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ABSTRACT

Let A be an abelian variety defined over a number field K and let L be a finite
Galois extension of K with Galois group G. Let End (A)[G] be the twisted group
ring with multiplication defined by

S 2o0)(S a7) = (od)or

o,T

for ps,qr € End(A) and 0,7 € G.

Write Z!(H,Aut;(A)) for the group of 1-cocycles from a subgroup H of G to
Autz(A4). If x € Z'(H,Aut;(A)), define an idempotent €(x) € End.(A4)[G] ® Q
by e(x) = [H|' Y ,ex x(0)o. We will write A for the twist of A by the element
in H(Gal(L/L¥), Aut(A)) induced by ¥.

There is an L-function L(A/K,s) attached to A, defined by an Euler product
for Re(s) large, which is conjectured to have an analytic continuation to all of C.
Assuming this analytic continuation we can write L(A/K.s)~c¢(s—1)" as s —= L.

There is a well-known conjecture for the order of vanishing r and the coefficient c.

Conjecture (Birch and Swinnerton-Dyer).

(1) the order of vanishing T is equal to the rank of A(K)

(2) the coefficient ¢ is equal to a constant C(A/K) defined ezplicitly in terms
of the Tate-Shafarevich group II(A/K), the regulator, the periods and Tamagowa
factors of A.
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Proposition. If 3. nie(x;) = 0 is an idempotent relation with n; € Z, then
o nirankz (A% (L#)) =0 and

[T L(ax/L%, s =1.

Main Theorem. Assume that the Tate-Shafarevich groups are finite and there is an

idempotent relation 3, nie(x,) =0. Then

[T cax/p#ym =1.
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CHAPTER 1

INTRODUCTION

Let A be an abelian variety defined over a number field K. Birch and Swinnerton—
Dyer developed a conjecture which connects the order of vanishing and the leading
coeficient of the Taylor expansion for the L-function L(A/K, s) at s = 1 with several
algebraic invariants of the abelian variety A: the rank of the Mordell-Weil group
A(K). the regulator R(A/K), the order of the Shafarevich-Tate group III(A4/K), and

the Tamagawa number 7(A4/K) (see pp. 9-10 for the definitions of these invariants).

Conjecture (Birch and Swinnerton-Dyer). Assume the L-function L(A/K, s)
has an analytic continuation around s = 1 and the Shafarevich-Tate group III(A/K)
is finite. Write the Taylor ezpansion of L(A/K,s) at s = 1:

L(A/K,s) = c(A/K)(s = 1)"#/E) L O((s — 1)"A/K)+1),

Then
(a) the order of vanishing r(A/K) = rankz(A(K)) and
(b) the leading coefficient c(A/K) = C(A/K),



where C(A/K) = R(A/K) - #11(A/K) - 7(A/K), called the constant of Birch and

Swinnerton—-Dyer.

Tate [45, p.198] has mentioned that “this remarkable conjecture relates the be-
havior of a function L at a point where it is not at present known to be defined to
the order of a group III which is not known to be finite!”

Kolyvagin [16] proved that if an abelian A/Q is a modular elliptic curve, and
L(A/Q,1) # 0, then ITI(A/Q) is finite (see also [29]).

Let L be a finite Galois extension of K with Galois group G = Gal(L/K). Kani

and Rosen [14] developed a relation among L-functions.

Theorem (Kani—Rosen [14]). Definecy = |H|™' Y, .z h for a subgroup H of G.
If 3, nuen =0 in Q[G), then Y, ngrankz(A(L7)) =0 end

() II L/ sy =1.
H

Park [25] developed a new conjecture by combining the above theorem and the

conjecture of Birch and Swinnerton—Dyer.

Conjecture (Park [25]). Suppose that the Shafarevich-Tate groups are finite. If

Y pnuca =0, then

e/ =1.
H

Note that this would be a consequence of (%) if we knew that the conjecture
of Birch and Swinnerton-Dyer were true. Park [25] also proved weaker form of this

conjecture.



In this dissertation we prove Park’s Conjecture, and even a generalization of it.
We state the general version, the Main Theorem, at the beginning of Chapter 6.

The following is a brief outline for the proof of Park’s Conjecture.

First, we define amap Y : End;(A)[G] — Endg(Resr kx(A)) (see Definition 4.12
p. 26), where Resp/x(A) is the restriction of scalars of A from L down to K (see
Section 4.2 for the definition).

We can rewrite the given relation ) g nyey = 0 as, with ng, my > 0,

E TLHEH=E mycy-.
H H

By applying T to the above equation, we derive
Z nHT(EH) = ZmHT(sH) in EndK(ResL/K(A)) ® Q.
H H
Then, by using Theorem 5.1, which was proved by Kani and Rosen [13], there exists
an 1sogeny:

T (Y(er)(Resrx ()™ ~ TT (X(en)(Resr/x(A))™ .
H

H
Theorem 4.19 shows that T(eg)(Resp/x(A)) ~ Respu x(A), so we get

H (RCSLH/K(A.))nH ~ H (RGSLH/K(.4))mH .
H

H

Since the constant of Birch and Swinnerton-Dyer is an isogeny invariant (see Theo-
rem 5.2),

[1C(Respa/k(A)/E)™ =[] C(Respax(A)/K)™.

H H

A theorem of Milne (Theorem 5.3) shows that C(A/L#) = C(Respu/k(A4)/K), and

Park’s Conjecture follows.



?

!

In Chapter 2 we introduce the conjecture of Birch and Swinnerton-Dyer. In order
to state the conjecture, we set the notation, define the objects involved and some of
their properties.

Chapter 3 presents the definition of idempotent relation the conjecture of Park.

In Chapter 4 we define twists and restriction of scalars. Then we show that the
abelian varieties (Zae H;(?;) o ¢a) (Resp/k(A)) and Respn g (AX) are isogeneous
(see Theorem 4.22). This isogeny will play a major role in the proof of the Main
Theorem.

Chapter 5 states theorems of Kani-Rosen, Milne, and Tate. These theorems will
be used to prove the Main Theorem.

In Chapter 6 we state the Main Theorem and prove it. Then, some corollaries
will be presented.

In Chapter 7 the individual factors of the Birch and Swinnerton-Dyer constant

are investigated.



CHAPTER 2

BIRCH AND SWINNERTON-DYER
CONJECTURE

Let A be an abelian variety of dimension g defined over a number field K. Let v
be a finite place of K and Nv be the cardinality of the residue field %,. Let G, be a
decomposition group for v in Gx = Gal(K/K). Let I, be the inertia subgroup of G,
and let o, denote an arithmetic Frobenius which generates the quotient G,/I,. Let
£ be a rational prime distinct from char(k,). The £*~torsion subgroup of A, denoted

A(K)¢n, is the set of points of order ¢* in A(K),
A(R)pm = {P € A(K) | *P = 0}.
The /-adic Tate module of A is the group
Ty(4) = knril A(K) e,
the inverse limit being taken with respect to the natural maps

AR s 5 AR e



Note that the action of Gk on each A(K)g commutes with the multiplication by
[€] maps, which are used to form the inverse limit, so Gk also acts on Ty(A). Further,
since the profinite group Gx acts continuously on each finite (discrete) group A(R) e,

the resulting action on T,(A) is also continuous. See [9], [24], or [32] for more detail.

Proposition 2.1. This ¢~adic Tate module T¢(A) is a free Zp-module of rank 2g

which admits a continuous Z,-linear action of G.

Proof. See [24] or [32]. O

We define the local L-factor of A at v by the formula:
L-U(A, t) = det(l - O'v_ltl Homz, (Tg(A), Zg)j").

The characteristic polynomial L, (A4, t) has integral coefficients which are independent
of £ (see [31] and [49]).
The global L-function of A/K is defined by the formal Euler product

L(A,8) = L(A/K,s) = ] Lu(4,Nv=)""

v finite

Note that the global L-function is an isogeny invariant, i.e., if two abelian varieties A
and A’ are isogeneous over K, then L(A,s) = L(A’, s), because L,(A,t) = L,(A',1)
for every finite place v.

Let S be a finite set of places of K containing the archimedian places and large
enough so that A has good reduction outside S. For each place v € S, let A, be
the Néron minimal model. Define the abelian variety .Z,, over the residue field k£, by

.Z,, = A, Qo, ky, where O, is the valuation ring of v (see [32]).



According to well known results of Weil [49],
29
Ly(A,t) = [](1 = int) = (Nv)9*9Ly (A, Nu/t),
=1
and L,(A,t) is a polynomial of degree 2g, with coefficients in Z, and with complex

“reciprocal roots” a;, of absolute value v Nv. These roots ;, , and hence L,(A, 1),

are characterized by the fact that for allm > 1

29 Number of points of 4, with coordinates in the
m

H(l - ai,v) =

=1 extension of degree m of the finite field k,.

Now L(A, s) converges for Re(s) > 3/2 because it is dominated by the product
for (Cx(s—3))%. It is generally conjectured that L(A, s) has an analytic continuation

to the entire complex plane.

Conjecture (Hasse—Weil). The L-function L(A,s) has an analytic continuation
to the entire compler plain and satisfies a functional equation relating the values at s

and 2 — s.

‘We will assume this conjecture in all that follows.

