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CHAPTER I 

INTRODUCTION

This dissertation deals with the use of quadrilateral surface- 
patch currents 1n the moment method solution of antenna and/or scatter­
ing problems. Wires and wire/plate attachments are also considered 
here. One of the goals 1n this work 1s to develop a general purpose 
computer code which can solve near- as well as far-zone parameters 
of a rb itra r ily  shaped antennas/scatterers accurately.

The basic formulation of the problem 1s 1n terms of an Integral 
equation where the unknowns are the surface currents. Here, Rumsey's 
Reaction Integral Eguatlon (RIE) CO, which 1s a general form of 
the e lectric  f ie ld  (EFIE) and magnetic f ie ld  (MFIE) Integral equation 
CO. 1s used. The choice of e lec tric  test source (used 1n th is  work) 
reduces the RIE to the EFIE which 1s applicable to closed bodies as 

.well as open bodies, such as In f in ite ly  th in plates and wires. On 
the other hand, 1f magnetic test sources are used, then the RIE reduces 
to the MFIE. Although the MFIE 1s only applicable to closed bodies,
1t 1s much simpler to Implement.

Considerable work on the thln-w lre formulation resulted 1n many 
useful and versatile computer codesC3 , 4, and 53. These codes are 
Ideal fo r thln-wlre problems and can be used to model solid surfaces 
by representing them 1n terms of a w1re-gr1d. RichmondC63 was the 
f i r s t  to show the usefulness of the w1re-gr1d models fo r scattering 
from planar as well as three-dimensional objects. Numerous work on 
th is subject followed as summarized 1nC7X The advantage of wlre- 
grld modelling Is Its  a b ility  to  trea t solid objects with sharp edges, 
corners, and th1n-w1re appendages. However, the w1re-gr1d model has 
to be constructed with care In order to have the minimum number of 
unknown wire currents, to accurately represent the physical object; 
yet not violate the assumptions of the th1n-w1re approximation. Anoth­
er disadvantage of the w1re-gr1d modelling 1s that 1t may not re liab ly  
predict accurate near-zone parameters such as surface currents and 
Impedances.

Early work on surface-patch modelling was done using the MFZE to 
solve closed surface scatterers. Osh1roC83 used a pulse basis func­
tion and point matching approach to solve the MFIE fo r various well de­
fined three-dimensional objects. This method was extended fo r a rb itra r­
i l y  shaped surfaces by Knepp and Goldh1rshC93 through the use of non- 
planar ce lls . In their work, nine points on the body were used to



find the directions of the two tangential surface current expansions 
fo r each ce ll. Albertsen, et a l. .  CIO!] allowed wire attachments to 
a closed body by applying the MFIE fo r the body and the EFIE with 
the th1n-w1re approximation fo r the wires. Planar quadrilateral patch­
es were used to simulate the body along with pulse basis functions 
with point matching to represent the surface currents. Special consid­
erations were also given to the surface-patches on which wires are 
attached. Based on th is  wire/closed body formulation, the user-oriented 
Numerical Electromagnetic Code (NEC) was developed by Burke and Pogglo 
CllH fo r solving electromagnetic problems Involved with wires/closed 
bodies. In th is code, the user specifies the shape of the body by 
f i r s t  dividing 1t Into surface-patches. The area, x-y-z coordinates 
of the center, and the unit normal vector of each patch are then enter­
ed as Inputs Into the computer code. Recently, J.J.H. WangC123 used 
the planar triangular patches along with the MFIE to solve the scatter­
ing problem of closed bodies. The basis function 1s related to the
Incident fie ld  by the physlcal-optlcs current technique. Consequently, 
the moment method Impedance matrix Is dependent on the Incident fie ld .

N.N. Wang, et a l. .  £133 employed the RIE (using e lectric  test 
source) along with rectangular sinusoidal surface-patch basis function 
and Galerkln's method to solve fo r the currents and scattering paramet­
ers of planar and non-planar surfaces. Sankar and Tong C IO  used 
the f in ite  element approach, where the equation fo r the surface currents 
1s made stationary with respect to the set of t r ia l functions (sim ilar 
to Galerkln's method fo r EFIE). The planar triangular patch has been 
used because of formulation ease and better representation of arbitrary 
surfaces. Planar triangular patches were also used In the EFIE formula­
tion by Wilton, et a l. .  l ! 53. Again, pulse basis function and point 
matching were used in the moment method solution. Newman and Pozar 
C161] modelled composite wire and surface geometries by using sinusoidal 
rectangular surface-patch, th1n-w1res, and wire/plate expansion modes. 
Galerkln's method was used to solve the RIE (with e lectric  test source)
fo r fa r- as well as near-zone parameters such as surface currents
and Impedances. The rectangular sinusoidal surface-patch was extended 
to quadrilateral and triangular surface-patches by Singh and Adams 
PL73.

The basic formulation 1n th is  work parallels much of the work 
done by Newman and Pozar C163, except that quadrilateral surface-patch­
es are now used. Attention 1s also given to the problem of automatical­
ly  generating the surface-patch modes on a given polygonal plate.
One of the goals In th is  work is to produce a user-oriented computer 
code fo r electromagnetic problems dealing with plates and/or wires.
The general Idea 1s to le t the user model a solid object by a series 
of connecting plates, and only the coordinates of the plate corners 
are needed to specify the plates. The automatic generation of surface- 
patch modes by the code w ill greatly reduce the amount of Input data 
required. I t  should be noted that the basic surface-patch dipole 
can be either a planar or a non-planar V-dlpole which can be used 
to model any arbitrary three-dimensional surface.



Chapter Two presents the reaction formulation fo r the moment 
method solution of composite surface/wire geometries. The wire, plates, 
wire/plate attachment, and plate overlap modes are defined. Techniques 
for accurate and e ffic ie n t evaluations of the mutual impedances are 
discussed.

Chapter Three describes the method fo r automatically generating 
surface-patch modes fo r a given polygonal plate. C rite ria  that 
must be satisfied 1n order to have a set of surface-patch modes which 
sa tis fy  the current conditions on the plates are lis ted . In addition, 
the geometric features of the surface-patch which w ill  allow e ffic ie n t 
evaluation of the Impedance matrix are described. A standard subdivi­
sion technique, as well as two other algorithms fo r automatic surface- 
patch mode generation, are presented.

Chapter Four shows the results obtained by using the subdivision 
methods presented 1n Chapter Three fo r d iffe rent polygonal plates.
Both Input impedance and backscatter data are compared with other 
independent calculations and measurements.

Chapter Five describes the use of the moment method to analyze 
the microstrip antenna. The microstrip patch 1s modelled by the sur­
face-patch mode and the d ie lectric  1s modelled by volume polarization 
currents. The volume polarization currents are related to the surface 
current by the boundary condition at the conductor and d ie lectric  
interface. This results 1n having the surface currents as unknowns 
and the d ie lec tric  1s taken Into account by a modification of the 
free-space impedance matrix. Calculations are made fo r many patch 
geometries and the results are compared with measurements and calcula­
tions by other Investigators.

Chapter Six 1s the conclusion and Includes suggestions of related 
topics fo r further research.
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CHAPTER I I

FORMULATION OF THE PROBLEM

In th is chapter/ the electromagnetic scattering or antenna problem 
1s formulated 1n terms of a surface Integral equation based on the reac­
tion concept C13 • The unknown 1s the surface current which can be cal­
culated using the moment method. The surface structure of the antenna 
or scatterer 1s modelled by a combination of plates and thin wires.
Thus, the surface currents can be represented by a f in ite  series with 
three basis functions: surface dipole modes, wire dipole modes, and 
wlre-to-surface attachment modes.

A. The Reaction Formulation

The use of the reaction concept to derive an Integral equation 
which describes the electromagnetic fie lds 1n an antenna or scattering 
problem has been presented by Richmond C19J, Wang, et a l. . C133 and New- 
mand and Pozar C16J, but 1s Included here fo r completeness. The dis­
tinction  between an antenna and scattering problem Is that when the 
source Is located on or near the object, 11 1s considered as an antenna 
problem and when the source 1s distant from the object, 1t 1s viewed as 
a scattering problem. Both cases can be considered at once by analyzing 
the objects In an Impressed fie ld  generated by the source (J i, Mi). The 
problem Is depicted In Figure 1, where the objects can be a rb ltr iry
closed or open surface and wire structures, and a wire may contact a sur­
face.

Let S denote the surface enclosing the bodies, and n be the unit 
outward normal to S. In the presence of the bodies, the sources (J^,
Mi) generate the fie lds (E, H). These fie lds are considered to be 
time harmonic, and the time dependence eJ 1s suppressed. From the 
surface-equ1valence theorem of Schelkunoff CI8D* the f ie ld  In te rio r 
to the surface S w ill vanish without changing the exterior f ie ld  
1f the surface current densities

are Introduced on the surface S, as shown 1n Figure 2. The nu ll f ie ld  
condition Inside the bodies allows the bodies to  be replaced by the 
ambient medium without altering the fie ld  anywhere.

Js * n x ]1

M *  E x n —s —

(1)

(2)

4



SCATTERERS

t

MEDIUM [ f t , * )

SOURC

Figure 1. The scatterers 1n an impressed f ie ld  generated by the source 
( i i .  H i)*

f

( E , H )

MEDIUM
SOURC

Figure 2. Surface currents {J , m ) are placed on S without changing 
the exterior f ie ld s ; but making fie lds  in te rio r to S vanish.
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I f  MJ generate the incident fie lds (E*, Hi) in the ambient 
medium (p,e )7 then the scattered fie ld s  can be aefTned as

The scattered f ie ld  is radiated by the surface currents ( jL , M ) 
in the ambient medium (Figure 3). This defin ition allows th l  total 
fie ld s  (E, H) to be a sum of the Incident fie lds  (E i, Hi) and the 
scattered fTelds (Es, Hs). ~

A test source (»L, M_) 1s now introduced In te rio r to S to form a 
reaction 1 with the existing fie ld s  (E, H). Since the to ta l fie ld s  
Inside the surface S are zero, the reacTlon of the test sources and the 
fie lds  inside S must be zero, i.e .

where V is  the volume occupied by the Impressed sources (J ,, Mi). 
Equations (5) and (6) are d iffe rent forms of the reaction integral 
equation (RIE) developed by RumseyClX Equation (6) was applied 
by Richmond C3 and 5U for his thin wire analysis. The RIE 1s a general 
integral equation describing the electromagnetic fie lds . I f  only 
e lectric  current test sources are used, Equation (6) reduces to the 
widely known EFIE and the use of only magnetic test sources w ill reduce 
Equation (6) Into the MFIE C23. In th is  work, only the e lec tric  test 
sources are used. The bodies are considered to be perfectly conducting 
and Ms « 0.

