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Abstract

A large portion of cold atom researches have been devoted to finding novel systems
by taking advantage of the high manipulability of cold atom experiments. From the origi-
nal Bose-Einstein condensates, to the recent realization of Harper-Hofstadter models, cold
atoms have kept feeding the world with surprises of realizing systems that were once
thought to be purely theoretical constructions. Such trend of research have propelled this
thesis to seek for possible new physics based on current cold atom technologies, and to
discuss its unique properties.

In the first part, we will discuss the local spin ordering for systems made of large spin
fermions. This is a generalization of the usual magnetic ordering for spin-1/2 systems, and
we shall see that the large spin characters have made qualitative difference. Here we provide
a general tensorial classification for fermionic systems of arbitrary spin, and discussed
their general character and associated topological defects in the Majorana representation.
We have also identified a series of highly symmetric “Platonic solid states” that are stable
against perturbations, and have good chance of being observed in experiments.

The second part focuses on another topic, which is the effects of background manifold
on the quantum systems residing on it. We will first examine the vortex physics for Bose
condensates confined on non-trivial 2D surfaces with synthetic gauge fields. In particular,
we discuss in detail the cylindrical surface as an example where two types of vortices and a
peculiar “necklace” pattern show up as a result of the confining geometry. Then we discuss
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the topic of Hall viscosity, a unique dissipationless viscosity coefficient that is related to
the adiabatic change of space geometry. We relate it to the density response of a system,

and therefore provide an alternative way to compute and measure such a quantity.
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Chapter 1: GENERAL INTRODUCTION

The past two decades have witnessed the blossom of cold atom researches. Since the
production of Bose-Einstein condensate in 1995 [2]] — 70 years after its prediction by Ein-
stein — a sequence of novel systems have been realized in cold atom laboratories. For
instance, the crossover from weakly interacting Bardeen-Cooper-Schrieffer (BCS) pairing
of fermions to the Bose-Einstein condensation (BEC) of tightly bound molecules was ob-
served in 2004 [3-5]. It bridges two fundamental statistics, the bosonic and fermionic ones,
and shows that they are two limits in a smooth crossover when one tunes the interaction in
a system. Optical lattices for atoms [6,[7], which resembles the lattice potentials for elec-
trons in solids, allows for simulation and engineering of a wide range of crystal structures
in a well-controlled and tunable way. In the past few years, there has been another wave of
research on topological insulating phases of matter in cold atom systems. The unique char-
acter of cold atom systems enables the engineering of a wide range of topological systems
in a clean way, and also allows for the measurement of quantities that are hard to access in
solid state systems, such as the Berry curvature with momentum resolution in the Brillouin
zone [|8,9].

Such developments benefit from the high tunability of cold atom experiments. For in-
stance, as composite particles, atoms interact with each other through multi-channel scat-

tering, and such scattering will depend on the atomic levels. By applying magnetic fields,



the atomic levels are changed due to Zeeman effects, and the interaction strength are cor-
respondingly changed. Such an idea have led to the development of “Feshbach resonance”
that allows one to smoothly tune the interactions by changing magnetic fields, and there-
fore to study the BCS-BEC crossover. Besides the atom-atom interactions, the atom-laser
interactions are also heavily exploited to engineer different systems. For example, optical
lattices are produced by the interference pattern of laser beams; therefore, by changing
the wavelength and intersection angles of laser beams, lattices of different geometries can
be obtained (i.e. square lattice [|6,/7]], triangular lattice [[10], honeycomb lattice [11,/12], a
continuous crossover from triangular to honeycomb lattice [|13]], and kagome lattice [14]).
Also, through a 2-photon obsorption-emission process (Raman process), the phases of hop-
ping constants can be tuned [15-17]], and therefore allowing for engineering of topological
bands. Exploiting the manipulability of cold atom experiments to engineer and investigate
new physical systems have been fruitful in the past, and have propelled this thesis to fur-
ther investigate two topics: the high spin physics for fermions, and the effects of non-trivial
background manifolds on quantum systems living in it. More extensive introductions will
be provided in following chapters regarding each topic, while we outline the topic for each
chapter below, and briefly relate them to the current trend of research in the fields.

Very soon after the advent of optical trap, it was realized that without the freezing of
spin degree of freedom by magnetic field, the spin interactions will play a significant role
in determining the ground state structures [[18,/19]. A large amount of theories and experi-
ments have been done since 1998 regarding BEC with large spin (dubbed “spinor conden-
sate”), where rich physics of topological defects as well as dynamical phenomena emerge
along with BEC of different spins and interactions. (For reviews, see [20,[21]]). In com-

parison, due to the experimental difficulties in obtaining fermionic superfluids of large spin



characters [22]], large spin fermions have not received as much attention as their bosonic
counterparts in the past. However, in recent years, there has been an emergence of interest
in large spin fermionic systems regarding their spin structures [23|] and dynamics [24,25] in
normal (non-superfluid) state. It was found that although a long-range ordering is absent,
the fermionic systems exhibits collective behaviors of large spin characters due to spin in-
teractions. More recently, a class of “SU(N)” fermionic atoms, such as ytterbium [26] and
strontium [27]], have been successfully trapped and cooled in laboratories. These elements
feature an interaction of high symmetry, so each spin component is completely indistin-
guishable from the other, leading to an SU(N) symmetry of the system. Such experimental
successes have propelled a wave of interests in studying fermionic systems in the normal
states regarding their spin structures and spin dynamics. Most of the current theoretical
works concern systems of a specific spin [28-33]]. Therefore, both out of theoretical com-
pleteness and the need for guiding future experiments using other elements, it is desirable
to provide a road-map for the properties of high spin fermions of arbitrary spin. Due to such
considerations, we discuss in Chapter 2 a general scheme to analyse fermionic systems with
arbitrary spin, focusing on their local spin structures.

Chapter 3 and 4 are devoted to a separate topic, which is the quantum systems on non-
trivial manifolds. The research on the effects of background manifold has a long-standing
history in physics, most well-known in the study of general relativity and quantum gravity.
For quantum fluids, such research can be dated back to the study of topological defects
in *He and “He in 1970s, where the surface of the container for liquid helium could func-
tion as a curved two-dimensional surface [34,35]. More recently, it was found that local

Gaussian curvatures could lead to intriguing physical phenomena in a system. For instance,



in thin films for biological systems, there has been extensive study of vortices experienc-
ing effective force induced by the Gaussian curvature (for a review, see [36]). Also, in
graphene, it was found that straining the system would lead to effective gauge fields in the
system [37]. Theoretically, an intriguing study around 1990 showed that the topological
order of a quantum system can be introduced when the system is placed on manifolds of
high genus [38-40]. The resulting concept of the “Hall viscosity” was observed in photonic
system in 2015 [41]]. Such trend of research has propel the study in Chapter 3 of ultracold
quantum gases confined in curved surfaces, and in Chapter 4 of revealing the signature of

Hall viscosity in density response signatures.



Chapter 2: LOCAL SPIN ORDER FOR LARGE SPIN FERMION
SYSTEMS

2.1 Introduction

Prior to the laboratory realization of Bose-Einstein condensates [2], the only quantum
liquids realized in materials are the electron liquids in solids, and the low temperature
phases of liquid “He and *He. All these systems are made up of spin-1/2 fermions (like
electrons and *He atoms), or spin-0 scalar bosons (*He atoms). Bosonic excitations medi-
ating the interactions could have slightly higher spins, such as the spin-1 photons mediat-
ing electromagnetic interactions, and the spin-2 gravitons that conducts gratitational force.
From the limited pool of conventional examples, people have already felt the profound
influence of having different spins for the particles in a system. Besides distinguishing
statistics for bosonic and fermionic systems, having larger spin not only makes quantitative
but also qualitative difference. A simple example is the cosmic “B-mode” in the cosmic
microwave background. As a spin-2 object, gravitons are capable of inducing a unique ten-
sorial perturbation — called “B-mode” — to the cosmic microwave background (CMB). It
differs qualitatively from other perturbations induced by lower spin objects, such as spin-1
bosonic photons or spin-1/2 fermions, and consists of a fingerprint of gravitational effects
on the CMB. Clearly, a whole host of new physics is pending discovery if a system made
of higher spins are realized, especially in a controllable way.
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Recent advances in cooling atomic gases to quantum degeneracy have created an ex-
citing opportunity to study the high spin quantum fluids. Here by “spin”, it refers to the
“hyperfine spin”

F=L+S+1I, 2.1

that is a sum of electronic angular momentum L and spin S, as well as nuclear spins I
in an atom. The spin degree of freedom is described by |fm), an eigenstate of the spin
operators (F2, F,). In weak magnetic fields where the Zeeman effect is small, the ground
state consists of almost degenerate states of fixed f andm = —f,—f + 1,..., f. Up to date,
the spins of atomic bosons trapped in experiments can range from f = 1,2 (¥’Rb bosons) to
f = 8 ('“Dy bosons) [42], and those of fermions can be as high as f = 21/2 (**'Dy) [43].
Several examples of experimentally realized large spin systems are provided in Table [2.1]
(One can also check [44] for an updated list of global cold atom experimental groups and

the species of atoms they use).

Table 2.1: Examples of bosonic atoms and their hyperfine spins

Element | Spin-f Group
Li 1,2 Many
2Na 1,2 Many
HK 1 Many
SRb,¥Rb | 1,2 Many
2Cr 3 Tilman Pfau, Stuttgart [45]]
18Ry 6 R. Grimm, Innsbruck, Austria [46] |
4Dy 8 B. Lev, Stanford [47]] ]

For Bose condensation and fermion pairing, there have been theoretical generalizations

to high spin particles [[18]] [22] [[19]. While there are many experiments on large spin Bose



Table 2.2: Examples of fermionic atoms and their hyperfine spins

Element Spin- f Group
32Cs | 3/2 respectively Many
134Cs 7/2
136Cs 9/2
WK 9/2 Many
S7Sr 9/2 J. Ye, JILA, Colorado [27] |
3Yb 5/2 L. Fallani, Florence [26] |
161Dy 21/2 B. Lev, Stanford [48] |

condensates (or spinor condensates), experiments on large spin fermions are still at their
infancy. At present, there is no realization of the superfluid phases of large spin fermions
because of their very low transition temperatures. On the other hand, scatterings in different
angular momentum channel and dipolar effects can lead to non-trivial spin structures in the
normal state, which can be realized at higher temperatures. For instance, they are revealed
by the spin dynamics of “°K fermions in the presence [24] or absence [25] of optical lattices,
as well as by the formation of the spatial spin structure (spin wave) [23]]. Theoretically, the
possibility of rich spin structures for high spin fermions has already been illustrated in the
cases of spin—% fermions [28]] [29], and alkali earth fermions with SU(N) symmetry [49].
The case of spin-3/2 fermions is very illuminating. By simply changing the spin value from
1/2 to 3/2, the system immediately gains a rich SO(5) symmetry. Such experimental and
theoretical progresses have motivated the investigation in this thesis on the spin ordering of
large spin fermionic systems, in the absence of superfluid orders.

In the following, we shall discuss the spin structure of spin-f fermions in the normal
state by analyzing their single particle density matrices. We shall show that these density

matrices can be decomposed into different angular momentum components, L = 0, 1, ...,2f



made up of a particle and a hole. We then show that each L-component can be represented
by L pairs of antipodal points (or Majorana points) on a sphere. From the single particle
density matrix, one can see that the L = O component is the average density, and the
L > 1 components describe the spin structure of the system. The entire spin structure is
then specified by a sequence of 2f spheres with 1,2,...,2f pairs of antipodal Majorana
points respectively. To illustrate the special properties of these spin structures, we shall
study the class of inert states [50] which are robust against perturbations. We show that
many of these inert states have the symmetry of Platonic solids and will have non-abelian
line defects. Furthermore, we shall perform mean field calculations to demonstrate the

emergence of these inert states.

2.2 Symmetry Classifications

2.2.1 Bosonic Spinor Condensate and Ferminoic Pairing

Before discussing local spin ordering, we review basic concepts about rotations in quan-
tum systems. Also, we make some connections to previous works on the Bose-Einstein
condensates of large spin boson, as well as pairing of large spin fermions.

Let i, (r) denote the field operator that destroys a particle with spin component 7.

Under rotation, the field operator ﬁm(r) transforms as

0, = D) (6) P, 2.2)
where the rotation matrix reads
Dy, = (fmle™ | fa'), (2.3)
with F the spin operator satisfying
[Fu, F\] = i€, F), (2.4)

8



and | fm)’s are the eigenvectors of spin operators (F2, F.). For spin- f bosons, its condensate

(known as spinor condensates) is a (2f + 1) component vector [[18,/19],

¥,,(1) = @, (0), m=ff-1,.~Ff (2.5)
Then it is clear that the order parameter also transforms as a vector
¥, > > DI W, (2.6)
For fermion superfluids, we can decompose the pairing order parameter

on(0) = Gn(OP(0)),  mon=ff~1,...,~f 2.7)

into sectors of total angular momentum |F M),

(a%),, ® = Z<FM|fm,fn>‘Pmn(r), (2.8)
FM

where (FM|fm,, fm,) is the Clebsch-Gordon coeflicients [S1]] for the addition of angular

momentums. Then Agg) also transforms under rotation like a spin-F' spinor condensate [22],

(F) (F)
Ay’ = Dy

(F)
A, 2.9)

Much of the symmetry properties in the spinor condensates and fermion pairing systems

have been studied in the past decade [52].

2.2.2 Local Spin Ordering

Here we focus on the local spin order of a Fermi gas, which is contained in the single

particle density matrix O, = Omymy )

Pyms () = W, (OO, (1)), (2.10)



We clarify that by “local” order it means we are not considering correlations between dif-
ferent points, i.e. (@(r)Tl/A/(r’)). However, the local order p(r) itself can be non-uniform in
space, for instance in the presence of spin textures or spin density waves. We will return
to this point later when discussing topological defects. To lighten notations, we shall now
temporarily suppress the spatial coordinate.

Under a spin rotation 6, the field operator rotates as in Equation (2.2), so the density

matrix transforms as

Pmmy = D (6) Pmym, D, (), (2.11)

where repeated indices are summed over. Here we employ the rotation matrix (2.3) with
the hermitian conjugate D;Qf (0) = (fm|e®¥|fm’). F is the spin operator for spin-f particles
and |fm) is the eigenstate of (F2, F).

To sort out the spin structure of p,,,,, we decompose it in terms of tensor operators
of different total angular momenta (made up of a particle-hole pair). This is achieved by

introducing a (2f + 1) X (2f + 1) matrix,

2L+ 1
() = (3 fi o LM fm), (2.12)

where ( fm|LM; fm,) is the Clebsch-Gordon coefficient. It has the important property that

it transforms under rotation as

D(f) ) (YJ(VIIA))

mymy

Di.O) = > (ij?)mlm D& (6). (2.13)

M

mom

Thus, (Yl(é)),m,m2 is a tensor operator [53] (with angular momentum L) in the spin-f space.

We can then expand p,,,n, as

2f L
pmlmZ = Z Z (D(/\s)(Y/(\/l[l))rmmz' (2.14)
L=0 M=-L

10



To simplify notation, we will sometimes omit (m;m;,) for (Yl(é))mlm2 and Py, m,,» and treat
these objects as matrices Yl(é) and p with my, m, being regarded as indices of the matrix.
Since the Clebsch-Gordon coeflicients are real numbers, so is (Yﬁ))mlmz- That means Yféﬁ =
Y;?T, where 1 and 7 means hermitian conjugate and transpose of the matrix. Since the

Clebsch-Gordon coefficients satisty [S3]]

YT = My D Ty DY = 86 (2.15)
we have
o) = Tr(p¥};"). (2.16)

From the rotational properties in Eqn (2.11)) and (2.13)), it is easy to see that the vector
L) — (L) (DNT
o = @5, ..., o) (2.17)

transforms as a spin-L vector in spin space,

MM

(DES) - (D;‘E]L) _ Z pL CDEQ (2.18)
M/

Another convenient way to represent this transformation property is to regard (Dgé)’s as the

expansion coeflicients of a abstract spin state |®)) in the angular momentum basis |L, M),

L
0Py = > @ ILM). (2.19)

M=-L
The rotation property of |®)) immediately gives Eqn.(2.18). Note that not all @' in |®®)

are independent. The fact that p is hermitian implies that
Ly _ (L)
o)) = (-DH"o. (2.20)

This means ®© is specified by 2L + 1 independent real variables.
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To connect with current literatures, it is worth mentioning an equivalent decomposi-
tion [22-25]]. That will employ the tensor operator Yj(é)(F) satisfying the similar transform
property (2.13), where F is spin operator. The way to construct it is to first multiply the stan-
dard spherical harmonic function with radial coordinate r: r- YI(V?(Q, ¢), and then express it
in terms of Cartesian coordinates x,y,z. Finally, we replace x,y,z with spin operators
F,, F,, F, respectively. Since the solution to is unique, the two objects Y}é) and Yz(v?
must be equivalent. Indeed, we show in the appendix Sec[2.7.3|the specific proportionality

relation

~ 1) Q2f+L+1)! €3]
N =

We adopt Yz(v? in Equation |i here for the convenience of later analysis.

Finally, taking the trace of the expansion in Eqn. (2.14), we have
O =n/2f + 1). (2.22)
where we have made use of the fact that
TrY\Y =0, for L>1. (2.23)

To show Eq. 1} we take the Trace of Eqn. 1j This gives TrYI(é) = TrYfé?Dﬁ () for
all L > 1 and all 8, which can only be satisfied if Eqn.(2.23) is valid. Because of Eqn.(2.22),

one sees that the non-trivial spin structures are given by the traceless part of p,

n
~mn = Pmn — —6mn- 2.24
P = Prn = 5 T (2.24)

Although ®® is formally similar to a spin-L spinor condensate, it has very different
meaning. From Wigner-Eckart theorem (or from the relation li we note that Yf‘f) 1s
proportional to a product of L spin operators F in spin-f space. Thus, ® and ®® are

proportional to a single and to a product of two F operators respectively, and thus represent
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ferromagnetic and nematic order respectively in spin-f space. The vectors ®© for L > 1
will be referred to as the L-th sector of spin order. All L = 1,2,...,2f sectors are contained

in the traceless part of p.
2.2.3 Majorana Representation on a Bloch Sphere

To gain further insight, we express each sector of ordering |®©)) in Majorana represen-
tation as a set of 2L points (referred to as Majorana points) on the unit sphere S, [54-60].

