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and on ly  i f  fo r  every  y  6  A and every  s c a la r  a  w ith  I a  I < 1 , i t  i s  

t r u e  t h a t  a  y  6  A.

The fo llo w in g  f a c t s  a re  e a s i ly  checked. The c lo su re  o f  a  b a l ­

anced s e t  in  any l i n e a r  to p o lo g ic a l  space i s  a ls o  a  b a lan ced  s e t .  I f  

A i s  a  b a lan ced  su b se t o f  X, th en

A° -  ^  x ' : x ' €  X*, i x 'x l  < 1 f o r  a l l  x  e  a ]  .

S im ila r ly , I f  A ' i s  a  b a lan ced  su b se t o f  X*, th en

°A ' » ( x  : x  fc X, i x 'x l i  1 f o r  a l l  x ' 6  A '}  .

I t  i s  th en  immediate from th e se  r e l a t i o n s ,  th e  f a c t  t h a t  S-̂  and S-£ 

a re  b a lan ced  and from (0 ) and ( l )  th a t

(8 )  SS “ S1 ^  ° s l  “  s l  •

D e f in i t io n  2 . A su b se t A o f  a l i n e a r  space Y i s  ab so rb in g  i f  

and on ly  i f  f o r  each y 6  Y th e re  e x is t s  a  p o s i t iv e  r e a l  number r  

such t h a t  ip  I > r  im p lie s  y  €  3 A (se e  eq u a tio n s  (3 ))»

An abso rb ing  s e t  c o n ta in s  th e  zero  v e c to r .  A lso i t  c o n ta in s  a  

nonzero m u ltip le  o f  every  v e c to r  in  th e  space s in c e  y f i  p A and 

P ^ 0 im ply ( l / p ) y  A.

D e f in i t io n  3 . L et A be a su b se t o f th e  l in e a r  space Y. The 

bn lnnced  and convex h n lI  o f  A i s  th e  in te r s e c t io n  o f  a l l  b a lan ced  

and convex s e ts  which c o n ta in  A.



We no te  t h a t  th e  in te r s e c t io n  o f  b a lan ced  s e ts  i s  b a lan ced  and 

th e  in te r s e c t io n  o f  convex s e ts  i s  convex. Thus, th e  b a lan ced  and 

convex h u l l  o f  A i s  th e  sm a lle s t  convex and b a lan ced  s e t  c o n ta in in g  A.

D e f in it io n  U. L et A be a  b a lan ced , convex, and abso rb ing  s e t  in  

a  l in e a r  space Y. For each y €  Y l e t

A(y) « { r  : r  i s  a  p o s i t iv e  r e a l  and y €: rA^ .

Because A i s  abso rb ing , A(y) i s  nonempty. For each y 6  Y d e fin e

-p (y )  -  i n f  r  .
r  €  A(y)

p i s  c a l le d  th e  Minkowski fu n c tio n a l  o f  A (7> pp» 13^-137)•

I f  (a , co ) and Cat, *o ) re p re s e n t  th e  open and c lo sed  sem i­

i n f i n i t e  in te r v a ls  to  th e  r i g h t  o f th e  r e a l  number a ,  th en  i t  i s  c le a r  

from th e  f a c t  th a t  A i s  convex and abso rb ing  th a t

(p(y)^OO )C A(y ) c  [ p (y ) ,  oO ) .

A lso i t  i s  e a s i ly  checked th a t  i f  A i s  th e  u n i t  sphere o f  a  norm

II • U© on X, th en  II* Il0 i s  th e  Minkowski fu n c t io n a l  o f  A.

D e f in it io n  5_. A norm lHl0 on X i s  e q u iv a le n t to  II • II on X i f  

and on ly  i f  (X, \\ • l\ 0 ) and (X, l\ • II ) a re  e q u iv a le n t to p o lo g ic a l 

sp aces .

D e f in i t io n  6 . A su b se t A o f  X i s  a  norm s e t  fo r  (X, \l • \\ ) i f  

and on ly  i f  A i s  th e  u n i t  sphere  o f  some norm on X e q u iv a le n t to  It * II.



We would l ik e  to  s t a t e  h e re  s e v e ra l  theorem s in v o lv in g  th e  above 

c o n c e p ts .

Theorem 1 . The norm 11 • l|0 on X i s  e q u iv a le n t to  It *11 on X i f  and

on ly  i f  th e re  e x i s t  p o s i t iv e  r e a l  numbers r  and t  such t h a t

r  11 x lle II x U << t  || x || 0

f o r  a l l  x  6  X.

P ro o f . See (7 , p . 8 7 ) .

Theorem 2 . Suppose II • II0 i s  a  norm on X. For any nonnegative  r e a l

number r ,  l e t

Tr  = (  x  : x  €  X, || x I) 0 & r  ]  .

Then, i f  r^  i s  a  p o s i t iv e  r e a l  number,

(I x U« £  II x It f o r  a l l  x  £  X

i f  and on ly  i f

®r^ — ^ 1 '

I f  r 2 i s  a  p o s i t iv e  r e a l  number, then

|l x II £  r 2 U x | |0 f o r  a l l  x €  X

i f  and on ly  i f

1 “ * r 2

P ro o f. The n e c e s s i ty  o f  th e  c o n d itio n  fo llo w s e a s i ly .  For th e  

converse o f  th e  f i r s t  a s s e r t io n ,  suppose Sr ^ CL Tj_* Then x ' ^  0



r l xim p lie s  ~ ----- —  £  S and hence a ls o  in  T, . Thus we have
11 x II r ± 1

hrrrll & 1 . T his shows th a t ,  f o r  a l l  x  / 0 ,

U  x  M o  £  \ \x \ \  •

T r iv ia l ly  x -  0 a ls o  s a t i s f i e s  th is  in e q u a li ty .  For th e  converse o f 

th e  second a s s e r t io n  we app ly  the  f i r s t  a s s e r t io n  o f th e  theorem  and th e  

f a c t  th a t ,  i f  U i s  a sphere o f  ra d iu s  r  f o r  some norm in  X, th en  r^U 

i s  th e  sphere o f  ra d iu s  r r ^  fo r  t h a t  norm.

Theorem 3* I f  K * ll0 i s  a norm on X and T^ i s  th e  u n i t  sphere o f

(X, 11 • •!© ) , th en  || x  II 0 ** || x  l\ f o r  a l l  x  £  X i f  and on ly  i f

T his theorem  i s  sim ply s ta t in g  th a t  two norms on th e  space X are  

th e  same i f  and on ly  i f  th e y  have th e  same u n i t  sp h e re . I t s  p ro o f 

fo llow s by u s in g  Theorem 2 w ith  r^  = r^  « 1 .

Theorem L et Y be a  lo c a l ly  convex l i n e a r  to p o lo g ic a l  space and 

l e t  A be a nonempty, c lo sed , convex su b se t o f  Y. I f  yQ ^  A, th en  th e re  

e x i s t  a  continuous l in e a r  fu n c tio n a l  y 1 on Y and a r e a l  number a  such 

th a t

R (y 'y 0 ) >  a  R (y fy) fo r  a l l  y  e  A.

(The im portance o f  t h i s  theorem l i e s  in  th e  f a c t  th a t  th e  p o in ts  

in  Y need no t be c lo sed  s e t s .  There a re  s e v e ra l  s tan d ard  theorems
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[ s e e  (1 , No. I I 89 , p . 7 1 ) and ( 3 , p . M 7 )]  in  which y0 i s  re p la c e d  

in  th e  above in e q u a l i ty  by an a r b i t r a r y  elem ent o f  a  c lo se d , compact, 

convex s e t  B n o t in te r s e c t in g  A. T ay lo r shows ( 7 , p . 1 5 l)  t h a t  th e  

h y p o th es is  t h a t  B i s  c lo sed  can be e lim in a te d . A lthough Theorem ^ i s  

a  s p e c ia l  case  o f  t h i s  r e s u l t ,  we in c lu d e  a  p ro o f o f th e  theorem  s in ce  

we can g ive  a  s im p le r p ro o f in  t h i s  s p e c ia l  c a s e .)

P ro o f. We w i l l  f i r s t  suppose t h a t  th e  s c a la r  f i e l d  o f  Y i s  th e  

r e a l  f i e l d .  S ince Y i s  a re g u la r  space ( 7 , P« 126), th e re  e x i s t  open 

n o n in te r s e c t in g  s e ts  W and Ŵ  w ith  yQ 6  W and A £ . Ŵ » S ince Y i s

lo c a l l y  convex, we may assume W i s  convex. Then th e re  e x i s t  -  see

( l ,  No. H 89 , p . 97) o r  (7> P* 139) _ a  nonzero con tinuous l i n e a r  

fu n c t io n a l  y 1 on Y and a r e a l  number a  such th a t

y ’y a  f o r  a l l  y 6  W

and

y ’y £  a  f o r  a l l  y  A.

There i s  a  b a la n ce d  and convex neighborhood U o f  0 such t h a t  

yQ + U £  W. S ince y 1 i s  n o t th e  zero  fu n c t io n a l ,  th e re  e x is t s  some 

y-j_ €: Y such t h a t  y 'y ^  ^ 0 . Because i t  i s  a  neighborhood o f  z e ro , U 

i s  a b so rb in g . Then th e re  e x i s t s  some r e a l  number p /  0 such th a t  

yg = 3 y i e  U. S ince U i s  b a lan ced , we may assume y 'y 2 * 3 y ’y^ <  0 .

Then y0 + y2 e  y0 + U £  W im p lie s  y ’(y0 + yg) ^  ct. But th en

y 'y 0 + y 'y 2 a  s in c e  y fy2 <  0, y 'y 0 >  a .  T his com pletes th e  

p ro o f  when th e  s c a la r  f i e l d  o f  Y i s  th e  r e a l  f i e l d .
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I f  th e  s c a la r  f i e l d  o f  Y i s  th e  complex f i e l d ,  th en  we can a ls o

re g a rd  Y as a lo c a l ly  convex l i n e a r  to p o lo g ic a l  space YR over th e  r e a l

num bers. The p ro o f above i s  v a l id  f o r  YR. B ut, th e  continuous l i n e a r

fu n c t io n a ls  y 1 on Y_, can be  c h a ra c te r iz e d  as th e  r e a l  p a r t s  o f  con- R R
tin u o u s  l i n e a r  fu n c t io n a ls  on Y in  th e  fo llo w in g  way: y 'y  =

yR '(y )  - i  yR '( i y )  where y '  i s  a  fu n c t io n a l  on Y and yR '(y )  = R (y ’y ) .

I f  y 1 i s  l i n e a r  and con tinuous, so in  yR 1 and c o n v e rse ly . Thus th e re  

e x i s t  a  con tinuous l i n e a r  fu n c t io n a l  y '  on Y and a r e a l  number a  such 

th a t

R (y 'y 0 ) >  a  ^  R (y 'y )  fo r  a l l  y e  A.

C o ro lla ry . L et Y be a l o c a l ly  convex l i n e a r  to p o lo g ic a l  space 

and l e t  A be a  nonempty, c lo sed , convex, and b a lan ced  su b se t o f  Y. I f  

yQ A, th en  th e re  e x is t  a continuous l i n e a r  fu n c t io n a l  y 1 on Y and 

a r e a l  number a  such th a t

1 y * y0 | >  a  ^  | y ’y I f o r  a l l  y 6  A.

P ro o f. L et th e  s c a la r  f i e l d  o f Y be th e  complex numbers ( th e  

p ro o f f o r  th e  r e a l  case  i s  s im i la r ) .  By Theorem th e re  e x i s t  a con­

tin u o u s  l in e a r  fu n c t io n a l  y ' on Y and a r e a l  number a  such th a t  

R (y 'y 0 ) > a  Z- R (y 'y )  f o r  a i l  y  a .

The in e q u a l i ty  I y 'y ol > a  i s  immediate s in c e  | y 'y 0 | ^  R (y 'yo)* 

Suppose y €: A and i s  such th a t  0 £  <p 27r and

y 'y  = ly 'y l  e i4P . Because A i s  b a lan ced , e'-i<p
y G A and

R ( y '( e_ i<^ y ) )  = R (e-i<P y 'y )  * l y 'y l  . Thus 

1 y 'y  | <; a  f o r  a l l  y  €  A.
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The n ex t theorem  w i l l  concern th e  weak topo logy  on X* g en er­

a te d  by a l i n e a r  subspace M o f  X. A base  a t  0 1 f o r  t h i s  topo logy  i s  

th e  fam ily  o f  a l l  s e t s  o f  th e  form

V' (A, t  { x 1 : ) x 'x  I <  6  f o r  a l l  x €  A^

where A i s  a  f i n i t e  su b se t o f  M and €  i s  a p o s i t iv e  r e a l  number.

