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Abstract

Morphing panels offer opportunities as adaptive control surfaces for optimal system

performance over a broad range of operating conditions. This work presents a de-

sign framework for multifunctional composites based on three types of laminae, viz.,

constraining, adaptive, and prestressed. Based on this framework, laminate configu-

rations are designed to achieve multiple morphing modes such as stretching, flexure,

and folding in a given composite structure. Multiple functions such as structural

integrity, bistability, and self-actuation are developed. The composites are developed

through a concurrent focus on mathematical modeling and experiments.

This research shows that curvature can be created in a composite structure by

applying mechanical prestress to one or more of its laminae. Cylindrical curvature

can be tailored using a prestressed lamina with zero in-plane Poisson’s ratio. Ana-

lytical laminated-plate models, based on strain energy minimization, are presented

in multiple laminate configurations to characterize composites with curvature, bista-

bility, folding, and embedded smart material-driven actuation. Fabrication methods

are also presented for these composite configurations. The mathematical models are

validated experimentally using tensile tests and 3D motion capture.

The mechanics of an n-layered composite is explained through modeling of all

the stacking sequences of the three generic laminae. Actuation energy requirement

is found to be minimal in the constraining-prestressed-adaptive layer configuration.

Bistable curved composites are developed using asymmetric prestressed laminae on
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either face of a core layer; these composites address the drawbacks of thermally-cured

bistable fiber-reinforced polymeric composites. When the prestressed directions are

orthogonal, the stable curvatures are weakly-coupled. The composite’s domain of

bistability and actuation requirements are quantified using a non-dimensional high-

order strain model.

Active bistable composites are modeled and demonstrated using shape memory

alloy (SMA) actuators in a push-pull configuration. Experiments show that the un-

actuated SMA dampens the composite’s post-transition vibrations. Folds are created

by laminating a prestressed layer across a crease. Fold angle is modeled using piece-

wise displacement functions to account for the low stiffness of a crease relative to its

faces. Extensive model-based parametric studies are conducted in various laminate

configurations to study the effect of laminae properties, dimensions, and prestress

magnitude and orientation, on the composite’s shape, stiffness, and actuation energy.

A thorough literature survey is conducted on the effect of various aerodynamic

treatments on effective vehicle drag. A morphing fender skirt is demonstrated since

it provides a good trade-off between drag reduction (0.038 points) and practical

implementation. Through design, manufacturing, and testing, a lightweight, self-

supported, and self-actuated morphing fender skirt is developed based on the multi-

functional composites characterized at the coupon scale.

Intellectual Merit: Innovative stress-biased curved composites with an irre-

versible non-zero stress state are presented through this work. A framework for mul-

tifunctional composites, backed by analytical modeling tools and fabrication methods,

is presented for the design of generic laminated composite-based morphing structures.

Broader Impact: Morphing structures can effectively contribute to the improved

fuel economy in automobiles through reductions in aerodynamic drag and vehicle

weight. The multifunctional composites, demonstrated using relatively inexpensive
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materials, are suitable for mass-market products. The composite framework enables

applications in the fields of morphing aircraft and automobiles, soft robotics, and

biomimetics.
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Chapter 1

Background

1.1 Morphing structures

Morphing structures, defined as body panels that are capable of a gradual autonomous

shape transformation, have gained importance in the automotive and aerospace indus-

tries since they address the need to adapt the vehicle’s shape for optimal performance

over a broad range of operating conditions. In automobiles, for example, aerodynamic

performance is critical at high speeds whereas other factors such as ground clearance

and aesthetics are a priority at low speeds. Aerodynamic drag is defined as the force

that resists vehicle motion in air. A 10% reduction in drag leads to a 2% improve-

ment in fuel economy. However, a 10% increase in vehicle weight results in a 6.5%

penalty on fuel economy [22]. In aircraft, real-time morphing of wing geometry en-

ables the optimization of aerodynamics for maximal fuel efficiency over a range of

flight conditions; the use of discrete control surfaces adds weight penalty on per-

formance. Therefore, morphing elements should be lightweight structures that are

capable of withstanding aerodynamic loads while allowing significant shape changes

[23]. Further, morphing components should consume minimal energy from a compact

actuation source.
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1.1.1 Automotive applications

The coefficient of drag (CD) is a measure of aerodynamic drag on a body. In automo-

biles, reduction in CD leads to improved fuel economy at high speed due to reduced

engine load. The NHTSA standard requires an improvement in fuel economy of 13

mpg between 2015 and 2025 across all passenger vehicle segments1. To meet this

requirement, the automotive industry has worked to reduce the drag coefficient of an

average new sedan from 0.32 to 0.25 (22%). The demand for higher energy efficiency

in transportation is expected to increase in the future [22]. The factors contributing

to aerodynamic drag are illustrated in Figure 1.1(a). Several geometric modifications

to the exterior body of a vehicle have been proposed for drag reduction [24]. Imple-

menting geometric changes as a rigid feature in the body is not practical at times due

to limitations in other design areas such as vehicle weight, aesthetics, and regulatory

compliance. Morphing structures enable multifunctional ability in body panels with

a scope for weight reduction and improved aesthetics. The active-geometry solutions

that are shown to have the most impact on aerodynamic performance are summa-

rized in Figure 1.1(b). A few examples of morphing vehicle concepts are illustrated

in Figure 1.2.

1.1.2 Aerospace applications

Rigid wings in an aircraft are designed for optimal fuel efficiency in specific operating

conditions such as cruising at high altitude. Morphing the geometry of the wing is an

attractive approach to optimize fuel efficiency over the entire range of flight. Wing

geometry can be modified through stretching, flexure or a combination of both. Ge-

ometric parameters that can be tailored to achieve a morphing wing include span,

1Statistics from the National Highway Traffic Safety Administration are based on a 2010 nominal
baseline vehicle with gasoline engine, port fuel injection, fixed valve timing, 4-speed automatic
transmission, and with CD = 0.32. The estimated average fuel economy for 2015 is 41.5 mpg.
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(a) (b)

Figure 1.1: (a) Estimated contributions to the drag coefficient of a passenger car
(data from Barnard [1]) and (b) potential for drag reduction through the use of
morphing structures. The color-code used for morphing solutions in (b) correlates to
the corresponding source of aerodynamic drag in (a).

sweep, airfoil camber, wing twist, and span-wise bending. Barbarino et al. [30] con-

ducted an extensive review of morphing solutions for aircraft. The effectiveness of

morphing each of the geometric parameters depends on the type of aircraft (com-

mercial, military, etc.) and its specifications such as flight range, speed, agility, and

payload. Morphing concepts demonstrating the important geometric modifications

that benefit aircraft performance are shown in Figure 1.3.

1.1.3 Integration of morphing structures

The development of a morphing structure is an interdisciplinary process that includes

research on kinematics, materials, actuation, and fabrication techniques (Figure 1.4).

The kinematics of the morphing elements in a structure should be tailored to achieve

a given deployed shape. Morphing elements include rigid and compliant links that

provide geometric constraints and structural integrity. The mechanics of a morphing
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(a) Morphing fender

(b) Boat-tail extension

(d) Active flaps for engine 

thermal management
(c) Active front spoiler

Figure 1.2: (a) Morphing fender on the BMW Next 100 Years concept [2], (b) boat-
tail extension on the Mercedes Benz Intelligent Aerodynamic Automobile concept [3]
(bottom), and (c) inflatable front spoiler on a Porsche 911 Turbo S [4], and (d) active
flaps for engine thermal management on a Ferrari 458 Speciale [5].

element (e.g., stretching, bending) is coupled with its actuation mode (e.g., moment

or in-plane force) and the structure’s kinematics. Embedding the actuator in the

morphing element enables compact and lightweight structures. Smart materials such

as piezoelectrics, shape memory materials, and active polymers are candidates for em-

bedded actuators. Actuator material selection and its configuration in the structure

depend on the desired range of deformation. Novel fabrication techniques are required

to realize morphing capabilities using various active and passive laminae. Functions

such as multi-mode deformation, embedded actuation, and structural integrity can
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(a) (b)

(c) (d)

Figure 1.3: Concepts for morphing aircraft based on: (a) airfoil camber adjustment
[6, 7], (b) wing span morphing [8], (c) variable wing sweep [9], and (d) span-wise
bending (left) and wing-twist (right) [10].

be achieved simultaneously in a single structure using a laminated composite frame-

work. Passive and active materials can be configured as laminae with varying degree

of scale and complexity in laminated composites.

1.2 Laminated composites as morphing structures

Laminated composites have been extensively employed in the design of morphing

structures. Laminae material selection is a function of the desired morphing mode.

Anisotropic laminae are commonly used to tailor the composite’s stiffness and hence

deform it to a given shape. Laminated composites with active laminae (embedded

actuation) developed for various morphing applications are summarized in Table 1.1.

Designs relevant to this work are discussed in the following subsections:
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Table 1.1: Survey of morphing laminated composites with embedded actuators.

Mechanics Morphing composite Salient feature Actuation

Stretch Fiber-reinforced elastomer [8, 11];
honeycomb with elastomeric infill [31];
elastomeric sheets with sandwiched:
corrugated panel [32]; honeycomb [33]

Tailored stiffness Passive

Flexible fluidic matrix composite [34,
35]; pneumatic artificial muscle [36]

Controllable
strain and stiff-
ness [34]

Pressurized fluid

Macro-fiber piezoceramic composite
[37]

Controllable
strain

Piezoelectric
lamina

Pure SMP [38]; SMP-reinforced elas-
tomer [39]; shape memory polymer-
alloy composite [40]

Shape fixity
and recoverable
strain

SMA [40]

Flexure Thermally-prestressed FRP laminates
with: sandwiched metallic core [41,
42]; fiber-prestress [13, 43]; initial cur-
vature [44]

Curvature due
to residual stress
and tailored
stiffness

Passive; SMA
wires [45–47],
thermal loading
[44, 48]

Fluidic muscles in a flexible medium
[35, 49]; composite with intrinsic fluid
channels [20, 50]; pressure-actuated
cellular structure [51, 52]

Controllable cur-
vature and stiff-
ness [34]

Pressurized fluid

Fiber-reinforced SMP [53] Shape fixity
and recoverable
strain

SMP, external
force

Fold Bistable reeled composite [54, 55], de-
ployable FRP boom hinge [56]

Tailored stiffness Passive

Fluid-filled Origami sheet [57] Controllable fold Pressurized fluid

SMP hinge [15, 58]; active elastomer
based on: embedded SMA wires[59];
dielectric and magneto-active behavior
[16]

Active creases,
self-folding

Variable mod-
ulus materials
such as SMA,
SMP, magne-
torheological
foam

SMP - shape memory polymer;
SMA - shape memory alloy;
FRP - fiber reinforced polymer
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• Actuation material selection

• Design of an embedded actuator

• Material selection 

for morphing elements
• Stiffness tailoring 
using anisotropy 

(reinforcements)

• Motion of the 

underlying structure
• Deployment of 
morphing elements

• Fabrication of laminated 

composites with adaptive laminae
• Measurement of composite 
response to actuation

Morphing 

structure
Materials

Actuation

Fabrication

Kinematics

Figure 1.4: Research areas for morphing structures.

1.2.1 Stretchable composites

Stretchable materials are suitable for structures that undergo a change in surface area.

Elastomers can serve as stretchable materials because of their high strain capability

(>100%). However, elastomers also exhibit a high Poisson’s ratio (∼0.5). Anisotropic

stiffness can be incorporated into an elastomer through fiber-reinforcement; such

elastomers are also known as elastomeric matrix composites (EMC) [8]. An EMC

with unidirectional fibers in the transverse direction (90◦) has been proposed as a

flexible-skin panel in one dimension for the span morphing of an aircraft wing [8, 11]

(Figure 1.5). Cylindrical pneumatic actuators that have EMC walls can perform

unidirectional actuation when pressurized [60]. In these actuators, tailored stiffness
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(a) (b)

Figure 1.5: (a) Configuration of stretchable EMCs in a morphing airfoil [11] and (b)
zero-Poisson’s ratio EMC coupled with a support structure to achieve span morphing
in an aircraft wing [8].

is achieved using the appropriate fiber-orientation. Murugan et al. [61] presented

methods to optimize fiber distribution in an EMC to maximize the in-plane strain

and out-of-plane stiffness.

Elastomeric matrix composites

An EMC is a fiber-reinforced elastomer whose material properties are influenced by

the orientation and volume fraction of the embedded fibers. A 90◦ EMC strip has

fibers oriented along its width (90◦), making it stiff in-plane in this direction and

stretchable in the orthogonal direction. Large strain (up to 100%) can be applied

to a 90◦ EMC along the length while maintaining near-zero in-plane Poisson’s ratio,

provided the modulus of the fiber is much higher than that of the elastomer. Figure

1.6 illustrates the near-zero Poisson’s ratio achieved by reinforcing the elastomer with

fibers along the width. In contrast, the purely elastomeric region has high Poisson’s

ratio. Silicone rubber (poly-dimethylsiloxane) and polyurethanes are commonly used

elastomeric materials since they offer good workability in the uncured state. The

fabrication process for an EMC is described in Chapter 2.
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90o EMC

Pure elastomer

Strained along length

Width reduces due to high in-plane 

Poisson’ ratio in elastomers

Embedded fibers

Fibers restrict change in width, 

i.e., enforce zero Poisson’s ratio

Figure 1.6: EMC strip partially reinforced with fibers along its width.

1.2.2 Flexible composites

Imparting residual stress is an attractive approach to create curvature in a passive

laminated composite since it is an intrinsic feature and requires no external loads.

Curvature in a fiber-reinforced polymeric (FRP) composite can be created by impart-

ing residual stress in the matrix through high temperature curing [12, 41]. Initially-

curved composites with a mechanically-prestressed matrix can serve as morphing

elements when installed in a structure [62]. The anisotropy in FRP composites can

be tailored using an asymmetric lay-up of fiber layers such that the composite ex-

hibits multiple stable shapes at room temperature. The magnitude and orientation

of the curvatures are influenced by the dimensions of the composite and the material

properties of its laminae.

Bistability

Multistable composite laminates are candidates for morphing structures because they

exhibit multiple stable shapes and require actuation only for shape transition. The

basic requirement in the design of a multistable laminate is to incorporate residual

stress into the structure such that multiple minima in strain energy are possible. The
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methods available for inducing multistability in a panel can be classified into two

categories, viz., mechanical and thermal.

Residual stress can be mechanically induced in isotropic panels using plastic defor-

mation techniques like plastic forming [63], and creating dimples [64] and corrugations

[65]. Forcing an initial curvature in a stress-free plate or beam by designing the ap-

propriate boundary conditions results in pseudo-bistable structures [44, 66]. Designs

with mechanically-induced multistability are compatible with isotropic panels, but

the resting shape is sensitive to the actuation force applied.

(a) (b)

Figure 1.7: (a) The stable shapes of an asymmetric 0◦/90◦ FRP laminate [12] and
(b) the stable shapes of a prestressed buckled FRP laminate [13].

The most extensively studied multistable behavior involves asymmetric fiber-

reinforced polymeric (FRP) laminates which are cured in a pre-impregnated form

at high temperature and pressure. This processing ensures geometric precision and

optimal strength [67]. Cooling the cured laminates to room temperature results in an

intrinsic residual stress induced by a mismatch between the thermal contraction of

the matrix and fiber. At room temperature, asymmetric FRP laminates can exhibit
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two stable shapes that are curved in opposite directions [12] as shown in Figure 1.7(a).

The magnitude of curvature is primarily influenced by the curing temperature and

its direction is governed by the orientation of fiber layers [68–70]. The stable shapes

of an asymmetric FRP laminate can be augmented by sandwiching an isotropic core

[43]. Daynes et al. [13] selectively applied mechanical prestress to fiber layers to cre-

ate a buckled region in the laminate in order to achieve symmetric curvatures (Figure

1.7(b)). Li et al. [42] developed hybrid symmetric laminates without the need for a

buckled region by including two symmetric metallic layers whose thermal expansion

coefficient is much higher than that of the fibers and the matrix. In laminates with

thermally induced bistability, the presence of a continuous matrix material results in

fully coupled shapes at room temperature, leaving little scope for tailoring individual

shapes. By virtue of the thermo-mechanical process involved in fabricating FRP lam-

inates, they are sensitive to operating temperature and humidity [71]. Application of

matrix prestress in specific laminae allows combination with a wide variety of other

laminae to create multifunctional composites.

1.2.3 Foldable composites

Origami-folding techniques allow large changes in surface area and as such, they

could be a very efficient solution for morphing [72–75]. Origami design, involving the

calculation of crease pattern and folding sequence, is well understood in surfaces with

zero thickness [76]. However, implementation of these folding principles in morphing

panels with finite thickness adds functional challenges related to limiting fold angle

[77], structural integrity, and self-folding ability [78]. Materials tailored for a specific

function, when laminated in certain configurations, exhibit synergistic multifunctional

features that enable the seamless integration of folds in a structure.
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In laminated composites with finite thickness, folding is typically realized as local-

ized flexure about a crease line. A crease has finite width and its stiffness is typically

much lower than that of its rigid adjacent faces; flexural stiffness of the crease is a

function of its modulus and thickness. Other approaches for creating creases include

the use of surrogate mechanisms such as compliant joints [79]. Boncheva et al. [80]

developed foldable structures for self-assembly using corrugated elastomeric layers

that are prestressed into a flat shape and laminated with metal layers in the region

spanned by the faces of a fold. Actuation of an origami structure, i.e., folding and

deployment, can be achieved either through the application of forces on the bound-

ary or through the action of springs and actuators installed across the creases. Zirbel

et al. [81] presented several methods for the deployment of an origami solar array,

including the use of torsional springs, cables, and bistable strips in the structure.

(a)

(b)

(c)

Figure 1.8: (a) Self-folding laminated composites with creases activated by (a) shape
memory alloys [14], (b) shape memory polymers [15], and (c) magneto-active elas-
tomers [16].

In laminated composites with no mechanical hinges, programming creases for

self-folding is an attractive approach. One approach to self-folding is to apply a

graded input to a homogenous active material to create local strain, thereby creating
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a fold. Another approach involves a combination of passive materials and strain-

generating smart materials in a unimorph or bimorph configuration to create creases.

A multi-layer approach has added benefits due to the potential for incorporating

additional functions in the composite. Shape memory alloys (SMA) and polymers

(SMP) have been successfully employed as active laminae for folding sheets with pre-

defined creases. Hawkes et al. [14] developed self-folding sheets using a network of

bending actuators across pre-defined creases (Figure 1.8(a)). Peraza-Hernandez et

al.[59] developed reprogrammable self-folding structures using shape memory alloy

mesh/film as the actuator. The SMA across the crease is locally heated, thereby

bending the faces towards each other to create a fold. While SMA-based designs

enable two-way folding and reprogrammable crease formation, the stiffness of the

hinge is limited by the bending stiffness of the SMA film.

Felton et al. [15] combined layers of SMP with pre-creased paper to form a bi-

morph actuator (Figure 1.8(b)). The SMP, when activated locally using resistive

circuits, shrinks to create a fold through flexure. The folded shapes can be rigidized

by cooling the SMP below its glass transition temperature. Ahmed et al. [16] demon-

strated self-folding using dielectric and magneto-active elastomers that respond to

electric and magnetic fields respectively (Figure 1.8(c)). von Lockette et al. [82]

demonstrated a magnetic field-activated folding composite. The folding approaches

mentioned thus far rely on the active material’s configuration in the composite struc-

ture for crease formation. In this scenario, improving the functionality of the passive

structure by means of an intrinsic restoring force can have some added benefits: an

equilibrium geometry with a prescribed fold angle can be realized; higher global stiff-

ness can be achieved for morphing applications; one-way actuation may be sufficient;

and actuation power requirements can be minimized.
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One of the major challenges that limit the maximum achievable fold angle in

fiber-reinforced composites is the failure of fibers under large flexural deformation.

Micromechanics studies have shown that under large flexure, in a stiff matrix such

as epoxy, fibers break due to the shear stress applied by the matrix [83]. In a soft

hyperelastic matrix, however, the low shear stress allows fibers to buckle out-of-plane

without breaking [84, 85]. During folding, fiber buckling in a soft matrix occurs in

laminae that are under compressive stress. Fiber buckling and failure in folded com-

posites can be overcome by including pre-stretched laminae such that the innermost

laminae in the fold are in tension.

1.2.4 Composite actuation

Embedded actuation is preferred for morphing panels due to the possibilities for

reducing weight, size, and complexity. In most cases, the actuation material is either

inserted into channels created in a passive composite [47] or is an active layer(s) in a

laminated composite [37]. Passive composites can also be actuated through thermal

loading [44, 48]. However, this method is mostly restricted to thermally-cured FRP

laminates. Ideally, an actuation material embedded in a morphing composite should

have a high power output per unit volume and operate the composite in a frequency

range consistent with the structural dynamics.

Piezoelectric materials can generate an adequate amount of force [86] but require

stroke amplification to achieve large deflection while maintaining system rigidity and

frequency response. Schultz et al. [17] demonstrated actuation using electrically-

activated piezoceramic (macro-fiber composites) laminae that are curved to conform

to one of the stable shapes of a bistable composite (Figure 1.9(a)). While piezoelectric

actuators enable a rapid snap-through to the second shape, they are ineffective for

snap-back to the first shape due to their low strain capability (0.1 %). Kim et al.

14



Piezoelectric composite actuator
Pressure-actuated layer

Piezoelectric composite actuator

Longitudinal SMA wires 

(not visible)

Unactuated state

Actuated state

Robotic hand

(a) (b) (c) (d)

Figure 1.9: Laminated composites actuated by: (a) piezoelectric macro-fiber compos-
ites [17], (b) piezoelectric composites in one direction and shape memory alloy wires
in the other [18], (c) shape memory alloy springs [19], and (d) pneumatic pressure
[20].

[18] combined low strain piezoelectric laminae and high strain shape memory alloy

wire (6 %) to achieve rapid snap-through and relatively slow snap-back respectively

(Figure 1.9(b)).

Shape memory alloys can provide sufficient force and stroke although their ap-

plication is often limited by their low operating frequency limit of about a few Hz.

Continuous shape control is a challenge in the case of shape memory materials. How-

ever, in morphing structures that do not rely on the actuator’s frequency response,

such as bistable composites, shape memory alloys are an attractive option for actua-

tion. In bistable composites, the transition or snap-through between shapes occurs in

milliseconds once the composite is nearly flattened by the actuator. Dano and Hyer

[45] presented an analytical model for the actuation of bistable FRP laminates using

SMAs. They modeled SMA wire in a tendon (straight) configuration and validated
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the simulated shape transition using experiments. However, SMA actuation is more

feasible for practical applications when used in a laminar configuration. Simoneau

et al. [47] and Lacasse et al. [87] developed an FE model for laminated composites

that are actuated using embedded SMAs; the relationship between the composites

material and geometric properties, and actuation effort was studied for a monostable

composite with one-way actuation. Kim et al. [19] developed a bio-inspired bistable

robot actuated by SMA springs (Figure 1.9(c)). Prototypes of SMA-actuated bistable

composites were designed and fabricated by Hufenbach et al. [46, 88]; SMA wires were

installed so as to follow the curvature of the composite.

Hydraulic and pneumatic actuators can produce large force and stroke in the

frequency range of the structure, but with a weight penalty. Lightweight and compact

solutions for harnessing fluid power are offered by smart material-based miniature

electrohydraulic actuators [89] that amplify the small stroke of materials with high

frequency bandwidth such as piezoelectrics and magnetostrictives through fluid flow

rectification. Fluid-based actuation systems are of interest in fields like soft robotics,

bio-inspired structures, and morphing structures. Linear actuators such as pressurized

artificial muscles are often used to create robotic mechanisms that can bend or fold

[90, 91]. Flexible pneumatic bending actuators have been proposed by Deimel and

Brock [20] for a soft-robotic hand that can grip objects (Figure 1.9(d)). Marchese et

al. [50] developed a compliant structure with embedded fluid channels that is capable

of replicating fish-like motion. Philen et al. [34, 60] and Feng et al. [49] developed

variable-stiffness skins with embedded fluidic muscles that can be used for morphing

aircraft wings. The basic design principle in these fluidic actuators is that linear

actuation is achieved by restricting radial expansion through fiber-reinforcement while

bending is achieved by bonding a constraining layer to a linear actuator.
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1.3 Analytical modeling

The equilibrium shapes of an asymmetric bistable composite were modeled analyti-

cally by Hyer [92] using strain energy minimization. The composite was modeled as

a laminated plate based on a Lagrangian strain formulation and classical laminate

theory. Energy minimization was carried out using the Rayleigh-Ritz method and

the resulting nonlinear equations were solved for the displacements of the composite.

The energy-based analytical approach was further developed by Hamamoto and Hyer

[93], and Dano and Hyer [94, 95]. Schlecht and Schulte [69] presented a comprehen-

sive finite element study that was in agreement with Hyer’s analytical model. In all

the analytical studies hitherto conducted, the in-plane strains and the out-of-plane

displacement were approximated by quadratic polynomials containing only the terms

with even power. Quadratic approximations hold for the calculation of stable shapes

of the composite. However, features related to shape bifurcation such as snap-through

loads [96] and geometric limits for bistability [97] cannot be accurately described us-

ing a second order strain model. Cantera et al. [98] presented a modified approach to

simulate snap-through loads involving a second order strain model that includes non-

uniform curvatures and uniform through-thickness normal strain. Pirrera et al. [99]

showed that shape bifurcation effects can be modeled accurately using seventh order

polynomials for displacements in the strain model. With ninth order displacement

polynomials or higher, one can simulate the intermediate stages of snap-through but

at the expense of computational cost. Lamacchia et al. [48] presented a computation-

ally efficient semi-analytical high-order model that features decoupled stretching and

bending contributions via a semi-inverse formulation of the constitutive equations.

The choice of the displacement functions is influenced by the mode of deformation

and the material and geometric properties of the composite’s laminae.
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1.4 Research questions

The aim of this research is to develop a framework for multifunctional laminated

composites that enable multiple modes of deformation such as stretching, flexure,

and folding within a given morphing structure. The key research questions are as

follows:

• Is there a general laminated-composite framework for morphing struc-

tures? (chapter 2): Adaptive laminated composites address morphing struc-

ture requirements such as low weight, compactness, and system-level compatibil-

ity. Existing morphing composites can undergo stretching, flexure, and folding

but tend to lack mechanisms to achieve all these shape changes within the same

structure. Further, there is need for a generic n-layered composite that enables

multifunctionality through the combination of active and passive laminae.

• Are there methods to incorporate local and global residual stress in

select laminae? (chapter 2): Functionality in existing curved composites

is limited due to globally-applied residual stress. In thermally-cured bistable

FRP laminates, for example, the two stable curvatures are a function of cur-

ing temperature. The performance of these composites is adversely affected by

variations in operating temperature and humidity. Replacing thermal stress

with mechanical stress provides the possibility to individually tailor the two

stable shapes. Mechanically-prestressed composites fabricated at room temper-

ature could exhibit hygrothermal invariance over a broad range of operating

temperatures.

• Can a prestressed layer be configured such that the resulting com-

posite has a single dominant (cylindrical) curvature? (chapter 2):

The use of fiber-reinforced elastomers in existing morphing composite designs
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is restricted to stretchable skins. The large anisotropic strain capability of

these elastomers could be utilized for the application of mechanical prestress in

laminated composites. An elastomer reinforced with unidirectional fibers ex-

hibits zero in-plane Poisson’s ratio when stretched in a direction orthogonal to

the fiber orientation. Cylindrical composites could be designed by laminating

such pre-stretched elastomers. The magnitude and direction of curvature can

be tailored using the corresponding magnitude and orientation of the applied

prestrain.