To accomplish it, we use the Schwinger boson representation of angular momentum states,

a?L+MbTL—M
|LM) = [0}, (2.25)
VT + ML = M)!

where a and b are boson operators, and (a,b)” transform as a spin-1/2 spinor [61]. A

general state of the form Eqn.(2.19) can then be factorized as

2L
0®) = aD [ Jaia" +v{"phHi0), (2.26)
i=1
where AP is a constant, and {f“ = (uEL), vEL))T is a normalized spinor
LR, D _
;" + v,7" = 1. (2.27)

Equation (2.26) follows from the fundamental theorem of algebra which implies a ho-
mogenous polynomial P(x,y) = Y5 _ , ayx"*y*M can be factorized to 2L linear terms
P(x,y) = AT wix + viy).
To simplify notations, we shall suppress the superscript ) when we discuss a specific

L component. It will be reinstated when needed. Using the standard representation for a
spinor

=) = (cosge‘i¢/2, singe""”2 Toix/2, (2.28)
we have

'@ = h = cosbZ + sinf(cosgk + sing¥). (2.29)
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Hence each ¢; in Eqn.(2.26) can be represented as a point on the unit sphere S, in the
direction fi; with polar angle (6;, ¢;). Note that all the phases y; absorbed into the constant
A.

However, the fi; are not independent, as Eqn.(2.20) implies that Eqn.(2.26) can be

rewritten as

|q)(L)> = Z W TL+M(_aT)L_M|0>
= U [15@;b" —viah)|o), (2.30)

where we have suppressed the superscript ¥, Eqn.(2.30) shows that the spinors ¢; in
Eqn.(2.26) must be accompanied by its time reversed partner —io»{; = (=v;,u;). There-
fore, the 2L vectors fi; must appear in terms of antipodal pairs (fi;, —f;) = [h;]. It is then
sufficient to represent each pair by only one of its members. The presence of antipodal

pairs implies Eqn.(2.26) is of the form

L
") = %“rkﬂt*”+au|—mudw+uvwmm

AD ) " ) "
= & (sm 0:¢% b —sin e % a’? + cos; GiaTbT) |0),
i=1

(2.31)

with 10" = A because of Eqn.(2.20)). The (2L+1) real variables of @ is now represented
by the L unit vectors fi; and a real number 2. In equilibrium, different A©)°s are correlated
to minimize the energy.

In summary, we have decomposed the non-trivial traceless part of the density matrix
Pmym, (r), Which represent local spin order into various spin-L vectors @), where L =

1,2,...2f. Bach ®P is represented by L antipodal pairs of points on a spherical surface,
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whose radius A‘¥ represents the strength of the L-sector of spin order. In the following, we

discuss the properties of the local spin order in each L-sector.

2.3 Topological defects

Figure 2.1: Ferromagnetic order ® represented the Majorana pair [A] = (f, —f). [f] and
[—n] are distinct.

For L = 1, the ferromagnetic order, there is only one pair of Majorana points [fi]. (See
Fig. . Since fi can be in any direction, the configurational space is the unit sphere S 2.

Note that [fi] and [-A] are distinct because |®V):
(D 1. —i¢ 12 5,1 1. 9172
[Py = ﬂ(—ismee a'“ +cosfa'b' + ismee b')|0) (2.32)

becomes —|®V) as f changes continuously to —fi. That is |[®Vy — — Oy as § — 7 — 6,
¢ — ¢ + n. Since the first homotopy group of S? is trivial, (7r;(S,) = 0), the ferromagnetic
sector (L = 1) of spin ordering {d);ll)(r)} has no topologically stable line defects [62].

For L = 2, the nematic order, there are two Majorana pairs [fi][th]. If i = +r, the
system is uniaxial nematics characterized by a single antipodal pair on the unit sphere with

each pole doubly occupied. (See Fig. [2.2). Unlike L = 1, where [ii] and [-fi] are distinct,
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Figure 2.2: Uniaxial nematic state ®® represented by two identical Majorana pairs: It has
the symmetry of a rod. [fi][fi] and [-f][—A] are identical.

the states [fi][fi] and [-h][—A] are identical, as they correspond to the same state

|q)(2)

uni

Y= Aua’ +vb" ) (=v'a’ + u'b"?0). (2.33)

(Note that ([A][-A] = —[A][A]). The configuration space is therefore S? with antipodal

points identified, which is the projected space P,. Since m|(P,) = Z,, there is only one type

n m

Figure 2.3: Biaxial nematic state ®® with two distinct Majorana pairs: The quantum state
is invariant under 7 rotation about fi X m, fi + m, fi — M. It has the symmetry of a brick with
different edge lengths.

of nontrivial line defect.
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If A # <1, it is straightforward to show that |®®) is unchanged only under a 7 rotation
along the orthogonal axes fi X m, fi + m, and i — m. The system has two distinct antipodal
pairs, [fi] and [m]. Choosing the z-axis along f X m, the polar angles of fi and m are

(n/2,¢1) and (1/2, ¢,) respectively. The corresponding quantum state is

|02y = Z(—e“d’lau + 9 (—e 4" + 6951))|0), (2.34)

biLl

which is unchanged under a m-rotation about Z when changing ¢; to ¢; + m. Next, if we
choose the z-axis along i + m, and the x-axis along h — M, the polar angles of h and m are

then (6, 0) and (6, ) respectively. The corresponding state is

A
D5y = 7 (-sinfla’ + b'] + 2cos6a'b)(sinfla" + b'] + 2cosa’b")[0). (2.35)

This state is also invariant under a rotation of & about 2, which changes a' to —ia', b' to
ib". The system is therefore a bi-axial nematics, and has nonabelian line defects [62].

For L > 3, there will be more pairs of Majorana points. A simple situation is that all
pairs locate at the same position, as what happens for uniaxial nematics. The discussions
above show that for odd and even L, the configuration space is S? and P, respectively. In
general, the pairs of points can distribute arbitrarily, forming the vertices of an irregular
polygon, as those in Fig. 1 (e). The fact that the Majorana points must appear in antipodal
pairs forbids the polygon to have tetrahedral symmetry, as shown in (Fig.1 (iv)). This is
different from the situation in bosonic spinor condensates where tetrahedral symmetry is
allowed in the case when spin f > 2 [55].

Of particular interests are the cases when the Majorana points are distributed in high
symmetry, such as the Platonic solids shown in Fig. (c) (d) (f) (g), which are cube, octahe-

dron, icosahedron, and dodecahedron respectively. The symmetry groups of (c¢) and (d) is
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Figure 2.4: A fermionic system with spin-f can possess structures represented by Platonic
solids (octahedron, cube, icosahedron and dodecahedron respectively) consisting up to 4f
vertices. The high-spin analogue of spin texture as in spin-half cases will be made of
polygons with different orientations.

the ocatahedral group O, and that for (f) and (g) is icosahedral group Y. These states be-
long to the class of “inert states” whose structures (i.e. distribution of Majorana points) are
independent of interaction parameters [63]]. These states, if present, must therefore occupy
a finite region in parameter space, and have a good chance of being observed. We show
in the next section through a mean field calculation that all these Platonic solids states can
arise from spin exchange interaction [18].

As mentioned before, the spin order is specified by the set of vectors {®D} with L =
1,2,..2f. In general, when dipolar interaction is taken into account, these vectors (and their
corresponding Majorana points in S,) will vary in space, forming a spin texture in each L-
sector. The general behavior of these spin textures {®P(r)} is illustrated in Figure 1 (1-7)
for the case of f = 7/2. The figure displays the spin orders |®(x)) along a loop C in real
space, which can be represented as a straight line along x with end points identified. The
entire set of spin order {®"(x),L = 1,2,..2f} is represented as an array of 2f spherical
surfaces with radius |A”(x)| and L pairs of antipodal Majorana points. One can recall that
the spin texture in spin-1/2 systems corresponds to a rotation of a vector in space; the

direction of the vector designates the local spin order (S). In comparison, the spin textures
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in higher L-sector of the spin order correspond to the rotation (or even deformation) of a
polygon in space. As long as A¥(x) # 0 and different Majorana pairs do not merge as on

traverses the loop C, each L sector can have its own line defects.

» 9B DOBO 8B
© @@%@ @OOO® s

Figure 2.5: The numerals (1,2, ..7) denote the spin order (®V, ®?, . .®7) of a spin f =
7/2 Fermi gas along the loop C in real space. The loop is stretched out into a straight line
along x with end point (A) identified. Here, 17 = 0, ®®, ®®, ®©® form an octahedron, a
cubic, and an icosahedron. ®® is a polyhedron with 5 vertices forming a pentagon. The
texture of d)gé) (x) depicted implies a line defect inside loop C, whereas the texture of (I);}I)(x)
is defect free. Our model calculations for spin f = 21/2 Fermi gas reveal Platonic solid
configurations like (c), (d), (f) and dodecahedron (g) in certain parameter regimes.

2.4 Energetic considerations and Platonic solid inert states

Next, we discuss how interaction effects give rise to the spin order discussed above. We
shall consider a general short range spin-exchange interaction between fermions [[18]. Such
a description has been shown to be effective in recent experiments in “°K , where
dipolar interactions are negligible. Many other high spin systems (i.e.!®' Dy) have stronger
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dipolar interactions which will lead to non-uniform spin ordering. As a first step, we shall
ignore dipolar interactions. In practice, dipolar interactions can be averaged out to zero
through a sequence of magnetic pulses [64]. On the other hand, many competing orders
may arise at low temperatures, including the superconducting ordering. Different orders
would be favored in different regions in the parameter space. For instance, for spin-1/2
fermions, attractive interaction leads to superconducting phase while repulsive interaction
induces magnetic ordering [65,|66]]. For higher spin systems, in general, the orders may
have overlap in the parameter space and different orders will compete with each other.
Here we do not consider the possibility of competing phases, and discuss first the parameter
regions that can give rise to spin ordering.

Finally, we emphasize that the structures discussed in previous sections do not rely on
the magnetic ordering as discussed below. The emergence of magnetic ordering shown
below not only leads to the existence of different L sectors, but also ensures that local spin
ordering at different locations are long-range correlated, as in the magnetism of familiar
spin-1/2 situation. At higher temperature when long-range magnetic ordering vanishes
(like superconductivity), the higher L-sectors of spin ordering may still persists locally.
The discussion of high temperature regime is left for future works, while in the following
we focus on the possible magnetic states at low temperatures.

The Hamiltonian for local spin-exchange interaction is H = Hy + H;, where the kinetic

and interaction parts are

h2v2
Hy = f d3rZwL(r>( - —u)wm(r), (2.36)
H, = f & Y G OOy (O, (), (2.37)

nyny
m3my

20



Table 2.3: Exploration of 7 = 0 mean field phase diagram for spin f = 21/2 fermion
systems in the presence of spin exchange interactions. k, = (67>n)!/3, where n is the total
number of particles in the system. {ap, F = 0,2,...,2f — 1} are scattering channels with
total spin F. The spin orders of different sectors are represented in Majorana representation.
|®©D) sector would contain 2L points (L pairs). But different points may occupy the same
location, as is the case in (I) and (IT). The objects in set (II) and (III) are Platonic solids.
All of these states are inert states.

Set | kyao kpay kyas kyas  kpag  k,awo k,ap  k,ais k,ais kpaig kpax
D 0.1 0.3 04 045 05 05 045 045 -03 -05 -05
a (-01 -06 -06 055 075 075 045 -0.75 -0.8 0.8 0.8

an | -0.6 -0.74 0.87 079 0.84 -0.8 -0.83 0.82 0.82 -0.85 0.85

Set Sectors of Spin Order
M [@1239)

(I0) ' |0®)y and 0 1D©)
(IIT) . |0©) and . |0

where 7 is the fermion mass, u is the chemical potential, and

2f-1 F
1
Vmmamsms = 5 F; gr M;F<m1mz|FMF><FMF|m3m4>. (2.38)

Here {(mm,|F Mr) is an abbreviation for Clebsch-Gordon coefficients
(fmy; fma|FMEg). grp = 4mh’ap/i is the interaction constant in the scattering channel
with total spin-F, and ar is the corresponding scattering length [67]. For half integer spin
[, (fmy; fma|FMp) = +(fmy; fm|FMp) for odd/even F respectively. Thus, and
Fermi statistics require F to be even integers only. That means ¥, m,mim, 1S 0dd under the
exchange m; & m; or my & my,.

(It is useful here to summarize our notations. (f,m) are the eigenvalues of single atom

spin operators (F2, F,). (F, M) is the total spin and magnetic quantum number when two
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atoms scatter with each other. (L, M) introduced previously denote the particle-hole total
angular momentum quantum numbers, and are the quantum numbers we use to classify
spin orders in terms of different sectors |®®)) in (2.19). )

We shall study the uniform spin order using the mean field approximation. The order
parameter is p,,,,», defined in (2.10), and it is equal to the average

d’r 1
Pmimy = f7p1711m2(r) = ‘_/ Z <Clmzckml> s (239)

k

ik-r

where we used the Fourier tranform ¢,,(r) = \/LV > e cxm, and V is the volume. Then the
k

mean field Hamiltonian reads Hyx = Xk uym, c;mlﬂ‘(m]m (K)ckm,, with

7_{mlmz (k) = (Sk - ,Ll) 6mlm2 + 4Fm1mg’ (240)
lemz = Z YM1M3m2m4pM4m3 . (241)
m3my

Here &, = /°k*/2in is the kinetic energy. The quardratic Hamiltonian can be diagonalized
in spin space through a unitary transform (UTH &U)mm, = (& = tm, [L'1)0m,m,» Where
[Tl = u — 4U'TU),,,. Then the quasi-particles by, = 3, U,lezckm2 are free fermions
obeying + Y <b£m1bkmz> = Ny, Omymy» Where ny,, = + Yy (e(f“"""lm)/kﬂ + 1)_1. With the
above information, we can determine the order parameter through the consistency equation

pmlmg = Z Umlmgnm3 U;nmz’ (2.42)

m3
and obtain the spin vector {®V} using Eqn.(2.16).
We have solved the self consistency Equation (2.42)) at 7 = 0 numerically for the case

of f = 21/2 with some specific value of gas parameters {k,ar}’s, where

k, = (6m*n)'°, (2.43)
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and n 1s the total number density. See Table Since ap’s are unknown at present, we
have tried various parameter sets, labelled (I) to (III) in Table |[2.3| Their mean field states
are:

(D: Only @V, @@ &3 ®@ are nonzero. The Majorana points of each one of them collapse
into a single antipodal pair like (a) and (b) in Fig. 1. The pairs of different L orient
differently.

(IT): Only @@, ®© ®® are non-zero. ®* and ®® form cubes (Fig.1(d)). ®© forms an
octahedron (Fig.1(c)). For ®® and ®©, the vertices of the cube and octahedron are doubly
occupied respectively.

(IID): Only ®© and ®"'9 are non-zero. ®© forms an isocahedron (Fig.1(f)) and ®'¥ forms
a dodacahedron (Fig.1(g)).

The states found in (II) and (III) are the Platonic solids. All the states in (I) to (III) are the
so-called inert states as the distances between Majorana points in these states are indepen-
dent of interactions. All these states are found in a region containing the parameter set in
Table There are also non-inert states in other regions of parameter space. We empha-
size that the scattering lengths in Table. satisfy k,a < 1 and are below the resonance

regime, so the atom loss due to strong interaction should be small.

2.5 Phase Transition: Ginzburg-Landau Theory

Since there are many scattering parameters {ap, F = 0,2, ...,2f} for large spin system:s,
it is laborious to explore every corner in the phase diagram numerically. However, consid-
erable insight can be gained by exploring the phase transition boundary using Ginzburg-

Landau theory.
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Near the phase boundary, the spin order p,,,,,, defined in Eqn.(2 is small . We can

then expand the free energy in mean field approximation

1
Q= 3 In (Tre#™v) - B (2.44)
around B,,,,, = 0, where B = 1/kpT is the inverse temperature. Here Hyy = H(O) + H,
with
Hy = Z(ek — 1)Cl, Chans (2.45)
km
Hl(\/lli_: = Z f‘mln’ucltmlckm29 (246)
kmmy
fm1m2 = 4 Z 7m1m3m2m4ﬁm4m3, (2.47)

m3my

and we have restored the condensate energy B = (H — Hyr)yr to the free energy:

B = 2V Z YmymomzmaPmzmy Pmymy
my...my
2f-1
- ‘ 2F +1
_ ~ 2
- 2V mzn; | Y S /% F; T (2.48)
Terms linear in p,,,, vanishes due to the identity
: 2F +1

(fmy; fra|l FMpy = (=1)/*™ 27+ (f(=my); FMFg|fmy) (2.49)

and the completeness relation 1 = ), |fm){fm|. Similarly, one can show that fmlmz is
traceless and Hermitian.

Using the technique of linked cluster expansion [[68]], we have

Q

I & 1 O
Q,-B- 5 Z M, Q= 3 In Tre PHr (2.50)

-0 B o "
M, = . f dﬂ.._f dt( T Hyp (1) . .. Hypo (7)) (2.51)
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)

(T = eoye ™ and “(...).” means connected diagrams, 7 is the imaginary-

a
where H,,
time ordering. Evaluating (2.51) using Wick’s theorem and keeping up to second order in

Pmymy» WE have

Vi, - 3
AQ == (Telp + (T, ) Tel?), (2.52)

where we have treated I',,,,,, and 3,,,,, as matrices. The susceptibility function is

o (‘9)) , (2.53)

1 ]
X(T’ﬂ)zfzk:fk(l_fk):fo dsD(g)(— o

where D(g) = 3n+/e/2&,’? is the density of states, &, = i2k2/27, and fi, = (e /T + 1)~!
is the Fermi distribution function. y(7, u) is always positive and increases as temperature
is lowered.

Now we express in terms of d)gé) to see the emergence of each L-sector of the
spin order. Note that p,,,,, has the same expansion as those of p,, ,, in equation (2.14),

except for the absence of L = 0 term. Combined with (2.47)), we have

2f L
P = = Y OGGL(YY) (2.54)
L=1 M=-L e
2f-1
G, = 2 Y gr@F+ DHW(FL). (2.55)
F=0,2,...

Here we used the identity

D (FMglfmy; fmg) fmilLM; fmo)fmo; fmy,|F M)

mymyMFp

= (smp|LM; sm ) (-1 FQF + )W(FL), (2.56)

which is derived from the definition of Racah coefficients W(f fff; FL) = W(FL) [53].

