )] < 22KT + 25 fI| + 20Qu £]).
Meanwhile, the definitions of the three new notations above also imply that
(5.2.11) Dy (z,t;p)? = A (2, 1)[AL (2, t) + 2Qi Dy, (,p)] + QF Din ().

We end this section with the following important result on comparison of variance.

02 (F})
Qjof

exists L € N such that whenever | > L, we have |

LEMMA 5.2.5. lim;_, o =1 uniformly in 1 < p < k;. That is to say, for any eg > 0, there
o2 (F})
vy p

Qjo}

— 1l < ey foralll <p<k.

PROOF. First notice that by definition of 012, we know

(5.2.12) Q2o? = ;k S (@D (1))?.

Meanwhile, observe that

(5.2.13) op (Fl) = ! > 1



Therefore, by (5.2.12) and (5.2.13), we know

Tl
o2 (Fl) - Q3o Ekl > 7 | (Duletin)? - QD P
# ze B :

Ty
2 Tl/ Aplz )(Ap(2, ) + 201Dy () )t

ki
1

1 Ty 1 1 T
/(TZ 0 o2, 1) ) e+ #Elk’ ZE:kl 7/, Q1AL (z,t) Dy, ()

l

1 T
< / (T/ Aé(m,t)%t) dpy + 20, sup{|A z,t) \}/Dmldml
1Jo

T
g/(Tll/O (Aé(:c,t))%t) dul+2Ql0lS;P{’Aé(§7t)|}

Ekl

< AQRKT + 2xe f|| + 28Qu f1))? + 4Quon (2K Ty + 2re| f[| + 26 Qi f1)

where the second equality follows from (5.2.11), the inequality on the fifth line follows from Cauchy
inequality and the last inequality follows from (5.2.10). Since we have assumed that lim inf;_, o, ol2 >

0, by Hypothesis 5.1.4, we have
oy (Fy) - Qfaf
lim ————
=00 Ql o

Moreover, the convergence speed is independent of the choice on p € [1, k] as the upper bound for

=0.

JBZ(FIQ) — @Q?0} is only dependent on [. This ends the proof of Lemma 5.2.5. O

The uniform convergence in Lemma 5.2.5 also implies the following result

5.2.14 i =1.
( ) v Qo QZUZ\F

Meanwhile, if we write s)? := agl(zp Fl) and s/? := o2 (F(-, ki(C/T; + M))), by following the

proof of Lemma 5.2.5, it is not hard to derive the following result
(5.2.15) lim 2L = Jim 2= 1.

Equation (5.2.15) allows us to take the place of s; in the statement of Theorem 5.2.1 by s; or s/
freely. Similarly, we can also replace [ F(-, k(C/T; + M))dy, in (5.2.4) by ki(C/T; + M) [ fdu,.
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5.2.3. Proof of Main Theorem. Now we start proving Theorem 5.2.1 by verifying the equiv-
alence between (5.2.3) and (5.2.5), as well as (5.2.4) and (5.2.6).
We begin with showing that the gaps created by specification will not affect the asymptotic
limit distribution in (5.2.4). As a result, we only need to consider the sum over the essential orbit
segments on (v, k;(C;1; + M)), which allows us to study the equivalence relation stated above by

applying Lemma 5.2.5 directly.

LEMMA 5.2.6. For each | > 2 and v € T'M, we write

v, ki(C/T; + M)) — [ F(-, ki (C/T; + M))dy,
S

AZ(U) = F( |
= Zglﬂ Flv)— [ Z];Ll Flidu,.

Bl(v) . .

Then A; converges to By in distribution of v; when [ 1 co. In other words, for any a > 0, we have
lim vy(v: |A; — Bi| > a) =0.
l—00
PRrROOF. Notice that for any v € T'M, we have

F(vo,k(C/Ti + M)) = > F}

p
<k T+ M — Q1
(5.2.16) < k(C/T + Q) f]
T, — 6
< k(O + M — (== C = 2)T)| f|

= ki (Cyo; + M +2T)) || f 1]

which implies that

ky
(5.2.17) /F(wkz(Csz + M))dv, —/ZFzﬁdVl < ki(Cioy + M +2T0) || f]]-

p=1

By combining (5.2.16) and (5.2.17) together, we have

(5.2.18) |A;(v) — By(v)| < 2ki(Ciop + M +217) || f]
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for all [ and v. Then for any a > 0, we have

A;— B|d
llim v(v: |Ai(v) — Bi(v)| > a) < hm M
—00

2
i G+ 01 + 21
l—o0 asj

(5.2.19) _ iy Za(Cioi+ M 42T f]]

SN o

T R N (2M + 4Ty) k| f ||
I=o0o ar/kyo; a@oy

where the second inequality follows from (5.2.18), the equality on the third line follows from (5.2.14)

=0,

and the limit being 0 follows from the assumption (5.2.2) and Hypothesis 5.1.4. This shows that
A; converges to B; in probability regarding v; when [ 1T co. As classic probability tells us that
convergence in probability is stronger than convergence in distribution, we know Lemma 5.2.6

holds. OJ

Lemma 5.2.6 shows why we can just focus on the distribution of Z’;l: 1 Fé under v;. Now we
proceed the proof of the main result by showing the equivalence of CLT for {u;}ien and {v}en-

In other words, we want to show the equivalence between (5.2.4) and (5.2.6).
LEMMA 5.2.7. (5.2.4) holds if and only if (5.2.6) holds.

Before moving to the proof, we first introduce a function Y, : gjo, Tl]Trl(E ") = R by

Yp(9smi(2)) = Dim, (%),

where Dy, (zp) is as in §5.2.2. We will use Y}, in the next few proofs.

PrROOF OF LEMMA 5.2.7. By (5.2.14), Lemma 5.2.6 and continuity of the distribution function
of N(0,1) (which is N), we know (5.2.4) is equivalent to the following

L (FL— [ Fldy
(5.2.20) lllglo 2 ({gs(m(az)) ‘X € Elkl’s € [0,Ty], Zp—l(\/%lQl{‘l pavr) < a}) = N(a).
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Meanwhile, by (5.2.10), for any z € Elkl and s € [0,7;] we have

ky

> (Fy - /F;ﬁdw) — Qi)Y | (9s(m(2))| < 2k(2K T + 2wel fI| + 28,Qu f1)-

p=1
Observe from Hypothesis 5.1.4 and (5.2.2) that

(5.2.21) L 2(2KT + 2ne] ] + 28,Qul 1)

=0.
I—00 VEiQio

Therefore, for any b > 0, we have

Ky l l Ky
L(E— | Fody) — @ LY,
li U gsﬂ'l(fﬁ) : |Zp_1( p f p l) lZp_l p| > b _ 0,
=00 VkiQioy

which shows that (5.2.20) holds if and only if

Ky
(5.2.22) llggo Y ({gs(m(m)) tx € Elkl,s € [0,T3], % < a}) = N(a)

holds. Since Y, is invariant in s, it is easy to see that (5.2.22) is equivalent to (5.2.6). This concludes

the proof of Lemma (5.2.7). O
Finally we need to prove the equivalence between Lindeberg conditions for {u;}ien and {v}ien.
LEMMA 5.2.8. The Lindeberg conditions (5.2.3) and (5.2.5) are equivalent.

PRrROOF. For any ¢ > 0, write Z;(c) := {z : \Fll, — fFédul\ > ¢}. Observe that for any v > 0,

L,,Z(le,, vs1) is bounded above by the sum of

1 T
2. T /0 ALz, )[AL (2, 1) + 2Qu Dy, (, p))dt,

Ky

1
Ky

El
z€E,

and

1 1 (T
I > T /0 QF Dy (29)*1 7,y (9271 ()t
1 ki

zek

1

which is just

/ (QUY) L,y
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As shown in the proof of Lemma 5.2.5, the first term from above is equal to UBL(F;)) — QZQO'ZQ.

ky 2 (FlY_ 0252 2 2 2
Moreover, by (5.2.14), we know lim;_, 2p=1 (% iQP) @) _ limy_ oo Slkz# = 0. Therefore, we
!
have
S Ly, (EL, ) L J(@QiY)* 1,4 )dVl
1' p < 1 ! ’Y l
e s? - l—lglo s?

Since v; is supported on S; = {gs(m(z)) : = € El ,s € 10,77}, we might assume that Z;(ys;)
is a subset of S;. Recall that \Fégt(m(g)) — fF]idz/l| = |Dy,(z,t)] < ]Aé(@, )] + Qi|Yp(gt(m(z))]-

Therefore, we have

Zi(vs1) C {ge(m(z)) : [Yp(ge(m(@)| = Q) (ysi — 1AL (2, 1))}

Again by (5.2.10), we know |Aé(§,t)| < Bt for all z € Elkl and t € [0,T;] whenever [ is sufficiently

large. Therefore, we also have

Zi(vs1) € {ge(m(2)) : [Yp(ge(m(@))| = Q7' (vs1/2)}
for such I. By (5.2.14), we also have the following to hold for large enough [
Zi(vs1) € {ge(m(@)) : [Yp(ge(mi())| = yv/ kaor/4}.
Therefore, for all [ sufficiently large, we have
/ (QYp)* Lz, (s < / (QUY5)"L g, )11V o () 2B/ 4} D1
= Q%/Dml((x - xp))21{§:|Dml ()| >/ /4y D

= QlQ/Dml(x)21{a::Dml(x)|2'y\/k>lal/4}dml

= QL (F(-,Th), yo1/ Ky /4).
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As a result, by (5.2.14), we have

. E];lzl LVz(FZl;a’YSl) . Z (QZY) 1Zl 'ysl)dyl
lim 3 < lim
l—00 S l—o0 Sl
2
< 1im PQLm (FC, Tz) vo1vki/4)
l—o0 Sl
gy LT 20 B/ 4)
l—o0 O’l

From above, we know (5.2.5) implies (5.2.3). Meanwhile, notice that L, (F},vs;) is bounded below

by the sum of
1 L !
_ Yo = Al t)[AL(x,t) + 2Q D, (z, p)]dt,

and
/(Qly) lZl 'ysl)d

Following the discussion from above, we have

k
llm Zpl::[ Ll/l (FI£7 ’781) > hm =1 f QlY 1Zl ’ysl)dyl
l—00 8l2 T >0 Sl2
This time, we use |F, gt(m fFldI/l| > —|Al (z,t)] + Qi|Yp(g¢(m(x))|, which implies that

{ge(m(@)) : [Yp(ge(m(@))] = QF (vsu + 1A, (2, )} € Zilysi)-

As \Aé(g, t)| < s for all z € Elkl and t € [0,7;] when [ is sufficiently large, we have

{ge(m(x)) : [Yp(ge(m(z))] = 2Q; 'vsi} C Zi(vysy).