Although Equation (6) was derived with the assumption that a ll sur­
faces were closed so that Schekunoff's surface equivalence theorem C18D 
can be used, i t  can also be applied fo r open surfaces. In the case 
of an in f in ite ly  thin f la t  plate, J- is the vector sum of the current 
on the top and bottom surfaces 1f e lectric  te s t sources are used C20D.

The following shows how Equation (6) 1s solved by the moment 
method. The unknown current ^  is expanded in terms of a set of N basis 
(expansion) functions, F :

and Equation (6) is enforced fo r N e lectric  test sources placed 1n
S. Thus, Equation (6) reduces to a set of simultaneous linear equations:

(3)

(4)

< V I s - V i ! s >  d5+ 0 ,  U k - I i - V i ! i > * - o .
Let the fie lds radiated by (J^, MJ in the ambient medium be (!_,
Hjjj). By the reciprocity theorem, (5) can also be written as

# s ( i s -4 ,  - Ms - 4 )  ds + / / /  ( ^  -  M, . j y  dV -  0 (6) 
V

N
(7)



Figure 3.

* **

i f  '

> / I E , ,  H s ) 

i / V '/v
\  /  6 7  MEDIUM ( /x ,€  )

jj. ,

/  L v

u

The exterior scattered fie ld s  generated by (J t H ).
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I  *n zmn ■ vra * m  '  *• 2 —  N <8>
n«l

where

'  ’  IS Em ' £« ds <9>
n

\  • III  ti l  • Sm -  «i * JU * •  (10> ■
V

The Integration 1n Equation (9) Is over the surface of the nth expan­
sion mode.

B. Choice of Test Modes

The choice of the testing functions 1s dictated by several factors 
Including: computation time fo r the mutual Impedances, convergence 
rate, and the degree of accuracy reaulred for the fin a l resu lt. Obvious­
ly , the choice of a delta function (point-matching) over the fu l l  sur­
face test function w ill  s ign ifican tly  reduce the computation time.
In th is  work, the testing functions are chosen to be the same as the 
expansion functions (Galerkln's method) fo r the following reasons:

a. Galerkln's method w ill result in a symmetric Impedance 
matrix. Thus, only half of the Impedance elements,
I.e . the lower triangular matrix (L), are calculated and 
stored. Also, solving fo r the unknowns (by the standard 
Crout decomposition) with the triangular matrix (L) Is 
faster than with the fu l l  Impedance matrix.

b. I t  1s fe l t  that Galerkln's method w ill result 1n a versa­
t i le  and general computer code. Thus, backscatter, as 
well as numerically d if f ic u lt  antenna problems, can be 
solved by the same general purpose computer code. In p a rti­
cular, when considering the point-matching technique fo r
a wire attached to a plate, the solution could be overly 
sensitive to the proximity of the attachment point and 
the match point. However, experience with rectangular 
surface patch modesC16D Indicated that, with surface test­
ing, the attachment point may be anywhere in the surface 
patch grid.

c. Galerkln's method w ill o rd inarily  converge faster than point 
matching. Thus, fo r a given surface patch grid, the resu lt 
obtained by Galerkln's method w ill be closer to convergence

8



than with point matching. This also Implies that a smaller 
number of unknowns 1s required fo r a given problem.

C. Expansion/Testing Functions

In order to model a geometry with th1n-w1res, f la t  surfaces, 
and w1re-surface connections, three basic types of modes (wire dipole 
modes, surface dipole modes, and the wlre-surface attachment modes) 
are used. Singly curved surfaces can also be modelled using piecewise 
f la t  approximation. A ll of the modes w ill have a sinusoidal variation 
with free space wave number, k, 1n the direction of current flow.

1. Th1n-w1re Mode

The wire mode used 1s the plecewlse-slnusoldal (PWS) V-dlpole 
consisting of two sinusoidal monopoles developed fo r the thln-wlre formu­
lation by RichmondC 193. Figure 4 shows a V-d1pole with a 180 Internal 
angle lying on the z-ax1s. Using the th1n-w1re approximation, the 
current on th is  dipole 1s given by

where P. and P« represent pulse functions with unit value when Zi< z< z? 
and z2< z< z3, respectively, and are zero elsewhere. Also, a is the 
wire radius and k ■ 2tt /X . These modes are placed In an overlapping 
array on the wire to ensure continuity of current on the wire. The 
advantage of PWS mode 1s that the near-zone fie lds and the mutual imped­
ance, zmn, are known In closed form C223.

2. Surface-patch Mode

The general quadrilateral surface-patch mode 1s a surface V-d1pole 
consisting of two quadrilateral plecewlse-slnusoldal surface monopoles. 
A surface V-dipole w1tn In te rio r angle of 180 1s shown 1n Figure 5. 
Consider some general point 1n monopole A (shown as the heavy-dot In 
Figure 5), which has terminal length V and end length U. Construct 
a line  through the point which Intersects the end and terminal such 
that u/v 8 U/V. Let L be the length of th is  line and £ be the distance 
along the line  from the end to the point. Then the surface current 
density on monopole A 1s

(12)

9



Figure 4. Th1n-w1re V-d1po1e.

END

MONOPOLE B

TERMINAL
u
v

MONOPOLE A

END

Figure 5. PWS surface-patch V-d1pole.
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where W(& /L) 1s the local width of monopole A, and C Is a normalizing 
constant such that the terminal current Is one ampere. The surface 
current density on monopole B, J*, Is defined 1n a similar way, but with 
the current flowing 1n the -a, direction. This mode Is a generalization 
of the rectangular PWS surface-patch dipole used by Wang t 133 as well as 
Newman and Pozar L163 •

3. Attachment Mode

The attachment mode 1s used to establish continuity of current 
at the wire/surface junction and to ensure that, 1n the Immediate v ic in­
ity  of the attachment, the surface current density has the proper p 
polarization and 1/p dependence. This mode consists of two parts: 
a wire monopole and a disk monopole, as shown In Figure 6. The wire 
monopole current density 1s sim ilar to the thin wire monopole mode:

where a,b are the Inner and outer rad ii of the annulus, respectively.
Note that the tota l current on the disk at p=a Is equal to the to ta l cur­
rent on the wire segment at z*0 Insuring continuity of current at the at­
tachment. Also, observe that the sin k(b-p) function In the numerator 
of Equation (14) forces the disk current to be zero at the disk edge, 
p «*b. I t  1s this property which allows the disk to be placed on the 
surface and s t i l l  maintain continuity of current on the surface. The 
sin k(b- p) function was chosen (rather than, say, b-p or sin (b- p)) 
since this permit's the fie lds of the disk to be obtained with only 
one numerical Integration.

The attachment mode 1s used by placing 1t d irectly  over the sur­
face-patch modes where the wire meets the surface. There 1s no special 
way 1n which the disk must be situated with respect to the surface- 
patch modes; that 1s, the disk may be centered at midpoints, corners, 
or other points on the surface-patch modes. The only restric tion  1s 
that the attachment point be at least 0.1 X from the edges of plates.
The outer radius of the disk mode, b, should be 1n the range from about
0.1 Xto 0.25XL16D.

For antennas, feeds may be placed at the endpoints of any wire 
segment Including the attachment segment. For example, the feed of 
a monopole on a f in ite  ground plane may be modelled by Inserting a 
generator at the base of the monopole between the attachment mode

A
z (13)

The disk current density 1s

(H)
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Figure 6. Attachment dipole.
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wire and disk monopole. Delta-gap feed 1s used In th is  work, although 
a magnetic f r i l l  model could also be used.

4. Plate Overlap Mode

The overlap modes allow a non-zero continuous current at the 
plate-to-plate junction. They are Identical to  the surface-patch dipole 
mode discussed e a rlie r. The edges of the overlap surface dipoles need 
not coincide with the edges of the surface dipole modes on either plate, 
thus allowing the intersection of plates of d iffe rent sizes.

D. Computation of Impedance Elements

Many computationally e ffic ie n t techniques developed fo r the evalu­
ation of the mutual impedances associated with rectangular surface-

fatches C213 can also be used fo r the quadrilateral surface-patches. 
his section w ill  discuss these techniques and how they are used 1n 

finding the mutual Impedances of quadrilateral surface-patches. The 
majority of the mutual Impedances are either the surface-to-surface 
dipole or dlsk-to-surface dipole Impedances. The d1sk-to-surface dipole 
Impedance Is calculated 1n the same way as described 1n referenced213. 
The surface-to-surface dipole Impedance 1s discussed below.

The general expression fo r the Impedance matrix element given 
In Equation (9) 1s evaluated numerically by considering the surface- 
dlpole modes as made up of PWS filaments. The surface-to-surface dipole 
Impedance 1s a sum of four surface-patch monopole-to-monopole Impedances,
I.e .

2VA t  z‘ AeB + 2‘ BeA + 2VB (15)
zmn

where the superscript t*  and e« denote the test monopole A and expansion 
monopole B, respectively. Also, t B and eB are defined s im ilarly .
Each surface-patch monopole-to-monopole Impedance 1s evaluated by sum­
ming up a ll the fllament-to-fllament ImpedancesC213. I f  the test 
and expansion surface monopoles are each represented by M filaments, 
then, 1n general, each monopole-to-monopole Impedance requires M evalua­
tions of the filament-to-fllament Impedances. I f  both monopoles are 
rectangular, and 1f either the surface current directions are paralle l 
or the vector transverse to the surface monopoles are para lle l, then 
only 2M of these Impedances are evaluated C213.

Most of the time spent 1n f i l l in g  out the Impedance matrix 1s 
used 1n finding the f1lament-to-f1lament Impedances. Thus, computation 
time depends on the number of filaments used to represent a surface 
monopole. In evaluating the se lf impedance or mutual impedance of 
two closely spaced surface monopoles, experience has shown that a f i l a ­
ment spacing of 0.07  X or about five  filaments per 0.25 X wide surface

13



patch 1s adequate for representing the surface patch* More numerically 
d if f ic u lt  problems, such as finding near f ie ld  quantities of an antenna, 
may require a s lig h tly  larger number of filaments usually no more than 
seven filaments per 0.25X wide surface patch. Simpson's rule of Inte­
gration 1s used to sum up the filament-to-f1lament Impedances fo r a 
surface monopole-to-monopole Impedance. Usually, when the monopoles do 
not Intersect each other, a three-point Simpson's rule (or repre­
senting the surface patch by three filaments) Is used. For surface 
monopoles spaced more than 0.25X apart, a one-filament representation 
fo r each surface monopole 1s used. As an example, the reactance of 
two rectangular monopoles Is plotted versus the separation distance,
D, In Figure 7. Plotted are the exact reactance (solid line) and the 
reactance obtained by representing the surface monopole by one filament 
on the center of the monopole (dotted lin e ). The difference of the 
two curves results from the phase and amplitude variations of the f1 la ­
ment- to - f11ament Impedance as the Integration 1s done across the surface 

These phase and amplitude variations can be approximated by
where R 1s the average distance of the two filaments. To 

more accurate resu lt by the one-f1lament representation,
Is used 1n the following manner. I f  zf f  Is the filament-

f  h
to-fllament Impedance, then the variation due to the n expansion 
surface-patch monopole 1s taken Into account by:

where Ri, R, and R« are the average distances from the test filament 
to the closer edge, center, and further edges oft the surface-patch 
monopole. S im ilarly, the variation due to the m test surface-patch 
monopole 1s accounted fo r by:

part of zmn also behaves 1n the same manner.

