
This dissertation has been  
microfilmed exactly as received 66—1822

ROECA, J r .,  W illiam  B ryan, 1934- 
DESIGN OF AN AUTOMOBILE CONTROLLER FOR 
OPTIMUM TRAFFIC RESPONSE TO STOCHASTIC 
DISTURBANCES.

The Ohio State U niversity , P h .D ., 1965 
E ngineering, e lec tr ica l

U niversity M icrofilms, Inc., Ann Arbor, M ichigan



DESIGN OF AN AUTO M OBILE C O NTRO LLER

FOR OPTIM UM  TR A FFIC  R ESPO N SE TO

STOCHASTIC DISTURBANCES

DISSERTATIO N

P r e se n te d  in  P a r t ia l  F u lf illm e n t o f the R eq u irem en ts  
fo r  the D e g r e e  D o cto r  of P h ilo so p h y  in  the G raduate  

S ch oo l o f The O hio State U n iv e r s ity

By

W illia m  B ryan  R o e ca , J r . ,  B . S . E . E . ,  M .S c .

sQc 9$C i$c sjc )$C

T he O hio State U n iv e r s ity  
1965

A p p roved  by

A d v ise r  v  )
nt of E le c t r ic a lD ep a rtm en t

E n g in e er in g



AC KNOWLED GMENTS

The author w is h e s  to ack n ow led ge the sup p ort of the U . S. 

B ureau  of P u b lic  R oads and the Ohio D ep a rtm en t of H ighw ays for  

th is  stu d y . The B u reau  h as b een  p a r t ic u la r ly  en co u ra g in g  to funda

m e n ta l r e s e a r c h  in  the f ie ld  of tra n sp o r ta tio n . A ls o , d eep  gratitu d e  

is  e x p r e s s e d  to D r . R ob ert Li. C os g r if f  fo r  h is  con tin u ed  e n c o u r a g e 

m en t and g u id an ce , w ith out w h ich  th is  w ork  cou ld  not h ave  b een  c o m 

p le te d . Thanks a r e  a ls o  g iv en  to P r o fe s s o r  C . E a r l W arren , w h ose  

su g g e s t io n s  and co m m e n ts  w er e  qu ite illu m in a tin g  to the author and 

in s tr u m e n ta l to the c o m p le tio n  of the p a p er . S in c e r e  thanks a r e  g iven  

to M r s . V irg in ia  Li. S p ragg  for  h er  e f f ic ie n t  typing of the f in a l m a n u 

s c r ip t  and to  M iss  L o is  K. H ea rin g  who w as a ls o  v e r y  h e lp fu l.

F in a lly , the author m u st  g ive  d e e p e s t  thanks to h is  w ife  fo r  h er  c o n 

tinued h e lp , p a tien c e , and u n d erstan d in g  throughout the d u ration  of 

th is  w ork  w ithout w hich  it  cou ld  not h ave  b een  c o m p le te d .

i i i



V ITA

F e b r u a r y  2 0 , 1934  B orn  - A m e r ic u s , G eo rg ia

B . S . - U n iv e r s ity  of M a ry la n d ,
C o lle g e  P a r k , M ary lan d

R adar M ain ten an ce  O ff ic e r ,
U . S . A ir  F o r c e

E n g in e e r , G en era l E le c tr ic  C o . ,
S ch en ec ta d y , N ew  Y ork

R e s e a r c h  A s s o c ia t e ,
T he O hio S tate U n iv e r s ity  R e s e a r c h  F ou n d a tio n , 
C o lu m b u s, O hio

M . S c . , The O hio S ta te  U n iv e r s ity ,
C o lu m b u s, O hio

PU BLIC A T IO N S

"An A d a p tiv e  C o n tro l S y s te m  W ith A p p lica tio n  to the M e a su r e m e n t  
o f H um an O p erator  P a r a m e t e r s ,"  P r o c e e d in g s  o f the In tern a 

tio n a l C o n g r e s s  on H um an F a c to r s  in  E le c tr o n ic s  o f the  
I. R . E . , M ay , 19 6 2 .

" D ev e lo p m en t of an  E le c tr o n ic  H ighw ay A id  S y s te m ,"  H ighw ay  
R e s e a r c h  B oard  B u lle t in  N o . 3 3 6 , H igh w ay R e s e a r c h  B o a rd  

o f the N a tio n a l A ca d e m y  of S c ie n c e s ,  19 6 2 .

"An A n t i-R e a r -E n d  C o ll is io n  S y s te m ,"  H igh w ay R e s e a r c h  R ec o r d  
N o. 10 , H ighw ay R e s e a r c h  B o a rd  of the N a tio n a l A c a d e m y  o f  

S c ie n c e s ,  pp. 1 - 9 ,  1963 .

1 9 5 5 s

1955 -  1957  

1957 - 1959

1 9 6 0  -  1965

1961

iv



F IE L D S  O F  STUD Y

M ajor F ie ld :  E n g in ee r in g

S tu d ies in  A p p lied  M a th e m a tic s . P r o f e s s o r  L e r o y  F .  M e y e r s

S tu d ies in  P h y s ic s .  P r o f e s s o r  W ave H . S h affer

S tu d ies in  S e r v o m e c h a n is m s . P r o f e s s o r s  R o b ert L . C o s g r if f  
and F . C a r lin  W eim er

S tu d ies in  C o m m u n ica tio n  C ir c u it s .  P r o f e s s o r s  C . E a r l W arren  
and W illia m  C . D a v is

v



CONTENTS

P a g e

A C K N O W LED G M EN TS i / i i i

V IT A  iv

LIST O F IL L U ST R A T IO N S v i i

C h ap ter
I . IN TR O D U C TIO N  1

n .  R E SP O N SE  OF A Q U E U E  O F A U T O M A T IC A L L Y
C O N T R O L L E D  V E H IC L E S TO SIN U SO ID AL  
D IST U R B A N C E S 6

ID . R E SP O N SE  O F THE A U T O M A T IC A L L Y
C O N T R O L L E D  Q U EU E TO IN D E P E N D E N T  
STA TIO N A R Y  RANDO M  D IST U R B A N C E S 3 9

IV . Q U E U E  R E SP O N SE  TO R O A D -IN D U C E D
D IST U R B A N C E S 73

V . D ESIG N  O F V E H IC L E  C O N T R O L L E R S FO R
O PTIM U M  Q U EU E R E SP O N SE  88

V I. C O NCLUSIO NS 114

R E F E R E N C E S  118

v i



L IST  O F IL L U ST R A T IO N S

T a b le s
1 .

2 .

F ig u r e s
1 . T r a ff ic  Q u eu e C o o r d in a te s

2 . P r o p a g a t io n  V e lo c ity  o f L in e a r  M ode
S y s te m , T ( s )

3. Road With Sinusoidal Vertical Profile

4 .  N o n lin e a r  F r ic t io n  F o r c e  C h a r a c te r is t ic

5 . Id e a l V e lo c ity  C o n tr o lle r

6 . V e lo c ity  C o n tr o lle r  W ith  A c c e le r a t io n
F e e d b a c k

7 . A  P r a c t ic a l  V e lo c ity  C o n tr o lle r

8 .  P u ls e  T r a in s  R e c e iv e d  In T he C o n tr o lle d
V e h ic le  \

9 . S im p lif ie d  H ead w ay  C o n tr o lle r

1 0 . R o a d -In d u ced  G r a v ita t io n a l F o r c e  On V e h ic le

1 1 . B lo c k  D ia g r a m  of a  Q ueue o f A u to m a t ic a lly
C o n tr o lle d  V e h ic le s

1 2 . B lo c k  D ia g r a m  of S im p le  H e a d w a y -V e lo c ity
O p tim iz a tio n  P r o b le m

1 3 . M o d ified  V e lo c ity  D is tu r b a n c e  S p ec tr u m
and W eig h tin g  F u n ctio n

v i i

P a g e
56

86

12

26

32

48

59

60  

62

64

70

74

89

93

102



F ig u r e s  P a g e
1 4 . M od ified  P o s it io n  D istu rb a n ce  S p ectru m

and W eighting F u n ction  102

15 . G en era l F eed b a ck  C o n tro lle r  110

16 . A sy m p to tic  G ain M agnitude P lo t  112

f t '

P

v i i l



CHAPTER I

INTRODUC TION

W ithin the p ast d ecade there h as b een  a m ajor sh ift of in te r e s t  

in  tran sp orta tion  r e s e a r c h . P r e v io u s ly  p r im a r y  in te r e s t  w as in  c o n 

s tru ctio n  tech n iq u es, m a te r ia ls ,  and d e s ig n . E v ery  attem pt w as m ade  

to provide tra n sp o rt v e h ic le s  w ith an optim um  p a ss iv e  en v iron m en t  

through w hich  they cou ld  p a ss  w ith m in im u m  d elay  and im p ed a n ce . As 

tra ffic  in c r e a se d  it b ecam e obvious that th is w as not adequate to m ee t  

the req u irem en ts  of h igh er d en sity  tra ffic  flow . T h ese  rem a rk s  are  

not r e s tr ic te d  to the h ighw ay m ode of tra n sp o rta tio n , a lthough it  is  

th ere that the p rob lem  h as b eco m e m o st  a cu te . With the in c r e a s e s  

in  tra ff ic , d istu rb a n ces  to the flow  have b eco m e com m on .

M any of th ese  d istu rb a n ces  halve not b een  so  m u ch  a r e s u lt  of

the tra ffic  en viron m ent but m o re  a r e s u lt  of the m anner in  w hich  the

v e h ic le s  a re  co n tro lle d . C on seq uently  the sh ift  of in te r e s t  has b een

fro m  the en v iron m en t to the d yn am ics of the tra ffic  i t s e l f .  S in ce the

dynam ic c h a r a c te r is t ic s  of v eh icu la r  tra ffic  a re  d eterm in ed  by the

m ode of co n tro l o f the tr a ff ic , in c r e a s in g  in te r e s t  h as been  d ir ec te d

1 2tow ard tra ffic  c o n tro l. *

1
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A c o n s id e r a b le  am ount o f r e s e a r c h  ' ’ * has b een  and is

u n derw ay in an e ffo r t  to ga in  an u n d erstan d in g  of the nature of the 

p r e se n t  sy s te m  of m an u al v eh icu la r  c o n tr o l. T his ta sk  i s  m ad e d if f i 

cu lt  by the q u a si-ra n d o m  n atu re of the'hum an c o n tr o lle r .  S im u lta n e o u s

ly  w ith th is  r e s e a r c h , e f fo r t  i s  b e in g  exp en d ed  to im p r o v e  the p r e se n t  

s y s te m  of v eh icu la r  c o n tr o l.

E le c tr o n ic  d e v ic e s  can  be u se d  in  a num ber of w ays to im p ro v e  

tra ffic  f lo w . In g e n e r a l,  the tech n iq u es fa l l  in to  two broad  c a te g o r ie s .  

The f ir s t  is  the co n tro l of the o v e r a ll  tr a ff ic  s tr e a m  by e x te r n a l c o n 

t r o l le r s .  E x a m p les  of th e se  a r e  e le c tr o n ic  co n tr o l o f tra ffic  s ig n a ls  

and e le c tr o n ic  c o n tro l o f e n tra n c es  and e x its  fro m  fr e e w a y s . On the 

oth er hand, e le c tr o n ic  d e v ic e s  ca n  im p ro v e  co n tr o l o f  in d iv id u a l 

v e h ic le s  w ith in  the tr a ff ic  s tr e a m . T h is h as b een  of p a r tic u la r  in te r e s t

Q
to v e h ic le  m a n u fa c tu rers  and the fe d e r a l g o v ern m en t fo r  im p ro v in g  

v e h ic le  tr a n sp o r ta tio n , w h ile  re ta in in g  a m ax im u m  of fr ee d o m  for  the 

in d iv id u a l. T h is paper d e a ls  w ith  the co n tr o l o f in d iv id u a l v e h ic le s .

The Ohio D ep a rtm en t of H ighw ays and the U . S. B u reau -o f  

P u b lic  R oads have jo in tly  sp o n so r e d  a r e s e a r c h  p r o jec t  a t The Ohio 

State U n iv e r s ity  to stu d y  e le c tr o n ic  d e v ic e s  as  tra ffic  a id s . The in v e s 

tig a tio n  d e sc r ib e d  in  th is  paper is  one p h ase of the stu d y . E a r ly  in  the 

study it  w as d ec id ed  that it  w ould be m o s t  fru itfu l to u se  e le c tr o n ic  

d e v ic e s  to im p ro v e  c o n tr o l of in d iv id u a l v e h ic le s  in  r e s p o n se  to th eir  

lo c a l  tra ffic  s itu a tio n . It w as show n that by a c tiv a tin g  the road  bed
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i t s e l f ,  i . e .  , to p la ce  v e h ic le  d e te c to r s  in  the r o a d , it  is  p o s s ib le ,  w ith  

the a id  of s m a ll  e le c tr o n ic  c ir c u it s  co n n ec ted  to the d e te c to r s ,  to 

tr a n sm it  in fo rm a tio n  about the p reced in g  v e h ic le  to  a  fo llo w in g  c o n 

tr o lle d  v e h i c l e .   ̂ The sp e e d  of the p reced in g  v e h ic le  and i t s  d is ta n c e  

fro m  the fo llo w in g  v e h ic le  can  be d e te r m in e d . W ith th is a s  a b a s is ,  

the study of m eth od s for a u to m a tic a lly  co n tr o llin g  the fo llo w in g  v e h ic le  

in  r e sp o n se  to its  lo c a l  s itu a tio n  w as u n d ertak en .*®

A lthough  it  is  not c o n s id e r e d  p r a c t ic a l  a t the p r e s e n t .t im e  to 

p r o c e e d  d ir e c t ly  to  au tom atic  c o n tr o l, the d ev e lo p m en t of su ch  an  

au to m a tic  s y s te m  d e m o n str a te s  its  f e a s ib i l i ty  and a ls o  in d ic a te s  an 

upper l im it  on the u ltim a te  c a p a b ility  of any m a n -m a c h in e  c o n tr o lle r s  

for v e h ic le s .  The stu d y  of the au to m a tic  lo n g itu d in a l c o n tr o l s y s te m  

for  in d iv id u a l v e h ic le s  h a s  b een  qu ite  in str u m e n ta l in  sh ow in g  how  

r e s tr ic t io n s  on tra n sp o r t v e h ic le s  co n ta in in g  p a s s e n g e r s  d e term in e  

the n atu re of the v e h ic le  c o n tr o lle r . F u r th er m o r e  it  h as r e s u lte d  in  

the d e s ig n  of the v e h ic le  c o n tr o lle r .* *

The p a r tic u la r  c o n tr o lle r  d e s ig n e d  h a s  n o n lin ea r  m o d es  of  

c o n tro l to  a c c o m p lish  su ch  m a n eu v ers  as a vo id in g  r e a r -e n d  c o l l i s io n s .  

On the other hand, it  h a s  b een  d e te r m in e d  that a  l in e a r  m od e c o n tr o lle r  

i s  n eed ed  to p rov id e s ta b ility  in  the tra ff ic  q u eu e .* ^

The s ta b ility  of lin ea r  m od e c o n tr o lle r s  h a s  b een  stu d ied  b e fo r e .
1 <5 1 >1

' In th e se  s tu d ie s  the lin e a r  m od e c o n tr o lle r s  w e r e  m a th e m a tic a l  

m o d e ls  u se d  to ap p ro x im a te  m a n u a lly  c o n tr o lle d  v e h ic le s .  Only the
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r e s p o n se  of su ch  c o n tr o l le r s  to id e a liz e d  d is tu r b a n c e s  w a s  s tu d ie d .

In the d ev e lo p m e n t of a u to m a tic  c o n tr o l le r s  fo r  h ig h w a y  

v e h ic le s ,  the m o r e  r e a l i s t ic  ty p es  o f d is tu r b a n c e s  o f the tr a ff ic  s y s 

tem  m u st  be s tu d ie d . D e s ig n  c o n s id e r a t io n s  fo r  the c o n tr o l s y s t e m s  

of the v e h ic le s  depend  on the r e s p o n s e  of a qu eu e o f c o n tr o lle d  v e h ic le s  

to the r e a l  w o rld  d is tu r b a n c e s . T h ese  r e a l  w o rld  d is tu r b a n c e s  can n ot  

be p r e d ic te d  w ith  c e r ta in ty  fo r  th ey  a r e  la r g e ly  ran d om  in  n a tu r e .  

C o n seq u e n tly  th ey  m u st  be tre a te d  a s  s to c h a s t ic  p r o c e s s e s .  The r a n 

dom  co m p o n en ts  of th e se  d is tu r b a n c e s  ca n  o n ly  be d e s c r ib e d  b y  th e ir  

s ta t i s t ic a l  p r o p e r t ie s .  The r e s p o n s e  o f a  queue w ith  l in e a r  m o d e  

c o n tr o lle r s  to th e se  d is tu r b a n c e s  i s  a ls o  s to c h a s t ic ,  and i s  a ls o  c h a r a c 

te r iz e d  by i t s  s ta t i s t ic a l  p r o p e r t ie s .  The c h a r a c te r iz a t io n  of the d i s 

tu rb a n ces  and the r e s u lt in g  queue r e s p o n s e  by th e ir  s t a t i s t ic a l  p r o p e r 

t ie s  p r o v id e s  the b a s is  for  d e s ig n in g  an  op tim u m  lin e a r  s y s t e m . 16

It is  the p h ilo so p h y  of th is  p ap er that id e a lly  a  c e r ta in  d e s ir e d  

, e q u ilib r iu m  co n d itio n  sh o u ld  be m a in ta in ed  in  s te a d y  s ta te  tr a ff ic  f lo w .  

R andom  d is tu r b a n c es  in d u ced  by e x te r n a l s o u r c e s  r e s u lt  in  a  ran d om  

d ev ia tio n  of the queue fr o m  the e q u ilib r iu m  co n d itio n . T h is  ran d om  

d ev ia tio n  m u st  be m in im iz e d  b y  o p tim u m  d e s ig n  of l in e a r  c o n tr o l le r s  

for  the v e h ic le s  of the q u eu e . In th is  m a n n er  m a x im u m  tr a ff ic  flo w  and  

s a fe ty  a r e  a c h ie v e d .



It is  the p u rp o se  of th is  p a p er  to  d e v e lo p  the tech n iq u es  of 

a n a ly s is  and to show  how  the s ta t i s t i c a l  p r o p e r t ie s  o f queue r e s p o n s e  

m e a s u r e s  a r e  r e la te d  to s t a t i s t ic a l  m e a s u r e s  o f the d is tu r b a n c e s .

Then the g e n e r a l n a tu re  of the s o u r c e s  o f d is tu r b a n c e s  a r e  d is c u s s e d ,  

and the r e la t io n s h ip s  b e tw een  the s t a t i s t ic a l  p r o p e r t ie s  o f the d is tu r b 

a n c e s  and  th o se  o f th e ir  s o u r c e s  a r e  d e r iv e d . F in a lly ,  the tech n iq u es  

of a n a ly s is  and d e s c r ip t io n s  of the d is tu r b a n c e s  a r e  a p p lied  in  the d e 

s ig n  of the op tim u m  lin e a r  c o n tr o l le r .

The s e c o n d  ch a p ter  in tro d u ce s  fr e q u e n c y  r e s p o n s e  tech n iq u es  

w h ich  a r e  r e q u ir e d  th rou ghou t th is  p a p e r . The n a tu re  of the d e s ig n  

p r o b lem  is  a ls o  in tro d u ced  in  th is  c h a p te r . M e a s u r e s  o f q u eu e  

r e s p o n s e  to ran d om  d is tu r b a n c e s  in tro d u ced  by the in it ia l  v e h ic le  a r e  

d e v e lo p e d  in  the th ird  c h a p te r . The n a tu re  of the r e s p o n s e  of a queue  

of v e h ic le s  to u n c o r r e la te d  d is tu r b a n c e s  in tro d u ce d  by  e a c h  v e h ic le  

i s  a ls o  c o n s id e r e d  in  the th ird  c h a p te r . The fo u rth  ch a p ter  tr e a ts  

the p ro b lem  of ran d om  r o a d -in d u c e d  d is tu r b a n c e s . M e a s u r e s  of queue  

r e s p o n s e  to r o a d -in d u c e d  d is tu r b a n c e s  a r e  d e v e lo p e d . In the fifth  

ch a p ter  the op tim u m  d e s ig n  o f the c o n tr o l s y s t e m  is  d e v e lo p e d . C on 

c lu s io n s  and r e c o m m e n d a tio n s  o f a r e a s  o f fu r th er  stu d y  co n c lu d e  th is  

p a p e r .



CHAPTER II

R ESPO N SE OF A Q UEU E O F A U T O M A TIC A LL Y  
C O N TR O LLED  V E H IC L E S TO  
SINUSOIDAL D IST U R B A N C E S

Introd u ction

It i s  the p u rp o se  of th is  ch a p ter  to in tr o d u c e  fr e q u e n c y  

r e s p o n s e  tech n iq u es  and to u s e  th e se  tech n iq u es  in  the s tu d y  o f the  

dyn am ic c h a r a c t e r is t ic s  of a queue of a u to m a tic a lly  c o n tr o lle d  v e h ic le s .  

L ik e w is e , c e r ta in  s ta t ic  c h a r a c t e r is t ic s  o f th e se  c o n tr o lle d  v e h ic le s  

a r e  in tro d u ced . T h is  m a te r ia l  i s  d e v e lo p e d  in  the fo llo w in g  o r d e r .

The d e fin itio n  of a lin e a r  s y s t e m  and the p r o p e r t ie s  of l in e a r ity  

a r e  e x p r e s s e d  f ir s t .  T he p r o p e r t ie s  o f the m a th e m a tic a l r e p r e s e n ta 

tion  of th e se  s y s t e m s  le a d s  to the d e f in it io n  of the ga in  fu n c tio n , and it  

i s  then show n  that the r e s p o n s e  o f a  l in e a r  s y s t e m  i s  d ir e c t ly  r e la te d  

to a s in u so id a l d istu rb a n ce  by the ga in  fu n c tio n . S y s te m  v a r ia b le s  a r e  

d efin ed  fo r  a queue o f a u to m a tic a lly  c o n tr o lle d  v e h ic le s .  B e c a u s e  of 

l in e a r ity  of the s y s t e m , it  i s  p o s s ib le  to s e p a r a te  the q u eu e 's  d yn am ic  

m o tio n  in to  a  d e s ir e d  c o n sta n t or eq u ilib r iu m  co m p o n en t and a d is tu r b 

a n ce  fr o m  th is  e q u ilib r iu m  s ta te  due to d is tu r b a n c e s  e x te r n a lly  in d u ced  

in to  the q u eu e . The q u eu e 's  r e s p o n s e  i s  r e la te d  to s in u s o id a l in d u ced  

d is tu r b a n c e s  b y  the d e r iv e d  ga in  fu n c tio n s . T h e se  g a in  fu n c tio n s  a r e
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n e c e s s a r y  in  la te r  s e c t io n s  of th is  w ork  in  the study of random  d is tu r b 

a n c e s .

L in ear T im e Invarian t S y stem s

If the eq u ation s re la tin g  the r e sp o n se  of a s y s te m  to the input 

e x c ita tio n  a re  l in e a r , the sy s te m  is  sa id  to be l in e a r . The equ ation s  

c h a r a c te r iz in g  the r e s p o n se  y  to input d istu rb an ce x  a re  lin ea r  if  

x and y  can be r e la te d  by a lin e a r  com b in ation  of te r m s in x  and  

y and th eir  d e r iv a t iv e s .  T h is lin e a r  com b in ation  i s  s im p ly  a su m  of 

the v a r ia b le s  m u ltip lied  by c o e f f ic ie n ts  independent o f the dependent  

v a r ia b le s  a s  e x p r e s s e d  by E q. ( 2 - 1 ) .

' =  + —  +  b , i -  X (t) +  b 0X (t)
d*t d t

F o r  tim e in v a r ia n t lin e a r  s y s t e m s ,  to w hich a tten tion  is  con fin ed  in  

th is  p ap er , the c o e f f ic ie n t s ,  the a 's  and b 's  , a re  c o n s ta n ts .

The sy m b o l p is  u se d  to r e p r e s e n t  the op eration  of taking the d e r iv a 

tiv e  o f the v a r ia b le  i t  p r e c e d e s , such  that



py(t) -
& yft). 

p * y ( t ) =  ^  yft),

( 2- 2 ) pny(t) = ^ -„ y a ) .
d t '

It i s  noted  h er e  that i f  A is  a co n sta n t, then

( 2- 3) p " A y ( t )  =  A p " y f t ) ,

and a lso  that

(2-k) pn[y,(*) + y2ft)l = pny>(0 + pfyCO.
m %

Substitu ting  Eq, ( 2 - 2 )  in to  ( 2 - 1 )  y ie ld s

a„p"y(t) + aMf  *y(t)+ — +a, py ft) + a0y ft)
(2-5)

= bmpm*ft) + ----- +-b ,px(t) + b0x(t).
T his equation is  e x p r e s se d  in the fo rm

( a „  p "  +  < V , p n' ' +  -  —  +  a , p  +  ° o )  y  ( t )
(2- 6 )

or
= ( bm p*1 + —  + brp + b„) x ( t) ; 

D (p )y(t)  =  N (p)X(t),
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and f in a lly  e x p r e s se d  by

/ « ) *  $ f $ x ( t ) .
H ere N ( p ) / D ( p )  i s  the tr a n sfe r  function  of the s y s te m  c h a r a c te r iz e d  

by E q. ( 2 - 1 ) .

By su b stitu tin g  E q s . ( 2 - 3 )  and ( 2 - 4 )  in to  ( 2 - 5 )  two b a sic  

p r o p er tie s  of l in e a r ity  m a y  be o b se rv ed . F ir s t ,  i f  y j ( t )  i s  the 

r e sp o n se  to the input x j ( t )  , then the r e s p o n se  to the input A x j ( t )  , 

w here A is  a co n sta n t, i s  Ay^( t )  . S eco n d ly , i f  y^( t )  i s  the 

r e sp o n se  to x j ( t )  and Y z ( fc) r e sp o n se  to X2 ( t)  , then a

r e sp o n se  y ( t )  to the input x ( t )  = x ^ ( t )  + x g ( t )  i s  g iv en  by

(2-7) y(t) = y ,(t) + y z ( - t ) .

