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INTRODUCTION

The p a r a m e t r i c  b u c k l in g  o f  a t h i n  c i r c u l a r  c y l i n ­

d r i c a l  s h e l l  v i b r a t i n g  under  t h e  a c t i o n  o f  a  h a rm o n ic a l ly  

v a r y i n g  I n t e r n a l  p r e s s u r e  has  been i n v e s t i g a t e d  by Yao [ 1 ] #

I n  vacuo and by Deng and P o p e la r  [ 2 ]  i n  an a c o u s t i c  medium.

I n  b o th  s t u d i e s ,  t h e  b r e a t h i n g  motion i s  c o n s id e r e d  as t h e  

p r im a ry  motion o f  t h e  s h e l l .  As a consequence t h e  i n i t i a l  

s t r e s s e s  a r e  only  f u n c t i o n s  o f  t ime and n o t  o f  t h e  c o o r d i ­

n a t e s .  Yao i n v e s t i g a t e d  t h e  p a r a m e t r i c  b u c k l i n g  o f  a f i n i t e  

c i r c u l a r  c y l i n d r i c a l  s h e l l  u n d e r  v a r io u s  boundary c o n d i t i o n s  

w h i le  Deng and P o p e la r  d e a l t  w i th  an I n f i n i t e l y  long c i r c u l a r  

c y l i n d r i c a l  s h e l l  submerged i n  an a c o u s t i c  m ed ium .•

The s h e l l  t r e a t e d  i n  r e f .  [ 2 ]  i s  an i n f i n i t e l y  l o n g  

c i r c u l a r  c y l i n d r i c a l  s h e l l  w i th  g e n e r a t o r s  rem ain ing  

s t r a i g h t ,  i . e . ,  a p l a n e - s t r a i n  a n a l y s i s .  The s h e l l  i s  con­

s i d e r e d  t o  be f r e e l y  suspended  i n  a  co m p re s s ib le  f l u i d  med­

ium and t o  be e x c i t e d  by a p r e s s u r e  which v a r i e s  h a rm o n ic a l ly  

w i th  t i m e .  A dynamic s t a b i l i t y  c r i t e r i o n  based  upon i n f i n ­

i t e s i m a l  p e r t u r b a t i o n s  o f  t h e  b r e a t h i n g  motion  and p l a n e -  

s t r a i n  o f  t h e  s h e l l  was d ev e loped .

*A number i n  b r a c k e t s  r e f e r s  t o  t h e  B ib l io g r a p h y .
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2

I n  t h i s  s tu d y  th e  g e n e r a t o r s  o f  t h e  s h e l l  a r e  f r e e  t o  

deform upon i n f i n i t e s i m a l  p e r t u r b a t i o n s  o f  th e  b r e a t h i n g  

m o t ion .  A s t a b i l i t y  c r i t e r i o n ,  b ased  upon th e  b r e a t h i n g  mo­

t i o n  and a t h r e e  d im en s io n a l  d e fo rm a t io n  o f  t h e  s h e l l ,  i s  

p r e s e n t e d .  In  so  f a r  as  t h e  go v ern in g  e q u a t i o n s  o f  t h e  s h e l l  

a-re c o n c e rn ed ,  t h e  approach  used  i s  b a s i c a l l y  t h e  one o u t ­

l i n e d  by B o l o t in  [ 3 ] .  The modal m a t r ix  o f  t h e  f r e e  v i b r a t i o n s  

i n  vacuo i s  u sed  t o  red u ce  th e  g o v e rn in g  e q u a t io n s  t o  t h e  

s t a n d a r d  form.

The g o v e rn in g  e q u a t io n s  o f  th e  d e fo rm a t io n  o f  a  t h i n  

c i r c u l a r  c y l i n d r i c a l  s h e l l  a re  deve loped  by Washlzu [ 4 ]  on 

t h e  b a s i s  o f  t h e  ‘G o ld en v e ise r -N o v o zh i lo v  th e o ry  [5 ]  and a r e  

g iv en  by L e i s s a  [ 6 ] ,  These e q u a t io n s  a r e  d e r i v e d  u s i n g  the  

K irk h o ff -L o v e  h y p o t h e s i s .  In  c o n t r a s t  t o  th e  o t h e r  s e t s  of  

g o v e rn in g  e q u a t io n s  i n c l u d i n g  t h e  p r e s t r e s s  f o r c e s  as d e v e l ­

oped by Sanders  [ 7 ] ,  Pliigge [ 8 ] ,  Timoshenko [9 ]  and by 

Herrmann-Armenakas [ 1 0 ] ,  t h e  Washizu e q u a t io n s  a r e  sym m etr ic .  

The d i f f e r e n c e s  between t h e s e  t h e o r i e s  a r e  d i s c u s s e d  i n  

C h a p te r s  I I  and I I I  o f  L e i s s a * s  monograph [ 6 ] ,

A t h i n  c i r c u l a r  c y l i n d r i c a l  s h e l l ,  e x c i t e d  by a  s i n u ­

s o i d a l  i n t e r n a l  p r e s s u r e ,  i s  s a i d  to  be s t a b l e  o r  u n s t a b l e  i f  

i t s  super im posed  d i sp lace m en ts  upon th e  p r im ary  motion expe­

r i e n c e  tem pora l  decay o r  growth ( r e s p e c t i v e l y )  when s u b j e c t e d  

t o  i n f i n i t e s i m a l  d i s t u r b a n c e s .  The p a r a m e t r i c  b u c k l in g  a n a l ­



y s i s  o f  t h e  c i r c u l a r  c y l i n d r i c a l  s h e l l  y i e l d s  a  s e t  o f  H i l l -  

Mathieu e q u a t io n s  whose p r o p e r t i e s  have been s t u d i e d  e x t e n -  

s i v e l y  i n  th e  p a s t  [ 1 1 ] .  Only p e r i o d i c  s o l u t i o n s  o f  p e r i o d  

4n/w a r e  c o n s id e r e d ,  where u i s  th e  f o r c i n g  f r e q u e n c y .  The 

b o u n d a r ie s  o f  t h e  p r i n c i p a l  i n s t a b i l i t y  r e g io n s  a re  found f o r  

some ran g e  o f  t h e  s h e l l  and f l u i d  p a r a m e te r s .  The r e s u l t s  

w i l l  be compared w ith  t h o s e  o f  Deng and P o p e la r  f o r  a  p a r t i c ­

u l a r  s t e e l  s h e l l  [ 2 ] ,  The c o e f f i c i e n t s  o f  t h e  H l l l - M a th le u  

e q u a t io n s  e n c o u n te red  i n  t h i s  work a r e  f requency  dependent  

because  o f  th e  f l u i d  e f f e c t s .  These t y p e s  o f  e q u a t io n s  have 

been s t u d i e d  by S tevens  [1 2 ]  and Deng and P o p e la r  [ 2 ] .

The b r e a t h i n g  mode motion  o f  a long  c i r c u l a r  c y l i n d r i ­

c a l  s h e l l  i s  u n d e r s to o d  t o  be e x c i t e d  by an i n t e r n a l  p r e s s u re ,  

p + q cos  wt,  where p i s  t h e  s t a t i c  p r e s s u r e  and q i s  th e  

dynamic o r  v i b r a t o r y  p r e s s u r e .  Under t h e  b r e a t h i n g  mode 

m otion ,  th e  s h e l l  expands and c o n t r a c t s  a c c o rd in g  t o  t h e  

sense  o f  the  v i b r a t o r y  p r e s s u r e  i n  such  manner t h a t  i t s  gen­

e r a t o r s  remain s t r a i g h t  and i t s  c i r c u l a r  shape i s  m a in ta in e d .



CHAPTER I  

SHELL EQUATIONS

The s h e l l  geom etry  and i t s  g o v e rn in g  e q u a t i o n s  a r e  

d e f i n e d  fo l lo w in g  t h e  Washizu th eo ry  o f  t h i n  c i r c u l a r  c y l i n ­

d r i c a l  s h e l l s  [ 4 ] ,

As f o r  a l l  t h e  major c l a s s i c a l  t h e o r i e s  o f  t h i n  

s h e l l s ,  t h e  Washizu t h e o ry  o f  th e  t h i n  c i r c u l a r  c y l i n d r i c a l  

s h e l l s  a r e  based on t h e  f o l l o w i n g  a s su m p t io n s :

1. The m a te r i a l  o f  th e  c i r c u l a r  c y l i n d r i c a l  s h e l l  i s  

homogeneous, I s o t r o p i c  and obeys Hooke's la w .

2. The s h e l l  t h i c k n e s s  i s  sm a l l  i n  com parison  w i th  o t h e r

dimensions o f  t h e  s h e l l  and i t s  r a d i i  o f  c u r v a t u r e :

—  «  1 (1. 1)
* i

3. The d i sp la c e m e n ts  a r e  s m a l l  and i n f i n i t e s i m a l .  They

a r e  such t h a t  t h e  a s su m p t io n  o f  sm a l ln e s s  o f  the  s l o p e s

i s  v a l id .  The changes I n  c u r v a t u r e  and t w i s t  a r e  gov­

e rn e d  by l i n e a r  r e l a t i o n s h i p s .

The s t r e s s  component normal to  t h e  middle s u r f a c e  i s



s m a l l  compared t o  th e  o t h e r  s t r e s s  components and may 

be n e g l e c t e d  i n  t h e  s t r e s s - s t r a i n  r e l a t i o n s h i p s

on -  0 (1 .2)

5 .  The normal t o  t h e  r e f e r e n c e  s u r f a c e  o f  t h e  s h e l l  r e -<

mains normal t o  i t  and undergoes  no change i n  l e n g t h  

d u r in g  d e fo rm a t io n :

e * y » y« * 0 (1*3)nn Txn Ten

6 . Ro ta ry  i n e r t i a  and t r a n s v e r s e  s h e a r  i n  t h e  s h e l l  a r e  

n e g l i g i b l e .

The c u r v i l i n e a r  c o o r d i n a t e s  x and 0 a r e  l i n e s  o f  

p r i n c i p a l  c u r v a t u r e s  o f  t h e  m idd le  s u r f a c e  o f  t h e  s h e l l  b e ­

f o r e  d e fo rm a t io n  as  shown i n  P ig .  1 and F ig .  2 .  The s t r a i n  

d i s p la c e m e n t  r e l a t i o n s h i p s  i n  c y l i n d r i c a l  c o o r d i n a t e s  a r e  

g iv e n  a s :



f i n e d

K « -  i  ( i i a -  -  i s  )x© a 8x38 3x 1

The s t r e s s  r e s u l t a n t s  and s t r e s s -m o m en ts  a r e  de­

i n  t h e  se n se  o f  Novozhilov  [ 5 3 ,  (Fig- 3 and F ig .

