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i f  A i s  generated  by a ,  then  each *  c Mult(A) I s  com

p le te ly  determ ined by th e  d is t r ib u t iv e  la v  i f  we know a*a. 

Thus Malt (A) i s  th e  c y c lic  group having th e  same o rd er as 

A and generated  by p i f  f i s  defined  by afa = a .

For ano ther example o f  M ult(A), suppose th a t  A i s  a 

f i n i t e l y  generated  f re e  group genera ted  by a^ , 1 £ 1 * t .  

Then Mult (A) i s  a f r e e  group on t^  g e n e ra to rs . To see t h i s  

no te  th a t  each element ei € Mult (A) i s  determ ined by knowing 

ajrfa^ fo r  a l l  i ,  j .  Moreover, we nay choose ajrfaj a r b i t r a r 

i l y  and extend *  to  a l l  o f A by the  d is t r ib u t iv e  law . Ho 

d i f f i c u l t i e s  a r is e  from th i s  c o n s tru c tio n  s in ce  A i s  f r e e .

I f  now we d efin e  elem ents ( i , j , k )  € Mult(A) fo r  each i ,  j ,  

k such th a t  1 ^ 1 , k £ t  by

an ( i , j , k ) a m = 0  i f  n /  i  o r m 4 J 

a ^ i ^ k j a j  = ak 

each <* € Mult (A) i s  a  l in e a r  com bination o f th e  ( i , j , k ) .  

Mult(A) i s  then  the  f r e e  group on th e  t^  g en e ra to rs  ( i , j , k ) .

By making use o f Theorem 1.1 and p ro p e r tie s  o f the  

te n so r  p roduct i t  i s  p o ss ib le  to  determ ine Mult(A) fo r  

groups A th a t  a re  d i r e c t  sums o f  c y c lic  groups. The de

t a i l s  o f th i s  may be found in  [5] •

According to  2) o f Theorem 1.1 every «t «M ult(A ) 

corresponds to  a subgroup Z o f A which i s  th e  k e rn e l o f a 

homomorphism o f A in to  End(A). The fo llow ing  r e s u l t  g ives 

necessary  and s u f f ic ie n t  co n d itio n s  fo r  a subgroup K o f  A
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to  determ ine an elem ent <* € M alt(A).

Theorem l . £ .  I»et £ be a  aubgroup o f  a group A. Than E 

l a  th e  k e rn e l o f a homomorphism o f  A In to  Snd(A), 1. a .

E determ ines an elem ent € Mult (A), i f  and only I f  th e re  

l a  a aubgroup A = ( f aj a 6  ^  o f  Hom(A/EtA) auoh th a t

1) A I s  a  homomorphic Image o f A;

2) Q  Eer(fx) = K.
P roo f. Suppose E l a  th e  k e rn e l o f a homomorphism 

Hi A —►End(A). Then as In  th e  p ro o f o f  Theorem 1.1 

» l— + cL, f o r  ot € Mult (A), i f  a n =  b£ f o r  each a e A. How 

fo r  each z  e A d efin e  px : A/X~~*’ A as fo llo w s:

(a  + E)px = xS j.

This l a  a mapping since  a^ -  a2 C E Im plies

= â 1 a2 ^  = ® 
o r so th a t  zrJ^ = zbJ 2 fo r  a l l  x € A. Also

[(a + E) + (b + E )]fx = [(a + b) + e] ? x

= ^ a + b  = x B̂a  +
= xb£  + xrJ

= (a + E )fx + (b + E )fx .

Thus each I s  a homomorphism o f A/E In to  A« The s e t

A = (fx$x€A  18 a homomorphic Image o f A under the  c o rre s 
pondence z  —► p x . Por t h i s  1b c le a r ly  a mapping and

(a ♦ K)fX4y = (z + y)fi£ s  zRj + yHj

= (a + E )fx + (a ♦ E )fy

S (a + E )( fx + f y )
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la p l ie a  th a t  >̂x+y s  fx + fh ia  proves 1 )•

To prove 2) suppose a  4 X € Q  i e r (  p x )«; Tor every

(a 4 K)fz  s  xb£ x x(a«c) x 0*

I t  than  fo llow s th a t  R j x a>i la  th e  aero endoaorphlea and 

hence th a t  a  * K, th e  k e rn e l o f  Therefore Q  Ker(px ) = I .

Conversely, aaauaa th e  ex la tan ce  o f  the  aubgroup A 

o f Hoa(l/K»i>) s a t is fy in g  1) and 2 ) . f o r  elem ents a ,  x < Ji 

d e fin e  a  product x*a€A  aa fo llow *: ohooae f?z e A a n d  i f  

a € y  4 I ,  a e t

x*a x (y + K)fx . 

at i a  obwioualy w e ll-d e fin e d , f o r  x , j €A, a d y  + K, a *  A

(x 4 a)rfa x (y + K)fx+S

a  (y 4 K)fx 4 (y 4 K )f, 

x srfa + z*a.

I f  a « y  + K, b € w  + K, i « l

x*(a 4 b) x f(y 4 w) 4 ljpz
« [<y 4 K) 4 (w 4 Kflf x 
* (y 4 K)px ♦ (w 4 K)fz 

x xtfa 4 x*b.

Ve eonolude th a t  ac i a  d is t r ib u t iv e  w ith  re sp e c t to  4 and 

th a t  *■ € Malt (A). A lso , X ia  th e  k e rn e l o f th e  hononor- 

ph ian  i f :  1 —»-Snd{A} aueh th a t  a x  B j. fo r  i f  a*i x Bjf x 0 , 

we have by d e f in i t io n  o f

0 x xfij x n*a x (y 4 K)fx fo r  a l l  x e A ,



where a e  y ♦ I .  But then  y + K i s  in  th e  k e rn e l o f every 

f  x. By co n d itio n  2) y €  Z and consequently  a c K. This 

ehowa th a t  th e  k e rn e l o f  i s  contained in  Z and ainoe th e  

rev erse  in c lu s io n  fo llow s from th e  d e f in i t io n  o f <*, the  

a s s e r t io n  i s  proved*

I f  *  € Mult(A) and 11 e Snd(A), a  product <*n*Malt(A) 

nay be defin ed :

x(*»l)y s  (awy)n.

I t  i s  ro u tin e  to  v e r ify  th a t  Mult (A) i s  a r ig h t  nodule over 

i t s  endonorphisn r in g  Bnd(A) w ith  th i s  d e f in i t io n  o f produot*

We w il l  have oooasion to  nake use o f th e  fo llow ing 

re su lts*

Theorem J..2* Let A = B + 0 be a d ir e o t  sun o f the  groups 

B and 0 and suppose th a t  € M ult(B). Then <*- nay be ex

tended to  an element <** e Mult (A)*

P roof, I f  ct€ MUlt(B) and a 1 = b 1 + o1, a2 * b2 + c2 fo r  

b j ,  b2 € B , c 1( c2 € 0 ,  we nay d e fin e  at* by

0 ^ 2  = ♦ 0 i)* #(b2 + c2 ) s  bjrfb2*

** i s  obviously in  Mult(A) and an ex tension  of We 

c a l l  ec* th e  t r i v i a l  ex tension  o f oC to  a l l  o f A*

Theorem 1 .4 . I f  A i s  a d iv is ib le  group and B a to rs io n  

group, then  A = 0*

P roof, Suppose a € A and b € B w ith  b having o rd er n* Since 

A i s  d iv is ib le  th e re  i s  an element x c A  such th a t  nx s a*
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Then by th e  d i s t r ib u t iv e  p ro p e rty  o f  th e  te n so r  produot

aftfe s  (nx)®b = x*(nb) = 0.

Henoe AMB = 0 .

C o ro lla ry  1. I f  A i s  a  to r s io n  d iv i s ib le  group* then  

Mult(A) = 0*

P ro o f, This fo llow s from Theorem 1.1 s ln ee  by th e  p re se n t 

theorem  A®1 = 0 .

C o ro lla ry  £, I f  i  s B t  0 i s  th e  d i r e c t  sum o f a d iv i s ib le

group B and a  to r s io n  group 0 , th en  any r in g  on A i s  the

r in g  d l r e e t  sum o f r in g s  on B and 0.

P ro o f. I f  b « B  and oeO, we have a s  in  th e  p ro o f o f  the

theorem b*o a  0.
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She obJt o t  o f  t h i s  ch ap te r l a  to  deacrlbe  a l l  poaa lb le  

r ln g a  on a  g iven group A whloh haa a  b aa la  o r  a  quaal-baela* 

Mora p re c la e ly , we aaak to  determ ine th e  a n l t lp l lo a t lo n  

ta b la a  o f tha  b aaa l a la a a n ta  In  muoh th a  aaaa way aa ona 

doaa th la  fo r  an a lg ab ra  over a  f i e l d .  She f l r a t  r a a u l ta  

o f  th la  typa f o r  groupa a ra  due to  Beaumont [l] ; l a t a r  thaaa 

wara g an a ra llsad  by Bddal [o] to  a r b i t r a r y  groupa w ith  oper- 

a to ra .  She a a lu  r a a u l t  o f  th la  eh ap ta r la  a lao  a g a n a ra l-  

1sa tIo n  o f B aauaoat'a  r a a u l t  l a  whloh a l l  m n ltlp lie a tlo n a  

on an a r b i t r a ry  to ra lo n  group a ra  determ ined.

Suppoaa a  group A = ZCa^S l a  given aa th a  d l r a e t  auu
ieA

o f  tha  o y e lle  groupa {Oj} leA and th a  o rdara  0 (e1 ) = n^ a ra  

f i n i t e .  Shan a n u l t lp l l e a t lo n  a  on A la  o o ap la ta ly  d e te r 

mined I f  wa know tha value a o f a ^ O j fo r  a l l  1 , Let

thaaa valuea e^tfe^ ba given by

(1) • loi#4 * ^ l j k ^ k

where 1 , j ,  keA  and a t  moat a  f l n l t a  number o f tha  tarma

*14k9k 1179 from aero and t j j k a ra  in tegere*  I f

A(+,4) l a  to  be a r in g , th a  d ia t r lb u t lv a  lawa Imply

n ^ e ^ e j )  s  0

and

n j ( 9i* e j )  3 0.
11
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Consequently (n^, n j ,  ak)*ijk*fc = °* where (n^, , nk ) i s

th e  g r e a te s t  oonnon d iv is o r  o f th e  In te g e rs  n i9  nj»  nk . 

Benoe
n .