T his p ro p erty  of lin e a r  s y s te m s  is  of p r im e  inportanc'e and is  term ed  

su p er p o s itio n . If the input s ig n a l d istu rb a n ce  to a  lin e a r  s y s te m  is  

equal to the su m  of s e v e r a l  co m p o n en ts , then the r e sp o n se  to th is 

input is  eq u al to the sum  of the r e s p o n se s  to ea ch  of the input co m p o 

nents taken se p a r a te ly . The su p e r p o s itio n  p r in c ip le  w il l  be u sed  

e x te n s iv e ly  throughout th is paper to s im p lify  c o n s id e r a tio n s .

The Gain F unction

L et the input to the lin ea r  s y s te m  be g iven  by

( 2- 8 ) K ( i r )  =  A e Ju)f.
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B e c a u se  the l in e a r  co m b in a tio n  of the r e s p o n se  and i t s  d e r iv a t iv e s  

i s  equal to a lin e a r  co m b in a tio n  of x { t )  „and i t s  d e r iv a t iv e s ,  the 

r e s p o n se  is  g iv en  by

( 2 - 9 )
i ( o o t  + Q )

y(t) = B e J '

w h ere  B and © a r e  c o n s ta n ts . T h is  i s  te rm ed  the s te a d y  s ta te  

r e sp o n se  and d o es  n o t co n ta in  tr a n s ie n t t e r m s . It i s  s e e n  fr o m  E q s .  

( 2 - 5 )  and ( 2 - 6 )  that

( 2- 10)

The r a tio

jo„(jejf + - - - + a,jO) + a7j y(t)
= [b„ ( j u f + ---- + h , j u >  +• b jx ( t ) .

[ h J y o T  + -  - - 4 b , j h o ]

{an(j(o)n+ a„.,(j'toy V — +a(joj + a j
i s  the "gain" fu n c tio n . It i s  n oted  that th is  ga in  fu nction  i s  found fr o m  

the tra n sfe r  fu nction  by se tt in g  p = j«  , s o  the gain  fu n ction  i s D(jaj)
A ls o , i f  x ( t ) ‘ i s  g iv en  by E q . ( 2 - 8 ) ,  then

(2- 11)
D ( p )  Dfjco)

S in ce the gain  is  a c o m p le x  num ber fo r  an y  g iv en  freq u en cy  

i t  m a y  be w r itten  in  p o lar  fo rm  a s

<•> ,

(2- 12)
NCjco)

D ( f t )
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w h ere  ©(co ) i s  the a rg u m en t of the ga in  fu nction . S u b stitu tin g  

E q . ( 2 - 1 2 )  in to  ( 2 - 1 1 )

(2-13) yft) = A e ^ u e \

K now ing the s te a d y  s ta te  so lu t io n  for the ex p o n en tia l fu n ctio n , 

one can  q u ick ly  d efin e  the r e sp o n se  for  x ( t )  s in u s o id a l,  n am ely ,

(2-110 X(+) = A cos wt = a . ( e ja,t+ ejut) .
B y su p e r p o s it io n  and E q s . ( 2 - 1 1 )  and ( 2 - 1 3 ) ,  y ( t )  i s  g iv en  by

y(t) = N M I A  J " 4*  I N fjw )
D(j*0 I £ I D(-]'u) 2

But fro m  th eo ry  o f c o m p le x  n u m b ers  i t  i s  known that

D(Jco)

and

D(-jw)

©( -co ) = - © (co ) . Thus

(2 -1 5 )

y ( t ) n*H.| AC= Kwt+ ®>,

DtjwM 2 If- + e Acos(u>t+0).

It i s  o b se r v e d  that fo r  s in u so id a l in p u ts , the r e s p o n s e  i s  a ls o  s in u s 

o id a l. Its  am p litu d e  i s  m u lt ip lie d  b y  the m agn itu d e o f  the gain  fu nction  

and ad van ced  or d e la y e d  in  tim e by ) , depend ing on the s ig n

of 6 ( u )  . M ethods o f a n a ly s is  b a se d  upon p e r io d ic  d is tu rb a n ces

a r e  term ed  fr e q u en c y  r e s p o n s e  m eth o d s ,w h ich  a r e  u se d  throughout
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th is  w o rk .

P r o b le m  D e fin it io n

B e fo r e  p r o c e e d in g  it  i s  n e c e s s a r y  to d e fin e  v a r ia b le s  to  be  

u s e d  in  r e p r e s e n t in g  a queue of v e h ic le s  and to d e fin e  the e q u ilib r iu m  

s ta te  of the v e h ic le s  o f the q u eu e . In th is  d e v e lo p m e n t, the e q u il i 

b r iu m  s ta te  e x is t s  w hen  the v e lo c i t ie s  of a l l  v e h ic le s  a r e  eq u a l and  

c o n s ta n t . T h is  eq u ilib r iu m  v e lo c i t y  i s  d en oted  by v s s  . The 

v e h ic le s  a r e  a s s u m e d  to be tr a v e lin g  in  the p o s it iv e  x  d ir e c t io n .  

The v a r ia b le s  d e s c r ib in g  a queue of v e h ic le s  a re  show n  in  F ig u r e  1.

N n-i £ t-i a | 0
~—►vM.l ~^Vj -— /n *y>

^~C?, A . <0 ^ __________c g b f A < £ o> <QQ*____________££Lg)f
y y V v y.  y v y x
A N  * n -i

X' X; /  X- X, X
I'N 'N-I 'ji ‘-I ,« l'

|—  hn ~ H  “*■ f-cp— h;  —H I—  ^2 — n —  —

F ig . 1 . - - T r a f f i c  Q ueue C o o rd in a tes

T he in it ia l  v e h ic le  i s  in d ex ed  z e r o , w ith  in d ic e s  o f the fo llo w in g  

v e h ic le s  p r o g r e s s in g  fr o m  1 to N  The in sta n ta n eo u s  p o s it io n  

r e la t iv e  to an a r b itr a r y  r e fe r e n c e  on the ro a d  of the le a d in g  ed g e  of 

the ith  v e h ic le  i s  Xj_ a s  in d ica te d  p r e v io u s ly .  The h ea d w a y  h i of 

the ith  v e h ic le  i s  d e fin ed  to be the p o s it io n  of the i - l s t  v e h ic le  m in u s  

the p o s it io n  of the ith  v e h ic le .  The a b so lu te  v e lo c i t y  v i  o f the ith  

v e h ic le  i s

( 2- 16) Vj =  P * i  •



The a b so lu te  a c c e le r a t io n  of the ith  v e h ic le  i s

(2-17) a* - p2X[.

The r e la t iv e  v e lo c ity  of the ith  v e h ic le  i s  the d e r iv a t iv e  of i t s

h ead w ay  and i s  d en oted  by v r . , w h er e

( 2 - i e ) \  = Phi = Pxw -  Pxl

The len g th  of e a c h  v e h ic le  i s  a s su m e d  to be L>c , a s  show n in  

F ig u r e  1 for  the ith  v e h ic le .

H ere  v sg  is  a  c o n sta n t v e lo c ity  and h g i s  a co n sta n t h ea d w a y .

The f i r s t  p r o b le m  to b e s tu d ied  is  the c a s e  w h ere  the v e lo c i ty  

v q( t ) o f the in it ia l  v e h ic le  i s  c o m p o se d  o f tw o p a r ts , the co n sta n t  

eq u ilib r iu m  co m p on en t v s s  and a  s in u so id a l com p on en t AvQ(t)  

g iv en  by Vg c o s  u t  , n a m e ly

H ere  it i s  n o ted  that the su p e r p o s it io n  p r in c ip le  ca n  be a p p lie d . T ( p )  

i s  d efin ed  to be the tr a n s fe r  fu n ctio n  of the l in e a r  c o n tr o l s y s te m  

r e la t in g  the v e lo c ity  o f the c o n tr o lle d  v e h ic le  to that o f i t s  p r e d e c e s s o r  

for  each  v e h ic le  in  the q u eu e . Then

T he e q u ilib r iu m  co n d itio n  i s  d e s c r ib e d  e x p lic it ly  a s  fo llo w s :

i s o
I £  O

(2-19) = Vs s  4- A Va ( t ) .



V, = T ( p H ,

and

( 2- 20)

\4 =  T(p)V, = [T (p ffV o ,

V„ = [T (p )]n v0 .
The v e lo c ity  v n lik e  v g  i s  co m p o se d  of two p a r ts ,  a co n sta n t  

r e s p o n se  v s s  due to the co n sta n t com p on en t o f v q  , and A v n , 

a r e s p o n se  to the d istu rb a n ce  com p on en t A v g ( t )  . The su p e r p o s it io n  

p r in c ip le  a llo w s  se p a r a te  trea tm en t of the two p a r ts . The so lu tio n  

for the co n sta n t com p on en t of v n ( t )  w ith  n o  d istu rb a n ce  h a s a lr e a d y  

b een  s p e c if ie d  a s  the eq u ilib r iu m  s ta te  in  w h ich  ea ch  v e h ic le  h a s  the 

sa m e  v e lo c ity  v s?  . The f ir s t  r e q u ir e m e n t of T is  d e term in ed  

fro m  the eq u ilib r iu m  sta te  r e q u ir e m e n t. Now  b y  a ssu m p tio n , T ( p)

w h ere i  i s  the v e h ic le  in d ex . S u b stitu tion  of v^ = = v gg into

E q . ( 2 - 2 3 )  and r e m e m b e r in g  that pn v s s  = 0 ; n > 0; r e d u c e s  it  to

m

or k =o

(2- 22)

v s s  a 0 = b 0 v s s  wbi cb  in d ic a te s  that ag  = bg • A lte r n a tiv e ly , th is  

so lu tio n  can  be r e p r e se n te d  by

( 2- 23) Vs s  = "T(0)VS3 .



H ere the eq u ilib r iu m  sta te  in tro d u ces  the r e s tr ic t io n  on T (p )  that 

T( 0) = 1 .  The so lu tio n  for the p o s it io n  x n of the nth v e h ic le  for  

= v s s  is  g iven  by

( 2- 2U) x n ( t )  =  fV s 5 o l t  +■ X n ( 0 )  =  Vs s t  + X n( o ) .
o

If T( p)  r e la te s  the v e lo c i t ie s  of ad jacen t v e h ic le s  a s  in d ica ted , the 

eq u ilib r iu m  v e lo c it ie s  of ad jacen t v e h ic le s  w ill  be eq u al i f  T( 0) = 1 . 

H o w ev er , the sep a ra tio n  of ad jacen t v e h ic le s  a t eq u ilib r iu m  w ill  be 

a rb itr a r y  and eq u al to  xn _^{0)  - x ^ O )  . B ec a u se  th is sep a ra tio n

m u st be co n tro lle d , the headw ay at en try  in to  the lin e a r  m od e is  c o n 

tr o lle d . T his is  a fundam ental c h a r a c te r is t ic  of the v e lo c ity  c o n tr o lle r .  

Suppose now that Tx (p ) i s  d efin ed  by

(2-25) *.(t) = T(p)Xj_t(t).
Such a sy s te m  p ro p er ly  ad ju sted  i s  term ed  a headw ay c o n tr o lle r  in  

that Xjj. j “ a t eq u ilib r iu m  con d ition  is  co n sta n t for a g iv en  v s s  . 

B ec a u se  lin ea r  o p era to rs  can be e x p r e s s e d  by

(2- 26) p*;(t) = pT(p)*;.,((:) = T(p)pXi-|(t) ,
and th is red u ces  to the form  g iven  by E q. (2 -2 2 ) . The ju stif ica tio n

h e r e  is  that both s id e s  of E q . (2 -25) can  be d ifferen tia ted  w ith  r e 

sp e c t  to t im e . At eq u ilib r iu m  v s s  = T ( p )  v gs , s o  a g a in  T( 0) = 1 ,

and aQ = bQ . S y stem s w h ose  equations a re  g iven  by E q s . (2 -22)  

and (2-25) although s im ila r  in  form  a re  qu ite  d ifferen t in  th e ir  

c h a r a c te r is t ic s .  F o r  th is r e a so n  e le m e n ta r y  s y s te m s  o f both typ es
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w ill be co n sid ere d  b r ie f ly  b efore  p ro ceed in g  further w ith the a n a ly s is  

of th ese  s y s te m s .

L inear s y s te m s  w hich w ill produce the d e s ir e d  eq u ilib r iu m  

sta te  in traffic  fa ll  in to two b a sic  c a te g o r ie s .  The f ir s t  of th ese  is  

the v e lo c ity  co n tr o lle r  w hich  in  s im p le s t  form  i s  c h a r a c te r iz e d  by 

the equation,

(2-27) p V -  =  k  (V;., -  V ;) .

This m ay  be rew r itten  in  the form

( 2 - 2 8 ) ' ,  v i = ■ . p 7 k v ; - ' ,

w hich i s  the sa m e form  a s  E q. (2 -2 2 ) . M anipulation of th is equation  

y ie ld s

P(Xi-,-Xi) = p fo  v:-< = P ht-

If the v e lo c ity  v^_j = v s s  and i f  co n tro l acco rd in g  to E q . (2 -27)  

i s  s ta rted  at t = tg , then the co m p le te  so lu tio n  for h  is  g iven  by

h;(t) = C e k ( t ^  + h# .
The f ir s t  term  is  the tra n sien t term  w ith C dependent upon in itia l  

co n d itio n s. A fter a long p eriod  of t im e , h^(t) is  g iven  by

h.(+) = ^  ; (t-t„) » l  .
L ik ew ise , i f  v^(t)  i s  g iven  by

v. (t) = Acos U)t + V4s 7
the con stan t com ponent of h±(t) w ill  s t i l l  be h f .
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A n a lte r n a tiv e  s y s t e m  in ten d ed  fo r  a c h ie v in g  the eq u ilib r iu m  

s ta te  i s  the h ead w ay  c o n tr o lle r  w h ich  in  s im p le s t  fo r m  i s  c h a r a c te r 

iz e d  by the eq u ation ,

(2-29) rp2Xi 4- px. = Mx^-Xi-lO + k£p(xi.l-x i).
H ere  h o  i s  a s a fe ty  fa c to r  in tr o d u ce d  s o  a s  to  in c r e a s e  the e q u i l i 

b r iu m  h ea d w a y . N e g le c t in g  Iiq , s in c e  i t  c a n  be s im p ly  added to the  

v a lu e  of h  d e te r m in e d  w ith  1i q =0  , x j  and Xi_j  a r e  r e la te d  by

=  k , 4 - k 2 p  x ,

rp2+.(i+ M p +  k, >
w h ich  h a s  the fo r m  o f E q . ( 2 - 2 6 ) .  It i s  show n  in  r e fe r e n c e  2 that

|<2
r e s tr ic t io n s  on k^ and k 2 r e d u c e  the tr a n s fe r  fu n ctio n  to rp+ k2
F o r  p x £ _ i  = v s s  , the s te a d y  s ta te  h ea d w a y  i s  th en  g iv en  by

i rvss ,
K  “  ̂ +■ h0 •

H e re  hp i s  the p r e s e t  r e fe r e n c e  h ea d w a y  s e t  in to  e a c h  h ead w ay  

c o n tr o l le r .  It i s  fu r th er  show n  in  r e fe r e n c e  2 that the h ea d w a y  c o n 

t r o l le r  c a u s e s  la r g e  a c c e le r a t io n s  i f  | h j( to ) -  h s | i s  la r g e .  

H o w e v e r , both  th e se  c o n tr o l le r s  a r e  c o n s id e r e d  p o s s ib le  a lte r n a t iv e s  

fo r  c o n tr o l w ith in  a s m a l l  l in e a r  m o d e  of an  a u to m a tic  lo n g itu d in a l  

c o n tr o l s y s t e m  w h ich  h a s  n o n lin ea r  m o d e s  to  a c c o m p lis h  c o n tr o l fo r  

la r g e  d e v ia tio n s  fr o m  e q u ilib r iu m . The n o n lin ea r  m o d e s  a r e  so  

d e s ig n e d  a s  to g u a ra n tee  that I h j(tQ ) -  h s | i s  s m a l l  fo r  both  

s y s t e m s .  In o th er  w o r d s , the n o n lin ea r  m o d e s  fo r c e  the s y s t e m
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r e s p o n se  tow ard e q u ilib r iu m , s o  the p ro p er  in it ia l  sp a c in g  i s  a p p ro x 

im a te ly  a c h ie v e d  for  the v e lo c ity  c o n tr o lle r  m o d e  and a c c e le r a t io n s  

a r e  s m a ll  w ith  the h ead w ay  c o n tr o lle r  m o d e .

Q ueue R e sp o n se  to  S in u so id a l 
D istu rb a n ce  of the In it ia l V e h ic le

A lthough  the pure or  a lm o s t  p u re s in u so id a l d is tu rb a n c e  i s  

a lm o s t  n o n e x is te n t  in  m a n u a lly  c o n tr o lle d  tr a f f ic ,  i t  i s  c o n c e iv a b le  

that su c h  m o tio n  co u ld  o cc u r  under a u to m a tic  c o n tr o l .  A  so m ew h a t  

c y c l ic  d istu r b a n c e  h a s  b e e n  o b se r v e d  in  the r e s p o n s e  o f a  hum an  

d r iv e r  fo llo w in g  a le a d  v e h ic le  o f  c o n sta n t v e lo c ity  in  a s im u la te d  

d r iv in g  e n v iro n m e n t. A t any r a te  i f  the a ssu m p tio n  i s  m a d e  that 

su ch  d istu r b a n c es  can  e x i s t  in  the le a d  v e h ic le  v e lo c ity ,  then  the p r o 

b le m  is  to  d e te r m in e  w h er e  in  the queue the s in u so id a l h ead w ay  

r e s p o n s e  is  g r e a te s t  and to a d ju st the e q u ilib r iu m  sp a c in g  h s s o  

that i t  i s  the m in im u m  p o s s ib le  w ith ou t the o c c u r e n c e  of c o l l i s io n s  

w ith in  the q u eu e. T his w il l  g iv e  a c o n s e r v a t iv e  e s t im a te  of the  

tr a ff ic  flo w  in  v e h ic le s /h o u r  for  the g iv en  v e lo c ity  v s s  .

The d istu rb a n c e  r e s p o n s e  o f the f i r s t  v e h ic le  o f the queue i s  

g iv en  by

,AV,(t) = T(jw)Z\V0(t)>
w h ere  A vQ(t )  = A c o s  tot . If T( jto ) i s  g iv e n  in  p o la r  fo r m  a s  

| T (jco) | t th en  fr o m  E q . ( 2 - 1 5 ) ,  A vj i s  g iv en  by

(2-30) (t) = |T (jw ) |A co s (w t  + 6 ) .



Now A v2 ( t )  = T (p ) A v j f t )  = T (p )^  A v j ( t )  . It m a y  be s e e n  by  

in d u ction  that

(2-3 1) AV; (t) = [TCp)]‘AV0 ( t) ;
w hich  h a s  b een  show n to red u ce  to

( 2- 32) | n j £ j ) | ‘A c o 5 ( t j t + ' [ e ) #

An o b se rv a tio n  ca n  be m ad e h e r e  about a sy m p to tic  s ta b il ity ,

O
L o ca l s ta b ility  in su r e s  that d istu rb a n ce s  a s s o c ia te d  w ith  an y  s in g le  

v e h ic le  w il l  n ot bu ild  up w ithout l im it  a s  t im e  in c r e a s e s .  A sy m p to tic  

s ta b ility  in su r e s  that d istu rb a n ces  tr a n sm itte d  fro m  v e h ic le  to  

v e h ic le  by the co n tro l s y s te m s  d ie  out a s  th ey  p rop agate  b ack  a lon g  

the q u eu e. F p r lo c a l  s ta b il ity  it  i s  s u ff ic ie n t  that the p o le s  o f T(jco) 

l i e  in  the upper h a lf  p la n e , i . e . ,  the r o o ts  o f D(ju>) a r e  o f the fo rm  

jw = - oC + j p  , w h ere 06 > 0 . F o r  a sy m p to tic  s ta b il ity , the

B a rb o sa  c r it e r ia  s ta te s  that i f  u g  i s  a fr e q u e n cy  a t w h ich  a r e la 

t iv e  m a x im u m  of | T(jco) 1 e x i s t s ,  then

(2 -33) ! T ( j « 0 ) I < 1 .

If I T(j<o) | < 1 , then  i t  i s  s e e n  fr o m  E q . ( 2 -3 2 )  that

(2-3U .U  AV; W = 0  •l-> oO

F r o m  E q . (2-31) I

(2-3 5 ) AV-.., (+) = [r(p)] AV0( t ) ,
Su b tractin g  E q . (2 -31) fro m  E q . (2 -3 !? ),

t I(2-3 6 ) AVr; = AVj., -  AV; = [l-T(p)][r(p)3 ‘ AV0  .
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S in ce A V r, f O  =

then

(2-37) A h ; ( t )  =  L ^ ^ J L n p ) ] '  AV0 ( t )

and

(2-38) Ahjft) -   ̂ A COS [wt + (i-l)0(o;) + <j5(a)j]
J

w h ere  © (w ) is  the argu m en t o f T(jco) and cj>(w) i s  the a rg u m en t

of 1 - T ( > )  .
jco

A s a sp e c if ic  e x a m p le , i t  i s  in te r e s t in g  to c o n s id e r  the v e lo c ity  

c o n tr o lle r . Its d istu rb a n ce  r e s p o n se  i s  g iv en  by

( 2- 39) A V [ f t )  =  A V ^ f t )

and by

for jw t

In th is c a s e

[r  (/«)]' =(%• + '

and J --------JXf l̂ = r  ^  0

(2-1*0)
Ah [ f t)  
AV I f t ) k

2 - i i t a n  oL
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The h eadw ay v a r ia t io n  due to a s in u so id a l d istu rb a n ce  A v g (t)  =

V q c o s  co Qt is  (

(2 -U i) V0 C 0 5 ( o ) 0 t - l t a n l C i ^

It is  ob vious fro m  E q . (2-id) that the m agn itu d e of the h ead w ay  

r e sp o n se  to a g iven  s in u so id a l input is  g r e a te s t  w hen i  = 1 fo r  

co o ^ 0 or w hen co q = 0 . Then the am p litu d e of A h^ for u Q~ 0

i s  s im p ly

(z -u z ) -  -jjr-

H o w ev er , i t  shou ld  be o b se r v e d  h e r e  that A v g (t)  = V g co s  co gt is  

not a v e r y  r e a l i s t ic  r e p r e se n ta t io n  of the e x tr e m e  p er io d ic  v e lo c ity  

of the le a d  v e h ic le ,  s in c e  the le a d  v e h ic le 's  a c c e le r a t io n  w ould  then  

be

a .
( t )  =  -  u > „ V 0 s i n  co4t

and the peak  v a lu e  of ag w ould in c r e a s e  w ith  co g w ith out bound.

It is  m o re  r e a l is t ic  to a s su m e  that the in it ia l  v e h ic le  i s  not 

a u to m a tic a lly  c o n tr o lle d . In th is c a s e  the v e h ic le 's  a c tu a l v e lo c ity  

A v g (t)  is  a p p ro x im a te ly  r e la te d  to a com m an d ed  v e lo c i ty  Avc ( t )  

(a s s u m e d  lin e a r ly  p ro p o rtio n a l to a c c e le r a to r  p ed a l d isp la c e m e n t)  

by the equation

( 2-u 3 > ( r a p + - i ) A V .f t )  = A \ 4 f t )
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w here T* is  the m ajor tim e con stan t of the au tom ob ile . The tim ecL

constant TL is  on the order of 20 se c o n d s . In ord er to a ffix  ancL

envelope of r e sp o n se  on A v^ ft) , le t  it  be a ssu m ed  that Avc (t)

= V coscot . On a p er io d ic  b a s is  V = 44 f t /s e c  (30  m ph) se e m s  

t p  be a rea so n a b le  upper l im it .  * Then the am plitude of A vp ft)  

as a function  of freq u en cy  is  g iven  by

y .ra iwvi
44

- \ l 1 + 4 0 0  u 2

The in it ia l v e h ic le 's  a c c e le r a tio n  am plitude is  then

a .  f t ) ML
r a ^ + \

4 4  to
" \/ |+ 4 0 0 w !

The a cc e le r a tio n  am plitude ap p roach es a l im it  a s  co b e co m e s  la rg e  

(co > .5 )  g iven  by [ a o ( t )  J  = 2 .2  f t /s e c ^  . T his co rresp o n d s to 

ap p rox im ate ly  . 07g , w hich  is  w e ll w ithin v e h ic le  cap ab ility .

U sing  the above input function  for Avc (t)  , the m axim u m  

headw ay v a r ia tio n  am plitude is  then g iven  by

A (t ) | = 4 4
20j«J + l

5!«In this c a se  the v e lo c ity  of the co n tro lled  v e h ic le  w ould v a ry  
from  60 to zero  m ile s  per hour w ith  v gg = 30 m ile s  per h our.
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O bviou sly  Ah, is  s t i l l  m a x im ize d  w hen <*) —*-0 , in  w hich  c a se

On the b a s is  of avoid in g  c o ll is io n s  due to the above e x trem e  d is tu r b 

ance u sin g  th is lin ea r  sy s te m  w ith k = 0. 644 , the eq u ilib r iu m  

sp ac in g  should be one ca r  length  plus the m axim u m  headw ay v a r ia 

tion  am p litu d e, or

This sep a ra tio n  of v e h ic le s  b a sed  upon e x tr em e  v a r ia tio n s  of 

the lea d  v e h ic le  is  c o n s id ered  e x c e s s iv e ,  and m u st  be lim ite d . *

Two m eth od s can  be u sed  other than in c r e a s in g  k . One sy s te m  

in v o lv e s  a m o d ifica tio n  of the s tru c tu re  of T , w h ile  the secon d  

in v o lv es  a n on lin ear co n tro lle r  w hich c o m es  in to  p lay  w h en ever  

ex trem e con d ition s such  as c o n s id e re d  h er e  e x is t .  T his c o n tr o lle r  

c a u se s  h s to in c r e a s e , once ex trem e  con d ition s such  a s  co n s id e r e d  

h ere  o ccu r .

P rop agation  of d istu rb a n ces  a lso  o ccu rs  in  the q u eu e, as is  

show n in the fo llo w in g  m a n n er . The g en era l equation  fo r  the headw ay  

v a r ia tio n  of the ith  v e h ic le  due to s in u so id a l d istu rb an ce  of the in it ia l

2 0  + 7 0  =  9 0  -ft.

