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ABSTRACT

Dynamic characteristics of the wake behind a single gas bubble 
have been investigated in a liquid and liquid-solid suspensions. A 
visual study was conducted in a two-dimensional system via a video 
camera moving at the same speed as the bubble. Through the visualiza
tion the wake structure and the vortex behavior within the wake were 
examined. Wake dynamics was also studied theoretically based on an 
analogy between the bubble-wake rocking and a mechanical vibration.

The bubble wake was observed to consist of two fluid mechanically 
distinct regions: primary wake (near-wake) and secondary wake.
Vortices formed in the primary wake are shed periodically either from 
alternating sides or from both sides simultaneously, depending on the 
bubble size. The shedding frequency (the Strouhal number) was shown 
to be a function of the bubble Reynolds number but independent of 
particle properties. The primary wake size periodically varies in the 
form of a saw-tooth wave function.

The vortex properties, such as center trajectory, descent 
velocity with respect to the bubble, size variation, and shape defor
mation during the course of descent, were determined visually. Vortex 
behavior was found to be similar in both the liquid and liquid-solid 
media except the vortex life: shorter life in the liquid-solid suspen
sions than in the liquid. The trajectories of liquid elements and
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solid particles around the near-wake were strongly influenced by the 
presence of vortices. The deviation of solid particles from liquid 
flow path created particle concentration gradients in the near wake.

A mechanistic model which interrelates the frequency of vortex 
shedding and the size of the bubble wake has been developed based on 
secondary motion of a single bubble. In the model, the bubble and its 
primary wake are regarded as a single semi-rigid body steadily rocking 
at the vortex shedding frequency. The model was utilized to predict 
the wake size. Agreement between the predicted and the experimental 
values was favorable over a wide range of the bubble Reynolds number.

In this study the primary wake is identified, from a fluid 
mechanic point of view, as a localized region inherent to an in
dividual bubble and partially isolated from the surrounding medium. 
The results presented in this dissertation thus can be effectively 
used in the design of multiphase (multibubble) contacting systems.

xvi



CHAFFER 1

INTRODUCTION

SYNOPSIS
There are a variety of physical and chemical processes which 

involve multiphase contacting devices such aa bubble column reactors 
(gas-liquid), gas-solid fluidized beds, gas-slurry bubble columns, and 
gas-liquid-solid (three phase) fluidized beds. The hydrodynamics of 
these systems, upon which mass and heat transfer and solids mixing 
behavior are strongly dependent, is extremely complex and poorly 
understood.

The wake, which resides immediately behind a rising bubble and 
contains a certain proportion of fluid and solid, if any, plays an 
important role in the hydrodynamics of multiphase systems. In gas- 
liquid contacting systems the flow, or more specifically, velocity 
distribution in the wake region has been noted to control the 
diffusion/dispersion of gas molecules from bubbles into liquid media 
(Levich, 1962; Brigne.ll, 1974; Yabe and Kunii, 1978). In addition, 
the bubbles induce liquid agitation through the entrainment and ex
pelling of liquid wakes. The larger the wake, the more enhanced this 
liquid mixing (thus, the axial liquid dispersion) becomes.

1



Similarly, the wake has been recognized as one of the key factors 
responsible for solids mixing in gas-solid fluidized beds. Two out of 
the three mechanisms proposed for this phenomenon are due to the 
presence of the wake (Rowe et al., 1965; Gibilaro and Rowe, 1974; 
Naimer et al., 1982): solids are entrained in the bubble wakes from 
the bottom of the bed, carried to the top, dumped on the surface, and 
eventually circulating downward - solids circulation (WooHard and 
Potter, 1968); some solids are exchanged between the bubble wake and 
the surrounding emulsion phases during the rise of the bubbles - 
solids exchange (Sutherland, 1961; Rowe and Partridge, 1962; Chiba and 
Kobayashi, 1977). The role of the wake in solids mixing in other 
systems is also obvious; axial dispersion of solid particles in gas- 
slurry bubble columns (Dayan and Zalmanovich, 1982) and particle 
entrainment from gas-liquid-solid fluidized beds into the freeboard 
region (Page and Harrison, 1974).

In three phase fluidized beds the wake has been identified as the 
primary factor in explaining bed contraction upon the introduction of 
gas bubbles into liquid-solid fluidized beds (Stewart and Davidson, 
1964; Ostergaard, 1965; Rigby and Capes, 1970). The wake concept 
(e.g., Bhatia and Epstein, 1974) has provided an essential framework 
for a global treatment of the bed behavior; however, there is a 
general lack of fluid dynamic understanding of bubble flow and wake 
structure.

The ultimate design of practiced multiphase contacting devices 
cannot be realized unless one can account quantitatively for the 
above-mentioned hydrodynamic phenomena. In such systems bubbles rise



in swarms; nevertheless, the author believes that these complex 
phenomena can be systematically studied based cm the behavior of a 
8ingle bubble and its wake together with the bubble-bubble and/or 
bubble-wake interactions.

This study focuses on a fundamental description of wake structure 
of, or flow field behind, a single gas bubble in multiphase systems 
including gas-liquid systems and gas-liquid-solid fluidized systems. 
The main body of this dissertation consists of four chapters. All the 
chapters are presented in such a manner that each chapter is essen
tially self-contained: the reader should refer to the Introduction in 
individual chapters for more specific definitions of the problems and 
literature reviews.

Chapter 2 deals with the dynamic structures of the wake of a 
single gas bubble in liquid-solid fluidized media using a "two- 
dimensional" apparatus. The two-dimensional system was employed due 
to its convenience for flow visualization study, especially in the 
presence of high concentration of non-transparent solid particles, and 
as a "diagnostic tool" for the characterization of fundamental 
phenomena to be extended to a real, three-dimensional system. Hie 
primary objective is to understand and, possibly, to unify the physi
cal description of the structure of the near wake over a wide range of 
the bubble Reynolds number through varying the bubble size. Two 
specific topics are discussed: wake instability and wake size varia
tion.



Chapter 3 is devoted to the motion of individual vortices in the 
near Make of a single bubble in a two-dimensional liquid and liquid- 
solid fluidized media. The flow field around the near wake is 
characterized by the trajectories of the vortex center, liquid ele
ments and solid particles.

After studying the near-wake properties experimentally in 
Chapters 2 and 3, the bubble wake dynamics is treated theoretically in 
Chapter 4. A phenomenological model is proposed which accounts for a 
bubble-wake motion caused by vortex shedding from the primary wake. 
Time variations of size and shape of the primary wake are not incor
porated into the model; however, the periodicity of the wake phenomena 
(vortex shedding frequency) is utilized to predict the primary wake 
size, which is one of the most important parameters necessary for the 
quantitative treatment of three-phase fluidized bed behavior. 
Chapter 6 lists the conclusions and some recommendations for future 
study.

Before turning to the main discussions, the rest of this chapter 
is spared for the basic theories involved in the wake flow.

FLUID DYNAMICS OF WAKE FLOW
It goes without saying that all wake flow phenomena, however 

complex, cannot violate fundamental fluid dynamic laws. In the fol
lowing relevant fluid mechanic laws/theories and plausible flow models 
are discussed for mainly single phase (liquid) systems with or without 
boundaries of different phase(s).



As indicated in the forthcoming chapters, a circulating flow 
pattern in the near wake behind a bubble is an inherent characteristic 
prevailing in the wake flow, whether steady or unsteady. Ibis cir
culatory flow, or vortical motion, has its foundation on either of the 
following well-known theorems: Helmholtz’s theorem of vortex motion or 
Kelvin’s (Thomson’s) circulation theorem. The contents of both the 
theorems of Helmholtz and Kelvin are identical, coming from the 
dynamical equation of motion, although the former is derived for only 
ideal fluids and the latter includes compressible fluids. The 
theorems state , in an extended sense that the rate of change of cir
culation r associated with a closed curve always made up of the 
identical fluid elements is governed by the torques produced by all 
the forces acting in the fluid in the way:

Dt = " + }G'dr + f r 2u-d*' t1*1*

The first term on the right-hand side represents pressure torques. In 
most situations fluids are barotropic, i.e., of a single-valued 
pressure-density relation, leading to no circulation caused by pres
sure. The second term gives body-force torques, which are zero if the 
body force G is irrotational, or conservative. The centrally-directed 
forces like gravity fall into this category, while Coriolis forces and 
Lorentz forces are two important rotational body forces in oceano- 
atmospheric and magneto-hydrodynamic flows, respectively. The third 
term is the torques produced by viscous forces acting on the fluid 
elements.



Showing that the circulation around any inf ini test imal surface 
element /rLS moving with the fluid is equal to the flux of vorticity w 
through that surface (Karamcheti, 1966), i.e.,

and applying the following formula for the rate of change of outflow 
of u through any surface element moving with the fluid (see e.g., 
Somnerfeld (1950) for a proof)

for an incompressible fluid moving in an irrotational body force 
field. Equation (1.4) is known as the vorticity equation and can also 
be obtained directly by taking the curl of both sides of the equation 
of motion (Batchelor, 1967). In two-dimensional and axisyranetric 
flows, u is everywhere normal to the flow plane and orthogonal to Vu, 
respectively, leading to the term u.Vu being identically zero.

Now that we apply the above theorems to the wake flow behind 
bluff bodies. It is reasonable to assume that the fluids (continuous 
phase) in our systems are incompressible and only body force acting cm 
the systems is gravity (irrotational). Hie bodies we are dealing with 
are basically axisymmetric or two-dimensional. Therefore, our start
ing point in the following discussion is summarized in the 
mathematical form:

dT = w.ndS (1.2)

^(w.ndS) = [§{f " 7X (u Xw)] .rriS (1.3)

Equation (1.1) can be expressed in terms of was

(1.4)



That is, the flux of vorticity across a material surface element 
varies solely as a consequence of local diffusion of vorticity, by the 
action of viscosity.

We now describe the generation of vorticity/circulation from the 
boundary between the body and the fluid. When the fluid is set in a 
motion at t = 0 relative to the body, vorticity will be generated
along the boundary. ThiB fluid motion at t s 0 is inevitably irrota
tional in the interior of the fluid, since there was no vorticity at t 
< 0. Note that vorticity is neither created nor destroyed in the 
interior of a homogeneous fluid. Due to the no-slip condition, 
however small the viscosity may be, vorticity is concentrated at the 
boundary at the initial stage, forming a boundary layer along the 
boundary. This boundary layer separates from the bluff body at sharp 
edges if any, for example, at the rim of a spherical cap. Vorticity 
is spread from this separated sheet of vorticity, so-called free shear 
layer, into the irrotational fluid by the action of viscosity as 
stated by eq. (1.5).

At high Reynolds numbers, either convection is strong (through
the speed of the body being high) or diffusion is weak (through the
fluid viscosity being small). Thus, there is a region, ahead of and
to the side of the body, where the flow is approximately irrotational
all the time. In the region behind the body, however, the thickness

1/2of the free shear layer, which is proportional to (»t) , is no
longer small compared with the breadth of the body. If there is an



ultimate steady state attained, the diffusion of vorticity due to 
viscosity will result in a uniform distribution of vorticity within 
this region. At this limit, paradoxically, viscous forces have 
vanished altogether, leaving nothing to cause further charges int,
circulation (see eq. (1.1)). In addition, the difference in magnitude 
of the velocities outside and inside the region behind the body, or 
wake, - inner velocity being smaller than outer velocity - causes an 
eventual circulating flow pattern inside the wake.

Hie above fluid mechanic description leads to a simplification of 
the flow field around a bluff body, such as an ellipsoid or spherical 
cap, immersed in a uniform flow. Figure 1.1 gives such an idealized 
flow model for a steady state flow around a spherical-cap bubble. The 
flow model may be postulated to consist of: (1) irrotational flow of 
an ideal fluid (potential flow) outside the body and its wake, (2) 
invisid rotational flow inside the closed wake (a doublet of vortex 
cores in two-dimensional flow; a vortex core ring in three-dimensional 
axisymmetric flow), (3) thin boundary layer around the surface enclos
ing the body and its closed wake, and (4) "external and internal 
wakes" along the axis of symmetry. Within the internal wake there is 
no vorticity diffusion. Here the external and internal wakes result 
from the boundary layer, or free shear layer. Fluid elements dis
charged around the rear stagnation point of the closed wake from the 
interior boundary layer will move upwards in the internal wake to 
reenter the boundary layer along the base of the body. Fluid from the 
exterior boundary layer will move downwards and leave the closed wake 
region for the far wake. A similar flow model was proposed by Harpar
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and Moore <1968) for a spherical liquid drop moving at high Reynolds 
nunber in another liquid of comparable density and viscosity. Some 
other details shown in the figure is explained in the coming chapters.

The unsteady wake flow, accompanied by vortex shedding, is dis
cussed in the next chapter.



CHAPTER 2

NEAR-HAKE STRUCTURE: VORTEX SHEDDING AND MAKE SIZE

ABSTRACT
The fluid mechanic behavior of a single gas bubble and its wake 

in a two-dimensional liquid-solid fluidized bed was examined visually 
via a video camera moving at the same speed as the bubble. Hie bubble 
wake was observed to consist of two regions: primary wake (near-wake) 
and secondary wake. Wake formation-shedding mechanisms were il
lustrated for both symmetric and asymmetric shedding modes. Hie 
shedding frequency, expressed in terms of the Strouhal nunber, was 
shown to be a function of the Reynolds number but independent of 
particle properties. Hie boundaries between the primary and secondary 
wakes were qualitatively identified for several wake structures. Hie 
primary wake size periodically varies in the form of a saw-tooth wave 
function, while the liquid wake exhibits no appreciable cyclic varia
tion in size.

11
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INTRODUCTION
Gas-liquid-solid fluid!zation has been utilized in chemical, 

petrochemical and biochemical processing due, in part, to its inherent 
particle mixing characteristics. Among the mechanisms responsible fox* 
solids mixing is solids exchange between the bubble wake and the 
liquid-solid fluidized region. This mechanism predominates when the 
bubble size is large, which can be realized at low liquid flow rate, 
or in the coalesced bubble regime (Muroyama and Fan, 1985).

The role of the bubble wake has been recognized as the key factor 
in explaining various phenomena occurring in three-phase fluidized 
beds such as solids mixing, particle entrainment into the freeboard 
(Page and Harrison, 1974) and bed contraction upon the introduction of 
gas bubbles into liquid-solid fluidized beds (Stewart and Davidson, 
1964; Ostergaard, 1965; Rigby and Capes, 1970). Die wake concept 
(e.g., Bhatia and Epstein, 1974) has provided an essential framework 
for a global treatment of the bed behavior; however, there is a 
general lack of fluid dynamic understanding of bubble wake structure 
in liquid-solid suspensions. Information on bubble wake structure is 
mostly limited to two-phase systems, i.e., gas-liquid systems.