• Are there mathematical models that describe the mechanics of stress-

biased multifunctional composites? (chapters 2 - 7): The inclusion of

selectively-prestrained laminae yields a novel class of curved composite that

has an irreversible non-zero stress state. The large strain applied to generate

prestress is associated with geometric and material nonlinearities in the lam-

ina’s constitutive behavior. Further, a composite undergoing large deflection

should be modeled using geometric nonlinearities in its strain model. Therefore,

mathematical modeling is required to study the interaction between prestressed

laminae and initially-stress-free passive and smart laminae.

• How do the laminate stacking sequences compare with respect to

the performance of a general multifunctional composite? (chapter 3):

The stacking sequence of the constraining, prestressed, and adaptive laminae

is expected to influence the composite’s response to actuation. For modeling

purpose, an adaptive layer is considered to be a material with built-in pressur-

izable fluid channels. Intrinsic pressure actuation offers potential for generating

high force and stroke. However, embedded configurations based on existing flu-

idic actuators are difficult to model and fabricate. Molding the fluid channels
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into a reinforced flexible lamina rather than embedding them as individually-

reinforced fluidic muscles in a flexible medium would result in a simpler model

and fabrication process.

• Can bistability be designed using prestress in selective laminae? (chap-

ter 4, 5): Containment of residual stress in select laminae opens the possibility

to develop mechanically-prestressed bistable composites. Such composites, fab-

ricated at room temperature, could address the drawbacks of thermally-cured

bistable FRP laminates; the drawbacks are hygrothermal variations and the

dependence of both shapes on the residual stress input, i.e., curing tempera-

ture. The functionality of bistable composites can be improved by dedicating

a source of residual stress to each stable shape. In a composite with weakly

coupled shapes, the design of each actuator is influenced only by residual stress

associated with one curved shape.

• What are the limits of bistability in mechanically-prestressed bistable

composites? What are the actuation requirements associated with

these composites? (chapter 6): Residual stress generated through two

sources of mechanical prestrain yields a domain of bistability that is different

from that resulting from a single source (e.g., temperature in thermally-cured

laminates). Therefore, a study exploring the limits of design parameters, such

as the ratio of prestrains and the composite’s aspect ratio, is required to deter-

mine the composite’s bistability regime. High-order strain models are required

to accurately model shape bifurcation phenomena such as bistability loss and

snap-through actuation. Despite the availability of a wide variety of actua-

tor designs, the relative performance of various actuation modes such as axial,

transverse, and in-plane loading is not well understood. Also, actuation energy
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is one performance metric for a bistable composite among others such as out-of-

plane deformation (unactuated) and stiffness. Therefore, a sensitivity study of

the composite’s performance metrics is needed to guide material selection and

geometric design.

• How can folds be created in laminated composites? (chapter 7): Fold-

ing in laminated composites is influenced by the thickness and material prop-

erties of the laminae. Challenges in tight folds such as buckling of the inner

laminae and self-interference at the crease can be addressed by developing a

curvature-based crease involving prestressed laminae; the vertex of the fold is

at its center of curvature. Modeling the discontinuity in modulus or thickness

between a crease and its adjacent faces may require a piece-wise approach in

which each material domain is modeled as an individual composite with appro-

priate constraints. Through modeling, the limits of fold angle, as a function of

composite size and material properties, can be determined.

1.5 Dissertation outline

The research questions outlined in the previous section are addressed in the follow-

ing chapters. In Chapter 2, a multifunctional laminated composite framework is

introduced and its modeling approach is described. For development purposes, pre-

stressed laminated composites with intrinsic pressure-actuation are modeled and fab-

ricated (Chapter 3). The interaction between active and passive laminae is discussed

through a configuration study. Chapter 4 presents a mechanically-prestressed bistable

composite that has weakly-coupled stable shapes. The composite is characterized

using an experimentally-validated analytical model. A shape memory alloy-based

push-pull actuation system is developed for bistable composite actuation (Chapter

5). Stability considerations and actuation requirements of mechanically-prestressed
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bistable composites are studied in Chapter 6. The development of stress-biased com-

posites for origami folding is discussed in Chapter 7. The modeling framework and

experimental methods developed in Chapters 2 through 7 are implemented in an au-

tomotive application in Chapter 8. Through design, manufacturing, and testing, a

lightweight, self-supported, and self-actuated morphing fender skirt prototype is de-

veloped. Shape memory alloy wires are embedded in a radially-configured prestressed

composite ribbed structure to achieve morphing between flat and domed shapes. Key

contributions, along with recommendations for future work, are summarized in Chap-

ter 9.
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Chapter 2

Multifunctional Laminated
Composites

Overview

This chapter introduces a framework for multifunctional laminated composites. Elas-

tomeric matrix composites (EMC) with zero-Poisson’s ratio are presented as laminae

that can be prestressed to create curvature in a composite structure. An analytical

laminated-plate model, based on strain energy minimization, is presented to calculate

composite curvature. The model includes material and geometric nonlinearities as-

sociated with large deformation in the composite and high strain in elastomers. A

fabrication method for the incorporation of mechanical prestress is presented. Passive

beam samples are fabricated to demonstrate stress-biased composites and to validate

the model. The model presented in this chapter serves as a foundation for composite

modeling in the chapters that follow.
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2.1 Composite description

The laminae in the proposed n-layered composite are classified as constraining, pre-

stressed, and adaptive (Figure 2.1). Each layer serves a specific purpose to enable the

tailoring of shape and function of a morphing structure.

Adaptive 

layer

Constraining 

layer

Prestressed 

layer

Figure 2.1: Types of laminae in a multifunctional composite. A constraining layer is
flexible but not stretchable (e.g., metal sheet); the prestressed layer is capable of large
strain and is laminated in a stretched condition (e.g, fiber-reinforced elastomer); an
adaptive layer has a controllable stress state (e.g., smart materials and pressurized
fluid channels). The adaptive layer is shown in the figure as a fluidic layer.

A constraining layer is flexible but not stretchable. It is typically a passive material

that is very thin and has a high in-plane modulus relative to the other laminae. This

layer augments the composite’s out-of-plane deformation while suppressing in-plane

strain. The constraining layer can be tailored to provide structural integrity in one

direction and enable morphing in a different direction. Candidate materials include

isotropic materials such as metals and various plastics, and anisotropic materials such

as fiber-reinforced flexible composites. Pre-existing passive structures, such as body
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panels in an automobile, can function as the constraining layer within a laminated

composite framework.

A mechanically-prestressed layer is a source for internal restoring force in a lam-

inated composite. When a prestressed layer and a constraining stress-free layer are

laminated together, the resulting composite has a curved shape (2.2(a)). The pre-

stress imbued in the composite is irreversible, thereby creating a spring-like composite

that returns to its curved stable shape upon the release of applied forces. Further,

prestress serves to eliminate undesired kinks and cracks in curved composites. In

this work, the prestressed layer is developed using the elastomeric matrix composites

introduced in Chapter 1. The prestressed and constraining layers can be configured

to enable the composite to stretch, bend, and fold within the same material domain

(Figure 2.2).

Prestressed 

90o EMC

Constraining layer

Stretchable 

skin

Prestressed 

90o EMC

Constraining 

layer

Prestressed 

90o EMC

Constraining layer

(a) (b) (c)

Figure 2.2: (a) Flexure, (b) stretching, and (c) folding in a prestressed composite.

An adaptive layer is capable of a controllable localized change in its stress-state;

candidates for an adaptive layer are active materials like piezoelectrics, shape memory

alloys, shape memory polymers, paraffin wax, magnetorheological foam, etc., or a

passive material with an embedded active element like a pressurized fluid channel.

Composite shape is controlled by modulating the properties of the adaptive layer.
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The laminae presented thus far can be configured to achieve multiple functions such

as structural integrity, built-in bistability, and built-in actuation (Figure 2.3). The

stacking sequence of the laminae and domain boundary for each lamina are dictated

by the composite’s performance parameters such as actuation energy, stiffness, and

morphing range.

Fluid 

channel

Neutral axis

Actuation pressure

Induced moment

Prestressed 90 o EMC

Prestressed 0 o EMC

Constraining layer

(a) (b)

Figure 2.3: (a) Bistability in a prestressed composite and (b) morphing of the com-
posite through the activation of a fluidic (adaptive) layer.

2.2 Research approach

In this work, a curved composite with an irreversible non-zero stress state resulting

from the inclusion of selectively-prestressed laminae is presented for the first time.

This new class of composite is characterized using computational modeling and ex-

periments. Figure 2.4 summarizes the research approach. An analytical modeling

framework is developed as a design tool for generic morphing structures based on
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laminated composites. A variety of features including prestress, embedded actua-

tion, bistability, and smart material integration are characterized using the analytical

model. Fabrication methods are presented for these multifunctional composites and

coupon-scale samples are built and tested to validate the model. The composite de-

signs and computational tools developed at the coupon scale are applied towards an

integrated design of a morphing fender skirt for an automobile. Laboratory demon-

strators at the coupon and structural level indicate that the composite is suitable

for mass-market products as it can be manufactured using inexpensive, commercially

available materials and relatively simple processes. The broader impact of this re-

search extends to applications in the fields of morphing aircraft [30, 86], soft robotics

[100], and biomimetics [50].

2.3 Fabrication of mechanically-prestressed composites

The concept of stress-induced curvature is a building block in the design of the pro-

posed laminated composites. Methods for the fabrication of prestressed curved com-

posites are introduced in this section.

2.3.1 Elastomeric matrix composites

Based on the procedure described by Murray et al. [11] and Bubert et al. [8], a 90◦

EMC is fabricated by sandwiching two layers of unidirectional carbon fibers between

two pre-cured silicone rubber sheets. Figure 2.5 shows the various stages in the

fabrication process. Freshly mixed liquid silicone rubber, applied to the fibers and

silicone rubber skins, cures to form an EMC with design specifications listed in Table

2.1. Rhodorsil 340/CA 45 mold making silicone rubber of durometer grade 45 (shore

A) is used as the elastomeric matrix. The same rubber composition is used in the

fabrication of all elastomeric elements in the multifunctional composites developed
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Design requirements

Requires research on:

• New materials

• Actuation configurations

• System integration

Research advancements

• Composite design

• Analytical modeling framework

• Fabrication techniques

• Experimental procedures

Multifunctional composites

A lightweight n-layered 

structure with the following 

functions:

• Structural integrity

• Built-in bistability

• Built-in actuation Adaptive 

layer

Constraining 

layer

Prestressed 

layer

Fender skirt demonstrator

• To develop self-supported and 

self-actuated morphing structures

• Design, fabricate, and test an 

automotive fender skirt 

demonstrator

High speed

Low speed

Figure 2.4: Research flowchart.

in this work. Unidirectional carbon fibers are prepared by removing transverse fibers

from woven carbon fabric (Fiberglast Developments Corp., 3.1 kg/m2). Through this

process, discrete, closely spaced bundles of unidirectional fibers are obtained. The

resulting EMC has zero in-plane Poisson’s ratio.

Using the rule of mixtures, the longitudinal (EL) and transverse (ET ) modulus of

a fiber-reinforced composite can be calculated as:

EL = Efνf + Em(1− νf ), ET =
1

νf
Ef

+
1−νf
Em

. (2.1)
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Figure 2.5: Fabrication process for an elastomeric matrix composite.

Table 2.1: Design details of the fabricated 90◦ EMC.

Material Density (kg/m3) Volume fraction Thickness (mm)
Silicone sheet 1340 0.83 0.76 (× 2)
Carbon fibers 53.53 0.17 0.50

Total 1113 1 2.02

For a fiber modulus of 200 GPa and an average matrix modulus of 1.2 MPa (up to

110% strain), the values of EL and ET are calculated to be 34 GPa and 1.45 MPa,

respectively. A tensile test was conducted on the 90◦ EMC up to 110% strain with

the response shown in Figure 2.6. It was found that the measured average transverse

elastic modulus of 1.5 MPa agrees well with CLPT predictions in the tested strain

range.
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Figure 2.6: Stress-strain curve for a 90◦ EMC constructed as described in section 5.1,
obtained from a uniaxial tensile test.

2.3.2 Composite lamination

Composite samples were fabricated with vinyl foam as a passive core material to

demonstrate the use of prestress in the 90◦ EMC to produce curvature in the com-

posite [101]. The selected vinyl foam is an isotropic material that is brittle in nature.

However, its flexibility is improved when bonded to a 0◦ EMC. Figure 2.7 shows a

schematic of the composite’s laminae.

The 90◦ EMC is stretched to a given strain and held between a pair of grips (Fig.

2.8(a)). The three layers are bonded to each other in the configuration shown in Fig.

2.7 using a silicone adhesive (DAP Auto-Marine 100% RTV silicone sealant) and the

bond is allowed to cure at room temperature for 24 hours. Silicone-based adhesives

are flexible and compatible with the chosen elastomeric skins and foam layer. After

removal from the grips, the resulting composite beam comes to rest in a curved shape
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Adaptive core

90o EMC 

Stretched and bonded

0o EMC 

Figure 2.7: Schematic diagram showing the various layers of a prestressed composite.

that is a function of the prestress imparted to the 90◦ EMC before bonding. The

dimensions of the fabricated beam samples in Fig. 2.8(b) and Fig. 2.8(c) are 152.4

× 25.4 × 7.24 (mm).

Table 2.2: Design parameters for composite beam samples fabricated with a vinyl
foam core.

Parameter 90◦ EMC Core 0◦ EMC Composite
Density (kg/m3) 1113 48 1113 646
Volume fraction 0.28 0.44 0.28 1
Thickness (mm) 2.02 3.175 2.02 7.215

Ex (MPa) Nonlinear 30 170 -
Ey (MPa) 170 30 1.5 -

νxy 0 0.33 0 -
νyx 0 0.33 0 -
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Figure 2.8: a) Setup for curing the prestressed composite, (b) final composite beam
sample with a prestrain of 0.6 in the 90◦ EMC, and (c) final composite beam sample
with a prestrain of 0.8 in the 90◦ EMC.

2.4 Analytical modeling framework

In this work, a mechanically-prestressed curved composite is modeled as a laminated

plate. The large out-of-plane deflection of the composite is described using a La-

grangian strain formulation in conjunction with classical laminate theory. Composite

strains or displacements are initially defined as unknown polynomial functions. The

composite’s strain energy is then computed and subsequently minimized to obtain a

set of nonlinear equations that are a function of the coefficients of the displacement

polynomials. These nonlinear equations are solved using the Rayleigh-Ritz method

to calculate the shape of the composite.
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Figure 2.9: Geometry for the laminated composite model.

2.4.1 Strain model

Strain of the composite’s mid-plane is described using unknown polynomial functions

whose degree depends on the equilibrium shape. For example, in composites with

thermally induced bistability where curvatures about two axes and out-of-plane twist

are possible, third degree complete polynomials in x and y are used to describe axial

strains (Hyer [92], Dano and Hyer [95]). The prestressed composite beam under

consideration is expected to have a single curvature and hence simpler strain functions

can be used (Figure 3.4). Longitudinal strain of the beam is described by a second-

degree polynomial in x whereas lateral strain is described by a constant. A second

degree polynomial in x is used to describe the out-of-plane displacement. Since the

90◦ EMC layer has a near-zero in-plane Poisson’s ratio, curvature about the X axis

is negligible. Further, it is assumed that the Poisson’s ratio difference between layers

has no effect on the curvature about the X axis. The stable shape is expected to
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be curved about the Y axis. Per the assumptions of classical laminate plate theory,

transverse shear (XZ, Y Z) and transverse normal (ZZ) stresses are neglected. Based

on von Karman’s hypothesis [102], strains for composite materials with geometric

nonlinearities, as applicable to this problem, are:

εx =
∂u

∂x
+

1

2

(
∂w

∂x

)2

, (2.2)

εy =
∂v

∂y
, (2.3)

γxy =
∂u

∂y
+
∂v

∂x
+
∂w

∂x

∂w

∂y
. (2.4)

Displacements u, v, and w of any point in the composite are written in terms of

mid-plane displacements u0, v0, and w0 in the X, Y , and Z directions, respectively,

as:

u(x, y, z) = u0(x)− z∂w0

∂x
, (2.5)

v(x, y, z) = v0(y), (2.6)

w(x, y, z) = w0(x). (2.7)

Substitution of (2.5) - (2.7) into (2.2) - (2.4) yields the strain of an arbitrary plane z

of the composite:

εx =
∂u0
∂x

+
1

2

(
∂w0

∂x

)2

− z

(
∂2w0

∂x2

)
, (2.8)

εy =
∂v0
∂y

, (2.9)

γxy =
∂u0
∂y

+
∂v0
∂x

+
∂w

∂x

∂w

∂y
− z

(
∂2w0

∂y∂x

)
. (2.10)

The expression for strain of an arbitrary plane z in the composite beam has the

structure:

εx = ε0x + zκ0x, εy = ε0y, γxy = γ0xy + zκ0xy, (2.11)
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where ε0x and ε0y are the in-plane axial strains, γ0xy is the in-plane shear strain, and κ0x

and κ0xy are the curvature and twist, respectively, of the mid-plane. From (2.8) and

(2.11), it can be seen that κ0x is the second derivative of the displacement function w

with respect to x. Assuming κ0x to be constant throughout the mid-plane, a second

degree polynomial in x is sufficient to approximate the mid-plane displacement w0 in

the Z direction:

w0(x) =
1

2
ax2, (2.12)

where −a represents the curvature (κ0x) about the Y axis [92, 95]. Strains in the X

and Y directions are described using second and zero degree polynomials, respectively,

as:

ε0x = c0 + c1x+ c2x
2 and ε0y = d0. (2.13)

By inspection of (2.10), γxy is zero because the polynomial functions that describe

u, v, and w are independent of y, x, and y respectively. For small in-plane strains,

the material behavior in the host structure can be considered to be linear. The 90◦

EMC, however, must be treated as a nonlinear hyperelastic layer to account for large

prestrain.

2.4.2 Nonlinear response of an EMC

The response of a 90◦ EMC includes a 1-D geometric nonlinearity due to large axial

strain and material nonlinearity due to hyperelastic behavior of the EMC. The focus in

this model is the incorporation of the nonlinear mechanical behavior of an elastomer-

like layer into the mechanics of a laminated composite that can be modeled using

conventional laminate theories.

Peel and Jensen [103] developed a nonlinear model to describe the mechanics

of fiber-reinforced elastomers. A similar method is employed to model the uniaxial

response of a 90◦ EMC. The expression for strain of a single 90◦ EMC subject to a

35



large strain along X is written as:

e(90)x =
∂u

∂x
+

1

2

(
∂u

∂x

)2

, (2.14)

where e
(90)
x is the measured nonlinear strain and u is the constant axial displacement

of the EMC under a tensile test. Since the Lagrangian strain formulation presented

in (2.8) has a linear axial strain term, the nonlinear strain of the 90◦ EMC must

be expressed in terms of linear strain so that it can be modeled as a layer in the

composite. The expression for the corresponding linear axial strain is:

ε(90)x =
∂u

∂x
. (2.15)

The nonlinear strain e
(90)
x is expressed as a quadratic function of ε

(90)
x by substitut-

ing (2.15) in (2.14). Solving for ε
(90)
x and discarding the negative root (non-physical

solution), one obtains ε
(90)
x as:

ε(90)x = −1 +

√
1 + 2e

(90)
x . (2.16)

Based on linear strain, stress is calculated incrementally as:

σ(90)
x i = σ(90)

x i−1 + Ei(ε
(90)
x i − ε

(90)
x i−1), (2.17)

where Ei is the point-wise modulus of a 90◦ EMC (local slope of its stress-strain

curve). Peel and Jensen obtained the stress function by fitting experimental data to

traditional hyperelastic models [103]. For computational efficiency, the stress func-

tion is described by a polynomial.. Since the prestressed EMC is subject to loading

and unloading when the composite undergoes morphing, the average stress from the

hysteretic stress-strain curve is considered as the nonlinear stress function of the 90◦

EMC (Figure 2.6). By the method of least squares, the reduced stress function is
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described using a quartic polynomial as:

σ(90)
x = −0.698ε(90)x

4
+ 2.29ε(90)x

3 − 2.306ε(90)x

2
+ 1.598ε(90)x [MPa]. (2.18)

For a 90◦ EMC, a polynomial stress function is preferred to traditional rubber models

like the Ogden model [104] for the sake of computational efficiency. The stress function

of an EMC depends on design parameters such as fiber volume fraction and orientation

[61].

2.4.3 Potential Energy Function

The total potential energy (UT ) of the system can be expressed as the sum of strain

energy in the host structure and residual strain energy U (90) in the 90◦ EMC. Ne-

glecting the contribution of the silicone adhesive to the strain energy of the system,

one obtains,

UT =

Lx/2∫
−Lx/2

Ly/2∫
−Ly/2

{ H/2∫
h2

(
1

2
Q(0)
xx ε

2
x +Q(0)

xy εxεy +
1

2
Q(0)
yy ε

2
y

)
dz

+

h2∫
−h1

(
1

2
Q(c)
xxε

2
x +Q(c)

xy εxεy +
1

2
Q(c)
yy ε

2
y

)
dz

+

−h1∫
−H/2

U (90)dz

}
dydx,

(2.19)

where {Q(0)
xx , Q

(0)
xy , and Q

(0)
yy } and {Q(c)

xx , Q
(c)
xy , and Q

(c)
yy } are the plane stress-reduced

stiffness parameters [102] for the 0◦ EMC and the core layer, respectively,

Qxx =
Ex

1− νxyνyx
, Qxy =

νxyEy
1− νxyνyx

, Qyy =
Ey

1− νxyνyx
, (2.20)

where E and ν are the elastic modulus and Poisson’s ratio of the layers of the host

structure. U (90) is the nonlinear instantaneous strain energy term based on the area
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under a nonlinear averaged stress-strain curve for the 90◦ EMC, which is calculated by

integrating stress with respect to strain. The resulting strain energy in the prestressed

90◦ EMC as a function of strain of the composite and layer prestress (ε0), is of the

form:

U (90) = f(ε0 − εx, εy). (2.21)

2.4.4 Computation of composite shape

The equilibrium shape of the morphing composite is determined using the principle

of virtual work. Exact differentials of the strain energy and work terms formed with

respect to the unknown constants of strain polynomials are written as:

∑
k

∂(U −W )

∂k
δk = 0, k = {a, c0, c1, c2, d0}. (2.22)

The partial derivatives of the strain energy and work terms are computed symbolically

to obtain five nonlinear algebraic equations. These equations are solved numerically

using the Newton-Raphson technique.

2.5 Model validation

The material parameters used in this model are obtained from tests carried out on

the fabricated samples, as listed in Table 2.2. The longitudinal modulus (Ex) for the

0◦ EMC calculated using (2.1) cannot be used with this model since the fiber and

the matrix do not undergo the same amount of in-plane strain. Since the modulus

of silicone is much lower than that of carbon fiber, most of the in-plane strain in the

0◦ EMC occurs in the silicone matrix. The limiting value of stress in the 0◦ EMC is

the shear strength of the fiber-matrix bond, which is used as the effective E1 in the

model. This Ex is measured in a uniaxial tensile test where a specimen is mounted

in clamping grips and stretched until the fibers slip within the matrix. The average
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Figure 2.10: Curvature of the composite as a function of prestrain in the 90◦ EMC.

measured shear strength between the fibers and the matrix in the 0◦ EMC is 170 MPa.

Curvature (κ) of the fabricated samples is assumed to be constant and is calculated

using the measured values of sagitta (s) and chord length (2L) as:

κ =
2s

L2 + s2
(2.23)

To validate the model, additional composite beam samples with a different layer

configuration were fabricated. The 0◦ EMC is eliminated and a steel strip (4130 alloy)

with a thickness of 0.127 mm and a modulus of 200 GPa is bonded to the prestressed

90◦ EMC. In this case, a prestrain of 0.4 in the 90◦ EMC results in an approximately

semicircular equilibrium shape. Measured curvatures of composite samples fabricated

with various values of prestrain correlate well with the simulations (Fig. 3.15).
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The following chapters describe the development of various functions in a pre-

stressed composite. Innovations in modeling and fabrication are presented relative to

the methods presented in this chapter.
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Chapter 3

Laminated Composites with
Intrinsic Pressure Actuation and

Prestress

Overview

This chapter presents a multifunctional laminated composite that exhibits a curved

geometry due to intrinsic mechanical prestress and a change in curvature when fluid

(liquid or gas) contained in one of its laminae is pressurized. The composite can be

driven to any desired shape up to a flat limiting shape through modulation of pressure

in its fluidic layer. An analytical model is developed to characterize the quasi-static

response of such a composite to the applied fluid pressure for various laminate stacking

sequences. A parametric study is also conducted to study the effects of the dimensions

of the fluid channel and its spatial location. Composite beams are fabricated in the

laminate configuration that requires the least actuation effort for a given change in

curvature. Pneumatic pressure is applied to the composite in an open-loop setup and

its response is measured using a motion capture system. The simulated response of

the composite is in agreement with the measured response.
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3.1 Introduction

This chapter presents a fluidic prestressed composite (FPC) in which fluid power is

used to morph its shape from a curved to a flat geometry (Figure 3.1). Intermediate

curvatures are obtained through the modulation of pressure of the contained fluid.

A prestressed elastomeric layer, a fluidic layer, and a constraining layer constitute

this composite. While the equilibrium shape of the proposed fluidic composite is

created through the application of mechanical prestress to an elastomeric layer (Figure

3.1(a)), morphing action is accomplished through pressurization of the fluidic layer

of the composite (Figure 3.1(b)).

Pressure inlet 

port

Prestressed 90o EMC

Fluid channel

(a)

(b)

Figure 3.1: (a) Geometry of a fluidic prestressed composite in the unactuated state,
(b) limiting actuated shape of the composite when the fluid channels are pressurized.
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A fluidic prestressed composite is capable of controlled shape transition from a

cylindrical shell to a flat plate through simultaneous actuation of parallel fluid chan-

nels that are embedded along the curve. The actuation mechanism is shown in Figure

3.2. The fluid channels are molded into a reinforced flexible lamina instead of being

embedded as individually-reinforced fluidic muscles in a flexible medium as in [35, 60],

and hence simplify the fabrication process. Further, molded fluid channels can have

a non-cylindrical shape, leading to lower composite thickness for a given actuation

effort. Complex curvatures in an FPC are possible through a vascular network of fluid

channels. Through the design of individual channel dimensions, the maximum force

exerted along the fluid path and hence the localized curvature can be regulated. Mul-

tiple pressure sources enable sequential actuation of various regions of the composite.

X

Z

Neutral axis

Actuation pressure

Induced moment

Figure 3.2: Moments induced on a composite in configuration 1 due to pressurization
of the fluidic layer.

3.2 Fluidic Prestressed Composite

The laminae of a fluidic prestressed composite viz., prestressed elastomeric layer,

fluidic layer, and constraining layer, are described in this section. Also, the possible

43



laminate configurations, each resulting in a unique response of the composite, are

introduced.

Constraining layer (CL)

Prestressed 90o EMC (P90)

Fluidic layer (FL)
2.

3.

CL – FL – P90

CL – P90 – FL

FL – CL – P90

X

Y

Z

1.

(a) (b)

Figure 3.3: (a) Participating laminae and (b) possible laminate configurations of a
fluidic prestressed composite.

3.2.1 Description of laminae

A fluidic layer consists of fluid channels molded into a continuous flexible medium

(Figure 3.3(a)). Stiffness of the fluidic layer must be tailored such that the fluid

channel expands only along its length when the composite is pressurized. For a

channel with a rectangular cross-section, strain in the Y direction is negligible due to

the constraint offered by the adjacent laminae, whereas strain in the Z direction is

finite and is mitigated through reinforcement of the unbonded face of the fluidic layer

with unidirectional fibers in the Y direction. The function of the constraining layer
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is to translate the effect of internal forces acting along its length into curvature about

the Y axis (Figure 3.2). A constraining layer can also be built into the fluidic layer

through suitable fiber-reinforcement to create bending actuators for soft robotics and

biomimetics applications [105]. A 90◦ EMC, discussed in Chapter 2, serves as the

prestressed layer. The EMC has fibers oriented along the Y axis (90◦), making it stiff

in this direction and stretchable in the orthogonal direction (Figure 3.3(a)).

