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ABSTRACT

We study the Galois module structure of the ideal ray class group and the group
of units of a real abelian number field. Specifically, we derive explicit annihilators
of the ideal ray class groups in the vein of the classical Stickelberger theorems.
This is made possible by generalizing a theorem of Rubin which in turn allows us
to describe a relationship between the Galois module structure of certain explicit
quotients of units and the Galois module structure of the ray class group. Along
the way, we're compelled to study the Galois module structure of the p-adic com-
pletion of the units. We derive numerous conditions under which we may con-
clude that this module is cyclic some of which allow for p to divide the order of
the Galois group. Under those conditions, we are able to relate the annihilators of
the p-parts of various explicit quotients of units to annihilators of the p-parts of the

ray class groups in many cases. This is a generalization of a theorem of Thaine.
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CHAPTER 1
INTRODUCTION

1.1 History

27i/m

Let k be an abelian number field of conductor m. Let (,,, = e and let 0, €
Gal(Q(Cm)/Q) be defined by o4 : ¢ — (5. For any real x, let {x} denote the
unique real number such that x — {x} € Z and 0 < {x} < 1. Define

o= ) {=}o cqia]

a mod m
(avm):1

where we view 0, € G by restriction. The element 0y is called the Stickelberger

element of k. We have the following classical theorem:

Theorem 1.1 (Stickelberger, [18]). The Stickelberger ideal Sy := Z[G]6\ N Z[G] annihi-

lates Cly, the ideal class group of k.

Stickelberger’s theorem follows by studying the factorization of Gauss sums in
Q(Cm)- This theorem is surprising (and useful) since it gives explicit information
about the ideal class group. Perhaps even more surprising is the following theorem

due to Iwasawa:

Theorem 1.2 (Iwasawa [7]). Suppose k = Q(Cpn) and let R~ = (1 — 0_1)Z[G]. The
index of the subgroup S, = 0y Z[G] N R~ in R, denoted [R™ : S_], is finite. In fact,

[R™: Sy 1 = hn where h. is the relative class number of Q(Cpn ).
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For general abelian number fields, Sinnott [16, Theorem 2.1 and Theorem 3.1]
has defined a larger ideal S, (which is essentially equivalent to Sy in the k = Q(n)
case) whose members annihilate the ideal class group and satisfies an analogous
index formula. Similarly, for d € N, Schmidt [15, Satz 1 and Satz 2] has defined
an ideal S; (d) (equivalent to Sinnott’s S, if d = 1) whose members annihilate the
ray class group Cli(d) of k of modulus d, moreover, whose index [R™ : S (d)]
is finite and related to #Cli(d). Unfortunately, if k is real, then the Stickelberger
elements thus far mentioned devolve into multiples of the norm. For example, if

k = Q(lm)" then 04lx = 0_4lk and {a/m} + {—a/m} = 1. This means that

where ¢p(m) = # (Z/mZ)”. And since 0y is a multiple of the norm, no useful
information can be obtained.

Now, consider the following classical theorem due to Kummer.

Theorem 1.3 (Kummer [8]). For k = Q({pn)™, define the cyclotomic units Cy of k to be
the Gal(Q(Cpn) " /Q)-module generated by —1 and

(=512 Cpn — 1)
P Cpn —1

where (s) = (Z/p"7Z)*. Then Cy is a subgroup of finite index in the group of units By of

k, in fact, [Ey : i = hw where W, is the class number of k.

Once again, for general abelian number fields, Sinnott [16, Theorem 4.1] has
defined a larger group of explicit units C; (which is essentially equivalent to Cy
in the k = Q({n)™ case) and obtained an analogous index formula. Similarly, for
d € N, Schmidt [15, Satz 3] has defined an explicit group of units C; (d) (equivalent
to Sinnott’s C;, when d = 1) congruent to 1 modulo d whose index in the full group

of units congruent to 1 modulo d is finite and related to # Cl,(d).
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The next question to ask is now plain: If k is a real abelian number field, then is
the relationship between C; (d) and Cli(d) purely combinatorial, or is it a symp-
tom of a deeper algebraic relationship? It is, in fact, the latter case. When d = 1 this
relationship is reflected in the work of Thaine [19], Rubin [14], and most spectacu-
larly in the work of Mazur and Wiles [11]. One of the main goals of this dissertation
is to establish similar relationships when d # 1.

We now discuss the work of Thaine and Rubin as it applies to this dissertation.
From here on out, k denotes a real abelian number field with Galois group G and

unit group Ey. We have the following theorem due to Thaine.

Theorem 1.4 (Thaine [19]). Let p be an odd prime not dividing [k : Ql. If © € Z[G] such
that © annihilates Sylp (Ex/C,.), then 6 annihilates Sylp (Cly).

Thaine’s theorem follows by noticing that the units of C; satisfy the following
property: for every € C,, for all but finitely many rational primes { that split
completely in k, there exists a k((¢)/k-norm 1 unit of k((,) that is congruent to 6
modulo the primes of k((¢) above {. The fact that this unit is norm 1 allows us
to construct various principal ideals («) that are invariant under the Gal(k((,)/k)-
action, or principal “ambiguous ideals” as Hilbert calls them. From the factoriza-
tion of (NE(Q) («)) we derive annihilators of Syl]D (Clx) much in the same way that
Stickelberger elements are derived from the factorization of Gauss sums. The fact
that e satisfies the aforementioned congruence relation with 6 allows us to relate
the annihilators of Syl _(Cli) with those of Syl (Ex/Cy).

Using a “wild variant” of Thaine’s method, Solomon [17, Proposition 4.1] was

able to prove the following theorem.

Theorem 1.5 (Solomon [17]). Fix an embedding so that we may view Q8 C Q2.

Suppose p is unramified in k, let m be the conductor of k, and let D1, denote the set of
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ideal classes of k supported by the primes above p. Let O\ denote the ring of integers of the
topological closure of k, and set

1
soly = 1_3 Z logp ((Ng“m)ﬂ — Cm))d) o 1.

ceG

Then soly annihilates D1, ®z Ox.
Naturally, this led Solomon to the following conjecture [17, Conjecture 4.1].
Conjecture (Solomon [17]). If p is unramifed in k, then soly annihilates Cly ®70.

The above conjecture is an analog of Stickelberger’s theorem for real abelian
number fields. Recently, Belliard and Quang Do [1, Theorem 5.4] were able to
prove a modified version of Solomon’s conjecture under the additional hypothesis

that p is totally split in k.