By (5.2.14), we have

{gi(m(@)) : [Yylge(m(z)| > 4o} € Zi(vsy).

As a result, by following the same argument from above, we have

/ QYo Ly 001 > Q@ Lny (F(- 1), A1/ R),
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which shows that
ML, (F .
lim Zp:l Vl2( P’rysl) > lim Lmz(F( 7Tl)27 470—l\/]?l).
l—o0 Sl l—o00 O‘l

This shows that (5.2.3) implies (5.2.5). Thus these two conditions are equivalent and the proof of

Lemma 5.2.8 is concluded. O

PROOF OF THEOREM 5.2.1. Under the assumption of Hypothesis 5.1.4 and (5.2.2), we know
(5.2.3) and (5.2.5) are equivalent, as well as (5.2.4) and (5.2.6). Since (5.2.5) and (5.2.6) are
equivalent by Theorem 5.2.2, we know (5.2.3) and (5.2.4) are equivalent, which concludes our

proof. O

5.3. On the Lindeberg Condition

In this section we comment on the verification of Lindeberg condition (5.2.3) (or (5.2.5)). In
classic work, the Lindeberg-type of argument is often applicable when the system has a mixing
structure from a probabilistic point of view (see for example condition (I) and (II) in [23]). The
idea is to divide the ergodic sum (or integral) Sy, f (or S;f), where f is the observable, into different
segments with gaps in between, in a way such that the length of the gap between adjacent segments
increases to infinity, while the essential information is still carried by the segment. Additionally,
when some strong integrability condition is added (for example, consider f with finite 24 moments
and 0%(S,, f) being infinity), the Lindeberg condition will hold automatically.

As for our situation, with S;f being approximated by the sum over different segments in an
intuitively independent way, we pay the price on not having the original pukpm in the base of the
product set. Nevertheless, as each v; is weighted over concatenations of k; segments of (repeated)
independent closed geodesics with (approximately) 7; length, one can study the global Lindeberg
condition (5.2.3) via the local condition (5.2.5) (which is stated in Lemma 5.2.8). Intuitively if we
can make k; increase very fast and not too slow compared to T;, eventually the Lindeberg variance
contributed by each single segment becomes negligible, thus the local condition (5.2.5) is satisfied.

From now on we strengthen condition (5.2.2) to the following

(5.3.1 lim o7 = oo,
l—00
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and continue our discussion based on (5.3.1). First notice that under the new assumption on oy,
we can now weaken the condition k:léf J 0 in Hypothesis 5.1.4 by

6?2

2
o

(5.3.2) Lo.

We claim that Theorem 5.2.1 can still be obtained under this new hypothesis. This is because
wherever the old condition kl5l2 J 0 is applied, we are actually dealing with the limit of k:léf / 012; see
(5.2.19) in Lemma 5.2.6 and (5.2.21) in Lemma 5.2.7.

With the new assumption (5.3.2), we are able to increase the maximal growth rate of k; by 012.
Write k; = Mla?/éf Condition (5.3.2) is now equivalent to M; | 0. Moreover, since k; T oo, M;

can not decrease too fast. Combining these two together we have
52

(5.3.3) L <M <1
9]

Once the above condition is satisfied, the choice on the sequence {M;};cn is free. Now we look
at the Lindeberg condition (5.2.5). For any fixed v > 0 and v € T* M, the indicator function in the

integral satisfies

(5.3.4) Yre )1 Femyam)wEe () < Lony pioavEe (V) = 1k > ate2/6m (0),

where K., 5 :=2||f||[y~! is a constant. Therefore, if there exists {M; },en satisfying condition (5.3.3)
such that

(5.3.5) Mo} [6T) — oo,

we can combine (5.3.4) and (5.3.5) and get

lim Lmz(F('vﬂ)77m0l)

=00 0'12

— lim JECT) = JFC T e m)— e mdml 2o /Fo 9
= 2

(5.3.6) oo 7

JF(T) - fF('aTl)dml)QlK%fz\/ﬁlaf/alTldml

< lim 5
l—00 o

:07
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which verifies Lindeberg condition (5.2.5) (thus (5.2.3)). In particular, this happens when

2 F(,T)) - [F(-,T)d
(5.3.7) hminf”l_nmmf/( 6T = J 1T 20, > 0
=00 1 l—o00 VI

as we can just choose M; = §; (or k; = 012 /0;) to make condition (5.3.5) hold. This verifies Theorem

D.

F(7Tl)_fF(7Tl)dP
VT

where P is a probability measure) condition on CLT of dynamics with mixing structure, under

Condition (5.3.7) is similar to the classic non-zero variance (which is [ )2dP,
which the limit normal distribution is non-degenerate. In those cases, the variance being non-zero
(in fact converge to co) is equivalent to f not being a coboundary. Here in our cases, we can not
draw such a conclusion due to the lack of asymptotic mixing property of measure m;.

Despite the special case above, one can easily deduce from condition (5.3.3) that there exists M

such that (5.3.5) holds if and only if
(5.3.8) 0?6 T) — .

To discover when will (5.3.8) hold in general, one first recall from Hypothesis 5.1.4 that the choice
on Tj is only determined by ¢; . From condition 3) of the hypothesis we can write T} = N;Tj, (see
the second paragraph in §5.1.2 for the definition of Tj,) for all [ sufficiently large (see the remark
after Hypothesis 5.1.4), with N; T co. This leads us to concentrate on how Ty, is related to ¢; when
o1 4 0.

To achieve this, we need to extract the geometric meaning of T, from [9]. First notice that
specification of C(3n/4) and uniform hyperbolicity near the head and tail of elements in C(3n/4)
enables us to create different closed geodesics near separated orbit segments following a classic
closing lemma argument (see Lemma 4.7 from [9]). This is realized by gluing the target orbit seg-
ments together with (fixed amount of) reference segments in C(37/4) so that enough hyperbolicity
is reflected along the concatenation. Also notice that the inconsistency (within d;) in the length of
each closed geodesics from the collection Ej is resulted from the difference along central direction
in the local product structure of C(3n/4), which is a constant multiple of specification scale (as 7
is fixed throughout the paper). Therefore, as suggested by the proof of Lemma 4.7 in [9], T, is

approximately a constant multiple of TOZ, where T(g is the transition time in specification of C(3n/4)
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at scale ¢;. Furthermore, the proof of Theorem 4.1 and Proposition 4.5 from [9] indicates that Tg)l
is a constant multiple of T}, where T} is defined such that W%gz (z) is &-dense in T'M for any
x € C(3n/4) (again we neglect the reliance of T on 7 as 7 is fixed). Therefore, it suffices to study
the relation between T and 0.

Though it is not clear at this point how exactly these two quantities are related to each other in the
non-uniformly hyperbolic setting, there are some motivations we can draw from uniformly hyper-
bolic case. Let us start with a topologically mixing Markov shift (X, o) with finitely many symbols,
equipped with the natural metric (that is, forz = (--- ,2_1, 20, 21,---)andy = (- ,¥-1,%0, Y1, - * ),
d(z,y) = 9~ inf{lid:@i#vi} - There is no & here as it is discrete, while we can define for each small
§ > 0a Ty = T§(o) such that Wi (z) is d-dense in X for any z € X (here we do not have 7
term involved as hyperbolicity is uniform). Now take 6, = 1/2" n € N. By applying the uniform
contraction in ¢! (the right shift) along unstable direction at the rate of 2, it is not hard to see
that W3 (z) = {y : ys = 2; for all i < —n}. Meanwhile, topological mixing implies the existence of
M > 0 such that for any letters a,b from the alphabet set for X, we have o™ ([a]) N [b] # 0 for all
m > M. Combine these two facts from above together, we obtain that W, (z) is dp-dense in X
for all z € X, so Tj! = 2M /5,,. Now we extend this from the shift space to Axiom A flows (M, g;)
on basic sets. By taking a proper collection of differentiable cross-sections (see Definition 2.1 of [5])
as symbols in X and transition time as the roof function (say f), we get a conjugacy map 7 from
the suspension flow Xy to the original (M, g;). Moreover, it can be shown that 7 is Lipschitz and
f is differentiable, in particular bounded uniformly from above and below. Therefore, by applying
a classic expansiveness argument (Lemma 1.5 in [5]), we derive that for small 6 > 0, there exists

3t = T (g¢) satisfying the similar global denseness property at scale 6 and T§' = O(1/6). As shown
in the discussions from the previous paragraph, Tj5, = (’)(Tg;) = O(1/4;). Respectively, condition
(5.3.7) becomes

O'ZQ/NZ — O0.

In general, one shall not expect a non-uniformly hyperbolic system to possess a finite symbolic
representation that will contain the global information (i.e. entropy, periodic orbits). Even it does,
the corresponding conjugacy map might not be Holder continuous. In the special case of the Katok

map, which is in the C'-closure of Anosov diffeomorphisms of 2-torus and has a unique MME, it is
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shown in [40] that there exists a countable symbolic representation of the map (inducing scheme)
whose symbols are first recurrent orbit segments that originate from and end up in a same prefixed
rectangle being far away from the perturbed region. In fact it is shown that the symbolic system
is a full shift, so all elements in the corresponding Markov matrix are 1 and mixing time M in
the previous paragraph is finite (which is 1). Moreover, since the inducing scheme is induced by
the first recurrence map, all the measures with positive entropy are liftable to the shift space (see
Theorem 5.1 in [41]). As the Katok map is expansive (see Proposition 3.8 from [50]), the conjugacy
map from the shift space to the Katok map is Lipschitz. Therefore, we can follow what is done in
the uniformly hyperbolic case and draw a similar conclusion for the generating flow (in T'T?) of
the Katok map. It still remains a question on whether non-uniformly hyperbolic systems with such

a representation is generic in any topology.