Actually this general conjecture has been verified in some special cases. Let the
endomorphism ring End(A4) be the set of all isogenies from A to itself. It is known that
End(A4) is a free Z-module of finite rank < 4g (see [23, Theorem 12.5] or [24]) and that
it contains a submodule, denoted Z, composed of multiplications. If End(A) contains
a field of degree 2g over Q, then we say that A has complex multiplication. If A

has complex multiplication, then L(A, s) has an analytic continuation and functional



equation according to the work of Shimura-Taniyama and Hecke (see [36, p.145]
and [39]).
For any positive integer N, let X,(/V) be the compactification on #/T'o(N), where

H is the complex upper half-plane and

b
ToV) =4 | " 7| €SLa(Z) | c=0 (mod N)
c d

Let E be an elliptic curve, an abelian variety of dimension 1, defined over Q.
If there is a non-constant morphism Xo(N) — E of algebraic curves defined over
Q, then we call £ modular. In 1958, Shimura proved the Hasse-Weil conjecture for

modular elliptic curves (see [36, p.145], [34] and [35]).
Conjecture (Taniyama-Shimura). Every elliptic curve over Q is modular.

If the conjecture of Taniyama-Shimura is true, then the Hasse-Weil conjecture
is also true. Although these two conjectures are still open, thanks to the work of
Wiles [50] and Taylor-Wiles [46], we know at least that it is true for a large and

important class of elliptic curves, namely, the semistable ones.
Theorem 2.2 (Wiles). Every semistable elliptic curve over Q s modular.

This is a key theorem to prove Fermat’s last theorem. In fact, by improving Wiles
methods, Fred Diamond [7] has proved the much stronger result that every elliptic

curve E/Q that is semistable at 3 and 5 is modular.



Under the assumption of the Hasse-Weil conjecture, we have the Taylor expansion

of L(A,s) at s=1:
L(A,s) ~ c(A/K)(s — 1)) as s —1,

where r(A4/K) is the order of vanishing. Birch and Swinnerton-Dyer conjectured the
order of vanishing 7(A/K) and the leading coefficient ¢(A/K) when A is an elliptic
curve. Tate formulated the conjecture for abelian varieties (see [44]).

By the Mordell-Weil theorem, A(K), the group of K-rational points of 4, is a

finitely generated abelian group, i.e.,
AK)=A(K)tors ® Z7

for some integer 7 > 0. We call r the rank of A/K.

Let A’ be the dual abelian variety Pic® A over K. Let {(, }: A(K) x A'(K) = R
denote the canonical height pairing corresponding to the Poincaré divisor on A x A'.
Fix bases {z1,... ,z,} and {y1,... ,y,} for free subgroups X C A(K)andY C A'(K)

of finite index in the respective grouns of points. Define the regulator:

o ldet((z )
RA/E) = @) 1x) 24 (K)Y)

Note that this nonzero real number is independent of the choice of z; and y;.

For each place v, we fix an extension of v to K, which serves to fix an embedding
K C K, and a decomposition group G, C Gg. Then G, acts on A(K,). The natural
inclusions G, — Gk and A(K) — A(K,) give restriction maps on cohomology

groups. Therefore, we have a homomorphism H'(Gg, A) — [, HY(G,, 4).

9



Define
III(A/K) = Ker {Hl(GK,A) — [JH'G., A)}

which is called the Shafarevich-Tate group of A over K. Note that III(A/K) does
not depend on the extension of the v’s to K. It depends only on A and K. It is
known that III(A/K) is a torsion group whose p-primary component II(A/K)(p) is
of finite corank for each prime p. Another deep conjecture underlying the Birch and

Swinnerton—Dyer conjecture is that III(A4/K) is finite.
Conjecture. Let A/K be an abelian variety. Then III(A/K) is finite.

In general, (assuming finiteness) we have #III(A/K) = #II(4'/K).
Let w be a non-zero invariant exterior differential form of degree g on the abelian

variety A/K. Define

1, if v is archimedian;
(Nw)*

v

Ay =

, if v is non-archimedian,

where n, is the order of _Z,‘j(kv), the group of points on the connected component of
zero of the reduction of the Néron minimal model of A. By Theorem 2.2.5 [48] the
A, form a set of convergence factors for A. Let Ax be the adéle ring of K. We define
7(A) to be the measure of the adele group A(Ag) of A relative to the Tamagawa
measure (w, (1)) [48, p.23]:

r(4/K) = / (w, (1))-

A(Ar)/A(K)

10



With all these defined terms, the regulator, Shafarevich~Tate group, and Tama-
gawa number, we are now ready to formulate the conjecture of Birch and Swinnerton—

Dyer.

Conjecture (Birch and Swinnerton—Dyer). Assume the L-function L(A/K,s)
has an analytic continuation around s = 1 and the Shafarevich—Tate group II(A/K)
is finite. Write the Taylor expansion of L(A/K,s) at s = 1:

L(4/K,s) = c(A/K)(s — )" 4 O((s — 1)74/K)+1),

Then
(a) the order of vanishing r(A/K) = rankz(A(K)) and
(b) the leading coefficient ¢(A/K) = R(A/K) - #1I(A/K) - 7(A/K).

For more details, see [3] for elliptic curves and [44] for abelian varieties.

Notation. Let C(A/K) be the product R(A/K) - #1II(A/K) - 7(A/K). We call
C(A/K) the constant of Birch and Swinnerton-Dyer. associated with the abelian

variety A/ K.

Remark 2.3. The constant C(A/K) is an isogeny invariant. Cassels proved this for
elliptic curves provided that III is finite. Tate extended that result to abelian varieties.

See [6] for elliptic curves and [44] for abelian varieties.

If A is an elliptic curve, we have the following progress toward the Birch and

Swinnerton-Dyer conjecture.

11



Theorem 2.4. Let E be a modular elliptic curve defined over Q. Suppose that
orders; L(A4/Q,1) < 1. Then rankz(E(Q)) = order,—; L(4/Q,1) and II(E/Q)

s finite.
Proof. See [16]. O

Theorem 2.5 (Rubin [29]). Suppose E is an elliptic curve defined over an imagi-
nary quadratic field K, with compler multiplication by the ring of integers Ox of K,
and with minimal period lattice generated by L € C*. Write w = #(Og™).

(1) If L(E/K,1) # 0 then E(K) is finite, the Shafarevich-Tate group II(A/K) of E

is finite and there is a u € Og[w™!]* such that

#0(B/K) = (B HELED,

In other words, the full Birch and Swinnerton—-Dyer conjecture for E is true up to an
element of K divisible only by primes dividing #(Ok™).

(2) If L(E/K,1) = 0 then either E(K) is infinite or the p-part of II(E/K) is infinite
for all primes p of K not dividing #(Og™).

Theorem 2.6. For any positive integer d let E9 denote the elliptic curve y? =
z® — d%z, which has complez multiplication by Z[i]. Suppose p is a prime, p = 3

(mod 8). Then the full Birch and Swinnerton-Dyer conjecture is true for E®/Q.
Proof. See [29]. O

Theorem 2.7 (Gonzalez—Avilés [8]). Let F be an elliptic curve defined over the

field K = Q(v/=T), with complez multiplication by the ring of integers of K. Suppose

12



L(E/K,1) # 0. Then the full Birch and Swinnerton-Dyer conjecture is true for

Theorem 2.8 (Gonzalez—Avilés [8]). Let E be an elliptic curve defined over Q
with complez multiplication by the ring of integers of Q(v/—7). Suppose L(E/K,1) #

0. Then the full Birch and Swinnerton-Dyer conjecture is true for E/Q.

Proof. This follows from Theorem 2.7 by Corollary 6.4. O

13



CHAPTER 3

IDEMPOTENT RELATIONS

3.1 Definition

Let L be a finite Galois extension of K with Galois group G. Let Endy(A) be the
ring of endomorphisms of A defined over L, and let End;(A)[G] be the twisted group

ring with multiplication defined by

O 2:0)>. @)= (peS)or

a,7T

for ps,g- € Endz(A) and 0,7 € G.
Let Auty(A) denote the automorphism group of A defined over L, that is, the set
of invertible elements in Endy(A). Write Z'(H, Aut.(A)) for the set of 1-cocycles

from a subgroup H of G to Autz(A), i.e.,
Z'(H,Aut(A4)) = {x: H —= Autz(4) | x(o7) = x(o)x(7)7}-
If x € Z'(H,Auty(A)), define an element £(x) € End;(4)[G] ® Q by

00 = [ 3 X0

ocEH

14



Lemma 3.1. The element £(x) is an idempotent in End;(A4)[G] ®

(uﬂ;" ) Ety
Z x(r)°or

Proof.

a',reH
Z (oT)oT
a,—reH
=&
ocEH

In particular, for the trivial cocycle idy € Z*(H, Aut;(A)), we have the idempo-
tent

e(idgy) = ZaéZG]@QCEndL(4)[G]®Q

IHI oc€EH
Definition 3.2. Let x; € [{5-c 2 (H, Aut.(4)). A relation of the form

> one(x) =0, meQ,
is called an idempotent relatiori in End; (A)[G] ® Q.
Ezample 3.3. Let G = Z/2Z = {e, 0}, where ¢ is the non-trivial element. There is
a non-trivial cocycle x € Z(G, Autz(A)) defined by x(c) = —1. Then

e(x) + e(idg) = e(idgey)-

Ezample 3.4. Let G = (Z/pZ)?, where p is a prime. Then it has p + 1 subgroups

H,,... ,Hpy of order p, and we obtain

p+1

Zs (idm,) = pe(ide) + £ (idgey)-

15



Ezample 3.5. Let G = (Z/2Z)" with n > 1. The automorphism group Autz(A)
always has a subgroup {£1}. Then Hom(G, {£1}) is a subset of Z*(G, Aut;(A)) and
Y elf) =elidgy).
F€Hom(G,{%1})

Example 1 is a special case of Example 3 (when n = 1).

3.2 Independent idempotent relations

We consider the number of independent idempotent relations. The results of this
section are not needed for the proof of our main result, but help to show how widely
applicable that result is.