N ■ — ( e + ve ) 
x ( 1 +v 2 ) x  0



(1 .5 )

( <x + v « e )

The Washizu m a t r ix  o p e r a t o r  i s  d e f i n e d  by L e is sa*

[ 6 ] a s :

where :

[LD_M] i s  t h e  D onnel l -M ushtar i  m a t r i x  o p e r a t o r ,  

L e i s s a ’s e g . ( 2 .7 )*

•The govern ing  e q u a t io n s  o f  the motion  a re  th o s e  
g iven by Leissa  [ 6 ] i n  h i s  monograph of  t h e  " V ib r a t io n  
o f  S h e l l s " .

2
[L] -  [Ld_h ] +

12a
(1 .6 )



[Lmod3 i s  th e  m o d ify ing  m a t r i x  o p e r a t o r ,

L e i s s a ' s  e q . ( 2 , 9 a ) .

[L^]  i s  th e  m a t r i x  o p e r a t o r  c o n t a i n i n g  t h e  add­

i t i o n a l  te rm s  which  acco u n t  f o r  t h e  i n i t i a l  

s t r e s s e s ,  L e i s s a ' s  e q . ( 3 . 101c ) ,

K -  - S i y  (1 . 7)

I n  t h e  m a t r ix  o p e r a t o r  [ L ] ,  a l l  t e rm s  in  t h e  two f i r s t  

rows have been  m u l t i p l i e d  by " - 1 " so t h a t  one can o b t a i n  a 

symmetr ic  m a t r i x  when t h e  sp ace  v a r i a t i o n  i s  e l i m i n a t e d .

The D o n n e l l -M u s h ta r i  o p e r a t o r  i s :

[-■
( l - v )  a ‘

3S 30
■(1+ v)  3

2  3 s 3 6 —v3 s
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where:

2 2 V C V C

2 23 , 3
2 23s 30

( 1 . 9 )

- i  .  a i L
33 3X

The m odify ing  Washizu o p e r a t o r :

a2 a2 a3 a3
• 2 ( l - v ) - ^  -  - 2 *  (2-v)  — + - ^ r

3S 30 33 30 3 0 J

- ( 2 - v )
3 S 2 30

(1.1 0)

The p r e s t r e s s  Washizu o p e r a t o r  i s :



where

9
3s (N1 — ) v x 3s + N

30

+ (n* —  )
3 S  VHX0 3 0  1

+ n:XO 3 s  3 0

( 1 . 12)

When th e  i n i t i a l  m ot ion  I s  ax lsym m etr ic  and o f  

b r e a t h i n g  mode, i . e . ,  N*0 ** 0 , N* and n J  In d ep en d e n t  o f  the 

c o o r d i n a t e s  s and 0 , th e n  t h e  Washizu p r e s t r e s s  o p e r a t o r  

r ed u ce s  t o



The e q u a t io n s  o f  th e  p e r tu r b e d  motion . .are  th e n  g iv e n  

i n  m a t r ix  form a s :

C L ] <

I

u

V

w

% [ S ]

where
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The r a d i a l  f o r c i n g  p r e s s u r e  pr  I s  p o s i t i v e  ou tw ards ,  I . e .  

c o n s i s t e n t  w i th  th e  r a d i a l  d isp lacem en t  w. The t a n g e n t i a l  

components PX, P 6 o f  th e  l a t e r a l  p r e s s u r e  a r e  n e g l e c t e d  when 

i n f i n i t e s i m a l  d e f l e c t i o n s  o f  the  s h e l l  m id su rface  a r e  con­

s id e r e d .

The membrane f o r c e s  N* and N* a re  t h e  s t r e s s  r e s u l t -
x  y

a n t s  i n  t h e  b r e a t h i n g  motion which i s  assumed t o  be the  

p r im ary  motion i n  t h i s  a n a l y s i s .

E q . ( l . l 4 ) a i n  which th e  o p e r a t o r  M  i s  d e f in e d  i n  

e q . ( 1 . 6 ) ,  r e p r e s e n t  t h e  superimposed motion o r  t h e  p e r ­

tu r b e d  motion o f  th e  s h e l l .  They r e s u l t  from t h e  p e r t u r ­

b a t i o n  o f  t h e  i n i t i a l  m otion .  The d isp lace m en ts  u ,  v ,  w a re  

th e  a d d i t i o n a l  d i sp la c e m e n ts  due to  i n f i n i t e s i m a l  d i s t u r ­

bances o f  th e  o r i g i n a l  motion.

To o b ta in  th e  e q u a t io n s  o f  motion o f  t h e  f r e e  

v i b r a t i o n s  o f  t h e  s h e l l  i n  vacuo, one has t o  drop out th e  

p r e s t r e s s  m a t r ix  o p e r a t o r  [L^] i n  e q . ( l , 6 ) and t o  s e t  p r  = 0 , 

I t  fo l lo w s  t h a t :

« t  \ /  x
u

'
0

V
’ + 12?  4

. k  . 0

w w 0
> I • i k 4

(1 . 16)
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The purpose  o f  t h i s  work i s  t o  i n v e s t i g a t e  the  

p a r a m e t r i c  s t a b i l i t y  o f  a  c i r c u l a r  c y l i n d r i c a l  s h e l l  v i ­

b r a t i n g  in  an a c o u s t i c  medium. The f l u i d  e f f e c t s  a re  r e ­

f l e c t e d  by th e  g e n e r a l i z e d  l a t e r a l  p r e s s u r e  pr  i n  e q . (1 .1 4 ) .  

They shou ld  be known befo rehand  and in c lu d e d  i n  t h e  govern­

in g  e q u a t io n s  o f  t h e  p e r tu r b e d  motion.

T h e re fo re  th e  f l u i d  e f f e c t s  upon a v i b r a t i n g  s h e l l  a r e  

reviewed i n  C hap ter  I I  and t h e  p r e s t r e s s  q u a n t i t i e s  are  

e s t a b l i s h e d  in  C hap ter  I I I  b e fo r e  t h e  s o l u t i o n  o f  th e  p e r ­

tu rb e d  motion i s  sough t .



CHAPTER I I  

FLUID EQUATIONS

The f l u i d  e q u a t io n s  a r e  deve loped  in  c y l i n d r i c a l  co­

o r d i n a t e s  i n  th e  fo re g o in g  f o l lo w in g  Junger  [1 3 ,  143. This 

t o p i c  i s  o f  g r e a t  im portance  when one c o n s id e r s  th e  i n t e r ­

a c t i o n  o f  t h e  f l u i d  on th e  v i b r a t i o n  o f  a t h i n  s h e l l  o s c i l ­

l a t i n g  in  an a c o u s t i c  medium. The f l u i d  and t h e  s h e l l  w i l l  

be connec ted  by th e  boundary c o n d i t i o n s  a t  t h e i r  i n t e r f a c e s .

The i n f i n i t e l y  long  t h i n  c i r c u l a r  c y l i n d r i c a l  s h e l l  

i s  f r e e l y  suspended i n  an homogeneous, co m p re ss ib le  and 

i n v i s c i d  f l u i d  o f  an i n f i n i t e  e x t e n t .  As a consequence the  

f l u i d  medium w i l l  be governed by th e  l i n e a r  L ap lace  e q u a t io n  

whose only s o l u t i o n  o f  i n t e r e s t  h e re  i s  an o u tg o in g  wave 

( s e e  Morse and Ingard  [153) .

In  c y l i n d r i c a l  c o o r d in a t e s  t h e  Laplace e q u a t io n  i s :

2! i  + i | A  + i £ i  + £ | . i i ! |  ( 2 . D
3 r  r 2 30 3 x  C2 3 t

where and c a r e  r e s p e c t i v e l y  th e  v e l o c i t y  p o t e n t i a l  and 

t h e  sound v e l o c i t y  o f  t h e  f l u i d  medium.

14



The v e l o c i t y  o f  th e  f l u i d  i n  c y l i n d r i c a l  c o o r d in a t e s  

i s  t h e  n e g a t i v e  o f  t h e  g r a d i e n t  o f  t h e  v e l o c i t y  p o t e n t i a l :

v ■ -  g rad  ♦ ( 2 . 2 )

I n  component form; t h e  v e l o c i t y  i s :

9$
ax

l  u  
r  ae

i !
ar

( 2 .3 )

The a x i a l  and c i r c u m f e r e n t i a l  components o f  th e  f l u i d  

v e l o c i t y  v e c t o r  may be n e g l e c t e d  when th e  d i sp lacem en ts  o f  

t h e  f l u i d  and s h e l l  a t  t h e i r  i n t e r f a c e  a r e  sm a l l  and i n ­

f i n i t e s i m a l .  In t h i s  case t h e  v e l o c i t y  o f  t h e  f l u i d  reduces  

t o  th e  r a d i a l  component:

v3 -  -  J $  «■*>

I t  fo l lo w s  t h a t  th e  boundary c o n d i t i o n s  o f  th e  f l u i d  

medium a t  t h e  i n t e r f a c e  and a t  i n f i n i t e  become:
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a .  The r a d i a l  v e l o c i t y  o f  t h e  f l u i d  p a r t i c l e  i s  eq u a l  t o  

t h e  r a d i a l  v e l o c i t y  o f  t h e  s h e l l  p a r t i c l e  a t  the  

p o in t  o f  c o n t a c t ,  e q . ( 2 . 4 ) :

b .  The a c o u s t i c  p r e s s u r e  e x e r t e d  on t h e  s h e l l  by th e  

s u r ro u n d in g  medium i s  t h e  p r e s s u r e  a t  r= a  a lo n g  th e  

normal o f  t h e  s h e l l .  ( P i g .  5 ) .

c .  The r a d i a l  v e l o c i t y  o f  t h e  f l u i d  a t  i n f i n i t y  must 

v a n i s h  so t h a t  i t s  k i n e t i c  energy  rem ains  f i n i t e

(2 . 6 )

t h e r e

3 $ =0
ar  r=» ( 2 .7 )

The d i s p la c e m e n t  p a t t e r n s  o f  an i n f i n i t e l y  long  

c i r c u l a r  c y l i n d r i c a l  s h e l l  a r e  th o s e  assumed by L e ls s a *  [ 6 ] :
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u ** y l  u__ cos ne cos Sy^,
m=0 n=0

v «  [  J v s i n  ne s i n
m=0 n=0 11111 h

v I I  003 ne s l n  HT*
m«o n*»0 mn

( 2 . 8 )