Theorem 1.6 (Belliard and Quang Do [1]). Assume p is totally split in k. If the con-
ductor of k is a prime power, then (1—1) soly annihilates Sylp (Cly) where T is a generator

for G; otherwise, soly annihilates Sylp (Cly).

If p is totally split in k, then Oy = Z,,, solx € Z,[G] and Cly ®zZ, = Sylp(Clk).
In this setting, Belliard and Quang Do were able to prove the above theorem by
utilizing the following broad generalization of Thaine’s method obtained by Rubin

[14, Theorem 1.3].

Theorem 1.7 (Rubin [14]). Let « : Ex — Z,[G] be a G-module map. Then «(Cy)
annihilates Gal(H/(k(Cpe) N H)) where Gal(H/k) ~ Syl]D (Cly) via the Artin map and

Cp 1s the group of all p-power roots of unity.

This dissertation is motivated by generalizing the approach of Belliard and
Quang Do to arbitrary odd primes p, and extending all the annihilation results
to the ideal ray class groups. So we have two principal objectives. For an ideal a

of the ring of integers of k:



e Define an explicit subgroup of units Cy(a) such that the G-module struc-
ture of Ey/Cy(a) is related to Cly (a) akin to the relationship between Cly and

Ey/Cy as seen in Theorem 1.7 and Theorem 1.4.

e Derive explicit annihilators of Cly (a) ®7 Oy (which in turn generate annihila-

tors of Sylp (Clk(a))) in the vein of Theorem 1.1.

Along the way, we discover some interesting results regarding the structure of
Ex ®z F, as an F,[G]-module. Consequently, we can prove a ray class analog of
Thaine’s theorem (which subsumes Thaine’s theorem itself) that is applicable in

some non semi-simple cases, surprisingly enough.

1.2 Outline of Results

Chapter 2 of this dissertation is devoted to proving the following generalization of

Theorem 1.7.

Theorem 1.8. Let a be an ideal of the ring of integers of k, and let « be a G-module map
from the S-units of k to Oy[G] where S contains all the Archimedean places. There is a
subgroup of S-units Cs(a) of k, whose definition (see Definition 2.8) does not involve the

ray class group Cly(a), such that
Ro - a(Cs(a)) annihilates Cly(a) ®z O
where Ry is the augmentation ideal of Oy [G].
We end Chapter 2 by analyzing the G-module

Gal (k(CPW) N H(a)/k> )

We derive sufficient conditions to conclude that this module is trivial. Under these

conditions, it turns out we can remove the contribution from Ry in Theorem 1.8.

5



In order to establish explicit annihilators of Cly (a) ®7 Oy 4 la Stickelberger, we’d

like to take advantage of Theorem 1.8. This will require:

e an explicit G-module map from the S-units Eg of k to O [G]

e explicit examples of S-units of the type Cs(a).

Chapter 3 is devoted to the latter in which we study an explicit subgroup of S-
units Cs(a) of k which we call the a-cyclotomic S-units (equivalent to Schmidt’s
d-cyclotomic S-units for certain d depending on a) where a is an ideal of the ring

of integers of k (see Definition 3.1). In particular, we prove the following theorem.
Theorem 1.9. Cs(a) C Cs(a).

We then show that the index [E : C(a)]! is finite, and we compute it when

a = d € N. In this case we prove the following generalization of Theorem 1.3.

Theorem 1.10. The index [E : C(d)] is finite and [E : C(d)] = # Clk(d) - cx(d) where
the explicit definition of cy(d) does not depend on Cl, (d).

As for G-module maps from E — Oy[G], these are easiest to describe when
E ®z F, is a cyclic module. Consequently, in Chapter 4 we study the G-module
structure of E ®z F,,. In certain cases, we show that the cyclicality of E ®z F,, is
influenced by the capitulation of ideals and the number of primes ramifying in the

p-part of the extension k/Q. In particular, we have the following theorem.
Theorem 1.11. If p { #G, then E ®z Iy, is a cyclic I, [G]-module.

Things are, predictably, more complicated when p | #G. We give necessary
and sufficient conditions for the cyclicality of E ®z IF,, as a G-module when G is
cyclic and k/k%"%(S) is part of the Z,-extension of k%), The clearest result we

have in this vein is the following slightly more general result.

'We omit subscripts when S consists solely the Archimedean places.
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Theorem 1.12. Suppose G is cyclic and there is only one prime ideal of k¥'»'S) ramifying
in k/X%(C). Then E @y F, is a cyclic F,[Gl-module if and only if the natural map

Cl, sy, e) — Cly is injective.

Using a wholly different approach, we can also show that the G-module struc-
ture of E ®z F,, is restricted by # Syl (G) to a large extent. In fact, we get the

following theorem.
Theorem 1.13. If #G = p, then E ® F,, is a cyclic F,, [G]-module.

As #5Syl (G) gets larger, this last approach becomes less useful. On the other
hand, we did notice something unrelated but curious. Comparing results across
Chapter 4, we get the following for a very attractive price. If [k : Q] = p*m and
s > erational primes ramify in k whose ramification indices are divisible by p, then
the p-rank of Cly is at least s — e. This result is surprising, if anything, because it
requires no class field theory to prove.

Chapter 5 is devoted to applications of the previous chapters. As mentioned
before, one of our main goals is to find explicit annihilators of Cly(a) ®z O. We

can now do this by using Theorems 1.8 and 1.9 and the explicit G-module map

¥ : Es — X[G] defined by

d(x) = Z logp(x")o_1,

oeG
where X is the topological closure of k and log  is the Iwasawa logarithm. In

general, this map is not integral, so we must “integralize” it, i.e., we must find 3 €
K[G] such that B9(Es) C O« [G]. We find explicit examples of such integralizers and
therefore are able to derive explicit annihilators. In general, we have the following

theorem.
Theorem 1.14. Let B € K[G] such that Y (Es) C O [G]. Then

Ro - Y Cs(a)) annihilates Cly(a) ®z Ox.
7



This is gives the first full proof (of a much strengthened version) of Solomon’s
[17, Conjecture 4.1] (again, under certain conditions we can remove the contribu-
tion from Ry, the augmentation ideal of Oy [G]).

We also show that any G-module map from E — O[G] is a X[G]-multiple of
the map ¥ defined above. This gives us to describe the Oy[G] ideal So(a) defined
by

So(a) == (a(C(a)) : o« € Homg(E, Ox[G]))o,[c]

in terms of the map ¥ defined above. This ideal (or possibly the product of this
ideal with Ry) annihilates Cly (a) ®7 O and is analogous to the ideal Z[G] N Z[G]6x
of Theorem 1.1.