3.2.2 Laminate configurations

The laminae of a fluidic prestressed composite can be arranged in three unique con-

figurations (Figure 3.3(b)). In configuration 1, a prestressed 90◦ EMC is sandwiched

between a constraining layer and a fluidic layer. The equilibrium shape of the compos-

ite in the unactuated state is such that the fluidic layer is in compression. Sandwiching

a fluidic layer between a constraining layer and a prestressed 90◦ EMC as in configu-

ration 2 also results in a curved composite where the fluidic layer is in a compressed

state. In both of these arrangements, the effect of actuation is to elongate the fluidic

layer, thereby flattening the composite. The actuation effort for a given change in

curvature of the composite is different between these two configurations (discussed in

section 4). In configuration 3, a constraining layer is located between a fluidic layer

and a prestressed 90◦ EMC, with the fluidic layer on the convex side of the compos-

ite at equilibrium. Pressurization of the fluid channel results in further bending of

the composite. This configuration can also be realized without an EMC to generate

curvature in an initially flat composite. To calculate the quasi-static curvature of an

FPC, an analytical model is presented in the following section. While the proposed

model is applicable to all three laminate configurations, configuration 1 is chosen for

the purpose of presentation.
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3.3 Analytical Model

Morphing of a fluidic prestressed composite is achieved with minimal actuation ef-

fort when the fluid channels are aligned with the direction of EMC prestrain. The

simplest unit that describes this condition is a beam in which prestrain in the 90◦

EMC is applied in the X direction and the fluid channel is oriented along the X axis.

(Figure 3.4). An FPC beam is expected to have a single equilibrium curvature in

the unactuated state about the Y axis. Curvature about X is negligible since the

EMC has no prestress in the Y direction (zero Poisson’s ratio). Pressurization of the

fluid channel does not affect the direction of composite curvature. The mechanics

of an FPC beam are modeled analytically to study the influence of prestress in the

90◦ EMC and pressure in the fluid channel on its curvature. A nonlinear Lagrangian

strain formulation is used in conjunction with classical laminate plate theory to quan-

tify the strain energy of the composite. The strain model and the EMC’s material

response have been presented in Chapter 2. The fluidic and constraining layers are

linearly elastic due to the relatively low in-plane strain associated with curvature in

the composite. However, the 90◦ EMC has a nonlinear elastic behavior due to the

large in-plane strain applied to it to create a prestressed condition. Actuation of the

composite is modeled as the work done on the composite by the working fluid. A

Rayleigh-Ritz method is employed to minimize the net energy of the composite and

hence calculate the strain and curvature at quasi-static equilibrium.

3.3.1 Strain energy of the composite

The total potential energy (U) of the system can be expressed as the sum of the strain

energy of the initially-stress-free host structure comprising of the fluidic (U(FL)) and

constraining layers (U(CL)), and the residual strain energy (U(P90)) of the 90◦ EMC
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Figure 3.4: Geometry for a beam model of a fluidic prestressed composite illustrated in
configuration 1. The bottom face of the fluidic layer is reinforced with unidirectional
fibers oriented along the Y direction.

as:

U = U(CL) + U(FL) + U(P90). (3.1)

In practice, the bottom face of the fluidic layer in cases 1 and 3 (Figure 3.3(b)) is

reinforced with fibers in the 90◦ orientation to mitigate expansion in the thickness

direction. In case 2, the face of the fluidic layer that is bonded to the prestressed EMC

is reinforced with 90◦ fibers. This step is equivalent to the addition of a stress-free 90◦

EMC to the fluidic layer. The contribution of strain energy of the laminate adhesive

to the total strain energy is assumed to be negligible. The total strain energy of the
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linear elastic layers can be written as:

U(CL) + U(FL) =

xu∫
xl

yu∫
yl

zu∫
zl

(
1

2
Q11ε

2
x +Q12εxεy +

1

2
Q22ε

2
y

)
dzdydx, (3.2)

where {Q11, Q12, and Q22} are the plane stress-reduced stiffness parameters [102]

defined as:

Q11 =
E1

1− ν12ν21
, Q12 =

ν12E2

1− ν12ν21
, Q22 =

E2

1− ν12ν21
, (3.3)

and E and ν are the elastic modulus and Poisson’s ratio, respectively. The limits

of integration that must be applied for each layer in the host structure are listed in

Table 3.1.

Table 3.1: Limits of integration for the computation of strain energy of the linear
elastic layers of the composite.

Coordinate Constraining layer Prestressed 90◦ EMC Fluidic layer Fluid channel
90◦ fiber-reinforcement
in fluidic layer

x (−Lx/2 , Lx/2 ) ( −Lx/2, Lx/2) (−Lx/2, Lx/2) (−Cx/2, Cx/2) (−Lx/2, Lx/2)
y (−Ly/2, Ly/2) (−Ly/2, Ly/2) (−Ly/2, Ly/2) (−Cy/2, Cy/2) (−Ly/2, Ly/2)
z (h1, H/2) (h2, h1) (−h3, h2) (−h3b, h3a) (−H/2, −h3)

Strain
energy

U(CL) U(P90)
U(layer) U(channel) U(reinforcement)

U(FL) = U(layer) − U(channel) + U(reinforcement)

The strain energy of a prestressed 90◦ EMC is expressed as:

U(P90) =

xu∫
xl

yu∫
yl

zu∫
zl

(
Ux
(P90) +

1

2
Q22ε

2
y

)
dzdydx (3.4)

where Ux
(P90) is the strain energy in the X direction, calculated as the area under a

nonlinear averaged stress-strain curve obtained from a uniaxial tensile test (Figure

2.6). The resulting strain energy in the prestressed 90◦ EMC as a function of strain
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of the composite and layer prestress (ε0), is of the form:

U(P90) = f(ε0 − εx, εy). (3.5)

3.3.2 Work done by applied fluid pressure

Pressurization of a working fluid in the fluidic layer results in actuation of the com-

posite. The work done by a fluid on the composite can be expressed as a product

of the operating pressure and the change in volume of the fluid channel due to the

applied pressure. While the initial volume (Vi) of the fluid channel corresponds to

the volume at static equilibrium, the final volume (Vf ) is a function of the unknown

strain functions in x and y. Since the constant initial volume vanishes in the energy

minimization step, it is not a critical element in the computation of composite geom-

etry. However, it is required in the calculation of actuation power. In this model, it

is assumed that volume change occurs in-plane; thickness of the composite remains

constant. Assuming that the working fluid is an ideal gas operating in adiabatic con-

ditions, work done on the composite [106] by pneumatic actuation can be expressed

as:

W =
PiVi − PfVf

γ − 1
, (3.6)

where γ = 1.4 is the adiabatic coefficient of air. The volume (Vf ) of the fluid channel

in the actuated state can be expressed in terms of the unknown strain polynomials

as:

Vf =

∫
V

(1 + εx)(1 + εy) dV, (3.7)

=

∫
V

(1 + c0 + c1x+ c2x
2 + az)(1 + d0) dV. (3.8)
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3.3.3 Computation of composite shape

The equilibrium shape of the morphing composite is determined using the principle

of virtual work. Exact differentials of the strain energy and work terms formed with

respect to the unknown constants of strain polynomials are written as:

∑
k

∂(U −W )

∂k
δk = 0, k = {a, c0, c1, c2, d0}. (3.9)

The partial derivatives of the strain energy and work terms are computed symbolically

to obtain five nonlinear algebraic equations. These equations are solved numerically

using the Newton-Raphson technique (or similar). The model presented thus far

provides a means to design the curvature of an FPC in its unactuated state and

the required actuation pressure range to obtain a flat limiting shape. The following

section is a study of the response of an FPC in each of its laminate configurations.

3.4 Model-Based Study of Composite Response

The effect of laminate stacking sequence on the quasi-static response of an FPC is

investigated using the analytical model. The three layer arrangements in Figure 3.3(b)

are considered with the dimensions shown in Figure 3.5 and the material properties

listed in Table 3.2. The configuration that results in the least actuation effort for a

given change in curvature is identified. The influence of design parameters such as

the size and location of the fluid channel on composite response is examined through

a parametric study.

3.4.1 Configuration study

Figures 3.6 - 3.8 show the magnitude of curvature (|κ0x|) of an FPC in each of the

possible laminate configurations calculated as a function of actuation pressure for
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Figure 3.5: Dimensions of the laminae of a fluidic prestressed composite: (a) fluidic
layer, (b) constraining layer, and (c) prestressed 90◦ EMC.

Table 3.2: Measured material properties of the laminae of a fluidic prestressed com-
posite.

Lamina Ex (MPa) Ey (MPa) νx νy
Constraining layer (1095 spring steel) 200,000 200,000 0.28 0.28
Fluidic layer - pure elastomer 1.2 1.2 0.48 0.48
Fluidic layer - reinforced elastomer 1.5 170 0 0
Prestressed 90◦ EMC Nonlinear 170 0 0

EMC prestrain ranging from 0.3 to 0.6. In all cases, a higher EMC prestrain yields

a higher composite curvature about the Y axis for a given actuation pressure. In

the unactuated state, curvature is the least in case 1 and and is maximum in case 2

for a given EMC prestrain. A direct coupling between a constraining layer and an

EMC enables the EMC’s strain energy to be manifest primarily as a deflection (w0)

in the composite in the Z direction; the in-plane component (∂u/∂x in (2.2)) of εx in

the constraining layer is negligible. Curvature is lowest in case 1 since a part of the
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Figure 3.6: Modeled curvature vs. actuation pressure of a fluidic prestressed compos-
ite in configuration 1.

EMC’s strain energy is lost to in-plane compression of the fluidic layer. Curvature

in case 3 is higher than in case 1 since the mechanics of the constraining layer are

minimally affected by the fluidic layer bonded to it. In case 2, composite deflection

is augmented by the in-plane compressive strain (∂u/∂x) in the sandwiched fluidic

layer, resulting in the highest curvature among the three cases.

Pressurization of the fluid channel results in a reduction in composite curvature in

cases 1 and 2. Recognizing that the curvature corresponding to a flat shape is zero,

it is apparent that the actuation pressure required to nearly flatten the composite

is lower in case 1. The difference in response is attributed to the larger in-plane

compressive strain in the fluidic layer in case 2. In case 3, actuation of the composite

leads to an increase in its curvature. Deflection of the composite in the Z direction

is accompanied by an in-plane tensile strain in the fluidic layer.
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Figure 3.7: Modeled curvature vs. actuation pressure of a fluidic prestressed compos-
ite in configuration 2.

For minimal actuation effort at a given EMC prestrain, an FPC must have a higher

curvature in the unactuated state with a laminate arrangement as in case 1 and must

be actuated to produce a lower curvature. At lower values of EMC prestrain, the

actuation pressure required to flatten the composite is lower. However, the trade-off

in lowering the EMC prestrain is a loss in morphing ability.

3.4.2 Parametric study

The parameters influencing actuation effort such as thickness, width, and location of

the fluid channel are examined in this section. An FPC with laminae arranged as

shown in case 1 (Figure 3.3(b)) is used in this study. Prestrain in the 90◦ EMC is

maintained constant at 0.5.
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Figure 3.8: Modeled curvature vs. actuation pressure of a fluidic prestressed compos-
ite in configuration 3.

The relevant design parameters are defined as:

φ =
Cy
Ly
, χ =

h3a + h3b
h2 + h3

, and ψ =
h2 − h3a
h3a + h3b

, (3.10)

where φ, χ, and ψ are the non-dimensional width, thickness, and proximity (to the

fluidic layer-EMC interface) of the fluid channel.

The response of an FPC for various values of φ is plotted in Figure 3.9. The values

of χ and ψ are maintained at 0.6 and 0.4 respectively. Based on simulations conducted

in an actuation pressure range of 0-50 kPa, it is observed that the magnitude of the

slope of the response curve increases with an increase in φ. This phenomenon is

a consequence of the increase in cross-sectional area of the fluid channel and hence

the available force along the channel for a given actuation pressure. The increase in

curvature in the unactuated state at higher φ is due to a reduction of material in the

fluidic layer.
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Figure 3.9: Response of a fluidic prestressed composite on the non-dimensional width
(φ) for χ = 0.6 and ψ = 0.4.

The effect of the non-dimensional fluid channel thickness (χ) on composite re-

sponse is studied at a constant value of φ and ψ of 0.4 (Figure 3.10). An increase in

χ enables a reduction in the actuation pressure needed to obtain a given curvature,

while increasing the curvature in the unactuated state. Such behavior is explained in

the same manner as done in the study on φ. The overall effect of increasing φ or χ is

an enhanced morphing envelope at a lower actuation pressure.

The dimensions of the fluid channel cross-section are maintained constant (φ =

0.4, χ = 0.6) and the effect of its proximity to the prestressed EMC (ψ) is simulated

(Figure 3.11). The physical equivalent of lowering ψ is a shift in the fluidic layer

material towards the bottom face. The effect of this material shift is an increase in

compressive stress in the fluidic layer and hence a decrease in composite curvature at

a given pressure. Therefore, a decrease in the value of ψ leads to an increase in the

slope (magnitude) of the response curve.
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Figure 3.10: Response of a fluidic prestressed composite on the non-dimensional
thickness (χ) for φ = 0.4 and ψ = 0.4.

Theoretically, the maximum morphing ability in an FPC for a given actuation

pressure range is obtained for φ → 1, χ → 1, and ψ → 0. To restrict the strain of

the fluid channel in Y and Z directions, the suggested practical limits for φ, χ, and

ψ are 0.6, 0.5, and 0 respectively.

The response of an FPC in various laminate configurations and its dependence

on some of the design parameters has been examined using the analytical model

presented in section 3.3. A fabrication procedure for a fluidic prestressed composite

is prescribed in the following section.

3.5 Composite Fabrication

Composite beam samples of an FPC in configuration 1 are fabricated to demonstrate

its operation and to validate the analytical model [21]. The chosen configuration
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Figure 3.11: Response of a fluidic prestressed composite on the non-dimensional
proximity to the interface (ψ) of the fluid channel for φ = 0.4 and χ = 0.6.

requires the least actuation effort among the three configurations. Dimensions and

material properties of the laminae are the same as listed in Figure 3.5 and Table 3.2.

The fabrication steps and material response of a 90◦ EMC have been described in

Chapter 2. The fabrication procedure used for the fluidic layer and the composite are

discussed in the following subsections.

3.5.1 Fluidic layer

The first step in the fabrication is to build molds for the fluidic layer and the fluid

channel. The mold for the fluidic layer is 3D-printed whereas a steel strip is used as a

mold for the fluid channel. A release agent (Pattern Release 202, National Engineering

Products Inc.) is used on both molds to facilitate the removal of the cured sample.

A pre-cured silicone rubber skin is sized to fit the mold for the fluidic layer and then

laid out on it. The steel strip is positioned on this rubber skin (Figure 3.12(a)) and
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Figure 3.12: (a) Setup to mold the body of the fluidic layer, (b) layup of silicone
rubber to create the body, (c) setup for the end cap, (d) silicone rubber poured to
create the end cap, (e) fully cured fluidic layer, (f) fiber-reinforcement of the bottom
face.

freshly mixed degassed silicone rubber is poured into the mold to create one part of

the fluidic layer (Figure 3.12(b)). Upon curing, the steel strip is removed from the

elastomer and the resulting void is filled with paraffin wax. Marchese et al. [100]

proposed lost wax casting as a fabrication technique for soft fluidic actuators. A steel

tube of diameter 1.78 mm (0.07”) is used as a pressure supply line and is positioned

in the mold as shown in Figure 3.12(c). The steel tube is locked in position in the

composite by smearing its outer surface with a flexible silicone adhesive that cures

along with the silicone rubber surrounding it. The outlet in the elastomer is then

sealed by pouring silicone rubber around the steel tube (Figure 3.12(d)). Curing of

the elastomer completes the fabrication of the fluidic layer (Figure 3.12(e)). Finally,

the bottom surface of the fluidic layer in the XY plane is reinforced with carbon
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fibers in the Y direction. Fibers wetted with liquid silicone are sandwiched between

the bottom face and a pre-cured silicone rubber skin (Figure 3.12(f)).

Prestressed 

90o EMC

Grips

Clamping 

plate

Pneumatic 

pressure supply

Unactuated FPC Actuated FPC

(a) (b)

(c) (d)

Figure 3.13: (a) Setup for the lamination of a fluidic prestressed composite, (b)
trimmed laminated composite, (c) unactuated and (d) limiting actuated shapes of
the composite.

3.5.2 Laminated composite

The fabricated 90◦ EMC layer is held at its ends by grips and prestrained to the

desired value. Separately, the fluidic layer and a 1095 spring steel strip that is used

as the constraining layer are bonded on either face of the prestressed EMC using a

flexible silicone adhesive (DAP Auto-Marine 100% RTV silicone sealant) and allowed

to cure at room temperature for 24 hours (Figure 3.13(a)). Upon removal from the

grips, a fluidic prestressed composite is obtained. At this stage, the composite has

a curved shape but the curvature is less than expected due to the restriction offered
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by the wax (high modulus) in the fluid channel. Finally, the wax (melting point -

57◦C) is melted out through the pressure supply line by placing the composite in

an oven at 60◦C. The resulting composite has a curved shape at equilibrium and

can be pressurized to obtain a change in curvature (Figure 3.13(b)). The composite

is actuated pneumatically using a disposable medical syringe to achieve a morphing

function. The unactuated and actuated shapes of the fabricated FPC beam are shown

in Figures 3.13(c) and 3.13(d), respectively. It has been observed that the prestressed

90◦ EMC can peel off from the spring steel strip over an extended period of time.

This is probably caused by a high shear stress at the interface created due to a large

difference in the elastic moduli of these two layers. In such a case, the roughness

of the bonding surfaces influences bond strength. To improve the durability of the

bond, a thin layer of paint primer is sprayed onto the metal surface.

3.6 Model Validation

The shape of an FPC beam fabricated in configuration 1 is measured as a function

of pneumatic pressure in a quasi-static condition. The experimental setup for this

measurement is shown in Figure 3.14(a). The composite is pressurized pneumatically

using a plastic medical syringe with a diameter of 28 mm (1.1”) and a stroke of 101.6

mm (4”). The syringe is rigidly mounted on a base and the position of its piston

is set using a threaded rod. The applied pneumatic pressure is measured using a

pressure gauge of range 0 - 103.5 kPa (0 - 15 psi) that is linked to the syringe using a

saddle valve. Reflective markers placed on the concave face of the composite (Figure

3.14(b)) are tracked using an OptiTrack motion capture system consisting of four

cameras that have a resolution of 1.3 megapixels. The composite is mounted on a

fixture using thin double-sided tape such that shape change can occur without any

restriction while its center remains stationary. Movement of the center does not affect
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measurement accuracy since only the relative position of markers is required. The

coordinates of the markers are then fit to a circle using the method of least squares

to calculate the curvature of the composite (Figure 3.14(c)).

Pressure gauge

Composite

Pressure source

Cameras (4) Reflective markers

Motion capture 

(top view)
(a)

(b)

(c)

Figure 3.14: (a) Experimental setup to measure the quasi-static response of a fluidic
prestressed composite, (b) composite equipped with reflective markers, (c) spatial
coordinates of the reflective markers measured by a motion capture system.

The curvatures of three composite beam samples fabricated with prestrains of

0.25, 0.5, and 0.6 in the 90◦ EMC, are measured at discrete values of pneumatic

pressure (Figure 3.15). The maximum applied pressure is restricted to 82.7 kPa (12

psi) due to the limited sealing capability of the plastic syringe, but is sufficient to

nearly flatten the composites. It is observed that the measured quasi-static response

of an FPC matches fairly well with the simulated response. In the unactuated state

(0 kPa), the error in curvature is 0.30%, 4.00%, and 2.04% for EMC prestrains of
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Figure 3.15: Plot of the curvature of a fluidic prestressed composite (sandwiched 90◦

EMC configuration) as a function of actuation pressure for different prestrains in the
90◦ EMC.

0.25, 0.5, and 0.6 respectively. This bias may be attributed to dimensional variability

in the fabricated samples. At 82.7 kPa, the maximum error in samples with 0.5 and

0.6 prestrain is 6.66% and 8.20% respectively. In the sample with 0.25 prestrain, the

maximum error is 10.2% at 48.2 kPa; the composite attains a nearly flat shape at

34.5 kPa where the error is 1.93%. The error in the nearly-flat shape is higher due to

the bulging of the bottom face of the fluidic layer. The bulge is a result of the fluid

channel cross-section tending towards a circle at higher pressure and is equivalent to

a localized increase in composite thickness. As per the parametric study in section

4.2, an increase in fluid channel thickness (χ) yields an increase in the slope of the

response curve. Since the model assumes a plane-stress condition, curvature is over-

predicted in the simulated response. Bulging may be minimized by lining the inner
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walls of the fluid channel with an inextensible material such that it expands only in

the longitudinal direction.

A design for a fluidic prestressed composite that has a curved equilibrium geome-

try in the unactuated state and exhibits a controllable change in shape when actuated,

is presented for the first time. An analytical model developed under a plane-stress

assumption incorporates the nonlinear behavior of elastomeric layers and simulates

the quasi-static response of an FPC accurately at low operating pressures. The lami-

nate configuration of an FPC that requires the least actuation effort is identified and

the effects of parameters influencing actuation are examined through a model-based

study. A method for fabricating an FPC and measuring its response is presented.

The simulated response of the composite is in agreement with the measured response.

Durability of FPCs is an area for further investigation and optimization. When used

in conjunction with a compact pressure source, fluidic prestressed composites have

the potential to serve as lightweight morphing structures that can exhibit drastic,

controllable changes in shape.
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Chapter 4

Mechanically-Prestressed Bistable
Composites with Weakly Coupled

Equilibrium Shapes

Overview

This chapter presents a novel asymmetric bistable laminate that is fabricated at room

temperature and whose stable shapes are analogous to those of a thermally cured fiber-

reinforced polymeric composite. The laminate is composed of a stress-free isotropic

core layer sandwiched between two asymmetric, mechanically-prestressed, anisotropic

elastomeric layers. Its stable shapes can be independently tuned by varying the pre-

stress in each elastomeric layer. The mechanics of the laminate are studied using

an analytical laminated-plate model. The effects of core modulus, core thickness,

elastomer-core width ratio, and laminate size are examined through a parametric

study. Laminate samples are fabricated in the 90◦/core/0◦ configuration for model

validation. The simulated stable shapes of the laminate are in agreement with the

measured shapes.
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4.1 Introduction

This chapter presents a room temperature-cured asymmetric bistable laminate with

stable shapes that are analogous to those of an asymmetric FRP laminate (Figure

4.1). The laminate consists of a stress-free isotropic core sandwiched between two

mechanically-prestressed elastomeric matrix composites (EMCs). EMCs are fiber-

reinforced elastomeric layers that are intrinsically anisotropic in nature. In the pro-

posed laminate, they are thin elastomeric strips reinforced with fibers oriented along

the width in order to achieve near-zero in-plane Poisson’s ratio [8]. Cylindrical curva-

ture can be created in an isotropic plate by bonding it to an EMC that is mechanically-

prestressed in the matrix-dominated direction (Chapter 2). The resulting geometry

is such that the prestressed EMC is on the concave face. Two prestressed EMC strips

are aligned with fibers in the 90◦ and 0◦ orientations and are bonded on opposite

faces of the core to form a bistable laminate (Figure 4.1(a)). The stable cylindrical

shapes in this configuration have curvatures that are 90◦ apart (Figures 4.1(b) and

4.1(c)).

When the modulus of the core is much higher (103 times) than the modulus of

an EMC in the prestressed direction, a weakly-coupled condition is possible, where

the stable cylindrical shapes are independent of the prestress in the EMC on the

convex face. This condition exists when the relative angle between two transversely-

reinforced EMCs is 90◦. Only the EMC on the concave face is associated with curva-

ture since the orthogonal EMC (on the convex face) has near-zero in-plane Poisson’s

ratio. Therefore, it is possible to tune each shape independently during laminate fab-

rication by varying the prestress in the corresponding EMC. The magnitude of each

curvature depends on the modulus and thickness of the core, and the width of each

EMC. The width of an EMC is restricted to a fraction of the core width since the
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Figure 4.1: (a) Configuration of a mechanically-prestressed bistable laminate, (b)
curved laminate due to a deformed 90◦ EMC, and (c) curved laminate due to a
deformed 0◦ EMC.

fibers in the EMCs can have a modulus comparable to that of the core and therefore

restrict curvature in the laminate.

Varying the relative angle between the two EMCs results in complex laminate

shapes consisting of twist and curvature. The proposed bistable laminate design

offers opportunities for the control of motion and vibration of a continuous surface

through the incorporation of localized bistability. Also, the prestressed EMCs serve

as damping elements that suppress vibrations persisting after snap-through from one

shape to another. Mechanically-prestressed bistable laminates are fabricated at room

temperature and their performance is expected to be insensitive to temperature and

humidity variations.

4.2 Analytical Model

The equilibrium shapes of an asymmetric mechanically-prestressed bistable laminate

can be calculated analytically by minimizing its total potential energy to obtain the

coefficients of the assumed strain and displacement functions (Figure 4.2). The beam
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model presented in Chapter 2 is extended to a laminated plate model with two sources

of residual stress. The strain formulation for a composite plate is presented in the

following subsection.

X

Y

Z

Hh1

h2

Lx

Cx

Cy

Ly

90
o
EMC

0
o
EMC

Core

Figure 4.2: Schematic representation of a matrix-prestressed bistable laminate.

4.2.1 Laminate strain formulation

Strains for composite materials with geometric nonlinearities, as applicable to this

problem, are written in accordance with von Karman’s hypothesis [102] as:

εx =
∂u

∂x
+

1

2

(
∂w

∂x

)2

, (4.1)

γxy =
∂u

∂y
+
∂v

∂x
+
∂w

∂x

∂w

∂y
, (4.2)

εy =
∂v

∂y
+

1

2

(
∂w

∂y

)2

. (4.3)
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Displacements u, v, and w of any point in the composite in the X, Y , and Z directions,

respectively, are related to the displacements u0, v0, and w0 of the geometric mid-

planes (Figure 4.2) as:

u(x, y, z) = u0(x)− z∂w0

∂x
, (4.4)

v(x, y, z) = v0(y)− z∂w0

∂y
, (4.5)

w(x, y, z) = w0(x, y). (4.6)

Strain of an arbitrary plane z of the composite is obtained by substituting (4.4) -

(4.6) into (4.1) - (4.3):

εx =
∂u0
∂x

+
1

2

(
∂w0

∂x

)2

− z

(
∂2w0

∂x2

)
, (4.7)

γxy =
∂u0
∂y

+
∂v0
∂x

+
∂w0

∂x

∂w0

∂y
− 2z

(
∂2w0

∂y∂x

)
, (4.8)

εy =
∂v0
∂y

+
1

2

(
∂w0

∂y

)2

− z

(
∂2w0

∂y2

)
, (4.9)

leading to the relations:

εx = ε0x + zκ0x, γxy = γ0xy + zκ0xy, εy = ε0y + zκ0y, (4.10)

where ε0x and ε0y are the in-plane axial strains, γ0xy is the in-plane shear strain, and κ0x,

κ0y, and κ0xy are the curvatures and twist, respectively, of the geometric mid-plane.