For gas-liquid systems, the nature and geometry of the wake have 
been extensively studied for large spherical-cap bubbles or circular- 
cap bubbles in two-dimensional systems. The wake geometry in these 
systems, however, has long been disputed and historically grouped into 
three types: (1) closed laminar/toroidal wake, (2) closed turbulent 
wake, and (3) open turbulent wake (Coppus et al., 1977). Closed
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laminar/toroidal wakes have been observed behind large spherical -cap 
bubbles rising in viscous liquids or behind circular-cap bubbles (see 
Fig. 1.1). Hie closed laminar wake is hydrodynamically stable, con
sists of a well-defined boundary and a toroidal vortex ring , inside, 
and exchanges no liquid with the external flow (Coppus et al., 1977; 
Bhaga and Weber, 1981). Stability is due to high liquid viscosity or 
wall effects. Keeping the bubble volume constant and decreasing 
viscosity, or increasing the bubble Reynolds number, Bhaga and Weber 
(1981) demonstrated that the flow in the wake becomes less stable and 
starts shedding vortices (transition to the open wake). For circular- 
cap bubbles rising between two flat plates, the wake appears to be 
more stable than that behind the three-dimensional bubbles. Using a 
6.4 nan thick apparatus, Collins (1965b) showed the wake to be closed 
and to consist of a large stable vortex pair. Hie Reynolds number

4based on the bubble radius of curvature was as high as 2.5 X 10 . At 
the same Reynolds number range, on the other hand, Crabtree and 
Bridgwater (1967) found considerable wake shedding. In their experi
ment they used a vessel of thicker gap (12.7 nan). Accordingly, the 
thinner the gap between the plates of a two-dimensional apparatus is, 
the more stabilized the wake flow becomes.

Turbulent wakes have been observed behind large bubbles rising in 
less viscous liquids. There have been controversial arguments among 
the researchers (e.g., Maxworthy, 1967; Wegener and Parlange, 1973; 
Hills, 1975; Coppus et al., 1977) regarding the geometry of the tur
bulent wakes; i.e., whether they are closed or open. A closed 
turbulent wake was first visualized by Davies and Taylor (1950)
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applying flash shadow photography to a large spherioal-cap bubble 
rising in nitrobenzene. The optical anisotropy of the liquid under 
shear allowed a closed region of high shear, thus high turbulence, to 
be clearly shown immediately behind the bubble. The wake boundary 
approximately completed a sphere tut no detailed flow pattern inside 
the wake was visible. Care should be exercised, however, when inter
preting this result. As pointed out by Maxworthy (1967) and supported 
by Wegener and Parlange (1973), a turbulent wake cannot be confined to 
a completely closed region due to the momentun defect in the liquid 
following the piassage of the bubble: the bubble must experience a
finite drag.

Accordingly, an opon geometry app>ears to be more reasonable for 
describing turbulent wakes. Employing schlieren photography, Wegener 
and Parlange (1973) showed that the wakes extended far downstream from 
the bubbles at the Reynolds number based on equivalent spherical 
bubble diameter (Ree) greater than 3000. In their photographs the 
flow inside the wake appears to be chaotic and no circulatory flow 
pnttems are recognized. However, they indicated that there should 
exist a vortical motion within the near wake, based on the motion of 
small satellite bubbles. In addition, it is p»ssible for the fine 
detail of the schlieren technique to obscure the large scale flow 
pjattems, as puinted out by Hills (1975).

The word "turbulent" thus may be misleading as an expression of 
the wake nature at higher Reynolds numbers, if it indicates totally

4"chaotic" motion inside the wake. Increasing the Re up to 1.5 X 10 ,e
Coppus et al. (1977) still found an enclosed region immediately behind
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the bubble, in which a broad circulatory flow pattern was identified, 
although less stable and rather irregular. This near-wake region was 
followed by a vortex street extending far behind the bubble. Even at 
a lower Reynolds number (Re@ =56), Slaughter and Wraith (1968) ob
served a streaming tail extending along the bubble rise path below a 
toroidal vortex travelling with the bubble. This structure was 
revealed by intensifying the optical effect with a shadow-graph tech
nique in an 87% wt/wt aqueous glycerol solution.

Bubble behavior in gas-liquid-solid fluidized beds of small, 
light particles resembles that observed in viscous liquids (Stewart 
and Davidson, 1964; Ostergaard, 1973). However, no systematic studies 
on the wake structure in three-phase fluidization have appeared in the 
literature since Rigby and Capes’ (1970) first introduction of the 
dynamic nature of the wake, or vortex shedding, in explaining the bed 
contraction phenomenon.

The present chapter focuses on a fundamental description of wake 
structure of, or flow field behind, a single bubble in gas-liquid- 
solid fluidized systems. The dynamic nature of the bubble wake, which 
was visualized through a two-dimensional fluidized bed and a video 
camera moving upward at the same speed as the bubble, is presented.

EXPERIMENTAL
Visualization of the dynamic structure of the bubble wake was 

achieved by monitoring a rising bubble with a video camera which moved 
vertically at the same speed as the bubble. Using this technique the 
bubble remained in the center of the screen throughout its rise. A
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schematic diagram of the experimental system is depicted in Fig. 2.1. 
The two-dimensional Plexiglas column is of 104 cm height, 40.6 cm. 
width and 0.8 cm nominal gap thickness. The hydrostatic deflection of 
the column plates is minimized fay clamping with three sets of lateral, 
U-shape Plexiglas channels with square bottoms and 6.4 cm height. 
Liquid distribution is achieved through four inlet valves and four 
compartments of 12.7 cm high, 1.9 can thick packed beds of three 
layers; 3 ran lead shot, 2.3 ran alunina particles and 774 Mm glass 
beads. The fluidized particles are supported on a 200-mesh wire 
cloth. Single gas bubbles are injected through a 0.64 ran o.d. nozzle, 
which is flush-mounted on the rear wall 10 cm above the liquid dis
tributor. The bubble size is readily controlled by altering the gas 
delivery pressure and/or the opening time of a solenoid valve, which 
can be preset at desirable values. With this method single bubbles 
are quickly injected without any satellites.

A variable speed vertical bubble tracking systen was constructed. 
The set-up consists of four parallel vertical stainless ground shafts 
(2.54 cm o.d.) with two ball bushing bearings on each shaft (Thomson 
Industries, Inc.), a DC motor (90 V, 1/2 HP maximum) with an SCR speed 
controller (Dayton Electric Manufacturing Co.), and sprockets and a 
chain which transform the rotational motion to the vertical. The 
bearing system ensures smooth linear motion, which carries the video 
camera (Panasonic WV-1800). Since the bubble rises at an almost 
constant velocity, the bubble can be roughly tracked by setting the DC 
motor input voltage at the predetermined value for each bubble. A 
fine adjustment is made manually during the bubble rise in order to
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keep the bubble at the fixed position on the screen. Micro-switches 
are used to synchronize the bubble injection timing with the camera 
location during its initial rise and to terminate the camera rise as 
it reaches the top of the column. The signal from the camera is 
monitored via a video recorder (Sony VO-5800 U-matic). Recorded data 
are either directly photographed or traced field by field from the 
screen and are analyzed using a digitizer (Houston Instrument TG-1017) 
for the measurements of relevant coordinates, lengths, and areas.

Nitrogen, tap water and four different types of spherical par
ticles were used in the experiments. The physical properties of the 
particles are listed in Table 2.1. Hie bed expansion ratio was kept 
constant for each bed material in the range between 1.4 and 2.0. Some 
runs were performed in the absence of piarticles there the liquid flow 
around a bubble was visualized by hydrogen bubble tracers. A thin 
(nominally about 0.05 cm) wire of tungsten was used as the cathode, 
which extended horizontally across the long axis of the column just 
above the liquid distributor, to generate fine hydrogen bubbles. 
Since the measured rise velocities of hydrogen bubbles were much 

• smaller than the subject bubble rise velocity, usually by three orders 
of magnitude, hydrogen bubbles were assumed to reasonably represent 
the liquid flow. Those runs serve as a basis for elucidating the 
effects of the presence of solid particles on the bubble wake struc
ture.



Table 2.1. Physical Properties of Spherical Particles

Type of Particle Notation
Average
Diameter

[ran]
Density 
[g/cm ]

Terminal
Velocity
[cm/s]

Glass Bead GB460 0.460 2.50 6.73
Glass Bead GB774 0.774 2.50 11.9
Activated Carbon AC778 0.778 1.509* 5.69
Acetate Ball ATI500 1.50 1.252 6.99

ttSand SD775 0.775 2.45 11.6

3* Wet density: Dry density is 0.91 g/cm . 
** Rigby and Capes (1970).
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RESULTS AND DISCUSSION
A. Bubble Shape and Rise Velocity

Bubbles in motion are generally classified by shape as spherical, 
oblate ellipsoidal and spherical-cap (in three dimensions) with the 
actual shape depending upon the relative magnitudes of the dominant 
forces acting on the bubble, such as surface tension or inertial 
forces. Although the bubbles in the size range covered in the present 
study underwent marked shape oscillations, the bubble shape was repre
sented by an average shape over several cycles of oscillations. 
Figure 2.2 shows the aspect ratio (maximum height/maximum breadth) of 
single bubbles as a function of the bubble breadth. Hereafter the 
bubble breadth will be used as a characteristic length based on the 
following discussion.

The wake size is not controlled by the equivalent circular bubble 
diameter but by the distance between the separation points at both 
sides of the bubble. At higher Reynolds numbers, bubbles are of 
oblate shape such as elliptical and/or circular-cap. The separation 
points are rather fixed at both edges - the portions of the bubble 
surface with the sharpest curvature. Thus, the characteristic length 
governing the wake phenomena should be the actual distance from edge 
to edge, i.e., the bubble breadth.

The aspect ratio decreased with increasing bubble size and ap
proached an asymptotic value of about 0.32 in the circular-cap regime. 
The corresponding value for three-dimensional spherical-cap bubbles is 
known to be around 0.24. No systematic effects of particle
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properties were observed an the bubble shape over the particle size 
and density ranges investigated in the present study (see Table 2.1).

In order to compare the two-dimensional data obtained in the 
present work with the existing three-dimensional results from the 
literature, the bubble breadth was related, based on the present 
data, to the equivalent bubble diameter, which has been conventionally 
used as a characteristic length in almost all the literature (e.g., 
Tadaki and Maeda, 1961; Wellek et al.,1966; Calderbank, 1967; Clift et 
al., 1978). The relation is given by

b = 1.72 d ‘ (two-dimensioned., 0.35 < d < 2.0 cm) (2.1)
G  6

f
with a ±8.9% average error. This simple correlation was employed 
since only water was used in the present study and the bubble rise 
velocity was later found to be a function of the bubble size. A 
similar relation was proposed by Uno and Kintner (1956) for three- 
dimensional bubbles rising in liquids of viscosity less than 10 cP. 
From their graphical correlation the corresponding parameters can be 
read as 1.56 and 1.1$ respectively for 0.08 < de < 1.6 cm. The exist
ing three-dimensional data or correlations are thus plotted in 
Fig. 2.2 against the upper abscissa (d@). Notice that both two- and 
three-dimensional aspect ratios fall in the same range, especially for
d > 1.0 cm. e

- The bubble rise velocity is plotted against the bubble breadth in 
Fig. 2.3. Although the rise velocity was primarily a function of the 
bubble size, there were noticeable influences of particle properties. 
To correlate the results the Mendelson equation (Mendelson, 1967),
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which was derived based cm a wave analogy, was chosen as the starting 
point, for it has been proved to be applicable to three-dimensional 
bubbles of intermediate (dg > 1.3 ran in pure water) to large size 
(Calderbank et al., 1970; Clift et al., 1978). The equation has two 
competing terms, surface tension and inertial force terms, and was 
assumed to have the same proportionality in two dimensions. The 
equation derived for two-dimensional bubbles by Maneri and Mendelson 
(1968), although having the same formula, overestimated the surface 
tension term and thus was not employed in the present study. The 
final correlation is given in terms of de by

= f(dp)Vg(dp,ps)/de + de (2.2)
where

f(d ) = 18.1 + 0.0258d“1,43 (2.2a)
P P n ^iq i 17*<dp,p8) = 0.294 - O ^ l d p ^ n ^ - P j J / p j ] 1,1' (2.2b)

with a ±2.5% average error. The range of applicability is: 0.046 < dp
< 0.15 can; 1.25 < pg < 2.50 g/cm3; and 1.4 < H/Hq < 2.0 (0.57 < e <
0.70). Here H/Hq gives the bed expansion ratio. Note that both
coefficients are reduced to those for pure water as d and p approach

P 8
zero and pg, respectively. The value of proportional constant for 
pure water, 18.1, was selected based on the ratio of two-dimensional 
rise velocity to three-dimensional velocity for large bubbles. It was 
also taken into account that the bubbles in the present study were 
more closely approximated by elliptical caps than circular caps, 
especially around the edge region and that the elliptical cap rises 9%
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faster than the circular cap of the identical size (Hills, 1975). The 
9% discrepancy was observed by Collins (1965a) and Grace and Harrison 
(1967) and demonstrated in Fig. 2.3 employing the Maneri-Mendelson 
equation (Maneri and Mendelson, 1968) for large bubbles where the 
surface tension effect is negligible. As shown in the figure, the 
relative bubble rise velocities in the two-dimensional water-solid 
fluidized beds have the same order of magnitude as those in two- 
dimensional pure water except for smaller bubble size.

B. Wake Nature and Geometry
As indicated in the Introduction in this chapter, the bubble wake

may not be completely turbulent except at extremely high Reynolds
5numbers (greater than 10 based on liquid viscosity). In gas-liquid- 

solid fluidized beds, the Reynolds number is moderately high and some 
disturbances in the flow field exist due to the solid particles and 
bulk flow; consequently, the wake structure falls between the two 
extremes of closed laminar and open turbulent. Hie wake structure can 
be considered to consist of a primary wake which moves in close as
sociation with the bubble and a secondary wake which includes a free 
shear layer and vortices shed from the primary wake. The primary wake 
is an enclosed region immediately behind and travelling with the 
bubble in which broad although irregular circulatory flow patterns can 
be identified. The secondary wake, on the other hand, has an open 
structure and can be a streaming tail extending along the bubble rise 
path below the primary wake at lower Reynolds numbers or a vortex 
street extending far behind the bubble at higher Reynolds numbers. In



26
addition» the secondary wake may include the drift effect induced by a 
passing bubble.