Under the additional assumption that E ®z IF,, is a cyclic module (and thus
the content of Chapter 4 comes into the fold), we show that Sy(a) is essentially
equal to the annihilator of (E/C(a)) ®z Ox. This is a generalization of Theorem 1.4.
Moreover, if we also assume a = 1 and Syl (G) is cyclic, we show that the index
[Ro : So(1)] is finite equal to #(Cl ®70x). This is a generalization of Theorem 1.2.

In summary, we have the following theorem.

Theorem 1.15. If E ® F,, is a cyclic F,[G] module, then
So(a) = Ro - Anny, ) (E/C(a)) @z Ox.
If, in addition, we have Sylp (G) is cyclic, then
Ro/Sola) =~ (E/C(a)) @z Ox.
In particular, if a = 1 and p { #G, then

#(Ro/So0(1)) = #(Cl ®20x).



1.3 Common Notation

We collect the common notations used throughout this dissertation here for the
convenience of the reader. Throughout we let k denote a real abelian number field

with Galois group G. For a number field K we set

ox = the ring of algebraic integers of K

Clk (a) = the ray class group of K of modulus a C oy.

If K = k, then we generally omit subscripts, and if a = o, then we generally omit
parentheses (e.g., Cl = Cli(0)). For a prime p C ok, we use v,(x) to denote the

p-adic valuation of x € K. Further, we let
S = a G-stable set of places of k containing all the Archimedean places.

For any n € N, we set
C _ eZni/n
n =

W,, = the group of n-th roots of unity.

We fix an odd prime p, and an embedding of k — Q?}g. We consider k C Q;lg from
here on out and omit any mention of the embedding for the sake of brevity.

For primes A C oy, we use the notation (A, K/k) to denote a Frobenius auto-
morphism of A in Gal(K/k). Note that (A, K/k) is only defined modulo the inertia
subgroup for A. We let [A, K/k] denote the conjugacy class of (A, K/k) in Gal(K/k).

Throughout we use ® as an abbreviation for ®;. We make a Z[G]-module M
into an R[G]-module M ® R (where R is any commutative ring) in the obvious way:

formeM,reR,and ngo € R[G] we set

(M®Tr)=Te0 .= Z m° ® 1.

9



We let G denote the character group of G. For each x € G, we let e, denote the
idempotent associated to x:
1 1
ey = % GgZG x(o)o~ .
We may view e, € K[G] where K is any field whose characteristic does not divide

#G and contains the #G-th roots of unity.

10



CHAPTER 2
ON THE GALOIS MODULE STRUCTURE OF THE RAY CLASS
GROUP

2.1 Preliminaries

In this chapter, we write Es to denote the S-units of k, and we let a C o be an
ideal. For a natural number n, we write k,, for kNQ(¢,,). We also fix the following

notations.

X = the topological closure of k in Q;lg
O = the valuation integers of X
@ = a uniformizer of O
An(a) =Cl(a)/p" Cl(a)
Ala) = Sylp(Cl(a))
H,,(a) = the ray class field over k associate to A, (a).

H(a) = the ray class field over k associate to A(a).

Note that Gal(H,,(a)/k) ~ Ay, (a) and Gal(H(a)/k) ~ A(a) via the Artin map.
The proof of the main result of this chapter relies on the linear disjointness of
Hy, (a) and certain Kummer extensions of k((,n). For this reason, we will find the

following proposition, essentially from [14], very helpful.
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Proposition 2.1. Let V < k* such that VK*P" /k*P" is finite. Then
Ha (@) Nk (Cpmy VIP™) = Hy (@) N K(Gpn).

Proof. Let K be the composite of k((,n) and Hy (a) N k(Cpn, V1/P"). Then we have

a natural isomorphism of Galois groups
Gal ((Hn (@) N k(Gpm, V")) /Gal (Hi (@) N k(g ) = GallK/K(Gpn)),
moreover, Kummer theory gives us an isomorphism of Gal(k((,n)/k)-modules
Gal(K/k(Cpn)) ~ Homy (B, Win),

where B < VKXP" /k*P" such that K = k(B'/P"). Since Gal(K/k(Cpn)) is abelian,
we have that Gal(k((,n)/k) acts trivially on Gal(K/k). So Gal(k(¢pyn)/k) acts triv-
ially on Hom(B, Wy,n). This means that for all T € Gal(k((yn)/k), for all P €
Hom(B, W,,») we have

P(tb) =1P(b), forallb € B.

But B < k*/k*P", so ip(b) = (b) for all b € B. It follows that (b) € k for
all b € B. Since k is real and p is an odd prime, it must be that {(b) = 1 for all
b € B. So Hom(B,W,~) ~ Gal(K/k) is trivial. This completes the proof of the

proposition. [

Let M be an R[G]-module where R is a commutative ring with 1. We make
Homg (M, R[G]) and Homg (M, R) into R[G]-modules in the usual way: for o €
Homg (M, R[G]), a € Homg (M, R), and 6 € R[G] we define

(0-a)(m):=0x(m) and (0-a)(m):= a(Om).

We need the following lemma that relates these two modules.

12



Lemma 2.2. Let R be a commutative ring with 1, and let M be an R[G]-module. The map
® : Homg (M, R[G]) — Homg (M, R) defined by

is a G-module isomorphism.
Proof. This is a straight-forward verification. O

We will also need the following proposition regarding the injectivity of R[G]

whenR = 0 /5ng.

Proposition 2.3. Let R = O / PO, and let N C M be finite R[G]-modules. The natural
map

Homg (M, R[G]) —+ Homg (N, R[G])

is surjective.

Proof. In lieu of the above lemma, it suffices to show that the natural map
Homg (M, R) — Homg (N, R)

is surjective. Let m € M \ N, and let f € Homg(N,R). We wish to extend f
to a homomorphism from N + Rm — R. Let j be the least positive integer such
that @ m € N. Let e be the ramification index of p in k so that p = @¢. Define
f': (@) = Rby

f'(r) := f(rm).

Note that 0 < j < en, so

I (@) = 2 I f(@m) = f(@"m) = 0.

13



It follows that f'(@’) C (@). Let u € R such that u@ = f'(@’).

Now, suppose x1,x2 € (@) and 1,1, € R such that
-1 -1
X1 +T1® =Xy + 1 .