*Note that if  m axim u m  and m in im u m  sp e e d s-a r e  sp e c if ie d  as  
60 and 40 m ile s  per h our, the above va lu e  of h g w ould be 43 ft.
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v e h ic le  i s  r e p e a te d  h e r e  fo r  c o n v e n ie n c e  and r e w r it te n  s l ig h t ly .

cos (cut + (i-i)hs@&&+(2-U7)
J

uJ r ^ )

N ote that s in c e  s m a l l  p e r tu r b a tio n s  fr o m  e q u ilib r iu m  a r e  b e in g  

c o n s id e r e d  ( i -1 )  h s i s  a p p r o x im a te ly  th e d is ta n c e  fr o m  the in it ia l  

v e h ic le  to  the ith  v e h ic le .  T hat i s ,

S im ila r ly ,

0 - 2) ll . _ X - x .S o t - l

N ow  c o n s id e r  a p a r t ic u la r  poin t of the o s c i l la t io n  of A h^(t) su c h  a s  

the p eak , fo r  w h ich

(2-i;8) cot: +  (Xo-X'j) +  4>(Zl>) = 0
"s

w h e r e  tj is  the t im e  at w h ich  the p eak  o c c u r s .  S im ila r ly  the h e a d 

w a y  o s c i l la t io n  of the ( i - l ) s t  v e h ic le  w i l l  r e a c h  a  p ea k  a t t^_j , 

fo r  w h ich

(2-w ) Celt;., +  ( v x ;„ ) ~ f r ~  +  -  o .

S u b tra ctin g  E q . (2—U9 ) E q . (2-H8) and s o lv in g  fo r 4 - 1 -  x;

y ie ld s

(2 -5 0 )

4 -1  - 4

5 ' - , '  U

- t o i l s

0(co)



w hich  i s  the v e lo c ity  w ith  w h ich  the p eak  in  the h ead w ay o s c il la t io n  

a p p ea rs  to m o v e  w ith  r e s p e c t  to the q u eu e, or the p ro p a g a tio n  

v e lo c ity  Vp . S in ce  ©(to ) and - t̂  a re  both n e g a t iv e ,

v  < 0  , in d ica tin g  that p ro p a g a tio n  o c c u r s  in  the n e g a tiv e  d ir e c t io n ,
IT

or b ack  aw ay fr o m  the in it ia l  v e h ic le .  If an o b se r v e r  w e r e  w atch in g  

the queue fro m  the s id e  of the ro a d  and i f  v  = v _  , then  theb b p

o b se r v e r  w ould  s e e  the p eak  of the h ead w ay  d istu rb a n c e  a s  ea c h  

v e h ic le  p a s s e d .  F o r  the s p e c if ic  ex a m p le  p r e v io u s ly  c o n s id e r e d

QCoS) =  -  t a n 1 d L
/
V

and

V/ ~  -  6 0
( 2 - s i )  v p  -

K
in d ica tin g  that p rop agation  o c c u r s  b a ck  aw ay  fr o m  the in it ia l  v e h ic le .  

The p rop agation  v e lo c i ty  i s  in d ep en d en t of i and is  thus c o n sta n t  

a lon g  the q u eu e . It i s  r e a d ily  s e e n  that a t v e r y  low  fr e q u e n c ie s  

(to < < k)

( 2 - 5 2 ) V p  &  k f i 5

N ote that tan"^- " in c r e a s e s  m o n o to n ic a lly  fr o m  0 to ?  a s
k  c

co in c r e a s e s  fro m  0 to oo . The n o r m a liz e d  p ro p a g a tio n  v e lo c ity

v n
_E _ is  p lo tted  in  F ig u r e  2 . B e c a u se  of c o n tr o lle r  c h a r a c t e r is t ic s  
k h s

w h ich  a tten u ate  the h ig h er  fr e q u e n c ie s ,  the v e lo c i t y  k h g i s  often  

te r m e d  the p ro p a g a tio n  v e lo c ity .
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Queue R esp o n se  to S in u so id a l 
R oad-Induced  D is tu r b a n ce s

Up to th is  point the stu d y  h a s  b een  co n c er n ed  w ith  queue  

r e sp o n se  to s in u so id a l d is tu rb a n ces  A v o (t)  in tro d u ced  by e x te r n a l  

e x c ita tio n  of on ly  the in it ia l  v e h ic le .  Now a tten tio n  i s  turned to the 

p o s s ib il ity  of a d istu rb a n ce  in d u ced  in to  ea ch  v e h ic le  of the queue in  

se q u e n c e . A gain  a tten tion  is  con fin ed  to s in u so id a l d is tu r b a n c e s .

In p a r t ic u la r , d is tu rb a n ces  o f a type w h ich  m ig h t be in d u ced  by a 

road  w ith  a s m a ll  s in u so id a l v e r t ic a l  p r o file  a r e  c o n s id e r e d . In th is  

c a s e  ea ch  v e h ic le  i s  d istu rb ed  e x te r n a lly  in  the sa m e  m an n er a s  the 

p r e c e d in g  v e h ic le ,  but the d istu rb a n ce  fu nction  is  d e la y ed  in  tim e by  

the tim e sp a c in g  Y . T his is  an a p p ro x im a tio n  w h ich  h o ld s on ly  for  

s m a ll  d istu rb a n ces  o f ea ch  v e h ic le  fr o m  eq u ilib r iu m . E q u ilib r iu m  

i s  the sa m e  a s  p r e v io u s ly  d efin ed . In th is  c a s e  the to ta l d istu rb a n ce  

o f each  v e h ic le  is  the su m  of the d istu rb a n ce  in d u ced  by the road  and 

the d istu rb a n ces  tr a n sm itte d  to it  fro m  ea ch  of the p re ce d in g  

v e h ic l e s .

It m ig h t o ccu r  to the r e a d e r  at th is p o in t that it  m a y  not be  

e n t ir e ly  true that the ro a d , under the a ssu m p tio n s  a b o v e , w il l  induce  

id e n tic a l d is tu r b a n ce s  in to  ea ch  v e h ic le ,  even  i f  the queue is  c o n 

tr o lle d  by id e n tic a l c o n tr o l s y s t e m s .  T h is s itu a tio n  a r i s e s  i f  the 

in it ia l  v e h ic le  is  not a u to m a tic a lly  c o n tr o lle d . F ir s t  a s su m e  that it  

i s  a u to m a tic a lly  co n tr o lle d  in  su ch  a w ay that
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(2-5 3 ) Vo ft) = Tfp)

Now c o n s id e r  a d istu rb a n ce  in d u ced  by the road  into the in it ia l  

v e h ic le  g iven  by A v g (t)  . The ro a d  w ill  in d u ce a d istu rb a n ce  

, A v g ft-  T*) in tue f ir s t  v e h ic le ,  AvQ (t-2T') in the seco n d  v e h ic le ,  

e tc .  If AvQ (t) i s  g iv en  by

A V»(t-r) = Aejwt

then the d istu rb a n ce  in d u ced  by the road  in  the f ir s t  v e h ic le  w il l  be

<a_su) Â (i-r) = Aei(ujt-r)=AB>ute-jM7'= e J'"W O

S im ila r ly , the d istu rb a n ce  in d u ced  by the road  in  the seco n d  v e h ic le

av. (t -zr ) = e  J2i0rAvo (i)

The d istu rb a n ce  in d u ced  in  the ith  v e h ic le  i s  the su m  of a l l  such  

d istu rb a n ces  tra n sm itted  to it  p lus e" Avq( t) . Thus the to ta l 

d istu rb an ce  of the ith  v e h ic le  m a y  be r e la te d  by a  ga in  fu n ction , yet  

to be d eterm in ed , to A v g (t)

On the other hand if  the in it ia l  v e h ic le  i s  not autom ation!! v 

c o n tr o lle d , the road  induced  d istu rb a n ce  of the f ir s t  v e h ic le  w iu  

be that of the in it ia l v e h ic le  d e la y ed  by s e c o n d s , but w ill  b e  g iven  

by
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(2-55) A v , ( t )  =  T C j i o ) A V j t ) + A V K( t )  ?  T ( ^ d V /t ) + e J" V t )

H e re  A v ^ (t )  i s  the d is tu r b a n c e  in d u ced  by the ro a d  in  the f ir s t  

v e h ic le .  It ca n  be s e e n  that the o v e r a l l  q u eu e r e s p o n s e  w il l  be the 

su m  of tw o c o m p o n e n ts . One i s  due to A vQ (t) e x te r n a lly  in d u ced  

in  on ly  the in it ia l  v e h ic le .  T h is r e s p o n s e  w a s d e s c r ib e d  in  the f i r s t  

s e c t io n  of th is  c h a p te r . T he s e c o n d  co m p o n en t i s  due to the d i s 

tu rb an ce  4kVj(t) b e in g  in d u ced  w ith  a p p r o p r ia te  d e la y  in to  ea ch  

v e h ic le  of the q u eu e . T h is  p ro b lem  i s  id e n t ic a l  to the one fo r  w h ich  

E q . (2 -53 ) h o ld s ,  but w ith  the in d ic e s  in c r e a s e d  b y  o n e . T h e r e fo r e  

in  the r e m a in d e r  of th is  ch a p ter  i t  i s  a s s u m e d  that E q . (2 -53  ) *s 

tr u e , and a l l  v e h ic le s  a r e  s im i la r ly  c o n tr o lle d .

In o r d e r  to d e te r m in e  w h e re  the la r g e s t  s in u s o id a l  h ea d w a y  

o s c i l la t io n s  o ccu r  in  the q u eu e , i t  i s  d e s ir a b le  to fin d  a g a in  fu n c tio n  

fo r  the h ea d w a y  d is tu r b a n c e  o f the ith  v e h ic le  o f the qu eu e a s  a 

fu n c tio n  of the input d is tu r b a n c e , A v o (t)  = A e J ^ t  . S p e c if ic a l ly  it  

i s  d e s ir e d  to fin d  A h j(t)  , w h ere

(2-56) A h'ft) = H[ (jĉ ) AV0ft )

T h is i s  found in  the fo llo w in g  m a n n e r . T he r e s p o n s e  of e a c h  v e h ic le  

i s  the su m  of the r e s p o n s e  tr a n sm itte d  by the g a in  fu n c tio n  fr o m  the 

p r e c e d in g  v e h ic le  p lu s  the r e s p o n s e  in d u ced  b y  the r o a d . F o r  the kth  

v e h ic le ,



F o r  the 1 s t  v e h ic le ,

(2-58) AV, f t )  = T (ju)AV,(t)  + e >UltAVc Ok)

F o r  the 2nd v e h ic le ,  ap p ly in g  E q . (2-$7)>

( 2 ' S 9 )  AV^C-t )  =  T6'uj)aM ^ V r e w ) e ,w V / f ) + £ J2W4 i / f t )

In g e n e r a l, then , fo r  the ith  v e h ic le ,

(2 -6 o ) =• a )

S u b stitu tin g  E q . (2 -60) in to  E q . (2-57)* w h ere  k -1  = i  ,

T h e r e fo r e , by in d u ction  E q . (2-60) i s  s e e n  to be v a lid  fo r  a l l  i . It 

i s  fu r th er  n o ted  that the r ig h t m em b e r  of E q . (2-60) m a y  be w r itten  

in  c lo s e d  fo r m , g iv e n  by

v - ^ n - T c ^ e i ^ '
A V j ( t ) = e .  (_ _  ■(2 -61) AV0(t)
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The r e la t iv e  v e lo c ity  d istu rb a n ce  of the ith  v e h ic le  i s

(2-62) A ^ ( t )  ■=• AVi^(-t)  -  AV'(t)

A fter  su b stitu tio n  of E q . ( ) in to  E q . ( ) and so m e  a lg e b r a ic

m a n ip u la tio n

+ (TC^)-i)TQcJ)l3
(2-63)  A ^ ( t )  - ---------------------, -  TCjuj)e<  r   A i(  )

Now Av ( t )  = p A h ; ( t )  . So, 
i

<*-*> Ah/t) =
w h ere  the co n sta n t in it ia l  con d ition  on A h^(t) i s  to b e  a d ju sted  inde  

p en d en tly .

(2-65)

E q . (2-65  g iv e s  the r eq u ir e d  ga in  fu n ctio n .

In o rd er  to find  the gain  fu n ction , A v g (t)  w as g iven  by  

A vQ (t) = AeJ40*' , w h ich  i s  not a r e a l i s t ic  input d is tu r b a n c e . R oad -

in d u ced  d istu rb a n ces  a r e  e x te r n a l d is tu r b a n c e s  and m u st  be a c c e le r a 

tio n s or fo r c e s  on the v e h ic le s .  B e c a u se  of the feed b a ck  s y s t e m s  u se d  

to  a ch iev e  eq u ilib r iu m , AvQ (t) can n ot be s p e c if ie d  a s  an in d ep en d 

ent d is tu rb a n ce . R a th er , A v g (t)  i s  the r e s p o n se  of the feed b a ck  

s y s te m  to an in d ep en d en t d istu rb a n ce  A aQ (t) . F r o m  b lo ck  d ia 

g ra m s of the c o n tr o l le r s ,  it  m a y  be d e term in ed  that for  the v e lo c ity
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c o n tr o l le r ,

(2 -6 6 ) M o t t )  =
I

p + k

and fo r  the h ead w ay  c o n tr o l le r ,

a  a .  f t ) ,

(2-67) A V . C t )  =
•a A  a o f t )

■^P 4 - 0 + k£) p  f  k ,

In o rd er  to s o lv e  the p r o b le m  th en , A a g ft)  m u s t  be d e te r m in e d .  

T h is  i s  done a s  fo llo w s .

S in u so id a l r o a d -in d u c e d  d is tu r b a n c e s  m a y  be c a u se d  b y  a  

ro a d  s e c t io n  w ith  a  s in u s o id a l v e r t ic a l  p r o f ile  a s  show n  in  F ig u r e  3, 

T he e le v a t io n  of a n y  poin t a lo n g  the ro a d  i s  g iv e n  b y

( 2- 68) y O O  =  Y c o s  G)x X

A y (x )

F ig .  3 . - -R o a d  W ith S in u so id a l V e r t ic a l  P r o f i le
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It is  s e e n  fro m  F ig u re  3 that the g ra v ita tio n a l fo r c e  com p on en t  

tan gen tia l to the road  is

(2-69) AQ0 -  - g s m * (x )

F o r  s m a ll  CL , Eq. ( ) b e c o m e s

(2-70) A a o &  ~  g*Cx)

w h ere

(2-71) =  “  ^ u J X S ‘ n C 0 K X

The v e h ic le  h o r izo n ta l v e lo c ity  com p on en t is  g iven  to a f ir s t  a p p r o x i

m a tio n  by v s s  , so  that

( 2- 72) X  &  VS 5 t

Su bstitu ting  Eq. (2-72) in to  E q . (2-73) y ie ld s

pc(-0  -  -  Ycjx sin cJxvsst
L etting  cox  v gs = w ,

( 2- 73) o c ( t )  =  — Y u ) x  s i n  c o t

Then AaQ(t) is  a p p ro x im a te ly  g iven  by su b stitu tin g  E q . (2-73) 

back  in to  Eq. (2-70)> so  that

(2-7i)) A a  f t )  =  g Y 6 0 / s i n w t  =  g Y ' ^ s i n < < j t '
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It is  n o ted  that if  E q . (2 -72  ) i s  su b stitu te d  in to  E q . (2 -6 8  ) ,  y ( t ) 

i s  g iven  a p p r o x im a te ly  by

(2-75) =  V COS U ) t

and

(2-76) ACiJ-t)  =
\s s

pyft )

S u b stitu tin g  E q . ( ) b ack  in to  E q . ( ) g iv e s  A vQ (t) for the

v e lo c ity  c o n tr o lle r  a s

(2 -7 7 ) h  t & t
S u b stitu tin g  E q . ( ) b ack  in to  ( ) g iv e s  A vQ (t) for  the h e a d 

w ay  c o n tr o lle r  as

A V ( i )  =  — ------------ £ 3 s j £ ------------------

( 2 ‘ 7 8 )

Thus the c o r r e sp o n d in g  ga in  fu n ctio n  r e la t in g  A vQ (t) to  y ( t )  for  

the two c o n tr o lle r s  a re

(2 -79 )

and

(2- 80)

60

AVcCt) 9TJa>‘

fo r  y d } - A &
jcot

_y( / 0  \^ s  4 . ( / + k £v) ju ) +  k ,

r e s p e c t iv e ly .  S u b stitu tin g  E q s . (2-79) and (2-80) back  in to  E q . (2-65)



g iv e s  the h eadw ay R esp on se  fo r  the ro a d -in d u ced  d is tu r b a n c e , y ( t )
t

='Tcos oit , a s

(2 -81 ) Ain/ ( t ) -

|j-Tff o j) e ' ajrJ ( | t o  4- k)
m 9  Y

V.
cos

ss

and

(2- 82)
1+iOj<o + k]]

%gY
COS

r e s p e c t iv e ly  fo r  the v e lo c ity  and h ead w ay  c o n t r o l le r s .  H ere  (j) 

i s  the a rg u m en t of the c o m p le x  m agn itu d e fu n ctio n  in  E q . ( 2 -8 1 ) ,  and  

i s  the a rg u m en t of the c o m p le x  m agn itu d e fu n ctio n  in  E q . (2 -8 2 ) .

The m agn itu d e o f Ah^(t) a p p e a r s  to be in d e te r m in a te  if  

oi = 0 , s in c e  T( 0) = 1 . T h is can  be tr e a te d  by L 'H o sp ita l1 s r u le

or by a s e r ie s  ex p a n sio n  of the te r m s  w h ich  ap p roach  z e r o  as  

oi —>  0 . In the p r e s e n t  s itu a tio n  the la t te r  c o u r s e  i s  the m o r e  

e f f ic ie n t  and w il l  be u se d . F ir s t  T( joi ) n ear  oi = 0 ca n  be

a p p ro x im a ted  by

j 'o j a ( + a 0

j  cub, + Qo 60-+Q

and

e J U T > t t  i + j c o f
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A s a con seq u en ce  the te r m s  in  the n u m erator  and d en om in ator of 

the equations w hich  approach  z e r o  a s  to —*-0 b eco m e

=rj"1'-  & •

and

I -  T(jU) -jco ( f +  fL -  i£)

The te rm s ca u sin g  d ifficu lty  a re  the b ra ck eted  te r m s  in  

n u m erator  and denom inator. S u bstitu ting  th ese  s e r ie s  in to  the 

b ra ck eted  te r m s  one h as

+ ( K f  ~ I t)  T C j J ]

The two te r m s in  the n u m erator of the above e x p r e s s io n  app roach  

u n ity  as «  —̂ 0 ca u sin g  the above r a t io  to ap p roach  -1 a s  co —> 0 

A s a co n seq u en ce  Ah^(t) for the v e lo c ity  c o n tr o lle r  a p p roach es

and A h j(t) for the headw ay c o n tr o lle r  a p p roach es z e r o . T h ese  

r e s u lt s  a re  v a lid  on ly  if

a ex.o o
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C o n clu sio n

It is  rem a r k ed  in  c lo s in g  that the s in u so id a l a n a ly s is  and the 

gain  fu n ctio n  m a y  be ap p lied  to ev a lu a tio n  of the queue r e s p o n se  to 

m o re  g e n er a l p e r io d ic  input d is tu r b a n c e s . The p e r io d ic  input m a y  be 

expanded  in  a F o u r ie r  s e r i e s ,  a sum  of s in u s o id s . B e c a u se  s u p e r 

p o s it io n  a p p lie s , the te r m s  of the s e r i e s  m a y  be tr e a te d  a s  se p a r a te  

in p u ts . The r e s p o n se  to ea ch  of the inputs i s  r e la te d  to the input 

s in u so id  by the m agn itu d e and p h ase of the gain  fu n ction  a s  in  the 

p rev io u s  s in u so id a l r e s p o n se  a n a ly s is .  The p er io d ic  queue r e sp o n se  

i s  then the sum  of the s in u so id a l r e s p o n se  t e r m s . F o r  e x a m p le , a 

p e r io d ic  d istu rb a n ce  of the in it ia l  v e h ic le  on ly  m a y  be expanded  in  the 

s e r ie s

T 0

is  the r e la t iv e  p h ase of the nth co m p on en t. The h ead w ay  r e sp o n se  of

the ith  queue v e h ic le  Ah^( t) is  then g iv en  by
oO

n=i

w h ere  to q =  ̂ 17 , Tq is  the p er io d  of the d is tu rb a n ce , and DCn



w h e r e  H i(jncoo) i s  the gain  fu n c tio n ,

(2-85) H; ( j ^ o )  -
l . -T(jncJ0)~

/
I ' l

)
L  J ^ o

and (j) (̂n<Og) is  the argum ent or phase of H^(jn<OQ) . The m a x i

m um  m agnitude of Ah^(t) m ay then be d eterm in ed , and the s ta tic  

headw ay h s is  m ade la r g e r  tha'n m axim u m  Ah^ , T his in d ica tes  a 

type of bound on the flow  p o ss ib le  w ith  the a u to m a tica lly  co n tro lled  

qu eu e. The p eriod ic  road -in d u ced  d istu rb an ces can be s im ila r ly  

trea ted .

H ow ever, the s in u so id a l and p eriod ic  d istu rb a n ces are  a r b i

tra ry  and id e a liz e d  d istu rb a n ces , not l ik e ly  to be en cou n tered  in  

tra ff ic . The d istu rb a n ces to be encountered  in  tra ffic  are  not p r e d ic t

a b le , but a re  random  in  n a tu re . Queue r e sp o n se  to th ese  m o re  

r e a lis t ic  random  d istu rb an ces is  d isc u s se d  at length  in  the rem ain in g  

ch ap ters of th is p ap er. Throughout the d isc u ss io n , the sa m e gain  

fa c to r s  d er iv ed  from  s in u so id a l a n a ly sis  w ill be e x te n s iv e ly  em p loyed .



CHAPTER III

R E SPO N SE  O F THE A U T O M A T IC A L L Y  C O N T R O LLE D  
Q U EU E TO IN D E P E N D E N T  STA TIO N A R Y  

RANDOM  D IST U R B A N C E S

Intr oduc tion

In th is  ch a p ter  the r e s p o n s e  of a  queue o f a u to m a t ic a lly  c o n 

tr o lle d  v e h ic le s  to  s ta t io n a r y  ra n d o m  d is tu r b a n c e s  i s  s tu d ie d . T y p i

c a l  s o u r c e s  of su ch  ra n d o m  d is tu r b a n c e s  a r e  c o n s id e r e d , a s  w e l l  a s  

th e ir  o c c u r r e n c e  in  the q u eu e . C h a r a c te r iz a t io n  of the d is tu r b a n c e s  

and the a p p lic a b ility  of th e ir  tr e a tm e n t  a s  s ta t io n a r y  ran d om  fu n c tio n s  

i s  d is c u s s e d .  The p o w er  w h ich  m u s t  b e  su p p lie d  by  the v e h ic le s  i s  r e 

la te d  to the d is tu r b a n c e s .  The m eth o d  i s  then  show n  fo r  d e te r m in in g  

the m ea n  sq u a re  v a lu e s  of c e r ta in  q u eu e r e s p o n s e  fu n c tio n s  fr o m  k n o w 

le d g e  of a u to c o r r e la t io n s  or p ow er s p e c tr a  of the d is tu r b a n c e  s o u r c e s .  

F in a lly ,  the e n g in e e r in g  p r o b le m  i s  d is c u s s e d  of d e te r m in in g  the e q u i l i 

b r iu m  sp a c in g  to a v o id  c o l l i s io n s  w h en  e a c h  v e h ic le  i s  a d is tu rb a n ce  

s o u r c e .

S o u r c e s  o f R andom  D is tu r b a n c e s  of 
A u to m a tic  Q u eu es

In the stu d y  o f the a u to m a ted  h ig h w a y , i t  h a s  b e e n  c o n s id e r e d  

a d v isa b le  that the a u to m a tic  s y s t e m  be c o m p a tib le  w ith  the p r e s e n t  

m a n u a lly  c o n tr o lle d  v e h ic le s .  In the a u to m a tic  s y s t e m  the r e s p o n s e
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of each  v e h ic le  to the m o tio n  of the p r e c e d in g  v e h ic le  i s  c o n tr o lle d  by  

an au to m a tic  lo n g itu d in a l c o n tr o l s y s t e m . A co m p a tib le  c o n tr o lle r  

m u st a ls o  d e te c t  and resp o n d  to m a n u a lly  d r iv e n  v e h ic le s  in  the t r a f 

f ic  s y s t e m . In th is  c a s e  i t  i s  ex p e c te d  that o c c a s io n a l  m a n u a lly  

c o n tr o lle d  v e h ic le s  w il l  be found in  lo n g  q u eu es  of a u to m a tic a lly  c o n 

tr o lle d  v e h ic le s  and that the m a n u a lly  c o n tr o lle d  v e h ic le s  m a y  e ith e r  

b rea k  the queue or s im p ly  a c cu m u la te  a  fo llo w in g  queue of au to m a tic  

v e h ic le s .  In th e se  s itu a t io n s  the hum an d r iv e r  in tr o d u ce s  ran d om  

d is tu r b a n c e s  fro m  the e q u ilib r iu m  co n d itio n  of the q u eu e . The ran d om  

d is tu r b a n c e s  a r e  tr a n sm itte d  u p str e a m  by the a u to m a tic  c o n t r o l le r s .  

The d e te r m in a tio n  of m e a s u r e s  o f the ran d om  queue r e s p o n s e  to the 

d is tu r b a n c e s  m a y  be tr e a te d  by c o n s id e r in g  the m a n u a l v e h ic le  to be 

the in it ia l  v e h ic le  o f an au to m a tic  queue and to  be the s o le  s o u r c e  of 

d istu rb a n ce  of the q u eu e . T h is i s  one s itu a tio n  to be a n a ly ze d  in  th is  

c h a p te r .

A nother s itu a tio n  w h ich  m a y  be tr e a te d  in  the sa m e  m a n n er  is  

that of a queue w h ich  i s  e n t ir e ly  a u to m a tic , but in  w h ich  ran d om  d i s 

tu rb a n ces  a r e  g en er a ted  in te r n a lly  in  one of the v e h ic le s .  A ga in  the 

ran d om  d istu rb a n ce  is  tr a n sm itte d  u p str e a m  by the a u to m a tic  c o n 

t r o l le r s ,  and the s o u r c e  v e h ic le  m a y  be c o n s id e r e d  to be the in it ia l
*

v e h ic le  o f the queue for  the p u rp o se  of a n a ly z in g  the queue r e s p o n se  

to the d is tu r b a n c e .



i a

*
It is  r e a d ily  co n ce iv a b le  that at any point in  an au tom atic  

queue th ere m a y  be a random  d istu rb an ce  r e sp o n se  to m o r e  than 

one d istu rb a n ce  so u r c e  d o w n strea m . S in ce a tten tion  is  con fin ed  to 

the lin e a r  m od e op eration  of the au tom atic  s y s t e m , su p er p o s itio n  

again  a p p lie s , and the to ta l d istu rb a n ce  m a y  be found by su m m in g  the 

r e s p o n se s  at each  point of the queue d e term in ed  s e p a r a te ly  by tr e a t 

ing each  so u r c e  v e h ic le  as  an in it ia l v e h ic le  of an au tom atic  queue.