Feeding the expansions into (2.52)), we reach the concise form
n2v <L

AQ = —
> 2

L=

L
ST OLL GL[1 - (TG (2.57)
M=—L
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Equation (2.57) shows that ®© will emerge if
1 Gp>0, and (1) xyGp =1, (2.58)

where the equal sign gives the phase boundary. Up to the quadratic order in d);?, all M
components are degenerate. Higher order terms in ®© will lift the degeneracy and mix
different L components. Condition (i) is necessary for the ordered phase to be stable. Con-
sider a single @), which means T' = ~G, @\’ Y"). Then for the ordering to be stable,
the energy B in Eqn. must be lowered due to the presence of spin orders (D(,é). Since
B = —2V((D5lf,)y$))2GL + constant, the case G, > 0 will ensure the spin-ordered phase
is energetically favored over the normal phase. Condition (i1) simply means that the spin-
ordered state is at least a local minimum in the free energy functional.

To help further understanding the conditions (2.58), consider a spin-1/2 systems. Here
the only non-trivial spin order is L = 1 ferromagnetic ordering, and G; = go. Then con-
ditions (i) reduces to gy > 0, which means the interactions are repulsive. Condition (ii)
X8o > 1is the Stoner criterion for ferromagnetic ordering. (Note y — D(er) at T = 0). For
higher spin systems, G, represents the total interaction strength responsible for triggering
the spin order |®?). Since the Racah coefficients W(F L) can be both positive and negative,
not all gr’s have to be repulsive in order to create a critical total interaction G, to start the
spin order, unlike the spin-1/2 case.

Experimental parameters are usually expressed by scattering length ar. Thus, we define

the total scattering length A,

8772 A
GL=—""L A=) apQF + DW(F,L). (2.59)

mn F

Next, we note that y (7, ) in Eqn.(2.53)) has the dimension of density of state. It scales as
4/ and hence represents a momentum scale. We can then define a wavevector k(T i) as
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¥(T, 1) = (m/2m*h*)k(T, 1). (Note that k(0, i) = k,). Condition (ii) then becomes

b/ Tk
k(T, )AL > =, kAL > = ——,
(T, AL 4 or L 4 K(T, )

(2.60)

where the equal sign gives the phase boundary.

Certainly, the larger the A;, the easier for the L-th spin order to emerge. However,
for small gas parameters k,ar < 1, it is not clear whether Eq.(2.60) can be satisfied. On
the other hand, one sees from equation (2.59) that A; will be maximized if the sign of ar
matches that of the Racah coeflicient W(F, L). To demonstrate this effect, we consider a set
of ap’s with the same magnitude @ with a sign matching that of W(F, L). Equation (2.60)

then becomes
/4 k,
(F + DIW(F, L) kK(T. )’

k,a > 27
2F-02,

(2.61)

This condition is plotted in Figure 2 for a spin f = 21/2 Fermi gas. It shows spin orders
as high as L = 7 can emerge at the phase boundary for k,a < 1. While equation 1s
sufficient for the appearance of @, it is not necessary. Once a low order @ is present,
say, L = 1, higher L spin order can emerge through non-linear coupling as temperature is
lowered. Finally, we note from Eqn.(2.61)) that the larger the spin f of the fermions, the
larger the sum in Eqn.(2.61)), and the smaller the gas parameter k,a needed to activate the

spin order.
2.6 Concluding Remarks

Since the diagonal element of the density matrix is the spin population along a specified
spin quantization axis, say Z, they can be determined by the Stern-Gerlach method. To
access the off diagonal elements, one can apply a magnetic pulse to rotate p to o’ = DpD",

where D is a rotational matrix, see Eqn.(2.11). The diagonal elements of p’ will then
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Figure 2.6: The transition temperature for spin order D) for L = 1,2,6,3,5,4,7, (from
bottom to top), for a spin f = 21/2 Fermi gas.

contain information of the off-diagonal elements of p due to the rotation D. By repeating
the measurement of diagonal matrix elements for different D’s, one can then extract the
information of the off-diagonal matrix elements of the original density matrix p.

Large spin quantum gases are fertile grounds for new quantum matter. Here, we have
pointed out the very rich spin order possible in large spin fermions, most of which have no
analog in electron matter. We show that the spin order in different sectors can be conve-
niently described as Majorana antipodal points on a sequence of spheres representing the
spin order of different particle-hole angular momenta. Our model calculations show that
some of these orders can take the form of Platonic solids, which are structures that exist
within certain region of the parameter space instead of a single point. These structures are

therefore robust and will have good chance to be realized.
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2.7 Appendix
2.7.1 Numerical Algorithm for Exploring Phase Diagram

In this appendix we specify the numerical algorithm for exploring the zero-temperature
The mean-field Hamiltonian

phase diagram, and introduce the dimensionless variables
reads
H = > ciede—w+ ) ¢y Tt (2.62)
k kv
T = 481 ) punumlM)E M) (2.63)
where the dimensions for various quantities are [¢;] = 1, [[1=E, p, = ‘1, Z(czvck/), o] =
3
L3, Here the density of states is
D(e) = A e, (2.64)
The particle number density[] defines the Fermi energy
2 3 3n\ 1
n=Z A, A=(=]|—. (2.65)
3 2]
F
From the diagonalized mean field Hamiltonian
6k (/J :ua)
H = b bie 2.66
we have n, = 3A(u — p,)*?, that is
Lo - (“ _”“) . (2.67)
n €Er
E. And one can rescale

4t “4n has dimension [gn] =

Finally, the interaction strength gn =
it with respect to Fermi energy and obtain a dimensionless quantltyE]
drky. Wk: 4
/ = 3—kpa ~ 042 X kra (2.68)
n

4nha
2m

gn
€ m  3Q2n)3
!'In current experiments on ultracold fermion gas, the typical number density is n ~ 10'3~18;,73
2 For resonantly interacting fermion gas, a typical scattering length is a ~ 103az ~ 10~7m, where az =

0.5 x 10710 is the Bohr radius. Thus, g/ex ~ 107 m3
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The whole process is
1. Choose kra, which is a dimensionless number.

2. Convert to gn/erp using (2.68), which is dimensionless. Choose initial p,,/n, which

is again dimensionless and of order 1. ThenI',,/er ~ (gn/er)(p/n) is dimensionless.

3. Diagonalize Iy, /€r, get dimensionless matrices T, and the dimensionless chemical

potential bias u,/€p.

4. Then, solve for yu/ep through

n 3/2
1= e (ﬁ—‘ﬁ) : (2.69)
=~ n €Er €r
5. Obtain n,/n through
3
2
o _ (ﬁ - ’ﬁ) : (2.70)
n (S €Er

6. Then the consistency equation for the dimensionless order parameter p,,, /n becomes

Py

= U2y 2.71)
n n

The iteration process is that one start from an arbitrary p,, and solve for U, and n,.

Then, we use equation (2.71)) to update the p,, and start a new iteration.
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2.7.2 CG coefficients, 3j and 6j Symbols

In the main text, we have extensively used the addition of angular momentums, which

applies the following symmetry relations [S3]] for the Clebsch-Gordon coefficients:

(Jimy; jama| jzms) (=D —mys iy — maoljs — ms)

= (=D omy; jimy jams)
j3 +1

-1 J1—mj
1) -

NN\
~
ﬁ

(Jimy; jz — ms|jo — my)

2j3+1

(_1)j2+mz

(J3 — m3; jomy|ji — my)

[\
=

+

[S—

2j3+1

—1)/1—m
( ) 2j2+1

(Jams; j1 — my|jama)

2j3+1 . . .
J.3 " 1<J2 — my; jzms|jimy). (2.72)
!

(_1)j2+mz

[\
~

It is also useful to introduce the so-called 3j symbols, which describe the addition of two
angular momentums and are related to the Clebsch-Gordon coeflicients by the following

equation:

. . . —1)J1—da—m3 ) ) )
(]1 J2 ]3) ( )_<]1m1;]2m2|]3—m3>, (2.73)

my o g V25 + 1
(—1)f1_j2+’”3\/2j3+1(11 20 ) (2.74)

mp nmp —ms

(Jimi; jamaljams)
The symmetry properties of 3 j-symbols include:
v o2 s \_ (2 s o \_[J SR
mp; mp nij nmy ms Nl ms mp; ni

= (_1)]1+j2+j3 Ji J2 J3 :(_1)j1+j2+j3 i J3 )2
-my —mp —m; mp msz my

(_1)J'1+jz+j3(j2 VIRVE ):(_1)j1+jz+j3(j3 2o ) (2.75)

m, m; ms m3 mp; m
In the main text, for technical reasons we have also used the 6j symbols, which physi-

cally describe the addition of three angular momentums. The relation between 6 j-symbol
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and the Racah coefficient reads

a b e _ (_1\at+b+c+d .
( dc f ) =(-1) W(abcd; ef). (2.76)
The symmetry properties of 6j-symbols include
1. When any two columns are interchanged, it remains invariant. e.g.
a b c b a c
{def}_{edf} (2.77)
and etc.

2. When two elements in one row are interchanged with two elements of another, it is

a b c| |aef
{de f}_{db c} (2.78)

invariant, e.g.

and etc.

The summation rule for 6j symbol reads

. v J2 )3 v J2 )3 1
z : 2j3+1 = ——0,1, 2.79
- @/ ){ L L L }{ L L [ } 2+ 115 279)
E 142+ o J2 L J Ji 2 J3
1YL + 1 Ji J2 3 ].1 1 _ '
I3 v ek ){ ho bk 2 bk L L J
(2.80)

Finally, the 3 and 6 symbols are connected through the following relation:

Z(_l),u1+ﬂz+ﬂ3 i b L L 2 I3 L L s
mp Hy —H3 —H1 my U3 M1 —Mpy M3

H1H213

— _ 11+12+l3 jl j2 j3 jl j2 j3
- ( 1) {ll lz l3 }( )7 (2.81)

mpy mp; ms
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or written in another way,
Z(_l)y1+ﬂ2+;13 o2 3 Ji bk L b
o my m; mj my Hy —H3 —H1 My U3
L L s
M1 —H2 M3
—_ _ ll+lz+l3 jl j2 j3
= (-1 {11 L1 } (2.82)

2.7.3 Relation Between the Components of Generalized Spherical Har-
monic Operators [Y;?(F)] v and the Clebsch-Gordon Coefficients

(fUILM; fv)

As described in the main text, the generalized spherical harmonic operators Yﬁ)(F)
are constructed by first multiplying the standard spherical harmonic function with radial
coordinates: rLYl(;)(H, ¢), and then replacing the Cartesian coordinates (x,y,z) with spin
operators (Fy, F,, ;). In many current literatures, this operator is used to perform tensorial
depomposition instead of the Clebsch-Gordon coeflicients used in this thesis. So we discuss
the relation between [Y;?(F)]W and (fu|LM; fv) below.

They both satisfy the definition for spherical tensors

(2.83)

LD rrt (L) y7(F)
UYYUt = YU,
M/

so they must be proportional to each other, with proportionality coefficients independent of
M. This means they must satisfy the same symmetry property when changing M — —M.
Specifically, we know that

Yeom = (=DMY] . (2.84)
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Moreover,

- FF’6MM”

v \ . Cf+F+1)!
Tr (Y Y, p T (2.85)

2 1
DU M = 3 L 0 MU )
uv

X(fs = fYIF'M") ( ™
2 1
= 2{7: 15FF’5MM/- (286)

Examples show that there is a (—1)* factor difference between them. Thus, in summary,

2F+1 2f+F +1)!
N = (_1\F .
Yruls;, = (1) \/2f+ [ 42 2 = F)] (fulFM; fv). (2.87)

2.7.4 Ginzburg-Landau: General Formulation

We have the mean-field Hamiltonian

Hyr = ) [(& = i0mm; + Dy 16, Coms = B, (2.88)
k,my,my
where
Chme = 485 > D rmims| FMY(F Mimamy), (2.89)
FM mamy
B = 2V gr D PuomiPuam ums|F M)(F Mimym,). (2.90)
FM mymymsny
Near the phase boundary,
n
Ry =pu— =0 291
SN YIS b 31

is a small quantity, where we have subtracted 57—=Trp,, = n to make R, traceless. Here n

2f1

is the particle number density. Then, we intend to expand the thermodynamic potential
1 _sH
Q= 3 In(Tre™”7MF) (2.92)
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with respect to R,,.

To do so, we decompose the mean field Hamiltonian as

Hyr = Hy + H, (293)
where H is
D (& = m)c), cio — B, (2.94)
ko
and B is the condensation energy,
> ez
= 2V ) gpl/—= (2.95)
15 f 1y
D R Ry, (mims | F M) Mimoms ). (2.96)

mi...ny
B should be negative to make the condensate stable. In addition, here the chemical potential

includes the trace of the interaction part,

TrI™ 2F+1
IR TR 2+ 1 2f+IZgFZI<UmIFM>I =u-— 4n2gp(2f ) (2.97)

The last step is achieved through the symmetry property of Clebsch-Gordan coeflicients in

equation (2.72). Similarly we can show that the linear R, term in B vanishes, and I}, ,, is

traceless and Hermitian. Finally, the second term in (2.93)) reads

Hy = " Tl Ciom (2.98)
kmymy
o, = 485 D Ry tmims|FM)(F Mimomy). (2.99)
FM msmy

To expand the grand thermodynamic potential, we apply the technique of linked-cluster
expansion [[68]]

1 (o]
Q:QO—BZMI, (2.100)
=1
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where the correction

(—1) A
M, = nJ, dTl---fo dr(T, V(z1)...V(11)con.. (2.101)

(Here the subscript “con.” means to include only connected diagrams.) Here V(1) means

the operators in the “interacting picture”, V(1) = f#0 Ve In particular,
Cin(T) = Con€ P4, (D) = ¢ P, (2.102)

The non-interacting part € in equation (2.100)) is evaluated easily

_ /J’Z(Ek ~we} cio
Zy = TreP = fPTre 0™ "

= FB n Z <npm| n —Blex #)Lku.lfk(rln )

pm npm=0

= ] Jaxerom, (2.103)
pm

1 1
Qo = ——InZy=-=[BB+ ) In(l+eP@™)]
0 ,B 0 ﬁ ;
2f+1) e,
= —B- In(1 + eP&7), (2.104)
5 2

Then we evaluate the corrections. The first order term M, is expected to vanish due to

symmetry consideration of the system. We can also verify it by explicit calculations:

f dT<V(T)>0 = f dr Z rpv<ck Ckv)COIl

kv
f dr Z uvl + eB(Ek—/l) (2.105)

Since I',,, is traceless, we proved M; = 0 as desired. In the above derivation we used the

M,

property that (... ) is evaluated with Hy, so it is diagonal in spin space.
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The second order term in equation (2.100) is

M2 = fd’ﬁf de lemZFm3m4

km; mz ,pmzmy

(T Ckm (7'1)6"kmz(T1)C;m3 (T2)Cpmy (T2))con.

kmlmz pmzmy

§ rml my rm; my

kmymo;pm3zmy

6m1m4
* [1 — e X Omams (1=

_ B I 2
4 (Zk: 1+cosh,8(ek—/1));|rwl '

— i i
- f dTl f dTZ 1—‘m1 my l—‘m3m4 <Ckml Clamy Cpm3 Cpmy >C0n.
2

1 + eBla—mw )] Okp

(2.106)

where in the last step we used the Hermitian property of I',,. In summary, the second order

term is found to be

M,

—2VZgF D" Rua Ry, (i FM)CF Mimam,)

F mi...my

[Z 1+ cosh,B(ek —,u))Z:| Ll
1
2 ;F“VRV“ 4 (Zk: 1 + cosh B(e —,u)); Il

with I, given in (2.99).

To include the higher order terms, we have the expression

Q = const. — —( ZFWRW + A(T, ,u)Ter)

+f(T, T + fo(T, ) TeT,
where the additive constant is

const. = (2f+ 1)2 ZgF(ZF +1),
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and the functions f;(T, u) are

1 1 1
AT = = Zk}nk<1 —m) = 5o ; T — (2.110)

1
KT = = zk]nk(l — (1 = 2n)

1 tanh(e, — u)/2T
_ anh(e — u)/ ’ 2.111)
1272 — 1 + cosh(e —p)/T
1
2473

FlT ) 2l =6 — 6, + 1)
k
1 —1 + 1 cosh %
= > 2 r (2.112)

2473 £4 (1 + cosh 47£)?

The expansion up to 4th order is only meaningful if f;(7, ) > O within the temperature
range under concern. From Eq. (2.112)), f4(7, 1) > 0 for approximately T'/Tr < 0.35.

The above equations can be readily used to recover the simple spin-half case. Note that

Bl
li ! ! o( ) (2.113)
im — = - u). .
7-0 2T 1 + cosh(e — u)/T €K
Thus,
ST =0,p) = AV yJu = D()V. (2.114)
. on A s 2 3 3
Also, for spin-half, R = A —on ,['=-2g0R, R” = ¢y = +Jon? + |A]*. Then all the odd

order term vanishes, and we have

2
14
o= _80"

+ (1 = 2g0D(er))2g0 V> + (# > Ot + ... (2.115)

Thus, for go > 0 (which makes the condensation energy in the constant term negative),
the second order phase transition occurs at 2goD(er) = 1, which is the renowned Stoner

criterion for magnetization instability [66].

32
2¢;!

3 The summation over k can be expressed as Y, = f AV +Jede = f 3V +Jede, where D(u) = A Vi,
K
A =3n/2, and e = p(2f + 1.
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2.7.5 Ginzburg-Landau: Dimensionless Variables

We employ the following dimensionless variables

R v r v
8F < an’ Ry © £ > ruv o L >
€Er n €r
n—1 T H
(T, ) < e fu(T, ), T o —, Mo —. (2.116)
T €F

Before phase transition or near the phase transition boundary, particles will distribute

equally among all f-states,

no(po, T) = % (2.117)

and in particular, at 7 = 0, since n,/n = w2,

Ko _ af + 125, (2.118)

€r
Further, converting the sum over K into an integral using footnote |3| we obtain the dimen-

sionless formulae

Q 1
N, = const-3 ;FWRW + fo(uo, T)TIT?
+ f3(uo, TYTIT? + f4(uo, T)TIT, (2.119)
where the additive constant is
const. = (2f TPV Z gr(2F + 1), (2.120)
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and the functions f;(ug, T) are

3 Vxdx
S, T) = AT o 1+cosh(x—puy)/T
T -0 J \/_
) tanh(x — uo)/2T
]%(“0’ T) - 8T2 f \/_ 1 + COSh(x /JO)/T

T -0

1 ""1——coshx”0
Ja(uo, T) f Vxdx
0

1673 (1 + cosh =£2)?
1
T__’Q 64,2
Here we used the identities
.1 k(x)
Iim— | dx—————— = k(0),
90 2T f 1+ cosh(x/T) ©
) 1 tanh(x/27)
lim — | dxk(x)——————— = Kk'(0),
750 272 f . (x)l + cosh(x/T) ©

| 1 — 1 cosh =X
—%nr(l)— f dxk(x) = k"(0).