(2) t ,  =  0 nod... ■■■, •
(ni« a j .  nk )

I f  M+»*) i s  to  be an a s so c ia tiv e  r in g ,  we a n s t h a re , 

f o r  a l l  1 , J ,  k « A , (e j* e j)* e k = e^odCe^e^) o r

f ^ l j r ^ r ^ k  = • i° ^ 2 j* jk r#r )

£*1 j r V * *  = ^ J k r V ^

^ I j r ^ ^ r k s ^ s )  * ^ J k r ^ ^ l r s ^ s )  

^ ^ I J r ^ k s ^ s  ”  2 T (X tjk r t l r | | )eB.

T herefore , f o r  eaoh 1 , } , k , b

<3) r ^ i 3rtPk«=Itlkrtir8 ■»«(»,).T w ^

Since (ei *tej)*ak = S T c Z t i j p t p ^ e g ,  A(+,*) ¥111 n o t
s  . ^

b« a Lie ring unless
W  Z l^ijp^rko 4 Z!t jk r t r l s  4 X ’t k l ^ r j s  -  0 »od(nB) . 

The Id e n ti ty  (4) I s  th e  co n d itio n  lnposed by the  Jacobi 

Id e n ti ty !  (x<*y)*z + (y«z)*x + (z<<x)«iy = 0. But to  be a 

l i e  r in g  J-(+,<>0 o u s t a lso  s a t i s f y  x«ct = 0 and x«y = -(y«x)« 

These two co n d itio n s  lead  to  the  fo llow ing!

(5) t l l k  a  0 mod(nk )

(6) ^ J k ® " ^ ! *  nod(nk ).
One oan a lso  show th a t  the  above co n d itio n s  are
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s u f f ic ie n t  to  in su re  th a t  A(+,4) s a t i s f i e s  th e  a p p ro p ria te  

lavs*

theorem 2 .1 . l e t  A = Z t e J  be a  croup on vh loh  th e re  i s
U  A *

defined  a  b inary  oonposltlon  suoh th a t

V ' j  * i > i j k * k

fo r  in te g e rs  i » J 9 k £ A • then

i .  (Beaumont [i] ) A(+,«0 i s  a  r in g  i f  and only i f  con

d i t io n  (2) h o ld s;

11* (Beaumont ClJ ) A(+94) i s  an a s s o c ia t iv e  r in g  i f  and 

only i f  co n d itio n s  (2) and (3) ho ld ; 

i l l *  A(+,tf) i s  a  Lie r in g  i f  and only i f  c o n d itio n s  (2 ) ,

( 4 ) f (6) and (7) hold*

Of oourse th e  statem ent o f  theorem 2*1 could be ex

tended to  inc lu d e  o th e r  k inds o f rings*

Vo wish now to  co n sid er m u ltip l ic a t io n s  on an a r b i t r a r y  

to rs io n  group A* Here th e  problem may be s im p lif ie d  by r e -  

so lv ing  A in to  i t s  p-oomponents* She s im p lif ic a t io n  a r is e s  

from th e  f a c t  th a t  I f  A(+9*) I s  a  r in g ,  then  a*b = 0 vhen 

a 9 b a re  from d i f f e r e n t  p-oomponents o f A« Henoe A(+9*) i s
v.

the  r in g  d l r e o t  sum o f i t s  p-oomponents* Ve v l l l  th e re fo re  

confine our a t te n t io n  to  p-groups*

She n o tio n  o f pure subgroup and b as le  subgroup a re  

fundam ental In  th e  study of p -g roups.
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P n f in i t io n . i  subgroup B i s  ours in  a group ▲ I f  so lv a

b i l i t y  o f bz s b (  B i a  i  im p lies  s o lv a b i l i ty  in  B (n l a  an 

in te g e r ) .

D e fin itio n -  (Kulikov [YD I f  A la  a p-group, than  B i s  a 

b a s ic  subgroup o f A i f  and only i f

(a )  B i s  a d i r e c t  sun o f o y c lic  groups;

(b) B i s  pure in  A;

(c ) A/B l a  d iv i s ib le .

Kulikov f7] has proved the ex is ten ce  o f  b as ic  sub

groups fo r  every p-group*

l e t  B be a  b as ic  subgroup o f a  p-group A. A/B i s  a

p-group and by d e f in i t io n  i s  d iv i s ib le .  I t  then  fo llow s by

the  s tru c tu re  theo ry  f o r  d iv is ib le  groupa th a t

A/B = C ^ s ^ p * * ) .

Each OyM. la  genera ted  by ooseta  • • • * • • -

s a t is fy in g  the  d e fin in g  r e la t io n s :  pG  ̂ s  0 , po£2  ̂= ^,

• • • , = ojLn ) , . . .  A fundam ental. r e s u l t  fo r  pure

subgroups i s  th a t  i f  x * A/B, where B i s  pure in  A, then th e re  

i s  an element y e  x such th a t  0(y) = 0 (x ) . Applying th i s  r e -

—(n)s u i t  in  th e  p re se n t case we choose from each 0/m. an element 

ojLn) such th a t  pnc)?^ = 0 . Because o f th e  r e la t io n  

p5$?+ t) = o£n ) . P0<B+1 ,«3jLn) and P0<?+1) = 0^n) -  bj.n) f o r
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some b j?^€  B when n  > 1. For n = 0 , pojjj^ = 0* Suppose 

a  € A, a  + B € A/B. Than

a + B s  a ^ d j^ '  ̂ + a20 ^ / ^  + . . . + 

where th e  a^ a re  assumed n o t to  be d iv i s ib le  by p . Having 

chosen th e  re p re s e n ta t iv e s  f o r  each component Oyu. In  th e  

manner describ ed  above, v i  have

a + B s  ( a 1o j ? ' ) ♦ a2o f e t)  + .  .  .  ♦ a t o j2 * ) ) + B.

Benoe a  -  (ajO^JJ 4- agojji?,^ + • .  ♦ + a ^ O ^ * ^ )« B . Taking

a b a s is  { b j  f o r  B

a  -  ( a ^ ” '*  + . . . ♦ a t o |«V ) ) *  • ■ • ♦
o r

a  = k t bA( + *2 *^+  • • • + k^b^ +
I f  suoh an ex p ressio n  were 0 , I t  would fo llow  th a t

+ a 2oi?vl )  + . • • + a tO ^ V ^ B

so th a t

_ » (n /)  a (n ») , _ s (® t) a
+ *2 # # * t  A t “  *

But A/B I s  a  d i r e c t  sum and hence

UjOywV  ̂ = S’ and a jO ^J4* s  0 .

Then

+ k2bAt + • * * + M * .  * 0 
and alnoa th e  b 'a  a re  a  b aa la  f o r  B, k jbAi = 0 .  Va nay
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then  conclude th a t  th e  elem ents k^b^- And a re  unique

ly  determined by th e  element a € A. The e e t {(bAf , f o j j

l e  c a lle d  a  omasl- b a s ls  f o r  A. Thla proves the  fo llow ing  

theorem of Fuchs [23•

theorem £ .£ . Let A be a  p-group and B be a  baeio  subgroup

uniquely  determ ined by the  element a  in  A.

Let B* 0 be subgroups o f the  groups 6 and H re s p e c tiv e ly . 

In  g en era l I t  I s  n o t p o ss ib le  to  embed B®0 isom orph ica lly  

in  CM in  the n a tu ra l  way. However* i f  B* 0 a re  pure in  G*

H re s p e c t iv e ly , then  th i s  can be done. By. d e f in i t io n  b as ic  

subgroups are  pure so th a t  we may id e n tify  B60 w ith  i t s  

isomorphic image in  G6H. Also by d e f in i t io n  o f  pure sub

group G/B and H/0 a re  both d iv i s ib le .  Ve may then so lve the  

rq u a tio n s

where n 9 m a re  non-zero in te g e r s .  In  p a r tic u la r*  we may 

choose In te g e rs  k and t  such th a t  k 2 1(h)* t  £  S(b) and

i s  a q u a s i-b a s is  fo r  A* then  each

element a£  A can be expressed as

* ibA, ♦ V au* * * '  ♦ M * .  + a 10^ . '  + • • • ♦ 
e the  k^ and th e  a^ a re  in te g e rs  w ith  the  a^ n o t

f *i. j
d iv is ib le  by p . Moreover* th e  term s k jb Ai and a ^ O a r e

n( x + B) s g ♦ B 

m(y + 0)  s  h + 0
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p*X + b a g  

p V  + C s h

f o r  c e r ta in  elam ents b and c in  B and 0 re s p e c tiv e ly . Than 

gsh = (pk  + b)®h = ' (p^xdh ♦ (bSh) 

a  x®(pkh) + b« (p V  ♦ o)

= bOfpV) + (Mte) = (pH )® / + b®c = b®c.

This shoirs th a t  G6H £ B®0 and proves th a  fo llow ing .

£t!B& £*1» (Fuchs [4 ] ) .  I f  B, 0 a re  baslo  subgroups o f the

p-groups a ,  E re s p e c tiv e ly , then  G®H — B®0.

As a  sp e c ia l oasa o f th i s  lemma, BSB =  Atit whan B I s  

a  b aslo  subgroup o f A. Than s in ce  Mult (A) =  Hom(A®A,A),

M u lt(A )*  Hom(B«!B,A).

Theorem g.%. (Fuchs [*5] ) .  Let A be a p -group, B a baslo  

subgroup o f A and 4& M ult(A). Than f o r  any x , y e  A th e re  

a re  elem ents b , c e B sueh th a t  xij = b*c. Moreover, any 

mapping o f BC8 In to  A may be extended to  a m u ltip l ic a t io n  

on A.

P ro o f. Let ed£Mult(A) and x , y 6A. Then th e re  I s  a 

homomorphism 1\ o f Aftl In to  A sueh th a t  x*y = (xsy )»j. But 

by the  p roof o f Lemma 2.1 th e re  a re  elem ents b , c In  B suoh 

th a t  xfiy s bOc. Henoe ztfy = (xfly)n = (b®o)>t = b*e. This 

proves th e  f i r s t  p a r t  o f th e  theorem. I f  a  mapping o f BOB 

In to  A le  g iven , we may use th e  isomorphism Ai®A =  BOB to  

d e fin e  may = b*c I f  zsy corresponds to  bmc f o r  x , y e  A.
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ISflML &•£• Let A be a  p-group and l e t  B be a baele  aub

group o f A. I f  Mult (A) and <  l a  aaao e la tlT e  on B, then  

cL l a  aaao e la tlT e  on a l l  o f A#

P ro o f. Xhe p roo f o f th la  l a  a l n l l a r  to  th e  p roof o f

L e n a  2*1* Here, I f  a ,  b , e a re  elem enta o f A, ire nay

ohooae k aa the  maxlmun o f th e  ln te g e ra  B (a ), B (b ), S (e) 

and f in d  e len en ta  d , e , f  € B auch th a t

p*x + d s  a

p*y + a = b

pka + f  = c

where x , y , z are  c e r ta in  elem enta o f A. I t  then  follow a 

th a t

(a«b)*c s  d*e*& s  a*(b<*c).