Another t1me-sav1ng technique 1s the use of an equivalent reactance 
when two PUS filaments are very close to each other. This 1s used 
only when two surface-patches coincide or share a common side. The 
equivalent reactance 1s derived 1n the same manner as 1s done 1n refer­
ence C 21]. The reactance of two closely spaced filaments can be written 
as

The Imaginary part of zmn 1s plotted as dashed lines 1n Figure 7 andi lie mmy« iiu i j  pai w vi 4mm la i *hr« i i i  • w *

1s very close to the accurate Impedance value (solid lin e ). The real

Y(x) ** Cj + C2 An (x) (18)
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Figure 7. The reactance of two rectangular PWS surface-patch monopoles. 
M denotes the number of PUS filaments used to represent the 
surface patch.
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where Y 1s the reactance^ and x is the separation distance. C* and C« 
are constants which can be evaluated by

Equation (18) can be Integrated analytica lly to give an equivalent 
reactance ?t x*0:

Although Equations (18) through (20) were derived fo r parallel filaments, 
i t  1s also applicable to nonparallel filaments as shown 1n Figure 8.
Using the equivalent reactance at x*0 (Equation 21) avoids the &n- 
s lngularlty and, thus, s ign ifican tly  Increases the convergence rate 
C21J.

Another factor to keep 1n mind when finding the PWS fllament- 
to-filament Impedance 1s whether to evaluate the closed form expression 
C22D or to use the less time consuming numerical Integration. This 
problem 1s addressed 1n Appendix A.

Y( 4 x) -  Y (4 * )
C2   TnTR)-----

Cj *  Y (4  x) -  Cj t  n (4  x)

(19)

(20)

Y(0) -  -Y( 4 x) + 2Cj + 2C2 ( I n  ( 4 x )  -  1) (21)
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Figure 8. The reactance of two closely spaced non-parallel PWS f i l a ­
ments. The lengths of the filaments are 0.2 X . SI and S2 
denote the terminal and end points of the test monopole, 
respectively. T1 and T2 denote the terminal and end points 
of the expansion monopole, respectively.
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CHAPTER I I I

AUTOMATIC GENERATION OF SURFACE PATCH MODE LAYOUT

The problem of setting up surface-patch modes over an arb itrary pol­
ygonal f la t  plate 1s considered in th is chapter. Three different 
subdivision schemes are discussed. The f i r s t  scheme is the Gordon- 
Hall (G-H) procedure C2J), and the last two are procedures devised 
to achieve an optimal mode set-up by satisfying the c r ite r ia  given 
In the next section. Examples are used to Illu s tra te  the app licab ility  
of each scheme.

A. Introduction

The set of coordinates describing a ll the surface dipole modes 
forms a large portion of the Input data required fo r the moment method. 
Although coordinates for each mode can be manually entered Into a 
moment method computer code, 1t 1s desirable that the mode set up 
be done automatically with the Input being the geometry of the plates.
A reasonable mode generation algorithm should minimize the user data 
Input and be consistent with the following c r ite r ia :

a. In general, there must be two orthogonal sets of surface
dipole modes and the ir linear combination can approximate
the actual plate current.

b. At the edge of the plate, the component of current perpend­
icu lar to the edge must be zero and that parallel to the 
edge must be non-zero.

c. The sides of modes at the boundary of the plate must match
the curvature of the boundary adequately, especially on
sharp bends.

d. The size of most modes should be about the same as a speci­
fied  nominal size and the length of each monopole should 
not exceed some maximum size.

e. Where possible, the shape of the monopoles should be rectang­
ular and the directions of currents 1n the majority of the
modes should be para lle l.
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Criterion (a) 1s required fo r the solution to converge, while 
c rite rion  (b) 1s a relaxed requirement of the edge condition C24D.
This condition states that, 1n the v ic in ity  close to the edge of an 
In fin ite ly  th in plate, the currents perpendicular and paralle l to 
the edge have the asymptotic behaviors and p*, respectively, where 
p is  the perpendicular distance from the edge. However, the calcula­

tions of the Input Impedance of a monopole on a square plate by Pozar 
and Newman C25J suggested that the surface patch dipoles adequately 
approximate th is behavior a least-mean-square sense, and special edge 
modes with the required asymptotic behaviors do not s ign ifican tly  
Improve the fin a l solution. On the contrary, Richmond C263 has added 
the edge modes (with proper behavior at the edge) to the other basis 
functions fo r s tr ip  grating and found that the convergence Is Improved. 
For simplicity,these special edge modes have been avoided, and sa tis fact­
ory results (see Chapter Four) have been obtained. C riterion (c) 
ensures that the boundary condition 1s satisfied on the boundary of the 
plate.

Although c r ite r ia  (d) and (e) are not necessary requirements, 
they are very Important fo r the best computational effic iency. By keep­
ing the sizes of the patches as close to the nominal value as possible, 
as stated 1n crite rion  (d), the to ta l number of unknowns can be minimiz­
ed. Rectangular modes are desirable by virtue of the ir rapid converg­
ence rate and fast se lf and mutual Impedance evaluationC213. The 
expression fo r the mutual Impedance between two closely spaced parallel 
current filaments 1s simpler to evaluate than that of the non-parallel 
case; thus, parallel filaments result 1n reduced overall computation
time.

The corners (or nodes) and sides of the surface dipole modes 
form a grid or mesh which can be automatically generated. Okon and 
HarringtonC27D lis ted  several works done on automatic mesh generation 
and described the Gordon-Hall procedure, which 1s re la tive ly  easy 
to Implement and satisfies several of the c r ite r ia  lis ted  previously.

B. Gordon-Hall (G-H) Procedure C23]

The G-H procedure forms a curvilinear coordinate system 1n an 
arb itrary region, R, by a one-to-one mapping (U: S +R) from a unit 
square A'B'C'D' 1n the s -t plane (S domain) to~the region bounded 
by ABCD 1n the x-y plane (R domain) (see Figure 9). In the following 
discussion, R 1s a planar surface, but the method 1s applicable to 
an arb itrary curved surface embedded in three-dimensional space.
The theory assumes the existence of a continuous vector-valued function 
F which maps S onto R. However, In practice, the geometric description 
of R 1s given 1n terms of Its  boundary and F becomes

* [5 fc t i ]  <22)
where x (s ,t)  and y (s ,t)  are parametric equations describing the 
boundary of R (3R) In the x-y plane. A class of mapping or function
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U which interpolate £  at a non-denumerable set of points (trans fin lte  
property) comprising the boundary of S is given by Gordon and Hall 
L23J as:

U (s ,t)  ** (l-s)F(O .t) + sF{1 ®t) + ( l- t)F (s ,0 ) + tF (s .l)  -

U can be described as a function which Induces generalized coodinates 
? and t  onto the region R. This can best be Illus tra ted  by examples 
given below.

1. The Quadrilateral C27D

The steps in forming a G-H mesh generator fo r a quadrilateral 
are (see Figure 10):

a. Choose four points on dR which w ill  separate the boundary 
of the quadrilateral Into four segments. These segments 
should be approximately equal in order to have a uniformly 
spaced mesh. In th is  example, i t  1s obvious that the four 
points are the corners of the quadrilateral.

b. The four segments obtained above are to be the Images of 
the four sides of the unit square S under the mapping F. 
That is , the segments are graphs of the four vector-valued 
functions: fo r 0 < s ,t  5 1,

c. The transfin lte  map IJ (or the G-H mesh generator) 1s construct­
ed by substituting Equations (24) through (27) Into Equation 
(23)» which results 1n:

( l-s )( l- t)F (0 ,0 ) - ( l-s )tF (O .l) - s ( l- t)F ( l,0 )  - 

s tF ( l. l) (23)

(24)

(25)

(26)

(27)
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Figure 10. A quadrilateral region R In the x -y  plane.
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(28)

A grid formed by (28) 1s shown in Figure 11.

A special case of a quadrilateral 1s the triangle. The fourth 
corner is a rb itra r ily  set at the midpoint of Its  longest side. The 
mesh formed by Equation (28) 1s shown 1n Figure 12.

2. The Ellipse C271]

This example d iffe rs  from the previous one 1n two respects: f i r s t ,  
1t does not have a set of four well defined points for segmenting 
aR and, second. aR 1s a curved line Instead of straight line segments 
(see Figure 13;. However, the basic steps 1n finding U are the same:

a. The Important consideration 1n choosing the four corner 
points 1s to choose them so that the resulting arc lengths 
are about the same. Thus, the four points (a,0), (o,b), 
(-a ,0 ), and (0,-b) are chosen.

b. The function F is : fo r 0 <s,t <1,

(29)

F ( l. t )  -
a cos J  (t+1) 

b sin J  (t+1)
(30)

a cos J  (s+1) 

-b sin jf (s+1)
(31)

F(0,t) »
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Figure 11.
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The curvilinear coordinates formed by the G-H Procedure fo r 
the quadrilateral in Figure 10.
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Figure 12.

(

Figure 13.

The curvilinear coordinates formed Inside a triangular re­
gion by the G-H Procedure.

(0 ,b )

( a,0)

8 “ 0

An e ll ip t ic a l region R in the x-y plane.
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c. Substituting Equations (29) through (32) Into (23) yields:

Note that, In th is  case, ]J maps the straight lines 1n the 
s-t plane Into curved lines 1n the x-y plane, as shown In 
Figure 14. Since only straight line segments are allowed 
for the surface patch mode, the mesh Is formed by connecting 
the Intersection points by straight line segments as shown 1n 
Figure 15.