Define

IR(G) = {Z niX, , X; € U Z'(H,Auty(A)) and an‘&‘(Xf) = 0} .
i HCG i

Note that the idempotent relation in Example 2 involves only the idempotents
coming from trivial cocycles. We will discuss first the number of independent relations
which contain only the idempotents coming from trivial cocycles. See [27] and [13,

Section 3]. Define

TIR(G) = {Z npidg | Y nge(idy) = 0} :
HCG

HCG

Note that TIR(G) is a subspace of IR(G).

16



Theorem 3.6 (Rehm). The dimension of TIR(G) is the number of non-cyclic sub-

groups of G.

Proof. Let H be a noncyclic subgroup of G. Denote by L(H) the set of cyclic
subgroups of H. For J € L(H), define

aJ-a.II{= § : “([Z J])7
ZeL(H)
Z>J

where u denotes the Mobius function.

Then a basis of the space TIR(G) is

{,Hlid}{— E aJlJlidJ

H is a noncyclic subgroup of G. .
JEL(H)

For details see [27] and [13]. O

Remark 3.7. Wolfgang Happle in his Ph.D. thesis [10] has shown that a group G has
a non-trivial idempotent relation )y nye(idy) = 0 with ngey # 0, if and only if there

is a subgroup of order pg, p < g primes, which is not cyclic.

We will study another subspace of IR(G) which contains TIR(G). Let B be a

finite commutative subgroup of Autz(A) which is stable under G. Define
IRp(G) = {Znix" € IR(G) l Uxi(Hi) - B} :
Note that TTR(G) = IR;13(G), where 1 denotes the identity automorphism.

Lemma 3.8. If A is simple, then B is cyclic.



Proof. Since A is simple, End(A) ® Q is a division ring (see [17] or [24]). Since B
is a commutative subgroup of Aut;(A), Q[B] is a subfield of End(4)® Q. So Bis a
finite subgroup of the multiplicative group of the field Q[B]. Thus B is cyclic. O
For a cyclic subgroup H of G, define

Up(H)={x(c)eB|x€Z'(H,B), s € H }.
Note that Up(H) is a subgroup of B.

Theorem 3.9. Suppose that A is simple, and B is a finite commutative subgroup of
Autp(A) which is stable under G. Then the dimension of IRg(G) is

D #Z'H.B)- Y o(#Us(H)),

HCG HCG
H cyclic

where @ is the Euler function.

Proof. Let @ : Q[[ 15 Z'(H, B)] — End;(A)[G] ® Q be the map defined by

W(Z nix,) = Zme(xi)-

Then IRp(G) = ker(w). Now we will compute the dimension of image(w).

Suppose H is not cyclic. By using the idea of Rehm in the proof of Theorem 3.6,
for x € Z'(H, B) we have the following equality:

HleG) = > asllelxls)-
JEL(H)

Thus image(w) is generated by the set S = {e(x) | x € Z*(H, B) and H is cyclic.}.

Assume H is cyclic. Because B is cyclic, the subgroup Ug(H) is cyclic. Then
Q[Up(H)] is an extension field over Q of dimension p(#Up(H)). Actually QU (H)] =
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Q[¢], where ( is a primitive #Ug(H)-th root of unity. Through this isomorphism,
Us(H) can be identified as {1,(,...,(*8E-1} Then {1,(,...,(?#HEN-1} is 5
basis for Q[Ug(H)]. Define

Sy ={x€Z'(H,B) | x(o)=¢ for 1<i< o(#Ug(H)) -1},

where ¢ is a fixed generator of H.

Suppose we have a l-cocycle v € Z'(H, B) such that v ¢ Sg. Then v(o) =
Zf__ffug(m)_l n;Ct, with n; € Z, that is, v(o) = > yesy TX(0). Then for another
generator o' € H, v(0’) =3, s, nxX(0") because all primitive #Up(H)-th roots of
unity are Galois—conjugate. Therefore,

16 = ¥ mitle)+ 3 (st)= 3 mat)
XESH T€Gen(H) XESH
where Gen(H) = {generators of H}. Now, from simple computation, we have

Z (1/(7') - Z nxX(T)> T= Z as|J| (E(Vl]) - Z nxs(xlj)) ,

T€Gen(H) XESH JCH XESH

where a; = z u([Z : J]) with the Mobius function u. So
JCZCH

e(v) € Q {s(sf,) U (U e(Z'(J, B)))] .

JCH

By induction, image(w) is generated by the set U e(Sg)-
H cyclic
Now we only have to show that this set is linearly independent to finish the proof

of this theorem. Suppose

Z Z nye(x) = 0.

H cyclic x€Sy
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Choose Hj to be a maximal cyclic subgroup of G such that n, # 0 for some x € Sg,-
Thus for a cyclic subgroup H of G which strictly contains Hp, n, = 0 for x € Sy.
Fix a generator ¢ € Hy. Then erSHO nyXx(o) = 0. Therefore, n, = 0 for x € Sg,
because the set {x(c) | x € Sy,} is linearly independent in Q[Ug(H,)] and thus in
End(A) ® Q. This contradicts to the assumption on Hy. So U €(Sy) is a basis

H cyclic
of image(w), and the proof of the theorem is complete. O

Corollary 3.10. Suppose that A is simple, and B is a finite commutative subgroup
of Autg(A). Then the dimension of IRg(G) is

> #Hom(H.B)~ Y olgcd(#H,#B)),

HCG HCG
H cyclic

where @ is the Euler function and gcd means the positive greatest common divisor.

Proof. Because G acts trivially on Autx(A4), Z'(H, B) = Hom(H, B). It is obvious
that #Up(H) = ged(#H,#B). O

3.3 Conjecture of Park

Theorem 3.11 (Kani-Rosen). Suppose that > 5 nge(idg) =0 in End(A4)[G]®Q
with ny € Z. Then 3, ngrankz(A(L#)) =0 and

IT L4/, sy =1.
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Proof. See [14]. O
By combining this theorem and the conjecture of Birch and Swinnerton-Dyer,

Park made the following conjecture.

Conjecture (Park [25]). Let E be an elliptic curve defined over K. Assume that

the Shafarevich-Tate groups are finite. Given ) pnye(idg) =0, then
[[cE/Liy =1.
H

We will prove more general form of this conjecture by using the restriction of
scalars. For the elliptic curves, Park proved weaker form of this conjecture by looking
at each factor of the Birch and Swinnerton-Dyer constant (see Theorems 5.10 and

6.11 [25]).




CHAPTER 4

RESTRICTION OF SCALARS

4.1 Twist

Definition 4.1. Let A be an abelian variety defined over a number field K. A twist
of A is an abelian variety 4’ defined over K which is isomorphic to A over K. We
generally identify two twists if they are isomorphic over K. The set of twists of A/K,

modulo K-isomorphism, is denoted Twist(4/K).

Note that Silverman [33] used the notation Twist((E,0)/K) for the set of twists
of an elliptic curve E defined over K.
Now let A’ be a twist of A/K. There exists an isomorphism o : A’ — A defined

over K with a(0) = 0. Consider the map
€: Gk — Aut(A) defined by &(0) =aoa™.
It turns out that £ is a 1-cocycle, that is, it satisfies the equality

§(o7) = &(0)E(7)°.
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The cohomology class of £ is uniquely determined by the K—-isomorphism class of A'.
Further, every cohomology class in H!(Gg, Aut(A)) comes from some twist of A/K.

In this way, Twist(A/K) may be identified with H!(Gg, Aut(A)).

Definition 4.2. Let L be a finite Galois extension of the number field K. Define
Twisty (A/K) to be the set of twists of A which are isomorphic to A over L, modulo

K-isomorphism, that is,
Twist,(A/K) = { abelian variety A'/K | A’ is isomorpic to A over L}/ ~,
where ~ means the equivalence relation defined by K-isomorphism.

Lemma 4.3. Through the identification between Twist(A/K) and H(Gk, Aut(4)),
Twisty (A/K) can be identified with H (G k, Auty(A)).

Proof. See [15]. O

Remark 4.4. From the above lemma, we have the following diagram.

Twisty (A/K) 255 Twist(A/K) 255 Tuwist(4/L)

Il | |
HY(GL/k, Autr(4)) 225 HY (G, Aut(4)) =255 HY(Gy, Aut(4))
The maps in the first row can be defined naturally. In general, Aut(A) is not an
abelian group, so the objects in the bottom row are just pointed sets and the arrows
in the bottom row are not homomorphisms. But we can still show that the map
Ty 7 is injective and that Zy#(Twisty(A/K)) = Res™'([A/L)), where [A/L] is the
distinguished element in the pointed set Twist(A/L) = H!(Gy, Aut(A4)).
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4.2 Restriction of scalars

Let L/K be a separable algebraic extension of degree d. Let V', W be varieties
defined over L, K respectively. Let ¢ : W — V be a map defined over L. Let
T = {o1,... ,04} be the set of all distinct isomorphisms of L into K. We can then

define ¢° : W — V7, and also
(¢7,...,0°) W =V x ... x V%

this being the mapping w — (¢7(w))sex. If the latter map gives an isomorphism,
we call W (actually the pair {W, ¢}) the variety obtained from V' by the restriction
of scalars from L to K and write {W, ¢} = Resp/x(V'), or, by abuse of language,
W = Resy/k (V). For more detail, see [48, page 5].

Theorem 4.5 (Existence). Let A be an abelian variety defined over L. If L/K is
a separable field extension, there ezists a restriction of scalars of A from L to K,

which is also an abelian variety.
Proof. See [48] and [21]. O

Theorem 4.6 (Universal Mapping Property). Let A be an abelian variety de-
fined over L. Suppose L/K is a separable field extension. Let X be an abelian variety
defined over K, and let f : X — A be defined over L. Then there is a unique
F : X — {Resy/k(A), o} defined over K such that f = ¢ o F.