Hot I f  A l a  a p-group and B s  18 a b aa lc  aub-
c

group o f A, ire nay determ ine th e  m u l t ip l i c a t io n  on A by 

determ ining th e  valuea e^oce^. Bote th a t  the  valuea e ^ e j  

may n o t be In  B. Ohooae a q u aa l-b aa la  {{e^t, f o r

A and auppoae th e  Taluea e^oce^ a re  g iven  aa fo llow a:

(9) e±ct9S = Zh}*** *
where , t ^ g ,  f j ^  ln te g e ra  and p 'f f i jy .

Ju e t aa In  th e  prev loua eaae the  ln te g e ra  t j j t  must 

a a t la fy  th e  co n d itio n  (2 ) . WC a lso  muat re q u ire

(10) i. *(*1) and B (0 ^ f /) ) < B(ea ) .
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C ondition (10) r e s u l t s  f ro a  the  f a e t  th a t  ( e j* e j)  * 0

aad henoe p ^ ^ i J f i j f o j f j ^  » 0 ao th a t  p

But a in c . p f f j . f ,  p*?® /i5r"^jp*^*i). The o tlia r p a r t  o f  (10) 

l a  ob ta iaad  s im ila r ly .

Ia  o rdar to  o b ta in  th e  o o ad itio ae  fo r  a a e o o ia tlT ity  

we eoapute ( e ^ e ^  )<*«k :

( e ^ e j ) ^  = ( X t i jB ee + Z !f i J r 0j£ * ^ * ek
s +

= Z ^ J ••»*•*: ♦ Z * l Jr O ^ )- k
S

= ^ l j e ^ ^ e k m 6* + ^Lf skw0jL T ^  + ^*ek* ^

By Theorem 2 .3  ire may choose br  = £ r i r ^®r€B f o r  each r
T

such th a t

(*) °{ ? jr^ e k 8 br *ek * ( Z v ^ e *  )«tek.

Using th e  r e l a t io a  g iven by (*) l a  (1)

(e]«£ej)*ek = 2 - ( Z 't i j s t ekn)#a  ♦ X ^ X ^ iJe^ ek ir)0^ ? ^
m d W e

3 Z tZ ^ iia ^ a lc m i6*  ♦ Z t Z 'l j a ^ o l w ^ / S r ^
H i 5 •  w  S "

*  Z f i ar ( Z 4 r ) [ Z t T k t « ,  ♦ £ * M Wfl{ST,J  )

= Z ( Z t i aB*.iai)»B + Z £ - ' t i a

+ J [ Z ( Z v 4 r ) t tkBf 1 J r )]ea  + Z f Z Z ^ ^ l J r ^ n c - r ) ]  °& T )
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and f in a l ly

(a ,* * ; )<t*k = Z j £ t l J s t , t a  ♦ •»

In  l ik e  nannar we f in d

where

(**) • i* ° £ V ') =

By using  Laama 2 .2  thaaa oond itiona can a lso  be ahonn to  

be a u f f io ia n t  so th a t  ira conclude th a t  a necessary  and 

s u f f ic ie n t  oond ition  fo r  *  to  be a s so c ia tiv e  i s  th a t  tha 

fo llow ing  h o ld :

| > 1 1 bW ♦ 3

♦ jk rh tm *  «od(pB(*»>)

<>2> Z t i 48f stor ♦ B Z V ^ i j r W  ■

Z*3k«f i»w + Z ( Z ^ r ) f 3krf i r w) ■od(pB(0& "') ) ) . 

Theorem £ .£ • A be a p-group and l e t  B = J f f e ^  Be a
t

b as ic  subgroup o f A. I f  {fejj * i s  a q u a s i-b a s is

f o r  A and * i s  a b inary  eo ap o sltio n  on A given by (9)» than

(a) A(+,«) i s  a r in g  i f  and only i f  (2) and (10) ho ld ;

(b) A(+,«-) i s  an a s so c ia tiv e  r in g  i f  and only i f
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(2 ) , (1 0 ), (11) and (12) h o ld .

I t  I s  a lso  p o ss ib le  to  o b ta in  necessary  and s u f f ic ie n t  

co n d itio n s  f o r  ▲(+»*) to  be a Lie r in g .



CHIP HR I I I  

ASSOOIAflTO-OLOSlD GROUPS

1. In tro d u c tio n . Let P bo a r in g  p ro p erty  and d efin e  

P(A) s  |«UMult(A)» A(4»<0 has p ro p erty  P j .

In  [ 5] Puehe aaks fo r  a  o h a ra o te r is a tio n  o f thoao groupa A 

sueh th a t  P(A) i a  a aubgroup o f H olt (A). In  th la  ehap to r 

vo a o lra  th la  problem fo r  groupa w ith  a b aa la  o r q u a s l-  

b aa la  vhen P l a  the  aaaoolatlTO p ro p erty  eAm I f  P(A) la  

a  aubgroup o f Mult (A), we a h a ll  a ay th a t  A la  P -o loeed .

leHlA i . l .  I f  e ^ ( A ) ,  then  *GfS«*4.(A) I f  and only I f  

f o r  a l l  x , y , s  £ A

(x*y)pa 4 (x(3y)ot* = x*(y/Js) 4 x/3(y*a).

P ro o f. Suppoae cC9pecA(k) f o r  <*-* (5<?c/t(A). Then fo r  a l l

x. y , i^ A
[x(<X9p)j](«9p)z = x(rf#p)[y(*Gp)^.

Using th e  d e f in i t io n  o f oLtp wo o b ta in

(x#y 4 xpjUz 4 (x*y 4 xpyfyJi = x*(y«s 4 jpt) 4 Xf*(y<** 4 yf*a). 

Since both  * and p a re  d is t r ib u t iv e  over 4, th e  above aqua

t io n  become■

(xrfy)rf* 4 (xacy)pi + (x(3y)«ca 4 (xfiytya =

xtf(y**) 4 x^(y(ia) 4 xp(y*a) 4 x(J(y(J*). 

low since  3 e «^(A), th la  l a a t  Id e n ti ty  la  eq u iv a len t to  

th e  id e n t i ty  o f  our leuma. This id e n t i ty  la  a lso  c le a r ly

22
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a u f f lo le n t  to  enaure th a t  ^ 1 ^ ( 1 ) .

n .f in i t l« m . i f  « id  f , , f velB 4{A ), th a  mapping

o f A*A in to  k l a  dafined  by

x(f,**)y a (Xff)ot(jfj

f o r  a l l  x , je 1 .

I f  rf£M alt(A ), me A wo have tha  r ig h t  and l o f t  m u lti-  

p l ic a t io n  ondoaorphlano h£ and I*  dotornlnod by a and *> •

Vo w rlto  *a f o r  fi5*Ip I  tho id e n t i ty  ondonorphian on k,

Haro wo hare fo r  z ,  y € k

x*ay s  x*a«y 

when ei l a  a a a o o ia tiv e .

jgflflft. £•&• l o t  oc9pct4(k) and la d  (A). Than

(a) f f«tf^M olt(A)s

(b) tA(k) f o r  oaoh a t  A;

(o) l*a !a £ A f  l a  a  aubgroup o f Malt (A) o f aaaoe la tlT o  

m u ltip l ic a t io n !  and i a  a hononorphlo imago o f A;

(d) i f  tho r in g  A(+,*) containo no olonont 0 ^ 0  aueh th a t  

x*e*y = o fo r  a l l  x , y e  A, than  {<*af i a  laonorphio to  A. 

P ro o f, (a) f o r  x , y , zek

(x ♦ y)(?,*fO* * fix + y )?,]*(*£>
= [(xf,) ♦ (yf,)]^(ifi)
■ (xf)oc(z^) + (yf,)cC(afJ*

Tho o th o r d la tr ib u tlT o  law la  a ln i l a r ly  obtained ao th a t  

f/* M M alt(A ).

(b) Vo hare  by d e f in i t io n  of
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( i y ) c t a« s  (x*cmdj)dacL% s  x«atc(y4a*s) 

a  x*a*(y<*a *) = x*a (y*a s ) .

(o) Let <*a> *b €fc*mf .  Then

x ^ n #fl£b ) y  = ♦  ^ b *
s  x«a*y + ntbflcy

s  x*(a + b)*y s  x ^ a+b)y.

Hence l*mJ l a  a aubgroup o f aaaoe la tlT e  M u ltip lic a tio n s  and

th e  napping a  le  a  homomorphism o f 1 onto ' V -

(d) We show th a t  the  homomorphism a —**a la  1-1 under the

given h y p o th esis . Suppose «a = ot^. Then fo r  a l l  x , y

xo^y = x o ^

and xWaey = x*b*y.

Thla Im plies th a t  x*(a -  b)rfy = 0 and I t  fo llow s th a t  a = b .

2. Groups w ith  £  b a s is , Assume th e  group A has a b a s is  and 

l a  g iven  aa

a *  Z h . fitA *

a d i r e c t  sum o f th e  c y c lic  groups [ e j . 4  m u ltip l ic a t io n
i

l a  com pletely determ ined here I f  we know th e  produots e ^ e j*  

D e f in it io n . I f  th e  group A s  JQ e .f , a b inary  com position <*> 

la  c a l le d  an orthogonal m u ltip lic a tio n  on A I f  I t  l a  defined  

aa fo llow a:

• l ^ j  = ^ l j ^ l el  
fo r  a l l  1 , Je/V and <fjj l a  the  KToneoker d e l ta ,  l a  an

In te g e r .
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L«mma i f  01 i s  the  Bet o f a l l  o rthogonal a u l t lp l lo a -

t lo n a  on a  group i ,  than  Ol£tA(k) and 01 l a  a  aubgroup o f 

K u lt (A).