Figures 2.4(a) and 2.4(b) show a photograph of a relatively large 
two-dimensional nitrogen bubble rising in stagnant water at Re^ = 8150 
and its wake visualized through hydrogen bubble tracers and a 
schematic interpretation of the wake flow, respectively. It can be 
seen that the bubble wake consists of two regions. The primary wake, 
or near-wake region, includes two vortices, one of which is repre
sented by a well-established circulation (left-hand side) and the 
other being formed. The slightly deformed vortex seen below is iso
lated by streams of the external flow across the wake from left to 
right. This vortex is considered outside the primary wake. A similar 
wake structure was observed for a two-dimensional nitrogen bubble of 
the same size rising through a water-774 Um glass bead fluidized bed 
as shown in Figs 2.5(a) and 2.5(b). Again, the distinctive dual-wake 
structure can be clearly seen. Also seen in this case is the con
centration gradient of solid particles in the wake: lower solids 
concentration regions were observed immediately beneath the bubble 
base and around the vortex center; higher concentration regions around 
the vortices, especially in the regions where two vortices interact.

C. Wake Formation-Shedding Mechanisms
The most important fluid dynamic characteristic of the wake is 

probably its instability. Initially, the wake consists of a closed 
laminar region of a toroidal vortex ring (main portion) and a narrow 
tail following it. As the bubble accelerates and the wake grows in
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size by continuously accumulating material from outside the wake, the 
symmetry of this flow will be perturbed and eventually some wake 
material will be discharged.

Wake shedding phenomena have been observed over a wide range of 
bubble flow. Any bubble which experiences secondary motion is 
suspected to shed its wake. The bubble shape may vary from an ellip
soid to a spherical-cap. The critical Ree for the onset of wake 
shedding is reported as low as 100-110 for gas-liquid systems (Wegener 
and Parlange, 1973; Bhaga and Weber, 1981).

The nature of wake shedding is closely interrelated to the type 
of path followed by the bubbles. For instance, the periodic nature of 
asymmetric wake shedding is no doubt the cause of a zig-zag path in 
bubble motion or bubble rocking. Asymmetric shedding of a vortex from 
one side takes place as the inherently symmetric nature of the flow 
around small bubbles or bubbles in viscous media is disturbed when the 
Reynolds number increases. Subsequently, vortices are shed peri
odically from alternating sides. Although different in the degree of 
wake instability, two-dimensional wakes are considered to represent or 
at least approximate the projection, or cross section, of three- 
dimensional wake configurations.

Mechanisms of wake formation and shedding can be described based 
on localized fluid dynamic properties of the flow field around a 
rising bubble. As shown in Fig. 2.6(a) where the sketches represent 
the observations made in the present study, the formation of vortices 
in the near wake region originates from the separation of the external 
potential flow at the bubble edge. The separation of the flow induces
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the generation of vorticity at the separation points, which is fol
lowed by the conveyance of vorticity along the free shear layer. ■ This 
free shear layer, or vortex sheet, tends to roll up into a spiral form 
due to differences in the characteristic velocities between the outer 
and inner boundaries of the shear layer. Thus the rate of increase in 
the strength of the vorticity shed from the bubble edge can be ap
proximated (Fage and Johansen, 1927; Sarpkaya, 1975; Kiya and Arie, 
1977) by

dr _ 1 , 2 2 . 1  2 /0
dt ” 2 out uin 2 Uout

The rolled up vortex sheet will eventually form a circular-cross
sectioned vortex. At this stage, the vortex is still attached to the 
bubble edge via the shear layer and grows as vorticity is continuously 
supplied through the shear layer. The vortex continues to grow until 
it becomes strong enough to draw the external flow and opposite shear 
layer across the wake. When this happens, oppositely-signed vorticity 
of sufficient concentration cuts off further supply of vorticity to 
the vortex and the vortex ceases to increase in strength and starts 
detaching from the bubble. At this moment the vortex is said to be 
shed. A very similar description was given by Gerrard (1966) on the 
basic mechanism controlling the frequency of vortex shedding from 
bluff bodies. The cut-off stream divides the near wake, or what 
Gerrard (1966) called the formation region, from the shed viscous- 
decaying vortex. The roll-up of the vortex sheet through the cut-off 
of the vorticity supply constitutes one cycle of the vortex formation- 
shedding process.
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Parallel shedding may take place if the above process proceeds 

almost simultaneously from both edges. Most likely, however, parallel 
shedding occurs when the vortex sheets become unstable before forming 
well-established spiral/circulation flow patterns or even before 
rolling up. This is the case for large circular-cap bubbles.

The form of instability induced along a shear layer, or velocity 
discontinuity in a homogeneous fluid, is known as Helmholtz or 
Rayleigh instability. Snploying a simple sinusoidal wave form at the 
interface along the shear layer y = t)(x,t):

»l(x,t) = A exp[~^(x - Kt)] (2.4)

and knowing (Currie, 1974, p. 213)

u , + u. u . - u.v - out in . . out in /0K — g t

we can easily deduce that the shear layer is unstable; the interfacial 
wave will exponentially grow with time. Here A is the amplitude, X is 
the wavelength, x is the flow direction, t is the time, and K is a 
measure of the sheet strength. As argued by Saffman and Baker (1979), 
the vortex sheet in an unsteady flow stretches/shrinks in length 
resulting in its strength being decreased/increased according to 
Kelvin’s theorem (the conservation of circulation). In addition, this 
local variation in length corresponds to the same rate of 
increase/decrease in the wavelength of a disturbance. Now, based on 
eqs (2.4) and (2.5), the more compressed the sheet (i.e., the stronger 
the sheet and the shorter the wave), the more destabilized it tends to
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be. The instability is also promoted by external disturbances due to 
the turbulence in the bulk flow.

The local stretching/shrinking of the vortex sheet as well as 
diffusion and dissipation of vorticity by the action of viscosity 
eventually breaks up the deforming sheet, leading to blobs of vor
ticity being shed from the bubble edge. A formation-shedding process 
of this kind is depicted schematically in Fig. 2.6(b). The occurrence 
of this vorticity-blob discharge on one side should affect neither the 
other side discharge nor the bubble motion appreciably because the 
shed vorticity blob is weak in "hydrodynamic" forces, or of small 
momentum, and does not invade into the interior of the near wake. 
Vorticity-blob discharge only causes the dilations of the bubble edge 
and not systematic alternative shedding. Hie discharged vorticity 
blobs from both edges may later organize themselves into a large-scale 
vortical motion since each of than possesses a unique sign of vor
ticity. The "organized" vorticity blobs at both sides now draw the 
external flows into the wake: sane fluid elements are spouted towards 
the bubble base while others from each side collide around the wake 
centerline leaving a chaotic turbulent region.

D. Vortex Shedding Frequency
Shedding frequency of an indivisual vortex, represented by the 

Strouhal number, Sr̂ , is plotted against Re^ (based on water 
viscosity) in Fig. 2.7 for the particles listed in Table 2.1. Each 
data point represents the average for bubbles of identical size range 
(see Appendix A for the sumnary of the bubble properties averaged over
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each bubble size range). Also included in the figure are the results 
of Rigby and Capes (1970) and Lindt (1971). The range of data in
cludes elliptical bubbles with a zig-zag motion to circular-oaps in a 
rectilinear path with rocking as well as base oscillations. Periodic, 
alternate shedding of vortices was observed at low Re^ (< 3500) and
the Sr^ was uniquely defined and monotonically (linearly in log-log 
scale) increased for each particle. At higher Rê , shedding occurred 
rather irregularly. Careful observations, however, revealed co
existence of alternate and parallel shedding modes. The parallel 
shedding mode gives higher shedding frequencies. Accordingly, bubble 
motion could not be clearly defined; both rocking and base oscilla
tions occurred for a single bubble during its rise.

Essentially no appreciable effects of particles on the Sr^ were 
observed; however, the largest particles (1.5 nan acetate) gave 
slightly smaller values at high Rê . Furthermore, Sr^ evaluated 
indirectly from the bubble rocking frequency in the freeboard region 
over a water-acetete particle fluidized bed equaled those evaluated in 
the bed. Since the freeboard can be considered as a gas-liquid sys
tem, this suggests that, in this case, the presence of particles does 
not significantly alter the shedding frequency. Sr^ evaluated by 
Lindt (1971) for single bubbles rising in stationary water were, 
however, a little smaller, by a factor of approximately 1/3, although 
with the same trend. This could be attributed to the nature of the 
surroundings: all the systems besides Lindt's (1971) were disturbed by 
the liquid flow, which may have destabilized the wake flow ap
preciably.
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Die Si^ was thus uniquely correlated with Re^ for each shedding 

mode as

-1  09l/(2420RebA,u +̂ 0.776) (alternate) (2.6a)
b 1/(981Re^° * 888+ 0.425) (parallel) (2.6b)

where the empirical parameters were evaluated employing a nonlinear
regression (Powell method, Powell, 1964; also see Beveridge and
Schechter, 1970). Note that the correlated values of Sr^ were not
sensitive to the values of these parameters. The applicable Re^ is

4between 800 and 10 . Other conditions are the same as for eq. (2.2).

E. Wake Boundaries and Sizes
The size of the primary wake can be estimated due to its periodic 

nature; however, defining the boundary between the primary and the 
secondary wake, which extends far downstream, is difficult and some
what arbitrary. The complicated hydrodynamic flow fields surrounding 
the bubble often lack a clear boundary between the primary and secon
dary wakes. The following represents qualitatively identified 
boundaries between the primary and secondary wakes (two-dimensional 
projection) for several important representative wake structures.

For steady flows, the primary wake observed for large bubbles in 
a viscous medium or at low Reynolds numbers (Re < 110) is laminar andC
closed as shown in Figs 2.8(a) and 2.8(b). This type of primary wake,' 
as shown enclosed by dotted lines and shaded inside, consists mostly 
of a well-developed toroidal vortex ring (three-dimensional) and a
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stagnation region near the rear stagnation point. Depending upon the 
Reynolds number and/or Make stability, this stagnant region may have 
negligible volume (Fig. 2.8(a)) as reported by Collins (1965b) or a 
non-negligible volume in a cusp shape (Fig. 2.8(b)) as claimed by 
Batchelor (1956) and Bessler (1984). The shape and size of the bound
ary is invariant with time. Note that in both gas-liquid and gas- 
liquid-solid systems such a primary wake has also been observed during 
the initial stable growth period of the wake before the symmetry of 
the wake flow is disturbed; consequently, this type of structure 
precedes the non-steady structures which develop after the initial 
stable growth period.

At higher Reynolds numbers for intermediate to large bubbles in 
liquids and/or liquid suspensions with low inertia solid particles, 
the wake flow is unsteady but has steady (cyclic) vortex shedding; 
Fig. 2.8(c) depicts a representative primary wake boundary for this 
case. The vortices generated in, the near wake region are well 
developed before leaving the primary wake. The shedding scheme is the 
asymmetric alternate mode discussed previously. Thus, the primary 
wake boundary is marked by the cut-off stream which crosses the wake 
center axis from one side of the free shear layer to the other. The 
shape and size of the boundary vary periodically due to vortex shed
ding; the minimum size occurs at the moment of vortex shedding from 
one side, the maximum size occurs just before shedding.

Over this same Reynolds number range, but for larger inertia 
particles, the wake flow is still asymmetric shedding and the shed 
material has large-scale vortical motion. However, there is a region



40
of chaotic turbulence about the wake center axis in addition to the 
stagnant turbulent layer directly behind the bubble as shown in Fig. 
2.8(d). This region may result from either the high inertia solid 
particles deviating from the liquid flow pattern and being expelled 
from the vortex region to the central wake region or the turbulent 
shear layers being dragged into the interior. Consequently, the 
primary wake is said to be "open" since it cannot be distinguished 
from the adjacent secondary wake region due to this turbulent region. 
Nevertheless, the boundary can be defined, as shown in the figure, by 
connecting the outermost streamlines of the vortices at each side 
(dotted line).

For very large bubbles rising at high Reynolds numbers the wake 
flow is unsteady and has parallel wake shedding; Fig. 2.8(e) shows a 
phase (or time) averaged primary wake boundary for this case. As
explained previously, the shedding possibly takes place due to the
instability induced along the free shear layer. Thus, the primary 
wake boundary can be defined by connecting the end point of two vortex 
sheets hanging from the bubble edges. Hie primary wake contains the 
vortex sheets or blobs, which may not have established a well-defined 
vortical motion, and rather a wide region of chaotic turbulence around 
the wake center axis.

After defining proper boundaries based on the flow field the
primary wake size can be determined. Examples of the dynamic varia
tions in the primary wake area, normalized with respect to the bubble
area at each instant, (k ) and the angle of attack (oc) for threepw
different systems are given in Figs 2.9, 2.10 and 2.11. A
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circular-cap bubble of size b » 3 cm was injected into each system. 
Figure 2.9 depicts the variations over the 2.0 s period right after 
the injection of the bubble into stationary water. Although the 
bubble reached its steady-state geometry quickly (less than 0.3 s), 
the bubble wake steadily grew in size (to about 8 times the bubble 
area) until about 0.75 s had elapsed before it shed any wake material 
- the steady growth period. Note that during this period the angle of 
attack remained almost constant around 90°, which characterizes the 
symmetry of the wake flow. When oc starts deviating from 90° and 
drastically varies its value around 90°, the wake is considered shed. 
Once this asymmetricity sets off, periodic vortex shedding, thus the 
periodic variation of the primary wake size, follows - the steady 
shedding period. The figure includes 5 cycles of such a variation. 
The size and duration of each peak were not uniform in this case since 
shedding did not occur purely alternately; however, the cycle can be 
characterized by the so-called saw-tooth wave function. The primary 
wake size varied from about 2.3 to 5.4 times the bubble size with the 
mean value around 3.7 at an average frequency of 6.2 3 ^. The angle 
of attack varied correspondingly, although the frequencies in both 
variations did not match exactly. The solid triangles connected with 
the dotted lines given in the figure indicate the uncertainty in the 
determination of the moment of vortex shedding and thus, the 
maximum/minimum primary wake size.