5.4. Extension of Main Results

In this section we extend the result in Theorem 5.2.1 to equilibrium states and dynamical arrays.
The idea of the proofs are exactly the same as which of Theorem 5.2.1. We note that these results
are not proved in the journal publication [48]. We will point out the differences and sketch how

the key steps are derived, then omit the others.

5.4.1. Equilibrium States. Consider potential function ¢ € C(T'M) which is either Holder
continuous or a geometric-t potential with ¢ < 1. In either case, we assume that P(Sing, ¢) < P(y).
Theorem A in [9] then implies that ¢ has a unique equilibrium state p, for .#. We will fix one
such ¢ and study asymptotic CLT of j,.

We choose ' > 0 such that P(#(2n)) < w < P. Due to the existence of non-
trivial potential, we will put different weight on different closed geodesics. We make the following
definitions. Define Ag ., (T, ¢,6) = >, cperp(r—s1] e®) where ®(v) = fOM ©(gs(v))ds with v :=

7'(0). Similar to the MME case, we write Al (= 7', T, ¢,6) := 3 ®() and AReg(<

’yEPer}%” (T-6,T) €

7, T,,8). Asin (5.1.1), for any § > 0, we know from Proposition 6.4 in [9] that there exists T5 > 0
and 8 =3 (0) (which is roughly e*T‘S) such that for all T > Ty, we have

~

(5.4.1) %eTP < Afeg(T0,0) < B71e™P.
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We keep using the same € and ¢’ from §5.1.2. Similar to Lemma 5.1.2 we apply (5.4.1) and have

the following
LEMMA 5.4.1. For any & < &, there exists Ty = To(6,m) such that for all T > Ty, we have

5.4.2 A (> T >ﬁ TP
( ) Reg(f UR 78075)— 2T€

We still work with the same hypothesis, which is Hypothesis 5.1.4. Therefore, the definitions of
E; and 7 are the same as those in §5.1.4. Due to the nature of equilibrium states, the non-uniform
distribution of weight on different orbit segments will end up with different measures from those in

§5.1.4. In this case, for each [, we define

where ®;(v) := exp (fOT‘ ©(gs(v)))ds for v € Ep and F == ) ®;(v). We also define the self-

vEE]

product of 7i7; on Elkl as

ky
R 1
= S T oiten,
F Ky i=1
QGEZ
The induced measure under m; is
1 il
= — > [ ®i(@) Lim(2), Th)
B kpi=1
eE;!

Then as in Lemma 5.1.5, by applying Lemma 5.1.3, we have

LEMMA 5.4.2. Given a sequence of 4-tuples ((Ty, ki, 01, Ch))ien satisfying Hypothesis 5.1.4, we

have the corresponding v; to converge to fi,.

Write 67 := O‘l%l (F(-,T))) and 8 = > agl (Fl) = > a?,l(zq F! ). The main theorem is stated

as follows

THEOREM 5.4.3. Let (9)1en be defined as above. Given a Hélder continuous observable f €

C(T'M), if 6,

(5.4.3) lim inf 67 > 0.
l—00
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Then the Lindeberg-type condition, which says that for any any v > 0, we have

. Zl<p<k: Lﬁz(F;zln’Ygl)
(5.4.4) lim =—=="—

l—o0 S

if and only if Dy satisfies the asymptotic CLT, which says that for any a € R, we have

(5.4.5) lim 7 ({v : F(v,k(CT +M)) — [ F(, k(C/Ti + M))dp,

00 5

< a}) = N(a),

where N is the cumulative distribution function of the normal distribution N(0,1). Conversely,

under the hypotheses (5.4.3), (5.4.5) implies (5.4.4).

As in the proof of Theorem 5.2.1, the strategy is to verify the equivalence of Lindeberg condition

and CLT in Theorem 5.4.3 and those in the following theorem.

THEOREM 5.4.4. The condition

(5.4.6) lim — —

l—00 0;

=0.

holds if any only if

M F(v, Th) — Ky [ F(-,Ty)dni
(547) ll_ifn ﬂl (Ul’.”’vkl) . Zz:l (Uz, l) lf (7 l) my <a _ N(a)

The verification process relies mainly on the variance comparison result. In this case, we define

Dy () i= F(2,T)) — /F(-,Tl)dml
for all z € E; and
Dz t:p) = Filou(m(@)) — [ Fldin
for all z € Elk’ and t € [0,7;]. By writing
Aé(@a t) = Dﬁz (2’ t;p) - QlDﬁlz (xp)7

Similar to (5.2.10), we have the following estimate

(5.4.8) |AL(z,t)| < 2(2KT} + 2re| f|| + 25,:Qu| £1)),
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which in turns shows that §l2 satisfies that

/\

5.4.9 i =1.
( ) o Qo Qlal\ﬁ

With the help of (5.4.8) and (5.4.9), we can follow the proof of Lemma 5.2.8 and show that (5.4.4)
is equivalent to (5.4.6). Similarly, as in Lemma 5.2.7, we have the equivalence between (5.4.5) and

(5.4.7). With assumption (5.4.3) and Hypothesis 5.1.4, we conclude the proof of Theorem 5.4.3.

5.4.2. Dynamical Arrays. One of the main advantages of Lindeberg condition is that we can
study the asymptotic distributions with different observables instead of a single one. Meanwhile,
even with the assumption of all observables being Hélder continuous, they can have different Holder
exponents and constants, which are not necessarily bounded away from 0 and oo respectively.
Therefore, we need to adapt the assumptions and calculations accordingly.

Let (fi)ien be a sequence of Holder continuous observables satisfying

[fi(z) = fily)] < Lid(z,y)™

with L; and oy being the Holder constant and exponent for each f;. Since we need to consider the

impact of || f;|| brought to the variation term in this case, we need a new assumption on 4-tuples

((T1, k1, 61, C1) )1en-

HyPOTHESIS 5.4.5. We choose sequences T; € (0,00), k; € N, §; € (0,09), and C; € N which
satisfy the following relationships (also in the following order):

1) k; 1 oc.

2) ku6? max||fill, 1} 4 0.

)
3) T; > max{Tp(d;,n),1} for all I € N, T} 1 o0
4) \/>szax{\Kz|1} 1 0 and fﬂmax{||fl“1} 1 0.

’To5zfi)Too

We still focus on pxpym and use the same sequence {v; };cn defined in §5.1.4 to approach puxpm.

The main theorem is stated as follows

THEOREM 5.4.6. Under Hypothesis (5.4.5), given a sequence of observables {fi}i1en satisfying

(5.4.10) lim inf o7 > 0,
l—00
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the Lindeberg condition, which says for all v > 0, we have

. Zl<p<k: LVz(F;ln’Ysl)
(5.4.11) lim =P=M 3

l—00 S

is equivalent to the asymptotic CLT of {v;}ien, which is

Fi(v, (G Ti + M) — | Fi(c, k(G + M))dvy a}) = N(a).

l

(5.4.12) lim v ({v:

l—00

The main idea is still the same as which in the proof of Theorem 5.2.1. In this case, for the upper
estimate on the variance, following the proof of Lemma 5.2.4, we have the following to hold for all

ze B pellk)andte0,T)

\F(ge(mi(2))) — QuFi(ap, T)| < 2T} + (266 + 26,Q) || il

od]

where K := Like/(1 — e_nT). This immediately shows that
(5.4.13) |AL(z, )] < 202K,T) + 2re|| fil| + 25:Qu ),

where Aé(g, t) is defined in §5.2.2. Following the proof of Lemma 5.2.5, to show

2

S
5.4.14 li L —1
(5.4.14) oo Q2o%k

it suffices to prove that

lim 202K,Ty + 2k¢|| fill + 26:Qull fil])
l—o0 Qlo'l

which is true by Hypothesis 5.4.5 and (5.4.10).

=0,

Meanwhile, we also need to adapt the proof of Lemma 5.2.6. The only place where Hypothesis

5.2.2 is used is the following

{2kl 1] (2M+4Tz)\/k7\|f\|> _
hm< N + Q01 =0,

l—00

which is now replaced by

=00

. ([ 2ki6] fi]] (2M+4Tl)\/k7ﬂfzﬂ>
lim + =0
( Vkio Qo

in this case. It is easy to see that this holds true under Hypothesis 5.4.10.
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In the verification of equivalence of CLT between (y;) and (1), we just need to show that

2k (2K Ty + kel fill 4 26:Q1] fil])
VEiQio

holds true for all b6 > 0 when [ is sufficiently large. This follows for the same reason as above.

<b

Finally, as (5.4.14) still holds in this case, the Lindeberg conditions for (x;) and (v;) are also

equivalent. This concludes the proof of Theorem 5.4.6.
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CHAPTER 6

Multifractal Analysis of Geodesic Flows on Surfaces With No

Focal Points

In this section we conduct multifractal analysis on Lyapunov level sets, i.e. level sets of Lyapunov
exponents. The case we focus on is the geodesic flow on surfaces without focal points. In particular,
we estimate the Hausdorff dimension and topological entropy of such level sets. The dimension
theory is well-known in the Anosov case, i.e. when Sing = (). As mentioned in the introduction, our
main strategy is to first apply the result on thermodynamic formalism from [13] to study the case
prior to phase transition, then follow [10] to establish the lower bound for entropy and dimension
after phase transition. The content is based on the work in [34].

Denote by S a compact, connected, smooth, boundaryless and rank-one surface with no focal
points and by G = {g; }+cr the geodesic flow acting on T1S. We also assume that Sing is non-empty.