G-H procedure 1s an automatic mesh generator which satisfies 
c r ite r ia  (a) through (c) 1n section A of th is chapter. However, c r ite r­
ia (d) and (e) are usually not met fo r an arbitrary boundary. In 
order to have criterion  (d) satisfied, the four arcs describing the 
3R must be carefully chosen such that they are approximately 
of equal length. Note that each arc can be a straight line, curved 
lines, or two or more straight line segments (123]. However, a bad 
choice of the arc sections may result 1n a mapping U which does not 
map S onto the correct planar surface of R [23]. To alleviate this 
problem, a region R with complex boundary may be subdivided Into subre­
gions and each region 1s mapped Independently. This w ill require 
the user to parameterize the boundaries of several subregions, and these 
subregions must be joined e le c trica lly  by overlapping surface-patch 
dipole modes. Since crite rion  (e) 1s seldom met 1n an arbitrary region 
R, th is results in Ine ffic ien t evaluation of the Impedance which trans­
lates Into a large amount of computation time. Alternative subdivision 
schemes are proposed to find  a more desirable mesh fo r regions R which 
are polygons.

C. Subdivision Method 1

The objective of th is section and the next is to present algorithms 
such that, when Implemented In the form of a computer code, can 
provide the coordinates fo r a set of surface dipole modes which satis­
fies a ll the c r ite r ia  given 1n Section A. I t  Is assumed that an 
a rb itra r ily  shaped plate can be adequately described as a polygon.
Thus, the plate can be described by a set of points, ordered 1n either 
clockwise or counter-clockwise direction, and the straight lines joining 
these points form the boundary of the plate. The basic approaches used 
1n these two subdivision schemes are discussed 1n Appendix C.

The general approach of th is  scheme 1s to choose a side and divide 
the plate into strips which are paralle l to th is  side. The width of 
the strips 1s to be about the same or less than a specified maximum 
size, VI. Each end side of the strips should be a straight line segment

a (l-s)cos£| -s s1r?|+(l-t)cos£| - t  s1n^|+s+t-l] 

b s cos^|-(l-s )s1 rr|+ (l-t)s1 r? | -tcos£ |*t-s ]

26



> - X

Figure 14. The curvilinear coordinate system Induced by the transfln- 
1te mapping U.

Figure 15. A mesh fo r the overlapping surface-patch dipole modes.
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which Is a part of the plate boundary. A grid can be formed by segment­
ing the strips Into an equal number of blocks and the maximum length 
for the blocks should be less than or equal to the maximum width,
W. The details of the algorithm 1s given below (see Figures 16 and 
18 - note that the arrows Indicate the direction of the overlapping 
surface patch dipole modes):

a. Choose a side such that strips parallel to th is side (refer­
ence side) can be formed throughout the plate. Usually
the longest side 1s chosen. As shown 1n Figure 16, either 
sides AB, DE, or AE can be chosen, but choosing other sides 
w ill not allow the plate to be divided Into parallel s trips. 
That 1s, the reference side must be chosen such that the 
perpendicular vectors from the reference side to a ll other 
corners of the plate must a ll point 1n the same direction. 
Also, three consecutive vectors should have the property that 
the length of the middle vector Is not the shortest among the 
three vectors. That 1s the situation as shown In Figure 17, 
where AE chosen as the reference side 1s not permissible. I f  AB 
Is not parallel to OE, then the s trip  with a side coinciding 
to DE w ill not be trapezoidal. The s trip  width 1s found 
by dividing the perpendicular distance from the reference 
line (AB In this example) to the nearest corner by the small­
est Integer N* that w ill make the result less than or equal 
to W. Note that s trip  widths can vary depending on the 
distance from the reference side to the corners. I f  the 
length DE 1s zero, then the s trip  with side DE w ill have 
very short and zero length current elements. This is avoided 
by reducing the width of th is particular s trip  so that there 
w ill be no side with zero length. Since there w ill be current 
filaments along the end sides of each s trip  (see Figures 
16 and 18), each strip  must have no end sides whose lengths 
exceed 0.25 X* I f  th is Is not satisfied, the s trip  must be 
further divided Into smaller strips.

b. Find the minimum Integer, N+» which the longest s tr ip  can 
be segmented such that the length of each section along 
th is s trip  does not exceed W. Each s trip  is then divided 
Into Nj. sections, resulting 1n a mesh as shown 1n Figures 
16 and 18. Note that, 1f the two end sides of a s trip  are 
not paralle l, only trapezoidal blocks can be formed.

The mesh formed by this scheme w ill have about half of the surface 
dipoles with current filaments that are parallel to each other (see 
Figures 16 and 18). This is due to the fact that usually only trape­
zoidal blocks can be formed. However, the more disturbing feature 
of th is scheme is that, 1f there are strips whose lengths are much 
shorter than others, there w ill be a re la tive ly  large number of very 
small (or short) surface dipoles In the shorter strips. In spite 
of these shortcomings, this scheme is s t i l l  attractive 1s a plate 
can be divided Into strips whose lengths do not vary sign ificantly.
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B

Figure 16. A set of overlapping surface-patch dipole modes formed in­
side a fin-shaped polygon by using subdivision method 1. 
The arrows indicate the direction of the currents.
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Figure 17.

BA

A situation 1n which the side AE cannot be the reference 
side.
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Figure 18. A set of overlapping surface-patch dipole modes formed In­
side a regular octagon by using subdivision method 1. The 
area Inside the polygon 1s equal to that of a c irc le  with 
a 0.3 X radius.
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A modification of th is algorithm results in the next scheme where 
two meshes are formed fo r the two current polarizations.

D. Subdivision Method 2

This subdivision scheme is sim ilar to the previous one in that
strips are formed from one side of the plate. However, the strips
are not segmented by the same number of sections Nt ; instead, each 
s tr ip  1s segmented into a minimum number of sections. This allows 
the sizes of the surface monopoles to be more uniform. The in te rio r 
sides are adjusted such that most of the segments in a s tr ip  w ill 
be rectangular (see Figures 21 and 22). This choice of segmentation 
w ill allow only one set of surface dipole currents in the direction 
along the length of the parallel strips. The other set of dipole 
modes are formed by dividing the plate into strips again, but th is 
time the strips are perpendicular to the previous set of strips (see 
Figure 23). The details of th is subdivision scheme are:

a. This step 1s sim ilar to step (a) 1n subdivision method 1. 
However, re la tive ly  short strips are allowed. I t  1s possible 
that a plate geometry (such as that shown in Figure 17)
w ill not allow only one s trip  with the ends being the perimet­
er of the plate to be formed. To get around th is  problem,
another side may be chosen for the reference side. Alternat­
ively, the plate can be divided Into two plates and surface- 
patch dipoles set up for each plate. These two plates are 
then joined by the plate overlap modes.

b. Each s tr ip  1s segmented Into the minimal number of sections 
such that the length of each section should not exceed the 
specified nominal value, W. I f  the two end sides are para lle l, 
I.e . ADjjBC in Figure 19, the sections w ill be rectangular.
I f  AD 1s not paralle l to BC and the length of the longest 
side of the s tr ip  1s less than three times the maximum width,
W, the s trip  1s divided as shown in Figure 20.

In the case where AD 1s not paralle l to BC and the length of 
the longest side 1s greater than three times the nominal 
length, an attempt 1s made to segment the s tr ip  such that the 
segments in the middle of the strips are rectangular. As 
shown. 1n Figure 21, 1f |AD|< W^/2, then the s tr ip  can f i r s t  
be segmented by the line A'D*. vThe line  A'D' 1s placed such 
that the length of AA' 1s the maximum width, W. I f  the length 
of DD1 1s less than 0.2 U, the point E1, which 1s the midpoint 
of segment DE, 1s used to segment the s tr ip . Thls w lll  allow 
the quadrilateral AA'E'D to have a more uniform side length.
The same 1s done fo r the other end and the segmentation of the 
rectangle EFB'C' w ill result 1n rectangular sections, as shown 
in Figure 21. I f  |AD| > W J T  (see Figure 
22), then the s trip  can f i r s t  be segmented
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Figure 19. Subdivision of a rectangular s trip .

D C

A B

Figure 20. Subdivision of a trapezoidal s trip .
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f  A i ■ 1 7
B'  B

Figure 21. Subdivision of a trapezoidal s trip  with rectangular sec 
tlons in the middle part of the s trip .

C' C

Figure 22. Subdivision of a trapezoidal s trip  with very long end sec­
tions (AD and AD1).
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Figure 23. A set of overlapping surface-patch dipole modes formed 1n 
side a fin-shaped polygon by using subdivision method 2.
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by the line A'D. The line A'D Is the perpendicular line 
from point D to the line segment AB. The line AD 1s segment­
ed Into N segments such that no section 1s greater than 
W. Note that line AA' 1s segmented one segment less than
the line AD. This allows the quadrilateral APQD' to be
formed at the end of the s trip . The line segment B'C' 1s 
found like the above and the rectangle A'B'C'D Is segmented 
Into rectangular segments.

c. To form the other set of currents orthogonal to the f i r s t  
set, a line is drawn from the furthest corner and perpendicu­
la r to the reference side. Strips are then formed parallel 
to th is line and the division 1s the same as that of steps 
(a) and (b).

d. As shown in Figure 23, there may be some sides of an arbltrar
1ly  shaped plate which do not have non-zero currents parallel
to the edges. Extra strips are formed parallel to these 
edges. The widths of these strips are the average width
of the previously formed strips or smaller.

The three subdivision schemes discussed 1n th is chapter are just 
a few of the possible mode layouts. Experience has shown that subdivi­
sion methods 1 and 2 are applicable to a wide range of plate shapes.
A computer subroutine has been written which Implements method 1 and 
method 2. The subroutine chooses method 1 I f  the difference of the 
longest and shortest s trip  formed 1s less than 4W, and chooses method 
2 otherwise. Also, I f  the length of the shortest s trip  1s less than
0.1 W, then method 2 w ill be chosen. The user specifies the corners 
of the polygon and the maximum segment size, W. The subroutine gener­
ates the coordinates of the surface-patch dipole modes on the polygon 
plate. The accuracy and efficiency of these mode set-ups in the moment 
method 1s discussed 1n the next chapter on numerical results.
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CHAPTER IV 

NUMERICAL RESULTS

In th is chapter, data fo r the Input Impedance of a monopole anten­
na centered on a disk and scattering data from d ifferent polygonal 
plates are presented. The surface-patch modes are formed automatically 
by the subdivision algorithms given 1n the preceding chapter, A maxi­
mum segment size W«0.25A 1s used fo r a ll plate subdivisions. The re­
sults are compared with measurements and independent calculations.
A ll the computations were done on the D igital Equipment Corporation 
VAX 11/780, which 1s three to four times slower than the IBM-370/168.

A. Monopole Antenna on a Disk

The study of the monopole antenna on a circular disk is of Inter­
est since I t  leads to the understanding of the effect of the f in ite  
ground plane on antenna Input Impedance and radiation pattern. Richmond 
(.283 lis ted the work on th is subject and presented a moment method 
solution. PWS current forms were used fo r the wire and the disk dipole 
mode consisted of two concentric annular zones with rad ia lly  directed 
currents across the two zones.