If the s o u r c e s  of random  d istu rb a n ces  a re  s ta t is t ic a l ly  in dependent, 

then the r e sp o n se  to each  of the s o u r c e s  w ill be u n c o rr e la ted , and 

the m e a su r e s  of queue r e sp o n se  w ill  be the sum  of the m e a su r e s  of 

r e sp o n se  to ea ch  independent d istu rb a n ce .

F in a lly , it  i s  to be ex p ected  in  the r e a l is t ic  au tom atic  tra ffic  

queue that th ere  w ill be random  d istu rb a n ce  s o u r c e s  in  ea ch  v e h ic le  of 

the queue due to quan tization  e r r o r  in the m e a su r e m e n t of v e lo c ity  

and headw ay by ea ch  au tom atic  c o n tr o lle r . A f ir s t  ap p rox im ation  to 

the d eterm in a tio n  of the r e sp o n se  to th ese  d istu rb a n ces  can be m ade  

by co n s id e r in g  th ese  so u r c e s  to be in dependent, although they  m ay  

a c tu a lly  be c o r r e la te d . The v a lid ity  of su ch  an ap p rox im ation  should  

be the su b ject of an advan ced  stu d y, w h ich  i s  beyond the sco p e  of th is  

p a p er . C o rre la ted  random  d istu rb a n ces  of the queue due to ro a d -  

induced  d istu rb a n ces  a re  c o n s id e r e d  in  the n ex t ch a p ter .
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S ta tio n a ry  R andom  D is tu r b a n c e s

R andom  fu n c tio n s  o f t im e  a re  d is t in g u ish e d  fr o m  the d e te r m in 

i s t i c  fu n ction s of the p r e v io u s  ch a p ter  by the fa c t  that it  i s  not p o s s ib le  

to p r e d ic t  th e ir  v a lu e  at any g iv en  in sta n t  w ith  c e r ta in ty . C o n seq u e n tly ,

t im e . In stea d , ran d om  fu n c tio n s  a r e  c h a r a c te r iz e d  by  th e ir  tim e  

a v e r a g e s .  O nly the m ea n  and the a u to c o r r e la t io n  of the ran d om  fu n c 

tio n s  a re  n eed ed  fo r  e n g in e e r in g  p u r p o se s  of th is  p a p er .

In g e n e r a l the m ea n  y ( t )  of a ran d om  fu n ctio n  of tim e  y ( t) 

i s  d e fin ed  to be

T he fu n ctio n s of in te r e s t  a r e  a c c e le r a t io n s ,  v e lo c i t ie s ,  h ea d w a y s , e t c .  

The above d e fin itio n  of the m e a n  of a v a r ia b le  i s  n ot a p p lic a b le  to the  

r e a l  tr a ff ic  s y s te m  b e c a u s e  it  i s  not p o s s ib le  to o b se r v e  the v a r ia b le  

for  an in fin ite  p e r io d  of t im e . The q u estio n  then  a r i s e s ,  i f  i t  is  on ly  

p o s s ib le  to a v e r a g e  a v a r ia b le  o v er  a f in ite  t im e  p e r io d , then w hat i s  

the p er io d  to b e . The v a r ia b le  a s s o c ia t e d  w ith  an a u to m a ted  queue of  

v e h ic le s  i s  o f in t e r e s t  h e r e ,  s o  the a v e r a g e  o f in te r e s t  i s  to be taken  

w h ile  the v e h ic le  i s  on a f in ite  s e c t io n  of a u to m a tic  h ig h w a y . In th is  

c a s e  the m e a su r e d  m e a n  i s  g iv e n  by

th ey  a r e  not c h a r a c te r iz e d  by s p e c ify in g  th em  a s  know n fu n ctio n s of

r
(3-D ET y(t)clt

- T
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-r
•where the v e h ic le  e n te r s  the a u to m a tic  s e c t io n  at t = - T and

le a v e s  a t t = T

Q u eu es of v e h ic le s  fo r m  b e c a u se  the m e m b e r s  of the queue

d e s ir e  a h ig h er  m ea n  v e lo c ity  than the in it ia l  v e h ic le  o f the q u eu e . If 

p a ss in g  can n ot o c c u r , the queue m e m b e r s  a r e  fo r c e d  to r e m a in  beh ind  

the in it ia l  v e h ic le  and a v o id  c o l l i s io n  w ith  the p r e c e d in g  v e h ic le .  T h is  

i s  tru e o f e ith e r  m a n u a lly  c o n tr o lle d  tr a ff ic  or tr a ff ic  in  w h ich  ea ch  

v e h ic le  i s  c o n tr o lle d  in d iv id u a lly  by an a u to m a tic  c o n tr o l le r .  S in ce  

the queue r e s p o n s e  to  in it ia l  v e h ic le  d is tu r b a n c e s  is  of in te r e s t  h e r e ,  

the p e r io d  2T  o v er  w h ich  the r e s p o n s e  i s  a v e r a g e d  o c c u r s  a fte r  the  

fo r m a tio n  of the queue and m a y  be s h o r te r  than the t im e  fo r  the in it ia l  

v e h ic le  to t r a v e r s e  the a u to m a tic  s e c t io n .  On th is  b a s is ,  the in it ia l  

v e h ic le  d e te r m in e s  the a v e r a g e  v e lo c ity  o f e a ch  v e h ic le  of the q u eu e , 

and th is  i s  c o n s id e r e d  the e q u ilib r iu m  sp e e d . F o r  q u eu es of a u to m a tic a lly  

c o n tr o lle d  v e h ic le s  the eq u ilib r iu m  sp a c in g  n e e d  not be a fu n ctio n  of the 

e q u ilib r iu m  sp e e d , but m u st  b e  la r g e  enough to e lim in a te  c o l l i s io n s  

due to d is tu r b a n c e s  fr o m  e q u ilib r iu m . T h e r e fo r e , i t  i s  s u f f ic ie n t  fr o m  

h e r e  on to c o n s id e r  on ly  d is tu r b a n c e s  fr o m  e q u ilib r iu m .

The a u to c o r r e la t io n  of a ran d om  fu n c tio n  A y (t)  i s  d en oted

, T  ) and i s  g iv e n  b y
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T

(3-3) 4^(%; r)  = 2 J 7J ( H ) f t- t i+ f)c it .

T his fu n ction  a g a in  can n ot be obta in ed  on r e a l  ro a d  s e c t io n s .  F u r th e r 

m o r e  its  u s e fu ln e s s  i s  s e v e r e ly  l im ite d  by  i t s  d ep en d en ce  on tj  

A  fu nction  w h ich  ca n  be obta ined  on the r e a l  ro a d  s e c t io n  i s  g iv e n  by

(3-w = j r U y ( t - t l' ) A ^ ( t - t l+ f ) d t .
^  - r

The q u e stio n  then a r i s e s  a s  to how  la r g e  T m u st  be in  the fu n ctio n  

♦ 2 y <  tj , T  ) in  o rd er  that it  r e a so n a b ly  a p p ro x im a te  the a u to c o r r e 

la tio n  and be in d ep en d en t o f tj . T h is fu n c tio n , w h ich  ca n  b e  ob ta in ed  

in  r e a lity ,  i s  a m e a s u r e  of the d is tu r b a n c e . The a n sw er  to the ab ove  

q u estio n  d ep en d s on the d istu rb a n ce  s o u r c e .

The f ir s t  d istu r b a n c e  s o u r c e  c o n s id e r e d  is  e le c t r ic a l  n o is e  

g e n e r a te d  in  an au to m a tic  c o n tr o l le r 's  c o m p o n e n ts . Such n o is e  i s  in  

g e n e r a l d ependent on the tem p e ra tu re  (su c h  a s  tr a n s is to r  n o i s e ) ,  the 

m a te r ia l  and d e s ig n  of the com p on en t ( su c h  a s  p o te n tio m e ter  tr a n sd u c er  

n o is e )  or on the e q u ilib r iu m  sp e e d  of the v e h ic le  ( s u c h  a s  ta ch o m e te r  

n o i s e ) .  The tem p e r a tu re  and eq u ilib r iu m  sp e e d  a r e  a s su m e d  c o n sta n t,  

so  that the e le c t r ic a l  n o is e  can  b e c o n s id e r e d  s ta t io n a r y . T h is  is



g e n e r a lly  a r e la t iv e ly  h igh  freq u en cy  n o ise  s o u r c e , and its  a u to c o r r e 

la tio n  can  be ex p ec ted  to ap p roach  z e r o  for  Y  > 1 s e c  . H ow 

e v e r , it  is  g en era ted  in  a feed b a ck  co n tro l lo o p  w h ich  is  e x p e c te d  to 

have a m a jo r  tim e co n sta n t of s e v e r a l  s e c o n d s  at m o s t .  The r e su lt in g  

c o n tro l s y s te m  output d istu r b a n c e , that o f the v e h ic le ,  a t any tim e  

in sta n t can  be ex p ected  to be independent of its  v a lu e  at in sta n ts  m o re  

than s e v e r a l  seco n d s  e a r l ie r .  In other w o r d s , i f  i s  the a u to 

c o r r e la t io n  of the v e h ic le  r e sp o n se  to e le c t r ic a l  n o is e  in  its  c o n tr o lle r ,  

w ill  be e s s e n t ia l ly  z e r o  fo r  Y  g r e a te r  than s e v e r a l  s e c o n d s .

In th is c a s e ,  ^ A y ( Y  ) i s  a  r e a so n a b le  a p p ro x im a tio n  to ^Ay^ ^  ^

T is  on ly  a few  m in u te s . A ls o , ^ A y ^ ^  *s s ta t io n a r y  and independent 

of the tim e of m e a su r e m e n t.

The q u an tization  or in stru m en ta tio n  n o is e  in  the input to the 

feed b a ck  c o n tr o lle r  i s  dependent p r im a r ily  on the sp a c in g  of d e te c to r s  

in  the h ighw ay and on the eq u ilib r iu m  sp e ed  for the au to m a tic  s y s te m  

p r e se n tly  c o n s id e r e d . A cco rd in g  to the p r e s e n t  co n cep t o f the a u to 

m a tic  s y s te m , the sp a c in g  of the d e te c to r s  w ill  be c o n sta n t. S in ce  the 

eq u ilib r iu m  sp e ed  is  a ls o  a s su m e d  co n sta n t, it  i s  e x p e c ted  that th is  type 

of d istu rb an ce  so u r c e  i s  a ls o  s ta tio n a r y . The feed b a ck  c o n tr o lle r  f i l t e r s  

th is  n o is e  in  the sa m e  fa sh io n  a s  the in te r n a l e le c t r ic a l  n o is e ,  so  that 

aga in  a T of a few  m in u tes  w ill  be su ff ic ie n t  for  a s ta tio n a r y  m e a s u r e 

m en t of the a u to c o r re la tio n  of the r e s u lt in g  v e h ic le  d is tu r b a n c e .



The fin a l so u r ce  of d istu rb a n ces  to be c o n s id e r e d  is  the hum an  

d r iv e r . He is  a ls o  the m o st  n o n sta tio n a ry . H is c h a r a c te r is t ic s  tend  

to change w ith 'm ood , fa tig u e , en v iron m en t, e tc . D uring the p a st few  

y e a r s  the hum an d r iv er  r e sp o n se  in  the c a r -fo llo w in g  s itu a tio n  h as  

b een  stu d ied  ex p e r im e n ta lly  h e r e  at The Ohio State U n iv e r s ity . S p e c i

f ic a lly ,  m e a su r e m e n ts  have b een  taken of the d r iv e r 's  r e sp o n se  w h ile  

he is  attem pting  to fo llo w  a p reced in g  v e h ic le  of co n sta n t v e lo c ity .  T his  

s itu a tio n  is  quite s im ila r  to that of the d r iv e r  a s  a m e m b er  of a  lon g  

tra ffic  q u eu e. T h ese  m e a su r e m e n ts  h ave b een  taken in  a s im u la ted  

tra ffic  en v iron m en t and on the h igh w ay . In the s im u la te d  en v iron m en t  

i t  w as found that m e a su r e m e n ts  of the m ea n  sq u a re  v a lu e  of the d r iv e r  1 s 

d istu rb an ce  show ed rea so n a b le  c o n s is te n c y  for a g iven  su b jec t fro m  

day to day and for s e v e r a l  d ifferen t m e a su r e m e n ts  during a day i f  the 

m e a su r e m e n ts  w ere  taken over 10 to 12 m in u te p e r io d s . In the road  

te s t s  it h as b een  found that ten m inute r ec o rd in g s  of data red u ce  w ith  

r ea so n a b le  c o n s is te n c y  a ls o .  Thus it  s e e m s  that i f  T is  g r e a te r  than  

15 m in u te s , the m e a su r e m e n ts  of ^Ay-f^l » T* ) a re  r e la t iv e ly  in d e 

pendent of t̂  . F u r th er m o re , a u to co r r e la tio n s  h ave b een  ca lcu la te d  

for  v e lo c ity  d istu rb an ce in  c a r  fo llo w in g , and they a r e  found to be 

e s s e n t ia lly  z ero  for  'f- g rea ter  than 100 s e c o n d s . Thus i t  is  ex p ected  

that ^ A y ^ ^  ôr T > 15 m in u tes  w il l  r e a so n a b ly  ap p rox im ate



F ro m  the above co n sid era tio n s  it  is  e s tim a te d  that on se c tio n s  

of autom atic highw ay w here the above types of d istu rb a n ces can  e x is t ,  

a v era g es  of duration 15 m in u tes or m o re  w ill appear sta tio n a ry . Of 

c o u r se , the v a lid ity  of th is e s tim a te  r e q u ir e s  the ru lin g  out of e x tr e m e s  

of m ood ch a n g es, lea rn in g , en v iron m en ta l ch a n g es , e t c .  A lso , the 

sa m e ind iv idual d istu rb an ce so u r c e s  a re  a ssu m ed  for a l l  tim e on the 

s e c t io n s . D ifferen t so u r c e s  w ill gen era te  d ifferen t sta tio n a ry  d is tu rb 

a n c e s . The exp loration  of the c h a r a c te r is t ic s  of the in d iv idu al so u r c e s  

i s  beyond the sco p e  of th is p a p er . H ere r e p r e se n ta tiv e  c h a r a c te r is t ic s  

only w ill be a ssu m ed .

P ow er D iss ip a ted  By a V e lo c ity  D istu rb an ce

It is  of so m e in te r e s t  to attach  som e p h y sica l s ig n ifica n ce  to 

the a u to co rre la tio n  of the v e lo c ity  d istu rb an ce of a v e h ic le .  In g en era l 

the v e h ic le  is  quite n o n lin ea r . A ls o , i t  n o rm a lly  has v e r t ic a l  tr a n s la 

tion  m otion  and p itch ing m otion  a s  w e ll  a s  the lon gitu d in al tra n sla tio n  

w hich  is  of in te r e s t  h e r e . The v e r t ic a l  and p itch ing m otion  are  n o r m 

a lly  road -in d u ced  and n eed  not be co n s id e re d  h e r e . The fr ic tio n  fo rc e  

on the v e h ic le  is  a non lin ear function  of v e lo c ity . It can  be exp ected  to 

be s im ila r  to aerod yn am ic drag , p rop ortion a l to v n , w here  

n > 1 . In th is c a se  it  w ill be s im ila r  to the c h a r a c te r is t ic  show n

in  F igu re U . H ere it  is  s e e n  that F ( v )  m ay  be expanded in a  T aylor



V. VS5
F ig .  l j . .- -N o n lin e a r  F r ic t io n  F o r c e  C h a r a c te r is t ic

s e r i e s  about v s s  , g iv e n  by

U8

(3-5) F(V) =  F ( vS3) +  i L  f M  ( v- vss)  + ±  £ f &) (v -v j.
2 . o/i

v=y.55

F o r  s m a ll  d is tu r b a n c e s  fr o m  e q u ilib r iu m , the d is tu r b a n ce  v e lo c ity  

Av — v  -  v s s  p r o d u c es  a  d istu rb a n ce  d rag  fo r c e  A F = F ( v )  - F ( v s s ), 

T he r e la t io n sh ip  b etw een  them  i s  l in e a r  and i s  g iv en  by the f ir s t  two 

te r m s  of the T a y lo r  s e r i e s ,

(3-6) f  =  d.FQ)
d v A V  =

V 'V s s

F in a lly , the ch a n g es  in  p o ten tia l e n e r g y  a r e  not im p o rta n t in  th is  d i s 

c u s s io n .
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The in fin ite s im a l change in  en erg y  w h ich  m u st  be su p p lied  by  

the engine due to in er tia  and fr ic t io n  fo r c e s  r e su lt in g  from  d is tu r b 

a n ces  of v e lo c ity  is

(3 -7 )  c lW  =• +■ J

w h ere x  = v gs t + Ax . The req u ired  engine pow er is  then g iven  by

P = ^r~- =  MAVd-AV +

4  Z V a A V .
The a v era g e  pow er is

-T - t  =f

C 3 ' 8 )  + l i  hr*.
-T ~T

The f ir s t  in teg r a l of the r igh t hand m em b er  is  z e r o  b ec a u se  A v (t)  

i s  u n co rre la ted  w ith its  d e r iv a tiv e . The seco n d  in te g r a l is  z e r o  

b eca u se  the d istu rb an ce  dAv( t) h as z e r o  m ea n . ( v ( t )  = v s s  + A v ( t )  ,
d t

w h ere v s s  is  the m ea n  of v { t ) .  ) The third in te g r a l i s  r e c o g n iz e d  

a s  the a u to co rre la tio n  of Av w ith  z e r o  argu m en t and w ith the co n sta n t  

m u ltip lie r  .

The fourth  term  is  z e r o  b eca u se  Av h as z e r o  m ea n .
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T h erefore the a u to co rre la tio n  of the v e lo c ity  d isturbance w ith  z ero

argu m en t is  the a v era g e  pow er d iss ip a ted  due to the d istu rb an ce

Av( t )  . This pow er m u st be supp lied  by the engine in addition  to the

  2
pow er req u ired  to m ain ta in  v gg , g iven  by P v = Fv \/ .

s  s

L in ear S ystem  R esp o n se  to S tationary  
Random Input D istu rb an ces

F req u en cy  r e sp o n se  tech n iq u es a re  u sed  to d e term in e  the

re sp o n se  of a lin ea r  s y s te m  to random  input d istu rb a n ces  in  a m anner

analogous to the s in u so id a l a n a ly s is . The pow er sp ectru m

of a random  d isturbance Ay( t )  i s  d efined  to be the F o u r ier  in teg r a l

of its  a u to co rre la tio n , g iven  by
+• oO

(3-10) d )  (w ) =  f (p ( r )  e JU>rd Y .
4y J

-  0O

It is  show n in v a r io u s r e f e r e n c e s ^ *  that the sp ectru m  of the r e 

sp o n se  of a lin ea r  s y s te m  Ay(t )  to a random  input d istu rb an ce  Ax( t )  

i s  re la ted  to the sp ectru m  of the input d isturbance (j^ x  t îe

equation

(3-id $  H  = G(jw)G(-jw)$ M ,
J
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w h ere  G( jw ) i s  the ga in  fu n ctio n  of the l in e a r  s y s t e m , d e fin ed  in  the 

s in u so id a l a n a ly s is .

The a u to c o r r e la tio n  o f the l in e a r  s y s t e m  r e s p o n s e  i s  the 

in v e r s e  tra n sfo r m  of ) » g iv e n  by

r+”°
(3 -12) -  2 t F J ^  r̂ 0j‘

-  oO

T he a v e r a g e  p ow er a s s o c ia t e d  w ith  the r e s p o n s e  or i t s  m ea n  sq u a re  

v a lu e  is
■Yoo

(3-13) =  2~7Tf  ^  *
- pO

Thus if  the sp e c tr u m  or a u to c o r r e la t io n  of the input d is tu rb a n ce  is  

known and the ga in  fu n ction  of the l in e a r  s y s t e m  i s  d e te r m in e d , then  

the m ea n  sq u a re  v a lu e  of the s y s te m  r e s p o n s e  m a y  be d e te r m in e d . >-

M e a su r e s  o f Q ueue R e sp o n se  to R andom  
D istu r b a n c e s  of the In it ia l V e h ic le

T h ere  a re  s e v e r a l  m e a s u r e s  of queue r e s p o n s e  to ran d om  d i s 

tu rb a n c es  o f the in it ia l  v e h ic le ,  w h ich  m a y  be of c o n s id e r a b le  u se  for  

c h a r a c te r iz in g  the r e s p o n s e  in  the e n g in e e r in g  of the a u to m a tic  tr a ff ic  

s y s t e m . T h e se  a r e  l i s t e d  b elow :

1 . The a v e r a g e  p ow er d is s ip a te d  by the nth  v e h ic le
I

of the q u eu e, d en oted  P ^ n



2 . The to ta l a v e r a g e  p ow er d is s ip a te d  in  a queue of 

n v e h ic le s ,  d en oted  E p"^n

3 . The m ea n  sq u a re  h ead w ay  d is tu r b a n c e  of the nth

2
v e h ic le  of the q u eu e , d en o ted  O a t ,

“  n

4 . The m ea n  sq u a re  r e la t iv e  v e lo c i t y  d is tu r b a n c e  of
2

the nth queue v e h ic le ,  d en oted
r n

5. The m ea n  sq u a re  a b so lu te  a c c e le r a t io n  d is tu r b a n ce  

o f the nth v e h ic le  o f the q u eu e , d en o ted  CT\_ n

E a ch  of th e se  m e a s u r e s  w il l  now  be r e la te d  to the sp e c tr u m  $ A v q (w )

of the v e lo c ity  d istu rb a n ce  of the in it ia l  v e h ic le ,  A v g ( t )  . The

p r o c e d u re  i s  s im p ly  to d e te r m in e  the p e r tin e n t ga in  fro m  s in u so id a l

a n a ly s is  for ea ch  m e a s u r e  and then to ap p ly  E q s . ( 3 - 1 1 )  and { 3 - 1 3 ) .

The a v e r a g e  pow er d is s ip a te d  by the nth v e h ic le  i s  s im p ly  the

p rod u ct of the co n sta n t m u lt ip lie r  F v  and the m ea n  sq u a r e  a b so lu te  

2v e lo c i ty  C^rn of the nth v e h ic le .  The g a in  fu n ctio n  r e la t in g  a b s o 

lu te  v e lo c ity  o f the nth  v e h ic le  to that of the in it ia l  v e h ic le  w as show n  

in  C hapter II to  be s im p ly  T(jcj ) n  . T h e r e fo r e  by E q . ( 3 - 1 1 ) ,

o i w

T hen fr o m  E q . ( 3 - 1 3 )  the m ea n  sq u a r e  v e lo c ity  is



and the a v era g e  pow er of the nth v e h ic le  d istu rb an ce is

-f

<>is) =  h

— oo

The tota l a v era g e  pow er d iss ip a ted  in  the queue of n v e h ic le s  is

K
■+ OB
'tf-1

z  z ,  =  i ^ J  e  d
1-0

oo

— oO

w hich can  be w ritten  in c lo se d  form  as

r p  -  - 5 _  I l ~ l T^(3-16) U  ~AK 2 7 r J  I -  |"Rjiv)

2W

3L(w)dw."A/,

The r e la tiv e  v e lo c ity  of the nth v e h ic le ,

(3-17) AVr =  A V „. ,-A V „ ,

|n - lis  r e la te d  to Avq by the gain  function , j j - T ( j w  

The sp ectru m  of the r e la t iv e  v e lo c ity  d istu rb an ce of the nth v eh ic le

is  then

(3-18)

and the m ean  square re la tiv e  v e lo c ity  d istu rb an ce is



5U

A  oo

-o o

The r e la t iv e  v e lo c i ty  i s  the d e r iv a t iv e  o f the h ea d w a y , s o  that

( 3 - 2 0 )  &Vr (i) = f>A„.

Then the h ead w ay  ga in  fu n ctio n  i s  g iv e n  by

It is  n e c e s s a r y  to d e te r m in e  i f  the ap p aren t p o le  a t o  = 0 a c tu a lly  

e x i s t s .  The ga in  fu n ctio n  T(jco) fo r  low  fr e q u e n c ie s  i s  a p p r o x im a te ly  

g iv en  by

T(jJ) &  A  4 h  I ,

ba + a,ju)

s in c e  T( 0) = 1 . The f ir s t  tw o te r m s  o f the e x p a n sio n  o f T ( j w )

a r e

T (j'eo ) #  I +  J C^-co

Then 11 m 

CO-5 o

l - T C j t o )

A  -

_  k-a,
b .



and  i t  i s  s e e n  th a t the p o le  d o e s  n o t e x i s t  a t co = 0 . T he s p e c t r u m

of th e h e a d w a y  r e s p o n s e  j^Ah v e h ic le  i s

(3 -2 1 ) ^  ( uj)  =
I -TCjco)

IcO

\Z 0 1-1) j r  jf \
T ( jc J > \  .“AVo

T he m e a n  sq u a re  h ead w ay d istu rb a n ce  of the nth  v e h ic le  i s  then
.+  00

l-T r ,'« ) 2  , / « < M
(3 -2 2 ) °*K  ~  I r r

— cpO J CO T({u)

F in a lly ,  the a c c e le r a t io n  of the nth  v e h ic le  i s  the d e r iv a t iv e  

of i t s  v e lo c ity ,  and

A a n ( t )  =  p A V j i r ) .

T he g a in  r e la t in g  Aan (t)  to  &VQ)t) i s  then  g iv en  by

The sp e c tr u m  of the a c c e le r a t io n  ^ A a ^ f 40) o f the n th  v e h ic le  i s

The m ea n  sq u a re  v a lu e  of the nth  v e h ic le 's  a c c e le r a t io n  i s
-O0

(3-2U) air
-  oo



It i s  th u s s e e n  th a t e a c h  o f  th e  a b o v e  m e a s u r e s  i s  o f  th e  f o r m ,

T he ab ove  m e a s u r e s  a r e  s u m m a r iz e d  in  T ab le  1.