(1 + cosh ‘T’m)2

which can be derived by noticing that

, 1
37 Trcoshym) — O
d 1 tanh(x/2T)
dx (1 n cosh(x/T)) = 1+ cosh(x/2T)’
T2 &> 1 1 — 1 cosh =
C2dx? (1 + COSh(x/T)) B (1 + cosh =£2)2’

2.7.6 Ginzburg-Landau: Angular Momentum Decomposition

(2.121)

(2.122)

(2.123)

(2.124)

(2.125)

(2.126)

(2.127)

(2.128)

(2.129)

In previous sections, we have decomposed the grand thermodynamic potential € into

different orders of I',,,,,,,, where I',,,,,,, is generally a superposition of different total angular

40



momentums. In this sections, we further separate

Ty =4 > 8r D R (e FM)F Mlyms),

F mymy

into components of different total angular momentums using the decomposition

Ry = ) com(fulFM; fv),

FM
where cgy,’s are given by
2F +1
_ (_1\F+M .
crn = (=1) 2+l ;V Ry fUIFM; fv).

The above relation can be derive with the aid of Eq. (2.72),

2f+1
2J + 1

R = > comffulIMzi v = > coIMf.~v: fi0) 1.

JM; JM;

So

, [2f+1 [2f+1
;RMf— v; fUFMY(=1)/* = ;’ mchfé”éMM’ S N2F+ 1

(2.130)

(2.131)

(2.132)

(2.133)

(2.134)

We remark that a similar decomposition can be carried out using Yy, while here we use

the Clebsch-Gordon coefficients in (2.131)) for technical convenience. Note that (fu|F —

M; fv) = (f =V|F — M; f — u)(=D)M = (=1)**M(fy|FM; fu). In our case, f’s are

half-integers, so F’s are integers, and therefore

(fUIF = M; fv) = (CDM(PIFM; f).

Thus, if we expand

Ry = > crulfulFM; fv),

FM

(2.135)

the coefficient also satisfies cy_y = c},,(—1)™ due to the Hermitian property of R,,,.
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The purpose of such decomposition is to obtain the total angular momentum, i.e. if
only ¢y # 0, we know the total angular momentum is 2. This is true because { fu|FM; fv)
satisfies the definition for a spherical tensor of order (F, M), which can be shown through

the following. Let the rotation matrix be U = eI+ = 7, U,, then

(LM\fipy fopta) = (LM|UTU| fipu1 fopa)

D LML ML MAE X Fisth St ULfiges fopea)

LM’ i ity
— L) ’ ’ 7D ()
= D UNALM [l YU U
Mty

Then,

D UNDIMIfigar foriz) = Y (UG LM\ fip's foris) UL
M1

Hopa”
M’y

Thus, we have
D SUFM's U = > (U 1M YUY, (2.136)
M’ wy

which is the definition for a spherical tensor.

The key of performing the decomposition is to apply the relation

D (FMIf; fm)(fulF My fy)(fv; frlF M)

uvM

= (falF\My; fm) (=) QF + DW(ffff. FF)), (2.137)

where W(ffff, FF) is the Racah coefficient. In our case F is an even number and 2f is

an odd number, so (—1)>~F = —1. Then
T = Y cron Kn (fulFiM; ), (2.138)
FiM;
where
Kr, = =4 gr2F + DW(ff£f; FF)). (2.139)
F
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Further note that

D FUIF My ) fYIFMo; fo) (2.140)
uv

_ f+v 2f+ f+u

= (-1 (= v fulF M) X (=1) <f v; fulF> = Mo) (2.141)
2f+1 M
F 16F1F26M1,_M2(—1) . (2.142)

Using the property cr, y, = (=1)"'c}. ,, , we have

D TRy = >0 crmKrcrum ) (FUIFIMy fYIFMy; fu) (2.143)
ny FiMy,Fa M, My
2f +1
= |CF1M1| Fi» (2-144)
F]ZM:] 2F1 +1
2f+1
r,r, = g K7 . (2.145)
2. 2 lerl 37K,

And the second order term in the thermodynamic potential is then

12f+1
M, = FIZM“I |CF1M||2[ 22}]: KFl (1 + fo(T)Kr)) |- (2.146)

with Ky, given by (2.139). After the scaling (with Fermi energy e and number density n)

introduced in Appendix we have

8 < 0.42 X kra. (2.147)

€F
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Chapter 3: NON-TRIVIAL MANIFOLDS FOR SPINOR
CONDENSATES IN SYNTHETIC GAUGE FIELDS

3.1 Introduction

We explore another new directions in cold atom researches in this chapter, which is
the effects of non-trivial background manifold where the quantum gases could reside. In
the study of quantum matter, one usually deals with Euclidean space. Spaces with non-
zero curvatures or non-trivial topology are seldom encountered. However, recent studies
show that many important properties of many-body systems can be revealed by changing
the geometry or topology of the background manifold. For instance, the ground state de-
generacy of a quantum Hall system is shifted by an amount proportional to the genus of
the manifold [69]. A change of the spatial geometry of the system can also lead to a dis-
sipation free “Hall viscosity” response in two dimensional systems [70-72], which is the
topic of the next chapter. Furthermore, it was found in graphene that curvature effects can
mimic those of gauge fields [37]]. The fact that manifolds with non-Euclidean geometry
can help uncover new features of quantum matter makes it desirable to create manifolds of
controllable shape, and to develop capability to add in synthetic gauge fields.

The purpose of this chapter is to discuss how to create quantum gases on curved surfaces
with synthetic gauge fields, as well as their properties. As a first step, we consider in detail a
spinor Bose-Einstein condensate (BEC) in the form of a cylindrical surface (produced by an
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annulus trap). Bose condensation will magnify quantum phenomena on the macroscopic
scale, while large spins will lead to stronger synthetic gauge fields through Berry phase
effects. This study is also an extension of the on-going effort of generating synthetic gauge
fields in quantum gases (using rotating traps [/3-80], Raman transitions or shaking lattices
[81-88]]) to explore the effect of geometry and topology of the underlying manifold on
BECs in such settings (there has also been a recent study in a lattice system [89]]). Finally,
we will briefly discuss the extension to other shapes of manifolds, such as spherical and

toroidal surfaces, and the vortex physics associated with them.

3.1.1 Preliminaries of Optical Traps

Trapping potentials in cold atom systems are generally produced by introducing a
smooth energy shift of the atomic levels in space. Specifically, when atoms are subject
to an external field, i.e. electric field, magnetic field, etc., its energy levels will be shifted.
Then if the external field is inhomogeneous but does not change too rapidly (compared
with the size of the atom) in space, atoms will adiabatically stay in the same energy level
E, + E;(r), but with spatially dependent energy shifts. Such an energy shift essentially
functions like a potential V(r) = E’(r) in length scales much larger than the atomic size.

A simple example is the potential produced by Zeeman effects when atoms are exposed
to inhomogeneous magnetic fields. It amounts to a generalized Stern-Gerlach experiment.
The atomic levels are shifted by E,, — mu - B(r), where u is the magnetic moment of the
atom (which is chiefly contributed by electrons as the nuclear moment is several orders of
magnitudes smaller), and m is the magnetic quantum number for the state. If an atom adia-
batically stays in certain state |fm), the energy shift is linearly proportional to the strength

of magnetic field |B(r)|, see Fig. [3.1] In fact, this is the idea behind earliest magnetic traps
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' E;, = +B(x)
m=1
—
m=0{ N B
m=-1 "
m=-2 X

Figure 3.1: Magnetic trap as a simple example of trapping potential. Left: In the atomic
scale, energy levels are shifted due to the magnetic field. And the magnitude of shift is
proportional to the strength of the field. For states m = 1,2 shown schematically here, the
energy is lower for weaker B, and they are called “low-field-seeking” states. Right: The
field changes in scales much larger than the atomic size, and the atom adiabatically stays
in the same level with negligible transition amplitudes to other m-states. Then the energy
shiftec | B|, and functions like a potential.

used in cold atom experiments, and is still widely used nowadays. Usually a quadrupo-
lar magnetic field is used, which can be produced by two parallel rings carrying currents
circulating in the opposite directions. The field is weakest in the center, and therefore for
“low-field seeking states” the effective potential functions as a trapping one. For more
details, see [[67]).

The magnetic trap discussed above has the character that the internal degree of freedom
m is freezed by external magnetic field, which is the basis for magnetic trapping. Optical
trapping, on the other hand, uses the Stark shift introduced by the electric-field component
in a laser beam, and does not lift the degeneracy of different m’s. Therefore, the ground
state manifold |fm) consist of fixed f but degenerate m = —f,—f + 1,..., f states. We
review the basic properties of optical traps below.

When a neutral atom is exposed to electric fields & (in an electromagnetic field), its

charge distribution of the electron cloud is distorted, and it acquires an electric dipole in
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V(r)

Figure 3.2: The blue-detuned (w > w,,,) and red-detuned (w < w,,,) Gaussian laser beams,
and the effective potentials they produce respectively. Here w is the frequency of the laser,
and w,,, = w, — w, is the atomic level spacing between |m) and |n) that is closest to
resonance with the laser frequency.

the lowest order approximation
d=-e) #, 3.1)
J
where r; are the position of atomic electrons relative to the nuclei. The atomic levels
are correspondingly shifted due to such perturbations. The Hamiltonian describing such
influence is

A

H=H,+H, H=-d4-& (3.2)

where H, gives the unperturbed atomic levels. Here in the atomic scale, we consider the

electric field to be constant in space and it oscillates with frequence w

&E = Egcoswt. (3.3)
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Denote the unperturbed atomic levels generally as |n) with frequency w,, and expand the

perturbed wave function as

W) = > ant)e " n). (3.4)

n

From the Schrodinger’s equation we have

hda,(t) = ) at)nlH' (lhe ™, (3.5)

l

where w;, = w; — w,. Suppose initially the state is |/), to the second order approximation

[67],
. l|d;|!
¢ = { lhl >8()coswt
8% _ el@nto)t _ | ellwn—wit _
— di|ly|P e~ t . 3.6
+2h22|(n| |D|Pe COS W o + oo (3.6)

n#l

Here we denote a;(t) = e, so ¢, indicates an energy shift of the initial state | with
frequency w; in (3.4). The dipole selection rule gives (/|d;|l) = 0, and states with different
orbital angular momentums are coupled. In other words, states with different magnetic
quantum numbers remain almost degenerate, unlike in the case of magnetic trapping [18]].

Taking a time-average, we have the energy shift

& (r)
2%

Ej(r) = i), = Gl P (3.7)
wnl — W

Regarding the energy shift as trapping potential, there are two characters that will be ex-

tensively used later on this chapter:

1. Blue-detuned and red-detuned lasers. The most important contribution usually
comes from the state n where w,, is closest to the laser frequency w. Without loses of
generality, let us set w,; > 0. Then we see for lower frequency w < w,;, the potential
is an attractive one, and the laser beam is called a red-detuned one. Similarly for
w > wyy the laser beam is called a blued-detuned one producing repulsive potentials.
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2. Strength of potential. Clearly, the stronger the laser field & is, the stronger the
potential will be. To obtain a local maximum, one can put a lense in front of a laser
beam to focus it. Usually the intensity of the laser beam has the Gaussian shape; then
around the center of the Gaussian intensity, the atoms approximately feel a harmonic

trap.

A schematic plot for the lasers and their effective potentials are plotted in Fig[3.2]
3.1.2 Synthetic Gauge Fields: General Discussions

We review some of the experimental schemes to generate synthetic gauge fields in cold
atom systems. The difference of cold atom systems from usual solid-state electronic sys-
tems is that atoms are neutral particles, and do not feel the Lorentz forces as charged elec-
trons do. The effort of making the neutral atoms behave like charged particles moving in
electromagnetic fields leads to the subject of “synthetic gauge fields”.

The common feature in all the experimental schemes is that one actually tries to synthe-
size the “gauge potential” Ayy,, instead of the electric or magnetic fields E, B. Specifically,

in the kinetic term of the Hamiltonian

T = p_2 N (P - Asyn(X))z’
2m 2m

(3.8)
one tries to generate a position-dependent kick to the momentum. Then the effective Hamil-
tonian resembles that in the presence of a gauge field (described by the gauge potential
Agn). As such, it is clear that the “synthetic gauge field” generated in this way generally
will not enjoy the gauge freedom A — A +Vy, because different Ay, corresponds to differ-
ent physical systems. (For a specific example that shows the physical difference between
“Landau gauge” and “spherical gauge” for uniform magnetic fields, see [90]. It chiefly

concerns the effect of boundary conditions). In this sense, the word “synthetic gauge field”

49



is a bit misleading, as gauge degree of freedom is often regarded as an important feature
of gauge fields. But with these caveats in mind, in the following we will follow most liter-
atures and continue calling the synthesized gauge potential a “synthetic gauge field” for a
charge-neutral system.

Up to date, there has been a number of experimental schemes realizing Abelian or
non-Abelian synthetic gauge fields (spin-orbit coupling) in the cold atom setting, both in
the presence or absence of optical lattices. These include the rotating gases [91]], Raman
coupling [92], shaking lattice [93]], and spin textures [94-96]]. For concreteness, we next
quickly review the scheme in rotating gases for example. Such a scheme involves a time-
dependent trapping potential V(r, ) that rotates at certain frequency Q. Then, the non-
interacting part of the Hamiltonian

p2
T+V==—+V(,1 3.9
2m

can be rewritten in the frame rotating with the potential as

2
—>TR+VR:(;L—Q-L)+V(1~) (3.10)
m

where the trapping potential becomes static in the co-moving frame, and the Hamiltonian
gains an additional term due to the centrifugal force in the non-inertial frame [91,97]. We
will derive it in a moment. Here L. = r X p is the angular-momentum operator. Use the

relation Q - (r X p) = p - (2 X r), we easily see

— (p - lgrot)2 _ m(Q X l‘)2

T, 3.11
R . > (3.11)
where the synthetic gauge potential

Aot = mQ(—y, x) = mQ Xr (3.12)
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Such a gauge potential corresponds to a static uniform magnetic field B = VXA, = 2mQe,.
We can understand the derivation of (3.10) from two perspectives. One uses the trans-

form of Hamiltonian and states between rotating and laboratory frames
Hyo = e VHDE MY, W) = €M y). (3.13)

In the laboratory frame we have the Schrodinger’s equation id,|y) = H(#)|y), so in the
rotating frame we have id,|Y,.,) = (H,or — L - L)|¢,,). Alternatively, we can start from the

Lagrangian, which is an absolute independent of frames

2 Yo QX Yo 2
L:?}—vmwzm”’+2 Lo Ve, (3.14)

Then we directly construct the Hamiltonian in the rotating frame through Legendre trans-

form

0
= L = m(Vyor + QX Tppp), (3.15)
OVyor

prot

mv2 . m(Q X Tp)?

Hrot = Veor * Prot — L= 2”” 2 + V(rrot)
rot — Q X ro. 2 Q X ro 2
_ (Pror ”;m Tror) _ m( . Tror) + V()
p2
= Z:nm —Q XL+ V(r,,, (3.16)

which is the same as (3.10).

Later on in this chapter, we will employ another scheme that uses the spin textures of
the system to generate synthetic Abelian and non-Abelian gauge fields. We provide some
general discussions of this scheme in the following [94,95]]. The idea is that for particles
with spin, we can separate its wave function ¥(r) = {(r)¢(r) in terms of spin and density
degrees of freedom. If the external magnetic field fixes the spin degree of freedom {(r) (i.e.

by Zeeman effects), then the effective Hamiltonian for the density degree of freedom ¢(r)
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resembles that of a charged particle moving in electromagnetic field. For instance, consider
a system in a strong magnetic field where the spin of a particle adiabatically follows the
direction of the field everywhere. Then when a particle completes a loop, its spin rotations
endow the particle a Berry phase, just like that for a charged particle moving in a magnetic

field.

Figure 3.3: Directions of local magnetic fields

Now we lay down the concrete mathematical formulation for such a scheme. Consider
a neutral particle with certain spin moving in external magnetic fields:

2

H= P B, 1) -F + L(B(r, 1) - F)>. (3.17)
2m

Here the external real magnetic field B(r, ¢) serves to produce a (linear and quadratic) Zee-
man effect for neutral atoms, and it can vary in space and time. F is the spin operator.
The system satisfies the Schrodinger equation i20,|) = Hy). Now we perform a local
spin rotation such that everywhere the spin-quantization axis is along the direction of local
magnetic field

.y = Ulp), U =" (3.18)
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Here a(r, 1) is the angle between the z-axis and the direction of the magnetic field
b= B/|B| = (sin @ cos 3, sin & sin 8, cos @),

and the local rotation axis is
a(r,1) = b xe./|bx e.| = (sinB, — cos 3, 0).

See Fig. Then

UB-FU' = [B|F,,

UpU’ (p — ihUVU")

iholy,) (h@,U)U" + UHUUp)

and the Schrodinger’s equation in the transformed frame becomes

(p - Asyn)2

ihoy,) = o

+ CI)Syn - /11|B|Fz + /12|B|2FZ2 |'7[/r>’
Here the synthetic vector and scalar potentials are

Ay, = iRUVU', Oy, = ik(8,U)U".

(3.19)

(3.20)

(3.21)
(3.22)

(3.23)

(3.24)

(3.25)

Now we can see the emergence of synthetic electric and magnetic fields, as well as non-

Abelian gauge fields (spin-orbit coupling) in different parameter regimes. Specifically, in

the Abelian regime where 4, — 0 and 4, are strong enough, the spins are all polarized along

the direction of local magnetic field. Then in the rotated frame the state is |f,m; = f),

where f is the spin of the particle. Thus, we can replace F;, — f, and F,,F, — 0 in

U = e ¥ after taking derivatives. In this case, we obtain the Abelian synthetic gauge

field Ayyp, @y, with electric and magnetic fields equal to

E,, = _aAaiy“ -V = i [(VU)@O,U") - G,U)VUT),

V X Ay = iR(VU) x (VU").

Bsyn
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Thus, we see that a spatially varying external magnetic field (that polarizes (@, ) in U, U")
results in synthetic magnetic field; if the external magnetic field further depends on time, it
also induces a synthetic electric field.

In another parameter regime where A;, A, takes the values such that more than one spin
components are almost degenerate in the ground state, we have the non-Abelian gauge
field Agyn, @gyn. We briefly discuss such extensions in the appendix of this chapter. In the

following we will focus on the Abelian case.