In order to use the techniques developed 1n th is work, the circular 
disk is f i r s t  approximated by a polygon. Th1n-w1re, attachment, and 
surface-patch modes are used to represent the surface currents. The 
surface-patch modes are formed by using subdivision method 1. The 
surface dipole modes for an octagonal disk with a radius of 0.3A are 
shown In Figure 18. The Input resistance and reactance of a A/4 mono­
pole versus disk radius are shown 1n Figures 24 and 25, respectively. 
Data are shown fo r square and octagonal disks. In both cases, the 
areas are kept constant and equal to that of a c ircu lar disk with radi­
us, A. A disk monopole radius of 0.2X 1s used fo r the attachment 
mode. The most dominant modes 1n th is problem are the wire and attach­
ment modes. This 1s especially true fo r small disk radius. As the 
disk radius becomes larger, the surface-patch modes become more Influen­
t ia l to the fina l result. The computed results are compared with the 
data obtained from the formulation by Richmond £283, The result from 
the square disk approximation agrees with Richmond's result up to about 
A 3 0.4A , while that of the octagonal disk approximation 1s 1n good 
agreement up to A 3 1.0A . The formulation used 1n th is work can solve 
the problem of the off-centered monopole, which was not treated 1n 
any previous work.
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B. Scattering from Polygonal Plates

. . In th is section, the scattering data from plates with d iffe ren t 
sizes and shapes are compared with independent calculations and measure 
ments. The b ls ta tlc  and backscatter data are plotted 1n terms of the 
radar cross-section (or echo area) defined as

o“ *1m ^4 ti r 2 Ss/Si j (34)

where r  1s the radial distance from the plate to the observer and S. 
and Sj denote the time average power densities In the scattered and In­
cident fie ld s , respectively.

The backscatter measurements were made at 9.067 GHz. The plates 
were cut from 0.032-1nch thick aluminum sheet stocks. A tran s it was 
used to align the suspended plate with the polarization axis of a horn 
antenna. A ll these measurements were done at The Ohio State University 
ElectroSdence Laboratory by T. Chu.

1. Circular Disks

Figure 26 shows the broadside radar cross-section of an octagonal 
plate at d ifferent disk ra d ii. Also shown are the data obtained from 
the eigenfunction solution of a c ircu lar disk by HodgeC293. Subdivi­
sion method 1 1s used to set up the surface-patch modes except at the 
frequency where the disk radius Is 1.7 X. Here subdivision 2 1s used 
to reduce the number of unknowns and computation time.

Backscatter data from an octagonal plate with a radius of 1.2 X 
are shown 1n Figures 27 and 28 fo r the 0 and <|> polarization, respect­
ive ly. B lsta tlc data fo r the same plate are shown 1n Figures 29 and 30 
fo r the 9 and $ polarization, respectively. Comparisons of the scat­
tering results from the octagonal plate with the eigenfunction solution 
by HodgeC293 show disagreements between the present calculations and 
Hodge's data at angles close to and at grazing Incidence. This 1s 
due to the fact that an octagon only approximates a c irc le . The eleva­
tion plane pattern fo r a c ircu lar disk should be Independent of <|>. 
However, the pattern made at <J> ■ 0 and <J> ** 22.5 fo r the octagonal 
plate are not Identical. Note that the solution fo r the c ircu la r disk 
fa lls  between these two curves. This seems to Indicate the effect 
of the octagonal approximation to a c ircu lar disk.

2. Triangles

The backscatter data from a righ t angle triangle with the side 
lengths of 3 x are shown in Figures 31 through 33. The surface-patch 
mode setup using subdivision method 2 and the Gordon-Hall procedure are
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shown 1n Figures 34 and 35, respectively. Note that the Gordon-Hall 
procedure set up 264 surface dipole modes, while subdivision method 2 
set up only 176 modes. The backscatter data obtained by using the 
two-mode layouts and measurements are shown fo r the azimuth plane with 
6- and polarization and the e-polarlzation fo r the elevation plane 
In Figures 31, 32, and 33, respectively. Although the result from 
the Gordon-Hall mode layout Is not shown 1n Figure 33, i t  agrees well 
with the two curves shown.

The backscatter fo r an Isosceles triangle  1n the azimuth plane 
fo r 0- and ^-polarization are shown in Figures 36 and 37, respectively. 
The surface-patch mode layout, using subdivision method 2 as shown 1n 
Figure 38, Illus tra tes  how the quadrilateral surface-patch modes are 
adequate fo r modelling the surface currents on a plate with a very acute 
angle. The acute angle 1s 30 and the perpendicular height of the 
triangle 1s 3.25 A. No measurement was done fo r the ^-polarization 
(see Figure 37), but the resu lt shown can be assumed to be accurate.

3. Fin-shaped Plate

A f1n-shaped plate along with the surface-patch mode layout 1s 
shown 1n Figure 39. This plate geometry again Illus tra tes  that subdivl 
slon method 2 does set up modes with re la tive ly  uniform sizes. Figures 
40 and 41 show the calculations and measurements of the backscatter 
1n the azimuth plane fo r the 6- and 4»-polar1zat1on, respectively. In 
the ^-polarization (Figure 4 1 ) ,a curve obtained by using the Geometric 
Theory of D iffraction (GTD) 1s shown. This GTO formulation, which In­
corporated equivalent edge diffracted currents C303 , 1s current­
ly  being developed at The Ohio State University ElectroSclence Labora­
tory C313.

49



m w w m

* f  * f  * f  * f  * f

Figure 34. A set of overlapping surface-patch modes formed 1n a 3-A
righ t angle triangle by using subdivision method 2. This set 
of modes 1s used to generate the backscatter data 1n Figures 
31 through 33.
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Figure 35. A set of overlapping surface-patch inodes formed 1n a 3-A 
rig h t angle triangle by using the Gordon-Hall procedure. 
This set of modes 1s used to generate the backscatter data 
1n Figures 31 and 32.
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Figure 38. A set of overlapping surface-patch dipole modes formed in a 
30 isosceles triangle by using subdivision method 2. Thisset of modes is used to generate the backscatter data in Figures 36 and 37.
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Figure 39. A set of overlapping surface-patch dipole modes formed In­
side a 3-A fin-shaped polygon by using subdivision method 
2. This set of modes Is used to generate the backscatter 
data 1n Figures 40 and 41.
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CHAPTER V 

ANALYSIS OF MICROSTRIP ANTENNAS

This chapter w ill present an analysis of the mlcrostrlp antenna. 
Surface-patch dipole modes are used to model the mlcrostrlp patch and 
volume polarization currents fo r the d ie lectric  slab. The nature of 
th is problem requires unusually precise computation of the Impedance 
matrix, but the method 1s capable of accurately predicting currents, 
Impedance, and resonant frequency of the antenna.

A. Introduction

A mlcrostrlp antenna consists of a metallic plate or patch on 
an e lec trica lly  thin grounded d ie lectric  slab. The patch shapes, 
such as rectangular, c ircular, semicircular, trapezoidal, triangular, 
and pentagonal L323, have been fabricated in practical mlcrostrlp 
antennas. The patch can be fed either by a mlcrostrlp transmission 
line contacting an edge of the patch, or by a coaxial probe extending 
through the ground plane and contacting the patch (see Figures 42 
and 43). There can be more than one feed point.

The mlcrostrlp antenna has a very low p ro file  since Its  height 
above the ground plane Is basically the d ie lectric  substrate thickness. 
Except for the coaxial feedllne, the antenna does not extend behind 
the ground plane. Its  simple construction makes i t  very lightweight. 
These features allow mlcrostrlp antennas to be b u ilt conformal to 
the surface of an a ir- or spacecraft. Because the antenna 1s above the 
ground plane, I t  can be easily mounted to any vehicle without In terfer­
ing w1tn Its  Internal structure. Mlcrostrlp phased arrays have also 
been b u ilt. In this case, the mlcrostrlp radiators and the ir associated 
microwave feed system (mlcrostrlp transmission lines) can be etched 
on a single surface. Thus, these antennas are Inexpensive and simple 
to fabricate. Although typical bandwldths are 1n the order of 
a few percent, advantages can outweigh th is  shortcoming. A compre­
hensive report on the various aspects of mlcrostrlp antennas 1s given 
1n reference C33].

Since the early work on mlcrostrlp antennas reported byOeschamps 
1n 1953 C343 up to 1975, the analysis and design of these antennas 
were done by using simple models adapted from transmission line theory. 
Howell C35 and 36J modelled the mlcrostrlp antenna as a d ie lectric 
loaded cavity with magnetic side wall. Using th is model, the resonant
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frequency fo r rectangular and c ircu lar m lcrostrlp patches can be predict­
ed, but the Input Impedance at the feed has to be determined experimental­
ly . Based on the same model and taking Into account the fringing f ie ld , 
a more accurate expression fo r the resonant frequency of a c ircu lar disk 
was la ter given by Shen, et a h . C33G. Munson L38!1 and Oerneryd C39D 
considered the mlcrostrlp antenna as two slots perpendicular to the 
feedllne and separated by a very low Impedance transmission line.
The slots and the surface patch were modelled by an equivalent network, 
and transmission line  theory was used to calculate the Input Impedance. 
This method was used to model rectangular mlcrostrlp patches fed at 
the center of an edge. The theory was extended by Derneryd C40D to 
account fo r d ifferent feed locations along the edge and the mutual 
conductance between the slots.

More recent work on mlcrostrlp antenna analysis 1s based on 
modelling the region between the patch and the ground plane as a reson­
ant cavity. In th is method, a complete set of eigenvectors which 
satis fy the wave equation and, therefore, can represent the fie lds 
Inside the cavity must be found. I f  the patch shape 1s of a canonical 
form, the eigenvectors can be written 1n terms of known functions.
In order to sim plify the boundary condition at the side wall (see 
Figure 43), many Investigators assume that the tangential component 
of the magnetic f ie ld  (H) along the wall 1s negligible. Thus, the 
side wall becomes a magnetic wall. Using this model, Long, et a l . .
C413 analyzed the clrcular-d lsc mlcrostrlp antenna and derived the 
expressions fo r the fa r f ie ld , d irective gain, efficiency, and the 
Q-factor of the antenna. An extension of th is work was reported by 
Derneryd where the c ircu lar disk C42J and rectangular patch C43] were 
analyzed. A comprehensive work using th is model was given by 
Lo, et a l. ,  [44D, Here, solutions fo r numerous canonical shapes were 
glvef^ TI should be noted that the fring ing f ie ld  along the edge 
of the patch was taken Into account either by using an effective dielec­
t r ic  constant fo r the substrate and/or a small extension 1n the dimension 
of the patch. An alternate approach to account fo r the fringing fie ld  
1s the use of an Impedance boundary condition on the side wall. In 
other words, the side wall 1s no longer an open c irc u it (magnetic 
w a ll), but has an associated admittance (or radiating wall). Carver 
C4S0 incorporated th is Impedance condition fo r his model and derived 
the expression of the wall admittance for the rectangular and circu lar 
patch. In addition, Carver used the f in ite  element method to solve 
the wave equation fo r a rb itra r ily  shaped patches. Since the problem 
of finding the wall admittance fo r a rb itra r ily  shaped patches was 
not solved, th is la tte r technique did not Include the Impedance condi­
tion . C.M. Kalol used the cavity resonator model to derive design equa­
tions which can be used fo r a conventional mlcrostrlp antenna as well as 
the "Twin E lectric M lcrostrlp Antenna," where Identical mlcrostrlp patch­
es are formed on both sides of a d ie lectric  slabCS53.