Proof. See [48]. O
Note that from the universal mapping property, a restriction of scalars Resy x(4)

of A from L to K is uniquely determined up to K-isomorphism.
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Lemma 4.7. Let {Resr/k(A), ¢} be the restriction of scalars. Define a map
T : End(Resy/x(A)) — Hom(Resy x(A), A)
by T(F) =@ oF for F € Endy(Resy/x(A)). Then T is injective.
Proof. Let F be a homomorphism in Endy(Resy/x(A)) such that go F = 0. But
¢ 00 = 0. So by the universal mapping property, 7 = 0. O
Remark 4.8. If fo¢ = 0 for f € End(A), then f = 0. This follows from the
surjectivity of the map @.

Definition 4.9. For any f € End.(A), f o ¢ € Homy(Res/x(A), A). From the
universal mapping property, there is a unique F € Endx(Resp/x(A)) such that
¢ o F = f o ¢. Denote this map F by f

From now on, we will assume that A is an abelian variety defined over X.

Definition 4.10. For each ¢ € G, ¢° € Homy(Resy x(A), A) because the abelian
variety A is defined over K. From the universal mapping property, there is a unique

F € Endx(Resp/x(A)) such that ¢ o F = ¢°. Denote this map F by ..

Lemma 4.11. The map from End(A) to Endx(Resr/x(A)) defined by f — fis
a homomorphism, that is, fo g = fo g, and the map from G to Endg(Resr/k(A))
defined by 0 — ¢, is a homomorphism, i.e., @gr = By © G-
Proof.
gofog=fogog=Ffogog=gofog.

Then, from Lemma 4.7, fog = fo g



Because @, is defined over K, by letting 7 € G act on the identity ¢ o ¢, = o(¢),

we have 7(¢) o ¢, = 7(c(¢)). Now we have the following equality:
$odro P, = T(d)) 0P, = T(J(QS)) = (TU)(¢) = ¢ 0 ¢rq-
Then, from Lemma 4.7, ¢5r = @50 ¢,. O

Notation. For notational convenience, in Endg (Resy/x(A)) we will write pg instead

of p o g where p,q € Endx(Resy/k(4)).

Definition 4.12. Define a map Y : End;(A)[G] — Endk(Resy/x(A)) by

Y (zpaa) =i

ceG ceG

where p, € End;(A).
Lemma 4.13. The map Y is an injective homomorphism.

Proof. We can check that the map Y is a ring homomorphism in the following

computation:

Y ((Zpaa)(z m) g (z@,qg)a,.) Y oo

o,7 c,T

=Y Pe@@00br = Y Pobolrtn
a,7 A4

= (ZM) (Zé‘é)
() (2e)
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Suppose Y(3 ,caPs0) = 0, that is, Y cccPobs = 0. Then Y oegPe®” =0

because

Zpaﬁbd = Zpa¢¢a = Z¢ﬁ;¢a = ¢Zﬁ¢;¢a =0.

434 oG geG o€G
By looking at ) _csPo¢” carefully we can break this into a composition of three

homomorphisms:

Y oec Ps?” - Respx(A) M Ax---x A4 M Ax--x A 2 A,

where £ means summation of all components. Because [] .. ¢° is an isomorphism,
Yo Hdegp, = 0. So it follows that p, =0 foroc € G. O
We can extend Y to a map from Endr(4)[G]®Q to Endg(Resy/x(A))®Q, which

again will be denoted by T.

Lemma 4.14. The map T : End;(A)[G] ® Q — Endx(Resr/x(A4)) ® Q is a ring

homomorphism which is injective.

Definition 4.15. For every subgroup H of G, define Resp#,x(A) to be the restric-
tion of scalars of A from L¥ to K with a fixed map ¢y : Respu /g (A) — A defined

over L¥.

Definition 4.16. Because ¢y is defined over L, according to the universal mapping
property for {Resz;x(A), @}, there exists a unique F : Respu/x(A) — Resy/x(A)
such that ¢ o F = ¢g. Denote this map F by ¥g.

Definition 4.17. Note that > ., ¢” : Resy x(A) — A is defined over L. Accord-

ing to the universal mapping property for {Resp#,x(A), ¢g}, there exists a unique
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F : Resy k(A) = Respu g (A) such that ¢y o F =3 .y ¢°. Denote this map F by
Oy.

Lemma 4.18.

(DHO\I/;{:lHl and \I’HO(I)H=Z¢U.

cEH
Proof. For any ¢ € H, ¢° o ¥y = ¢y. Then

$podgol¥y= ¢"o¥y=) éu=dgolH|.

cEH ceH

Then from Lemma 4.7, we have &5 o ¥y = |H]|.

gpoVUgody=¢gody=>» ¢ =¢o (Z¢,>.

ceH o€H

Then from Lemma 4.7, we have ¥ o @y =3 n ¢, O

Theorem 4.19.

(Z ¢a) (Respjx(A)) ~ Respu(A),

oc€H
where ~ means K -isogeneous.

Proof. From the equation &y o ¥y = |H|, @y is surjective and ¥y has a finite

kernel. Then

(Z ¢a> (Resz/x(A)) = (¥ o @n)(Resr/x(A))

occH
= Uy (®n(Resz/x(A4)))
= Wy (Resyn /k(A))

~ RCSLH/K(A).
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Remark 4.20. Let x € Z'(H, Aut,(A)) be a 1-cocycle. Asin Remark 4.4, through the
identification between Twisty(A/L¥) and H*(H, Aut(A)), there is a corresponding
twist AX defined over L which is isomorphic to A over L. Actually, we even have

74

an isomorphism « : AX — A defined over L such that a0 ™ = x(0).

With this isomorphism a we have the following lemma.

Lemma 4.21. The restriction of scalars of AX from L to K is {Resp/k(A),a o g},

that is, Resp/x(AX) = Res/x(A) over K.

Proof. Because {Resy;x(A), @} represents a restriction of scalars of A from L to

K, there is an isomorphism
(¢61,. .- ,(bad) : RCSL/K(:/l) — A% x--- X Aad,

where {o1,...,04} is the set of all distinct isomorphisms of L into K. Then the

composition map ((a10@)%,... (@ o ¢)%) =[[;a % o (¢™,... ,¢%):
ResL/K(A) M Al x ... x A% _I.-["‘__c) (AX)71 x - .. x (AX)od

is an isomorphism because these two maps, (¢~%,...,47%) and [], ™%, are iso-
morphisms. So by the definition of the restriction of scalars, the lemma follows.
g

By the same computation as in Theorem 4.19 for {Res;/x(A),a™! o ¢}, we can

generalize Theorem 4.19.

Theorem 4.22 (Generalization of Theorem 4.19).

(Z )?(?;) o) ¢a’> (ResL/K(A)) ~ RCSLH/K(AX),

cEH
where ~ means K-isogeneous.
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e

Proof. Foroc € H, (a"' o ¢)ox(0) 0 ¢, = (@t 08) 0 (@~! 0 ¢),, because

———

(@™ og)ox(o)ods =0T ox(0) 0o po ¢,

loaoaCo0dog,

= a'—
—a0¢" = (a7 0g)"

=(a"tog)o(atod),.

e

Then by Lemma 4.7, x(c) 0 ¢, = (a1

© @)g-
Therefore, from Theorem 4.19,

(Z x(@) o ¢a) (Resr/x(A)) = (z(a_l ° ¢)a) (Resz/x(A))

occH occH

~ RCSLH/K (AX)
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CHAPTER 5

BACKGROUND RESULTS

Kani-Rosen

Let A be an abelian variety defined over K and ¢ an idempotent in Endx (A4) ® Q.
Here ¢(A) denotes any representative of the K-isogeny class containing the abelian
subvarieties (ne)(A) C A, where n € N is chosen such that ne € Endg(A).

We say two elements a and b of Endg (4) ® Q are characteristic equivalent, a ~ b,

if x(a) = x(b) for all rational characters x of Endg(A4) ® Q.

Theorem 5.1 (Kani—-Rosen [13]). Let €1, ... ,&n,€], ... ,&, € Endg(A) ® Q be
(not necessarily distinct) idempotents. Then idempotent relation
E1+E+ -t ~vE+ - F e,

holds in Endx(A) ® Q if and only if we have the isogeny relation

£1(A) X g2(A) x -+ - X gp(A) ~ P (A) X --- x &l (A).

m
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Tate

Theorem 5.2 (Tate [44]). The truth of the Birch and Swinnerton-Dyer conjecture
depends only on the K -isogeny class of A. Furthermore, if the two abelian varieties

A and B are isogeneous over K, then C(A/K) = C(B/K).

This has been verified by Cassels [6] for elliptic curves.

Milne

Let L/K be a finite separable field extension, A be an abelian variety over L, and

Resp;x(A) be the restriction of scalars of A from L to K.

Theorem 5.3 (Milne [21]).
(1) L(A/L,s) = L(Res /x (A)/K,s).
(2) T(A/L) = 7(Resr/x (4)/K).
(3) R(A/L) = R(Resp/x(A)/K).
(4) II(A/L) = III(Resy/x(A4)/K).
(5) C(A/L) = C(Resy/x(A)/K).
(6) rankz(A(L)) = rankz(Resz,x (4)(K)).

Theorem 5.4 (Milne [21]). The Birch and Swinnerton-Dyer conjecture is true for

A over L if and only if it is true for Resy/x(A) over K.

Proof. This is an immediate consequence of Theorem 5.3. O
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CHAPTER 6

MAIN THEOREM AND APPLICATIONS

We are ready to state the Main Theorem and we will prove this theorem right

after Theorem 6.2.

Main Theorem. Assume that the Shafarevich-Tate groups are finite and there is

an idempotent relation >, n;e(x,) = 0 with n; € Z. Then

(M1) > nirankz(A% (L)) = 0.
(M2) [[L(ax /L%, ™ =1.
(M3) [Jowax /Loy =1.