Then
X1 —%x2 = (13 —r)@ .
It follows that r; — 1y € (@). Let v € R such that r, = r1 + v®. Then
f'(x)+mu="Ff(x;+md " —(r+ve)® ) + (1 +vo)u
=f'(x;)+1u—f' (vd) + uwm

=f'(x1) + 1y,

since f'(v’) = vf'(@’) = uwv®. It follows that the map f” : (@~ ') — R defined

by

x+rd "= f(x) +ru
is well-defined, moreover, f"| 5y = f'. Similarly, we can lift f” to a map " :
(@%) — Rsuch that f”/| 1) = f”. Lifting j times successively, we construct a

map fUTY : R — R such that 0TV ;) = .

Now, suppose y1,y, € N and 7,1, € R such that
Yy +rim =y +rym.
Then
yr—yz = (r —ry)m.
It follows that 1, — 17 € (@) by the minimality of j. Letv € R such that r, =
T1 +v®'. Then
fyz) + O (1) = flys +rim — (v +v))m) + U (1 +ve))
=f(y1) + fI7 (1) — fvalm) + fU (vol),

14



By construction, we have
i vel) = f'(vdl) = flvd'm),

SO

flyz) + FI7 1 (r2) = flys) + £ ().

It follows that the map F: N 4+ Rm — R defined by
Fly +rm) := f(y) + fIT (1),

is well-defined, moreover, F|y = f. O

2.2 Proof of the Main Theorem

For odd primes ¢, let
E(¢,a) :={e € Ex(¢p ZNE(CU(G) =1 and e =1modal.

The following lemma will act as a sort of explicit version of Hilbert’s Theorem 90

for our purposes.

Lemma 2.4. For any € € Ey (¢, such that NE(C” (e) =1, we have that the element
o= C? + C?Te + -+ C?’Ce*261+’t+~~+ﬂce*3
is non-zero for some choice of 0 < a < { — 1.

Proof. Let «(x) € C(x) be the rational function defined by

X s Ce + G €+ + C(}FZ T+T+-rt3
T—xC  1—x(f TG '

Since «(x) has distinct poles, it follows that «(x) is not identically zero. On the

other hand, we may view «(x) € C[[x]] and write

(e ¢]

-2 N
(X(X) = Z ( El+1 + Céa+])T€ bt C((ga+1)T €1+T+,,,+Te S)Xa,

a=0

15



Note that the power series form of «(x) has periodic coefficients of the form of the

claim. Since «(x) is not identically zero, the claim follows. ]

The following theorem is crucial for what follows. It is a generalization of a
theorem of Rubin which itself is a generalization of a theorem of Thaine (see [19]

and [14]).

Theorem 2.5. Let n € N and { be an odd prime split completely in k such that { = 1
mod n. Fix a prime A of k above €, and let A C Z /17, [G] be the annihilator of the

cokernel of the natural map

¢ :E(la) — (Uk(ce)/l—)X ® Z/nZ )

where L is the product of all primes of oy (c,) above {. Then A annihilates the class of A in

Cl(a)/nCl(a).
Proof. Let 0 € A, and let u € oy ((,) such that
u=s"'modL and u=1mod £° forall o #id,

where £ is the prime of 0y (¢,) above A and (s) = Z/{Z*. The element u has been

chosen so that
X
(0x(c/L)” = (umod L)z, (¢—1)ziG)-

Now, u® = n"e mod L for some 1 € k() coprime to { and € € E({,a). Let

(t) = Gal(k(C¢)/k) and

2 -2 -3
=G+ (fe+CF et 44 f et

16



By Lemma 2.4, we may assume « # 0 (allowing for a small abuse of notation).

Notice that

2 e—1 2
€(XT:C}€+C} €1+T_|__H_|_Cg €1+T+ +T
2
=(e+ (e T+ (g

= OC)
. =1 _ . -2 _ nk(C) g
sincet ' =idand1+71+---4+71 “=N_ " Since € € E({, a) we have

OCECe+CTZ+---+CTHmoda
¢ ¢

= —1 mod a.

Now, («) is a non-zero ideal inert under Gal(k((,)/k). Given a prime ideal p C o,
the Galois group of k((¢)/k acts transitively on the primes above p in oy (¢,). It

follows that

() =b- H Laggﬂ’

oeG

where 0 < a; < {—1and b is an ideal of 0. Taking norms of both sides of the above
we get

(NE(C(&) (O()) — T\ ago! '
Since « = —1 mod a, we have that Nt(m (¢) = 1 mod a. By assumption we have
n|(€—1),so0 Z a0~ " mod nZ[G] annihilates the class of A in Cl(a)/n Cl(a).

It remains to relate the coefficients a, to 0. To that end, note that

a, = ord (o) =ord ;.1 (1 — ).

Lol

Write o« = B(1 — ()% where B is a £° '-unit. Without loss of generality, let’s
g Y,

17



suppose T : (; — (;. The primes above { are totally ramified in k((;)/k. So T acts

trivially on £° ' -units modulo £° . Hence

o & _ BO—CY*

T BT(] _C%r)ag

1—¢\% o1
(1 —C}) mod £

= (s ")% mod £,

the last equivalence holding because (; = 1 mod £° . So

1-

— L 14+ G+ 4+ =smod L7 .
11—

This gives us that e = u®° ' mod £ ', so
e=ur% " ="’ mod L.
Hence Z a0 =0 mod nZ[G]. O]

Remark 2.6. Note that NE(C‘) (o) is totally positive. So more precisely we have A annihi-

lates the class of A in the narrow ray class group Cl(as)/n Cl(a) where an, is the cycle

o[

v|oco
Now, we set A} (a) < A, (a) such that A} (a) ~ Gal(Hn(a)/(Hn(a) N K(Cpn))).
Let p : O/p™0O[G] ® O — O/p™0O[G] be defined by 6 @ x — 06x. The following
theorem is essentially from Rubin [14]. The use of multiple primes is necessary to

accommodate the larger ring of coefficients.
Theorem 2.7. Assume that S is finite, fix ¢ € A/ (a), and let
«:Es/ER — (0/p™0) [G]

be a G-module map. There exists infinitely many non-conjugate j-tuples of degree 1 primes
A1y...yAj € Sof o such that (Ai,a) =1 and
18



(i) the class of Ay in A (a) isc,
(ii) p™ | & — 1 where &, = A\ N Z, and
(iii) there exists an O /p™O[G]-module map
f:((0/8) @ Z/pnz) @0 = (9/pn0) (G
such that the diagram

po(oc@id)

Es/EY @0 (9/pr0) [G]

vou|

((0/2)* ®Z/pn7) © O

commutes where £ = Hﬁi and ¢ : ES/EEn — (0/£)" ® Z/an is the natural

map.
Proof. Let § = Gal (k(Cpn)/Q) and

I = Gal (k(Cpn,E;/pn)/k(Cpn’ (ker (x)]/P“)) )

Let G act on I' in the natural way: for g € G,y € T, define

where § is a lift of g to Gal (k((pn, E5’?")/Q). This action is well-defined since
Gal (k(Cpn, E;/pn )/K(Cpn )) is abelian. Lety1,...,v; be a complete system of unique
representatives of I'/G.