The displacement function w0 in the Z direction is approximated as:

w0(x) =
1

2
(ax2 + bxy + cy2), (4.11)

such that

κ0x = −∂
2w0

∂x2
, −a, κ0xy = −2

∂2w0

∂y∂x
, −b, κ0y = −∂

2w0

∂y2
, −c. (4.12)
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In-plane strains are approximated by quadratic polynomials in x and y such that the

coefficients of terms with an odd degree are zero [92]:

ε0x = c00 + c20x
2 + c11xy + c02y

2, (4.13)

ε0y = d00 + d20x
2 + d11xy + d02y

2. (4.14)

Displacements u0 and v0, required for the calculation of shear strain, are obtained

through integration of (4.1) and (4.3) as:

u0(x, y) = c00x+f1y+
1

2
(c11−

ab

2
)x2y+(c02−

b2

8
)xy2 +

1

3
(c20−

a2

2
)x3 +

1

3
f3y

3, (4.15)

v0(x, y) = f1x+d00y+
1

2
(d11−

cb

2
)xy2+(d20−

b2

8
)x2y+

1

3
(d02−

c2

2
)y3+

1

3
f2x

3. (4.16)

Substitution of (4.11), (4.15), and (4.16) in (4.8) yields an expression for shear strain

in the composite.

4.2.2 Computation of stable laminate shapes

The potential energy of the system (UT ) can be expressed as a function of the ge-

ometric and material properties of the laminae, total strains of the laminate, and

prestrain in the EMCs as:

UT =

∫
V

(
U1 +Q12εxεy + U2 +

1

2
Q16γxyεx +

1

2
Q26γxyεy +

1

2
Q66γ

2
xy

)
dV, (4.17)

where {Qij{i, j = 1, 2, 6}} are the plane stress-reduced stiffness parameters [102],

and U1 = 0.5(Q11ε
2
x), U2 = 0.5(Q22ε

2
y) are the strain energies in the linearly strained

directions in a lamina. Energies U1 and U2 are computed as the integral of σx and σy
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for a 90◦ and 0◦ EMC respectively. This gives, for the two EMCs:

U
(90)
1 = f(ε90 − εx), U

(0)
2 = f(ε0 − εy) (4.18)

where ε90 and ε0 are the prestrains in the 90◦ and the 0◦ EMCs respectively. The

limits of integration for the computation of strain energy are listed in Table 4.1.

Table 4.1: Limits of integration for the computation of the total potential energy of
a mechanically-prestressed bistable laminate.

Lamina x y z
90◦ EMC (−Lx/2, Lx/2) (−Cy/2, Cy/2) (−H/2,−h1)
Core (−Lx/2, Lx/2) (−Ly/2, Ly/2) (−h1, h2)
0◦ EMC (−Cx/2, Cx/2) (−Ly/2, Ly/2) (h2, H/2)

The equilibrium shapes of the laminate are obtained by minimizing UT using the

following variational approach:

δUT =
14∑
i=1

∂UT
∂ci

= 0, (4.19)

where,

ci = {a, b, c, c00, c20, c11, c02, d00, d20, d11, d02, f1, f2, f3}. (4.20)

The fourteen equations resulting from (4.19) are solved simultaneously to calculate the

strains and the out-of-plane displacement of the laminate. The expressions for UT and

δUT are evaluated in symbolic form using MAPLE. The Newton-Raphson approach

is employed to numerically approximate the equilibrium shapes of the laminate. Due

to the sensitivity of the nonlinear solver to initial conditions, the initial estimates for

the simulation are chosen based on the measured shapes of one fabricated sample. To

obtain solutions corresponding to the stable shapes, a constraint on the Jacobian of
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the system of equations is included in the model. The Jacobian matrix is computed

with respect to the variables listed in (4.20) and is required to be positive definite in

order to have a stable solution.

4.3 Laminate Fabrication

A fabrication procedure for a mechanically-prestressed bistable laminate is presented

in this section. Samples with different values of EMC prestrain are fabricated in a

90◦ EMC/spring steel/0◦ EMC configuration [107]. The dimensions of the fabricated

EMCs are 152.4 × 38.1 × 2 mm and the volume fraction of the fibers is 0.17.

Prestressed 90o EMC Clamps

Grips

Spring steel plate

Bonded endsPrestressed 0o EMC

Clamps

(a) (b) (c)

(d) (e) (f)

Figure 4.3: (a) A spring-steel core bonded to a prestressed EMC in the 90◦ orienta-
tion, (b) pressure applied to the bonded region for curing, (c) laminate with a single
curvature obtained upon removal of the EMC from the grips, (d) curved sample
bonded to an EMC in the 0◦ orientation, (e) pressure applied to the bonded region
after flattening the sample, (f) resulting bistable laminate with the ends of the EMCs
wrapped around and bonded to the core.

The core layer is a sheet of spring steel of dimensions 152.4 × 152.4 × 0.127

mm. A paint primer (Rust-Oleum) is sprayed on the sheet to create a rough surface
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for bonding the EMC to steel. One of the fabricated EMCs is stretched using a

pair of grips and is then bonded to the steel sheet such that the fiber orientation

in the laminate is 90◦ (Figure 4.3(a)). The sample is allowed to cure for 24 hours

during which pressure is applied to the bonded region (Figure 4.3(b)). The resulting

laminate has a cylindrical shape at equilibrium (Figure 4.3(c)). This laminate is then

bonded to a prestrained EMC such that the fibers are in a 0◦ orientation (Figure

4.3(d)). The sample is flattened using two thick plates and is held down using clamps

for curing (Figure 4.3(e)). Flattening the sample ensures minimal in-plane strain in

the steel sheet when the 0◦ EMC is bonded to it. Fabrication trials revealed that

debonding can occur during handling at the EMC-core interface at the edges of the

laminate. This phenomenon is attributed to a sharp transition in stress state from

the prestressed region in the EMC to the stress-free region in the core. Debonding

can be prevented by curling and bonding the dangling ends of the EMC onto the

opposite face of the sheet (Figure 4.3(f)).

90o EMC 0o EMC

X

Y

Z

Flat region(a) (b)

Figure 4.4: Stable shapes of a fabricated sample of a mechanically-prestressed bistable
laminate.
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The fabricated bistable laminate sample has two stable shapes as shown in Figure

4.4. Curvature in the laminate due to the 90◦ EMC (Figure 4.3(c)) is found to

remain unaltered after bonding the 0◦ EMC to it (Figure 4.4(a)). However, the

region spanning the width of the 0◦ EMC has a flattened appearance. This is due to

the presence of two layers with very high modulus, viz., the carbon fibers in the EMC

and the steel core in this region. Transition between the stable shapes is achieved by

applying a moment at the ends of the composite about the axis of initial curvature.

4.4 Measurement of laminate geometry

The cylindrical stable shapes of the laminate are recorded using a 3D image cap-

ture technique. The process involves the reconstruction of a surface by mapping the

coordinates of markers physically attached to the surface [108]. The image of the

surface is captured using multiple cameras and the coordinates of the markers are

obtained by triangulating the marker locations captured by each camera. The shapes

of the fabricated laminate are measured using an OptiTrack (NaturalPoint Inc.) mo-

tion capture system that maps the coordinates of 49 hemispherical reflective markers.

Each marker has a diameter of 3 mm and is bonded to the sample in a 7 × 7 grid

(Figure 4.5(a)). The horizontal and vertical distances between markers is 25.4 mm (1

inch). Four still cameras with a resolution of 1.3 megapixels and a maximum record-

ing speed of 120 frames per second are arranged as shown in Figure 4.5(b). Using the

Motive (NaturalPoint Inc.) software, it is ensured that each marker is seen at least by

3 cameras. The cameras are calibrated to an accuracy of 0.03 mm in a capture volume

of 305 × 305 × 305 mm by waving a wand that contains three spherical reflective

markers located inline at a fixed relative distance. A coordinate system is defined

using a right angle measure that is equipped with spherical reflective markers at its

ends. Two axes are obtained from these markers while the third axis is calculated as
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Cameras (4) CompositeReflective markers
(a) (b)

Figure 4.5: (a) Reflective markers bonded to the laminate sample for shape measure-
ment, (b) setup showing the motion capture system used to record the equilibrium
shapes of the laminate.

their cross product. The laminate sample is then placed in the capture volume in each

of its stable shapes and the coordinates of each marker are obtained. The recorded

marker coordinates are normalized and are fit using a quartic-quadratic polynomial

to reconstruct each cylindrical shape of the laminate. While a quadratic-linear poly-

nomial is sufficient to describe a cylindrical shape, a quartic-quadratic polynomial

is required to capture the flat region in the laminate enforced by the EMC on the

convex face. The reconstructed stable shapes of the laminate are plotted in Figures

4.6 and 4.7.

4.5 Results and Discussion

The simulations conducted using the model presented in section 4.2 yield three equi-

librium shapes for a mechanically-prestressed bistable laminate. Two of these shapes

are stable and have a cylindrical geometry while one shape is unstable and has a
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Simulated
shape

Measured
shape

Figure 4.6: Stable cylindrical shape of a mechanically-prestressed bistable laminate
with curvature about the X axis.

saddle geometry. The simulated shapes are as expected since the fabricated laminate

exhibits only two cylindrical shapes.

Table 4.2: Material properties of the laminae for modeling and fabrication.

Lamina E1 (MPa) E2 (MPa) G12 (MPa) ν12 ν21
90◦ EMC Nonlinear 0.4 1.2 0 0
Core layer 200,000 200,000 78,125 0.28 0.28
0◦ EMC 0.4 Nonlinear 1.2 0 0

The material properties and dimensions of the laminae used in the simulation are

listed in Tables 4.2 and 4.3 respectively. The in-plane shear modulus (G12) for a 90◦
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Simulated
shape

Measured
shape

Figure 4.7: Stable cylindrical shape of a mechanically-prestressed bistable laminate
with curvature about the Y axis.

and a 0◦ EMC is assumed to be 0.8 times its linear elastic modulus in the matrix-

dominated direction [11]; G12 for an EMC is a constant since no twist is expected in

the stable shapes of a laminate in a 90◦/core/0◦ configuration. Poisson’s ratios ν12

and ν21 for an EMC are assumed to be zero due to the high ratio of transverse (40.8

GPa) to longitudinal (1.5 MPa) modulus in the linear regime.

Simulations conducted with a transverse EMC modulus of 40.8 GPa result in

very small curvatures on the order of 10−5 mm−1. These calculations are consistent

with the flat regions shown in Figure 4.4(b). However, global curvature is calculated

by using the same curvature for both flat and curved regions. The assumption of

constant curvature is implemented by setting the transverse EMC modulus to 0.4

MPa. This assumption is justified because the modified modulus value corresponds
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Table 4.3: Dimensions of the laminae for modeling and fabrication

Lamina Length (mm) Width (mm) Thickness (mm)
90◦ EMC 152.4 38.1 2.032
Core 152.4 152.4 0.127
0◦ EMC 38.1 152.4 2.032

to shear in the purely-elastomeric sub-layer that is located between the core and the

fiber-reinforced elastomeric layer in the EMC; the restriction offered by the fibers in

the EMC is nullified.

For a prestrain of 0.6 in each of the EMCs, the stable shapes calculated with

the updated EMC modulus are compared with the corresponding measured shapes

(Figures 4.6 and 4.7). The principal curvatures κ0x and κ0y of the fabricated sample

are calculated using the method of least squares as -0.0093 mm−1 and 0.0057 mm−1

respectively. It is observed that |κ0x| is greater than |κ0y|; the cause is a residual

in-plane strain in the core when it is flattened out for bonding with the 0◦ EMC

(Figure 4.3(e)). However, the average of {|κ0x|, |κ0y|} of 0.0071 mm−1 closely matches

the simulated {|κ0x| and |κ0y|} of 0.0076 mm−1.

The stable cylindrical shapes of a laminate in the 90◦ EMC/core/0◦ EMC configu-

ration are simulated as a function of the EMC prestrains ε90 and ε0 (Figure 4.8). The

associated principal curvatures κ0x and κ0y have a nonlinear dependence on ε90 and ε0

respectively. The nonlinear variation bears resemblence to the hyperelastic response

of an EMC (Figure 2.6). Curvatures κ0x and κ0y are respectively independent of ε0 and

ε90. Since the EMCs are prestressed by applying a corresponding strain, a weakly-

coupled condition exists such that each curvature is independent of the prestress in

the EMC on the convex face. This condition is valid only if the prestressed EMCs

are orthogonally oriented on an isotropic core; there is no twist in the laminate.
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Figure 4.8: Equilibrium curvatures of a mechanically-prestressed bistable laminate as
a function of prestrain in the 90◦ and 0◦ EMCs.

Seven laminate samples with prestrain values (ε90, ε0) of (0.3,0.3), (0.4,0.4), (0.5,0.5),

(0.6,0.6), (0.8,0.8), (0.3,0.6), and (0.4,0.8) are fabricated and their curvatures are mea-

sured (Figure 4.8). The simulated curvatures of the laminate are in agreement with

the measured curvatures. The weakly-coupled condition is validated by the fact that

κ0y is equal in samples with equal ε0 but unequal ε90. The bias between |κ0x| and |κ0y|

induced in the fabrication process is found to be constant in all samples. Accuracy

of the designed shapes can be improved through simultaneous lamination but at the

expense of increased complexity of the fabrication setup.
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4.6 Parametric Study

A study on the effect of design parameters such as core modulus, core thickness, and

size on laminate shapes is presented in this section. It is shown that besides EMC

prestrain, laminate shapes can be tailored using the ratio of EMC width to core width.

Material and geometric properties listed in Tables 4.2 and 4.3 are used in the analyses

unless mentioned otherwise.

4.6.1 Effect of EMC width
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Figure 4.9: Influence of the width of an EMC relative to core width on the stable-
equilibrium curvatures of the laminate. ε90 = ε0 = 0.6.
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A change in the width of an EMC in the laminate is associated with a change in

the magnitude of prestress developed in it and hence affects laminate geometry. The

non-dimensional widths of the EMCs relative to the core dimensions are defined as:

α90 =
Cy
Ly
, α0 =

Cx
Lx
. (4.21)

The stable curvatures for α90 and α0 ranging from 0.08 to 0.33 are plotted in Figure

4.9. Prestrains ε90 and ε0 are maintained constant at 0.6. It is seen that κ0x and κ0y

are a linear function of α90 and α0 respectively. Such a trend can be attributed to

a linear relationship between the width and the cross-sectional area, and hence the

prestress, of an EMC. Further, κ0x and κ0y are independent of α0 and α90 respectively,

indicating the weak coupling between the EMCs.

4.6.2 Effect of core modulus and thickness

The modulus (E) and thickness (t = h2 − h1) of the isotropic core affect the two

stable shapes of the laminate. Curvatures κ0x and κ0y are calculated for ε90 = 0.8 and

ε0 = 0.5 over a range of core modulus and thickness. Figure 4.10 is a plot of the

isometric lines of −1/|κ0x| and −1/|κ0y|. For a given t, |κ0x| and |κ0y| decrease with

an increase in E. Further, |κ0x| and |κ0y| decrease with an increase in t for a fixed

E. Figure 4.10 serves as a tool for the selection of the thickness of the chosen core

material to obtain a given set of laminate curvatures. For example, a core material of

modulus 60 GPa must be 0.185 mm thick such that the stable shapes of the laminate

have radii of curvature (|1/κ0x| and |1/κ0y|) of 100 mm and 150 mm.

4.6.3 Effect of laminate size

In thermally-cured thin unsymmetric laminates, bistability is observed beyond a

particular laminate size [92]. To examine a relevant feature, the bistability of a
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Figure 4.10: Stable-equilibrium curvatures of the laminate as a function of core mod-
ulus and thickness. ε90 = 0.8 and ε0 = 0.5.

mechanically-prestressed square laminate is simulated for characteristic length L

(= Lx = Ly) ranging from 25.4 mm to 228.6 mm. EMC prestrains ε90 and ε0 are

held constant at 0.6. Figure 4.11 shows the variation of κ0x and κ0y with L. It is seen

that the laminate has a single stable shape up to a bifurcation length (Lb) beyond

which it has two stable shapes. The solid and dotted lines represent the major and

minor curvatures respectively, for a given stable shape. Each shape beyond Lb is

non-cylindrical up to a critical characteristic length (Lc). Given that the core layer

is a generic isotropic material, the effect of laminate size on bistability is studied for

various values of core modulus (E) and thickness (t).

Figure 4.11(a) shows shape bifurcation plots for E ranging from 20 - 60 MPa and

t = 3 mm. For a given t, Lb and Lc increase with an increase in core modulus. Beyond
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Figure 4.11: Effect of laminate size on bistability; (a)-(b) influence of core modulus
on the critical characteristic length for bistability.

Lc, κ
0
x and κ0y have the same sign for each stable shape. For E ranging from 50 -

100 GPa at t = 0.254 mm (Figure 4.11(b)), Lb is higher for higher E whereas Lc is

independent of E. In this case, κ0x and κ0y have opposite signs beyond Lc.

From Figure 4.11, it is apparent that bifurcation length is a function of core

modulus and thickness, and hence a function of the strain energy density of the

core. With higher strain energy density, the bifurcation length of a laminate in a

single shape (saddle) is higher. The critical characteristic length for cylindrical stable

shapes is constant when the core modulus is on the order of 10 GPa or higher. For

a core whose modulus is higher than that of an elastomer (EMC) by atleast four

orders of magnitude, the in-plane component of strain is negligible compared to its

out-of-plane deflection component ((4.1) - (4.3)). Lc is a result of the geometric

nonlinearity associated with large out-of-plane deflection, and is constant in value

beyond a particular core modulus. Although third-order polynomials are sufficient
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to describe the scaling effect in square laminates, higher order polynomials would be

required to explain the loss in bistability in laminates with high aspect ratio [99].

4.7 Response of the laminate to shape transition
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Figure 4.12: Measured dynamic response of a mechanically-prestressed bistable lam-
inate during a transition from one stable shape to another.

This section is a report on the measured dynamic response of a matrix-prestressed

bistable laminate during snap-through from one cylindrical shape to another. The

motion capture camera setup described in Section 3.3 is used in this experiment. The

tested sample is the same as the one shown in Figure 4.5(a). The sample is glued

to the head of a thin bolt at its center to create a free boundary at the ends. The

composite is initially curved about the Y axis and a moment is manually applied to

it about its horizontal axis to snap into the shape with curvature about the X axis

(Figure 4.12(a)). The laminate is then snapped back into its initial curvature and its

response is recorded (Figure 4.12(b)). Ideally, the measured snap-through responses
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must be identical. However, the equilibrium curvatures of the fabricated sample are

unequal (0.0057 and 0.0093 mm−1) and hence the measured responses are unequal.

The vibratory amplitude is higher in the case where the laminate is snapped into the

larger of the two curvatures. The frequencies corresponding to vibrations post the

transitions shown in Figures 4.12(a) and 4.12(b) are measured to be 20 and 35 Hz

respectively.

A room temperature-cured unsymmetric bistable laminate with tunable equilib-

rium shapes is proposed and demonstrated for the first time. A method for the

fabrication of mechanically-prestressed bistable laminates is presented. An analyti-

cal model that includes the material and geometric nonlinearities of the laminae is

developed to describe the mechanics of the composite. The simulated shapes of the

laminate are in agreement with the measured shapes. The prescribed design method-

ology can be extended to develop bistable laminates with arbitrary EMC orientations.

Mechanically-prestressed bistable laminates offer possibilities for the design of adap-

tive structures for motion and vibration control through the incorporation of localized

bistability in existing structures.
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Chapter 5

Shape Memory Alloy-Actuated
Bistable Composites

Overview

This chapter presents an active bistable composite that comprises a core that is sand-

wiched between two prestressed fiber-reinforced elastomers and is actuated by shape

memory alloy wires. The composite’s shapes are modeled analytically using the strain

energy model in conjunction with a 1-D constitutive model of a shape memory al-

loy (SMA). A sensitivity study is conducted that shows the effects of prestress and

SMA properties on composite curvature and serves as a guide for the design of active

bistable composites. The composite is demonstrated using NiTi shape memory wire

actuators in push-pull configuration; activation of one wire resets the second wire

as the composite morphs. The set of shape memory actuators not only actuate the

composite in both directions, but also act as dampers that enable vibration-free shape

transition.
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5.1 Introduction

Shape memory alloys (SMA) are candidates for morphing applications that require

lightweight actuators with large stroke (up to 6%). The mechanically-prestressed

bistable composites presented in Chapter 4 can be actuated using SMAs in an em-

bedded configuration. This chapter presents modeling and experiments to guide the

design of SMA actuators for bistable composites.

Prestressed 

0
o

EMC

Prestressed

90
o

EMC

Core

90
o

SMA

0
o

SMA

X

Z

Y

(a) (b)

Figure 5.1: (a) Configuration and (b) stable shapes of an SMA-actuated mechanically-
prestressed bistable composite.

The proposed composite is actuated using SMA wires that are assembled in the

90◦ and 0◦ orientations as shown in Figure 5.1. The high plastic strain in an SMA that

is used for actuation is the result of a transformation between the high-temperature

Austenite and low-temperature Martensite phases. Below Martensite temperature,

the SMA transforms from twinned to detwinned Martensite when stress is applied

(Figure 5.2). Heating the detwinned SMA beyond the Austenite start temperature

converts the SMA to Austenite. Upon cooling, the Austenitic SMA returns to the

twinned Martensite phase. In a composite that is curved about the Y axis, the 0◦ and
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Figure 5.2: Stress-strain behavior of a shape memory alloy.

90◦ Martensitic SMAs are installed in the detwinned and twinned states respectively.

Heating the detwinned 0◦ SMA to Austenite leads to a decrease in curvature about

the Y axis followed by snap-through to the curvature about X axis. Post snap-

through, the 90◦ SMA undergoes detwinning as the composite attains equilibrium.

For snap-back, the 90◦ SMA is heated to its Austenitic phase and the 0◦ SMA gets

detwinned as a consequence of shape transition. The phase diagram for both SMAs,

associated with the morphing of the bistable composite, is shown in Figure 5.3.

5.2 Analytical Model

The strain energy function (UT ) for a passive bistable composite is described using

the methodology shown in section 4.2 of Chapter 4.
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Figure 5.3: (a) Stress-strain behavior of a shape memory alloy, (b) operating modes
of SMAs in a bistable laminate.

5.2.1 Composite shape computation as a function of actua-

tion force

The actuation force generated by an SMA wire is modeled as a pair of forces (Fp)

acting along the wire and tangential to the composite’s mid-plane with an offset of m

in the Z direction (Figure 5.4). Each force Fp is defined in terms of the unit position

vector (r̂p) of force application as:

~Fp = −Fp.
∂r̂p
∂x

, (5.1)
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Figure 5.4: Actuation force applied on the composite by a shape memory alloy wire.

where ~rp is the sum of the position vector (~r) on the geometric mid-plane and the

normal (n̂) of magnitude m at ~r:

~rp = ~r +m.n̂, (5.2)

= ~r +m.

(
∂~r
∂x
× ∂~r

∂y

)
∣∣∣ ∂~r∂x × ∂~r

∂y

∣∣∣ , where ~r =
(

(x+ u0)̂i+ (y + v0)ĵ + w0k̂
)
. (5.3)

The virtual work Wp done by the pair of actuation forces, in a 0◦ SMA for example,

can be written as:

δWp = ~Fp.δ~rp|{−Lx
2
,0} + ~Fp.δ~rp|{Lx

2
,0}, (5.4)

where ~rp is a function of composite displacements that are described in (4.15), (4.16),

and (4.11). When one SMA is activated to morph the composite from one cylindrical

shape to another, it is assumed that no work is done on the inactive SMA until the

onset of snap-through.

The equilibrium curvatures of the composite are calculated as a function of the

applied actuation force Fp using a variational approach:

δ(UT −Wp) =
14∑
i=1

∂(UT −Wp)

∂ci
= 0, (5.5)

where ci = {a, b, c, c00, c20, c11, c02, d00, d20, d11, d02, f1, f2, f3}. The nonlinear algebraic

equations resulting from (8.12) are solved for ci using the Newton-Raphson method.

The resulting set of equilibrium curvatures correspond to a stable shape when the
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Jacobian of the system of equations is a positive definite matrix. The stable shapes

of the composite are related to the thermal actuation input to the SMA by treating

Fp as an internal force.

5.2.2 1-D model of an SMA actuator

The pair of forces Fp correspond to mechanical stress associated with the recover-

able plastic strain of a shape memory alloy. This plastic strain is a result of the

phase transformation between high-symmetry Austenite and low-symmetry Marten-

site. Tanaka et al. [109] modeled the constitutive behavior of an SMA in 1-D using

thermodynamic relations; the kinetic law, describing the volume fraction of Marten-

site, was derived to be an exponential function. Liang and Rogers [110] modeled the

phase transformation using a cosine function. Brinson [111] presented a cosine-based

kinetic law that describes the Martensitic volume fraction as a sum of stress-induced

and temperature-induced components. 1-D models can also be obtained by simpli-

fying 3D constitutive models such as those presented by Boyd and Lagoudas [112],

and Ivshin and Pence [113]. Based on the fact that accuracy is not adversely affected

by the choice of the model [114], the Brinson [111] model is chosen to describe the

mechanics of an SMA in the proposed bistable composite.

The one-dimensional constitutive law for a shape memory alloy can be written as:

σ − σ0 = E(ξ)(ε− ε0) + Θ(T − T0) + Ω(ξ)(ξ − ξ0) (5.6)

where ε, T, and ξ are the strain, temperature, and Martensite volume fraction of the

material. E,Θ, and Ω are the Young’s modulus, stress-temperature coefficient, and

phase transformation coefficient. E and Ω are calculated in terms of ξ using the rule
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Figure 5.5: Phase transformation diagram of a typical 1-D shape memory alloy.

of mixtures as:

E(ξ) = EA + ξ(EM − EA), Θ(ξ) = αA + ξ(αM − αA), (5.7)

where αM and αA are the coefficients of thermal expansion in the Martensite and

Austenite phases respectively. Further, Ω = −εLE(ξ), where εL is the measured

maximum recovery strain.

The kinetics of phase transformation of the SMA is influenced by stress and tem-

perature and is described using a cosine function (Figure 5.5). For transformation

from Martensite to Austenite, when CA(T − Af ) < σ < CA(T − As) :

ξ =
ξ0
2

{
cos

(
π

As − Af
(T − As −

σ

CA
)

)
+ 1

}
, (5.8)

where CA is the stress-temperature coefficient for the Austenite phase, and As and Af

are the Austenite start and finish temperatures respectively. For transformation from

Austenite to Martensite, when T > Ms and σcrs +CM(T−Ms) < σ < σcrf +CM(T−Ms):

ξ =
1− ξ0

2
cos

{
π

σcrs − σcrf
(σ − σcrf − CM(T −Ms))

}
+

1 + ξ0
2

. (5.9)
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where CM is the stress-temperature coefficient for the Martensite phase, Ms is Marten-

site start temperature, and σcrs and σcrf are the critical stresses corresponding to the

start and finish of phase transformation.

5.2.3 Composite actuation using SMA wires

Two-way actuation of a 90◦ EMC/core/0◦ EMC bistable composite is achieved by

activating SMAs oriented in the 90◦/0◦ configuration (Figure 5.1); the said SMA

orientation is chosen for minimal actuation effort. Upon actuation (contraction) of

the 0◦ SMA, the composite snaps from curvature κx0 to κy0. The snap-through

phenomenon initiates a stress-induced transformation in the 90◦ SMA , beyond a

critical stress, from twinned to detwinned Martensite (elongation). Activating the

90◦ SMA results in snap-back followed by the elongation of the 0◦ SMA back to its

initial length.