Agrawal and Bailey C463 modelled the mlcrostrlp patch and feedllnes 
by using.the th in wire grid. Using Richmond's thin wire computer 
code C3 J , a solution was f i r s t  obtained fo r the antenna radiating In
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the homogeneous medium having the pe rm ittiv ity  of the d ie lectric  sub­
strate. The resu lt was then shifted in frequency and the input imped­
ance scaled by constants determined from measurements. This was a 
moment method approach, as 1s the approach used in the following analy­
sis. However, surface patch modes are now used to model the mlcrostrlp 
antenna, and the presence of the d ie lectric  1s taken Into account 
by the volume polarization current.

The three models described above can be contrasted by the types of 
unknowns that have to  be determined. In the transmission line model, 
the unknowns are the characteristic impedance, propagation constant, 
and loads on an equivalent transmission line. The unknowns in the 
cavity model are the d istribution  of the cavity modes (or eigenfunc­
tions) and the resonant frequencies of these modes (eigenvalues). In 
the moment method solution presented here, the unknowns are the surface 
currents flowing on the mlcrostrlp patch, and, i f  a d ie lectric  slab 
1s present, the equivalent volume polarization currents 1n the region 
occupied by the slab.

B. The Model

In th is section, the model of the mlcrostrlp patch, the effect 
of the d ie lectric  substrate, and the numerical d if f ic u lt ie s  w ill be 
discussed. The ground plane under the patch 1s assumed to be in f in ite  
and, thus, the image theory can be used. In th is solution, the equi­
valent volume polarization currents 1n the d ie lectric  slab are related 
to the surface charge density of the patch. Consequently, the surface 
current on the patch is the only unknown Involved. As w ill be shown 
la te r, the current on the plate 1s inversely proportional to the d iffe r 
ence of the se lf and mutual Impedances of the patches. Since the 
difference between the two Impedances is very small, both Impedances 
have to be evaluated very accurately.

1. A1r D ielectric Mlcrostrlp

Figure 44 shows the side view of an a ir d ie lec tric  microstrip 
patch antenna at a height T above a ground plane. The antenna 1s 
shown coaxially fed, although i t  could ju s t as easily be edge fed. 
Using image theory, the ground plane is removed and the Image of the 
patch and feed probe are Inserted. The coaxial aperture is modelled 
by a delta gap voltage generator. This is shown 1n Figure 45. Gener­
a lly , the currents at the wire/patch junction are modelled by the 
attachment mode discussed 1n Chapter Two. But our experience, and 
apparently the experience of others [4 4 3 . indicates tnat the feed 
probe and voltage generator can be replaced by an impressed current 
filament given by

J-j = z amp (35)

existing between the patches and constant 1n the z direction.
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Figure 46 shows the geometry that can be analyzed using the moment 
method surface patch modelling technique described 1n Chapter Two.
The dominant current on the patch 1s in the direction where the dimen­
sion of the patch 1s about one-half the wavelength in the d ie lec tric  
medium. Thus, only one current dipole mode 1s used for each patch.
In the case where the patch 1s close to being a square, the'two ortho­
gonal polarizations are needed. In th is work, th is  problem 1s analyzed 
by solving fo r each current polarization Independently, and the to ta l 
Input Impedance 1s the sum of the Individual Input Impedances. For 
each case, the impedance matrix, Equation (8 ), w ill  have two unknowns.

I t  1s well known that the close proximity of the plates In Figures 
44 through 46 w ill cause the surface currents to d istribute  unevenly 
between the top and bottom surfaces of the plates. Actually, the 
majority of the current w ill be on the In te rio r surfaces of the plates. 
This complexity Is avoided 1n th is present solution since the surface 
current, Jg 1n Equation (6 ), 1s the vector sum of the currents on 
the top and bottom surfaces (see Chapter Two). This 1s the current 
which radiates and is , therefore, of primary interest 1n any solution.

2. Modification fo r D ielectric Slab

I t  w ill now be shown how the matrix equation for the a ir dielec­
t r ic  mlcrostrlp can be modified to account fo r the d ie lectric  slab 
(or substrate). Figure 47 shows the geometry of Figure 46, but with 
a d ie lectric  slab of pe rm ittiv ity  e, or re la tive  pe rm ittiv ity  e = 
e/e0, between the plates. Using the volume equivalence theorem, the 
slab 1s removed and replaced by free space and the equivalent volume 
polarization currents (see Figure 48)

Jy = iu(e-e0) E (36)

where £ 1s the actual e lectric  f ie ld  1n the slab. Note that Jy exists 
only 1n the region previously occupied by the slab. Jy 1s unlcnown 
since E, 1s unknown. Jy can be treated as another set of independent 
unknowns and expanded™ terms of Ny basic functions. The coefficients 
1n the expansion fo r Jg and Jy are determined by solving a system 
of N + Nv simultaneous equations C473. However, the additional un­
knowns, and consequently the Increase 1n computation time, made th is 
technique unattractive fo r th is problem. An alternative approach 
used 1n th is work 1s to treat Jg and Jy as dependent unknowns C48 
and 49*]. With the slab, the RlE (6 ) Becomes

- # S  ( is  • im) ds -  (jV • Im) dV = Vm (37)
d

where Vd is the volume occupied by the slab and Em 1s s t i l l  the fie ld  
in free space. Assuming that the f ie ld  Inside tne d ie lec tric  slab 
due to the surface patch current expansion mode can be found, Jy 1s
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Figure 46. The voltage generator 1n Figure 45 1s replaced by 1-amp Im­
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Figure 47. Microstrip antenna with d ie lectric  slab.
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Figure 48. The d ie lec tric  slab 1s modelled by equivalent volume polari­
zation current.
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made dependent on J s by expressing the currents 1n Equation (37) by 
the expansion modes

£ n °  £n + £n (38)

where Fp 1s the surface conduction current and pP 1s the volume polari- 
zatlon’current,

FjJ « * ) ( c - c 0) 4  (39)

where En is the fie ld  in the d ie lectric due to the ntfl expansion mode, 
£n. Using Equations (36), (38)* and { 39), the RIE (37) can be express­
ed by the matrix equation

N
I (Z|np + AZ|jjp) °  Vjjj i m = 1 , 2 , . . . ,  N (40)

where z_n and Vmn are defined by Equations ( 9) and (10), respectively, 
and mn mn

4Zn,n ■ -*>(e-c0) / / /  Edn • Em dV (41)
2

N 1s the total number of surface patch current expansions. While 
the Integral 1n Equation (41) 1n theory extends over the entire volume 
of the slab, 1n practice I t  1s suffic ient to Integrate a few slab 
thicknesses beyond the region shared by modes m and n. Although the 
expression for Ep In terms of Somerfeld Integrals can be foundlSOT, 
here we make some simplifying approximations.

Assuming that only the z component of E^ 1s significant in the 
slab, the procedure for computing EJZ w ill "now be presented. Figure 
49 shows Jn radiating In the presence of the d ie lectric slab. The 
surface charge density associated with Jn 1s obtained using the equation 
of continuity “

V -Jn = -jupsn (42)

or

o b ■ ^  (4 3 )Psn jt3

where PSIJ 1s the surface charge density associated with J n. From 
the boundary condition “

°1 + d2 ■ psn (« )

66



z

DIELECTRIC SLAB

—n

Figure 49. J,, 1n the presence of the d ie lectric  slab.
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and i f  we were to assume Di = D2 = D , the flux  density radiated in 
a homogeneous medium (regardless of its  pe rm ittiv ity ), then Equation 
(43) would become

D0 * <W 2 * ' 7 '~ n • ( « )
2jw

F inally, the e lectric  f ie ld  at the slab surface would be

E^z ■ v *  * I I j L" <«>
Zj die

The major approximation Involved in obtaining Equation (46) was the 
assumption D. = D« = D . Actually, the presence of the slab causes 
a sign ificant asymmetry; that is , D ,> Dn > Do. Equation (46) can 
be modified to include th is effect as

E?z ■ RD_/e « - RV-in  (47)
n 0 U S T

where the ratio_R D,/D can be evaluated using the method of dielec­
t r ic  images L5 4 J an(j i s derived 1n Appendix B. Figure 50 illu s tra tes
a typical asymmetry of the D fie lds  at the surface of c slab. R
1s evaluated very close to tne surface patch and has been shown to 
be accurate for very thin slabs (TcO.OlX ). However, for thicker 
slabs, the fin a l results begin to deteriorate and th is  1s caused by 
the approximation fo r EJj.

Equation (47) predicts that Efjz at the surface of the slab is 
R times the f ie ld  radiated by Jn in a homogeneous medium of perm ittiv ity  
e . We use the approximation That E{}2 , at any point in the slab, 
is R times the f ie ld  radiated by J n in a homogeneous medium of permit­
t iv i t y  e . “

The excitation column could be evaluated using Equations (10) 
and ( 3 5 ), I.e .

2T
Vm e /  Im * i l  d * (48)

0

i f  Em 1s taken to be the f ie ld  of the m**1 test mode in the presence 
of tne d ie lec tric  slab. We would like  to use Equation (48) with Em 
s t i l l  the free space f ie ld  of the m test mode. Using the resulTs 
of Equation ( 47), th is  can be done by evaluating the Vra using Equation
( 48) and then multiplying by R/^,.
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Once the patch currents are known, i t  is straight forward to 
evaluate the input impedance at the feed point. Since the feed current 
is taken as one amp, the input impedance is numerically equal to the 
voltage at the feed point, or

■in
N
Z

n = 1 ■nvn (49)

where the factor *s is a result of the use of image theory to model 
the antenna. I f  the antenna is coaxially fed (rather than edge fed 
jiy microstrip line ), the effects of the probe can be included by adding

jx r tan
( r H 1 )

(50)

to zin*

3. Expansion and Test Modes

The expression fo r surface patch modes used for t he microstrip Is 
given by Equation (12). Normally, we c h o o s e p 0e0 »2itA0, where x 
1s the free-space wavelength[13 and 16]. In theory, the moment method 0 
should converge to the same result regardless of any reasonable choice 
for k. Here we choose

“ ■ / v T
(51)

where ee is the effective d ie lectric constant given by Q51]

,+1
(52)

where to 1s the width of the mlcrostrip. The choice of k primarily 
effects the convergence of the impedance level rather than the resonant 
frequency. This convergence can be especially slow for a poor choice 
of k since the Impedance level 1s essentially proportional to the 
divergence or slope of the microstrip patch surface current density 
at the feed point.