P ro o f, That #  ^e/(A) la  o la a r  from th a  d a f ln l t lo n  o f a lan an ta  

In  01. To p ro ra  th a t  ^ l a  a group, l a t  Than

a ^ d / O a j  s  aA« a j + e ^ e j

® + ^13*1*1

= ^1 3 ^ 1  ♦ ^ ^ l

and **>%/J e CL. Also

^13 ( - * i ) « i  = = e ^ M e ^
ao th a t  QtoeCi.

i f  f> i s  th a  o rthogonal a u l t lp l lo a t lo n  ouch th a t

•l/*e3 * ^13*1 
f o r  a l l  1 , 3 € / l ,  than  A — {<*»(»

P ro o f, I f  A i a  f i n i t e l y ,  than  A(+,s») hae th a  u n i t  a = JTe^ 

and tha  laonorph lan  A -  fo llow a a t  onoa from Lemaa 2*2 

p a r t  (d ) . I t  l a  n o t neoeaaary to  aaauna th la  f ln l ta n a a a ,  

howavar. Lat f : A p% ba defined  aa above: f ( a )  =

L at a ,  b e  A and a * £ * i* i>  * = £ k i* i»  Suppose th a t  

/»a s fo. Than fo r  aaoh a^

*lfwH * •i/*b*i

W 8i  s  V bf ei*
By the d e f in i t io n  o f fi th la  reduoaa to  k je A = k jo i  fo r  aaoh 1. 

Hanca a  s b and f  l a  1-1.
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I t  fo llow s from lemma 2*3 th a t  I f  1 i s  a c y c lic  group, 

*<(▲) i s  a  subgroup of M ult(1 ) , Tor In  th i s  ease *4(1) i»  

tho same as  Mult (1 ) . When the  group 1 has more than  one 

g en e ra to r we have the following*

Theorem ^1*  I * t  1 = Zts*{ be a to rs io n  group o f rank
«6A A k

r  > 1 and l e t  n^ be the o rd er o f e^* Then tA(k) i s  a sub

group o f Mult (A) I f  and only I f  (n^v ) = 1 f o r  every 1, J 

fo r  whloh 1 4 d*

P roo f. Suppose the  co n d itio n  (n1# n ^ ) = 1 ho lds and at 
l a  In  M u lt(l) and i s  g iven by

6i* eJ = | > i j k V

There e x is t  In te g e rs  t ,  s  such th a t  1 = tn t  + sn^ and 

e ^ e  j  = 1 • (ej.«*ej)

= ( tn i  + e n ^ M e ^ e ^ )

. S ( tn 1 )* (ei ^ e j )  + ( e n j) . ( e ^ o j )  

x ( tn ^ e ^ ^ e j  + e ]* ( s n je j j  

= 0*e^ + e^ O  = 0 + 0 = 0 .

This shows Immediately th a t  any r in g  on A I s  th e  r in g  d ir e c t  

sum of r in g s  on the  c y c lic  summands o f A. Since th e  In te g e rs  

t i j £  must s a t i s f y  the Beaumont co n d itio n  (1)

t i 4v =  0 mod—-2 L _ _
X1* (nl r  nk )

o r

t ^ ^  s  0 mod(njc)
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when 1 k , rf I s  an orthogonal m u ltip l ic a t io n . fienet 

Mult(A) £ fl. But s ines 'w e always have 61 £ c/t(k) £  Mult (A), 

f o r  any group A, ws ooneluda

01 = *4(A) = Mult (A).

Conversely, assume th a t  f o r  soae i  ^  J ,  we have 

(n^t n j )  = d > 1, How d efin e  = n^/d  and thus a 

a u l t lp l lo a t lo n  < by

* ! « • !  s  *113*4

ek*em = 0 I f  k ^  1 o r  n  /  1 .

This a u l t lp l lo a t lo n  <* s a t i s f i e s  th e  Beaumont co n d itio n  (1) 

since  tjggp = 0 f o r  k / l o n ^ i o r r ^ j  and

ta 4 * = n 1/d  = 0 mod.- -
113 3 ( n ^ T n j l

by d e f in i t io n  o f t j j j .  This l a  a lso  c le a r ly  a s s o c ia t iv e .

How we haved£,j0€ *4(A) where pt61 sueh th a t

*1^*3 * *1J*1#
I f  <^(A) I s  a group, we may apply Lemma 2.1 fo r  e^ , Sj £A: 

(e ip e i)o te j + (e i srat ) ^ s j  a  • i |0(« i* « 3 ) +

By d e f in i t io n  o f at and p t h i s  g ives

•i**3 + (*113*3tyaJ = el^ °  + ' el* °  = 0 .
Henoe

=  °*.

But th i s  o o n tra d io ts  th e  o rder o f  e^ s ince  by d e f in i t io n  o f 

t n j  we have 0 < t ^ j  < n^. This com pletes the  p ro o f. 

C o ro lla ry , I f  A I s  a  to rs io n  a s so c ia tiv e -c lo se d  group w ith
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a b a s is ,  then  any r in g  A(+,tf) l a  both coam utative and asso 

c ia t iv e .

Theorem £ .£ .  I f  A i s  a group w ith  a  b aa ie  and i e  n o t a 

to re io n  group, then  A i s  a s so c ia tiv e -c lo se d  i f  and only It 
A i s  the  i n f i n i t e  c y c lic  group*

P roo f, I f  A i s  th e  i n f i n i t e  c y c lic  group generated  by e , 

then  f o r  any choice o f in te g e r  t

e*e = te

d e fin e s  a m u ltip l ic a t io n  in  *4 (A)  and th e se  are  th e  only 

p o s s i b i l i t i e s .  Henoe *4(A) i s  a group.

How suppose th a t  A i s  a to r s io n - f r e e  group o f rank 

r  > 1 and ohoose any two g en e ra to rs  e 1v eg o f A. Define 

m u ltip lic a tio n s  d , fi as  fo llo irs

o^dfSj — eg

e j t e j  s  0 i f  i  /  1 o r  j  /  1 

®2?*2 = ®1
e j f e j  3 0 i f  i  i 2 o r  J 4 2 .

I t  i s  c le a r  th a t  of ,^«* l(A ). I f  »l(A) i s  a group, then  

dtp6t4(A). By Lemma 1 .1 , i f  (*§pe»4(A), then

(e^e<| )p*2 + (®i/j ®i^®2 s  •j* (« i/J«2) + ®1/s(® 1 ^ 2 ^  
th a t  i s

Sgpeg + O^eg s  e^*0 + e^O  s  0 .

This im p lies  Sgieg = 0 which i s  a c o n tra d ic tio n .

I f  A i s  a  mixed group w ith  a b a s is ,  th e  to r s io n - f re e
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p a r t  o f A, say T, oaxmot bo o f rank g ro a ta r  than  1 i f  A l a  

to  bo an assoelatlY O -eloaed  group; f o r  i f  tho rank r  > 1,

A { T )  l a  n o t a  group and thoro  e x i s t  elem ents <*,(* € A ( t )  

ouch th a t  lo v  ainoo I  l a  a  d lro o t summand o f A,

vo nay apply Theorem 1 .3  and have cd*t fl*€c4{k) and

64(A). Ihuo vo aaauno th a t  A has o zae tly  

ono g en e ra to r o f  I n f in i t e  o rd e r . By tho same reason ing , 

tho to ra lo n  p a r t  o f A a u a t a a t ia fy  tho oond ltlona o f 

Theorem 3 .1 . l o t  a bo tho g en e ra to r o f i n f i n i t e  o rd er and 

d e fin e  a n l t ip l lo a t lo n a  ct9 fl aa fo llo v a :

ade^ s e ^ a  = ejrfOj = 0 and arfa = a fo r  a l l  i ( J

a/9e£ = o ^ a  r  o^ and a/0a s  a , o /̂So  ̂ = ^ i j 0i  f o r  a11 5*

I f  A la  to  bo a s s o c ia tiv e -c lo se d , the  id e n t i ty  o f Lonna 1.1 

a u a t bo a a t la f lo d .  In p a r t i c u la r  tho fo llo v in g  a u a t h o ld : 

(ojOfaJ/Sa + (e^ajrta = e^ fa ^ a ) + e^Ca^a).

But by tho  d e f in i t io n  o f thoao n u l t lp l lo a t lo n a  th ie  im p lies 

th a t  o ^ = 0  and th ie  ia  a c o n tra d ic tio n .

3 . 2 a u  £g£ « o m » . . l t h o n t  & In  g«n«r«l t b .

problem vo a re  oonaldering  la  more d i f f i c u l t  f o r  groupa v i th -

o u t a b a a ie . Some ap o o iflc  c a se s , hovever, oan bo handled . 

The fo llo v in g  theorems co n ta in  r e s u l t s  fo r  those  ap o c lflo  

oases.

Theorem I f  A la  a to r s io n - f r e e  group o f rank 1, then

A i s  an a s so c ia tiv e -c lo se d  group.
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P ro o f. Any two elem ents o f A a re  dap and a n t a lnca A has 

rank  1 and by a  theorem o f  S* Baar A la  lso ao rp h le  to  a 

subgroup o f  the  ra tio n a le *  Hence va nay ehooaa a f ix e d  

non-sero  a la n a n t a € A  and v r l t e  evexy a la a a n t b«A  a i  

b s  r a  f o r  aoaa r a t io n a l  r .  Than any m u ltip l ic a t io n  la  

commutative alnoa xy = ( r a ) ( a a )  = ( re ) (a a )  = yx* Proa th i s  

I t  fo llow s th a t  any a u l t lp l l e a t lo n  on A la  aaaoo la tlT a  

alnoa a (a a ) x (aa)a* Hanoa A l a  a sso e ia tlv e -o lo sed *

Theorem 3 .4 . I f  A l a  a to r s io n - f r e e  d iv is ib le  group, than  

A la  a sa o c la tiv e -e lo se d  I f  and only I f  th a  rank o f A la  1* 

P roof. She co n d itio n  la  s u f f ic ie n t  by Zhaoraa 3 .3 . So 

p ro r t  t h a t  I t  l a  n ecessa ry , l a t  r  ba tha  rank  o f A and 

aaauaa th a t  r  * 1. In  th i s  e a se , alnoa A la  to r s io n - f r e e  

and d iv i s ib le ,  A I s  a v e c to r  apace over the  r a t io n a le  and 

any a u l t lp l l e a t lo n  on A g ive a ua a l in e a r  a lg eb ra  over tha  

ra tio n a le *  A M u ltip lic a tio n  la  than  com pletely determined 

by p roducts  o f th a  b a s is  elem ents. Lat ( e ^ ) ^ *  ba a b a s is

and alnoa r  > 1 va nay ehooaa elem ents a , ,  e2 * (e ^ )  and de

f in e  M u ltip lic a tio n s  as  fo llo w s :

•1*«1 = «2
Sjocej = 0 i f  1 4 1 o r j 4 1

• 2 ^ 2  = *1
e ^ e ^  s  0 i f  1 4 2 o r  j  4 2 .