Installation of SMA wires in a laminar configuration allows their strain to be

defined in terms of composite strain by substituting z with m in (4.10). The length

of a 0◦ SMA that is installed on a curved composite in the detwinned Martensite

phase, is written in terms of Austenitic length (LA) and equilibrium shape (ε
(s)
x0 , κ

(s)
x0 )

as LA(1+εL) = Lx(1+ε
(s)
x0 +mκ

(s)
x0 ). The length (Li) of the 0◦ SMA at an intermediate

shape during actuation is given by Li = Lx(1 + ε
(i)
x0 +mκ

(i)
x0). The actuation strain of

the 0◦ SMA, defined as (Li − LA)/LA, is calculated to be:

ε =
(1 + ε

(i)
x0 +mκ

(i)
x0)(1 + εL)

(1 + ε
(s)
x0 +mκ

(s)
x0 )

− 1. (5.10)

The stroke ε, computed for Fp ranging from zero (equilibrium) to snap-through load,

is substituted in (8.13) to calculate the corresponding temperature range for the

actuation of the 0◦ SMA. Stress σ is computed as Fp/(πD
2), where D is the diameter

of the SMA wire.
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Post snap-through, the 90◦ SMA is under tension with reaction forces Fp acting at

(0,−Ly/2) and (0, Ly/2). The magnitude of Fp is unknown and is calculated for incre-

ments of curvature by simultaneously solving the constitutive law under isothermal

conditions:

σ = E(ξ)((εy +mκy)− εLξ), (5.11)

and the kinetic law for phase transformation given by (8.16). The value of ξ of the 90◦

SMA at static equilibrium would then be used as ξ0 in its actuation step (snap-back).

5.3 Results and Discussion

Simulations conducted on the passive composite with material properties and di-

mensions of the laminae as listed in Table 4.2. The stable shapes are cylindrical,

orthogonal, and are defined by constant curvatures κx0 and κy0 (Figure 4.8). The

curvatures are equal in magnitude when ε90 and ε0 are equal. Therefore, the magni-

tude of actuation force required to achieve snap-through is unique for a given prestrain

in the EMC on the concave face.

The effect of the pair of actuation forces Fp on curvature is shown in Figure 5.6 for

various values of ε90; ε0 is maintained constant at 0.6. The actuation force required

for snap-through is higher for higher values of ε90. Further, it is apparent that the

slope of |κx0| vs. Fp decreases with a decrease in |κx0|. This reduction in slope can

be explained by the fact that as curvature decreases, the actuation force does more

work in recovering the in-plane strain as compared to the work it does in reducing the

out-of-plane deflection. In all cases of ε90, the composite snaps into the same κy that

corresponds to ε = 0.6. While the assumption of constant curvature yields accurate

results in the calculation of stable shapes, it is insufficient for an accurate description

of actuation loads during shape transition. Higher order strain models [99, 115] are

more reliable for the study of actuation loads and are presented in Chapter 6.
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Figure 5.6: Force generated by an SMA as a function of composite curvature.

Table 5.1: Measured material properties of NiTi-6 shape memory alloy wire.

EM (GPa) EA (GPa) CM (MPa/◦ C) CA (MPa/◦ C) σcrs (MPa) σcrf (MPa)

20 40 6.3 7.5 10 120

As (◦ C) Af (◦ C) Ms (◦ C) Mf (◦ C) εL

48 62 23 7 0.045

The actuation force Fp, corresponding to various values of κx0, is applied as stress

on the 0◦ SMA. The properties of both the SMAs used for simulation correspond those

of a nickel-titanium alloy called Nitinol-6 (manufactured by Fort Wayne Metals, Inc.).

The material properties of Nitinol-6 were obtained by conducting isothermal tensile

tests and differential scanning calorimetry on a wire of diameter 0.584 mm (Table

5.1). To cover a range of possible results, the diameter D and maximum recoverable

strain εL of the NiTi-6 SMA are chosen to be 0.889 mm and 0.08 respectively.
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Figure 5.7: Effect of (a) temperature and (b) Martensitic volume fraction of a 90◦

SMA on composite curvature.

The quasistatic curvature of the composite is shown as a function of the tem-

perature of the 0◦ SMA in Figure 5.7(a). The 0◦ SMA is assumed to be located at

a distance m = 2.54 mm from the geometric mid-plane. The composite is initially

curved about the Y axis and is at room temperature (t0 = 25◦ C). Heating the SMA

does not result in a change in κx0 until the temperature reaches the Austenite start

temperature (As). Beyond As, κx0 decreases with an increase in T up to a critical

temperature Tc. For small ε90, Tc represents the temperature at which snap-through

occurs (e.g., black solid line in Figure 5.7(a)). Actuation temperature Tc increases

with an increase in ε90. Higher EMC prestrain results in larger curvatures, and there-

fore greater actuation stroke from the SMA.

For high ε90, Tc is a point of inflection that indicates the minimum curvature to

which the composite can be morphed; heating beyond Tc has no effect on κx0 even

though the recoverable strain of the SMA is sufficient for snap-through. The existence

of a point of inflection κx0 can be attributed to the effect of stress on the phase trans-

formation of the SMA (Figure 5.5). Stress in the SMA increases exponentially with
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decrease in curvature (Figure 5.6) and causes reversal of the SMA’s transformation

from Martensite to Austenite (see eq. (8.15)). At the point of inflection, the stress

generated due to temperature change is equal to the applied stress due to reaction

forces. It is mathematically possible to achieve further decrease in curvature by re-

ducing temperature but such a solution would be non-physical (e.g., dotted red line

in Figure 5.7(a)). Decrease in temperature brings the composite back to its initial

curvature κx0 (e.g., solid red line). The variation of ξ with respect to κx0 is seen to be

linear (Figure 5.7(b)). Phase change in the SMA is higher for higher values of EMC

prestrain.
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Figure 5.8: Effect of diameter of the 90◦ SMA on composite curvature.

To further examine the existence of a point of inflection Tc, we studied the effect

of SMA wire diameter on the composite’s curvature (Figure 5.8). For large values of
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D such as 1.143 mm and 1.397 mm, κx0 reduces monotonically with temperature, in-

dicating that the diameter of the wire is sufficient to achieve snap-through. Reducing

wire diameter below a particular value results in an inflection in the κx0 - T curve.

Reduction in D leads to an amplification of stress (Fp/(πD
2)) in the wire for a given

value of Fp. By simulating curvature for a range of diameter values, one can identify

the minimum cross-section of the SMA in order to operate with minimal actuation

energy.
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Figure 5.9: Post snap-through evolution of volume fraction of the 0◦ SMA as a func-
tion of composite curvature.

Immediately after snap-through, the 90◦ SMA is under tension whereas the 0◦

SMA is in a stress-free state when deactivated. The 90◦ SMA undergoes an isothermal

phase transformation under the applied stress from snap-through load Fp (see eq.

(5.11)). The evolution of Martensitic volume fraction, simulated for a 90◦ SMA of

diameter 0.584 mm, is shown as a function of κy0 in Figure 5.9. Phase change occurs
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only if the stress in the SMA immediately after snap-through lies within σcrs , σ
cr
f ;

for ε0 = 0.2, phase transformation, shown with a dotted line, does not occur since

the critical stress (22.6 MPa) is greater than the maximum stress (19.4 MPa). The

initial value of ξ is non zero due to the difference between T and Ms. The change

in ξ, asssociated with plastic strain, is higher in composites with larger prestrain ε0.

Complete transformation to Martensite (ξ = 1) occurs when εL is equal to the in-

plane equilibrium strain of the composite at the SMA’s location; in the case where

ε0 = 1, ξ is less than 1 since the in-plane strain at equilibrium (0.063) is less than εL

(0.08). If εL is less than the in-plane equilibrium strain, then the composite reaches

a new equilibrium shape defined by εL (not shown in Figure 5.9).

5.4 Demonstration of an SMA-actuated bistable composite

In-plane actuation has been shown to be relatively energy efficient when the actuator

is mounted on the convex face. This mode of actuation is made practically viable

by smart materials. In this section, in-plane actuation is demonstrated using shape

memory alloy wires in the configuration shown in Figure 5.1 [116].

A square composite sample is fabricated with areal dimensions as shown in Table

4.2. A 3.2 mm thick vinyl foam layer is added between the EMC and the spring steel

core. The foam layer is brittle and its modulus is measured to be 25 MPa. However,

when bonded to the steel core, it is flexible and serves to reduce the interlaminar

shear between the EMC and the core. Figure 5.10(a) shows the stable shapes of the

fabricated composite. The value of prestrain applied to both EMCs is 0.35. The

maximum out-of-plane displacement, when the composite is curved about the X and

Y axes, is measured to be 15 mm and 14 mm respectively; assuming constant curva-

ture, the corresponding curvatures are 0.0051 mm−1 and 0.0048 mm−1 respectively.

NiTi-6 SMA wires of 0.58 mm diameter (Fort Wayne Metals Inc.), with measured
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Figure 5.10: (a) Stable shapes of a passive bistable composite sample and (b) room
temperature (25◦C) response of the 90◦ and 0◦ SMA wire actuators.

material properties as listed in Table 5.1, are installed on the composite at a distance

of 5.3 mm from the geometric mid-plane. The stress-strain response of the trained

SMA wires at room temperature is shown in Figure 5.10(b). Each SMA wire is held

at its ends using polycarbonate clamps and its in-plane motion is constrained using

plastic bridges as shown in Figure 5.11. On a composite curved about the X axis, the

90◦ and 0◦ SMAs are installed in the detwinned Martensite and twinned Martensite

phases respectively. Each wire is powered by a DC supply rated at 10 A (30 V).

The SMA wires are actuated by supplying a constant current. In the first step,

only the 90◦ SMA is heated until the composite snaps from its curvature about X

to curvature about Y . Composite shape is recorded at 100 frames per second using

a motion capture system with reflective markers installed at points A,B,C, and D

as marked in Figure 5.11. Out-of-plane displacement is reported as the average of

wA, wB, wC , and wD. The influence of the 0◦ SMA on the post snap-through response

of the composite is plotted in Figure 5.12. The dotted lines indicate the composite’s
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Figure 5.11: Setup for a shape memory alloy-actuated bistable composite.

response in the absence of the 0◦ SMA. It is observed that the time required for shape

transition is higher in the presence of the 0◦ SMA. This SMA dampens the post snap-

through vibrations to yield a second stable shape. Therefore, the demonstrated SMA

actuators not only provide two-way actuation, but also to enable an almost vibration-

free shape transition in the composite. Further, the resulting curvature is smaller in

the presence of the 0◦ SMA since a fraction of the composite’s strain energy is spent

in detwinning the SMA. The loss in curvature is minimal when the SMA is designed

to undergo complete transformation from twinned to detwinned Martensite. Lastly,

it is seen that shape transition occurs in two distinct stages. Such a response is

expected because a non-uniform contraction of the 0◦ SMA, due to sliding friction in

the bridges, can result in partial snap-through.

Figure 5.13 shows snap-through and snap-back to demonstrate the complete op-

eration of the composite. The response is plotted for three values of constant current.

The time taken for complete snap-through is 8.4s, 5.5s, and 3s for an applied current
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Figure 5.12: Snap-through transition in an SMA-actuated bistable composite.

(power) of 1.6 A (1.44 W), 2 A (2.2 W), and 2.4 A (3.12 W) respectively. The cor-

responding times for snap-back are measured to be 6.4s, 3.5s, and 2.5s respectively.

Partial snap-through can be minimized or eliminated by maximizing the power ap-

plied to the SMA and by minimizing friction.

In mechanically-prestressed bistable composites with a 90◦ EMC/core/0◦ EMC

configuration, the stable shapes are weakly coupled and can be tailored indepen-

dently using EMC prestrain. This weak coupling enables one to design embedded

actuators that can be sequentially activated to achieve shape adaptation. The strain

energy-based model of a bistable laminated composite is combined with a 1-D con-

stitutive model of an SMA to study the relationship between EMC prestrain and

SMA parameters and thereby guide actuator design. Actuation using shape memory

alloys is demonstrated at the coupon scale. The demonstrator shows that SMA ac-

tuators also serve as dampers to enable a vibration-free shape transition in bistable

composites.
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Chapter 6

Stability Considerations and
Actuation Requirements of

Bistable Composites

Overview

This chapter investigates the domain of bistability and actuation requirements of

bistable laminated composites. An analytical model is constructed as follows: point-

wise displacements and areal dimensions are scaled; strain energy and actuation work

are computed using high-order displacement polynomials; and net energy is minimized

to calculate stable shapes as a function of actuation force. Shape transition is shown

to be a multi-stage phenomenon through an experimental procedure involving friction-

free tensile tests and 3D motion capture. The simulated actuation energies agree with

measurements within 12%. Square laminates are shown to be bistable only when the

ratios of laminae prestrains are greater than 0.2. It is shown that in-plane forcing re-

quires 100 times more energy than an equivalent moment. A parametric study reveals

that the composites performance parameters are more sensitive to the cores thickness

than its modulus; the sensitivity of actuation energy is minimal relative to that of

deformation and stiffness.

103



6.1 Introduction

Laminating two mechanically-prestressed layers on either side of a stress-free core re-

sults in a bistable composite (Chapter 4). When the prestressed laminae are orthog-

onal to each other, the equilibrium cylindrical shapes are said to be weakly coupled;

each shape is influenced only by one prestressed lamina but not both (Figure 6.1).

Residual stress generated through two sources of mechanical prestrain yields a domain

of bistability that is different from that resulting from a single source (e.g., temper-

ature in thermally-cured laminates). Therefore, a study exploring the the limits of

design parameters, such as prestrain ratio and aspect ratio, is required to determine

the composite’s bistability regime.

This chapter presents a high-order analytical strain model to systematically ex-

plore the design space of bistable composites that have two sources of residual stress.

The analysis is presented through the example of a mechanically-prestressed bistable

composite. The stable shapes of a rectangular composite are simulated for limiting

ratios of prestrain and side length to determine the domain of bistability. A case

study comparing the composite’s response to various actuation modes such as axial,

transverse, and in-plane loading is presented. Tensile tests are conducted on fabri-

cated composite samples and snap-through is recorded using a 3D motion capture

system. The work associated with the measured force-deflection curves is compared

with the simulated actuation work in the axial loading case. Finally, a sensitivity

study is conducted to explain the effect of design parameters of the composite on

its performance metrics, viz., range of deformation, stiffness to operational load, and

actuation energy.
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Figure 6.1: Stable shapes of a mechanically-prestressed laminated composite.

6.2 Analytical model

In this work, a mechanically-prestressed bistable composite is modeled as a laminated

plate as described in Chapter 4. Cubic polynomials for displacement are sufficient to

accurately simulate the stable shapes of the composite. However, an accurate descrip-

tion of shape bifurcation phenomenon requires the use of higher order polynomials

[99]. The iterative solution of nonlinear equations involving high-order displacement

polynomials has been shown to be numerically ill-conditioned [117]. For purposes of

numerical conditioning, composite displacements in the current model are written in

non-dimensional form.
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6.2.1 Non-dimensional composite displacements

The method for scaling used here was first presented by Stein [118]. It was im-

plemented by Diaconu and Weaver [119] in the analysis of postbuckled orthotropic

laminates, and by Pirrera et al. [99] in the high-order modeling of bistable laminates.

The nondimensional displacements (ũ0,ṽ0,w̃0) at an arbitrary point on the compos-

ite’s geometric mid-plane are expressed in terms of its true displacements (u0, v0, w0)

in the (X, Y, Z) directions as:

ũ0 =
u0
U0

, ṽ0 =
v0
V0
, w̃0 =

w0

W0

, (6.1)

where, U0, V0, and W0 are scaling factors defined in terms of composite stiffness as:

U0 =

√
A∗11A

∗
22D

∗
11D

∗
22

Lx
, V0 = U0

Lx
Ly
, W0 =

√
U0Lx. (6.2)

The terms A∗ and D∗ are defined as:

A∗ = A−1, D∗ = D −BA−1B, (6.3)

where A, B, and D are the extensional, coupled extension-bending, and bending

stiffness matrices [120] of an n-layered composite expressed in terms of the plane-

stress reduced stiffnesses Qij, {i, j = 1, 2, 6} as:

Aij =
n∑
k=1

Q
(k)
ij (zk+1 − zk), Bij =

1

2

n∑
k=1

Q
(k)
ij (z2k+1 − z2k), Dij =

1

3

n∑
k=1

Q
(k)
ij (z3k+1 − z3k).

(6.4)

The x and y coordinates are scaled as follows:

x̃ =
x

Lx
, ỹ =

y

Ly
. (6.5)

The ratio of EMC width to core width is defined as per (4.21).
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Figure 6.2: Schematic representation of a mechanically-prestressed bistable laminate.

6.2.2 Strain model

Strains of the composite (Figure 6.2), defined using a Lagrangian description as per

Von Karman’s hypothesis [102], are written in terms of non-dimensional displacements

(ũ, ṽ, w̃) as:

εx =
U0

Lx

∂ũ

∂x̃
+

1

2

W 2
0

L2
x

(
∂w̃

∂x̃

)2

, (6.6)

γxy =
U0

Ly

∂ũ

∂ỹ
+
V0
Lx

∂ṽ

∂x̃
+

W 2
0

LxLy

∂w̃

∂x̃

∂w̃

∂ỹ
, (6.7)

εy =
V0
Ly

∂ṽ

∂ỹ
+

1

2

W 2
0

L2
y

(
∂w̃

∂ỹ

)2

. (6.8)
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According to classical laminate theory, displacements of the composite can be written

in terms of mid-plane displacements (ũ0, ṽ0, w̃0) as:

ũ(x̃, ỹ, z) = U0ũ0(x̃)− zW0

Lx

∂w̃0

∂x̃
, (6.9)

ṽ(x̃, ỹ, z) = V0ṽ0(ỹ)− zW0

Ly

∂w̃0

∂ỹ
, (6.10)

w̃(x̃, ỹ, z) = W0w̃0(x̃, ỹ). (6.11)

Equations (6.9) - (6.11) are substituted into (6.6) - (6.8) to obtain the relations for

composite strain in terms of displacements of the geometric mid-plane.

Displacements of the mid-plane, described using complete polynomials of order

Op, are of the form:

ũ0 =

Op∑
q=0

q∑
p=0

bp,q−px̃
pỹp−q, (6.12)

ṽ0 =

Op∑
q=0

q∑
p=0

cp,q−px̃
pỹp−q, (6.13)

w̃0 =

Op∑
q=0

q∑
p=0

dp,q−px̃
pỹp−q, (6.14)

where Op is the chosen order of the polynomial and bp,q−p, cp,q−p, and dp,q−p are the

unknown coefficients that are to be evaluated.

6.2.3 Strain energy computation

The potential energy (Φ) of the composite is expressed in terms of the material and

geometric properties of the laminae as:

Φ =

∫
V

(
Φ1 +Q12εxεy + Φ2 +

1

2
Q16γxyεx +

1

2
Q26γxyεy +

1

2
Q66γ

2
xy

)
dV. (6.15)

The limits of integration are shown in Table 6.1. In this composite, the core is a linear

isotropic material whereas the 90◦ and 0◦ EMCs are anisotropic materials with linear
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Table 6.1: Limits of integration for the computation of the total potential energy of
a mechanically-prestressed bistable laminate.

Lamina x̃ ỹ z
90◦ EMC (−1/2, 1/2) (−α90/2, α90/2) (−H/2,−h1)
Core (−1/2, 1/2) (−1/2, 1/2) (−h1, h2)
0◦ EMC (−α0/2, α0/2) (−1/2, 1/2) (h2, H/2)

strains in all directions except x and y, respectively. For linearly strained directions,

Φ1 and Φ2 are written as per Hooke’s law as 0.5(Q11ε
2
x) and 0.5(Q22ε

2
y) respectively. In

the direction of prestrain, the constitutive law of an EMC is described as per (2.18).

Strain energies Φ1 and Φ2 of the 90◦ and 0◦ EMCs respectively are computed as the

integral of σx and σy based on (2.18). This gives for the two EMCs:

Φ
(90)
1 = f(ε90 − εx), Φ

(0)
2 = f(ε0 − εy). (6.16)

It is worth noting that strains εx, εy, and γxy of the composite are expressed in terms of

scaled displacements and coordinates for purposes related to numerical conditioning.

On the other hand, prestrains ε90 and ε0, applied to the EMCs prior to lamination,

represent the input energy content and are hence not scaled.

6.2.4 Work done by external forces

Four cases of external forces acting on the composite are studied in this work (Figure

6.3). The composite, shown in the Y Z plane, is assumed to be clamped at its midpoint

O and curved about the X axis in the unactuated state. Cases 1 to 3 represent

actuation forces applied at points A(0,−0.5) and B(0, 0.5) whereas case 4 represents

a uniformly distributed operational load.
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Figure 6.3: Four cases for external forces applied on a bistable composite to effect
snap-through into the second stable shape. The first three cases shown in (a) through
(c) are point-wise forces whereas case four shown in (d) is a uniformly distributed
force.

Case 1

The composite is actuated by applying a pair of equal and opposing forces −Rhĵ and

Rhĵ at A and B respectively (Figure 6.3(a)). The variational work done by ~Rh is

expressed as:

δWh = −RhV0ṽ0|{0,−0.5} +RhV0ṽ0|{0,0.5} (6.17)

Case 2

In-plane actuation is represented by a pair of forces at A and B of magnitude Rp

acting in a direction tangential to the geometric mid-plane (Figure 6.3(b)). The force
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~Rp, located at an offset m from the midplane, is defined as:

~Rp(A) =
Rp

Ly

∂~rp
∂ỹ
|{0,−0.5}, ~Rp(B) = −Rp

Ly

∂~rp
∂ỹ
|{0,0.5} (6.18)

The point of application of the force ~rp is the sum of the position vector (~r) on the

geometric mid-plane and the normal (~n) at ~r

~rp = ~r +m.~n (6.19)

=
(

(Lxx̃+ U0ũ0)̂i+ (Lyỹ + V0ṽ0)ĵ +W0w̃0k̂
)

+
m

LxLy
.
(∂~r
∂x̃
× ∂~r

∂ỹ

)
(6.20)

The variational work done by the pair of forces ~Rp (Figure 6.3(c)) is written as:

δWp = ~Rp(A).δ~rp|{0,−0.5} + ~Rp(B).δ~rp|{0,0.5} (6.21)

Case 3

The variational work done on a composite that is actuated by a transverse force −Rvk̂

acting at A and B is written as:

δWv = −RvW0w̃0|{0,−0.5} −RvW0w̃0|{0,0.5}. (6.22)

Case 4

The operational load acting on a composite is represented as a uniformly distributed

force (PL) acting in the −Z direction (Figure 6.3(d)). The corresponding variational

work is given by:

δWl =

0.5∫
−0.5

0.5∫
−0.5

PLW0w̃0dxdy (6.23)

The net variational work (δW ) done on the composite by various actuation forces is

written as:

δW = δWp + δWh + δWv + δWl (6.24)
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6.2.5 Computation of composite shape

The equilibrium shapes of the composite are obtained as a function of actuation force

by minimizing the net energy using the variational Rayleigh-Ritz approach:

∑
i

∂(Φ−W )

∂Ci
= 0, (6.25)

where Ci = {bp,q−p, cp,q−p, dp,q−p} for p ranging from 0 to q and q ranging from 0 to Op.

The expressions for UT , W , and their partial derivatives are derived in symbolic form

using MAPLE. The nonlinear equations resulting from (6.25) are solved in MAT-

LAB using the Newton-Raphson method. Composite shape is computed for various

polynomial orders of the strain model. Prior to computation, the number of terms

in the complete displacement polynomials are reduced by applying the conditions of

symmetry. Since the composite is clamped at the center, ũ0 is odd in x and even in

y, ṽ0 is even in x and odd in y, and w̃0 is even in x and y and is zero at the center.

The number of unknown coefficients for each polynomial order is shown in Table 6.2.

The order of the strain energy integrand involving a mechanically-prestressed EMC

is greater than twice that of the integrand for a thermally-cured FRP laminate with

linear matrix material (Table 6.2); the order is directly proportional to the compu-

tational cost of the model. For polynomial orders 3 to 5, simulation was carried out

on a standalone workstation whereas higher order polynomial models were simulated

using clusters at the Ohio Supercomputer Center [121]. Computational cost can be

lowered by 20% by reducing σ in (2.18) to a cubic function.

6.3 Experiments

Experimental measurement of the snap-through force of a bistable composite involves

the application of a controlled force or displacement on the composite in a quasistatic
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Table 6.2: Size of the displacement polynomials and strain energy integrand.

Order
(n)

Reduced
unknowns

Order of dΦ(x̃, ỹ)

Prestressed
EMC

Thermally-cured
FRP

3 8 10 4
4 11 30 12
5 17 30 12
6 21 50 20
7 29 50 20
8 35 70 28
9 44 70 28

setup. To this end, Dano and Hyer [122] applied a moment at two points on the com-

posite in a three-point bending setup. They performed a force-controlled experiment

where strain was measured using bonded strain guages. Potter et al. [115] developed

a position-controlled experiment to measure the composite’s displacement and the

applied force simultaneously. The sample was placed on its edges on a low-friction

aluminum plate and a transverse point load was applied at the center using a steel

ball. A perforated plate with holes in a 11 × 11 grid was aligned inline with the

composite. Deformation at each position increment was measured through the holes

with a caliper. Experiments revealed that the snap-through phenomenon comprises

multiple events. In particular, one half of the composite undergoes smooth shape

transition leading to a partial snap-through following which the other half snaps-

through to the second stable shape. Cantera et al. [98] employed Potter’s approach

but used rods to suspend the composite at its vertices for reduced friction. Tawfik et

al. [123] presented an improved frictionless experimental setup in which the edges of

the composite slide on an air cushion.
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Figure 6.4: Experimental setup to record shape transition in a bistable composite.

The proposed experimental procedure involves flattening a curved composite until

snap-through in a uniaxial tensile test (Figure 6.4). Given that the stable shapes of

the composite are weakly coupled, it sufficient to record actuation from the first shape

to the second. The straight edges AD and BC of a cylindrical composite are held in a

load frame at their midpoint using small hinges. The hinges are bonded to the EMC

on the concave side and their axis of rotation is parallel to the respective straight

edges. There is no sliding or rolling contact with the composite. The head of the load

frame (Test Resources Inc.) moves vertically and measures the force profile using an

inline 200 N load cell. The displacement of the frame head is recorded by an in-built

rotary encoder. Tip displacement of the composite is separately measured by a 3D

motion capture system; the frame measures displacement only up to snap-through.

Betts et al. [108] used a video camera system that tracks circular markers to measure

the stable shapes of a bistable laminate. In the present setup, hemispherical reflective
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markers of 3 mm diameter are placed at the center (O) and the four vertices (A, B,

C, D) of a square laminate. A set of four still cameras (OptiTrack, Natural Point

Inc.), with a resolution of 1.3 megapixels, is used to record the position of each marker

through coordinate triangulation. The cameras are mounted to have a capture volume

of 1.1 × 1.1 × 1.1 (m).

(a) (b) (c)

ε90 & ε0 = 0.4 ε90 & ε0 = 0.6 ε90 & ε0 = 0.8

Figure 6.5: Fabricated samples of a mechanically-prestressed bistable laminate.

Square test samples are fabricated in the 90◦ EMC/core/0◦ EMC configurations

with equal prestrain values of 0.4, 0.6, and 0.8 in both EMCs (Figure 6.5) [124]. The

dimensions of the laminae are shown in Table 4.3. Prior to testing, the cameras are

calibrated to an accuracy of 0.021 mm by waving a calibration wand that contains

inline markers over a span of 250 mm. The coordinate system is set using markers

mounted on the ends of a right angle measure. To simplify data processing, the

axes (X, Y, Z) are defined such that the XY plane is aligned parallel to the plane
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containing the four vertices (markers) of the composite. Quasistatic tensile tests are

conducted on each sample by moving the frame head at a rate of 5 mm/min until

the composite snaps into its second shape. The load frame and the motion capture

system are synchronized to record displacement at 10 frames per second. Each sample

is tested five times for repeatability. Measurements from the fifth test are presented

in this paper.
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Figure 6.6: Measured out-of-plane displacements of AD and BC, as a function of (a)
time and (b) actuation force, in a composite with ε0 = ε90 = 0.8.