Figure 2.10(a) shows the increase in primary wake area in the 
steady growth period for a bubble rising in a water-1.5 mm acetate 
particle fluidized bed. Results similar to those in the previous case



were obtained: the primary wake grew to about 6 times the bubble area 
then dropped in size to about twice the bubble size. Dynamic varia
tions in the steady shedding period are shown in Fig. 2.10(b). The 
figure includes three cycles of purely asymmetric vortex shedding with 
a frequency of about 5 s-*. The primary wake size again periodically 
varied in the form of a saw-tooth wave function from about 1.5 to 5.5 
times the bubble size. Also clearly demonstrated in this example is 
that the shedding frequency can be estimated by the corresponding 
bubble rocking frequency if vortex shedding takes place purely alter
nately. Notice a one-to-one correspondence between the frequency in 
the primary wake size variation and that in the angle of attack varia
tion as shown in the figure: a decrease in a from 90° corresponds to 
vortex shedding from the right side of the bubble and an increase in a 
indicates shedding from the left side.

Figure 2.11 shows the variations in the steady shedding period 
for the bubble rising in a water-774 Um glass bead fluid!zed bed. In 
this case shedding occurred rather symmetrically; however, since the 
bubble size was not large enough to have purely symmetric shedding, 
there remained some asymmetricity. Although the bubble rocking was 
not clearly seen, the bubble edge wobbled alternately on each side 
leading to a sinusoidal fluctuation in a as shown in the figure. The 
primary wake size variation did not correspond to this one to one 
because two vortices/vortical blobs were often shed almost simul
taneously. The primary wake size fluctuated between 3.7 and 6.6 times 
the bubble area over three cycles of its variation. Also observed 
within the primary wake in this case was a turbulent but stable
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region, or stable turbulent wake (STW), immediately beneath the bubble 
whose size was rather constant around 2.4 times the bubble size. Ibis 
region did not include the main portion of the vortical motion and was 
highly concentrated with solid particles.

Hie primary wake includes a stable liquid layer with negligible 
solids concentration located immediately beneath the bubble base. Its 
existence, from a hydrodynamic point of view, has been indirectly 
shown by Lazarek and Littman (1974) by measuring the pressure field 
around a rising bubble: refer to a very sharp valley (a local minimum) 
inmediately beneath the bubble base in the pressure distribution shown 
in Fig. 1.1 (Chapter 1). The size of the stable liquid layer has been 
extensively investigated due to its critical role in the wake model 
(Efremov and Vakhrushev, 1970; Rigby and Capes, 1970; Bhatia and 
Epstein, 1974; Darton and Harrison, 1975, 1976; Baker et al., 1977). 
The wake volume normalized with respect to the bubble volume, or k, 
usually refers to the volume of this liquid wake region. As shown in 
Figs 2.10 and 2.11 the liquid wake area did not exhibit cyclic varia
tion under the given conditions. No correspondence to the vortex 
shedding frequency was detected, although the average size was 
slightly smaller in the steady shedding period than in the steady 
growth period. This verifies the approach taken by Darton and 
Harrison (1976) to theoretically determine the height of the liquid- 
wake layer based on steady wake configurations.

Despite the fact that the amplitude and frequency of the primary 
wake size fluctuation in the steady shedding period are different from 
condition to condition as shown above, its periodic nature can be
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universally expressed by the form of a saw-tooth wave function. Thus, 
when all the results are normalized with respect to the duration of 
and the difference between the maximum and minimum sizes in each 
cycle, they tend to fall into the same curve as shown in Fig. 2.12. 
The shape of the fluctuation for one cycle can be approximated by a 
simple form

k - k ..
= f <t - t > - i <2.7)Ak pw' o 2 'pw

where tQ, the initial time of each cycle, is relative so that it can
be set arbitrarily, f is the average frequency in the primary wake
size variation and equals the shedding frequency of an individual
vortex for the alternate shedding mode or one half of f for the
parallel shedding mode, which has been given by eq. (2.6a) or (2.6b),
respectively. The parameters k , the mean primary wake size, andpw
Ak^, the average difference between the maximum and minimum sizes,
are discussed in the following.

Figure 2.13 shows the mean primary wake size versus the Reynolds
number Rê . The mean values were obtained over at least three cycles
of primary wake size variation and marked with possible minimum and
maximum values. The primary wake size was expressed in terms of the
area ratio (k left-hand side ordinate) and volume ratio (kjpw pw
right-hand side ordinate). Here the area ratio was based on actual 
measurement while the volume ratio was based on a geometrical assump
tion on the bubble and primary wake shapes. A 3D bubble was assumed 
an axisynmetric ellipsoid with length of major axis b and
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minor axis h and the wake was assumed a cylinder of diameter b whose 
projected area was the same as the one actually measured. Assuming a 
spherical-cap shape overestimated its projected area even for a rela
tively large bubble due to the round edges of the actual bubble.

Although the data were somewhat scattered, partly because of the 
intrinsic unsteadiness of the wake geometry and partly because of the 
difficulty in measurement, the primary wake size was found to be a 
weak function of Rê . Consideration of the bubble-shape and motion
regime, however, revealed that k_ slightly decreased with increasingpw
Re^ in each regime. For instance, the k ^  shifted from one value to 
another when the transition from the elliptical to circular-cap regime 
took place at Re^ a 2000; however, the k ^  before and after the tran
sition were almost constant. The lower average value in the 
elliptical regime can be explains! by the two facts: (1) the wake size 
is mainly controlled by the bubble breadth and the relative velocity 
of the bubble with respect to the surroundings, which is proportional 
to bn where 0 < n < 1/2, and (2) the bubble area sharply decreases as 
its shape changes from an ellipse to circular cap for the bubble of 
identical breadth. The same trend can be seen in the results 
presented by Kojima et al. (1975) for an air-10% NaCl aqueous solution
system. Their experimental range was 2000 < Re < 5000 ( 0.4 < d <© ©
2.0 cm). In this range the averaged mean value of the k f ^  in thepw
present work was around 4.2, which indeed was close to that reported 
by Kojima et al. (1975) of 4.7. Coppus et al. (1977) found the volune

4ratio to be constant over the Reynolds number range Re = 70-2x10 (1-G
130 cP) for large spherical-cap bubbles and reported an average value
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of 22. This, however, appears to be too large; the primary wake
region was elongated profoundly due to the wall effects. The size of
the water tunnel Coppus et al. (1977) used was 25 X 25 cm cross-
section; the breadth of spherical-cap bubbles was as large as 8 cm.

The size of a sphere-completing wake, which is often employed to
approximate the geometry of bubble wakes in various systems (gas-
liquid: Davies and Taylor, 1950; Parlange, 1969; gas-slurry: Dayan and
Zalmanovich, 1982; gas-liquid-solid: Darton and Harrison, 1976; Hl-
Temtamy and Epstein, 1978), is 10.9 (= k J J ^ ) for a spherical-cappw
bubble with an included angle of 100°. A corresponding two-
dimensional circle-completing wake has = 7.27. The sphere-pw
completing wake may be a reasonable representation of a closed laminar
wake whose internal flow can be modeled by Hill’s spherical vortex
(Hill, 1894). Based on the data obtained in this study, however, the
assumption of sphere-completing wake overestimates the primary wake
size under moderate/high Reynolds number conditions by more than 200%.
The overestimation is due to the vortex sheet bounding the primary
wake follows a path which is much closer to the vertical downward line
from the bubble edge than the sphere-completing wake circumference and
wake instability/vortex shedding occurs at high Reynolds numbers.

The average difference between the maximum and minimum sizes of
the primary wake was as large as the mean ptrimary wake size itself.
The overall average value for Ak was estimated to be around 2.4.pw
The ratio of the primary wake area to the bubble area is thus fairly 
constant at 3.311.2 over a wide range of Reynolds numbers investigated 
in the present study, i.e., Re^ = 1500-8150.
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CONCLUDING REMARKS

The wakes of a relatively large gas bubble, including elliptical 
and circular-cap shapes, injected into a liquid-solid fluidized bed 
investigated in the present study consist of two regions: the primary 
and secondary wakes. Hie primary wake, or near-wake, region is
characterized by large-scale vortical motion and is responsible for 
various hydrodynamic phenomena.

The most critical fluid dynamic characteristic of the wake is its
instability. Periodic wake shedding can take place either asymmetri
cally or symmetrically. Hie dynamics of vortical motion is the key to 
vortex formation and shedding. The asymmetric vortex formation-
shedding mechanism consists of the roll-up of a vortex sheet,' growth 
of a circular vortex, and entrainment of external flow by the growing 
vortex on one side and the cut-off stream from the other side which 
intercepts the vorticity supply and isolates the vortex. The vortex 
sheet instability occurring independently on each side of a large 
bubble is responsible for the symmetric shedding. Vortex shedding 
frequency, expressed in terms of the Strouhal number, is a function of 
the Reynolds number for each shedding mode and appears independent of 
particle properties.

The primary wake size varies periodically in the form of a saw
tooth wave function, while the liquid wake exhibits no appreciable 
cyclic variation in size. The mean primary wake size is a weak func
tion of the Reynolds number and may depend on the bubble-shape and 
motion regime. The mean value for the ratio of the primary wake area 
to the bubble area was estimated to be 3.311.2 for the range 1500 <
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Re^ < 8150, which is, less than one half of the value for a circle- 
completing wake, i.e., 7.27.



CHAPTER 3

VORTEX MOTION IN THE NEAR HAKE

ABSTRACT
The properties of vortices generated at the edges of two- 

dimensional single gas bubbles rising in water and/or water-solid 
fluidized media were experimentally investigated. The locus of the 
center, descent velocity with respect to the bubble, size variation, 
and shape deformation of each vortex during the course of descent were 
determined visually via a video camera system with an add of hydrogen 
bubble tracers for liquid flow and solid particle tracers for solids 
flow. Vortex behavior was found to be, in general, very similar in 
both the liquid and liquid-solid media except the vortex life: 
shorter life in the liquid-solid suspensions than in the liquid. The 
trajectories of liquid elements and solid particles obtained in the 
near-wake region were strongly influenced by the presence of vortices. 
Hie deviation of solid particles from liquid flow path created par
ticle concentration gradients in the near wake. Particle velocity 
profiles, obtained from an instantaneous flow field around the bubble, 
exhibited the disturbances caused by the passage of the bubble, which 
may be characterized by the vortical motion and the cross flow.

54
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INTRODUCTION
It has been observed that, unless at very low Reynolds numbers, 

vortices generated behind a two-dimensional bluff body are eventually 
discharged downstream forming a so-called Karman vortex street (e.g., 
Birkhoff, 1953; Roshko, 1955; Perry et al., 1982). Although the 
properties of vortex streets in the far wake have been studied exten
sively, little attention has been placed on the flow immediately 
behind the body, or in the near wake.

The near wake plays an important role in characterizing the 
vortex properties since it is the region where the vortex formation- 
shedding process takes place. Gerrard (1966) gave a physical argument 
that the formation region size, the vortex strength, and the vortex 
shedding frequency closely interrelated with each other. In the 
previous chapter, Gerrard*s argument was extended to explain the 
instability of the bubble wake in a two-dimensional liquid-solid 
fluidized bed. Another physical interpretation of the vortex shedding 
process was given by Perry et al. (1982). They claimed that "a deep 
insight into the mechanism of vortex shedding can be obtained by 
studying the instantaneous streamline patterns at various phases of 
the vortex-shedding cycle." Their flow concept, the so-called criti
cal point theory, provides a phenomenological interpretation of the 
wake flow characteristics: based on this theory one can unify at least 
qualitatively the description of the dynamic nature of the wake, both 
non-turbulent and phase-averaged turbulent, in terms of large-scale 
vortical motion.
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Far intermediate-to-large-size (dQ > 1 mm) gas bubbles rising 

freely in low viscous liquids, the bubble takes a variety of shapes 
depending cm the surrounding force field and exhibits complicated 
behavior, e.g., zig-zag or helical trajectories, rocking, and oscilla
tions of bubble base or even whole body. In the presence of such 
"secondary" motion of the bubble, it is extremely difficult to study 
the wake flow at microscopic levels. Note that the vortex described 
in the present study refers to a broad circulatory flow pattern, which 
is essentially an assemblage composed of a number of small eddies of 
an identical sign.

The motion of an isolated line vortex (two-dimensional vortex) in 
liquids has been studied for many years. Ting and Tung (1965) studied 
the motion of a vortex, which was subject to viscous decay, through 
solving the Navier-Stokes equations in a two-dimensional incompres
sible stream. They showed that, as a first-order approximation, the 
vortex motion can be represented by the classical inviscid solution 
superimposed with the solution of a decaying circular vortex. The 
matched solution thus removes the singularity at the vortex center 
associated with the classical inviscid theory by confining the viscous 
effects to a finite area about the vortex center. In the investiga
tion of the trajectories and decay rates of line vortex pairs at 
moderately high Reynolds numbers under the influence of a ground 
plane, Barker and Crow (1977) found that the vortex trajectory is 
influenced by the size of a finite vortex core, which is determined by 
the vortex strength.



In the wake of a bluff object, vortices are no longer isolated 
but interact with each other in the confined area. This mutual inter
action of nearby vortices (non-viscous effect) causes the deformation 
of each vortex (Christiansen and Zabusky, 1973), making the mathemati
cal description far more complex. The interactions of vortices, 
especially free vortices with finite cores, have received profound 
attention in the past two decades owing to recent improvements in 
computational efficiency in the numerical simulation of incompressible 
fluid flows. Comprehensive reviews are available in the literature on 
this subject (Saff man and Baker, 1979; Leonard, 1980). Experimental 
exploration, however, is still needed to obtain more insights into the 
wake vortex phenomena.

The large-scale vortical motion in the near wake has a great 
impact on the trajectories of liquid or solid particles around a 
rising bubble since it engulfs some particles into the vortex area and 
at the same time creates centrifugal force fields. Tracing the par
ticle trajectories around rising bubbles can provide an estimate of 
the average residence time of liquid or solids in the primary wake, 
which is essentially identical to the near wake or the formation 
region (see Chapter 2 for the specific definition of the primary 
wake). In designing multiphase contacting devices such as gas-l.iquid- 
solid fluidized bed reactors, the knowledge of the average residence 
time is crucial, for it determines the contact time of the liquid 
and/or solid phase with the gas molecules diffused from the bubble 
into the wake region. It also plays a key role in solids entrairanent 
into the freeboard.
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In Chapter 2, the dynamic/periodic nature of the near wake of a 

single bubble rising through a two-dimensional liquid-solid mediim, 
especially vortex shedding and the primary wake boundary variation was 
studied. This chapter is intended to continue the investigation of 
the bubble wake dynamics by focusing on the motion of individual 
vortices and the trajectories of liquid elements and/or solid par
ticles around the wake vortices in a two-dimensional liquid and/or 
liquid-solid media. A liquid element (or liquid particle) in the 
present context is defined as a very small volume of liquid behaving 
like a single particle and its motion is assumed to be reasonably 
represented by that of a hydrogen bubble.