S ince by  d e f in i t io n ,  x 1 6. M* im p lie s  x 'x  =  0 i f  x  6  M, i t  i s  t ru e  

t h a t  M+ £  V'(A, 6 ) f o r  a l l  A ^  M and € > 0 .  We n o te  t h a t  when 

M = X, 'U °  i s  th e  weak* topo logy  on X*.

Theorem 5.• For every  B 1 <=. X* w ith  '3T° as above,

B 1 + M+ S  :B r l °  .

P ro o f. L et x 1 = b 1 + m’, where b ' €l B 1 and m1 6L M*. One base

a t  x 1 i s  th e  c o l le c t io n  o f  a l l  s e t s  x 1 + V'(A, 6  ) f o r  A a f i n i t e  sub­

s e t  o f  M and €: a  p o s i t iv e  r e a l  number. But b 1 * x 1 + (-m 1) i s  in  

every  s e t  x* + V’(A, € .)  s in c e  -m1 6  M+ £  V*(A, €•) f o r  a l l  A £  M
 ~r e

and 6 >  0 . Every neighborhood o f  x 1 c o n ta in s  b 1 and th u s  x 1 € ■  B

C o ro lla ry . I f  M i s  a  subspace o f  X w ith  M* ^ ( .0 '^  and *3°  i s  

th e  weak topo logy  on X* g en era ted  by  M, th en  th e  c lo su re  in  th e  

topo logy  1 °  o f  a  nonempty su b se t o f  X* i s  unbounded. (A su b se t C’ o f  

X* i s  bounded i f  and on ly  i f  th e re  i s  a  r e a l  number r  > 0 such th a t  

II x ’ II £  r  when x 1 e  C ’ . )

P ro o f. As th e  re a d e r  can q u ick ly  check, M+ i s  a  l i n e a r  subspace 

o f  X*. I f  M* /  (0  1 ]  , th en  th e re  i s  some x ' €  M+ w ith  x ' y£ 0 1. Then



l b

th e  subspace genera ted  by x 1 i s  in  M+, i .  e . ,  f o r  a l l  s c a la r s  a ,

Ctx' M+. Suppose B 1 i s  a nonempty su b se t o f  X*. By Theorem 5̂

B ' + M+ 9  i T "7° . .

I f  xQ' B ',  th en  xQ' + a x ' B ' fo r  a l l  s c a la r s  a .

|ix 0 ' + a x 'I I  >. | l lx 0 'u  -  u a x 'l l l  -  |l lx 0 '|l  -  l a |  U x ' II1 .

Since l lx 'l l  £ 0 and a  i s  any s c a la r ,  th e  q u a n tity  on th e  r i g h t  i6

unbounded as a fu n c tio n  o f  a .  T herefo re  B 1 i s  a lso  unbounded.

We w i l l  l a t e r  f in d  i t  conven ien t to  know j u s t  what c o n d itio n s  a  

s e t  must s a t i s f y  to  be a norm s e t  (D ef. 6) in  a Banach space (X, H • I I )•

Theorem 6 . L et (X, II • II) be a Banach space . A su b se t U o f  X i s  a

norm s e t  fo r  (X, II • II ) i f  and on ly  i f  U i s  ba lanced , convex, 

abso rb ing , and bounded and c lo sed  in  (X, It 1 II) .  I f  U i s  a norm s e t ,  i t s  

Minkowski fu n c tio n a l  i s  th e  norm (e q u iv a le n t to  |l • II) f o r  which U i s  

th e  u n i t  sphere .

P ro o f. I t  i s  immediate th a t  any u n i t  sphere o f  a norm e q u i­

v a le n t  to  11*11 must have th e  s ta te d  p r o p e r t ie s .

C onversely, suppose U i s  ba lan ced , convex, and ab so rb in g .

Denote th e  Minkowski fu n c tio n a l  (D ef. U) o f  U by p . I f  x , x^ 6  X, 

and a  i s  any s c a la r ,

p (ax ) -  |a jp ( x ) ,  p (x  + xx ) fi p (x )  + p(x-L) 

and p (x ) 2: 0 , p (0 ) 53 0*
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Since U i s  "bounded, th e re  i s  a p o s i t iv e  number r  such t h a t  x  C  U

im p lies  ll x  II £  r .  Then U £  S • I f  x ^ 0, ( r  + l ) x  J; Sr  and hence
r  II x  l\

a lso  n o t a  member o f  U. Then x ^ xft U. By D e f in it io n  ^ and th e
r  + 1

rem arks which fo llo w  i t ,  t h i s  im p lie s , f o r  x ^ 0,

— ■---— fz p (x )  . 
r  + 1

Since th e  l a s t  in e q u a li ty  i s  t r i v i a l l y  t r u e  f o r  x  * 0,

(9 ) ll x II £  ( r  + l ) p ( x )  f o r  a l l  x fc X.

I t  i s  c le a r  from (9 ) th a t  p (x )  « 0 im p lies  x * 0, which com pletes th e

p ro o f th a t  p i s  a  norm.

Because U i s  absorb ing ,

S  nU ® X. n  = i

Since m u lt ip l ic a t io n  by a  nonzero c o n s ta n t i s  a  homeomorphism o f  X onto

i t s e l f  and U i s  c lo sed , f o r  each n th e  s e t  nU i s  c lo se d . By th e  B a ire

ca teg o ry  theorem  ( a t  t h i s  p o in t  we need to  know (X, ll »ll) i s  com plete,

i .  e . ,  a Banach B p a c e ) ,  some s e t  riU has a nonempty i n t e r i o r ,  and hence

U = (l/n )n U  must a lso  have a nonempty i n t e r i o r .  In  p a r t i c u l a r ,  th e re

e x i s t  an xQ €  U and a r e a l  number t  such th a t  t  > 0 and

S * { x : H x - xQll <  t  J <= U.

L et x fi X w ith  (I x ll < t .  -Then xQ + x and xQ - x a re  b o th  in  S.

A lso, s in ce  U i s  b a lan ced , -*(x_ - x) ■ x - x  i s  in  U. Since U i s°  o
convex,

x = ( l / 2 ) ( x  - xQ) + ( l /2 ) ( x 0 + x) 

must a lso  be  in  U. Hence

{ x : | | x l l <  1 3 £  U .
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Since th e  c lo su re  o f  ^ x : V x U t  } i s  S and U i s  c lo sed ,

(10) st u.
A lso s in ce  U i s  c lo sed  (7# P» 13^),

(11) U ■ { x  : p (x ) £  l j  .

From (1 0 ), ( l l ) ,  Theorem 2, and th e  f a c t  p i s  a norm,

(12) t  p (x ) £  \Jxll fo r  a l l  x  X.

From (9 ) and (12 ), w ith  Theorem 1, we conclude p and ll * II a re  e q u i­

v a le n t  norms. Then, from ( l l ) ,  U i s  a  norm s e t .

Q
The fo llo w in g  theorem  i s  an immediate consequence o f stan d ard  

theorem s (6 , p . 19^)*

Theorem 7* L et X and Y he two normed l in e a r  spaces w ith  norms II * 11

and tt‘U© re s p e c t iv e ly .  L et T be a  l in e a r  mapping from X in to  Y and l e t

r  ® in f  NTx Uo .
X yl 0 \\X|l

Then r  ^ 0 i f  and only  i f  T has a  continuous in v e rse  on i t s  ran g e . I f  

r  /  0 and T i s  th e  in v e rse  o f  T on i t s  range, then  \\ T ll * l / r  .

Theorem 8 . (R ie s z 's  Lemma  ̂ L et M be a c lo sed  and p ro p e r subspace 

o f  X. Then f o r  each r  such th a t  0 <  r  < 1 th e re  e x is ts  an elem ent 

xr  €z X such th a t  |l x .̂ II » 1 and H x - Xj. II > r  i f  x 6  M.

A p ro o f o f  t h i s  theorem  i s  given in  (7> P* 9&)•
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CHAPTER I I

EQUIVALENT NORMS IN THE CONJUGATE

OR A NORMED LINEAR SPACE

In  th i s  c h ap te r we would l ik e  to  d isc u ss  how c lo s e ly  th e  u su a l 

norm in  X*, as d e fin ed  hy (0 ) , i s  l in k e d  to  th e  f a c t  th a t  (X*, II * ll) 

i s  th e  con jugate  o f  (X, |  • II) .  In  p a r t i c u la r ,  we want to  ask t h i s  

q u e s tio n : I f  | l ' l l |  i s  a norm e q u iv a le n t to  II Ml on X*, then  w i l l

th e re  e x is t  om X a norm It * U-x such th a t  (X*, l l '  l i t )  i s  th e  con jugate  

o f  (X, ll* \\x ) ?

The s t a r t i n g  p o in t fo r  th e  so lu tio n  o f  t h i s  problem i s  sim ple. 

One consequence o f  th e  Hahn-Banach theorem t e l l s  us t h a t  th e re  i s  

on ly  one way to  d e fin e  llx ll ,. i f  we wish (X*, ll • ll •) to  he th e  con­

ju g a te  o f  (X, l\Mli). A ccording to  form ula ( l ) ,  we would have to  

d e fin e

lU ll,. ® sup I x 'x l  fo r  a l l  x 6  X 
\ t x '11,41

Or, i f  we s e t

(15) U-l* -  { x '  : U x 1 l l , 4  l ]

we have

(1*0 nx nx = sup I x 'x l  f o r  a l l  x €: X.
x1 e  ux'

17
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I f  t h i s  i s  a  norm on X,, i t  i s  th e  on ly  norm which would make

(X*, R* '•«) th e  con jugate  o f  (X, \\ • U*).

"  *

■*5-
As an example, l e t  Y he th e  space o f  a l l  n - tu p le s  o f  r e a l  num­

b e rs  w ith  th e  u su a l norm. Thus, i f  y * ( a ^ , . . . , 0 ^ )  i s  an elem ent o f 

Y, then  RyB * *N a i 2 + ••« + Q^2 . Every elem ent y 1 o f  Y* can he 

made to  correspond w ith  one and on ly  one n - tu p le  o f  r e a l  numbers

(P l , . . . , P n ) where, fo r  y ■ ( a i ,  . . . , 0^ ) ,
n

y'y - .
When t h i s  correspondence, which i s  a  l in e a r  isom etry , i s  made, th e  norm 

o f  y 1 i s  g iven  hy th e  form ula || y ' \\ ■ * . . .  * pn2 .

I t  i s  e a s i ly  checked th a t

ll y 1II» -  max | 0 . I
l < i 4 n

d e fin e s  a norm on Y* which i s  e q u iv a le n t to  II* ft. ( in  f a c t ,  B y 'II ,

£  |l y ' 11 £  l ly 'l l j  . )  A quick c a lc u la t io n  shows th a t ,  i f  By Uj.

i s  d e fin ed  as in  form ula ( I 1*-), f o r  an elem ent o f Y given hy

y - (Op •••Jan)
l ly l l*  -  |a xl + . . .  + lo^l .

I t  i s  w e ll known th a t  H • ttj_is a  norm on Y e q u iv a le n t to  ll • II. A lso , 

i t  can he e a s i ly  checked th a t  th e  con jugate  o f  (Y, U • t ^ )  i s  Y* w ith  

norm ll • Hi.