The out-of-plane tip deflection w0 of the composite is calculated for each straight

edge (AD, BC) as the average of the z displacements of its vertices. The respective

deflections wAD and wBC of AD and BC evolve differently with time and actuation

force as shown in Figure 6.6. At wAD = 0, wBC > wAD and wAD is continuous

(Figure 6.6(a)). In the vicinity of wBC = 0, both wAD and wBC are discontinuous

(Figure 6.6(b)). The sharp drop in displacement at the discontinuity, occurs in two

stages. The drop in force in the first stage is partial, indicating an intermediate

shape in the snap-through event (Figure 6.6(b)). Snap-shots of the shape transition
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Figure 6.7: Shape of a composite with ε0 = ε90 = 0.8 in (a) the unactuated first stable
state, (b) intermediate stable state during snap-through, and (c) second stable state
post snap-through.

of the composite are shown in Figure 6.7. Upon flattening, the composite undergoes

a partial snap-through into an intermediate stable shape that has AD in its second

curved shape while BC remains straight (Figure 6.7(b)). Flattening the composite

further results in a full-snap through in which BC snaps into the second curved

shape and both edges reach equilibrium simultaneously (Figure 6.7(c)). The snap-

through behavior of the tested samples is similar to those of the thermally-cured FRP

laminates tested by Potter et al. [115].

6.4 Results and discussion

Results based on experiments and model-based simulations are presented in the fol-

lowing sequence:

• The stable shapes of a square laminate are simulated as a function of ε90 and

ε0 for various orders of the displacement polynomials. Subsequent results are

presented using a chosen high-order polynomial.
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• The effect of aspect ratio on the bistability regime of rectangular laminates is

simulated as a function of ε90 and ε0.

• Work done on a square composite is computed for forces defined in cases 1 to

3. The analytical model is validated against measured data.

• Sensitivity of the composite’s tip displacement (w0), stiffness to transverse pres-

sure (KL), and snap-through work (Wp) done by an in-plane actuator, is ana-

lyzed for a given change in core modulus and thickness.

Simulations conducted using the analytical model presented in section 6.2 yield

two stable cylindrical shapes of the composite in the unactuated state. The dimen-

sions and measured material properties of the laminae used for both simulation and

experiments are shown in Tables 4.3 and 4.2 respectively. For the calculation of the

scaling factors U0, V0, and W0, E1 of a 90◦ EMC is averaged to be 1.5 MPa over a

strain range of 0 to 1. In the following analyses, the composite is considered to be

initially curved about the X axis.

The tip displacement (w0) of a stable square composite in its unactuated state is

calculated as a function of prestrain ratio εr (= ε0/ε90) ranging from 0.01 to 1 while

ε90 is maintained constant at 1. Figure 6.8 shows w0 as a function of εr for various

orders of the displacement polynomials; the first half of εr is emphasized to illustrate

the loss in bistability at its lower extremity. Displacement w0, corresponding to the

first shape, decreases with a decrease in εr until a critical ratio εrc where the shape

ceases to exist. Below εrc, the composite has only the second cylindrical shape. Shape

2, as indicated in Figure 6.8, is influenced by ε90 and is invariant to changes in ε0

when εr < 1. Since the stable shapes are weakly coupled, similar results are obtained

at the higher extremity of εr; ε90 ranging from 0 to 1 at ε0 = 1 represents the higher

extremity. Such an envelope for bistability is characteristic of laminates that have
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Figure 6.8: Stable shapes of the composite as a function of prestrain ratio εr for
ε90 = 1.

two sources of prestress. Thermally cured FRP laminates have a single source of

residual stress and exhibit a saddle shape (small deformation) outside the domain of

bistability.

With an increase in polynomial order from three to nine, εrc increases as well

as converges to a particular value. Further, the displacement w0 at εrc is higher in

higher-order models. For εr > εrc, the difference in w0 among various polynomial

orders is negligible. εrc for each polynomial of type O2p (p > 2) is close to that of

the odd-order polynomial of type O2p−1. Due to the imposed symmetry conditions

on ũ0, ṽ0, and w̃0, the additional terms in O2p relative to O2p−1 are seen only in w̃0.

Therefore, out-of-plane deflection w0 has a minor effect on εrc whereas in-plane strain

has a dominant effect. In the third, seventh, and ninth order cases, εrc is 0.082, 0.224,

and 0.236 respectively. Given the marginal increase in model accuracy from seventh
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to ninth order, seventh order displacement polynomials are chosen for further analysis

in the interest of computational cost (see Table 6.2).
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Figure 6.9: Effect of aspect ratio AR on the stable shapes of the composite as a
function of (a) ε0 while ε90 = 0.6 and (b) ε90 while ε0 = 0.6.

The effect of aspect ratio AR (Ly/Lx) of a rectangular laminate is simulated at

Lx = 152.4 mm by varying one EMC prestrain at a time. In the first case, a constant

prestrain ε90 = 0.6 is maintained in the EMC on the convex face (Figure 6.9 (a)). The

value of AR corresponding to the loss of bistability increases with an increase in ε0.

Beyond the critical value of AR, only one stable cylindrical shape exists (as in Figure

6.1(a)). When ε0 is treated to be constant (at 0.6), the limiting AR increases with

an increase in ε90 (Figure 6.9(b)). An increase in aspect ratio for a given width is

associated with an increase in the strain energy of the core, thereby requiring higher

prestrains with εr close to 1 for the existence of bistability.

Work done on the composite by external forces in cases one to three (Figure 6.3)

is computed as per (6.17), (6.21), and (6.22). For comparison, Wh, Wp, and Wv are

plotted as a function of tip displacement w0.

120



0 10 20 30

w
0
 (mm)

0

50

100

150

200

250

300

W
h (

m
J)

Simulation: 
0
 = 0.4

Simulation: 
0
 = 0.6

Simulation: 
0
 = 0.8

Experiment: 
0
 = 0.4

Experiment: 
0
 = 0.6

Experiment: 
0
 = 0.8

Figure 6.10: Work done by an axial force Rh on a composite with ε90 = ε0.

The simulated actuation work Wh is compared with the corresponding experimen-

tally measured values to validate the analytical model (Figure 6.10). Flattening of

the composite is associated with an exponential increase in Wh up to the point of

snap-through. Post snap-through, experiments indicate a small drop in Wh followed

by a sharper drop before reaching a steady value as w0 tends to zero. The existence

of two energy peaks is consistent with the observation (section 6.3) that in the chosen

laminate configuration, snap-through occurs in two stages. Energy peaks are not seen

in the simulated curves because displacements are calculated as a function of a mono-

tonically increasing force Rh; at snap-through, there is a sharp drop is w0 but not

Rh. For all practical purposes, snap-through force and tip displacement profile are

sufficient to design actuators for bistable composites. The simulated energy profile is

in agreement with experimental data. The model over-predicts snap-through energy
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by 7.7%, 12.1%, and 6.7% with respect to the measured value (higher peak) in sam-

ples with prestrains of 0.4, 0.6, and 0.8, respectively. The corresponding error in the

simulated tip displacement at snap-through relative to the measured displacement

(at higher peak) is 6.2%, 2.43%, and -8.8%. Higher model accuracy can be achieved

by increasing the order of the displacement polynomials.
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Figure 6.11: Work done by an in-plane actuation force Rp as a function of (a) ε0
where m = 0 and ε90 = ε0, and (b) m where ε0 = ε90 = 0.6.

Figure 6.11(a) shows the energy profile pertaining to an in-plane force Rp applied

at the geometric mid-plane (m = 0); prestrains ε0 and ε90 are assumed to be equal.

The energy required for snap-through increases with an increase in ε0. Further, snap-

through is initiated at a higher displacement w0 for higher values of ε90. Figure 6.11(b)

shows the energy profile for non-zero values of the force offset m from the geometric

mid-plane at constant values of ε0 and ε90 of 0.6. Increasing the offset towards the

convex face of the composite (m > 0) results in a decrease in snap-through energy.

This behavior is attributed to the associated reduction in the total displacement
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recovered by a given Rp (see (6.9) - (6.11)). Moving the actuator towards the concave

face results in an exponential increase in snap-through energy.
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Figure 6.12: Work done by a transverse force Rv as function of ε0 where ε90 = ε0.

The actuation energy associated with a transverse force is simulated for various

values of ε0 assuming ε0 and ε90 are equal (Figure 6.12). While Wv has a similar

trend as Wh and Wp, it is worth noting that force Rv varies linearly with w0 whereas

Rh and Rv vary exponentially (not illustrated). A comparison of the various energy

profiles of actuation forces acting at points A and B (Figure 6.3) shows that for

a given actuation stroke, Wh is an order of magnitude higher than Wv and Wp is

an order of magnitude higher than Wh. Therefore, the minimum and maximum

energy configurations are associated with a pure moment and a pure in-plane force

respectively. Also, the displacement w0 at which snap-through occurs is highest in

the case of a pure-moment and least when actuated by an in-plane force.
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6.5 Sensitivity study

The parameters that quantify the composite’s morphing performance are: displace-

ment w0 in the unactuated state; stiffness KL to transversely-applied pressure PL

(case 4); and work Wp done by an in-plane force Rp to achieve snap-through from

a stable initial shape. Figure 6.13(a) shows the effect of core modulus ranging from

100 to 200 GPa on the composite’s performance parameters; thickness is maintained

constant at 0.127 mm. Each parameter is normalized with respect to the lowest value

in the simulated range. Increasing the modulus by 100 GPa yields a reduction in w0

by 48.3%. On the other hand, KL, and Wp increase by 93.3%, and 18.1% respectively.

Sensitivity of the parameters to core thickness is shown in Figure 6.13(b); core mod-

ulus is assumed to be 100 GPa. Doubling the thickness of the core results in -83.8%,

520%, and -10.5% change in w0, KL, and Wp respectively.
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Figure 6.13: Sensitivity of the composite’s performance to (a) core modulus and (b)
core thickness.
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An increase in core modulus or thickness translates to an increase in strain energy

and hence a decrease in out-of-plane deformation for a given prestress configuration;

deformation is more sensitive to thickness change. A decrease in deformation is

accompanied by an increase in stiffness for any modulus or thickness. Stiffness is

more sensitive to thickness than to modulus due to the cubic dependence of the

stiffness matrix coefficients on thickness in (6.4). Higher actuation work is required

to recover the strain energy associated with higher core modulus. Among the three

performance parameters, stiffness is the most sensitive to the properties of the core

whereas actuation energy is the least.

The limits of bistability of rectangular laminates with two sources of prestress

are studied for the first time through this work. A novel experimental procedure,

involving friction-free tensile testing and 3D motion capture, is presented to study the

snap-through characteristics of mechanically-prestressed composites. Experiments

show that these composites exhibit a multi-stage snap-through phenomenon akin to

that seen in thermally-cured FRP laminates. A high-order strain model is developed

to accurately determine the domain of bistability of the composite as a function of

prestrain ratio. The aspect ratio limit for bistability can be extended by increasing

prestrain in both EMCs and by maintaining the prestrain ratio close to one. A distinct

feature in orthogonal-ply bistable composites with two sources of mechanical prestress

is that they need not be symmetric along the thickness. Further, loss in bistability due

to insufficient prestress in one EMC yields a single cylindrical shape. A comparison of

various actuation modes using the experimentally-validated analytical model shows

that the application of a pure moment requires the least amount of energy. In-plane

actuation, which is made practically viable by smart materials, is relatively energy

efficient when the actuator is mounted on the convex face of a curved composite.

Among the evaluated performance parameters, out-of-plane stiffness and actuation
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(in-plane) energy are respectively found to be the most and least sensitive to the

properties of the core. Mechanically-prestressed composites offer possibilites for the

design of active bistable elements for morphing panels.

126



Chapter 7

Stress-Biased Laminated
Composites for Smooth Folds in

Origami Structures

Overview

This chapter presents a strategy for the creation of smooth folds in flat and curved

laminated composites; the approach is applicable to smart folding structures with re-

configurable creases. An analytical laminated-plate model, based on strain energy

minimization, is presented to calculate fold angle as a function of laminate param-

eters. Folds, realized as localized curvature at a crease, are modeled using piecewise

displacement polynomials. Folded composites, created by laminating prestressed fiber-

reinforced elastomers with zero in-plane Poisson’s ratio, are fabricated for demonstra-

tion and model validation. The simulated out-of-plane deflection of the curved creases

is in agreement with measurements. Parametric studies are conducted to characterize

the sensitivity of fold angle and sharpness to variations in laminate properties. Nar-

row creases require higher prestress for a given fold angle than wider creases. Fold

sharpness can be maximized by minimizing crease width and thickness. Anisotropy

in the prestressed elastomer is a tradeoff between achieving zero Poisson’s ratio for

undirectional prestress and maximizing the range of crease orientations for foldability.
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7.1 Introduction

A stress-biased composite comprises a creased constraining layer laminated to a pre-

stressed layer (Figure 7.1(a)); a constraining layer is flexible but has high in-plane

modulus relative to the prestressed layer. The modulus or thickness of the constrain-

ing layer in the creased region is much lower than that of the faces (Figures 7.1(a) and

7.1(b)). A prestressed layer is highly stretchable and is laminated in the stretched

state across one or more creases. Figure 7.1(c) shows a demonstration of folds in a

stress-biased composite; fabrication details are discussed in section 8.5.1. In origami

terms, prestressed composites exhibit mountain folds at equilibrium. Valley folds can

be created by laminating the prestressed layer on the opposite face of the constrain-

ing layer. Theoretically, two prestressed laminae are sufficient to completely fold the

composite. This simple yet powerful approach to create folds poses several research

questions related to: fold angle at a crease with rigid faces as a function of magnitude

and orientation of prestress; and effect of crease width, modulus, and thickness on fold

angle and sharpness. To address these research questions, an analytical laminated-

plate model is developed in this work.

Mechanical prestress in folded composites provides several additional design pos-

sibilities. For example, curved faces can be created in a folded structure by extending

the prestressed laminae onto the faces. This feature is particularly useful in the folding

of curved shells [125, 126]. Prestress also enables bistability [107] in the faces of a fold.

Origami tessellations such as Miura-Ori could serve as a constraining layer, resulting

in novel metamaterial characteristics. To preserve surface area post-folding, the pre-

stressed layer can be extended beyond the composite to serve as a stretchable skin on

the morphing structure. Therefore, a mechanically-prestressed composite structure

can not only serve multiple functions, but is also capable of multiple morphing modes

like stretching, flexure, and folding.
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Figure 7.1: (a) Stress-biased folded composites with (a) a soft crease and (b) a notched
crease. The figures in the inset show composite shape in the absence of EMC prestress.
(c) Demonstration of folding in a stress-biased composite with non-parallel creases.

A method for the fabrication of a passive folded composite is presented in section

7.2. An analytical model based on laminated plate theory is developed to charac-

terize the fold angle at a crease with relatively rigid faces (section 7.3). Composite

displacements are defined using piecewise functions to accurately describe the large

localized out-of-plane deflection associated with a folded crease. The simulated folded

shapes with flat and curved faces are presented in section 7.4. Parametric studies are

conducted to characterize the sensitivity of fold angle to the material properties and

dimensions of the crease, and the magnitude and orientation of the applied prestrain.

7.2 Composite fabrication

A method for the fabrication of mechanically-prestressed folded composites is pre-

sented in this section. Creases of various widths are fabricated to demonstrate the

influence of crease width on fold angle and to validate the analytical model.
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7.2.1 EMCs

In this work, folded composites are created by laminating prestressed fiber-reinforced

elastomers and a creased constraining layer. The elastomer comprises silicone rubber

reinforced with unidirectional carbon fibers; fiber-reinforced elastomers are also re-

ferred to as elastomeric matrix composites (EMC). The EMC shown in Figure 1.6 is

prestressed in the X direction. A portion of this EMC is reinforced with fibers in the

Y direction. Addition of fibers in this 90◦ orientation yields zero in-plane Poisson’s

ratio whereas isotropic elastomers have a Poisson’s ratio of 0.4 - 0.5. The EMCs are

fabricated by sandwiching unidirectional carbon fibers between a pair of pre-cured

silicone rubber sheets. The design details and the constitutive response of a 90◦ EMC

are presented in Chapter 2.

7.2.2 Folds

Figures 7.2(a) and 7.2(b) show a composite that is folded at its crease by laminating

a mechanically-prestressed layer. The constraining layer is a silicone rubber skin

(durometer grade 45 A) reinforced with a single layer of woven carbon fabric. Rigid

faces are created by laminating 0.127 mm thick spring steel shims to the constraining

layer (Figure 7.2(b)). The faces have a square geometry with a side length of 76.2 mm.

The width of the crease is 19 mm. A 90◦ EMC of width 38.1 mm is prestressed to

0.25 strain and is laminated over the length of the constraining layer. Fiber-reinforced

composites with a soft matrix not only serve as a constraining layer, but also mitigate

the shear stress between a highly-stretched elastomer and an inextensible material

such as steel. The prestressed composite exhibits a fold through large deflection at the

crease. The faces remain flat because the high-modulus fibers in the constraining layer

and the steel backing provide sufficient stiffness to restrict out-of-plane deformation.

Figures 7.2(c) and 7.2(d) show the unfolded and folded shapes respectively. In the
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unactuated state, or in the absence of external forces, the composite has a folded

stable shape. The interior angle between the faces is measured to be 120◦.

EMC with woven 

carbon fibers

Spring steel 

(1095 grade)

Prestressed 90 o EMC

Face

Crease

(a) (b)

(c) (d)

Figure 7.2: A fabricated stress-biased folded composite shown in: (a) top and (b)
front views; (c) unfolded shape; and (d) folded shape.

To examine the effect of crease width, pure creases with widths ranging from 6.35

mm to 31.75 mm are laminated to a prestressed EMC as shown in Figure 7.3 (a).

All creases are laminated to the same EMC to minimize variation in input prestress

between samples (Figure 7.3(b)). The laminated composite, shown in Figure 7.3(c),

is cured under pressure for 24 hours. The shape of the composite after removal of

prestress is shown in Figure 7.3(d). By visual inspection, the out-of-plane deformation

increases with an increase in crease width. Figure 7.3(d) provides an example for

stretchable composites with localized curvature and folds. To eliminate end-effects in

measurement, the creases are trimmed from the EMC and their curvature is measured

(Figure 7.3(e)).
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Figure 7.3: (a) A 90◦ EMC and creases cut out of 0.762 mm thick steel shim; (b) steel
shims laminated to a prestressed 90◦ EMC; (c) curing of the laminate under applied
pressure; (d) composite shape after removal of prestress; (e) curved creases obtained
from trimming the composite in (d).

7.2.3 Measurement of a 90◦ EMC’s moduli

A 90◦ EMC, shown in Figure 1.6, exhibits a nonlinear rubber-like elastic behavior in

the X direction. Strain the Y direction is relatively negligible due to the restriction

offered by the fibers. Assuming that the modulus of carbon fiber and silicone rubber

(assumed linear up to 0.2 strain) is 240 GPa and 1.2 MPa respectively, transverse

modulus E2 is calculated per the rule of mixtures [102] to be 40.8 GPa. However, this

value of E2 is not a good approximation for modeling large out-of-plane deflections in

the EMC since the fibers are not uniformly distributed in the matrix. The elastomeric

constraining layer, for example, has a similar transverse modulus E2 as that of a 90◦

EMC but can undergo large deflection at the crease due to the low transverse shear

modulus of the soft matrix. (Figure 7.2(d)).
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For modeling based on classical laminate theory, E2 is assumed to be the modulus

corresponding to the bond strength between the fibers and the matrix. To mea-

sure this modulus, a filber-pull-out test is conducted in a tensile testing machine.

Unidirectional carbon fibers (3.1 kg/m2, Fiberglast developments Corp.), oriented in

the direction of vertical motion of the test frame, are pulled out of silicone rubber

(Rhodorsil V340-CA45). The size of the test sample is 50.8 x 19 x 2 mm. From the

stress strain response, shown in Figure 7.4, the effective transverse modulus for small

in-plane strain (under 4%) is calculated to be 250 MPa.
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Figure 7.4: Stress-strain curve recorded from a fiber pull-out test conducted on an
EMC comprising silicone rubber reinforced with undirectional carbon fibers.

7.3 Analytical model

Schenk and Guest modeled the elastic behavior of origami structures by treating

the folds as pin-joints with a finite stiffness [127]. Peraza-Hernandez et al. [128]

studied the structural mechanics of creases with non-zero width. Their modeling effort
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included a simplified strain energy-based numerical model that assumes zero in-plane

strain and constant curvature. However, the faces adjacent to a crease act as elastic

boundary conditions, thereby requiring an assumption of non-constant curvature and

finite in-plane strain. Mattioni et al. [129] presented a piecewise-displacement model

to calculate the shapes of bistable composites with elastic boundary conditions.

In this work, a folded composite is modeled in its most basic form as a structure

that comprises two faces joined by a crease (Figure 7.5). A fold is characterized by

large curvature at the crease relative to the face. Strains are modeled per classical

laminate theory in conjunction with von Karman’s hypothesis [102]. Strain energy

is minimized to calculate the folded shape. In curved composites, global curvature

is modeled using displacement functions that can be described using polynomials

[92, 107]. However, in a folded structure, the curvature of the crease is expected to

be much higher than that of the faces. Description of displacements in global form

yields poor accuracy and numerical ill-conditioning for the modeling of high localized

curvature. Global displacement functions are also not scalable; the choice of the

polynomial is sensitive to the width of the face relative to the crease. To account for

localized curvature at the crease, piecewise displacement functions are used to model

the deformation of the crease and the faces.

7.3.1 Composite strains

The strain formulation of the composite is as presented in Chapter 4. Prestrain in an

EMC is applied in the direction orthogonal to fiber-orientation in order to maintain

zero in-plane Poisson’s ratio. Fold angle is expected to be maximum and minimum

when the direction of prestrain is perpendicular and parallel to the crease, respec-

tively. Modeling the relation between fold angle and prestrain orientation provides

insight into the design of multiple non-parallel folds using a single prestressed EMC.

134



Lc

Xc

Yc

12

Lf

Ly

Xf

Yf

Xf

Yf

Ly

Lf

Face FaceCrease

Fibers Elastomeric 

matrix

θ

Figure 7.5: Schematic of a stress-biased composite for modeling.

Assuming a plane stress condition, strain in the material coordinates of an EMC (1-2

axes in Figure 7.5 ) is written in terms of composite strain as:
ε1

ε2

ε6

 =


cos2 θ sin2 θ sin θ cos θ

sin2 θ cos2 θ − sin θ cos θ

−2 sin θ cos θ 2 sin θ cos θ cos2 θ − sin2 θ



εx

εy

γxy

 , (7.1)

where θ is the angle between the X axis and direction of the applied prestrain (1

axis).

7.3.2 Strain Energy Function

The total strain energy (Φ) can be expressed in terms of strain energy of the crease

(Φc), faces (Φf ), and the prestressed EMC (Φe) as:

Φ = Φc + 2Φf + Φe. (7.2)
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where Qij (i, j = 1, 2, 6) are the plane stress-reduced stiffness parameters [102].

Φf =
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The right and left faces are defined such that their strain energies are the same. The

thickness of the crease and face is given by (h2 − h1) and (H/2 − h1) respectively.

The condition h2 > h1 always holds.

Φ90 =

Lc∫
−Lc

Ly∫
−Ly

h1∫
−H/2

(
p1
5

(ε90 − ε1)5 +
p2
4

(ε90 − ε1)4

+
p3
3

(ε90 − ε1)3 +
p4
2

(ε90 − ε1)2 +
1

2
Q

(90)
22 ε22 +

1

2
Q

(90)
66 γ26

)
dz dy dx. (7.5)

Note that the areal dimensions of the EMC can be modified to model cases where

the EMC extends onto the faces. The coefficients p1 through p4 in (8.5) correspond

to a nonlinear constitutive equation of an EMC comprising silicone rubber reinforced

with carbon fibers. The stress-strain curve is obtained from a uniaxial tensile test

[21]. The values of the coefficients are listed in the Table 8.1.

Table 7.1: Polynomial coefficients of a nonlinear stress function of an EMC with zero
in-plane Poisson’s ratio, obtained from a uniaxial tensile test [21].

p1 p2 p3 p4
-0.698 x 106 2.29 x 106 -2.306 x 106 1.598 x 106
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Figure 7.6: Schematic of a composite illustrating fold angle at the vertex of a crease.

7.3.3 Computation of fold angle

Mid-plane displacements of each composite section are described by polynomial func-

tions as:

u0 =

Oi∑
j=0

q∑
i=0

bi,j−ix
iyi−j, (7.6)

v0 =

Oi∑
j=0

q∑
i=0

ci,j−ix
iyi−j, (7.7)

w0 =

Oi∑
j=0

q∑
i=0

di,j−ix
iyi−j, (7.8)

where Oi is the polynomial order that is chosen for each segment based on the ex-

pected deformed shape. b, c, and d are the sets of coefficients to be computed. The

displacement polynomials specific to various cases of folding are presented in section
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7.4. The geometric equality constraints that couple the crease and face are as follows:

u
(c)
0 (Lc, Ly) = u

(f)
0 (−Lf , Ly), (7.9)

v
(c)
0 (Lc, Ly) = v

(f)
0 (−Lf , Ly), (7.10)

w
(c)
0 (Lc, Ly) = w

(f)
0 (−Lf , Ly), (7.11)

∂w
(c)
0

∂x
(Lc, Ly) =

∂w
(f)
0

∂x
(−Lf , Ly). (7.12)

Constraints defined in (7.9)-(7.12) are also applied between at (−Lc,−Ly) on the

crease and (−Lf , Ly) on the left face. The constraints are simplified based on the

symmetry conditions specific to an analysis (section 7.4). The total potential energy

is minimized using the constrained optimization function fmincon in MATLAB to

yield a set of nonlinear equations with the polynomial coefficients bi,j−i, ci,j−i, and

di,j−i as the independent variables. Fold angle of the crease is defined as the internal

angle subtended by the faces at the vertex of the fold (Figure 7.6). The inclination

of each face, curved or flat, is obtained by calculating the slope of the face from the

points (Lf , 0) and (−Lf , 0). The fold angle (η) is defined as:

η = 2
(

90− π

180

(
tan−1

( w0|(Lf ,0) − w0|(−Lf ,0)
(Lf + u0|(Lf ,0))− (−Lf + u0|(−Lf ,0))

)))
. (7.13)

7.4 Results and Discussion

Simulations are conducted on a composite with a single crease whose dimensions and

material properties are listed in Table 7.2. The composite’s configuration is as shown

in Figure 7.5. EMC prestrain is applied in the X direction. The folded shape of the

composite is expected to be symmetric about the Y axis. Deformation of the crease

is expected to symmetric about the X axis. By imposing symmetry conditions, the
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Table 7.2: Geometric and material properties of the laminae for modeling.

Parameter Face (steel) Crease (steel) 90◦ EMC
Length (mm) 50.8 [2Ly] 50.8 [2Ly] 50.8 [2Ly]
Width (mm) 63.5 [2Lf ] 19.05 [2Lc] 19.05 [2Lc]
Thickness (mm) 0.2 0.0762 2
E1 (MPa) 200,000 200,000 Nonlinear
E2 (MPa) 200,000 200,000 250
G12 (MPa) 100,000 100,000 125
ν12 0.28 0.28 0
ν21 0.28 0.28 0

displacement polynomials are simplified per the relations listed in Table 7.3. For folds

with flat faces, the order of the polynomials for u0, v0, and w0 can be reduced to 1.

Table 7.3: Conditions imposed on displacement polynomials for the modeling of folds
at a crease with orthogonal EMC prestrain.