Recall from Definition 2.1.6 that the Lyapunov level sets is defined as
L(B) :={v € T'S: v is Lyapunov regular and x(v) = 3}.

We denote the topological entropy (also called entropy spectrum) and Hausdorff dimension of
L(B) by h(L(5)) and dimg(L(B)) respectively, where the topological entropy we use here is as in
Definition 2.4.2. The main tools we rely on to study the multifractal information are the pressure
function and its Legendre transform, which are defined by

(6.0.1) P(t) = P(tp"?) and &(a) := int (P(t)—ta).

66 is organized as follows. In §6.1, we will introduce some preliminary results on thermodynamic
formalism of G and properties of P and £. In §6.2, we prove Theorem E by assuming our main

technical result to hold, which is Proposition 6.2.3. In §6.3, we prove Proposition 6.2.3.
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6.1. Preliminaries

We start with a brief survey on thermodynamic formalism of G on TS and how that is related
to multifractal analysis. Recall that in the flow case, the geometric potential at v € T1S is defined

by

)

1
©9°(v) ;= —lim — log Hd9t|E"
t—0 t v
where E} is the unstable distribution at v as in Proposition 2.3.6. For any ¢ € R, we call t¢9°°(v)

the geometric-t potential at v. It was shown in [13] that
PROPOSITION 6.1.1. In this case, t@9° has a unique equilibrium state gy for G for all t < 1.
With this in hand, we can summarize the properties of P as follows

PROPOSITION 6.1.2. The function P in this case satisfies the following properties
(1) P is convex, non-increasing and satisfies P(t) =0 for all t > 1.
(2) If t9°° has a unique equilibrium state vy, then P is differentiable at t and the P'(t) =
[ @9°dvy. In particular, P is C! except fort=1.
(8) Due to (1) and (2), we can define

a1 := lim DTP(t).

t——o00

Then for every « € [a1,0], there exists a unique supporting line £y to P with slope c.

(4) Fort < 1, the unique supporting line to P at (t,P(t)) is
Lo, (8) = h(ue) + sau,

where oy = /cpgeodut. In particular, E(oy) = h(ug).

PRrROOF. The first statement follows immediately from the fact of ¢9¢° being non-positive and
Sing being non-empty. To prove the second statement, suppose tp9%° has a unique equilibrium
state v4. Consider any sequence of {t,},en satisfying ¢, 1 t. For each n, take v, to be any
equilibrium state of ¢,¢9%° (which always exists by upper semi-continuity of the entropy map
p — hu(f)). By restricting to a subsequence if necessary, we assume that v, converges to v~ in

weak*-topology. Then by upper semi-continuity of the entropy map and continuity of P, we know
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v~ is an equilibrium state of t@9¢°. By the uniqueness assumption we know v~ = ;. Meanwhile,

by continuity of ©9¢°, we know
/npgeodvt = /cpge"dl/ = lim [ ¢9dv, < D" P(1).
Similarly we have [ ¢9¢°dyy > DTP(t). As a result, we have
/ F90dy, = DYP(t) = D-P(t) = P'(1).

Continuity of P’ follows immediately by continuity of ©9¢° and upper semi-continuity of the entropy

map. (3) and (4) are direct consequence of (1) and (2). O

Besides a1, we also define

as := D7 P(1).

The discrepancy between as and DTP(1) = 0 causes the occurrence of phase transition at ¢t = 1.
We will study £(5) in terms of 8 € (—a1, —ag) and 5 € [—ag,0) in the next section.
We also need to consider uniformly hyperbolic subsystems where the multifractal information is

well-understood. We consider the collection of basic sets defined as follows

DEFINITION 6.1.3. We call a closed, G-invariant and hyperbolic set A C T'S basic set if it is

locally maximal and the action of G on A is transitive.
For any given basic set A C TS, as in (6.0.1), we define
Pa(t) := Ppr(tp?%°) and Ep () := 225(7%@) — ta).

The multifractal properties of basic sets that we will use throughout §6 are summarized in the

following proposition.

PROPOSITION 6.1.4. Let A C T'S be a basic set. We have
(1) Pp is strictly convex, strictly decreasing and real analytic on R. In particular, both
ai(A) := lim P'(t) and az(A) := lim P'(t) are well-defined.
t——00 t—00
(2) For any o € [aq(A), aa(A)], Pa(t) has a unique supporting line €y o with slope o, which

intersects y-azis at (0,&(a)).
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(3) For all o € [ar(A), aa(A)], we have L(—a) N A # 0. For other o, L(—a) N A = ().
(4) The derivative of Pa satisfies P)(t) = —x(ut), where p; is the unique equilibrium state of

tp9°°|n. Meanwhile, we have

En(=x(pe)) = h(p).

(5) For every a € (a1(A), aa(A)), we have

En(a)

—Q

dimy (L(—a) NA) =1+2-

and

h(L(—a)NA) = Ep(a).

6.2. Proof of the Main Theorem

We start from a partial statement for the main theorem.

PROPOSITION 6.2.1. (1) L(—a) =0 for all « < a1 and o > 0.
(2) L(—«) is non-empty for a € [a1,az).
(3) h(L(—a)) = E(a) for every a € (a1, a2).

PRrROOF. The first statement follows essentially from the variational principle. We prove for the
case where o < 1. The case where o > 0 follows from a similar argument. Suppose that a < oy
and L(—a) # (. Let v € L(—«). For every n € N, define 6,5, to be the Dirac measure along
the orbit segment (v,n), i.e. [ fddy, = 2 [* f(gs(v))ds for every f € C(T'S). By restricting to
a subsequence if necessary, we assume that d, , converges to some measure y € M(G) in weak™-

9¢0 is continuous, we know

/—(pgeodév,n — /—apgeodu = —a.

In particular, the above shows that P,(t¢9°) > ta > ta; for all t < 0. By definition of oy, when ¢

topology. Since ¢

is sufficiently small, we have P, (t@9°°) > P(t), contradicting the variational principle.
The second statement follows directly from Proposition 6.1.2. We first look at the case where

a € (a1, az). Since P is convex, non-increasing and C', there exists a unique supporting line to
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P with slope «, called l,. Moreover, I, intersects P at a point (t,,P(ts)). By Proposition 6.1.2
(2), we know [ @9°du;, = a. Since py, is the unique equilibrium state of ¢,¢9°, it is ergodic.
Therefore, all its generic points (in both directions) belong to L(—«).

When o = «y, consider a sequence of measures {1, } with o | a3. As above we assume py,
converges to some v € G in weak*-topology and get [ ¢9°°dv = ;. The desired result follows from
taking an ergodic decomposition and repeating the argument from above.

Finally, for the last statement, recall from Lemma 2.4.3, for every ¢t € R, we have
P(t) = Slég(h(ﬁr(—a)) + ta),
where LT (—a) is defined as
LT(—a):={veT'S: x"(v) = —a}.
As a result, we have
(6.2.1) Ela) = %gFf{(P(t) —ta) > h(LT(—a)) > h(L(—a)).
On the other hand, from Proposition 6.1.2 (4), we have
E(a) = h(w,,) = inf{h(Z): Z C T'S, p,(Z) =1} < h(L(~a)),

which together with (6.2.1) conclude the proof of (3). O

From the proof above we also extract the following result
LEMMA 6.2.2. For all o € [a1,0], we have
E(a) > h(L(—a)).

Now we move forward and study the entropy spectrum of £(—«a) when « € [ag,0) and Hausdorff

dimension of all Lyapunov level sets. The main technical result we rely on is the following

PROPOSITION 6.2.3. There exists an increasingly nested sequence of basic sets {/N\i}ieN such that

for any basic set A C T'S, there exists n € N such that A C Ay,
98



We will use the above result to show the existence of £(—«) for all a € [av2, 0) by showing their
intersection with //\\; is non-empty when n is large enough. We will also show that the pressure
functions Py (t) := Pg (t) converges to P(t) for each ¢, so as the supporting line 3. This will
connect the multifractal information read from {Ki}ieN using Proposition 6.1.4 to which of the
entire T1S. Throughout this section, we assume Proposition 6.2.3 to hold and proceed our proof
based on this. We will prove Proposition 6.2.3 in §6.3.

We observe from Proposition 6.1.4 that for any basic set A C T''S, the set of o which makes
L(—a) N A non-empty is a closed interval. Therefore, if a basic set contains points with Lyapunov
exponents close to 0 and —a, it has non-empty intersection with most of the Lyapunov regular
sets. To achieve this, we first show that there exist closed geodesics whose Lyapunov exponents are
close to 0 and —a; respectively.

We first build connections between x(v) and the Riccati equation along ~, for Lyapunov regular
v €T'S. Let J € J*+(v,). Notice that u = u(J) := J'/J is a real-valued function satisfying the

following Riccati equation
(6.2.2) u'(t) + u(t)? + K(y(t)) = 0.

Assume v € T'S is Lyapunov regular. Consider £ € E¥ C T,T'S and write £(¢) := Dg(¢) for all

t > 0. We have

oy Ly HEOI e ]
x(v) = lim —log €O —tlggloglogﬂf(t)”'

We know from (2.3.2) that
IEOI = [1TeOIF + [T 01

Meanwhile, by definition of \“, we have

1761 = X[ ¢ (B)]]-

Since A\* is continuous on the compact manifold 7S, we have

.1 o1t
(6.2.3) x(0) = Jim 1oz [0 = Jim + [ u(Io) @)t
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The above description characterizes how to bound the Lyapunov exponent of a closed geodesic

from above by averaging the curvature along the orbit, which is shown in the lemma below:

LEMMA 6.2.4. For any closed geodesic (v,t) € T*S x [0,00), we have

t
(6.2.4) NOE \/—1 /0 K ((s)) ds

Before we prove this, we need to show the right hand side of (6.2.4) is well-defined. By writing

u(t) = u(Je(v))(t), we have u(t) = «(0). In particular, fo s)ds = 0. Plugging this into (6.2.2)
t
shows us that / u?(s) + K (7,(s))ds = 0. Therefore, we have

0
/OtK(%(s))ds _ /Ot W2(s) ds < 0.