Since H,, (a) and k(Cpn, E;/ pn) are linearly disjoint over H, (a)Nk((pn) by Propo-
sition 2.1, we may choose B; € Gal (Hn(a)k(Cpn, E;/pn)/k) such that

Bi|Hn(u) =c¢ and Bi|k(épn,E;/p“) =%Yi-
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By the Chebotarev Density Theorem [9, Chap VIII §4 Theorem 10], there exists
infinitely many degree 1 non-conjugate j-tuples of primes Aq,...,A; ¢ S such that
(Ai,a) =Tand

B e [hi, Hnl@k(Gom ES™) /i ].

Since Bi|k(cpn) =id, we have (A;, k(Cpn)/k) =1id. So {; splits completely in k(Cpn),
hence {; = 1 mod p™. We also have (A;, H,(a)/k) = ¢, so A; € ¢. This proves (i)
and (ii).

Now, let € € ES/EEn such that €'/P" € k({pn, (ker «)'/P"). Then

1 i € O g

So e = PP u where u € kerx and B € k(Cpn)*. From the exact sequence of

H := Gal(k(Gpn)/k)-modules
T —= Wpn = K(Cpn) ™ — k(Cpn )P 5 1
we obtain the exact sequence of H{-invariants
T — W k(Gpn) 70— K(Cpn ) P70 — H (F, Wipn).
Since F is real and p™ an odd prime power, we have

FH
W2 =1
k(Cp“)Xg{ — kX

k(Cpn )P =k N k(Gpn) <P

Since I is cyclic, say generated by o, and ker(o — 1 )lwpn =1, we also have

(Ce)

H' (3, Wpn) = ker(Wpn —— Wy )/m(wpn = W) = Wor S =1,

20



hence [kNk(Zpn)*P" : k*P"] = 1. It follows that B € k*, and since pP" € Es, it must
be that 3 € Es. So we have that € € ker a. This allows us to make the following
chain of equivalences:
e c kerxiff e"P" € k(Cpn, (ker «)!/P")

iff I fixes k(Cpn, €'/P")

iff g - y; fixes k(Cpn, e'/P ) forallge G,i=1,...,j

iff A splits completely in k(e'/P")forallo € G,i=1,...,j

iff xP" — € splits completely mod A{ forallo € G,i=1,...,j

iff € € ker ¢.

Now, since O is a flat Z-module, we get the following exact sequences

1 (kera) ® 0 — Es/E" © 0 225 (0/pn0) [Gl 2 O

1 — (kera) ® 0 — Es/E2" © 0 2% ((0/2)* ® Z/pnyz) © 0.
So the G-module map

fipo(a®id)o(¢p®id) " :im(¢p ®id) = (9/pne) [G.
is well-defined. By Proposition 2.3, f lifts to a G-module map
f:((0/8) @ Z/png) @0 = (9/pn0) (G
such that fo (¢ ®id) = po (x ®id). ]
Now we make the following definition.

Definition 2.8. For an ideal a C o, let D(a) denote the set of numbers & € k™ such that
for all but finitely many primes { split completely in K, we have that there is an € € E({, a)
such that forall o € G,

e=0 mod L°
21



where £ C oy(¢,) is a prime ideal such that £ | £. We call D(a) the a-special numbers of
k. Let
Cla) =D(a)NE and Cs(a) := D(a) N Es.

We call C(a) and Cs(a) the a-special units of k and the a-special S-units of k, respectively.

Note that D(o) is precisely Rubin’s special numbers (see [14]). We may now
prove the main theorem of this chapter. It is the ray class analogue of theorem of

Rubin [14].

Theorem 2.9. Suppose S is finite, and let o : Es/E} — (O /pn0) [G] be a G-module
map. Then
o <€g(a)EEn/E‘§n> annihilates A] (a) ® O.

Proof. Let 6 € Cs(a) and ¢ € A] (a). Let Ay,...,A; & S be as in Theorem 2.7 such
that for each 1i, there exists €; € E({;, a) such that

ei =0mod L7 forall o € G,

where £; C oy(c,,) is the prime above A;. Set

g=]Jt and Li=]]%7

i=1 oeG
Since the primes of o above {; are totally ramified in k((,, ), we have that
j j %
(0/2) =T To/t* = T (oxice /1) -
i=1 i=1

Let u; € o such that
u = 3;1 mod A; and u; =1mod Ay forallo e G,o0 #id,
where (s;) = Z/q.7,", as in Theorem 2.5. Note that

X
(ui mod Li)z/(¢;—1)2)161 = <0k(Cei)/Li> -
22



Let0; € Z/an [G] such that
(bmodL;)®1=(egmod ;) ®1
0. X
=u'modLi)®1e€ (Ok(ai)/l-i) & Z/p“Z .
Notice that 0; is an annihilator of the cokernel of the map
X
E(Ei,a) — <0k(Czi)/Li> X Z/an .

So 0; annihilates the class of A; in Cl(a)/p™ Cl(a) by Theorem 2.5. But A; € ¢ by

Theorem 2.7, so 0; annihilates ¢. Also,

pola®id)((§ mod EY )@ 1) =f((§ mod &) ®1®1) by Theorem 2.7
j
=fo (H(u?i mod L;) ® T® 1)
=1

j
= 0if(uimod L) ®1®1).

i=1

Hence, for any x € O, we have (5 mod E‘S’n) =po(ax®id)((6 mod E‘;n) ® 1) so
(c® X)oc(f) mod ER") _ (c® X)Z 9:f((u;mod L;)®1®1)
:Zcei@)x-f((ui mod L) ®1®1)
=0.
This completes the proof of the theorem. ]
Now, let A'(a) := llr_r} A/ (a). We easily obtain the following more general corol-
lary.
Corollary 2.10. Let o« : Es — O[G] be a G-module map. Then
«(Cs(a)) annihilates A'(a) ® O.

Proof. 1f the corollary is true for every finite subset of S, then it’s true for S itself. So

we might as well assume S is finite. The corollary now follows immediately from

Theorem 2.9 by letting n — oo. O
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2.3 On the Defect A'(a)

We’d like to know conditions under which A’(a) = A(a) to get a fuller annihilation

result. We almost immediately obtain the following.