Crease Face
Oi Condition Oi Condition

u0 3 Odd in x, even in y, u0(0, 0) = 0 3 Even in y
v0 3 Odd in y, even in x, v0(0, 0) = 0 3 Odd in y, v0(0, 0) = 0
w0 4 Even in x and y, w0(0, 0) = 0 4 Even in y

7.4.1 Folded shapes and model validation

The deformation of a crease with and without the included faces is calculated for an

EMC prestrain of 0.3 (Figure 7.7). In the crease with included faces, EMC prestrain

is applied only at the crease. The composite is seen to deform only within the region

of prestress application, i.e., at the crease, while the faces remain flat. The inclusion

of faces has minimal effect on the out-of-plane deflection at the straight edges of the
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Figure 7.7: Comparison of shapes of a pure crease and a crease with faces.

crease. The small difference in deflection can be attributed to the tangency condition

imposed numerically between the crease and the face (inset in Figure 7.7). This

result is consistent with the observation by Mattioni et al. [129] that the inclusion of

an elastic boundary on the straight edge of a cylindrically-curved plate has negligible

impact on its curvature. Given the negligible difference between the shapes of a crease

with and without the faces, the analytical model can be validated by comparing

the simulated curved shapes of pure creases with the corresponding shapes of the

fabricated composites (shown in Figure 7.3). The measured out-of-plane deflection of

the fabricated curved creases is in agreement with the corresponding simulated values

(Figure 7.8).

Curved faces in a folded composite are created by extending the prestressed EMC

lamina to cover the faces. The simulated folded shape is plotted in Figure 7.9 with
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Figure 7.8: Out-of-plane deflection of the straight edges of a crease fabricated without
the included faces. The data presented corresponds to ε90 = 0.4.

reference to a fold with flat faces for ε90 = 0.3. By visual inspection it is seen that

the curves that define the crease and the face are tangential. Curvature in the faces

yields higher out-of-plane displacement at the edge of the face (inset in Figure 7.9).

Therefore, the composite’s global curvature contributes to the design of folded shapes.

Relative to a flat face, a convex global curvature in the face decreases the fold angle

(tighter fold) whereas a concave curvature increases it.

7.4.2 Effect of crease width

Figure 7.10 shows the variation of fold angle as a function of crease width for various

values of EMC prestrain. For a given value of ε90, fold angle reduces with an increase

in crease width. Such a response can be attributed to the choice of the nonlinear

displacement polynomials. The out-of-plane deflection w0 is an even monotonically

increasing function of x. In-plane displacement u0 also increases with an increase in x

but at a lower rate than w0 (see Table 7.3). Therefore, from (7.13), η decreases with
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Figure 7.9: Comparison of shapes of a crease with flat and curved faces.

an increase in crease width since arctan (x) is an increasing function. Folding limit

in narrow creases can be increased by applying higher prestrain to the EMC. With

reduction in crease width, the sensitivity of fold angle to EMC prestrain reduces.

This trend can be explained by the fact that in narrow creases, where EMC thickness

is comparable to crease width, the strain energy associated with prestress manifests

as high in-plane strain in the EMC. In wide creases, however, the input strain energy

primarily manifests as out-of-plane deformation.

7.4.3 Effect of crease modulus and thickness

Figure 7.11 shows the variation of fold angle as a function of crease modulus and

width. For a given width of the crease, fold angle reduces exponentially with linear

reduction in modulus. Fold angle is more sensitive to modulus change in wide creases
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Figure 7.10: Fold angle as a function of crease width ratio shown for crease thickness
and modulus of 0.003” and 200 GPa respectively.

as compared to narrow creases. Fold limit can be maximized by maximizing width

and minimizing modulus. However, crease width may be limited by the required scale

and resolution of folds in an origami structure. Folding can be achieved by actively

softening the crease. This actuation approach can be realized using smart materials

with controllable modulus such as SMAs [130] and SMPs [131], magnetorheological

materials [132], and phase change materials [133]. Fold angle reduces upon softening

due to the intrinsic restoring force in the prestressed EMC. For example, an SMA

crease, laminated with a prestressed EMC in its twinned Martensite phase, can fold

by undergoing detwinning; modulus of detwinned Martensite is about 25 GPa. The

composite can be unfolded by heating the SMA to the Austenite phase (modulus of

about 75 GPa). The folding range that can be achieved using SMA creases is marked

using planes in Figure 7.11.
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alloys

Figure 7.11: Fold angle as a function of crease modulus and width at a constant
thickness of 0.003”. The modulus range for shape memory alloys is illustrated as an
example for the selection of materials with controllable modulus.

Fold sharpness (Ω) is defined in terms of fold angle (η), crease thickness (t =

h2 − h1), and width (2Lc) as follows:

Ω =
η

2Lct
. (7.14)

Figure 7.12 shows the variation of fold sharpness as a function of crease width and

thickness, simulated for a crease modulus of 2 GPa. EMC prestrain is maintained

constant at 0.3. For a given thickness, Ω reduces exponentially with an increase in

crease width. At constant crease width, sharpness can be increased by reducing crease

thickness up to a critical value. Below this critical t, the composite is completely

folded, i.e., η → 0. Therefore, lowering t below the critical value does not effect
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Ω. Fold sharpness can be maximized by minimizing crease width and thickness. It

is worth noting that the composite’s thickness can also be lowered by reducing the

EMC’s thickness, thereby improving fold sharpness. However, a reduction in EMC

thickness corresponds to a reduction in the strain energy associated with a given

prestrain. Thin EMCs would require higher prestrain to generate a given fold angle

as compared to thick EMCs.
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Figure 7.12: Fold sharpness as a function of crease width and thickness, shown for a
crease modulus of 2 GPa.
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7.4.4 Effect of EMC Orientation

The orientation of prestrain in an EMC is expected to influence fold angle. The

displacement polynomials chosen for this study include twist in the crease at non-

orthogonal orientations of the EMC. The conditions imposed on the polynomials are

listed in Table 7.4. While the crease can twist, the faces are assumed to be inflexible;

therefore, the material properties of the face do not influence the results. As a result,

the edges of the crease that are parallel to the Y axis in a flat composite, remain

straight when folded.

Table 7.4: Conditions imposed on displacement polynomials for the modeling of folds
at a crease with orthogonal EMC prestrain.

Crease Face
Oi Condition Oi Condition

u0 3 Terms with odd power, u0(0, 0) = 0 1 Includes xy term
v0 3 Terms with odd power, v0(0, 0) = 0 1 Includes xy term
w0 4 Terms with even power, w0(0, 0) = 0 1 Includes xy term

For a crease modulus, thickness, and width of 200 GPa, 0.025 mm, and 19 mm

respectively, fold angle (η) is calculated as a function of prestrain angle (θ). Figure

7.13 shows η for various values of transverse modulus E2. Fold angle at the crease

increases with an increase in θ, yielding an almost flat composite at around 45◦. The

range of θ for fold generation, increases with a decrease in E2. However, the tradeoff

in reducing bond strength between the EMC’s fibers and matrix is a non-negligible

in-plane Poisson’s ratio. For 0 < θ < 45, calculations of the slope ∂w0/∂y of the

faces revealed that the twist in the composite is negligible (not illustrated). Such

a response can be attributed to three factors: high planar aspect ratio of crease;
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the straight-edge condition imposed on the crease; and a high crease modulus. For

θ = 45◦, a large twist was observed. This result corresponds to a pure twisting mode

in a fold-free composite.
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Figure 7.13: Fold angle as a function of prestrain angle for various values of transverse
(fiber-direction) modulus of an EMC.

Fold angle can be maximized by orienting the EMC prestrain orthogonal to the

crease. For a given fold angle, the energy deficit associated with EMC rotation can

be compensated by increasing the prestrain. However, there may be practical limits

on prestrain associated with the composite’s durability; minimizing prestrain trans-

lates to minimal shear stress between the EMC and the constraining layer, thereby

maximizing durability. Figure 7.14 shows the variation of η as a function of crease

width and θ for a transverse modulus of 250 MPa. The range of prestrain orientations

(0 < θ < 45) that yield folds is independent of crease width. However, wider creases

provide a higher range of foldability (η), as shown in previous results.
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Figure 7.14: Fold angle as a function of prestrain angle and crease width.

Smooth folds can be created in pre-creased laminated composites by applying

prestress to select laminae. This versatile approach not only enables localized pre-

stress application for folding at a given crease, but also allows folding at multiple

non-parallel creases using a single source of prestress. The stress-biased composites

presented in this work have the potential to serve as a framework for smart origami

structures with reconfigurable creases.
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Chapter 8

System-Scale Implementation:
Morphing Fender Skirts

Overview

This chapter presents smart laminated composites for adaptive panels. Morphing

panels can be effective for drag reduction, e.g., adaptive fender skirts. Mechanical-

prestress provides tailored curvature in composites without the drawbacks of thermally-

induced residual stress.When driven by smart materials such as shape memory alloys

(SMA), mechanically-prestressed composites can serve as building blocks for morphing

structures. An analytical energy-based model is presented to calculate the curved shape

of a composite as a function of force applied by an embedded actuator. Shape transition

is modeled by providing the actuation force as an input to a 1-D thermomechanical

constitutive model of an SMA wire. A design procedure, based on the analytical model,

is presented for morphing fender skirts comprising radially-configured smart composite

elements. A half-scale fender skirt for a compact passenger car is designed, fabricated,

and tested. The demonstrator has a domed unactuated shape and morphs to a flat

shape when actuated using SMAs. Rapid actuation is demonstrated by coupling SMAs

with integrated quick-release latches; the latches reduce actuation time by 95%. The

demonstrator is 62% lighter than an equivalent dome-shaped automotive steel panel.
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8.1 Introduction

For design purposes, we define a fender skirt as an extension of a fender that covers

the wheel, as shown in Figure 8.1(a). A fender skirt eliminates the turbulence caused

by mixing of the flow stream originating from wheel rotation with the boundary layer

of flow on the vehicle body [27]. Flat fender skirts that cover rear wheels have already

been implemented; examples include Ford Probe (prototypes I-V, 1979-84), Honda

Insight (2000), and Volkswagen XL1 (2011). For steered wheels however, dome-

shaped skirts are required to avoid collision during wheel steer. The addition of a rigid

dome-shaped skirt leads to increased vehicle width that could have adverse affects on

aerodynamic performance and driving dynamics. To address these limitations, we

present a design methodology for adaptive fender skirts that are flat at high speed

for optimal aerodynamic efficiency and switch to a domed shape to accommodate

steering of the wheel at low speed (Figure 8.1). Under normal operating conditions,

steering angles are typically less than 5◦ at highway speeds (> 60 mph or 96.5 kph)

whereas large steering angles are common for low speed operations such as parking

maneuvers. The BMW Vision “Next 100 Years” is an example of a vehicle concept

that features morphing fenders [2]. In the BMW concept, the fender is the morphing

element whereas the fender skirt is rigid.

8.2 Morphing structure configuration

The configuration of an adaptive fender skirt is presented in this section to motivate

the design of a morphing structure based on smart laminated composites. The types

of laminae in a smart composite and their functions are also described.
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Figure 8.1: (a) Retracted shape and (b) deployed shape of a morphing fender skirt
(shown in yellow).

8.2.1 Fender skirt

In this work, a fender skirt is envisoned as a dome-shaped structure that comprises

curved laminated composite ribs in a radial configuration (Figure 8.2(a)). A curved

rib is created by laminating a mechanically-prestressed layer to a flexible panel. In

our design, prestress is applied using elastomeric matrix composites (EMCs). The

EMC used is a rectangular strip with unidirectional fibers oriented in a direction

perpendicular to that of the applied prestress. A material in this configuration,

referred to as a 90◦ EMC, has zero in-plane Poisson’s ratio [11]. The central portion of

the dome is rigid and flat in order to: limit vehicle width; provide structural integrity;

and couple the ribs for a smooth global shape transition. At the circumference of the

rigid region, flexible ribs are arranged in a radial configuration. The outer edges of

the flexible ribs are linked using a compliant rim with constant curvature; the rim is

semicircular when the structure is in the domed shape. Each rib has a trapezoidal
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planform and is actuated using a shape memory alloy wire that is installed along the

axis of symmetry of the rib. The SMA wires contract when heated to morph the

structure between the domed and flat shapes (Figure 8.2(b)).

Compliant rim

Prestressed 90o EMC 

(inner face)

SMA wire actuator

Flexible composite rib

Stiffened boundary

Rigid segment

Revolute joint (planar)

Curved slot

Revolute joint 

(out-of-plane)

(a) (b)

Figure 8.2: (a) Unactuated dome and (b) actuated flat shapes of a morphing fender
skirt. The flexible segment in (b) is shown with transparency to highlight the details
on the inner face; skin is not shown.

The mid-point of the rim is fixed whereas the rim ends slide in curvilinear slots in

the fender. Morphing between domed and flat shapes is such that the total surface

area is constant. As a consequence, there is localized shear strain in the panel. To

relieve the shear strain, a 1-D hinge (revolute joint) is included at the geometric

center of the rib sectors. Ideally, each rib is independently connected to the hinge to

eliminate shear. For design simplicity, all ribs on one side (left and right) of the hinge

have a common rigid segment. Each rib is designed to have a cylindrical curvature

along the radial line of the fender skirt. Smoothness of the domed shape increases
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with an increase in resolution of the ribs. For modeling purposes, the ribs in the

structure are assumed to be identical even though their edges may be shaped to:

conform to the boundaries; provide strain relief during morphing; and ensure that

the structure is flush with the neighboring vehicle body panels.

Assuming that the radially-configured ribs are identical, one can model a single

rib to design the global shape of the structure. The benefit of considering a single rib

is that one can develop an analytical model that is computationally inexpensive when

compared to a finite-element model of the entire structure. An analytical model of

a rib guides planform design, material selection, and actuator design. The various

design elements considered for the integration of the morphing structure are shown

in Figure 8.3. The design considerations for the structure are discussed in detail in

section 8.5.2.

Kinematics

Actuation

Fabrication

Materials
Morphing 

Structure

• SMA wires for actuation

• SMA-actuated quick release

• Nylon panel

• Vinyl foam core
• Prestressed 90o EMC
• 3D printed rigid Nylon 

segment
• Spandex skin

• Compliant rim

• Revolute central hinge
• Revolute hinges 

between panel and rim

• Fabrication of a fender skirt 

demonstrator
• Shape measurement using a 

motion capture system

Figure 8.3: Design elements for the integration of a morphing fender skirt.
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Figure 8.4: Approximate fender dimensions and motion limits of the left wheel of a
compact passenger car.

For a compact passenger car with standard features, the maximum out-of-plane

displacement of the wheel is measured to be 114.3 mm. The geometry of a steered

wheel relative to its fender is shown in Figure 8.4. To accommodate wheel rotation

with a factor of safety of 1.33, the target out-of-plane displacement for the fender

skirt is set to 152.4 mm. The maximum aerodynamic pressure at 144 kph (90 mph)

is assumed to be 500 Pa and 1000 Pa in the flat and domed shapes, respectively. In

both shapes, the pressure acts on the inner face of the skirt. The maximum allowable

deflection of the structure in any shape is 5%. The mass of the morphing structure

is expected to be less than that of a typical 0.8 mm thick steel automotive body

panel. The fender skirt should have minimal moving parts to ensure durability and

robustness. Mechanical connections, such as sliders for in-plane motion, should be

minimized to prevent environmental intrusion through dust, snow, etc., from jamming

the morphing mechanism.
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Figure 8.5: Schematic representation of a prestressed composite rib with a linearly
varying tapered planform in the (a) isometric view and (b) Y Z plane.

8.2.2 Laminated composite

The passive composite comprises constraining and prestressed laminae with an op-

tional sandwiched core (Figure 8.5). A constraining layer is flexible but has high in-

plane modulus relative to the prestressed layer. Candidate materials for the constrain-

ing layer include metals, plastics, and anisotropic fiber-reinforced composites. The

constraining layer’s shape is tailored to match the shape of an element of a morphing

structure or its entirety. The prestressed layer is typically a highly-stretchable elastic

material, preferrably with zero in-plane Poisson’s ratio; examples include anisotropic

elastomers. The benefit of restricting the Poisson’s ratio to zero is that the magnitude

and orientation of a given cylindrical component of the composite’s curved shape can

be tailored using the respective magnitude and orientation of the applied prestress

[107].

In this work, the constraining layer is made of Nylon plastic and the prestressed

layer is a 90◦ EMC that is made of silicone rubber reinforced with unidirectional

carbon fibers. The prestressed layer is laminated in a rectangular shape to ensure

uniform distribution of prestress. Post lamination, the uniformly-prestressed layer
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can be trimmed to match the shape of the constraining layer. A sandwiched core is

included to increase the offset between the prestressed and constraining laminae with

a goal of lowering the prestrain required to achieve a given curvature (discussed in

section 8.4). The core is a flexible material with a modulus value that lies between

that of the constraining and prestressed layers but is closer to that of the prestressed

layer. Low-density vinyl foam is used as a sandwiched core over the area spanned by

the prestressed layer.

8.3 Analytical model of an active composite rib

A composite rib is modeled based on classical laminate theory along with von Kar-

man’s hypothesis for small in-plane strains and moderate rotations. The composite’s

strain energy is calculated based on strains formulated using assumed displacement

functions. Work done by actuation forces is computed using the variational prin-

ciple. Minimization of the net energy using a Rayleigh-Ritz technique yields the

displacement functions that define the shape of the composite. The strain model for

a laminated plate is outlined in the Appendix.

The modeling approach presented in this section is applicable to composites

with arbitrary planform shapes that can be defined using explicit continuous func-

tions (Figure 8.6). Examples of explicit functions include h(x, y) = k1x + k2y and

h(x, y) = k3x
2 + k4xy + k5y

2 for linear and elliptical planform shapes, respectively.

Strain energy can be calculated by integrating the continuous functions over the com-

posite’s volume. For smooth, complex shapes defined using multiple shape functions,

displacements would have to modeled using high-order polynomials. Symmetry in

composite shape, if present, can be considered to simplify the displacement polyno-

mials prior to computation. Uniform distribution of stress is desired in the prestressed
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layer. To create strain corresponding to uniform stress, the prestressed layer is con-

sidered to be a rectangle. The modeling approach is demonstrated for a trapezoidal

composite rib with linearly varying planform (as in Figure 8.5).

Y

Z

Fixed

(Explicit 

continuous  

function)

Prestressed layer

Constraining layer 

(morphing panel)

(Plane of symmetry)

X

Figure 8.6: Schematic representation of a prestressed composite with an arbitrary
planform shape that can be described using explicit continuous functions.

8.3.1 Strain energy computation

The geometry of a composite rib in the fender skirt is shown in Figure 8.5. The

rib is clamped at the origin and is symmetric about the XZ plane; all edges except

the edge containing the origin are free. The composite comprises a trapezoidal panel

bonded to a rectangular 90◦ EMC strip. A sandwiched core is included to provide

sufficient curvature at low prestrain (discussed in section 8.4); the core is assumed

to be a flexible, low density foam. The areal dimensions of the core are the same as
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those of the EMC. The taper in a trapezoidal panel is defined as:

ω =
Ly1 − Ly2

Lx
. (8.1)

The minimum value of ω is zero, whereas the maximum value corresponds to Ly2 = 0

and is a function of the aspect ratio Ly1/Lx.

The strain energy of the tapered panel ABCD, obtained by subtracting the energy

in the triangular regions ADD′ and BCC ′ from the energy in the rectangle ABC ′D′

(Figure 8.5), is written as:

Φp =
( Lx∫

0

Ly1∫
−Ly1

dΦp dy dx
)
−
( Lx∫

0

∫ Ly1

Ly1−ωx
dΦp dy dx

)

−
( Lx∫

0

∫ ωx−Ly1

Ly1

dΦp dy dx
)
. (8.2)

The integrand in (8.2) is defined as:

dΦp =

H/2∫
h2

(
1

2
Q
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2
x +Q
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2
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2
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2
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(p)
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2
Q

(p)
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2
Q
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66 γ

2
xy

)
dz,

(8.3)

where Qij, {i, j = 1, 2, 6} are the plane stress-reduced stiffnesses [102] and εx, εy, and

γxy are the strains of the composite (Appendix).

The respective strain energy of the core and 90◦ EMC is:

Φc =

Lx∫
0

Ly3∫
−Ly3

h2∫
−h1

(
1

2
Q

(c)
11 ε

2
x +Q

(c)
12 εxεy +

1

2
Q

(c)
22 ε

2
y

+
1

2
Q

(c)
16 γxyεx +

1

2
Q

(c)
26 γxyεy +

1

2
Q

(c)
66 γ

2
xy

)
dz dy dx, (8.4)
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Φ90 =

Lx∫
0

Ly3∫
−Ly3

−h1∫
−H/2

(
p1
5

(ε90 − εx)5 +
p2
4

(ε90 − εx)4

+
p3
3

(ε90 − εx)3 +
p4
2

(ε90 − εx)2 +
1

2
Q

(90)
22 ε2y +

1

2
Q

(90)
66 γ2xy

)
dz dy dx. (8.5)

The coefficients p1 through p4 are those of a quartic polynomial that describes the

nonlinear stress function of a 90◦ EMC. These coefficients, shown in Table 8.1, are

determined experimentally from a uniaxial tensile test. The large deformation model

of an EMC, obtained from a measured stress-strain curve, is described per the pro-

cedure shown in [21]. The total strain energy of the system is expressed in terms of

the strain energies of the constituent layers as:

Φ = Φp + Φc + Φ90. (8.6)

Table 8.1: Polynomial coefficients of a nonlinear stress function of a 90◦ EMC made
of carbon fiber-reinforced silicone, obtained from a uniaxial tensile test [21].

p1 p2 p3 p4
-0.698 x 106 2.29 x 106 -2.306 x 106 1.598 x 106

8.3.2 Work done by an external force

Chillara and Dapino [134] presented an analytical approach to model in-plane SMA

wire actuators using a pair of tangential point forces. Using this approach, in-plane

actuation is modeled in the configuration shown in Figure 8.7(a).
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Figure 8.7: Configuration of (a) in-plane force (~F ) and (b) uniformly distributed ver-

tical force (~P ) on a curved plate that represents the prestressed laminated composite
rib.

The actuation force is expressed in terms of its position vector (~r) as:

~F = −F ∂~r

∂x

/∣∣∣∂~r
∂x

∣∣∣, (8.7)

where ~r is written in terms of the position of the point (~r0) on the mid-plane and the

normal (~n) of magnitude m at ~r:

~r = ~r0 +m~n, (8.8)

= ~r0 +m

(
∂~r0
∂x
× ∂~r0

∂y

)
∣∣∣∂~r0∂x × ∂~r0

∂y

∣∣∣ , where ~r0 =
(

(x+ u0)i + (y + v0)j + w0k
)

(8.9)

and u0, v0, and w0 are the displacements of an arbitrary point on the composite’s

mid-plane in the X, Y , and Z directions, respectively. Virtual work done by the

actuation force is written as:

δWF = −~F · δ~r|{Lx,0}, (8.10)
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For stiffness calculation, virtual work done by a uniformly distributed vertical

force of magnitude P (Figure 8.7(b)) can be expressed as:

δWP =
( Lx∫

0

Ly1∫
−Ly1

P w0 dy dx
)
−
( Lx∫

0

Ly1∫
Ly1−ωx

P w0 dy dx
)
−
( Lx∫

0

ωx−Ly1∫
Ly1

P w0 dy dx
)
.

(8.11)

8.3.3 Composite displacements and shape computation

Displacements u0, v0, and w0 are assumed to be polynomial functions with unknown

coefficients. The composite is expected to have non-uniform curvature due to its

trapezoidal planform. Therefore, w0 is defined by a complete quartic polynomial in

order to describe the variation in curvature. Since curvature is about the Y axis, the

polynomial order for u0 is considered to be higher than that of v0. Displacements u0

and v0 are assumed to have orders 5 and 3, respectively. Given that the composite is

symmetric about the X axis, v0 is assumed to be odd in y and even in x. Though the

composite lies in the x > 0 space, its shape can be assumed to be symmetric about

the X axis. This choice does not affect the solution since strain energy is computed

only for x > 0. Therefore, u0 is odd in x and even in y. The out-of-plane displacement

w0 is even in x and y. The resulting displacement polynomials have 14 coefficients

(ci) in total. The equilibrium shapes of the composite are obtained as a function of

the external forces by minimizing the net energy using the variational Rayleigh-Ritz

approach: ∑
i

∂(Φ−WF −WP )

∂ci
= 0, (8.12)

where i ranges from 1 to 14. The fourteen nonlinear equations are solved for the

coefficients using the Newton-Raphson method.
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8.3.4 Actuation using SMA wire

A shape memory alloy undergoes a large recoverable strain when the applied stress and

operating temperature are above a critical minimum value; the material transforms

to the Martensite phase. The strain can be recovered by heating the material to its

Austenite phase. The constitutive behavior of a typical 1-D SMA (Figure 8.8(a)) can

be modeled using thermodynamic relations and a kinetic law describing the material’s

phase. The volume fraction of Martensite is commonly described as an exponential

[109] or cosine function [110] of temperature (Figure 8.8(b)). Brinson [111] developed

a constitutive model for shape memory alloys where the Martensite volume fraction

has temperature-induced and stress-induced components. Since the choice of the

model does not adversely affect accuracy [114], the multivariant constitutive model,

as formulated by Brinson, is chosen to simulate the composite’s actuation.

Detwinned 

Martensite

εL

(Recoverable 

strain)

Twinned 

Martensite

Austenite

Mf
Ms As Af

0

1

/CM /CA

Martensite 

finish

Martensite 

start

Austenite 

start

Austenite 

finish

(a) (b)

Figure 8.8: (a) Constitutive response and (b) phase transformation of a typical 1-
D shape memory alloy. CM and CA are the stress-temperature coefficients in the
Martensite and Austenite phases, respectively.

The one-dimensional constitutive law for an SMA is written as:

σ − σ0 = E(ξ)(ε− ε0) + Θ(T − T0) + Ω(ξ)(ξ − ξ0), (8.13)
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where ε, T, and ξ are the strain, temperature, and Martensite volume fraction of the

material. E,Θ, and Ω are the Young’s modulus, stress-temperature coefficient, and

phase transformation coefficient. Using the rule of mixtures, E and Θ are expressed

in terms of ξ as:

E(ξ) = EA + ξ(EM − EA), Θ(ξ) = αA + ξ(αM − αA), (8.14)

where αM and αA are the coefficients of thermal expansion in the Martensite and

Austenite phases, respectively. Further, Ω = −εLE(ξ), where εL is the maximum

recoverable strain of the material.

The kinetics of phase transformation of the SMA is influenced by stress and tem-

perature and is described using a cosine function (Figure 8.8(b)). For transformation

from Martensite to Austenite, when CA(T − Af ) < σ < CA(T − As) :

ξ =
ξ0
2

{
cos

(
π

As − Af
(T − As −

σ

CA
)

)
+ 1

}
, (8.15)

where CA is the stress-temperature coefficient for the Austenite phase, and As and Af

are the Austenite start and finish temperatures, respectively. For transformation from

Austenite to Martensite, when T > Ms and σcrs +CM(T−Ms) < σ < σcrf +CM(T−Ms):

ξ =
1− ξ0

2
cos

{
π

σcrs − σcrf
(σ − σcrf − CM(T −Ms))

}
+

1 + ξ0
2

, (8.16)

where CM is the stress-temperature coefficient for the Martensite phase, Ms is Marten-

site start temperature, and σcrs and σcrf are the critical stresses corresponding to the

beginning and end of phase transformation.