In  th e  example, what m ight he e j e c t e d  does in  f a c t  occur; ft• tlx. i s  

a  norm e q u iv a le n t to  M*l| and th e  con jugate  o f  (Y, tt 1 II,.) i s  (Y*, |\ * t| ( ) • 

Now we would l ik e  to  examine t h i s  s i tu a t io n  in  g e n e ra l.
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Theorem 9* L et U • Ui he a  norm on X* and d e f in e  Uj_1 and Il'H ^by  

(lj5) and ( l ^ ) . In  o rd e r  t h a t  U *11̂  he a norm on X i t  i s  s u f f i c i e n t  t h a t  

it ‘ U» g en era te  a  f i n e r  topo logy  on X* th an  It'll g e n e ra te s . I f  X i s  com­

p l e t e ,  t h i s  c o n d itio n  i s  a lso  n e c e ssa ry . I f  It'll and It*lit a re  e q u i­

v a le n t  on X*, th en  U*tt and It*II% a re  e q u iv a le n t on X.**-

P ro o f. I t  i s  c le a r  t h a t  l l x l ^ ' i .  0 , and t h a t  (t ax  ll * \ a \  \Jxlla.

fo r  a l l  s c a la r s  a  and a l l  x  fe X. A lso , s in ce

J X * ( x 2  +  X p ) !  ■ ( x ' x 1  +  x ' X g l  <  | X ' Xl l  +  | x  , x 2  ( > 

i t  i s  immediate th a t

| |x x + Xgllj^ £  ll xi H + 

f o r  a l l  x̂  ̂ and Xg in  X. I f  II x l l^  « 0, th en  x 'x  * 0 f o r  a l l  x 1 €: Uj_'. 

S ince Uj 1 i s  th e  u n i t  sphere o f  a  norm on X*, U j ' must he  ab so rb in g .

Then Xq 1 6  X* im p lie s  th e re  i s  some s c a la r  p ^ 0 such t h a t  SxQ' £  1

and hence PXq 'x  => 0 . T herefo re  xQ 'x  = 0 fo r  a l l  xQ' £  X*. By a 

c o ro l la ry  o f  th e  Hahn-Banach theorem  ( 3 , P* 6 5 ) , t h i s  im p lie s  x  * 0 .

T his f in is h e s  th e  v e r i f i c a t io n  th a t  l l ' t l ^ i s  a norm when |l x  It t  

f o r  a l l  x  6  X.

I f  ft*lit g e n e ra te s  a f i n e r  topo logy  th an  It ' l l  g e n e ra te s  on X*,

then  th e re  i s  a  p o s i t iv e  r e a l  number r  such t h a t  l lx ' l l  £  r  l lx'H,  f o r

a l l  x 1 in  X*. Then fo r  any x in  X,

It X  || = sup I X  'x  I <  sup II x 1II fl X  II
x ' e U i '  x ' e  U-l '

The a u th o r w ishes to  thank  P ro fe s so r  Norman Levine who p o in te d  
o u t an e r r o r  in  th e  o r ig in a l  s ta tem en t o f  t h i s  theorem .



20

* sup r  |l x 1II | II x  H « r  || x || <  oo 
X' € U.'

Thus, in  t h i s  case , ll *llx i s  a  norm on X.

Suppose l l*Uj. is a norm on X. Then Oxl l ^<  oo f o r  a l l  x  in  X. I f  

X i s  com plete, th en  by th e  p r in c ip le  o f un iform  boundedness, U ^1 i s  a  

bounded s e t  in  (X*, 11 • l l) . T his im p lie s  th e re  i s  some p o s i t i v e  r e a l  

number r  such th a t  U ^' £  Sr ' .  Then by  Theorem 2, l lx 'U < r  Ux' l l ,  

f o r  a l l  x '  in  X*. Hence ft* lit g e n e ra te s  a f i n e r  topology on X* th a n  11*11.

I f  lt*l|, and II• l| a re  e q u iv a le n t in  X*, th e re  e x is t  (Theorem l )

p o s i t iv e  r e a l  numbers s and t  such th a t

s l lx ' l l ,  ^  || x ' || t H x ' l l ,  f o r  a l l  x '  6- X *.

From Theorem 2, t h i s  i s  e q u iv a le n t to

(15) ss'c u2' c s t' .

For any nonnegative  r e a l  number r ,  l e t  T^ be th e  sphere  o f  ra d iu s  

r  f o r  (X, 1|* Hi):  Tr  = ^ x : | | x | | ^  £. r ^  . From eq u a tio n  (xl+) and th e  

rem arks a f t e r  D e f in it io n  1 , i t  i s  c le a r  t h a t

( 1 6 ) Tx =

Then from (1 5 )

(3.7 ) V  2  °U i ' v  .

B u t, °Ss ' » ° ( s S i ' )  « ( i / s ) 0Sjl’ 43 ( l / s ) S i  * S( i / s )>  as can b e  e a s i ly  

checked. R e la tio n  (17) can be r e s ta te d  as

S( l / s )  2 > l 2  s ( l / t )
o r ,  in  view o f  Theorem 2,

( l / s ) l l  X llA || X l| ( l / t ) l l x l l a .



21

Then "by Theorem 1, M'H* and II • It a re  e q u iv a le n t norms f o r  X.

Now th a t  we know ll* ll% i s  a norm on X, we tu rn  to  th e  problem  o f 

d e te rm in in g  w hether o r  n o t we o b ta in  (X*, II • If* ) by ta k in g  th e  con­

ju g a te  o f  th e  space (X, tt • Ha.) in  th e  sense th a t ,  f o r  II* If?, as a norm in  

(X*, ll* IU), we have *

l l x ' l l j .  -  l l x ' U ,  f o r  a l l  x '  €  X*.

Theorem 1 0 . I f  II* II t i s  e q u iv a le n t to  ll • It in  X*, then  fo r  a l l  x ' 

in  X* II x ' | | x  *  l lx ' l l ,  .

P ro o f. From ( l6 ) ,  Then Tj_0 -  C0! ^ ' ) 0 2  By (8) ,

T]_0 i s  th e  u n i t  sphere o f  (X*, 11*11?.). Then th e  in c lu s io n  T^° ^  U^'

im p lie s  (Theorem 2)

II x '  l |a  ^  || x '  II, f o r  a l l  x ‘ €  X*.

For each nonnegative r e a l  number r ,  l e t  Tr ' be th e  sphere o f  

ra d iu s  r  fo r  (X*, 11*11*.): Tr ' ■ £ x '  : l lx'U t  £ r  j  . From (8) ,

Tl °  * T1 '*

We r e c a l l  t h a t  1 s tan d s f o r  th e  c lo su re  o f  U]_1 in  th e  weak* 

topo logy .

Theorem 1 1 . I f  H * H» i s  e q u iv a le n t to  II ’ II on X*, th en  U ^1 "  T^ 1.

P ro o f. T^ ' ,  as th e  u n i t  sphere o f th e  con jugate  o f  (X*, ll • ll*),
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i s  weak* c lo se d . From th e  p ro o f o f  Theorem 10, we know th a t  always

V ^ V  •
Then s in c e  T ^ 1 i s  weak* c lo sed ,

V  2  u ? -

Suppose xQ1 ^  1 . By th e  c o ro l la ry  to  Theorem b th e re  e x i s t  an

elem ent x  C X ( in  th e  weak* topo logy , con tinuous l i n e a r  fu n c t io n a ls  f  

on X* a re  o f  th e  form f ( x ' )  * x ' x  where x i s  some elem ent o f X) and a 

r e a l  number a  such th a t

I xQ 'x  I > a  £  | x ' x  I f o r  a l l  x ' £  ' •

Then, s in c e  U-j_' £

| xQ 'x  | >- a  > sup | x 'x  I *> II x  I) 2. •
X’ fe U1 '

B ecause || x q  1 ||x  || x  £  | x 0 ' x | ,  th e  above in e q u a li ty  im p lie s

l \ xo ' H JL > 1 . Hence xQ 1 ^  T ^ ' .  T his com pletes th e  p ro o f t h a t

V - V -

Theorem 11 i s  a lso  a  d i r e c t  consequence o f a  v e ry  g e n e ra l theorem  

o f  B ourbaki ( l ,  No. 1229, p . 52).

Theorem 12. L et I • II, be a  norm on X*, e q u iv a le n t to  11*11 on X*.

I f  U^' i s  d e fin e d  by eq u a tio n  (15) and It’Uxby eq u a tio n  (l^f), and 

(X*, II • 11 )̂ i s  th e  con juga te  o f (X, It • ll2) , th en  | | x ' l l x  « Ux' l l i  f o r  

a l l  x '  €  X* i f  and on ly  i f  1 i s  weak* c lo se d .

P ro o f . From Theorem 3, ll x ' | | , _  *» l l x ' l l ,  f o r  a l l  x '  €: X* i f  and
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on ly  i f  ' = T ^ ' .  From Theorem l l ,  th e  a s s e r t io n  U-̂  ’ “ T ^ 1 i s  e q u i­

v a le n t  to  th e  s ta tem en t t h a t  1 i s  weak* c lo se d .

Theorem 12 i s  co n ta in ed  im p l i c i t ly  in  th e  p ro o f o f  a  theorem  hy 

K lee (5 , p .  3 ? ) .

The l a s t  theorem  t e l l s  u s n e ce ssa ry  and s u f f i c i e n t  c o n d itio n s  t h a t  

we r e t r i e v e  th e  norm ll • llt hy  th e  p ro ce ss  o f  p a ss in g  hack to  a  norm II* ll* 

on X th rough  eq u a tio n  ( i k )  and th en  r e tu rn in g  to  II • II x on X* hy ta k in g  

th e  con juga te  o f  (X, U* II x) .  B ut Theorem 12, w ith  Theorem 11, a lso  

r a i s e s  a q u e s tio n . S ince Uq_ 1 => Tj_', we know Uq_ 1 and T ^ ' a re , in  a 

c e r ta in  sense , "close  to  h e in g  e q u a l . " Are th ey  perhaps always equal ? 

Are th ey  always equal i f  X i s  some p a r t i c u l a r  type  o f  space ?

These a re  th e  q u e s tio n s  we w ish to  in v e s t ig a te  n e x t. H ■ It« w i l l  

h e  a  norm on X* e q u iv a le n t to  K 1 ll i f  and on ly  i f  1 i s  a norm s e t

(D e f in i t io n  6) f o r  II • l| in  X*. With t h i s  in  mind we may rep h ra se  our

q u e s tio n  as fo llo w s . I s  i t  t r u e  t h a t  every  norm s e t  in  (X*, ll • ll) i s  

weak* c lo sed  ? I f  t h i s  i s  n o t always ti*ue, a re  th e re  any c la s s e s  o f

Banach spaces (X, II * l l ) f o r  which i t  i s  t r u e  ?

We can answer th e  f i r s t  q u e s tio n  w ith  an example, which we w i l l  

in c lu d e  h e re  in  a theorem  preceded  hy  a sequence o f  lemmas.

For th e  fo llo w in g  s ix  lemmas l e t  X he  a n o n re f le x iv e  Banach space
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and l e t  J  denote th e  can o n ica l map from X in to  X**. Thus, f o r  x  ^  X, 

Jx x ' = x 'x  f o r  a l l  x ' e  X*.

Lemma 1 . ° (JS ^ ) = ' .

P ro o f. I f  x  €  S1 , then  I Jxx ' I  * | x ' x |  . Then x ' £  ° (JS ;L) 

im p lies  I x ' x l  f c l  f o r  a l l  x £  and hence llx' ll 6  1 o r  x ' e  S ^ ' .  Con­

v e rs e ly , i f  x 1 €r S1 ',  th en  fo r  a l l  x £  S.^, U x x ' l  = | x ' x |

H x '  ll |( x || 1 and hence x '  £  ° ( J S ^ ) .

L et T " h e  th e  h a lan ced  and convex h u l l  (D ef. 3) o f  th e  s e t  

JS yur s £

Lemma 2 . T rt » —̂J  (rJS., + ( l  -  iO s,," ) .----------- 0 £: r  < 1 1 <*-

P ro o f. Denote th e  s e t  on th e  r i g h t  o f  the  sta tem en t o f  th e  

lemma hy W". I t  i s  c le a r  t h a t  W" c o n ta in s  JS .^ ^  S y " and th a t  W" i s  

h a lan ced  s in ce  JS^ and Sy^1 a re  h a la n ce d . A lso, c le a r ly  th e  elem ents 

o f W" a re  co n ta in ed  in  any convex and h a lan ced  s e t  which c o n ta in s  JS^ 

and Sy£. I f  we can show W" i s  i t s e l f  convex, th en  we w i l l  have proved 

T " * W

M j \ It
L et V he a r e a l  number, 0 Y  < 1, x-̂  * r i J s i  + (1 “ r l ' sl  

and Xg" -  r 2^s2 + ^  " r 2^s2"  wke re  Bi ^  s i  and s i  " 6  S^’fo r  i  ® 1 ,2 .
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Then Y x ^ '  + ( l  -  y ) x 2 " * j (  Y r-^s^ + ( l  -Y )r2 s2 ) + ( Y ( l  - +

( l  -Y  ) ( l  - r 2 ) s2 ")* + ( l  " ^0*2 • Then 0 ^ r ^ i l  and

1 - r^  * Y (l - r ^ )  + ( l  - Y ) ( l  - *V,). D efine:

s3 "  ( v r i / r 3 ) si  + -  v )r 2/ r j ) s2

Sj" - (V(l-r1)/(l-r3J81" + ((1- V)(l-r2)/(l-r3))s2".