Proof of Theorem 1.8. Let H,,(a) and H'(a) be the fixed fields of A/ (a) and A’(a),
respectively. From the start, we notice that H'(a)/Q is abelian. So G acts trivially

on A(a)/A’(a). It follows from Corollary 2.10 that
Ro - «(Cs(a)) annihilates Ala) 0 =Cl(a) ® O,

where « : Es — O[G] is a G-module map and R, is the augmentation ideal of

O[Gl. O

Now, let P be a fixed prime of k((,n) above p, P = P Nk, and Ly the iner-
tia subgroup for P in Gal(k((pn)/k). We have the following field diagram with

corresponding diagram of prime ideals below P on the left:

P k'(Cp“)
/N /N
P (] - Cp“) k(Cp“)Im @(Cp")
/
/ Hn Nk(Cpn)
/
B k
AN AN
p Kpn
| |
p Q

Proposition 2.11. Let e(P : p) denote the ramification index of Y over p, and likewise for

the other primes below P. We have the following divisibilities:

[Hn N k(Cpn) : K] | p-part of e(P : p) | p-part of e('P : p).
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Proof. Since p is totally ramified in Q((pn) and e(P : ) =1, we have

e(P:p)=e(P:Ple(P:p) = e((l—Cpn):p).

So
e((1—Cpn) 1 p)
e(P:p)

On the other hand, we could solely consider degrees and obtain

<e(P:P).

e((1— Gpn) :p).

[Hn Nk(Cpn) : Kle(P: P) < [k(Gpn) : k] = e(p:p)

Combining the above inequalities we have

e((T—Gpn) 1 p) e((T—Gpn) 1 p)

e:p) TP S L k(G K
whence
[Hp NK(Gpn) 1 K] < j{ff p)) = e(P: p).

Now, since [H, : k] is a p-power, so is [Hy N k(Cpn) : k]. On the other hand,
e(P : p) = p'm for some integers L > 0 and m > 1 where (m,p) = 1. In fact,
m | p—1since e(’B : p) divides the ramification index of p in Q({,,) where m is the
conductor of k. It follows that [H, Nk(Gpn) : k] < pl, 50 [Hn Nk(Cpn) 1 K] [ (P : p).

This completes the proof of the proposition. O

The second divisibility of the above proposition tells us that if p is tamely ram-
ified in k, then A, = A,, for all n. We use the first divisibility in the proposition to

obtain

Proposition 2.12. Suppose k = k'k” where k' C Q(pm)™ and kK" C Q(Lq)™ where
(p,d) = 1. Then A, = Ay, forall n.

Proof. Let I, < G be the inertia subgroup for p. Consider the following diagram:
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kP kpn
/ N
Kl» Kpn
NS
Q
Let n > m, then k' = k,» and k” C k. So k = k'Pk,n. Since the prime of k,n

above p is unramified in k'vk,n, it follows that e(P : p) = 1. O

Lemma 2.13. Let Ty < Gal (H;,(a)/k) be the inertia subgroup for B. Then Ty =
Gal (H;,(a)/Hy).

Proof. The primes above p are the only primes ramifying in H; (a)/k, moreover,
since H;, (a)/Q is abelian, it follows that Ty = Ty where B’ is any prime of k over
p. Hence

H/ =H/(a)",

and the lemma follows. O
Combining all the above gives a sufficient condition for A; (a) = A, (a):
Corollary 2.14. If k satisfies any one of the following
(i) p is tamely ramified, or
(ii) k =k'k” where k' C Q({,)", k" € Q(Ca)™, and (p,d) =1,

and the product of the primes of k dividing p does not divide a, then x(Cs(a)) annihilates
A(a) ® O. Otherwise Ry - o(Cs(a)) annihilates A(a) ® O.

Proof. Given the condition on a, Lemma 2.13 gives us that H; (a) = H;. If k satis-
fies (i) or (ii), then H;, = k by Proposition 2.11 or Proposition 2.12, respectively. So
H/

n

(a) =k, and the corollary follows by Corollary 2.10. O
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CHAPTER 3
ON 2(-CYCLOTOMIC NUMBERS

Given the results of Chapter 2, a natural question arises: Can we find explicit ex-
amples of a-special numbers? To answer this question, we begin with a definition

for a-cyclotomic numbers which were originally discovered by Schmidt [15].

Definition 3.1. Let a C oy be an ideal. Let d(a) = d € N be the minimal integer such
that a | d, and let d denote the product of all prime divisors of d. Forn > 1, n { d we
define

Snya =N ™ [T = gpyma
t/d
where W is the Mobius function:

(

(1Y ift=1pi---pj, piprimes

u(t) =41 ift=1

0 else.

Let D(a) := (8n.qa : > 1, 1 d)zic)- We call D(a) the a-cyclotomic numbers of k, and

Cs(a) :== D(a) N Es the a-cyclotomic S-units.

Remark 3.2. Note that £D(1) and £C(1) are precisely the sets of cyclotomic numbers
and units, respectively, as defined by Sinnott [16]. Also, since D(a) = D(d(a)), these

modules are most precise when a € N.

Theorem 3.3. If 6 € D(a), then £6 € D(a), i.e., £D(a) C D(a).
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Proof. 1t suffices to show that 6., 4 € D(a) foralln > 1 and n { d = d(a) since

these numbers generate D(a). Let { be a rational prime split completely in k such

that (¢, nd) = 1. Define

teyq = N H D e k(€.

sm al

Let A be a prime of k above { and £ the prime of k((;) above A. Since

(T—Ce)ok(cy I_IL(y

ocG
it follows that (; = 1 mod £° for all o € G, hence e, 4 = £6,,,4 mod £° for all

o € G. Now, we note

NEK(CZ)(:Een’d) — N(STECn)NgECnZ H(Ct Ct) t)d/t

t/d
Qen) g — 1\ MOt
J— n mn
- Nkn H <Ct -1 )
tld n
[2,k]—1
- 6n,d

Since { splits completely in k, it follows that [{,k] = 1 hence NE:(C“)(en)d) =
NE(Ce)(en,d) —1.
Now, let p | d be a prime, let p’ be the p-primary part of d, and let d,, = d/p’.

