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CHAPTER I 
INTRODUCTION

The advantages of using phased a r rays  of  antennas in rad a r  sys ­
tems, such as th e  a b i l i t y  to  t r a c k  many t a r g e t s  through microsecond 
i n e r t i a l e s s  scanning and beamshaping [ 1 ,2 ] ,  along with developments 
in phase s h i f t i n g  devices  which perform t o  the  s tandards  r equ i r e d  
by th eory  [3] ,  have led t o  t h e i r  p o p u la r i t y  and implementat ion in 
many devices and systems.  In f a c t ,  the  use of  p e r i o d i c a l l y  spaced 
r a d i a t o r s  has expanded in t o  many o th e r  a reas  such as m e t a l l i c  radomes 
[4-13] whose use has been shown t o  be b e n e f i c i a l  in c o n t r o l l i n g  f r e ­
quency and s p a t i a l  s e l e c t i o n  of  energy t r an s m is s io n ,  r e f l e c t i o n ,  and 
r e r a d i a t i o n .  The t h e o r e t i c a l  development of  th e se  frequency s e n s i ­
t i v e  sur faces  (F .S .S . )  has in co rpora ted  an ext remely usefu l  method 
f o r  t r e a t i n g  d i e l e c t r i c  l ayers  ad jacen t  to  th e  phased a r r a y  or  F .S.S.  
device [14 ,15 ,16] .  I t  i s  t h i s  r e c e n t l y  developed procedure which 
i s  e x p lo i ted  here  in t r e a t i n g  an old problem in the  unders tanding 
of  phased a r rays .

Antenna a r r a y  theory  cons iders  a phased a r r a y  t o  be a c o l l e c t i o n  
of  p e r i o d i c a l l y  spaced r a d i a t o r s  which are  fed  with p rog re s s ive  phase 
in such a way as t o  d i r e c t  energy in one d i r e c t i o n .  In what has been 
c a l l e d  " c l a s s i c a l "  phased a r ray  the o ry  [17],  the  e f f e c t s  of  each e l e ­
ment in the  a r r a y  r a d i a t i n g  energy towards a l l  o th e r  elements in the  
a r r a y  i s  ignored.  This  i n t e r a c t i o n  among elements ,  c h a ra c te r i z e d  
as mutual -coupling or  mutual immittance,  cannot  be ignored,  p a r t i c u ­
l a r l y  when the  elements a re  spaced a hal f-wavelength  or  l e s s  a p a r t .
To d a te ,  however, the  n o n - t r i v i a l  problems of  s tudying  th e  e f f e c t s  
of  t h i s  mutual coupl ing  upon d e s i r a b l e  s p a t i a l  and frequency s e l e c t i v e  
p r o p e r t i e s  has been addressed  mainly through models of  a r r ays  using 
an i n f i n i t e  number of  r a d i a t o r s  [18-23].  Although seve ra l  s tu d ie s  
have e f f e c t i v e l y  in v e s t i g a t e d  f i n i t e  a r rays  with a modest number of 
elements [24 ,25 ,26] ,  a gap remains between methods which desc r ibe  
p r o p e r t i e s  of i n f i n i t e l y  l a rg e  a r r ays  and f i n i t e  a r r ays  with fewer 
than 100 elements.  I t  i s  the  i n t e n t  of t h i s  e f f o r t  to  not  only help 
to  f i l l  t h i s  gap by cons ider ing  l a rg e  f i n i t e  a r r ays  (on th e  order  
of  1000 elements or  more),  but  t o  a l so  use t h e  th e o ry  mentioned above 
t o  al low the  use of  a d i e l e c t r i c  l a y e r  over th e  a r r a y  which has been 
shown t o  be e f f e c t i v e  in decreas ing  th e  change in t h e  immittance level  
as t h e  a r ray  i s  scanned in space [27].



This theory ,  in the  approach used by Munk and o th e r  i n v e s t i g a t o r s  
[28],  begins by cons ider ing  an i n f i n i t e  plane of  eq u a l ly  ex c i ted  
H er tz ian  d ipo les  whose t o t a l  vec to r  p o t e n t i a l  i s  w r i t t e n  as an i n f i n i t e  
sum of s p h e r ica l  waves. An involved transform procedure  conver ts  
t h i s  sum of sphe r ica l  waves to  a sum, or  spectrum, of  plane waves.
The use of Maxwell 's equat ions  y i e l d s  express ions  f o r  the  e l e c t r i c  
and magnetic f i e l d s ,  each of which are  a spectrum of p lane  waves.
The fo rm ula t ion  in terms of plane waves al lows l a y e r s  of d i e l e c t r i c s  
to  be t r e a t e d  using p lane  wave r e f l e c t i o n  c o e f f i c i e n t s .  The method 
p resen ted  here s t a r t s  with the  a r r ay  of  Her tz ian  d ipo les  and goes 
through the  transform procedure but d i f f e r s  with th e  above method 
in t h a t  the  c u r r e n t s  on a l l  the  H er tz ian  d ipo les  a re  not  equal .  F ig ­
ure 1 gives  a r e p r e s e n t a t io n  of  the magnitudes of  th e  c u r r e n t s  along 
the  x - a x i s  f o r  the  i n f i n i t e  a r r ay  when a l l  magnitudes are the  same. 
F igure 2 shows the  c u r r e n t s  as they are  cons idered  in the  new method 
where a l l  ampli tudes are not equal but r a t h e r ,  t h e  magnitudes are 
cons idered  t o  be p e r i o d i c a l l y  spaced f i n i t e  " a p e r tu re s"  surrounded 
by a reas  of  non-exci ted  elements.  The p e r io d ic  spacing  allows an 
express ion  f o r  the  c u r r e n t s  t o  be w r i t t e n  as a F o u r ie r  sum. The t r a n s ­
form procedure i s  c a r r i e d  out  as befo re  and an express ion  f o r  the  
e l e c t r i c  f i e l d  i s  found in terms of a spectrum of  p lane  waves. This 
f i e l d  i s  now cons idered t o  be, however, th e  f i e l d  from an i n f i n i t e  
number of  p e r i o d i c a l l y  spaced f i n i t e  a r r a y s .

I t  i s  th e  immittance p r o p e r t i e s  of f i n i t e  a r r a y s  which are the  
t o p i c  s tu d ie d  here.  The s p e c i f i c  immittance p r o p e r t i e s  under con­
s i d e r a t i o n  are  those between th e  in d iv idua l  a r r a y  element and the  
feed ing  network.  These "matching" p r o p e r t i e s  have been very impor­
t a n t  in phased a rrays  over the  years  because as a r r ays  are  scanned 
in d i f f e r e n t  d i r e c t i o n s ,  t h i s  match,  in g e n e ra l ,  changes.  Under some 
c o n d i t io n s  the  match can be so poor as t o  i n h i b i t  energy r a d i a t i o n  
in c e r t a i n  d i r e c t i o n s .  The matching problem i s  a t  l e a s t  as impor tant  
as th e  r a d i a t i o n  p a t t e r n  shape problem. The method p resen ted  here 
used th e  f i e l d  from th e  a r r a y ,  w r i t t e n  as a spectrum of plane waves, 
and a t e s t  element placed in c l o s e  p rox im i ty  t o  an a r r a y  element t o  
f i n d  th e  s e l f - im m i t tan c e  of  t h a t  element.  This  process  can be r epea ted  
f o r  each element in  t h e  f i n i t e  " a p e r tu re "  and, i f  t h e  f i n i t e  " aper ­
tu r e s "  a re  spaced f a r  enough a p a r t ,  t h e s e  s e l f - im m i t t a n c e s  can be 
cons idered  th e  immittances of elements in  a f i n i t e  a r r a y .

The above procedure i s  a l so  app l ied  t o  two-dimensional  geometries 
where th e  p e r io d i c  spacing  in two d i r e c t i o n s  g ives  expres s ions  f o r  
t h e  se l f - im m i t tanc es  of  f i n i t e  two-dimensional a r r a y s .  This  d i s s e r ­
t a t i o n  goes through th e  descr ibed  mathematics and p r e s e n t s  some com­
p u te r  genera ted  r e s u l t s  f o r  f r e e  space and d i e l e c t r i c  coated  d ipo le  
a r rays  and d i e l e c t r i c  coa ted s l o t  a r r a y s .  The va r io u s  f e a t u r e s  of 
the  method are  d iscussed  as they are encountered .  The method i s  shown 
t o  be success fu l  and some sugges t ions  f o r  f u t u r e  s tudy  a re  given.



un
Figure 1. Represen tat ion  of the  magnitudes of the  cu r ren t s  

on an i n f i n i t e  a r r ay  of  d ip o l e s ,  without  modulation.

I . D .

Figure 2. Represen tat ion  of  the  magnitudes of  th e  c u r r e n t s  on a 
modulated ar ray  of  d ipo les  c r e a t i n g  an i n f i n i t e  

number of  f i n i t e  a r r a y s .



CHAPTER II
THE FIELD OF A CURRENT MODULATED ARRAY OF 

LINEAR DIPOLES

A. In t roduc t ion

In t h i s  chap te r  the  c u r r e n t  on t h e  elements of  an i n f i n i t e  phased 
a r ray  of  d ipo les  i s  given as an express ion  with i d e n t i c a l  c u r r e n t s  
on each element and p rog res s ive  phase as requ i red  t o  implement scan 
in a p a r t i c u l a r  d i r e c t i o n .  The concept  of  cons tan t  magnitude i s  then 
removed t o  al low each element t o  have a unique e x c i t a t i o n .  Describing 
these  magnitudes with a Four ie r  Sum allows p e r io d i c  groupings of  some 
amplitude shape in the  i n f i n i t e  phased a r r a y .  Forcing t h i s  shape 
to  be an. a rea  of  ze ro  e x c i t a t i o n  sur rounding  areas  o f  non-zero ex­
c i t a t i o n  makes th e  i n f i n i t e  a r r a y  appear as i f  i t  were an i n f i n i t e  
number of  p e r i o d i c a l l y  spaced f i n i t e  a r r a y s .  This idea  of "modulat­
ing" th e  element by element c u r r e n t s  i s  ex p lo i t e d  f i r s t  f o r  th e  one­
dimensional case and then f o r  th e  two-dimensional  ca se .  The r e s t  
of  the  chap ter  i s  devoted t o  applying the  methods of  Reference [26] 
f o r  f in d in g  th e  e l e c t r i c  f i e l d  r a d i a t e d  by th e se  p e r i o d i c a l l y  spaced 
f i n i t e  phased a r r a y s .

B. The Current

Figure  3 r e p r e s e n t s  t h e  two-dimensional i n f i n i t e  phased a r r ay  
of  id e n t i c a l  l i n e a r  d ipo les  where t h e  c u r r e n t  on.each element i s  ex­
pressed  in terms o f  some r e f e r e n c e  element as (e'^ t ime convention) 

-jBqD s -jBmD s 
I = 1(A) e ^ ^ e ^ ^ (1)

1(A) r e p re s e n t s  t h e  c u r r e n t  as a f u n c t io n  of  p o s i t i o n  (A) which i s  
the  same on each element.  The phase of  each element i s  given by 
F lo q u e t ' s  theorem as a f u n c t io n  o f  scan angle where s and s s p e c i fy
th e  scan angle and are r e l a t e d  t o  ang les  a  and n ( see  F igure  4) by

s^ = c o s ( a ) s in (n )  (2)

Sg = s i n ( a ) s i n ( n )  (3)

The d i r e c t i o n  of scan i s

S = XS, + ySy + z s ^  • (4 )

and 3 i s  equal to  2ir d iv ided by the  wavelength.



Figure  3.  P a r t  of  an i n f i n i t e  a r r a y  of  a r b i t r a r i l y  o r i e n t e d
d ipo les  in the  x -z  p la ne .

—

Figure 4.  R e l a t i o n sh ip  between v e c to r  d i r e c t i o n  o f  scan , '  s ,  
and the  angles a  and v.



1. One-dimensional case

To examine th e  e f f e c t  of  "modulating" the  cu r r e n t  f o r  the  pur­
pose of  c r e a t i n g  an i n f i n i t e  number of  f i n i t e  a r r a y s ,  cons ider  the 
row of d ipo les  along the  x - a x i s .  Thei r  c u r r e n t s  without  modulation 
are  given by

- j  BqD s
’ , . 0  (5)

where t h e  e x p l i c i t  dependence on & has been dropped s ince  a l l  elements 
are  i d e n t i c a l  and only th e  phase changes from element t o  element.
Figure  1 i s  a r e p r e s e n t a t i o n  of  th e  magnitudes of  the se  c u r r e n t s .
Of more i n t e r e s t  i s  Figure 2 where a l l  magnitudes are not  equal .  The 
zero-magnitude elements appear t o  be s e p a ra t in g  an i n f i n i t e  number 
of  f i n i t e  a p e r t u r e s .  I f  the se  f i n i t e  a p e r tu r e s  a re  p e r i o d i c a l l y  spaced,  
with d i s t a n c e  between t h e i r  c e n t e r s  equal t o  i D , then the  cu r r e n t  
magnitude of  t h e  element loca ted  a t  x can be expressed as a Fourier  
S e r ie s  with

Ix = 0 ^  x) + -  (6)

2tt .. 2tt
CO i ( k ) / J k f V x  - J k f g - x A  
y  _ 2 L _ ( e  X X  X X  j

k=n 2 \
= I  - i - -  l e  * A + e ^ ^ y  (7)

X k=0 2

The t o t a l  express ion  f o r  th e  magnitude and phase as a func t ion  of
element p o s i t i o n  i s  given by s u b s t i t u t i n g  Equation (7) in to  (5) giv ing

I|x=qD "

or
(8 )

l (k)

X k=0

where
x-qOx '  k U  ^k

k=0 

k^O
^k =' |  (10)

and

=v = s .  + i< A -  . (11)■x ' x  " i 0 ,  
with X being the  wavelength and P  ' being equal to  P  '



Equation (9) i s  the  c u r r e n t  on the  element loca ted  a t  x=qD .
The express ion inc ludes  the  e f f e c t  of "modulation" and scan a t  an 
angle as ind ica ted  by s and F igure 4.  This express ion  gives the 
cu r ren t  f o r  what might Be considered  one-dimensional  modulat ion (along 
x) and scan in the  x-y plane (a=0, -n<n<ir)- Equation (9) m er i t s  ca re ­
fu l  examination, s in ce  the  one-dimensional  case  w i l l  be simpler  to  
analyze,  but  also because th e  two-dimensional case  fo l lows  n a t u r a l l y  
from an understanding of the  one-dimensional  case .

fklEquation (9) i s  a F ou r ie r  S er ies  with the  P  ' being the  Fourier  
C o e f f i c i e n t s .  They can be c a l c u l a t e d  in such a Ray as t o  give a shape 
s im i la r  t o  t h a t  of  F igure  2,  t h a t  i s  f i n i t e  ape r tu res  with cos ine  
o r  some o th e r  shaped d i s t r i b u t i o n s  between the  areas of  ze ro  current.  
An example of  c a l c u l a t i n g  th e  c o e f f i c i e n t s  i s  given below and in 
Figure 5. More examples are given in Appendix D.

A r b i t r a r y  lo c a t io n  of th e  z - a x i s  a t  the  ce n t e r  of  one of the 
f i n i t e  ape r tu res  al lows e x p l o i t a t i o n  of  even F our ie r  S e r i e s  expansion.  
The app rop r ia te  form of the  s e r i e s  i s .

V 2 y

where

ag = T  /  f (x )dx

a„ = y  /  f(x) cos dx, n #

( 1 2 )

(13)

(14)

For t h e  example of  F igure  5

• o - i j

(15)

(16)

(17)



Equation (9) g ives th e  d es ired  c u r re n t  magnitude a t  a given e l e ­
ment. As would be expected, the  k=0 term,

lo  = 4 ° ^  e (18)

i s  e x a c t ly  the  same as th e  value in Equation (5 ) .  For b roads ide  scan. 
Figure 4 and Equation (2) revea l s to  be ze ro , so th e  z e ro th  term 
of Equation (9) i s

(0 )
X

the  k = 1 term i s

I l  = i  I ' l )  ^
and th e  p th  term i s

lo  = (19)

( 2 0 )

I -  1 i (p )  ly fx  (21)
p " ?  X

This examination re v e a ls  t h a t  each F o u r ie r  S e r ie s  term re p re se n ts  
th e  c u r re n t  f o r  a d i s t i n c t  scan ang le ,  w ith  th e  magnitude o f  th e  p a r­
t i c u l a r  c u r re n t  weighted by th e  ap p ro p r ia te  F o u r ie r  C o e f f ic ie n t .
Figure 6 re p re s e n ts  t h i s  idea  f o r  broadside  scan (s  = 0) and Figure 
7 g ives t h i s  r e p re s e n ta t io n  f o r  a 10 degree scan. The len g th s  of 
each o f  th e se  arrows correspond to  t h e i r  p a r t i c u l a r  F o u r ie r  C o e ff i­
c i e n t ,  and t h e i r  angular s ep a ra t io n  i s  s p e c i f i e d  by X and i in Equa­
t io n  (11 ) .  In summation. Equation (9) i s  in t e r p r e te d  as th e  l in e a r  
su p e rp o s i t io n  of c u r re n ts  f o r  an i n f i n i t e  number o f  scan ang les  in 
re a l  and imaginary space with weights determined by th e  F o u r ie r  Coef- 
c ie n ts  of th e  d es ired  shape and s iz e  of p e r io d i c a l ly  spaced f i n i t e  
a p e r tu re s .

2. Two-dimensional case

I t  i s  now ap p ro p r ia te  to  cons ider  th e  two-dimensional c a se .  
Modulating th e  c u r re n t  in  th e  z - d i r e c t io n  y ie ld s  p e r io d i c a l ly  spaced 
two-dimensional f i n i t e  ap e r tu re s  surrounded by a rea s  of ze ro  c u r r e n t ,  
as shown in  F igure 8. The shape of the  d i s t r i b u t i o n  in  th e  ap e r tu re s  
i s  a r b i t r a r y ,  w ith th e  co n d it io n  i t  be ex p re ssab le  as a fu n c t io n  of 
X times a fu n c tio n  o f  z .  This c o n s t r a in t  allow s th e  ex p ress io n  fo r  
the  c u r re n t  to  be sep a rab le  in  x and z. An added b e n e f i t  i s  inde­
pendent c a lc u la t io n s  o f  th e  x and z F o u r ie r  c o e f f i c i e n t s .
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Figure 5. Parameters used in c a l c u la t in g  th e  F ou rie r  c o e f f i c i e n t s  
on a modulated arrow o f d ip o le s .

k»0

- 2 k« 2

X ( " 3k * - 3

Figure  6. R ep resen ta tion  of each term in  th e  F o u r ie r  sum as a scan 
in  a p a r t i c u l a r  d i r e c t io n  with th e  leng th  of th e  arrow 

being the  value of th e  F o u r ie r  c o e f f i c i e n t ,  
b roads ide  scan.



k»0

k=-3

k = - 5
k*-6

Figure 7. R ep resen ta tio n  o f  each term in  the  F ou r ie r  sum as a scan 
in  a p a r t i c u l a r  d i r e c t io n  with th e  leng th  of th e  a r ra y  

being th e  value of th e  F o u r ie r  c o e f f i c i e n t ,  
b roadside  scan.
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Figure  8. Top view o f an i n f i n i t e  number of p e r i o d i c a l l y  spaced 
f i n i t e  a p e r tu re s  in th e  x-z p la n e .
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As Equation (9) evolved from Equation (5) f o r  th e  one-dimen­
sional ca se ,  an express ion  fo r  the  two-dimensional c u r re n t  can be 
derived  from Equation (1)

D irec t  analogy to  the  x-modulated c u r re n t  y ie ld s  f o r  a z-modulated 
c u r re n t  along th e  z -a x is .

where i i s  th e  spacing between f i n i t e  a r r a y  c e n te r s  as shown in 
F igure  8 .  Since we w il l  r e q u ire  express ions  f o r  th e  c u r re n t  t o  be 
sep a rab le  in  x and z we can re w r i te  Equation (1) as

(25)

S u b s t i tu t in g  Equations (22) and (9) in to  (24) y ie ld s

I  = r  ?  1 -  i M  ?  i -  ; ( " )

o r ,  a f t e r  rea rran g in g  and re index ing ,

I  f  j  i l X l X  , 2 6 ,
q.m ^ A e e 

v~~°° V y

The physica l i n t e r p r e t a t i o n  of th e  two-dimensional modulated 
c u r r e n t  o f  Equation (26) i s  analogous t o  th e  d is c u s s io n  of th e  one­
dimensional ca se .  Each term of (26) f o r  a given v and y corresponds 
to  a scan in  a c e r t a in  d i r e c t io n  in r e a l , o r  Imaginary space , weighted 
by th e  F o u r ie r  C o e f f ic ie n ts  and ^1^' which depend on d es ired  
a p e r tu re  shape and are  c a lc u la te d  using th e  techn iques  in Appendix 
D. The v=y=0 term i s  in th e  d i r e c t io n  which we a re  a c tu a l l y  scan­
n ing . No simple drawing of th e  rays can be made as in F igure  7 
because th e  rays  are  no longer confined to  a s in g le  p lan e .  In s te a d ,
rays  fann ing  out in a l l  d i r e c t io n s  must be imagined, w ith  t h e i r
angular  s ep a ra t io n s  s p e c i f ie d  by x, i  , and i as seen in Equations 
(11) and (23).  Again, th e  t o t a l  c u r re n t  s p e c i f i e d  by Equation (26) 
i s  merely  th e  l i n e a r  s u p e rp o s i t io n  of an i n f i n i t e  number of c u r r e n t s ,  
each o f  which corresponds to  scan in a c e r t a in  d i r e c t i o n  of r e a l  
or imaginary space.
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As th e  l a s t  s tep  in the development of the  c u r re n t .  Equation
(26) w il l  be adapted to  H ertz ian  d ip o les  of length  d& and o r ie n ta t io n
p ' . The c u r re n t  on th e  H ertz ian  d ip o le  lo ca ted  a t  x=qD_, z=mD_ 
i s  X z

T ( l )  = p ( l )  I  Î  
q,m \)=-co y=-oo

(27)

The s u p e r s c r ip t  (1) in Equation (27) a n t i c ip a te s  th e  presence of 
a t e s t  d ip o le  which w il l  be employed below in c a lc u la t in g  ind iv idua l 
element impedances.

C. The E le c t r i c  F ie ld

The goal of t h i s  s ec tio n  i s  to  ob ta in  a workable express ion  
f o r  the  e l e c t r i c  f i e l d .  As a f i r s t  s te p ,  an express ion  fo r  the  vec­
t o r  p o t e n t i a l ,  ÏÏ, of th e  i n f i n i t e  a r ra y  of H ertz ian  d ipo les  w il l  
be given. With fu tu re  a p p l ic a t io n s  in mind, however, the  vec to r  
p o te n t i a l  w i l l  be shaped in to  a more u sefu l form. The e l e c t r i c  or 
magnetic f i e l d  can then be c a lc u la te d  using the  vec to r  p o te n t ia l  
and c l a s s i c a l  i d e n t i t i e s .  Only an exp lana tion  w i l l  be given here . 
The s te p  by s tep  d e r iv a t io n  which p a r a l l e l s  Reference [27] i s  given 
in  Appendix A.

From th e  to t a l  v ec to r  p o te n t ia l  summed over a l l  the  elem ents, 
i s  (with M being th e  p e rm e ab il i ty ,  as opposed to  th e  index o f  sum­
mation y)

^ 1 ) - . ! ^  !  I  !  Ï
v=-oo jj=-oo V y q=-oo fn=-oo

je 

ÎT
-j3qD .s^  -jgmO s^

e * * e ^ ^ X ^ ------- (28)

where
qm

Rqm = + (mD^-z)^ (29)

af = yZ + (qD^-x)^ (30)

as shown in F igure 9 . Equation (28) g ives  the  v ec to r  p o te n t ia l  as 
a summation of sp h e r ic a l  waves. Transform ation o f  (28) to  a spec­
trum of p lane waves i s  d e s i r a b le  f o r  two reasons ;  1) the  double sum­
mation ( c u r r e n t ly  over q and m) w il l  converge f a s t e r ,  and 2) an a ly s is  
o f  th e  p resence of p lan a r  boundary co n d i t io n s  near  the  a r ra y  using 
p lane  wave r e f l e c t i o n  c o e f f i c i e n t s  w i l l  be exped ited .  This process  
which e x p lo i t s  the  Poisson Sum Formula and two F o u r ie r  Transforms 
i s  shown in d e t a i l  in Appendix A. The f i n a l  form of the  vec to r  po­
t e n t i a l  is

12



(31)
where R = xx + yy + zz (32)

r+ = xr^ - y r^  + zr^ y > 0 (33)

= (^x + k i r )  = ( s x  + k +v ) (34)

= (:% + " t r )  '  ( s z  + " G ;  +w T ; 5 r )  (^s)

' • y  = v / l  -  rZ  -  r ?  ( 3 6 )

Equation (31) i s  th e  d es ired  form. I t  i s  a spectrum of  p lane waves, 
or in f a c t ,  a double i n f i n i t e  sum of sp e c tra  o f  p lane waves.

The e l e c t r i c  f i e l d  i s  ob ta ined  using l28 ]

1
PH = ^  Vx A (37)

and

E = Vx H (38)

en  \  œ  oo I '  00  CO

= I I - DD-\ e  J  I —
V = - 0 0  ^ = , 0 0  X Z V P  k= -o»  n= -o o  y

(p(U  » î j )  X (39)

where
ÜÇ

^c
( 4 0 )

Examination o f  (39)^re v e a ls  a spectrum of p lane waves propa­
ga ting  in  th e  d i r e c t io n  r+ f o r  each va lue  o f  v and p .  I f  r  i s  r e a l ,  
the  corresponding plane wave w il l  p ropagate  away from th e  p lane of 
the  a r ray  w ith no a t te n u a t io n .  In g e n e ra l ,  p ropagation  occurs only  
f o r  th e  k=n=0 term . Equations (34) through (36) rev ea l  many more 
cases o f  r  being pure imaginary ( i t  must be pure r e a l  o r  pure imag­
in a ry ) .  I n i s  phenomenon rev ea ls  most of th e  waves in  th e  p lane  wave

13



s p e c tra  to  be evanescen t,  a t te n u a t in g  as t h e i r  d is ta n c e  to  the  y=0 
plane in c re a se s .  The e f f e c t  of modulating th e  c u r r e n t  in  th e  ex­
p ress io n  fo r  th e  e l e c t r i c  f i e l d  i s  s im i la r  to  th e  e f f e c t  in th e  cu r­
r e n t .  For any p a r t i c u l a r  v and p th e re  i s  a n o n -a t ten u a t in g  mode 
(k=n=0) and an i n f i n i t e  number of evanescent modes. To p ic tu r e  th i s  
p h y s ic a l ly ,  i t  i s  he lp fu l  to  go back to  th e  one-dimensional example 
of F igure  7 redrawn as F igure  10. Each arrow now r e p re s e n ts  the  
k=n=0 n o n -a t ten u a t in g  mode fo r  d i f f e r e n t  values of v (with y=0).
Each arrow in th e  drawing can be thought to  have an i n f i n i t e  number 
of i n v i s i b l e  arrows a s so c ia te d  with i t  corresponding  to  th e  eva­
nescent modes a s so c ia te d  with each n o n -a tten u a t in g  mode. F igure  10 
d e p ic ts  only  th e  p=0 te rm s. There could be a s im i la r  drawing fo r  
each value  of p. Only th e  v=p=k=n=0 term w il l  p ropagate  in th e  d i ­
r e c t io n  in which the  beam i s  being scanned. All modes w il l  
have e f f e c t  in th e  near f i e l d  of th e  a r ra y .  They w i l l  a f f e c t  a rray  
performance e i t h e r  through mutual impedance o r  through in t e r a c t io n  
with boundary co n d i t io n s  such as d i e l e c t r i c  i n t e r f a c e s ,  ground p lanes ,  
or o th e r  a r ray s  which may o r  may not be p re s e n t  in th e  near f i e l d .
So th e  physica l i n t e r p r e t a t i o n  made with th e  c u r r e n t  s t i l l  ho lds .
The e l e c t r i c  f i e l d  as given by Equation (39) i s  a l i n e a r  sup erp o s i­
t io n  o f  th e  f i e l d s  which would e x i s t  as a r e s u l t  of scanning in  the  
d i r e c t io n s  in d ic a te d  by s ^  and s^  in  Equations (23) and (11).

Equations (34) through (36) revea l th e  p o s s i b i l i t y  o f  r  being 
re a l  even i f  i t  i s  not th e  case t h a t  k=n=0. For th e s e  r a r e  occurances 
th e  r e s u l t i n g  n o n -a t te n u a t in g  mode can be cons idered  to  be c o n t r i ­
bu ting  to  g ra t in g  lobes .  Because th e  e x i s te n c e  o f  g ra t in g  lobes 
i s  dependant upon th e  in te re le m en t spacings D and D^, keeping the se  
d is ta n c e s  small made g ra t in g  lobes u n l ik e ly .  In th e  cases  found 
during th e  course  o f  t h i s  s tudy  where t h i s  phenomenon occured, v 
o r  p was la rg e .  For th e se  cases  the  corresponding  F o u r ie r  C o e ff i-  
cen t was s u f f i c i e n t l y  small as t o  make t h i s  te rm 's  e f f e c t  n e g l ig ib l e .

As F igure  9 i n d i c a te s .  Equation (39) i s  v a l id  f o r  th e  re fe re n c e  
element being lo c a ted  a t  th e  o r ig in .  I t  i s  now d e s i r a b le  t o  allow 
th e  p o s i t io n  o f  th e  r e fe re n c e  element to  be a r b i t r a r y .  For th e  pur­
pose o f  i l l u s t r a t i o n ,  r e w r i t e  Equation (39) w ith th e  fo llow ing  s h o r t ­
hand n o ta t io n ;  th e  c u r r e n t  on th e  element being I '  'd&, and th e  de­
pendence upon f i e l d  p o in t  p o s i t io n  being f ï ï ï ' r i  . Equation (39) now 
looks l i k e

dl^^^(lT) = I ^ ° ^ d J l f [ ï ï<  ] (41)

This s i t u a t io n  with r e fe re n c e  element a t  th e  o r ig in  i s  dep ic ted  in 
F igure 11. This f ig u r e  a lso  shows the  vec to r  ÏÏ' to  which we want 
to  move th e  re fe re n c e  element and c a l c u la te  dE(lT). F igure  12 shows 
a s i t u a t io n  id e n t ic a l  to  t h i s  new one, where th e  element remains 
a t  th e  o r ig in  and th e  f i e l d  p o in t  i s  moved to  (Ï Ï-ÏÏ ') .  This y ie ld s

d l(^ ) (R -R ')  = l ( 0 )  d£ f [ ( ï ï -R ')  • r  ] (42)

14



qm

qm

F igure  9. The f i e l d  p o in t  TT and an a r r a y  of p e r io d i c a l ly  spaced 
H ertz ian  d ip o le s  in  th e  x-z p lan e .

DIRECTION OF ARRAY 
SCAN SPE C IFIE D  BY ¥

F igure  10. R ep resen ta tion  of th e  p ropag a t in g  modes f o r  d i f f e r e n t  
va lues  of v . Each arrow has an i n f i n i t e  spectrum o f  

a t te n u a t in g  modes a s s o c ia te d  w ith  i t .
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FIELD
POIN T

REFERENCE
ELEMENT»

Figure 11. The f i e l d  p o in t  IT, th e  re fe re n c e  elem ent, and the  
p o s i t io n  t o  which i t  i s  d e s i re d  to  move 

th e  re fe re n c e  elem ent, IT'.

NEW FIELD  POINT

R - R

X

F igure  1 2 . Displacement of th e  f i e l d  p o in t  to  IT-IT', w ith  th e
element a t  th e  o r ig i n .
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As the  dSL in Equation (42) in d ic a te s ,  th e  c u r re n t  i s  in te g ra te d  over 
some f i n i t e  element geometry. This in te g ra t io n  i s  independent of 
th e  e lem en t 's  p o s i t io n .  I f  the  c u r r r e n t  s i tu a te d  a t  W' i s  c a l le d  
I'd&, th e  s i tu a t io n  of Figure 13 i s  e x a c t ly  eq u iv a len t  to  Figure 
12 and the  f i e l d  of F igure 13 becomes

dl^^^(R) = I '  dJL f  I(R-ÏÏ') • f ]  (43)

E x tra£ o la t in g  back to  Equation (39) and sep a ra t in g  th e  new dependence 
upon R ',

Î !
v=-oo y=_oo ^ X z V y k=-“  n=-“  y

(44)

i s  t h e  f i e l d ' s  v e c t o r  d i r e c t i o n  g iv e n  by

■^(1) = (p ( l )  X r )  X r  (45)

and th e  ± on r  has been dropped fo r  convenience.