As in  tha  p roo f o f Zhaoraa 3*2, e and W(A) can
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n o t be a group alnoa Lenna 1.1 la  v io la ted *

I t  l a  In ta ra a tln g  to  no ta  th a t  whan th a  group A la  

to re lo n - f re e  and o f  rank than  every n o n - t r l r l a l  n u l t l -  

p l lo a t lo n  <x on A endova A v l th  th a  a tru o tu ra  o f  an In te g ra l  

domain* For auppoaa th a t  th a ra  a r t  a lan an ta  a ,  b € A and

rf€)ftilt(A ) auoh th a t  a*b 4 0* Then I f  x , y €  A a re  n o t ae ro ,

th a ra  a ra  r a t io n a le  r ,  a auoh th a t  x * r a ,  y = ab ao th a t

x*y a (ra)oc(ab) 

a re (a* b ) 4 0
alnoa A la  to ra lo n - f re e .  Nov A(+,*) i*  a a ao o la tlv e  by tha 

p ro o f o f Theorem 3*4 and commutative aa v a il*  Eddal and 

Scala In  [9] have d a tam ln ad  neceaeary and a u f f lo la n t  oon- 

d lt lo n a  f o r  a to ra lo n - f ra a  group A o f  rank 1 to  have a non

t r i v i a l  m u ltip lic a tio n  (alao  see Fuoha [5])•

Theorem £,2,* Lat A ba a d lv la lb la  group* Than A la  

aaao o la tlv e -o lo aad  I f  and only I f

A a  R ♦ JT(?(pj00)

vhara aaoh p j l a  p rln a  and R l a  leonorph le to  th a  ra tio n a le *  

P roof, Slnoa A la  d lv la lb la ,  A a  £ r + Rut by

Thaoran 3*4 and Thaoran 1*3 «l(A) v l l l  n o t ba a group un- 

la a a  2TR eon ta lna  only ona aunnand* Tha co n d itio n  l a  th e re 

fo re  naoaaaary* To prove tha  oonvaraa va ehov th a t  every 

n u l t lp l io a t lo n  on



A = R +
( .

i s  a s s o c ia t iv e . But by C oro llary  2 o f Theoren 1*4 any 

M u ltip lic a tio n  on i  l i  a  d i r e c t  sum o f M u ltlp lio a tlo a o  on 

K sad Then Thaoran 3*4 and C oro llary  1 o f

Theorem 1.4  la p ly  th a t  STtry M u ltip lic a tio n  on 1 i s  asso

c ia t iv e .

C o ro lla ry . 1 s t  A bs a  group suoh th a t  A z B + 0 where B i s

a  d iv is ib le  group and 0 i s  any group. Than tA{k) i s  n o t a

group i f  th e  to r s io n - f re e  rank o f B i s  g re a te r  than 1.

P ro o f. I f  th e  to r s io n - f re e  rank o f  B i s  g re a te r  than  1, B 

i s  n o t a s so c ia tiv e -c lo se d  by the  theoren  and hence A i s  n o t 

by Theoren 1.3*

In  Chapter I I  a l l  r in g s  on to r s io n  groups v ers  d aso ribad . 

We now seek a de term ination  o f necessary  and s u f f io ie n t  con

d it io n s  f o r  a  to r s io n  group A to  be a s so c ia tiv e -c lo se d . As 

b e fo re , i t  i s  s u f f ic ie n t  to  co n sid er th e  p-coaponents o f A.

Let Ap be a p-conponent o f A and l e t  B = 2T(*if * b asic

subgroup o f Ap. Wow suppose th a t  th e  rank r  o f B i s  g re a te r

than  1 and w rite  B z Bt ♦ B2 where B1 = {e^ + {e2 |  i s  a 

d i r e o t  suanand o f B and i s  pure in  B. Therefore Bj i s  pure 

in  Ap and being f i n i t e  i s  a  d i r e c t  sunaand o f Apt

Ap s  Bj + Ap.

Any m u ltip lic a tio n  on Bj can be extended in  the  t r i v i a l  way 

to  a  M u ltip lic a tio n  on a l l  o f Ap by Theorem 1 .3 . But by
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Theorem 3.1 (4(3j )  i s  n o t a  group s in ce  ( n j ,  n2 ) ^  1, both 

{ • |I  and {e2i being p-groups* Henoe «<(Ap) i e  n o t a  group* 

th e re fo re  i f  »4(Ap) i s  a  group, r  = 1. th i s  re q u ire s  the  

b asio  subgroup B, pure in  i p ,  to  be f i n i t e  and slnoe f i n i t e  

pure subgroups a re  d i r e o t  suaaends

Ap s B + D
where B i s  d iv i s ib le .  3 i s  d iv is ib le  since  ip /B  -  Z^?(p*0. 

With Ap being th e  d ire o t  sum o f a  to r s io n  group and a 

d iv is ib le  group the  p roof o f theorem 3*5 shows th a t  th e  only 

M u ltip lic a tio n s  on Ap a re  th e  t r i v i a l  ex tensions o f m u lti

p l ic a t io n s  on B and a l l  o f th ese  a re  a sso c ia tiv e*  This 

proves the  fo llow ing  re su lt*

theorem £*£* Let A be a to rs io n  group* then  «*(A) i s  a 

group i f  and only i f  A has the  fo llow ing  form:

A * Z t f tp f 1 ) + JD>t
t 1 *

where the  prim es p* a re  sueh th a t  p^ 4 Pj i f  1 if J and fo r  

each t

nt  =  r<?(p*o-

In  [5] Fuchs has determ ined the  a d d itiv e  s tru c tu re  o f 

a s s o c ia t iv e , commutative r in g s  w ith  descending chain  con

d i t io n  on l e f t  id e a ls ;  the  de term ination  o f the  a d d itiv e  

s tru c tu re  o f sem i-sim ple r in g s  i s  a lso  obtained  in  (5j * Ve 

s ta te  these  r e s u l t s  in  the  theorem below*
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Theorem (*uehs f5] )• Let A be a  group. Then

(a) I t  l a  p o s s i b l e  t o  d e f i n e  a o o n u u t a t lT e  an d  a e e o o l a t l T e

r i n g  on  A h a v in g  d e s c e n d in g  c h a in  c o n d i t i o n  o n  l e f t  

I d e a l s  i f  an d  o n ly  i f

a s  r«Pf-> + Zi?(pji)£ i'el VI .

where 1 and >t a re  a r b i t r a r y  o a rd ln a ls  and n l e  a fix ed  

in te g e r  such th a t  p*3jm» n  i s  f i n i t e .

(b) I t  i s  p o ss ib le  to  d e fin e  an a s so c ia tiv e  s e n i- s is p le

r in g  on A i f  and only i f

A s  I E +  Z tf(P i>  + • • • + £ i? (p » )
i  %  »fx

where p 1v • • . , p8 a re  d i f f e r e n t  prim es and 1 ,

%• • • • »^vare  a r b i t r a r y  c a rd in a ls .

Theorem £ .£ .  Let A(+,«) be an a s s o c ia t iv e, commutative 

r in g  w ith  descending chain  co n d itio n  on l e f t  id e a ls .  Then

A i s  an a s so c ia tiv e -c lo se d  group i f  and only i f  A has the

fo llow ing  a d d itiv e  s tru c tu re s

A = R + Z & P i00) +

where the  p^ and q j are  prim es and the  q j a re  d i s t i n c t ;  

P ro o f, By Theorem 3*7 we know th a t  A a  B * 0 + L where 

B, 0 , D a re  the  re sp e c tiv e  components o f A g iven by th a t  

theorem. By our p rev ious r e s u l t s  B can co n ta in  only one 

copy o f th e  r a t io n a le  and D must s a t i s f y  the  co n d itio n s  of
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Theorem 3.1 • This shove th a t  our co n d itio n s  are  n ecessa ry . 

How assume the  co n d itio n s  a re  s a t i s f i e d .  Since B ♦ 0 I s  

d iv i s ib le ,  D i s  to r s io n , any r in g  on (B + 0) + D i s  a  r in g  

d i r e c t  sum o f r in g s  on th e  two components. But as  we have 

seen b e fo re , A{B + C) = Mult(B + C) and «l(D) = Hiult(D). I t  

then fo llow s th a t  A(k) = Mult (A) and th i s  com pletes the  

p ro o f.

We may use Theorem 3*7 and an argument e n t i r e ly  s im ila r  

to  th a t  used In  proving Theorem 3 .8  to  o b ta in  the  fo llo w in g . 

Theorem Let A( + , a t) be a r in g  which I s  sem l-slm ple.

Then A i s  an a s so c ia tiv e -c lo se d  group I f  and only i f  A has 

a d d itiv e  s tru c tu re  as fo llo w s:

A s  R + <?(pt) + <?(p2 ) + . • * + <?(pt ) 

f o r  d i s t i n c t  primes p j ,  p2 » • • • * P f

A F f W lM  commutative m l  £2i&-
c la t lv e -c lo s u re . 7or a group A assume th a t  I t s  endomorphism 

r in g  End (A) I s  commutative. Then fo r  any *€M ult(A ), a € A , 

b € A , th e  endomorphlsms l£, r£ , a re  commutative. I f  c * A, 

a*(o*b) = **(oHg) = ( e E t ) l l  = e(S b l£ ) = e(I&Hg) = (c l£ ) l£

= (a«o)*b.

Hence i f  End(A) i s  commutative, every m u ltip l ic a t io n  on A i s  

a s s o c ia t iv e . As a  consequence we see th a t  com m utativity o f 

End (A) im p lies  a s so o la tlv e -c lo su re  o f A. The determ ination
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o f thoso I t a l i a n  groups which have commutative endomorphism 

r in g  i a  n o t y e t  com plete. This quaation  h a s , however, baan 

raaolwad by Saala tand Saandrei in  Cl 3] fo r  to rs io n  groups, 

Ths r a a u l t  i s  th a t  a to r s io n  group 1 has commutative endo

morphism rin g  i f  and only i f

A = + <?(p|2 ) + . .  .  + <?(p£ 0  + • • •

where th a  p^ a re  d i f f a r a n t  prim es and 0 * T h is,

when compared w ith  Theorem 3*6, shows a t  ones th a t  a sso 

c ia t iv e  -c lo su re  does n o t imply commutative andomorphlsms. 