From th e  f a c t s  t h a t  i s  convex, s^ & S- ,̂ s2 £  S^, and ( Y r ^ / r ^ )  +

( (1  - V  ) r 2/ r 3 ) = 1, we conclude €■ S^ • S im ila r ly  we may conclude 

S j"&  S ,^ '. But i t  i s  immediate t h a t

Y x " + ( l  - Y )x " = r  J s  + ( l  ■ r  )s  "
1 2 5 3 3 3

and th e re fo re  i s  an elem ent o f  W" s in ce  0 & r  £ . 1 .  Thus W" i s  con-
3

vex and th e re fo re  T" » W".

L et d (x " ,A '')  denote th e  d is ta n c e  from th e  s e t  A” to  th e  p o in t  x "  

in  th e  u su a l sense :

d ( x M,A") ® i n f  | | x "  -  a " | l  . 
a"e A"

Lemma 3* I f  x ” 6  T", th en  d (x",JX ) <  l / 2 .

P ro o f. I f  x "  £  T", th en  th e re  e x is t  a  r e a l  number r  w ith  

0 < r  £  1 , an s 6  S j and an s " fi S ^  such th a t  x "  -  r J s  + ( l - r ) s " .

d (x " , JX) <  II x "  - J ( r s )H  » |1  - r  | H s " || < l / 2 .

L et U-^" be th e  c lo su re  in  (X**, II • II) o f T M.

Lemma k .  I f  x "  6  ^ ", then  d (x " , JX) £  1 /2 .



P ro o f. d ( x f,_, JX) i s  a  continuous fu n c tio n  o f  x" in  X** w ith  

th e  It * ll topology- - Since " i s  the  c lo su re  o f T 11 in  t h i s  topology, 

th e  r e s u l t  f o l lo w s  from th e  c o n tin u ity  o f d (x " , JX) and Lemma 3*

Lemma 5 . "  i s  a  norm s e t  fo r  II • II in  X** w ith  °U i" = S ^ .

P ro o f. The in c lu s io n

j s i ^  s  S i"

i s  imm ediate. S i n c e  S-^" i s  ba lanced  and convex,

JS± U  S y" £  T " s x ".

Then because S ^ " i s  a  c lo sed  s e t  in  (X**, ll* ll ),

(1 8 ) J S ^  S ^ C U 1 " C  S j" .

T his in  tu rn  i m p l i e s

S '/2 £  Ul " S  *l"

which shows U^" i s  bounded and abso rb ing . Since i t  i s  a lso  ba lanced , 

convex, and c l o s e d  in  (X**, II* ll), U^" i s  a norm s e t  fo r  II* l| in  

X** (Theorem 6 ) .

R e la tio n  (1 8 )  a lso  im p lies

J S l  Q  U!  " C  S X " .

Then

°(JS i ) p  °U i" P  °S1 ".

Now, from (8) a n d  Lemma 1,
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L et ll- lit deno te  th e  Minkowski fu n c t io n a l  o f  From Theorem 6 ,

U‘ lit i s  a  norm f o r  X** e q u iv a le n t to  H*H and w ith  u n i t  sphere " 

hy  ( l l ) .  I f  we d e fin e  a norm 11‘ Uxin X* hy  th e  analogue o f  ( l ^ ) ,  th en  

th e  u n i t  sphere  o f  ll*lla i s  °U i", a s in  ( l 6 ) .  But s in c e  °U1 " = S3/ ,  

Theorem 3 im p lie s  l l x 'Ha  = llx'U f o r  a l l  x '  X*. Then th e  con ju ­

g a te  o f (X*, ll • |12) i s  (X**, U- l l) .

Lemma 6 . " £ Ŝ _".

P ro o f. JX i s  a  c lo sed  p ro p er suhspace o f  X** s in c e  X i s  n o t

r e f le x iv e .  By R i e s z ' s  lemma (Theorem 8 ) ,  th e re  e x i s t s  in  S^" some x "  

such th a t  d (x " , JX) > l / 2 .  Then from Lemma K  * "  $  U l" ‘

Theorem 13. L et (X, U • ll) he  a n o n re fle x iv e  Banach space . There 

e x i s t s  in  (x**, \ \ - l l )  a  norm s e t  which i s  n o t weak* c lo sed .

P ro o f. U j"  i s  a norm s e t  fo r  which U^" /  S^" (Lemma 6 ) .  By 

Theorem 6 , " i s  th e  u n i t  sphere o f  (X**, \\ * lli). But from th e

rem arks a f t e r  Lemma 5* th e  con jugate  o f  (X*, H • Hi) i s  (X**, II-ll) 

which has u n i t  sphere  ". Then Lemma 6 , Theorem 3> and Theorem 12 

im ply U^" i s  n o t weak* c lo se d .

T his theorem  answers th e  f i r s t  o f  th e  q u estio n s  asked in  th e

d isc u ss io n  a f t e r  Theorem 12. A lso , i t  w i l l  h e lp  to  g ive  a  p a r t i a l

answer to  th e  second one.
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Theorem 14. I f  (X, || • |( ) i s  r e f le x iv e ,  every  norm s e t  f o r  l( ■ ll 

i n  X* i s  weak* c lo se d .

P ro o f . A r e f le x iv e  normed l i n e a r  space must "be com plete. Hence 

(X, II *11) i s  a  Banach sp ace . S ince  a norm s e t  i s  c lo sed  in  (X*, ll • ll)  

and convex, i t  must be weakly c lo sed  in  X* (7j P« 153)> i . e . ,  c lo sed  in  

th e  weak topo logy  on X* g en e ra ted  by  X**. However, i f  X i s  r e f le x iv e ,  

th e  weak and weak* to p o lo g ie s  on X* a re  i d e n t i c a l .  Then every  norm 

s e t  i s  weak* c lo se d .

Theorem 1 5 . L et X be th e  con jugate  o f  some Banach space Y. Then 

every  norm s e t  in  X* i s  weak* c lo sed  i f  and on ly  i f  X i s  r e f le x iv e .

P ro o f . T his fo llo w s im m ediately  from Theorem 14, Theorem 13, and 

th e  f a c t  t h a t  X * Y* i s  r e f le x iv e  i f  and on ly  i f  Y i s  r e f le x iv e .

T his answers th e  second q u e s tio n  r a i s e d  in  th e  d is c u s s io n  a f t e r  

Theorem 12, b u t  n o t in  a  com plete m anner. I t  would be  more s a t i s f y ­

in g  to  have a theorem  s im il a r  to  Theorem 15 in  which th e  h y p o th es is  

t h a t  X i s  th e  con jugate  o f  some Banach space Y d id  n o t ap p ea r.

For example, l e t  cQ, 1 and 1 r e f e r  to  th e  spaces o f  sequences 

converg ing  to  z e ro , a b s o lu te ly  convergent s e r i e s ,  and bounded sequences 

r e s p e c t iv e ly ,  w ith  t h e i r  u su a l norms (7* P* 19^ and p . 201). cQ* can 

be i d e n t i f i e d  w ith  1^ and (1^ )* w ith  1°° (b o th  id e n t i f i c a t i o n s  a re  by
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means o f  l in e a r  i s o m e tr ie s ) .  S ince cQ i s  n o n re f le x iv e , Theorems 12 and 

13 show i t  i s  p o s s ib le  to  d e fin e  norms in  1°° so t h a t  l 00 w ith  i t s  new 

topo logy  i s  n o t th e  con jugate  o f  1^ w ith  any norm topology  a lthough  i t  

i s  l i n e a r l y  homeomorphic under th e  i d e n t i ty  mapping to  1°° w ith  i t s  

u su a l topo logy . However, th e  q u estio n  o f  w hether o r  n o t t h i s  can be 

done in  1^ as th e  con jugate  o f  cQ i s  untouched by  th e  above theorem s

s in c e  c0 i s  no t a con jugate  space ( 8 ) .

The example in  Theorem 13 has an in te r e s t in g  f e a tu r e .  The e l e ­

ments o f  (X**, ||*  l||) a re  continuous l i n e a r  fu n c tio n s  on (X*, ft *11).

S ince U* tti and |\ • U a re  e q u iv a le n t norms on X**, th e  id e n t i ty  map from

( X * * ,  II • IK )  onto (X**, I I )  i s  a l i n e a r  homeomorphism. N e v e rth e le ss ,
*

Theorems 13 and 12 and th e  rem arks a f t e r  eq u a tio n  ( l k )  show th a t

(X**, II • II.) i s  n o t th e  con jugate  o f  any Banach space .



CHAPTER I I I

THE CHARACTERISTIC OF A SUBSPACE OF THE CONJUGATE 

OF A NORMED LINEAR SPACE

Dixm ier h a s  d e fin e d  th e  " c h a ra c te r i s t ic "  o f  a subspace o f  X* and 

used  th e  concept; to  c h a ra c te r iz e  th o se  Banach spaces which a re  l i n e a r ­

l y  homeomorphic to  a con jugate  space (2 ) .  T ay lor has a lso  used  the  

c h a r a c te r i s t i c  "to g ive a  v a r ia t io n  o f  th e  p r in c ip le  o f  uniform  "bound­

edness (7> PP» 201-208). In  D ixm ier's  a r t i c l e  se v e ra l form ulas fo r  

th e  c h a r a c te r is - t ic  a re  developed. Here we w i l l  give new d e r iv a tio n s  

o f  th e se  fo rm u la s  by an a p p lic a tio n  o f  th e  r e s u l t s  o f  th e  p rev io u s 

c h ap te rs  and b y  in te r p r e t in g  v a rio u s  q u a n t i t ie s  as th e  norms o f  s u i t ­

ab le  m appings. These in te r p r e ta t io n s  w i l l  u s u a l ly  be b ased  on show­

in g  two norm ‘to p o lo g ie s  a re  e q u iv a le n t and id e n t i fy in g  th e  u n i t  

spheres in  th e  -topo log ies. The v a rio u s  form ulas w i l l  appear as con­

sequences o f  t h e  study  o f  th e  to p o lo g ie s .

D ix m ie r 's  p ro o fs  o f  h is  form ulas a re  ad hoc p ro o fs  in  th e  sense 

t h a t  th ey  v e r i f y  th e  e q u a l i ty  o f  two numbers by  "proving th e  in e q u a l­

i t y  ho ld s b o th  ways, " b u t  do n o t re v e a l  th e  u n d e rly in g  s t ru c tu r e  to  

which th e  e q u a l i t i e s  can be r e la te d .

In  t h i s  c h a p te r ,  (X, II • II) w i l l  s t i l l  denote a  normed l in e a r

30
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sp ace . V' w i l l  deno te  a  l i n e a r  subspace o f  (X*, II ■ U ) .  ZJ and Zf( 

w i l l  s ig n i fy  th e  weak to p o lo g ie s  g en era ted  by V' on X and X*# r e s p e c t ­

iv e ly .  As b e fo re , a  b a r  11 over th e  symbol f o r  a s e t  w i l l  denote  

th e  weak* c lo su re  o f  t h a t  s e t .

D e f in i t io n  7* The c h a r a c te r i s t i c  o f  th e  subspace V' o f X* i s

(19) -  sup {  r  : Sr ' *= V V ^sT’1}  .

Throughout t h i s  c h a p te r  l e t

(20) P -  {_r : Sr ' Q  V V T s J ’1 } .

Because i s  weak* c lo sed , C s ^ '  im p lie s  V 'O  S.^1

C S-^' so t h a t  1 i s  an upper bound f o r  P . A lso , P i s  non-empty s in ce  

0 in  an elem ent o f  P . T h is shows r^  i s  w e ll d e fin e d  and r ^ l .

There a re  th re e  o th e r  q u a n t i t ie s  which e n te r  in to  D ix m ier 's  d i s ­

cu ssio n  o f  th e  c h a r a c t e r i s t i c .