To t h i s  p o in t ,  a l l  elements have been H ertz ian  d ip o les  and the  
express ion  f o r  t h e i r  c u r r e n t ,  (1 '^  '  I ' ' ^ ' 4 ,  has been j u s t  th e  mag­
n itu d e  a t  some p o in t .  To allow fo r  a c u r re n t  d i s t r i b u t io n  over th e  
geometry o f  an elem ent, th e  c u r ren t  w il l  now be considered  to  be

L (v )L (y ) i ( l ) ( i^ .)  = r C ' ’) (46)

where IT' i s  allowed t o  move over the  geometry o f  th e  element with 
L and L being d im ensionless  Fourier  C o e f f ic ie n t s .  In te g ra t in g  
over th e  e x te n t  o f  th e  e le n e n t ,  th e  express ion  f o r  th e  t o t a l  e l e c t r i c  
f i e l d  i s  o b ta ined ,

Î Î y f  ^ ^ 1)
X 2 v=-« y=-» k = L  n=:=  '"y

X j ^ ^ ( l ) ( % ' ) e j G R ' " f  d2  (4 7 )

where i s  considered  a re fe ren ce  p o in t  on th e  elem ent, th e  
v ec to r  d i r e c t io n  of t h e  e l e m e n t  a t  a given p o in t ,  and the  e x t e n t  
of th e  element to  be between a and b, then

R' = R^^) + a<A<b (48)

The f i n a l  r e s u l t  of t h i s  chap te r ,  th e  e l e c t r i c  f i e l d ,  i s  w r i t te n
as
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- ( 1 ) (IT) =
L (v)L (;)  00 «

- T T ^ J  I.00 p = -00 V )J K =-00 n =-00Î z

where

. ( 1 ) =

(49)

( l ) . f
d& (50)

Equation (50) i s  recognized [29] as the  normalized f a r  f i e l d  p a t te rn  
o f  ^ /S in g le  element without the  sio.G dependence which i s  included 
in e '  '  (0 i s  th e  angle between p '  '  and r ) .  Equation (49) i s  sep­
a ra te d  in to  what might be considered  th e  f i e l d  of th e  a r ra y  times 
th e  element p a t te rn  f a c t o r .  This i n t e r p r e t a t i o n  i s  usefu l because 
subsequent changing of th e  element s iz e  o r  shape a f f e c t s  only th e  
p a t te rn  f a c to r

REFERENCE
ELEMENT

R - R

FIELD POINT

X

Figure  13. T hee lem en t d isp la ced  to  R ' ,  w ith  th e  f i e l d  p o in t  
a t  R. The d i f f e re n c e  between t h e i r  

p o s i t io n s  i s  R-IT'.
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CHAPTER I I I  
SELF-IMPEDANCE OF AN ARBITRARY ELEMENT

In order to  c a lc u la te  th e  self-im pedance of any element in the  
a r ray  i t  i s  necessary  to  in troduce  a t e s t  d ipo le  and f in d  the  v o l t ­
age a t  i t s  te rm in a ls  due to  th e  c u r re n ts  on th e  a r ra y .  The s e l f ­
impedance of an a r ra y  element i s  then the  r a t i o  o f  th e  vo ltage  on 
the  t e s t  d ipole  to  the  c u r re n t  on th e  a r ray  element when th e  t e s t  
d ipo le  i s  one ra d iu s  away. This process  f o r  th e  modulated d ip o le  
a rray  in  f r e e  space as well as th e  ad ap ta t io n  f o r  th e  case  o f  a s l o t  
a rray  in  a d i e l e c t r i c  coated ground p lane i s  given in  t h i s  c h ap te r .

A. Dipole Array in  Free Space

Consider a l i n e a r  d ip o le  in f r e e  space with o r i e n t a t i o n  p(^) 
and c u r re n t  under t r a n s m i t t in g  co n d i t io n s  to  be I '  ' (& ) .  According 
to  S ch e l lk u n o ff[ 30] ,  when t h i s  d ip o le  i s  exposed to  th e  e l e c t r i c  
f i e l d e r ,  th e  v o ltag e  v ' '  w il l  be observed as th e  te rm inal lo c a ted  
a t  where

"  I ^ 2 ) ( r ( 2 ) )  _ f  Ë  . p ( 2 ) i ( 2 t  (&) d t  (51)
element 2

I f  E i s  a p lane wave given by

Ê(R) = r ’ (52)
— 12 '  )and R' ' i s  th e  p o s i t io n  vec to r  f o r  any p o in t  on th e  l i n e a r  d ip o le  

where

]^(2 ') = ]^{2) + ^^2)%  ̂ a<&<b (53)

then

v(2 )(ff(2 ) ,  .  p- ( 2 ) . ê ( r (2 )) d& 

(54)
Rewriting Equation (54) as

v( 2 ) ( r (2 ))=  p(2) .Ë (R (2 ))p (2 ) t  (55)

where

= - 7-2 )• - ( 2 ) /  d& (56)
r  '(R^ ' )  a
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shows the  v o ltage  a t  th e  te rm inal o f  the  t e s t  antenna to  be equal 
to  th e  in c id e n t  f i e l d  times th e  p a t te r n  o f  the  t e s t  d ip o le  under 
t r a n s m i t t in g  c o n d i t io n s ,  w ithout th e  s in  0 f a c t o r  mentioned a t  the  
end o f  Chapter I I .  I t  i s  now a p p ro p r ia te  to  apply  th e  f i e l d  of the  
modulated a r ra y  of Equation (49) as the  in c id e n t  f i e l d .  S u b s t i tu t in g  
(49) in to  (55) y ie ld s  th e  vo ltage  a t  th e  t e s t  d ip o le  due to  th e  c u r ­
r e n t  on th e  a r ra y  as

2.1 r  :
'' 20 D 2 ^ e E . ^ ^ r

X Z V=-oo y=-œ y )( = -(? n = -«> y

X p ( l ) p ( 2 ) t - ( 2 )  , - ( 1 )  ( 5 7 )

Two s te p s  a re  now re q u ire d  in  th e  p rocess  o f  f in d in g  th e  s e l f ­
impedance o f  th e  element in  th e  a r r a y  lo c a te d  a t  x=qO , z=mD . F i r s t ,  
tbe .m agnitude  o f  th e  c u r re n t  a t  t h a t  element must be d iv ided  in to
V * . Second, th e  t e s t  d ip o le  must be p o s i t io n e d  one w ire  ra d iu s  
from th e  element in q u e s t io n .  To ta k e  th e  f i r s t  s t e p ,  th e  exp ress ion  
o f  Equation (26) i s  used, w ith  th e  d e f in i t i o n  of Equation (46) f o r  
th e  F o u r ie r  C o e f f ic ie n t s .  A d d i t io n a l ly ,  i t  w i l l  be advantageous
to  s e p a ra te  th o se  p a r t s  o f  th e  exponents which do no t depend upon
V and p.

l ( l )  ^ ( 1 ) ,  .
q,m

or

„  „  - J W x t V  - j « z T V
X I I —  « " e  " " (58)

V =-oo y = -o o

jGqD-S. -j6mD_sz z

'  J o  J o

Examining th e  phase o f  equation  (57) r e v e a l s  some s im p l i f i c a t io n .
i s  always th e  p o s i t io n  o f  th e  r e f e r e n c e  elem ent o f  th e  a r ra y .

I t  i s  co n s id e re d ,  w ithou t lo s s  o f  g e n e r a l i t y ,  to  be lo c a te d  a t  (x ,  
y ,  z) = (0 , b, 0 ) .  I f  "a" i s  th e  r a d iu s  o f  d ip o le s  in  th e  a r r a y ,  
then i t  i s  d e s i re d  to  have

= (qD^,a+b,mO^) . (60)

t o  f in d  th e  se lf- im pedance o f  th e  element lo c a te d  a t  x=qD , z=mD .
The phase of Equation (57) becomes
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- j  • r

-j6qD s -jBmD s - jB a r   ̂ 1 i
= e ^ ^ e ^ ^ e ^  x e ^ e ^ (61)

D ividing th e  c u r re n t  of Equation (58) in to  th e  vo ltage  of (57) and 
ta k in g  in to  account (61) and the  d e f in i t i o n  of mutual impedance 
y ie ld s  th e  express ion  f o r  th e  se lf-im pedance of the  element a t  x=qD , 
z=mD^, ^

Z
v2.1 .  -Z ,

q.m t(l)
[Jo

00 «  -j27T ^  -J2 ïï  ^  »  00 - jB a r
X I  I  e  " e  ^  k i i  I  Î  e  ■

v=-oo y=-oo n=-™ y

X  p(l)p<2) f ( 2) .  i d )  ( 6 2 )

B. Dipole Array in  a D ie l e c t r i c  Slab

Because th e  goal of t h i s  chap te r  i s  to  apply  Equation (62) to  
th e  geometry o f  e i t h e r  a d ip o le  a r ra y  in  a d i e l e c t r i c  s la b  o r  a s l o t  
a r r a y  in  a d i e l e c t r i c  coated ground p lan e ,  i t  i s  now ap p ro p r ia te  
to  in tro d u ce  th e  geometry o f ,F ig u re  14. The d ip o le  a r r a y  with r e f ­
erence element lo c a ted  a t  R' ' i s  in medium 2 (0<y<dg) which i s  be­
tween medium 1 (y<0) and medium 3 (y>d«). The t e s t é l e m e n t  i s  a lso  
in  medium 2 and f o r  t h i s s t u d y ,  th e  y  component of R' ' w i l l  be g re a te r  
than  th e  y  component of R̂  , andT, as r e f e r r e d  to  on F ig ­
u re  14 a re  p lane wave r e f l e c t i o n  C o e f f ic ie n t s  which w i l l  be de f ined .

In o rd e r  to  f in d  th e  se lf-im pedance o f  an a r ra y  element in t h i s  
geometry, i t  i s  necessary  to  f i r s t  co n s id e r  th e  form of th e  e l e c t r i c  
f i e l d .  R eturning to  Equation (49 ) ,  which i s  th e  f i e l d  befo re  the  
t e s t  d ip o le  was in troduced ,  and adapting  i t  to  medium 2 (as i f  medium 
2 e x is te d  throughout a l l  space) i t  becomes

21



Figure  14. An I n f i n i t e  a r ra y  o f  a r b i t r a r y  elements lo c a te d  In a d ie ­
l e c t r i c  s lab  Eg sandwiched between two s e m i - in f in i t e  

d i e l e c t r i c  media and e^.
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. î  î

where

r  ? ?
k=-®> n=-~ 2y

' 2 - J —  . 8 ,  = (64)
£2 ^2

?2 = ï r g ,  + + z r g ,  (65)

r2x = =x + k s ;  T ^ô ;

"Zz = Sz + " d ;  4 ^  (G7)

%  = / :  -  4 x  -  i z  (68 )

= [p ( l )  X- r . l x  r« (69)

ln(2)A

In troducing  th e  in te r f a c e s  a t  y=0 and ^ d g  r e q u i r e s  s i g n i f i c a n t  a l ­
t e r a t i o n  o f  th e  form of the  e l e c t r i c  f i e l d .  Because th e  d e r iv a t io n  
of the  new form i s  lengthy and a v a i la b le  e lsew here L31J, only the  
major s te p s  w i l l  be o u t l in e d  here .

As Figure 14 in d ic a te s ,  p lane wave r e f l e c t i o n  c o e f f i c i e n t s  w il l  
be ex p lo ited  in t r e a t i n g  th e  d i e l e c t r i c  i n t e r f a c e s .  The e l e c t r i c  
f i e l d  of Equation (63) i s  a l in e a r  su p e rp o s i t io n  o f  p lane  waves, 
each of which has a jjaioue d i r e c t io n  of p ropagation  and p o la r i z a t io n  
descr ibed  by K  and e i  , r e s p e c t iv e ly .  To f in d  th e  a p p ro p r ia te  r e ­
f l e c t i o n  c o e f f i c i e n t  f o r  a given p lane wave, i t  i s  necessa ry  to  
d ef ine  p a r a l l e l  and orthogonal r e f l e c t i o n  c o e f f i c i e n t s  f o r  th e  e -  
l e c t r i c  and magnetic f i e l d s .  This i s  done in Appendix B in  terms 
of th e  immittances of media 1 and 2. Since th e  terms p a r a l l e l  and
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orthogonal r e f e r  to  th e  p lane of inc idence  which i s  defined  by th e  
vec to r  d i r e c t io n  o f  propagation and th e  normal t o  th e  in t e r f a c e ,  
th e  p a r a l l e l  and normal component of th e  e l e c t r i c  and magnetic f i e l d s  
must be defined  in terms o f  r„  o f  Equation (65 ) ,  th e  wave p o l a r i ­
z a t io n ,  and th e  normal to  the  in t e r f a c e  in  q u e s t io n .  This i s  done 
in Appendix B o f  [32] which is  not rep ea ted  here s in c e  i t  i s  an i n t e r ­
mediate r e s u l t .  Equations which are  given here r e l a t e  r  in two d i f ­
f e r e n t  media, such as medium a and medium b. They re p re s e n t  th e  
g en era lize d  S n e l l ' s  Law

Yb'"bx “ V a x  (71)

= V a z  (72)
and for any medium c

■'ey = A  -  4  -  4  (73)

Figure 15 d e p ic ts  an im portant s te p  in  the  process  of c a lc u ­
l a t i n g  th e  f i e l d  in  reg ion  2 when th e  d i e l e c t r i c  in t e r f a c e s  a t  y=0 
and y=dg a re , in t ro d u c e d .  The waves emanating from th e  a r ra y  element 
lo c a ted  a t  y '  '  can reach  th e  f i e l d  p o in t  a t  y in  fou r  d i f f e r e n t  
"bounce" modes. A f te r  encountering  th e  p o in t  a t  y ,  each ra y  "bounces" 
o f f  o f  th e  d i e l e c t r i c  in t e r f a c e s  an i n f i n i t e  number of t im es .  The 
r e s u l t i n g  mathematical express ion  f o r  each o f  th e s e  modes i s  given 
on th e  r i g h t  s id e  o f  F igure  15. The term  t o  th e  l e f t  r e p re s e n ts  
th e  r e f l e c t i o n s  and th e  phase delay  b e fo re  th e  wave reaches  th e  f i e l d  
p o in t  a t  y f o r  each mode. The term on th e  r i g h t  re p re s e n ts  th e  sub­
sequent i n f i n i t e  number o f  bounces. This  term was w r i t t e n  as a geo­
m e tr ic  s e r i e s  and r e w r i t t e n  in  f r a c t io n a l  form. The d e r iv a t io n  in  
[33] r e s u l t s  in  two tran s fo rm a tio n  f u n c t io n s ,  one p a r a l l e l  and one 
o r th o g o n a l ,

(X dg -  y (2 ) )  =

1 -  (X " ) ^ r 2 , l  ( ‘  ")^r2,3Ë^*^2^2'^2y

(74)
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MODE c 2 . 32 *

) t2.
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MODE d

2 -

%  ,r^  s e - ' f z I Z d z - y + y C 'k g ,

F igure  15. The fo u r  d i f f e r e n t  wave modes emanating from th e  a r ra y  
and being r e f l e c t e d  from th e  two d i e l e c t r i c  i n t e r f a c e s

2 ,1  and 2 ,3 .
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each o f  which t r e a t  th e  d i e l e c t r i c  in t e r f a c e s .  These t ran s fo rm a tio n  
fu n c t io n s  along with th e  p a r a l l e l  and/orthogonal components of the  
a r ra y  and t e s t  d ipo le  p a t t e r n s ,  /^inP p and / ahaPo > g ive  th e  
fo llow ing  express ion  f o r  the  vo ltage  induced on th e  t e s t  element 
when th e  a r ra y  and the  t e s t  d ipo le  a re  lo c a ted  in s id e  medium 2 and 
a l l  elements l i e  in a p lane p a r a l l e l  to  th e  x-z p lane;

,2 .1  ;  :  1 :5 1
^̂ X̂ Z V=-o> =̂-00

.  .  - jB g f R 'Z '- C ' lb  • ?2 

X I I ^ f -----------
k=-oo n=-“> 2y

x L P ^ ^)^  -y (2 ) )

+ nP|^^* „ P ^ l ) " T 2 (y ( l ) ,d 2 -y (2 ) ) ]  (75)

The in t ro d u c t io n  o f  fo rc in g  a l l  elements t o  be in  a p lane  p a r a l l e l  
t o  th e  X -z plane s im p l i f ie s  th e  ex p ress io n s  but i t  i s  a lso  necessary  
in  applying th e  r e l a t i o n s  to  s l o t s  in  a p la n e .  Forcing  th e  t e s t  
element to  be in  a p a r a l l e l  p lane  does n o t imply t h a t  th e  element 
i t s e l f  i s  p a r a l l e l  to  an a r ra y  element.

A new symbol, Q « v u »  now in troduced  to  r e p re s e n t  th e
b racke ted  q u a n t i ty  in 'EQ uation  (7 5 ) .  I t  i s  de f ined  as

+ „p |^ ^  .T 2 ( y ( l ) ,  dg-y^^))]  (76)

This new q u a n t i ty ,  0, i s  extrem ely  i n t e r e s t i n g .  For each p lane  wave 
( i . e . ,  f o r  each value o f  v ,y  , k, n ) ,  th e r e  i s  a w eight which depends 
upon th e  p a r a l l e l  and orthogonal components of th e  f a r  f i e l d  p a t te rn  
f a c t o r  o f  th e  t e s t  d ip o le  under t r a n s m i t t in g  c o n d i t io n s ,  th e  f a r  
f i e l d  p a t te r n  f a c t o r  o f  an a r r a y  elem ent, and a t r a n s fo rm a tio n  f a c t o r  
which depends upon geometry. Subsequent change in  th e  geometry, 
such as changing the  th ic k n e ss  o f  th e  d i e l e c t r i c  l a y e r ,  a f f e c t s  only 
th e  tran s fo rm a tio n  f a c t o r .  S im i la r ly ,  changing th e  s i z e  o r  shape
o f  th e  a r ra y  element fo rc e s  a change only  in  th e  p a t t e r n  f a c t o r .

F in a l ly ,  th e  se lf- im pedance of an element in  th e  array,* s i tu a te d  
in  th e  geometry o f  F igure  14, can be w r i t t e n  using  Equations (62),  
(75 ) ,  and (76) as
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M l  # 0  t)]4 rO

,  -  -  . " " t  I  J
V =L y L c o  k = -  2y

*"k,n,v,M (77)

Equation (77) i s  the  self-im pedance o f  the  a r ra y  element located  
a t  x=qD , z=mD in a p e r io d ic a l ly  modulated a r ra y  of l i n e a r  d ip o le s ,  
loca ted  in reg ion  2 of F igure 14.

C. S lo t  Array in  a D ie le c t r i c  Coated Ground Plane

Adapting Equation (77) to  th e  geometry of a s l o t  a r ra y  in a 
d i e l e c t r i c  coated ground plane i s  s t r a ig h tfo rw a rd  using well known 
techn iques .  F igure  15 shows the  geometry. The s l o t s  a re  modeled 
as magnetic d ip o les  over a ground p la n e ,  so t h e i r  adm ittance as s l o t s  
i s  the  q u a n t i ty  o f  i n t e r e s t .  According t o [34] th e  r e la t io n s h ip  
between the  impedance of the  d ip o les  and th e  adm ittance o f  the  s l o t s  
i s

\ . m  = p  7q.m  (7 8 )
c

where Z i s  th e  c h a r a c t e r i s t i c  impedance o f  th e  medium. For Equation 
(77) Z = Zg. A d d it io n a l ly ,  th e  magnetic d ip o le 's .b e in g  i n f i n i t e s i -  
m ally  c lo se  to  th e  ground p lane corresponds to  y '  '  being zero in 
F igure 15 and in  Equation (74) f o r  th e  tran s fo rm a tio n  f a c t o r .  Using 
H f i e l d  r e f l e c t i o n  c o e f f i c i e n t s  in Equation (74) and u n i ty  f o r  the  
c o e f f i c i e n t  a t  th e  in te r f a c e  between media 1 and 2 (as medium 1 i s  
now a p e r f e c t ly  conducting ground p la n e ) .  Equation (74) becomes

. . » ■ '
(  ̂ ^ \  - j 2 ^ 2 V 2 y  (79)

The f a c to r  of two in Equation (79) occurs because o f  th e  p e r f e c t ly  
conducting su r fa c e  to  the  l e f t  and a c tu a l ly  ta k e s  in to  co n s id e ra t io n  
th e  doubling of the  H f i e l d  a t  t h i s  boundary. Of th e  f a c to r  o f  fou r  
in Equation (78 ) ,  one f a c to r  of two i s  caused by th e  H f i e l d  being 
doubled a t  th e  su r face  of a p e r f e c t ly  conducting ground p lane. To
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Figure 16. An i n f i n i t e  a r r a y  o f  s l o t s  in a d i e l e c t r i c  coa ted  ground 
plane modeled as th e  complement of an i n f i n i t e  
a r ray  o f  magnetic sources  over a groundplane.
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not d u p l ic a te  t h i s  f a c t o r  of two, i t  i s  b e s t  to  co n s id e r  th e  four 
in Equation (78) to  be a two in t h i s  a p p l i c a t io n .  The express ion  
fo r  the  adm ittance of th e  s l o t  a t  x=qD , zmD  looking to  th e  r ig h t  
i s  ^ ^

q,m

J  J  g j2 -n ^  y y e
v = -o o  ^ = -0 0 rgy  ^ k ,n ,y ,p (8 0 )

where Si uses th e  t ran s fo rm a tio n  f a c t o r  o f  Equation (79) andK ,n ,v ,p  __
2 Z P2

(81)

The t o t a l  adm ittance i s  the  sum of th e  adm ittances  looking r i g h t  
and looking l e f t .
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CHAPTER IV 
RESULTS

The r e s u l t s  of t h i s  s tudy  take th e  form of adm ittance values 
of th e  elem ents of la rg e  f i n i t e  a rrays  in  various  geom etrical con­
f i g u r a t i o n s  and a t  severa l scan ang les .  The immittances were c a l ­
c u la te d  using  e i t h e r  Equation (77) o r  (80) with the  a id  o f  a d ig i t a l  
computer. Because th e  programming of th e s e  equations  i s  involved. 
Appendix 6 on programming c o n s id e ra t io n s  has been included as an in ­
te rm e d ia te  between th e  th eo ry  and the  computer code documentation.
The r e s u l t s  p resen ted  in t h i s  chap ter  ta k e  the  form of computer gen­
e ra te d  p lo t s  of th e  inpu t v o ltage  and th e  r e s u l t i n g  c u r re n t  and ad­
m it ta n ces  a t  each element in an a r ra y  o f  s t r a i g h t  z -d i r e c te d  s l o t s ,  
o r  th e  inpu t c u r re n t  with th e  r e s u l t i n g  vo ltage  and impedance a t  
each z - d i r e c t e d  d ip o le .

This ch a p te r  i s  d iv ided  in to  fou r s e c t io n s .  F i r s t ,  an exp la ­
n a t io n  w i l l  be given o f  th e  form of th e  p lo t s  and the  various  param­
e t e r s  d is p la y e d .  R esu lts  f o r  the  one-dim ensional a rrays  a re  then 
given fo llow ed  by th e  two-dimensional r e s u l t s .  In th e  l a s t  s e c t io n ,  
v a r io u s  o th e r  to p ic s  a re  d iscussed .

A. Form o f  th e  Computer Generated P lo t s

The goal o f  t h i s  e f f o r t  i s  to  c a l c u l a t e  and b e t t e r  understand 
th e  behav io r  of th e  immittances o f  l a rg e  f i n i t e  phased a r ra y s .  For 
th e  one-dim ensional a r r a y ,  r e p re s e n t in g  th e se  immittances in  p lo t  
form i s  a s t r a ig h t fo rw a rd  ta s k .  The in p u t  fo rc in g  fu n c t io n  (c u r re n t  
f o r  d ip o le s  o r  v o l ta g e  f o r  s l o t s )  and th e  r e s u l t i n g  immittance (im­
pedance o r  adm ittance) can be graphed on a p lane .  For a two-dimen­
s io n a l  a r r a y ,  a th ree -d im ensiona l r e p re s e n ta t io n  of some s o r t  i s  
analogous. Because th e s e  th ree -d im ensiona l  p lo t s  seem to  r e ly  on 
i n t e r p r e t a t i o n ,  two-dimensional a r ra y  d a ta  i s  p lo t t e d  here  using 
s e r i e s  of two-dimensional p lo t s  which a re  c l e a r e r  in t h e i r  d ep ic t io n  
of th e  behav io r  of th e  immittances of th e  a r r a y s .  The t e x t  and f ig u r e  
t i t l e s  w i l l  a id  in c l a r i f y in g  the  geometry being rep re sen ted .

F ig u re  17 shows one form at o f  d isp la y in g  th e  r e s u l t s  f o r  a one­
dim ensional a r ra y  ( i . e . ,  i n f i n i t e  in th e  z - d i r e c t io n  and f i n i t e  in 
th e  x - d i r e c t i o n ) .  There are 1049 elem ents in one modulation period  
which corresponds to  i = 1049 ( in  th e  t e x t )  o r  IX = 1049 as shown 
on th e  p l o t .  IZ as shown on th e  p lo t  has no meaning here  s in c e  th e re  
i s  no modulation in th e  x - d i r e c t io n  in  t h i s  example. There are  31
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Figure  17. Example p lo t  showing th e  in p u t  v o l ta g e  along w ith  the  
r e s u l t i n g  c u r r e n t  and adm ittance f o r  a 

one-dim ensional a r r a y  o f  s l o t s .
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ex c i ted  elements in th e  x -d ir e c t io n  (k = KX = 31). Again, KZ is  
meaningless s in ce  th e re  i s  no modulation in the  z - d i r e c t i o n .  180 
Fourier  terms were used along x (Nx=NX=180). NZ i s  given as zero 
s ince  only th e  zero o rder  (constan t)  term i s  used along z. Also 
l i s t e d  on F igure 17 a re  the  frequency in  GHz, th e  scan angle in degrees 
(as defined in F igure 4 ) ,  the  in tere lem en t spacings Dx and Oz, and 
the  p o ss ib le  presence of a ground plane to  th e  l e f t  of th e  a r ray  
i s  in d ica ted  with a "YES" or "NO" under "GP". The composition of 
th e  a rray ,  e i t h e r  d ip o les  or s l o t s ,  i s  a lso  given along with the  
r e l a t i v e  d i e l e c t r i c  cons tan t  of the  medium surrounding th e  a rray  
and i t s  th ic k n e s s ,  d«. The ab sc is sa  i s  element p o s i t io n  along th e  
x -a x is .  The model or the  f i n i t e  a r ray  with 31 elements extends from 
-15 to  15 along x. The do tted  l i n e  i s  the  v o ltage  inpu t a t  each 
s l o t  with th e  values normalized to  one v o l t  as in d ic a te d  by th e  o r­
d in a te  on th e  l e f t  a x i s .  The dashed l i n e  in d ic a te s  th e  c u r re n t  a t  
each element. The s o l id  l i n e  i s  the  r e s u l t in g  adm ittance a t  each 
s l o t  with th e  values in d ica te d  by the  o rd in a te  a t  th e  r i g h t  ax is  
in mhos. To reduce c l u t t e r  on the  p lo t ,  th e  o rd in a te  values of 
th e  c u r re n t  a re  not g iven. They can be simply c a lc u la te d  with knowl­
edge of th e  vo ltage and adm ittance. The d ip o le  r e s u l t s  are  given 
s im i la r ly .

Because the  areas  of zero e x c i ta t io n  between th e  f i n i t e  a rrays  
a re  of l i t t l e  i n t e r e s t ,  p lo t s  of the  form of F igu re  18 a re  used in 
t h i s  s tudy . The inform ation con ten t i s  the  same as f o r  F igure 17 
except the  a rea  o f  e x c i ta t io n  i s  en larged f o r  c l a r i t y .  A d d it io n a l ly ,  
th e  phase o f  the  adm ittance o r  impedance has been added.

The p lo t s  of th e  two-dimensional a rrays  a re  given in th e  same 
form at. Those p lo t s  re p re se n t  only  one row across  th e  a r ray  where, 
in  the  one-dimensional case ,  any given p lo t  a p p l ie s  to  a l l  rows.
P lo ts  along th e  z - d i r e c t io n  can a lso  be made f o r  th e  two-dimensional 
case .  They use z as th e  a b sc is sa ,  r a th e r  than x.

P lo ts  take  one a d d i t io n a l  form in  t h i s  c h a p te r .  Four p lo t s  
appear on one page as in F igure  19. Each a re  o f  th e  form o f th e  
upper p lo t  o f  F igure 18. T heir  parameters a re  i d e n t i c a l  except f o r  
t h e i r  scan angles which are  given. The p lo t s  a re  given in t h i s  form 
in o rder  to  ease comparison o f  the  behavior of th e  immittances f o r  
several da ta  s e t s .
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Table I
Geometrical Parameters o f  th e  Arrays

CO
CO

Array 01 02 03 SI 04 52

elements d ip o les d ipo les d ip o les s l o t s d ip o les s lo t s
#of dimensions 1 1 .1 1 2 2
geometry a l l  f r e e  

space
F ig .  39 F ig .  66 F ig .  16 F ig . 39 F ig . 16

do (cm) - 0.987 0.987 0.987 0.987 0.987
r e l a t i v e
d i e l e c t r i c  c o n s ta n t 1 1.3 1.3 1.3 1.3 1.3
element leng th  

(cm) 
element width

1.875 1.644 1.644 1.644 1.644 1.644

0.1 0.0877 0.0877 0.0877 0.0877 0.0877
(cm)

element th ic k n e s s  
(cm)

Dx (cm)

0.01 0.00877 0.00877 0.00877* 0.00877 0.00877*

1.5 1.316 1.316 0.316 1.316 1.316
Dz (cm) 2.25 1.974 1.974 1.974 1.974 1.974

♦ In d ic a te s  th ic k n e ss  of ground p lane con ta in in g s l o t s .
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Figure 18. Example p l o t  showing the  expanded view o f  th e  
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a d d i t io n  o f  th e  phase o f  th e  adm ittance .
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Figure  19. Example p lo t  showing the  v o l ta g e ,  c u r r e n t ,  and adm ittance 
f o r  th e  s l o t  a r ra y  a t  fou r scan ang les  in  th e  x-y 

p lane .  The scan angle  i s  to  the  
r i g h t  in th e se  p l o t s .
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B. One-dimensional R esu lts

F igure  20 g ives  a re p re s e n ta t io n  of a ty p ic a l  one-dimensional 
a r ra y  where th e  darker l in e s  re p re s e n t  elements which have non-zero 
e x c i ta t io n  and th e  l i g h t e r  l in e s  re p re s e n t  th e  areas  of zero ex c i­
t a t io n  between th e  models of the  f i n i t e  a r r a y s .  Dx and Dz are  the 
in te re le m en t spacings and i i s  th e  period  of modulation which i s  
the  d is ta n c e  between c e n te rs  of th e  f i n i t e  a r ra y  models. F igure  20 
shows on ly  fou r  elements e x c i ted  in the  x - d i r e c t io n  with f iv e  non­
e x c i te d  elements between th e  f i n i t e  a r ray  models. Arrays modeled 
in t h i s  s tudy a re  l a rg e r ,  with 31 elements e x c i te d  and with 318-1818 
non-exc ited  elements between th e  f i n i t e  a r ra y s  (corresponding to  
i^  between 349 and 1849).

1. Dipole a r ra y  in f r e e  space

The f i r s t  a r ra y  to  be modeled, example Dl, i s  composed of s t r a i g h t  
z - d i r e c te d  half-w ave d ip o les  in f r e e  space with modulation in the  
x - d i r e c t io n  ( th e  d i r e c t io n  of s t r o n g e s t  c o u p l in g ) .  Equation (77) 
i s  used to  f in d  th e  impedances w ith  s im p l i f i c a t io n  f o r  the  one-d i-  
mentional case .  To implement w ithout modulation in th e  z - d i r e c t i o n ,  
on ly  th e  c o n s ta n t  y = 0 term i s  used along z .  This leaves the  ex­
p re s s io n  f o r  th e  impedance of the  element lo c a te d  a t  x=qDx ( th e re  
i s  no longer dependence upon m, p o s i t io n  along z) as

Z2
Z,

Because th e  medium i s  f r e e  space, n o f  Equation (76) a lso  s im p l i f ie s .  
/ i * \T  becomes u n i ty  as th e re  a re  no longer any d i e l e c t r i c  in t e r f a c e s  
to  cause  th e  bounce modes of F igure  15. For t h i s  example, medium 
2 i s  f r e e  space and i n f i n i t e  in  e x te n t .  As Appendix C on th e  p a t te rn  
f a c t o r  i n d i c a t e s ,  f o r  th e  s t r a i g h t  z - d i r e c te d  elements employed in 
t h i s  s tu d y ,  th e  t r a n s m i t t in g  p a t te r n  f a c t o r  equals  th e  n o n - tran s ­
m i t t in g  p a t te rn  f a c t o r .  This leaves

nk.m.v.Q = [ ( . f ( 83)

The modeling o f  a r ra y  Dl i s  done a t  8 GHz (X=3.75 cm) with d ipo les  
of leng th  1.875 cm (0.5%) and Dx and Dz 1 .5  cm (0.4X) and 2.25 cm 
(0.6X ), r e s p e c t iv e ly .  The modulation pe r iod  ( i  ) i s  349 and 31 e l e ­
ments a re  e x c i te d  in  th e  x - d i r e c t io n .  The f l a t  d ip o le s  modeled here 
have w idth 0 .1  cm (.026667X). Table I g ives th e  geom etrical param­
e t e r s  f o r  a l l  a r ray s  d iscussed  in  t h i s  c h a p te r .  F igure  21 gives
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x-z p lane. The darker l in e s  r e p re s e n t  th e  e x c i te d  
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from q=-174 t o  q=+174. This p lo t  d is p la y s  only th e  p o in ts  from 
-50 to  +50. Those p o in ts  om itted  in th e  a rea  of zero  e x c i ta t io n  
have values s im i la r  to  those  shown in t h i s  a rea  o f  F igure  21. The 
a rea  o f  non-zero  e x c i t a t io n  i s  from -15 to  +15 ( i . e . ,  Kx=31). The 
d o t te d  l i n e  f o r  th e  inpu t c u r re n t  on th e  d ip o le s  in d ic a te s  the  a p e r tu re  
has a cos ine  shaped d i s t r i b u t i o n .  The F o u r ie r  c o e f f i c i e n t s ,  of 
Equation (8 2 ) ,  f o r  t h i s  shape a re  given as Equations (D5) and (D6) 
o f  Appendix 5 . The dashed l i n e  g ives  th e  vo ltage  induced a t  each 
element and th e  s o l id  l i n e  in d ic a te s  th e  r e s u l t i n g  impedance. These 
r e s u l t s  a re  f o r  b roadside  scan. The f i g u r e  in d ic a te s  a =90°and n=19 
as defined  in  F igu re  4, which i s  a c t u a l l y  a 1 scan in th e  y -z  p lane .  
This angle was used in  o rder  to  avoid p o s s ib le  computer problems 
a t  t r u e  b roads ide  but i t s  r e s u l t s  a re  n e a r ly  id e n t i c a l  to  th o se  a t  
b roads ide .