PROOF OF LEMMA 6.2.4. The proof follows from the argument above and a simple application

of Cauchy’s inequality as follows

I I
= lim — < i 2( = i = -K
o) = i . [ wtohds < o[ [ arCons = ¢ 7, GO
where the first equality follows from (6.2.3). Since (v,t) is periodic, we immediately see that
lim7_ye0 \/ T fo (-K ))ds = \/ fo )) ds, which concludes the proof. O

We also introduce a version of shadowing lemma used in our case as follows

LEMMA 6.2.5 (Shadowing lemma). Let S be the surface in our case. For any n,e,7 > 0, there
exists 0 > 0 such that the following holds: if {(vi,t;) }icz is any collection of orbit segments such that
vi, g1, € Reg(n), t; > 7 and d(gt,vi, vi+1) < 0 hold for alli € Z, then there exists a geodesic vy and a
sequence of times {T; }iez with Ty = 0, Ti+t;—e < Tip1 < Ti+t;+e€ satisfying d(Y(t), Yo, (t—T3)) < €
forallt € [T;,Ti+1] and i € Z.

The geodesic 7y is unique up to re-parametrization. Moreover, if the orbits being shadowed are

periodic, then the shadowing orbit is by itself periodic.

Now we can use Lemma 6.2.4 and 6.2.5 to construct the closed regular geodesics with the desired

properties.
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PROPOSITION 6.2.6. Let (S, G) be as in our case, then there exist closed geodesics with Lyapunov

exponents arbitrarily close to 0 and —aq respectively.

ProOF. We start with the construction of closed geodesics with small Lyapunov exponents.
For any e > 0, by Proposition 2.3.11 and an easy compactness argument, there exists n = n(e) > 0
such that

{v e T'S : |K(mv)| > €} C Reg(n).

Choose any vy € Sing. By transitivity of G, we can find a sequence of vectors {v, }nen satisfying
the follows

(1) d(vn,v9) J 0 when n — oc.

(2) The orbit of v, will enter {v € TS : |K(7wv)| > €} both forwards and backwards for all n.
We denote the first forward (resp. backward) entrance time for the orbit of v, into {v € TS :
|K (mv)| > €} by ty, (resp. 7,) for all n € N. By restricting to a subsequence if necessary, we might
assume that 7, | oo and ¢, 1 co when n — 00, g, (v,) converges to some v € T'S and gy, (v,)

converges to some w € T'S. Notice that
(6.2.5) | K (7(gt(vn)))| < € for all t € (7, ty).

Meanwhile, it is not hard to see that |K(wv)| = |K(7w)| = €. As a result, we know v, w € Reg(n).
Again by topological transitivity of G, we can find some orbit segment (v',¢') that originates near
w and terminates near v. In particular, both v" and gy (v') are in Reg(n/2). Therefore, by applying
Lemma 6.2.5 to (gr, (vn),tn — ) and (v/,¢'), we get a geodesic (wy,T,) where T, is roughly
t' +t, — Tn. By (6.2.5), we know (wy,T},) spends most of the time in {v € TS : |K(7v)| < 2¢}.
By applying Lemma 6.2.4, x(w,) < 2y/€¢ when n is large enough. By making € | 0, we finish our
construction for the first part.

Now we want to construct a closed regular geodesic whose Lyapunov exponent can be made
arbitrarily close to —aj. First recall from Proposition 6.2.1 that £(—a;) is non-empty. We choose
any vgp € L(—a1) and focus on the evolution of the solution function u(t) to the Riccati equation
(6.2.2) over 7,,. Since —a; = x(vg) = Tlgr;o;/oTu(t) dt, we observe that lgﬁﬁng(Vvo(t)) < 0.

In particular, there exists ¢ > 0 such that g;(vo) enters {v € T1S : K(7v) < —e¢} infinitely many
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times both forwards and backwards. As in the first half of the proof, we have the existence of
1n =n(e) > 0. Therefore, for any ey > 0, there exist a positive sequence {tj}ren With ¢ 1 oo and a
negative sequence {t) }ren with ¢} | oo such that

(1) g, (vo) € Reg(n) and gy (vo) € Reg(n) for all k € N.

(2) —L [P —p9%0(g,(vp))ds > —ay — € for all k € N.

! /
te—ty, Jt),

By passing to a sequence if necessary, we assume that gy, (vo) — v and 9t (vg) = w. Define ¢ > 0
such that whenever d(v,w) < €, [p9°(v) — p9°(w)| < €. Now if v = w, we apply Lemma 6.2.5
to €,n,t1 — tj and see that (g4 (vo), tx — ) can be ¢’-shadowed by some closed geodesic (vk, Tk)
whose period T}, is roughly ¢ — ¢} when k is sufficiently large. By condition (2) from above and
the choice on €, we know x(vg) > —ag — 3¢p. Meanwhile, if v # w, by transitivity of G, there
exists an orbit segment (v',t’) such that ¢’ > t; — ¢}, d(v',v) < 0 and d(gv(v'),w) < §, where
§ = 0(¢,n,t1 —t}) is from Lemma 6.2.5. As above we have (wy,T}) whose period T}, is roughly
ti —tj, +t which €-shadows (gy (vo), tx —t}) and (v',') when £ is sufficiently large. Now (wg, Ty)
satisfies x(wg) > —aq — 3ep for large k. As ¢y can be made arbitrarily small, we conclude our

proof. O

We will use the above result to show that the sequence of basic sets {/L-}ieN constructed in
Proposition 6.2.3 exhausts hyperbolicity of the system. In other words, we want to show that
Pn(t) converges to P(t) in every ¢, so does ¢],. The proof relies on the classic Katok horseshoe
theorem [25], which says that if € > 0, then for any hyperbolic measure p € M(G) and potential

@: T'S — R, there exists a basic set A C TS such that

Pr(¢) > Pu(p) — €.

The following result is essential in completing the proof of Theorem E.

PROPOSITION 6.2.7. The sequence of basic sets {Ki}ieN constructed in Proposition 6.2.3 satisfies
the following
(1) Pp(t) T P(t) when n — oo for allt € R.
(2) C2(t) 1 £o(t) when n — oo for allt € R and a € (aq,0).
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We comment that in the statement of Proposition 6.2.7 (2), for any a € (a1, 0), we only work with
n where (7 is well-defined. We will show that given any such «, this is always the case whenever n

is sufficiently large.

PRrROOF. We separate the cases into ¢t < 1 and ¢t > 1. When t < 1, we know t©9¢° has a unique
equilibrium state p; for G. Moreover, as x(u:) > 0, u; is hyperbolic. Then by Katok horseshoe
theorem, for any € > 0, we know there exists a basic set A; C TS such that Py, (t©9°) > P(t) —e.
By Proposition 6.2.3, we have P, (t) > P(t) — € for all n large enough. This proves the case for
t <1

When ¢ > 1, we know P(t) = 0 for such t. By Proposition 6.2.6, there exists a closed geodesic
(v, t) such that x(v) < €/t. Then if we denote the probability measure uniformly distributed on the
closed geodesic (v,t) by 1y, we know u, is a hyperbolic measure and P, (tp9°°) = —tx(py) > —e.
Therefore, there exists a basic set A C TS such that Py(t) > P,, (tp9°) — e > —2¢. Again by
Proposition 6.2.3, we have P, (t) > P(t) — 2¢ for all n large enough. This proves the case for ¢ > 1,
thus ends the proof of the first statement.

The proof of the second statement is identical to the one of Proposition 12 in [10], so we omit

the proof. O

Now we are ready to complete the proof of Theorem E.

PROOF OF THEOREM E. We begin with proving £(—a) # 0 for all o € [ag,0]. Because of
Proposition 6.2.1, we only need to show the above result for a € [ag,0]. Since Sing C £(0) and
Sing is non-empty, we know £(0) # (. Meanwhile, for any a € [ag,0), by Proposition 6.2.6 we
know there exist closed regular geodesics (v1,t1) and (v, t2) such that 0 < x(v1) < —a < x(v2).
Moreover, the orbits of (v1,¢1) and (v, t2) are basic sets by themselves. Therefore, Proposition 6.2.3
shows that eventually we can find n large enough such that A,, contains both (v, t1) and (ve,t2).
By Proposition 6.1.4, we know —ag(A,) < x(v1) < —a < x(v2) < —aq(Ay), thus L(—a) N A, # 0.

In particular, this implies that £(—a) # 0 and ¢7 is well-defined.
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Meanwhile, since ¢ converges to ¢, for all & € (a1,0) when n — oo, we know ¢7(0) converges
to £4(0). Therefore, we have

lim &,(a) = &(a) for all such «a.

n—oo

As a result, we have

hL(—a)) > lim h(L(—a)NAy) = lim & (a) = E(a),

n—o0 n—oo

and

dimy (£(-a)) > lim dimy(£(-a) NA,) = lim 1+2- Enl) _ 1+2. —=,

n—r00 —« —«

which are the required lower bounds for h(£(—«)) and dimpg(L(—«)). This ends the proof of
Theorem E. O

6.3. Proof of Proposition 6.2.3

In this section we prove Proposition 6.2.3, which is the main technical construction for the proof
of Theorem E. The proof follows from adapting the construction in [10] to our setting by using the
function Ay defined in Definition 2.3.10.

Before proceeding to the proof, we first state some preliminary results in terms of hyperbolicity
in our case. First notice by continuity of A and compactness of TS, for every € > 0, there exists

d = d(e) > 0 such that

(6.3.1) d(u,v) <0 = |ANu) — A()| <e.
Setting
(6.3.2) Mv) := max {)\(v) — 6,0},

the following lemma provides control on the d*/“-distance using . We also define

The following result follows directly from Lemma 2.3.9.
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LEMMA 6.3.1. For any e > 0, let 6 = &(e) be as in (6.3.1). Then for anyv € TS, w,w' € W§(v),

and t > 0, we have
t

d*(grw, grw') < d*(w,w') - exp ( - / Agsv) dS)-
0

In the case where € = n/AT and § = 6(n/4T) for some T,n > 0, there exists C = C(T,n) > 0
such that the following holds: if gsv € Regrp(n) for all s € R, then for any w,w’" € W§(v) andt > 0,

we have

t
d*(giw, grw') < C - d*(w,w') - exp ( — Z—T>

Similarly, the analogous statements hold for d* with relevant modifications.
The following proposition characterizes uniformly hyperbolicity among compact subsets of T.S.