These d isp lace m en ts  a r e  such t h a t

a .  They a r e  p e r i o d i c  o f  p e r io d  2 tt and co n t in u o u s  i n  t h e  

c i r c u m f e r e n t i a l  d i r e c t i o n  0 .

b.  The o r i g i n  o f  t h e  c i r c u m f e r e n t i a l  c o o r d in a t e  e i s  

chosen a t  a p a r t i c u l a r  p o in t  so t h a t  t h e  c i rcum ­

f e r e n t i a l  phase an g le  i s  z e ro .

c .  The form o f  s o l u t i o n  eq.  2 .8  assumes t h a t  t h e  t im e 

and s p a t i a l  v a r i a b l e s  a r e  s e p a r a b l e ,  g iv in g  r i s e  t o  

normal modes e x e c u t in g  s im ple  harmonic m ot ion ,

* L e i s s a ' s  t r i a l  d i s p la c e m e n t s  f o r  an i n f i n i t e l y  long  
c i r c u l a r  s h e l l  a r e  d e f in e d  in  s e c t i o n  2 .2  o f  r e f e r e n c e  [ 6 ]
on page 37.
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t h e  p e r io d  and phase o f  t h e  motion b e in g  t h e  same f o r  

a l l  p o i n t s  on th e  s h e l l .

d .  The d i s p la c e m e n t  eq .  2 .8  i s  i s s u e d  from a  complete  

F o u r i e r  S e r i e s  i n  t h e  v a r i a b l e  x. But h e r e  on ly  

one p o r t i o n  o f  t h e  s o l u t i o n  has  been  used  b ecause  o f  

t h e  l i n e a r i t y  o f  t h e  e q u a t i o n s  o f  m ot ions  which i n ­

s u r e s  th e  f a c t o r i z a t i o n  o f  te rms c o n t a i n i n g  x o r  s ,

0 and t  ou t  o f  each e q u a t i o n .  The e q u a t io n s  o f  m otion  

must be s a t i s f i e d  f o r  a l l  v a lu e s  s ,  e ,  t  a l lo w ed  to  

v a ry  I n d e p e n d e n t ly .

I n c i d e n t a l l y  t h e s e  d i s p l a c e m e n t s  a l s o  s a t i s f y  t h e  boundary 

c o n d i t i o n s  o f  t h e  s im ply  s u p p o r te d  c y l i n d r i c a l  s h e l l .

Because o f  t h e  boundary c o n d i t i o n  e q . ( 2 . 5 ) ,  t h e  

v e l o c i t y  p o t e n t i a l  $ i s :

S u b s e q u e n t ly ,  t h e  a c o u s t i c  p r e s s u r e  becomes bec au se  o f  

e q . (2 . 6 ) :

mux
L ( 2 .9 )

(2.1 0)
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I n  f r e e  v i b r a t i o n  th e  f u n c t i o n  Am_ ( t )  h a s  t h e  form:mn

(2. 11)

I n s e r t i n g  e q . ( 2 . 9 )  and e q . ( 2 . 1 1 )  i n t o  e q . ( 2 . 1 ) f one o b t a i n s  

a  B e s s e l  e q u a t io n  a f t e r  c o l l e c t i n g  te rm s  o f  t h e  same harmonic  

f u n c t i o n s  s i n c e  t h e  s o l u t i o n  must be t r u e  f o r  a l l  x ,  e ,  and 

t h e  t i m e ,  t :

i n  which

The s o l u t i o n  o f  e q . ( 2 . 1 2 )  l e a d i n g  t o  an o u tg o in g  wave 

i s  th e  H a n k e l ' s  f u n c t i o n  o f  th e  second  k ind  [1 6 ] :

2
( 2 .1 3 )

c

(2 . 1*0



where

Hi 2 ) <k,nr > "  J n<kmr ) “ * J M kn,r > n m n m n m

j  -  -«CT

J  (k r )  i s  t h e  Bessel  f u n c t i o n s  o f  o r d e r  n. n m

N«(k„r)  i s  t h e  Neumann f u n c t i o n s  o f  o r d e r  n. n m

k « w/c;  ■ c o n s ta n to mn
(2 .1 5 )

D e f i n i t i o n s :

** k a m » 1 , 2 , . . .m m  '  '

* k a m ■ 0o o ( 2 . 16)

Upon s a t i s f y i n g  e q . ( 2 .5 ) »  one o b ta i n s  th e  v e l o c i t y  

p o t e n t i a l  a s :

•  *> -w (k r ). . r  r  mn n v nr '  ___■ mnx♦ ** ) ) ■■■■— cos ne s i n  —p -
n*0 m=l dH„ (x ) u



And upon i n s e r t i n g  e q . ( 2 . 1 7 )  i n t o  e q . ( 2 . 6 ) ,  one g e t s  t h e  

a c o u s t i c  p r e s s u r e  a s :

(kmr ) m_ Y« _ r r mn n m     „ rrnrxQ a -p I I ---------   cos ne s in  -p—
n*=0 m=l dHi2 J(xm) Lir n m

m d (k mrJ

(2 . 18)

which may a l s o  be w r i t t e n  a s :

« -  Pc ( -J )x«w_MĤ 2^(k r)
Q * I  I  ----------------------- 21—  cos ne s i n  ^

n=0 m « l d H ^ 2 ) (kmr )  L
xm d(kmrT "

(2 .19)

where

u = x c /a  o

s i n  wt + C cos wtmn mn mn ( 2 . 20)

T h e re fo re  t h e  a c o u s t i c  impedance i s  d e f in e d  f o r  each mode o f  

v i b r a t i o n  as th e  r a t i o  o f  t h e  F o u r i e r  c o e f f i c i e n t s  o f  the  

a c o u s t i c  p r e s s u r e  and r a d i a l  v e l o c i t y :



I n  complex form th e  a c o u s t i c  Impedance I s :

W k.nr )  * 0n n (kmr )  + * W kmr )  ( 2 ’ 22)

i n  which

0, ( k  r )  + Jx mr(k r )  mn m mn m
- j X p H ^ c y )

.. dHn 2 )(lcm>
m d(k  r )  m (2 .2 3 )

The r e s i s t a n c e  0 ( k „ r )  and t h e  r e a c t a n c e  x„,„(k™**) a r e  g iv enmn m mn m
a s :

1 . k i s  r e a l :  m



2 3

0„ ( k  r )  mn m
x o i:jn (lcmr)Mn (icn1>- 1)n tkmr ) J n (xm)]

dH<2 ) ( x )  2n m
m d ‘V J

( 2 . 2 5 )

2 . k i s  im a g in a ry :  m

—X_K ( | k j r )
u M  -  0 n J  —1 -'mn' m

m Kn ( |* m l) ( 2 . 26 )

where Kn ( | k mJr )  i s  t h e  m od if ied  B e s s e l  f u n c t i o n  of  o r d e r  n ,  

and

0 ( k r )  « 0 ( 2 . 2 7 )mn m

Upon i n s e r t i n g  e q . ( 2 .2 0 )  and e q . ( 2 . 2 2 )  in to  e q . ( 2 . l 8 ) ,  

one o b t a i n s  t h e  r e a l  p a r t  a s :

<3 « -pcw [b„„x„„(xm) + 0 „ ( x m) ]  s i n  wtmn mnAmn m mn mn m

- p c w [ c  Ym„ U J  -  b ^ „ 0m„(x  ) ] c o s  wt r u mnAmn m mn mn m
(2 . 2 8 )



The above f u n c t io n  may a l s o  be w r i t t e n  a s :

nr mn ( 2 . 2 9 )

In  th e  l i g h t  o f  e q . ( 2 . 2 9 ) ,  one may e a s i l y  conclude 

t h a t  th e  f l u i d  e f f e c t s  on th e  s h e l l  a r e  o f  two t y p e s :

1 .  One i s  t o  add a v i r t u a l  mass t o  t h e  v i b r a t i n g  s h e l l  

o r  t o  d e c re a se  i t s  s t i f f n e s s .  I t  means t h a t  the 

v i r t u a l  mass d e c re a s e s  t h e  n a t u r a l  f requency  of th e  

s h e l l  when submerged in  an a c o u s t i c  medium:

2 .  Another i s  t o  in t r o d u c e  a damping e f f e c t  o f  v iscous  

t y p e .  I t  means t h a t  t h e  energy r a d i a t e d  i n  an 

a c o u s t i c  medium o f  i n f i n i t e  e x t e n t  i s  n o t  r e c o v e ra b le

The p l o t s  o f  t h e  r e a c t a n c e  and r e s i s t a n c e  f u n c t io n s  

a r e  g iven  by Junger  i n  r e f e r e n c e  [13 ,  1*0,  f o r  L/ma = sm a l l  

and L/ma B « .  The d iagrams o f  th e s e  f u n c t i o n s  t a k e n  from 

J u n g e r  [13 ,  1*0 f o r  t h e  c i r c u m f e r e n t i a l  wave numbers 

( n « 0 ,2 ,6 )  a re  i l l u s t r a t e d  i n  F ig .  6 th ro u g h  F ig .  9.

(2 .3 0 )

(2 .31 )



CHAPTER I I I  

THE AXISYMMETRIC BREATHING MOTION

The s o l u t i o n  o f  th e  p e r t u r b e d  e q u a t io n s  o f  Chap te r  I  

r e q u i r e s  one t o  d e te rm in e  th e  p r e s t r e s s  f o r c e s  i n  th e  p r im ary  

m otion  b e fo reh an d .  Fo r  t h i s  purpose  one s h a l l  c o n s i d e r  t h e  

ax isy m m e tr ic  b r e a t h i n g  m otion  o f  an I n f i n i t e l y  lo n g  c i r c u l a r  

c y l i n d r i c a l  s h e l l  a s  th e  p r im ary  m o t io n .  Such a  motion i s  

in d e p en d en t  o f  t h e  c i r c u m f e r e n t i a l  a n g l e  0 ,

The b r e a t h i n g  motion o f  an i n f i n i t e l y  lo n g  c i r c u l a r  

c y l i n d r i c a l  s h e l l  I s  c h a r a c t e r i z e d  by " n=0

w * wQ( t )

( 3 . 1 )

I t  I s  a l s o  assumed t h a t  t h e r e  i s  no motion i n  t h e  a x i a l  d i ­

r e c t i o n  d u r in g  t h e  b r e a t h i n g  m otion .