EXPERIMENTAL
A schematic diagram of the experimental system is given in Fig.

3.1. A two-dimensional Plexiglas of 104 cm height, 40.6 cm width and
0.8 cm nominal gap thickness was used to visually observe the motion 
of the vortices behind a rising bubble. A video camera moving at the 
same speed as the bubble was employed to fix the frame of reference at
the bubble center. Liquid distribution was achieved through four
inlet valves and four compartments of 12.7 cm high, 1.9 cm thick 
packed beds of three layers; 3 mm lead shot, 2.3 ran alumina particles 
and 774 Um glass beads. Single gas bubbles were injected through a 
0.64 ran o.d. nozzle flush-mounted on the rear wall 10 cm above the 
liquid distributor. A micro-switch was used to synchronize the bubble 
injection timing with the camera location during its initial rise. 
The signal from the camera was monitored via a Sony VO-5800 video
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recorder. Recorded data were either photographed or traced field by
field, which in turn were analyzed using a Houston Instrument TO-1017
digitizer. Further details of the exprimental apparatus have been
given in Chapter 2.

Nitrogen bubbles were injected into either tap water with
hydrogen bubble tracers or water-solid particle suspension systems.
To generate fine hydrogen bubbles, a thin (nominally about 0.05 cm)
wire of tungsten was used as the cathode, which extended horizontally
across the long axis of the column just above the liquid distributor.
The rise velocities of hydrogen bubbles are much smaller than the
subject bubble rise velocity, usually by three orders of magnitude.
The particles used were all spherical whose size and density ranged

3from 0.46 to 1.5 ran and from 1.25 to 2.50 g/cra , respectively (see 
Table 2.1 for details). In some experiments colored particle tracers 
were employed to follow individual particle motion. Different light
ing weis employed for each specific observation: for example,
illumination from the rear with a light-diffusing sheet enabled one to 
observe the wake boundary and the individual vortex trajectory in the 
water-solid mixtures, while lighting from the oblique direction with a 
black background was scattered by hydrogen bubbles and/or the tracer 
particles giving the particle trajectories and thus velocities.

RESULTS AND DISCUSSION
A. Vortex Center Trajectories and Velocities

A vortex formed in the near wake of a rising bubble, which is a 
resultant of a free shear layer separated from an edge of the bubble
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and rolled up into a spiral form, descends relative to the bubble and 
eventually leaves the near wake. In the following the descending 
trajectory and the descent velocity of the center of each vortex as 
well as the size and shape variations of an "apparent" vortex core are 
described.

Figure 3.2(a) depicts the trajectories of vortex centers being 
shed from a bubble rising in stationary water. Hie' bubble whose size 
was 3.10 cm in breadth, b, rose rectilinearly with rocking and seme 
shape dilations. In the figure the bubble is approximated by a cir
cular cap which 1ms the same size (breadth) and aspect ratio (= h/b) 
as those of the bubble of mean properties in two extreme orientations 
- the maximum and minimum angles of attack determined over the ob
served period. Hie angle of attack (oc) is defined schematically in 
the figure. Hie vertical and horizontal distances from the bubble 
base center, x and y, are normalized with respect to b. As can be 
seen in the figure, some vortices followed the same type of trajec
tory, i.e., from a bubble edge to the wake central axis and then 
descending downward (shown in the figure through solid lines). This 
kind of vortex trajectory in the near wake thus may be characterized 
by an inverted isosceles triangle shape - asymmetric/alternate de
scent.

Some vortices, however, took different paths, i.e., two vortices, 
from the opposite sides, descended simultaneously rather than alter
nately (Vortex pairs 1-2 and 4-5 in Fig. 3.2(a)) - symmetric/parallel 
descent. This happened during the initial stable growth period and 
occasionally during the steady shedding period for
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the present size of (relatively large) bubble. Two vortices continued 
to descend in parallel until the symmetry of the wake flow was dis
turbed. When this happened, one vortex (Vortex 2 or 4) grew in size 
(thus in strength) faster than the other and had a strong impact on 
the trajectory of the weaker vortex. In contrast to the dominant 
vortex taking the same path as that in the alternate case, the weaker 
one was pushed away from the wake central axis. The interaction 
between these two vortices will be discussed later in terms of vortex 
size and shape.

Figure 3.2(b) gives the vortex center trajectories under a bubble 
of about the same size (b = 2.89 cm) in a water-1.5 mm acetate par-

3tide (AT1500, p =1.25 g/crn ) fluidized medium Note, since the8
flow field in liquid-solid systems is visualized using solid particles 
in the present study, the wake in the liquid-solid system, strictly 
speaking, refers to the wake of solid particles (solids wake). As 
shown in the figure, the locus of the vortex centers, or more specifi
cally the centers of the circulating flow pattern of the solid 
particles, exhibited the same trends as that in stationary water. 
Vortex pair 1-2 during the steady growth period took the parallel path 
with Vortex 2 being the dominant vortex: during the steady shedding 
period the vortices were formed alternately and thus, they took the 
paths characterized by an inverted isosceles triangle shape. The 
height of the triangle was slightly shorter indicating the primary 
wake size in the liquid-solid system (solids wake) was a little 
smaller than that in the liquid system (liquid wake).
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Most vortices in the water-solid medium, however, lost their 

identity of having solids circulatory flow faster than the vortices in 
stationary water, once they were out of the primary wake. In other 
words, the vortices in the liquid-solid fluidized media have shorter 
"life" than those in the stationary liquid due to the more extensive 
external disturbances and/or the larger inertia of solid particles 
than that of liquid elements.

The descent velocity of the vortex center can be estimated from 
the relationship between the vertical downward distance travelled by 
the vortex (x/b) and time (t). Figures 3.3(a) and 3.3(b) show such a 
relationship for every vortex in the liquid and liquid-solid systems, 
respectively. The slope of each curve represents the descent velocity 
of each vortex center. As can be seen in the figures, before a vortex 
interacts with the external flow, the vortex descends at almost a 
constant velocity: the vortex within the primary wake is "protected" 
from the external disturbances. Note that the average height of the 
primary wake, h^, for each system is indicated in each figure. h^, 
defined schematically in Fig. 3.3(a), was obtained from the actual 
measurement of time-varying primary wake area and a certain geometri
cal assumption on the primary wake shape (see Chapter 2). Once the 
vortex goes out of the primary wake, however, it accelerates and 
eventually reaches the surrounding velocity, Û . This happened, in 
the liquid system (Fig. 3.3(a)), when the normalized distance x/b was 
above 2. The descending velocity in the near wake is different from 
vortex to vortex. Nevertheless, it appears to have two specific 
values; large descending rate for the alternate descending mode and
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smaller rate for the parallel descending mode.
The vortex descending rate, estimated from the slope, in the 

primary wake was compared between the liquid and liquid-solid systems. 
For the asymmetric descending mode, each system gave almost the iden
tical rate, - Uv = 8.6 cm/s (Vortices 3, 6 and 7 in the liquid 
system; Vortices 3, 4 and 5 in the liquid-solid system). This indic
ates that large-scale vortex dynamics are similar between both systems 
and there is no appreciable particle effect on the vortex descending 
velocity.

B. Vortex Size and Shape Variations
In real fluids, a two-dimensional vortex has a finite-size core 

in which vorticity is concentrated and if the Reynolds number is 
sufficiently high, then it has almost uniform vorticity distribution 
inside. This vortex core varies its size with time due to viscous 
action and deforms under the non-viscous influence of the external 
flow field, or more specifically the presence of nearby vortices.

When a vortex resides in a uniform stream of infinite extent and 
is isolated from any other rotational flow fields, its rotational 
field can be represented by the Gaussian vorticity distribution:

which is the exact solution for the viscous part of the vorticity 
transport equation:

w(r,T) = exp(
2

4»T (3.1)

(3.2)



subject to the viscous decay of an axially symnetric vortex (Oseen, 
1911; Ting and Tung, 1965). The corresponding velocity distribution 
around the vortex center is given by

A graphical representation of this velocity distribution (e.g., see 
Schlichting, 1960) suggests that there is a circular region of finite 
area outside of which vorticity plays no significant role since w ■* 0 
(irrotational vortex flow) as r increases. The boundary between this 
circular region, or vortex core, and the surrounding irrotational 
region can only be defined vaguely because of continuous vorticity 
distribution given by eq. (3.1); however, noting that uQ takes a 
maximum value at r = rv, which gives the order of magnitude of the 
vortex core radius, we can obtain

Equation (3.4) is obtained by taking the derivative of eq. (3.3) with 
respect to r and setting it equal to zero. That is, the vortex 
diameter increases by viscous action in proportion to the square root 
of the time elapsed from its generation (T).

Figures 3.4(a) and 3.4(b) give the variation of the normalized 
equivalent circular diameter of the vortex (d̂ /̂b) with respect to the 
net time elapsed from the moment of generation of each vortex (t- 
tVQ) in the liquid and liquid-solid systems, respectively. The moment 
of vortex generation (tyo) was estimated by extrapolating the time at

(3.3)

r = 2.24\/»Tv (3.4)
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which x/b = 0 for each vortex in Figs 3.3(a) and 3.3(b). The vortex 
diameter was evaluated from the actually measured vortex area, which 
was defined, in the present study, as an enclosure bounded by the 
outermost recognizable streamwise flow about the vortex center. 
Although thus evalulated vortex core size may not be accurate due to 
the experimental difficulties involved in the measurement - "the size 
of the vortex core is imponderable (Basset, 1888)" - it should reflect 
at least qualitative behavior of the vortex core size variation to be 
discussed in the following.

A theoretical curve for an isolated vortex core based on eq.
(3.4) which fits the present data during the initial period is given 
by the solid line in each figure. Here only the qualitative relation

ship that dv flC VT with T being equivalent to t-t was employed:
2direct substitution of water kinematic viscosity » = 0.01 cm /s into 

eq. (3.4) gives d^ = 0.45 cm at T = 1 s, which is one order of mag
nitude smaller than the present value. The present results in both 
systems followed a similar trend to this curve provided the vortex was 
in the primary wake, the corresponding (t-t^) < 0.3-0.5 s depending 
upon the type of vortex descending mode, and any strong vortex-vortex 
interaction was absent. When there was appreciable vortex-vortex 
interaction (Vortex pair 1-2 in the liquid system), the vortex size 
variation exhibited different trends. The dominant vortex increased 
its size faster than an isolated vortex outside the primary wake. The 
weaker vortex, on the other hand, actually decreased the size. The 
decrease in vortex size was observed eventually for all the vortices,
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as Bhown in Figures 3.4(a) and 3.4(b), once the vortex interacts with 
the external, essentially irrotational flow of viscous nature for a 
sufficient period. This was particularly true in the liquid-solid 
system (see Vortices 3, 4 and 5 in Fig. 3.4(b)). The size decrease of 
the weaker vortex with strong vortex-vortex interaction, however, may 
be caused by an additional effect, destruction of vorticity due to the 
opposite-signed stronger vortical field. In some instances, vortices 
appeared to be completely annihilated (Vortex 1 in the liquid syBtem).

The vortex-vortex interaction (this time, non-viscous, inertial 
effect) also induces the vortex shape deformation. Figures 3.5(a) and 
5(b) show the vortex eccentricity (major axis length (d^)/minor axiB 
length (d,̂ ) i also defined schematically in Fig. 3.5(a)) as a function 
of the vertical position (x/b). If the eccentricity is about unity, 
there is no vortex-vortex interaction. Some weak interactions are 
expected to exist if the eccentricity is in a range not so far from 1. 
This was the case when vortices were in the very near wake or descend
ing alternately. Strong interactions occurred when two vortices 
descended in parallel: the eccentricity was as high as 3. It was 
observed that such a highly deformed vortex was sometimes tom into 
two small ones.

The variation of vortex eccentricity with respect to x/b in the 
course of vortex descent was also different between the two descending 
modes. The vortices in the alternate descending mode (with weak 
interactions) exhibited relatively constant eccentricity, for the 
distance between successive vortices was maintained above a limited
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value throughout their descent. The eccentricity of the vortices 
descending in parallel increased with x/b in general; however, the 
dominant vortex, when it lost its counterpart and took the same path 
followed by the alternate descending vortices (see Fig. 3.2(a)), 
gradually decreased its eccentricity to a value within the weak inter
action range (Vortex 2 in the liquid system).

C. Liquid and Solid Particle Tra.iectories
The discussion, thus far, has been centered on the motion and 

geometric properties of the vortex core. In the following the large- 
scale vortical motion is described in terms of the motion of 
individual liquid elements in a liquid system or solid particles in a 
liquid-solid system around the near wake.

Figure 3.6 gives typical trajectories followed by liquid ele
ments, traced by hydrogen bubbles, viewed from the bubble base center. 
Experimental conditions are identical to those in Fig. 3.2(a). Three 
different liquid elements were traced from the moment before they 
encounter the bubble roof till their leaving the near wake. Element 1 
followed the stream just outside a free shear layer; thus, it actually 
never was trapped inside the near wake. Elements 2 and 3, on the 
other hand, flowed within a free shear layer and were trapped in the 
near wake.- The paths taken by these liquid elements were extremely 
complex, influenced by successively descending vortices.

Nevertheless, a comprehensive analysis of these element trajec
tories can be made by decomposing the trajectory into x/b-t and
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y/b-t relationships. Figure 3.7 gives the former relationship. For 
Element 1, x/b increased nearly linearly with a slope very close to 
the average velocity of the external streams indicating no trapping 
into the wake. Elements 2 and 3, although initially followed the same 
trend, exhibited almost zero velocity periods. During these periods, 
the liquid elements had repeated the process of circling around a 
vortex center, escaping from it, and again circling about another 
vortex center until they completely left the near wake. Element 2 
interacted with two successive vortices and Element 3 three vortices. 
Sometimes liquid elements were spouted very close to the bubble base 
by the vortical "thrust" (Element 3). The residence time of a liquid 
element in the primary wake thus can be roughly estimated from how 
many vortices the liuqid element has interacted with and from the 
vortex shedding frequency.