PROPOSITION 6.3.2. Any compact G-invariant subset A C T'S is uniformly hyperbolic if and

only if A C Reg.

PRrROOF. The forward direction is clear by definition of Sing. We prove the backward direction.
Suppose that A is a compact subset of Reg. Since Regp(n) exhausts Reg, from the compactness

of A there exists 7,7 > 0 such that A C Regy(n). Now consider any v € A and £ € EY, and let

v

(Je(t), J¢(t)) be the corresponding Jacobi field in J*(7y). Setting A(t) := A*(gi(v)), we know from
(2.3.2) and Lemma 2.3.7 that

ldg@ll _ VIWEDIP+IEO T @ mr

€] _\/||J§(0)||2—|—||Jé(0)||2 V(1 +22(0))]]J¢ (02

\/ (14 \2(t)) exp (2 Of )\(s)ds)

(1 + A2(0)

Here, we have used A*(v) > A(v) in deducing the inequality. Similar to the proof of Lemma 6.3.1

above, we have

t 1 t t
/0 A(gsv) ds > oT ; Ar(gsv) ds — 2T kpax > ;—T — 2T kmax,
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where the second inequality is due to the fact that A C Regp(n). This shows that the derivative of
the geodesic flow expands £ € E exponentially at rate n/27. Applying an analogous argument to

¢ € E; shows that A is uniformly hyperbolic. ]

Now we prove the following key proposition in creating locally maximal sets around any hyper-

boile set, which corresponds to [10, Proposition 8].

PROPOSITION 6.3.3. For any closed G-invariant hyperbolic set A C T'S and any neighborhood

U of A, there exists a closed G-invariant locally-maximal hyperbolic set A such that AC A CU.

PROOF OF PROPOSITION 6.3.3. Let A and U be given as in the proposition. We may assume
that U is small enough so that every G-invariant compact set contained in U is hyperbolic. By
Proposition 6.3.2, there exist 15, 75 > 0 such that A C Regr, (7a). By continuity of A and the com-
pactness of A, we could assume without loss of generality that U C Regy, (na) by possibly redefining
scales 75 and T). Meanwhile, by compactness of Regy, (14), there exist dpps = d(Ta,na) > 0 and
k= K(Tn,ma) > 1 such that vectors in a 7 ps-neighborhood of any v € Regy, (na) have the local
product structure with constant x. The strategy of the proof is to use the product structure on the
ambient space to construct A as the image of a subshift of finite type under a continuous injective
map. In this way, A inherits the natural local product structure from the shift space and becomes
locally maximal.

We begin with the construction of cross section on each v € TS that is orthogonal to the flow
direction. The idea follows from the first few paragraphs of [10, Lemma 2.4]. Given v € TS and
§ > 0, we define Os(v) as a subset of T;,T*S that consists of all vectors in T,,7%S that are orthogonal
to (v,0) € T,T'S (which corresponds to the flow direction of 7,) in the Sasaki metric and have

norm bounded from above by §; that is,
O5(v) :={£ € T,T'S: (€, (v,0))s =0, [[€]| < 6}.

We define Ds(v) as the image of Os(v) under the exponential map exp,. We will use Ds(v) to

construct the above mentioned cross section on each v € T1S.
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Choose 0y > 0 such that 6y < d(A, Sing); this is possible because A is a compact subset contained
in Reg. It is not hard to see that when § is sufficiently small, for any v € T'S, the central-
stable (resp. central-unstable) foliations W< (resp. W¢) induces an one-dimensional stable (resp.

unstable) foliation W? (resp. W") on Ds(v), whose leaves are defined by
Wi(w) :== W(w) N Ds(v), W (w) =W w)N Ds(v).

In the cases where we conduct discussions on a single Dgs(v) that is clear, we will simplify the
notation by just writing W*/*(w).
Meanwhile, for any 5 € (0, 1) that is sufficiently small, by continuity of W#, there exists 6z > 0

such that for any § € (0,d3), v € TS, w € Ds(v) and u; € Wi(w), we have

(6.3.3) d“(gi(w1),ur) < Bd*(gi(u1), w),

where t € R is the unique small time such that g;(u1) € W*(w). In particular, for such u; and w,

we have
(6.3.4) d(uy, w) < d*(u, ge(u1)) + d*(ge(ur), w) < (1+ B)d*(g(ur), w).
Meanwhile, from 3.1.7 we also have
kd(ui, w) > d*(ge(u1), w).
Consequently, the following holds true
(6.3.5) P (ge(un), w) < d(uy, w) < (14 B)d*(gr(ua), w).

A similar result holds along the central-unstable direction in an obvious way. From now on we fix
some 0 < # < 1 that is sufficiently small.

By applying flat strip theorem for manifolds with no focal points, we notice that for any vy € Sing,
if wg € We(vg), then A" (wg) = AT(vg) = 0. For the same reason, if wy € W(vg), then
A7 (wp) = A (vg) = 0. In particular, this implies that A does not intersect with the central-stable

and central-unstable leaves We/(v) of v € Sing. Therefore, on Ds(v) for some v € T'S, we can
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partition Dgs(v) using the induced stable and unstable leaves of vectors in Sing into su-rectangles
which do not intersect A.

As in (6.3.1) and Lemma 6.3.1, let 55 := 0(np /4T ) such that
d(v,w) < 6y = |Mu) — A(v)] < 2.
Fix 0 such that
(6.3.6) 0 < § < min{da,do,ds,0LpPs/2}.

Since both foliations W* and W*" are minimal under the action of geodesic flow and Sing # (),
following the proof of [10, Proposition 7] we are able to build su-rectangles on Ds(v) containing v
with arbitrarily small diameter. Choose one of such a su-rectangle for every v € Reg. These will be
our desired cross section at each v and are denoted by C,. When v € Sing, we simply put Dj,(v)
as C,,.

Notice that T1S is contained in the union U g1 ;]Cv and that g1 ;]Cv contains an open
272 272

veT!S
set containing v for every v € TS. Hence, we can choose a finite set {v;}?_; C T'S such that TS

is contained in the union U g-11 }CW Writing C; to denote C,, we set
272
1<i<n

C .= U C;.
1<i<n

Let 7: C' — (0, 1] be the first return time from C to itself, and we define the first return map

accordingly by
F () = gy (0.

By flowing C,, slightly ~, and potentially increasing the maximal first recurrence time, we may
assume that C; N C; = () for ¢ # j. Since C; is compact and pairwise disjoint, there exists ¢; > 0
such that 7 is bounded from below by ¢;.

Denote by 0C; the boundary of C; for 1 < i < n and dC by the union of 9C;. Since A does
not intersect C), for v € Sing (by the definition of §) or dC, for v € Reg, it does not intersect JC'.

Therefore, for each w € ANC; for some 1 < i < n, we can again follow the proof of [10, Proposition
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7] and construct su-rectangles on C; containing w with arbitrarily small diameter. For any o > 0
and w as above, denote such su-rectangle with diameter smaller than o by RS.
From a compactness argument, we can choose a finite subset {w;}i<j<m C AN C such that
Ancc |J Ry
1<j<m
In order to refine Rf‘uj so they become mutually disjoint, notice that for v € Reg, by the construction

of 9C,, C, has a natural product structure. That is to say, for any vi,vs € C,, both
[v1, V2] := Wy 5(v1) N W, 5(v2)

and [vg,v1]oc = W})L,(;(UQ) N Wjﬁ(vl) are contained in C,,. Therefore, if there exists 1 < i < j < m
such that Rg,. N Rf‘uj # (), by applying local product structure on vertices, we can extend the edges
until they intersect another edge and divide Ry, U Rﬁjj into finitely many su-rectangles in C, with
mutually disjoint interior. Moreover, we can shrink the size of the su-rectangles so that they become
disjoint while their union still contains A N C. This is due to the positive distance between A N C
m

P, are

and the collection of all the (extended) edges of R, . Therefore, we may assume that { R }]

mutually disjoint.
Since d(A,0C) > 0 and 7 < 1, we can make « small enough such that both .# and 7 are smooth
on R} for every 1 < j <m.

To summarize, we have fixed 0 < oo < ¢ and created
R = R(OJ) = {Rl, RQ, ce ,Rm}

as a collection of subsets of C satisfying the following properties:

(1) {R;}}%; is a collection of mutually disjoint closed su-rectangles in C.

m
(2) ANC is contained in the union U R;.
j=1
(3) Each R; contains at least one element in ANC.

(4) diam(R;) < o for every 1 < j < m.
(5) Both .# and 7 are smooth on R; and .#(R;) is contained in one single C; for every

1<j<m.
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We will need the following lemma repeately in our argument, whose proof again relies on our

construction of R.

LEMMA 6.3.4. For any v,w € R; and F (v), # (w) € R; for some 1 <1i,j <m,

(6.3.7) 7 ([v,wle) = [7(v), 7 (w)]c-

(6.3.8) F v, w]c) = [FHv), F 7 (w)]e.

PROOF OF LEMMA 6.3.4. The proof for (6.3.7) and (6.3.8) are symmetric, so we will just prove
(6.3.7).

Since R; has diameter less than a € (0,6) and contains a vector in A N C, it from the choice
(6.3.6) of ¢ that R; has the local product structure with constant . In particular, the intersection
W (v)NWES (w) consists of a unique vector (which does not necessarily lie on R;) and there exists
s1 € R such that

9s: ([v, wle) == Wi (v) 0 W (w).