Notation. For x € Z*(H, Aut;(A4)) with a subgroup H of G, let LX be the fixed
field of L by H,i.e. LXx = L*.

Lemma 6.1.

Y(e(x))(Resr/x(A)) ~ Respx/x(AX).
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Proof.

T(e(:0)(Resz/x(4) = T (I—l—l x(o)o) (Resy/x(4))
X! oeH,
= [ 2= 3" X(0)6e | (Reswyx(A))
] 4
(6.1) ~ ( RU/)%) (Resp/x(A))
oc€Hy
(6 2) ~ RCSLX/K (AX)

The isogeny (6.1) is from the definition of the action of idempotents on abelian

varieties. The isogeny (6.2) is from Theorem 4.22. O

Theorem 6.2. Assume that the Shafarevich-Tate groups are finite and there is an
idempotent relation ), ne(x;) = >_; mie(y;), where n; and m; are positive integers.
Then
H Respx g (AX)™ ~ H Resx; /K(A“j )™
i i

Proof. By applying the homomorphism Y to 3_; nie(x;) = >, m;e(,), we have

an idempotent relation in Endg(Resr/x(4)) ® Q,
> mT(e(x) = Y miT(e())-
i j

Then, from Theorem 5.1,

J

H (Te0a)) (Reszyx (AN)™ ~ [T (Tlelr,)) (Resz/x(A4)™.

Now, the theorem follows from Lemma 6.1 . 0O
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Proof of the Main Theorem

First, rewrite the given relation Y, n;e(x;) =0 as

Z ne(x;) = Z mje(y'j)t

where n; and m; are positive integers.

From Theorem 6.2
(%) [1 Respr jxc(A%)™ ~ [ Respp i (A45)™.
i J
From the isogeny (*), we have

Z n; rankz(Respx: /(A% )(K)) = Z m; rankz(Respu; /xc(A")(K)).
i J
By Theorem 5.3 (6),
> " nirankg(A%(L)) = ) m;rankz (4% (L)).
i 3

Therefore, (M1) holds.

Because isogenous abelian varieties have the same L—function,
[T L(Restxi/x (A%) /K, s)™ = [ [ L(Resss /5 (A%)/ K, s)™.
z J
Then from Theorem 5.3 (1),
[]zax /K, s =[] L(4* /K, )™,
i J

which gives the result (M2).
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By using Theorem 5.2, from the isogeny (*) we also have

H C(Respx (A% [K)™ = H C(Respws x(A%)/K)™.

J

Now; from Theorem 5.3 (5),
[Tcwax/mm =T cas /K)™.
i J
So (M3) follows. O

Corollary 6.3. The conjecture of Park is true.

Proof. By applying the Main Theorem with all x, = 1, we prove the conjecture
of Park. O

Corollary 6.4. Suppose E is an elliptic curve over Q, with compler multiplica-
tion by the ring of integers of an imaginary quadratic field K. Then the Birch and
Swinnerton-Dyer conjecture for E /K is equivalent to the Birch and Swinnerton-Dyer

conjecture for E/Q.

Proof. If EX is the twist of E by the quadratic character of K/Q, then EX is
isogenous to F (see [28, Lemma 3]). From Theorem 5.2, E/Q satisfies the Birch and
Swinnerton—Dyer conjecture if and only if EX does. By applying the Main Theorem

on the idempotent relation in Example 3.3, p.15, the corollary follows. O

Corollary 6.5. Assume that the Shafarevich-Tate groups are finite and there is an
idempotent relation ). nie(x;) = 0 with n; € Z. If every AX: but one, say AX:,

satisfies the Birch and Swinnerton-Dyer conjecture, then AX1 does too.
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Proof. This is an immediate result of the Main Theorem. O

Corollary 6.6. Suppose E is an elliptic curve defined over Q with complex multi-
plication by Z[(1 +/=7)/2], Gal(L/Q) = (Z/2Z)", and L(E/L,1) #0. Then the
conjecture of Birch and Swinnerton-Dyer holds for E/L.

Proof. From Example 3.5, there is an idempotent relation
> el =)
x€Hom(G,{%1})

If x =1¢ € Hom(G, {£1}), then EX = E.

Suppose x € Hom(G, {£1}) and x # 1g. Then L*'&) is a quadratic extension
over Q, and EX is the twist of E by the quadratic character of LX) /Q.

If x =1, EY = E/L.

Now L(EX/Q,1) # 0 for x € Hom(G, {£1}) because L(E/L,1) # 0. Then by
Theorem 2.8, EX/Q satisfies the Birch and Swinnerton-Dyer conjecture. Thus the

corollary follows from Corollary 6.5. O

37



CHAPTER 7

SEPARATING THE FACTORS

7.1 Shafarevich—Tate groups in arbitrary Galois extension

The constant C(A%: /L) is defined as a product of various factors: R(A%: /L),
#ITT(AX: /L), and 7(A% /L7). Given Y, nie(x,) = 0, although [[, C(Ax: /L) =
1, the individual factors do not. In general,

[] Gm(ax /%)™ #1 and [T (R(4%/L%))™ # 1.
In this chapter, we copmpute these products. Especially for quadratic extensions,

we have the explicit result, Theorem 7.7 and Theorem 7.38.

Theorem 7.1 (Walter [47]). Let G be a finite group, k a number field. and O the
ring of integers of k. Let T = {&;} be a finite set of idempotents in k[G] and Or the
subring of k generated over O by |G|™! and the coefficients of thee; € T. Suppose that
there is an idempotent realtion > n;e; = > mue;, where n; and m; are non-negative

integers. If M is a finite Op|G)-module, then there is a Or-module isomorphism

2

Py — ey,
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Here M = {z% | z € M}.
In particular, [T, |M%|™ =T, |M=|™.

Notation. For any real numbers a, b and any positive integer n, a =, b means that

a is equal to b up to the prime factors of n, i.e.,

a
_b. — :tp?l ...p?l
where p;|n and n; € Z for all i.

Lemma 7.2. If M is a finite G-module, and if ), nye(idy) =0, then
[Ipeops =g 1
H
Proof. See [25]. O
Definition 7.3. For any finite abelian group M, define
M = {z € M | the order of z is prime to |G|.}.
Note that M is a subgroup of M.

Lemma 7.4. Let idy € Z'(H, Auty(A)) be the trivial cocycle for a subgroup H of
G. Then
#II (Resyx (4)TE0D) = #1T1(4/L7).

Proof. From Definition 4.16 we have an induced map from H'(Gx, Resp#/x(A))
to H}(Gk, Resy x (A)) and we denote the restriction of this map on ﬁi(Res L5k (A))

by Uy. From Definition 4.17, we have an induced map from H! (Gk,Resp i (A)) to
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H'(Gk, Respu/k(A)) and we denote the restriction of this map on Iﬁ(ResL/K(A))

by \f;;; Now it is easy to check that
Image(\ff;;) C ﬁl(ResL/K(A)) and Image(ff;;{) - EI(RGSLH/K(A)).

Because $y o Uy = |H|, dyoly = |H|. Note that the map |H| is bijective on

fﬁ(ResL/K(A)). Then 5;1 is surjective and \ﬂ; is injective.

#HI(ResL/K(A)) (e(idn)) — #Z o ( RCSL/K(A)))

oc€EH

= #Ty 0y (fﬁ(RCSL/K(A)))
= #Uy ((Respn/x(4))
= #ITI(Resya/(4))
= #I0(4/L%)
The last equality comes from Theorem 5.3 (4). O
Lemma 7.5. Let x € Z*(H, Auty(A)) be a I-cocycle for a subgroup H of G. Then
#IT0 (Resy x (A)) 7€) = #ITM(AX/LH).

Proof. Using Lemma 4.21, the lemma follows by the same computation as in the

proof of Lemma 7.4. O

Theorem 7.6. Suppose that the Shafarevich-Tate groups are finite and there is an
idempotent relation Y . n;e(x,) = 0 withn; € Z. Assume that there is a finite subgroup
B in Auty(A4) containing | J; x,(H;) and stable under G. Let n=#B-[L: K|. Then

[ zm(ax /L%y =, 1.
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Proof. We can check very easily that the semi-direct product Y(B) x T(G) is a
finite subgroup of Autx(Resz/x(A)) of order n = #B-[L : K]. Now II(Resz;x(A))
is a finite T(B) x YT(G)-module. We have an idempotent relation ), n;Y(e(x;)) = 0.

From Lemma 7.2

11 (#ﬁ(ResL/K(A))T(E(X‘)))ni =, L.

z

Then the theorem follows from Lemma 7.5. O

7.2 Shafarevich—Tate groups in quadratic extensions

From now on we assume L/K is a quadratic extension of Galois group Gal(L/K)
and we fix 0 € Gx — G1. Let My be a complete set of places on K and let M be
a complete set of places on L. Denote Gal(L/K) by G and Gal(L,/K,) by Gy, for
w € M.

In this section, we will prove the following theorem. The proof is on page 59.

Theorem 7.7. Let AX denote the quadratic twist by the non—trivial character x of
G and A’ be the dual variety of A. Then

#II(A/K)#I(AYK) _ #8°(G, A'(L)#H'(G, A(L))
1T (A/L) #Fllwer, BH(Guw, A(Lw))

7.2.1 Computing #III(4/L)¢/#1(A/K)
Now we start with a natural commutative diagram (see [33]): for a place v € Mk,
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H'(Gx,4) —*—  HYGL,A)

! !

H!(Gk,, 4) 222 @ H(G1., ),
wEJl\/fL
where ¢ and ¢,, are the restriction maps in the Inflation-Restriction sequence. Note
that Ker(¢) = HY(G, A(L)), and Ker(¢,) = @D, H (Gw, A(Lw))-

With these kernels, we can construct the following commutative diagram:

0— HYG,AL) —— HYGk,4A) —2 ¢(H'(Gk,A)) =0

(1) | | |

0 P H (Gu, ALw)) — EDH! Gk, 4) 224 PH(GL., A).

Lemma 7.8.