The e q u a t io n  o f  t h e  b r e a t h i n g  motion may be  deduced 

from e q . ( l . l 6 ) i n  which th e  p r e s t r e s s  o p e r a t o r  i s  s e t  e q u a l  

t o  z e ro :

25
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Kp hv; + -g- wrt * p „  8 O 2 o ro  a
( 3 . 2 )

i n  which pr0  i s  t h e  t o t a l  l a t e r a l  p r e s s u r e  a c t i n g  on t h e  

s h e l l .

The r a d i a l  d isp la ce m en t  and th e  l a t e r a l  p r e s s u r e  a r e  

p o s i t i v e  outwards (F ig .  5 ) .  S ince  th e  p h y s i c a l  q u a n t i t i e s  

a re  independen t  o f  th e  a x i a l  d i r e c t i o n ,  i t  fo l lo w s :

Nx  °  T T  w ( t )

( 3 . 3 )

hJ  = |  w ( t )

The l a t e r a l  p r e s s u r e  c o n s i s t s  o f  two e le m e n ts :

1.  The e x c i t i n g  I n t e r n a l  p r e s s u r e :

p + q cos ut (3 .*0

2 .  The r a d i a t e d  p r e s s u r e  due to  t h e  f l u i d  e f f e c t s :

Q ( 3 . 5 )

Hence th e  t o t a l  l a t e r a l  p r e s s u r e  i s  ( s e e  F ig .  5 ) :

p + q cos ut  -  Q ( 3 . 6 )
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Then e q . ( 3 . 2 )  becomes:

Pe1™’ + “ P+Q cos u t  -  Q (3 .7 )s o  &d o

The s te a d y  s t a t e  s o l u t i o n  o f  e q , (3 * 7 )  i s  o b ta in e d  by 

assuming a t r i a l  s o l u t i o n  o f  th e  form:

wQ * A + B cos ut + C s i n  u t  ( 3 .8 )

Upon s u b s t i t u t i n g  e q . ( 3 . 8 )  i n t o  e q . ( 3 . 7 )  and t a k i n g  

in  acco u n t  e q . ( 2 . 22 ) ,  one may w r i t e  a f t e r  c o l l e c t i n g  te rm s:

A «

a l B + b l C " q (3 .9 )

-b^B + a^C = 0

i n  which Q
y .
J o c

a^ ■ -w^Cpgh + M̂ .) + —
&

X)1  ■ uCf

Mr  * *oo<yo > ( 3 -10)

° f  ■ Pc eo o (yo 5
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The s o l u t i o n  o f  e q . ( 3 . 9 )  i s  o b ta in e d  u s in g  Cram er 's

method:

n a i q
B * “ T"

b ,qc . 4-
( 3. 11)

i n  which

t  -  & \  + b f  (3 .1 2 )

T h e re fo re  t h e  r a d i a l  d isp lacem en t  w becomes:

.2
wo

E |_  + SLj- cos (wt-i|0 (3 .1 3 )

i n  which

-1  ^1■ t a n  (— )
a l

I t  fo l low s  t h a t  t h e  membrane f o r c e s  become:

(3. 14)
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Ne " Pa + cos(wt -  
as

( 3 .1 5 )

Nx “ VK



CHAPTER IV 

STABILITY OP MATHIEtMS EQUATIONS

The e q u a t io n s  o f  th e  p e r t u r b e d  motion o f  a  c i r c u l a r  

c y l i n d r i c a l  s h e l l  v i b r a t i n g  under  t h e  a c t i o n  o f  an harmon­

i c a l l y  v a r y in g  l a t e r a l  p r e s s u r e  were deve loped  in  C hap te r  I .  

The p r e s t r e s s  f o r c e s  were e s t a b l i s h e d  i n  Chap te r  I I I  In  the  

case o f  an ax isym m etr ic  b r e a t h i n g  m otion .  The f l u i d  e f f e c t s  

which must be In c lu d e d  as a f o r c i n g  p r e s s u r e  i n  t h e  p e r t u r b ­

ed m ot ion  may be found fo l lo w in g  a s i m i l a r  approach  a s  i n  

Chapter  I I .

To o b ta in  t h e  e q u a t io n s  o f  t h e  p e r t u r b e d  motion of  

the  c i r c u l a r  c y l i n d r i c a l  s h e l l ,  one h a s :

1. To i n s e r t  t h e  d isp la ce m en t  p a t t e r n  e q . ( 2 . 8 )  i n t o  

e q . (1 .1 4 ) .

2. To r e p l a c e  t h e  p r e s t r e s s  membrane f o r c e s  N* and N*

by t h e i r  a c t u a l  v a l u e s ,  e q . ( 3 . 1 5 ) i n t o  e q . ( 1 . 1*0 .

3. To i n t r o d u c e  th e  l a t e r a l  a d d i t i o n a l  p r e s s u r e  i n t o

e q .  (1.1*1) due t o  t h e  f l u i d  e f f e c t s  upon an I n f i n ­

i t e s i m a l  p e r t u r b a t i o n  o f  t h e  b r e a t h i n g  motion o f  

t h e  s h e l l .

30
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The r a d i a l  a c o u s t i c  p r e s s u r e  c o e f f i c i e n t  i s  e a s i l y  

o b t a in a b l e  from e q , ( 2 . 2 9 )  i n  te rm s  o f  e q . ( 2 . 3 0 ) ,  e q . ( 2 . 3 1 ) ,  

s in c e  i t  i s  p r o p o r t i o n a l  t o  t h e  a c c e l e r a t i o n  and v e l o c i t y

o f  t h e  c o e f f i c i e n t  o f  t h e  r a d i a l  d i sp la c e m e n t ,  wmn

mn fmn mn fmn mn (4 .1 )

where t h e  q u a n t i t i e s  and a r e  f u n c t io n s  t o  be

de te rm in ed  when th e  t r i a l  s o l u t i o n  o f  t h e  p e r tu r b e d  e q u a t io n s  

o f  motion i s  known. 1® r e a c t a n c e  and th e

r e s i s t a n c e .  In  m a t r ix  form e q . ( 4 . 1 )  becomes:

a Mfmn -

•  •

S u + Cfmn - u (4 .2 )

i n  which

u

umn

mn

w.mn

0 0 

0 0 

0 0

0

0

1

( 4 . 3 )



Hence upon f o l l o w i n g  th e  s t e p s  i n d i c a t e d  above and 

making u se  o f  e q . ( ^ . 2 ) ,  one o b t a i n s  t h e  g o v e rn in g  e q u a t io n s  

o f  t h e  p e r t u r b e d  motion o f  a c i r c u l a r  c y l i n d r i c a l  s h e l l  v i ­

b r a t i n g  i n  an a c o u s t i c  medium a s :

p h M u + A u + [op+6q c o s (w t- i^ ) ]P 1 u « -Mfrnn § u  -  CfmnSu 
a

( 4 .4 )

In  which th e  i n e r t i a  m a t r i x  M, t h e  s t i f f n e s s  m a t r i x  A and th e

i n i t i a l  s t r e s s  m a t r i x  P., a r e  d e f i n e d  a s :- l



a l l  a I 2  a 13

a 21  a22 a23

a 31 a 32 a 33

33

(4 .5 )

'11

’22

p 23

'23

'22

and t h e  c o e f f i c i e n t s  a and p a re  d e f i n e d  a s :

6 " " T Ta 3 6*

The c o e f f i c i e n t s  o f  the above  m a t r i c e s  a re  g iv e n  below. The 

c o e f f i c i e n t s  o f  t h e  s t i f f n e s s  m a tr ix  A a r e :

a 11

12
( 1+v)  „/mira>

 2~  n C - ^ )



The c o e f f i c i e n t s  o f  t h e  i n i t i a l  p r e s t r e s s  m a t r i x  a r e :

'11
/ITlTrS \ i
 ̂ L ; v + n

-  i x „2 . #mnav2p22 -  1 + n + <-x-)

'23 2n

Eq.(4 . lJ )  i s  a sys tem  o f  t h r e e  l i n e a r  d i f f e r e n t i a l  

e q u a t io n s  o f  H i l l - M a t h i e u ' s  ty p e .
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In  view o f  Chapter  XIV o f  B o lo t in  [ 3 ] ,  e q . ( 4 . 4 )  must 

be reduced  to  th e  s t a n d a r d  form b e f o r e  a t t e m p t in g  any 

M a th ie u 's  s o l u t i o n .  The id e a  i s  t o  use t h e  modal m a t r ix  o f  

th e  f r e e  v i b r a t i o n  o f  t h e  s h e l l  i n  vacuo so t h a t  th e  i n e r t i a  

and s t i f f n e s s  m a t r i c e s  w i l l  become uncoup le .

T h e  e i g e n v a l u e s  o f  t h e  f r e e  v i b r a t i o n  o f  t h e  s h e l l  i n  

v a c u o  a r e  o b t a i n e d  b y  s o l v i n g  t h e  c h a r a c t e r i s t i c  d e t e r m i n a n t :

a n -A

21

a 31

a 12

a 32

a 13

a 23

a 33-A

0 . 8)

i n  w h i c h :

“o ■ KO s h a2 0 . 8)

A2 B (w/u ) 0 -9)

The s o l u t i o n  o f  e q . ( 4 . 8 )  y i e l d s  t h r e e  e ig e n v a lu e s :

A1 *  A2 > A3 0 . 1 0 )
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t o  which r e s p e c t i v e l y  c o r re sp o n d  th e  t h r e e  e i g e n v e c t o r s :

{ ° l }  * { a z } >  {  ° 3 } (H.U)

I t  fo l lo w s  t h a t  the  modal m a t r i x  o f  t h e  f r e e  v i b r a t i o n  in  

vacuo i s :

t h a t  i s :
1—1 aO

*

h i h i

0  
1__

_
i

§

° u ° 2 1

m

°31

G » ° 1 2 ° 2 2 °32 (4 .12)

°13 G23 G33

In  view of  th e  modal m a t r i x ,  th e  d isp lace m en t  i s

d e f i n e d
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i n  which y i s  t h e  p r i n c i p a l  o r  normal c o o r d i n a t e :

1

1 (4 .1 4 )

E q .  ( l J . l t )  m a y  a l s o  b e  w r i t t e n  a s :

—j - M u  + A u  + S-. [ap+3q cos(wt-tfOJ P^ u  «*

a
K M ■r a2

fmn 5 u " X  °fmn 5 u
(4 .15 )

Upon s u b s t i t u t i n g  e q . ( l J .1 3 )  i n t o  e q . (H .1 5 )  and

m u l t i p ly in g  bo th  s id e s  o f  t h e  r e s u l t i n g  e q u a t io n s  from l e f t
Tby the  t r a n s p o s e  o f  th e  modal m a t r ix  G , one o b t a i n s  a f t e r  

m u l t i p l y i n g  a g a in  each s i d e  from l e f t  by A j1 :

C y + E y + j  [op+6q c o s ( « t - ^ ) ]  P y

a V a2
* X  Mf m n  ?  y  ‘  X  ° f m n  ?  y

( 4 .1 6 )
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i n  which:

°11 °21 °31

° 1 2  °22  G32

.  1

A, •  GA A G - 1  -  -

4 i
0 k2 0

I  * gt m g

m.