The SMA wire is installed at an offset m from OE and is clamped above points

O and E, as shown in Figure 8.7(a), to ensure that it does not induce twist in the

composite. The wire is installed on a curved composite in the detwinned Marten-

site phase. When heated, the wire contracts to the Austenite phase to flatten the
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composite. Upon deactivation, the SMA becomes detwinned due to prestress in the

composite. Given that the SMA is mounted at an offset m from the mid-plane, its

strain can be expressed in terms of composite strain. Actuator strain (ε) is written

in terms of wire length in the Austenite phase (LA) and an intermediate phase (Li)

as:

ε =
(1 + ε

(i)
x0 +mκ

(i)
x0)(1 + εL)

(1 + ε
(s)
x0 +mκ

(s)
x0 )

− 1. (8.17)

Per (8.12) and (8.17), strain can be calculated for a given actuation force. The

temperature of the SMA correspnding to a flat composite can be obtained from (8.13);

stress (σ) is calculated as 4F/(πD2).

Table 8.2: Geometric parameters for the modeled composite rib. ω is unitless. All
other parameters are expressed in mm.

Lx Ly1 Ly2 ω Ly3 H h1 h2
152.4 76.2 28.55 0.312 31.75 5.975 2.1875 -0.9875

Table 8.3: Material properties and thicknesses of the laminae for modeling and fab-
rication.

Nylon panel Vinyl foam core Prestressed 90◦ EMC
Thickness (mm) 0.8 3.125 2
E1 (MPa) 1000 30 Nonlinear
E2 (MPa) 1000 30 1.5
G12 (MPa) 500 15 0.4
ν12 0.28 0.33 0
ν21 0.28 0.33 0
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8.4 Composite rib design

8.4.1 Fender skirt geometry

The geometry of the fender skirt’s domed shape is based on an envelope created

around a wheel at its steering limits; the relevant dimensions of the fender and wheel

are shown in Figure 8.4. The ratio of the radius of the rigid segment to that of the

fender is determined through an interference study in Solidworks (Dassault Systems).

To prove the concept, modeling and demonstration of the fender skirt are shown in

half-scale. The values of the geometric parameters of each rib are as shown in Table

8.2. The material properties and thicknesses of the laminae used for simulation are

listed in Table 8.3.

8.4.2 Passive composite

The stress in an EMC prior to lamination influences composite curvature. For a

given EMC material, prestress is a function of the corresponding strain, width, and

thickness. Figure 8.9(a) shows the effect of EMC prestrain ε90 on the out-of-plane dis-

placement at (Lx, 0). The nonlinear dependence of w0 on ε90 resembles the nonlinear

material response of an EMC, as previously discussed by Chillara and Dapino [107].

For a given width and thickness, ε90 is chosen so that w0 is 60 mm; the target w0

is obtained by subtracting the offsets due to the hinges and mounts from a required

w0 of 76 mm. EMC width and thickness are chosen based on assembly constraints.

Inclusion of a vinyl foam core reduces prestrain requirements for a given out-of-plane

deflection. For w0 = 60 mm, ε90 reduces by 26% upon the inclusion of a foam layer.

From Figure 8.9(a), the required EMC prestrain in the rib is 0.5.

For an EMC prestrain of 0.5, Figure 8.10 serves as a guide for the choice of panel

material and thickness. The simulated modulus range corresponds to plastics, such
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Figure 8.9: Influence of EMC prestrain ε90 on the out-of-plane displacement (w0) at
(Lx, 0) on the composite rib.

as Nylon, that allow the panel’s edges to conform to the skin for a smooth external

appearance. Other material options include commonly used automotive materials

such as aluminum and steel. For demonstration purposes, it is assumed that the

panel is made of Nylon of modulus 1 GPa. For w0 = 60mm, the corresponding

thickness is obtained from Figure 8.10 as 0.8 mm.

Figure 8.11 shows the out-of-plane deflection w0 at (Lx, 0) as a function of a

uniformly distributed vertical force P . Stiffness, defined as the product of the slope

of the pressure-deflection curve (k) and panel area, is calculated to be 1.78 N/mm.

It is observed that stiffness is independent of EMC prestrain. Tip deflection at -

500 Pa and -1000 Pa are 2.7% and 5.4% of rib length, respectively. Therefore, for

small deflections, stiffness is constant and independent of the shape of the passive

composite. However, stiffness depends on the modulus and thickness of the laminae

(simulation not shown). It is worth noting that the design for stiffness is based on

an unconstrained edge at x = Lx whereas, in the fender skirt, the edges at x = 0
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Figure 8.10: Effect of panel modulus and thickness on the out-of-plane displacement
w0. Isometric lines correspond to w0 in mm at (Lx, 0).

and x = Lx are hinged and fixed, respectively. The added boundary conditions

and the structure’s kinematic design are expected to augment the designed stiffness.

Simulation of the structure’s stiffness requires a finite element analysis that is beyond

the scope of this paper.

8.4.3 SMA actuation

Figure 8.12(a) shows the deflection at (Lx, 0) as a function of an in-plane actuation

force F . The force that flattens the composite pertains to w0 = 0. Flattening force

increases with an increase in the offset m of force application from the mid-plane.

Actuator stroke, calculated as the in-plane strain at z = m, also increases with an

increase in m (Figure 8.12(b)). An offset of 6 mm is applied such that the actuator

stroke matches a recoverable strain of 0.045 of the chosen NiTi #6 (Fort Wayne

Metals Inc.) SMA wire. The flattening force at m = 6 mm is 24.8 N.
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Figure 8.11: Out-of-plane displacement at (Lx, 0) as a function of a vertical uniformly
distributed force P .

Table 8.4: Measured material properties of a NiTi-6 shape memory alloy wire.

EM (GPa) EA (GPa) CM (MPa/◦ C) CA (MPa/◦ C) σcrs (MPa) σcrf (MPa)

20 40 6.3 7.5 10 120

As (◦ C) Af (◦ C) Ms (◦ C) Mf (◦ C) εL

48 62 23 7 0.045

For an automotive application, the selection of an SMA material is influenced by

the range of operating temperatures. The Austenite start and finish temperatures

should be higher than the maximum operating temperature, whereas the Martensite

start and finish temperatures should be lower than the minimum operating tempera-

ture. For demonstration purposes, a NiTi #6 SMA with properties listed in Table 8.4

is considered in the design. Heating temperatures required to generate a flattening

force of 24.8 N are calculated for various values of NiTi #6 wire diameter (Figure
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Figure 8.12: Plots to calculate the (a) force and (b) stroke required to flatten the
composite.

8.13(a)). The corresponding change in Martensite volume fraction is plotted in Fig-

ure 8.13(b). In Martensite to Austenite transformation, stress retards phase change,

thereby requiring higher temperatures than in the stress-free case to achieve actua-

tion. For a given flattening force, increasing wire diameter lowers stress and hence

lowers actuation temperature. As a consequence of the lowering of stress and actua-

tion temperature, the change is Martensite volume fraction reduces with an increase

in wire diameter. An SMA wire of 0.58 mm diameter is chosen for demonstration;

the wire is heated to 55◦C to flatten the composite. Using (8.16), it can be verified

that the volume fraction changes from ξ = 0.68 (from Figure 8.13(b)) to ξ = 1 when

the composite returns to the domed shape after the actuation input is switched off.
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of an SMA wire post actuation, as a function of its diameter D.

8.5 Case study: fender skirt

8.5.1 Fabrication

The steps involved in the fabrication of the fender skirt are illustrated in Figure 8.14.

The ribs are cut out of a sector of a circular Nylon panel with an included angle of

148◦ and a radius of 228.6 mm. To accommodate the rigid portion (Figure 8.2(b)),

a smaller sector of radius 76.2 mm is removed from the larger sector prior to rib

preparation Figure 8.14(a). An EMC strip is stretched to 1.5 times its stress-free

length and held between a pair of grips Figure 8.14(c). The prestressed EMC is lami-

nated with a sandwiched vinyl foam (Divinycell, 48 kg/m3, Fiberglast Developments

Corp.) core to each rib using a flexible adhesive (DAP automarine silicone sealant)

as shown in Figure 8.14(c). Upon curing for 24 hours, a cylindrical rib is obtained

(Figure 8.14(d)). The out-of-plane displacement of the rib is measured to be 63 mm.

The measured displacement agrees well with the simulated value of w0 = 60 mm.

The prestressed EMC is oriented asymmetrically relative to the trapezoidal Nylon rib
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such that the in-plane reaction forces applied by the structure are in the horizontal

and vertical directions for effective flattening; prestressed laminae can be oriented

symmetrically in the structure when the rib resolution is sufficiently high. As the

fender skirt flattens, the vertical component of reaction force aids in rotation of the

central hinge and the horizontal component forces the ends of the rim to slide out-

wards. Stiffeners are added to the rim-side edges of the ribs to prevent buckling at the

hinges during morphing; the effect of the stiffener on the out-of-plane displacement

is negligible.

The two halves of the central region are 3D-printed using Nylon and are connected

by the central hinge. The curved ribs are then riveted to the rigid segment to obtain

a domed shape (Figure 8.14(e)). The hinges on the ribs are linked together using a

compliant rim made of copper wire. NiTi #6 SMA wires of 0.58 mm diameter are

trained using cyclic stress-strain tests at a constant temperature of 80◦C. The wires

are then installed on 3 mm thick polycarbonate bridges that are bonded to outer face

of the panel; bridges are added to maintain an offset of 6 mm from the mid-plane

(Figure 8.14(f)). The wire is clamped on the outer end of the panel and is latched

at the inner end. The response time of the actuator SMA, and hence the structure,

is on the order of seconds. In order to quickly return from an intermediate shape to

the domed shape in emergency maneuvers, a rotary latch is designed to release the

active SMA (Figure 8.14(g)). The response time for retraction to the domed shape is

expected to be on the order of milliseconds. Two such latches, one on each half of the

rigid segment, are actuated using one SMA wire; the latch SMA is installed in the

detwinned Martensite phase. The latches are also coupled by a spring that retracts

them to the initial shape and returns the latch SMA to the detwinned Martensite

phase.
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Figure 8.14: Fabrication procedure for a half-scale fender skirt demonstrator. (a)
Ribs cut out of a sector of Nylon sheet; (b) a 90◦ EMC stretched and held between
a pair of grips; (c) lamination of the Nylon panel, vinyl foam core, and EMC under
pressure; (d) shape of the rib after lamination; (e) assembly of the ribs and a 3D
printed rigid structure; (f) linkage of the outer ends of the ribs using a compliant
copper rim; (g) elements of the latch mechanism on the back of the rigid structure;
(h) fender skirt assembled on a wooden frame; (i) stretchable Spandex skin installed
on the fender skirt.
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The rim is connected, at two points near its center, to a wooden frame that

represents the fender (Figure 8.14(h)). The fender skirt is covered by a skin that

extends smoothly onto the fender (Figure 8.14(i)). The skin is made of a polyether-

polyurea copolymer, commonly known as Spandex. The skin material used is easily

stretchable and slides smoothly on the fender skirt. Therefore, there is no shear in

the skin due to internal rotations in the fender skirt. The mass of the half-scale

demonstrator, excluding electrical connections and the frame, is 355 grams. The

demonstrator is 62% lighter than an equivalent automotive steel body panel of 0.8

mm thickness.

- Actuator SMA – ON

- Latch SMA – OFF

- Shape: Domed to flat

- Actuator SMA – OFF 

- Latch SMA – ON

- Shape: Flat to domed

- Latch SMA – OFF

- Manual re-latch

- Actuator SMA resets 

due to EMC prestress

- Actuator SMA – OFF

- Latch SMA – OFF

- Shape: Domed

1 2 3

4

Actuator SMA

Latch SMA

Latch body

Rigid segment

Spring

Figure 8.15: Actuation sequence for the demonstration of a morphing fender skirt.
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8.5.2 Demonstration

The actuation sequence for the demonstrator is shown in Figure 8.15. The SMAs that

actuate the composite and the latch are referred to as actuator SMA and latch SMA,

respectively. In the unactuated state, the fender skirt is in the domed shape (stage

1). The structure is flattened by activating the actuator SMAs in the latched state

(stage 2). From an intermediate shape, the structure is returned to the domed shape

by activating the latch SMA (stage 3); the actuator SMA is turned off in this stage. In

final stage, the latch SMA is turned off and the actuator SMAs are manually latched

back for re-use. The latch SMA is stretched back to its detwinned Martensite state

by the spring. Automatic system reset can be achieved by allowing the end-point of

the actuator SMAs to slide in slots created in the latch body. The slots would have a

curved profile to accommodate latch rotation. A manual-reset mechanism, however,

is sufficient to demonstrate the complete operating cycle of a fender skirt.

(a) (b)

Figure 8.16: (a) Unactuated domed shape and (b) actuated flat shapes of a half-scale
morphing fender skirt demonstrator.

The unactuated and actuated shapes of the fender skirt are shown in Figure 8.16.

The actuator SMAs on each half of the structure are electrically connected in series.
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Figure 8.17: (a) Experimental setup to record the morphing of a fender skirt and (b)
out-of-plane displacement of the rigid segment in the fender skirt demonstrator; thin
and thick lines indicate the structure’s flattening and retraction, respectively.

The electrical branches on either half are connected in parallel. The current supplied

to the set of actuator SMAs to achieve the shape in Figure 8.16(b) is 4.6 A at 2.7

V; the actuation power is 12.4 W, which corresponds to 3.1 W per SMA. The out-

of-plane deformation of the fender skirt is measured using a motion capture system

(Figure 8.17(a)). A reflective marker, bonded to the rigid segment, is tracked using a

set of four cameras. The steps involved in shape measurement using a motion capture

system are discussed in detail by Chillara et al. [107] . The coordinates of the marker

relative to those of a reference marker on the frame are obtained for one morphing

cycle.

Figure 8.17(b) shows the out-of-plane displacement of a fender skirt in the domed-

shape for the following cases: 1. actuation to flat shape through heating and cooling

of the actuator SMAs in forced air (table fan); 2. actuation to an intermediate shape

in the sequence described in Figure 8.15; and 3. actuation to flat shape per the

sequence in Figure 8.15. In the first case, the time taken for flattening and recovery
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is 9.1 s and 10 s, respectively. However, when the actuator SMAs are unlatched,

recovery time reduces to 0.5 s in cases 2 and 3. Therefore, in operating conditions

involving high-steering rate, an SMA-actuated fender skirt can be designed to have a

response time in the order of milliseconds.

Morphing fender skirts based on smart composites have been presented for the

first time in this work. SMA-actuated prestressed curved composites are modeled

analytically. The analytical model serves as a preliminary tool for shape tailoring,

composite material selection, and actuator design. Comprehensive modeling of fender

skirt shapes requires finite-element multiphysics simulations that account for the kine-

matics, aerodynamic interactions, thermo-mechanical behavior of SMAs, nonlinear

material response of EMCs, and large deformation of the composites. A morphing

fender skirt for a compact passenger car has been successfully demonstrated at half-

scale. When coupled with a quick-release latch mechanism, SMA actuators are shown

to be capable of actuation speeds on the order of milliseconds. An attractive alter-

native to quick-release latches would be bistability in the ribs of the fender skirt.

SMA-actuated bistable composites could reduce design complexity and the overall

weight of the structure. Smart material-driven prestressed composites have the po-

tential to serve as building blocks in the development of morphing structures with

complex geometries.
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Chapter 9

Contributions and Future Work

9.1 Summary of findings

Morphing panels offer opportunities as adaptive surfaces in advanced aircraft and au-

tomobiles for optimal performance over a broad range of operating conditions (Chap-

ter 1). For example, in automobiles, reduced aerodynamic drag is critical at high

speed whereas minimal disruption in operation is the priority at low speed. The

improved fuel economy possible through morphing panels is a tradeoff between drag

reduction and added weight. Requirements such as low weight, compactness, and

system-level compatibility can be addressed using adaptive laminated composites.

Existing morphing composites can undergo stretching, flexure, and folding but tend

to lack mechanisms to achieve all these shape changes simultaneously. To bridge this

research gap, a multifunctional laminated composite is developed (Chapter 2). The

composite is capable of multiple morphing modes and adaptive features such as con-

trollable curvature, bistability, and autonomous folding. It’s laminae are classified

based on function as constraining, adaptive, and prestressed laminae.

The use of fiber-reinforced elastomers in existing morphing composite designs

is restricted to stretchable skins. In this work, fiber-reinforced elastomers are not

only considered as stretchable elements, but also as selectively-prestrained laminae to

create an innovative stress-biased curved composite that has an irreversible non-zero
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stress state; the curved shapes range from flat to coiled states. This approach allows

one to create curved multifunctional composites by combining prestrained laminae

and smart laminae that have controllable stress-states; functionality in existing curved

composites is limited due to globally-applied residual stress.

The interaction between prestressed and stress-free laminae is explained using an

analytical model (Chapter 2). The model is developed in a direct approach, based on

strain energy minimization, to calculate composite shape for a given set of laminate

parameters. The model incorporates material and geometric nonlinearities associated

with highly-strained elastomers and a laminated composite with large deflection. For

the development of a multifunctional composite framework, the adaptive lamina is

considered to be a passive material containing fluid channels that are pressurized to

achieve actuation (Chapter 3). The fluid channels are molded into a flexible elastic

medium instead of embedding individual fluidic muscle actuators. This configuration

is simpler to model and fabricate compared to the existing approaches for fluidic

actuation; actuator work is a function of channel volume which in turn is a function

of the unknown strain functions of the composite. The model compares well with

experiments conducted on fabricated pressure-actuated composites at the coupon-

scale, with a maximum error of +/-6%.

A matrix-prestressed bistable laminate, fabricated at room temperature, is pre-

sented as a robust alternative to thermally-cured FRP bistable laminates (Chapter

4). Besides the potential for hygrothermal invariance, the bistable laminate design

enables individual tailoring of shapes using prestress in specific laminae, a feature

that is lacking in FRP laminates where both shapes are affected by curing temper-

ature. The domain of bistability is quantified for rectangular composites with two

sources of residual stress. A non-dimensional high-order strain model is constructed

to simulate bistability limits as a function of aspect ratio and the ratio of prestrains
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(Chapter 6); cubic displacement polynomials are sufficient to calculate stable shapes

whereas high-order polynomials are required to describe transitional phenomena.

Shape transition is shown to be a multi-stage phenomenon through a new experi-

mental procedure involving friction-free tensile tests and 3D motion capture (Chapter

6). The simulated actuation energies agree with measurements within 12%. A com-

parison of various actuation modes such as axial, in-plane, and transverse, shows that

in-plane forcing requires 100 times more energy than an equivalent moment. How-

ever, in-plane actuation, which is made viable by smart materials, is relatively energy

efficient when the actuator is mounted on the convex face of a curved composite. An

active bistable composite driven by in-plane SMA wires is modeled and fabricated

(Chapter 5). The SMA wire actuators are installed on either face of the composite in

a push-pull configuration where activation of one wire switches composite shape and

simultaneously resets the phase of the antagonistic shape memory wire. The set of

shape memory actuators not only actuate the composite in both directions, but also

act as dampers that enable vibration-free shape transition. Parametric studies are

conducted using the analytical model to describe the effects of material and geometric

properties of the laminae on the composite’s performance metrics such as morphing

range, actuation energy, and out-of-plane stiffness.

A folding strategy using the multifunctional composite framework is presented

(Chapter 7). Smart laminae with controllable modulus, when included in stress-biased

composites, can be locally activated to realize autonomous folding. The analytical

model developed in this work is a tool for designing folds for a given set of lami-

nae. From model-based analysis, it is shown that narrow creases demand high input

prestrain relative to wider creases. Fold sharpness can be maximized by minimizing

crease width and thickness. From an input energy standpoint, folding is most effective

when prestress is applied across the crease at a 90◦ angle. The EMC’s anisotropy is
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a tradeoff between achieving zero in-plane Poisson’s ratio for undirectional prestress

and maximizing the range of crease orientations for foldability.

A thorough literature survey is conducted on the effect that aerodynamic treat-

ments have on vehicle drag. A morphing fender skirt is demonstrated since it provides

a good trade-off between drag reduction (0.038 points) and practical implementation.

Through design, manufacturing, and testing, a lightweight, self-supported, and self-

actuated morphing fender skirt is developed based on the multifunctional composites

characterized at the coupon scale (Chapter 8). Shape memory alloy wires are em-

bedded in a radially-configured prestressed composite ribbed structure to achieve

morphing between flat and domed shapes. Rapid actuation is demonstrated by cou-

pling SMAs with integrated quick-release latches; the latches reduce actuation time

by 95%. The demonstrator is 62% lighter than an equivalent dome-shaped automotive

steel panel.

9.2 Primary contributions

1. Innovative stress-biased curved composites with an irreversible non-

zero stress state

Incorporation of mechanically-prestressed laminae is a unique method to imbue

permanent residual stress in a material without subjecting it to plastic deforma-

tion. When paired with suitable laminae, mechanically-prestressed composites

exhibit curved shapes. Such composites are candidates for morphing structures

since they can be coupled with adaptive laminae comprising smart materials

such as piezoelectrics, shape memory alloys, and active polymers; the stress

state of adaptive laminae can be controlled to achieve a range of morphing

shapes. The stress-bias serves as a built-in spring in the material, thereby lim-

iting actuation to one direction.
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2. Design framework for multifunctional laminated composites

Multifunctional morphing structures can be developed using a laminated com-

posite framework comprising three types of laminae, viz., constraining, adap-

tive, and prestressed. The composite framework has potential not only to realize

multiple morphing modes such as stretching, flexure, and folding, but also to

achieve adaptive functions such as bistability and self-actuation.

3. Analytical models for design and characterization

The analytical model of a mechanically-prestressed composite serves as a tool

for the selection of passive and adaptive laminae towards the development of

morphing structures. The parametric sensitivity analyses presented guide the

design of various morphing configurations and functions including flexure, fold-

ing, bistability, and smart actuation. As demonstrated, the laminated-plate

model can be combined with constitutive or free energy-based smart-material

models to characterize adaptive composites.

4. Fabrication methods for mechanically-prestressed composites

The method for lamination of prestressed layers is integral to the design of

stress-biased morphing structures. The use of a prestressed anisotropic elas-

tomer with zero in-plane Poisson’s ratio enables tailoring of a single cylindrical

shape whose axis is perpendicular to the direction of prestress. Complex cur-

vatures can be created by superposing prestressed laminae oriented in different

directions. The process presented in this work enables the lamination of pre-

stressed material patches in pre-assembled structures (e.g., vehicle body) for

localized shape tailoring.
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9.3 Related contributions

1. Model-based characterization of the interaction between prestressed

and adaptive laminae

Analysis of the stacking configurations of a multifunctional composite indi-

cates that the energy requirement for actuation is minimal in the constrain-

ing/prestressed/adaptive layer configuration. In the minimal configuration,

minimizing the offset between the actuator (in the adaptive layer) and the

prestressed layer minimizes actuation effort.

2. Development of pressure-actuated prestressed composites

An approach for creating adaptive laminae with built-in fluid channels is pre-

sented. Fluid channels are molded into a flexible lamina that is tailored using

anisotropy to deform in plane without bulging out of plane. This design is scal-

able in complexity; fluid channels of varying cross-sections can be configured in

a vascular network for localized curvature control. The fabrication process is

simpler than incorporating individually-reinforced fluidic muscles in a flexible

medium. Modeling is relatively simple as the work done in actuation can be

expressed as a function of composite strains.

3. Modeling and development of a new type of bistable composite

Mechanically-prestressed composites enhance the design space of existing bistable

laminated composites as their residual stress is contained to specific laminae. In

composites with orthogonally-prestressed laminae, the stable shapes are weakly

coupled; each shape can be tailored using a specific lamina. Since the com-

posites are fabricated at room temperature, they are potentially invariant to
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changes in temperature and humidity; hygrothermal sensitivity is an inherent

drawback in thermally-cured FRP laminates.

4. Modeling of the stability and actuation of bistable composites

In rectangular bistable composites with two sources of residual stress, the ratio

of prestress should lie within a specific range. Outside this range, the composite

has a single stable curvature. A comparison of actuation modes shows that the

energy requirement for in-plane actuation is two orders of magnitude higher

than that for transverse out-of-plane actuation.

5. Strategy for smooth folding of laminated composites

A method for achieving smooth folds, based on prestress applied over a crease,

is presented. The complexity associated with creation of smooth folds using

compliant joints and tucks can be address by this technique.The approach pre-

vents buckling of inner laminae since the innermost lamina is stretched prior to

lamination . The effect of material and geometric properties has been studied

using an analytical model.

6. Antagonistic SMAs for actuation and damping in bistable composites

Actuation of bistable composites using SMAs in an antagonistic configuration

shows that a given SMA wire acts as an actuator in the activated state and as a

damper in the unactivated state. The set of SMAs enable an almost vibration-

free shape transition. A modeling approach has been presented for designing

SMA actuators in a push-pull configuration.

7. Design approach for morphing automotive structures

SMA-actuated prestressed composites have been modeled as elements in a mor-

phing structure. Through the demonstration of a morphing fender skirt, a
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design approach for the implementation of multifunctional composites is demon-

strated. A quick-release latch mechanism is developed to operate SMA actuators

with a response time in the order of milliseconds.

9.4 Future work

1. Incorporation of variable-stiffness capability in pressure-actuated pre-

stressed composites

The working fluid in pressure-actuated composites can be trapped using valves

to harness the fluid’s high bulk modulus for rigidization of the composite. This

feature enables the composite to morph to a given shape while providing ade-

quate stiffness in that shape. The potential research questions are: fabrication

method for embedded valves that lock a fluidic layer; and inclusion of the fluid’s

bulk modulus in the model for stiffness calculation.

2. Inclusion of self-sensing capability in multifunctional composites

Flexible sensors such as piezoelectric polymers (PVDF - polyvinyledene fluoride)

can be included as adaptive laminae in a mechanically-prestressed composite.

Piezoelectric laminae undergo a change in in-plane strain resulting from shape

morphing of the composite and generate a corresponding charge. The output

signal from the sensor serves as a control input that drives the actuator to

achieve a given curved shape. The analytical model presented can be enhanced

to account for the constitutive response of the sensor.

3. Computational modeling of a bistable morphing fender skirt

Bistable composites can replace quick-release latches for the rapid actuation of

a morphing structure such as a fender skirt. Bistability can be added to an
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existing body/structure by bonding prestressed layers and creating the appro-

priate boundary conditions. Tailoring of the stable shapes may require finite

element methods for the optimization of the stiffness of the composite’s core.

The analytical model presented in this work guides the preliminary design of

materials and geometry for a bistable morphing structure.

4. Development of self-folding composites with reconfigurable creases

Smart materials that have a controllable modulus can be activated to config-

ure creases in a prestressed composite. Examples of variable modulus laminae

include shape memory alloys, shape memory polymers, magnetorheological ma-

terials, and phase change materials such as paraffin wax. Creases can be formed

in a fold-free composite by lowering the active material’s modulus whereas fold-

ing is driven by the restoring force in the prestressed layer.

5. Development of an inverse model to determine composite configura-

tion for a given set of morphing shapes

In this work, the analytical model is developed in the direct form to calculate

stable shapes based on laminae properties. While the direct model is suitable for

composite characterization, an inverse model is a better tool for the optimization

of laminae properties for a desired curved shape. The research challenges in

inverse modeling lie in the consideration of material and geometric nonlinearities

associated with laminate response.

6. Dynamic characterization of mechanically-prestressed composites

An elastically-applied stress-bias may provide opportunities for tuning the dy-

namic response of a structure. For example, the natural frequency and damping

ratio of the structure may be a function of the magnitude and direction of the
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applied prestress. Mathematical modeling is required to characterize the dy-

namics of a stress-biased composite.

The multifunctional composite framework, analytical modeling, and fabrication

methods developed in this dissertation can be applied to the above described future

research objectives. Developments resulting from the suggested objectives would

enable smart lightweight morphing structures that can serve a range of applications

in the fields of aerospace and automotive engineering, soft robotics, and biomimetics.
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