F igure  22 shows a p lo t  of th e  r e l a t i v e  magnitudes of th e  F o u r ie r  
c o e f f i c i e n t s  and th e  scan angles th e y  correspond t o  f o r  th e  geom etri­
ca l param eters  of a r ra y  Dl w ith 60 F o u r ie r  term s when th e  f i n i t e  
a r r a y  i s  scanned a t  b roads ide .  While t h i s  s tudy  made no a ttem pt 
t o  p la ce  a q u a n t i t a t i v e  e r r o r  on th e  e f f e c t s  of F o u r ie r  sum t ru n ­
c a t io n ,  i t  i s  r e a d i ly  seen from th e  f ig u r e s  t h a t  th e  tap e red  d i s t r i ­
b u tio n s  used here  con ta in  s u f f i c i e n t  term s to  g ive  an acc u ra te  rep ­
r e s e n ta t io n  o f  immittance e f f e c t s .  One non-tape red  d i s t r i b u t i o n ,  
a t r a p e z o id a l  d i s t r i b u t i o n ,  w i l l  be encountered below and a s im i la r  
p lo t  w i l l  be given then .

F igure  23 g ives  an en la rged  view o f a r ra y  Dl a t  b roadside  scan 
as in F igure  21, w ith th e  a d d i t io n  of th e  phase o f  th e  impedance.
I t  i s  e a s i e r  t o  see th e  n e a r ly  c o n s ta n t  va lue  of th e  impedance (106 
ohms) ac ross  th e  a p e r tu re  of th e  f i n i t e  a r r a y .  For t h i s  broadside  
scan ang le ,  on ly  t h e  two edge elem ents  d e p a r t  from t h i s  va lue , going 
down to  around 95 ohms. The phase of th e  impedance i s  a lso  n e a r ly  
c o n s ta n t  (9 ) .  The s l i g h t  in d u c t iv e  n a tu re  of th e  half-w ave d ip o le s  
i s  due to  th e  a d d i t io n  o f  an increm ental len g th  to  th e  d ip o le s  in 
th e  computer model, to  account f o r  e f f e c t s  near  th e  ends o f  f l a t  
d ip o le s  w ith f i n i t e  width and th ic k n e s s .  T h is  procedure  i s  well 
documented [  38) . The increm ental change in  le n g th  a f f e c t s  th e  shape

, ( 2 ) to f  th e  c u r r e n t  which in  tu rn  a f f e c t s  th e  p a t t e r n  f a c t o r ( X . . ) -

of Equation (8 3 ) ) .  A f u r th e r  d is c u s s io n  o f  t h i s  c o r r e c t io n  i s  in ­
cluded in  Appendix C.

F igu re  24 g ives  r e s u l t s  f o r  a r r a y  Dl scanned in  the  x -y  p lane .  
The i n i t i a l  b roads ide  angle  of F ig u re  23 i s  r e p e a te d ,  fo llow ed by 
30 , 40 , and 50 scans .  The symmetry about th e  c e n te r  of th e  a r ra y  
i s  gone and th e  impedance va lues  a re  no longer  c o n s ta n t  across  the  
a p e r tu re .  F ig u re  25 shows th e  en la rg ed  p l o t  f o r  th e  60 scan with 
a new s c a le  on th e  phase p lo t .  A new phenomenon occurs  here  which 
i s  not p re s e n t  a t  th e  sm alle r  scan an g le s .  For prev ious scan s ,  th e
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vo ltage  ( th e  dashed l i n e  in th e  f ig u re s )  goes to  ze ro  o u ts id e  th e  
f i n i t e  a r r a y  a rea .  As F igure  25 in d i c a te s ,  th e  v o ltag e  does not 
go to  zero  p a s t  element 15 fo r  the  50 o r  60 scan s .  This phenomenon 
occurs a t  la rg e r  scan angles a lso .

This new, perhaps unexpected, behavior has to  be considered  
c a r e f u l ly .  One p o s s ib le  exp lanation  i s  th e  e x is te n c e  of some l im i­
t a t i o n  in  th e  method, which p reven ts  scanning p a s t  some, as y e t  un­
s p e c i f i e d ,  ang le .  Because t h i s  l im i ta t io n  would g r e a t l y  reduce th e  
u t i l i t y  of th e  method considered  in t h i s  s tudy ,  i t  i s  necessa ry  to  
prove, a t  t h i s  p o in t ,  th e  accuracy of th e  method in  p r e d ic t in g  th e  
element by element impedances of la rge  f i n i t e  phased a r ra y s  a t  both 
small and la rg e  scan ang les .

In o rd e r  t o  exp la in  why non-zero v o l ta g e s  on elem ents  o u ts id e  
th e  model of th e  f i n i t e  phased a r ray  do no t a f f e c t  impedance values 
in  th e  a re a  o f  non-zero c u r re n t  e x c i ta t io n  ( th e  a r r a y  m odel), i t  
i s  u se fu l t o  cons ide r  th e  phased a rray  in  F ig u re  26. This f ig u r e  
shows a l i n e a r  a r ra y  of 9 e x c i te d  d ip o les  w ith  two p a r a s i t i c  e lem ents 
a t  each end. This a r r a y  i s  scanned by a d ju s t in g  th e  r e l a t i v e  phases 
of th e  c u r r e n t s  on th e  e x c i te d  elem ents. A f te r  a c e r t a in  scan ang le ,  
a non-zero  v o ltag e  w i l l  appear a t  th e  te rm in a ls  of th e  two n on -exc i ted  
elem ents t o  th e  f a r  r i g h t  in  a s i t u a t i o n  s im i la r  t o  th e  one in  F ig ­
ure  25. I t  i s  p o s tu la te d  t h a t  th e se  elem ents could  be removed, even 
though th e y  have a non-zero  vo ltage  on them, and th e  impedances of 
th e  elements in  th e  i n t e r i o r  of the  f i n i t e  a r r a y  would no t change.
This p o s tu la t io n  i s  made because the se  n on -exc i ted  elem ents  have 
no c u r re n t  flow ing  on them. They can be cons idered  to  have i n f i n i t e  
impedance a t  t h e i r  c e n te r  te rm inal which w i l l  not a llow  any even 
c u r re n t  modes t o  flow . A dm ittedly , odd c u r r e n t  modes could  e x i s t  
but t h e i r  magnitudes would be s u f f i c i e n t l y  small t o  have l i t t l e  e f ­
f e c t  when th e  element len g th  i s  on the  o rd e r  of a h a l f  w avelength .
This p o s s ib le  removal i s  th e  s i tu a t io n  which th e  method o f  t h i s  s tudy  
a ttem pts  to  em ulate . The b a s ic  hypothesis  i s  t h a t  th e  behav io r  of 
th e  impedances in  th e  a r r a y  model i s  independent o f  th e  p resence 
of th e  n o n -ex c i ted  e lem en ts ,  whether th ey  have a v o l ta g e  induced 
on them o r  n o t .  The removal of th e  n on -exc i ted  e lem ents  in  th e  p re se n t  
method cannot be accomplished. Another numerical method i s  a v a i la b l e ,  
howerver, which can accomplish t h a t  removal. I f  th e  p re se n t  method 
g iv e s  impedance values which compare fav o ra b ly  to  t h i s  o th e r  method, 
th e  c r e d a b i l i t y  of th e  new method i s  c e r t a i n l y  in c re a se d .

The Moment Method computer programs of J .  H. Richmond [3§ were 
chosen to  confirm the  new method. For b r e v i tv .  Richmond's r e s u l t s  
w il l  h en ce fo r th  be r e f e r r e d  to  as the  D ire c t  Method and th e  method 
of t h i s  s tudy  w i l l  be r e f e r r e d  to  as th e  Transform method. A de­
s c r ip t io n  of th e  D irec t  method and the comparison w ith  th e  Transform 
method i s  given in  Appendix E, but some o f th e  comparison r e s u l t s  
are  given in  t h i s  c h ap te r .
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F igure  26. The a rray  of 13 d ip o le s ,  only 9 of which have 
non-zero e x c i ta t io n ,  s im i la r  to  those  used by the 

mutual-impedance method is  comparing r e s u l t s  
with the transform  method.
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The D irec t method was app lied  to  severa l cases  where th e re  were 
n exc i ted  elements per row in an a rray  with (n+4) t o t a l  elements 
per row, as in the  example of F igure  26. Removing th e  non-excited  
elements did not a f f e c t  the  se lf-im pedances of th e  ex c i te d  elements 
( to  a t  l e a s t  3 decimal d i g i t s ) .  Comparison of th e  D irec t  method 
(with no p a r a s i t i c  elements) must be made with r e s u l t s  of the  Trans­
form method (which, by n a tu re  must have th e se  p a r a s i t i c ,  but non­
r a d ia t in g ,  e lem ents) .  R esu lts  f o r  the  f i r s t  example, a 30 scan, 
a re  given in  F igures  27 and 28. Both arrays  have a cosine  d i s t r i ­
bution of c u r re n t  magnitudes over the  e x te n t  of t h e i r  ap e r tu re s .
The agreement i s  e x c e l le n t  in th e  i n t e r i o r  of th e  a r ra y  and c lose  
near th e  edges. F igures 29 and 30 g ives s im i la r  r e s u l t s  f o r  a 60 
scan. Again, agreement i s  remarkable considering  th e  d if fe re n c e  
in  th e  two methods. I t  i s  in t e r e s t i n g  to  note the  change in  shape 
of t h i s  impedance curve when th e  scan angle i s  inc reased  to  t h i s  
la rg e  value from b roadside . The impedance i s  no longer cons tan t 
as a fu n c tio n  of p o s i t io n ,  which in d ic a te s  a r e l a t i v e  in e f f e c t i v e ­
ness in  the  i n f i n i t e  phased a r r a y  theo ry  f o r  p re d ic t in g  the  behavior 
of a f i n i t e  a r ra y  of t h i s  s iz e  a t  a la rg e  scan ang le .  Increas ing  
th e  width of th e  f i n i t e  a r ra y  from 31 elements to  61 elements causes 
a d i s t i n c t  change in  th e  shape of the  impedance curve as in d ica te d  
by Figures 31 and 32. The impedance i s  now more n e a r ly  cons tan t 
in  th e  i n t e r i o r  of th e  a r ra y .  This phenomenon i s  not su rp r i s in g .
One would expect the  i n f i n i t e  a r ra y  to  be a b e t t e r  approximation 
to  th e  elements near the  cen te r  of a f i n i t e  a rray  as th e  f i n i t e  a rray  
in c reases  in s i z e ,  even though th e  i n f i n i t e  a r ray  cannot p re d ic t  
e f f e c t s  near th e  edge. I t  i s  a lso  im portant to  no te  t h a t  inc reas ing  
th e  s iz e  of th e  a r ra y  in  the  D irec t  method in c re a se s  computation 
time while th e  Transform method's time i s  not a f f e c te d .  Of even 
g re a te r  importance, th e  Transform method can be app lied  to  arrays  
immersed in a d i e l e c t r i c  l a y e r ,  whereas th e  D irec t method cannot 
be so app lied . Examples of a r ray s  embedded in d i e l e c t r i c  la y e rs  
a re  given l a t e r  in  t h i s  ch ap te r .

Array Dl was a lso  used with o th e r  ap e r tu re  shapes . The t r a p e ­
zo ida l a p e r tu re ,  whose F o u r ie r  c o e f f i c i e n t s  are  given in Appendix 
D by Equations (D9) and (DIO), was t r i e d  i n i t i a l l y  w ith  60 Fourie r  
te rm s. I t s  spectrum, which i s  given as Figure 33, can be compared 
to  th e  cosine spectrum of F igure  22. Because i t s  angu lar  spectrum 
does not decrease  in s iz e  a? r a p id ly  as th e  tapered  spectrum does,
90 terms were employed when co n s id e r in g  trap e z o id a l  d i s t r i b u t io n s .
The 90 term spectrum i s  given in  F igure  34 and th e  b roadside  scan 
f o r  t h i s  d i s t r i b u t io n  i s  given in  F igure  35. Gx, which in d ic a te s  
th e  s iz e  of th e  t r i a n g l e s  a t  th e  edges of th e  a r ra y  (see  F igure  D3), 
i s  equal to  4 in  a l l  examples here  and Kx i s  27 so th e  a p e r tu re  width 
would remain 31 as in  th e  o the r  examples. The t ra p e z o id a l  shape 
was modeled r a th e r  than th e  re c ta n g u la r  pu lse  shape in  o r d e r . to  lessen
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the  s e v e r i t y  of the  d i s c o n t in u i ty  a t  th e  edges of th e  f i n i t e  ap e r tu re .  
F igure  36 shows a rray  D1 w ith  th e  a p e r tu re  scanned a t  b roadside ,
30 , 40 , and 50 . F igu res  37 and 38 g ive  s im i la r  r e s u l t s  f o r  a rray  
01 w ith  a d if fe re n c e  p a t te rn  type a p e r tu re .  The fo rm u la tion  of the  
ap e r tu re  i s  given in Appendix D by Equation (015) w ith  th e  odd sym­
metry F ou rie r  c o e f f i c i e n t s  given by Equation (016). No remarkably 
new r e s u l t  i s  ob ta ined  because t h i s  a p e r tu re  i s  smoothly tape red  with 
no sharp d i s c o n t in u i t i e s .  I t s  behavior should be much l i k e  t h a t  
of th e  cos ine  shaped a p e r tu re .

2. Oipole a r ray  in  a d i e l e c t r i c  s la b

The p re sen t  method can a lso  be ap p l ied  to  a d ip o le  a r ra y  in 
a d i e l e c t r i c  s la b .  This i s  done f o r  a r r a y  02 w ith  th e  geometry shown 
in F igure  39. Equation (77) i s  ap p lied  again to  f in d  th e  impedances 
of t h i s  d ip o le  a r ra y  using  only  th e  p=0 term to  achieve modulation 
in  th e  x - d i r e c t io n  (Equation (8 2 ) ) .  52,̂  (Equation (75)) w il l
con ta in  th e  t ran s fo rm a tio n  f a c t o r  as gTteh^ln Equation (7 4 ) ,  in  order 
to  t r e a t  th e  d i e l e c t r i c  s la b .  Because th e  a r ra y  i s  c en te red  in  the  
s la b ,  dp and d ,  a re  equal and because f r e e  space e x i s t s  to  both s ides  
of th e  s la b ,  th e  r e f l e c t i o n  c o e f f i c i e n t s  a re  eq u a l .  The transfo rm a­
t i o n  fu n c t io n  i s  now o f th e  form

(1 + ^

1 -  ( ( . ! ) : { , l )^e" j**2d2r2y  

which s im p l i f ie s  to

( i " ) ' 2 1 _ -J232 ‘̂ 2'"2y
( i " X 2 .1

and because th e  p a t te r n  f a c t o r  o f  th e  a r r a y  element i s  again equal 
to  t h a t  of th e  t e s t  element a  i s  now of th e  form

" k ,n ,v .O  = 4. (86)

and th e  express ion  f o r  th e  impedance o f  th e  element lo c a te d  a t  x=qDx 
i s

2DX°Z . 1  '■Î f  >v=0

"  k l  n l  '
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Figure 36. The impedance of a rray  D1 a t  fou r  scan angles in the  
x-y plane with a trap e zo id a l  inpu t c u r r e n t .  The a rray  

scans to  the  r i g h t .
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A rray 02 i s  modeled a t  8 GHz (X, = 3 . 7 5  cm) with d ipo les  of 
leng th  1.644 cm (O.EX,)» Dx and Dz a re  1.31 cm (0 .4 \g )  and 1.974 
cm (0.6Xp) r e s p e c t iv e ly .  The modulation period  ( i  ) i s  349 and 31 
elem ents a re  e x c i te d  in th e  x - d i r e c t io n .  The f l a t  d ip o les  modeled 
here  have width of 0.0877 cm (0.026667Xp) and th ic k n e ss  0.00877 cm 
(0 . 0026667X2 ) .  The t o t a l  th ic k n e s s  of th e  d i e l e c t r i c  i s  1.974 cm 
(0 . 6 X2 ) and i t s  r e l a t i v e  d i e l e c t r i c  c o n s ta n t  i s  1 .3 .  Table I sum­
m arizes th e se  param eters f o r  a l l  a r ra y s .

F igu re  40 shows the  adm ittance p lo t  f o r  a r r a y  02 w ith  broad­
s id e  e x c i t a t i o n .  The impedance i s  c o n s ta n t  ac ross  the  e x te n t  of 
th e  f i n i t e  a p e r tu re  (110 ohms), as i s  th e  phase (14.3  d eg rees) .
F igure  41 shows th e  magnitude r e s u l t s  f o r  b roads ide ,  30 , 40 , and
50 scan s .  The behavior o f  th e  50 scan d a ta  in d i c a t e s ,  however, 
a major problem ty p ic a l  of d i e l e c t r i c  coated  phased a r ra y s .  The 
en la rged  r e s u l t  f o r  th e  50 scan i s  given in  F igure  42.

The o r ig in  of th e  problem i s  t r a c e a b le  to  th e  denominator of 
th e  tran s fo rm a tio n  f a c t o r  o f  Equation (44).  This denominator can 
go to  ze ro  f o r  e i t h e r  the  p e rp en d icu la r  o r  p a r a l l e l  c a se .  I t  i s  
exp la ined  in  Appendix F, however, t h a t  f o r  t h i s  one-dimensional case 
and s t r a i g h t  z - d i r e c te d  e lem en ts ,  th e  p a r a l l e l  p a t te r n  f a c to r s  of 
Equation (76) a re  so small t h a t  on ly  th e  p e rp en d icu la r  tran s fo rm a tio n  
f a c t o r  causes d i f f i c u l t y  he re .  Although th e  d is c u ss io n  of t h i s  s ingu­
l a r i t y  below i s  s p e c i f i c  t o  th e  p re s e n t  geometry and th e  p e rp en d icu la r  
ca se ,  i t  does apply in  genera l t o  o th e r  s i t u a t i o n s  where th e  t r a n s ­
fo rm ation  f a c t o r  goes to  ze ro .

From Appendix F, i t  i s  seen t h a t  th e  c o n d i t io n  f o r  th e  denomi­
n a to r  o f  th e  tran s fo rm a tio n  f a c t o r  going t o  ze ro  i s

02 2̂**2y ^̂ (̂Ggd̂rgy) = -J ( Gjdg) (88)

which can be r e w r i t t e n  as

u ta n (u )  = " 7  ( 8id 2 )^( E g-l)-u^  (89)

where

u = % V 2 y  (90)

Equation (89) i s  t r a n s c e n d e n ta l ,  so a g rap h ica l  method of s o lu t io n  
i s  conven ien t.  F igu re  43 (a long  w ith  a sim ple computer program) 
r e v e a ls  u to  be 0.695 f o r  a r r a y  02 which leav es  rg  as 0.369 f o r  
th e  p ropagating  (k=n=0)mode. Using Equations ( 7 1 r th r o u g h  73 ( fo r  
th e  p re s e n t  case  o f  no scan in  th e  y -z  p la n e ,  r  ,  = r  2=0 ) gi.ves 
r ,  =0.929 (68 .3  s c a n ) ,  r ,  =1.06, and r ,  = j0 .3 5 l .  The i n t e r p r e t a ­
t i o n  o f  th e se  numbers i s  as fo l lo w s: one of th e  terms in  th e  F o u r ie r
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Sum corresponds to  a scan in rea l  space in s id e  th e  d i e l e c t r i c  a t  
or near th e  68.3 scan in d ica te d  above. Because i t  i s  intended fo r  
the  a r ra y  to  be scanning a t  50 , t h i s  68.3 scan would be a g ra t in g  
lobe. The value of r ,  being g re a te r  than u n i ty  in d ic a te s  t h a t  t h i s  
wave does not propagate in medium 1 ( f r e e  sp ace ) ,  but in f a c t  cor­
responds to  an a t te n u a t in g  mode. This phenomenon of propagation  
in th e  d i e l e c t r i c  with an evanescent wave o u ts id e  th e  d i e l e c t r i c  
is  r e f e r r e d  to  as a trapped  g ra t in g  lobe [40 ] .  P h y s ic a l ly ,  i t  co r­
responds to  a su rface  wave propagating  in s id e  th e  d i e l e c t r i c .  Equa­
t io n  (88) can be recognized as the  mode equation  f o r  such a wave 
in a d i e l e c t r i c  [41 ].

F u r th e r  examination of Equation (89) i s  in fo rm a tiv e .  Since

>"2y - (Sgx + (91)
f o r  th e  k=n=0 propagating  mode, i t  i s  p o s s ib le  t o  so lve  f o r  v and 
see t h a t

V  =

where f  i s  in GHz, Dx and d ,  a re  in cm, and th e  number 30 i s  the  
speed o f  l i g h t  in a vacuum in dm/sec. This equation  can be used 
to  p r e d ic t  the  value of v ,  i . e . ,  th e  term in th e  F o u r ie r  Sum, which 
r e p re s e n ts  th e  scan a t  68.3  . For th e  50 scan and th e  param eters 
o f  a r ra y  02, t h i s  corresponds to  a v value  from Equation (92) of 
35 .9 . This correspondence im plies t h a t  th e  36th term of th e  F ourie r  
Sum i s  h i t t i n g  near th e  s in g u la r i ty .  This f a c t  i s  confirmed through 
F igure  44 where th e  v=36 term was s e t  t o  ze ro  and th e  behavior of 
th e  impedance i s  more l i k e  previous examples.

An in s ig h t  in to  t h i s  d i f f i c u l t y  can be achieved by p lo t t in g  
th e  magnitude o f  th e  denominator o f  th e  tran s fo rm a tio n  f a c t o r  as 
a fu n c t io n  of scan angle with the  spectrum as a fu n c t io n  of angle 
of th e  var ious  F o u r ie r  terms in  th e  sum, as i s  done in  F igure  45 
f o r  a 40 scan. The a b sc is s a  i s  th e  scan angle in  th e  d i e l e c t r i c  
so th e  spectrum i s  cen tered  a t  40 d iv ided  by th e  square ro o t  of 
th e  r e l a t i v e  d i e l e c t r i c  co n s tan t  of th e  d i e l e c t r i c  l a y e r .  The de­
nominator o f  th e  transfo rm a tio n  f a c t o r  goes to  ze ro  near  68.3 as 
p re d ic te d .  F igure  46 g ives an expanded view of F igure  45 between 
60 and 70 . The leng ths  o f  th e  s p e c t r a l  l i n e s  in  th e  expanded p lo ts  
a re  inc reased  In o rder  to  ease v i s i b i l i t y .  F igu re  46 r e v e a ls  why 
th e  40 scan causes few problems Mn F igure  4 1 ) .  E v id en tly  th e  term 
which c o n ta in s  th e  scan near  68.3 i s  f a r  enough away and o f  such 
small magnitude t h a t  i t  has no n o t ic a b le  e f f e c t .  Note th e  p o s i t io n  
of the  c r i t i c a l  angle a t  61.3  .
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Figures  47 and 48 f o r  th e  50 scan d is p la y  a c o n s id e ra b ly  d i f ­
f e r e n t  s i t u a t i o n .  The tran s fo rm a tio n  f a c to r  denominator i s  i d e n t i ­
c a l ,  but th e  spectrum i s  changed. In f a c t .  F igu re  48 in d ic a te s  t h a t  
one of the  terms in the  sum corresponds very n e a r ly  to  th e  angle 
where th e  denominator goes to  ze ro . The r e s p e c t iv e  behav io rs  of 
F igu res  42 and 44 with and w ithout th e  problem term a re  not s u rp r is in g  
when considered  with th e  in form ation  of F igure  48. As F igures  49
and 50 in d i c a te ,  th e  60 scan should not o f f e r  th e  la rg e  v a r i a t io n s
in impedance, as was th e  case f o r  the  50 scan. This no tion  i s  
confirmed through F igure  51 which shows the  impedance to  be more 
n e a r ly  co n s tan t  across  th e  e x te n t  of th e  f i n i t e  a p e r tu re  than was 
th e  case f o r  th e  50 scan.

Another in fo rm ative  in s ig h t  can be gained by a d ju s t in g  th e  scan
angle in c re m en ta l ly  near a problem scan angle. F igu re  52 g ives  th e
p l o t  of th e  tran s fo rm a tio n  f a c t o r  denominator w ith th e  f i n i t e  a r r a y  
spectrum between 60 and 70 f o r  a 59.5 scan ang le .  The F o u r ie r  
term  n e a re s t  th e  s in g u l a r i t y  i s  j u s t  t o  the  l e f t  of i t .  F igu re  53 
shows th e  same p lo t  f o r  a 59.75 scan where th e  term seems to  co in c id e  
w ith  th e  s i n g u l a r i t y .  F igures  54 and 55 show s im i la r  r e s u l t s  f o r  
59.9  and 60.1 scan r e s p e c t iv e ly .  The 59.9 scan i s  j u s t  to  th e  
r i g h t  o f  th e  s in g u l a r i t y  and th e  60.1  scan i s  well removed. The 
impedance p lo t s  f o r  th e se  fo u r  scan angles a re  given as F igure  56.
The impedance f o r  th e  59.75 angle i s  com plete ly  dominated by th e  
term near th e  s i n g u l a r i t y  and i s  so la rg e  as t o  be m eaning less .  The 
two scans on e i t h e r  s id e  of i t  a re  s im i la r  excep t th e  r e l a t i v e  maxi­
mum is  d isp la ced  t o  l e f t  or r i g h t  of c e n te r .  For th e  60 .1  scan , 
th e  F o u r ie r  term i s  f a r  enough from th e  s i n g u l a r i t y  t h a t  th e  imped­
ance i s  n e a r ly  c o n s ta n t  ac ro ss  th e  i n t e r i o r  of th e  a r ra y .

The q u es tio n  a t  hand i s  whether th e  method i t s e l f  i s  th e  cause 
o f  t h i s  behav io r .  This method, as s t a t e d  above, uses p e r io d i c a l ly  
spaced f i n i t e  a r ra y s  and a F o u r ie r  sum to  c a l c u l a t e  impedance va lues  
o f  in d iv id u a l  elements in th e  a r r a y s .  F o u r ie r  a n a ly s i s  s t a t e s  t h a t  
in  th e  l i m i t  o f  a llow ing th e  p e r io d ,  which he re  i s  th e  i n t e r - a r r a y  
spac ing ,  t o  go to  i n f i n i t y  th e  F o u r ie r  sum becomes a F o u r ie r  I n t e g r a l .  
This l im i t in g  procedure w i l l  not be done h e re ,  but e f f o r t s  w i l l  be 
made to  make th e  summation p rocess  a c lo s e r  approxim ation to  the  
in t e g r a t io n  procedure and to  examine th e  im p l ic a t io n s  o f  t h i s  ap­
proxim ation .

The f i r s t  s te p  i s  to  in c re a se  th e  i n t e r - a r r a y  sp ac in g .  F igu res  
47 and 48 show th e  spectrum f o r  th e  50 scan o f  a r r a y  02. In c rea s in g  
th e  p er iod  from th e  1 value  of 349 used p re v io u s ly  in  t h i s  e f f o r t  
to  1449 w i l l  have sev e ra l  e f f e c t s  upon t h i s  spectrum . The s p e c t r a l  
l i n e s  a re  c lo s e r  to g e th e r  and th e  c o e f f i c i e n t s  a re  in  genera l sm a lle r  
(see  Equations (05) and (06) f o r  th e  cosine  d i s t r i b u t i o n  c o e f f i c i e n t s ) .  
Because th e  term s a re  c lo s e r  to g e th e r  as a fu n c t io n  of th e  angle 
in th e  d i e l e c t r i c  in  F igu re  47, more terms a re  re q u i re d  to  app rox i­
mate the  i n f i n i t e  sum. F ig u re  57 shows the  spectrum f o r  a 50 scan
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Figure  47. The denominator of the  tran s fo rm a tio n  f a c to r  p lo t te d  
with th e  spectrum of a r ray  02 scanned a t  50 as a func tion  

of scan angle in th e  d i e l e c t r i c .
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Figure 48. Expanded view o f the denominator o f  the trans fo rm ation
fa c to r  p lo tte d  w ith  the spectrum o f a rra y  02 scanned at

50 as a fu n c tio n  o f scan angle in  the d ie le c t r ic .
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Figure 49. The denominator o f  the  t ran s fo rm a tio n  f a c t o r  p lo t te d  
with the  spectrum o f a r ra y  D2 scanned a t  60° as a 

fu n c tio n  o f  scan angle in  the  d i e l e c t r i c .
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Figure 54. Expanded view o f  the  denominator o f  the  t ra n s fo rm a tio n  
f a c t o r  p lo t te d  with th e  spectrum of a r ra y  D2 scanned a t  

59.9 as a fu n c tio n  o f  scan angle in  th e  d i e l e c t r i c .
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Figure 55. Expanded view o f the denominator o f  the tra n s fo rm a tio n
fa c to r  p lo tte d  w ith  the  spectrum o f a rra y  02 scanned at

60.1 as a fu n c tio n  o f scan angle in  the  d ie le c t r ic .
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Figure 57. The denominator of th e  transfo rm a tio n  f a c to r  p lo t te d  
with the  spectrum of a r ray  D2 scanned a t  40 as a fu n c tio n  

of scan angle in th e  d i e l e c t r i c .  The in t e r - a r r a y  
spacing i s  1449 and 180 F o u r ie r  terms are  used.
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with i being 1449 and 180 F o u r ie r  terms p lo t te d  with th e  denominator 
of the  transfo rm ation  f a c t o r .  The expanded view of t h i s  p lo t  between 
60 and 70 i s  given in F igure 58. I t  i s  extremely im portan t t h a t  
more terms be used in the  neighborhood of t h i s  s i n g u l a r i t y .  F igures 
59 and 60 show the  magnitude and phase, r e s p e c t iv e ly ,  o f  th e  e n t i r e  
t ransfo rm a tion  f a c t o r ,  which again , th e  p o s i t io n  of th e  c r i t i c a l  
angle i s  a t  61.3 . The important p o in t  th e se  p lo t s  revea l i s  the  
180 phase change a t  the  s in g u la r i ty .  Larger i n t e r - a r r a y  spacing 
and more F ourie r  terms allows more terms j u s t  to  th e  l e f t  of th e  singu­
l a r i t y  and more terms j u s t  to  the  r i g h t  of i t .  This c lo s e r  spacing 
w il l  allow g re a te r  c a n c e l la t io n  of the  e f f e c t  of any one s in g le  term 
and allow the  impedance to  behave as i t  should as th e  angle i s  in ­
c rem en ta lly  changed. F igure 61 gives the  impedance p l o t  f o r  the  
50 scan angle. Comparison with F igure  42 shows t h a t  t h i s  in c re a se  
in th e  period i s  usefu l in achieving  expected behav io r .  F igure  62 
g ives  impedance r e s u l t s  f o r  fou r  scan angles near 50 .

F igure 63 gives th e  60° r e s u l t s  f o r  \  being 1449 and F igure  
64 g ives  r e s u l t s  f o r  fou r  angles near 60 . The 59.9 scan angle 
s t i l l  has one term very near th e  s in g u la r i t y  so i t  g ives  impedance 
values much la rg e r  than they  should be. In c reas in g  i to  1849 and 
p lo t t in g  th e  r e s u l t s  a t  th e se  fo u r  ang les ,  as in F ig u re  65, e l im in a te s  
t h e  occurance of one te rm 's  being near th e  s i n g u l a r i t y  and the reby  
r e tu rn s  expected behavior.

In summary, i t  i s  im portant to  have as many term s near th e  singu­
l a r i t y  as p o ss ib le  to  allow terms to  th e  l e f t  o f  i t  ( -90  phase) 
to  have c a n c e l la t io n  e f f e c t  upon those  of th e  r i g h t  of i t  (90 phase). 
This i s  achieved by in c re a s in g  th e  i n t e r - a r r a y  spacing  and number 
of F ou rie r  terms to  much la rg e r  values than were n ecessa ry  in  th e  
f r e e  space examples p resen ted  e a r l i e r  (which had no tran s fo rm a tio n  
f a c t o r  to  deal w ith ) .  The above r e s u l t s  show t h a t  expected impedance 
values can be achieved i f  none o f  th e  F o u r ie r  term s correspond to  
scan angles too  near th e  s in g u la r i ty .  I f  t h i s  occurs i should be 
ad ju s ted  to  sep a ra te  th e  s i n g u la r i t y  from th e  problem term. In th e  
l i m i t  of i n f i n i t e  period  s iz e  th e re  w i l l  be so many term s near th e  
s i n g u la r i t y  t h a t  no s in g le  term w il l  dominate.

3. Dipole a r ray  in  a d i e l e c t r i c  s la b  over a ground p lane

The p re sen t  method can be app lied  to  a r ra y  D3 and th e  geometry 
shown in  F igure 66. The tran s fo rm a tio n  f a c t o r  i s  taken  from Equa­
t io n  (74) with th e  r e f l e c t i o n  c o e f f i c i e n t  a t  th e  ground p lane s e t  
to  - 1 .  The transfo rm a tio n  f a c t o r  i s  now

: '  (X..F2.1 ®
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Figure  58. Expanded view o f th e  denominator o f  th e  t ran s fo rm a tio n  
fact(W' p lo t te d  with th e  spectrum of a r ra y  D2 scanned a t  

40 as a func tion  o f  scan angle in th e  d i e l e c t r i c .
The i n t e r - a r r a y  spacing i s  1449 and 180 

F ou rie r  terms a re  used.
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Figure 66. Geometry of a r ra y  D3. The a r r a y  i s  in  th e  c e n te r  o f  a 
d i e l e c t r i c  s la b  with a r e l a t i v e  d i e l e c t r i c  c o n s ta n t  of 1 .3 .  

Free space e x i s t s  to  th e  r i g h t  of th e  d i e l e c t r i c  s lab  
and a ground p lane e x i s t s  to  the  l e f t .
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Equations (86) and (87) s t i l l  apply as th e  expressions  fo r  0 and the  
impedance a t each element. Array D3 i s  modeled a t  the  same frequency 
and with the  same geometry as a r ray  D2. The ad d i t io n  of the  ground 
plane a t  the  edge of the  d i e l e c t r i c  i s  the  only change. The a r ray  
param eters a re  given in Table I .