I  * m.

m.



ql l / k l

q21/ k 2

q31/ k 3
m

q12/ k l  q 13/ k l

q22A 2 ^ 2 3 ^ 2

q 32/ k 3 q 33^k 3



Al  m k i /mi

1(0

h \  * C«1/ u 0 ) 2 (4 .1 8 )

l / k x 

l / k 2 

l / k 3

(A.19)

The t r an s fo rm ed  e q u a t io n s  e q . ( 4 . l 6 ) ,  w r i t t e n  i n  th e  

s ta n d a rd  form, a r e  a l s o  a system o f  t h r e e  l i n e a r  d i f f e r ­

e n t i a l  e q u a t io n s  o f  H i l l - M a t h i e u ' s  t y p e .  The th e o ry  o f  

F loquet  s t i l l  a p p l i e s  i n  t h i s  case  C3L Consequent ly  th e  

b o u n d a r ie s  o f  t h e  i n s t a b i l i t y  r e g io n s  co r resp o n d  t o  p e r i o d i c  

s o l u t i o n s  of  e q , ( 4 . l 6 )  w i th  p e r io d  2n/w and 4ir/w. Although 

th e  p r e s e n c e  o f  t h e  damping e f f e c t  u s u a l l y  l e a d s  t o  th e

n2 = 2 . 2  2 Wj A a1 1 1 o

1/ k ,  1/ k ,

1/ k -  1/k .

1/ k -  1/ k .



c o n s i d e r a t i o n  o f  t h e  f i r s t  i n s t a b i l i t y  r e g i o n  as  t h e  r e g i o n  

o f  any major  s i g n i f i c a n c e ,  compared t o  r e g io n s  o f  h ig h e r  

o r d e r ,  i t  i s  sometimes c o n v e n ie n t  t o  have  t h i s  damping 

n e g l i g i b l e  f o r  co m p u ta t io n a l  p u rp o se s  i n  o r d e r  t o  reduce  th e  

s i z e  o f  t h e  c h a r a c t e r i s t i c  d e t e r m in a n t .  I f  t h e  a rguments  o f  

th e  B e s s e l  f u n c t i o n s  a r e  im a g in a ry ,  t h e  a c o u s t i c  r e s i s t a n c e  

i s  i d e n t i c a l l y  z e ro .  T h e re fo re  t h e  f i r s t  r e g io n  o f  i n ­

s t a b i l i t y ,  c a l l e d  a l s o  p r i n c i p a l  r e g i o n  o f  i n s t a b i l i t y ,  I s  

n o t  n e c e s s a r i l y  th e  c r i t i c a l  one u n t i l  a c t u a l  e v a l u a t i o n s  o f  

th e  h i g h e r  r e g i o n s  o f  I n s t a b i l i t y  a r e  made t o  a s s e s s  th e  

e f f e c t  o f  th e  a c o u s t i c  r e a c t a n c e  and r e s i s t a n c e .

The p r e s e n t  i n v e s t i g a t i o n  i s  r e s t r i c t e d  t o  t h e  de­

t e r m i n a t i o n  o f  t h e  f l u i d  e f f e c t s  upon t h e  p r i n c i p a l  r e g io n  

o f  i n s t a b i l i t y ,  which c o r re sp o n d s  t o  a p e r i o d i c  s o l u t i o n  

o f  e q . ( 4 . l 6 )  w i th  p e r i o d

» 0* . 
y a,, s i n  5*(wt-i}0 + y cos s-Cut-^)

k - 1 , 3 , 5  K d  k - 1 , 3 , 5  K d

( 11. 2 0 )

At t h i s  p o in t  one may d e te rm in e  t h e  F o u r i e r  c o e f f i c i e n t  

o f  t h e  a c o u s t i c  p r e s s u r e  Q. To o b t a i n  t h i s  f u n c t i o n ,  one 

makes t h e  f o l lo w in g  changes i n  e q . ( 2 . 28 ) :
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In  t h e  harmonic f u n c t io n  

u t  j |  ( wt—̂ )

b .  In  t h e  o th e r  f a c t o r s
. kw *► j  w

The F o u r i e r  c o e f f i c i e n t  o f  the  r a d i a l  d isp lacem en t  w i s  

given i n  view o f  e q , ( 4 . 1 3 )  and e q . ( 4 . 2 0 )  a s :

w 1mn fcI  L . . sin^-Cwt—̂ ) + J Lpk cosfe(ut-V») 
= 1 ,3 ,5  2 k * l , 3 , 5  2K 2

(4 .2 1 )

then  t h e  F o u r ie r  c o e f f i c i e n t  o f  t h e  a c o u s t i c  p r e s s u r e  Q i s  

g iven a s :

- - T  j , ,
k = l , 3 , o

+  k L 2 k 0 ^ ) ( x m) ] B l n

-  W' l k 0mn) <Itm)]oos

( 4 . 2 2 )
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I n  which

«a(k, . idisfai - (EH.)2
m H e *2 L

(4 .2 3 )

koia
* o (lc> 2 e

In  view o f  e q u a t io n  e q . ( 2 . 2 9 ) »  th e  F o u r i e r  co­

e f f i c i e n t  o f  the  a c o u s t i c  p r e s s u r e  e q . ( 4 , 2 2 )  may be w r i t t e n  

a s :

Q ■ x i ^  ( x n Yvt' + PCof.^(x_)w mn kw mn m mn mn m mn
T

(4 .2 4 )

T h e re fo re  the  a c o u s t i c  r e a c t a n c e  and r e s i s t a n c e  f u n c t i o n s  

Mrmn an<J CfM> l,ecome!

M. -  )fmn mn Ku mn m

( 4 . 2 5 )

C , n « «= p c o f ^  ( x jfmn mn mn m

The Mathieu e q u a t io n s  e q . ( 4 . l 6 )  may th e n  be 

w r i t t e n  because o f  e q . ( 4 . 2 5 )  a s :



Hi*

I  0 + TT F I  y + TT P y ( - mn K * l mn n ■*

+ { ?  + T* ^aP+ecl c o s ( Mt - * ) ] P  j  y e 0

< ^ - 2 6 )

I n s e r t i n g  eq .(* l .20 )  i n t o  e q . ( 1l*26 )> one o b ta in s  a f t e r  

c o l l e c t i n g  the  c o e f f i c i e n t s  o f  t h e  same harmonic f u n c t i o n :

5 i { - V s -  x ?  + 5 + x « p ?

- 1r  « ? )  -  f x  ?

+ 53 X ¥  s * 0 (*1.27)

*1 I X 5 + *1 { " V 0

-4 X ! + ? + X

X f  I I + F3 X f  ? ‘ 0
(*1. 2 8 )



The s e t  o f  eq . ( i J .2 7 )  t h r o u g h  e q . ( ^ . 3 0 )  r e p r e s e n t s  a 

sys tem  o f  a  double  i n f i n i t e  homogeneous a l g e b r a i c  e q u a t io n s  

w i th  doub le  i n f i n i t e  unknowns a ^  and (k*=l,3 » • • •  * ) •

F o r  n o n - t r i v i a l  s o l u t i o n ,  th e  d e t e r m in a n t  o f  t h e  

c o e f f i c i e n t s  must v a n i s h .  I t  may be shown t h a t  such i n f i n i t e



d e te rm in a n t  i s  convergen t  [ 1 6 ] .

A f i r s t  app ro x im a t io n  o f  th e  i n f i n i t e  d e te rm in a n t  

c o r re sp o n d s  to  the  harmonic s o l u t i o n :

y * sin(*il̂ p*') + c o s . 31)

I t  f o l lo w s  t h a t  t h i s  d e te rm in a n t  i s :

*11 ” '12

?12 ?22

(4 .3 2 )

where
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The m a t r ix  r e p r e s e n t s  th e  damping e f f e c t s  o f  th e  f l u i d  

medium.

The c h a r a c t e r i s t i c  d e te rm in an t  co r r e s p o n d in g  t o  th e  

p r i n c i p a l  r e g io n s  o f  i n s t a b i l i t y  may be reduced  to  a  de­

t e rm in a n t  o f  lower  o rd e r  i f  the  damping e f f e c t s  a re  i n s i g ­

n i f i c a n t  o r  v a n i s h in g .  In  t h i s  case  one o b t a i n s  a f t e r  ne­

g l e c t i n g  th e  m a t r i x  H ^ i

S i i - 22

In  terms o f  e q . ( 4 .3 3 ) »  t h e  above d e te rm in a n ts  become:

(4 .3 4 )

One d e f in e s '  the  fo l lo w in g :

Û  **(1 ) _L *1
‘1 1  ■ •  •  T  wm  ici^ + 1

a 2 « 1 1
11 ’  “P<311 1 ~ S

.  *  „ ( l >  _a20^2 ■ * T  tl. ----T  mn Kk,

(*1 .35)
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12 " Kkx apq12
_a

Kk
2 Bq12

“13 " “12

a 2 &2 
B13 “ Kk^ “pq13 * KkJ “ 2”  q

u
‘21 X  Mmn Kk,

( 1 ) a 4

a „ a 2 D„ + _af. gq21
21 Kk2 “pq21 ± Kk2 2

‘22 1 - ti)
iin:

U2  H( l )  a 2 
X Mmn

22
a 2 _a f. 6q22

Kk2 “pq22 “ Kk2 2

“23 “ “21

23
a2 a2

Kk-, “pq23 t  Kk0
eq 23

‘31
TP M*1 *X  mn

a 2
Kk.