T A B L E  1

M EA SURE SY M BO L f ( T )

P o w er  d is s ip a te d  by nth  
v e h ic le  due to d istu r b a n c e K \ r \ n

T o ta l p ow er d is s ip a te d  
in  a queue of n v e h ic le s  
due to the d istu rb a n ce

F / < - | r n
v\ i - | r |2 /

H eadw ay v a r ia n c e  of the 
nth v e h ic le < U)z
A c c e le r a t io n  v a r ia n c e  of  
the n th  v e h ic le o f [ r \ zn

R e la tiv e  v e lo c i t y  v a r ia n c e  
of the nth v e h ic le | i - r |2 j-r|aCn_,>

Q ueue R e sp o n se  to  M u ltip le  Independent 
D istu rb a n ce  S o u rc es

T he e n g in e e r in g  d e s ig n  p ro b lem  of a llo w in g  la r g e  enough  e q u i

l ib r iu m  h ead w ay  to a v o id  c o l l i s io n s  in  the queue due to ra n d o m  d is tu r b 

a n c e s  i s  i l lu s tr a te d  b y  c o n s id e r in g  the h ead w ay  d istu r b a n c e  of the nth  

v e h ic le .  The d is tu r b a n c e s  g en er a te d  by e a c h  p r e c e d in g  v e h ic le  a r e  

a s su m e d  in d ep en d en t. In th is  c a s e  the m ea n  sq u a re  h ea d w a y  d is tu r b 

a n ce  o f the nth v e h ic le  i s  g iv e n  by
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■where ) i s  t^e sp e c tru m  of the v e lo c ity  d istu rb a n ce  of the

kth v e h ic le  due to its  in ter n a l d istu rb a n ce  s o u r c e . E q . ( 3 - 2 5 )  m a y  

be w ritten , + oO

(3- 26) - i
A  2TT

-o o

2  <i-l

E
K=<?

The m o st  s e v e r e  p rob lem  h er e  is  that o f d is tu rb a n ces  g e n e r a 

ted by each  v e h ic le  in  v e r y  lon g  q u eu es. Suppose for the sa k e  of d i s 

c u s s io n  that the sp e c tru m  of the d istu rb an ce  of ea ch  v e h ic le  due to it s  

in ter n a l so u r c e  is  the sa m e  and is  $ A v i(“  ) • Then Eq. ( 3 - 2 6 )

b eco m es

-+ oo

(3-27) erf = _L
n 2 U I

l-T (jco) 2

160
-fiO

K=0

R eca llin g  that T( 0) = 1  to m e e t  the eq u ilib r iu m  r eq u irem en ts  and that 

|T ( jco )| < 1 to m e e t  the a sy m p to tic  s ta b ility  r e q u ir em en t, and noting  

that |T( jco )| can  be m ade to be l e s s  than u n ity  for oo ^ 0 , one can

o b se rv e  that the s e r ie s  in  the in tegran d  c o n v e r g e s  for  n -* oo if  

co  ̂ 0 . H o w ev er , the s e r ie s  m a y  co n v erg e  to a v e r y  la r g e  num ber



for s m a ll  oo  ̂ 0 . The s e r ie s  w ill s t i l l  be a la r g e  num ber i f  n i s

la r g e  but f in ite . In ord er to avo id  a bu ild ing up w ithout l im it  of d i s 

turbance a lon g  the queue a s  the len gth  of the queue b eco m es  la r g e , it  

i s  n e c e s s a r y  that the *n Eq. (3-27) be z ero  at co = 0 and

that it  be s m a ll  fo r  s m a ll  co . T his w ill on ly  be p o ss ib le  if  

h a s z e r o s  a t co = 0 . It w il l  now be show n that by p rop er s y s te m

d e s ig n  $ A v .(co) —> 0 a s  co —>*0

C on sid era tio n  of the so u rces  th e m se lv e s  show s f i r s t  of a l l  that 

any co n sta n t b ias of the d istu rb an ce  s o u r c e s  m u st be rem o v ed  to 

m ain ta in  the eq u ilib r iu m  con d ition  in  the tra ffic  q ueue. The rem a in in g  

d istu rb an ce  fro m  the so u r ce  i s  bounded. T h ere fo re  the a u to co rre la tio n  

of the so u r c e  d istu rb a n ce  is  bounded. G en era lly  the va lu e  of the d i s 

turbance of the s o u r c e  at any tim e is  independent of its  v a lu e  a few  

seco n d s or m o re  e a r lie r  a t m o st  (ex c lu d in g  roa d -in d u ced  d istu r b a n c e s ,  

w hich  ev en tu a lly  b eco m e  in d ep en d en t). T h ere fo re  the a u to co rre la tio n s  

approach  z e r o  for la r g e  T  . C on seq u en tly , the pow er sp e c tr a  of 

th e se  so u r c e  d istu rb a n ces  a re  bounded. T his m ea n s at le a s t  that the 

pow er sp e c tr a  h ave no p o le s  at co = 0 . The sp e c tr a  of q uantization  

n o ise  in  the m ea su r em e n t of Avj_ i  and ta ch o m eter  n o is e ,  w hich  

both depend on the eq u ilib r iu m  sp eed  of the v e h ic le s ,  m ay  h ave z e r o s  

at co = 0 . H o w ev er , there is  no obvious b a s is  for a ssu m in g  that

the sp e c tra  of the other so u r c e  d istu rb a n ces  a r e  not f in ite  and non-  

z e r o  at co = 0 . T h ese  cou ld  ca u se  ^Ahn to in c r e a s e  w ithout



l im it  even tu a lly  i f  the len gth  of the queue is  u n lim ited , and if  n e c e s s a r y  

z e r o s  a re  not in trod u ced  by the gain  function  re la tin g  Avj to the 

so u r c e  d istu rb a n ces . This gain  i s  c h a r a c te r is t ic  o f the type of c o n tr o lle r  

u se d . S ev era l of th e se  a re  now c o n s id e re d .

The v e lo c ity  of each  of the v e h ic le s  can  only be changed  b y  a 

fo r c e  on the v e h ic le .  The so u r c e s  of d istu rb a n ce  co n s id er e d  r e s u lt  

in  fo r c e s  on the a u to m a tica lly  co n tro lled  v e h ic le  through its  c o n tr o lle r .  

C on sid er f ir s t  the b lock  d iagram  of the id e a l v e lo c ity  c o n tr o lle r  show n  

in  F ig . 5
A n v

F ig . 5 - - I d e a l  V e lo c ity  C o n tro ller

The d istu rb an ce so u r c e s  a re  Anv , the n o ise  and e r r o r  in  the m e a s u r e 

m en t of A v i„ i and Avj , and Aaj , w hich in c lu d es  e x ter n a l  

a c c e le r a t io n s  on the v e h ic le  a s  w e ll  a s  n o ise  g en era ted  in  the s e r v o 

m ech a n ism  com ponents of the v e h ic le .  F ro m  th is d iagram  it  can be 

se e n  that the gain  r e la tin g  the m ea su rem en t n o is e ,  com ponent n o is e ,  

and a c c e le r a t io n s  to the v e lo c ity  d istu rb an ce of the v e h ic le  i s  s im p ly  

T(jco)  . Then



S in ce  T ( j w )  w il l  n ot p ro v id e  $ A v i  { <*)) w ith  z e r o s  a t to = 0 , 

and s in c e  a p p a ren tly  and ^ A aj^ 40) don 't h ave  the z e r o s

t h e m s e lv e s ,  it  is  a n tic ip a ted  that h ea d w a y  d is tu r b a n c e s  in lo n g  q u eu es  

, w ith  th is  s im p le  c o n tr o lle r  w ould b u ild  up w ithout bound.

A n a lte r n a tiv e  l in e a r  v e lo c i t y  c o n tr o lle r  u s in g  a c c e le r a t io n

1 7feed b a ck  on the c o n tr o lle d  v e h ic le  w as s tu d ied  by E n g lis h  and L im . * 

A s im p lif ie d  b lo c k  d ia g ra m  fo r  th is  c o n tr o lle r  i s  show n-in . F ig u r e  6

“ l\

F ig .  6 - - V e lo c i t y  C o n tr o lle r  W ith A c c e le r a t io n  F e ed b a ck
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The r e sp o n se  Avj to Avj_ i  fo r  th is  c o n tr o lle r  i s  g iv en  by

(3-29) ( ^ k ^ p ' + O + k . + K ^ p + k ^ i  = ( k ,P * K 2) a Vh .

The b lo ck  in  F ig . 6  con ta in in g  the tr a n sfe r  fu n ction  1 i s  an
Ta P + 1

id e a l lin e a r iz a t io n  of the a u to m o b ile  r e s p o n se  Avj to i t s  a c c e le r a to r  

and b rake p ed al d isp la c e m e n ts . T h ese  c h a r a c te r is t ic s  h ave  b een  m e a s 

u red  on the road  in  a r e p r e se n ta t iv e  sed a n . It w as found that both the 

sp e e d  v s .  a c c e le r a to r  d isp la c e m e n t and the sp e e d  v s .  b rak e p ed a l d i s 

p la cem en t cou ld  ea ch  be ap p ro x im a ted  w ith  a s in g le  t im e  c o n sta n t f i l t e r .  

A lthough the tim e  co n sta n ts  w e r e  so m ew h a t d ifferen t for  a c c e le r a t io n  

and for  b rak in g , they  can  be r e a so n a b ly  a p p ro x im a ted  by the sa m e  fo r  

both. The m e a su r e d  va lu e  of *¥a w as a p p ro x im a te ly  20  s e c o n d s . In 

an a c tu a l v e h ic le  th ere  is  a c e r ta in  am ount of dead  zone in  the brake  

p ed a l. It i s  a ssu m e d  that th is can  be r e m o v e d  and a sm o o th  tr a n s it io n  

fro m  a c c e le r a t io n  to brak in g  can  be a ch ie v e d  in  a r e a l  s e r v o  c o n tr o lle r .  

The fo r c in g  fu nction  on the l in e a r iz e d  v e h ic le  w h ich  ca n  be c o n tr o lle d  

i s  then the th ro ttle  p o s it io n  and b rak e p r e s s u r e ,  and the ab ove tra n sfe r  

fu n ction  r e a so n a b ly  r e la te s  the v e h ic le  v e lo c ity  to th is  fo r c in g  fu n ctio n .

P r a c t ic a l  im p lem en ta tio n  of th is  c o n tr o lle r  tak es the fo r m  show n  

in  F ig . 7 .
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An,

+ < ^

F ig . 7 . - - A  P r a c t ic a l  V e lo c ity  C o n tro ller

The r e sp o n se  Av^ to A vj_ i of the p r a c t ic a l co n tr o lle r  is  g iven  by

(3- 30) \ra p Z+ (l+ K j H i ^ p  3- k4]a v ; =  ( k j p +  K ^ . ,  .

The th ree  s o u r c e s  of n o ise  show n in  F ig .  7 a r e  denoted  An^. for  

n o ise  a s so c ia te d  w ith  the m e a su r e m e n t of the r e la t iv e  v e lo c ity  

( v i _ i  - vj )  , Ari£ a s so c ia te d  w ith com p on en t n o ise  of the s e r v o 

m ec h a n ism , and A f’t r e p r e se n tin g  w ind fo r c e  and ro a d -in d u ced  

g ra v ita tio n a l f o r c e s .  Som e d isc u s s io n  of th e se  s o u r c e s  i s  now in  

o r d e r .

R oad -ind u ced  fo r c e s  a re  not intended to be co n s id e r e d  h e r e ,  

but it  w ill be show n in  the n ext ch ap ter that th e ir  s p e c tr a  con ta in  z e r o s  

at <o = 0 .  The wind fo r c e  on the v e h ic le  i s  c e r ta in ly  a  continuous



bounded function . A ls o , i t s  v a lu e  at any tim e  is  c o n s id e r e d  to be 

independent of i t s  va lu e  at a c o n s id e ra b ly  e a r lie r  t im e . C on seq u en t

ly  it  m u st have a bounded s p e c tr u m .*

A s h as b een  d iscu sised  b e fo r e , com ponent n o is e  is  a ssu m e d  to 

have fin ite  sp e c tr a  a t co = 0

The m e a su re m en t n o ise  r e q u ir e s  c o n s id e r a tio n  of the m e a s u r e 

m en t tech n iq u e. It i s  a ssu m e d  that and v j a r e  m e a su r e d  by

id e n tic a l e le c tr o n ic  sa m p lin g  and c la m p in g  c ir c u it s  a ctu a ted  by p u lse s  

r e c e iv e d  in  the co n tr o lle d  v e h ic le .  D e te c to r s  a re  im bedded  in  the 

road  at con stan t sp a c in g , w h ich  by tech n iq u es a lr e a d y  a v a ila b le  can  

p rov id e  the c o n tr o lle d  v e h ic le  w ith  a p u lse  ea ch  tim e the p reced in g  

v e h ic le  c r o s s e s  a d e te c to r . S im ila r ly  if  p ro v is io n  is  m a d e , p u lse s  m a y  

be r e c e iv e d  in  the co n tro lle d  v e h ic le  a s  i t  c r o s s e s  d e te c to r s .  T his  

r e s u lt s  in  two p u lse  tra in s r e c e iv e d  in the c o n tr o lle d  v e h ic le  a s  show n  

in  F ig . 8 . H ere the f ir s t  o rd er  ap p rox im ation  is  m ade that both v e h ic le s  

a re  a t n ea r ly  the sa m e  con stan t sp eed  v Ss * T his r e s u lt s  in  a c o n 

stan t sam p lin g  p er io d  Ts , the tim e req u ired  for ea ch  v e h ic le  to 

tr a v e l fro m  one d e tec to r  to the n e x t. A lthough the p u lse  tra in s  a re  

d isp la ced  by T s , n T g + T*s is  the tim e sp a c in g  b etw een  v e h ic le s .

The s m a ll  in teg er  n m ay  be on the ord er of 1 to 5.

*T he d e ta ils  of th is argu m en t a r e  p r ese n te d  in  the d is c u s s io n  of 
the sp ectru m  of road  e le v a tio n  in  the f ir s t  s e c tio n  of the fo llo w in g  
ch ap ter .



F ig . 8 .  - - P u ls e  T ra in s R ec e iv e d  In The C on tro lled  V eh ic le

In one v e lo c ity  m e a su r e m e n t technique the tim e  T b etw een  

p u lse  i s  r e g is te r e d  ea ch  tim e a new  p u lse  a r r iv e s .  The tim e  T is  

the sum  of th ree  te rm s g iven  by

The f ir s t  term  is  the tim e that w ould be r e g is te r e d  i f  the sp eed  of the 

v e h ic le ,  w h ose v e lo c ity  i s  bein g  m e a su r e d , w as the co n sta n t v s s  and 

th ere  w as no e r r o r  in  the p la cem en t of the d e te c to r s . The seco n d  term  

i s  a tim e in crem en t added due to e r r o r  in  the p o sit io n  of the d e te c to r s .  

The th ird  term  is  the tim e in cr em e n t added due to the v e lo c ity  d is tu rb 

an ce Av fro m  v s s  . The ap p rox im ate v e lo c ity ,  com puted  e l e c 

tr o n ic a lly , is
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T he f ir s t  tw o te r m s  of the e x p a n s io n  o f the r ig h t  m e m b e r  fo r  s m a ll  

e r r o r s  g iv e  the ap p rox im ation ^

T he s a m p le s  o f le a d  v e h ic le  v e lo c i t y  v j _ i  o b ta in ed  a t in s ta n ts  ’t=-K7^

a r e  =  V s s  •f’ - A o l j , ,  ( /< T s )  4 “ ^ V ^ - f { K T s )  >

A  K
w h ere  A d i _ i ( k T s ) = -  v s s    e v a lu a te d  a t  k T s and

b

AV;JkTs)  = -
Lb

ev a lu a te d  a t k T g . T he c o r r e s p o n d in g  v a lu e s  o f the c o n tr o lle d  

v e h ic le  v e lo c i t y  v^ a r e  ob ta in ed  a t the t im e  in s ta n ts  t = k T s + T*s , 

and a r e  g iv e n  by

(3-31) V:(k7s+rs) = Vss + A  d; (kTs +-Ys) t  AV;(kZ+%).

T h e se  s a m p le d  v a lu e s  a r e  h e ld  u n til  the n e x t  s a m p le s  a r e  ta k en . A  

d if fe r e n c e  a m p lif ie r  fo llo w s  the sa m p lin g  and h o ld in g  d e v ic e s .  T he  

output o f the d if fe r e n c e  a m p lif ie r  i s  the in p u t o f the v e h ic le  s e r v o 

m e c h a n is m . It i s  n o ted  that v s s  w i l l  n ot a p p ea r  h e r e ,  and  w i l l  not 

b e  c o n s id e r e d . T he d if fe r e n c e  a m p lif ie r  output i s  g iv e n  b y

( 3- 32) AVr  .
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H ere  the a s t e r is k  in d ic a te s  that the v a r ia b le s  a r e  s a m p le d  at the 

t im e  in te r v a ls  t = k T s . The e r r o r  Ad^ a p p e a r s  in  both v e h ic le s ,  

d e la y ed  in  tim e  b y  the t im e  sp a c in g  n T a + 7 %  *n t îe  c o n tr o lle d  

v e h ic le .  Thus

(3-33) A c l ^ C k T ^ - n l 5 'Ts) = Ad'(kT^),

S u b stitu tin g  E q . ( 3 - 3 3 )  and Av^ = T ( p ) A v j . . j  in to  E q . ( 3 - 3 2 ) ,  one 

ob ta in s

(3-3U) A V r  =
( l - e ^ f  ^ Sp̂ PTTp)AV{.J* 

Act? - e^Pfe^PAdJ *

T he ga in  fu n ctio n  ^ e la tin g  A vr = Av £_j -  Av^ to  Avj_^ m a y  be 

found i f  the ga in  fu n c tio n  of a  sa m p le d  v a r ia b le  i s  f i r s t  c o n s id e r e d .

In g e n e r a l i f  a r e s p o n s e  y  i s  r e la te d  to an input x  by a r e la t io n  

y  = g ( p ) x  » the tr a n sfo r m  of y  i s  g iv e n  b y  Y(jco) = G ( j w )  X(jco) , 

w h ere  Y(jco) i s  the F o u r ie r  tr a n sfo r m  of y ( t )  and X(jco) i s  

the F o u r ie r  tr a n s fo r m  of X ( t )  . The e f fe c t  o f sa m p lin g  y  i s  to
sje .

m ak e Y(jco) , the tr a n sfo r m  of the sa m p le d  v a r ia b le  y  , a p e r io d ic

fu n ctio n  of co w ith  p e r io d  co a = — . . On the nth p e r io d
Ts

Y*(jco + jn iL L  ) -  X-U ^ L  . If z ( t )  = h ( p )  y * ( t )  - ,  then  the t r a n s -  
Ts T s

fo rm  of z ( t )  i s

E(joJ) =  H (j (J) Y (jOj) .
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F o r  fr e q u e n c ie s  in  the ran ge TT
< ti) < _ J L

z o u S )  =  " W 1  =  •
J T s

In th is ran ge one can  c o n s id e r  z ( t )  to  be r e la te d  to x ( t )  by the

gain  fu n ctio n  Gfjto)  ̂ A p p ly in g  th is  d is c u s s io n  to E q . ( 3 - 3 4 ) ,
T s

the nature o f the gain  fu n c tio n s a s  to —̂ 0  r e la t in g  A vr to Av^_i 

and to  Adj_j  m a y  be d e te r m in e d . The ga in  fu n ction  r e la t in g  A vr

to  Av.i -1 is

t s ;oo

A ls o , the gain  fu n ction  r e la t in g  A vr to Adj_^ is

^ L “ 0 .  e- « ^  _ ( - * < co < rs

It i s  s e e n  im m e d ia te ly  that

(3-35) lim
UJ-+0

( l - e ^ J ^ p  c- ( » r s + ^ , ' u J
=  0 .

A t v e r y  low  freq u en cy  the a p p ro x im a tio n  m a y  b e m a d e  that

T(jco) «  | -  .
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T h en  it  ca n  be s e e n  that

(3-36) I M
U)

( 1-  e Tsi w)

4 - v r L ' - r ^ j =  0 .

Thus i f  the sp ec tru m  of the random  sp a c in g  e r r o r  o f the

d e te c to r s  co n v er ted  to a tim e function  by x  = v _ _ t i s  denoteds s

^ A d (w ) » then the sp e c tru m  of the r e su lt in g  n o ise  in  the r e la t iv e  

v e lo c ity  s ig n a l to the s e r v o s  is

(i-eT*f) -

(3-37)

A ls o  the com ponent of th is n o ise  sp e c tru m  due to sa m p lin g  and h o ld 

ing e r r o r  is

(3-38) (<*>) =

T*J
(&>).

It is  r ea so n a b le  to a ssu m e  that ^ A v i_ i(w ) an<  ̂ ^ A d ( w ) a re  bounded  

and a r e  thus f in ite  at the o r ig in  ( <0 = 0) . Then j^ n ^ f40 ) an<^

co) have z e r o s  a t to = 0 .
s

Now the gain  functions re la tin g  Avj to the v a r io u s  d is tu r b 

a n ces  a r e  found fro m  F ig . 7 . The gain  r e la tin g  Avj to An^ is  the 

sa m e  as that r e la tin g  Avj to A v i_ j , r e a d ily  d e term in ed  fro m  E q . 

( 3 -3 1 )  to be
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  K 3 J M  +  k j.________________^

■+• 0'*~k3’t - k3p)ju) -h k4
w hich  h a s  no z e r o s  a t u  = 0 . H o w ev er , b e c a u se  and

$ n v  (**) do h ave the z e r o s ,  the r e su lt in g  ^ A v ^ (o ) w ill  h ave z e r o s  s

at co = 0 . The gain  fu nction  r e la tin g  Avf to Anf i s  fr o m  F ig , 7

found to be

____________JCJ__________________

T a (jto j)  +  ~t~ k 4

S in ce  it  w as show n above that a l l  o ther d istu rb a n ce  s o u r c e s  cou ld  be  

r e fe r r e d  to Anf w ith  sp e c tr a  w hich  a r e  f in ite  a t w = 0 , the 

r e su lt in g  ^ A v i(co ) w ill  h ave  z e r o s  a t <0 = 0 , Thus the ^ A vi^ “ ) 

h a s z e r o s  a t the o r ig in  for a l l  e x p ec ted  s o u r c e s  of random  d is tu r b 

a n ce , and i t  i s  a n tic ip a ted  that ^ A h ^ ^  w il l  r e m a in  f in ite  for  

u n lim ited  n or queue len g th s w ith  th is type o f v e lo c ity  c o n tr o lle r .

The r e sp o n se  of the queue w ith the h ead w ay c o n tr o lle r  i s  now  

c o n s id e r e d . Its s im p lif ie d  b lo ck  d ia g ra m  is  show n in  F ig . 9 ,  In F ig .  

"2 the v e lo c ity  m e a su r e m e n t n o ise  i s  denoted  Any. and the h eadw ay  

m e a su r e m e n t n o is e ,  An^ . C om ponent and e x te r n a l fo r c e  

n o ise  is  d esig n a ted  b y  A fj  . The g a im r e la tin g  A xj to A x^ .f

i s  found fro m  F ig .  9, to be ------------- 2 j(d + k f ^

T a ( j w ) 2 + ( 1 + k 2 ) j w  + k j
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F ig . 9L -  -S im p lifie d  H eadw ay C o n tro ller

The sa m e  gain  fu nction  r e la te s  Avj to A vj_2 • The gain  r e la tin g  

A vj to  A-p i  i s  ^
7a, ( jw ) 2 + ( 1 + k £ ) jw + k j

, and <j>A v i(w ) is

i s  r e la te d  to by

CO(to) = --------
(3 -3 9 ) | Ta(jtt)f + ( +  +  k .

< £  ( w ) .

The gain  r e la tin g  Avj to the v e lo c ity  m ea su re m en t n o ise  An^ is

k a jfJ

T a  (jU))& +  ( l - h  K e ) j U )  +  K,

The com ponent of ^?Avj (w ) due to v e lo c ity  m ea su r e m e n t n o ise  i s
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(3-1,0) < £ > )  -  „ «  £ > ) •
■AVt -&nvX>(\I™) +6+kt)ju> -h k (

F in a lly ,  the ga in  r e la t in g  Avj[ to h ea d w a y  m e a s u r e m e n t  n o is e  An^

is
K.j'to

7 a ( j C o f  +  0 + ' k £)jO J +■ k .

T he co m p o n en t of (Ha v -; (co ) due to  h ea d w a y  m e a s u r e m e n t  n o is e  i s

( 3 -m )  =  | r a ^ ) V ( i f k 2) j W k , f  '

The v e lo c i t y  d is tu r b a n c e s  o f the v e h ic le  w ith  a  h ea d w a y  c o n 

t r o l le r  h a v e  a sp e c tr u m  w ith  the r e q u ir e d  z e r o s  a t co = 0 , a s  c a n  be 

s e e n  in  E q s . ( 3 - 3 9 ) ,  ( 3 - 4 0 ) ,  and ( 3 - 4 1 ) .  F u r th e r m o r e  i t  i s  n o t ic e d  

in  p assin gs fr o m  the a b o v e  ga in  fu n c t io n s , that c o n s ta n t  b ia s e s  in  the  

n o is e  w il l  not be a p r o b le m  w ith  the h ea d w a y  c o n t r o l le r .  A  s m a l l  

c o n sta n t e r r o r  in  h ea d w a y  ca n  b e to le r a te d .  It w i l l  n o t e x i s t  in  

the r e la t iv e  v e lo c i t y .  I f  the h ea d w a y  c o n tr o lle r  i s  u s e d ,  ^ A h n  

o f E q . ( 3 - 2 8 )  w il l  r e m a in  f in ite  fo r  u n lim ite d  q u e u e s .  Its  m a g n itu d e  

w il l  d ep en d  on the p a r a m e te r s  o f T (jco) , w h ich  a r e  k j , k£ , and

T a  *

It i s  n o t know n w h eth er  the s p e c tr u m  ^A vj^05) h u m an  

d r iv e r  r e s p o n s e  h a s  z e r o s  at co = 0 . H o w e v e r , i t  i s  e x p e c te d  that 

the n u m b er o f m a n u a lly  d r iv e n  v e h ic le s  in  the q u eu e w i l l  be l im it e d .
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F u rth erm o re i t  is  an tic ip ated  that the hum an d r iv e r  w ill  b reak  the 

queue and g en era te  independent d istu rb a n ces  a s  the c o n tr o lle r  of the 

in it ia l v e h ic le  of the fo llow in g  q ueue. T h ere fo re  co n s id era tio n  i s  not 

given  to com pounding of m an u ally  d r iv en  v e h ic le  r e s p o n se .