3.2 Realization of a BEC on a cylindrical surface with synthetic gauge
fields in Landau gauge

A cylindrical surface has a non-trivial topology (i.e. a hole) and an extrinsic curvature.
As we shall see, the non-trivial topology of this surface leads to two types of vortices
(denoted as A and B) with the same circulation, in contrast to the single type of vortex for
given circulation in planar geometry. This is because there are only two conformal maps
that take a plane into a cylinder that satisfy the topological constraint. We further show
that in the presence of a synthetic magnetic field, the confining potential of the annulus will
give rise to a “necklace” of vortices — a row of alternating A and B vortices surrounding
the center of the cylinder at z = 0, rather than the usual hexagonal vortex array in a planar
geometry. Such vortex patterns will shown up in time-of-flight experiments as a density
distribution with 2n-fold rotational symmetry around the axis of the cylinder, (n being the
number of A-B vortex pairs in the ground state), which can be detected easily. The fact
that structures as fundamental as vortices can come in different varieties on a cylindrical

surface suggests that many new phenomena are in store for more complex curved spaces.
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Figure 3.4: The (repulsive) blue-detuned later beam penetrates through the center of a
(attractive) red-detuned laser, and the BEC is confined in the cylindrical surface.

3.2.1 Trapping BEC on a cylindrical surface

To create a quasi 2D BEC in the form of a cylindrical surface, we first create an annulus
trap of narrow width by piercing through a trap (produced by a red-detuned laser) with a
repulsive potential (produced by a blue-detuned laser), as shown in Fig[3.4] This will create
a confining well in the radial direction with a minimum at radius R. A harmonic potential
V(z) = Mw?z*/2 is applied along z. If w, is much weaker than the trap frequency in the
radial direction, then a quantum gas in this trap will form a quasi-2D cylindrical surface
with radius R, thickness o, and finite height. (See Fig. [3.4).

The total potential produce by the red and blue detuned laser, denoted as Vi and Vp, is

V(r) = —Vge 27 4 Ve 127 (3.28)
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V(r)

Figure 3.5: The blue and red dotted lines represent the attractive and the repulsive potential
due to the red-detuned and blue-detuned lasers. The green curve is the combined potential,
with a minimum at R. For sufficiently large R and for weak harmonic confinement along
Z, the quantum gas will form a quasi-2D cylindrical layer with thickness oo < R, shown in
green.

where o ,, 0}, are the Gaussian width of these lasers. The minimum 7, is located at

v

Or lr=r,

0

= = > — . (3.29)
b

VRO'b

20507 | (VB f)

oZ-o
For r, > 0, we need (i) o, > 0, (“blue laser penetrating through the center of red laser”),
and (i1) V/Vz > O'i /o2, (blue laser must be strong enough to repulse gases from the cen-
ter). By tuning the relative strength and width of the red and blue detuned lasers, we can

adjust the location of the minimum r,.

The “width” of the annulus potential is given by the trapping frequency around the

minima ry, where V(r) around r, behaves like

M. 2
Vi)~ VO + 2= 1), Me? = VO (3.30)
P oy 9 T
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The trapping frequency w, can be tuned by changing Vi and Vj together, while keeping the

ratio Vr/Vjp fixed.

It is convenient to introduce the dimensionless variables

K= k=2 (3.32)
gy WR

where wgr) = /Vawr)/Mo ;). Then the radius and harmonic trapping frequency becomes

4,21
o= 0|2, (3.33)
K1 -1

1
4,21 2% di?1 2% \]2
o [(1 _ g ”2_1)_@2(1 _ Atk )] C Gad

K12—1 K12—1

W,

For instance, we choose k; = 2,k = 1.2, then ro ~ 0.990,, w, ~ 0.78wgr = thickness

7  3.1x107°
0.78Mwr wr

m, where wg takes the unit of Hertz. For wg = 200Hz, the thickness
~ 2.2um. Thus, for o, ~ 22um we approximately have the radius-thickness ratio for the
cylindrical surface as R/o- = 10. These parameters are used to plot the potential V(r) in

Fig. 1.

3.2.2 Synthetic gauge fields in Landau gauge

Next, we insert a quadrupolar magnetic field B into the center of the cylinder, (see Fig.

B.4),

B(x)

Bo(xX +yy — 2z2)

Byr(sin 6 cos ¢x + sin 8 sin ¢y — 2 cos 67). (3.35)

Such a field configuration was used recently in the experiment by Hall’s group [98]]. Our
configuration is a modification of their setup by piercing through the harmonic potential
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with a blue-detuned laser. For sufficiently large B,, the low energy space is made up of
bosons with spin pointing to the direction of the local field B(x). Denoting the direction of
the spin as
[ = cos B2 + sin B(cos ak + sin ap), (3.36)
we have
2z
VRZ + 472

The condensate wave function of bosons with spin S is then ¥,(x) = £,(X)¢(x), where a

a =g, cosf = — (3.37)

is the spin index, ,(x) is a normalized vector aligned with the local magnetic field, i.e.

B(X) - Sudp(®) = S Lu(x).
The energy functional reads (with spin indices suppressed)
51 =[] St - - v + S| (338)
2M 2

Here, we have V = 29, + R™'¢d,,. With £,(x) frozen by B(x), (3.38) reduces to a functional

of ¢(x). The kinetic part becomes

\Y v
v = ‘(7 o

i

2

+ [IVZP + V2P| gP. (3.39)

Both |VZ[? and (£TV/)? serve as additional harmonic potential around z = 0. Near z = 0

they have the effect of a harmonic trap:

S SR% +47% S
Ve + (Ve = 2 2 T

T 2 (R +472) ~ 5R2 [5 - 32(z/R)’]. (3.40)

We shall then denote the total harmonic trap along z as V, = %M@fzz. Thus, the system
represents scalar charged bosons ¢(x) moving in synthetic magnetic field, with the gauge

potential and field strength

5228
Ay = il'VZ = S(Va) cos B ~ —%%, B,, = VXA, ~2S/R)F  (3.41)
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near z = 0. The strength of the synthetic field is proportional to 2§, so a vortex ground state
is expected for condensates with sufficiently large spin. To simplify notations, we measure
length in units of R, so that z/R — z, and z is now dimensionless. We further introduce the

dimensionless variables

& = M@.R* /1, i = p/(H|2MR?), g = g/(W*|2MR?), (3.42)
then the energy functional becomes E[y/] = 21322 f d*x &,
) N
& = 109" +|(-id, +252) | — (- &2) o’ + Jiol". (3.43)

3.3 Vortex Physics on a Cylindrical Surface

3.3.1 Lowest Landau Level Limit for Condensates

The physics in the lowest Landau level (LLL) [99] can provide useful physical intu-

itions. The non-interacting part of the Hamiltonian in Eq. (3.43) is
h= -0+ (=id, + 28 2)* + &7~ (3.44)

It describes a charged particle in a magnetic field in the Landau gauge in the presence
of a harmonic potential. The eigenstates in the LLL are f,,(¢,2) = eTimee w2 g
Bm, v = V4S? + @2, with energy &, = v + ‘;’—;mz. The state f,, is a ring at z,, with m

v

units of circulation around the azimuthal direction. It is useful to rewrite f,, as

; 25
ful@2) = Cu"e™ 2w u=g+i—z (3.45)
4

-282m2 )3

where C,, = ¢ . Here, u is the complex number that represents the point (¢, z), and

w is the conformal map that takes the cylinder (¢, z) into a 2D plane (w,,w,). Eq.(3.43)

shows f,, is a simple power of w apart from the Gaussian in z.
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Due to the trapping potential along z, the states within LLL are not completely degen-
erate, and the energy is
~2
a
&m = Eom = v+ —m’ (3.46)
v
For non-interacting systems, bosons will condense in the m = 0O state. However, as in the
planar case, an increasing repulsive interaction will change the condensate at m = 0 to

other linear combination of m states so as to reduce the repulsion energy. The spacing, the

width, and their ratio for states of different m are

28 1 WP
W=—

Az = — - =
ST W Az 28

(3.47)

That means one state has density covering v*/2/2S nearby states.

Next we consider the effect of interactions. Expand the many-body wave function in
terms of ground state free wave-functions

¥ee)= Y Cubu@e),  N= ) ICaP. (3.48)

m=0,%1,...

We have the GP energy functional:

1
KIC1 = ) (en = PICul + 5 ) T12uCiCiC:C, (3.49)
m [m]

82T 1 —m 2 m2 —ma)
rm1m2m3m4 = 76 v [(ml ) s ) ]5m1+m2,m3+m4- (3'50)

Without interaction, all particles will condense in the m = 0 state. Repulsion will cause par-
ticles to populate other m levels to reduce interaction energy. If the population terminates

at some state m, the wave function is

P(z, ) = (Z Bmvv’")e-vzz/z, B,=DCne % . W=ert®  (3.51)
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Since any polynomial can be written in factorized form, we have

¥g) = A |00 = b)e ", (352)

and b;’s are the location for vortices in w-space. If only —M, ..., M are populated, }’,, B,,W" =

.....

One can get the intuition of the vortex pattern through the following simple consider-
ations. If only 2 states being populated, i.e (—M, M), (B_y + Byw™™), so b, in Ea.(3.52)
is given by b, = (—=B_ye”™ /By)"/*™, n = 0,1,...(2M — 1). The vortices will then line
up with the same z along the azimuthal direction. This feature can be understood from
the fact that the state f,, has magnitude peak at z,,, and it carries angular momentum m#:
L.e”™ = —mhe™?. As the two different rings are populated, in the region where their wave
functions overlap, the flows arises from different rings have different velocities, which will
create a shear flow and hence a vortex.

We shall not discuss the vortex transition in the LLL. Instead, we point out that a linear
combination of the form By¢y + B_y¢_p amounts to a linear array of 2z-vortices, since
Byw" + B_yw™ = B_yw ™M TT2M (w — (—%—J)”We”‘/’”). It is easy to see that a vortex in

the w space is also a vortex in the u space.

3.3.2 Isolated vortex on a cylindrical surface

To bring the discussion closer to current experiments, we consider a gas with ~ 10°

. . 28
bosons, which typically occupy many Landau levels. If ¢(¢, z) has a vortex at u; = ¢;+i=-z;
with unit circulation, then as u — u;, it must be of the form ¢ o (# — u;). On the other

hand, ¢(¢p, z) must be a linear combination of the basis functions {¢™,m € Z} due to the
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Figure 3.6: Figure (a) and (b) are velocity profiles for the A and B vortex respectively.
The velocity of the A (or B) vortex reaches a constant above (below) the vortex core and
vanishes below (above) it over a distance of R. Figure (c) shows the velocity profile of a
necklace of six alternating AB vortices. It is equivalent to the velocity profile of two counter
circulating superfluid rings.

periodicity along ¢. This implies the phase winding of ¢(¢, z) is of the form
+ + +iu +iu; 25
Hp.0) o Wi W= (e =) u=p+i—z (3.53)

J

Their corresponding superfluid velocity are

J

v, = VO, O =arg(W;) (3.54)
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Note that both W;F and Wi_ have the same +2r circulation, since both reduce to u — u;

as u — u;. Their velocity profiles, however, are very different. The gradients

i%(Z_Zj) — COS — .
0,00 = = o) (3.55)
2 [cosh (2 —2z;) —cos(p - 901)]
28 sin(¢ — @)
V2 [cosh B (z-z;) —cos(p - 901)]

0.0 =

(3.56)

~

show that V@;r and VO are related by a x rotation about vortex core. Far from the vortex

core, they approach a constant on one side and vanish on the other,

Vo' - ez e L 022y (3.57)
0, z<z; J 1.9, zxz .

as shown in Fig (a) and (b). Because of this feature, we refer to ®]+. and G)]‘. as the A-
and B-vortex as their velocities are mostly non-vanishing “above” and “below” the vortex
core respectively. It is easy to see that vortices with ¢-circulation will also come in two
different types, (e*™ — e*)!,

The presence of two types of vortices of the same circulation marks a key difference
between the cylindrical and the planar BEC. In the latter case, there is one typical vortex
with +2x circulation, of the form x+iy. This difference can be traced back to the conformal
map w = e that takes a 2D plane (w,, w,) into a cylinder (¢, z), and ¢ is a complex number
that describes the change in scale and orientation of the cylindrical strip with respect to
(wy, wy)-plane. However, since the wave function of the BEC is made up of the basis func-
tions {¢"¢}, ¢ can only be +i for vortices of unit circulation, reducing the infinite number
of mapping down to 2. The periodicity of the basis function, which exists in all Landau

levels, reflects the underlying topology of the cylindrical surface.
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3.3.3 Vortex array on a cylindrical surface

The condensate wavefunction is ¢ = +/nexp(i®), where n is the density profile and
O is its phase function. For a condensate containing vortices, its wave function can be
approximated as \n = +/nrgf, where nrr is the Thomas-Fermi (TF) density profile in the
absence of vortices, and f is a function that is 1 everywhere except within a region of the
size of the coherence length around the vortex singularity. In our calculations, we shall use

the variational form
lu — uj|

3

for a system with vortices located at u;, where ¢ is the core size, also written in units of R.

fu) = ﬂ tanh (3.58)
J

This form has been shown to match well with experiment for rotating gases [[100]. For a

condensate with A-vortices at points ({u;, j = 1,...,Q}) and B-vortices on another set of
points ({u;, j* = 1,..., Q’}), we take the following variational form of phase function O,
Y 4
exp(i@) = W/wl, w=][]wr[]w; (3.59)
j=1 j=1

The entire variational wave function is therefore specified by the total particle number
(which fixes the chemical potential and hence nry), and the location of vortices.

With the variational wavefunction ¢ = +/n7r fexp(i®), the energy in Eq. becomes
a function of the coordinates (¢;, z;) of the vortices. We have searched for the minimum of
this function numerically by varying the vortex locations. Since the system has reflection
symmetry in z-direction, A and B vortices must appear in pairs at appropriate location to
respect this symmetry. Our results are shown in Fig. We have found that for S < 4, the
gauge field is not strong enough to generate vortices in the ground state. For § =5,6,7,8,
there are 4, 6, 8, 10 vortices respectively lying on the circle at z = 0 (i.e. z; = 0). These

“necklaces” of vortices are all in the alternating pattern A-B-A-B-..... with equal spacing.
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Figure 3.7: For § < 4, the ground state contains no vortex. Within § = 5,6,7,8, the
vortices aligned in one row at z; = 0 with the pattern A-B-A-B. For § > 9, the vortices
array splits into two rows centering at z; = +Z, with all A vortices aligned in one row and
all B vortices in another.

For § > 9, the vortices split into two rows, with the A-vortices shifted above and B-vortices
shifted below z = 0.

The reason that the vortex pattern is so different from the planar case is a consequence
of the confining geometry (lack of trapping potential along ¢ direction). We can see the
connection of the necklace pattern to the usual hexagonal pattern in the following hypothet-
ical process. Assuming S can be increased continuously, the vortices will grow in number
and will split into more and more necklaces. The hexagonal array is the limit where the
number of necklaces approaches the number of vortices within one necklace. The S = 9
example in Fig. can be viewed as a tendency towards the hexagonal lattice limit.

To conclude, we examine the phase function and velocity field of the alternating vortex
row in greater detail. Let us consider the case of S = 6 (corresponding to '*Er) where
the ground state has a necklace of 6 equally spaced, alternating A and B vortices at z = 0

27/6

and ¢ = n%”, where n = 0,1,...,5. Defining w = e = 37 and a = €>*/°, the phase
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function W in Eq.(3.59) is

W= ﬂ [w = 2w — @@ D) = w? — w7 (3.60)

n=0,1,2

The wave function is then

¢(p,2) ~ V1 =22 f(p,2) ‘

| e3iap—3z%

3ip-3:% _ ef3l¢+3z%

(3.61)

e—3i<p+3z%|'
For z > 0 (z < 0), ¢(¢, z) quickly approaches e™>¥ ( ¢*¥). The system is essentially two

counter-circulating superflows above and below z = 0, as shown in Fig.2(c).

400+

200

-200

-400}

Figure 3.8: The time-of-flight image of the vortex row in figure 2(c), taken at the time ¢
such that x,/R = Vht/m/R =7 on the x-y plane at z = 0. Length is measured in units of R.
The 2n-fold symmetry of the image reflects the number of vortices in the vortex row.

3.3.4 Experimental Signatures

The presence of these alternating vortex array can be detected in time-of-flight exper-
iments. As we have discussed, a necklace of 2n vortices will generate two counter phase
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superflow e and e*™ for z > 0 and z < 0. The system can be approximated by two rings
of condensates with opposite circulation, with one ring sitting above the other along z with
a separation of the order of their radius R. In the time-of-flight experiment, these two rings
will produce an interference at the z = 0 plane of the form e™¢ + ¢*"¢ and exhibit a density
pattern with 2n-fold symmetry. This effect is in fact found in an explicit calculation of the
ballistic expansion of the vortex row condensate in Eq.(3.61). The time evolution of the

condensate is given by

1 T
H(x, 1) = fl dzf deU(p,z,t; ¢, 2)d(¢’, 7). (3.62)

where U(p, z,1;¢’,7’) 1s the Green’s function for free particle propagation at large distance

and at long times in cylindrical coordinates,
' . ’ 28 2.1 2
Ulp,z,t;¢",7") = exp |—i(Rrcos(¢ — ¢') + (7) 22)/xg] (3.63)

and xo = VAt/m. The density pattern at the equatorial plane z = 0 at long times is shown in
Fig.4. Experimentally, the density of the expanded cloud in the equatorial plane (at z = 0)
can be measured by first using a sheet of light to excite the original atoms (denoted as “a’)
in this plane to a different atomic state (say, “b”), and then imaging the atoms in the b state

afterwards.

3.4 Conclusions and Outlook: General Compact Surfaces

The emergence of two kinds of vortices with identical vorticity in a cylindrical manifold
is a new feature of Bose condensates in a cylinder. It is a consequence of the topological
constraint on the single valueness of the wave function (i.e. that forces the spatial de-
pendence to be expressed in terms of ¢™), which will persist even when the manifold is
deformed. Although we focus on a particular aspect of the quantum gas in curved surfaces,
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there is a lot more to explore especially for systems with greater complexity. Realization
of quantum gases in curved surfaces will surely open an exciting direction for cold atom
research. In the following we extend the topic to other types of surfaces, and briefly discuss

the rich physics associated with them.
3.4.1 Tentative Schemes for Spherical and Toroidal Surfaces

In this subsection, we tentatively propose the schemes for trapping quantum gases on
spherical and toroidal surfaces. The methods described below are all based on current
technology in cold atom experiments, so the schemes should have a good chance to be

realized in the future.

(ii)

Figure 3.9: The equal-potential line of blue-detuned and red-detuned lasers in the x-z plane
for (i) cylindrical surfaces, (ii) spherical surfaces. The two schemes differ in the Gaussian
width of the blue-detuned laser along z-direction, which can be tuned by changing the focal
length of the convex lense for the blue laser.