( 4 . 3 5 )



I f  t h e  s t a t i c  p r e s s u r e  i s  i d e n t i c a l l y  z e r o ,  th e  de­

t e rm in a n t  e q . (4 .3*0 becomes a f t e r  making use  o f  e q . ( 4 . 3 5 ) :

a l l +Bl l q

°21+B21q

°31+B31q

° 1 2 +B1 2 q

° 2 2 +B22q

a 32+B32q

a13+B13q

°23+B23q

°33+B33q

* 0

(4 .36 )

The expans ion  o f  t h e  above d e te rm in a n t  y i e l d s  a 

c h a r a c t e r i s t i c  e q u a t io n  i n  te rm s  of  th e  v i b r a t o r y  p r e s s u r e  q ,
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t h e  s t a t i c  p r e s s u r e  b e i n g  i d e n t i c a l l y  z e r o :

P 3 1 q 3 + P 3 2 q 2 + P 3 3 q + F 3l)  •  0  ( 1 | . 3 7 )

w h e r e :

P 3 1  "  e i l 8 2 2 B 3 3 ” 6 H B 3 2 $ 2 3 + 0 1 2 e 2 3 6 3 1  

“ B1 2 B2 1 B 3 3 + B 1 3 B2 1 B 3 2 " B1 3 B 3 1 6 2 2

P 3 2  -  a l l B2 2 B 3 3 " ° l l e 3 2 B2 3 + B l l a 2 2 B 3 3  

+ B l l B2 2 a 3 3 " Bl l a 3 2 B2 3 " 0 l l 6 3 2 a 2 3  

+ ° 1 2 B2 3 B 3 1 ” ° 1 2 B2 1 B 3 3 + P 1 2 “ 2 3 B 3 1  

+ B 1 2 B2 3 a 3 l " B1 2 a 2 1 B3 3 “ 6 1 2 B2 1 a 3 3  

+ a 1 3 B2 1 B 3 2 " ° 1 3 B 3 1 B2 2 + B 1 3 a 2 1 B3 2  

+ B 1 3 B2 1 a 3 2 ' B1 3 ct3 1 B2 2 ” B 1 3 8 3 1 a 2 2

( 4 . 3 8 )
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P33 " “l l a22833+al l B22033"a l l 032B23

“ al l e32o23+8l l cl22ot33_ 0l l o32ol23

+a12a 23S31+a12e23ct3 l " a 12e210t33

" o12a 21B33+B12a 23a 3 l " 012°21o 33

+o,13a21032+a13e21a 32"a 13a 31622

“ O13031a 22+013ct21a 32"013a 31a22

P34 “ ' 0,lXc‘22a 33"al l ° 3 2 a 23+c,12a23a 33

" a12a 21a 33+a13a 21°32"a 13a 31a 22

(4 .3 8 )

The e i g e n b u c k l in g  p r e s s u r e  o f  a long  c i r c u l a r  

c y l i n d r i c a l  s h e l l  under  i n t e r n a l  l a t e r a l  p r e s s u r e  i s  de­

f i n e d  as  [ 9 ] :

P *» Eh 3 (n2- 1 ,)..  ( 4 .3 9 )
n 12a ( 1- v )



I f  t h e  r a t i o  y i s  d e f i n e d  a s :

52

Y * ( 4 . Ho’)
n

then equation eq.CH.37) becomes:

T3 + J a a  r2 t - !aa? Y + - J a s , . o  < m u
31 n P31P= P3l Pn

S in c e  t h e  q u a n t i t i e s  P ^ ,  2 ^ 2 *  P33 and P3H a r e  f u n c t l o n s  of  

t h e  f r e q u e n c i e s ,  one may s o lv e  e q . ( H .H l )  f o r  y once th e  

f r e q u e n c i e s  a re  g iv e n .  Of co u rse  y i s  a  d i m e n s io n l e s s  

v i b r a t o r y  p r e s s u r e .



CHAPTER V 

NUMERICAL ANALYSIS

The aim o f  t h i s  s tu d y  from t h e  b e g in n in g  has  been  t o  

d e te rm in e  th e  c o n d i t i o n s  u n d e r  which a s h e l l  v i b r a t i n g  i n  

i t s  b r e a t h i n g  m otion  may l o o s e  i t s  s t a b i l i t y .  In  o t h e r  w ords ,  

t h e  q u e s t i o n  i s  t o  f in d  a  s e t  o f  p a r a m e te r s  f o r  which th e  

I n i t i a l  motion  o f  th e  s h e l l  I s  s t a b l e  o r  u n s t a b l e .  The 

g o v e rn in g  e q u a t i o n s  o f  t h e  p e r t u r b e d  motion d eve loped  i n  th e  

p r e v io u s  c h a p t e r s ,  a re  v a l i d  f o r  any ty p e  o f  c i r c u l a r  c y l i n ­

d r i c a l  s h e l l s  v i b r a t i n g  I n  an a c o u s t i c  medium as  w e l l  as  i n  

vacuo.  Of c o u r s e  t o  o b t a i n  t h e  g o v e rn in g  e q u a t io n s  o f  th e  

s h e l l  i n  vacuo ,  one has t o  s e t  t h e  a c o u s t i c  r e a c t a n c e s  and 

r e s i s t a n c e s  e q u a l  t o  z e r o .

The a n a l y s i s  u n d e r ta k e n  i s  r e s t r i c t e d  t o  t h e  d e te rm in ­

a t i o n  o f  t h e  p r i n c i p a l  r e g i o n s  o f  i n s t a b i l i t y  when th e  s t a t i c  

p r e s s u r e  i s  I d e n t i c a l l y  z e r o .  I t  fo l lo w s  t h a t  eq .  (H.JJl) i s  

t h e  b a s i s  o f  t h e  co m p u ta t io n s .  T h is  e q u a t io n  has been 

d e r iv e d  assuming t h a t  t h e  a c o u s t i c  r e s i s t a n c e  i s  ze ro  o r  

n e g l i g i b l e .  The s e t  o f  p a r a m e te r s  used h e r e  shows t h a t  t h e  

a s sum pt ion  i s  v a l i d  s i n c e  t h e  arguments o f  t h e  B e s s e l  func­

t i o n s  a r e  Im ag ina ry  over  a good r an g e  o f  t h e  f req u en cy  r a t i o  

t*n * u / 2wn , where u and u>n a r e  r e s p e c t i v e l y  t h e  f o r c i n g
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f req u en cy  o f  t h e  s h e l l  v i b r a t i n g  I n  v ac u o ,  when t h e  c i rcum ­

f e r e n t i a l  wave number i s  n .  Tab le  V g i v e s  t h e  r an g e  o f  t h e  

p a ra m e te r s  an f o r  which t h e  B e s s e l  argum ents  a r e  im a g in a ry .  

This  t a b l e ,  when r e a d  a t  t h e  same t im e a 3 P ig .  10 th ro u g h  

P ig .  14 ,  shows t h a t  th e  damping e f f e c t s  due to  t h e  f l u i d  

medium have no i n f l u e n c e  upon th e  p r i n c i p a l  r e g i o n s  o f  i n ­

s t a b i l i t y .  Th is  p o in t  i s  d i s c u s s e d  below. From C h a p te r  I I ,  

i t  i s  known t h a t  th e  a c o u s t i c  r e s i s t a n c e  i s  i d e n t i c a l l y  ze ro  

when t h e  arguments  o f  t h e  B e s s e l  f u n c t i o n s  a r e  im a g in a ry .

I n  o r d e r  t o  d e te rm in e  t h e  c o e f f i c i e n t s  o f  t h e  cub ic  

a l g e b r a i c  e q u a t io n  e q . ( 4 . 4 l ) ,  t h e  f o l lo w in g  s t e p s  must be 

e x e c u te d  f o r  each  g iven  f re q u e n c y  r a t i o  an :

a .  Determine th e  n a t u r a l  f req u en cy  un  o f  t h e  v i b r a t i n g  

s h e l l  i n  vacuo. (See Table  I ) .

b. Determine th e  f o r c i n g  f requency  w g iven  th e  

f re q u e n c y  r a t i o

a ■ u / 2ai n n

c.  Compute t h e  argument o f  t h e  a c o u s t i c  r e a c t a n c e  and 

r e s i s t a n c e  f u n c t i o n s  owing to  t h e  p e r t u r b e d  motion 

u s in g  e q . ( 2 . 12) f o r  t h e  b r e a t h i n g  motion and e q . ( 4 . 2 2 )  

f o r  t h e  a d d i t i o n a l  motion
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d .  Determine  t h e  a c o u s t i c  r e a c t a n c e s  and r e s i s t a n c e s :

0o o ^ o ^

W V *  lW xm)

H( i )  D( l )
mn * mn

e .  C a l c u l a t e  t h e  c o e f f i c i e n t s  o f  t h e  cub ic  e q u a t io n  

eq.ClJ.JJl)

P3 1 '  P32* P33* P31*

and th e  e ig e n b u c k l in g  p r e s s u r e

V

f .  F i n a l l y  f i n d  th e  s m a l l e s t  a b s o l u t e  va lu e  o f  th e  

n o n d im en s io n a l  dynamic p r e s s u r e

Y ■ q/pn from eq.(^.lil)

A t e s t  i s  made to  a s s e s s  t h e  v a l i d i t y  o f  t h e  e q u a t io n s  

deve loped  i n  th e  p r e s e n t  i n v e s t i g a t i o n  when t h e s e  a r e  com­

p a re d  t o  th o s e  d e r i v e d  by Deng and P o p e la r  I n  r e f e r e n c e  [ 2 ] .  

The r e s u l t s  o f  t h e  t e s t  a r e  p l o t t e d  i n  te rm s o f  t h e  dimension- 

l e s s  dynamic p r e s s u r e  y  v e r s u s  th e  f req u en cy  r a t i o  <*n as 

shown i n  F ig .  10. The D eng-Pope la r  a n a l y s i s  co r re sp o n d s  t o  

L/ma ■ •  w h i le  t h e  p r e s e n t  s tu d y  co r re sp o n d s  t o  L/ma *= 100.

The com puta t ions  a r e  perfo rm ed  o v e r  t h e  same r an g e  o f  s h e l l  

and f l u i d  p a r a m e te r s  when t h e  c i r c u m f e r e n t i a l  wave number i s



n *» 6 . The d a t a  used i n  t h i s  c h a p te r  f o r  a s t e e l  s h e l l  and 

w a te r  a r e :

a / h  ■ 100 

p * 1.9*1 s l u g / f t ^

Ps s 15 s l u g / f t ^

v *= 0 .3  

0mn

P = 0

The v a r i a b l e  f u n c t io n s  a r e  th e  c i r c u m f e r e n t i a l  wave number n 

and th e  r a t i o s  L/ma.

The a n a l y s i s  o f  th e  t e s t  as d e p i c t e d  i n  F ig .  10 shows:

1. The agreement between th e  Deng-Popelar  graph and th e  

graph o f  th e  p r e s e n t  s tudy  i s  ve ry  good i n  an a c o u s t i c  

medium as  w e l l  as in  vacuo.