The impedance a t  four scan angles i s  shown in F igure 67. Nothing 
remarkably d i f f e r e n t  occurs ,  even a t  th e  50 scan. Although i t  ap­
pears as i f  the  transfo rm a tio n  f a c t o r  does not have a s in g u la r i ty  
here ,  i t  j u s t  happens th a t  none of th e  F o u r ie r  terms are  s u f f i c i e n t l y  
near th e  s in g u la r i ty  a t  th e se  scan ang les .  F igure  68 shows the t r a n s ­
form ation f a c t o r  denominator f o r  t h i s  geometry, with th e  spectrum 
f o r  a 40 scan. F igures 69 and 70 give  an expanded view of the de­
nominator between 60 and 70 f o r  40 and 50 scans , r e s p e c t iv e ly .
The d a ta  was c a lc u la te d  with i being 1049 and 180 F ourier  terms 
and th e  50 da ta  was c a lc u la te d  with i o f  1449 and 180 Fourier  terms 
so both scan angles would have ample terms in th e  neighborhood of 
the  s in g u la r i t y .  None of th e  terms f o r  th e se  two scans are  s u f f i ­
c i e n t ly  near th e  s in g u la r i t y  to  cause th e  behavior seen e a r l i e r .
Even th e  50 d a ta  appears to  have one F o u r ie r  term co inc iden t  with 
th e  s in g u la r i t y  but no unusual behavior i s  encountered. An attem pt 
was made to  f in d  a scan angle with t h i s  geometry which would have 
la rg e  v a r ia t io n s  in i t s  values but none could be found. The singu­
l a r i t y  f o r  t h i s  geometry must be of such a n a tu re  t h a t  i t  i s  much 
more d i f f i c u l t  f o r  th e  s i n g u l a r i t y  to  have e f f e c t  than fo r  the  ex­
amples seen e a r l i e r  o f  the  d i e l e c t r i c  coated  d ip o le  a r ra y  with no 
ground plane to  one s id e .

4. S lo t  a r ra y  in  a d i e l e c t r i c  s lab

The p re sen t  method can be app lied  to  an a r ra y  of s l o t s  in a 
ground plane as in th e  geometry of F igu re  16. This i s  the  geometry 
to  th e  r i g h t  of the  a r ra y  and Equation (80) i s  th e  express ion  f o r  
the  admittance looking to  th e  r i g h t ,  where Equation (76) i s  s t i l l  
the  express ion  f o r  û and Equation (79) i s  th e  new express ion  f o r  
th e  tran s fo rm a tio n  f a c t o r  which i s

1 +

The adm ittance i s  the  sum looking to  th e  l e f t  and to  th e  r i g h t .
This one-dimensional s l o t  a r r a y ,  a r ra y  51, i s  modeled a t  8 GHz with 
dg, the  d i e l e c t r i c  th ic k n e ss  of each s id e ,  being 0.987 cm. The r e l a ­
t i v e  d i e l e c t r i c  co n s tan t  i s  1 .3 .  The s l o t s  a re  1.644 cm long, 0.0877 
cm wide, and the  ground plane i s  0.00877 cm th i c k .  Dx and Dz, the  
in te r -e le m e n t  spac ings ,  a re  1.316 cm and 1.974 cm, r e s p e c t iv e ly .
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Figure  68. The denominator of the  t r a n s fo rm a tio n  f a c t o r  p lo t t e d  
with th e  spectrum of a r ra y  D3 scanned a t  40° as a 

fu n c tio n  of scan angle in  th e  d i e l e c t r i c .
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Figure  69. Expanded view of th e  denominator o f  th e  tran s fo rm a tio n  
fa c tc y  p lo t te d  with th e  spectrum of a r r a y  D3 scanned a t  

40 as a func tion  o f  scan angle in  th e  d i e l e c t r i c .
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The a rray  param eters a re  given in Table I .  180 F o u r ie r  term s are  
used and i , th e  i n t e r - a r r a y  spac ing , i s  1049 f o r  a l l  scan angles 
p resen ted  nere except f o r  th e  50 angle where i t  i s  in c reased  to  
1449 to  in su re  enough terms being near th e  s i n g u la r i t y  of th e  t r a n s ­
form ation f a c t o r  (whose denominator i s  examined c a r e f u l ly  in  s ec tio n  
2 o f  Appendix F ).

F igure  71 gives th e  adm ittance r e s u l t s  f o r  th e  b roadside  scan.
The v o ltage  input in to  th e  s l o t s  i s  given as th e  d o tted  l i n e ,  th e  
r e s u l t in g  c u r re n t  i s  th e  dashed l i n e ,  and th e  adm ittance in m i l l i -  
mhos i s  th e  s o l id  l i n e .  F igure  72 shows th e  adm ittance a t  broadside 
and th r e e  o th e r  scan ang les .  T heir  values are  n e a r ly  co n s tan t  across  
th e  a p e r tu re  except f o r  th e  40 case .  F igure  73 shows th e  t r a n s ­
formation f a c t o r  denominator as a fu n c t io n  of scan angle in  th e  d i ­
e l e c t r i c  and th e  spectrum f o r  th e  40 scan. F igu res  74 and 75 show 
th e  expanded p lo t s  between 60 and 70 ( th e  s iz e  o f  the  s p e c t r a l  
l i n e s  have been inc reased  to  a id  in  v i s i b i l i t y ) .  E v id en tly  one of 
th e  terms f o r  the  40 scan i s  s u f f i c i e n t l y  near th e  s i n g u l a r i t y  to  
cause some problems. F inding a scan angle where th e  adm ittance did 
not behave as expected was d i f f i c u l t  but F igure  76 in d ic a te s  t h a t  
a 40.28 angle should cause some problems. F igure  77 in d ic a te s  th a t  
t h i s  angle i s  a f f e c te d  by the  s i n g u l a r i t y .  In g e n e ra l ,  f o r  t h i s  
geometry, th e  r e s u l t s  a re  as expected i f  s u f f i c i e n t  term s a re  used 
near th e  t ran s fo rm a tio n  f a c t o r  s i n g u la r i t y .

C. Two-dimensional R esu lts

This s e c t io n  extends the  r e s u l t s  from one to  two dimensions 
and a rray s  of th e  geometry of F igure  8 . Kx and Kz a re  both kept 
a t  31 in t h i s  s e c t io n  so an a r ra y  with 961 elements i s  being modeled. 
Cosine d i s t r i b u t io n s  in  both d i r e c t io n s  a re  used e x c lu s iv e ly  to  keep 
Nx and Nz, th e  number o f  F o u r ie r  terms in  each d i r e c t i o n ,  as small 
as p o s s ib le .  The z - d i r e c t io n  i n t e r - a r r a y  sp ac in g ,  i , i s  349 in  
a l l  examples he re .  I t  can be kept small because a l l  examples in 
t h i s  s e c t io n  r e p re s e n t  scans in  th e  x -y  p lane .  The x - d i r e c t io g  i n t e r ­
a r ra y  spacing , i , i s  649 f o r  broadside  and 30 scan s .  For 60 scans 
i t  i s  in c re a sed  to  1149 t o  in su re  t h a t  an adequate number o f  terms 
a re  in th e  v i c i n i t y  of th e  tran s fo rm a tio n  f a c t o r  s i n g u l a r i t y .  I t  
i s  im portan t t o  keep i and i as small as p o s s ib le  (and th e reb y  
keep Nx and Nz as small as p o s s ib le )  because (2Nx+l)x(2Nz+l) terms 
must be c a lc u la te d .  Computation time can become s i g n i f i c a n t  f o r  
th e  two-dimensional a r r a y s .  For t h i s  reason  th e  number of examples 
p resen ted  in  t h i s  s e c t io n  i s  kept to  a minimum. The r e s u l t s  do not 
behave remarkably d i f f e r e n t  from th e  one-dim ensional r e s u l t s  so t h i s  
l i m i t a t i o n  i s  not in a p p ro p r ia te .
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Figure  75. Expanded view of the  denominator of th e  transfo rm a tio n  
f a c t o r  p lo t t e d  with th e  spectrum o f a r r a y  51 scanned a t  
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Figure  76. Expanded view of th e  denominator o f  th e  t ran s fo rm a tio n
fa c to r  p lo tte d  w ith  the spectrum o f a rra y  51 scanned a t

40.28 as a fu n c tio n  o f scan angle in  the d ie le c t r ic .
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1. Dipole a r ra y  in a d i e l e c t r i c  s lab

Array 04 i s  composed of s t r a i g h t  z -d i r e c te d  d ip o les  in a geometry 
id e n t ic a l  to  a r ray  D2 (F igure  39) w ith th e  exception  th a t  a r ray  04 
i s  f i n i t e  in both th e  x and z - d i r e c t io n s .  Table I g ives  th e  a r ray  
param eters. Equation (77) i s  used to  f in d  the  impedances a t  each 
element with given by Equation (76 ).  The tran s fo rm a tio n  f a c t o r  
i s  id e n t ic a l  to  t h a t  of a rray  02, and i s  given by Equation (85).
The a r ra y  has 31 elements in  the  x -d i r e c t io n  (-15<q<15) and 31 elements 
in  the  z -d i r e c t io n  (-15<m<15). F igure  78 shows th e  o rde r in g  of the  
elements in the  x-z p lane.

Figure 79 gives th e  r e s u l t s  f o r  broadside  scan and th e  row of 
elements along th e  x -ax is  (n=0,z=0). F igure  80 shows s im i la r  r e ­
s u l t s  f o r  the  rows corresponding to  m being 3 ,  6 , 9 ,  and 12. The 
input c u r re n t  decreases as th e  two being examined moves along th e  
z - a x is ,  r e f l e c t i n g  th e  cosine  inpu t c u r re n t  d i s t r i b u t i o n  along th e  
z - a x is .  F igure 81 shows th e  impedance p lo t te d  along th e  z -a x is  (q=0), 
and F igure 82 shows th e  impedance p lo t te d  along th e  columns f o r  q 
being 3, 6, 9, and 12. The impedance i s  n e a r ly  c o n s ta n t  f o r  each 
element in  t h i s  two-dimensional a r ray  a t  t h i s  b roadside  scan angle.

For the  30° scan angle in the  x-y plane F igure  83 g ives  the  
impedance f o r  th e  m=0 row and F igure  84 p lo t s  t h i s  q u a n t i ty  f o r  m 
being 3, 6 , 9, and 12. F igures  85 and 86 p lo t  along z f o r  q being 
0, +6, - 6 ,  and -12. Again th e  impedance has n e a r ly  th e  same value 
a t  each element in  th e  a rray  f o r  t h i s  30 scan.

F igure  87 r e f l e c t s  th e  values of th e  impedance along th e  x -ax is
f o r  a 60 scan in  th e  x-y  p lane  and F igure  88 shows th e  impedance 
f o r  rows p a r a l l e l  to  th e  x -a x is  w ith m values of 3 ,  6 ,  9 ,  and 12.
F igure 89 g ives th e  impedance along th e  z - a x i s .  Examination of F ig ­
ure  87 re v e a ls  la rg e  changes in th e  impedance fo r  th e  elements from 
p o s i t io n  -14 t o  -8 .  This corresponds to  q values from -14 t o  -8 .
F igure  90 p lo t s  th e  impedances along th e s e  columns p a r a l l e l  t o  z 
f o r  a values of -14, -12 , -10 , and -8 .  The p lo t s  a re  symmetrical 
with re s p e c t  to  th e  x -ax is  ( th e  0 p o s i t io n  on th e  a b s c is s a )  as they  
should be with scan in the  x -y  p lane . For t h i s  la rg e r  scan a t  60 
th e  impedance i s  no longer n e a r ly  co n s tan t  over th e  e x te n t  of the  
two-dimensional a r ray .  F igure  91 p lo t s  th e  impedance a t  fo u r  columns
p a r a l l e l  to  th e  z -a x is  a t  q values of 6 , 8 ,  10, and 12. This 60
da ta  shows th e  way the  impedance can change in  a f i n i t e  a r r a y  a t  
la rg e  scan angles even in  d i r e c t io n s  a t  which th e  a r ra y  i s  not scan­
ning ( i . e . .  F igure 90 shows v a r ia t io n  in  th e  z - d i r e c t io n  even when 
th e  a r ray  i s  scanning in  the  x-y  p la n e ) .
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2. S lo t  a rrây  in a d i e l e c t r i c  s lab

Array 52 i s  composed of s t r a i g h t  z -d i r e c te d  s l o t s  in a ground 
plane in a geometry id e n t ic a l  to  a rray  31 (F igure  16) w ith  the  ex­
cep tion  t h a t  a r ray  52 i s  f i n i t e  in both th e  x and z - d i r e c t i o n s .  Table 
I gives the  a rray  param eters . Equation (80) i s  used to  f in d  the  
adm ittances of each element with 0 given by Equation (76).  The t r a n s ­
formation f a c to r  i s  id e n t ic a l  to  t h a t  of a r ray  51 and i s  given by 
Equation (94). The a r ray  has cosine  d i s t r i b u t io n s  in both the  x 
and z -d i r e c t io n s  with 31 elements in each d i r e c t io n .  The la b e l in g  
of the elements in the  a r ra y  i s  given by F igure 78.

F igures 92 through 95 g ive  the  r e s u l t s  f o r  the  broadside  scan 
and elements p lo t te d  along rows p a r a l l e l  to  th e  x and z -ax e s .  As 
in the  case with d ipo le  a r ra y  04 in two-dimensions th e  impedance 
i s  n e a r ly  co n s tan t  across th e  e n t i r e  e x te n t  of th e  a r ra y .

F igures  96 through 99 g ive  the  r e s u l t s  f o r  a r ra y  52 scanned 
a t  30 in  th e  x-y p lane. F igures  96 and 97 show th e  s l i g h t  v a r ia t io n  
in  adm ittance across the  a r ra y  in  th e  x - d i r e c t io n  which i s  ty p ic a l  
of r e s u l t s  p resen ted  here f o r  scans a t  30 in  th e  x-y  p lane .

Scanning a r ra y  52 to  60° caused some d i f f i c u l t i e s  as seen in 
F igure  100 where the  adm ittance i s  p lo t te d  along th e  x -a x is  f o r  m=0.
The maximum on th e  adm ittance p lo t s  i s  15 m illim hos f o r  th e  60 scan 
r e s u l t s  w hile i t  was 5 m illim hos on th e  b roads ide  and 30 r e s u l t s .  
Obviously, one of th e  F o u r ie r  terms n e a r ly  c o in c id e s  w ith  th e  t r a n s ­
form ation  f a c t o r  s in g u la r i t y ,  which i s  s u rp r i s in g  in  l i g h t  of F igu re  
101 which p lo t s  th e  tran s fo rm a tio n  f a c t o r  denominator w ith th e  term 
lo c a t io n s .  I t  appears as i f  none of th e  terms a re  s u f f i c i e n t l y  near 
th e  s in g u la r i t y  t o  cause problems. The form at o f  t h i s  F ig u re ,  w hile  
usefu l in  th e  one-dimensional case ,  i s  somewhat m islead ing  here .
While Equation (F26) in  Appendix F s t i l l  g ives  th e  a p p ro rp ia te  t r a n s ­
cendental equation  f o r  th e  s l o t  geometry and Equation (90) i s  s t i l l  
th e  c o r r e c t  express ion  f o r  r^  in  terms of th e  s o lu t io n  t o  th e  t r a n s ­
cendental equation  (u = 0 .7 4 0 )P th e  exp ress ion  f o r  r^  has changed 
because rg  i s  no longer n e c e s s a r i ly  ze ro .  From Equations (34) through 
(36) f o r  th e  k=n=0 case  and scan in  th e  x-y p lan e ,  rg  i s  now

which leaves  th e  express ion  f o r  the  problem causing v term to  be 
( in  analogy to  Equation {9 2 ) \

V  = ix^xf (96)
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When p = 0,  Equation (96) i s  the  same as Equation (92 ) .  This  new 
equat ion  implies t h a t  a p l o t ,  such as F igure  101, cou ld  be made fo r  
each value of  p in the  two-dimensional case .  Equation (96) im pl ie s ,  
in genera l ,  t h a t  many more Four ie r  terms a re  necessary  to  insu re  
s u f f i c i e n t  coverage near the  tr ans fo rm a t ion  f a c t o r  s i n g u l a r i t y  and 
t h a t  g r e a t e r  care  must be used to  assure  t h a t  no one term co inc ides  
with the  s i n g u l a r i t y .

In order  t o  ob ta in  more meaningful r e s u l t s  f o r  t h e  60° scan 
of  a r ray  S2, the  x - d i r e c t i o n  in te r - e l e m e n t  spac ing ,  i , was changed 
to  1069. Figures  102 through 105 give th e  r e s u l t i n g  admit tance  p lo t s .  
Figures  102 and 103 give the  admittance along f o u r  rows p a r a l l e l  
t o  the  x -a x i s  and Figures  104 and 105 give the  r e s u l t s ^ f o r  fo u r  columns 
p a r a l l e l  t o  th e  z - a x i s .  Behavior i s  s im i l a r  t o  th e  60 scan r e s u l t s  
f o r  the  two-dimensional d ipo le  a r r a y  D4.

D. Discussion

This chap ter  has p resen ted  computer genera ted  p l o t s  of  immit- 
tances  f o r  f i n i t e  phased a r rays  in severa l  geometr ica l  c o n f ig u ra t io n s ,  
inc luding  those  with ad jacen t  d i e l e c t r i c  l a y e r s .  I t  has confirmed 
those  r e s u l t s  f o r  th e  f r e e  space geometry through comparison t o  another 
a n a l y t i c  techn ique .  And i t  has examined one f e a t u r e  of  the  method 
which descr ibe s  th e  physica l  s i t u a t i o n  encountered  when d i e l e c t r i c  
i s  used with a f i n i t e  a r r a y .  Two more t o p i c s  a re  mentioned in t h i s  
s e c t i o n .  The f i r s t  i s  an i n t e r e s t i n g  and perhaps usefu l  f e a t u r e  
which may be unique t o  t h i s  p a r t i c u l a r  method. The second i s  an 
example of  how th e  phys ical  i n t e r p r e t a t i o n  which t h i s  method i n i t i a t e s  
exp la ins  a phenomenon p re s e n t  in f i n i t e  a r rays  of any geometry.

No mention has been made in t h i s  work of  t h e  f a r - f i e l d  p a t t e r n  
which the  a r rays  mentioned here would g e n e ra te .  The primary reason 
f o r  t h i s  i s  th e  f a c t  t h a t  once the  matching or  immittance p ro p e r t i e s  
of  an a r r a y  a re  unders tood ,  p a t t e r n  c a l c u l a t i o n  i s  s t r a i g h t f o r w a r d .
The problem of s y n th e s i s ,  t h a t  i s  f in d in g  th e  a p e r t u r e  d i s t r i b u t i o n  
and matching p r o p e r t i e s  f o r  a p r e s c r ib e d  f a r - f i e l d  p a t t e r n ,  i s  not  
as t r i v i a l ,  however. F igure  22 sugges t s  a way in which t h i s  new 
t ransform method could be u s e f u l . This f i g u r e  shows t h e  magnitudes 
and p o s i t i o n s  of  the  F o u r ie r  c o e f f i c i e n t s  f o r  a cos ine  d i s t r i b u t i o n  
of  the  one-dimensional  a p e r tu re .  Because th e  f a r - f i e l d  p a t t e r n  i s  
a l so  the  F ou r ie r  Transform of the  ap e r tu re  d i s t r i b u t i o n  [42],  F igure 
22 a lso  shows the  f a r - f i e l d  p a t t e r n  of  th e  a r r a y  with  the  cos ine  
a p e r tu re  d i s t r i b u t i o n .  This  sugges ts  t h a t  i f  some f a r - f i e l d  p a t t e r n  
i s  d e s i r ed ,  th e  F ou r ie r  c o e f f i c i e n t s  r e q u i r e d  by th e  t rans fo rm  method 
could be found simply by ana lyzing  the  f a r - f i e l d  p a t t e r n .  The shape 
of the  a p e r tu re  d i s t r i b u t i o n  i t s e l f  can then be ignored .
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I t  i s  a l so  i n t e r e s t i n g  t o  note  th e  behavior of  the  f r e e  space 
one-dimensional  d ipo le  a r r ay  when th e  t r a p e z o id a l  c u r r e n t  d i s t r i b u t i o n  
i s  examined (F igure  36) .  What might be la b e led  " r ip p le s "  appear 
in the  30 , 40 , and 50 scans .  I t  i s  app rop r ia te  t o  cons ider  whether 
th e se  r i p p l e s  occur in a l l  f i n i t e  a r r ays  or  whether they  occur be­
cause of  the  method i t s e l f .  The i n t e r p r e t a t i o n  of  a f i n i t e  a r r ay  
scanning a t ,  f o r  example, 40 having propagat ing modes in a l l  d i ­
r e c t i o n s  sugges ts  a s o l u t i o n .  Because th e  r i p p l e s  appear as i f  i n t e r ­
f e ren ce  between two waves may be ta k in g  p la ce ,  i t  i s  usefu l  t o  cons ider  
the  component of  the ray  in  th e  d i r e c t i o n  of  scan and th e  r a y  which 
goes down th e  x -ax is  d i r e c t l y  from one element t o  t h e  nex t .  For 
a r r a y  01,  t h e  e l e c t r i c a l  spac ing,  BOx, i s  144 . For th e  40 scan,  
the  component of  the ray  in  th e  scan d i r e c t i o n  has a phase s h i f t  
from element t o  element of  BOx-s o r  92.6 . The wave along the  
x -a x i s  would have a phase s h i f t  of  BQx s in (90  ) or  144 . The phase 
d i f f e r e n c e  between th e s e  two i s  51 .4  . In o th e r  words the  s tand ing  
wave caused by t h e i r  i n t e r f e r e n c e  has a phase s h i f t  of  51.4  between 
any two elements so a f u l l  per iod  should be 360 /51 .40  or  7 spac ings .  
This t u r n s  out  t o  be th e  case  as one maximum occurs a t  element -5 
and th e  next  a t  +2. For the  60 example th e  phase d i f f e r e n c e  i s  
33.7 which i n d i c a t e s  a f u l l  per iod  every  11.6 spaces .  The d i f f e r ­
ence between th e  r e l a t i v e  maxima in  th e  60 p l o t  of  F igure  36 i s  11.
The r i p p l e s  do not  appear v i s i b l y  in  th e  t ape red  d i s t r i b u t i o n s  of 
t h i s  s tudy  because th e  magnitude of  the  wave in the  scan d i r e c t i o n  
i s  much l a r g e r  than the  magnitude of  th e  wave along th e  a r r a y  i s  
f o r  those  d i s t r i b u t i o n s .  This  d i s c u s s io n  no t  only i n d i c a t e s  t h a t  
th e  r i p p l e s  w i l l  appear and a re  not  a p e c u l i a r i t y  of  th e  method, 
but t h a t  t h e  physical  d e s c r ip t i o n  in h e re n t  in  th e  t rans fo rm  method 
i s  usefu l  in i t s  own r i g h t  in f i n i t e  a r r a y  a n a l y s i s .
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CHAPTER V 
CONCLUSIONS

The o b je c t iv e  of t h i s  d i s s e r t a t i o n  was to  e s t a b l i s h  a new method, 
r e f e r r e d  t o  here as t h e  transform method, which was capable  of  c a l ­
c u l a t i n g  the  element by element immittances of l a rg e  f i n i t e  phased 
a r r ays .  This o b j e c t i v e  was reached us ing  a method f o r  c a l c u l a t i n g  
immittances of  i n f i n i t e  a r rays  which e x p l o i t s  a p lane  wave spectrum 
approach and allows th e  t r ea tm en t  of  d i e l e c t r i c  s l a b s  ad jacen t  t o  
t h e  ar ray .  This i n f i n i t e  a r r a y  approach i s ,  of  i t s e l f ,  ext remely 
u s e f u l ,  but i t  cannot  p r e d ic t  behavior  near  th e  edge of  a f i n i t e  
a r r a y  nor can i t  p r e d i c t  f l u c t u a t i o n s  in  immittance va lues  from e l e ­
ment to  element as t h e  a r r ay  i s  scanned.

The r e s u l t s  from the  f i n i t e  a r r a y s  modeled he re  do r e f l e c t  the se  
behav iors .  The e f f e c t s  a t  th e  edges as well as t h e  v a r i a t i o n  across  
th e  aper tu re  due t o  scan and i n t e r a c t i o n  with th e  d i e l e c t r i c  su r faces  
a re  given.  Admittedly,  t r u n c a t io n  of  th e  F our ie r  sums w i l l  be no t iced  
a t  th e  edges most,  even f o r  th e  t ape red  a p e r tu re  d i s t r i b u t i o n s .
The add i t ion  of  more F o u r ie r  terms (and computer t ime) w i l l  le ssen  
t h i s  problem. Resu l t s  can be ob ta ined  which are  of  va lue  in actual  
implementat ion of  a f i n i t e  a r r a y  where genera l  behavior r a t h e r  than 
ac tua l  numerical va lues  i s  d e s i r ed .  The a d d i t io n  of  d i e l e c t r i c  layers  
i s  most usefu l  in s i t u a t i o n s  where a phased a r r a y  must be covered 
by some d i e l e c t r i c  p r o t e c t i v e  cover or  where th e  p r o p e r t i e s  gained 
by th e  presence of  t h e  d i e l e c t r i c  a re  r e q u i r e d .  Ana lys is  of  antennas 
in t h e  presence of  such d i e l e c t r i c  l a y e r s  i s  d i f f i c u l t  but  i t  has 
been put i n t o  manageable terms f o r  th e  f i n i t e  a r r ays  d iscussed  here .  
The s i n g u l a r i t y  which causes problems f o r  l a rg e  scan angles in th e  
d i e l e c t r i c  covered a r r a y s  has been examined c l o s e l y  and some mean­
ingfu l  r e s u l t s  have been ob ta ined  which r e q u i r e  more F ou r ie r  terms 
and more computer t ime.  A s l i g h t l y  d i f f e r e n t  a n a l y s i s  using i n t e ­
g r a t i o n  and th e  P r i n c i p l e  Value Theorem [43] near  t h i s  well behaved 
s i n g u l a r i t y  could be u s e fu l .

A f u t u r e  ex tens ion  of t h i s  work could  be made in examining the  
p o s s i b i l i t y  of  us ing  a round a p e r tu r e  shape and d i s t r i b u t i o n s  cha r ­
a c t e r i s t i c  of  t h a t  shape.  A p o s s i b l e  method f o r  t h i s  a n a ly s i s  does 
e x i s t  [ 44] but  some aspec ts  of  the  th e o ry  w i l l  be s u f f i c i e n t l y  d i f ­
f e r e n t  t o  warrant  th e  in c lu s io n  of t h a t  m a te r ia l  el sewhere .
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APPENDIX A
TRANSFORMATION FROM SPHERICAL TO PLANE WAVES

This appendix gives the  process of  s t a r t i n g  with  th e  simple 
sum of  s p h e r ica l  wave vec to r  p o t e n t i a l s  from a l l  t h e  elements in 
th e  a r r a y  and going to  th e  spectrum of p lane waves express ion  fo r  
th e  e l e c t r i c  f i e l d .  This  d e r iv a t io n  i s  given here  f o r  convenient  
r e f e r e n c e  because of  i t s  importance,  even though i t  has appeared 
elsewhere  [ 45). As Figure 9 shows, ( repea ted  here as F igure  (Al))  
a l l  elements are H e r t i z ian  d ipo les  in th e  x-z  p lane  with  o r i e n t a t i o n  
p and sep a ra t io n  in the  x and z d i r e c t i o n s  D and D r e s p e c t i v e l y .
In t h i s  appendix,  the  r e fe re n c e  element i s  loc a ted  i t  t h e  o r i g i n .
I t s  p o s i t i o n  in space i s  gene ra l ized  in th e  t e x t  o f  Chapter  2.

All sums in t h i s  appendix go from -<= t o  <». This  dependence 
may not  be given e x p l i c i t l y  f o r  the  sake of  convenience.

From Harr ington [ 46l but using the  d e f i n i t i o n  

f  = V X A (Al)

th e  vec to r  p o t e n t i a l  f o r  the  Her tz ian  d ip o l e  loc a ted  a t  x=qD , z=mD

"  4?
where

"qm =  ̂ (A3)

^ f  * (qD^-x)^ • (A4)

S u b s t i t u t i n g  th e  magnitude of th e  modulated c u r r e n t  from Equation 
(25) and summing over a l l  t h e  elements in t h e  p lane y i e l d s

c
v = -o o  |j=_oo q = -o o  n i= -®

-jBqD s -j&nD s^  ^ ^ q m
X e ^ ^ e ^ ^ ^ -----  (AS)

qm
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The f i r s t  s tep in the  t rans format ion  i s  to  deal with the  sum 
on m. I s o l a t i n g  terms which depend on m y i e l d s

where

-y -jGRr-jgmD s ;  qm
Aq "  I  e . (A7)

^ m qm

Using the  Poisson Sum Formula [47]

00 jmti) t  “
1 e °  F(mu) ) = T I  f { t+ n l )  (A8)

m=““  n=-“

where f ( t )  and F(w) form a Four ie r  Transform p a i r  and

(A9)

t h e  fo l lowing  transform p a i r  from Bateman [ 4Q can be used

g j B a  a? ^ ^  . (AlO)

A note of  exp lana tion  should be given with t h i s  formula.  I t  i s  
formula 42 on p. 56. I t  appears in th e  t a b l e  with two e r r o r s  but  
t h e  c o r r e c t  form should be.
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( x f + a f j ' l / Z v  y ^ 2 )  [ b ( a f + x 2 ) l / 2 ]

Re V >- 1/2 

a,b > 0

r ,{l / 2 ï ï a ) ( ab)"V(b2_u2) l / 2 v - l /4 H (2 )^ ^ [g (b ^ -y ^ ) 0<y<b

J ( 2a / m ) l / Z ( a b ) " V ( y 2 _ b Z ) l / 2 v - l / 4 K ^  ^ ^ ^ [ g ( y 2 _ b 2 j 1 / 2 ]  b<y<°

( A l l )

Equation ( A l O )  u t i l i z e s  v = l / 2  and th e  form f o r  0<y<b. The l e f t  s ide  
o f  ( A l l )  can be shown t o  be equal to  th e  l e f t  s id e  o f  ( A l O )  using 
r e fe ren c e  [4 9 ] ,  s p e c i f i c a l l y  r e l a t i o n s  in s ec t i o n s  1 0 . 1 .1 ,  10 .1 .11 ,  
and 10.1.12 of  t h a t  r e fe ren c e .

Using the  frequency s h i f t i n g  theorem

jWit
e f(t)-*-*" Ffw-w^)

Equation (A9) becomes

(A12)

^2j— H ( 2 ) ( a J ? Z ^ ) (A13)

Comparison of  Equations (A7), (A8), and (A13) revea l  t h e  app rop r ia te  
s u b s t i t u t i o n s  to  be

and Equation (A7) becomes

-  Bs^, Wj = z (A14)
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«  - j z ( e S ;  + n ---------------------------

\  = J C ;  „ L =  '  + n ^ ) 2 )

00

V « r ' ( v >  ( « 5 )

where

Tp =J 1 -  ( s^  + n (A16)

The next  s tep  i s  t o  s u b s t i t u t e  Equation (A15) i n t o  (A6) and 
s e p a ra t e  a l l  terms which depend on q. This  leaves

( v ) i ( y )  „  - j B z ( s J  + n ^ - )
.  Wrid* y y

r  ^ ^ T 7 ~z V u V y n=-

r  -jGqDxSy (2)l e  H i^^(3r„a)  (A17)

Equation (A l l )  f o r  v=0 becomes

(2) 2 2Hj MPrp y V )  4— - -  - :  —  (A18)
W ( 3 r p ) ^ - t ^

f o r

“  o^^x'  T = t  = -6Sx . (A19)

Applying th e  frequency s h i f t  theorem y i e l d s

(2) 2 2 J“ 2‘
^0 y  "  e ^ —  (A20)

Trjf(Br )2 - t2
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S u b s t i t u t in g  u) =̂x and applying (A20) to  (A17) and (A8) gives 

where

F  = XX + yy + zz (A22)

r  = xr^ + y r^  + zr^ y > 0 (A23)

^x = Sx + = Sx + + V ^  (A24)

^z = 5% + ngg = s^ + + p (A25)

*"y = j l  -  r l  -  r \  (A26)

In Equation (A2I) the  - j  value i s  taken f o r  r  t o  in s u re  a t t e n u a t io n  
of  th e  evanescen t  waves as t h e i r  d i s t a n c e  from the  a r r a y  in c re as es .

_  To ob ta in  the  e l e c t r i c  f i e l d ,  i t  i s  app rop r ia te  t o  f i r s t  f i n d  
dH from [so l

(E(R) = 1 -  %dÂ(F) (A27)
*c

with

= <|>V &Â -lÂx V* (A28)

and ob ta in

1 4  e - J 0 ( . r

S u b s t i t u t i n g  dïï i n to

(A29)

I  = VxH (A30)
JwGc
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y ie ld s

V y k n y
I I  4 ^ ( î x ? ) x ? (A31)

which i s  th e  des ired  express ion f o r  th e  e l e c t r i c  f i e l d  from an ar ray  
o f  Hertzian d ipoles  with th e  r e fe re n c e  located  a t  the  o r i g i n .

qm

Figure A l. The f ie ld  a t R (x ,y ,z )  from an in f i n i t e  a rra y .
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APPENDIX B 
PLANE WAVE REFLECTION COEFFICIENTS

This Appendix t a b u la t e s  the plane wave r e f l e c t i o n  c o e f f i c i e n t s  
f o r  the  E and H f i e l d s  when both are perpend icu la r  or  p a r a l l e l  to  
the  plane of  Inc idence .^  These formulas apply t o  a plane wave t r a v ­
e l ing  In th e  d i r e c t i o n  r .  In s e m i - i n f i n i t e  medium ( c i . y i )  In to  semi- 
i n f i n i t e  medium 2 (ep ’Mp) where I t s  d i r e c t i o n  becomes Pg. The r e ­
l a t i o n s h ip  between r ,  and 9p Is  S n e l l ' s  Law, which I s  given In the  
t e x t  as Equations (7 l )  through (73).  This l i s t  of  th e  r e f l e c t i o n  coef ­
f i c i e n t s  I s  Iden t i ca l  to  [51] In form, with a g e n e r a l i z a t i o n .  The 
r e f l e c t i o n  c o e f f i c i e n t s  are now given in terms of  the  I n t r i n s i c  Im­
pedances and th e  I n t r i n s i c  admittances of  the  two media, and r -  , 
the  y-component of  th e  vec to r  d i r e c t i o n .  This  g e n e r a l i z a t i o n  a i  lows 
f o r  the  two media to  have d i f f e r e n t  p e r m e a b i l i t i e s  as  well as the 
case of  complex p e r m l t l v l t l e s  and p e r m e a b i l i t i e s ,  as t h e  d e s c r ip t io n  
of  lossy media r e q u i r e s .