For example,

&{ 2 ) + e(zn)

i s  a s s o c ia t lv e -c lo 8ad by Theorem 3*6 bu t does n o t have 

commutative endomorphism r in g  by the  S zele-Szendrei r e s u l t .
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In  o rd er to  study th e  s e t  «/f(A) o f  Lie a u l t ip l i c a t io n s  

we need a  oo n d itio n  fo r  e lo au re  w ith  re s p e c t  to  •  j u s t  as  

we d id  f o r  tA(k)* Shis i s  th e  co n ten t o f  th e  fo llow ing  

le a n s . For convenience o f  n o ta tio n  we in troduce  the  

Jacoblan  J -  ft 

J y ,  z) 9  (x*j)/iz  4 (xpy)*z + (y*z)/)x + (y/tz)*x
+ (zax)fiy 4  {*px)*j.

&BB& &"!• I f  *,/**</f(A)t then  <*W{3€«4(A) i f  and only i f

**,,><*• y> *) = 0
f o r  a l l  x f y , z e A.

P ro o f, Por a l l  x , y t z 6 A and tAA) we hare

[x (*• (5)y] (•*•(>)z s  (x*y)*z + (x*y)/3z + (x/8y)*z 4 (x/iytylz,

Or(**p)z](*tfi)x * (y*z)*x 4 (yttz)px + (y/Jz)rfx + (yfz)px9

[z (<*•/» )x] (rf#fj)y = (zrfx)ay + (z*x)/Jy ♦ (z/«x)#fy + (zfx)pj.

Since A)

(x*y)«z 4 (y«z)*x 4 (z«x)*y = 0 

and {xfiy)/iz 4 (y p z ^ x  4 (zytfx)/Jy = 0.

C lea rly  th e n , from the  d e f in i t io n  o f th e  sy n n e tr lc  Jacob ian , 

our o o n d itio n  i s  both  n ecessary  and s u ff lo le n t*

When th e  group A has a  b a s is ,  we say th a t  oL i s  a s e a l-  

L ie a u l t lp l l e a t lo n  i f  e^ge^ s  0 and e jtfe j s  - ( e ^ e ^ )  fo r  a l l  

1 * j  •



5 38

idOUUL &•£• ®** n t  «4(i) o f sem i-Ida m u ltip l ic a t io n s  1b a

group w ith  ra a p a c t to  • •
i

P ro o f. th i s  fo llow s from tho d e f in itio n *

I f  A 1b a group w ith  a  b a s is  having r  S 2 ,  

than *t(A) = *£(A).

P roo f* I f  r  s  1, th a  r a s u l t  fo llow s Immediately slnoa both  

#^(A) and *4(A) co n ta in  only tha  t r i v i a l  m u ltip lic a tio n *  How 

supposa th a t  r  = 2* Slnoa I t  i s  obvious th a t  avary Lla 

m u ltip l ic a t io n  I s  a  aemi-Lie m u ltip l ic a t io n  wa only have to  

show that*7(A ) s A{A). In  o rd ar to  prove th a t  #f(A) £ tA{A) 

wa only hava to  show th a t  tha  Jaoobl id e n t i ty  holds s in e s  a 

se a l-L ie  m u ltip lic a tio n  <C I s  anti-com m utative by d e f in itio n *  

But I f  S |,  e2 are  tha  g en e ra to rs  o f A wa have, f o r  example, 

(e^eg)*© ! 4 (*2**1 )«fe1 4 ( a ^ e 1 )tfe2 

a  ( e ^ e g ) * ^  -  ( e 1̂ e2 )^e1 4 0*e2 a  0

and in  g en era l

(a1fl'aj)ofak 4 (tj«:ek )ote1 4 ( e ^ e ^ r f e j  a  0 

fo llow s in  a s im ila r  manner fo r  1 , J ,  k = 1 o r 2*

theorem I f  A a  I s  a to rs io n  group such th a t

th e  o rd ers  n^ s a t i s f y  tha  co n d itio n  th a t  f o r  a l l  pa irw ise  

d i s t i n c t  1 , J ,  k , (n^, n j ,  nk ) a  1, then  i4(A) a  ed(A)*

P ro o f* The case where th a  rank  r  o f A ^ 2 I s  proved by 

Lemma 4*3* As in  tha  p roof of'Lemma 4*3 we only hava to  

show th a t  tha  Jacobi id e n t i ty  i s  s a t i s f i e d  fo r  avary semi-
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Lie M u ltip lic a tio n  and fo r  t h i s  i t  i s  s u f f ic ie n t  to  show 

th a t  (e1^Sj)«tek + (•j4 * k )* * l + (•k ,rti )**3 = 0 f o r  pa irw ise  
d i s t i n c t  i ,  3 , k . But fo r  pa irw ise  d i s t i n c t  i ,  3 , k our 

h y p o th esis  i s  th a t  (n^» nj* nk ) = i .  Then th e re  a re  in*  

te g e rs  r ,  s* t  suoh th a t  ra^  + sn^ + tn k a  1 and henee 

( e ^ e j ) ^ e k a  1. ( e ^ e j  )*ek

= ( rn i  + sn j + tn k )« (ejrfej )rfek 

a  (rn i M e j« e j ) * e k + (sn j)* (e]« ‘e j)* » k + ( tn k M e i* e j ) * e k

a  ° .

Hence *f(A) = t4(A) and the  theo ren  i s  proved.

Theorem £»£. Let A = 2I(o±] he a to rs io n  group and l e t
t

O (ei) a  n^. Then *4(A) i s  a  group i f  and only i f  

(n^ , n j ,  nk ) = 1 f o r  a l l  p a irw ise  d i s t i n c t  i*  j* k .

P ro o f. That t h i s  co n d itio n  i s  s u f f ic ie n t  fo llow s from 

Theorem 4 .1 because *4(A) i s  a group fo r  a l l  A. To show 

th a t  th e  co n d itio n  i s  necessary  suppose th a t  f o r  some s e t  

o f p a irw ise  d i s t i n c t  1 , 3, k we have (n^, n^* nk ) > 1 .  We 

co n sid er the  subgroup

A' a  t f U i )  + (? (n j) + # (n k ) 

o f A. Since A' i s  a  d i r e c t  summand o f A, i t  w i l l  follow* 

a s  we have seen before* th a t  t/l(A) i s  n o t a group i f  e4{k%) 

i s  n o t. We now co n sid e r th e  re p re se n ta tio n  o f n^* n^* nk 

a s  p roducts o f prim es. Let
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“ l  a  p* ,p 28* • •*»"

n j = «T1«a8v  • « r r

Hj. = r * ' r | a . . .r * 1 .

Then (n*, n j ,  nk ) > 1 im p lie s  pn s  qA = r*. f o r  some in te g e rs  

i f , /* , <r ouch th a t  1 < ^  i  u , 1 < /«. s ▼, 1 4 w  < x . Now r e 

so lve A' in to  th a  d i r e c t  sum o f i t s  c y c lic  p-groups. A* 

than  hae a  subgroup B = ^(p®1 ) ♦ <^(p¥ 3) + (p(pXk) ,  whara 

p = p^ = q^ = r r , which i a  a d i r e c t  summand. Again by 

reason ing  as  befo re  »f(Af ) i s  n o t a group if* f(B )  i s  n o t. 

Consequently, *4(A) i s  n o t a group i f  *4(b) i s  n o t.  I t  i s  

th e re fo re  s u f f ic ie n t  to  show th a t  *£(B) i s  n o t a group when 

(n^, n j ,  nk ) > 1. Let th e  summands o f B be generated  by

e2 » *3 re s p e c tiv e ly  and assume, w ithou t lo s s  o f g en e ra l

i t y ,  th a t  s^ 6 Wj ^ Zfc. Define

d<r 3 IAI-~\ 81**) 11 * <r = t , 2 , 3 .(O le j) , 0 (e2 ) ,  0 (e5 )J pSi

Two m u ltip l ic a t io n s  <tt( a re  now defined  a s  fo llo w s:

a1*®2 = -egrfe, = d3e3

e^ej = -eyte, = d2e2
e2*e3 s  —e3«te2 = d^e^ 

ef «ef  = 0  f o r  f  as 1 ,  2 , 3

®1 0 ® 2  =  JP(®1  ) / ( 0 ( )» ° ( e 2 ) ) J e 1 s  e^ 

e ^ e f  = 0 fo r  f  s  1, 2 , 3 

efP eg = 0 fo r  f  = 3 o r g = 3.
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The *  t fi were defined  In  euoh a way th a t  th e  Beaumont con

d it io n s  fo r  d is t r ib u t iY l ty  a re  s a t i s f i e d .  4. sim ple ca lcu 

la t io n  a lso  shows th a t  td{B). By Lemma 4.1 *t(B)

i f  and only i f  J ^ 9̂ ( a ,  b , c) s  0 f o r  a l l  a ,  b , o c B . In  

p a rtic u la r0 4 (B ) i s  n o t a group u n le ss  J* ,p (* i»  *2» *3 ) 3 

But

#2» *3* * 4 (•tfi92^ 93 *
+ (e2 |fe3 )^e1 + (e -jo ^ ty eg  + (0-5/* e 1 )ore2 

= d3®3/*®3 + e i^ e3 4 d i e l f e i 4 0<̂ ei

+ d2e 2 /?e2 4 O^Sg

= 0  + dgSg + O + O + O + O 3 d 2e 2 »

dge2 = 0 i f  and only i f  p^Jjdg o r i f  and only  i f  pwj |  pwJ"81.

Prom th e  f a c t  th a t  s^ i  1 i t  fo llow s th a t  w « 1. »2 * *3 > 

i s  n o t sero  so th a t  *4(B) i s  n o t a group. This completes 

th e  p roof of Theorem 4 .2 .

Theorem £.2* I f  A 3 Z^ajJl i s  a to r s io n - f r e e  group, then
c

■/4(A) i s  a  group i f  and only i f  the  rank  o f A < 3 .