4. Numerical D ifficu ltie s

The moment method solution for mlcrostrip antennas requires the 
unusually precise computation of the elements in the Impedance matrix.
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Consider the a ir d ie lec tric  mlcrostrip of Figure 46. I f  we le t the 
subscript b refer to a single mode on the bottom or image patch and 
the subscript t  refer to a single mode on the top patch, then

l b zbb + »t  zbt ■ \  <53>

!b ztb+ h ht • h w
I f  we assume that modes b and t  are both pointing to the r ig h t, then 
from Image theory we know I. « - I . . Also, from the symmetry of the 
problem Zt t  = Zbb, Ztb s Zb t, and Vt  a -Vb. In th is case, Equations
(53) and C54) can be solvea as

i t  ■ - ! b * 7— - V t  • <55)D * t t  n b

Equation (55) shows that the solution 1s c r it ic a l ly  dependent upon 
the difference between the se lf and mutual impedance of the top and 
bottom modes. Since modes b and t  are Identical, except that they 
are shifted by typ ica lly  0.01 X, we expect that Zt t  ~ Ztb . Thus, 
obtaining Zt t  - Ztb accurately is a d if f ic u lt  numerical problem.

As an example, Table 1 shows Z+t, Ztb and related quantities 
fo r the mlcrostrip shown in Figure 5x, except that £ = 1. Data are 
shown at the three frequencies 952.0, 963*0, and 974.0 MHz which are 
below, at, and above resonance, respectively. (The data 1n Table 
1 and 2 do not Include contributions from losses 1n the plates or 
the d ie le c tric .)

Note that the se lf resistance 1s always s lig h tly  larger than 
the mutual resistance. This difference controls the level of the 
plate currents and of the Input Impedance, with both Increasing as 
the difference becomes smaller. The se lf reactance is smaller than 
the mutual reactance below resonance, but larger above. At resonance 
the se lf and mutual reactances are equal, and Zt t  - Ztb 1s purely 
real. Since the elements In the voltage vector are essentially purely 
Imaginary, Equation (5K) shows that, at resonance, the currents are 
maximum and essentially purely imaginary. F ina lly, from Equation
(49), 1t can be seen that at resonance the Impedance 1s maximum and 
real.

Next, consider the same antenna, except with the d ie lectric  slab. 
Table 2 shows Zt t , Z±b, AZt t , and AZtb and related quantities at the 
frequencies 630.0, 634.0, and 638.0 MHz which are below, at, 
and above resonance, respectively. Note that Re(Zt t ) is  always larger 
than Re(Z*h), but by only a few hundredths of an onm. Also, Im(Zt t )
1s less tnan ImUtb) by about 16 ohms. Thus, without the AZ d ie lectric  
correction terms we are very fa r from resonance. In this example,
AZt t  ■ -  AZtb 1s about j8 ohms. With th is correction, Zt t  + AZt t
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TABLE 1

ELEMENTS IN THE FREE SPACE LOSSLESS MICROSTRIP IMPEDANCE MATRIX 

nVM z) Zt t  Ztb Zu -Ztb

952.0 58.91+j5 .80 58.71+j6.32 .21-J.52

963.0 60.76+J7.80 60.54+j7.80 .22+jO

974.0 62.65+J9.78 62.43+j9.27 .22+J.53



•Xj4k

TABLE 2

ELEMENTS IN MICROSTRIP IMPEDANCE MATRIX INCLUDING DIELECTRIC SLAB (LOSSLESS CASE) 

f(MHz) Zt t  Ztb ztt~ ztb AZt t ="AZtb Zt t +AZt t  (Zt t +AZt t )
- ( zt b+Azt b)

630.0 21.8I-j62.74 21.78-j45.81 .03-jl6.93 j8.39 21.81-j54.35 .03 -j.l5

634.0 22.12-j61.69 22.08-j44.99 .04-jl6.69 j8.35 22.12-j53.34 .04+j0

638.0 22.43-j60.63 22.40-j44.18 .03-jl6.45 j8.30 22.43-j52.33 .03+j.l5



is nearly equal to Z.. + aZ.. near resonance. At resonance (Zt t  +
AZt t ) - {Z ^  + AZ^) is purely real and equal to about 0.03 ohms.

Tables 1 and 2 illu s tra te  the accuracy required to obtain accurate 
current or impedance data. In Table 2, the se lf and mutual resistance 
must be evaluated to an accuracy of about 0.05 percent or better, 
in order that the ir difference of 0.04 ohms be reasonably accurate. 
Also, Table 2 shows that a combined error of j l  ohm in Zj.u, and 
AZt t  w ill lead to a sh ift in the resonant frequency of about 27 MHz, 
or Sbout a four percent s h ift.

Losses 1n the f in ite ly  conducting patches and in the d ie lec tric  
can s ign ifican tly  e ffect the current and Impedance level and bandwidth 
of the microstrip antenna. The f in ite  conductivity of the patches, 
whose treatment 1s analogous to that of thin w ires ll9 ], increases 
the self resistance while leaving the mutual resistance unchanged. 
Losses in the d ie lec tric  are treated by simply allowing e to be complex 
in Equation (41). The result 1s to Increase the se lf resistance and 
decrease the mutual resistance by equal amounts. Thus, in both cases, 
the losses Increase the difference between the se lf and mutual resistan 
ces. For reasonably low loss materials, the changes w ill  be a tiny  
fraction of an ohm. However, th is  change w ill be s ign ifican t, to 
the current and input impedance, 1f i t  is comparable to the difference 
between the se lf and mutual resistance fo r the lossless antenna; I.e . 
fo r the example shown 1n Table 2, 0.04 ohms. Note that th is strong 
dependence of the current level on the losses suggests that i t  may 
be inaccurate to use the loss free currents and fie lds  in perturbation 
technique to evaluate the losses in the plates and d ie lec tric .

C. Numerical Results

In this section, computations, based upon the results of the 
previous section, w ill be presented and compared to measurements and 
previous computations. A ll of the present results were made using 
the same user oriented computer code. The computations in Figures 
51 through 53 were made with one unknown, while two unknowns were 
required in Figure 54.

Figure 51 shows a coaxially fed rectangular m lcrostrip of length
15 cm. and width 7.5 cm. The d ie lec tric  slab is 1/8 Inch thick and
with re la tive pe rm ittiv ity  el = 2.56. Figure 51 shows good agreement
fo r the measured and computed input Impedance in terms of Impedance
level, resonant frequency, and bandwidth (note: the measurements 1n 
Figures 51 and 52 were made by O.H. Schaubert at Harry Diamond Labora­
to ries). Also shown 1n Figure 51 is the computed impedance fo r the 
same antenna, except a ll losses are removed (I.e . plates have perfect 
conductivity and d ie lec tric  tan 6 s 0). Note the substantial Increase 
1n Impedance level. Figure 52 shows a trapezoidal mlcrostrip patch, 
Identical to that in Figure 51, except that the width varies from 
2.5 to 10 cm. Note that the theoretical model accurately predicts
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the upward s h ift in resonant frequency. Figure 53 compares the input 
Impedance of a rectangular edge fed microstrip of length 7.6 cm. and 
width 11.4 cm. computed by the present theory to that measured by 
Lo, et a ).. L44J. The d ie lectric  slab is 1/16 inch thick with re la tive 
perm ittiv ity  er = 2.62. F inally, Figure 54 shows the input impedance 
fo r a nearly square corner fed microstrip of dimension 11.3 by 11.2 
cm., and with the same slab as Figure 53. The cusp in the curve is 
caused by the resonance associated with the 11.3 cm. side being at 
823 MHz, while that of the 11.2 cm. side is nearly the same at 829.5 
MHz.

D. Discussion

A surface patch moment method solution for the mlcrostrip antenna 
has been presented. The mlcrostrip plates or patches are modelled 
by equivalent surface currents, while the d ie lectric  slab is modelled 
by equivalent volume polarization currents. Numerical examples I l lu s ­
trate that the technique can predict with good accuracy the input 
Impedance of edge and coaxially fed rectangular and nonrectangular 
mlcrostrip antennas. Losses 1n the plates and In the d ie lectric  are 
included and have a s ign ificant effect on the bandwidth and Impedance 
level.

An Interesting feature of the moment method solution 1s the unusual 
precision required 1n the computation of the elements 1n the impedance 
matrix. I t  is fe l t  that th is is, in part, a consequence of the nature 
of the moment method model. In particular, the fie lds and currents 
1n a mlcrostrip antenna are very nearly those of a closed cavity.
In the moment method, the structure Is modelled by a number of plates, 
which are basically open radiators. I t  is hoped that by enforcing 
boundary conditions on the plates that the solution w ill "see" the 
closed or cavity nature of the structure. In fact, 1t does; however, 
the description of the plates and the ir location is required to be 
very precise. A second explanation comes from consideration of Equa­
tions (53) and (54). Equation (53) enforces (in  an approximate sense) 
the boundary condition that the tangential e lectric  f ie ld  vanishes 
on the bottom or image plate. Equation (54 ) enforces the boundary 
condition that the tangential e lec tric  f ie ld  vanishes on the top plate. 
Since the top and bottom plates are separated by typ ica lly  only 0.0U , 
Equations (53) and (54) are enforcing, to a large extent, the Identical 
conditions. Yet accurately solving Equations (53) and (54) 1s dependent 
upon them "seeing" the re la tive ly  small difference between these condi­
tions. The resu lt, illus tra ted  in Equation (55), 1s that the solution 
1s c r it ic a l ly  dependent upon the re la tive ly  small differences between 
the se lf and mutual impedances.

Considerable comparisons have been made between the moment method 
solution presented here and transmission line and modal solutions 
fo r planar rectangular microstrips. Although the moment method solu­
tion is more complex, i t  is not s ign ifican tly  more accurate. The
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advantage of the moment method solution may be in Its  adaptability 
to the more involved problems of conformal or coupled mlcrostrip anten-
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CHAPTER VI 

CONCLUSION

A formulation, based on the RIE with e lec tric*tes t source, for * 
analyzing electromagnetic antenna and scattering problems has been 
presented. The use of quadrilateral piecewise sinusoidal surface patch 
patch modes, th1n-wire modes, and the wire/plate attachment modes allows 
a large class of problems associated with a rb itra r ily  shaped surfaces 
to be analyzed. Special attention has also been given to the problem 
of automatically setting the surface-patch dipole modes fo r a general 
polygon. The app licab ility  and v e rs a tility  of th is  formulation has 
been demonstrated fo r a wide range of problems. Including monopole 
antenna on a disk, scattering from polygonal plates, and analysis 
of mlcrostrip antennas.