(21) r „  « i n f  sup Ix 'x l
x ^ O  x '€  V'flS^HXIl

(22) r*  = sun || x  U .
J x e s l

(23) r ^  * i n f  11 Jx  + z " H .
xjfe, z " € V ,+ | |x  H

J  re p re s e n ts  th e  c an o n ica l mapping from X in to  X** and, as above,

V,+ -  {  x "  : x "  €  X**, x "x ' -  0 fo r  a l l  x ' 6 V 1} .

With th e  u su a l  in te r p r e ta t io n  in  case any o f  th e se  q u a n t i t ie s  

a re  zero  o r  i n f i n i t e ,  Dixmier has shown
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(2k)  r l  * r 2 “ “ r k  *

These equations, w ith  D e fin itio n  7> give fo u r form ulas fo r  th e  charac­

t e r i s t i c  o f  V*.

We w i l l  a lso  consider th re e  o th e r  q u a n ti t ie s :

(2 5 ) r^  » in f  sup I x V l  ,
x 'y o "  x ' e  VVASi ' Bx M

rg  -  sup U x " (I ,
x " €  J B ^

Trj » sup ltx"U .
7 X ' e ^ 5 '

Here C7Z i s  th e  topology induced on JX by O ,  . We w i l l  f in d  

(2 8 ) r ± -  r 5 * ( l / r g )  .

However, w hile we might expect r^  and r^  to  he equal, th i s  w i l l  no t in  

g en era l he tru e  u n less  X i s  r e f le x iv e .

Consider th e  s e t  V 'A S ^ 1. Since the  weak* topology i s  le s s  f in e  

than  th e  norm topology o f X*, VV^S^1 i s  norm c lo sed . I t  i s  a lso  con­

vex and balanced  since  VV>S^' has th ese  p ro p e r t ie s .  We saw above

th a t  V 'A S ^ 1 Si  1. Thus V1 1 i s  a ba lanced  and convex s e t  bounded 

and c lo sed  in  (X*, tt * U).

We no te  th a t  r^  fe P (form ulas (1 9 ) and (2 0 )) . This i s  immediate

i f  r  = 0 . I f  r ^ >  0, i t  i s  c le a r  from (19) th a t

^ x '  : || x ' U < r ± ] V 'A S ^  .

(26 )

and

(27)
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[  x ' : l lx 'H  <  in  th a t  topology, i t  fo llow s th a t  Sr ^ C V 'A S ^

o r  r ^ 6  P. Thus we may w rite

* max P.

Suppose r^  >  0 . V 'A S ^ ' i s  then  absorbing since  i t  con ta ins th e  

sphere Sr ^ > 8 ince V 'A S^ 1 i s  always balanced , convex, bounded and 

c losed  in  (X*, R • II), r  > 0 im plies V 'A S ^ ' i s  a  norm s e t  fo r  II • II in  

X* (Theorem 6 ) .  Denote the  Minkowski fu n c tio n a l o f  V 'A S ^ ' by \\ • | ( , . 

From Theorem 6, tt * i s  a norm eq u iv a len t to  tt * II on X* and hence the  

id e n t i ty  mapping from (X*, It * | | ) onto (X*, U* H») w i l l  be a l in e a r  homeo- 

morphism. Denote th i s  mapping by

For r  7 0,

Sr ' C  v 'A S ~ '

i f  and only i f

r x ' ^  V'a Si ' f o r  a l l  x ' ^ 0 * .
Iix*||

Since V 'a S^ ' i s  th e  u n i t  sphere fo r  II * fli (Theorem 6 ), th i s  i s  equ i­

v a le n t to

r  II x 1 |l> £. 1 fo r  a l l  x ‘ /  O ',
l | x ' | |

o r

It x* II, £  ( l / r )  || x 1 II fo r  a l l  x ' €  X*.

Then fo r  r^  >  0,

(29) : r  > 0, l l x ' l l ,  £  ( l / r ) l | x ' | l  f o r  a l l  x ' 6  X*}

■ r  : r  > 0, Sr  1 C VVTs^1 } .
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I f  we s e t  Q = I r  : r  ?  0, S 1 C  vV%S„ ' 1 , then , fo r  r  > 0, c le a r -  v r  1 * l
l y  -  sup Q and

( l / r  ) ■ ( l /  sup r )  * in f  ( l / r ) .  
r f r Q  r  6  Q

But from th e  o th e r  form of th e  s e t  Q in  (2 9 ) we know

in f  ( l / r )  = || J |l 
r € Q  01

and hence

d / ^ )  -  ii j 0 1 ii .

We c o l le c t  th ese  r e s u l t s  as a theorem.

Theorem 16. L et (X, U • It ) be a normed l in e a r  space, V* a 

l in e a r  sub space o f X*, and l e t  r^  be defined  by (19)* When 

r^ >  0, V 'n  S1 ' i s  a norm s e t  fo r  II* II in  X*. I f  II *lli i s  the  

Minkowski fu n c tio n a l o f V1 A  S ^ ' and j  i s  th e  id e n t i ty  mapping

from (X*, II • || ) onto (X*, II • 111) , then

a / h ) -  u 0 1 « •

Next we attem pt to  f in d  an analogous theorem invo lv ing  r ^ .  For 

each x 6  X, l e t

(3 0 ) II x IU * sup I x 'x l
x 1 e v'n s '

Although the  n o ta tio n  so suggests , we do no t a s s e r t  H'H*. i s  

always a norm on X.
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We no te  |( x l(t  £  sup |x 'x  I . But i f  x V 'n  S , '
x '  £  v ' n  °

and x €  X, then  th e re  e x is ts ,  f o r  each in te g e r  n , an element

xn '€ : V 'n S ^ 1 such th a t  I xq 'x  -  xq 'x  I < l / n .  T herefo re ,

| x *x ( -  lim  Ix  'x |  <■ sup ) x 'x |  ■ II x IIx
n o© n x 'fe V 'n S -L 1

and

suj) Ix  'x l £ l |x | l 2 .
x ^ V ’n S -,/

Hence

(3 1 ) |1 x | t  « sup I x *x I
x 'f r V 1 n  Sx '

The identity (5 1 ) shows that, when ^>0, II* 11̂. is just the norm 

generated in X by the norm U*tt, in X* as in Chapter I I  (formula (1*0). 

Since v ' A  S^*, the unit sphere for R • II(, is weak* closed, it fol­

lows from Theorem 12 that (X*, II • II , ) is the conjugate of (X, II * llx ).

This r e s u l t  i s  proved in  a d i f f e r e n t  manner in  (Ij-, p . 370) by 

u sin g  a theorem o f H elly  (3 , p . 8 6 ) about th e  s o lv a b i l i ty  o f a  f i n i t e

system o f equations x^*x = c^ where x^ 1 and c^ a re  g iven .

Let i  be th e  id e n t i ty  map from (X, U • \\ * )  onto (X, || • II ) 

( s t i l l  assuming r^  > 0 ) . Since 11*11* and || • l| a re  eq u iv a len t in  X 

(Theorem 9 ) in  t h i s  case , ig Q w i l l  be a l in e a r  homeomorphism. From

(21) and (3 0 ),
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( 3 2 ) r p * i n f  sup I x 'x l  = i n f  ttxll*.
x£> x ' £  V 'A S 1 ' \\x \\ xjfo \\xl\

Thus —  » --------—-— m sup x 11 * D i  II . T h is p roves th e  n ex t
r 2 i n f  xjfo " 20

theorem .

Theorem 17. Ije t (X, I) • II ) be a  normed l i n e a r  space, V' a  

l i n e a r  subspace o f  X*, and l e t  r^  and rg  be d e fin e d  by (1 9 ) and (2 1 ). 

When r ^ >  0, II • II*. i s  a  norm e q u iv a le n t to  #• II i n  X. I f  12q i s  th e  

i d e n t i ty  mapping from (X, It • IIx ) onto (X, N * U ) , then  g igo^ “  l / ^ g .

A ccording to  Theorems 16 and 17 we have t h i s  s i tu a t io n :

(x, n - w*) *20 x (x, u .«)

(x*, u • U,) < Joi -  (x*, \\• H).
Both igQ and j ^  a re  i d e n t i ty  m appings. T his makes i t  c le a r  t h a t  j Q̂

i s  th e  con juga te  o f  i  , and hence th a t
20

IIV" * H W  •

T his eq u a tio n , w ith  Theorems 16 and 17, shows t h a t  fo r  r ^  > 0, 

r l  = r 2*

I f  r^  = 0, V '^ S ^ '  i s  n o t ab so rb in g . (T h is  i s  t r u e  s in ce  any

norm c lo sed , abso rb ing , b a lan ced , and convex s e t  in  X* must c o n ta in  

some sphere o f  nonzero ra d iu s  about 0 ' .  T his was shown in  th e  p ro o f 

o f  Theorem 6 .)  Then th e re  i s  some xQ' €  X* such th a t  r x ’4- V' A  ' 

f o r  any r e a l  p o s i t iv e  number r .  By th e  c o ro l la ry  to  Theorem k , f o r



INTRODUCTION

L et X be a  normed l i n e a r  space (over th e  r e a l  o r complex numbers) 

w ith  norm H * M , and l e t  X* be i t s  con jugate  space . The u su a l norm 

on th e  con juga te  space i s  d e fin e d  by

(0 ) Ux'H* sup ix 'x l  f o r  a l l  x 'f c  X*.
xfcX, | |x  1

I f  two e q u iv a le n t norms a re  d e fin e d  on X, th e  norms d e fin e d  on X* from 

th e  norms on X as in  (0 ) a re  a ls o  e q u iv a le n t .

One consequence o f  th e  Hahn-Banach theorem  shows th a t  we can

" rev e rse "  form ula (0 ) to  o b ta in  th e  norm in  X from th e  norm i t  gener­

a te s  in  X*:
| | x | | b sup I x 'x  I f o r  a l l  x  6  X.

(1) x'fi X*, llx 'llil

T his form ula  su g g ests  an in te r e s t in g  p o s s i b i l i t y .  As ( l )  i s

s ta te d ,  th e  norm II* II in  X* must have a r is e n  as in  (0 ) from a norm in

X. However, g iven  any norm II * tl i in  X*, in  analogy to  ( l ) ,  we could

d e fin e  a  fu n c tio n  (which may o r  may n o t be a  norm) in  X as fo llo w s:

(2 ) |t x  H *■ sup I x 'x l  f o r  a l l  x 6  X.
x 'fcX * , iix'11,4 1

Some q u e s tio n s  which a r i s e  a re  th e s e : I s  II‘H i a  norm on X? I f

i t  i s  a  norm, and 11 * II* i s  e q u iv a le n t to  M * II on X*, w i l l  l l 'l lx  be

e q u iv a le n t to  U*U on X? In  view o f  form ulas (0 ) , ( l ) ,  and ( 2 ) , i f

1
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each p o s i t iv e  r e a l  number r  th e re  e x is ts  a  r e a l  number a  and an e le -
r

ment €  X such th a t

I r x  'x  | >  a  >  sup I x 'x  I
0 r r x 1 e v*n s!' r

and ■L

I r  I Hx * II > | r l l Xo 'Xr l ^  sup   ^x xr  t _ W Xr  H x
0 "  II x  U » x r ll V , O S 1 ' n x  |\ "  | | x  ^* 37 *

From (2 l)

r 2 -  i ir f  J l i L b - t  i n f  11 * r  'U  l n f  ( r (  | x . „  _ 0 .
11*11 r  > 0 l|Xr |, -  r  , 0  o

Thus, w hether o r .n o t  > 0, we have

(33 ) r ± » r g .

—  71Next we co n sid e r th e  s e t  which e n te rs  in to  th e  d e f in i t io n

Of T y

Theorem 18. -  ° ( v ' n  S^ ) .