A spherical surface can be engineered by directly generalizing the scheme for cylindri-
cal surface. In the previous discussions for cylindrical surfaces, we chiefly focus on the x-y

plane where a ring-shaped potential is engineered. In the x-z plane, the trapping potentials
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Figure 3.10: Toroidal surface produced by a attractive ring-shaped potential superposed
with a repulsive ring-shaped potential.

are highly anisotropic. In particular, the blue-detuned laser has a much larger Gaussian
width along z compared with the red-detuned laser, see Fig[3.9] so it penetrates a hole in
the center. On the other hand, if we reduce such an anisotropy for blue-detuned laser, we
directly end up with a ring-shaped potential minimum along all of the three directions —
that is, a confining potential for a spherical surface. Furthermore, we can similarly put in
synthetic gauge fields by using a quadrupolar magnetic field to polarize the spins.

A toroidal surface is more sophisticated to engineer, but should be also within the capa-
bility of current technology. To do so, we need to superpose a pair of ring-shaped potentials
on top of each other, see Fig[3.10] A thinner repulsive ring-shape potential resides inside
an attractive ring-shape potential, and the quantum gases will be confined on a toroidal
surface.

In current experiments there exist two ways to engineer a ring-shape potential. One
widely used method is similar to the one for cylindrical trap described earlier (i.e. see the
experimental thesis [[101]], and recent experiments [1,102]). It amounts to reducing the

height of the cylinder in Fig. (1), i.e. reducing the Gaussian width of the red-detuned
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laser along z. That is, we first have an anisotropic pancake”-like trapping potential pro-
duced by red-detuned laser, and then we penetrate a hole at the center using blue-detuned
laser, see Fig. [3.11)ii). The advantage of this method is that the radius and thickness of
the ring can be changed separately, which gives good tunability for the shape of the trap.
Another method is to employ a so-called Laguerre-Gaussian (LG) laser beam [103-105],
which is a laser mode of certain orbital angular momentum. It is denoted by two quan-
tum numbers (/, p), with the intensity in the x-y plane shown in Fig[3.T1](i). For simplicity,
we focus on the modes p = 0; then the electric-field component of the laser is (with e~
omitted)

r2 . .
E((r, ¢,7) o rlle” 26 ek, (3.64)

Its intensity peak has the shape of a tube along z. Then, it is clear that if one superpose
a pair of LG laser beams with the same / counter-propagating along z-direction, the net
intensity

2
I(r,2) = |Ei(r,¢,2) + Ei(r, ¢, —2) o< r?le” 70 cos®(k2) (3.65)

has the shape of rings at zo = 0,+%,.... Furthermore, the fact that the LG beams carry
orbital angular momentum enables the possibility of imparting synthetic gauge field to the
quantum gases through Raman coupling [106]. In sum, by suitably applying both methods,

we should be able to trap quantum gases on a toroidal surface with synthetic gauge fields.

3.4.2 Vortices on Compact Surfaces: Hopf-Poincaré Index Theorem

As we have seen in previous sections, the vortex physics changes qualitatively when
quantum gases are placed on cylindrical surfaces. For compact surfaces (surfaces without
boundaries such as the spherical and toroidal surfaces), their vortex physics has a further

fundamental difference from that on a planar geometry. Consider a vector field v tangent
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(ii)

Figure 3.11: Two ways to produce ring-shape potentials. (i) The ring-shape trapping poten-
tial used in the experiment c.f. [1]] (this figure is taken from the reference). It is produced
by superposing red and blue detuned lasers similar to the scheme for cylindrical trap in Fig.
(1). (i1) Intensity of Laguerre-Gaussian beam in x-y plane for modes (/, p).

to the 2D surface that is continuous and is non-vanishing except on isolated points. Such a
vector field can represent the velocity field of the superfluid v, = %‘P*V‘I’, where ¥ is the

order parameter. The total vorticity (or total circulation number)

F:Zn:‘(}gvs-dl (3.66)

of the vector field on a planar geometry can take arbitrary values in general. However, on

compact surfaces, the Hopf-Poincaré theorem [[107-109]
I'=xy(M). (3.67)
relates the total circulation to the Euler characteristic

xM) =2(1-g) (3.68)
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of the surface manifold M, where g is genus. For instance, a spherical surface S has genus
g = 0, so the total circulation must be 2 for any continuous vector field tangent to S2.
But a torus has genus g = 1, so there could be a continuous vector field without any pole
on a torus. Further, if there are vortex excitations, they must appear in terms of vortex-
antivortex pairs to ensure the total circulation is 0. Moreover, since the Euler characteristic
is a topological number, such constraint persists even if the 2D surface is distorted — so

long as such distortion does not change the topology.

3.5 Appendix

3.5.1 Synthetic Abelian and Non-Abelian Gauge Fields

Here we derive the effective energy functional (3.43) for ¢ from the functional (3.38)
for ¥ = {¢, with the spins { polarized by a quadrupolar magnetic field. The kinetic part of
the Hamiltonian is (we have also put in a quadratic Zeeman term for generality, though in

the main text we work in the regime where 4; dominates)

2

T = % —LA-S + i -S) (3.69)

where 7 is the direction of local magnetic field. (Here the 7’s are factored out from spin

operators so they are dimensionless). Denotes it as (8(y, z), a(¢p, 7)), that is
B = byn, i = (sinBcos a, sin Bsin a, cos B). (3.70)
Consider the unitary transform U; = ¢”:®. It rotates the spin with respect to Z by —a, and
U,0;U; =0; —iS (0;a) (3.71)
Further, U, = ¢ rotate the spin along $ by —3, and

Un(U10;UNU, = 8, — iS (0,8) — i(S . cos B — S, sin B)(0;a). (3.72)
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On the other hand,
Uy(Uiin- SUHUS = 5, (3.73)

Thus, such consecutive rotations transform the kinetic part into

2

h
T— o [-iV - $,V8— (S.cosp- S, sinﬁ)va]2 — 4,8, + 1,82 (3.74)

Depending on the functional form of (8, @), we can have different types of spin-orbit cou-
pling. One subtlety is the spin directions: §, is now pointing to the direction of local

magnetic field, and (S, S, S ;) form a right-handed coordinate system.
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Figure 3.12: Quadrupolar field in the x-z plane.

Now, consider a quadrupolar magnetic field
B = by(—x,—y,27) = bo(—R cos ¢, —R sin ¢, 27), (3.75)

as illustrated in Fig[3.12] We have

27
VR? + 472 ’
73

cosf = a=¢+m, (3.76)



On a cylindrical surface, V = 29, + (¢/R)0,, so

-2R 1% R?
VB =Z2——. Va = —, inf = ———. 3.77
p ZR2 + 472 ¢ R sinf VRZ + 472 ( )

Further, measure length in the unit of R, i.e. z/R — z and z is now dimensionless,

re s, 2 oo, 45—t 52 V] - s+ aus?
T R Y e "Vi+dZ VI +42 e
(3.78)
Atz =0,
2
Theo = 3703 |(=i0. +25,)? + (=id, + S.)*| - S + 1,82, (3.79)
To lowest order in z, as approximated in previous work,
2
Thear -0 = 5323 |(=id. +28,)% + (=i, + S — 228 .| = 1S + 1,82, (3.80)

The previous case corresponds to large Zeeman splitting, where the system stays in [mp =
F) state, and the projection to that state gives (F|S,|F) = 0 = (F|S,|F), (F|S |F) = F, and

the kinetic part reduces to the previous Abelian case.

3.5.2 Details of the Variational Calculation

Our variational wave function is

¢ = \nrufh, h=e°, (3.81)

where nyy 1s the Thomas Fermi density profile, which is fixed by the trapping potential.
f 1s the function that describes the location of vortex core and © is the phase function of
the vortex state. The expression of ® is given in Eq. (15) and the expression of nry will
be given below. We shall consider M A-type vortices located at {(¢;,z;), i = 1,..N, and M’

B-type vortices located at {(¢;,z;), i = N + 1,..N + M’. The entire set of vortex coordinates
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{(piyzi), 1 =1,...., M + N} are the variational parameters. In the calculations we have taken

2§ /v — 1,as @ ~ 1 (for typical experimental parameters), and v — 2S.

Substitute the Eq.(3.81) into the energy functional, we have

hZ
E[Y] = 2
W= e fd * 8,

) N
& = 100 +|(~id, +252)¢| - (- a2)IoF + Slol". (3.82)
we have

E = § +8 +6&;, (3.83)

& = |0.0) + (3,0 +252)°|nruf (3.84)

s = V2 ) 2 ! g’”%ﬂ 385

» = —nruf f_gnTH(f_E_E)_ > (3.85)

& = (V) = = V@ + S| £ (3.86)

We recognize that &; has the form of usual Gross-Pitaevskii energy functional, and
determines the density profile in the absence of vortices. In the Thomas-Fermi regime,
where the gradient term in &; is small, the integral is almost a constant and changes little
due to variation of the vortex positions. Thus, &; can be set to zero, and the density is well
approximated by

u—-V@@  Mw’R?
= 3

Arha,
M

(Zi =), 8= (3.87)

nru(z) =

where a; is the scattering length, and Z,x = /2u/Mw?R? is the extent of the condensate
along z. Taking the condensate to be homogeneous along radial direction, the total number

of particles is given by
Zmax

N = (2no) dznrp(2). (3.88)

_Zmax
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This gives the relation between particle number N and the extent of the condensate in the
z-direction, Zax,

Z 72 7
N=Zmxo ¥ Recall: @ = R/, d=
3 (13/0' Ma)z

(3.89)

Antitay
-

where a; is the scattering length related to g by g =
With &; = 0, we are left with &, and &,. In the absence of vortices, f = 1 everywhere,
and the first two terms in &, vanishes. These two terms then describe the energy increase

due to the existence of vortices. To evaluate them, we note that the core size of the vortex

hi
2Mn(z)g

at z is given by the local coherence length & ~ %. At the center of the trap, z = 0,
we have &) ~ le In our calculation, we take the harmonic length d along z to be an order of

magnitude smaller than R, then we have & ~ 1072 < 1.

Hence, the first two terms in &, are only non-zero close to each vortex core. If fi(x)is a
smooth function, and f,(x) is only non-zero within a small region around x;’s, we then make
the approximation fa ?2 dxfi(x)fr(x) = (2; fi(x) f_ O:O dxf>(x). Using this approximation, we

have

2 21’ ~2 2 2 2
d’x & = -= FQ+FENC D (Zh D), (3.90)

where C = £(4In2 — 1) ~ 0.928 is the integration result, and z; is the z coordinates of
vortices, which is confined to |z;| < Z.x. Dropping the constant term in Eq.(3.90), which
plays no role in our variational calculation, the energy E (in units of M°2’—2R4) can be written

as

T Zmax
E = (2+a*&? 1-7 fdf d
Wl = ( +a§>Z( Dt | de | d

x [(0:0)” + (8,0 +282)°| (22, = )f*. (3.91)
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This is now a function of the coordinates of the vortices {(¢;, z;),i = 1,2,..2N}, which are
contained in the phase function ®. We have performed numerical calculations for different
number of A-types and B-types of vortices. The result presented in the main text is for the
case @& = 1 and Z,,x = 1. However, our result is remains unchanged with other similar

parameters.
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Chapter 4: HALL VISCOSITY AND ITS SIGNATURES IN
DENSITY RESPONSE FUNCTIONS

4.1 Introduction

This chapter investigates another topic related to the geometric effects on quantum flu-
ids, which is the Hall viscosity iy (or “Lorentz shear modulus™) [110-4112]. It is the third
viscosity coefficient unique in 2-dimensional isotropic, parity-odd systems. Unlike the
usual shear and bulk viscosity, Hall viscosity causes neither dissipation nor entropy in-
crease, and therefore can be defined down to zero temperature. Like Hall conductivity,
Hall viscosity bears lots of topological information. It can be regarded as the Berry cur-
vature in the parameter space of a metric tensor [110], and is proportional to the Wen-Zee
shift [[113,/114]], a quantity characterizing the system’s spatial topology [|69].

Besides the topological significance, the influence of Hall viscosity on various systems
shows up in multiple ways. As discovered recently, for integer quantum Hall systems [[115]]
and Laughlin wave functions [[116], the Hall viscosity is related to the density response to
the variation of the sample’s scalar curvature. It acts as an anomolous force on vortices
and changes their streamlines in an eulerian vortex fluid [[117]]. More generally, the Hall
viscosity appears in the low-momentum expansion of Hall conductivity oy(g) for Galilean

invariant systems subject to inhomogeneous electric field [118,/119]. Clearly, studying
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these physical consequences not only broadens our perspective on Hall viscosity, but also
facilitates designing experiments to measure it.

This chapter is devoted to the discussions of basic concepts and characters of Hall vis-
cosity, and point out its signatures in the density response to external fields. Since density
mapping [[67]] or scattering experiments [[120]] are practical tools for measurements in cold
atom systems, this study may pave the way for future measurements of Hall viscosity in
cold atom systems. In the following we first review some of the basic concepts about Hall

viscosity.
4.1.1 Hydrodynamics

For ideal fluids, we have

e Continuity: gt fndV = — ﬁnv -dS = — fV < (nv)dV,

on
E+V~(nv):0 4.1)

e Stokes equation for force: fmni’i—jdv = —ggEPdS + deV = f(—VP + F)dV, and

d _ 0 dxd _ .
note = = o + dtax,-—at"'v v,

mn(é%+v-V)V: ~VP +F. (4.2)

Here F is external force density, i.e. F = en(E + v X B) for Lorentz force.

e Navier-Stokes equation for momentum:

f 20D 4y _ f m[@vi+%n]dv = m f V-0, PE= 1y 0
mn

ot ot
4.3)
Thus,
o(nv;
m (;:) +0J-T,~j = F,’, Tij :P(Sij+mnvl-vj (44)
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where 7;; is the momentum flux tensor.

The viscosity serves as a force on interfaces of fluid layers, f Frsedy = # oidS ;=
f dj0;;dV, so it can be written as a total divergence of a stress tensor ;. It can always be
symmetrized.

The form of this tensor can be determined by physical considerations: 1) A constant
flow would not reveal viscosity, so it depends only on d;,v; or higher gradients. For slow
varying velocity field, higher gradients are neglected. So o;; has the general form A;;0;v;.
2) A constant rotation, v; = €;£2;r;, also cannot reveal viscosity, because the fluid rotates
like a rigid body in this case. So 0 = A;;0;€;u 1 = €jxA;j . Since L is an arbitrary

constant, we need A;; = Aj;. So it only depends on combinations of

(ﬁivj + 8]'\/','). (45)

!
vU:E

In sum, the Navier-Stokes equation for viscous flow can be written as

agi

S dym = F (4.6)
gi = mnv; 4.7)
Ty = Pojj + mnvy; — oy, Tij = NijkiVis (4.8)

where g; is momentum, o7; is the viscous part of stress tensorﬁ] and the viscosity tensor 7;
is symmetric under i < j, k <> [. It can be decomposed into symmetric and anti-symmetric

part for exchange of the pair (ij) & (kl):

1 1
n}gjkl = E(nijkl + i) n?jk[ = E(nijkl = Niiij)- 4.9)

4There could be a elastic term o; i = Ajjtgs + Mijkivie, With uy the strain, duy /0t = vy, We neglect this
term temperarily and will restore it later on. For a fluid, the only elasticity comes from the compression,
oij = kK '6; O, With «~!is the inverse compressibility. We will consider it in the linear response approach.
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Onsager’s relation implies that under time-reversal, ° is even while 7" is odd, i.e. in the
presence of external magnetic field, n° (=B) = n°, p*(—=B) = —*(B). It means that the odd

viscosity is only present in time-reversal breaking systems.
4.1.2 Dissipation

If some force does work on the fluid, we sum over such work over the whole fluid and
see whether it is non-zero. If not, the kinetic energy of the fluid will change. In the case of
viscous flow, such change corresponds to dissipation.

Specifically, the viscous force acting upon each fluid element is d,07;;dV. The displace-
ment of the fluid u; is varied, corresponding to work done on the fluid which increases total

energy

f&EdV = f(GJ-O',-J-)(‘Iu,-dV

The first term is a total derivative and can be evaluated on the surface of the fluid. Consider

the surface effect negligible, and use the symmetry of o},
o€ = —O'ijéu,-j (411)

where

1
I/tl'j = E((’)lu] + (')jul) (412)

is the strain, and du;;/0t = v;;. Using (4.8), and vary the both sides with respect to time ¢,
€ = —NijuVijVii- (4.13)

This shows that only the symmetry part ° > 0 causes dissipation.
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Further look at entropy change due to viscosity. The energy under concern is the me-
chanical energy (kinetic+potential), which equals the maximum amount of work that can
be done when the fluid passes from a given non-equilibrium state to equilibrium. According
to thermodynamics, the maximal work can be done through an entropy preserving process
(reversible). Denote E, the initial energy in a non-equilibrium state, and E(S) the final

equilibrium state with entropy S. Then

Eech = Eo — E(S). 4.14)
The time evolution is then
) OE(S) . )
Epeen = ———8 = -T,S. 4.15
h 7S 0 (4.15)

Here T is the temperature that the system would have if it were in equilibrium with entropy
S. Combined with (.13),

To$ = nijiavijvu- (4.16)

Again, we see that only the symmetric part n° increases the entropy. Thus, the odd viscosity

is allowed to exist even down to zero temperature.
4.1.3 Independent Components

Due to symmetry of indices, the independent components of 7;; is significantly re-
duced. We further express those components in representations in which it is easier to

analyze their rotation properties.

2D

In 2D, we use the representation
it = Nas(@)ij ® (0P, i,j=x,y,A,B=0,1,3. (4.17)

82



Table 4.1: Independent components in 7; jx;.

General Isotropic

Even Odd | Even Odd
2D | 6 3 2 1
3D | 21 15 2 0

Here o are Pauli matrices. Since i <> j, k <> [ symmetric, only 0, 1, 3 are adopted. Thus,
the independent elements 1745 span a 9 dimensional space, with 6 even ones and 3 odd ones.