CH APTER IV

Q U E U E  R E SP O N SE  TO R O A D - 
IN D U C E D  D IST U R B A N C E S

In tro d u ctio n

In th is  ch a p ter  the n a tu r e  o f r o a d - in d u c e d  a c c e le r a t io n s  on  

the a u to m a t ic a lly  c o n tr o lle d  v e h ic le s  i s  d i s c u s s e d .  R e s tr ic t io n s  on  

the s p e c tr a  of the r o a d - in d u c e d  a c c e le r a t io n s  a r e  r e la t e d  to the  

s o u r c e  o f  the d is tu r b a n c e s .  The b e h a v io r  o f th e qu eu e o f  a u to m a ti

c a l ly  c o n tr o lle d  v e h ic le s  in  r e s p o n s e  to  r o a d - in d u c e d  d is tu r b a n c e s  

i s  c o n s id e r e d , and m e a s u r e s  o f the q u eu e r e s p o n s e  a r e  d e r iv e d .  

F in a lly  the p r o b le m  of b u ild in g  up o f d is tu r b a n c e  in  lo n g  q u eu es  i s  

d is c u s s e d .

S o u r c e  o f R oad-Induced  D is tu r b a n c e s

In c o n s id e r in g  the d ia g r a m  o f a  v e h ic le  tr a v e ll in g  o v e r  a  ro a d  

w ith  a  ra n d o m  v e r t ic a l  p r o f ile  a s  sh ow n  in  F ig .  1 0 ,  i t  i s  s e e n  that the  

g r a v ita t io n a l f o r c e  on a  v e h ic le  Af^ i s

(U-D A-fj = - M g  s in * . ,

an d  fo r  s m a l l .  OC

(U-2) a-F; «= -Mg*.
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X
F ig .  10 -  -R o a d -In d u ced  G ra v ita tio n a l F o r c e  on V e h ic le

The g r a d e , OL , a t any p oin t x  i s  g iv e n  by

tt-3) . ex. = -sLmi.
d *

If s m a ll  d is tu r b a n c e s  ( s m a l l  h i l l s )  a r e  c o n s id e r e d , a f i r s t  a p p r o x i

m a tio n  o f the p o s it io n  of the v e h ic le  i s  g iv en  by

U-h) X = vast  + x„ ,
■where v gs i s  the m e a n  sp e e d  o f the v e h ic le  on the ro a d  s e c t io n .

S u b stitu tin g  x  = v s s t for  the v a r ia b le  o f y ( x )  , y ( x )  b e c o m e s  a

fu n ctio n  of t im e , and

a = 1 dL  _ _l_ dy(tl .
01 d t  dx ■ * s d F

T hen
a f .  as - S M d v i t ) .  _  _  M g n v  

(U -6) ~  V a s d ^

T he road  co n fig u ra tio n  and the m e a n  sp e e d  o v er  the ro a d  s e c t io n  thus 

p e r m it  the ta n g en tia l fo r c e  on the v e h ic le  (w h ich  i s  a p p r o x im a te ly  in  

the h o r iz o n ta l d ir e c t io n  of x  b e c a u s e  o f the a ssu m p tio n  of 

s m a ll  g r a d e s )  to  be w r itte n  aB the d e r iv a t iv e  o f the e le v a t io n  of the
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v e h ic le ,  a  fu n c tio n  o f t im e .

The m ea n  va lu e  of y ( t )  i s  d en oted  y ( t )  , and  

(u-7) y ( t )  =  yft) -h Ay( t )  .

The fo r c e  d istu rb a n ce  on the v e h ic le  i s  g iv en  by

( m s )

A  num ber of o b se r v a tio n s  ca n  b e  m ad e about A y (t)  . F ir s t  

of a l l ,  s in c e  v e h ic le s  a r e  c o n str a in e d  to  the su r fa c e  o f the e a r th ,

A y (t)  i s  bounded. C on seq u en tly  i t  h a s  a  f in ite  a v e r a g e  p ow er,

rr
( k - 9 }  j z  2 r | ^  •

~T

Then (j>Ay( 0) < Ay{ t ) m a x  and is  f in ite .  S in ce

I V r)l = %(o\ y n  =lz
i s  bounded for a l l  .

A ls o  it  is /n o te d  that y ( t )  m u st be con tin u ou s fo r  a i l  t fro m/

the fa c t  that u sa b le  road  s u r fa c e s  a r e  co n tin u o u s . If y ( t )  i s  co n tin u 

o u s, y ( t  + Y  ) is  a con tin u ou s fu n ction  of Y a ls o .  Then the prod u ct  

y ( t )  y ( t  + Y )  i s  continuous for  a l l  t and Y . Then <l>Ay(f) is  

continuous ov er  a l l  Y ^  . F u r th e r m o r e  J <f>Ay( Y ) | i® co n tin u 

ous for a l l  Y  .



F in a lly  the o b se rv a tio n  is  m ade that in  g e n e r a l A y (t  + T) is  

independent of A y (t)  for la r g e  v a lu e s  o f T* • T h is is  due to the 

g e n e r a lly  random  n ature o f te r r a in . S in ce x  = v s s t , the d ista n ce  

b etw een  p o sitio n s  of the v e h ic le  at t im e s  t and t + Y  i s  V g g f  . 

It i s  c o n s id e r e d  that the e le v a tio n s  of the road  at any two poin ts  

w id e ly  sep a ra ted  ( la r g e  T  ) a re  in dependent. The a u to c o r re la tio n  

of Ay , (|>Ay('n , is  a  m e a su r e  of the c o r r e la t io n  of v e r t ic a l  

d isp la c em e n ts  of p a irs  of po in ts se p a r a te d  by d is ta n c e  VggT* a ll  

alon g  the ro a d . If the e le v a tio n s  of the p a ir s  a r e  indep en d en t, then  

they  w ill  be u n c o r r e la ted , and (j^Ayf^) w ill  be z e r o .  Then

liz V r) = 0 -
S in ce  I ^ A y t ^ ) !  is  bounded for  a l l  Y by the f in ite  $ A y (  

and s in c e  j ^ A y( ¥  ) | i s  continuous fo r  a l l  Y and

h* (?) = o.
r->«> *

then r +°°

i s  f in ite . F u r th e rm o re , s in c e  (j>&y(T) is  an ev en  function  of Y  »

■+*0 _ cO oo

dr.
1

-  00

( WO)  /  t y & ) d r  =  2 =  2 f
— oO 0

Now  the sp ectru m  of A y( t) i s  d efin ed  by
.+  oO



B eca u se  of the ev en n ess  o f <J> ŷ( T*) ,
oo oo

0 , - 1 2 )  < |  ( o j )  *  2 J  <f>A y ( r )  c o s  w r d r  4  2 J J 4  ( r ) | d r .

O o"

C onsequently  <j>Ay(w ) i s  bounded by

f j [ T V r ) | d r
for a l l  «  . Thus § A y  (w) has no p o le s  on the r e a l  <0 a x is  and

no p o les  at co = 0

S in ce A y (t)  h as fin ite  a v era g e  pow er g iven  by

+ oO

(U-13) A 'f ( t ' )  “  ~ 2 /jf f  $  tfu) »

— oO

?A y< co) m u st h ave m o re  p o le s  than z e r o s .  Thus the s im p le s t  form

that 5l?Ay (<0 ) can have is

(10) =  -4- z r  -

w h ere K and oC  are  fin ite  co n sta n ts .

S im ila r  s ta tem en ts  can  be m ade about Af^(t) , s in c e  it  is
' <

ob serv ed  that Af^(t) i s  a lw ays bounded by Mg ; and by assu m p tio n

of sm a ll g r a d e s ,its  bound w ill be co n s id era b ly  l e s s  than that. Then its

a v era g e  pow er is  f in ite . S in ce ^ y(x ) is  continuous for a l l  ro a d s ,
dx

it  fo llo w s that Af^(t) i s  a lso  con tin u ou s. F in a lly , Af^(t + T )  is  

again  independent of A f±(t) for  la r g e  Y  . Then a ll  the p reced in g  

d isc u ss io n  m ay be app lied  to the T*) and j jyyf,(to ) fu n c tio n s.



B ut in  a d d itio n , *

( W U  < £ a<v ( w )  =  b f $  ( u > ) .

Thus (j5 /\f^ (co ) has z e r o s  at the o r ig in  b eca u se  0) i s

f in ite . A lso , s in c e  Af^(t) h as fin ite  a v era g e  p ow er, by v ir tu e  

of its  b ou n d ed n ess, the in teg r a l g iven  by

-  00
m u st be f in ite . T his in  turn m ea n s that <j)/yf^((o) m u st have m o re  

p o les  than z e r o s .  S ince m u st have a p air of z e r o s  at

cj = 0 , it  m u st have two p a irs  of p o le s  -  not on the r e a l  o  a x is  

b eca u se  of the boundedness of as  °£ • S ince

(co ) m u st have the sa m e p o les  as $>Ay(to ) » the s im p le s t

ra tio n a l function w hich m a y  be a ssu m e d  for  <^y(u)) is

(MS) ^yCw) =■ '
w here K , a , and b a re  c o n sta n ts . Then

.2

(U-16) Afj -  7 7 ^
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R e sp o n se  of the F in ite  Q ueue to  R oad -  
Induced D is tu r b a n c e s

The ro a d -in d u c e d  d is tu r b a n c e s  d e s c r ib e d  in  the p r e v io u s  s e c 

tio n  c a u se  d is tu r b a n c e s  in  the v e lo c ity  o f e a c h  v e h ic le  o f the q u eu e .

T he r e s p o n s e  of e a c h  v e h ic le  due to r o a d -in d u c e d  d is tu r b a n c e s  i s  by  

the su p e r p o s it io n  p r in c ip le  a  su m m a tio n  of d is tu r b a n c e s  in d u ced  by 

the road  in  p r e c e d in g  v e h ic le s  and tr a n sm itte d  to the p a r tic u la r  

v e h ic le  of in te r e s t  by the a u to m a tic  c o n tr o l le r .  H ere  the p ro b lem  

d iffe r s  fro m  that o f the la s t  ch a p ter  in  that the in d iv id u a l d is tu rb a n c e  

te r m s  a r e  not in d ep en d en t, but a r e  c o r r e la te d  w ith  the o th er t e r m s .

It i s  not p o s s ib le  to  fin d  the m e a s u r e s  o f queue r e s p o n s e  by s im p ly  

su m m in g  the m e a s u r e s  due to in d iv id u a l t e r m s .  It w i l l  be s e e n  that a  

gain  fu n ction  ca n  be found r e la t in g  the to ta l r e s p o n s e  of the queue to  

the road  e le v a t io n  A y (t)  . Then a s  b e fo r e  the s p e c tr u m  of the 

r e s p o n se  v a r ia b le  i s  r e la te d  to the sp e c tr u m  of the input C^Ayf") 

by the ga in  fu n ctio n , and f in a lly  the m ea n  sq u a r e  v a lu e  of the r e s p o n s e  

v a r ia b le -i s  the in te g r a l of i t s  s p e c tr u m . It i s  c o n v e n ie n t fo r  d e v e lo p 

m e n t of the ga in  fu n c tio n  in  te r m s  of a g e n e r a l c o n tr o lle r  ga in  fu n ction  

T(jc*>) to d e a l w ith  d is tu r b a n c e s  o f v e lo c ity  of ea ch  v e h ic le  Avj . 

F in a lly  a lthough  o th er  d is tu r b a n c e s  a r e  n o r m a lly  p r e s e n t ,  s u p e r p o s i

tio n  p e r m its  the s e p a r a te  tr e a tm e n t of r o a d -in d u c e d  d is tu r b a n c e s  a s  i f  

th e re  w e r e  no o th er d is tu r b a n c e s .
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In the queue of v e h ic le s  w h e re  the v e lo c i ty  of ea ch  v e h ic le  i s  

r e la te d  to  the p r e c e d in g  v e h ic le  by the ga in  T (jw ) , the to ta l v e l 

o c ity  d is tu rb a n ce  of the nth v e h ic le  i s  g iv en  by the r e la t io n y

w h ere  ^ y ^  *s v e lo c ity  d is tu rb a n c e  in d u ced  by the ro a d  in  the

ib r iu m  co n d itio n s  a s  b e fo r e  a r e  a s s u m e d , n a m e ly  that the v e h ic le s  

h ave the sa m e  e q u ilib r iu m  sp e e d  v sg  and that the t im e  sp a c in g  

b etw een  v e h ic le s  i s  c o n sta n t Y  s e c o n d s .  If the ro a d  in d u ce s  a  d i s 

tu rb an ce  A v g { t ) in  the in it ia l  v e h ic le  of the q u eu e , the d istu r b a n ce  

in d u ced  by the ro a d  in  the kth v e h ic le  i s  g iv e n  by

K=0

kth v e h ic le  and ^Vyn the sa m e  fo r  the n th  v e h ic le .  T he sa m e  e q u il-

S u b stitu tin g  E q . ( 4 - 1 9 )  in to  E q . ( 4 - 1 7 ) ,

F a c to r in g  out e"n ^P and co m b in in g  t e r m s ,  E q . ( 4 -2 0 )  b e c o m e s

a v „ =  e w P E T ^ > {

T h is ca n  be w r itte n  in  c lo s e d  fo r m  a s
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The gain  function  r e la tin g  the v e lo c ity  d istu rb an ce  of the nth v e h ic le  

to that induced in  each  v e h ic le  by the road  is

- n r  {COJ‘ I e . ^ 10

l-T(:<o)eY!u

The sp e c tru m  of the v e lo c ity  d istu rb a n ce  of the nth v e h ic le  is  then

Al/, I -TOO)  e l ™ ■

The a v era g e  pow er of the nth v e h ic le  i s  g iv en  in  C hapter III a s
4- °o oO

CU-2U) 2TT
-  00

-  E2ir
Z. 00

. \n*U(fh-i)rQ
c£ ( M u .

&

The a c c e le r a t io n  of the nth v e h ic le  is  s im p ly

A a „  =  p ^ n> ■

so  the gain  function  r e la tin g  Aan to  Avn i s  s im p ly  jw , and the

sp e c tru m  of the nth v e h ic le 's  a c c e le r a t io n  d istu rb a n ce  is

The m ea n  sq u are va lu e of the random  a c c e le r a t io n  of the nth v e h ic le

due to the ro a d -in d u ced  d istu rb an ce  is
-+e0

(k-26)
cr = J —
a  a . 27T U)

- DO

i - T d u T ' e ^ ™

I - T ? j W) e J V w
cO.
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AY,

The r e la t iv e  v e lo c ity  o f the nth  v e h ic le ,  g iv en  by  

i s  found fr o m  E q . ( 4 -2 1 )  to  b e r e la te d  to

(1|_ 2 7 ) Av = e-p|(e't& T^P-TCpfeZ
K=o

The c o r r e sp o n d in g  ga in  fu n ctio n  (w ith  p = jco ) i s  w r itten  in  c lo s e d  

fo r m ,

^  T (jco)CU—28) -jn roQ hTCjco) d
j - T C j o o ) e ^ _

e J

The sp e c tr u m  of the ran d om  r e la t iv e  v e lo c i t y  r e s p o n s e  o f the nth  

v e h ic le  to  the ro a d  in d u ced  v e lo c ity  d is tu r b a n c e  i s  g iv en  by

2

(U- 2 9 )  <$> (ctS) =
l-T(;u>1einno $ > )

The m e a n  sq u a re  v a lu e  of the ran d om  r e la t iv e  v e lo c i t y  r e s p o n s e  of

the nth  v e h ic le  to the r o a d -in d u c e d  d istu rb a n ce  i s

+

(1.-30) <r =
rn

s i * , )

—

CO.

U - n j c o l e ^ J

The r e la t iv e  v e lo c i t y  o f the nth v e h ic le  i s  the tim e  d e r iv a t iv e  

of the h ead w ay  o f the nth  v e h ic le ,  or

A = p A ll ̂  .



T h en  the g a in  fu n c t io n  r e la t in g  th e  h e a d w a y  to  th e  r e la t iv e  v e lo c i t y

i s  s im p ly  . T hen the sp e c tr u m  of the ran d om  v a r ia t io n s  in  
jco

h ead w ay  of the nth v e h ic le  r e s p o n s e  to the r o a d -in d u c e d  d istu r b a n ce

is

CO■
C $ ( oj) .

T he m ea n  sq u a re  v a lu e  of the h ea d w a y  v a r ia t io n  o f the nth v e h ic le  

due to the r o a d -in d u c ed  v e lo c i ty  d is tu r b a n c e  Avq i s

(U-32)

— CO

l41

Im m e d ia te ly  it  i s  s e e n  that d if f ic u lt ie s  a r e  e n c o u n te re d  w ith  the in t e 

gran d  a s  co —►O . A p p a ren tly  the in teg ra n d  b e c o m e s  in fin ite  a s  

co —>■ 0 (h a s  p o le s  a t the o r ig in ) .  If th is  i s  t r u e , the in te g r a l  w il l  

n o t c o n v e r g e  and it  ca n  be ex p e c te d  that the m a g n itu d e  o f the h ead w ay  

d istu rb a n ce  of the nth  v e h ic le  w i l l  b u ild  up  w ith out l im it  and c o l l i s io n  

w il l  o ccu r  in  the q u eu e . C o n s id e r in g  f i r s t  the n a tu re  of the g a in  fu n c 

tio n  a s  co —- ^ 0  , the a p p a r e n tly  in d e te r m in a te  fo r m

I-Tpco)ne
h T ( j u ) e i rcKj _

i s  b e s t  u n d ersto o d  fr o m  its  eq u iv a len t s e r i e s ,
n-i

E  T ( j j e ikr“ .
K-0



T he l im it  o f the s e r i e s  a s  w —«^0 i s  ( r e c a l l  that T (0 )  = 1)

k = o
T hen

I/m k jr w  ■f l - T t iu j 'e 1'"™] —  jtru i 
ui-*o (' J rT (Z )e i* v j  <(jM)e

z
= 1 .

a
It can  now  b e s e e n  that the n e c e s s a r y  co n d itio n  that liw Pah.. be f in ite

n-*«> n

i s  that h a v e  z e r o s  a t the o r ig in . W hether ^ A v q ^ )  h a s

z e r o s  a t the o r ig in  d ep en d s on how  the ro a d  in d u ces  the d istu rb a n ce  

in  the in i t ia l  v e h ic le ’s v e lo c i t y ,  and s in c e  a l l  v e h ic le s  a r e  a s su m e d  

id e n t ic a l  it  d ep en d s on how  the ro a d  in d u ces  d istu rb a n ce  in  any v e h ic le ' s  

v e lo c i t y .  T h is  in  turn  d ep en d s on the type c o n tr o lle r  u se d  for  e a c h  

v e h ic le .  S e v e r a l c o n tr o l le r s  w e r e  d e s c r ib e d  in  C h ap ter H I. F r o m  the 

b lo ck  d iagram  of the p r a c t ic a l  v e lo c i ty  c o n tr o lle r  o f that c h a p te r , the  

v e lo c i t y  d istu rb a n c e  of the v e h ic le  to  e x te r n a l a c c e le r a t io n  i s  found to 

b e g iv en  by

(U-33) (j< 3 + ks pH) P +■ V \  ^ O d p + i )  •
T he r o a d -in d u c e d  fo r c e  on the v e h ic le  i s  g iv e n  in  te r m s  of the e le v a 

tio n  o f the v e h ic le  in  E q . ( 4 - 8 ) .  T hen the ga in  fu n ctio n  for  th is  c o n 

t r o l le r ,  w h ich  r e la t e s  the v e lo c i ty  d istu rb a n ce  to the v e h ic le  e le v a t io n

i s

(u-3io Vss fra(jcjf+ (i+ k 3+k 3fyu) +• k̂ J



T he s p e c tr u m  of to ) i s  g iv e n  b y

0 VVS S

It w as show n in  the f i r s t  s e c t io n  ( s e e  E q. ( 4 -1 5 )  ) that <|Ay{®) 

i s  f in ite , s o  <f>Avo(<0) d o es  have the n e c e s s a r y  z e r o s .  S im ila r ly  

i t  can  be show n for  ea ch  of the c o n tr o lle r s  c o n s id e r e d  that the s p e c 

trum  of v e lo c ity  r e s p o n se  (j^AvoC*0 ) to ro a d -in d u c e d  d istu rb a n ce  

h a s the n e c e s s a r y  z e r o s  at to =  0 .

The m e a s u r e s  d e r iv e d  for queue r e s p o n se  to ro a d -in d u c ed  

d istu rb a n ces  a r e  a l l  o f the fo rm  

8  I
<!i-36) ° n  -  2 l f  I  *3„ [jfj'aj)] <£av,M d CO

-  fiO

The r e s u lt s  a r e  su m m a r iz e d  on the b a s is  o f E q . ( 4 -3 6 )  in  T able 2 

b e lo w .
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TA BLE 2

MEASURE SYMBOL gn

P ow er d iss ip a ted  by the nth  
v e h ic le  of the queue due to 
the road -in d u ced  d istu rb 
a n ce .

F -T(juS)eJraJ

M ean sq u are a c c e le r a t io n  
of the nth v e h ic le  due to 
the road -in d u ced  d istu rb 
a n ce .

2cr ■U___________

Mean square relative 
v e lo c ity  of the nth vehicle 
due to the road -in d u ced  d i s 
tu rb ance.

<5 Zavr,
2 ^ ) V nrw'

M ean squ are headw ay of 
the nth v e h ic le  due to the 
road -in d u ced  d istu rb an ce . SC Of

R esp on se  of V ery  Long Q ueues 
to R oad-Induced D istu rb a n ces ■

It is  in te r e stin g  to d eterm in e the nature of a s  a

function  of n  for n  v e r y  la r g e  but f in ite . The lim it  of the in tegrand  

in  E q . (4 -3 2 )  as to —^ 0  h a s b een  d eterm in ed  to be

" o  (0=0

Suppose ci) i s  sm a ll but n o n z er o . Then

T ( j to )  0  for n la r g e ,



and

t ^ ) « 7 «  1 +  ( b , - a , ) j u )  ,

e ^ ru J  i + j V o j ,

T(j£d)ejVaJ«=: l-t-(Y+b,-a}jco,

e J ^ - j —  ^  — r —  c / ' . b )

l-T(ju)&m Y-hb-a,
F o r  v e r y  lo w  fr e q u e n c ie s  then  the in teg ra n d  b e c o m e s

( _ £ — T  J k £ L > .
\  r - t - b , - a ,) co2-

T h is in teg ra n d  is  in d ep en d en t o f n . C o n seq u en tly  i t  i s  a n tic ip a te d  

that in  v e r y  lo n g  q u e u e s , r o a d -in d u c e d  d is tu r b a n c e s  w i l l  c a u s e  

f in ite  C3/vv>n  ̂ w hich  b u ild s  up  to a  co n sta n t l e v e l  w ith  in c r e a s in g  n  . 

The v a lu e  to w h ich  it  b u ild s  i s  in v e r s e ly  r e la te d  to X - ( a j  - b j ) .
A s X  - (a j  - b j )  ten d s tow ard  z e r o , CT"ahn b u ild s  up to e x tr e m e ly  

h igh  v a lu e s .  E ith er  h g w ou ld  h a v e  to be e x tr e m e ly  la r g e  or c o l l i s io n s  

w ould  be e x p e c te d . F o r  the n o r m a l ro a d  co n d itio n  and X   ̂ a l  ~ b j  , 

the co n sta n t l e v e l  a t w h ich  Q s ta b i l iz e s  in  v e r y  lo n g  q u eu es  i s

r e la te d  to the sp e c tr u m  of A y (t)  and the type o f c o n tr o lle r  u s e d .

The n e c e s s a r y  h g i s  then  r e la te d  to ^ Ah  ̂ by c o n s id e r in g  the  

p r o b a b ility  d e n s ity  fu n ctio n  a s s o c ia t e d  w ith  A y (t )  .



CHAPTER V

D E SIG N  O F V E H IC L E  C O N T R O L L E R S FO R  
O PTIM U M  Q U EU E R E SPO N SE

Introd u c tion

The d is tu r b a n c e s  o f the a u to m a t ic a lly  c o n tr o lle d  tr a ff ic  q u eu e  

m a y  b e  s e p a r a te d  in to  tw o g ro u p s b a se d  upon the m a n n e r  in  w h ich  the  

d is tu r b a n c e s  a r e  in d u ced  in  the q u eu e . T he f i r s t  grou p  in c lu d e s  la r g e  

r a n d o m  d is tu r b a n c e s ,  w h ic h  h a v e  th e ir  s o u r c e  in  a  p a r t ic u la r  v e h ic le  

of the q u eu e . T h ese  d is tu r b a n c e s  a r e  p ro p a g a ted  fr o m  v e h ic le  to  

v e h ic le  b a ck  a lo n g  the q u eu e . T he n a tu re  of the q u eu e r e s p o n s e  to  

th e se  d is tu r b a n c e s  i s  d e te r m in e d  e n t ir e ly  by the c lo s e d  lo o p  c h a r a c t e r 

i s t i c s  o f the v e h ic le  c o n t r o l le r s .  It i s  a p p a ren t th en  th at th e r e s p o n s e  

o f the queue to th e se  d is tu r b a n c e s  m a y  be o p tim iz e d  b y  p ro p er  d e s ig n  

of the c lo s e d  lo o p  g a in  fu n c tio n  T(jco) o f the c o n t r o l le r .  T h is  o p tim 

iz a t io n  p r o b le m  i s  d is c u s s e d  f i r s t  in  th is  c h a p te r . It in c lu d e s  c o n s id e r 

a t io n  of c r i t e r ia  and  p r o b le m  fo r m u la t io n .
i

The s e c o n d  gro u p  in c lu d e s  d is tu r b a n c e s  w h ich  a r e  u s u a lly  of 

s m a l le r  m a g n itu d e , but w h ich  a r e  in d u ced  in to  e a c h  v e h ic le  o f the  

q u e u e . T h e se  in c lu d e  n o is e  s o u r c e s  in h e r e n t  in  the v e h ic le  c o n tr o l le r s  

and r o a d -in d u c e d  d is tu r b a n c e s .  T h e se  d is tu r b a n c e s  a r e  r e la te d  to 

th e ir  r e s u lt in g  v e lo c i t y  d is tu r b a n c e s  o f th e  v e h ic le s  b y  g a in  fu n c tio n s

88



•which a r e  fu n c tio n s  o f the c o n tr o l le r 's  c o m p o n e n ts . It •will be s e e n  

that th e ir  e f fe c t  on queue r e s p o n s e  m a y  be r e d u c e d  b y  s e r v o  d e s ig n  

te c h n iq u e s , w h ile  the op tim u m  s y s t e m  c lo s e d  lo o p  fu n ctio n  T ( jto ) 

i s  m a in ta in ed . T h is  i s .  tr e a te d  a f te r  the o p tim iz a tio n  p r o b le m .