P ro o f. From th e  rem arks fo llow ing  D e f in i t io n  1, we know 

° (  V’^  S-j/) -  {  x : | x 'x  | £  1 f o r  a l l  x ' e  V' A  S 1

o r

0 (V , A S 1 ' ) *  | . x :  | x ' x |  f c l j
_ _  f  ̂ I   « 1 ^x ' t  v ' r \  s1 1

Each x 'fe , V1 i s  continuous in  th e  topo logy  on X. T herefo re , 

f o r  each x ' f c V 1, ^ x  : |x 'x \  t  l ]  i s  a  c lo sed  s e t  in  th e  topology  

*3 . Then °(V ' A  S1 ')  must a ls o  he c lo sed  in  th e  topology  73 • The
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in c lu s io n  V '/O S ^ 'C  s ^ 1 im p lie s  ° (V '/^ \ S ^ 1) 2 . and, from (8 ) , 

°(V '^"\ S ^ 1) 2  S^. S ince ^ V '/ ^ v S j 1) i s  c lo sed  in  th e  topology  3 *  th e  

l a s t  in c lu s io n  im p lies

°(v'r\ Sjl1) 2 ? /  .

m  Hr
Suppose xQ S^ • By th e  c o ro l la ry  to  Theorem 4, th e re  e x is t  a  

r e a l  number |3 and an xQ' €z V* ( th e  continuous fu n c t io n a ls  on X w ith  

topology  Zl a re  j u s t  th e  elem ents o f  V ') such th a t

lx  *x \ >  p £  1XQ*x I f o r  a l l  x  f c s ! ^ .

We may assume t h a t  |l xQ 1 \\ ts 1 s in ce  we could  d iv id e  by II xQ 1 R in

th e  above in e q u a li ty .  Thus xQ 1 £  V'/^N S ^ 1 and | x0 'x0 l ^  0

su£_ | xQ 'x  | £  sup I xQ 'x  \ *» || xQ 11) » 1 . T his shows
x e  S j*  x e  S i

| Xq 'Xq | > 1 and hence xq 1 ° (V ' O  S ^ 1) , which com pletes th e  p ro o f

o f  Theorem 18.

From (30) i t  i s  c le a r  t h a t  | | x | | x  1 i f  and on ly  i f  | x 'x |  ^  1

f o r  x 1 €  V 'A  S ^ '.  This im p lies

0 (V , r i S 1 l ) -  ( x  : l I x U ^  1 ]  

and th en  from Theorem 18,

S ^ 7 -  { x  : t y x l U  & 1  }  •

When r^  ̂  0 , II • II* i s  a norm on X and S^ ̂  i s  th e  u n i t  sphere o f

(X, 11 • 11*). By (2 2 ), (33) and Theorem 17, i f  r 2 ^ 0,
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r  « su£_ II x  ll ■ sup l| x  II ® fl i  |t .
5 x e 1 20

T h is v e r i f i e s  th e  fo llo w in g  theorem .

Theorem 1 9 * L et (X, U • II ) be  a  normed l i n e a r  space , V' a 

l i n e a r  sub space o f  X*, and l e t  r^  and r^  he  d e fin e d  by  (21) and (2 2 ) . 

L et r g > 0 and l e t  i  b e  th e  i d e n t i ty  mapping from (X, II * Hj) onto 

(X, II • |( ) .  Then r^  -  \\ ±2Q || .

I t  i s  a  consequence o f  Theorems 19 and 17 and e q u a tio n  (33) t h a t

r^  * l / r 2 ŵ en r 2 ^  °* To v e r i f y  t h a t  r ^  * oo when r g ■ 0 we f i r s t

show V 'r \  S1 l -  ( ° ( V 'r \  S1 ' ) ) ° .  From (3 1 ), °(V 77 T s ^ 7) -

{ x  : t | x | | a £ l } .  A lso we know (° (V ' r \  S1 ' ) ) ° 2  V ' / ^ S ^ ' .  I f

x  1 ®  V' A  S_ 1, th en  th e re  i s  an x <r X and a  r e a l  number a  such th a t  o ~  i  o

‘ xo 'xo» > a  ^ * X'Xo\
f o r  a l l  x '  £  V 'n  S ^ '.  I f  we s e t  x^ « x ^ /a , th en

|x 0 'x ^ | > 1 >  Ix 'x ^ J  f o r  a l l  x 1 £  V' O S ^ .

Then x ^ f e ^ V ' d  S j 'J a n d  hence Ix q 'x ^ I >  1 im p lie s  x0 f dp.

( ° ( v ' r \  ' ) ) ° .  Thus v ' n s 1 ' -  ( 0 ( v r r T s p ) ) ° .

Now, i f  r ,  < o o  , th e n  ° ( V 'r \ S .  ' )  * S  3  d  S._ and 
3 1 3

( ° ( v r 7 v s p ) ) °  2  (Sr  ) °  -  S( i / r ^  * 'F to *  ( W ) ,  r 1 > 0 . By (3 3 ),

r ^ >  0 . The c o n tra p o s i t iv e  o f  what we have proven would b e : r 2 = 0

im p lie s  = 00 . Then in  a l l  cases

(3*0 r 2 = i f a y



The fo u r th  q u a n tity  d isc u sse d  by Dixmier i s  

(3*0 r ^  = i n f  \\ Jx  + z " >1
X ) i O ,  Z "(fi V,+ » x *

To r e l a t e  t h i s  q u a n ti ty  to  th e  o th e rs  we w i l l  use  s e v e ra l s tan d ard  

mappings as suggested  in  th e  fo llo w in g  f ig u re .

X **    ► x**/v,+

' 1  . l b
X ------------ ■------ ►V'*

The c o se t r e l a t i v e  to  V,+ c o n ta in in g  x "  w i l l  be in d ic a te d  by tx " J  . 

These c o se ts  a re  th e  elem ents o f  X**/V,+ . We no te  V,+ i s  a  c lo sed  sub­

space . X**/V,+ i s given th e  q u o tie n t topo logy , which can be d e fin ed  

by  a  norm II • || g iven  by

IlCx-’lH « ^ i n f ^  l l x ’+z'M l, t x 'O  €  X **/vl+.

The r e s t r i c t i o n  o f  x "  £  X** to  th e  subspace V1 o f  X* w i l l  be denoted 

by  x " \V ' .  f  and h a re  th e  can o n ica l mappings d e fin e d  by

f (x " )  = t x " J  fo r  a l l  x "  €  X**, 

h ( t x "]) = x " |V ' f o r  a l l  [ x " ]  & X **/v ,+. 

f  i s  l i n e a r  and continuous from X** onto X **/v l+ w hile  h  i s  a  l i n e a r  

isom etry  o f  X **/v l+ onto V '* . J  i s  th e  c an o n ica l mapping from X in to  

X**. We d e fin e  K to  be th e  com position o f  J ,  f  and h : K = h f j .

Then f o r  x e  X and x '  G V ',

(35) (K x)x ' « (h f J x )x ' a ( j x l v ' ) x 1 33 J x * 1 * x ’x .

V1, as a  sub space o f  X*, can i t s e l f  be co n sid ered  a  normed l in e a r  

space i f  we use  as norm th e  fu n c tio n  II • || , th e  norm on X*, r e s t r i c t e d



in

to  V1. Denote t h i s  r e s t r i c t e d  n o n  on V1 by ll * ll and a ls o  denote th e

norm in  V '* as th e  con jugate  o f  (V 1, |\ • |\) by ll • \\ .

With th e se  n o ta t io n a l  conven tions,

r ^  = i n f  U Jx + z" || * i n f  1 i n f  H Jx + z" II
xjfo, z "fe V,+ M  x£> llxll Z *«€ V »+

= in f  1 l ltJx 3 \\ = i n f  \l f  Jx  H
Xjk) It XU x fo  |\x ll

/

= i n f  llh f jx ll  (s in c e  h i s  an iso m e try ) .
xjfo lU tl

rj, * i n f  Xk x II . 
x  ^ 0 llx ||

Theorem 2 0 . L et (X, 11 • ll) be  a  normed l in e a r  space, V1 a l in e a r  

subspace o f  X*, l e t  K be th e  mapping from X in to  V1* d e fin e d  by (35 )j 

and l e t  r^  be d e fin e d  by (2 3 ) . Then K has a  continuous in v e rse  on i t s  

range i f  and on ly  i f  r ^  0 . I f  r ^  ^  0, and K re p re s e n ts  th e  in v e rse  o f

K on i t s  range, then

H K ll «= 1 / r ^  .

P ro o f. The theorem  fo llow s d i r e c t l y  from Theorem 7 and. equation

( 5 6 ) .

For each x, Kx €  V1* . T h ere fo re ,

Thus

(56)

11 Kx |l = sup |(K x )x 'l «= sup |(K x )x 'l  
llx'ij i i ,  x'e v' x 'e v 'A S ! 1



hz

Then by  (3 5 ), 

(37) lIKxtt sup i x ' x l  .x 1 e v'as-l
From (3 6 ) , (3 7 ), and (2 1 ),

= i n f  ll Kx 1,1 = 
11*11

in f  1  sup I x 'x  | ® r p .
x£> H x |l x 'f e V 'o S ! '

Thus

(3 8 )

Theorem 21 . L et (X, ll *11) be a  normed l i n e a r  space , V1 a  l i n e a r  

subspace o f  X* and l e t  r^ ,  r g , r^  , and r ^  be d e fin e d  by  (19)^ (2 1 ),

(2 2 ), and (2 3 )* Then ^  * r 2 = ( l / r ^ )  = r^  .

P ro o f. E quations (3 3 ), (3*0j and (3 8 ) show th e  theorem  i s  t r u e .

Theorem 21 v e r i f i e s  th e  form ulas o f  Dixmier w h ile  Theorems l 6 , 17, 

and 20 g ive  geom etric in te r p r e ta t io n s  o f  th e  q u a n t i t ie s  invo lved  ( in  th e  

nondegenerate  c a s e s ) . To prove r^  » r 2 when 0, we no ted  th a t

a i 2o*^ th e  con jugate  o f  igQ. T his suggests  a  method o f f in d in g  a 

new form ula fo r  th e  c h a r a c te r i s t i c  in  th e  fo llo w in g  way.

I f  r-^> 0, th en  II* U« i s  e q u iv a le n t to  ll'H in  X*. Taking co n ju g a te s , 

we know ll • U t and HMl a re  e q u iv a le n t norms in  X**. Then j 0i* ,  th e  con­

ju g a te  on j Q1, w i l l  be th e  id e n t i ty  mapping from (X**, l l* \ l i)  onto 

(X**, ll • l l ) .  Hence



*0

1_________  1 i n f  |  x"li(
1^01*11 ,̂up „ JU E lX " | |X"||

X ii® ll x " H,

in f  1 sup \ x 'x 'l  .
XV ° "  IIx"n x ' e r n V

The l a s t  e q u a l i ty  ho ld s s in ce  Y ' f \ 1 i s  th e  u n i t  sphere o f  (X*, l\ « U() .  

Thus, when r^  >  0, hy (25)

1 in f  sup |x " x ' |  r c .
\ \ t o i * \ \  m x 'fe  v v T s p  T F T  *

Theorem 22 . L et X be a  normed l in e a r  space and V' a l i n e a r  sub- 

space o f X*. With r^  d e fin ed  by  (2 5 ) , i f  r^  >  0, then  11 Jq-j* ll ” 

( l / r ^ )  where j Q1* i s  th e  id e n t i ty  mapping from (X**, ll • ll, ) onto 

(X**, l\. II) and hence th e  con jugate  o f th e  id e n t i ty  mapping j  from 

(X*, H • U ) onto (X*, It * (!)).

From Theorems 16 and 22 and th e  id e n t i ty  Q ^o i*  ll "  llJoiH ’ we 

o b ta in

r l  = r 5 i f  r i >  °-

To v e r i f y  r  = 0 when r-, = 0, we no te  th a t  
5 **•

r r  = in f  sup I x "x * 1 ^  i n f  sup I x  "x11
5 x 'y o "  x ' e v ' n s ! 1 |ix"H ^ x " ^ o " ,  x " 6 J x  x ' e v v v s p  ) x ” l|

B ut, i f  x "  e  JX, th en  th e re  i s  some x such th a t  x 11 * Jx , x " x 1 * x rx,

and Jx "R  = l|x lj . Then

r  6  sup |x 'x l  a  i n f  J lx JU .*  r 2 •
5 xjto x ' e v ' n s ^  « x | |  xjfo n x i |

Thus, r  * 0 im p lies  r  = 0 which in  tu rn  im p lies  r  < 0 from th e  1 2 5



above in e q u a li ty .  Since r,_ i s  nonnegative , we have shown = 0 i f  

= 0 . In  a l l  c ases,

(39)

I t  i s  e a s i ly  checked th a t  J  i s  a  homeomorphism o f  X w ith  topology 

*3 onto JX w ith  topology ( th e  topology on JX induced by "IT, ) .  