Reference t o  the  E - f l e ld

k . ,  ■ »■>

Reference t o  the  H - f le ld

H_ ^ ^2^1y ~ Yj^Zy
X 1,2 ^l*"2y (B3)

E HRela t ionsh ip  between and

!^1 ,2  " ■ 1^2,1 = ■ "^1,2 = ï ^ 2 , l  (85)

S , 2  = -  "12,1 = -  " r i , 2  = ^ 2 , 1
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APPENDIX C 
THE PATTERN FACTOR

This appendix g ives the  d e r iv a t io n  f o r  the  p a t t e r n  f a c t o r  of 
Equations (50) and (56) f o r  s t r a i g h t  z - d i r e c t e d  elements.  An ex­
p res s ion  f o r  the  p a t t e rn  f a c t o r ,  d i r e c t l y  t r a n s l a t a b l e  in to  computer 
code i s  presented  here with the  ope ra t ion  which f in d s  the  p a r a l l e l ,  
and perpendicu la r  components of  the  p a t t e r n  f a c t o r ,  p i  ' and Pi  ' 
of  Equation (76),  r e s p e c t iv e l y .

The two equat ions  of  i n t e r e s t  a re  repea ted  here f o r  convenience.  
The f i r s t .  Equation (50),  the  p a t t e r n  f a c t o r  of  th e  a r r ay  re fe rence  
element,  i s  . . .

n i  1 b jB&p

The second. Equation (56),  t h e  p a t t e r n  f a c t o r  of  the  t e s t  element 
under t r a n s m i t t i n g  c o n d i t io n s ,  i s

P p .  (C2)

Both equat ions  r e p re s e n t  a c u r r e n t  t imes  an a p p ro p r ia t e  phase f a c t o r  
in t e g r a t e d  over the  length  of  th e  element,  d iv ided  by the  terminal  
c u r r e n t .  Requiring th e  t e s t  and a r r a y  elements to  be i d e n t i c a l  
s t r a i g h t  z - d i r e c t e d  d ipo les  near  resonance al lows the  c u r r e n t  to  
be w r i t t e n  as

I(&) = sin[Bj(&g- |& |) ]  (C3)

where £ i s  the v a r i a b le  of i n t e g r a t i o n  over th e  length  of  the  element 
which extends from - z '  t o  z ' ,  y i s  th e  e f f e c t i v e  propagation  con­
s t a n t  along the  element,  and £ i s  t h e  e f f e c t i v e  ( h a l f )  length of  
t h e  element which takes  in to  account t h e  ac tua l  ( h a l f )  leng th  and 
th e  capacit ance  e f f e c t s  near the  ends of  th e  s l o t s  or  f l a t  d ipo le s ,  
z ' ,  the  actual  ( h a l f )  leng th ,  i s  l e s s  than £ , t h e  e f f e c t i v e  ( h a l f )  
leng th .  The c u r ren t  i s  p l o t t e d  in F igure  Cl.  In t h i s  s tudy where 
s l o t s  a re  used as e lements.  B. was c a l c u l a t e d  us ing

6d (C4)
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where B, and Bn are  the  propagat ion co n s tan t s  in th e  media to  the 
l e f t  ana to  the  r i g h t  of  th e  s l o t ,  r e s p e c t i v e l y  [52].  For the  f l a t  
d ipo le s ,  Bj  was s e t  to  th e  value of  B in the  medium con ta in ing  the  
d ipo les .  The e f f e c t i v e  leng th  f o r  s l o t s  and f l a t  d ip o l e s  was c a l cu ­
l a t e d  using Reference [53] with one c o r r e c t i o n  found r e c e n t l y  [54].  
When the  incremental  length  change was f i r s t  fo rmula ted ,  i t  conta ined  
two c o r r e c t io n  terms.  One term accounted f o r  the  f r i n g e  f i e l d  c lose  
t o  th e  end of the  d ip o le .  The o th e r  was concerned with capac i tance  
e f f e c t s  due t o  th e  f i n i t e  th ickness  of  the  d ip o le .  When t h i s  formu­
l a t i o n  was app l ied  to  s l o t s  in a ground p lane  with f i n i t e  th ickness ,  
i t  was d iscovered t h a t  th e  resonance frequency  was p r e d ic te d  in c o r ­
r e c t l y .  I t  t u rn s  out t h a t  th e  second term becomes an inductance 
f o r  s l o t s  and should be su b t r a c t e d  r a t h e r  than added as i t  was in 
the  d ipo le  case .  The f i r s t  term i s  unchanged. This  does not v i o l a t e  
B ab in e t ' s  P r i n c i p l e ,  which says t h a t  the  d ipo le  and s l o t  s i t u a t i o n s  
a re  complementary (as  s t a t e d  a t  t h e  end of  Chapter  I I I ) .  B ab ine t ' s  
P r i n c i p l e  ap p l i e s  e x a c t ly  only to  i n f i n i t e s i m a l l y  t h i n  f l a t  d ipo les  
o r  ground p lanes ,  in which case th e  second term i s  z e ro  and th e  co r­
r e c t i o n s  t o  both s i t u a t i o n s  are i d e n t i c a l .

Because s in Equation (02) r e p r e s e n t s ^ a  p lane wave' s  "propa­
gating"  d i r e c t i o n ,  which in t h i s  s t u d » , i s  r \_and  because a l l  elements 
are s t r a i g h t  and z - d i r e c t e d  ( i . e . ,  pr '  = p( '  = z) t h e  phase terms 
in Equations (Cl) and (C2) can be w r i t t e n  as 

- j t B / 2 * r  - j tB A r ,
e ^  = e ^ (C5)

where

t  = +1 t r a n s m i t t i n g  case 
-1 n o n - t r a n s m i t t in g  case .

(C6)

The above n o ta t io n  can be used t o  r e w r i t e  th e  p a t t e r n  f a c t o r  
equat ions  as

Z ' - j tB&r.

’’2 °  s in  « ■dH (C7)

Performing th e  i n t e g r a t i o n  y i e l d s

cos [6jj(«.g-z ' ) - tB r^ z  ' ] - c o s ( B / g )

Bd -  t B r , cos[Bj(&g-z') + tBr^z']-cos(Bjjig) (C8)
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Since the  above express ion  i s  independent of  th e  al lowed values of 
t ( ± l ) ,  the  f i n a l  express ion  fo r  the  p a t t e r n  f a c t o r  of  both the a r ray  
elements and the  t e s t  element is

P » )  = P (2 ) ‘  = Pg = 3 ^ ; ^  X

{c o s C B jd e -z ' ) -Br^z ' ]  -cos(Bd%e)

B,
jc o s [G j (& g -z ' )+ B r^ z ' ]  - co s (B /g ) j - (C9)

Reference65] de f ine s  t h a t  the p a r a l l e l  (pe rpend icu la r )  com­
ponent of  the  p a t t e r n  f a c t o r  i s  equal t o  th e  p a t t e r n  f a c t o r  t imes 
th e  component of  th e  u n i t  vec tor  of  t h e  a r r ay  element d i r e c t i o n  in 
t h e  d i r e c t i o n  of  th e  u n i t  vec to r  p a l a l l e l  (pe rp en d icu la r )  t o  the  
p lane  of  inc idence ,  or

( l . y g  (CIO)

For s t r a i g h t  z - d i r e c t e d  elements p(^)  i s  z and

i"2 =
-X r , ;  + :  rg x

J
(Ml)

.."2 '

H x  + 4 z

which gives

(M2)

\x  * 4 z

(M3)

(C14)
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These l a s t  two express ions  are the  ones used in fl in Equation (76).

in

0 . 9 3 7 5- 0 . 9 3 7 5
P O S I T I O N  ALONG ELEMENT

DIPOLE

SLOT

Figure  Cl.  The c u r r e n t s  on th e  s l o t  and d ipo le  elements 
used in t h i s  s tudy.

138



APPENDIX D 
FOURIER COEFFICIENTS

This Appendix gives  the  F our ie r  C o e f f i c i e n t s  f o r  th e  ape r tu re  
d i s t r i b u t i o n s  used in t h i s  s tudy .  C o e f f i c i e n t s  of  fou r  even d i s t r i ­
but ions  which y i e l d  sum p a t t e r n s  a re  given with one odd d i s t r i b u t i o n  
which y i e ld s  a d i f f e r e n c e  p a t t e r n .

The geometry f o r  the  C o e f f i c i e n t  c a l c u l a t io n  in one dimension 
(along x) i s  given as F igure 01. For a l l  o f  the  fo l lowing d i s t r i ­
but ions  K i s  the  width of  the  f i n i t e  ape r tu re ,  D i s  th e  i n t e r e l e ­
ment spacing,  and ( i  D ) i s  the  modulation per iod ,  i . e . ,  th e  spacing 
between th e  cen te r s  of  th e  f i n i t e  a p e r t u r e s .  Because th e  aoe r tu re  
d i s t r i b u t i o n s  are chosen to  be separab le  in  x and z (as shown in Chap­
t e r  I I ) ,  the se  c o e f f i c i e n t s  f o r  the  d i f f e r e n t  d i s t r i b u t i o n s  apply 
t o  th e  z - d i r e c t i o n  a l s o  and can be used in any combinations along 
X and z.

For the  even d i s t r i b u t i o n s  the  form of the  F o u r ie r  Sum i s

f s ( x )  = I  3n c o s T ^  x)  (Dl)
n=0 V T /

with th e  c o e f f i c i e n t s ,  a , being given by 
T "

2 2
&0 = r  /  f (x )dx  (D2)

0 
T 
2

= T /  f ( x ) c o s ^ ^  x j  dx, n?«0 (03)

Since th e  value of  f  i s  of  i n t e r e s t  only a t  element l o c a t io n s  (x=qDx) 
and s ince  th e  per iod ,  T, i s  i^  D^, Equation (01) can be w r i t t e n  as

( I r  q) (04)

For the  cos ine  d i s t r i b u t i o n  of  F igure  01, f ( x )  i s  given by cos f x )  
and the  Four ie r  C o e f f i c i e n t s  of  Equations (02) and (03) become \  x /
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-■5
7T /i^-2nK^

s in  J

. .  i  ( X P - )
1x+2nKx

(D5)

nfO (D6)

The c o e f f i c i e n t s  f o r  the  r e c t a n g u la r  pu lse  o f  F igure  D2 are

. K„

. ( W . n #

( 0 7 )

(D8)

The c o e f f i c i e n t s  f o r  the  t r a p e z o id a l  pu lse  of  F igure  D3 are

(09)

^n = ^ [ c o s  -COS ( n ,  ^ } ]  .  n « ( 010)

are
The c o e f f i c i e n t s  f o r  the  r e c t a n g u la r  pu lse  sum of F igure  D4 

= y -  [(C-B)Gx + (B-A)Fx + A-K*]

^n ~ ^  |^(C-B)sin ^mr + (B-A)sin 

in ^njr , n?«0+ A • s in
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For odd d i s t r i b u t i o n s  th e  ap p ro p r ia t e  form o f  the  Four ie r  Sum
I S

= J j  \  ( 4 ;  q ) (013)

where I X
2
/  f (

X 0
dx (D 14)

The only such d i f f e r e n c e  d i s t r i b u t i o n  employed in t h i s  s tudy i s  shown 
in F igure  D5. I t  i s  taken from pg  and given a n a l y t i c a l l y  f o r  x>0 
by

^ x  cosl
f ( x )  =«

0 < x ^
(015)

The F o u r ie r  C o e f f i c i e n t s  f o r  t h i s  d i s t r i b u t i o n  are

cos(B-A) 2~  cos(B+A)
B-A B+A ]

.1 K
 P sin(B-A) -ÿ-
2(B-A)Z

where

— -----« sin(B+A) J
2(B+A)‘̂

(016)

A = (017)

and

B = i s  
^x

(018)
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K"0

Figure Dl. The parameters  used in c a l c u l a t i n g  the  Four ie r  
c o e f f i c i e n t s  f o r  th e  cos ine ap e r tu re  d i s t r i b u t i o n .

<----- K,,D. -
i L 1 L i t  , L 1

/ A-----
4- t>« 1 *

---- i n , ------------ À

Figure 02. The parameters  used in c a l c u l a t i n g  the  Four ie r  
c o e f f i c i e n t s  f o r  t h e  pulse a p e r t u r e  d i s t r i b u t i o n .  •
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--------K .O ,----- < -

/  ' -1 \ v

. . 0 ^ 1 -H
<4—

* - 0 ,

- i i O . -  .............. ..

Figure D3. The parameters  used in c a l c u l a t i n g  th e  Four ie r  
c o e f f i c i e n t s  f o r  the  t r ape zo ida l  ape r tu re  d i s t r i b u t i o n .

-K.O,

I
I tbj£_L

^ 6 .

K - i.D ,

Figure  D^. The parameters  used in c a l c u l a t i n g  th e  Fourier  
c o e f f i c i e n t s  f o r  the  s tep  ape r tu re  d i s t r i b u t i o n .  •

143



Figure D5. The parameters  used in c a l c u l a t i n g  the  Four ier  
c o e f f i c i e n t s  f o r  the  odd d i f f e r e n c e  p a t t e rn  

ape r tu re  d i s t r i b u t i o n .
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APPENDIX E 
COMPARISON OF THE PRESENT METHOD WITH 

THE MUTUAL IMPEDANCE METHOD

Since the  methods of t h i s  s tudy are new, i t  was de s i r ed  t o  f ind  
a conf irmat ion of  r e s u l t s  through a d i f f e r e n t  method of  c a l c u l a t i o n .  
Although i t  may have been p o s s ib le  to  f i n d  a s im i l a r  goal of  ca lcu ­
l a t i n g  the element by element immittance of  a l a rg e  f i n i t e  phased 
a r r ay  in the general l i t e r a t u r e ,  i t  was decided t o  use the  mutual 
impedance method programs of J .  H. Richmond [57] ( l a b e le d  th e  d i r e c t  
method in the  r e s t  of t h i s  Appendix) t o  s im ula te  a l a rg e  f i n i t e  two- 
dimensional a r r ay  of d ipo les  which c l o s e l y  resembles a geometry 
modeled using the  methods of t h i s  s tudy  ( l a b e le d  th e  transform method 
in the  r e s t  of  t h i s  Appendix).

The geometry employed i s  dep ic ted  in F igure  El .  The d i r e c t  
method models K x K l i n e a r  z - d i r e c t e d  t h i n ,  hal f-wave,  s i n g l e  mode 
and d ipoles  witn in te re lem en t  spacings D and D -. The t ransfo rm method 
models a s im i la r  a r r ay  of  z - d i r e c t e d  d ipo les  whîch i s  f i n i t e  in the 
x - d i r e c t i o n .  The medium surrounding both a r rays  i s  f r e e  space.
This condi t ion  i s  necessary  because the  d i r e c t  method cannot be 
appl ied  t o  a d i e l e c t r i c  covered a r r a y .  Curren ts  a re  i d e n t i c a l  fo r  
any elements in a given column in th e  d i r e c t  method which corresponds 
roughly to  the  one-dimensional  a r r a y  in th e  transform method. A 
cos ine  d i s t r i b u t i o n  was used f o r  both methods in t h e  x - d i r e c t i o n .
To c l o s e r  s im ula te  the  transform example, t h e  d i r e c t  method used 
the  actual  input  c u r r e n t s  of  the  tr ansform method which inc lude  the  
s l i g h t  e r r o r s  due to  Four ie r  t r u n c a t i o n .

A thorough d e s c r ip t io n  of  the  mutual impedance method i s  not 
given here but a b r i e f  exp lana t ion  of  t h e  techn ique  f o r  f in d in g  the  
impedance of  an ind iv idua l  element i s .  F igure  E2 g ives  an example.
The c u r ren t s  along any column are  i d e n t i c a l ,  as w i l l  be the  r e s u l t i n g  
vo l tages  and impedances. The vo l t ages  can be w r i t t e n  as fu n c t io n s  
of the  c u r ren t s  and mutual impedances as

I^(Zi i+Zi4+Zi7 )  + l 2 (Z i2+Z i5 + Zig )

+ :3(Zi3+Zi6+Zig) = h  (El)

l l ( Z l 2 * Z 2 4 * Z 2 7 )  +  l 2 ( Z 2 2 + Z 2 5 + Z 2 g )

+ l3(Z23+Z26+Z2g) = ^2 (^^)
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L.

C
— Id^I—

Figure El . The geometry of  th e  a r r ay  used in th e  d i r e c t  method.

I ,  ( K N O WN )

O ® I ®

® ® ®
2

V ,  ( U N K N O WN )

Figure E2. The a r r a y  used as an exampl e  e x p l a i n i n g  t h e  approach
of the  d i r e c t  method.
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* ^2^^32‘̂ ^35‘̂ ^38^

■‘‘ IsfZss+Zgg+Zgg) = V3 (E3)

Since th e  cen te r  row i s  an ax is  of  symmetry any impedance a s so c ia ted  
with an element in the  f i r s t  row i s  equal t o  the  corresponding im­
pedance a s so c ia ted  with the  t h i r d  row. Equations (El)  through (E3) can

be w r i t t e n as

Zll+ZZi4 Zl2*2Zi5 Z1 3 +ZZ16

^12*2224 Z22+2Z25 ^23*2226

213*2^34 ^32*2^35 ^33*2236 '

(E4)

Examination of  t h e  diagonal  elements of  th e  impedance matr ix  r ev ea ls  
th e se  elements t o  be equal .  Each i s  t h e  sel f - im pedance of  a c e n t e r -  
row element added t o  th e  mutual impedances o f  th e  elements above 
and below i t .  S im i la r  geometrical  symmetries revea l

^15 '  ^24 '  h s  ‘  h s  (E5)

^16 = Z34 ( « )
which shows th e  impedance matrix t o  be symmetric and T o e p l i t z ,  i . e . ,  
of  the  form

fZ{l )  Z(2) Z ( 3 ) \

Z(2) Z( l )  Z{2) Y  I 2 ) = (  Vg J (E7)

^ ( 3 )  Z(2) Z ( l ) /  M 3/  \ l ^ /

This a n a ly s i s  shor tens  computation t ime.  P ro fe s so r  Richmond's mutual 
impedance r o u t i n e s  a re  used t o  c a l c u l a t e  Z ( l ) ,  Z (2),  and Z(3) .  Per­
forming the  m u l t i p l i c a t i o n  of Equation (E7) y i e l d s  th e  v o l t ages .  
Subsequent d iv i s i o n  by th e  a s s o c ia t ed  c u r r e n t  r e s u l t s  in the  imped­
ance of  the  d e s i r e d  cente r-row element (and th e reby  a l l  el ements) .

One f u r t h e r  note on th e  t rans fo rm  method in t h i s  comparison 
i s  necessary .  As s t a t e d  in Appendix C, f o r  th e  s l o t  or  f l a t  d ipo le  
half-wave element case in t h i s  s tudy ,  an incremental  length  was added 
t o  th e  ac tua l  element leng th  t o  al low f o r  capa c i t a n c e  e f f e c t s  near  
th e  ends .  Since no s im i l a r  theo ry  was r e a d i l y  a v a i l a b l e  f o r  d ip o le s ,  
th e  increment was s e t  to  ze ro  in the  examples of  t h i s  Appendix.
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For the examples p resen ted  here,  the leng ths  of the  elements 
are 0.5X, the  spacing in the  z - d i r e c t i o n ,  D , i s  0.6X and the arrays  
have e i t h e r  31 or  61 elements in the  x - d i r e c t i o n .  For the  t r a n s ­
form method, i i s  349. The d i r e c t  method, which i s  f i n i t e  in the  
z - d i r e c t i o n ,  has 41 elements along z. Making t h i s  number la rg e r  
or s l i g h t l y  smal le r  had l i t t l e  e f f e c t  on the r e s u l t s .  Because the  
cu r ren t s  are equal on elements in any column along z,  the  f i n i t e n e s s  
along z i s  s t i l l  considered t o  be a good model f o r  an ar ray  which 
i s  i n f i n i t e  in the  z d i r e c t i o n .

The f i r s t  comparison i s  shown in Figures E3 and E4 f o r  a r rays  
with 31 elements in the  x - d i r e c t i o n  scanned a t  broads ide .  The mag­
nitude and phase values are remarkably s im i la r  f o r  the  two methods 
Some disagreement,  which could be a t t r i b u t e d  t o  many f a c t o r s ,  does 
e x i s t .  The c u r re n t  shapes on ind iv idua l  elements are not  exac t ly  
the  same. This v a r i a t i o n . c o u ld  e a s i l y  be r e s p o n s ib le  f o r  the s l i g h t  
disagreement in the  va lues .  Considering the  s i g n i f i c a n t  d i f f e re n ces  
in the  two methods, the  r e s u l t s  compare favorab ly .

Figures  E5 and E6 compare magnitude and phase r e s u l t s  f o r  a 
50 scan and an a r r a y  width of  31 elements.  Again, agreement i s  
e x c e l l e n t  in the  i n t e r i o r  of  the  a r r ay  with elements near the edge 
d isagree ing  to  a l a rg e r  ex t e n t .

One f u r t h e r  experiment was performed,  namely, the  width of  the 
a r ray  in the  x -d i r e c t i o n  was inc reased  to  61 elements.  The r e s u l t s  
f o r  t h i s  e f f o r t  are presented  in F igures  E7 and E8. The magnitude 
and phase are more nea r ly  c o n s tan t  in th e  i n t e r i o r  of  t h i s  l a rg e
ar ray  than in the  smal le r  a r r a y ,  as would be expected.  A f u r t h e r
example of t h i s  l a rg e  a r ray  comparison i s  given in Chapter  IV with
Figures 29 through 32 f o r  a 60 scan.
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APPENDIX F 
TRANSFORMATION FACTOR DENOMINATOR

In add i t ion  t o  g r a t i n g  lobes which can occur in any phased a r r ay  
(and can be e l im ina ted  by keeping the  in te re lem en t  spacing small 
enough) another phenomenon known as trapped g r a t i n g  lobes can occur 
in d i e l e c t r i c  covered phased a r r a y s .  I f  the a r r a y  i s  immersed in 
a d i e l e c t r i c  which has a p e r m i t t i v i t y  higher  than  t h a t  ou ts ide  the  
d i e l e c t r i c  (which i s  u s u a l ly  th e  case where f r e e  space e x i s t s  ou t ­
s id e  the  d i e l e c t r i c ) ,  any at tempt  t o  scan th e  a r r a y  p a s t  the  c r i t i c a l  
angle w i l l  r e s u l t  in a wave being guided in s id e  th e  d i e l e c t r i c  with
no r a d i a t i o n  o u t s id e  the  d i e l e c t r i c  in to  f r e e  space ,  on ly  evanescent
modes t h e r e .  Although i t  would not  normally be p ruden t  to  scan p a s t  
th e  c r i t i c a l  angle,  th e  method p resen ted  in t h i s  e f f o r t  uses terms 
which correspond t o  scans in many d i r e c t i o n s ,  one or  more of  which 
may cause some d i f f i c u l t y .  I s o l a t i n g  t h i s  problem in th e  p r e s e n t  
fo rmula t ion  i s  p o s s i b l e  by s t a t i n g  the  cond i t ions  f o r  a scan d i r e c t i o n  
which al lows a p ropagat ing  wave in the  d i e l e c t r i c  (r^  i s  r e a l )  with 
an evanescent  wave in f r e e  space ( r ,  i s  imaginary) and r e a l i z i n g  
t h a t  th e  t r ans fo rm a t ion  f a c t o r  of  Equation (74) ( i n  t h e  t e x t )  t r e a t s  
the  e f f e c t s  of th e  d i e l e c t r i c  s l a b .  The most obvious aspect  of  t h i s  
express ion  which may cause problems i s  the  p o s s i b i l i t y  of the  de­
nominator  of  t h e  t r ans fo rm a t ion  f a c t o r  going t o  ze ro .  This condi­
t i o n  i s  examined in t h i s  appendix f o r  th r e e  geometr ie s ;  1) d ip o le  
a r r a y  in  th e  c e n t e r  of  a d i e l e c t r i c  s l a b ,  2) s l o t  a r r a y  in th e  cen­
t e r  of  a d i e l e c t r i c  s l a b ,  and 3) d ip o le  a r r a y  in t h e  c e n t e r  of  a 
d i e l e c t r i c  s lab  with one boundary of  the  s lab  being a p e r f e c t l y  con­
duct ing ground plane.

1. Dipole Array in  a D i e l e c t r i c  Slab

The equat ion of  i n t e r e s t  f o r  the  geometry of  F igu re  39 i s
th e  general  t r an s fo rm a t ion  f a c t o r  express ion  of  Equat ion  (74) spe­
c i a l i z e d  t o  Equation (85) f o r  t h i s  case .  The co n d i t io n  f o r  th e  
denominator  being zero  i s

( i " ) ^ 2 , l  ® = 1 = eJZ"" , n=0 ,± l ,±2 ,  . . .  (FI)

where dp i s  the  ha l f -w id th  of th e  d i e l e c t r i c .  Bo i s  i t s  propagat ion  
c o n s ta n t ,  rg^ i s  the  magnitude of th e  y-component of  t h e  vec to r  d i ­

r e c t i o n  of  propagat ion in th e  d i e l e c t r i c ,  and ^ i s  the  pe r ­
p end icu la r  or  p a r a l l e l  e l e c t r i c  f i e l d  r e f l e c t i o n  c o e f f i c i e n t  i n s i d e
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t h e  d i e l e c t r i c  as given in Appendix B. The perpendicu la r  and p a r a l l e l  
cases  are examined s e p a r a t e ly  below. For a l l  examples in t h i s  ap­
pendix th e  p e rm e a b i l i t i e s  of a l l  media a re  equal t o  t h a t  of f r e e  
space  and the  p e r m i t t i v i t y  of  medium 1 i s  t h a t  of  f r e e  space so t h a t  
i t s  r e l a t i v e  d i e l e c t r i c  cons tan t  i s  u n i ty .

A. Perpendicu la r  case -  d ipoles

The r e f l e c t i o n  c o e f f i c i e n t  f o r  t h i s  case can be found from Ap­
pendix B. I t  i s

Ep .  F2 ''Ey -JH "'Ey ,  F''Zy-''ly
' ' l y

To show t h a t  r« must be pure r e a l  and t h a t  r ,  must be pure imaginary,  
i t  i s  usefu l  t y e x a m in e  Equation (FI) c a r e f u l l y .  The r e f l e c t i o n  
c o e f f i c i e n t  must have magnitude le s s  than  or  equal to  u n i ty  on phys­
ic a l  grounds.  There fo re ,  th e  exponen t ia l  term must have u n i t y  or  
g r e a t e r  magnitude which implies t h a t  r^  i s  pure rea l  ( the  exponent ial  
term being l a r g e r  than one i s  ru led  o u t r a s  t h a t  would imply a f i e l d
growing in  magnitude as i t  leaves the  so u rce ) .  I f  r ,  were pure
r e a l ,  Equation (F2) would i n d i c a t e  the  r e f l e c t i o n  c o e f f i c i e n t  to  
be pure  r e a l  and l e s s  than one. The con d i t io n  of  Equation (FI) could 
not  be r e a l i z e d  so r ^ ^  must be pure imaginary or

Ep .  - / ^ V ' ’ l ' ' ly l  .  e ^ J h ^ Z y  j  

Equation (FI)  becomes

Vëôr

or

t a n ' ^ f - ^ - L V  6 d , r ,  = -rni (F5)

V j i g r g y /  ^

which can be w r i t t e n  as 

| r  I
— ^ —  = tan (-GpdLr.  -nn ) . (F6)

J V Z y
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Only two values of  n need be examined;

I p  I

n=0 — = -tan(3pdj , r„  ) (F7)

n=l | r ,  I
— ^—  = -tanfGgdgrgy) (F8)

Of th e se  two p o s s ib le  s o l u t i o n s ,  on ly  n=0 i s  unique.  Matters  are 
f u r t h e r  s im p l i f i e d  when r ,  i s  w r i t t e n  in terms of  r^y .  For th e  
case  of  scan only in th e  x-y  p lane and the  one-dimensional  a r r ay  
(p=0).  Equation (36) r e l a t e s  r^^  to  r^^ as

r j ,  “i R ' x  (W)

while Equation (71) r e l a t e d  r^^ t o  rg^ as 

or

(F l l )

so

^ l y  = j ï ë g f l - r ^ y )  = ^ / l - E 2 + E 2 r 2 y  (F12)

Because r ,  i s  pure  imaginary he re ,  i t s  magnitude,  as r equ i re d  by ,
Equation f r7 )  i s

l’' l y l  = 4  -  1 -  (FI3I

S u b s t i t u t in g  Equation (G13) in to  Equation (F7) y i e l d s

Bgdgrgy t a n ( 8 g d 2 r 2 y )  = -  (F14)

S u b s t i t u t in g  u f o r  62^2’̂ 2y f i e l d s

u ta n(u)  = \ / (6 id2 )2 (G  _i)_u2 (F15)
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The r i g h t  hand s ides  of Equation (F15) i s  seen t o  be a c i r c l e  of 
rad ius  (eo-l). so the nega tive sign on Equation (F15) i s  immaterial
as f a r  as f ino ing  the  absc is sa  of the i n t e r s e c t i o n  i s  concerned.  
Quadrant I i s  shown p lo t t e d  f o r  the  parameters  of  a r r av  D2 in F igure 
FI. I t  i s  i n t e r e s t i n g  to  note at  t h i s  po in t  t h a t  Equation (F14) 
i s  the  mode equat ion fo r  a wave propagating in a d i e l e c t r i c  s lab  
[58].  This condi t ion  in d ica te s  t h a t  the  phenomenon p re sen t  in the 
d i e l e c t r i c  covered phased d ipo le  a r ray  i s  t h a t  of  a guided wave in 
the  d i e l e c t r i c  with an evanescent mode o u t s id e  th e  s l a b .

The computer program which p lo t t e d  F igure  FI found th e  value 
of  u f o r  the  i n t e r s e c t i o n  to  be approximately 0.695.  I t  i s  useful  
to  f i n d  which scan angle causes the denominator t o  go to  zero .  I f  
the  d i scuss ion  concerned the  i n f i n i t e  d i e l e c t r i c  coa ted  d ipo le  a r ray  
(which can be modeled here with the  v=p=0 term) i t  i s  seen t h a t

u = B2^2'"2y " T "  J ~ (F16)

Solving f o r  the  d i r e c t i o n  of  scan as def ined  in F igure  2

where f  i s  in GHz, d« i s  in cm and 30 i s  the  speed of  l i g h t  in a 
vacuum in dm/s. For the  parameters  of t h i s  a r r a y  r ,  i s  equal to  
1.06.  This corresponds to  a scan in imaginary space ,  as e a r l y  argu­
ments ind ica ted  i t  would. Scan in t h i s  d i r e c t i o n  could be achieved 
through a g ra t i n g  lobe in the  t r a d i t i o n a l  sense ,  as th e  name trapped 
g ra t in g  lobe implies .  However, f o r  the  i n f i n i t e  a r r a y ,  t h i s  phe­
nomenon can be avoided by keeping th e  in t e re le m en t  spacing  small 
enough..  In the d i e l e c t r i c  r«_ i s  0.93 which corresponds  to  an angle 
of  68 .3°.

The problem t h i s  s i n g u l a r i t y  c r e a t e s  in t h e  p r e s e n t  modeling 
of an i n f i n i t e  number of f i n i t e  ar rays  i s  more profound.  In the  
i n f i n i t e  a r ray  s i t u a t i o n ,  a problem e x i s t s  a t  one scan angle.  In 
the  f i n i t e  model, the  problem e x i s t s ,  t h e o r e t i c a l l y ,  a t  a l l  scan 
angles .  Even broads ide scan i s  modeled by a F o u r ie r  sum which i s  
composed of  terms,  each of which r e p r e s e n t  a scan in a c e r t a i n  d i ­
r e c t i o n .  Figure F2 p l o t s  the denominator of t h e  t rans fo rm a t ion  f a c ­
to r  as a func t ion  of the  scan angle in t h e  d i e l e c t r i c .  The s ingu­
l a r i t y  e x i s t s  a t  68.3 as p red ic ted .  Also p l o t t e d  i s  the  spectrum 
of Four ie r  terms,  each corresponding t o  scan in th e  in d i c a te d  d i ­
r e c t i o n ,  f o r  a f i n i t e  a r ray  scanning a t  a 40 f r e e  space angle.  F ig ­
ure F3 gives the same information f o r  a 50 scan .  The a r r a y  impedance 
values w i l l  have the  e r r a t i c  behavior whenever one of  t h e s e  terms
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Figure F2. The denominator of  the  t r ans fo rm a t ion  fun c t io n  and 
the  spectrum f o r  a x o s i n e  d i s t r i b u t i o n  

scanning a t  a 40 angle.
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Figure F3. The denominator o f the tran s fo rm a tion  fu n c tio n  and
the spectrum fo r  a cosine d is t r ib u t io n  scanning

a t a 50 angle.
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(or  terms in the  sum) come c lo se  to  the  d i r e c t i o n  of  the  trapped  
wave. In the  l i m i t  of  having an i n f i n i t e  spacing  between f i n i t e  
a r rays  and the  Four ie r  sum becoming a F o u r ie r  I n t e g r a l ,  a continuum 
of scan angles i s  employed which must inc lude  th e  problem d i r e c t i o n
^2x"

The F o u r ie r  term which causes the  s i n g u l a r i t y  can be i d e n t i f i e d  
from Equation (F17) when i t  i s  w r i t t e n  as

2irdp I Z  2
U = -  (Sgx + v - : ^  ) (F18)

where s~  i s  the  d i r e c t i o n  of scan in th e  d i e l e c t r i c .  Solving fo r  
y ie ld s

fi..D.
(F19)

For example, with a 40 scan s , „  i s  the  a rc  s in e  of  40 and v i s  
51.10.  This in d i c a te s  t h a t  i f  the  f i n i t e  a r r a y  i s  scanned a t  40 , 
t h e  5 1 s t  term in the  F o u r ie r  sum i s  very near  t h i s  s i n g u l a r i t y .