Hie relationship between the lateral displacement (y/b) and t is 
shown in Fig. 3.8. When a liquid element is trapped in the wake, y/b 
varies on the positive and negative sides alternately as an ap
proximately sinusoidal function of t. This is because the liquid 
element is influenced by a series of alternate vortices. If a liquid 
element is not trapped in the wake, on the other hand, the lateral 
displacement of the liquid element is similar to that caused by the 
drift effect, i.e., pushed away from the central axis and going back 
(although not completely to the original lateral location due to the 
presence of the far wake, or secondary wake).

As demonstrated above, the liquid elements within the primary 
wake undergo rapid changes in flow direction. In a liquid-solid
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system the vortical flow patterns also affects the solid particle
motion, which is expected to deviate from the liquid flow path due to
the larger inertia of solid particles. Figure 3.9 gives an example of
a set of solid particle trajectories in a water-778 )im activated

3carbon particle (AC778, wet density of 1.509 g/cm ) fluidized bed. 
Three types of trajectories were viewed from the bubble base center, 
as shown in Fig. 3.9(a). The bubble (b = 4.04 cm) was of circular-cap 
shape and rose in a rectilinear path with slight rocking. Since 
vortices play an influential role in the particle flow patterns, the 
trajectory of the subject vortex center is also shown (crosses). 
Particles la and lb were originally located in the external flow 
region and kept descending almost vertically without any appreciable 
influence from the vortex. Particle 2, however, was greatly affected 
by the presence of the vortex. This particle was trapped by the 
vortex and stayed momentarily stationary with respect to the bubble 
motion. It then moved down with the vortex. Particles 3a and 3b, 
originally located on the opposite side, continued descending until it 
was influenced by the induced circular flow due to the vortex which 
has already left the near wake and another vortex still in the near 
wake (left-hand side, not shown in the figure). Details of the par
ticle flow patterns in the very near wake could not be clearly seen in 
this system due to the presence of particles flowing between the front 
wall of the two-dimensional bed and the bubble.

Figure 3.9(b) shows the trajectories of the same particles as 
those in Fig. 3.9(a) seen by an observer moving with the subject 
vortex center. The vortex center, represented by a cross, is fixed at
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the origin of the coordinates. In this frame of reference, the bubble 
appears to ascend relative to the vortex center. Note the circulating 
pattern of Particle 2 around the vortex center. It is also seen that 
this particle is being expelled from the vortical region partly due to 
the centrifugal force and partly due to the expanding nature of the 
vortex core by viscous action.

Because of their relatively small size and low density (terminal 
velocity less than 6 cm/s), activated carbon particles in Fig. 3.9(a) 
did not show distinct differences in trajectory from the liquid ele
ments shown in Fig. 3.6. The deviation of the particle flow pattern 
from that of the liquid elements, however, was indirectly detected in 
particle concentration profiles when higher density particles were 
used. Figure 3.10 depicts regions of low particle concentration under

3a bubble rising in a water-774 Um glass bead (GB774, p = 2.50 g/cm )8
fluidized bed. Immediately beneath the bubble base, a particle-free 
region (stable liquid layer) existed whose size and shape were almost 
invariant with respect to time for this large bubble (b « 3.5 cm). 
Low solids concentration regions were also observed along the vortex 
sheets generated at the bubble edges. Note that this part of 
particle-free region seemed to stay near the vortex centers and con
tinue descending. During the descent the size of the low
concentration region kept expanding since the vortex core size in
creased with time and the solids concentration in this region kept 
increasing since the centrifugal force field weakened; eventually this 
region becomes indistinguishable from the liquid-solid fluidized 
region. The increasing core size and the weakening centrifugal force
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are both due to viscous action as demonstrated by eqs (3.3) and (3.4).

D. Particle Velocity Profiles
Unlike the case of steady wakes, the velocity field in the un

steady wake flow is constantly subject to the transient variation due 
to wake shedding behavior. Thus, the particle velocity can only be 
represented at each instant during the course of its variation. In 
this study, instantaneous flow fields of solid particles around single 
bubbles were obtained using colored particle tracers for 778 lim ac
tivated carbon particles. Figure 3.11 shows a typical flow field 
represented by particle streaks which are the resultant of 1/60 s of 
exposure time in the video system. Experimental conditions are the 
same as those in Fig. 3.9. Since it takes 1/60 s to scan the whole 
screen in each field, there is a slight time lag between the top and 
bottom of the screen. Nevertheless, this is not significant as for 
the following analysis. A typical circulation pattern arousvi Vortex 2 
and a right-to-left cross flow of the external streams between 
Vortices 1 and 2 are noted in the figure. The cross flow divides the 
near/primary wake region from the far/secondary wake region. The 
regions of horizontal bands, designated by A and B, are specified to 
obtain the instantaneous velocity distributions of particles along the 
lateral coordinate. Region A covers the vortex center while Region B 
covers the cross flow region.

Figure 3.12(a) shows a plot of the vertical components of the 
instantaneous velocities versus the horizontal distance. The constant 
velocity region far from the bubble corresponds to the external flow
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field, having about the same value as the absolute rise velocity of 
the bubble. The distinct feature in the distribution occurs between 
Regions A and B. The velocity distribution in Region A characterizes 
the rotational vortical motion, which is a typical distribution ex
pected around the vortex center. On the other hand, the distribution 
in Region B is symmetric along the bubble center line, which charac
terizes the cross flow.

Figure 3.12(b) gives the angles of the velocity vectors whose 
tangent is defined as the ratio of the horizontal to vertical velocity 
component. For the flow field without a bubble, the angle is about 
zero degree. The disturbance caused by the rising bubble changes the 
direction of the local velocity vectors leading to the angle profiles 
shown in the figure. Note the symmetric angle distribution in Region 
B again showing the characteristic feature of the cross flow.

CONCLUDING REMARKS
The motion and geometric properties of vortices formed at the 

edges of relatively large, two-dimensional single gas bubbles have 
been found qualitatively similar in both stationary water and a water- 
solid fluidized medium when low-density solid particles are employed, 
although the vortex life was shorter in the liquid-solid fluidized 
medium than that in the liquid. Specifically, the vortices, descend
ing relative to the bubble, followed a general trajectory in the near 
wake which can be characterized by an inverted isosceles triangle 
shape. The vortex descent velocity was found to be almost position 
invariant within the primary wake; however, once interacting with the
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external flow, it gradually increased and eventually reached the 
external stream velocity relative to the bubble.

The vortex size, monotonically increasing with time in the ab
sence of the vortex-vortex and/or extemal-to-vortex interactions, may 
decrease in the presence of these interactions outside the primary 
wake. Hie extent of size reduction was promoted by an opposite-signed 
stronger vortical field; the weaker vortex was sometimes totally 
annihilated. It was also severely promoted by the inertia of solid 
particles. The vortex-vortex interactions also caused the vortex 
shape deformation. In some instances, the interactions were strong 
enough to tear a very elongated weakening vortex into two small ones.

The motion of individual liquid or solid particles within the 
near wake was influenced by the successive vortices in such a manner 
that the particles would repeat the process of circling around and 
escaping from a vortex until they leave the near wake. The number of 
vortices with which a particle interacts is a key to determine the 
particle residence time in the primary wake.



CHAPTER 4

K4KE SIZE PREDICTION

ABSTRACT

A mechanistic model which interrelates the frequency of vortex 
shedding and the size of the bubble wake has been developed based on 
secondary motion of a single gas bubble rising in liquids and/or 
liquid-solid suspensions. In the model, the bubble and its primary 
wake were regarded as a single semi-rigid body steadily rocking at the 
vortex shedding frequency. All the necessary parameters appearing in 
the model equation, including bubble geometric parameters, the bubble 
rise velocity and the vortex shedding frequency, were expressed in 
terms of the bubble size to permit a priori prediction of the wake 
size. The predicted wake sizes were compared to the experimental 
values reported in the literature. Agreement was favorable over a 
wide range of the bubble Reynolds number considering the crude nature 
of the model against the complexity of the actual bubble-wake 
phenomena.
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IMKODUCTION
In Chapter 2 it has been demonstrated that the wake flow behind a 

single gas bubble rising through a two-dimensional liquid-solid 
fluidized bed is a dynamic/cyclic phenomenon governed by vortex 
format ion-shedding process. The primary wake, or near wake, was 
identified as an "effective" wake region which is responsible for 
various hydrodynamic phenomena such as bed contraction and solids 
mixing taking place in three-phase fluidized beds. Furthermore, it 
was inferred from the visual observations that such wake flow is 
dynamically steady and can be reasonably represented by the mean 
properties.

It is therefore extremely important to obtain quantitative infor
mation on the average wake properties such as the size of and solids 
holdup in the primary wake, which dictate wake "capacity," and the 
wake/vortex shedding frequency, which is a measure of wake in
stability. The wake size and/or solids holdup, however, is very 
difficult to directly measure under usual operating conditions due to 
unsteadiness of turbulent wakes (Henriksen and Ostergaard, 1974; 
Kojima et al., 1975; Kitano and Fan, 1987). The vortex shedding 
frequency, on the other hand, is relatively easy to determine if one 
is able to relate wake shedding to bubble behavior.

Theoretical evaluations of the vortex shedding frequency behind 
bluff objects in liquid streams have been attempted to some extent 
based on the observed motion of the wake behind a fixed circular 
cylinder (Birkhoff, 1953), far-wake configurations (vortex spacing)
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together with wake (under)pressure (Birkhoff, 1953; Roshko, 1955), and 
the acoustic radiation of pressure pulses emitted from the cylinder 
(Torobin and Gauvin, 1959).

Birkhoff (1953) utilized the characteristic swinging of the wake 
to predict the order of magnitude of the observed Strouhal number. He 
adopted the theoretical lift force for a flat plate as an approximated 
cross-force acting on the wake. Based on Newton's second law applied 
to the transverse acceleration of the wake fluid, he obtained the 
expression:

f 'd oSr' = = -  . . (4.1)
o 2ViTd hw w

where f ’ is the shedding frequency of vortex pairs, Uq the mean
stream velocity, d the cylinder diameter, and d and h the width andw w
average length of the flapping portion of the wake, respectively. 
Using this relationship, one can roughly estimate the dimensions of 
the wake beneath a fixed object. Although the basic approach sounds 
promising, the direct application of Birkhoff's treatment to the 
bubble-wake motion does not seen feasible because, the bubble itself 
moves transversely (see the following Physical Description section) 
contrary to the fixed cylinder.

In this regard, it is interesting to note a phenomenological
theory, developed by Viets and Lee (1971), on the wandering motion of
freely falling spheres. They claimed that a basic mechanism for the
wandering is coupling between rocking of the spheres, which results 
from small displacements of their centers of gravity from their
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geometric centers, and their motion perpendicular to the free fall 
direction. In the model, Viets and Lee approximated the lateral force 
acting on a sphere rocking in a uniform flow by that on a spinning 
sphere, the so-called Magnus effect, and regarded rocking as a 
gravity-driven pendulum motion.

The second approach based on the far-wake configurations has been 
most widely used, but is not directly relevant to the present study. 
The shedding frequency of vortex pairs expressed by

requires the knowledge of the vortex velocity relative to the stream
(U ) and the distance between consecutive vortices on the same side of v
the body (a), or vise versa. These quantities, however, are in 
general specified when the wake is regarded as a pair of staggered 
parallel rows of periodic vortices, the so-called Harman vortex 
street, which recedes with a uniform speed away from the body, and 
thus are far-wake properties. Therefore, detailed information cm the 
near wake cannot be incorporated in the theory.

In the third theory, vortex shedding is claimed to be caused by 
the resonant interaction between two acoustic vibrations, one of which 
is emitted from a separation point - a strong disturbance center - and 
the other from a shed vortex (Torobin and Gauvin, 1959). The fre
quency of acoustic pressure pulses traveling between the disturbance 
centers can be estimated from -the distance along the cylinder surface 
and the speed of sound. The shed vortex, which continues to oscillate
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at this frequency, will send back acoustic pulses to the still at
tached boundary layer at a frequency reduced, due to the Doppler 
effect, from the original frequency. The resulting resonant frequency 
leads to the expression:

3 Uv
(4-3)o

for vortex pairs shed from the cylinder. When applying this theory to 
the case of a rising bubble, difficulties arise. The velocity fluc
tuations occuring about the disturbance centers, two strong ones at 
the separtion points and a weak one at the front stagnation point, 
cause bubble shape oscillations, which introduce further complies-

V

tions. Besides, the vortex velocity Uv is again relevant to its
definition: U varies with the downward distance from the bubble basev
and eventually approaches to zero far downstream (see Chapter 3).

In this chapter, the ideas presented by Birkhoff (1953) and Viets 
and Lee (1971) will be extended to secondary motion of a rising gas 
bubble and a mechanistic model to interrelate the vortex shedding 
frequency and the wake size is proposed. The model is based on the 
visual observation that the bubble, together with its primary wake, 
apparently experiences steady pendular motion, which in turn dictates 
the vortex shedding frequency. Experimentally obtained shedding
frequencies, correlated in terms of the Strouhal number, in various 
systems (Lindt, 1971; Miyahara and Fan, 1987; Chapter 2) are employed 
to predict the size of the effective wake.
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PHYSICAL DESCRIPTION AND MODELING
A. Motion of Single Bubble

A bubble rises vertically at a nearly constant velocity (terminal 
rise velocity) - primary motion. During its rise the bubble generates 
energy at a rate equal to its rise velocity times the buoyancy force 
acting on it. In a very viscous medium, this energy is completely 
balanced by energy dissipation due to viscosity (Bessler, 1984). In a 
low viscosity medium, however, the energy generated by the rising 
bubble may not be consumed by the viscous dissipation alone: scsne 
energy is utilized to generate an additional movement, bubble oscilla
tions - secondary motion. This secondary motion is claimed to be 
attributed to the periodic shedding of vortices behind the bubble. 
Bubble oscillations are known to start with the onset of vortex shed
ding from the wake (Edge and Grant, 1971).

Secondary motion of the bubble, which has been observed over a 
wide range of bubble Reynolds number, is very complex. It can be any 
superimposition of two types of motion: (1) "rigid body" type vibra
tion characterized by zig-zag or spiral trajectories and/or rocking 
and (2) "non-rigid body" deformation characterized by shape dilations 
or base oscillations (Clift et al., 1978; Bhaga and Weber, 1981). In 
the present analysis, however, it is assigned that the rigid body 
vibration is the major contribution to the determination of the vortex 
shedding frequency and thus, bubble shape oscillations can be 
neglected.
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B. Rigid Body Vibration of a Bubble and Bubble-Wake

1. Physical description: Secondary motion of the first kind can
be reasonably represented by a two-degrees-of-freedom oscillation 
consisting of lateral displacement and rotation of the bubble. 
Relative magnitudes of two distortions may depend on the size of 
bubble and the surrounding properties. For instance, small ellip
soidal bubbles in low viscosity liquids, showing helical or zig-zag 
motion, have both magnitudes being large: large spherical-cap bubbles 
have negligible lateral displacement but non-negligible rotation 
resulting in rocking motion. If the bubble is extremely large, 
however, both magnitudes are very small and only bubble base wobbling 
becomes important.