Then

From t h i s  and th e  f a c t  J  i s  an isom etry , i t  fo llow s im m ediately t h a t

Theorem 23. I f  (X, II * II) i s  a  normed l in e a r  space and V1 i s  a 

l i n e a r  subspace o f X*, then  i f  rq  to  r^  a re  g iven  by (19 ), ( 2 l ) ,  (22),

( 2 3 ), (2 5 ) , and (2 6 ), we have

i*l = r2 = ( l /r5) = r  ̂ = r5 = (l/rg) .

P ro o f. T his theorem  i s  a consequence o f Theorem 21, eq u atio n  (39) ,  

and eq u a tio n  ( t o ) .

L et r^  >  0 and co n sid e r (X**, II* l | | ) ,  th e  con jugate  o f (X*, II* U |).

In  t h i s  case , ll* l |t r e s t r i c t e d  to  JX w i l l  be a norm on JX. (We denote 

t h i s  norm on JX by ll • lU .) L et T ^" be th e  u n i t  sphere o f (X**, II' Hi) .  

S ince we a re  assuming r-j_ > 0, II *11̂  i s  a  norm on X and (X**, 11* l i t )  i s  

th e  second conjugate  o f  (X, II* H i), which has u n i t  sphere S]_^ (Theorem

( to )

sup || x " | |  = sup H x"ll * sup II x l| . 
x " e  j s ^*- x " e  j ( s ^ J ) x e s ^ ”*1

In  view o f  ( 2 6 ) and (22 ), we have

( to ) r 6 * r 3 ‘



18  and eq u a tio n  (3 1 ) ) .  Then J  i s  an iso m etry  from (X, It* Us.) in to  

(X**, U • ) , and we have

JS^7  = T-^'AJX.

From (4 0 ), th en

3 5 * *  * T - ^ J X

and i s  th e  u n i t  sphere  o f  (JX, II *11,). L et he  th e  i d e n t i ty

mapping from (JX, H* | t i )  in to  (X**, H * l l ) . Then

llk 10 l\ = sup || x " | l  » rg  .
X " JS-j3 *

Theorem 2*n L et (X, ll • II) he a normed l in e a r  space and l e t  V' he  a

l in e a r  subspace o f  X*. L et r .  he  d e fin e d  hy (2 6 ) .  I f  r  >  0, denote
6 1

th e  r e s t r i c t i o n  o f  11*11, to  JX in  (X**, R • ll» ) a ls o  hy ll * II, and l e t  & he 

th e  id e n t i ty  mapping from (JX, ||« \ \ , )  in to  (X**, IV* W). Then fo r  r^  >  0,

•* ^lO •• “  r 6 *

The s im i la r i ty  o f  th e  d e f in i t io n s  o f  th e  to p o lo g ie s  3  and Zf\ > 

b o th  g en era ted  hy V' on X and X** r e s p e c t iv e ly ,  su g g ests  examining

r 7 = sup II x " H
x "e  s ± "

as a  p o s s ib le  means o f  o b ta in in g  s t i l l  an o th e r form ula f o r  th e  ch a rac ­

t e r i s t i c .  We m ight expec t r^  » r^ ,  which would y ie ld  a new fo rm ula . 

However, i t  i s  n o t always tru e , t h a t  r^  = r^  as th e  fo llo w in g  example 

shows.

L et X he th e  con jugate  o f a n o n re f le x iv e  Banach space Y and l e t  

he th e  can o n ica l mapping from Y in to  Y** *= X*. L et V' * J-jY. V' i s



k6

a p ro p er c lo sed  sub space o f  X* and hence V’+ ^  {.0"^ (7 , p* 186 ). In

t h i s  case , th e  c o ro l la ry  to  Theorem 5 im p lie s  i s  unbounded:

r 7 = sup H x " ll  =» oo .
1 x " e s 1 " '3>

However, (j_} p . 228)

V,A S 1 ' -  j ^ n t y "  : M y" II 5  l \

-  Ji {  y : ll y ll t  i  }
i s  weak* dense in  £ y "  : H y" U ^  1 ^  = ^ l '*  From t h i s  f a c t  and (19 ),

r_ = 1 . By Theorem 21, th en  r_ = 1 . Thus r_ 4 r  in  t h i s  ca se .
1 3 3 7

The c o ro l la ry  to  Theorem 3, as used  above, makes i t  c le a r  th a t  

r ,j = 00 whenever Vl+ /  {.0 "} • Then th e  form ula r^  = r^, must f a i l  

whenever V,+ 5/  an -̂ ^  /  0-

However, we can g ive two s i tu a t io n s  in  which r^  and r  a re  e q u a l. 

To do t h i s  we f i r s t  no te  again  t h a t  J  i s  a l in e a r  homeomorphism o f  X 

w ith  topology  3  onto JX w ith  topology  0  ^ induced on JX by  O , .

Theorem 23 • L et (X, ll • \\) be a normed l in e a r  space and l e t  V' be  a 

l i n e a r  subspace o f X*. L et r^  and r^  be  d e fin ed  by  (22) and ( 2 7 ) 

r e s p e c t iv e ly .  Then r^  £  r  • In  p a r t i c u l a r ,  r^  = oO im p lies  

Trj i= oO and r^  = 1 im p lies  r^  = 1 .

P ro o f. JS^ = JX rvs^" s in c e  J  i s  an isom etry  o f  (X, || * H) in to  

(X**, l l - l l ) .  From (i+0),



|l • li j. i s  i a norm on X and we tak e  th e  con jugate  o f  X w ith  th e  norm 

II* II z , w i l l  we o b ta in  X* w ith  th e  norm II • Hi ?

We w i l l  f in d  n e ce ssa ry  and s u f f i c i e n t  c o n d itio n s  t h a t  we do come 

back  to  II• ||( by  t h i s  p ro c e s s . We w i l l  a ls o  d isc u ss  spaces in  which 

t h i s  may o r  may n o t be t r u e  f o r  a l l  p o s s ib le  norms II* II( e q u iv a le n t to  

II • (| on X*.

As an a p p lic a t io n  o f  th e  r e s u l t s  o b ta in ed  on th e  problem s men­

tio n e d  above, we w i l l  d e riv e  one o f  th e  form ulas f o r  th e  " c h a ra c te r­

i s t i c "  o f  a  subspace o f  X* as in tro d u c ed  by  D ixm ier. Then we w i l l  

prove and am plify  from a geom etric  v iew poin t h is  o th e r  form ulas fo r  

th e  c h a r a c te r i s t i c  by r e l a t i n g  th e  q u a n t i t ie s  invo lved  to  th e  norms o f  

v a rio u s  m appings. S evera l new form ulas w i l l  be  in tro d u c ed , a ls o .

A word about n o ta t io n ,  x  w i l l  be a g e n eric  symbol f o r  elem ents o f 

X, x 1 f o r  e lem ents o f  X*, and x "  fo r  elem ents o f  X** = (X*)*. In  

g e n e ra l, su b se ts  o f  X w i l l  have no prim e (A,V, e t c . ) ,  su b se ts  o f  X* 

w i l l  c a r ry  one prim e (A ' ,V ' ,  e t c . ) ,  and su b se ts  o f  X** w i l l  c a r ry  two 

prim es (A",V", e t c . ) .  Lower case  Greek l e t t e r s  w i l l  be s c a la r s ,  e i th e r  

r e a l  o r  complex numbers, w h ile  th e  l e t t e r  r  w i l l  be  a g e n e ric  symbol 

f o r  nonnegative  r e a l  num bers. 0 , O ', and 0 "  w i l l  r e p re s e n t  th e  zero  

v e c to rs  o f  X, X*, and X** r e s p e c t iv e ly .  R(o:), where a  i s  any s c a la r ,  

w i l l  denote  th e  r e a l  p a r t  o f  a .
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J(s^7 ) = JSi3*- - Jxr\js±' = jxrsCJxrvs-L ")<7' c  ~ " ‘3r' .
Again u s in g  th e  isom etry  p ro p e r ty  o f  J ,  we see  t h a t  th e  above in c lu s io n  

im p lie s  th e  r e s u l t  s ta te d  in  th e  theorem .

Theorem 26 . L et (X,V • ll) be a normed l i n e a r  space and l e t  V1 be a  

l i n e a r  subspace o f  X*. L et r^  and r  be  d e fin e d  by (22) and (2 7 ) 

r e s p e c t iv e ly .  I f  (X, l l - l l )  i s  r e f le x iv e ,  th en  r^  « r^  .

P ro o f. I f  X i s  r e f le x iv e ,  JX = X** and JS-^ = S-^". Then J  i s  a 

l i n e a r  homeomorphism o f  X w ith  topo logy  £T onto  X** w ith  topo logy  '□T, 

T h ere fo re ,

J(S  3 ) -  JS = s  " J '  
1 1 1

and s in c e  J  i s  an isom etry ,

o r

sup n X II = sup  IIX" ll
x  € S p  x ' ^ S x "

r 3 = r7 *



SUMMARY

In th e  con juga te  X* o f a normed l in e a r  space (X, II *11), a norm can 

b e  d e fin e d  by th e  form ula

(k2 )  l lx'U = sup I x ' x l  fo r  a l l  x ' 6  X*.
Ilxil £  1

I t  i s  a consequence o f th e  Hahn-Banach theorem  th a t  th en

(^ 3 ) || x ft = sup | x ' x |  f o r  a l l  x €  X.
l l x ' U *  1

I f  ll • Il0 i s  a norm in  X e q u iv a le n t to  H • l l , th e  two norms d e fin e d  in  X* 

by  iM lo and Il’H th rough  th e  p ro cess  in d ic a te d  in  (42) w i l l  a ls o  be 

e q u iv a le n t .

These f a c t s  suggest th e  fo llo w in g  problem . I f  M* II1 i s  a norm on 

X* and, p a r a l l e l in g  (4j5), we d e fin e

(WO IIx H = sup | x ' x l  f o r  a l l  x f X ,
l i x ’f t . l l

i s  t h i s  new fu n c tio n  ll *IIx a norm on X? II' H* i s  indeed a norm on X 

f o r  any norm ll*||, which g e n e ra te s  a f i n e r  topology on X* th an  II* l| 

d o e s . F u rth e r , i f  R*II■ i s  e q u iv a le n t to  U* \\ , as d e fin e d  by (i+2), 

on X*, then  11*11*. i s  e q u iv a le n t to  11*11 on X.

When ft* lit i s  e q u iv a le n t to  l| *H on X*, i f  we take  th e  con jugate  o f

X w ith  th e  norm tl'll*., we o b ta in  a  norm (I'It z  on X* w ith  th e  p ro p e rty

ll x  ' ll x ' II, f o r  a l l  x 1 €  X*. The norms II' H * and II ‘ l| ( a re  a c tu -

1*8



1*9

a l l y  th e  same on X* i f  and on ly  i f  £ x '  : | | x '  | | , 1 ^  i s  weak*

c lo se d  in  X*. That i s ,  i f  (1*1*) i s  u sed  to  d e fin e  from U * ll( in  X* a 

norm in  X, th e  con juga te  o f  X w ith  th e  r e s u l t in g  norm ll • tlx i s  X* 

w ith  th e  norm l l l t i  i f  and on ly  i f  th e  u n i t  sphere  in  th e  Hit* to p o ­

logy  o f  X* i s  weak* c lo se d .

An example dem onstra tes t h a t ,  i f  X i s  th e  con juga te  o f  some non­

r e f le x iv e  Banach space, th en  i t  i s  p o s s ib le  to  d e fin e  a  norm 

e q u iv a le n t to  th e  o r ig in a l  norm H * ll , b u t  w ith  i t s  u n i t  sphere  n o t 

c lo se d  in  th e  weak* to p o lo g y . For such a  norm ll* ll t ,  th e  p ro ce ss  de­

sc r ib e d  in  th e  p rev io u s  parag raph  would n o t le a d  back to  || • |(t .

These problem s can be r a is e d  to  a  d i f f e r e n t  p lan e  by c o n s id e r­

in g , in s te a d  of. one norm e q u iv a le n t to  ft * It, a l l  p o s s ib le  norms in  X* 

e q u iv a le n t to  || • || . I f  X i s  a  r e f le x iv e  space w ith  norm H* II > th en  

th e  u n i t  sphere  o f  any norm in  X* e q u iv a le n t to  ft-It i s  weak* c lo se d . 