A. Topics fo r Further Work

Although the computer code developed fo r th is  work can handle 
any plate geometry, considerable reduction 1n the computation time 
could result 1f th is  code 1s Integrated Into the well developed and 
e ffic ie n t user oriented code fo r rectangular patches. This savings 
1n time 1s obtained by the new code's a b ility  to Identify  the rectangu­
la r plates and applying the to p e lltz -like  properties of the rectangular 
surface-patches In evaluating the mutual Impedances.

Another topic fo r further Investigation 1s the use of Sommerfeld's 
method to find the Green's function of a surface-patch on a d ie lectric  
substrate. This formulation 1s more general than the method presented 
1n the analysis of the mlcrostrip antenna 1n that 1t can treat e le c tr i­
ca lly  th ick, as well as th in , d ie lec tric  slabs and the patch 
can be on the slab or Imbedded 1n the slab.
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APPENDIX A

EFFICIENT EVALUATION OF PWS FILAMENT-TO-FILAMENT IMPEDANCE

The mutual Impedance between filamentary monopoles with PWS cur­
rents can be evaluated from the rigorous closed form expression C223 
or numerical Integration. ReferenceQ223 refers to subroutine GGMM 
which can be used to compute the mutual Impedance of general skew 
PWS filamentary monopoles with complex propagation constant,y , ( I.e . 
lossy homogenous medium). I f  free space 1s assumed, then y becomes 
pure Imaginary and some of the exponential Integrals 1n expression 
fo r the mutual Impedance reduce to cosine Integrals which are simpler 
to evaluate. A subroutine with th is simplificationC523 1s used In 
th is  work when the exact mutual Impedance 1s needed. Since the near 
f ie ld  expression from a PWS filament Is known, only a one-d1mens1onal 
Integration (on the expansion filament) 1s required to evaluate the 
mutual Impedance. For paralle l filaments, the computation time requir­
ed fo r the exact evaluation and numerical Integration (INT“2) 1s about 
the same, but the le tte r 1s not accurate at very small filament separa­
tion . Although numerical Integration 1s also less accurate than the 
exact evaluation when two nonparallel filaments are close to each other, 
I t  1s much faster. For the nonparallel case, a five-poin t (INT«4) 
and three-point (INT-2) Simpson rule Integration 1s about twice and 
three times faster than the exact evaluation (INT»0), respectively.

A simple test to decide on the type of Integration (fo r the non­
paralle l case) 1s to find  the distance between the midpoints of the 
two filaments (Dm) and use the following decision role:

Dm > 0.25X use INT«*2

Dm < 0.25X use INT«0.

However, even within the Dm < 0.25X radius there are many filament 
orientations which require only INT**2. The following describes a more 
stringent test which can substantially reduce the overall computation 
time. Figure 55 shows the reactances and computation times using INT=0, 
INT**2 and d ifferent INT's chosen by the following decision rule.

Figure 56 shows two filamentary monopoles, M and N, with endpoints 
1, 2 and A, B, respectively. Assuming that M and N are not para lle l, 
the minimum distance, Dmj n, between the two filaments are determined by 
one of the following:
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Figure 55. Reactance of two PWS filamentary monopoles. The lengths of 
the filaments are 0.25A. SI and S2 denote the terminal and 
end points of the test monopole, respectively. T1 and T2 
denote the terminal and end points of the expansion monopole, 
respectively.
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Figure 56. The geometry used to find the smallest distance between two 
filaments.
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a* I f  Rja Rjd < 0 and An * Aj? < 0, then the filaments cross 
each other. D_jn 1s tne perpendicular distance between the 
two paralle l pianes formed by the two filaments.

A A  A A

PMA * PMB < 0 anrf PN1 * PN2 -  then Dm1n the m1n‘tn,ll,n
value of (|pN1| ,  |pN2|) ,

c. I f  p^j * P^j^O Pj^ * P^B — Dm1n 1s the minimum
value of (|PMAI, |PM8I) .

d* ' Pmr > 0 andPM1 * PM9> 0, then D_,*rt 1s the minimum
of tne distances from points f  *lo A, 1 to 8, 2 to A, and
2 to B.

^m1n 1s then used In the following decision rule:

0 1 Dm1n 1 0.03A choose INTa0

0.03A< Dm̂ n < 0.1A choose INT*4

Dm̂ n > 0.1A choose INT**2.
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APPENDIX B

EVALUATION OF R BY THE METHOD OF DIELECTRIC IMAGES

The assymetry of D* and D« (see Figures 49 and 50) due to the 
d ie lectric  slab Is accounted fo r by a constant R. This constant 1s 
the ra tio  of two average values:

f l f  En2  ̂ Era *
„  „  I I ______________  (56)

*

where E^z and Ez are the fie lds  of the n**1 expansion mode evaluated In 
the presence of the d ie lec tric  slab and free-space, respectively. E*
1s the f ie ld  from the m test mode evaluated 1n free space. V« 1s the 
common volume shared by the modes m and n. For e le c tr ica lly  thin d i­
e lectric  slab, the fie lds  are constant along the z-coord1nate and the 
Integrals In Equation (56) reduce to surface Integrals. In practice, 
the surface Integration 1s done Inside V2 and close to the surface
of the m mode. Note that the Integrals 1n Equation (56) are the same
as those used to determine Azmn 1n Equation (41).

Since R 1s a ra tio  of the f ie ld  averages, the s ta tic  approximation 
Is used to calculate these fie ld s . Consider a f in ite  line  charge, 
as shown 1n Figure 57, with a uniform charge d is tribution  of density 
Q/h. The potential d is tribution  of th is  line  charge 1sC53, p. 1073

♦ ■ w -  S [*" ( r a ^ ) ]  <57>

where r ln  « V (x -x 1)2+{y-y1)2+(z+2nd)2

r 2n = V (x -x 2)2+(y-y2)2+(z+2nd)2

n are the Intergers ( . . .  -2, -1, 0, 1, 2, . . . )  
d 1s the d ie lectric  thickness (2T)
U 1s the distance from (x2, y2 z2) to the projection of (x, 
y, z) on to the line  formed by extending the line charge, I.e .:



^  ( x . y . z )
/ /  '

z

Figure 57. A line  charge, Q, with che associated coordinates.

,2n d )
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U « (x-x2) ★ CAS + (y-y2) * CBS + (z-z2) * C6S

CAS * (xr x2)/h 
CBS = (yr y2)/h 
C6S «* (z1-z2)/h.

Ez 1s found by:

Equation (58) 1s the expression for E2 from a line charge and can be 
Integrated to find the fie ld  of a surface charge Ez and Ez. Note that 
Equation (56) 1s used only when V2 1s the common area shared only by 
a monopole from each mode m and n. I f  both monopoles of modes m and n 
overlap, then E must be the fie ld  from a dipole with +Q on one monopole 
and -Q on the other. The fie ld  from a line charge -Q can be found 
by the same method outlined above and th is Is added to Equation (58) 
to form the f ie ld  from a dipole. The fie lds  of the line charges are 
Integrated to find the fie ld  due to a surface charge.

Ez due to a surface charge radiating 1n a homogenous medium with 
perm ittiv ity  e has been derived. The method of d ie lectric  Images E54J 
1s now used to find E r , the fie ld  In the presence of a d ie lectric slab. 
Figure 58 shows the Images of a charge Q close to a d ie lectric  slab 
and the regions 1n which the equivalent Images are applicable. That 
1s, I f  the f ie ld  point 1s 1n a region, then the fie lds from the Images 
(applicable to that particular region) are added. This technique was 
also used to generate the relative 0 in Figure 50.

z+2nd
(U+r , J r

z+2nd
W-H+n-TF (58)
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^ / / / / / / / / / / / / / ^ k 2 )» k2(I_ ; C  k- 4 „ _ k 2)0

-K s(I-K)Q  (l-K)Q k 4 (i-k )o  
•  •  ® # #

-K * ( l-K ) 0  -W I-K1Q K (l-K)Q

- K  (|-K  JQ K(|-K )0 .  / / / / / / / / / / / / / / / / / / , » / / / -» 
-K 9 (I-K z )Q (l+KJO

(I« - 3 - 2 —1 0 I 2 3

IMAGE COEFFICIENT, K« 7 7

/ / / / / / / / / / / -  REGION WHERE THE IMAGES ARE APPLICABLE

Figure 58. The images of a charge, Q, located near a d ie lec tric  slab.



APPENDIX C

BASIC APPROACHES USED IN SUBDIVISION METHODS 1 AND 2

The rectangle Is the simplest shape that can be subdivided Into 
rectangular surface-patch modes which satis fy a ll the c r ite r ia  given 
1n Chapter Three. Determination of the set of modes fo r a rectangular 
plate like  the one shown 1n Figure 59 1s the motivation fo r the gener­
al approach used 1n subdivision methods 1 and 2. The rectangular 
1s f i r s t  divided Into long strips (Figure 60) and these strips are 
then sectioned to form rectangular blocks (Figure 61). These small 
blocks become the monopoles of the overlapping PWS surface-patch 
modes.

A general polygon can be subdivided 1n a sim ilar manner. The 
polygon 1s f i r s t  divided Into trapezoidal s trips . These strips are 
then divided Into blocks. I t  1s the strategies used to subdivide the 
s trips 1n which method 1 d iffe rs  from method 2. In method 1, a ll the 
strips are divided into the same number of blocks and, thus, generate 
a grid fo r the two current polarizations as shown 1n Figures 16 and
18. Realizing that the shorter strips do not require as many blocks 
as the longer s trips , method 2 segments each s tr ip  by a minimal number 
of blocks. Also, the sides of the blocks that do no coincide with 
the plate boundary are manipulated so that these blocks can become 
rectangular blocks. In th is  way, subdivision method 2 can generate a 
large percent of rectangular modes and th is becomes more evident 1n 
e le c tr ica lly  large plates. Examples of mode layout using subdivision 
method 2 are shown 1n Figures 23, 34, 38, and 39. Both subdivision 
schemes are discussed 1n more detail In Chapter Three.
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Figure 59.

Figure 60.
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Overlapping surface-patch dipole layout on a rectangular 
plate.

STRIP ♦ a

STRIP ♦  4

STRIP #1

i t

A rectangle divided Into strips.
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Figure 61.

BLOCKS

A rectangle divided Into strips and then Into blocks.
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