P ro o f. That the  co n d itio n  i s  s u f f ic ie n t  fo llow s from 

Lemma 4.3* To show th a t  th i s  oond ition  i s  n ecessa ry , assume 

th a t  th e  rank r  i  3. Then we may choose g en e ra to rs  e 1, e2 ,

e-j from th e  s e t  (e^) and define  two Lie a u l t ip l ie a t lo n s  <*,

ft as fo llo w s:

6 ^ 2  s  - e 2^e1 3 63 

e ^ e j  s  - 830(61 s  e2
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*2*®3 3 “®3*®2 = ®1 
= 0 f o r  a l l  1

= 0 f o r  1» J ^  1v 2 , 3

• l ^ # 2  =  =  a ,

ei / e j  = 0 f o r  d ^  1# 2
a^/Sa^ = 0 f o r  a l l  i .

I t  l a  a a a lly  v e r i f ie d  th a t  * * *4(A). Than applying

Lemma 4 . 1:

J *./j(®1» ®2* ®3^ = ^ i rf* 2 ^ * 3  + (®i^®2^®3 + (®2*®3)0®1

♦ (®2l*®3 )*®i + (03^0, )^a2 + (a3 /ya1)j'a2

= 03^63 + 0,403 ♦ a ,I  a , + 04e, + ( - e 2 )/ie2 + 0*e2

= 0 + a2 + 0 + 0 + 0 + 0 =  «g.

But alnoa e2 ^  0 th a  p ro o f l a  co u p le te .

Theorem Let A be a to ra lo n - f ra e  d iv is ib le  group o f

rank  r .  Then A la  a L ie -c lo sed  group I f  and only  I f  r  i  2 .

P ro o f. In  th la  case A l a  a  v e c to r  space over th a  r a t io n a le

and any a u l t lp l l e a t lo n  nay ba daaorlbad  In  term s o f  a  b a s is .

I f  (aj.) i s  a b a s is  f o r  A and r  i  2, wa nay show as  in  tha

p ro o f o f Lemma 4*3 th a t  A i s  L ie -c lo aed . I f  r  i  3# wa nay 

choose a , , a2 > *3 from th a  s e t  (a^) and Bhow, as In  th a  

p ro o f o f Xheorem 4 .3 , t h a t  A i s  n o t L le-c lo aed  and conse

q u en tly  th a t  th e  co n d itio n  I s  n ecessa ry . Q. E. D.

C o ro lla ry . I f  A l a  a  d iv is ib le  group o f to r s io n - f r e e  rank 

r 0> than  A i s  L ie -c lo sed  i f  and only i f  r 0 < 2.
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P ro o f. Sines 1 i s  d iw is ib le

1  *  +t j

where each i s  ioonorphic to  tho r a t io n a le  and tho p j 

a r t  p r ia a a . By tho p re sen t thooron r 0 < 2 i f  i a  to

bo a group. Honoo tho oond ition  io  necessary  fo r  *̂ {k) to  

bo a group. OonTorsely, tho co n d itio n  io  o u ff io io n t by tho 

proaont thooron and tho c o ro lla ry  o f Theoren 1 .4 .

Thooron £ .£ . Lot A s  I  + P be a nizod group w ith  a b a s is ,  

where I  i s  to rs io n  and P i s  f ro o . Than JL i s  a L ie-c lo sed  

group i f  and only i f  I  and P aro  a e a o c ia tire -c lo s e d .

P roof, A i s  n o t L ie-closod  i f  e i th e r  I  o r P i s  n o t L io- 

o losod. Honeo assuno th a t  T s a t i s f i e s  tho co n d itio n s  o f 

Thooron 4*2 and P s a t i s f i e s  the  co n d itio n s  o f Theoren 4.3*

Suppose P has rank 2: P = la f  ♦ IbJ • Then i f  I  = 2Tf®if»
£

wo d efin e  n u l t ip l io a t io n s  *,(i e Mult (A) as fo llo w s:

° i^ ej - O s  fo r  a11 J
e ^ a  = axoj = 0 fo r  a l l  j

a*a s  0 = b^b

Oj«eb = btfOj s  0 fo r  a l l  j

aflOo s  -b*a = b

a/90j s  - e ^ a  s  e^

b/9e1 s  - e ^ b  s  e 1

a/jb s  0 s  ty a

ajia. s  0 s  b/sb



s  0 s  f o r  a l l  1 , J

aj3«i = ejjsa = b/Je^ s e ^ b  = 0 i f  1 /  1,

1  few simple c a lc u la t io n s  show th a t  (1 ) . Using

th a  symmetric Jaoohlan  va have

b f « l)  = (ntfbtyej + (a /Jb k a1 + (bota^/ja + ( b / J a ^ a

+ (e^aJ /Jb  4 ( a ^ a ^ b

= bj5®1 + CWe1 + O^a + e ^ a  + (tyb + ( - e ^ b

= e 1 + 0 + 0 + 0 + 0 + 0 /  O*

Thus F oannot have rank 2 and I s  th e re fo re  a s s o c ia t iv e -  

c lo sed . I f  T has rank 1, *4(1) I s  a group and th e re  I s  

noth ing to  prove. Hence assume T has rank z  2 and l e t  e1,

e2 be tiro g en e ra to rs  o f I  suoh th a t  d = (n-j, n2 ) > 1. Define

* M ult(A):

aotoj = - e ^ a  = e  ̂

arfej, = e ^ a  = 0 fo r  1 ^ 1

a*a = e^ae^ = 0 fo r  a l l  1

= - e 2^e1 = (n1/ d ) . e 1 

ejocej s  e j* * i = 0 I f  i  /  1 o r 2 o r j ^  1 o r 2 

a/ffa = 0

e^/e^  = 0 fo r  a l l  1

V e2 = -  V *  = e2
a/ffe  ̂ = e ^ a  = 0 i f  i  /  2

= eySe^ = 0 fo r  a l l  1 , 3.

Again a£tpe tA(k) and
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®2f a * * (« i^ e2 ^ a + (e iPa2 ^ a + (®2*a ^*1  
+ (e2^ a )^ e 1 + (arfe1 )/Je2 + (a^a1 )<*e2

= (n1/d )* e 14 a  + Orfa + 0/*et + ( -e 2 y® i

+ e ^ e 2 + 0«fcg

= 0 + 0 + 0 + (n l /d )* e 1 + 0 + 0 .

Since d * 1, ®2 » a ) £ °* I-t fo llow s th a t  ^ a )

i s  n o t a group u n le ss  (nl t  n^) = 1 fo r  a l l  i ,  j  suoh th a t  

X ji 3, i .  e . , u n le ss  I  i s  a s so c ia tiv e -c lo se d . I t  i s  thus 

necessary  th a t

A = T + fa |

where I  i s  a s so c ia tiv e -c lo se d . But th i s  means th a t  

lf(T) s  0 , *(({&{) s  0 and th e  only p o ss ib le  n o n - t r iv ia l  

p roducts fo r  sem i-Lie m u ltip lic a tio n s  are

**e± = - e ^ a  = Z t aik ek 
fo r  in te g e rs  t ai£ .  The Jaoobi id e n t i ty  c le a r ly  ho lds fo r  

any such m u ltip lic a tio n  so th a t  th e  sem i-Lie m u ltip lic a tio n s  

a re  a lso  L ie . This shows th a t  our co n d itio n s  are  necessary  

and s u f f ic ie n t .

Theorem £ . 6. Let A be a to rs io n  group. Then A i s  L ie- 

c losed  i f  and only i f

a  = ♦ z e ^ ? )
t e  A 3

where the p^ and are  prim es and fo r  any i&A th e re  i s  

a t  most one i 'e A  such th a t  pA = p ^ t.
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Let A(+) be an A belian  group end oonelder th e  a e t 

Mult (A) o f a l l  b inary  oonpoaitiona on A(+) which a re  

d i s t r ib u t iv e  w ith  reep eo t to  +• Thie la  th e  a e t o f  a l l  

<* auoh th a t  A(+,«) l a  a r in g ,  n o t n e e e s s a r l ly  a s so c ia 

t i v e .  In  re c e n t y ea rs  th e  a e t Mult(A) hae been th e  o b je c t 

o f  some in v e s t ig a t io n . The reaea rch  r e la t in g  to  Mult(A) 

nay be d iv ided  in to  two c laaaea  o f problems*

1) f o r  a  giYen group A(+), to  d e te rn ln e  M ult(A);

2) for a giYen ring property P , to determine thoae 
groups A(+) auch that there eziata a non-trivial e Mult(A) 

and A(+v«) has property P.

Mult (A) l a  n o t th e  n u l l  a e t  f o r  any A(+) s in ce  one 

nay d e fin e  th e  t r iY ia l  r in g  on any A belian group. I f  

Mult(A) c o n s is ts -o f  only th e  t r iY i a l  m u l t ip l ic a t io n , we 

say th a t  A(+) i a  a n i l  group. I .  S se le  In  [11] has de

term ined th e  n i l  to ra lo n  groups. In  f a c t  S sele  has proved

th a t  £  i a a i s t t  group A U o U U l B i  R&lX. U  A 1ft fllT lfflE lf
and a  n ixed group la  n o t n i l . The g en e ra l problem o f 

to ra lo n - f re e  n i l  groups has n o t been s e t t l e d .  However, 

in  [10J R. Ree and R. J .  Wiener have determ ined a s p e c ia l  

o laaa  o f  n i l  to ra lo n - f re e  g roups.

Quasi - n i l  group l a  an A belian group A(+) auch th a t

1
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P roo f. We w rite  A as the  d i r e c t  sum of I t s  p-components Ap. 

As has been observed b e fo re, any r in g  on A i s  th e  r in g  d ire o t  

sum o f r in g s  on the  Ap. Henoe we in v e s t ig a te  the  Ap. Let 

B be a b asic  subgroup of Ap o f rank r  and suppose th a t  

r  £ 3. Then B has a subgroup o f the  form

C a {e^ + (e2l + {e5f 

which i s  a d i r e c t  summand of Ap since  f i n i t e  pure subgroups 

a re  d i r e c t  summands. Ihen i s  n o t a group since  the

co n d itio n s  o f Theorem 4 .2  do n o t h o ld . Consequently ^f(Ap) 

i s  n o t a group. We conclude th a t  any b as ic  subgroup B of 

Ap must have rank  r  < 3* Then

Ap =  B + D

where the rank of B < 3 and D i s  d iv i s ib le .  This lead s  

to  the  co n d itio n  on the  prim es p^ and thus to  the  form of 

A s ta te d  in  the  theorem. C onversely, any m u ltip lic a tio n s  

on a group of th i s  form must be n i l  on the d iv is ib le  p a r t  

and a product o f an element from the n o n -d lv is ib le  compo

nen t w ith  an element from the  d iv is ib le  component must be 

sero  by C oro llary  2 o f Theorem 1 .4 . Thus p roducts  can be 

n o n - t r iv ia l  only on the  n o n -d iv ls ib le  component o f A. But 

the  n o n -d iv ls ib le  p a r t  o f A i s  a L le-o losed  group from 

which i t  fo llow s th a t  A i s  L ie -c lo sed .
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RIHGS FREELY GENERATED BY GROUPS

Let A(4> be a  group and suppose th a t  R(A, 4 ,  •)  I s  a 

r in g  con tain ing  .!(+)• R(A, +, . )  i s  o a lled  the  f r e e s t  £]£& 

generated  by A(+) i f  and only i f  th e  fo llow ing co n d itio n  i s  

s a t i s f i e d :

I f  A(+) i s  mapped in to  1 (4 )  of a r in g  ! ( + ,• )  by a 

homomorphism f , then  th e re  i s  a homomorphism f*  o f 

R(A, +, •)  in to  1 ( 4 ,0  and f*  i s  an ex tension  o f f .