B. P a r a l l e l  case - Dipoles

E,The r e f l e c t i o n  c o e f f i c i e n t  f o r  t h i s  case ,  , ,  can be found
ror.’Tïin Appendix B and r e w r i t t e n  f o r  the cond i t ions  r ^ y ’ f e a l  and r ,  imag

- j 2 tan
E \
7 2 , 1  = - e  (F20)

s i m i l a r  to  th e  pe rpendicu la r  case of Equation (F3) .  S u b s t i t u t i n g  
th e  express ion  in to  Equation (FT),  the  c o n d i t io n  f o r  t h e  denominator  
of  the  t r ans fo rm a t ion  f a c t o r  being zero and manipu la t ing  t h e  r e s u l t s  
as f o r  the  pe rpend icu la r  case y ie ld s  the  s o lu t i o n

S e t t i n g  62^2^2 % equal t o  u and p l o t t i n g  t h i s  express ion  in F igure  
F4 i n d i c a t e s  t n e  s o lu t io n  to  t h i s  equat ion .  For t h e  parameters  of 
a r r ay  D2 th e  s o lu t io n  i s  0.740.  Because u i s  s t i l l  B o d g r , , E q u a t i o n  
(F19) can be used t o  i n d i c a t e  th e  values of  v f o r  a given scan  angle
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which w i n  cause problems. For the  40° scan example, v i s  53.472.

This s i n g u l a r i t y  in the  p a r a l l e l  t r ans fo rm a t ion  f a c t o r  i s  not 
as s i g n i f i c a n t  as i t  i s  f o r  the  perpendicu la r  case and the one-d i ­
mensional a r r ay  with the  s t r a i g h t  z - d i r e c t e d  elements of t h i s  s tudy.  
Equation (75) in th e  t e x t  ind i c a te s  the  p a r a l l e l  t r ansformation  f a c ­
t o r  i s  m u l t i p l i e d  times two id e n t i c a l  p a r a l l e l  p o l a r i z a t i o n  compo­
nents  of  th e  p a t t e r n  f a c t o r s .  For scan in the  x-y  plane of these  
s t r a i g h t  z - d i r e c t e d  elements,  the  p a r a l l e l  components of  the  p a t t e rn  
f a c t o r s  a re  very smal l .  For o the r  scans and o the r  a r r ay  elements 
t h i s  would not be the  case .  The d is cuss ion  in the  t e x t  of the  prob­
lems caused by the  perpendicu la r  case s i n g u l a r i t y  app l ie s  to  the  
p a r a l l e l  case a l s o ,  in gene ra l ,  even i f  the p a r a l l e l  case caused 
few problems in t h i s  s tudy.

2. S lo t  a r r a y  in a d i e l e c t r i c  s lab

The equat ion  of  i n t e r e s t  f o r  th e  geometry of  F igure  16 i s  the  
general  t r ans fo rm a t ion  f a c t o r  of Equation (74) s p e c ia l i z e d  t o  Equa­
t i o n  (94) f o r  t h i s  geometry. The condi t ion  f o r  the  denominator being 
zero  i s

( i" )^2 , l  G ' ^ ^ ^ 2 V 2 y  = gjn2TT̂  n=0,±l,±2 . . .  (F22)

where d« i s  the  d i s ta n ce  from the  plane con ta in ing  the  a r ray  t o  the
Hf r e e  space i n t e r f a c e .   ̂  ̂ i s  t h e  pe rpend icu la r  or  othgononal

r e f l e c t i o n  c o e f f i c i e n t  in s id e  the  d i e l e c t r i c  as given by Appendix
B.

a.  Perpendicu la r  case -  s l o t s

Rewrit ing the  perpend icu la r  H - f i e ld  r e f l e c t i o n  c o e f f i c i e n t  f o r  
rgy r e a l  and r^^  imaginary y i e ld s

- j 2  t a n ' T  ^ (F23)

% , 1  = °

Combining Equations (F22) and (F23) y i e ld s

.  eJnZ. (F24)
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or

jGn | r \  I
 = tanf-Bgdgrgy-nn) (F25)

using Equation (F13) f o r  [r^yj y i e ld s

^  ^ 2 ^ 2 y  tanfBgdgrgy) = J (F26)

which i s  the  same as Equation (F21) f o r  the  p a r a l l e l  case  of  the 
d ipole  geometry. Only th e  n=0 cond i t ion  of  Equation (F24) i s  unique.  
The l / s g  u ta n  u curve of  F igure  F4 r e v e a l s  t h a t  u here  i s  0.740.

b. P a r a l l e l  case  -  s l o t s

The appropr ia te  r e f l e c t i o n  c o e f f i c i e n t  i s

- U  K l y l  \- j 2  tan  I — - 

H .  .  . e  ^

S u b s t i t u t in g  Equation (F27) i n t o  (F22) y i e ld s

e / ^ ’"2y - J 2 ^ d 2 r 2 y  _ j ( 2 n + l ) T r

' '2y (F27)

(F28)

or

—  =  t a n ( - B p d j > r p  - i t )  (F29)
jGgrgy

Using Equation (F13) f o r  | r ^ y |  y i e ld s

Bgd^Fgy cotfBgdgrgy) = - / ( B id 2)^(e2- l ) - ( 62V 2y^̂  (F30)
Figure Fl i n d i c a t e s ,  f o r  the  u c o t (u )  cu rve,  t h e r e  i s  no i n t e r s e c t i o n  
and subsequently  the  p a r a l l e l  t r an s fo rm a t io n  f a c t o r  does not have 
a s i n g u l a r i t y  f o r  the  parameters  of  t h i s  a r ray .
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Figure  F4. P lo t  showing the  s o lu t i o n  t o  t h e  t r ansce nden ta l  
equat ion .  Equation (F26).
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3. Dipole Array in a D i e l e c t r i c  Slab with a
Ground Plane a t  One I n t e r f a c e

The equat ion  of i n t e r e s t  f o r  t h e  geometry of F igure  66 i s  the
genera l  t r ans fo rm a t ion  f a c t o r  of Equation (74) s p e c ia l i z e d  to  Equa­
t i o n  (93) f o r  t h i s  geometry. The cond i t ion  f o r  the  denominator being 
zero  i s

(± ,) 5 , 1  e ^ ^  ^ n=0 ,± l ,±2 ,  . . .  (F31)

where dg i s  the  ha l f -w id th  of  the  d i e l e c t r i c  s l a b .

A. Perpend icu la r  case -  d ipo les  with ground plane

Rewrit ing  the  perpend icu la r  H - f i e ld  r e f l e c t i o n  c o e f f i c i e n t  f o r  
r^y r e a l  and r^y imaginary y ie ld s

- j 2  tan  - l / ' J l i ï

Combining Equations (F31) and (F32) gives

e , J ( 2 n n ) n  (F3 3 )

or

^ — = ta n ( -ggd 2r 2y  + (2n+l) J  ) (F34)
V%^2y 

which i s  t h e  same as

= co t (2g ,d2r2  ) (F35)

Note th e  new f a c t o r  of two in the  co tangent  agrument. Using Equation 
(F13) f o r  | r j y l  y i e l d s

2 % d g r 2 y  c o t ( 2 E ^ d 2 r 2 y )  =  j ' ( F 3 6 )
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The r i g h t  s id e  of the  equat ion  i s  now an e l l i p s e  r a t h e r  than a c i r ­
c l e .  The appropr ia te  curves are p l o t t e d  as F igure  F5. The value 
of  u f o r  the  i n t e r s e c t i o n  i s  0.887.  The nega t ive  of  th e  l e f t  s ide  
of  Equation (F43) i s  p lo t t e d  t o  show the  i n t e r s e c t i o n  in quadrant  
I .

b. P a r a l l e l  case -  d ipo les  with ground plane 

The appropr ia te  r e f l e c t i o n  c o e f f i c i e n t  i s

h v-32  t a n “"( ) (F37)
2y

S u b s t i t u t in g  t h i s  equation in t o  Equation (F31) y ie ld s

-1 ^ 2  l’"l v I \- j 2  tan"
"'2y

or

vTi  Kiv  1
— = -tanfZggdgrgy) (F39)

Using Equation (F13) f o r  |rj^^ | y i e l d s  "

^  2 ^ V 2 y  tan(2g2dgr2^) = -  J (F40) 

F igure F6 in d i c a t e s  the  value of  u i s  0.608.
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Figure  F5. P lo t  showing the s o lu t io n  t o  t h e  t r anscenden ta l  
equat ion .  Equation (F36).
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ELLIPSE

2 .00.0
U

Figure F6. P lo t  showing th e  s o lu t io n  t o  th e  t r anscenden ta l  
equa t ion .  Equation (F40).
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APPENDIX G
PROGRAMMING CONSIDERATIONS

Although Equations (77) and (80) al low c a l c u l a t i o n  of  the  s e l f -  
immittances of a l l  elements of  a p o t e n t i a l l y  l a rg e  f i n i t e  a r r ay  of 
d ipo les  or  s l o t s  in a ground p lane  withou t  matrix  i n v e r s io n ,  the  
presence of  fou r  i n f i n i t e  sums makes the  equat ion appear formidable .
In t h i s  s e c t i o n  a ca re fu l  examination of  Equation (80 ) ,  the  s l o t  
case,  w i l l  revea l  the  technique of  t h i s  s tudy  f o r  d ea l ing  with t h i s  
express ion  and ob ta in ing  meaningful r e s u l t s .

The i n i t i a l  con s id e ra t io n  must be th e  l i m i t s  f o r  t h e  sums on 
V and y. Since th e s e  sums a re  F o u r ie r  S e r i e s  sums, they  can be 
t ru n ca ted  so -N , and -N <y<N . There i s ,  however, no s t r a i g h t ­
forward method of  knowing when t o  t r u n c a t e .  The number of  terms 
r eq u i re d  i s  r e l a t e d  t o  modulated a p e r tu r e  s i z e ,  modulat ion per iods  
( i  , i ) ,  and th e  shape of the  a p e r t u r e ' s  d i s t r i b u t i o n  ( i . e . ,  a smooth 
cos ine  shaped a p e r tu r e  d i s t r i b u t i o n  r e q u i r e s  fewer terms than a square 
pu lse  shaped ap e r tu re  d i s t r i b u t i o n  does .)  To compound th e  d i f f i c u l t y  
with  t h i s  double sum, the  values  N and N must be s e t  i n i t i a l l y .
In gene ra l ,  f o r  the  tapered  d i s t r i b u t i o n s  of  t h i s  s tudy ,  no major 
problem was encountered concerning the  t r u n c a t io n s  of  v and y.

Careful an a ly s i s  of Equation (80) f o r  the  purpose of  e f f i c i e n t  
programming r e q u i r e s  i s o l a t i n g  p a r t i c u l a r  v a r i a b l e s  or  parameters  
upon which th e  var ious  terms of  the  express ion  depend. Equation 
(80) cla ims t o  be an express ion  f o r  Y while in  f a c t  i t  i s  an ex­
p re s s ion  f o r

Y (q .n ,a ,n , i^ , i ^ , f ,D ^ ,D ^ ,N ^ ,N ^ ,G )  (Gl)

where the  arguments in s ide  the  paren theses  imply Y t o  be a fu n c t io n  
of

a , n  = scan angles defined by F igure  4 (G2)

ix» iz  = pe r iod  of c u r r e n t  modulat ion def ined by F igure  8 (G3)

f  = frequency (G4)
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= in te re lem ent spacing (G5)

Nx»Nz = number of  F o u r ie r  terms (G6)

G = genera l  term s p e c i f i e d  by geometry which
inc ludes  dg.Gg.eg of  F igure  16 (G7)

A d d i t i o n a l l y ,  terms on the  r i g h t  hand s id e  of Equation (80) may a l so  
depend upon v,p,k, and n. For b r e v i t y ,  the  dependence upon f ,  D ,
D , N , N , and G w i l l  not be e x p l i c i t l y  inc luded  below. Changing 
any of  t h e s e  parameters  r e q u i r e s  th e  computat ion of  Y t o  be done 
again .

Using th e  above n o ta t i o n .  Equation (80) could  be r e w r i t t e n  as
Q

Y ( q , m ,a , n , i . , i _ )  =

X y y D(v.y,q,m,i , i  ) 
\ f \  W'-N; '

or

X y y E(k,n,^^^,oi,n»Ty»Ty) *S l (k ,n ,v ,y ,o t ,n , i y , i _ )  (08)
k=-4 n=-oo  ̂  ̂  ̂ z

Y ( q ,m , o ,n , i x , i z )  =
I (q.T*)!  (m,!;)

"x "z

where
v=-l^ y=-Nz

F ( \ \y , cx ,n , i  , i  ) = 1 1  E ( k , n , v , y , o , n . i y . i , )
^ ^ k= -»  n=-“  ^ ^

X fl(k,n,  v , y , o t , n , i ^ , i ^ )  (010)

This i s o l a t i o n  of  F in Equation (G9) i s  ex tremely im por tan t  because 
i t  r e v e a l s  F not to  be a fu n c t io n  of p o s i t i o n  as s p e c i f i e d  by q and 
m. This a l low s ,  f o r  f i x e d  scan angle ( a ,q )  and f i x e d  modulat ion 
per iods  ( i  , i  ) ,  F(v,y) t o  be cons idered  a d a t a  base which i s  c a l ­
c u l a te d  once t o  compute Y a t  any va lue  of  q and m, i f  t h e  sums on 
V and y a re  f i n i t e .  Since t h e s e  sums a re  t r u n c a t e d  so -N <\j<N and 
-N <y<N , F(v,y) i s  a matr ix  of  s i z e  (2N + 1) • (2N + i f .  Once 
F(v,y) TS c a l c u l a t e d ,  th e  admittance Y f o r  any element in th e  p lane  
can be computed.
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F i t s e l f ,  as def ined by Equations (GIO) and (80) ,  has two in ­
f i n i t e  summations. This  double sum, f o r  each v a n d y ,  was p rev ious ly  
cons idered and programmed [ 5 9 ] .  The sub rou t ine  which handles the 
summations on k and n i s  SUMZT which i s  inc luded in Appendix H.
This subrou t ine  c a l c u l a t e s  a convergence number and, f o r  example, 
sums on n f o r  a given value of  k. When th r e e  consecut ive  values 
below the  convergence number are  found,  th e  sum along n i s  te rminated  
and the  next  value of  k i s  employed. In t h i s  manner, the  two d i ­
mensional sum i s  completed.

One add i t iona l  c o n s t r a i n t  on t h i s  s tudy  of modeling f i n i t e  a r rays  
helped in shor ten ing  the  computation t im e s .  Although th e  theory  
of  Chapters  I I  and I I I  a re  general  in t h e  o r i e n t a t i o n  of  th e  l i n e a r  
a r r a y  element w i l l ,  a t  some p o in t ,  t a k e  p a r t  in a dot  product  with 
the  d i r e c t i o n  vec to r  of  the  o the r  element,  only z-components of  the  
f i e l d  are non-zero.  A d d i t i o n a l ly ,  th e  d e r i v a t io n  of  the  p a t t e r n  
f a c t o r  in Appendix C rev ea ls  the  p a t t e r n  under t r a n s m i t t i n g  cond i t ions  
t o  be equal t o  the  p a t t e r n  under n o n - t r a n s m i t t in g  c o n d i t io n s ,  which 
reduces computation time by reducing f lo f  Equation (76) t o

“^2 (GU)
Any red u c t io n  of  the  form of n i s  im por tant  s in ce  i t  i s  i n s id e  a l l  
f o u r  i n f i n i t e  summations. The p a t t e r n  f a c t o r  i s  a l so  a func t ion  
of  r  on ly ,  which depends on n and not  k. This  dependence saves 
t ime by al lowing the  computation of t h e  z-component of the  p a t t e r n  
t o  be done ou ts id e  th e  sum of k, i . e . ,  on ly  once f o r  each value of 
n. This can be r ep resen ted  by r e w r i t i n g  Equation (GIO) as

. .  .  -iSz^r-^y
'G12)

The order  of  summation has been r eve rsed  and th e  (*) in d i c a t e s  where 
the  c a l c u l a t i o n  of th e  z-component of  t h e  p a t t e r n  i s  performed.
Although th e  x-component of  th e  p a t t e r n  i s  ze ro .  Equation (Gi l)  employs 
the  p a r a l l e l  and pe rpend icu la r  components which a re  a fu n c t io n  of

v , y , n ,  and k. Therefore  cannot  be taken o u t s id e  th e  k sum­
mation,  The appearance of  the  express ion  i s  not  a l t e r e d ,  but s i g ­
n i f i c a n t  computation time i s  saved.

A mention should be made a t  t h i s  t ime concerning  th e  t rea tm en t  
of t h e  e x p l i c i t  phase term in Equation (8 0 ) .  According t o  Chapter  
I I I ,  when the  t e s t  d ipo le  i s  loca ted  one r a d iu s  from an a r r ay  element,  
the  mutual impedance between th e  two i s  the  sel f - im pedance of  the 
a r r a y  element.  A c tua l ly ,  t h i s  i s  merely a good approximation.  The 
procedure o u t l i n e d  in Schelkunoff  [60] c o n s i s t s  of  moving th e  t e s t  
d ipo le  t o  a l l  angles in the  x-z p lane  one r a d iu s  from the  element
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and f ind ing  the  mutual impedance a t  each po in t .  The self- impedance 
i s  the  average of  those va lues.  The g r e a t e s t  d i f f e r e n c e  between 
the  m u l t i - p o s i t i o n  method and the  s in g le  p o s i t i o n  method employed 
here i s ,  f o r  the  k=n=0 propagat ing  mode, or any o th e r  propagating 
mode i f  g ra t in g  lobes e x i s t ,  th e  s in g l e  p o s i t i o n  method y ie ld s  a 
phase term which i s  not pure r e a l .  To c o r re c t  t h i s  problem, the  
phase i s  s e t  t o  zero wherever r  i s  r e a l .  Since r  i s  pure rea l  
or  pure imaginary,  the  e x p l i c i t " p h a s e  term can be r e w r i t t e n  as

, ^ 13)

This y ie ld s  the  c o r r e c t  phase when r  i s  pure imaginary and i f  r  
i s  pure r e a l ,  the  term becomes u n i ty ;  "

The actual  coding of  Equation (G9) in FORTRAN involves  two com­
pu te r  programs. The f i r s t  c a l c u l a t e s  F of Equation (GIO), and can 
be considered a da ta  base g ene ra to r .  I t s  inputs  are the  scan angle,  
the  modulation per iods  i and i , the  f requency ,  th e  geometry (G 
of Equation (G7), and N and N which sp ec i fy  t h e  number of  Four ie r  
terms used.  I t s  ou tput  i s  a l a rge  m a tr ix ,  CF(v,u);  -N <v<N , -N^
<P<N , which con ta ins  the  value of F f o r  each value of  v ana y.
This program, SLOT, i s  documented and l i s t e d  in Appendix H with program 
DIPOLE. Both programs use the  same su b ro u t in e s ,  which are l i s t e d ,  
with one exception .  In subroutine  QUANZT, the  c a l l  t o  TFACTD must 
be made and f o r  the  s l o t  case subrou t ine  TFACT must be used.

The second program i s  an opera to r  i n t e r a c t i v e  da ta  process ing 
program. I t  uses the  matrix CF(v,y) as input  as well as in s t r u c t io n s  
from the  ope ra to r  v ia  the  computer t e rm in a l .  I t  c a l c u l a t e s  the  Four ie r  
c o e f f i c i e n t s  f o r  the  des i red  s i z e  and shape of t h e  f i n i t e  aper tu re  
and completes the  c a l c u l a t i o n  of  Y of Equation (G9) f o r  opera to r  
s p e c i f i e d  values of q and n.  The output  of the  program takes  the  
form of l i s t i n g s  of th e  admittance values  or  computer generated p l o t s .  
This  program i s  named CMPLOT and i s  l i s t e d  and documented in Appendix 
I .
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APPENDIX H
COMPUTER PROGRAMS DIPOLE AND SLOT

All computer r e s u l t s  in t h i s  work were ob ta ined  with the aid 
of a D ig i t a l  Equipment Corporat ion VAX 11/780. The FORTRAN 4 PLUS 
compiler  was used.  Most f e a t u r e s  of  t h i s  compiler  a re  the  same as 
o the r  compilers  with some excep t ions .  This  compiler  ignores e x c l a ­
mation po in t s  (1) and any c h a ra c te r s  fo l low ing  them on the  same l i n e .  
A d o l l a r  s ign ($) a t  th e  end of  a FORMAT s ta tem en t  i n h i b i t s  a c a r ­
r i a g e  r e t u r n  and l i n e  feed  which occurs  on a d e f a u l t  bas i s  i f  the  
FORMAT s ta tement i s  involved in output  t o  the  t e rm in a l .  "IF THEN 
ELSE" s ta tements  are used in add i t ion  t o  "IF GO TO" s ta t em en t s .  The 
most im por tant  s ta tement exp lo i ted  here i s  the  "INCLUDE" s ta tement .
I t  has the  format

INCLUDE 'FILENAME'

and has the  func t ion  of  i n s e r t i n g  whatever s ta tem en ts  are in th e  
ind i c a te d  f i l e  in t o  the  computer code a t  t h e  p o in t  of  the  "INCLUDE" 
s ta tement .  In the  programs given here ,  t h e  s p e c i f i e d  f i l e  con ta ins  
COMMON, COMPLEX, DIMENSION, and DATA s ta tem en ts  as seen in F igure 
HI. Because t h e  main program and a l l  th e  su b ro u t in e s  share  t h e se  
sta tements  e x a c t ly ,  the  s ta tements  need be l i s t e d  here only once.
An ad d i t io n a l  f e a t u r e  inc ludes  the  f a c t  t h a t  any change in th e se  
stat emen ts  need be done only once and no t  done f o r  t h e  main program 
and each sub rou t ine .  Other I/O s ta tements  such as OPEN and CLOSE 
s ta tements  may be unique t o  t h i s  system. They open and c lose  
f i l e s .

Two main programs DIPOLE and SLOT are  l i s t e d  in t h i s  Appendix. 
Thei r  use i s  ind i c a te d  by the  type of  element in t h e  a r r a y .  Both 
programs use th e  same input  f i l e  format as shown in F igure  H2 and 
th e  same INCLUDE f i l e ,  'COMMON.CMN', as shown in F igu re  HI. They 
a lso  share  the  same subrou t ines  with one im por tan t  excep t ion .  Sub­
r o u t i n e  QUANZT must use e i t h e r  l i n e  4000 and c a l l  TFACTD (d ip o le  
case ) ,  o r  l i n e  4600 and c a l l  TFACT ( s l o t  c a s e ) .  Only one of  t h e se  
c a l l s  can be made. Erroneous r e s u l t s  w i l l  occur i f  th e  wrong c a l l  
i s  made.
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The main programs read the  input  f i l e  and s e t  up the  geometry 
( inc lud ing  c a l c u l a t i n g  the e f f e c t i v e  leng ths  of  th e  elements descr ibed  
in Appendix C). The main programs then c a l l  SUMZT f o r  each value 
of NÜ and MU. SUMZT handles th e  double summation on k and n. I t  
c a l l s  QUANZT, f o r  each value of  k and n, which c a l c u l a t e s  Q of l i n e  
5300 in QUANZT. The main programs then output  th e  sum of k and n 
f o r  each value of  NU and MU. This input  q u a n t i t y  i s  F as descr ibed  
by Equation (GIO) in Appendix G.

SLOT has th e  add i t iona l  f e a t u r e  of  al lowing conducting wal ls  
between the  s l o t  a r ray  and some ground p la ne .  This f e a t u r e  was not 
used in t h i s  e f f o r t .  Fur ther  documentat ion on i t  can be found in the 
References [61 ,62].

In the  l i s t i n g s ,  program DIPOLE i s  given ,  fo l lowed  by SLOT and 
a l l  t h e  subrou t ines  used by them. The fo l lowing  i s  a sh o r t  explanation  
of the  subrou t ines :

SUBROUTINE SUMZT
Manages t h e  double summation on k and n. I t s  ou tp u t ,  DSUM, 
i s  the  sum on k and n f o r  t h a t  p a r t i c u l a r  va lue  of  NU and MU.

SUBROUTINE RZN
Calcu la te s  the  value of  RZKN f o r  each NU, MU, and n.

SUBROUTINE QUANZT
C al l s  th e  o the r  subrou t ines  t o  c a l c u l a t e  th e  value i n s id e  the  
double sum on k and n.

SUBROUTINE DIRECT
C alcu la te s  RXKN and RYKN f o r  each va lue  of  NU, MU, k,  and n.

SUBROUTINE COMPAT
C alcu la te s  the  p a t t e r n  f a c t o r s  in t h e  x and z d i r e c t i o n s  f o r  
each value of  NU, MU, and n. I t  i s  independent  of  k and x.
I t s  d e r iv a t io n  f o r  s t r a i g h t  z - d i r e c t e d  elements  i s  given in 
Appendix C.

SUBROUTINE OPCOMP
C alcu la te s  the  p a r a l l e l  and p e rp en d icu la r  components of  the  
z-component of t h e  p a t t e r n  f a c t o r .

SUBROUTINE TFACTD
C alcu la te s  the  t r ans fo rm a t ion  f a c t o r  f o r  d ip o l e  a r r a y s .

FUNCTION TEXP
Function c a l l e d  in TFACTD.
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SUBROUTINE EGAMMA
Subroutine c a l l e d  in TFACTD t o  c a l c u l a t e  th e  E - f i e l d  r e f l e c t i o n  
c o e f f i c i e n t s  as given in Appendix B.

SUBROUTINE TFACT
Calcu la te s  th e  t r a n s fo rm a t io n  f a c t o r  f o r  s l o t  a r r a y s .

FUNCTION HGAMMA
Subroutine c a l l e d  in TFACT to  c a l c u l a t e  the  H - f i e ld  r e f l e c t i o n  
c o e f f i c i e n t s  given in Appendix B.

SUBROUTINE DELL
C alcu la te s  th e  incrementa l  length  to  be added t o  a s l o t  or  f l a t  
wire d ipo le .

SUBROUTINE SICI
Cal led  in DELL. C a lc u la t e s  th e  s in e  and cos ine  i n t e g r a l s .
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00100
00200
00300
00400
00500
00600
00700
00800
00900

COMPLEX CJ,C0,C1,RYKN(11),ZIM P(9),YADM (9)
COMMON EN D (11,9),ELEM X(10,9),ELEH Z(10,9)
1 ,RLAMDA(11),BETA(11>,S X (11 ) ,S Z (1 1 ) ,RXKN(1 1 ) ,RZKN(1l) 
1 ,E R (1 1 ),D (1 1 ) ,IS T R (1 1 ) ,SRER(9),EFFL(9),NLEG (9)
1 , RYKN,DX,DZ,DXH,DZH,FREQ,AEFF,REFXX,REFZZ
1 ,NLAY,NARR,ITYP,IMED,ISYM,ID1,ID2.
1 ,NU,MU,VET0,TVET0,LRY(9),ZIMP,YADM,TZ0 
DATA C J ,C O ,C 1 /(0 .0 ,1 . 0 ) ,  ( 0 . 0 , 0 . 0 ) ,  ( 1 . 0 , 0 . 0 ) /
DATA T P I,R P D /6 .28318531, 0 .0174532925/

Figure  HI. The con ten ts  of th e  f i l e  COMMON.CMN which co n ta in s  
COMMON in each program u n i t  along with s p e c i f i c a t io n  

s ta tem en ts  each u n i t  used.

the
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OZERO
6 0 ,0 , .0 0 5 ,9 0 . , t .  !NX,NZ,VETO,ALPHA, ETA
349,349 ! IX , IZ
8 . 0 . ! FREQUENCY,GROUND PLANE INDICATOR
3 INUMBER OF DIELECTRIC LAYERS
.987 .987 1. I THICKNESS OF DIELECTRIC LAYERS
1.3  1 .3  1.3 IREL. DIELECT. CONSTANTS OF LAYERS
1.316 1.974 !DX,DZ
.0877 .00877 lELEM. WIDTH, ELEM. THICKNESS
0 . 0 . ILINE IM P ., SHORT LENGTH
2 INUMBER OF LEGS OF AN ELEMENT
-.8 2 2  0 . .822 lEND PTS OF LEGS
0 . , 1 .  ILEG DIRECTIONS X,Z
0 . , 1 .  ILEG DIRECTIONS X,Z
0 0 . 0 . IISTR(3),DXH,DZH
5 0 ,5 0 ,10 0  !NNXO,NNZO USED IN ADTERHS.FOR

Figure H2. Typical input f i l e  to  program DIPOLE. The f i r s t  l in e  
i s  name of the  ou tpu t f i l e .  The corrresponding  output 

p lo t  i s  F igure 40.
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05100
05200
05300
05400
05500
05600
05700
05800
05900
06000
06100
06200
06300
06400
06500 150
06600
06700
06800
06900
07000
07100
07200
07300
07400
07500
07600
07700 C
07800 C$** !
07900 C
08000
08100
08200 205
08300 C
08400 C SET
08500
08600
08700
08800
08900 210
09000 C
09100 C$**
09200 C
09300
09400
09500
09600
09700 215
09800
09900 C
10000 c * * *

lONLY ONE ARRAY 
!GF SLOT ELEMENTS 

LINE IMP.,SHORT LENGTH 
! NUMBER OF LEGS

0) GO TO 300 
LENGTH OF ELEMENTS 

! CLOSE INPUT FILE 
! CHECK SYMMETRY 
! CHECK SYMMETRY

N»1
READ(16,*) UIDTH(N),THICK(N>
READ(16,*) ZC(N),SLENG(N) !
READ(16,$) ML 
NLP=NL+1
READ(16,*) (E H D (I,N ),I= 1 ,N L P ) ÎENDPTS OF LEGS 
NLEG(N)=NL 
DO 150 1=1 ,NL 
READ(16,*) X,Z 
ISX=0
IF IX .N E .O .) ISX=1 
U=SQRT(X*X+Z*Z)
ELEMX(I,N)=X/U 
ELEMZ(I,N)=Z/U 
CONTINUE
READ(16,*> ISTR(3),DXH,DZH 
READ(16,*) XDUM,YDUM,TVETO 
IFIG PLI.EQ .O  .AND. IS TR (3).N E .
HLENG(N)=END(NLP,N) IHALF 
CL0SE(UNIT=16)
IF (E R (2 ).N E .E R (3 )) GO TO 300 
IF (0 (2 ) .N E .D (3 ))  GO TO 300 
MNNX=-NNX 
MNNZ=-NNZ 
TNNZP1=(2*NNZ)+1 
NARR=1

SET UP CONSTANTS * * *

DO 205 I=1,NARR
S R E R (I)=S Q R T ((E R (I+1)+E R (I+2 ))/2 .0 )
CONTINUE

UP A R R AY S  B A S E D  ON E R S  F R E Q  
DO 210 L=1,NLAY
Z IM P (L )=S Q R T (1 ./E R (L ))*120 .*P I 
YADM(L)=1./ZIM P(L)
RLAMDA( L )= 3 0 .0 /(FREQ*SQRT( ER( L ) ) )  
BETA(L)=TPI/RLAMDA(L)

FIND EFFECTIVE LENGTHS 3 LOAD ADMITTANCES * * *

DO 215 L=1,NARR
CALL DELL( HLENG( L ) , WIDTH( L ) ,TH IC K(L) , RLAMDA(1 > ,
1 SRER(L),DL)
EFFL(L)=HLENG(L)+DL
YL(L)=CJ*14.09E-6*ZC(L)*SRER(L)*TAN(BETA(1)*SRER(L) 
1 *SLEN G (D ) •

DETERMINE THE SCAN ANGLE * * *
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14350
14400
14500
14600
14700
14800
14900
15000
15100
15200
15300
15400
15500
15600
15700
15800
15900
16000
16100
16200
16300
16400
16500
16600

CALL SUMZT(YRITE) 
[%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
C FOR THE FREE SPACE GEOMETRY OR IF 
C LAYERS TO THE LEFT ARE THE SAME AS 
C THOSE TO THE RIGHT (SYMMETRIC CASE)
C THEN YRITE=YLEFT. IF THERE IS NO SYMMETRY 
C THEN A CALL TO SUM MUST BE MADE FOR 
C THE RIGHT ALSO.