Thus, in  view o f  th e  example m entioned in  th e  p rev io u s  p a rag rap h , in  

th e  c la s s  o f  spaces which a re  th e  co n ju g a te  o f  a Banach space , th o se  

which a re  r e f le x iv e  a re  c h a ra c te r iz e d  by th e  p ro p e r ty  "the u n i t  sphere 

o f  any norm e q u iv a le n t to  It* ft in  X* i s  weak* c lo se d . "

The l a s t  m entioned r e s u l t  i s  n o t q u ite  s a t i s f y in g  s in c e  i t  

a p p lie s  o n ly  to  spaces which a re  them selves a lre a d y  con juga te  sp aces . 

I f  t h i s  r e s t r i c t i o n  cou ld  be removed, a  new c h a ra c te r iz a t io n  o f 

r e f l e x iv i t y  m ight r e s u l t .
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More s te p s  can be p laced  in  t h i s  p rocedure  o f  going from X* to  

X (by (1+1+)) and re tu rn in g  by ta k in g  th e  co n ju g a te . We m ight s t a r t  in  

X** and move su c c e ss iv e ly  to  norms in  X* and X by  fo llo w in g  th e  p ro cess  

in  (1+1+) tw ice , and th en  ta k in g  th e  con jugate  tw ice . I f  we s t a r t  w ith  

a  norm ll• Hi in  X** e q u iv a le n t to  11 *H } we would a r r iv e  back  a t  X** 

w ith  some norm e q u iv a le n t to  R' l l i .  Would we a c tu a l ly  r e t r i e v e  H• | | |  in  

t h i s  way? From th e  r e s u l t s  l i s t e d  above and some e lem entary  c o n s id e r­

a t io n s ,  t h i s  w i l l  be  t ru e  i f  and on ly  i f  (a )  th e  u n i t  sphere  in  X** 

f o r  l|*U| i s  weak* c lo sed  in  X** ( i . e . ,  i n  th e  weak topo logy  on X** 

genera ted  by X*) and (b ) th e  s e t  j^x' : | x " x ' |  £  1 f o r  a l l  x"  w ith  

H x ' l l , *  i }  i s  a lso  weak* c lo sed  in  X* ( i . e . , i n  th e  weak topology  on 

X* genera ted  by X ). When (b ) w i l l  be  s a t i s f i e d  seems o b scu re . An 

i llu m in a tin g  e q u iv a le n t re s ta te m e n t o f  (b ) would be very  h e lp f u l .

The second p a r t  o f t h i s  paper d isc u sse s  th e  " c h a ra c te r is t ic  " o f a 

l in e a r  sub space V1 o f th e  con jugate  X* o f  a  normed l in e a r  space 

(X, II *H ) .  T his concept was in tro d u ced  by Dixmier ( 2 ) .  Seven quan­

t i t i e s  e n te r  h e re :

r± » sup [ r  : Sr ' C  V ' n S ^  } ,

r 2 * i n f  sup I x ' x  I ,
x /  o x 'e v 'n s ^  IIx II
r-z = sup || x  ll , 

x €  Si  ^

r ^  = i n f  II Jx  + z " l | ,
xjto, z " 6 V ,+ 11 x II

r ^  « i n f  sup | x r,x fl ,
x V o "  x ' €  V V * S i ' II x " ||



In  th e se  form ulas J  i s  th e  can o n ica l mapping from X in to  X**, V ,+ i s  th e  

a n n ih i la to r  o f  V' in  X**, O  i s  th e  weak topology  on X g en era ted  hy V' 

and J ,  i s  th e  weak topology  on X** g en era ted  hy V*. i s  th e

topology  on JX induced hy  J ,  .

By d e f in i t io n ,  r^  i s  th e  c h a r a c te r i s t i c  o f  V '. The fo llow ing  

eq u atio n s ho ld :

r l  = r 2 = ( l / r ^) = r l̂  * r 5 * ( l / r g )  •

Each o f  th e  q u a n t i t ie s  r^  to  rg  has a  "geom etric " meaning. When

r-^ > 0, i s  ah s o r t in g .  I f  | l «II, d eno tes i t s  Minkowski func­

t io n a l ,  th en  It • III i s  e q u iv a le n t to  II *11 on X*. I f  l l x | | x  «

sup | x ' x |  , th en , when r-. >  0, | |>ll2 i s  a norm on X and
x ’ € V'n S i 1

(X*, II • H i) i s  th e  con jugate  o f  (X, ll • \ |x) . I f  i s  th e  id e n t i ty  

mapping from (X*, I* *U ) onto (X*, ll* Hi ) and i 2Q i s  th e  id e n t i ty

mapping from (X, t l * t l i )  onto  (X, tl • l l ) , th en  H J 0l U  *  ( l / ^ i )  and

II i 20 tt -  ( l / r 2 ) -  r y

I f  we d e fin e  a  mapping K from X in to  V** by (K x)x ' =» x 'x  f o r  al 1. 

x 1 6  V1 and x £  X, then  K has a continuous in v e rse  on i t s  range i f

and only  i f  r ^  ^  0 . I f  r ^  0 and K i s  th e  in v e rse  o f  K on i t s  range,

th en  || K || ■ ( l / r ^ ) .
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When > 0, l / r ^  i s  th e  norm o f  th e  i d e n t i t y  mapping from

(X**, f l* tti) , th e  co n ju g a te  o f  (X*, \\> |)» )> on to  (X**, U ‘11), th e  con­

ju g a te  o f  (X*, \ \ ' U) .  A lso in  t h i s  case , r^  i s  th e  norm o f  th e  i d e n t i t y  

mapping from  ( JX, \ \« U| ) in to  (X**, \ l . u ) •

The q u a n ti ty  r „  i s  n o t u s u a l ly  eq u a l to  r , ,  a lth o u g h  th ey  m ight
7 5

have been expec ted  to  be  eq u al because o f  th e  s im i l a r i t y  o f  t h e i r  

d e f in i t i o n s .  The co nnec tion  betw een and r^  cou ld  be  more e x te n ­

s iv e ly  s tu d ie d .

These i n te r p r e ta t io n s  co nnec ting  th e  v a rio u s  fo rm ulas f o r  th e  

c h a r a c t e r i s t i c  w ith  mappings may s im p lify  p re s e n t  (se e  (2 ) and ( 7 , 

pp . 201 - 2 0 8 ) )  o r  fu tu re  a p p lic a t io n s  o f  th e  c h a r a c t e r i s t i c .
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An u n d e rlin e d  number en c lo sed  in  p a re n th e se s  w i l l  r e f e r  to  th e  

item  in  th e  "b ib liography  which has th e  same number. U su a lly  page 

numbers f o r  th e  re fe re n c e  w i l l  be  in c lu d ed  in  th e  p a re n th e s e s .



CHAPTER I

PRELIMINARIES

Throughout t h i s  paper (X, II • l\) w i l l  denote a  normed l in e a r  

space, over th e  r e a l  o r complex f i e l d ,  w ith  norm II • II . X* w il l  

denote th e  s e t  o f  continuous l in e a r  fu n c tio n s  x 1 mapping (X, II • l |) 

in to  i t s  s c a la r  f i e l d .  The u su a l norm d e fin ed  on X* as in  form ula

(0 ) w i l l  a lso  be denoted by II- W. Thus (X*, M * ll) i s  then  th e  con­

ju g a te  o f  (X, ft • | | ) and (X**, |l • ll) i s  s im ila r ly  th e  co n ju g a te  of 

(X*, l | - l l ) .

L et A C  X, B X, xQ g  X, and l e t  p be an elem ent o f  the  s c a la r  

f i e l d  o f  X. Then we d e fin e

f3A = £ x : x  = px^ fo r  some x^ e  .

(3 ) x0 + A = ^ x : x  = X q + x ^  f o r  some x^ €  A } .

A + B = { x  : x  = x-j_ + X2 where Xj_ €  A and X2 B ]  .

S im ila r d e f in i t io n s  a re  used  in  X* and X**.

Let r  be a nonnegative r e a l  number. We d e fin e  

Sr  = { x : x  e  X, || x  l| £  r  J .

» { x ' : x r e  X*, |l x 1 H ±  r  } .

s ;  = { x "  : x "  €• X**, || x 11 || t  r  j  .

k



These s e t s  w i l l  he  c a l le d  th e  "sphere o f  r a d iu s  r "  in  X, X*, and X** 

r e s p e c t iv e ly .  When r  *» 1 , each o f  th e se  s e t s  w i l l  he  c a l le d  th e  'U n it 

sp h e re"  o f  i t s  sp ace .

When i t  i s  n e ce ssa ry  to  r e f e r  to  a  p a r t i c u l a r  norm topo logy , we 

w i l l  p recede  th e  'word "topology" hy  th e  symbol f o r  th e  norm, as "the 

\l • ll to p o lo g y . " The l e t t e r  w i l l  he  a  g e n e ric  symbol f o r  a

to p o lo g y . However, we w i l l  r e f e r  to  th e  weak topo logy  on X* g e n era ted  

hy  X (o r  on X** hy  X*) as th e  'Weak* to p o lo g y "  (7> PP* 151-15*0• 

weak topo logy  on X g en era ted  hy  X* (o r  on X* g en era ted  by  X**) w i l l  he  

c a l le d  th e  V eak to p o lo g y . "

A b ase  a t  O' in  th e  weak* topo logy  on X* can he  formed as fo llo w s . 

L e t A X, l e t  e  be a  p o s i t iv e  r e a l  number and d e fin e

U'(A, 6  ) b £ x ' : \ x 'x | <  €• f o r  a l l  x 6  Aj  .

The c o l le c t io n  o f  a l l  s e t s  U' (A,  6 )  f o r  f i n i t e  su b se ts  A o f  X and a l l

p o s i t iv e  £  i s  a  b a se  a t  O' f o r  th e  weak* topo logy  on X*. I f  A 1 ^  X* 

and €  i s  a p o s i t iv e  r e a l  number, l e t

U(A' ,  6  ) = { x  : | x ' x  \ <  e  f o r  a l l  x 1 £  A 1} .

The c o l le c t io n  o f  a l l  such s e t s ,  where A ' i s  a  f i n i t e  su b se t o f  X* and

€  i s  a  p o s i t iv e  r e a l  number, forms a  base  a t  0 f o r  th e  weak topo logy  

on X.

For th e  c lo su re  o p e ra tio n  we w i l l  u se  th e  fo llo w in g  co n v en tio n s .

A b a r  " " above th e  symbol f o r  a  s e t  w i l l  deno te  th e  c lo su re  o f



t h a t  s e t  In  th e  weak* topo logy . A b a r  " " fo llow ed by a symbol " CT "

f o r  a  topology, as '"~Znf w i l l  in d ic a te  th e  c lo su re  in  th e  topology

Zf \

In  th e  fo u r  d e f in i t io n s  co n ta in ed  in  t h i s  paragraph , and in  r e l a ­

t io n s  (!+) to  (7 ), l e t  A S X  and A 'S  X*. We d e fin e  th e  a n n ih i la to r  o f 

A in  X* as

A+ » ^ x 1 : x ' fe X*, x 'x  0 fo r  a l l  x  & A j  .

The a n n ih i la to r  o f  A ' in  X i s

+A ' »{x : x £ X,  x ' x  * 0 f o r  a l l  x ' 6  A1} .

The p o la r  o f  A in  X* i s

AO : x 'f e  X*, R(x ' x )  < 1 f o r  a l l  x  6- k \  •

The p o la r  o f  A' in  X i s

°A ' «= ^x  : x £ X, R(x ' x)  S I  fo r  a l l  x ' £  A 1]  .

The fo llow ing  r e la t io n s  a re  e a s i ly  checked.

(If) A im p lies  A ^ S  A+ and A ^ 2  A°.

( 5 ) A^ A ' im p lies  +A ^‘2 .+A' and ° A ^ 2 ° A '  .

( 6 ) +(A+) 2  A and °(A °) 2  A.

(7 ) (+A ' ) +2  A* and (‘V ^ A 1.

At many p o in ts  in  t h i s  paper we w i l l  need th e  fo llo w in g  d e f in i ­

t io n s  .

D e f in it io n  1 . A su b se t A o f  a l in e a r  space Y i s  ba lanced  i f