2. The p r i n c i p a l  r e g io n s  o f  i n s t a b i l i t y  emanate from 

ag " i  i n  vacuo.

3. The Deng-Popelar  graph (n®6 , L/ma*1®) e x h i b i t s  an a r e a  

o f  t h e  p r i n c i p a l  r e g io n  o f  i n s t a b i l i t y  l a r g e r  th a n  

th e  g raph  (n«6 , L/ma=100) i n  vacuo s in c e  th e  form er  

has a w id th  l a r g e r  than  th e  l a t t e r  a t  y  * 1 o r

q/Pg 85 1 .



4. In  an a c o u s t i c  medium th e  p r i n c i p a l  r e g io n s  of  i n ­

s t a b i l i t y  a r e  s h i f t e d  towards th e  l e f t  o f  ag * 1 .

The graph (n^S, L/ma=«) has a c u t - o f f  a t  ag ■ 0 .57  

w h i le  the  graph (ne 6 , L/ma=100) has  one a t  ag = 0 .6  

i n  th e  diagram o f  y -  ag (Fig* 10)•

5. The w id ths  o f  th e  p r i n c i p a l  r e g io n s  o f  i n s t a b i l i t y  

a r e  l a r g e r  i n  vacuo th a n  i n  an a c o u s t i c  medium.

6 . The a c o u s t i c  r e s i s t a n c e  I n  t h e  p e r tu r b e d  e q u a t io n s  

o f  motion i s  I d e n t i c a l l y  ze ro  and has no e f f e c t  on 

t h e  p r i n c i p a l  r e g io n  o f  I n s t a b i l i t y .

The e f f e c t s  o f  th e  f l u i d  medium a t  the  p a r a m e t r ic  

resonance  o f  th e  p r i n c i p a l  i n s t a b i l i t y  r e g io n s  a r e  shown in  

Table  I I  and Table  I I I .  The r e s u l t s  I n d i c a t e  t h a t  the  

a c o u s t i c  medium, h e re  w a te r ,  has  a tendency  to  s h i f t  t h e  

p r i n c i p a l  r e g io n s  o f  I n s t a b i l i t y  towards th e  l e f t  o f  th e  

p r i n c i p a l  reg io n  o f  i n s t a b i l i t y  In  vacuo, which e x h i b i t s  a 

c u t - o f f  i n  the  p l o t  o f  y ■ ®n a t  a ■ 1 .

F ig u re  11 d i s p l a y s  th e  graphs (n»2,  L/ma®l) b e s id e  

th o s e  o f  Deng-Popelar  (n*2, L/ma*®*). While th e  Deng-Popelar  

graph and th e  graph (n®2 , L/ma®l) emanate from a 2 ■ 1 i n  

vacuo,  t h e  l a t t e r  e x h i b i t s  a n o th e r  b ranch  o f  i n s t a b i l i t y  a t  

ag * 0 . 78 , which co r responds  t o  the  o r d in a r y  resonance  o f  

t h e  b r e a t h i n g  motion .  In  f l u i d  th e  graph (nR2 , L/ma«l) i s
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more s h i f t e d  tow ards  t h e  l e f t  o f  a,, * 1 th a n  th e  g raph  (n=2, 

L/ma*®). The w id th s  o f  t h e  p r i n c i p a l  r e g io n s  o f  i n s t a b i l i t y  

f o r  (n«2 , L/ma**l) a re  s m a l le r  th a n  t h a t  o f  th e  g rap h  (n*2, 

L/mas ®) in  vacuo as  w e l l  a s  i n  an a c o u s t i c  medium. S im i la r  

f e a t u r e s  a r e  e x h i b i t e d  i n  F ig . 12 f o r  t h e  g raph  (n=6 , L/mas ») 

and th e  graph (n«6 , L/maa l )  in  f l u i d  and i n  vacuo ; th e  b ranch  

a t t a c h e d  to  th e  o rd in a r y  re so n an ce  i n  vacuo i s  o u t  o f  ran g e  

o f  th e  p a ra m e te rs  used  h e re  (ag * 0 .1  t o  ag * 2 . 0 ) .  The 

r e s u l t s  o f  t h e  p r i n c i p a l  r e g io n s  o f  i n s t a b i l i t y  f o r  th e  g raph  

(n«2 , L/ma=2) a re  i l l u s t r a t e d  i n  F ig .  13. A lthough th e  

g raphs  i n  F ig .  13 p r e s e n t  th e  same c h a r a c t e r i s t i c s  as th e  

g raphs  (na 2 ,  L/ma=l) i n  F ig .  1 1 , t h e  o rd in a ry  re so n a n ce  o f  

th e  b r e a t h in g  m otion o c c u rs  a t  th e  r i g h t  o f  a2 s  1 a t  

a2 * 1 .5 3 .  The g raphs (n a 6, L/ina«2) i n  F ig .  14 i l l u s t r a t e  

th e  same f e a t u r e s  as g rap h  (na 6 ,  L /m a»l) in  F ig .  12.

How does th e  p a ra m e tr ic  b u c k l in g  o ccu r  p h y s i c a l l y  a t  

th e  p r i n c i p a l  re so n a n c e  an a 1 i n  vacuo f o r  in s t a n c e ?  S ince  

th e  s h e l l  p a r t i c l e s  a r e  assumed t o  v i b r a t e  i n  t h e i r  norm al 

mode e x e c u t in g  sim ple  harmonic m otion  w i th  th e  p e r io d  and 

phase  o f  th e  m otion b e in g  th e  same f o r  a l l  p o in t s  on th e  

s h e l l ,  th e  p a ra m e tr ic  b u c k l in g  i s  e x p la in e d  as f o l lo w s :

a. When th e  e x c i t i n g  i n t e r n a l  p r e s s u r e  i s  com pressed

go ing  from z e ro  t o  i t s  n e g a t iv e  maximum and from t h i s  

maximum to  z e r o ,  th e  s h e l l  expands go ing  from ze ro  to



i t s  p o s i t i v e  maximum.

b .  When t h e  s h e l l  s t a r t s  to  go from i t s  p o s i t i v e  maximum 

to z e r o ,  th e  e x c i t i n g  p r e s s u r e  expands go ing  from 

zero t o  i t s  p o s i t i v e  maximum and from t h i s  p o in t  to  

zero. T h a t  i s  th e  e x c i t i n g  i n t e r n a l  p r e s s u r e  h e lp in g  

the s h e l l  to  q u ic k ly  r e tu r n  from i t s  p o s i t i v e  maximum 

d isp la c e m e n t  to  z e r o .  The i n t e r n a l  p r e s s u r e  i s  

i n t r o d u c in g  new en e rg y  in  t h e  system . That i s  why 

the d is p la c e m e n t  o f  th e  s h e l l  s t a r t s  t o  in c r e a s e  w ith ­

out b o u n d .

Not o n ly  th e  mechanism o f  p a ra m e tr ic  b u c k l in g  occu rs  

a t  th e  p r i n c i p a l  resonance  in  vacuo , bu t a l s o  i t  o cc u rs  a t  

t h e  p r in c ip a l  re so n a n c e  i n  an a c o u s t i c  medium as w e l l  as  a t  

any point o f  t h e  i n s t a b i l i t y  r e g io n .

Table IV  summarizes th e  im p o r ta n t  r e s u l t s  a t  th e  

p r in c ip a l  r e g i o n s  of i n s t a b i l i t y  i n  a f l u i d :

a .  the v a l u e s  of th e  c u t - o f f  f req u en cy  in  th e  p l o t  

q/pn v e r s u s  an a t  q /P n e 0*

•b, the w i d t h s  of th e  i n s t a b i l i t y  r e g io n s  a t  q /p n « 1.

With the h e lp  o f  Table IV , one s e e s  t h a t  t h e r e  i s  no c l e a r  

r u l e  between t h e  frequency  r a t i o s  and th e  in c r e a s e  o f  th e  

le n g th - r a d iu s  r a t i o s  L/ma. The l a c k  o f  r u l e  a g a in  e x i s t s  

between the w id th s  and t h e  In c re a s e  o f  th e  r a t i o  L/ma,
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The re a s o n  i s  t h a t  th e  a c o u s t i c  r e a c t a n c e s ,  c a l l e d  a l s o  

"added m ass" , a r e  f u n c t io n s  o f  th e  r a t i o s  L/ma. The 

im portance  o f  th e  "added mass" i s  e x e m p li f ie d  by l a r g e r  

s h i f t s  tow ards t h e  l e f t  o f  a •* 1 , e x h i b i t e d  by th e  p r i n ­

c i p a l  r e g io n  o f  i n s t a b i l i t y  in  an a c o u s t i c  medium.

To o b ta in  th e  D eng-Popelar r e s u l t s ,  one has t o  l e t  

L/mago t o  » •. Then th e  argum ents o f  th e  B e sse l  f u n c t io n s  

a re  r e a l .  C onsequently  th e  damping e f f e c t s  may become 

Im p o r ta n t .  But i f  L /nagoes to  z e ro ,  th e s e  argum ents become 

im aginary  and te n d  tow ards J® where J ■ - / ^ T .  T h e re fo re  th e  

a c o u s t i c  r e a c ta n c e  may re a c h  i t s  maximum and then  te n d s  t o ­

wards th e  va lue  z e ro .  In  t h i s  c a s e . t h e  "added mass" te n d in g  

tow ards ze ro  le a d s  to  no s h i f t  a t  a l l  o f  th e  p r i n c i p a l  re g io n  

o f  i n s t a b i l i t y  i n  an a c o u s t i c  medium.

The m otion o f  th e  s h e l l  w i l l  be s t a b l e  o r  u n s ta b le  

depending  upon th e  f a c t  t h a t  a r e p r e s e n t a t i v e  p o in t  i n  t h i s  

space f a l l s  e i t h e r  o u ts id e  o r  i n s i d e  th e  boundary re g io n s  o f  

i n s t a b i l i t y .  I f  i t  f a l l s  i n s i d e ,  th e n  th e  d isp la c e m e n ts  

w i l l  grow w ith o u t  l i m i t .  I f  i t  f a l l s  o u t s i d e ,  th en  th e  

motion w i l l  be a  s te a d y  s t a t e  m otion . A lthough th e  m agnitude 

o f  th e  s t a t i c  p r e s s u r e  i s  th e  d e te rm in in g  f a c t o r  i n  th e  

s t a t i c  s t a b i l i t y  a n a l y s i s ,  th e  freq u en cy  r a t i o s  a re  th e  

c h a r a c t e r i s t i c  e lem en ts  o f  th e  dynamic s t a b i l i t y .  I t  means 

t h a t  th e  dynamic p r e s s u r e  q may exceed  th e  s t a t i c  b u c k l in g
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p r e s s u r e  pR w ith o u t  c a u s in g  a  l o s s  o f  s t a b i l i t y  as lo n g  as 

t h e  r e p r e s e n t a t i v e  p o in t  i s  o u t s i d e  th e  r e g io n  o f  

i n s t a b i l i t y .