Then A
} P lu(t)dy/t

n (Ge =GP

s =N o

For all t | d/p we have that ({ and (,” are primitive {-th roots of unity since

(¢,nd) = 1, moreover, ¢}, and (P are not equal to 1 since n { d. It follows that
(C§ — %) and (P — C'P) are units in Z[Cn], hence €, 4 € Ex(¢,). We also have

(Cf—GP

[P o =1mod p
L n
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from which it follows that

[(CE—CL)"

t t
C(gp - 'er

P _
] =1 mod p’,

whence €, 4 = 1 mod p’. Since p was an arbitrary divisor of d, it follows that
€n,a = I mod d, hence €,, 4 = 1 mod a. Therefore, we have €, 4 € E({,a), as

desired. ]
Remark 3.4. Note that this proves Theorem 1.9.

Let E(q) denote the group of units of k congruent to 1 modulo d, and let C4) =
D(d) N E(q). Schmidt [15, Satz 3] has computed the index [E4) : C(q)] by using the
methods of Sinnott [16, Theorem 4.1] to compute [E : C]. By the same means, we
intend to compute the index [E : C(d)] since it is related to the index of annihilators
of A(d) ® O generated by the images of C(d) via G-module maps (which we intend
to compute in the sequel). This index is, in general, larger than the index computed
in [15, Satz 3], but has the advantage of being somewhat more simple.

For the remainder of this chapter, we adopt some notation common to [16]
and [15] since we follow these arguments very closely. Nevertheless, this section
will be largely self-contained since there are some subtle differences in this setting

that would be difficult to separate from [16] and [15]. Let 1 : k* — R[G] be the map

defined by
1 o ~—1
o —3 Zlogloc lo~".
ceG
We let
w' = Z L/(O,)_()exa
peal

where L'(s,%) is the first derivative of the Dirichlet L-function attached to ¥, the

complex conjugate of x. For a Galois extension of number fields K/k, we let
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G(K/k) = Gal(K/k). For a finite subset X of G, we let s(X) denote the sum of

the elements of X in the group ring Z[G]. For every prime p, we let

1

€p = #—TPS(Tp)

where T, is the inertia subgroup for p in G.
We also adopt the following generalized index notation from Sinnott [16]. Sup-
pose L and M are free Z-modules of equal rank in R[G]. Let T be an automorphism

of the R-vector space R[G] such that T(L) = M. Define
(L: M) :=|det(T)|,

and note that this index is independent of T. If M C L, then the index (L : M)
coincides with the usual subgroup index [L : M].

We need the following result due to Sinnott [16, Proposition 4.2]:

Proposition 3.5 (Sinnott). For n > 1 and t a positive proper divisor of n,
(1= eUN (1 =) = apn
where

on = [Q(Gn) : knQ(Cn)] - s(Gal(k/kn /1)) - [ J(1 = (p, k/Q) ).

t
n
'P|?

The product runs over all prime divisors p of n/t.
Suppose p | d/(d,n) so that

(d/d)-(p—(p,k/Qep)
n,d/p

(V)&
o T [T =GP
Sn,a = N H{ b
t|% "
Note that (p, k/Q)e, = (p, kn/Q) since (p,n) = 1. By repeated application, we get

the following lemma.
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Lemma 3.6. If n > 1and n{ d, then

(d/a)'Ya/(a)n)

n,(d,n) where Yt = H(p - (p> k/@)ep)

plt

6n,d =K

The product in 'y runs over all prime divisors p of t.

This is essentially [15, Lemma 3.5]. Combining Lemma 3.6 and Proposition 3.5

we get the following proposition.
Proposition 3.7. If n > 1 and n 1 d, then
(T—e1)Udn,a) = w’ v,

where
(d,n)
“Ya/@m) Z u(t) - :c "D .
t{(d,m)

vn,d =

all e

We define U(d) to be the Z[G]-module generated by vq 4 and vy, 4 foralln > 1,1t d.

Remark 3.8. Note that U(d) coincides with Sinnott’s W if d = 1 (see [16, Corollary to

Proposition 2.2 and Proposition 2.3]).

The plan is to compute [E : C(d)] by factoring it into various parts, e.g., we will
show

[E: C(d)] :==2[U(E) : (C(d))] = 2(L(E) : Ro) - (Ro : L(C(d))),
where R, denotes the trace zero subspace of R := Z[G] (note that this is a departure
from the notation used in the previous chapter). With malice aforethought, the
next few lemmas and propositions will help us compute the indices of the factors
of [E: C(d)].
For each characterx € G, let f, denote the conductor of x, k,, the field belonging
tox, and p, the induced ring homomorphism C[G] — C defined by

Z a,0 +— Z agx(o).

oeG o€eG
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Note that

Py (s(Gal(k/kn))) # 0 < Gal(k/k,) C kerx = Gal(k/ky)
& ky Ckn CQ(Gn)

& fy [n.

If fy, | n, then p,(s(Gal(k/kn))) = #Gal(k/kn). Moreover, px((p,k/Q)ep) =
x((p,k/Q)), and for all t > 1 we have

Pyt =TT (p—x((p, /@) ) #0

plt

since p — x((p, k/Q)) # 0 for any x or p.
Proposition 3.9. The Z-module U(d) is free and ranky U(d) = #G.

Proof. Sinnott [16, Proposition 2.3] has shown that U(1) is finitely generated. In
particular, U(1) is generated by o ¢ where f varies over the divisors of the con-
ductor of k. This shows that U(d) C U(1), and therefore is also finitely generated.
Hence, U(d) is free of some finite rank less than or equal to #G. To get equality it
suffices to show that p, (U(d)) # 0 for each x € G.

If x is the trivial character, then

all

“px(vg) - #G # 0.

all e

px(vl,d) - : px(ya) : px(“],]) -

Suppose ¥ is non-trivial, and let { be a prime such that (¢, f,d) = T and
x((¢,ky/Q)) # 1.

Then vy, 4 € U(d), and for every t | (d, tfy ), we have f, { {f, /t unless t = 1. So

Px (Very,a) = = ox(Yas@er,) - (d, £fy) - Py (oter, et

ol e
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Since { is coprime to fy, it follows that x is trivial on T,. Hence

Px(xerger,) = [Q(Cer, ) s Ker, - #G(k/ker, ) - (1 =X (£ ky/Q)) # 0,

consequently p, (ver, .a) # 0. Hence, for each x € G we have Py (U(d)) # 0. This

proves the proposition. O]
Lemma 3.10. The set D(d) is totally positive.

Proof. Since k is real, k,, is real for every n € N. So k,, C Q(,,)" for every n € N.

Now, for any n,t € N such that n { t, we have
N1 =) = N (1= 00 = 1) > 0
Since D(d) is generated by elements of the above type, the lemma follows. O
We write Q~° to denote the multiplicative group of positive rational numbers.