! ARRAY
! ADMITTANCE TO RIGHT

699

700

702
C
C ***
C

300
301

CONTINUE
SUHKN(LNU)=YLEFT+YRITE
CONTINUE
WRITE(IO) (SUHKN(LD),LD=1,TNNZP1) 
CONTINUE

!T0 UNFORMATTED 
! OUTPUT FILE

END OF RUN **$

! CLOSE OUTPUT FILECLOSE(UNIT=10)
CALL EXIT 
TYPE 301
F 0R M A T (2X /*** NON-SYMMETRIC INPUT ER OR D * * * ' )
CALL EXIT
END

184



o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o
o^C D *M »»c;i^o4ro '^0 '*cœ 'N io^c/i4»04r\d -»0 '<œ Q oo«ui^o> 4N > «*o^œ N io»cn^c» iro-*o0 O 0 0 O 0 O O 0 0 9 O 0 0 0 0 0 0 O 0 O 0 C . A 0 0 O 0 0 0 0 0 0 0 0 0 0 0 0 0 0 O
o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o

o  r>  o  — n

COcn

•o
X

•o|NJ

-o
X

“Orvi

o  r>  o  o  o  o  o  

c n  - 4

o O D II C-) o o X 0 CDO z 0 o z  z 0 CDCD
» 3> 3> 3> o o o » 11O » J> II o o m %> z> z z O Of r- f—f- X X r “ z r" r" H4 z 0 Z -H CD —1 z z
o r- r r- “0 “O r 1 r* r- 1 "0 II II %> P* m z "OX m II II ro O ro o II l-H H4 c m r- r~
o o o 30 90 mo 0 o CD90 o o Z  O CD m m me o M Z o o c 0 M m -*• O m z X X
+ 3> z X X Z 2> z z Z N4 o 00 zz “O * "O "O Z II “O II "C -4 “O 0

isl » o * + NJ z G) o m X cn
-4 «H * o z> —1 -1 o cn c;

X o 09 w cw z -H "O zO S X cnZ z z Mcn m < m o ■H -<o e o » X o o z m
# m cn* “0 z z "O z + o •H
* N » » NJ » OJ za) CD *• 90 z -<

-< -< \ t o-<
-<

e  »

cn

i

^ o

cn
-<

cn

cn

o  m 
-n

cn

i s
m w

S 3
•H 50h4 W
a  3K

=  3>
m  a s

cn m  
cn

90 zm
i s
m w
S R
m
z  cn

g

T?
O
cncn

cn
c:09
90

m

cn

o O o o o o o o oo o 0 o o o o o o'O 00 NJ cn 4k OJ ro0 o o o o O o o oo o o o o o o o o

CDCDCDCDCDCDCDCDCDNC NCNN! 3> •Vo o cn CDMN! cn 3> D1 z —4X NCN! cn -4 Z a> NIK! -H z -4 3> z NCN! z "C m X o> NIm z o m O m NtX cn z z z X cn NC» 1—z —4 NCc < •< :> z NCIN! » 2> CDNI » MN! z f—Z -4 1 0 NCN%CD m z 0 m NCX m 0 —4 NCN CD —4 X z c. MIN! "O o Z z » m NCN c; m m o -4 CDr“ NCX z •4 —1-< NC-H z m -4 m N2N T1 o 0 NCz o e DPI m NCm z z m NJ NCN r- m z z r~ NCN -< 3> m NCCD —4 X 0 WN o » -4 m •< NCN z I” z m z MN o CDN z •4 X N J
N m C z z CO NCr* z NCM 3> HH cn NCN z> cn X NCX - 4 m z —4 c N JX 0 0 3> 3> 0 N JN m Z m NCX z Z m z N JN 2> z M X cn - 4 NCN 0 z NC
KC C cn o Z N JN c - 4 —4 0 O NCM z z X NH c z NCNE - 4 M m o » NCM 3> z z N JNE O “n —4 NCNE m o » NC
N t z o N J
N t m N JN

K
î:l
XE
N

M

5
M

M

K
K



-A te te t e te te te te te te t e t e te te te te te te te te te te te te te te te te te te te te te te te te te te te te te t e t e te te t e te te t e t eO «o «n •o ■o <•0 «o ~o «o o o c o 0 0 0 0 o o o o 0 0 o o 0 0 o o • o N I N J N J N J N J N J N J N J N J o» o» »• o- o- o*> p . p . p> p- on on o n e n c /l o n o n o n o n
t e 00 N J e n 0 4 r o t e "P 0 0 NJ P * c /l J » cw r o te 'O œ N I on W ro te 0 0 NI p» on .N C#J r o te 0 0 N J P* on C#l roO t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e
t e t e t e O t e t e o t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e t e

on O O O n O O 0 4 0 4 o o O ro
#
*

oo *«
«

ro
o

*#
*
en

00

cn
—4
m
o
04
C i
O
•H
O

O 'o

cn
—4
II

-<  O
o n  »  
Il r -  

- <  r -  
o n
+  o

c n  z >

g
o

rj
o

r s i  —f
I

a :

o
"V
NI

O  o3> 2>

O  50

S 3"O ^  
»  I

te —4
o  cn  m  

Il cn  
on o  -4  
r o  o  II 
o  o

r o

S

o
I

z
3 >
X
HH
en
*
*

• o
X

- o
N

O -4 
O “Ti m T|
% —" cn ^<H -4 «H »w m II W ae cn -H cn 
e s  -H m  m • cn o m -4 w10 + 3: # —* IN

0 4  e n

g =
o C)

s  b

-<  (-) 
o»
Il r—

3>
%
NI

O
O

O  -U 

^  O
r o  o  
o

o te 

?%
- o
X

3 :  —
r o
o  
o

o
+
%
%»
X

cn

t*

i i - i - < r > t e - < —1 - <  te-nm -n(*4]>ocum cw  
s :  ^  en  Il ^  Il cn 11

#-# m  II t e  c*i ro  t e  II r o
a :  c n  -4  cn  +  o  t e  o

• cn te  m -f w 0  + 3:
•  -*  t ecw o
en

"O
ro

en

o
m

n
o
a :
"D

en

s i
■H "#
#-». r o

i ^ g
i

ts

O
I

te
X

«t

—  cn
-4  -H
m  II 
c n  —I 
-4  m  
•  c n  m —» o  +
0 4

o

w -< m “T1 lO te
Il r -  

t e  -<  r -  
t e  r o  
c n  +  o

g

3 :  ro
t e  - 4  'te t̂e -< •«^  7:

-u
N

O  ro  m  
u cn 

ro  n  -4  
ro  te IIte te
7Z
II

O

Oo

m
cn



c n i » 4 ^ «te 4k 4k OJ OJ 0 4 co C#4 0 4 co 0 4 0 4 0 4 to ro ro ro ro ro ro to ro ro o o o o o o oo «o 00 N J O' cn OJ IN) o 'O 00 N J O' cn -O 0 4 ro o «o 00 N J O' cn 04 to O 'O 00 NJ o> cn _o C#4 ro o 00 N J O' cn -O Ckl ro
o o o o o o O o O o o o o o o o o o o o o o o o o o o o o O o o o O o o o O o o o o o o o o o o o o
o o o o o o O o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o

r> NJ N J N J N J o o m O' O' O' o o r> cno~ en o *
cn

en o  o *
c n

too

•NJ c/>
-H

m

c n  —  
-4  »  
Il W  

CO

N J11
m —
c o  II

— j>o

2>acfNl
r oo

- n  NJ

0 0  N J
CO 4>

Xx>o

o  D  
1>  3>

O  35  
O  M

W -< -4 O NI m Il cn NJ o  —I en o  -* o  II oX
II

r oo

00
N J

oo
a
N I
t / l

-< -< o o M4 —4 #—1-< ro e -H k4 —4 M4 -< O n o o -< •H O
0 0 NI c o C3 -n m T| O' » o m -n m -n O' 30 :o » o O' mII II X X X cn II t— en cn II f— |—r— II cn X-< -< -4 •H —4 - 4 » -< r - O ' •H - 4 —4 5 0 -< f— r - r~ O ' (-) —4 —4
O ' O ' cn m II 0 0 O ' II m 0 0 O ' en o “H Mm X X co - 4 en 4» O o O cn 11 cn 4" O n X o II H4 Xrt C C= —! m -< X - 4 —r -< c= o iNl O Xo m m cn » »- PC m 3 0 » X X X en mX m —H X II cn X "tJ II -1o to •¥ X ro ro m -H X r o 3> X» •'4 o :o -4 —4 oo 0 4 o to 4- o ro c

c ; X o 04 X X o 3>3> -c o •< m o »

om
no
g
-4

-4
II
I

"O
r o

NI

o

o
m

s
g

a

"V
r o

5
-0
r o

I
s

O'tn

a»o

NJOo

om
8

3 5  - »
-<  '•

T3
X

-O
t o



15100 C *** SUM IN THIRD QUAD K ( - )  N ( - )  * * *
15200 C
15300 800 CONTINUE
15400 TESTt=0
15500 Y8=C0
15600 DO 850 N=1,200
15700 CALL RZN(-N)
15800 CALL C0MPAT(MED,NAR,1,PX,PZ)
15900 CALL QUANZT<-N,-1,PZ,Y)
16000 Y8=Y8+Y
16100 IF(ABS(AIMAG(Y)).GE.CQMP) TEST1=-1
16200 TEST1=TEST1+1
16300 IF(TEST1.EQ .3) GOTO 900
16400 TEST=0
16500 DO 840 K=2,200
16600 CALL QUANZT(-N,-K,PZ,Y)
16700 Y8=Y8+Y
16800 IF(ABS<AIMAG<Y)).GE.COMP) TEST=-1
16900 TEST=TEST+1
17000 IF(TEST.EG .3) GOTO 850
17100 840 CONTINUE
17200 850 CONTINUE
17300 C
17400 C *** SUM IN FOURTH QUAD K(+) N<-> **$
17500 C
17600 900 Y9=Y8
17700 TEST1=0
17800 Y9=C0
17900 DO 950 N=1,200
18000 CALL RZN(-N)
18100 CALL C0MPAT(MED,NAR,1,PX,PZ)
18200 CALL 0UANZT(-N,1,PZ,Y)
18300 Y9=Y9+Y
18400 I F ( ABB( AIMAG( Y) ) . 6E. COMP) TEST1=-1
18500 TEST1=TEST1+1
18600 IF(TEST1.EQ .3) GOTO 990
18700 TEST=0
18800 DO 940 K=2,200
18900 CALL GUANZT(-N,K,PZ,Y)
19000 Y9=Y9+Y
19100 IF(ABS(AIMAG(Y)).GE.COMP) TEST=-1
19200 TEST=TEST+1
19300 IF(TEST.EQ .3) GOTO 950
19400 940 CONTINUE
19500 950 CONTINUE
19600 C
19700 C»** SUM ALL OF THE AXES S QUADRANTS * * *
19800 C
19900 990 DSUM=Y1+Y2+Y3+Y4+Y5+Y6+Y7+Y8+Y9
20000 DSUM=DSUM*SQRT(ER(IMED))/(TZO*DX*DZ)

188
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P=(COS( BDDL+BRZD-COSBL ) /  ( BD-BRZ )
1 +(COS(BDDL-BRZL>-COSBL) / ( BD+BRZ)
PATX=CO
PATZ=CMPLX(P/SIN(BDLE),0.0)
RETURN
END

[$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$
SUBROUTINE OPCOMP(NED,CX,CY,CZ,ORTH,PARAL)

C
C FIND THE ORTHOGONAL AND PARALLEL COMPONENTS OF CX,CY,CZ 
C WITH RESPECT TO RXKN,RYKN,RZKN 
C .IN  MED : INDEX OF MEDIUM
C .IN  CX,CY,CZ : INPUT VECTOR(COMPLEX)
C.OUT ORTH :ORTHOGONAL COMPONENT
C.OUT PARAL : PARALLEL COMPONENT 
C

COMPLEX CX,CY,CZ,ORTH,PARAL 
INCLUDE ^COMMON.CMN'
SRXZ=SGRT(RXKN(MED)**2 + RZKN(MED)**2)
IF(SRXZ.EQ.O.) THEN 

ORTH=CZ 
PARAL=CX 
RETURN

END IF
C ORTHOGONAL PATTERN FACTOR

ORTH=CZ*RXKN(MED)/SRXZ 
C PARALLEL PATTERN FACTOR

PARAL=-CZ*RZKN( MED) *RYKN( MED) /SRXZ
RETURN
END

SUBROUTINE TFACTD(MED,TFO,TFP,K,N)
C SUBROUTINE TO CALCULATE T-FACTOR FOR ONE DIPOLE ARRAY.FREE 
C SPACE IS  IN MEDIA 1 AND 4 WHICH ARE TO THE LEFT AND RIGHT 
C OF MEDIA 2 AND 3 (THE ARRAY IS  LOCATED BETWEEN MEDIA 2 AND 
C 3 SO THESE MUST HAVE THE SANE DIELECTRIC CONSTANT).A GROUND 
C PLANE EXISTS AT THE LEFT OF MEDIUM 2 IF  ITYP=1. VARIABLES 
C ENDING IN ' 0 '  REFER TO THE ORTHOGONAL COMPONENT AND THOSE 
C ENDING IN 'F'  REFER TO THE PARALLEL COMPONENT. D (2) IS THE 
C DISTANCE FROM THE ARRAY TO THE LEFT INTERFACE AND D (3 ) IS  
C THE DISTANCE TO THE RIGHT INTERFACE.

COMPLEX GAM340, GAM34P, GAM210 ,GAM21P,TFO, TFP 
COMPLEX EGAMMA,TEXP,DSF0,DSFP,TPE,TED2,TED3 
INCLUDE 'COMMON.CMN"

GAM340=EGAMMA(1) 
6AM34P=EGAMMA(2) 
IF ( IT Y P .E Q .I)  THEN 

GAM210=-C1 
GAM21P=-C1

lORTHOG. GAMMA 
! PARALLEL GAMMA

! GROUND PLANE 
!T0 LEFT

192
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20100
20200
20300
20400
20500
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SUBROUTINE TFACKHEO JFO JFP,K ,N )

C COMPUTE 
C .IN  MED 
C.OUT TFO 
C.OUT TFP 
C

• FACTOR" FOR SLOT ARRAY CASES 
: INDEX OF MEDIUM 
: ORTHOGONAL T FACTOR 
sPARALLEL T FACTOR

COMPLEX TFO, TFP, HUM,EXP,GMA,EX, HGAMMA, F 
COMPLEX GMA3,GMA4,63EX,G4EX 
INCLUDE ^COMMON.CMN"

C
EXP=CEXP( -C J *2 . *BETA( MED)*D( MED) *RYKN(MED)) 
IF ( IT Y P .E Q .I)  THEN

T F 0 = 2 .*(1 . + E X P )/(1 . -  EXP)
TFP=TFO

ELSE
GMA3=HGAMMA(3)
GMA4=HGAMMA(4)
G3EX=GMA3*EXP
G4EX=GHA4«EXP
T F 0 = 2 .*(1 . + G 3E X )/(1 . -  G3EX) 
T F P = 2 .*(1 . + G 4E X )/(1 . -  G4EX)

END IF  
RETURN 
END

FUNCTION HGAMMA(IFIELD)
C
C GENERATE REFELECTION COEFFICIENT; HGAMMA 
C.IN  IFIELDzFIELD TYPE (3=0RTH-H, 4=PARAL-H)
C

COMPLEX HGAMMA,R12,R21,T1,T2 
INCLUDE "COMMON.CMN^

C
IF (IF IE L D .E Q .3 ) THEN 

R12=RYKN(1MED)
R21=RYKN(1)

ELSE
R12=RYKN(1)
R21=RYKN(IMED)

END IF
T1=YADM(1)*R12 
T2=YADM(IMED)$R21 
HGAMMA=(T1 -  T 2 )/(T 1  + T2)
RETURN
END

SUBROUTINE DELL( HL, U, T , RLAMDA, SRER,OL)
C
C CALCULATION OF AN INCREMENTAL LENGTH TO BE ADDED TO

194
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APPENDIX I
COMPUTER PROGRAM CMPLOT

CMPLOT i s  an op e ra to r  I n te r a c t i v e  FORTRAN language program which 
uses the  output f i l e s  of program SLOT or DIPOLE as i t s  input and 
c a lc u la te s  the  d es ire d  element by element adm ittances o r  impedances 
of th e  s l o t  o r  d ipo le  a r ra y s ,  r e s p e c t iv e ly .  The ou tpu t can take 
the  form of values p r in te d  to  th e  te rm in a l ,  va lues  w r i t t e n  to  a da ta  
f i l e ,  or p lo t s  of immittances as a fu n c t io n  of element p o s i t io n  d i s ­
played to  a CRT graphics d is p la y  or a paper p l o t t e r .  As s t a t e d  in 
Appendix G, CMPLOT uses th e  values of F of Equation (GIG) as in p u t ,  
c a lc u la te s  the  F o u r ie r  c o e f f i c i e n t s  f o r  th e  a p e r tu re  d i s t r i b u t io n  
which the  op era to r  s p e c i f i e s ,  c a l c u la te s  Y, the  s l o t  element admit­
tance of Equation (G8) (o r  d ip o le  impedance i f  t h a t  i s  d e s i r e d ) ,  
and ou tpu ts  t h i s  in form ation in  th e  o p e ra to r  s p e c i f i e d  mode. All 
transform  method immittance p lo t s  in t h i s  study  were drawn by t h i s  
program and a l l  numerical values of i m i t t a n c e  were c a lc u la te d  by 
i t .  F igure I I  g ives the  co n ten ts  of f i l e  CMPLOT. CMN, th e  common 
s ta tem en ts .

Branching to  d i f f e r e n t  p a r t s  of th e  code i s  accomplished by 
using two non-standard  su b ro u t in e s ,  COMD and COMDFL, whose fu n c tio n  
can b e s t  be understood by example. When th e  code i s  executed , the  
f i r s t  executable  l in e s  assign  values to  v a r ia b le s  TWOPI and PID2.
A fte r  two system subrou tines  a re  executed th e  l i n e  CALL COMDFL( 2H.) 
i s  executed. This ro u t in e  ou tpu ts  a prompt ( th e  do t)  t o  th e  t e r ­
m inal. To th e  o p e ra to r ,  i t  appears as i f  execu tion  s tops  here  u n t i l  
a th r e e  l e t t e r  command i s  en te red  through th e  te rm in a l .  I f ,  f o r  
example, th e  o p e ra to r  en te red  "INS", th e  computer would s t a r t  exe­
cu t in g  a f t e r  l i n e  2350. Two WRITE s ta tem en ts  t o  lo g ic a l  u n i t  8 , 
th e  te rm in a l ,  would then be executed . When th e  nex t COMD sta tem en t ,  
l i n e  5000, i s  encountered th e  program appears t o  branch back to  l in e  
2350, th e  COMDFL s ta tem en t ,  and again th e  dot prompt appears a t  the  
te rm in a l .  I f  "REA" i s  then en te red  a t  th e  te rm in a l ,  th e  program 
branches to  l i n e  5000 and th e  p o r t io n  o f  th e  code read ing  th e  input 
d a ta  i s  executed. When l i n e  6650 i s  encountered , th e  prompt again 
appears a t  th e  te rm in a l .  The COMD c a l l  can have one o th e r  format 
as shown in l i n e  14500. Typing in "CAS" a f t e r  th e  prompt fo rc e s  
branching to  l i n e  14500 as b e fo re .  However, i f  th e  l i n e s  above 14500 
were being executed, which would be th e  case  i f  "FOE" has been en te red  
in to  th e  te rm in a l ,  and t h i s  s ta tem en t were encountered , program ex­
ecu tion  would branch to  FORTRAN l in e  200 ( l i n e  24000 in  th e  l i s t i n g ) .
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Each p o s s ib le  in s t ru c t io n  is  l i s t e d  below w ith  a s h o r t  exp lanation
as to  th e  purpose of th a t  p a r t i c u la r  p o r t io n  of th e  code.

INS INSTRUCTIONS TO TERMINAL
The l i s t  o f  p o ss ib le  commands i s  p r in te d  to  th e  te rm inal ( l o g i ­
cal u n i t  8 ) .

REA READ
The te rm inal req u es ts  a f i l e  name and th e  in d ic a te d  f i l e  (which 
has to  be w r i t t e n  by e i t h e r  program DIPOLE or SLOT) i s  read .
The d e fa u l t  a r ra y  s ixe  KX=KZ=31 i s  ass igned .

CKK CHANGE KX AND KZ
The values  of KX and KZ a re  ou tpu t to  th e  te rm in a l  and new values 
a re  reques ted .

PTl PATTERN IN ONE-DIMENSION
The p a t t e r n  in the  x-y plane is  c a lc u la te d  using  one-dimensional 
inpu t da ta

PT2 PATTERN IN TWO-DIMENSIONS
The p a t te r n s  from two dimensional da ta  can be c a lc u la te d .  This 
op e ra t io n  i s  very time consuming and an a l t e r n a t i v e  method is  
suggested .

FDE FILE DESCRIPTION
The d e s c r ip t io n  of a f i l e  can be examined w ithou t read ing  in  
a l l  of th e  d a ta .

CAS SUM OR DIFFERENCE CASE
The value  o f  CASE can be changed. 0 s i g n i f i e s  a sum f i l e ,  1 
a d i f f e re n c e  p a t te r n  in th e  x-y  plane and 2 a d i f f e r e n c e  p a t ­
t e rn  in th e  z -y  p lane.

CSX COSINE ALONG X (1-D)
C a lc u la te  th e  cos ine  F ou r ie r  c o e f f i c i e n t s  f o r  one-dim ensional 
d a ta .  NZ must be zero f o r  one-dimensional a p e r tu r e s .

COS COSINE ALONG X AND Z (2-D)
C a lcu la te  th e  c o e f f i c i e n t s  f o r  cos ine  d i s t r i b u t i o n s  in  th e  x 
and z d i r e c t io n s .

CPL COSINE ALONG X, PULSE ALONG Z (2-D)
C a lc u la te  th e  c o e f f i c i e n t s  f o r  t h i s  two-dim ensional d i s t r i b u t i o n .

TR2 TRAPEXOID ALONG X AND Z (2-D)
C a lc u la te  th e  c o e f f i c i e n t s  fo r  t h i s  two-dim ensional d i s t r i b u t i o n .

TRX TRAPEZOID ALONG X (1-D)
C a lcu la te  th e  c o e f f i c i e n t s  fo r  t h i s  one-dim ensional d i s t r i b u t i o n .
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TRC TRAPEZOID ALONG X COSINE ALONG Z (2-D)

PLD PULSE DIFFERENCE ALONG (1-D)

DIF SMOOTH DIFFERENCE ALONG X, COSINE ALONG Z (2-D)

DFX SMOOTH DIFFERENCE ALONG X (1-D)

PLC PULSE ALONG X, COSINE ALONG Z(2-D)

PLX PULSE ALONG X (1-D)

PL2 PULSE ALONG X AND Z (2-D)

STC STEP ALONG X, COSINE ALONG Z(2-D)

STP STEP ALONG X AND Z (2-D)

CST CHANGE STEP PARAMETERS
Change th e  s i z e  of th e  numbers d e s c r ib in g  th e  s i z e  and shape 
o f  th e  s te p  d i s t r i b u t i o n s .  See Appendix D.

OUT OUTPUT TO OUTFILE
An ou tpu t f i l e  name i s  req u es te d .  The c u r r e n t  d a ta  d e s c r ip t io n  
i s  ou tpu t t o  t h i s  f i l e  and th e  program branches t o  command IND
(see  below). The d a ta  c a lc u la te d  th e r e  goes t o  th e  output f i l e
r a t h e r  than th e  te rm inal as i s  th e  case  i f  th e  command IND is  
e n te re d .

COF CLOSE OUTPUT FILE

DES DESCRIPTION
The d e s c r ip t io n  o f  th e  c u r re n t  d a ta  i s  p r in te d  to  the  te rm in a l .

XPL CALCULATE DATA ALONG X (NECESSARY FOR PLOTTING)
The value of th e  row (m) i s  req u es te d  and th e  va lues  o f  th e
c u r r e n t ,  v o l ta g e ,  and immittance a re  c a lc u la te d  f o r  th e  e n t i r e  
row f o r  th e  elements from -99 to  +99. E i th e r  XPL o r  ZPL must 
be executed b e fo re  p l o t t i n g .

ZPL CALCULATE DATA ALONG Z (NECESSARY FOR PLOTTING)
Same as XPL i f  i t  i s  d e s ired  to  p lo t  th e  va lues  along one
column of elements along z .  E i th e r  XPL o r  ZPL must be 
executed b e fo re  p lo t t i n g .
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IND CALCULATE INDIVIDUAL ELEMENT VALUES
The values are  c a lc u la te d  f o r  o p e ra to r  s p e c i f i e d  e lem ents .  For 
example en te r in g  " -1 5 ,1 5 ,0 ,0 "  would enable c a l c u la t io n  of the  
values fo r  the  ce n te r  row along x from the  -15 th  element to  the
15th element. The values a re  ou tpu t to  th e  te rm inal u n le ss  the
OUT command i s  being executed.

PON OPEN THE PLOTTER FILE (UNIQUE TO OHIO STATE UNIVERSITY 
ELECTROSCIENCE LAB VAX COMPUTER FACILITY)

MPL PLOT TO CRT GRAPHICS DISPLAY (UNIQUE TO OSU-EL)

PLN PLOT FROM FILE TO PLOTTER (UNIQUE TO OSU-ESL)

SLW SET LINE WIDTH (UNIQUE TO OSU-ESL)

GRD PLACE GRID ON PLOTS (UNIQUE TO OSU-ESL)

SPL SET PHASE LIMITS
Change p lo t  phase max-min. D efau lt  i s  -30 degrees to  +30 degrees.

PLO PLOT DATA (UNIQUE TO OSU-ESL)
P lo t  in th e  form of F igure 17.

PEX Plot EXPANDED (UNIQUE TO OSU-ESL)
P lo t  in the  form of F igure 18.

STO STORE XPL OR ZPL DATA
Store da ta  to  be p lo t te d  in the  form of F igure  19.

PL4 PLOT 4 PLOTS ON ONE PAGE (UNIQUE TO OSU-ESL)
P lo t  in th e  form of F igure  19.

AMX SET AXIS MAXIMUM
Set immittance maximum on p lo t s  o f  the  form PEX, PLO, o r  PL4.

NMP NEW METATEK PAGE (UNIQUE TO OSU-ESL)
Erase th e  CRT screen so t h a t  a new graph can be p lo t t e d .

POF PLOTTER OFF (UNIQUE TO OSU-ESL)
Close p l o t t e r  f i l e  or e ra se  and r e l in q u is h  CRT screen .

EXI EXIT FROM PROGRAM
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00100 COMMON /LAB/CF
00200 COMPLEX C F(241,81)

Figure I I .  The con ten ts  of f i l e  CMPLOT.CMN which con ta in s  the 
COMMON sta tem ents  f o r  program CMPLOT and 

subrou tine  MNSUM.

2 0 1



00050
00100
00150
00200
00250
00300
00350
00400
00450
00500
00550
00600
00650
00700
00750
00800
00850
00900
00950
01000
01050
01100
01150
01200
01250
01300
01350
01400
01450
01500
01550
01600
01650
01700
01750
01800
01850
01900
01950
02000
02050
02100
02150
02200
02250
02300
02350
02400
02450
02500

[**$$$$**$**$**$*$*****$**$* **$*$**$**$****$*$$$**$*$#$** 
[#*################################«###*######################
C #
C PROGRAM CMPLOT #
C #
C #
C MUST BE COMPILED WITH #
C «FORTRAN/NOOPTIMIZE #
C MUST BE LINKED WITH #
C «LINK CMPLOT,CMSUBS,[RC4652]RCLIB/LIB/PL0TLIB #
C #
C #

DIMENSION AMQ(1 0 4 9 ),GMAG<1049),DUH(10),APATD( 181) 
DIMENSION AMOS(1049),GMAGS(1049)
DIMENSION FLAMZ(250),FLAMX(250),XEL(1049),ZMAG(1049) 
DIMENSION XELS(1 0 4 9 ) ,ZMAGS(1 0 4 9 ),ZPHS(1 0 4 9 ),ZMPH(1049) 
DIMENSION GPHS(1 0 4 9 ) ,GMPH(1 0 4 9 ) ,EPAT(181)
DIMENSION VP1(1 0 4 9 ) ,VP 2(1049),V P 3(1 0 4 9 ),VP4(1049) 
DIMENSION A N 0 (4 1 ,4 ),6 M D (4 1 ,4 ),Z H D (4 t,4 ),A L D (4 ),E T D (4 ) 
COMPLEX SI PHASE,S2PHASE,EPATC,T2S(-50:50)
COMPLEX T 4 S (-5 0 :5 0 ,- 5 0 :5 0 ) ,TSZ,TSX 
BYTE BDATE(9),BTIME(8)
INCLUDE " C i l P L O T . C M N ^
COMPLEX ZM(1049),FSM(1049),GMQ,CO,GMQARR(1049),ZM1 
DIMENSION X T (2 ),Y T (2 )
REAL IMAG,IMAX
INTEGER TNNZP1,TNNXP1,QQ
INTEGER GGX,GGZ,FFX,FFZ
CHARACTER*40 FILEIN ,FILEOT
DATA ISC,SGPCH,DIEL1,DIEL2,DUM,NPN
1 / 0 , 0 . , 1 . , 1 . , 1 0 * 0 . , 3 /
DATA X T ,Y T /0 . ,1 . , 0 . , 0 . /
DATA KKX,KKZ,INDAT,MPL/31,3 1 ,0 ,0 /
DATA LM 1,LM 2,IG R ID /'88888888'X ,'AAAAAAAA 'X ,0/
DATA P I ,C O /3 .1 4 1 5 9 2 6 5 3 5 ,(0 .,0 .) /
DATA IXPL, IDS, IFD , INDO, IGUT, ISTP,ISTX 
1 7 0 ,0 ,0 ,0 ,8 ,0 ,0 /
DA T A  C A S E , lD IFF,YPM AX /0 .,0 , 3 0 . /
EQUIVALENCE ( TVET0,DUM(8)) , (DIPOLE,DUM(9))
EQUIVALENCE (CASE,DUM(1 ))
EQUIVALENCE (G PLI,D U H (2))
TWDPI=2.*PI 
P ID 2= P I/2 .
CALL SETMSG(O)
CALL DATE(BDATE)
CALL C0MDFL(2H. )

IGRND PLANE INDICATOR 
'THROUGH DUM(1),DUM(2)

I PLOTTER SUBROUTINE

[$**$****$******$***********
C

INS

I DEFINES CALL COMMAND 
! PROMPT

$**$****************$**$*$$**
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12550 ARG=BDZM*SPZ
12600 TSZ=CEXP(CMPLX(0.,ARG))
12650 DO 571 NQ=-KKX/2,KKX/2
12700 BDXQ=BETADX*NQ
12750 ARG=BDXQ*SPX
12800 TSX=CEXP(CMPLX(0.,ARG))
12850 EPATC=EPATC + T4S(NQ,MM)*TSX*TSZ
12900 571 CONTINUE
12950 572 CONTINUE
13000 EPAT(IP)=CABS(EPATC)
13050 IF ( EPAT( I P ) . GT.EPMAX) EPMAX=EPAT( IP )
13100 569 CONTINUE
13150 DO 570 1=1,181
13200 EPAT( I )= 2 0 .*ALQG10 (EPAT( I ) /EPMAX)
13250 IF (E P A T ( I) .L T .-4 0 .)  E P A T (I)= -4 0 .
13300 570 CONTINUE
13350 CALL PLTPKG(APATD,EPAT,1 8 1 ,-1 8 1 ,1 ,0 ,1 )
13400 CALL PLTPKG(APATD,EPAT,1 8 1 ,-1 8 1 ,1 ,0 ,1 )
13450 C
13500 FDE * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

13550 C
13600 CALL C0ND(3HFDE) ÎREAD DESCR. FROM FILE
13650 333 WRITE(8,334)
13700 334 F0RNAT(2X,'ENTER: FILE NAME',2X,$)
13750 READ(8,554) FILEIN
13802 OPEN(UNIT=7,NAME=FILEIN,TYPE='OLD',FORM='UNFORMATTED'
13850 1 ,ERR=599)
13900 READ(7) ALPHA,ETA
13950 READ(7) N N X,N N Z,IIX ,IIZ ,VETO
14000 READ(7) FRE0,ISC,SGPCM,DIEL1,DIEL2
14050 READ(7) DX,DZ,SLUCM,SLTHCH,SLSTCH,SLENCH
14100 READ(7) DUN
14150 CL0SE(UNIT=7)
14200 I0UT=8
14250 IND0=0
14300 IF (IF D .N E .O ) I0UT=17
14350 C
14400 C * * * * * * * * * * * * * * * * * * * * * * * * * * *  CAS * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
14450 C
14500 CALL COHD(3HCAS,3200) !SUM OR D IFF. CASE
14550 URITE(8,S83) CASE
14600 583 F0RMAT(2X,'CASE=',F3.O)
14650 URITE(8,584)
14700 584 F0RMAT(2X,'ENTER: CASE # 0=S U M ,1=X -D IF ,2= Z -D IF ',X ,$ )
14750 READ(8,*) CASE
14800 C
14850 C * * * * * * * * * * * * * * * * * * * * * * * * * * *  CSX * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
14900 c .
14950 CALL C0HD(3HCSX) 1C0SINE ALONG X
15000 CASE=0. !SUH PATTERN CASE
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17550 P IH K I= N *P I*K K X /IIX
17600 FLAMX(fO=TDHPI*(t.-COS(PINKD)
17650 9 CONTINUE
17700 C
17750 [ * * * $ * * * * * * $ * * * * * * * * $ * * * * * * *  DIP * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
17800 C
17850 CALL CGHD(3HDIF) ! SMOOTH DIFF DISTRIB.
17900 CASE=1. ID IF F . PATTERN ALONG X
17950 CALL C0S1D(KKZ,IIZ,NNZ,FLAMZ0,FLAMZ)
18000 CALL SHDIFF(KKX,IIX,NNX,FLAMXO,FLAMX)
18050 C
18100 C * * * * * * * * * * * * * * * * * * * * * * * * * * *  DFX * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
18150 C
18200 CALL C0MD(3HDFX) ID IF F . ALONG X ONLY
18250 CASE=1.
18300 FLAMZ0=1.
18350 CALL SMDIFF( KKX, I I X , NNX, FLAMXO,FLAMX)
18400 C
18450 c * * * * * * * * * * * * * * * * * * * * * * * * * * *  PLC * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
18500 C
18550 CALL C0MD(3HPLC) !PULSE-X,COS-Z
18600 CASE=0. ;SUH PATTERN CASE
18650 CALL PULIDIKKX,IIX,NNX,FLAMXO,FLAHX)
18700 CALL COS1D(KKZ,IIZ,NNZ,FLAHZO,FLAHZ)
18750 C
18800 c * * * * * * * * * * * * * * * * * * * * * * * * * * *  PLX * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
18850 C
18900 CALL C0MD(3HPLX) ! PULSE ALONG X ONLY
18950 CASE=0. I SUM PATTERN CASE
19000 FLAMZ0=1.
19050 CALL PUL1D(KKX,IIX,NNX,FLAMXO,FLAMX)
19100 C
19150 C * * * * * * * * * * * * * * * * * * * * * * * * * * *  PL2 * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
19200 C
19250 CALL C0MD(3HPL2) ! PULSE ALONG X AMD Z
19300 CASE=0. ISUM PATTERN CASE
19350 CALL PUL1D(KKX,IIX,NNX,FLAMX0,FLAMX)
19400 CALL PUL1D(KKZ,IIZ,NNZ,FLAMZ0,FLAMZ)
19450 C
19500 c * * * * * * * * * * * * * * * * * * * * * * * * * * *  STC * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
19550 C
19600 CALL C0MD(3HSTC) ISTEP-X, COS-Z
19650 CASE=0. ISUM PATTERN CASE
19700 CALL C0S1D(KKZ,IIZ,NNZ,FLAMZ0,FLAMZ)
19750 ISTX=1
19800 C
19850 c * * * * * * * * * * * * * * * * * * * * * * * * * * *  STP * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
19900 C
19950 CALL C0MD(3HSTP,«537) 12-D STEP APERTURE
20000 CASE=0. ISUM PATTERN CASE
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20050 537 IF(ISTP .EQ .O ) THEN
20100 ISTP=1
20150 AA=.3333 ! THESE VALUES MAY BE
20200 BB=.6667 ! CHANGED IN COMMAND
20250 CC=1.000 !CST
20300 FFX=21
20350 GGX=11
20400 FFZ=21
20450 GGZ=11
20500 END IF
20550 CMB=CC-BB
20600 BMA=BB-AA
20650 FLAMXO=( CMB*GGX+BHA*FFX+AA*KKX) /FLOAT( I IX )
20700 DO 54 N=1,NNX
20750 PINKDI=PI*N*KKX/IIX
20800 PINGDI=PI*N*GGX/IIX
20850 PIN FD I=P I*N *FFX/IIX
20900 F LA M X (N )=(2 ./(N *P I))*(C M B *S IN (P IN G D I) +
20950 1 BMA*SIN(PINFDI) + AA*SIN(PINKDD)
21000 54 CONTINUE
21050 IF (IS T X .E Q .I)  THEN
21100 ISTX=0
21150 ISTP=0
21200 GO TO 600
21250 END IF
21300 FLAMZO=( CMB*GGZ+BMA*FFZ+AA*KKZ) /F L O A T (IIZ )
21350 DO 55 N=1,NNZ
21400 P IN KD I=P I*N *KKZ/IIZ
21450 PINGDI=PI*N*GGZ/IIZ
21500 P IN FD I=P I*N *FFZ /IIZ
21550 F LA M Z(N )=(2 ./(N $P I))*(C M B*S IN (P IN G D I) +
21600 1 BMA*SIN(PINFDI) + AA*SIN<PINKDI))
21650 55 CONTINUE
21700 C
21750 [ * * * * * $ * * $ * * $ * * * * * * * * * * * * * * *  CST * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