P H'(Gw, A(Ly)) is finite.
weML

In particular, @ ,ep, H(Guw, A(Lw)) = [luenr, H (Guw, A(Lw))-

Proof. First, it is obvious that H}(G.,, A(L,)) is finite for w € M.

Define S; = {w € My | A has bad reduction at w, w is above 2, or w is an
infinite place.}. Note that Sy is a finite set. We will show that if w € Si, then
#HY Gy, A(Ly)) = 0.

If w & Sy, splits, this is obvious because G,, = 0.

Assume that w € My, is inert. Since A has good reduction at w, we have the

following exact sequence:
0 — A1(Ly) — A(Lw) — A(Lw) — 0,
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where £,, is the residue field of L,, (see [32]).
Note that 2 - H}(Gy, A1(Ly)) = 0 because #G,, = 2 (see Corollary 1 [30, p.130]).
The map 2 : HY(Gy, A1(Ly)) — HY(Gu, A1(Ly)) is an isomorphism because the

map 2 : A1(Ly) — A;(Ly) is an isomorphism. Therefore,
HY Gy, A1(Ly)) = 0.
With HY(Gal(£w/kw), A(%w)) = 0 for w & Sy (see [17] and [28, p.496)),

HY(G, A(Lw)) = 0.

Notation. Let M(? denote the 2-component of a torsion abelian group M.

By considering the 2—component of diagram (7.1), we have the following commu-

tative diagram:

0— HYG,A(L)) ——  HYGk,A)® —— ¢(HY Gk, A)?D =0

.| g g

0 P H(Gu, A(Ly)) — EPH'(Gk,, AP — PHGL,,A)?.
Notation. Let ¢ : H (G, A)¢ — H3*(G, A(L)) be the Transgression map.

Notation. Denote by Z; the map Coker(g;) — Coker(g>) in the above sequence.
Write Z,, for the inflation map H!(G,, A(L)) — H*(Gk,,A). Denote by R4 the

restriction on III(A/K) of the restriction map H!(Gg, A) — H}(Gy, A)C.
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Lemma 7.9.

(7.3) 0 — Ker(g;) — II(A/K)® — TI(A/L)¢ N Ker(p)®

— Coker(g,) — Z¢(Coker(g;)) — 0.

Proof. Note that Ker(gs) = II(4/L)¢ N¢(H(Gk, A))P = II1(A4/L)° NKer(p)?®
and Ker(gs) = II(A/K)®. Then the Kernel-Cokernel sequence of diagram (7.2)

becomes the sequence (7.3). O

Lemma 7.10.

#II(A/L)° NKer(p) _  #&B, H'(Gu, A(Lw))
#I(A/K) # HY(G, A(L))##Ic(Coker(a1))

Proof. From the sequence (7.3),
# Ker(g1) - #1(A/L)® N Ker(9)® - #Tc(Coker(g:)) = #IU(A/K)® - # Coker(gy).
By looking at g; in diagram (7.2), we have

#Ker(g)) - # @D H(Gu: A(Ly)) = #H'(G, A(L)) - # Coker(gy).

Therefore,

#II(A/L)° NKer(p) _ #I(A/L)° NKer(0)® _ #@, H(Cu, A(L))
#II(A/K) - #II(A/K)® ~ #HY(G, A(L))#Zc(Coker(g1))’

where the first equality holds because #m(iﬁzz;;;er(m is only a power of 2.

0
Notation. For an abelian group M, denote LiglM/ 2"M by M.
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Theorem 7.11 (Global Duality Theorem).

0 — II(4/K)® — H'(Gx, A)® = P H' Gk, 4)®
22, Hom(4'(K), Q/Z) — 0.
Proof. See [2]. O

Definition 7.12. Define N : A(L) — A(K) by N(P) = P + o(P) for P € A(L),

and let N : A(L) — A(K) denote the map induced by N, i.e., defined by
N{P+2"A(L)}) = {N(Pn) +2"A(K)},
for {P, +2"A(L)} € A(L).

Lemma 7.13.

0 —— Hom(H(G, A(L)), Q/Z) —2~ Hom(A(K), Q/Z) —— Hom(A(L), Q/Z).
In particular, the map N is injective.

Proof. For any n > 1,

ALy X AK) < — BYG,A(L) — 0

l ! H

A(L)/2"A(L) — A(K)/2"A(K) — BY(G,A(L)) —— 0

because 2"A(K) C N(A(L)). So we have the following exact sequence:

AL X AR) — H9G, A(L)) — o.
Now, by applying Hom(-, Q/Z), we have proved the lemma. O
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Theorem 7.14 (Local Duality Theorem). Let v € My be a place. Then there

exists a bilinear, non—degenerate pairing
( ? ) : HO(GKu7‘4) X HI(GK'U7‘4’) — Q/Z'
Proof. See [42] and [43]. O

Lemma 7.15.

HY(Gk,, A)? = Hom(A'(K,), Q/Z).

Proof. From Theorem 7.14, HY(Gk,, A)2n —torsion = Hom(A'(K,)/2"4'(K,), Q/Z).
Thus

H'(Gx,, A)? = lipH'(Gk,, A)2ntorsion = lim Hom(A'(K,)/2"4'(K,), Q/Z)
= Hom(lim A'(K,)/2"A'(K,), Q/Z) = Hom(A'(K,), Q/Z).

B
Lemma 7.16. Through the isomorphism in Lemma 7.15,
D H(Gw, AlLw)) = Hom(] | B*(Gu, 4'(Lw)), Q/2).

Proof. From Lemmas 7.13 and 7.15, we derive the following diagram:
0— H(Gy, A(Ly)) ——  HYGkg,,A)® —— HYG,,A)?

0 =Hom(H(Gy, A'(Ly)), Q/Z) — Hom(A'(K,), Q/Z) — Hom (A (L), Q/Z),
which is commutative (see [42]). Then

D (G, AlLu)) = (P Hom(H' (G, 4(L0)), Q/2)

== Hom(H HO (G'w: AI(Lw))a Q/Z)
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Lemma 7.17. Let g} : (G, A (L)) — [1, B%(Gu> A'(Lw)). Then

#H(G, A(L))
# Ker(gp)

Proof. First, #Zc(Coker(g1)) = #(h2 o @, Lw)(Dy, H'(Guw, A(Lw))) from the
diagram

#Tc(Coker(g)) =

D H (G, A(Ly) 225 @HI(GM,

w
surjectivel lh.g

Coker(g,) AN Hom(A'(K), Q/Z).
From Lemmas 7.15 and 7.16, we can naturally identify @, H}(Gy, A(Zy)) with

Hom([], H%(Gy, A'(L,)) and @, HY(Gk,, A)® with Hom([], A(K,), Q/Z).

Now, from the diagram

Hom([],, H(Guw» A'(Lw)), Q/Z) 2255 Hom([], A'(K,), Q/Z)

Hom(g:,,-)l lhz

Hom(H'(G,4'(1)).Q/Z) —2- Hom(A(K),Q/Z),

we obtain hy o D, I, = I o Hom(gp,-). Because 9N is injective (Lemma 7.13),

Tmage(hs o @, L) = #Image(Hom(gh, ).
Since # Coker(Hom(gg, -)) = # Ker(gp),

#T¢(Coker(g;)) = # Hom(gj, -) (Hom(] [ H°(Gw, 4'(Lw)), Q/Z))

_ #Hom(H(G, 4'(1)),Q/2)
" #Coker(Hom(gh, -))
_#H(G, A1)

~ #Ker(g)
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Theorem 7.18.

#I(A/L) _ #]1, H'(Guw, A(Lw))

FIA/K) ~ 200G, ADNE TG, AD) T oo IA/L))
Proof. From Lemmas 7.10 and 7.17,
#I0(A/L)¢ _ #II(A/L)®  #II(A/L)% NKer()
#UI(A/K)  #LI(A/L)NKer(p)  #I(A/K)
= totunay )0y EEALD L Rer()
= o(I1(4/2)°) e T (G 2L))

# HY(G, A(L))#Zc(Coker(g1))
— G #Hw H! (G, A(Ly)) # Ker(g{,)
= #e((A4/L)%) #HY(G,A(L)) #HY(G,A(L))

7.2.2 Computing #I1(A/K)/#(1 + o)III(A/L)

Theorem 7.19 (Cassels, Tate). There is a canonical pairing
II(A/K) x II(A'/K) — Q/Z,
which is non—degenerate if NI (A/K) is finite.

Proof. See [6] and [43]. O

Call this pairing Cassels pairing. Let (—, —), : III(A/K) x II(4'/K) — Q/Z
be the Cassels pairing for A/K, and let (—, ), : II(A/L) x II(A'/L) — Q/Z be
the Cassels pairing for A/L.

Now we want to introduce one description of Cassels pairing.

48



An element a € III(A/K) has a locally trivial principal homogeneous space C
over K. Let K be the algebraic closure of K, and let K(C) be the function field of

C ®x K. Then we have an exact sequence such that
0—EK —EK(C)* —Q—0.

From this exact sequence, there is a commutative diagram:

Br(K) —— H}Gg,E(C)X) —— HAGk,Q) —0

(74 | ! |

0— P Br(K.) — D H(G..K(0)") — D HYG,, Q).
vEMy vEMp vEMK
The exact sequence
0—Q —DivY(C®K) —Pic®(C®K) —0
gives us a cohomology sequence
H'(Gk,Div(C ® K)) — H}Gk,Pic®(C® K)) — H*(Gk,Q) — -+~
Since Pic?(C @ K) = Pic®(A ® K) = A', the sequence gives a map

(7.5) Transk : H(Gk, A') — H*(Gk, Q).