Next we investigate the independent isotropic elements. Note that

(o)

. (19)2’1 x© (i9)2n+1
¢« = Z(Zn)! T Lion+

n=0

= cosOI +ic?sinf

( cos 6 sin@)

—sinf cos@ =U (4.18)

So U is the SO(2) rotation operator. It is real so UT = U' = U~!. That means that under

rotation,

Nig — UiwU;jpUge Upntp jior

= nAB(Uii'O—?J" U;/j) ® (Ukk’o_/ljp U;,)

= U U (UcPUMy. (4.19)

Using e"Be™ = 3, [A™, B]/n!,
Uo'U" = cos260' + sin 260 (4.20)
Ud*U" = —sin260" + cos260°. 4.21)
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So

Mg — 0 @ [ns® +ma3c” + scpis + 131)]
+ '@l + nyis® — scps + n31)]
o 3, 3o 1
+ (0 ®c +0°®0)[n — nslsc
+ o' @[3’ — 3157
+ Q0 [-ni3st +131¢7]
+ (Ie®o'+0'®Dnoc—nesl
+ (I®0 +0° ®DInos + noscl

+ 7]001@].

(4.22)
(4.23)
(4.24)
(4.25)
(4.26)
(4.27)
(4.28)

(4.29)

Here s = sin26,c¢ = cos26. From these we see there are three independent components

that are invariant under rotation: £ = 7y, 1° = 111 = 033, and 7y = 113 = —173;. Explicitly,

the isotropic components are

Even: IR, nS(Ul Qo'+’ ® 03),

Odd: nu(c' ® o - @ o).
Written explicitly,

Even: £6;i0u, 1 (Sub 1+ 6ud ji — 6;;0u),

Odd: —UTH(EI']((SJ'Z + ejkéil + E,'](sjk + eﬂéik).
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The corresponding stress tensor is

Even: O';SJ = {6,»j(')kvk + 7]S (6,’\/]' + 8J'Vi - 5l~j(')kvk) (434)
0dd: o4 = -ndwv, + 6,v,) (4.35)
oy = Na(Byvy + Oyvy) (4.36)
O';\y = O-/yqx = nH(axvx - ayvy) (437)

3D

Use the representation

NijurS iS jS kS (4.38)
to map the SO(3) rotation property into SU(2) rotation as follows. Here S, are spin opera-
—-iS-90

tors. A SU(2) rotation corresponds to U = e acting on §;:

n = NuSi®S;®5;®S,;
- nuUSUNY®---®US,U)...

Niw(@ipSi) @ (apSy)...

[aii'ajj’a'kk’a'll’nijkl] Sir®---®S8y (4.39)
where «;; is the matrix element of SO(3) transform in Cartesian coordinates. Then the term
in the square bracket is the viscosity tensor after rotation.

We can then analyze the rotation property by first adding S; ® S ; into total spin repre-

sentation. Each spin operator can be regarded as ¥, L:],M(S)a so itis an L = 1 representation

of su(2), and their tensor product can be decomposed as
I®l=20100 (4.40)

Technically, this is writing S;S ; in terms of Y75 y(S), Y1-1.m(S) and Y;-0x(S). The 2, 0
representations are even under exchanging i < j, while 1 is odd. Regarding the symmetry
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property of 7;;; we only take 2 @ O representation. The S, ® §; can be added in the same

way. Then §,S ;S S, 1s added into the total spin representation

(2@0)2 = 45,83, ®2:,n®1; D0
@220 D 202

®000. (4.41)

Each representation contributes independent components as summarized in Tabled.2] Even

and odd are refering to exchange of index pairs (ij) <> (k). So in total there are 21 even

Table 4.2: Independent elements contributed by each representation
4y | 32 | 222 | 122 | On2 | 220&202 | Ooo
Even | 9 5 1 5 1

Odd 7 3 5

components and 15 odd components. The only 2 isotropic ones 0,,, 0y are all even ones.
Thus, there is no Hall viscosity in isotropic 3D fluid. The stress tensor is expressed in the
usual way

2
gij = {6,~j6kvk + ﬂS (8,-vj + 6]'\/'1' - géijakvk). (4.42)

4.2 Adiabatic Approach

The previous section gives macroscopic formulation of viscosity in terms of hydro-
dynamics. This section shows microscopically that the Hall viscosity can be regarded as
Berry curvature in the distortion parameter space, and can be calculated using the distorted

wave function.
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4.2.1 Berry Curvature for Distortion

We start from the microscopic many-body Hamiltonian, with the distortion u;; as pa-
rameter: H[u; il. (u;; functions just like k for Bloch Hamiltonians). The stress tensor oper-
ator can be defined using . Note A is the many-body Hamiltonian representing the
whole system, while e in (4.11)) is energy density. For homogeneous systems the volume

integration simply gives V. So

VA _ alfl[u,-.,-] (4 43)
0ij = e, .
Then
A al:l[uij]
V<O'zj> = - 'J’[uz‘j] Tl, l//[uij]
HKHY O . ~ O
= - —|H H|——
G (G W+ WIS
OE Oy . . 0
o 0 + (iD=
I/tij 8”,']' Bu,-j
oE . oy oY . ., o0 oY
_ A — i ==
dus; + i (9u,~j| auk1>uk1 in( aukl| Jus, ity
OE
= _‘971'1' + Qv (4.44)
where the Berry curvature is
. oy | o oy | o oy | oy
Qi = ih - =-2hlm{— |— 4.45
H : [<8u,~j 6uk,> <01/lkl 8uij m (9141']' 0l/tkl ( )

Compared with the hydrodynamic result 1} (T i) = Mijuvi, we see the Berry curvature
in response to distortion in a homogeneous system is the ViscosityE]

Qi
Mij = = (4.46)

(The first term represents elasticity, which we will not discuss here.)
SFrom the derivation we see that for non-homogeneous system, Q;;; = f n;jk(X) dx. Then we cannot

extract viscosity from the Berry curvature calculation in general. Thus, the adiabatic method is effective only
in homogeneous systems.
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4.2.2 Distortion and Metric

The distortion of the system can be described as a change of metric. Specifically, orig-
inally we have the line element

ds* = 6;;dx'dx’ (4.47)

After distortion, dx' — dx' + du'(x). Then the line element becomes

ds”* = 6;(dx' + du')(dx' + du’)
S O’ ou' .
= §,dxidx’ + 6, jdxla—j:kdxk +6; ja—;tkdxkdxj + O((du)?)
= (64 + (Ou; + Oyu;)) dx'dx’ (4.48)

So we can regard the metric being changed to (see Eq. (#.12)) for definition of u;;)
0ij —  &j=0ij+2u; (4.49)
The inverse of the metric, g g = &, is
g7 =6, - 2uy;, (4.50)

also correct up to linear order in u;;. Then (#.45), (#.46) can be re-written as

6_w> (4.51)

8h o
a,.. dgH!

ijki = —— 1Im
Nijki v 0gij

O\ _ _8n, (9
0gu Vv og

Due to the simple relation between metric and strain, from now on we would focus on the

metric only because it is easier to manipulate.
4.2.3 Distortion of Unit Parallelogram

A simplest homogeneous distortion is the distortion of unit parallelogram, as illustrated

in Fig. Originally, the two edges have ratio 1 : 1. After distortion, as illustrated by red
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Figure 4.1: Distortion of unit parallelogram. The volume is held fixed.

dashed parallelogram, the two edges have ratio 1 : 7 parametrized by 7 = 7| + it,, and are
no longer perpendicular to each other. The constraint is that volume is kept the same. So
Lh=am, b =a-1 =V =ar,-a = a = \VV/1,. Then we have [, ,, 5 as illustrated in

the figure, and further

’ Tl\/V/_T
{x—\/7x+y\/VT \/7x+y (4.52)

Y = VVroy
Then
72 2 72 14 2 2
ds” =dx"”"+dy”" = —(dx+1dy) + V1ody (4.53)
T
\%
= —[dx* + 21ydxdy + |t*dy*]. (4.54)
T

That means the metric is

”_Z 1 T
R

. 1 2 _
), :ﬁ=®JE——“ﬂ f) (4.55)
L)

Vo, \ -7
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With such parametrization, we can rewrite (4.51J).

XY 4 g¥X XX VY — (oXV)2 1
gr gt NSTEY (V) (4.56)

b

; 2=
Zg)y gyy gxxgyy _ (gxy)Z

T = —

Thus,
0 1
= _ - 4.57
6gxx 2(6‘(2 aV)’ ( 5 )
0 1
2w - —5(0r; +dv), (4.58)
0 0 1

el e LS (4.59)

The differentiations are evaluated in Euclidean metric g;; = 6;;. Plug these into (4.51)), and
note the wave function generally does not depend on V' (because V appears only as a global
factor in Hamiltonian for a homogeneous system), there is only one component for Hall

viscosity as expected:

2 <a¢

NH = Nyxxx = "Nxxxy = 7 m (9_7'1

s
e > : (4.60)

Thus, once we know the distorted wave function parametrized by 7,7, we can readily
calculate Hall viscosity using this formula.

A special case is that if the coordinate part of the wave function is analytic,

Y(71,72,X) = A(71, T2)D(7,X) (4.61)
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where ®(7) only depend on 7 = 7| + 7, and A is real, then

0AD 0AD B 0AD 0AD
(97'1 87’2 (97'2 671

= ((BlA)(D + A61®|(62A)® + A(92(D>

—((8,A)D + A, D|(9,A)D + Ad, D)

= [(014)0,A — (0,A)0,AD|D) (4.62)
+(0;)A(D]0, D) + A(H,A ), D|D) — c.c. (4.63)
+A%(9,D|9,D) — c.c. (4.64)

Since d;, = 8, + 0z,0;, = i(0; — 8:), and 4 = (8, — i9)/2,0 = (8, + i9>)/2,

(4.62)

1
[(01A)0,A — (5214)5114]; =0
1 -1
@ = (A81A)16E + (A82A)(9F — C.C.
2 2
= i(A(')]A)(—F)aA + (A(?zA)(—E)aA —c.c.

9,A , BrA .
= —z#(al —i0))A — %(a1 +i6))A — c.c.

(014 (hA)? A  0,AdA
= -1 -1 - - — C.C.
A? A? A? A?
o 0A) + @A)
= =i Ve
.
— 209;
@6d) = A ((91(9)? —c.c.
0y +i0, 0,—1i0, 1
_Aig2,01 2., 01 2, L
= A ()
iA? 1
= 7(5%““5%);
_ @ RA GAF + @7
= —i 1 — Ve ].
Together, we have
9+ 0HA A)? A)?
_,-[( 1+ 0)A _ (GA) + @ )]:—i(a§+a§)1nA. (4.65)

A A?
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Then

h
Nu = —‘—/((9% +03)InA(r, 12).

(4.66)

The calculation is greatly simplified as we only need to look at the normalization factor.

4.2.4 Example: Quantum Hall Systems

First we write down the Hamiltonian in an arbitrary metric. The magnetic field is along

Z direction and is homogeneous. The system is in x-y plane. The Hamiltonian with flat

metric is
(p — eA)’
2M

1
m[—hzv2 + 2iheA -V + ifie(V - A) + ¢°A?]

In a general metric, each term becomes

1 .
V: = —0;+/28"0;
\/g \/_ J
A-V = A,
1 .
V-A = —0;gA
Ve Vg
A2 = gUAlA/

Using this, and apply the notation A; = g;;A/, we can write the Hamiltonian as

1 y
H = g VR

where

T = —iha,» - €A,’.

(4.67)

(4.68)

(4.69)
(4.70)
4.71)

(4.72)

(4.73)

(4.74)

In the rest of this section, the metric is taken to be homogeneous (it only has time depen-

dence). Then

g'mm;
2M
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Adopt the metric (4.55),

1
H = Ve [|T|27T)2( + 715 = 1i(memy + mymy)]
2
1
= Ve [|T|27Ti + 7r§ -2t ymym, — iheBty]
2
1 * heB
= m(?’ T — ﬂy)(Tﬂ'x - 7Ty) + M/, (476)

where we have repeatedly used the commutation relation [r;, ;] = iheB. Recall that for
Euclidean metric, 7 = i, and we readily recognize that the corresponding Landau level

operators in distorted geometry are

1 . 1
a=—(n,—m,), a'= —('n,—m), 4.77)
V2heBt, 4 V2heBt, Y
and
[a,a] = 1. (4.78)
The Hamiltonian then becomes
7] . 1
H= Vw(a‘mi), (4.79)

where w = eB/M. As expected, for a fluid, only changing the volume affects the energy,
while shear deformation 7 does not. But the shear will distort the wave function.

To be specific, we work out lowest Landau level (LLL) wavefunctions in Landau gauge.
The discussion in spherical gauge is left to the appendix.

In Landau gauge, A = B(-y,0,0), and the wavefunction is an eigenstate of p,. m, =

Dx + eBy,m, = —ihd,. Then

1
a = —————[1(p, +eBy) + ihd,], (4.80)
V21,heB P Y ’

1
m[?'*(px + eBy) + lha}] (4.81)
2
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The ground state wavefunction is given by the condition a¢y = 0, which gives

P\ [ eBTy 1 . (pxrens
=— 1e'T 2neB 4.82
Po.p, (\/L_x) (( s )te ) (4.82)

Denote Iz = %, Yo = —p./eB,

, 1 2
etpxx T I i_r(.\'ivo)
oo :(\/L_ ) (ﬁ) e } (4.83)
X B

Thus, a general many-body wave function is of the form

N ) oD 7),8') 2

Y= AL o) f x| e % (4.84)
i=1

Now we can use to evaluate the Hall viscosity. A further simplification occurs in

the thermodynamic limit where the filling factor is kept constant, but the degeneracy and

the particle number go to infinity. That means /3 — 0, and the normalization is effectively
1/4

independent of f. Then in A(7, 72), the relevant part is the factor (7, )Y coming from the

normalization of e 209"/2; for the N particles. Therefore,

h , N fin

N
Ne = —‘703[1 In7s]lr,=1 = Z, n= V (4.85)
4.3 Wen-Zee Effective Theory
Haldane shows that for a QH on a spherical surface,
L? - (hq)? 3
H= —" =—,1,=,2,... 4.
2M D) q 27 ’ 27 B ( 86)
where ¢ is the monopole quantization number:
h
VB = ©4(x), d=-29) (4.87)
e
® = B - 4nR? is the flux through the spherical surface. And
2
H|lm) = [+ 1) - ¢ (4.88)

2MR?
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. 2 .
Or we can write &7 = ’;—“q’ with w = eB/M. Here

L = A + high (4.89)

> - R
where A = P X 7, 7 = p+ eA, and /i = e,. But note

L-#=hq, (4.90)
[ has minimal number g. So denote
l=q+n, n=0,1,2,... 4.91)
we have
hw
H|lm) = 2—[q(2n +1D)+nn+1)], n=0,1,... (4.92)
q
The degeneracy of n-th level is
20+ 1=2(g+n)+1=2g+2n+1) (4.93)

Then we see that different from planar QH, the degeneracy differs from the flux quanta by
2n+1).

The Wen & Zee effective theory is that

1
L = ﬂ (alIJE'uV/lK[J(?Vaﬁ + 2A#l’]€w//layafl + zwySIEHV/laVafl) (494)

The first term is the effective Ginzburg-Landau term producing the QHE. It is generalized
to multiple components denoted by I, J with the coupling specified by the K-matrix. The
second term is the coupling of external vector potential A, to the system. The third term is
the key. It describes the coupling of external geometry to the system.

Before proceeding, we do some geometry. Denote the set of basis field as {(e,)}. Then

(e0)"Vi(en)* = Ty (ex)". (4.95)
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Define connection 1-form
(W,)a = —T ()0 = (€)Vale")e (4.96)
It is related to the basis field via the First Cartan Equation
(de")ap = —=(€)a A (W) (4.97)
The curvature two form defined by
(R))ap = R (€4) (€ (4.98)
is related to the connection through the Second Cartan Equation
R o = (d)ap + (@0 A (@) (4.99)
On a spherical surface,
(e")s = R(dH),, (€*), = Rsin (dg),. (4.100)
Then taking the exterior derivative, we have
(de") = 0, (de*)ay = R cos 8(dB), A (dp),. (4.101)
Thus, the first Cartan equation (for components v = 1, 2) is written explicitly as

0

—R(dO), A ("), — RsinB(dP)y A (wy)p,  (4.102)

R cos 6(dO),, A (dg), ~R(dO), A (D) — Rsin8(dp), A (w5)y.  (4.103)

The Cartan equations do not uniquely fix the connection — just like the connection A in
gauge theories, they are only fixed up to a gauge transform. From these equations we can

choose the simplest connection

w!' = w=w, =0; w? = —cosfde (4.104)



Since there is only one component, we will later on denote it simply as

w=—cosfdgp. (4.105)
Further, the curvature
(R )ap = (dw,) )ap = sin 6(d6), A (dp), (4.106)
or simply
R =dw = sin8dO A dp (4.107)

To extract physics from (4.94)), we integrate out gauge fields alll in f Dae' I £. Denote

@99 as

L = % [a(Ked)a + (2Ated)a + Lwsed)a] (4.108)

and treat the terms in (... ) as matrix. From the Gaussian integral formula

[overmre o [T e -
e = e .
Y detA ’
we get
1
Leg = —4—(At6(9 + wsed)(Ked) ' (Ated + wsed) 4.110)
T
1
= 4—(At + ws)K 'ed(At + ws). 4.111)
T

Then, the electric current is

6L 1

= —=—tK'ed(A 4.112
e=5a 2ﬂt €0(At + ws), ( )
and the “geometry current” is
o 1
Jy = oL _ —sK'ed(At + ws). (4.113)
ow 2r
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The zero-th component means density. So

pe N\ [ tK't tK's \[ dA
( Os )_( sK't sK's J\ dw @.114)
Note dA = B,dw = R. Integrate over space we have
N, iK't tK's \( Ny
( N, )_( sK't sK7's )( Ng ) (4.115)

where O is the magnetic flux, and Nx = 2(1 — g) with g the genus of the system’s topology,

1.e. 0 for spherical surface, 1 for plane. That means
N, = (tK"'"t)Ny + (tK™' s)Ng = v(N, + S). (4.116)
Regard
v=1tKt 4.117)

as filling factor, we see that the shift is

1K'
Kt

Np. (4.118)

Now we revisit Haldane’s model. The flux through the spherical surface is Ny = 2q.

Consider v = N Landau levels being filled, each with degeneracy 2(¢ + n) + 1. So in total

N-1
Ne= Y [2q+n)+1]1= NNy + N* = v(Ny + N). 4.119)
n=0

Thus, the shift S = N. The non-interacting N-level model corresponds to rank-N K;; = §;;,
and #;, = (1,...,1). Then tK~'t = N. The I-th Landau level contributes to the shift by
v '(2I = 1) = (21 — 1)/N. Thus, from (4.118)),

2d-1 5 1
L _si, _y_ L 4.120
N _N°T % 2 (4.120)
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Later on in other literatures, S is refered to as “shift”, and s;, the curvature charge, is
refered to as “orbital spin”. For lowest Landau level being filled, s; = % Compared with

(4.83]), we can write

L
_ % (4.121)

Also, for the ground state, S = 1, which mean S = 2s,.