21800 C
21850 CALL C0MD(3HCST) !CHANGE STEP
21900 IF (IS T P .E Q .I)  THEN (PARAMETERS
21950 WRITE(8,56) AA,BB,CC,FFX,GGX,FFZ,GGZ
22000 56 F 0 R M A T ( 2 X /A = \F 8 .4 ,3 X /B = \F 8 .4 ,3 X /C = \F 8 .4 ,
22050 1 / ,2 X /F F X = \ I3 ,3 X /G G X = % I3 , / ,
22100 1 2 X /F F Z = ', I3 ,3 X /G G Z = ', I3 )
22150 WRITE(8,57>
22200 57 FORMAT(2X,
22250 1 "ENTER ABOVE NUMBERS IN SAME ORDER % % )
22300 READ(8,«) AA,BB,CC,FFX,GGX,FFZ,GGZ
22350 ELSE
22400 WRITE(8,58> !ISTP=0
22450 58 F 0R M A T (2X /*** STP MUST BE EXECUTED ♦ * * " )
22500 END IF
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25050 211
25100
25150
25200 212
25250
25300
25350
25400 207
25450 208
25500
25550 C
25400 c * *
25650 c
25700
25750
25800
25850 13
25900
25950
26000
26050
26100
26150
26200
26250
26300
26350 25
26400
26450
26500
26550
26600
26650
26700
26750
26800
26850
26900
26950
27000
27050
27100
27150
27200
27250
27300
27350
27400
27450 40
27500

F0RMAT(2X,"DIPOLES')
ELSE

URITE(I0UT,212)
F0RMAT(2X,'SLOTS')

END IF
IF (G P L I.E G .l.)  URITE(IQUT,207) 
IF (G P L I.N E .1 .)  WRITE(I0UT,208) 
F0RHAK2X,'GROUND PLANE PRESENT') 
F0RHAT(2X,'N0 GROUND PLANE') 
IF (IN D O .E Q .I) GO TO 38

! CALCULATE ALONG X 
! INDICATES CALCULATED 
(DATA IS ALONG X 
! DIRECTION

! VALUE OUTPUT TO 
iOUTFILE
!ID IFF=1 FOR Z DIFF PAT;

CALL C0HD(3HXPL)
IXPL=1 
URITE(8,13)
F0RMAT(2X,'ENTER: M ', 2 X ,$ )
READ(8,*) MM 
MMQQ=MM 
IDIFF=0
IF(CASE.EQ .2.) IDIFF=1 
CALL DENOM(FLAMZO,FLAMZ,NNZ,MM,IIZ,DMUM,IDIFF)
DO 25 NU=1,TNNXP1
IF(CASE.EQ .2.) IDIFF=1 !ID IFF=1 FOR Z DIFF PAT!
CALL MNSUM(FLAMZO,FLAMZ,NNZ,MM,IIZ I
1 ,NNX,NU,TNNZP1,FSM(NU),1, ID IF F )
CONTINUE 
DO 40 LQ = 1 ,IIX  
LQ M =LQ -(IIX /2)
IF (LQ M .LT .-52 ) GO TO 40 
IF (LQ M .6T.52) GO TO 40 
XEL(LQ)=FLOAT(LQM)
IF(CASE.EQ .1.) IDIFF=1 !ID IFF=1 FOR X DIFF PAT
CALL MNSUM2<FLAHX0,FLAMX,NNX,LQH,IIX,FSM,TNNXP1,GMQ,
1 ID IF F )
GMQARR(LQ)=GMQ
IF(CASE.EQ .1.) IDIFF=1 !ID IFF=1 FOR X DIFF PAT
CALL DENOM(FLAMXO,FLAMX,NNX,LQH,IIX,DNUQ,IDIFF) 
AMO(LQ)=DNUQ*DMUM 
IF(AMQ(LQ).EQ.O) THEN 

ZH(L0)=ZM(LQ-1)
ELSE

ZM(LQ)=GMQ/AH8(LQ)
END IF
ZMAG(LQ)=CADS(ZN(LQ))
GMAG(LQ)=CABS(GMG)
GMPH(LQ)= BTAN2(AIMAG(GMG),REAL(GMG))*180./PI 
ZMPH(LO)= BTAN2(AIM AG (ZM (LQ)),REAL(ZH(LG )))*180./P I 
CONTINUE 
IMARG=IIX/2
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27550 YMX=ZMAG(IMARG)
27600 TYMX=4.*YMX
27650 U R ITE(8,41) YMX
27700 41 F0RMAT(2X/Y CENTER=', 1PE12.5)
27750 IPS=1
27800 1HDAT=1
27850 C
27900 C * * * * * * * * * * * * * * * * * * * * * * * * * * *  2PL * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

27950 C
28000 c
28050 CALL C0HD(3HZPL) ICALCUTE ALONG Z
28100 IXPL=0 ! INDICATES DATA
28150 WRITE(8,413) ! CALCULATED ALONG Z
28200 413 F0RHAT(2X,'ENTER: Q ', 2 X ,$ )
28250 READ(8,*) QQ
28300 HMQQ=QO ! VALUE TO OÜTFILE
28350 IDIFF=0
28400 IF(CASE.EQ .1.) IDIFF=1 !ID IFF=1 FOR X DIFF PAT
28.450 CALL DENOM(FLAMXO,FLAMX,NNX,0 0 , IIX ,D N U Q ,ID IFF )
28500 DO 425 NÜ=1,TNNZP1
28550 IF<C ASE.E0.1.) IDIFF=1 !ID IFF=1 FOR X DIFF PAT
28600 CALL MNSUM(FLAMXO,FLAMX,NNX,0 0 , I IX
28650 1 ,NNZ,MÜ,TNNXP1,FSH(MÜ),2,IDIFF)
28700 425 CONTINUE
28750 DO 440 L H = 1 ,IIZ
28800 LM 0=LM -(IIZ /2 )
28850 IF (L M 0 .L T .-5 2 ) GO TO 440
28900 IF(LM 0.G T.52) GO TO 440
28950 XEL(LM)=FLOAT(LMQ>
29000 IF(C ASE.EQ .2.) IDIFF=1 !ID IFF=1 FOR Z DIFF PAT
29050 CALL MNSUM2(FLAMZO,FLAMZ,NNZ,LMO,IIZ,FSM,TNNZP1,GHQ,
29100 1 ID IFF)
29150 GMOARR(LM)=GMO
29200 IF (C A S E .E 0 .2 .) IDIFF=1 !ID IFF=1 FOR Z DIFF PAT
29250 CALL DENOM(FLAMZO,FLAMZ,NNZ,LMO,HZ,DMUM,IDIFF)
29300 AMO(LM)=DNUQ*DMUM
29350 IF(AMO<LM).EO.O.) THEN
29400 ZM(LM)=ZM(LM-1)
29450 ELSE
29500 ZM(LM)=GMQ/AMO(LM)
29550 END IF
29600 ZMAG(LM)=CABS(ZM(LM))
29650 GMA6(LM)=CABS(6MQ)
29700 GMPH(LM)= BTAN2(AIMAG(GMQ),REAL(GMQ))*180./PI
29750 ZMPH(LM)= BTAN2(AIM AG (ZM (LM )),REAL(ZM (LM )))*180./P I
29800 440 CONTINUE
29850 IMARG=IIZ/2
29900 Y«X=ZMAG(IMARG)
29950 TYMX=4.*YMX
30000 URITE(8,441) YMX
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37550
37600
37650
37700
37750
37800
37850
37900
37950
38000
38050
38100
38150
38200
38250
38300
38350
38400
38450
38500
38550
38600
38650
38700
38750
38800
38850
38900
38950
39000
39050
39100
39150
39200
39250
39300
39350
39400
39450
39500
39550
39600
39650
39700
39750
39800
39850
39900
39950
40000

480

ELSE
CALL FFAXIS<0.,0.,17HINPUT VOLTAGE (V ),1 7  

1 ,YLN,90.,YSMIN,YDS,YSPACE,1,FAC,4)
END IF
YDS5=(1./YLN)*PAMX 
IH 1 D 2 = ((IIX Z -1 0 0 )/2 )-1  
DO 480 1=1,101 
AM0S<I)=AMQ(I+IN1D2)
GMAGS(I)=GMAG(I+IM1D2)*FACN 
ZHA6S(I)=ZHA6(I+IM1D2)*FACN 
X E L (I)= I-5 1
IF (A H Q S (I).G T .1 .2 ) AHQ S(I)=1.2 
IF ( 6HAGS( I ) . GT. PAMX) GMAGS(I)=PAMX 
IF ( ZMAGS(I).GT.PAMX) ZMAGS(I)=PAMX 
CONTINUE
CALL STRYP(XEL,XSMIN,XDS,AMOS,YSHIN,YDS,1 0 1 ,1 . , -4 )  
CALL STRYP<XEL,XSMIN,XDS,GNAGS,YSMIN,YDS5,101,l.,-2) 
CALL STRYPIXEL,XSMIN,XDS,ZMAGS,YSmN,YDS5,10 1 , l . , - 1 )  
IF (D IP 0LE .E Q .1 .) THEN 

CALL FFAXIS(XLN,0.,13HIMPED. (OHMS), - 1 3 , YLN 
1 ,90.,YSMIN,YDS5,YSPACE,101,FAC,4)
ELSE

CALL FFAXIS(XLN,0.,13HY (M ILLIHH0S>,-13,YLN 
1 ,90.,YSMIN,YDS5,YSPACE,1,FAC,4)
END IF
CALL P L 0 T ( - .5 ,0 . , -3 )

'PLOT DATA TO FILE

[$***$********************** PEX ***************************** 
C

CALL C0MD(3HPEX,&516)
IF(INDAT.EQ.O) THEN 

WRITE(8,363>
GO TO 600

END IF
IF(IPLO .EQ .O ) THEN 

IPL0=1
CALL PLO TS(0,0,0)
CALL NEUPEN(NPN)

END IF
CALL TIME(BTIME)
CALL NEUPEN(I)
CALL SYMBOL(. 3 , . 4 , .0 8 ,B D A T E ,0 .,9 )
CALL S Y M B 0 L (.3 ,.2 ,.0 a ,B T IM E ,0 .,8 )
CALL SYMBOL!1 . 1 , . 3 , .0 8 ,Z R E F (F IL E IN ),0 . ,3 0 )
CALL NEUPEN(NPN) !SET LINE WIDTH

510 CONTINUE
CALL P L 0 T (1 .7 5 ,5 . ,-3 )
FAC=.8 
YPLN=2.
YPMIN=-YPMAX

!SET LINE WIDTH

! NARROW LINE WIDTH
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40050 YPDS=2.*YPMAX/YPLN
40100 YPSP=YPLM/2.
40150 XELN=4.4
40200 XEMIN=-20.
40250 XEDS=40./XELN
40300 XESP=10.*XELN/40.
40350 YELN=2.5
40400 IF dG R ID .E Q .D C A LL G R ID (0 ., 0 . , 2 0 , . 2 2 ,2 5 ,YELN/25,LH1 )
40450 IFdG R ID .E Q .D C A LL G R ID (0 .,0 .,4 ,1 .1 ,5 ,Y E L N /5 ,L M 2 )
40500 IF d X P L .E Q .1 ) THEN
40550 CALL FFAXIS IO ., 0 . ,6HX AX IS ,-6 ,X E LN ,0 .,X E H IN
40600 I ,XEDS,XESP,-1,FAC,4)
40650 ELSE
40700 CALL F F A X IS (0 ., 0 . ,6HZ AX IS ,-6 ,X E LN ,0 .,X E H IN
40750 1 ,XEDS,XESP,-1,FAC,4)
40800 END IF
40850 YEMIN=0.
40900 YEDS=(1./YELN)
40950 YESP=(YELN/5.)
41000 IF ID IP O L E .E Q .I.) THEN
41050 CALL FFAXIS (0.,0 .,17H IN PU T CURRENT ( A ) , 17
41100 1 ,YELN,90.,YENIN,YEDS,YESP,1,FAC,4)
41150 ELSE
41200 CALL FFAXIS(0.,0 .,17H IN PU T VOLTAGE (V ) ,1 7
41250 1 ,YELN,90.,YEMIN,YEDS,YESP,1,FAC,4)
41300 END IF
41350 YEDS5=(1./YELN)*PAMX
41400 I IX Z = IIZ
41450 IF d X P L .E Q .1 ) I IX Z = IIX
41500 ID 2 H 2 0 = d IX Z /2 )-2 0
41550 ID 2 P 20 = d IX Z /2 )+ 2 0
41600 INC=0
41650 DO 515 I=ID2M 20,ID2P20
41700 INC=INC+1
41750 AMQSdNC)=AMQd)
41800 GMAGSdNC)=GMAGd)*FACN
41850 ZMAGSdNC)=ZMAGd)*FACN
41900 XELS(INC)=INC-21
41950 GPHSdNC)=GMPHd)
42000 ZPHSdNC)=ZMPHd)
42050 IF (AH Q S (IN C ).G T .1 .20) AMQSdNC)=1.20
42100 IF(GMAGSdNC).GT.PAMX) GMAGS(INC)=PAMX
42150 IF(ZHAÔSdNC).GT.PAHX) ZMAGS(INC)=PAMX
42200 IF(GPHSdNC).LT.YPM IN) GPHS(INC)=YPMIN
42250 IF(ePHSdNC).GT.YPMAX) GPHSdNC)=YPMAX
42300 IF(ZPH SdNC ).LT.YPM IN ) ZPHS(INC)=YPMIN
42350 IF(ZPHSdNC).GT.YPMAX) ZPHS(INC)=YPMAX
42400 515 CONTINUE
42450 CALL STRYP(XELS,XEMIN,XEDS,AMQS,YEMIN,YEDS,41,1.,-4)
42500 CALL STRYP(XELS,XEHIN,XEDS,GHAGS,YEHIN,YEDS5,41, 1 . , - 2 )
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42550 CALL STRYP(XELS,XEMIN,XEDS,ZMAGS,YEMIN,YEDS5,41,
42600 1F(DIP0LE.EQ.1.) THEN
42650 CALL FFAXIS(XELN,0.,1 3HIMPED. (OHMS),-13,YELN
42700 1 ,90.,YEMIN,YEDS5,YESP,101,FAC,4)
42750 ELSE
42800 CALL FFAXIS(XELN,0.,13HY (MÏLLIMHOS), - 1 3 , YELM
42850 1 ,90.,YEMIN,YEDS5,YESP,1,FAC,4)
42900 END IF
42950 CALL P L 0 T (0 . , -2 .7 ,-3 )
43000 IFdG R ID .EQ .D C A LL G R ID (0 .,0 .,2 0 ,.2 2 ,1 2 ,Y P L N /1 2 ,L M 1  )
43050 IFdG R ID .EQ .D C A LL G R ID (0 ., 0 . , 4 , 1 . 1 ,6,YPLN/6,LM 2)
43100 IF d X P L .E Q .1 ) THEN
43150 CALL F F A X IS (0 .,0 .,6H X  AX IS ,-6 ;XE LN ,0 .,X EM IN
43200 I ,XEDS,XESP,-1,FAC,4)
43250 ELSE
43300 CALL F FA X IS (0 ., 0 . ,6HZ AX IS ,-6 ,XELN ,0.,XEM IN
43350 1 ,XEDS,XESP,-t,FAC,4)
43400 END IF
43450 CALL FFAXIS(0.,0.,11KPHASE (DEG),1 1 ,Y P LN ,90 .,
43500 1 YPMIN,YPDS,YPSP,1,FAC,2)
43550 CALL STRYP( XELS, XENIN, XEDS, ZPHS, YPMIN, YPDS,41
43600 1 , 1 . , - 1 )
43650 CALL P L 0 T ( - .5 ,0 . , - 3 )
43700 516 CONTINUE
43750 CALL S Y H B O L (.2 ,- .8 ,.0 8 ,
43800 1 32HIX IZ  KX KZ NX N Z ,0 .,3 2 )
43850 CALL SYMBOL!.2 , - 1 . 4 5 , .08,4H FR E Q ,0 .,4 )
43900 FPN=IIX
43950 CALL NUMBER!.1 , - . 9 5 , . 0 8 , F P N ,0 .,-1  )
44000 FPN=IIZ
44050 CALL N U M B E R !.6 5 ,- .9 5 ,,0 8 ,F P N ,0 .,-D
44100 FPN=KKX
44150 CALL N U M B E R !!.2 ,- .9 5 ,.0 8 ,F P N ,0 .,-1 )
44200 FPN=KKZ
44250 CALL NUMBER!1 . 6 8 , - . 9 5 , . 0 8 ,F P N ,0 . , -D
44300 FPN=NNX
44350 CALL NUMBER!2.1 , - . 9 5 , .0 8 , F P N ,0 . , - l>
44400 FPN=NNZ
44450 CALL N U M B E R !2 .6 7 ,- .9 5 ,.0 8 ,F P N ,0 .,- l)
44500 IF d X P L .E Q .D  FPN=MM
44550 IF d X P L .N E .D  FPN=QO
44600 CALL NUMBER!.2 1 , - 1 . 6 , .0 8 ,F R E Q ,0 .,1 )
44650 CALL SYMBOL!.2 , - 1 .1 5 , . 0 8 ,
44700 1 23HALPHA ETA D X ,0 .,2 3 )
44750 CALL SYMBQL(2.5,-1. 1 5 , .0 8 ,2 H D Z ,0 .,2 )
44800 CALL NUMBER!. 3 , - 1 . 3 , . 0 8 , A L P H A ,0 .,-D
44850 CALL NUMBER!. 9 , - 1 . 3 , . 0 8 , ETA,0 . ,2 )
44900 CALL NUMBERd.7 5 , - 1 .3 , .0 8 ,D X ,0 . ,3 )
44950 CALL NUMBER!2.4,-1. 3 , .0 8 ,D Z ,0 . ,3 )
45000 CALL SYMBOL!1 . , - 1 . 4 5 , .0 8 ,2 H G P ,0 .,2 )
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45050 1F(GPL1.EQ.1.) CALL SYM B 0L(1 .,-1 .6 ,.08 ,3H Y ES,O .,3 )
45100 IF (G P L I.N E .1 .)  CALL SYM B0L(1.,-1 .6,.08,3HN0 , 0 . , 3 )
45150 IF ID IP O LE.E Q .I.)  THEN
45200 CALL SY M B 0L(3 .75 ,- .6 ,.08 ,7H D IP0LES ,0 .,7 )
45250 ELSE
45300 CALL SYM B0L(3 .75 ,- .6 ,.08,5HSLO TS,0.,5 )
45350 END IF
45400 CALL SYHBOL(1 .6 , - 1  . 4 5 , .08,7HEPSILON,0.,7 )
45450 CALL NUMBERd.8 , - 1 .6 , . 0 8 , D I E L 2 , 0 . , 1 )
45500 CALL SYMB0L(2.5,-1. 4 5 , .0 8 ,2 H D 2 ,0 . ,2 )
45550 CALL NUMBER(2.4 ,-1.6,.08,SGPCM,0.,3)
45600 CALL P L G T < 3 .3 5 , - .8 , -3 )
45650 IF ID IP O LE.E Q .I. )  THEN
45700 CALL SYHBOLd. 2 , 0 . , .08,7HCURRENT,0.,7)
45750 CALL SYMBOL( 1 . 2 , - . 2 5 , . 0 8 ,7HV0LTAGE, 0 . , 7 )
45800 CALL SYMB0L(1.2,-.5 ,.08,7HIMPED. , 0 . , 7 )
45850 ELSE
45900 CALL SYNBGLd.2,0 .,.08,7HVOLTAGE,0.,7)
45950 CALL SYMBGL( 1 . 2 , - . 2 5 , . 0 8 , 7HCURRENT, 0 . , 7  >
46000 CALL S Y M B G L d .2 ,- .5 , .08 ,7 H A D M IT T .,0 . ,7 )
46050 END IF
46100 CALL S T R Y P (X T ,0 . , 1 . ,Y T ,0 . , 1 . , 2 ,1 . , - 4 )
46150 CALL PLGT(0., - . 2 5 , - 3 )
46200 CALL STRYP(XT,0., 1 . , Y T , 0 . , 1 . , 2 , 1 . , - 2 )
46250 CALL PLGKO., - . 2 5 , - 3 )
46300 CALL STRYP(XT,0., 1 . , Y T , 0 . , 1 . , 2 , 1 . , - 1 )
46350 IF(HPL.EG.O) CALL P L O T (0 . ,0 . , -9 9 9 )
46400 C
46450 C * * * * * * * * * * * * * * * * * * * * * * * * * * *  STG * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
46500 C
46550 CALL CGMD(3HST0)
46600 IF(INDAT.EQ.O) THEN
46650 WRITE(8,363)
46700 GO TG 600
46750 END IF
46800 URITE(8,520)
46850 520 FGRMAT(2X,"ENTER: PLOT # (1 -4 )  " ,$ )
46900 READ(8,*) IPL
46950 IF ( IP L .G T .4 )  GO TO 600
47000 IF d X P L .E Q .D  THEN
47050 I IX Z = I IX
47100 ELSE
47150 I IX Z = I IZ
47200 END IF
47250 ID 2M 20= (I IXZ /2 )-20
47300 ID 2P20=(IIXZ /2)+20
47350 INC=0
47400 DO 523 I=ID2M20,ID2P20
47450 . INC=INC+1
47500 AMD(INC,IPL)=AMQ<I)

! STORE PLOTS FOR 
! COMPARISON DISPLAY
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50050 CALL STRYP(XELS,XEMIN,XEDS,ZMAGS,YEMIN,YEDS5,4 1 , 1 . , - D
50100 IF (D IP0LE.EQ .1.)  THEN
50150 CALL FFAXIS( XELN, 0 . , 6H(OHMS) , - 6 , YELN, 9 0 . , YEMIN
50200 1 ,YEDS5,YESP,101,FAC,1)
50250 ELSE
50300 CALL FFAXIS(XELN,0., 1 IH (H ILL IhH O S ),-11 ,YELH,?0., YEMIN
50350 1 ,YEDS5,YE8P,1,FAC,1)
50400 END IF
50450 IFdGRID.EQ.DCALL GRID(0. ,0 . ,2 0 ,X E L N /2 0 . ,20 ,Y E L N /20 .
50500 1 ,LH1)
50550 IFdGRID.EQ.DCALL GRID(0. , 0 . ,4 ,XELN/4. ,4 ,YELN/4. ,LM2)
50600 CALL SYMB0L(2.2,1 . 3 5 , .08,6HALPHA=,0. ,6 )
50650 CALL NUNBER(2.8,1 .35 , .08,ALDdPL) , 0 .  , - î  )
50700 CALL SYMB0L(3.2,1 . 3 5 , .08,4H ETA =,0 .,4 )
50750 CALL NUMDER(3.6,1 . 3 5 , .0 8 ,E T 0 ( IP L ) , 0 . , 2 )
50800 CALL P L O K O ., -1 . 8 , - 3 )
50850 330 CONTINUE
50900 CALL PLOKO., 1 . 2 , - 3 )
50950 IF (D IP0LE .EQ .1 .)  THEN
510Ô0 CALL SYMBOL(.2,0.,.08,7HCURRENT,0.,7)
51050 CALL SYMB0L(1.8,0.,.O8,7HVOLTAGE,O.,7)
51100 CALL SYMBOL(3.3,0.,.08,7HIMPED. , 0 . , 7 )
51150 ELSE
51200 CALL SYMB0L(.2,O.,.08,7HV0LTAGE,0.,7)
51250 CALL SYMB0L(1 . 8 , 0 . , .08,7HCURRENT,0.,7 )
51300 CALL SYMB0L<3.3,0 .,.08,7HADMITT.,O .,7)
51350 END IF
51400 CALL PLOKO., . 2 5 , - 3 )
51450 CALL STRYP(XT,0., 1 . , Y T , 0 . , 1 . , 2 , 1 . , - 4 )
51500 CALL P L O K l . 6 ,0 . , - 3 )
51550 CALL STRYP(XT,0., 1 . , Y T , 0 . , 1 . , 2 , 1 . , - 2 )
51600 CALL P L 0 K 1 . 4 , 0 . , - 3 )
51650 CALL S T R Y P (X T ,0 . ,1 . ,Y T ,0 . ,1  . , 2 , 1 . , - 1  )
51700 IF(MPL.EQ.O) CALL P L 0 T (0 . ,O . , -9 9 9 )
51750 C
51800 c * * * * * * * * * * * * * * * * * * * * * * * * * * *  AHX * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
51850 C
51900 CALL C0HD(3HAMX) 'SET AXIS MAXIMUM
51950 URITE(8,517)
52000 517 F0RMAK2X,"ENTER: AXIS MAX ON PEX " ,$ )
52050 READ(8,*) PAMX
52100 C
52150 C * * * * * * * * * * * * * * * * * * * * * * * * * * *  NMP * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
52200 C
52250 CALL C0MD(3HNMP) !NEU MEGATEK PLOT
52300 IF (MPL.EQ.I)  CALL P L 0 T (0 . ,0 . , - 9 9 9 )
52350 C
52400 C * * * * * * * * * * * * * * * * * * * * * * * * * * *  POP * * * * * * * * * * * * * * * * * * * i * * * * * * * * *

52450 C
52500 CALL C0MD(3HP0F) .'CLOSE PLOT FILE
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55050 IDIFF=0
55100 ELSE
55150 IDSN=1
55200 ISM=1
55250 CSC=C1
55300 END IF
55350 LMN=0
55400 FSM=CO
55450 DO 1 MN=-NN1,NN1
55500 LMN=LMN+1
55550 MMN=-MN
55600 ALAM=CMPLX(T0*ISM,O.)
55650 IF(HN.LT.O) ALAM=CSC*IDSN*TARR(MMN)*.5
55700 IF(HN.GT.O) ALAM=CSC*TARR(MN)*.5
55750 TPM=2.*PI*MQ*MN/II1
55800 CARG=CMPLX(0.,-TPM)
55850 IF ( IS U .E Q . I )  THEN
55900 FSM=FSM + ALAM*CEXP( CARG) *CF( MUNU, LMN)
55950 ELSE
56ÔOO FSM=FSM + ALAM*CEXP(CARG)$CF(LMN,MUNU)
56050 END IF
56100 1 CONTINUE
56150 RETURN
56200 END
56250 C
56300 [$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$
56350 C
56400 SUBROUTINE MNSUM2(T0,TARR,NN1, MO,III,FSM,ITNN1
56450 1 ,GNQ,IDIFF)
56500 COMPLEX GMQ,C0,FSN(1),CARG,C1,CJ,ALAM,CSC
56550 DIMENSION TARR(I)
56600 DATA P I ,C O /3 .1415926535,( 0 . , 0 . ) /
56650 DATA C 1 , C J / ( 1 . , 0 . ) , ( 0 . , 1 . ) /
56700 IF ( ID IF F .E Q . I )  THEN
56750 IDSN=-1
56800 ISM=0
56850 CSC=CJ
56900 IDIFF=0
56950 ELSE
57000 IDSN=1
57050 ISM=1
57100 CSC=C1
57150 END IF
57200 GMQ=CO
57250 LMN=0
57300 DO 1 MN=-NN1,NN1
57350 LMN=LMN+1
57400 MMN=-MN
57450 ALAM=CNPLX(T0*ISM,0.)
57500 IF(MN.LT.O) ALAM=CSC*IDSN*TARR(MMN)*.5
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57550
57600
57650
57700
57750
57800
57850
57900
57950
58000
58050
58100
58150
58200
58250
58300
58350
58400
58450
58500
58550
58600
58650
58700
58750
58800
58850
58900
58950
59000
59050
59100
59150
59200
59250
59300
59350
59400
59450
59500
59550
59600
59650
59700
59750
59800
59850
59900
59950
60000

IF(NN.GT.O) ALAM=CSC*TARR(MN)*.5 
TPM=2.$PI*MQ*MN/II1
CARG=ChPLX(0.,-TPh)
GHQ=GHQ + ALAM*CEXP(CARG)*FSM(LMN)

1 CONTINUE
RETURN 
END

C

c
FUNCTIGK BTAN2(Y,X)

C THIS ROUTINE IS USED TO COMPUTE THE ARCTANGENT. IT IS  
C SIMILAR TO ATAN2 EXCEPT IT AVOIDS THE RUN TIME ERRORS.

DATA P I , TP I,DPR /3 .14159265,6 .2831853,57 .29577958/  
IF (AB S(X ).G T.1 .E -10) GO TO 50 
IF (AB S(Y ).G T.1 .E -10) GO TO 10 
BTAN2=0.
RETURN 

10 BTAN2=PI/2.
IF IY .L T .O . )  BTAN2=-BTAN2 
RETURN

50 BTAN2=ATAN2(Y,X)
RETURN
END

C

c
C THIS SUBROUTINE CALCULATES THE FOURIER COEFFICIENTS 
C FOR ONE DIMENSION OF THE EVEN PULSE FUNCTION 
C CENTERED AT ZERO.

SUBROUTINE PUL1D(KK,II,NN,FLAMO, FLAM>
DIMENSION FLAM(I)
DATA P I/3 .1415926535 /
FLAMO=FLOAT(KK)/II 
DO 1 N=1,NN 
PINKDI=PI*N*KK/II  
FLA M (N )= (2 . /(N *P I) )*S IN (P IN K D I)

1 CONTINUE
RETURN 
END

C

c
C THIS SUBROUTINE CALCULATES THE FOURIER COEFFICIENTS 
C FOR ONE DIMENSION OF THE EVEN COSINE FUNCTION 
C CENTERED AT ZERO.

SUBROUTINE COSIIKKK,II,NN,FLAMO,FLAM)
DIMENSION FLAM(I)
DATA P I/3 .1415926535 /
P ID 2=P I/2 .
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60050
60100
60150
60200
60250
60300
60350 1
60400
60450
60500 C
60550 C
60600 C
60650 C
60700 C
60750 C
60800
60850
60900
60950
61000
61050
61100
61150
61200
61250
61300 1
61350
61400
61450 C
61500 C
61550 c
61600 c
61650 c
61700 c
61750 c
61800
61850
61900
61950
62000
62050
62100
62150
62200
62250
62300
62350
62400
62450 1
62500
62550

T K D = 2 .*K K /( II*P I)
FLAMO=TKD 
DO 1 N=1,NN 
F IH = ( II  -  2 .* N * K K ) / I I  
F IP = ( I I  + 2 .* N * K K ) / I I
FLAM(N)=TKD*(SIN(PID2*FIM)/FIM  + S IN (P ID 2 *F IP )/F IP )
CONTINUE
RETURN
END

THIS SUDRGUTINE CALCULATES THE FOURIER COEFFICIENTS 
FOR ONE DIMENSION OF THE EVEN TRAPEZOID FUNCTION 
CENTERED AT ZERO.

SUDROUTINE TRAP1D(KK,II,NN,G,FLAMO,FLAM) 
DIMENSION FLAM(I)
DATA P I/3 .14 15 92 65 3 5 /
FLAM0=(2.*FL0AT(KK) + G ) / (2 .* F L 0 A T ( ID )
GPK=G + KK 
DO 1 N=1,NN 
GNPI=G*N*PI 
PIN=PI*N
F L A M (N )= (-2 .* II/(G N P I*P IN ))
1 *(C O S(P IN *G PK/II) -  C G S(P IN *KK /II> )
CONTINUE
RETURN
END

THIS SUBROUTINE CALCULATES THE FOURIER COEFFICIENTS 
FOR ONE DIMENSION OF THE ODD SMOOTH DIFFERENCE 
DISTRIBUTION CENTERED AT ZERO. THE VALUE OF THE D ISTIB . 
AT DISTANCE X FROM THE ORIGIN IS  2 *X *C 0S (P I*X /K K ). 

SUBROUTINE SMDIFF( KK, I I , NN, FLAMO, FLAM)
DIMENSION FLAH(NN)
DATA P I/3 .1 4 1 5 9 2 6 5 3 5 /
FLAM0=0.
F 8 D I= 8 ./F L 0 A T (II)
XX=FL0AT(KK)/2.
DO 1 N=1,NN 
BPA=PI*(2.*N*KK +
BMA=PI*(2.*N*KK

I I ) /F L O A T (II*K K )  
II) /F L O A T (II*K K ) 

T1=-(XX/2.)*(C0S(BMA*XX)/BM A + COS(BPA*XX)/BPA) 
T2=(1./(2.*BM A*BM A))*S IN(BM A*XX) 
T3=(1 ./(2 .*B P A *B P A ))*S IN (B P A *X X ) 
FLAM(N)=0.1*F8DI*(T1 + T2 + T3)
CONTINUE
RETURN
END
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