Careful observations in Chapters 2 and 3, however, revealed that 
not only the bubble but also its primary wake tends to oscillate at 
the same frequency as that of the bubble. This suggests that a region 
enclosing both a rising bubble and its primary, or "effective,” wake 
can be treated as a single rigid body, or more loosely, "semi-rigid 
body," which shall be referred to as a "bubble-wake" in the present 
context. Despite their periodic variations at vortex shedding fre
quency (Chapter 2), the size and shape of the bubble-wake are assumed 
almost invariant with respect to time provided the time scale under 
consideration is relatively large (large enough to include several 
cycles of vortex formation-shedding process). The shape of the 
bubble-wake is prolate in general and may be characterized by a sym
metrical Joukowski aerofoil shape (Batchelor, 1956; Bessler, 1984; 
Chapter 2) in an average sense. This leads to an important analogy
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between the bubble-wake and an aerofoil in aerodynamics: an aerofoil 
placed in a uniform flow of air will move tip and down and at the same 
time rotate about its own horizontal axis once the air speed exceeds a 
certain value (van Santen, 1953; Bishop, 1965). This type of vibra
tion caused by self-excitation is known as a "coupled flutter."

The mechanism of flutter is more complicated than it appears to 
be. It originates from near-coincidence of the vortex shedding fre
quency with the natural frequency of a body. Periodic shedding of 
vortices alternately from each side of the body causes pressure fluc
tuations on the sides, and hence the rocking/rotational motion. In 
this sense, the rocking motion is apparently a resonant forced oscil
lation, at least initially; nevertheless, the motion is self-excited 
in that, once it has started, the motion in turn dictates the vortex 
shedding frequency (Bishop, 1965). It is known that by oscillating a 
bluff body transverse to the flow direction, the vortex shedding 
frequency can synchronize with a range of the frequency of the body 
oscillation (Williamson and Roshko, 1986). The rotation of the body 
generates an aerodynamic force, known as lift, which tends to displace 
the body laterally. This force excerted by the flowing fluid is in 
the same direction as the velocity of the body in its lateral move
ment, and if the velocity were to reverse, then the force would also 
reverse: the alternating force works as negative damping. That is, 
the fluid dynamic force in effect nullifies the damping of the vibrat
ing system. Overall, flutter is regarded as a free vibration 
occurring at the natural frequency defined by the effective mass and 
stiffness of the system. Furthermore, the coupling of rotation and
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lateral displacement is generally a one-way coupling, i.e., the rota
tion tends to change the displacement while a change of displacement 
will not affect the rotaion.

Self-excitation is characterized by the extraction/dissipation of 
energy from an energy source which in this case is the flowing stream. 
The ratio of the energy input per cycle to the energy dissipated per 
cycle controls the damping mode. When this ratio is unity, it is 
possible for a steady oscillation to take place, neither growing nor 
diminishing. It has been observed that the bubble (thus bubble-wake) 
indeed exhibits this steady oscillation throughout its steady rise 
period. In particular, were the cause of self-excitation not depend
ent upon the amplitude of oscillation, the oscillation can be 
described mathematically by a set of linear differential equations 
with constant coefficients.

2. Bubble-wake pendulum model: When the bubble-wake is regarded
as a compound pendulum of distributed mass, the zig-zag and/or rocking 
motion of the bubble can be simulated by a free vibration of the 
bubble-wake without damping based on the above physical argument. The 
following assumptions will be made towards a mathematical formulation:

(1) The bubble-wake has an axisymmetric shape about its central 
axis and consists of two parts: a gas bubble and an effective wake of 
a liquid and/or a liquid-solid mixture. The bubble may change its 
shape from a sphere to a spheroid to a spherical cap with increasing 
the bubble size, and its mass is negligible. Ifce effective wake has
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an arbitrary shape which can not be uniquely defined, but its specific 
gravity is assumed uniformly distributed.

(2) The rocking motion is not affected by the disturbances caused 
by the bubble-wake motion, in particular, by the lateral displacement 
(refer to the one-way coupling discussed previously). Thus, the 
natural frequency of this vibrating system can be determined solely by 
the rocking of the bubble-wake.

(3) Based on the assumption (2), the center of rotation, or 
pivot, can be uniquely defined and fixed in space when the frame of 
reference is moving vertically with the bubble-wake. This was con
firmed to be reasonable based on the visual observations made in a 
two-dimensional system in Chapter 2. The visual observations also 
suggested that the center of rotation locates around the center of an 
imaginary circle/sphere whose segments coincide with the frontal 
surface of the bubble at various phases of its rotation. Based on 
this finding, the location of the pivot is estimated from the average 
radius of curvature of the bubble roof.

(4) The bubble-wake motion, although it can be either a plane 
pendulum motion (corresponding to a zig-zag path of the bubble) or a 
gyration motion (corresponding to a spiral path), is effectively 
simulated by the former motion, i.e., a projected motion onto a two-, 
dimensional field.

Figure 4.1 shows a schematic representation of the vibrating 
system. Since the mass is distributed over the body (two-part body), 
the system is a torsional vibrating system. Once the body has been 
deflected through an angle oc^ from the position of equilibrium,





102
v Newton's second law of motion can be applied to this torsional system
to yield

(4.4)

where I and T are the mass moment of inertia and the restoring torque 
respectively about a horizontal axis passing through the pivot.

The restoring torque T can be evaluated through the collection of 
all the restoring forces acting on the bubble-wake. Doing this task, 
however, is extremely difficult since most fluid mechanic forces, such 
as the the force caused by the pressure difference between the primary 
wake and the external flow field, the pressure fluctuations due to 
shed vortices and the drag forces due to the external flow and/or the 
circulating flow around the shed vortices, are far from their quan
titative evaluations. Fortunately, one can avoid this complication 
making use of the fact that the vibration is steady: that is, some 
forces, which excite the oscillation, work as negative damping, others 
act as positive damping, and thus both contributions, in effect, 
counterbalance each other. This leaves the buoyancy force as only the 
effective restoring force to maintain the steady vibration.

Hie effective buoyancy acting on the bubble-wake consists of two 
parts: one acting on the bubble and the other on the primary wake.
The latter, however, is negligible because the density difference 
between the wake and the surrounding medium is in effect zero. 
Therefore, the restoring torque is approximated by

T » "Vb<Pi“Pg)*L sin “bw (4.5)
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When the inclined angle oc^ (thus the oscillation) is small, sin 0Cĝ  
» 0CgW (error within £2% if S*^! < 20°), which results in the dif
ferential equation (eq. (4.4)) becoming linear. For large oĉ , 
however, the equation is subject to an elliptic integration of the 
first kind. Physically speaking, it is more advantageous to expand

The form given by eq. (4.6) leads to what is known as a "soft" vibrat
ing system which is characterized by a decrease in stiffness of the 
system with increasing the oscillation amplitude.

The total mass moment of inertia of the bubble-wake is the sum of 
that of the bubble and that of the primary wake, i.e.,

Since the bubble periodically accelerates and decelerates as its 
center of mass oscillates along a segment of a circle about the pivot, 
it is necessary to take into account the effect of an added mass of 
the surrounding medium on the bubble. is the added mass coeffi
cient and approximated (Clift et al., 1978) by

sin 0CgW into an infinite series and to express T as

(4.6)

retaining only the first two terms (note oc^ scarcely exceeds 45°).

I = L + ID pw (4.7)
where

h, =
v  = v w V ^ ' 2’

(4.7a)
(4.7b)



for a prolate spheroid moving along the circle segment Where E = h/b, 
the bubble aspect ratio. No account is taken, on the other hand, of 
an added mass on the primary wake because of its negligible linear 
acceleration/deceleration, r^ and r ^  are the radii of gyration about 
horizontal axes passing through the centers of mass of the bubble and 
the primary wake, respectively. By assuming the geometry of each 
body, one can estimate the radius of gyration, which can be reasonably 
approximated, in the present study, by

?b = t y b V )  (4.9a)
r = C (b2+h 2) (4.9b)pw pw pw

The coefficients and depend on the geometry of the bubble and 
the primary wake, respectively. The distances from the pivot to the 
centers of gravity of the bubble and the primary wake, L and I, are 
given by

L = R - h (4.10a)c
I = JR - h - h ^ i  (4.10b)

Defining the volune ratio of the primary wake to the bubble and the
density ratio of the primary wake to the surrounding medium as
k = V /V. and Y = p /p., respectively, the moment of inertia ofpw pw D pW pw n
the vibrating system becomes

1 = v « b2icA'cb(lt'b)2) ♦ <1 - r > 2>
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♦ V pw[v i+<̂ b>2) ♦ < § - £ -  ! b 2>' «4-u >

Replacing (l-otĝ /6) in eq. (4.6) by (l-Og^/6) with being an 
average inclined angle, the oscillating system (eq. (4.4)) becomes 
linear as described by

A i W  2
4  =  0  < 4 ' 1 2 >

where f™. is the natural frequency of the bubble-wake and given bydW

i n/-T/«rw
fBW = 2rf I (4*13)

where T and I are given by eqs (4.6) and (4.11), respectively. 
Assuming the frequency of the bubble-wake oscillation to be identical 
to the vortex shedding frequency (fv')i the size of the primary wake 
can be estimated as a function of f ' by solving the following equa
tion for hpw/b:

A3<hp/b>3 4 vv*»2 4 W*» 4 *0 =0 <4-14)
where

\  ' K„  Y <1+4Cr̂ > (4.14a)0 pw pw pw
Ao = 4K V (h/b - R/b) (4.14b)c pw pw
A, = 4K Y [C + (h/b - R/b)2] (4.14c)1 pw pw pw

Ao = <!>l4cA'cb(lt(b>2)+<b ! - b’̂ s b ^ b X i T  - b>(l-¥->» <4-14d>

In the derivation the volume ratio of the primary wake to the bubble 
was related to h^^/b as
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h

V  = V h T T  <4-15>

with an appropriate assumption on the geometries of two bodies. For
instance, K becomes 1.5 for an ellipsoidal bubble and a cylindrical pw
primary wake. Hie shedding frequency term in eq. (4.14d) can be 
replaced by the dimensionless groups, i.e.,

bf , 2 „
- i -  = " w  (4-16)

where the Froude number and Strouhal number are defined as 
2Fr^ = /gb and Sr̂ ' = f^b/U^ » respectively.

RESULTS AND DISCUSSION
A. Simulation Parameters

In order to predict the vortex shedding frequency or the primary
wake size using eq. (4.13) or (4.14), it is necessary to evaluate, a
priori, all the other parameters appearing in these equations. These
parameters were expressed as a function of the bubble size, b, and are
summarized in Table 4.1. Hie performance of these equations are
demonstrated in Appendix B.

Bubble shape parameters such as aspect ratio (h/b), upper semi-
height-to-breadth ratio (ĥ /b) and equivalent diameter-to-breadth
ratio (de/b) were correlated based on the data for nitrogen bubbles in
two-dimensional water-solid mixtures (d = 0.46-1.5 am, p„ = 1.25-P 832.50 g/cm ) employed in Chapters 2 and 3 and in three-dimensional 
water/water-solid media (Miyahara and Fan, 1987). In the correlations



107

Table 4.1. Relationships for Parameters Necessary to 
Evaluate Effective Wake Size (tnit: cgs)

Bubble shape parameters
Aspect ratio (2D, 3D)
h . i 1 1-b/bb ' 1 - 0.70[l-exp(~^y -g)]

^1 . 0,5 1-b/b
b “ 1 0.5 - 0.22[l-exp( 2 "3"P>1

Equivalent diameter
d^ (h/b)1/2 (2D)

-  {b (h/b)1/3 (3D)

Radius of rotation (2D, 3D)
R 0.125 
b “ hj/b 2

,wi Center of gravity (2D, 3D)
h h h h
£  - <jf)(£) « 0.5(g)

Bubble rise velocity

* = +k f l

„ _ . 2 . 544 (2D) .. _ VO.294 . . .19.0 (2D)
U1 " e * 1560 (3D) u2 ” dfi e '20.9 (3D)

Coefficients for mass moment of inertia (3D)
C^ =0.05 (Ellipsoid)
C = 0.051 (Ellipsoid, cylinder, or paraboloid)pw

0 < b < b c
b < b c
0 < b < bc

(T4.1)

(T4.2)

(T4.3)

(T4.4)

(T4.5)

(T4.6)
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the critical bubble diameter (b ), which is the maximum diameter forc
the bubble to be spherical, was fixed at 2 mm (Levich, 1962).

The radius of rotation (R) was approximated by the average fron
tal radius of curvature of the bubble and geometrically related to 
ĥ /b. Since this parameter is a very critical one, the R estimated 
from this approximation was compared to the experimental values 
directly obtained from the visual observations made in the two- 
dimensional system in Chapter 2 and in the three-dimensional system
(Miyahara and Fan, 1987). The comparison is shown in Fig. 4.2. Fair
agreement was obtained indicating the validity of the assunption.

evaluated by assuming the geometries of the bubble and the primary 
wake. Based on the arguments presented by Kojima et al. (1975) and in 
Chapter 2, the bubble shape is reasonably approximated by either an 
ellipsoidal shape (3D) or elliptical shape (2D). The geometry of the 
primary wake is very difficult to define since no physical boundary 
actually exists and because of its unsteadiness in shape and size. An 
average value over three different geometries, i.e., cylinder, ellip
soid and paraboloid (3D), was employed as a representative value in 
the calculations.