CONCLUSION

In  summary, th e  d i s c u s s io n  o f  t h e  g raphs o f  p r i n c i p a l  

r e g io n s  o f  i n s t a b i l i t y  h as  shown t h a t :

a . The ’’added mass" owing to  th e  f l u i d  medium has th e

e f f e c t  o f  s h i f t i n g  th e  p r i n c i p a l  r e g io n  o f  i n s t a b i l i t y

tow ards th e  l e f t  o f  ** 1 i n  t h e  p l o t s  o f  Q/Pn

v e rsu s  a . n

b. The w id th s  o f  th e  p r in c ip a l  r e g io n s  o f  i n s t a b i l i t y  

in  f l u i d  medium a r e  sm a lle r  th a n  th o se  In  vacuo f o r  

th e  same range o f  p a ram e te rs .

c .  The e f f e c t s  o f  th e  r a t i o s  L/ma a r e  s i g n i f i c a n t  f o r  

th e  s h i f t s  o f  th e  p r i n c ip a l  r e g io n s  o f  I n s t a b i l i t y  

In an a c o u s t i c  medium.

d. The c o r r e l a t i o n  o f  L/ma and r a t i o s  o r  th e  w id th s  

o f  th e  p r i n c i p a l  r e g io n  o f  I n s t a b i l i t y  cannot be 

e s t a b l i s h e d  c l e a r l y  f o r  lack  o f  s u f f i c i e n t  I n f o r ­

m ation .

62
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TABLE I

Frequency P aram eters  o f  a  C i r c u la r  C y l in d r i c a l  Thin S h e l l :
p q/ p * 7 .7 ,  v * 0 .3 ,  a /h  ■ 100 , w » 2134.798 r a d / s e c .  s ^

L/ma n
»

A1 a2 A3

1 2 3.76 2.2678 0.6527
1 6 6.8187 4.0392 0.238696

2 2 2.7334 1.4662 0.327206
2 6 6.1353 3.564 0.10256

100 6 6.0824 3.5497 0.099655

* *1 *



64

TABLE II

Frequency R a t io s  and Arguments o f  B e s s e l ' s  F u n c t io n s  a t  th e  
P r i n c i p a l  Resonance: p s / p = 7»7» v  ■ 0 .3»  &/h ** 100*

c / c s * 0 .2 8 2 ,  to0 = 2134.798 r a d / s e c . ,  p s 0 ,  s 0

n L/ma y0 B 2xo xo x_m
u

6 100 0.424 0 .212 0 .2 1 0 .6

2 1 1 .621 0 .811 -3 .0 3 1 J 0 .35

6 1 0 .5 9 3 0.297 -3 .1 2 6 J 0 .34

2 2 0.974 0.487 -1 .4 9 J 0 .42

6 2 0.128 0 .064 -1 .5 7 J 0 .18



6 5

TABLE III

D lm ension less  F o rc in g  F req u en c ies  a t  th e  P r i n c i p a l  P a ra m e tr ic  
Resonance: ps /p  = 7 . 7 ,  v « 0.3* c / c s ” 0 .2 8 2 ,  a /h  B 100,

«0 * 2134.798 r a d / s e c . ,  p = 0 , = 0

n L/ma an A3 «/w0*

6 100 0 .6 0.099655 0.12

2 1 0.35 0.6527 0.456

6 1 0.34 0.238696 0.167

2 2 0.42 0.327206 0.275

6 2 0.18 0.10256 0.037
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TABLE IV

Frequency  R a t io s  a t  th e  P r in c ip a l -R e so n a n c e  and Widths o f  
t h e  P r i n c i p a l  Regions o f  I n s t a b i l i t y  a t  y  * 1: pg/p  * 7 . 7 ,
v « 0 .3 ,  c / c s * 0 . 282, a /h  -  100 , wQ -  2134.798 r a d / s e c . ,

n L/ma 0 n w id th  a t  y B 1

2 1 0 .35 1 .0
2 2 0 .42 0 .8
2 - ! 0 .40 1 .7

6 1 0 .34 1 .0
6 2 0.18 1 .7
6 100 0 .6 3 .5
6 0 .58 3 .0

* L/ma * •  a r e  r e s u l t s  found by Deng and P o p e la r  i n  R e f . [ 2 ] ,
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TABLE V

The Range o f  V an ish in g  A co u s tic  R e s is ta n c e

n L/ma *an * l“ (on*2 CD X 3

6 100 0 .1  -  2 .0 0

2 1 0 .1  -  1 .3 0

6 1 0 .1  -  2 .0 0

2 2 0 .1  -  1 .3 0

6 2 0 .1  -  2 .0 0

i
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P i g . 1

S h e l l  G e o m e t r y  a n d  C o o r d i n a t e  s y s t e m  a n d  
D i s p l a c e m e n t s .



PiGo 2

C r o s s  s e c t i o n  o f  C y l i n d r i c a l  S h e l l *
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e

P ig .  3

M e m b r a n e  F o r c e s  a n d  S i g n  C o n v e n t i o n .



0X

X

71

e

P ig .  4

S t r e s s  K o m e n t s  a n d  S i ^ n  C o n v e n t i o n *



= i n f e r n a l  a c o u s t i c  medium, 
fg  =s e x t e r n a l  a c o u s t i c  medium,
p+q. c o s W t  ^ i n t e r n a l  a c o u s t i c  p r e s o u r e .
Q r_es e x t e r n a l  a c o u s t i c  p r e s s u r e .

FiC.5

D ir e c t io n s  o f  th e  I n t e r n a l  and E x te r n a l  A c o u s t ic
P r e s s u r e s .
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1.8

1.2

Q.8

n=60 .6

n=2
n=0

0.2

6. 100 . 4 . 6 .

F ig .  6

A c o u s t ic  R eac tan ce  R a t io s  f o r  P a r t i a l  'Javc3 R a d ia te d  by 
a  C y l i n d r i c a l  S u rfa c e  w i th  L/ma s o o  •

* These curves are taken from reference 13 (Jungor }



7*1

• 8

on
6

4

. 2

0

0.8

0.6

n=6
0 .4

0.2

0 .
10.8.6 .4 .2 .

r i g . 7

A co u s t ic  R e s is ta n c e  R a t io s  f o r  P a r t i a l  Waves R a d ia te d  by 
a  C y l i n d r i c a l  S u rfa c e  w i th  l /m a  = oo *

♦These curves are taken from reference 13 (Jungor).
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1
A co u s tic  R e ac tan c e  R a ti0 3  f o r  L/ma =2 f l / a  » m = 2 .

* Those curves aro taken from reference 14 (Junker)



nm

0 .3

n=2
0*6 n=6

0 .4

0.2

10

0 .  2 .  4 .  6 .  8 .  10 .

x o
P i e .  9

A co u s t ic  R e s is ta n c e  R a t io s  f o r  L/ma =2, L /a  =4 ,mK2.

*T licoo  c u r v e s  a r e  t a k e n  f ro m  r e f e r e n c e  14  ( J u n k e r  ) •
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0 .2  0 .4  0 .6  0 .8  1 .  1 .2

P i G . I O

P r i n c i p a l  I n s t a b i l i t y  Kc&ion f o r  a s t e e l  S h e l l :  
—  iJong-P opo lar  L/ma = o o  * , _______  l /m a

S $  / s  - 7 * 1  » V  = 0 .3  , a / h  =100 , c  / c Q =0 .2 8 2
P S 0 , i f J J »  o r  i n  w a te r  ,
C = J  i n  vacuo 

1 .4
w/2Ug

=100 ,
,  n=6,

*Tlie Deng -Popelar curves are taken from reference 2.



1.

0.8

0 .6

0 .4

0 .2

0 .
0 .2  0 .4  0 .6  0 .8  1 .  1 .2  1 .4

u / 2 (i>2

FiS.11

P r i n c i p a l  I n s t a b i l i t y  I tc j io n  f o r  a s t e e l  S h e l l !
D c n s -P o p e lc r  ij/ma » m o  _ l /m a  = 1 . ,

=7.7 , P  = 0 . 3  ,  a / h  =100 , c / c g = 0 .2 0 2 ,

n=2 , p s  0 , 5  0 * £ 2 3 2 3  o r  P O C O N )
i n  w a te r  f ~ " |  in  v a c u o .

* Pho D eu s-P o p e la r  cu rv es  a r e  talren from  r e f o re n c o  2 .



P ig # 12

P r i n c i p a l  I n s t a b i l i t y  r e g io n  f o r  a  s t e e l  S h e l l  :
------------D en g -P o p e la r  L /n a  = o© * , _ _  l /m a  =1 • >

/ f  = 7 .7  = 0 .3  , a / h  =100 , c / c B =0.232 ,
n=6 , p 8  0 , D ^  S 0 , \ s s  s s  s  ~ A  o r  [3, \  \  \  > 3 3  
i n  w a te r  ' , | "I in  vacuo •

*xTUg Deng -Popelar curves are tahen from referonco 2#
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a / p

o .o

0 .6

0 .2

0 . 4  0 . 6  0 . 8  V# 1 . 2  1 . 4  1 . 6

w/2«2

P i g . 13

P r i n c i p a l  I n s t a b i l i t y  R egion f o r  a  s t e e l  S h e l l :  
l /m a  =2 , g t  / $  .=7*7 , V « 0 ,3  , a / h  =100 ,
p s  0 ,  5  0 , c / c D =0.282 , n  = 2 ,

\ / '/ ~ / r 7 '7 7 / \  i n  v a t e r  , I I i n  vacuo •
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0 .8

0 .6

0 .4

0 .2

0 . 0.2 0 .4  0 .6  0 .8  1. 1.2
u /2ug

F iC .14

P r i n c i p a l  I n s t a b i l i t y  n o t i o n  f o r  a  s t e e l  S h e l l :  
l / n a  =2 ,  &  / S  = 7 .7  , V  = 0 .3  , a / h  =100 ,
p g  0 ,  5  0 »> o /ca = 0 .282  ,  n=6 »

i n  v a t o r  , I" '  1 in  vacuo •
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