Then d"(v, g5, ([v, w]c)) < ka, so by (6.3.3) we have |s1| < kaf. From Lemma 6.3.1, we have
du(y(v)’gT(v)+S1([U7w]C)) < ghmaxT(v) -d"(v, g5, ([v, w]c)) < ekmax”av

which is less than ¢ because 0 < a < 6. Also, d*(F (W), gr(v)+s, ([v,w]c)) < ka < § as d*° is non-
increasing in forward time. In particular, g, (4, ([v, w]c) is equal to the intersection W'(F (v)) N
Wi*(# (w)) consisting of a unique vector.

Similarly, there exists so € R with |s2| < ka8 such that gs, ([Z (v), .Z (w)]c) is equal to W (F (v))N

Wi (F (w)). In particular, g, ()1, ([v, w]c) coincides with gs, ([F (v), F (w)]c):
952 ([F (v), Z(w)] o) = W5 (F (v)) N W5 (F (W) = gr()+s, ([v; wle).-

As |s1—s2] < 2kaf, T is continuous on each element of R, and 7 > ¢; > 0, we have 7(v)+s;—s2 =

7([v,w]e) and Z ([v, w]|c) = [F (v), F (w)]c, as required. O
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We use the elements from R to establish the alphabet in the target shift space. Following [10],
for N > 1 we define

j=N

Ry = {D: N 77R: R eRandDﬂA;«é@}
j=—N
j=N
as the collection of sets of the form ﬂ ZIRI that contains at least one element in A. The
j=—N

following result is important regarding the choice of V.

LEMMA 6.3.5. For any € > 0, there exists N1 = Ni(e) € N such that diam(5) < € for every
N >Ny andd € Ry.

PrROOF OF LEMMA 6.3.5. Let € > 0 be given. In order to prove the lemma, it suffices to show
that there exists N1 € N such that for any N > N1, D € Ry, v € DN A, and w € D, we have
€

d < -

We claim that we only need to show the cases where w is on W (v) or W(v) with the up-

per bound g replaced by Indeed, suppose that d(v, [v,w]c) < and d(v, [w,v]¢) <
€
S8k +2°

equality gives d([v,w]c, [v,w]c) <

ne(1+6)< 2ke
dk+1 — 4w+

€ €
8k +2 8k + 2
Note from Lemma 6.3.4 that both [v,w]c and [w,v]c belong to D and the triangle in-

€
Ak +1°

. from (6.3.5) and 8 € (0,1). Combined with d(v, [w,v]c) <

Since w coincides with [[w,v]c, [v, w]c]c, we obtain

d([w,v]c,w) <

€
t
8k + 2’ we 8¢

2Ke€ € €

< < = —.
d(U,W) > d(?./, [’UJ,’U]C) + d([’UJ,’U]C,’UJ) = Ak + 1 + 8k + 2 9

We will prove the case when w € W§“(v) Nd. The other case when w € Wj§*(v) N'd can be
j=N

established analogously. Assume 0§ is represented as m F IR with R € R. Then both .%7(v)
j=—N

and .%7 (w) belong to R/ for all —-N < j < N. As in the proof of Lemma 6.3.4, for each —N < j < N

there exists s; € R such that
9s; (F (w)) € W(F (v)).
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Recalling that na, T > 0 are chosen so that A C Regy, (1a), parallel to (6.3.2) we set

Av) = max{/\(v) - ZTAA’O}'

From Lemma 6.3.1, we have for each 1 < j < N that

T(FI7H(v)

(P (0.9, (Fw) = exp [ Moo (F971(0))ds ) (FT(0), g, (F37 ().

0

N

—_

Setting SN (v) := 7(#7(v)) and denoting the constant from Lemma 6.3.1 by C' = C(Tx,n4),
j=0
iterations of the above inequality over all 1 < j < N gives

SN (v)
P(F ) (FY ) Zexp ([ Ma0)ds) (0,1 w)

Nc
> —1 . ,,7 1 U
>C €xp < AT >d (vagso (w))

N
> C7H 1+ ) - exp (T ) d(o,w),

where the second inequality uses S (v) > Ne¢p from the fact that the first return time 7 is bounded
below by c¢; and the third inequality is due to (6.3.5). Since both .Z% (v) and .#(w) belong to

RN whose diameter less than «, we have

(TN (0), o (Z () < rd(FV (0), N (w)) < ra

AT C(8k + 2)ka €
Combining both inequalities implies that N1 := — - 1o <7 as
8 d P YT e & e(1+p5) 8k + 2

required. ]

) gives d(v,w) <

We will choose large N and use elements in Ry as the alphabet of the shift space. Given a bi-
infinite sequence (--- ,a_1,ag,a1, -+ ) = (a;)iez with a; € Ry for all i € Z, we follow the definition

from [10] and call it N-admissible if for any i € Z, there exists u; € a; N A such that
ﬁ(uz) € Aj41-

Denote by Ay the set of all N-admissible sequences. Notice that the Ax naturally has the local

product structure defined by [a,b] := (... ,a—2,a_1,a9,b1,be,...), where a = (a;);cz and b = (b;);ez
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with ag = by, and such a product structure will translate to the product structure on our desired
locally maximal set A.
For any a = (a;)icz € Ay and € > 0, we call w € C an e-shadowing of a if there exists

u; € ANa;N.Fa;y1) for each i € Z such that
d(F(w),u;) < e.

We will show for any € > 0 sufficiently small, there exists Ny € N such that for any N > Ny,
every element in Ay has a unique e-shadowing, and such a shadowing map v : Ay — C is injective.

We first need the following result on the long-term hyperbolicity of .# on Ry.

LEMMA 6.3.6. There exists Ny € N such that for any N > Nao, 6 € Ry, u € D, and w €
Wi (u) ND, we have

d(ﬁN(u),ﬁN(w)) < —d(u,w).

1
2

Similarly, for any w € W§*(u) 0§, we have
1
A(F N (), 7N (w)) < Ld(w,w)

Proor orF LEMMA 6.3.6. By shrinking o if necessary and applying the continuity of Ap,, we

assume that

(6.3.9) A (g: () > ?%

forany N > 1,5 € Ry, v € §, and t € [S7V(v),S7V(v)]. This can be achieved because « is
independent of T and 7, and 7 is continuous on R and bounded from above by 1.
Choose any N € N. We only prove the case where w € W§(u) N D. As in Lemma 6.3.4, there

exists s; € R for each —N < j < N with |sj| < ka8 such that
9s; (F (w)) € W (F (u).
Then by (6.3.5), it suffices to show that

(L4 B)d (FN (u), gsy (FV (w))) < (26) 1" (u, gy (w)).-
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4T
By setting Ny := — - log(2Ck(1 + 3)) where C' = C(Ta,na) is from Lemma 6.3.1, the above
et

inequality follows from

8 (TN () 9oy (7Y ())) < Coxp (— TT0) (0, gy )

obtained as in the proof of Lemma 6.3.5. O

Now we are ready for the construction of shadowing map . Set
m
5= d(AmC,C\ U Rj),
j=1
which is necessarily positive from the construction of R. Fix € € (0,0/6x) and Ny € N such that
No > max{Ni(€), Na}.
With such choice of §, whenever u € R; for some i and v € C satisfies d(u,v) < §, then v also
belongs to R;. Moreover, from the choice of Ny and Lemma 6.3.5, whenever we have u,v € C such
that Z¢(u) and .Z'(v) belong to the same element of R for all —Ny < i < Np, then u and v belong

to the element of Ry,, and hence d(u,v) < e. We will use these facts repeatedly in what follows.

LEMMA 6.3.7. Any 2Ny-admissible sequence has a unique 4e-shadowing. Moreover, the shadowing

map Y : Aan, — C' is injective.

PROOF OF LEMMA 6.3.7. Let a = (a;){2_ be 2Np-admissible. For each i € Z, let u; € a; NA
such that % (u;) € a;+1 and R’ be the element of R containing a;.
We will first show any finite segment of a has a shadowing which is not necessarily unique.

Consider (ai):ivg for some r € N, and define
on, = [FN(ug), un,]c € RM.

By Lemma 6.3.4, %/ (vy,) is equal to [F N0+ (ug), #7(up,)]c ;and hence, belongs to RNo+J for all
j € [-2Ny, No|. In particular, %7 (vy,) belongs to the same element of R, namely R, as .F N0+ (v)

for all such j. Lemma 6.3.5 then implies that for all j € [—Ny, 0], we have

d(ﬂj(vNo), 3’7N0+j(u0)) <e.
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Due to the same reasoning, we have d(.#7(up), u;) < € for all j € [0, Ny, and the triangle inequality
gives

d(yj(UNo)quo-‘rj) < 2e
for all such j.
Meanwhile, by d(vn,,un,) < €, F’(vy,) € RNoH for all j € [Ny, No] and Ny > N, we have

(6.3.10) d(FN0(uny), FN(up,)) < €/2.

We want to show

LEMMA 6.3.8. .FNoti(uy,) € R¥Noti for all j € [0, No).

PROOF OF LEMMA 6.3.8. We know both .Z ™o (uy,) and .# 0 (vy,) are in R2Yo. As in Lemma
6.3.4, there exists sp € R with |so| < kafB such that gs (F0(vn,)) € W§(FNo(uy,)). From
(6.3.10), we have

d*(gso (FN0 (uny)), F N0 (uny,)) < Ke/2.

The fifth defining property of R listed above Lemma 6.3.4 shows that both .FNo*t!(uy,) and
FNotl(yy,) are in the same C; for some i, so there exists s; € R with |s;| < k36 such that
gs, (FNoFL (v, ) € W (FNoFL (uy,)). Then we have
d(FNH (uny ), FR (ung)) < (14 B)d* (g5, (F 0 (0n)), F V0 (v, )
< (1+ B)d (gso (F M (vn,)), F N (uny)
< (1+ B)re/2
< A.
Therefore, ZNo+1(vy, ) also belongs to R2No+! from the defining property of A.