4.4 Density Response

Density response measurement is a powerful and widely applicable tool to probe vari-
ous systems. In recent works, many authors have related Hall viscosity to density response
functions, i.e. the static structure factor [[115}|121], using certain trial wave functions. It is
intriguing to see whether there are universal relations between density response functions
and Hall viscosity. In the following, we will relate the Hall viscosity 7y to the ¢* term in
the density-susceptibility x(q, w) for a general Galilean invariant system, thus allowing for
measurements of Hall viscosity through density response experiments, or to calculate Hall
viscosity through density response functions. We first derive the relation in the microscopic
level using Kubo formulae, and verify the results in the integer quantum Hall example.
Then we present an independent derivation by applying effective hydrodynamics. The lat-
ter method has been adopted [[122-124]] to analyze collective modes of fractional quantum
Hall system at filling v = 1/3, which gives qualitative agreement with experiment. [[125]]
The two derivations give the same result in the long wave-length expansion. Since both of
the derivations are independent of specific wave functions, type of interactions, filling fac-
tors, and etc., the results (4.135), (4.136)) are valid for a general class of Galilean invariant

systems.
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4.4.1 Kubo Formulae Method

We first sketch the idea of relating viscosity and conductivity to susceptibility before the
strict derivation. In a viscous fluid, the stress tensor would respond to the velocity gradient
Vop = 3(Bavp + Opv,) through

5Tﬂy = NuvapVap» (4122)

where 1,,,, are the viscosity coeflicients. In three dimensions, rotation symmetry reduces

the number of 7,,,, to 2, corresponding to the usual shear and bulk viscosity:

2
US (6/1061//5 + 6/1ﬁ6va - C_Zé;zvéaﬁ)’ gépvé(xﬁa (4123)

where d is spatial dimension. But in 2D, the in-plane isotropy allows for an additional one

called Hall viscosity

Nu(0yv0€us — O€ay)- (4.124)

Meanwhile, the density and current of a system would respond to potential and electric

field perturbations

on(q, w) x(q, w)e(q, w), (4.125)

0jo(q, w) To5(q, W) Es(q, w), (4.126)

where x(q, w), 0,3(q, w) are the (charge-)susceptibility and conductivity respectively. The
key idea is that since in linear regime, the different transport processes probe the same
equilibrium property of the system, the transport coefficients are all related to each other.
Technically, the essential ingredients in the Kubo formulae for the transport coefficients
are the correlators xy ~ ([n,n])o, 0o ~ {[Ja> jgl)o» and N0 ~ ([T, Topl)o. For Galilean

invariant systems, the current is related to momentum by j = <p. Thus, the particle and
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momentum conservation for the system at equilibrium,

on(x,t) + 0y po(x,1) =0, (4.127)

0ipoa(X, 1) + 0T op(X, 1) = fo(X, 1) (4.128)

naturally provides a bridge among the transport coefficients of different types. Roughly
speaking, by writing the conservation laws in Fourier space, we see the viscosity is related
to the g*> and ¢* terms in conductivity and susceptibility respectively. Analogous ideas
have been adopted recently to discuss the unitary Fermi gases [126]] and the conductivity-
viscosity relations [119], while in this paper we focus on the density response signatures
for 2D systems subject to uniform magnetic field.

The Hamiltonian describing density coupling to external potential is

d2
Hi = [ dxieon = [ & Sie-a.0. (4.129)

where 7i(x) = Z?’zl 5(x — ®/) is the density operator, with the Fourier transform 7(q) =

Z?’:I ¢~% For a translational invariant system, the susceptibility [127] is given by

X(@q,w) = _% f dt " f dxe Y ([A(x, 1), 70, 0)])o. (4.130)
0

Here (... )o means ensemble average in the fully interacting equilibrium system, and w* =
w + ie with € — 0 ensuring that the perturbation adiabatically sets in. On the other hand,

for current response to electric field, the Kubo formula gives the conductivity [[128]]

ie?

n 1 0 -
Top(qw) = o Sop + P f(; dte™’

X f d*x e ([ Ja (X, 1), J5(0,0)])o, (4.131)

where 7 = N/V is the average particle number density. Here the current density J,(X) =

e N

= Y {ftl, 6(x — X)), where {.. .} is anti-commutator, and 7, = p}, — eAl (%)).
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Here we follow the Kubo formulae construction in [[119] and obtain the frequency-
dependent conductivity-viscosity relation in the low-momentum expansion up to the ¢?
term, valid for Galilean invariant systems:

2

2 = -
T (q, w) = m2(w? — w?)>

K—l

X [(Gw) = =) (0 guy + i0w.q 6 + 026 p6000505)
+17S (a))q2 ((cu2 + wf)é,lv + 2ia)wceﬂv)

~11(w) (i0w(qugy + T0) — (@ + W) €)1, (4.132)

where w,. = eB/m is the cyclotron frequency, and the “internal compressiblity” is

OP; 0’e
- “l =B— 4.1
Kmt V( av )N’V aBZ , b ( 33)

where V means area. Here the “internal pressure” P, = P — BM/V excludes the pres-
sure contribution from the magnetization M due to edge current [119,/129]]. Note that the
derivative is taken at fixed v instead of fixed B. Thus, the internal compressibility has a
finite value.

In previous literatures [118,[119], the explicit frequency dependence in (#.132)) was
not given, as for the discussion there it was not important. But from the relation between
susceptibility and conductivity [I30], obtained from Kubo formulae (#.130) (4.131) and

particle conservation (#.127),

R}
X(Q, ) = —2-0,5(q, W), (4.134)
ecw

we see that even if one only considers the susceptibility at zero-frequency, it reflects the

linear-in-frequency part of the conductivity. As we shall see later, it is essential to incor-

porate the w-dependence in (4.132) before taking the limit. Explicitly, (4.132)) and (#.134)
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shows the susceptibility-viscosity relation

4

@) _ q -1
X (q’ (,l)) - mz(wz _ (,U%)Q [Kint - ZanH(w)
2 + 2
H(@)2 + 7 (@) wC]. (4.135)
l W
And at zero frequency w = 0, the static susceptibility is
¢
X w=0) = —— |k - 2wnuw = 0)
m?w?}
S
+w? lim ('7 -(“’)) i lim (w(w))). (4.136)
w—0 1w w—0

We stress that these relations are obtained under the only assumption of Galilean invariance.
Thus, the Hall viscosity is guaranteed to show up in the ¢* term in the density response

function for a wide range of systems.

4.4.2 Example: Integer Quantum Hall Systems

We apply the above results to discuss the paradigm example of integer quantum Hall
effect. The Hamiltonian involves only the kinetic part H, = AL 2m = Tw, (ala; +
1/2), where the ladder operator for Landau levels is &; = (& + ifr;)/ V2heB, with the
commutation relation [&;, Ezj] = §,;. Working in the spherical gauge A’ = 2(-$,%,0), and
defining R' = p' + eA’, we can introduce b; = (R, — iRi)/ V2heB, with [b;,b'] = ;. 1t
specifies the degeneracy within each Landau level in terms of angular momentum £, =
hy, i(l;jlgi - &j&i). Consider a ground state with the lowest v Landau levels fully filled; each
level has degeneracy V/2xl%. Using equation (4.130) we calculate the leading terms in

susceptibility directly. Start from

x(q,w) = —% foo dr e fdzxe_iq'x([ﬁ(x, 1), 1(0, 0)])o
0
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we can explicitly calculate the charge susceptibility y(q, w) up to the fourth order term

@) _ ’ nw,
xX7(qw) = (qlp) W@ P =)' (4.137)
Y w) = (gly)'= ( ! - ! ) (4.138)
’ P \(w)? -4 (W) -w?) '

Here the energy density is & = (eBv)?/4nm, and the average density is i1 = v/2nl%, where
the magnetic length /2 = 7i/eB.

Next we use to calculate the same terms in susceptibility so as to ver-
ify the susceptibility-viscosity relations. The zeroth order term in conductivity is directly

obtained from the Kubo formula (4.131)),

ie’fi w? ne’w,

+—— ¢
mw* (w)? - " mw? - w?) "

(4.139)

O'I(JOV)(w) =
which reduces to the familiar one 0'/(2, (w = 0) = e*v/h at zero frequency. Using 1) we

obtain (4.137)). Further [119],

iwte 2W.&

-1 _ S _ we e
K. = 2&, {(w) =0, n(w) = @ 2= 4(,4)%’ na(w) = 4wt - @)

int

(4.140)
Then from (4.135) we have (4.138)), as expected.
We can further obtain the dynamic structure factor S (q, w) [[127] using the fluctuation-

dissipation theorem Imy(q, w) = —; (S(q, w) — §(—q, —w)), and the identity L = Pi F

mio(x),
$q,w) = <qlB)2§6(w - w,), (4.141)
SV ) = <qu>4%V[5(w ~2w,) — 26(w — ). 4.142)

The static structure factor [[127] S(q) = (1/N) fooo dw S (q, w) = (n(q)n(—q)) is then

(qlB)2

Sl =—

- g(q13)4 +0((gls)"). (4.143)

For v = 1, it reduces to the first two terms in the expansion of the well-known result
S(q) = 1 — e"@/2 for a system with fully-filled lowest Landau level [131].
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4.4.3 Hydrodynamic analysis

Having performed the strict microscopic analysis, it is interesting to see whether there
is a macroscopic derivation of the susceptibility-viscosity relations (4.135) (#.136), which
would provide a simpler and more intuitive way to understand them. To this end, we next

show that (4.135)) and (4.136)) can be reproduced by pure classical hydrodynamic equations,

despite the underlying highly quantum structure of the electronic liquid. Such a method has
been adopted to discuss the fractional quantum Hall liquids and Bose-Einstein condensates
recently [[67,122H124,/132,/133]].

In hydrodynamics, the microscopic details are averaged over, giving a few effective

macroscopic variables,
n(r,t) = n+ on(r, 1), u(r, ) =a+ v(r, 1. (4.144)

Here n,u are the macroscopically averaged number density and the velocity respectively,
including the equilibrium value 7, @i, and the small deviation on(r, 1), v(r, f) caused by exter-
nal perturbation. The dynamics is given by the Navier-Stokes equation (momentum conser-
vation) (4.128)), where the momentum p = mnu. The force comes from the Lorentz force of
the uniform magnetic field and the external potential perturbation f = —enBe, Xu—nVy(r, t).
The stress tensor is

T, = Py, + mnu,u, — 6T, (4.145)

where the viscous part 67, is given by (4.122)-(4.124), and P, is the internal pressure
introduced earlier. We stress that P;,, excludes the contribution to the pressure from the
Lorentz force exerted on the edge current, and therefore is suitable to be used here, as the
Naivier-Stokes equation only concerns bulk properties and assumes no boundary effect.

Consider the linear response regime where on(r, 1), v(r, t) are kept up to linear order, and
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use the equilibrium value 72 = constant, i = 0, the Navier-Stokes equation (4.128)) becomes
mid,v = (enB + nA)(v x e,) + V({V - v — fip — Pyy) + 1 Av, (4.146)
On the other hand, the particle conservation, also kept up to linear order, gives

8,0n + 7V v =0, (4.147)

1 on

Then applying the alternative expression for compressibility ;,x = ;75-, which gives

VP, = &, (Vén)/ii, we have the density response to potential perturbation 6n = y¢, where

the susceptibility (in momentum space) reads

’7l2q2

X(q,w) = ~ (4.148)

K.
miw? — (ﬂ - - {) iwg* +
iw

(miw, — " g?)?

S g% /iw — mn
In the low momentum expansion, the > term is exactly given by that for the integer quan-
tum Hall effect (4.137). This is because the intra-Landau level excitations start from the
g* term [131]]. Thus, the ¢*> contribution must entirely come from inter-Landau level exci-
tations, whose characters are captured by the integer quantum Hall effect. The ¢* term is
given by the same equation (4.135)), as being derived from the Kubo formula. Thus, in the
low-momentum regime, the classical hydrodynamics reproduces the strict susceptibility-
viscosity relations obtained from Kubo formulae.

(In general, the viscosity coefficients ¢, %, 7y would have momentum dependence also
[115[116]. In the expansion of (4.148)) discussed above, we have taken the viscosity coeffi-
cients Z,1°, ny to be constant (they only depend on frequency). This is suffficient when we

expand y(g, w) up to g* terms, as can be seen from (4.148). But when applying (4.148) to

higher orders in ¢, one needs to first expand £, n°, ny to higher powers in g (i.e. ¢° and ¢*

terms for £, 1%, ny) before expanding (4.148)) (i.e. to ¢° term for y(q, w))).
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4.4.4 Obtaining Hall Viscosity through Density Response Signatures

The relations (4.135)), (4.136) connect the Hall viscosity with the susceptibility, which
can be measured by scattering experiments. Since many recent works only concern the
zero frequency value of Hall viscosity ny(w = 0), we focus on equation (4.136) here. Note
that in most cases the bulk viscosity {(w) does not diverge [[119] at zero frequency. Then

the last term in equation (#.136)) vanishes and the formula can be rewritten as

(4.149)

Ko, e (1) M0y DAg)
2 g

In order to extract 7 from the measurement of y“(g), one has to determine the first two

terms in (4.149). The inverse internal compressibility ;! = B*(0”&(B)/0B?), can be deter-

int

mined by the auxiliary measurement of magnetic susceptibility y» = o (%)V = —Uo (%)V

at constant filling fraction, or a local current measurement in response to the inhomoge-
neous magnetic field [118] 9j = VX 0M = —&”(B)e, X VOB. In particular, in high magnetic

field where Landau level mixing is negligible, the interaction energy can be neglected com-

(eBv)?
4mtm

(eB)vy

and ¢ = 7
TTm

pared with the kinetic energy. Then we have the free particle results € =

for integer and fractional quantum Hall systems respectively, giving k! = 2&.

int

Further, lim,,_(1° /iw) generally yields a finite value (see the integer quantum Hall

system for example), and needs careful evaluations. Here we invoke the Kubo formula for

shear viscosity [119], n° = m{ fooo e[ J12(8), J12(0)])o, to compute this quantity. Ji, is

the off-diagonal element of the strain generator fw. In the spectral representation,

S 2h 01(01J12(0)[n)[?
77_ _2hio 0l(01/12(0)[n)| ’ (4.150)
iw V4 (0 - w

where w,) = w, — wy, with w, the frequency of energy eigenstate |n). (In the presence

of Landau level mixing, |n) also includes higher Landau level eigenstates). Therefore, if
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wno = 0 or the matrix element vanishes, the corresponding term is zero; otherwise, we have
the finite result

lim
w—0

(US) _on Z |<O|J12(0)In>|2 (4.151)

iw Wno

where Y’ means summing over energy eigenstates which are not degenerate with the
ground state. Explicitly, the off-diagonal element of the strain generator assumes the form
Jn(0) = 3. (—{)%i, '} — eB&' 2) /2h, and can be written conveniently in the spherical gauge
A= 1B x#as

Ji2(0) = - A;fly = —% [(@; — &))" — (b = b))]. (4.152)
where @;, b; are inter- and intra-Landau level ladder operators defined previously. Consider,
for instance, integer quantum Hall effect. Then the only non-zero matrix element in (4.151)
18 (0|&f|2>, where |2) means the state with one electron from either of the top two filled
Landau levels in the ground state being excited 2 levels upwards, corresponding to an
excitation energy wyy = 2w,. Thus, lim,_o(1’ /iw) = —&/4w?, in consistency with the

previous result. The evaluation for various fractional quantum Hall systems is left for

future work, which generally requires a numerical evaluation of (4.151)) and (.152)) in the

presence or absence of Landau level mixings depending on specific experimental situations.

Thus, with Ki‘ni and lim,,_,,(77° /iw) being measured or calculated, one can use equa-
tion (4.149) to determine the Hall viscosity iy through the long wavelength part of static
susceptibility y*(q,w = 0), which is related to scattering experiments [127]. Explic-
itly, the quantity being measured is the dynamic structure factor S(q, w) = 2, S ,(q)d(w —
wn(q)), where w,(q)’s are excitation modes. Using Kramers-Kronig relation Rey(q, w) =

(1/7) f_ 0:0 dzP(Imy(q, z))/(z — w) and fluctuation dissipation theorem, we have the static
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susceptibility y(q) = x(q,w = 0) as

_ 2 vSi@
Y@ =350, @ (4.153)

n

We can compare it to the situation in single mode approximation [131[]. There S,(q) be-
comes the static structure factor S (q) while w,(q) — A(q) corresponds to the single gapped
mode. But a recent experiment [125]] shows the existence of two collective modes. Thus,
we keep the general form (#.153)). But the presence of two or multiple modes does not affect
the conclusion that intra-Landau level excitation corresponds to S (q, w), x(q, w) starting
from ¢*. This can be seen by applying the f-sum rule [[127)] fooo wS (q, w)dw = hNg*/2m
and (4.137). Then we see the sum rule is saturated by the inter-Landau level excitations,
meaning that the ¢> term comes entirely from the cyclotron mode.

The qualitative behavior of y(q) in the small-q limit can be observed as follows. Using
the compressibility sum rule y(q — 0) = —Nk;' and the incompressible feature of quantum
Hall states, we see the constant term in y(q) always vanishes. Here K}l = —V(OP/OV)n s
is the isothermal compressibility. Moreover, the low-lying excitations within the lowest
Landau level correspond to y(q) starting from the g* term. That means if the inter-Landau
level excitation is supressed in the large magnetic field limit, (or if we can cancel such
contribution by subtracting the y® given by equation (.137))), y® is the leading order in
x(q). In sum, the algebraic relation (4.153) clearly means that it will be sufficient to extract
the ¢* term in y(q) by measuring only the long wavelength part of S (q, w), as is usually the

case in current experiments.

4.5 Conclusion and outlook

The relation between susceptibility and viscosity in (4.135]) and is presented

and discussed, showing the role of viscosity coefficients in the g* term of susceptibility for
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a general class of Galilean invariant system. It suggests the possibility of measuring the
Hall viscosity in terms of density response experiments for a wide range of quantum Hall
systems.

In addition, it is worth mentioning the connection of this work with cold atom systems,
where quantum Hall states can be simulated using rotating atomic gases. The quantum
Hall state is approached when the rotation frequency of the trapped gas approaches the
critical frequency, where the centrifugal force almost cancels the trapping force, and the
Galilean invariance is approximately satisfied. Since in cold atom systems, the density
measurement and the potential engineering are the most standard experimental tools and
can be made to high accuracy, our analysis paves the way for further discussions of Hall

viscosity signatures in cold atom experiments.
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