The ex isten ce  o f R(A, 4 ,  • )  f o r  eyery group ▲(+) may be 

e s ta b lish e d  Yla the  f re e  n o n -a sso c ia tiv e  r in g  on the  s e t  A. 

For i f  R(+,0 i s  the  f re e  n o n -a sso c ia tiv e  r in g  on th e  s e t  A 

and N i s  the id e a l  o f R(+,0 generated  by the d e fin in g  r e 

la t io n s  o f A(+), then  R/N »  R(A, 4 ,  • )• Taking the  f re e  

a s so c ia tiv e  r in g  W (4 ,0  on the s e t  A, W/N i s  th e  f r e e s t  

a s so c ia tiv e  -ring generated  by A (4) .  W(A, ♦ , • )• Both 

R(A, 4 ,  • )  and W(A, 4 ,  • )  have the in te r e s t in g  p ro p erty  th a t  

they a re  g e n e ra lis a tio n s  o f the  te n so r  product A®A. This i s  

a consequence of the f a c t  th a t  the  subgroup R2 of R(A, 4 ,  O 

o r W(A, 4 ,  O  of second degree term s i s  isomorphic to  i£A«

We th e re fo re  have Malt (A) as th e  group of homomorphisms of 

second degree terms in to  f i r s t  degree term s.

I t  i s  p o s s ib le , o f course , to  derive  a normal form fo r

47
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th e  elem ent®  o f  R(A* +» • )  h u t t h i e  w i l l  n o t  be done h e r e .

Suppose i s  a  homomorphism o f  R2 & R(A> + * • )  in t o  th e  

s e t  A o f  f i r s t  d eg re e  term s o f  R(A, + , • ) •  Then ^  d e f in e s  a  

r in g  A(+*«0 by aab = (a b )^ . la k e  f  to  be th e  i d e n t i t y  map

p in g  o f  1 ( 4 )  in t o  th e  a d d i t iv e  p a r t  o f  A (+*rf). Then th e r e  i s  

a homomorphic e x te n s io n  f *  o f  f  mapping th e  r in g  R(A* + , • )  

in t o  ▲ (+ ,* )• For e lem en ts  ab €  Eg * e  have

( a b ) f*  = ( a f * ) * ( b f * )

= ( a f ) * ( b f )  = a*b = (a b )if .

We th u s co n c lu d e  t h a t  e v e r v  homomorphism Rg in t o  A (+) can  

l a  .g tm d a f l g. honom orphl—  w p p H w  y ( l ,  t i  • )  iB tg  M i l -  

In  some s p e c i a l  o a s e s  o f  A (+) i t  h a s been  p o s s ib le  to  

o b ta in  some s t r u c tu r e  th e o r y  f o r  R(A9 + , • ) •  T h is i s  o m itted  

h e r e ,  however* s in c e  our p u rp ose in  in tr o d u c in g  R(A* • )  i s  

t o  in c r e a s e  our u n d ersta n d in g  o f  M ult(A ) and n o th in g  o f  

s ig n i f i c a n c e  h a s  y e t  b een  o b ta in e d .
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only a f i n i t e  number o f non-isomorphic, r in g s  on A(+) a re  

definab le*  Q u as i-n il groups a re  considered  by £• Tueha 

In  [3] and [5] .

P rob lea  1 may be solved e a s i ly  In  sp e o la l eases  o f  

▲(+) (see Chapter I ) .  A d e s c r ip t io n  o f Mult (A) when A I s  

a  d i r e c t  sun o f ey e lio  groups may be found In  L. Fuohs [5] • 

In  [l] E. A* Beaunont g ives neoessary .and  s u f f ic ie n t  con

d i t io n s  f o r  a  b inary  com position such th a t  * € M alt (A) 

when A i s  a d i r e c t  sum o f o y c lio  groups. Xhls r e s u l t  has 

been g e n e ra lise d  by L. Redel in  [8] to  groups w ith  oper

a to r s .  In  Chapter I I  a f u r th e r  g e n e ra l is a tio n  i s  ob ta ined  

to  ino lude a r b i t r a r y  to r s io n  g roups.

Problem 2 has been co n sid er by L. Fuchs and T. S se le  

in  [5] t fc] and [12] . R esu lts  here  inc lude  a ) a d e te r 

m ination o f th o se  groups on which i t  i s  p o ss ib le  to  d e fin e  

a  r in g  w ith  descending chain  co n d itio n  on l e f t  id e a ls ;  

b) a  d e te rm in a tio n  o f  those -groups on which a  sem i-sim ple 

r in g  may be d efin ed ; 0 ) a d e te rm in a tio n  o f those groups 

on whioh a  re g u la r  r in g  may be d efin ed .

An o p e ra tio n  fo r  Mult (A) may be defined  in  such a 

way th a t  Mult(A) i s  an A belian group (see Chapter I ) .  In  

g en e ra l a  r in g  p ro p erty  P does n o t determ ine a  subgroup o f 

Mult (A). This d is s e r ta t io n  i s  mainly oonoemed w ith  

determ ining those groups A(+) such th a t  th e  a s s o c ia t iv e
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and Lie r in g  p ro p e r tie s  determ ine a  subgroup o f  M alt(A). 

These two problems a r t  solved f o r  to rs io n  groups In  

O haptsrs I I I  and IV. Zhess ch ap te rs  co n ta in  th e  a a ln  

r e s u l t s  o f th e  d is s e r ta t io n .

In  a rea  fo r  fu tu re  study I s  In d ica ted  In  Chapter V 

where th e  f r e e s t  r in g  generated  by an A belian grown A(+) 

I s  d e fin e d . There*Is sons In d ic a tio n  th a t  th i s  oonoept 

w i l l  prove to  be u se fu l In  th e  study o f M ult(A).



CHAPTER I 
PR2LXMIKABXSS

Throughout tho d i s s e r ta t io n  group w i l l  mean A belian 

group and th o se  w i l l  he denoted by upper case L a tin  l e t t e r s  

w hile  elem ents o f groups w i l l  be denoted by low er ease 

l e t t e r s .  £ (n )  means th e  o y o lle  group o f o rd e r m, a  a 

n a tu ra l  number; (?(«) I s  th e  I n f i n i t e  oyo lle  group; 6 {p*) 

denotes th e  q u a s l-e y e lle  group f o r  th e  prime p . I f  z  I s  

an element o f  a p-group A, B(x) I s  th e  exponent o f x , 1 . e . ,
pS(x) lg  th f  or<| 9 r 0f Za th e  term  dlre_ot_ sum o r th e

symbol Z  I s  used we mean th e  r e s t r i c t e d  d i r e c t  sum. When 

A, B a re  groups Hom(A,B) I s  th e  n o ta tio n  f o r  th e  group o f 

homomorphlsms o f A in to  B and End(A) I s  th e  s e t  o f endo- 

morphlsms o f A In to  I t s e l f .

I f  A(+) I s  a group, a mapping o f A*A In to  A, 1 , e . 

a b in a ry  com position on A, I s  d i s t r ib u t iv e  w ith  re sp e o t 

to  + I f  both th e  r ig h t  and l e f t  d i s t r ib u t iv e  laws h o ld .

D efine Mult(A) to  be th e  s e t  o f  a l l  b in a ry  com positions 

on A th a t  a re  d i s t r ib u t iv e  w ith  re s p e c t  to  +• Henoe *-

1* la »ntfAi ix sag sal£ IX la a xlaa*
Por elem ents x , y e A and * € Mult (A) denote by x * y .

th e  Image o f  (x , y) under

A b inary  com position •  I s  defined  on Mult(A) as fo llo w s: 

* (*•0 )7  = x«y + xpy, x , y e A, e Mult (A).

4
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V Ith th i s  d e f in i t io n  o f •  Mult(A) i s  e a s i ly  sosn to  be a 

group in  vhloh th e  t r i v i a l  d m ltip lio a tlo n  on A(+) i s  th e  

Id e n ti ty  e len en t and Ba. i s  the  in v e rse  o f <* shore

x  ( 9 * ) j  = - ( x * y ) .

Theorem J..1  (Fuchs [5] )•

1) Malt (A) 3  Hom(A*A,A)

2) Mult (A) 3  Hom(A,Ead(A) )•

P roof, To prove 1) l e t  Mult(A) and consider the 

oorrespondenoe (x , 7 ) —► x*y. This i s  a b i l in e a r  fu n c tio n  

o f A*A in to  A and by a  c h a ra c te r iz in g  p ro p erty  o f the  te n so r  

product th e re  i s  a homomorphism i\ o f Afid in to  A such th a t

(x * y )n  = x * y .

Then the  oorreepondenoe >1—+*. g iv e 8 th e  d es ired  isomorphism.

For the  p roof o f 2) d efin e  f o r  a f ix ed  element a e A 

and <*  ̂ Mult (A) the  r ig h t  m u ltip l ic a t io n  b£: x —► x*a.

This i s  an endomorphism of A fo r  each a  £ A and <££ Mult (A), 

Then the  oorrespondenoe a -*■ Bj I s a homomorphism n  o f A 

in to  End (A). The Isomorphism of 2) i s  nos ob tained  by the  

mapping *  —* n .

The isomorphisms expressed in  Theorem 1.1 can be used 

to  advantage in  some oases to  determ ine M ult(A). Por 

example, i f  A i s  oyolle* Aft! = A and henoe

Mult(A) 3 Hom(A,A) 3  End (A) 3  A.

This i s  a lso  e a s i ly  obtained  by d i r e c t  com putation. Por