Choose an element b € II(A'/K). Then Transk(b) € H?*(Gk,Q) lifts to an
element of H%(Gg, K(C)*) in the diagram (7.4), and the image of this element in
D, B*(K,, K, (C)*) lifts to an element (c,) € @, Br(K,). Then

(@, b)x = > invy(c,) € Q/Z.
See [22, pp.98-99] for the details.
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Theorem 7.20. For a € III(A/K) and b € III(A'/L)

(a,Cores(b)) = (Ra(a),b),

where R4 denotes the restriction to IIL(A/K) of the restriction map H(Gg, A) —

HY(Gr, A)® and Cores denotes the corestriction map.

Proof. Let a € III(A/K). Then there is a locally trivial principal homogeneous
space C/K. For R4(a) € III(A/L), C/K is a corresponding locally trivial principal
homogeneous space. And K = L;. From the following commutative diagram

0 — K — KEC)* — Q@ — 0
| I |

0 — LY — Ly(C)* — @ — 0,

we can derive a commutative diagram:

Br (L GL > GL :
Cores Cores Cores
G K K G @) —0
®UEML ‘UGML GL,,’ v, s 'UEML GL,,’
Cores Cores Cores

@vGML BT(Kv) - ®UGML Hz(GKME(C)x) - ®‘U€ML H2(GK1/7 Q)

From the map (7.5), we have the commutative diagram
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Transy: HY{(Gp,A) —— H3(GL,Q)

Coresl l Cores

Transg : HI(GK,A) — Hz(GK,Q).
Let b € III(A’/L). Then Transy(b) lifts to an element u of H?(Gy, L,(C)*), and

the image of this in @ H2(G,, L, s(C)*) lifts to an element (c,) € € Br(L,). Now, for
each element we think of the image of Cores. Then we obtain the following diagram:
u Transg(b)

S

Cores(u)

— Cores(Trans (b))

(c) image of v in 0

Do, H*(GL,: Lo s(C)X)
\ 0 \ L

(Cores(¢;)) ————— image of doresgg)_ in
Drenr, H(Go, Ko (C)¥)

Then (R4(a),b), = >_inv,(c,) € Q/Z. From the commutativity of the corestric-

tion map at each step, we have
(., Cores(b)) = > _ inv,(Cores(c,)) = _ invy(cy)-
The last equality comes from [41]. Thus (a, Cores(b)); = (Ra(a),b);. O

Lemma 7.21. Let M and M' be finite abelian groups of the same order, and suppose

that there erists a bilinear, non-degenerate pairing
F':MxM — Q/Z.
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For any subgroup B, define B+ = {b € M' : T'(a,b) =0 for any a € B}. Then
#B#Bt = #M.
Proof. We have an isomorphism ® : B* — Hom(M/B,Q/Z) such that for
be Bt &(b)(a+ B) =TY{a,d) for any a € M. Then
#B* = #Hom(M/B,Q/Z) = #M/B = z—g
O

Lemma 7.22. Let R4 denote the restriction to III(A'/K) of the restriction map:
HY(Gk, A") — HY(Gp, A")C and let Cores, be the corestriction map: H* (G, A) —
HY(Gk, A). Then

# Ker(R 4 )# Cores4(II(A/L)) = #II(A/K).

Proof. Define Coress(III(A/L))* = {b € I(A'/K) | (a,b)g =0, forevery a€
Cores4(III(A/L)) }. Suppose that (Cores(III(A/L)),b), = 0, for b € II(A'/K).
Then (III(A/L),Ra(a));, = 0, so Ra(a) = 0 because Cassels pairing is non-
degenerate. Thus Coress(III(A/L))* C Ker(Rar). Ker(Ra/) C Coresy(III(A/L))*

is obvious. Therefore,
Ker(R ) = Cores(III(A/L))*.
From Lemma 7.21, this Lemma follows. O

Lemma 7.23.

# Cores4(III(A/L))
#(1+0)II(A/L)

where HI(A/L)X = {a € II(A/L) | o(a) = —a}.

= # Coresy (I.H (A/L)X)v
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Proof. Note that (R4 o Coress)(a) = (1 +0)(a) for a € III(A/L). By considering

a restriction of R4 to Cores(III(A/L)) we have the following sequence:
0 — Ker(R 4) N Cores4(III(A/L)) — Coresa(III(A/L)) — (1 +0o)(II(A/L)) — 0.
It is easy to show that Cores4(III(A/L)X) = Ker(a) N Cores4(IIT(A/L)). O

Lemma 7.24.

#II(4/K)

201 o)Ay — 7 coresa((A/L))# Ker(Rar).

Proof. From Lemmas 7.23 and 7.22,

#UI(A/K) _ #Coresy(II(A/L))  #II(A/K)

#(1+0)II(A/L)  #(1+0)I(A/L) # Coress(III(A/L))

(
= # Cores4(ILI(A/L)X) Z er&eli((‘%a/ L))

= # Cores 4 (III(A/L)*)# Ker(R /).

7.2.3 Connection between Transgression and Corestriction

Let C'(Gk, A) be the set of cochains.

7.1.3.1 Transgression
Remark 7.25. Recall that ¢ : H}(Gy, A)° — H%(G, A(L)) is the Transgression map.
Now, for any element z € H}(Gy, A)°, ¢(z) is defined by the following condition:

there are a cochain f € C'(Gg,A) and a 2-cocycle Y € Z%(G,A(L)) such that
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the restriction of f to Gy is a representing cocycle for z, df is the natural image
in Z?(Gg,A) of Y by inflation, and ¢(z) € H?(G, A(L)) is the element which is

determined by Y.

z € HY(GL, A)¢ +Z- fe CYGk, A)

! l

Y € 2%(G, A(L)) 255 df € Z2(Gx, A)
For more detail, see [11, p.129].

Lemma 7.26. Let f € Z?(Gg/GL, A(L)) be a 2-cocycle such that f(i:i, i~d) = 0.
Then
f(3,id) = £(id,5) = 0 and f(3,3)" = f(3,3)-
Proof. See [30, p.113]. O
Definition 7.27. Let €}(Gg, A) be a subset of C1(Gg, A) defined by the condition:

f € €Y Gk, A) if , for f € CY(Gg, A), there is P € A(K) such that f satisfies the

equation

f(n) +7f(m) ifrneGrormneGy
fnm) =
f(’l'l) -+ T]_f(’i"g) . lf Ty ¢ GL a.nd T2 € GL.
Notation. For n—cocycle f € Z"(H, B) we denote by [f] the cohomology class con-

taining f.

Lemma 7.28. For z € HY(Gy, A)®, there are a cochain f € € (Gk, A) and a 2-
cocycle Y € Z2(G, A(L)) such that

df = Inf(¥), [Y]=p(z) ond [flo,] = <.
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Proof. From Remark 7.25, there are f € C'(Gk, A) and Y € Z2(G, A(L)) such
that
df = Inf(Y), [¥] = o(z) and [flc,] = =.
The only thing we have to show hereis f € €}(Gg, A). Because f|g, € Z'(GL, A4),
df (m,7) =0 for 71,72 € Gr. Then Y(i?i, z‘\c’i) = 0. From Lemma, 7.26,

Y (5,id) = Y (id,5) = 0 and o(Y (5,5)) = Y (5, 5).

Write P = Y(5,6) € A(K). From the defintion of df [30, p.113], i.e., df (11, 72) =
nf(72) — f(nn) + f(n),

. 0 ifm € Gporm e Gy
nf(72) — f(nme) + f(n) = Inf(Y)(11,2) =
P ile QGL and T2 ¢GL

Therefore, f € € (Gg, A). O

Definition 7.29. Define § : H'(G, A)¢ — HY(Gk, AX) as the composition of the
following series of maps:

HY(Gy, A)° —2— H(G, A(L)) = BY(G, A(L)) 2 HY(G, AX(L)) 2L HY(Gg, A%).
Notation. Denote by J the map:A — AX defined over L such that

. id if TeG
I =
—id if 7 Q' G L-
Note that there exists J because AX is the quadratic twist of A (see Defintion 4.1 or

Remark 4.20).
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Lemma 7.30. Let z € H(Gy, A)€ be a 1-cohomology. Then F(z) € HY(Gk, AX) is

represented by a I-cocycle U € Z(Gk, A) defined by
UT)=0 i r€Gy and U(t)=3J(P) if 7€ Gy
where P = Y (G,0), which is defined in Lemma 7.28.

Proof. The image ¢(z) in ﬁO(G,A(L)) is represented by P = Y'(¢,5) which is
defined in Lemma 7.28. Then ¢(z) € H}(G, AX(L)) is represented by a 1l-cocycle
u € Z*(G, AX(L)) such that

o~

u(3) = J(P) and u(id) = 0.

The inflation map leads to the Lemma. 0O

7.1.3.2 Corestriction
Remark 7.31. Let X be a cocyle in Z}(Gy, A). Then with fixed ¢ € Gx — G, we
have Cores(X) € Z(Gg, A) such that

X(r)+0X(c7l70) T€Gy
Cores(X)(7) =
X(ro)+0cX(c77) 7€Gg—-Gy.
See [26, Theorem 3].

Notaticn. Write Cores4x for the corestriction map from H}(Gp, AX) to H}(Gg, AX).



Definition 7.32. Define & : H}(Gp, A)¢ — H!(Gk, AX) by the composition of the

following two maps:
H(G1, 4)° o2 H(Gy, A9 ST245 BY(Gr, 4¥),
where HY(G, AX)X = {z € H}(Gy, AX) | 0(z) = —z}.