The average inclined angle of the bubble-wake (0Cĝ ) was set equal 
to zero in the simulation since it was less than 20° over the entire 
bubble size range studied (see Fig. A.5 noting that OCĝ  is about half 
the maximum inclined angle).
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B. Effect of Wake Size cm Vortex Shedding Frequency

Based on eq. (4.13) the frequency of alternate vortex shedding
(f ') can be estimated once the dimensions of the bubble and its ' v '
primary wake are known. A comprehensive analysis revealed that, among 
the parameters, the size of the primary wake strongly affects f ’. 
The primary wake size has been measured visually for unsteady wakes 
(Henriksen and Ostergaard, 1974; Kojima et al., 1975; Kitano and Fan, 
1987; Miyahara and Fan, 1987; Chapter 2); however, it was found very 
difficult to determine due to its unsteadiness. The order of mag
nitude of the primary wake volume relative to the bubble volume (k )pw
ranged from 3 to 6 (corresponding h^/b & 0.6-1.2 based on eq. (4.15)
with K = 1.5) as an average. Although k periodically fluctuated pw pw
around the average value due to vortex shedding (see Chapter 2, 
Figs 9, 10 and 11), k was almost constant with respect to or a 
moderate function of the bubble Reynolds number.

Determining the vortex shedding frequency, on the other hand, is 
less laborious provided the bubble rocking motion is distinct. This 
is because of the synchronization between the alternate vortex shed
ding frequency and the bubble rocking frequency as mentioned earlier. 
The alternate vortex shedding frequency is plotted against the bubble 
size in Figs 4.3(a) and 4.3(b) under various conditions, including 
both in the absence and presence of solid particles, in two- and 
three-dimensional systems, respectively. Figures 4.3(a) and 4.3(b) 
also show the predicted values based on eq. (4.13) with hp^/b as a 
parameter (solid lines). The predicted falls in the same range as 
the experimental values using the experimentally obtained
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order of magnitude of hpw/b. Furthermore, the model demonstrates the
trend that f ' increases with decreasing h_ /b: the same trend wasv pw
physically argued by Gerrard (1966).

C. Prediction of Wake Size from Vortex Shedding Frequency
As demonstrated in the previous section, f ' is very sensitive to

the wake dimensions which are usually very difficult to determine.
Therefore, it is more reasonable to predict the wake size (h^/b or
k^) from fv' in order to test the performance of the model equation
(eq. (4.13) or (4.14)). Figure 4.4 shows both the experimental kpw
obtained in Chapter 2 and the predicted k from eq. (4.14). Thepw
figure also includes the experimental values reported by Miyahara and 
Fan (1987). In the calculation, eq. (4.14), a cubic equation, gave 
only one real, positive root for each bubble. The vortex shedding 
frequency was correlated in terms of the Strouhal number (Sr^') with 
the bubble Reynolds number (Rê ) based on the experimental data ob
tained in two-dimensional systems. The correlations are given in the 
form:

Sr. = -----5---  (4.17)
A Reb + C

where A = 4840, B = 1.02, C = 1.55 for stationary water (Lindt, 1971) 
and A = 3200, B = 0.934, C = 2.22 for water-solid fluidized media 
(Chapter 2), and resulted in two predicted curves (solid lines), Curve 
1 and Curve 2 respectively, in the figure. Curve 2 predicted slightly 
lower values than Curve 1 due to probably greater wake instability



I I j I I------1------1------1------- 1---- 1------1------ 1 I------ 1------1------ 1------I----
* Three — dimensional water /wate i— solid media  

(MIyahara and Fan, 1987)

Two-dimensional  watei— solid media
o 0 .46 mm  Glass beads
a 0 .7 7 4  m m  Glass . beads
o 1.5 m m  Acetate balls
•  Water

1: Sr based on Lindt ( 1 9 7 1 )b
2: Sr correlated in Chapter 2b

o. 2000. 4000 .  6000.

R e
8000 . 10000

Figure 4.4 Prediction of wake size under various conditions.



115
induced by the external flow in the fluidized media. Most impor
tantly, however, the two curvet, reasonably agreed with the 
experimental results indicating that the model equation (eq. (4.14)) 
can give a fair estimate of the order of magnitude of the primary wake 
size once the vortex shedding frequency is given.

A sensitivity analysis revealed that h /b is most sensitive topw
the value of C besides f '. As indicated earlier, the actualpw V
primary wake periodically changes its shape, especially its "waving
tail" portion, as well as its Bize; nevertheless, a perfect stiffness
of the bubble-wake was assumed in the calculation. This "rigid body"
assumption thus may lead to some error in the prediction. If an
elastic nature of the primary wake is introduced into the evaluation
of C , C for the actual flexible primary wake should become some- pw pw
what lower than that for a rigid primary wake. Taking this into 
account, predicted h i s  now plotted with as a parameter in 
Fig. 4.5. As can be seen in the figure, the introduction of primary 
wake elasticity (i.e., the reduction of effective moment of inertia of 
the primary wake) improved the model prediction performance.

The bubble size considered in the above analyses ranged from 
intermediate (b = 0.4 cm) to moderately large (b = 4 cm) size. It is 
known that if the bubble size becomes extremely large, however, zig
zag or rocking motion becomes less distinct and the vortex shedding 
frequency may not be determined uniquely for each bubble size (see 
Chapter 2). This could be a limitation of the present rigid-body 
pendulum model.
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CONCLUDING REMARKS
Hie size of an effective wake and the frequency of vortex shed

ding from the wake have been interrelated based cm a simple 
mechanistic model which accounts for the rigid body type bubble-wake 
motion. In the model, the shedding frequency was assumed to be the 
same order of magnitude as the natural frequency of the bubble-wake 
defined by the effective mass and stiffness of the bubble-wake. The 
stiffness of the effective wake was found to be most influential on 
the estimation of the wake size besides the shedding frequency.

The model demonstrates qualitatively the trend that the vortex 
shedding frequency tends to decrease with increasing the effective 
wake size for a fixed bubble size. The model also provides a fair 
quantitative prediction of the wake size provided the vortex shedding 
frequency is known. The use of the present model, however, should be 
limited to intermediate-to-moderately large bubble size (b = 0.4- 
4 cm).



CHAPTER 5

CONCLUSIONS AND KBOCMMDATICNS

As the commercialization of gas-liquid-solid fluidization has 
grown in recent years in various fields such as chemical, petrochemi
cal and biochemical processing, the understanding of fundamental 
fluidized bed behavior has been recognized as the key to reactor 
design. In this study bubble-wake dynamics, one of the most fundamen
tal bed characteristics, was found to be controlled by the local fluid 
mechanics of the bubble and its surrounding medium. Hie specific 
conclusions of this study are given in the following:

1. The wake of a relatively large gas bubble, including ellipti
cal and circular-cap shapes, in a liquid-solid fluidized bed consists 
of two regions: the primary and secondary wakes. The primary wake, or 
near-wake, is characterized by large-scale vortical motion and is 
responsible for bed contraction, solids mixing and particle entrain- 
ment.

2. The most critical fluid dynamic characteristic of the wake is 
its instability. Periodic wake shedding can take place either asym
metrically or symmetrically. The dynamics of vortical motion is the 
key to vortex formation and shedding.
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3. Hie asymnetric vortex formation-shedding mechanism consists of 

the roll-up of a vortex sheet, growth of a circular vortex, and 
entrainment of external flow by the growing vortex on one side and the 
cut-off stream from the other side which intercepts the vorticity 
supply and isolates the vortex. Hie vortex sheet instability occur
ring independently on each side of a large bubble is responsible for 
the symmetric shedding. Vortex shedding frequency, expressed in terms 
of the Strouhal number, is a function of the Reynolds number for each 
shedding mode and appears independent of particle properties.

4. Hie primary wake size varies periodically in the form of a 
saw-tooth wave function, while the liquid wake exhibits no appreciable 
cyclic variation in size. Hie mean primary wake size is a weak func
tion of the Reynolds number and may depend on the bubble-shape and 
motion regime. Hie mean value for the ratio of the primary wake area 
to the bubble area was estimated to be 3.3±1.2 for the range 1500 < 
Re^ < 8150, which is less than one half of the value for a circle- 
completing wake, i.e., 7.27.

5. Hie motion and geometric properties of vortices formed at the 
edges of relatively large, two-dimensional single gas bubbles have 
been found qualitatively similar in both stationary water and a water- 
solid fluidized medium when low-density soJ id particles are employed, 
although the vortex life was shorter in the liquid-solid fluidized 
medium than that in the liquid.

6. Hie vortices, descending relative to the bubble, followed a 
general trajectory in the near wake which can be characterized by an 
inverted isosceles triangle shape. Hie vortex descent velocity was
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found to be almost position invariant within the' primary wake; 
however, once interacting with the external flow, it gradually in
creased and eventually reached the external stream velocity relative 
to the bubble.

7. The vortex size, monotonically increasing with time in the 
absence of the vortex-vortex and/or extemal-to-vortex interactions, 
may decrease in the presence of these interactions outside the primary 
wake. The extent of size reduction was promoted by an opposite-signed 
stronger vortical field; the weaker vortex was sometimes totally 
annihilated. It was also severely promoted by the inertia of solid 
particles. The vortex-vortex interactions also caused the vortex 
shape deformation. In some instances, the interactions were strong 
enough to tear a very elongated weakening vortex into two small ones.

8. The motion of individual liquid or solid particles within the 
near wake was influenced by the successive vortices in such a manner 
that the particles would repeat the process of circling around and
escaping from a vortex until they leave the near wake. The number of
vortices with which a particle interacts is a key to determine the
particle residence time in the primary wake.

9. The size of an effective wake and the frequency of vortex 
shedding from the wake have been interrelated based on a simple 
mechanistic model which accounts for the rigid body type bubble-wake 
motion. In the model, the shedding frequency was assumed to be the 
same order of magnitude as the natural frequency of the bubble-wake 
defined by the effective mass and stiffness of the bubble-wake. The
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stiffness of the effective wake was found to be most influential chi 
the estimation of the wake size besides the shedding frequency.

10. The model demonstrates qualitatively the trend that the 
vortex shedding frequency tends to decrease with increasing the effec
tive wake size for a fixed bubble size. The model also provides a 
reasonable prediction of the wake size provided the vortex shedding 
frequency is known. Hie use of the present model, however, should be 
limited to intermediate-to-moderately large bubble size (b e 0.4-4 
cm).

The basic behavior of the bubble wake investigated in the present 
study is believed to represent the inherent characteristics of the 
bubble wake dynamics prevailing in the most of the practical multi
phase systems. The system studied in this dissertation, however, is 
not complicated enough to apply the present findings directly to the 
actual situations: bubbles exist in a swarm with various bubble size
distributions, the system is three-dimensional, and the liquid 
properties such as viscosity and surface tension and the particle 
properties such as size and density are more diverse than the ranges 
examined in the present study. Sane recommendations for future study 
Eire described in the following:

1. The wake structure in a chain of bubbles in a two-dimensional 
bed should be investigated to evaluate the effect of nearby bubbles on 
the bubble wake of interest. Bubble-bubble interaction is known to be
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much stronger in the vertical direction than in the horizontal dircec- 
tion.

2. The study of single and successive bubbles regarding the wake 
structure is to be continued in a three-dimensional system.

3. Bubble coalescence and breakup phenomena can be studied in a 
chain of bubbles in terms of the effect of wake on the bubhle-bubble 
interaction.

4. The freeboard phenomena such as solids entrainment can also be 
studied based on the wake concept. The maximum height of solid par
ticles carried into the freeboard region is an important parameter for 
the design of three-phase fluidized bed reactors.

5. The bubble wake phenomena should eventually be investigated in 
free bubbling situations. This can be done by injecting a bubble into 
a gas-liquid-solid fluidized bed with free bubbling. The bubble of 
interest is followed in the same technique used in the present study 
to visualize the wake structure, bubble-bubble interaction, and 
bubble-wake interaction.

6. A wide range of the physical properties of liquid and solid 
particles should be examined so that they can simulate more closely 
the practical three-phase fluidized bed reactors.
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Type of 
Particle

GB460

GB774

AC778

ATI500

Table A.I. Average Bubble Properties

b [cm]

0.4610.02
0.6210.08
0.9010.16
1.3410.08
1.7510.09 
2.2210.11
2.5210.09
2.8210.10 
3.1510.08
3.6410.06
0.6910.02
0.9010.04
1.3710.07
1.9510.03
2.3410.08
2.7410.05
3.1010.11
1.0210.05
1.2010.09
1.3910.07
1.7910.07
2.1710.10
2.5510.11
2.7210.13
3.0010.08 
3.3510.02
3.7510.05
1.0010.07
1.1310.04
1.3910.13
1.8210.12
1.9810.04
2.2410.08
2.6110.11
2.9710.09
3.3810.07

0.7610.05
1.0510.19 
1.6910.35 
2.5510.28
3.8310.33
5.1610.45
6.0210.27 
7.1810.43
8.2010.40
10.2 10.01
1.0510.08
1.5310.11
2.5410.13
4.1310.20
5.1210.41
6.3510.22
7.6210.46
1.9310.13
2.3310.20
2.8610.18
3.8510.10
4.9510.28 
6.0510.31
6.5110.30
7.4610.31
8.8110.13 
10.0 10.05
1.8010.14
2.1010.08
2.7210.31
3.8110.37
4.2510.25
4.9910.30
6.0810.30
7.2810.24
8.3210.30

Alternate

9.7910.40 
9.4310.86
9.0010.33
9.6910.45 
9.7210.49
9.5110.27
8.7710.45
8.4710.42
8.2410.20 
8.18
9.3410.28
9.4510.11
9.6410.26 
9.1010.54
8.4110.38
7.9710.40
7.8510.25
9.4010.23
9.5610.22
9.5410.22
9.5610.18
9.5310.11 
8.8010.82
8.6410.62
7.8510.56 
8.3310.81
6.5010.18
8.9310.57 
8.6310.77
8.5610.62
8.1110.63
7.7110.76
7.2210.73
7.2710.90
6.0210.40 
6.4010.60

f [1/s] 
Parallel

11.0 11.1 
10.3 10.6 
10.5 11.0 
10.9 
10.0

10.6 10.04
10.2
10.5 10.3
10.4 10.6

12.5 ll.l 
13.3
12.6

Average

10.2 ±1.6
9.5311.34 
9.1011.80
8.9111.46
9.0910.91

9.4811.05
8.6111.01
9.4111.60
9.3611.66

10.7 ±2.1
9.9312.74
8.5412.77

*
9.3510.29
9.4410.25
9.2510.18
9.1010.20 
9.0010.16
9.0810.21

9.6110.39 7.7411.76

* Alternate wake shedding in freeboad region <gas-liquid).
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Figure A.3 Equivalent bubble diameter of single bubbles correlated in terms of bubble size.
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Figure A.4 Rise velocity of single bubbles correlated in terins of bubble size.
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Figure A.5 Variation of maximum inclined angle of bubble-wake with respect to bubble size.
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