O p tim iza tio n  o f Q ueue R e sp o n se  to  
D is tu r b a n c e s  o f O nly the In it ia l V e h ic le

The queue o f a u to m a tic a lly  c o n tr o lle d  v e h ic le s  m a y  be r e p r e 

s e n te d  b y  a  b lo c k  d ia g r a m , a s  show n  in  F ig .  11 F o r  the s itu a tio n  

c o n s id e r e d  h e r e ,  w h ere  the o n ly  e x te r n a l d istu r b a n c e  in d u ced  in  the

2  3  4

AX,AX AX AX,AX,

F ig . 11  - - B lo c k  D ia g r a m  of a Q ueue of A u to m a tic a lly
C o n tro lle d  V e h ic le s

s y s t e m  i s  in d u ced  in  the le a d  v e h ic le ,  the h ead w ay  r e s p o n s e  o f  the ith  

v e h ic le  to  su ch  a  d is tu rb a n ce  w as found in  the C hapter II to  be g iv e n  

b y the r e la t io n ,

(5 -1 )  A h ; =  =  [l-T(p)]T(pj"'AX0 .

It i s  ob v iou s that the h ea d w a y  d istu rb a n c e  fo r  the e n t ir e  queue w ould  

b e  m in im u m  ( z e r o )  i f  T ( p )  = 1 , c o r r e sp o n d in g  to a  r ig id  c o n n e c tio n

b e tw ee n  v e h ic le s .  But h e r e  the d istu rb a n c e  i s  tr a n sm itte d  w ithout
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red u ctio n  to the en tir e  q u eu e. In p a r tic u la r  it  i s  s e e n  that Av^ = 

p A x j  = p A x q  for a l l  i  . E ach  v e h ic le  o f the queue d is s ip a te s  a s  

m u ch  pow er as the in it ia l  v e h ic le .  T h is i s  ra th er  an u n d esir a b le  

r e q u ir e m e n t on the queue v e h ic le s .  The v e lo c ity  d istu rb a n ce  of the 

ith  v e h ic le  Avj , and co n seq u e n tly  i t s  p o w er , c a n  b e r ed u ced  to z e r o  

by m ak in g  T{p)  = 0  co rresp o n d in g  to no cou p lin g  b etw een  v e h ic le s .

Of c o u r s e  the c o n tr o lle r  d o es  not fu nction  fo r  any p u rp ose h e r e  and  

the h eadw ay d istu rb a n ce  b etw een  the f ir s t  two v e h ic le s  w i l l  be Axq , 

the m a x im u m  h ead w ay d istu rb a n ce  p o s s ib le  for  a s ta b le  queue w ith  

the s in g le  input d is tu rb a n ce . T he ab ove d is c u s s io n  s u g g e s ts  that the 

m o st  d e s ir a b le  s y s te m  a llo w s so m e  headw ay d istu rb a n ce , but r e d u c e s  

d istu rb a n ces  a s  they  a re  tr a n sm itte d  through the q u eu e.

The m e a n -sq u a r e  v a lu e  of h ead w ay  d istu rb a n ce  o f the ith  

v e h ic le  w as g iv en  in  C hapter III a s

+■ pO

It i s  r e c a l le d  that the eq u ilib r iu m  co n d itio n  r e q u ir e d  that T ( 0 )  = 1 ,

and the a sy m p to tic  s ta b il ity  co n d itio n  r e q u ir e s  that j T(jw ) < 1

for  a l l  co . It i s  o b se r v e d  that for  any p h y s ic a lly  r e a liz a b le  s y s te m ,

lim  T( jco ) = 0 .
co-* 00

In v ie w  of th e se  r e s tr ic t io n s  of T(jco) , i t  i s  ap p aren t fro m  E q . ( 5 - 2 )  

that *or anY g iven  w il l  be m a x im u m  for i  = 1 .
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T h e a v e r a g e  p o w e r  d i s s ip a t e d  b y  th e  i th  q u eu e  v e h ic l e  i s  g iv e n  b y

A g a in , in  v ie w  of the a b o v e  r e s t r ic t io n s  on  T ( j w ) f it  i s  a p p a ren t  

fr o m  E q . ( 5 - 3 )  that P ^ i  < P ^ l  ^or i  > 1 . C o n seq u e n tly  ̂ 

a tten tio n  i s  fo c u se d  on the o p tim iz a t io n  o f the r e s p o n s e  o f the f i r s t  

v e h ic le ,  s in c e  the m a x im u m  h ea d w a y  and v e lo c i t y  d is tu r b a n c e s  o cc u r  

fo r  th is  v e h ic le .

v e h ic le s ,  the h ea d w a y  and r e la t iv e  v e lo c i t y  in  p a r t ic u la r . R ed u cin g  

the h ea d w a y  d is tu r b a n c e s  r e d u c e s  th e e q u ilib r iu m  s p a c in g  h s r e q u ir e d  

fo r  c o l l i s io n  a v o id a n c e , and thus the tr a ff ic  f lo w  i s  in c r e a s e d .  R e d u c 

in g  the r e la t iv e  v e lo c i t y  in c r e a s e s  s a fe t y .  H o w e v e r , th e se  r e d u c t io n s  

a r e  o b ta in ed  a t the c o s t  of la r g e r  in d iv id u a l m o tio n , su c h  a s  v e lo c i t y  

and a c c e le r a t io n  d is tu r b a n c e s ,  than w ou ld  o c c u r  i f  la r g e r  r e la t iv e  

m o tio n  w e r e  a llo w e d . I n c r e a s e  in  v e lo c i t y  d is tu r b a n c e  r e s u lt s  in  

in c r e a s e d  p o w er  d is s ip a te d  b y  the v e h ic le ,  w h ich  i s  r e f le c t e d  in  the  

c o s t  o f o p e r a tio n  of the v e h ic le .  I n c r e a s e  in  a c c e le r a t io n  d is tu r b a n c e  

r e s u lt s  in  in c r e a s e d  d is c o m fo r t  o f the p a s s e n g e r s  and in c r e a s e d  w ea r  

in  the v e h ic le .  T o le r a b le  l im it s  on m e a s u r e s  o f the r e s p o n s e  m o tio n ,  

su c h  a s  l im it s  on a v e r a g e  p ow er and l im it s  on the m e a n  sq u a r e  a c c e l 

e r a t io n , c a n  b e d e te r m in e d  in d e p e n d e n tly . S y s te m s  w h ich  p ro d u ce

+ oo

-  »o

In g e n e r a l it  i s  d e s ir a b le  to m in im iz e  the r e la t iv e  m o tio n  of the
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m e a s u r e s  l e s s  than the l im it s  a r e  a c c e p ta b le . T he d e s ig n  p ro b lem  

then r e d u c e s  to the d e te r m in a tio n  o f the T(joj)  w h ich  m in im iz e s  the  

r e la t iv e  m o tio n  w h ile  s im u lta n e o u s ly  a llo w in g  n o  m o r e  than the l im it  

of in d iv id u a l m o tio n .

A s  an e x a m p le  i t  w i l l  be q u ite  in s tr u c t iv e  to  c o n s id e r  the

v e r y  s im p le  p ro b lem  of m in im iz a tio n  of the m ea n  sq u a re  h ea d w a y

2 2 d istu r b a n ce  ^ A h j * su b je c t  to the l im it  ^  c y  . In o rd er  to

s im p lify  the d e m o n str a tio n  of te c h n iq u e s , the p ow er d e n s ity  sp e c tr u m

^ A vq^ 0  ̂ tlle velocity d is tu r b a n c e  Avq o f the in it ia l  v e h ic le  i s

s e le c t e d  to be

w ith out r e g a r d  to r e a l  p h y s ic a l c o n s id e r a t io n s . The v e lo c i t y  d is tu r b 

a n ce  sp e c tr u m  i s  r e la te d  to the p o s it io n  d is tu rb a n ce  

( f r o m  x q ( 0 )  + v s s t) by*

s o

* R e c a ll that A v g ( t )  = p A x o ( t )  , s o  the g a in  fu n ctio n  r e la t in g  
A v q  to A x q  i s  s im p ly  joj . T hen ^ A v n f 10) = | i w | 2 ^ A x o ^ )  » 
w h ich  y ie ld s  E q . ( 5 - 4 )  d ir e c t ly .
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A b lo c k  d ia g ra m  of th is  p r o b le m  i s  show n in  F ig .  12

AX„ 1---»- b-------- »- Ah,

»- AV,
F ig .  1 2  - - B lo c k  D ia g r a m  o f S im p le  H e a d w a y -V e lo c ity

O p tim iza tio n  P r o b le m

H ere  it  i s  d e s ir e d  to m in im iz e  the in te g r a l  , su b je c t  to  the

l im it  (c o n s tr a in t)  that = c v  . T h is  i s  a  c a lc u lu s  o f v a r ia t io n s

p r o b lem  w ith  f ix e d  en d  co n d itio n s  and an in te g r a l c o n s tr a in t . T h is  

p r o b le m  i s  s o lv e d  by fo rm in g  the in te g r a l,

2. \Z(5-6) I =
w h ere  \ v  i s  a  L a g ra n g e  m u lt ip l ie r .  The in te g r a l  i s  th en  m in im iz e d  

b y v a r ia t io n  of T (jto ) , w h ich  m in im iz e s  the in te g r a l i s  d e te r m in e d  

a s  a fu n c tio n  o f to and \ v  . T()(joo, X .̂) . The op tim u m  g a in  fu n c 

t io n  i s  su b stitu te d  b ack  in to  the c o n s tr a in t ,  = c v  . E v a lu a tio n

of the in te g r a l,

(5-7) “  2 7 T

+  oO

— OO

y ie ld s  an eq u ation  r e la t in g  to the p a r a m e te r s  o f  ^ A v q ^ )  an(*

to  c v  . F in a lly ,  T q(Jco) m a y  b e su b s titu te d  b ack  in to  the in te g r a l  

0 A h f  » and the in te g r a l m a y  be ev a lu a te d  to d e te r m in e  the m in im u m



m ean  sq u a re  headw ay for  the g iven  sp e c tru m  (£a x q ( co) and the g iven  

co n stra in t.

T h ere a re  two a lte r n a tiv e s  to the m in im iz a tio n  of I by v a r i 

ation  of the sy s te m  gain  function  T(jco) . One is  to c o n s id er  the 

in te g r a l
+ «o

2 . 2 ' 2
(5-8)

I - S r I -T(j<o) %  CO2 | T(jw)|2 §M(w)dcJ
— oO

found by su b stitu tin g  the in te g r a ls  fo r  ^ A h f an<  ̂ ^Av^ in to  E q .

( 5 - 6 ) .  H ere  the v a r ia tio n  m a y  be p er fo rm ed  by le ttin g  T( j u )

= T o ( j « )  + € c ^ T ( j w )  . w h e r e  Tg( jw)  is  the optim um  and € < ^ T ( j w )  

i s  the change in  the fu nction  fro m  optim um . Substitu ting  the m o d ified  

e x p r e s s io n  for T(jco) in to  Eq. ( 5 - 8 ) ,  one obtains the in te g r a l a s  a

fu nction  of €  , I ( €  ) . Then se tt in g dlfc)
d €

— Q  and exam  in-

6 =  0
ing  the r e su lt in g  in teg ra n d s w ith  the o b jec tiv e  o f m e e tin g  th is  r e q u ir e -

r

m en t, one a ls o  obtains the n e c e s s a r y  req u ir e m e n ts  on the p o le s  and 

z e r o s  of T q(Ju ) and thus the function  i t s e l f .

The seco n d  a lte r n a tiv e  i s  to m in im iz e  X by v a r ia tio n  of the 

im p u lse  r e sp o n se  of the s y s te m  c h a r a c te r iz e d  by T ( p )  . D en ote  th is  

im p u lse  r e sp o n se  by J ( t )  and the im p u lse  r e sp o n se  of the optim um  

s y s te m  ( T 0 (p))  by 7o(fc) • F ro m  F ig . 12 i t  m a y  be s e e n  that
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The in te g r a l  i s  th e  s o lu t io n  A x ^ ( t )  o f the d if f e r e n t ia l  e q u a tio n  r e p r e 

s e n te d  by  Ax^ = T ( p )  Axq . S in c e  Av^ = j L x i  ,

r°°
(5-10) AV.ft) = J y ( v ) s L AX0( t - V ) d V  .

°T he m e a n  s q u a r e  h ea d w a y  CJAhj i s  th en  g iv e n  b y

( 5 - i i )  (-t) - J ^ ( y )  axo ( t - y ) d v j 2- f
and 0 a v 2 h y  

(5-12)
a

“ ; M °  ( t - v ) d v j Z .

T he v a r ia t io n  of 7 ( t )  i s  g iv e n  by

(5-13) 760  ̂ £60 ££760*
S u b stitu tin g  E q s . ( 5 - 1 1 ) ,  ( 5 - 1 2 ) ,  and ( 5 - 1 3 )  in to  E q . ( 5 - 6 )  y ie ld s  

K G ) ,

1 ( 6 )  S [7Jv) + (lS 7(v)jAX0(t-V ) d v j
(5-m)

S e tt in g

+

dl(<)
d£

e = o
tio n  on  v , y ie ld s

= 0 and r e v e r s in g  the o r d e r  o f  a v e r a g in g  and in te g r a -

(5-15)
J £7(0[AX° (■ 0  a x /t-  0  -J*VfflAXoCt'riAX', ( t - J )  A v

-  A  v  ^  £ 6 0  j *  A X o f r - O  ( t - * )  o l  v j  < J *  =  o .

Sine e  <$ ( ^ 0  i s  an  a r b itr a r y  fu n c tio n , i t s  c o e f f ic ie n t  m u s t  b e

fo r  PC & 0 , i . e . ,

z e r o



9 6

p6

AXo ( t ) A X , ( t - * >  -  j 7 o (v)AX0( i -V )A X 0( t - < $ oil/.

(5-16)

" ~ ^ v  J ?  (v )  j L  AAo( t  -  rf) d  -V =  0
o

on the in te r v a l o t  0  . N otin g  that the a v e r a g e s  a r e  a u to c o r r e la t io n s

i rT
and d en o tin g  2.T /*(’0 ( t z )  c l t  k y  ( 4 " , «  E q .  (5-1Q b e c o m e s

J - * X
~ 1 oC

<s-17) & (« >  =J 7 . _T) + -v)] *  fe o.
o

T h is eq u a tio n  i s  r e c o g n iz e d  a s  the w e ll-k n o w n  W ie n e r -H o p f eq u a tio n , 

w h ich  i s  w e l l  c o v e r e d  in  the l i t e r a t u r e .  ' C’L (T he s o lu t io n  of th is  

eq u a tio n  w i l l  b e  o u tlin ed  but n ot p ro v ed  h e r e . *  A t th is  p o in t the d e f i 

n it io n s  and n o m e n c la tu r e  c o n s is t e n t  w ith  the l i t e r a tu r e  a r e  ad o p ted . 

U sin g  the d e f in it io n s ,

(■ .-is ) =  \ x ( « - y )  +■ ^

and

(5 -is .)  <t>u  M  =  4 >a x C « 0 ,  ,
I;

E q . ( 5 - 1 7 )  i s  r e d u c e d  to >
oo

(5-20) = J ~ 7 ( v ) ct]i ( * - " v ) c l v ,  O C ^ O .

o

T h is  eq u a tio n  i s  c u s to m a r ily  s o lv e d  by s p e c tr a l  fa c to r iz a t io n  of the 

tw o -s id e d  L a p la c e  tr a n s fo r m s  of the a u to c o r r e la t io n  fu n c tio n s  (j)^  

and (j îi » g*v e n  by

* F o r  d e ta ils  o f the so lu t io n  the r e a d e r  i s  r e f e r r e d  to an y  of 
s e v e r a l  good  s e r v o m e c h a n is m s  te x t s .  T he n o m e n c la tu r e  d e fin ed  in  
th is  s e c t io n  i s  a lig n e d  w ith  that o f d is c u s s io n s  in  " A u to m a tic  F e e d b a c k  
C o n tro l S y s te m  S y n th e s is ,"  b y  J . G. T r u x a l.
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■‘too

(5 -2 1 ) -
^  (5) “  J e

— oO
and

3~ po

(5-22) (s) - J  <§.(*) e *  d *  .
— (90

H ere  s i s  the c o m p le x  fr e q u e n c y  v a r ia b le ,  s  = cr' + jw  . F o r  the  

a u to c o r r e la tio n s  c o n s id e r e d  h e r e ,  the s p e c tr a  e x is t  fo r  cT = 0 . 

C o n seq u en tly  the pow er d e n s ity  s p e c tr a ,  $ i d ( w ) an<i  $ii(<*> ) »

a ls o  e x i s t .  T h ey  a re  found fro m  an<  ̂ 3 ? ii(s ) by le t t in g

s = jco . The optim um  s y s te m  g a in  fu n ctio n  found w il l  be T o ( s , X v ) » 

and

<5-23> T0(jWA )  = To (sA )| •
The so lu t io n  of the W ien er-H o p f eq u ation  i s  g iv en  by

(S -2 U  t (  s X , )  =  .

% ( S )

H ere  ^ i i (  s ) i s  a r a t io n a l fu n ctio n  of s w h ich  ca n  be fa c to r e d  in to  

two r a t io n a l fu n c tio n s s )  and s )  . T he fu n c tio n  $ ” ( s )

h as p o le s  and z e r o s  on ly  in  the r ig h t  h a lf  (O' > 0 )  of the c o m p le x  s 

p lan e (a b b r e v ia te d  R H P h e r e a f t e r ) ,  and Q>ii( s )  h as p o le s  and z e r o s  

o n ly  in  the le f t  h a lf  ( (T< 0  ) p lan e ( L H P ) . The fu n ctio n

[$ id <  s > /§  i i (  s i s  tli© p a r tia l fr a c tio n  ex p a n sio n  of $ id (

■with the te r m s  fo r  the R H P p o le s  e l im in a te d . A s m en tio n ed  e a r l ie r ,
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the so lu tio n  i s  c o m p le te d  by su b stitu tin g  T q^'w , Xv) b a ck  in to  the 

c o n s tr a in t  and s o lv in g  fo r  \ v  .

The op tim u m  s y s t e m  g a in  fu n ctio n  T q C j w ) w il l  now  be d e 

te rm in ed  fo r  the s im p le  p ro b lem  b ein g  c o n s id e r e d . T aking the  

F o u r ie r  tra n sfo rm  of E q . ( 5 - 1 9 ) ,  su b stitu tin g  in  E q . ( 5 - 5 ) ,  and  

le t t in g  s = jw , y ie ld s

■ * . / = >  •  N ‘id ' '  -"ax; '  a z - s z

T aking the F o u r ie r  tr a n sfo r m  of E q . ( 5 - 1 8 ) ,  su b stitu tin g  in  E q s .  

( 5 - 4 )  and ( 5 - 5 ) ,  and le t t in g  s = joj y ie ld s

The R H P and L H P fa c to r s  of ^ i i ( s )  a r e  r e s p e c t iv e ly

u s )  =it ' a - s
and

T hen

u 0 + 5

_ N
$ ; ( s )  ( q + s ) ( i ~ a 1, s )

T he p a r t ia l fr a c t io n  ex p a n sio n  o f S^id(8 ) / ^ i i ( s ) on the L H P p o le s  

o n ly  i s  g iv en  by

r&  ( s ) / c  ( s )L  = 7— r V - T  •
-7  u  < J +  ( | 4 - a A v ) ( 5 + a )
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F in a l ly ,  Tq(s, X v ) i s  g iv e n  b y

T 0 ( s , A v )  =  + _
■K

%  ( s )  ( n a A vXl+^s)

The c o n s tr a in t  eq u ation ,
+  06

p j £

^  “  2TTJ  | d  CO =  C v
—  OO

upon su b stitu tio n  of s fo r  jto b e c o m e s

+j*o

2TTjJ'C(sA v)T 0 (-S ,A l, ) ^ av( s ) c l s  = C,

, 2. ^ 2.

"J
or

+  J  OO

I f ________I_____________ -N ~S" Ar - r
27fJ J (n-aAv)2(i-XvsXn-X,s) (a-s)(a+-s) v

- \p o

The in te g r a l i s  r e a d ily  in te g r a te d  by r e s id u e  th eo ry , y ie ld in g

/ ,  i v >  -  ( a - 6( l + a X , ) ^  2  ,

fro m  w hich  one obtains the eq u ation ,

+  =  o .

When th is  eq u ation  i s  s o lv e d  for  \ v  an<* t̂ le  so lu tio n  is  su b stitu ted  

in to  T o ( s ,  \  v ) , the optim um  d e s ig n  of the lin e a r  c o n tr o lle r  i s  

a cc  o m p lish ed .
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In the above ex a m p le  it  is  o b se rv ed  that a p a rtic u la r  d iff icu lty  

r e x is t s  w ith the optim um  s y s te m  function  T!q ( s , A v ) • N ote that

=  ( l l a X v)  *  1 •
This sy s te m  function  w ill  not m e e t  the eq u ilib r iu m  req u irem en t that 

T ( 0 )  s  l  . T his i s  due to the nature of the a ssu m e d  ^Avo^*3 ) ^

the v ic in ity  of u = 0 . An a r t if ic e  m a y  be in trod u ced  w h ich  w ill

ca u se  the o p tim iza tio n  p roced u re  to y ie ld  an optim um  s y s te m  gain  

fu nction  such  that Tq( 0, \  v ) = 1  . The technique i s  to add a sm a ll

co n sta n t to the sp ectru m  of C^Avo^40) ' su c ^ t îat ^  Av q (w ) b e 

c o m e s  2
s K /  \  0J N  . 2 .

(5- 25) . ^ v / w)  ~  o j2 + a 2 >

and b ec o m es

/K  A A _  N a _  (N a+ A 2K + q aA2

(5-26)  ̂ C0i + O . t' ~  0 )2 (uJ2 -(-a2)

The o p tim iza tio n  m ethod  can  not be ap p lied  to sp e c tr a  of th is kind. 

The p o le s  a t to = 0 a re  f i r s t  r e p la c e d  by p o le s  at to = + , such

that ( f )  +  a z / f

( 5- 27) a x ;  (cj2 + -€ 2 )(co 2 -h a 2-) 9

and £ is  a llow ed  to approach  z e r o . The o p tim iza tio n  i s  then  p e r 

fo r m e d , and f in a lly  T q ( s ,  \  v ) i s  g iv en  by

(5-28) r o ( s , X v) =  J<"> T# ( s j e > v) .
— >  o

The optim um  s y s te m  function  is  a ls o  dependent on A , w h ich  m a y  

be m ade a r b itr a r ily  s m a ll.  The optim um  function  Tq( s , \  v ) or 

T o ( j w » X v ) * f ir s t  be found and then the e ffe c t  of the change in
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sp e c tr u m  of ^ A v q C00) 'will be d is c u s s e d .

The s p e c tr u m  g iv e n  in  E q . (£-27) a y  b e fa c to r e d  ju s t  a s  

& i ( e >  i s ,  su c h  that

(€-5X<3-s) (e+sXa+s)
S in ce

& J s ) =  § M (s )  and § - ( s )  =  ( l - X v S ) ^ ^

îd® = ^ax/S) = [QA+ (N2+A^5j 
$ i i  ( s )  0  -  X „ S )  (6  +-5)(a + S )(  I -  Xv S )  '

(l+aXjlpA-fN^A^^a+sXOteXj^A-^+AyaKg-t-s)
(a- eXl+eX ̂ X1+aXvXe+sX01+5)

Tls£ X L  (:*°xJaa-(N2f̂ Ia ŝ)-(n-6X^A-(NVA2) ^ t s )
° i t  (a-€)(l^ € A j(l+ aX^I+A^JaA+fN+Aa)25 ]

L e tt in g  £  = 0 and s im p lify in g  y ie ld s

(£ -2 9 )

r

t; w .) ■
5  +  |

( N * + A a ) ±  „  "
( K s + i)OiA^  —J
V  v y

A s > A b e c o m e s  v e r y  s m a l l ,

N

<5-30 )
T0 (5 ,X ¥) OA(H-aXv)

S  +  I

(oAS+,X^vS + 0
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N

F ig . 13 - -M o d if ie d  V e lo c ity  D is tu r b a n c e  S p ectru m  
and W eigh tin g  F u n ctio n

$ ax(co) + A

9
F ig .  11̂  - -M o d if ie d  P o s it io n  D is tu rb a n ce  S p ectru m  

and W eigh tin g  F u n ctio n
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F r o m  E q . (5 -2 ^  i t  c a n  be s e e n  th at T ( 0 )  a 1 . F u r th e r m o r e  i t  m a y 

be s e e n  fro m  E q . (5-30) that s in c e  C t X y ^ O  , the s m a ll  A h as

e f fe c t iv e ly  c a u se d  a la g  type f i l t e r  in  tandem  w ith  the f i l t e r  -r—  ------ -
AyS+l

The r a t io  o f the tim e  c o n sta n ts  o f the la g  type f i l t e r  i s  in d ep en d en t of 

N and A and e a c h  i s  in v e r s e ly  p ro p o rtio n a l to A . The h ig h  f r e 

q u en cy  ga in  of the la g  type f i l t e r  i s  ■ . l— the sa m e  ga in  a s
|  T  Of A y

T o( 0, X v ) found b e fo re  adding A^ to (EIavq^10) • The e f fe c t  of

A c on the p ro b lem  m a y  b e s e e n  by c o n s id e r in g  F ig s .  13 and llj. The

d a sh ed  c u r v e s  show  the m o d if ie d  s p e c tr a  and the m o d ified  J T q( jco)

and [ 1 -  T o ( j u )  due to the A^ te r m . It m a y  be show n that

fo r  A < < and T 0 ( s ,  X v ) g iv en  by E q . (5-29)
Q Av

(5 - 3 i )  5
-T0(jw,Av) N 2A2V

(l+aAv)‘
Then the e f fe c t  o f the p o le  i s  to add an in c r e m e n t to the in te g r a l

(JXhi found b y  u s in g  T ( j ( j « t X v )  ----------------- --------------------  s o  that
( 1  +  Cl \ y )  (  \ v  S  +  1 )

an e s t im a te  for  the m e a n  sq u a re  h ead w ay  u s in g  E q . (5-29) is

+ oO

(t (Ti2 -  I—r  clu)_________ ;__ N2Xv
Ah, -  S-rrJ(|+a^ ( Xa y +|) 7T I M ) ( |  + c K f

— oo

  2
A lso  it  m a y  be s e e n  fro m  F ig .  13 that m a y  be e s t im a te d  by

i



ioU

+ oO
2 k ,2

(5-33)

C T 2  =  I ' 60 N -------------------- d c j  +
^  ETrJ (I+aX V)2(X* 602+ i)(a/+ a2)

—oo

+  CO

J _ Z O A > |
TTV N /

a  A \ f2 a X / + OaX )̂ Az. , _A* £  c/<o

( I + aXy')2 A 2 * J  ( l + a t f Q f r f + i )
— PO

It i s  s e e n  fro m  E q s , ( £ - 3 2 ) and (£ -33) that the m o d ifica tio n  in  r e sp o n se  

fr o m  true optim um  m a y  be m ad e a r b itr a r ily  s m a ll  by m ak in g  

v e r y  s m a ll ,  and y e t  the r eq u ire m e n t T ( 0 )  = 1  m ay  be m e t .