Lemma 7.33. Let z € HY(Gyr, A)€ be a 1-cohomology. Then &(z) € H(Gg, AX) s
represented by a 1-cocycle U € Z*(Gk, A) defined by

U(t)=0 if 7€ Gy and U(r)=3J(P) if T € Gy,
where P = Y(7,0), which is defined in Lemma 7.28.

Proof. By Lemma 7.28, there are a cochain f € €(Gk, A) and a 2-cocycle

Y € Z%(G, A(L)) such that
df = Inf(Y), [Y] =¢(z) and [flg,]=z.
Now, if 7 € G,

&(fle,)(m) =3(f(7) + 03(f(c7'70)) = 3(f(r) — 0 f (07 "70))

Ifr iGL,

&(fle.)(m) = 3(f(r0)) + 03(f(07'7)) = 3(f(r0) — 0 f (07" 7))
= 3(f(o) + 7f(0) = P) = J(f(0)) — 73(f (o)) — 3(P)
=3(f(o) = P) = m3(f(0) — P) + 3(P).
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Proposition 7.34.
5= 6.

Proof. This is an immediate result of Lemmas 7.30 and 7.33. O
Theorem 7.35.
F#(II(A/L)) = # Coresax (ILI(AX/L)X).

Proof. From the definition of §, #¢(III(4/L)C) = #F(UI(4/L)°). From the
definition of §, # Coresax (III(AX/L)X) = #&(LI(A/L)C). Thus the theorem follows

from the previous proposition. O

7.2.4 Proof of Theorem 7.7

Lemma 7.36.

#II(AY/K)
#(1+o)I(Ax/L)

= # Cores 4x (ILI(AX/L)X)# Ker(R gx1)-
Proof. This is obvious from Lemma 7.24. O
Note that (1 + o)III(A4X/L) = (1 — o)I(A/L).
Lemma 7.37.
# Ker(R sx) = # Ker(gp)-

Proof. First, Ker(Rax) = Ker{H'(G, AX'(L)) — @D, H(Gw, AX'(Ly)}. Now
# Ker(gp) = #Ker{H'(G, AX'(L)) — @, H(Gw, AX'(Ly)} by the isomorphisms
HY(G, AX'(L)) 2 H(G, A’(L)) and HY(G,, AX'(Ly) = H(G,, A(Ly)). D

58



Proof of Theorem 7.7

#II(AX/K)

#UL(A/K)#I(AX/K) _ #II(A/K)#I(AY/K) _ #(1 - 0)I(A/L)
#1(A/L) #UI(A/L)°#(1 — o)II(A/L) #II(A/L)¢
#1I(A/K)

from Theorem 7.18 and Lemmas 7.36 and 7.37
# Cores 4x (ILIT(AX/L)X)# Ker(R ax’)

#11, B(G., A(L.)) ! R

TG TS mE A L))#Ke (96)#(LLI(A/L)C)

_ # Cores 4 (II(AX/LYX) # H°(G, A/(L))# HY(G, A(L))
T #p(I(A/L)) #I1, H(Gu, A(Lw))

from Theorem 7.35

_ #HG, A(L)#H(G, A(L)
#]L, B (Gu A(Ly))

7.3 Regulators in quadratic extension

In this section, we will prove the following theorem.

Theorem 7.38. Suppose that L/K is a quadratic extension. Let AX denote the
quadratic twist by the non-trivial character x of Gal(L/K) and A’ be the dual va-

riety of A. Then
R(A/K)R(AX/K) _ 1
R(4/L) #HY(G,A(L)#H'(G, AL)
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Notation. Write M, for the torsion subgroup of group M. Denote the quotient

group M/M; by Mj.

Lemma 7.39.

#H'(G.A(L) _ #4%(K);/(1+0)AX(L),
#H(GAD)  #AL)FAK),

Proof. From the following short exact sequence
0 — A(L): — A(L) — A(L); — 0,
we have the long exact sequence
0 — A(K); — A(K) — A(L)? —s HY(G, A(L);) —
— HY(G, A(L)) — HY(G, A(L);) — H*(G, A(L);) — H*(G, A(L)).
In the above sequence, the first three terms can be shortened so that
0 — A(L)§/A(K); — HYG,A(L)) — H'Y(G,A(L)) — -

We can show that the kernel of the map H%(G, A(L);) — H?(G, A(L)) is isomorphic
to AX(L)F/AX(K); by the following diagram:
H2(G, A(L);) —— H2(G,A(L))

0 — .—'1X(L)?/.4X(K)f —— HY(G, AX(L);) —— HX(G, AX(L)).
Thus we have the exact sequence
0 — A(L)$/A(K); — HY(G, A(L):) — HY(G, A(L))

— HYG, A(L)5) — AX(L)§/AX(K)f — 0.
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Then

#HY(G,A(L)) _ #H'(G, A( )s)
#HY(G, A(L)) #AL)F/AK)p - #AX(L)F /AX(K);
#AX(L)F /(1 + 0)AX(L);

FADG/AK); A DFAK);
_ $AE) /(0 +0)AX(L);

#AL)G/A(K)
0
Lemma 7.40.
gy ALy _,(0-0)Al)
A(L)? & A(L)}‘ 2.4(L)’f‘ ’

Proof. From the commutative diagram

0 — 0 —— ALY —  24(L)¥ —— 0

! ! !

0 — A(L)§ —— A(L); —= (1-0)A{L); — 0

by using the Kernel-Cokernel sequence, we have

0 — A(L)F — AL);/AD) (1 QZ();%L“ . 0.
Therefore,
A(L)s ~ (1 =0)A(L)s
AL @ ALY~ 24A(L)}
0

Remark 7.41. Through the map 3! : AX — A, we assume that AX(K) is a subgroup
of A(L).
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Remark 7.42.

A(L) B A(L); ALY , ALY
* ), & AT, ~ P AT 6 AT AR, AR,
A(L);

Notation. Denote # by Qr.

A(K); ® AX(K);y
Lemma 7.43.

#H(G. AL)  , _ orank(ax(x)
HHL(G, A(L),) Q=2 '

Proof. From Lemmas 7.39 and 7.40 and Remark 7.42 we can prove this lemma as

follows:
#H(G.AL) , AL
#HU(G, A(L),) " A(K); @ AX(K);
_#AE) A+ )AL, AL) L AWF, AL
#A(L)F [AK)s ADF @ AL)F" A(K); ™ AX(K)s
_ #AX(K)s/(L+0)AX( L)y , (1 = 0)A(L); 4 A(L)§ 4 A(L)}
#AL)F /AK)s 24(L)F T A(K); " AX(K)y
A(L)} AX(K); (1 +0)AX(L);

=R, s D,

ALY
SA(L)Y

X
2A(L)¥
= 2rank(.4(L)x) - 2rank(.4><(1\’)).
0

Definition 7.44. Let (-,-); : A(K) x A'(K) — R denote the canonical height
pairing on A(K) x A'(K), and let (-,-); : A(L) x A'(L) — R denote the canonical
height pairing on A(L) x A’(L).

Remark 7.45. Note that

(PQ)y=I[L:K]-(P,Q)g-
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for P € A(K) and Q € A'(K).

Lemma 7.46.

Q¢

2rank(A(L)) . R(A/K)R(AX/K)

R(A/L) ~ #HY(G, A(L))#H(G, A'(L),)

Proof. Let P, P,,--- , P, € A(K) be generators for the free part of A(K), and let

P[P, ---, P/ € A/(K) be generators for the free part of A’'(K). Let Q1, Q-,
1 2 d

Qs €

AX(K) be generators for the free part of AX(K), and let Q},@5.--- , Q. € AX(K) be

generators for the free part of A’X(K). Then

ldet((H, P;>K)15i,j5r

RA/E) = — A mea ),
) |det((Qi,Q§-)K)1giJss
RAE) = @ a @),

Let N be the subgroup of A(L) which is generated by {Py,--- , Pr, Q1,
Let N’ be the subgroup of A'(L) which is generated by {P],---,P., @,
Then

det <R.7 ]3.7’>L <-PZ7 Q;c)L
(@i, P}), (Qu:Q%)y

_ 1<3,j<r, 1<l,k<s
RA/L) = IMLAD '
PN TN
Note that (P, QL) = (Qu P]'>L =0, and
LA A(L)s 0. u
N #A(K)f o .AX(K)f#A(L)t = Q- #A(L):-
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Thus

RA/L) = idet(<PiaP_7{>L)ISi,j5r ' {det(<Qi,ij>L)l_<_i,j55
Qs - #A(L), Q- #A(L):
2rank(A(K)) . idet«Pi’ P_7{>K)1$i,j§r 2rank(Ax(K)) . ‘det((Qi, Q;)K)lsi,_jss
B Qs - #A(L); ' o #A(L),
— orank(A(L)) . R(A/K)#A(K)#A (K): R(AX/K)#AX(K)#AX(K):
Qs - #A(L): Q'y-#A(L), '
Therefore,
orank(A(L)) | R(A/K)R(AX/K) _ #A(L) #A'(L), 0,0,
R(A/L) #A(K)#AX(K) # A (K)#AX(K),
_ Qs Qs
#HY(G, A(L))#HY(G, A'(L),)’
#A(L): _ 1
because ZA(K) £ AN R), = ZHG, AL O
Proof of Theorem 7.38
From Lemmas 7.43, and 7.46,
. =0 1oy LA/ K)R(AX/K)
#H(G AL)#R(G, 4 (L) = s
_ al 1 angry BA/K)R(AX/K)
= #H'(C, ALFH(G, AL s
_ e GOL (G AL),) | 2 KL HIG, AX(L),)
B Qs Q;
. 1 . Qs ¢
2resk(AD) - £ HYG, A(L))# HY(G, A'(L):)

=1,

because rank(A’(K)) = rank(A(K)) and #HY(G, A*(L);) = # H}(G, A'(L)). O
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