Now we can repeat the argument from above by starting from j = 1. As d® is not increasing

under g; for ¢ > 0, the above technique applies to all 2 < j < Ny to conclude the proof. U
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Continuing with the proof of Lemma 6.3.7, Lemma 6.3.5 and 6.3.8 show that d(.Z7 (uy, ), F (vn,)) <

e for all j € [0, No|, which implies that
d(uny+j, F7 (un,)) < 2¢

for all j € [0, Ny] thus for all j € [—Np, No].
We follow the spirit of the proof of the classic shadowing lemma and repeat the above process.
Define

V2N, = [tgaNO (vN0)7u2N()}C'

As both FI=2No (g ) and F7~No(vy,) are in R7 for j € [0,3Np], we have
A(FI72N0 (g, ), FT N0 (up,)) < €
for j € [Ny, 2Np]. Taking j = 2Ny and applying Lemma 6.3.6, for j € [0, Ny] we have
d(FI72N0 (g, ), FI N0 () < €/2.
Similar to Lemma 6.3.8 we have .#7=2N0 (v, ) belong to R/ for j € [3Ng, 4Ng], which implies that
d(ﬁj_QNO(vgNo),uj) < 2¢

for all j € [2Np, 3Np].

We will proceed the above process one more time and make the general statement. Define
V3N, = [FN0(van, ), usng o As both FI73N0 (ygn ) and FI2No(vyy, ) are in R7 for j € [No, 4N,
we have

d(yj—?)No (U3N0)ayj_2N0 (UQNO)) <€

for j € [2Ny, 3Np]. Similarly by Lemma 6.3.6 we have

d(gj_gNO (U3N0)’ 9j_2NO (U2N0)) < 6/2
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for j € [Ny, 2Np]. In particular, we have
d(F 2N (v3,), A)
(6'3'11) < d(ngNo (U3N0)7 yiNO (U2N0)) + d(gZ?NO (UQNo)vao) + d(vafNO (UNU))

<§+6+6<36.

Therefore, following the proof of Lemma 6.3.8 and using 3(1+3)ke < 6xe < A, we have .F ~3No+i (y3) €

R/ for j € [0, Np], which in turns shows that
(6.3.12) d(.F 73NoFT (ugn, ), F V0TI (0gy, ) < €/4 for all j € [0, Ny

Similar to the case of wvay, we also have d(F73MNo(vgy,),u;) < 2¢ for all j € [3Ny,4Np] and
<g.j_?’No(’UgNO) € R for all jE€ [4N0,5N0].

Now we can generalize the whole process.

LEMMA 6.3.9. Suppose we have constructed v;n, for all i € [1,k| with some k € [3,r — 1]. For
all such i, we have
(1) ving = [FN0v(_1y Ny, win) o
(2) FI=No(v;n,) € RI for j € [0, max{(i + 2)No,No}].
(3) d(FT~No vy ), FI~EONo (5, Yy < 20 e for j € [0,iVy).
(4) d(FI7Now g, ug) < 26 + 31y 5 < 4e for j € [0,iNg].
(5) d(FIi=Noy, N, uj) < 2€ for j € [iNg, (i + 1) No).

Define v(1)n, = [fNOUkNO,U(k-s-l)No]C-

We know ﬁj*(kH)Nov(kH)No € R for j € [(k — 1) Ny, (k + 2)No] and

d(gﬁ]—(k—}—l)]\fo( j—k;N()(

V(e+1)No ) F VkN,)) < €

for j € [kNo, (k + 1)Np]. By Lemma 6.3.6 we have d(ﬁj_(’“‘Fl)NO(v(kH)No),ﬁj_kNO (veng)) < €/2
for j € [(k — 1)No, kNp]. As in (6.3.11) we know

d(g_2NO (U(k—‘rl)No)a A) < 36,
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which by the proof of Lemma 6.3.8 shows that .77~ (k+1)No (vk+1)n) € BRI for j € [(k —2)No, (k —
1)No] and d(.#7~(k+1)No (Ve +1)No ) FI N0 (upny ) < €/4 for j € [(k—2)No, (k—1)No]. By applying
property (3) from above, this process can be repeated so that both property (3) and (4) can be
realized in the case of i = k + 1. Property (5) is derived in the same way as in Lemma 6.3.8.

As a result, we are able to construct some vj° € T'S such that d(F (vj™°),u;) < 4e for all
i €[0,rN).

Now for each r € N, with given u; we have a 4e-shadowing of (a;)!. as v’ ,.. F"(v,) is a

i=—r —r

Cauchy sequence on R, therefore has a unique limit, say vy. Apparently vy is a 4e-shadowing of
(@i)?2 _ - It is also not hard to see that vy does not depend on the choice of {u;}icz. In fact, if we
have some {u/};cz which ends up with a 4e-shadowing v, then both .Z*(vy) and Z*(v))) are in R’
for all i € Z. By Lemma 6.3.5, vg = vj. The map ¢ (which is obviously continuous) and injective

as elements in R are disjoint. This completes the proof of Lemma 6.3.7. U

We are now ready to conclude the proof of Proposition 6.3.3 by constructing A as follows:

K= 9i((Aamy).

teR

We claim that A is the desired set satisfying the statements of Proposition 6.3.3. Indeed, every
vector in A is contained in Agy, and mapped to itself by 1, so A C A. From its construction, A is
G-invariant and compact as it is the image of a compact set under the continuous map . Moreover,
Ais uniformly hyperbolic as it contained in U, and it is locally maximal because it inherits the

local product structure of Aspn,. This completes the proof of Proposition 6.3.3. U

We also need the following result on gluing basic sets together, which parallels Proposition 9

in [10].

LEMMA 6.3.10. Given any basic sets A' and A% in T'S, there is a third basic set A that contains

both of them.

PROOF. Since both A! and A? are basic sets, we are able to find v; € A? such that both forward
and backward G-orbit of v; are dense in A* with i € {1,2}. As in the proof of Proposition 6.3.2,

we might assume A" C Regy(n) for i € {1,2} (Notice that T and 7 here are unrelated to those
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used in the proof of Proposition 6.3.3). Therefore, by definition we have f_TT A ge(vi))dt > n for
i € {1,2}. In particular, there is some t; € [T, T] such that A(g;,(v;)) > %= for i € {1,2}. Fix
§ > 0 small such that B(Reg(5F),d) € Reg(4%). Since G is transitive on TS, We can find some
o', 0" € T1S and t/,t" > 0 such that d(v', gy, (v1)) < 6, d(gy(V'), g, (v2)) < &, d(v", g, (v2)) < §
and d(ge (v"), g¢, (v1)) < 6. By definition of § we have v/, gy (v'), v", go (v") € Reg(45). Then by
Lemma 6.2.5 we have two orbits w; and wo as follows. The orbit of w; is backward asymptotic to
the orbit of vy, forward asymptotic to the orbit of v and in the middle close to the orbit segment
(v/,t). Similarly, the orbit of wy is backward asymptotic to the orbit of vy, forward asymptotic to
the orbit of v; and in the middle close to the orbit segment (v”,¢"). Let us write A® as the union of
AL, A2, the orbit of w; and the orbit of wy. A? is closed since the orbits of w; and ws are forward
and backward asymptotic to orbits in A' and A2, which are by themselves compact. Moreover,
notice that the orbits of w; and ws are both in Reg. As A? C Reg is closed and G-invariant,
by Proposition 6.3.2 we know A® is hyperbolic. By Proposition 6.3.3 there is a basic set A* that
contains A3.

Now we will show A3 is in Qg (A?), which refers to the non-wandering set of A* under G. As
A?* is a basic set, thus being locally maximal, there is an open neighborhood V of A4 such that
A* = Mg 9e(V). Write 6y := dist(V¢,A%). We know the orbit of w; is forward asymptotic to
the orbit of vy, which is forward dense in Ay. Meanwhile, the orbit of ws is backward asymptotic
to the orbit of wg, which is backward dense in As. Therefore, there are 17,75 > 0 such that
d(gr, (w1), 9-1,(w2)) < 61 and both g (w1) and g_r,(w2) belong to Reg(z). Similarly we can
find 77,73 > 0 such that d(g_77(w1), g7y (w2)) < 01 and both g_7v(w1) and , g7y (w2) belong to
Reg(z7:). We can now shadow (g_7v (w1, T} +T1)) and (g7, (w2, T + T1)) using a closed geodesic
ws. Since the orbit of ws is always in V, it must be in A*. Therefore, The orbit of w; and ws are
non-wandering for A* under G. As A' and A? are by themselves basic sets, we have A% C Qg (A?).

Meanwhile, the same process as above shows that A3 is transitive under G. Therefore, by spectral

decomposition of Qg(A*) we can find a basic set that contains A3, which concludes the proof. [

We will now apply Proposition 6.3.3 and Lemma 6.3.10 to construct {E}ieN mentioned in Propo-

sition 6.2.3, thus complete its proof.
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First define {A,, }nen as A, = Per(T1S \ B(Sing, 13-)), where Per(E) is the set of closed geodesics
whose entire orbit lies in E for E C T'S and B(Sing, ) refers to the set of all the points whose
distance to Sing is less than § for § > 0. Each A, is closed and G-invariant in Reg, thus being
hyperbolic. By Proposition 6.3.3 there exists G-invariant compact hyperbolic locally maximal A/,
that contains A,. Let us look at Qg(A]). Observe that Q¢(A),) is closed and contains every closed
geodesic in A,, therefore contains A, itself. By applying spectral decomposition we can write
Qa(A) = U;”Zl A%, where m > 1 and AZ is a basic set for all 1 < j < m. Now we can apply
Lemma 6.3.10 at most m — 1 times to construct E that we need. Moreover, by applying Lemma
6.3.10 if necessary, we can make A; an increasingly nested sequence.

It remains to show that for any basic set A C TS, there is n € N such that A C ANn First notice
that there exists an increasingly nested sequence of open sets {V}, }en satisfying A, = Nier 9t(Va).
As A is a basic set, it is the closure of all closed geodesics in itself. Therefore, A C (J,cnAn C
Unen A, C Unen Va and {V, }nen becomes an open cover of A, which admits a finite cover. Now we
have some n € N such that A C V,,. Since A is G-invariant, it is in lf\;, which ends our construction

of {E}leN This concludes the proof of Proposition 6.2.3.
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