Any o p tim iza tio n  tech n iq u e , lik e  m eth o d s of a n a ly s is ,  d oes  

not trea t a l l  a s p e c ts  of the r e a l  p r o b le m . A s  a co n seq u e n c e  it  is  

g e n e r a lly  n e c e s s a r y  to m o d ify  the th e o r e t ic a l or op tim u m  d e s ig n .  

G en era lly , the m o d if ic a tio n s  w il l  not s e r io u s ly  im p a ir  s y s te m  p e r 

fo r m a n c e .

"When m o r e  c o m p le x  input d istu rb a n ce  s p e c tr a  a re  c o n s id e r e d  

th ere  a r e  r e la t io n sh ip s  w h ich  m u st  e x is t  b etw een  the s p e c tr a  and the 

a s s ig n e d  co n str a in ts  i f  the optim um  s y s te m  T o ( s )  i s  to be r e a l i s 

t ic .  F ir s t ,  h o w e v e r , so m e  c o n s id e r a tio n  sh ou ld  be g iv en  to  the 

r e a l i s m  of the a ssu m e d  s p e c tr a . C o n s id er  the sp e c tr u m

w h ere

(S-3U)

+
) = ^Ax q 4̂0 ) ^?Axq fa ) »

(fj+ AJ\ = A(jaJ*g.YftO+ĝ  (ja> +- O  __ A .
AXo (j’( j+ p x jc o + p j )  ( jW p n) Dn(jO>)
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Since

(5-35) =  ^

and

(5-36) M  =  ^ a x / W\o °

and s in c e  it  is  known that AC|0 is  a bounded function  and co n seq u en tly  

h a s a fin ite  m ean  sq u are  va lu e

<  =  ^ ■ Z r f a a M * d t  = ^ k a ( u ) d u y .

- T  -r«j

it  can  be s e e n  that n > m  + 2 . B oundedness i s  a lso  a p ro p erty  of

h ig h er  ord er  d e r iv a t iv e s , w hich im p lie s  ev en  m o r e  p o le s  o f  

$ A x 0 ( co ) , but u su a lly  only the lo w er  freq u en cy  p o le s  n eed  be c o n 

s id e r e d  so  that the co n stra in ts  a s s ig n e d  do e x is t .  In other w o rd s , the

2.
sta tem en t that (Tao = im p lie s  that n > m  + 3 . S in ce the

s o lu tion  of o p tim iza tio n  p ro b lem s b e co m e s  e x tr e m e ly  co m p le x  a s  n 

in c r e a s e s ,  u su a lly  n is  m ad e equal to m  + 3 . T his v a lu e  of n

i s  req u ired  if  a tten u ation  co n stra in ts  a r e  s p e c if ie d , e . g . ,

w h ere p <  1 .

On the other hand, i f  T q( s ) can  be m ade to h ave m o re  p o le s  than

2
z e r o s  and if  the c o n stra in ts  a r e  g iven  in  te rm s of an<  ̂ not

, then the p ro b lem  m a y  be g rea tly  s im p lif ie d  by n e g le c tin g  the

h igh er  freq u en cy  p o le s  of an(  ̂ m a^-n 6 n = m  + 2 .

2The e x is te n c e  of , i s  then due to T q ( s ). . T his ap p rox im ate



o p tim iz a t io n  w il l  be p a r t ic u la r ly  a c c u r a te  i f  the h ig h er  fr e q u e n c y  

p o le s  n e g le c te d  a r e  w id e ly  s e p a r a te d  fr o m  the d om in an t p o le s  c o n 

s id e r e d .

W hen a d d itio n a l c o n s tr a in ts  a r e  p la c e d  on h ig h e r  d e r iv a t iv e s ,  

the in te g r a l  I c o r r e sp o n d in g  to that o f E q . ( 5-6 ) b e c o m e s

A ls o ,  the c o m p le x ity  of the fu n c tio n s  in c r e a s e s  v e r y  r a p id ly  a s  q

p o s s ib le  and u s e  the m in im u m  n u m b er  of c o n s tr a in ts  n e c e s s a r y .

W hen the in te g r a l  I o f E q . (5-37) i s  v a r ie d  a s  in  E q s . (5-13) 

to  ( 5 - l£ ) , the r e s u lt in g  W ien er -H o p f eq u a tio n  b e c o m e s

(5 -37 )

■» a  ■>* rt

In th is  c a s e ,  the q \ }S  a r e  found by s o lv in g  s im u lta n e o u s ly  the q

c o n s tr a in t  e q u a tio n s ,

(5 -3 8 ) ~  2TT

22F o r  s m a l l  q the in te g r a ls  a r e  ta b u la ted , but a r e  n o n lin e a r  a lg e 

b r a ic  fu n c tio n s  of the \ ' s  and the p o le s  and z e r o s  o f ^ a v q(m ) •

and the n u m b er of p o le s  of ) in c r e a s e .  T h e r e fo r e  i t  i s  v e r y

d e s ir a b le  to c o n s id e r  the m in im u m  n u m b er  o f p o le s  o f
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T h en  $ i i (  to) b e c o m e s

(5-Uo) = (i + — ^/\c,w2q) $ AXJ ^ ) ,
and

C5-1.1) $ /s ) = (|-X, S2+ X2S 4 + XqS211) $ M(s) .
It i s  p o s s ib le  to  s e t

I 2 1
and by m u ltip ly in g  out the r ig h t m e m b e r  and eq u atin g  c o e f f ic ie n t s  o f 

l ik e  p o w ers  of s  , the r e la t io n s  b e tw ee n  the \ Ts and r ' s  a re  

o b ta in ed . Thus ^ i j ( s )  m a y  be fa c to r e d  a s  b e fo r e  in to  L H P and R H P  

fa c to r s ,  su c h  that

*

L et

Then

t t - h h )
& J s )  _ _ A N wCs)

D „ (5 )Q q (s )

P a r t ia l  fr a c t io n  e x p a n sio n  of th is  fu n ctio n  on on ly  the n  p o le s  o f

^ii(s) Q̂ C5)

(5-U5)

Dn ( s )  and re c o m b in a tio n  y ie ld s  a  fu n ctio n  o f the fo r m

r § i d ( s n  =  B M n. , ( s )  t

_ S ;“ ( s ) J +  D n(S.)
w h ere  the n u m e ra to r  p o ly n o m ia l i s  o f d e g r e e  n -1  in  s ,

a s  in d ic a te d  by i t s  s u b s c r ip t .  Then
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(5-1*6) T  (s) =  _  . B M n - i f e ) ____

$(s) Q&ANJs)
H ere  the n u m era to r  is  o f d e g r e e  n -1  and the d en om in ator  o f d e g r e e  

m  + q . It i s  then s e e n  that for  T q ( s ) to be p h y s ic a lly  r e a liz a b le ,

q +■ rm ^  n .

F o r  in sta n c e  o f a (]) ) i s  s p e c if ie d  w ith  two p o le s  and no z e r o s ,

2
then a co n s tr a in t  m u st  b e  a s s ig n e d  to » or t*ie r e s u lt in g  T q ( s )

w ill  not be r e a liz a b le .  N ote that if  a c o n s tr a in t  i s  a s s ig n e d  on ACI-̂  ,

but not on Av^ , su ch  that = X.g ^ ® kut X.̂  = X.v  = 0 , then

Q q ( s )  w il l  have c o m p le x  p o le s .  T h is  m a y  c a u se  j Tpfjco) [ to be

g r e a te r  than u n ity  for  so m e  u> . A  s y s te m  c h a r a c te r iz e d  by such  a
»

T g( j w)  w ill  not m e e t  the a sy m p to tic  s ta b il ity  r e q u ir e m e n ts . The s i t u 

a tio n  h e r e  w il l  p r e s e n t  the s y s t e m  d e s ig n e r  w ith  tw o a lte r n a t iv e s .  The

2 2
f i r s t  i s  that i f  l im it s  a r e  d e ter m in ed  on 0 A v f  an< -̂ ^AO^ * then

  ?
the co n sta n ts  cv  and c a of the c o n s tr a in ts , 0"2^Vj = c v  and  

< % a l  = c a m a y b e  a d ju sted . The other is  to  a c c e p t  TQ(jw) and

ap p ro x im a te  it  w ith  a t r a c t ic a l  s y s te m  for w h ich  | T(jto)  | <  1 and
2

to a c c e p t  the c o r r e sp o n d in g  in c r e a s e  in  (T/Vh^

It is  m en tio n ed  in  c lo s in g  that th ere  a r e  o th er r e a so n a b le  op -  

t im iz a t io n  p ro b lem s in  w hich  it  i s  d e s ir e d  to m in im iz e  + JJL O av^
O

or to put c o n s tr a in ts  on 0$?? • The r e la t iv e  v e lo c ity  A vr i s  g iv en

by A vr = A v q  - A v i in  th is  c a s e .  In th e se  p ro b le m s  the in te g r a l I
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ta k e s  th e fo r m

A  s im ila r  fo rm  of W ien er-H o p f eq u ation  i s  found. N ow

(5-U ?) ^ ( w )  =  •

( 5 - 5 0 )  < 5 .  ( w )  =  [ l  +  ( y M + X ^ O J 2  + -  X 2 W 4  +  - - - ]  $  (v)
II o

F r o m  E q . ( $ - k 9 )  i t  i s  s e e n  that e f fe c t iv e ly  §?aXq { « )  h as an  in 

c r e a s e  o f two z e r o s ,  so  that m  is  in c r e a s e d  by o n e . T h is in  turn , 

by E q . (5-U7 )* r e d u c e s  the num ber o f c o n s tr a in ts  by o n e , w h ich  a re  

n eed ed  to in su r e  a p h y s ic a lly  r e a liz a b le  T q ( s ) ,

  p
If the p ro b lem  i s  o f the f ir s t  k ind , m in im iz a tio n  of ^ A h j  

   2
p lu s a  w eig h ted  0 ^ Vr , then  J A  . i s  a  known co n sta n t and not a  

c o n s tr a in t . The c o n s tr a in t  on A vj , 0 Z v i  a c v  » m a y  he rem o v ed  

and the n um ber o f n o n lin ea r  eq u ation s and \ ' s  red u ced  by o n e .

O p tim iza tio n  o f Q ueue R e sp o n se  to 
D istu r b a n c es  o f  E ach  V e h ic le

R oad in d u ced  d is tu r b a n c e s  and in te r n a l n o is e  s o u r c e s  in  the c o n 

t r o l le r s  of ea ch  v e h ic le  can  b e r e fe r r e d  to  the fo r c e  input to  the a u to 

m o b ile . C o n sid er  the g e n e r a l feed b a ck  co n fig u ra tio n  for  the lin e a r  

m o d e of the au to m a tic  lo n g itu d in a l c o n tr o l s y s te m  of ea ch  v e h ic le ,  

show n  in  F ig .  15 •
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F ig . 1!? - -G e n e r a l  F eed b a ck  C o n tro ller

It can  be s e e n  fro m  F ig .  1$ that the gain  fu nction  re la tin g  Av^ to  

A vi_ i  i s

($-51) T(jCL)) = I +  G,(] cJ) G ECj cJ) G 3 ( jc j )
The gain  function  re la tin g  A vi to  the d istu rb a n ce  fo r c e s  A fj is

(5. 52) __________
I +* G,(j to) G 2 (] ̂ ) G 3 (j dj)

Now it  i s  a ssu m e d  that T(j io)  i s  a p h y s ic a lly  r e a liz a b le  gain  function

w ith  the p rop erty  that T ( 0 )  = 1 . The open lo o p  gain  of the feed b ack

c o n tr o lle r  m u st  h ave an in teg ra tio n  so  that T ( 0 )  = 1 . The gain

G2 (jw ) » w hich  r e la te s  the v e lo c ity  o f the v e h ic le  to the ap p lied  fo r c e

cannot have the p o le  a t u  -  0 b e c a u se  o f the fr ic t io n  of the v e h ic le .

I
T h is gain  in  s im p lif ie d  fo rm  is A ls o , G3 ( jco ) cannot

% j'01+1

h ave the p o le , a s  th is  w ould m ak e T( 0) = 0 . T h ere fo re  G j f j u )

p o s s e s s e s  the p o le . It m ay  b e s e e n  fro m  the gain  fu nction  Eq. ($ -5 2  )
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that a t  f r e q u e n c ie s  u p  to  th o se  fo r  w h ic h  j G £( j«  ) | - >  0 , i f  the g a in

G i ( j t o )  G3 ( j w)  > > 1,  th en  the m a g n itu d e  o f the g a in  fu n c tio n  , {£-5)2) 

w il l  b e  v e r y  s m a l l .  T h is  w i l l  g r e a t ly  r e d u c e  th e s y s t e m  r e s p o n s e ,  and  

c o n s e q u e n t ly  the q u eu e  r e s p o n s e ,  to  r o a d - in d u c e d  d is tu r b a n c e s  and  

u n c o r r e la te d  d is tu r b a n c e s  fr o m  o th er  s o u r c e s .

It c a n  b e  o b s e r v e d  fr o m  E q . (5-5l) that in  o r d e r  fo r  T ( 0 )  = 1 ,

i t  w i l l  b e  n e c e s s a r y  fo r

(5-53) G3(0) = | ,
s in c e  G ^ ( 0 )  — ► oo and  l i m  T ( j u )  = ___ _2_____  . F u r th e r m o r e ,  fo r

to -*0  g 3 (  ° )
f r e q u e n c ie s  fo r  w h ich

G , C j w ) G 2 ( j w ) G 3 (jw ) »  I ,

(S-5M TCjw) ~  •

T h en  the o p tim u m  s y s t e m  g a in  fu n c tio n  T q( jto ) m a y  b e  a c h ie v e d  b y  

s e t t in g

(5-55) G3(H  = i f p
fo r  lo w  f r e q u e n c ie s .  T he b an d w id th  o f G i ( j u )  G g f j w )  w i l l  p ro v id e  

th e h ig h e r  fr e q u e n c y  c u to ff  o f T q( ju>)

F o r  in s ta n c e ,  c o n s id e r  that T q(Jco) i s  g iv e n  b y

N
-r  -  a a ( i  + a \») +

Cd +* I ^

a s found fr o m  the o p tim iza tio n  of the two v e h ic le  r e s p o n s e  to d is tu r b 

a n c e s  of the le a d  v e h ic le .  Then an a sy m p to tic  Bode p lo t fo r  the fe e d 

b ack  c o n tr o lle r  i s  show n in  F ig u re  16'« In th is  p lo t i t  i s  a s su m e d  that
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G1 ( j<*> ) s  £ ■( ^  + 1 )  for  the p lot of log  j d  (jw ) G2 ( jco ) | .

The va lu e  o f K to obtain TQ(ju ) for the c lo s e d  loop  fun ction  is  

found

M _ 3 A

F ig . 16; --A sy m p to tic  Gain M agnitude P lo t
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as fo llo w s. Noting that lo g  | K /j «  J = lo g  K - lo g  o> , the c r o s s 

over point (w h ere  the loop  gain i s  1) i s  g iven  by

(£-57) log  K -  lo g  ^  -  -  l o g  ( l  4- a \ v) ,

Thus

(5-58) K = k^ ckY
F or freq u en c ies  u < ^_L_ , log  | T 0(jco) -  lo g  | G3 (j<o) J .

For freq u en c ies  w > _ j _  , log  I Tn(jw ) I »  lo g  I _______ I  I .
v  I M 1 + j“  I

The optim um  gain function Tg(jco) is  thus ach ieved . F u rth erm ore ,

it  is  noted that K can be in c re a se d  if  a la g  lead  netw ork is  added to

G^(jco ) a s ind icated  by the dashed lin e  m od ifica tion  of the 

J Gi(j<o) G2 (jw) Jt p lot. This w ill further reduce the sy s te m  resp o n se  

to low er freq u en cy  com ponents of fo r c e  d is tu rb a n ces . T his would be 

e sp e c ia lly  u sefu l for reducing road -in d u ced  d istu rb an ces b ecau se  of 

their  v ery  low  frequ en cy  sp ec tra .



CHAPTER VI

/^CO NCLUSIO NS

In th is  paper s e v e r a l  a s p e c ts  o f the r e s p o n se  of q u eu es of 

a u to m a tica lly  c o n tr o lle d  v e h ic le s  to v a r io u s  typ es o f d istu rb a n ces  

h a v e  b een  s tu d ie d . A lthough  the s in u so id a l d istu rb a n ce  is  qu ite u n 

r e a l i s t ic  in  the r e a lm  of tra ffic  d y n a m ic s , it  s e r v e s  to d efin e the 

v a r io u s  ga in  fu n ctio n s a s s o c ia te d  w ith the au tom atic  q u eu e.

G ain fu n ction s have b een  d ev e lo p ed  w h ich  r e la te  h ead w ay, 

r e la t iv e  v e lo c ity ,  v e lo c ity  and a c c e le r a t io n  of ea ch  v e h ic le  of the 

queue to the in it ia l  v e h ic le  v e lo c ity  and to v e lo c ity  d istu rb a n ce  

in d u ced  in  e a ch  v e h ic le  by the ro a d . B a se d  on th ese  ga in  fu n ction s  

and the s p e c tr a  a s s o c ia te d  w ith  the random  v e lo c ity  d is tu r b a n c e s ,  

the m ea n  sq u a re  v a lu e s  of the r e s u lt in g  d is tu rb a n ce s  in  the h ead w ay , 

r e la t iv e  v e lo c ity ,  v e lo c ity ,  and a c c e le r a t io n  of each  v e h ic le  have b een  

d e te rm in ed .

The tra ffic  en g in e e r in g  p ro b lem  is  that of m in im iz in g  the 

eq u ilib r iu m  sp a c in g , h g , y e t  k eep in g  i t  la r g e  enough to avo id  c o l l i 

s io n s  w h ere  the m a x im u m  headw ay d istu rb a n ce  o c c u r s  in  the q u eu e. 

F o r  d istu r b a n ce s  of the in it ia l  v e h ic le  *only, the m a x im u m  h ead w ay  

d istu rb a n ce  w il l  o ccu r  b etw een  the in it ia l  v e h ic le  and the f ir s t  fo llo w 

in g  v e h ic le .  On the other hand, w hen d istu rb a n ces  a r e  in d u ced  in  e a c h

U ll '



v e h ic le ,  the r e su lt in g  m axim u m  d istu rb an ce o ccu rs  w e ll back  in  the 

q u eu e. In v e r y  lon g  qu eu es the d istu rb a n ce  can b eco m e v e r y  la r g e  

u n le s s  the gain  fu nction s r e la tin g  the nth v e h ic le  d istu rb an ce  to the 

d istu rb an ce  induced  in  each  v e h ic le  have z e r o s  a t co = 0 or the s p e c 

tra  of the d istu rb a n ce  so u r c e s  th e m se lv e s  con ta in  the z e r o s .  In v e s t i

gation  show ed that for  a l l  a n tic ip a ted  s o u r c e s  o f d istu rb a n ces  in a 

p r a c t ic a l co n tr o lle r , e ith er  the gain  re la tin g  v e lo c ity  to the so u rce  or 

the sp e c tr a  of the so u r c e s  do con ta in  the z e r o s .

The m a in  p rob lem  stu d ied  is  that of d eterm in in g  the p a rticu la r  

c o n tr o lle r  w hich  y ield s optim um  queue r e sp o n se  to d is tu rb a n ce s . It 

w as show n that m in im iza tio n  of headw ay and r e la t iv e  v e lo c ity  d is tu r b 

a n ces  is  a ccom p an ied  by in c r e a s e s  in  the m ean  sq u are  v e lo c ity  and 

a c c e le r a t io n  of each  v e h ic le  o f the q u eu e. M ean squ are v e lo c ity  and 

a c c e le r a t io n  a re  r e la te d  to pow er and d isc o m fo r t, r e s p e c t iv e ly ,  and 

m u st th ere fo re  be kept below  to le ra b le  l im it s .  T h ese  l im its  a re  in 

dependent o f the c o n tr o lle r  to be u se d . F o r  d istu rb an ce  so u r c e s  in  

on ly  the in itia l v e h ic le  of the queue, the la r g e s t  d istu rb a n ces  occu r  

b etw een  the in it ia l v e h ic le  and the f i r s t  fo llo w in g  v e h ic le .  T h e r e 

fo r e  the op tim iza tion  is  that o f m in im iz in g  the m ea n  sq u are headw ay  

of the f ir s t  v e h ic le  w h ile  k eep in g  its  m ea n  sq u a re  v e lo c ity  below  the 

to le r a b le  l im it .  An ex a m p le  of o p tim iza tio n  of queue r e sp o n se  w as  

the m in im iza tio n  of the in teg r a l,



116

+ eo +  oO

£  5 h , +  | I-T(j6j)| dcj +
_  60 — *o

2
by p rop er  c h o ic e  of T(jco) , -while k eep in g  0 "a v  ̂ = c v  . H ere

2
i s  a L agran ge m u lt ip lie r  and cv  is  a co n sta n t l im it  d e term in ed

in d ep en d en tly . M in im iza tio n  of the in te g r a l I by v a r ia t io n  of

T(jo>) r e s u lt s  in  the W ien er-H o p f eq u ation . The so lu tio n  of th is

eq u ation , T o ( j “  » k v ) , is  the optim um  c o n tr o lle r . The L agran ge

m u lt ip lie r  i s  d e ter m in e d  fro m  the eq u ation ,
J-eO

\Z
-  '■ .

2TT To(jw,X») ^ ( f c O d u  = c,
— OO

The a ssu m p tio n  that

( 5  ( w )  =  - K — 1  ■ -i-
^ A V ,  C l)  +  Cl

w h ere  A is  a s m a ll  c o n sta n t, r e s u lt s  in  an optim um  T ( j « )  g iv en

b y  N
— r 12— r T “ +* I

t / , , .  \ \  _  aA(n-aX,)  _______
l 0 Cjk)j A v )  — v .

(a r jW + l)( '̂'Jw+ 0
The a p p lica tio n  o f the o p tim iza tio n  technique to s im ila r  p ro b lem s is  

d is c u s s e d .

O p tim iza tion  of the queue r e sp o n s e  to d is tu rb a n c es  ind uced  in  

ea ch  v e h ic le  i s  a c c o m p lish e d  by d e s ig n in g  the c o n tr o lle r  so  that the 

e f fe c t s  o f su ch  d is tu rb a n c es  a r e  m in im iz e d  in  e a ch  v e h ic le .
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The o p tim iz a tio n  d ep en d s on the p ow er d e n s ity  s p e c tr u m  of 

the input d is tu r b a n c e s .  A t the p r e s e n t  t im e  th ere  i s  l i t t le  in fo r m a 

tio n  a v a ila b le  on su c h  s p e c tr a .  R e s e a r c h  is  n ee d ed  to  in v e s t ig a te  

the s p e c tr a  of the h u m an  d r iv e r 's  r e s p o n s e  and s p e c tr a  of o th er  

s o u r c e s  of d is tu r b a n c e  o f the in it ia l  v e h ic le .  A ls o ,  the in te g r a l  

m e a s u r e s  o f  qu eu e r e s p o n s e  to d is tu r b a n c e s  in d u ced  in  e a c h  v e h ic le  

d ep en d  on  the s p e c tr a  o f  th e se  d is tu r b a n c e s .  T h ere  m a y  b e  en ou gh  

in fo r m a tio n  a v a ila b le  to d e te r m in e  a t l e a s t  the s p e c tr a  o f r o a d -  

in d u ced  d is tu r b a n c e s  on a  r e g io n a l b a s i s .  T h is  sh o u ld  b e  i n v e s t i 

g a ted .

The o p tim iz a t io n  fu r th er  d ep en d s on the to le r a b le  l im i t s  o f  

in d iv id u a l v e h ic u la r  m o tio n . In d ic e s  o f c o m fo r t , w e a r , c o s t  o f o p e r a 

tio n , e t c .  sh o u ld  be d e te r m in e d  in  te r m s  of m e a n  sq u a r e  v e lo c i t y ,  

a c c e le r a t io n ,  e t c . ,  of e a ch  v e h ic le .  T h is  i s  s t i l l  a n oth er  im p o rta n t  

a r e a  fo r  fu tu re  s tu d y .

F in a l ly ,  i t  i s  n o ted  that r e s u lt s  a r e  o b ta in ed  fo r  u n ila te r a l  

s y s t e m s ,  i . e . , s y s t e m s  in  w h ich  c o n tr o l o f the m o tio n  o f the v e h ic le s  

d ep en d s o n ly  on the p r e c e d in g  v e h ic l e s .  M ore s p e c i f ic a l ly ,  the m o tio n  

o f e a c h  v e h ic le  i s  c o n tr o lle d  a c c o r d in g  to the m o tio n  of i t s  im m e d ia te  

p r e d e c e s s o r  o n ly . It m a y  v e r y  v e r y  v a lu a b le  in  fu tu re  s y s t e m s  to  

w e ig h t  the m o tio n  of s e v e r a l  v e h ic le s  a h ea d  and b eh in d  in to  the c o n tr o l  

c r i t e r ia  for  e a c h  v e h ic le .  T h is  m a y  b e  a  v e r y  p r o fita b le  a r e a  o f  

fu tu re  stu d y .
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