Proposition 3.11. Let
Q(d) = {ad)(d)/[k?@} rac Q>O) ((1, d) = ]> (Cl, kE/Q) = 1d}>
where d(d) = #Z/dZ>. Then Q(d) C D(d) N Q.

Proof. Letp be a prime such that p 1 d. Then forany t | d, t < d we have

Q) Qg,) . -
Nag) (1= Ga) = Nop) (1= ¢g¢) for xd+yp =1
1 g
_ d
t
-

=(1— C%U)(P»Q(CEJ/Q)*1

(1— Cta)l—(p,Q(Ca)/Q)‘].

On the other hand,

Q(¢g,) a o
NkE =) = N%Cd)(p) = plQ&)gl,
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Since (d/d)[Q(Cg) : kgl = d(d)/Ikg : Ql, we have

1
kg (@) t yuwae ) TPRYT L)kl
N (Bap,a) = (N, TT0 - )" pEe ()i
t|d
t<d
—xeky
/) (@) )

Note that although p may be divisor of the conductor of k, we know that p is

unramified in kg, so it matters not which Frobenius (p, k/Q) we choose. Hence
pid)(d)/[kg:@}(x = PO mod D(d).

By repeated application, for all (a,d) = 1 we have

qF¢(@)/ gy = o (ak/Q7" 1y6d D(A).
If (a, k/Q”kE — id, then a(@*/@"" — & whence
q Tt (d)/[kg:Ql € D(d).

]

What can we say about the index [L(D(d) N Q) : Q(d)]? When k = Q({m )™, it
turns out that it’s a power of 2. In preparation for this corollary, we make a few
observations in the vein of Lemma 3.6 that are essentially in line with [15, Lemma
3.5].

Lemma 3.12. For each 5., 4 € D(d), there exists ny € Nand t € G such that

:I:(d/a)-”rya/do
6“)‘1 = no,do )

where dy = (d, m) and m. is the conductor of k.
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Proof. Letn € N such that n t d, and write n = p’b where p is a prime divisor of

d/do and b a positive integer such that (p,b) = 1. Then k,, = k, since (p,m) =1,

SO
(t)d/(t
5. 7_NQ(Cp;b) H mu)/p)
pb,d T " Vkp T
ti(d/p)
Cpi p(t)d/(tp)
NQ(Cpiflb) H ggézjijb)(‘l— ]tgib)p
— Ny, 9 (] _Ctj7] )p
ti(d/p) pi~'b

If j > 1, then we can use an argument similar to the one given at the beginning of

the proof of Proposition 3.11 to show that the numerator in the above product for

any t | (d/p) is

Q(C jb) t t
N@(C;qu“ o Pib)p = (1= pj*‘b)p’

hence 0,5, g = 1 (since k is real and D(d) is totally positive by Lemma 3.10). Simi-

larly, if j = 1, then the numerator in the above product for any t | (d/p) is

Q(Cpb) - !
NQ(C:})) (1— ;c)b)p =(1— Cﬁ)p P(P,QLCo)/Q)

In summary, we have

/

1 ifj > 1
Sprva = OL PR ifj =1
\ 6f,ja(fgk/(@) if j =0, (by Lemma 3.6).
Repeated application of the above gives the lemma. 0

Corollary 3.13. If k = Q(Gn) ™, then for every & € D(d) N Q, we have 5% € Q(d).
Proof. We have kg = kg, = Q(Cq,)" where dy = (d, m), so

Q(d) = {a*®(@/¢ldo): g € Q7° (a,d) =1, a=+1 mod do}.
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d/a)'YE/do Note

Let § € D(d) N Q. By Lemma 3.12, let 8o € D(do) such that 5 = 5,
that vg,4, is invertible in Q[G] (as is every y¢). So there exists N € N such that
58’ € Q. Since k is real, it follows that 65 € Q, and since the elements of D(d) are

totally positive, we get 6y € Q. So

5 — 6éd/5)~1_[p|(a/d0] (p—1)

_ 50 1)/(do),

The corollary will follow once we show that o = 1 mod d,.
Now, let p be a prime dividing do, ‘B a prime of Q((,) over p, and 8, 4, €
D(do). As usual, we write

QGn) (1-GP
Snas = Nie, ™ ] {1_—tp

] p(t)do/p
t/(do/p) "

Suppose n = tp’ for some t | (do/p). Then j > 1 otherwise n | do. Note that
(= Cpi and

(1 - ij)p
1 - ij,]

1_ij

T+api—!

api~! —1
b
P
1\ b=0

(1+ apj’l)_] mod 1— ¢,

I
i

a=1

I
i

o)
Il

Il
1

1

o)
I

=1mod1— Cpi-
Since T — (¢ | B, it follows that

(1-G)P _

W = 1 mod ‘.

If n/t is not equal to a p-th power, then the above congruence holds as well since
1 — ¢, is a unit modulo B and the p-th power map is an automorphism. Hence
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dn,a, = 1 mod p where p =P Nk,. And soif 6o € D(do) N Q, then 8y = 1 mod p.
Since p was an arbitrary prime divisor of do, it follows that 8o = 1 mod do. This

completes the proof of the corollary. O

The next proposition is essentially a combination of [16, Lemma 4.2 and Propo-
sition 4.1] adjusted for our purposes. We let T(d) = 1(D(d)) and any Z[G]-module
M, we denote by M, the kernel of multiplication by s(G) in M, although, we write

To(d) (similarly, Uy(d), etc) instead of the more cumbersome T(d)o.

Proposition 3.14. Let m denote the conductor of k. Then 1(C(d)) = To(d) = T(d) N
(1 —ey)T(d), moreover, To(d) has finite index in (1 — ey)T(d), in fact,

(= enT@: To(@] = | ¥ o~ 2 pziup@na)] .

pid pr(m)H : Q]

The summation is over all primes p 1 d. If k = Q(Cym )™, then this index is equal to

o(do) [ [o(p»'™)

ptd

up to a power of 2.

Proof. We first show that the index on the right is, in fact, finite. Note that

(b(d) . d)(d) . [kp\zp(m)a : Q]
Y gtz Y g e =TT

pta LpvpimI T ptd ptd

Now, by Proposition 3.11, we have

D(d)NQ* 2 Q(d) 2 {a® ¥/ qa € Q° (a,d) = 1,(a,Q((7)/Q) = id}

= {a®d/kaC® . g € Q0 (a,d) =1,a =1 mod d}

Since



it follows that

$(d)

[kPVp(m)H : Q]
[kPVp(m)H : Q] -

Up)Z:UD(A)NQ)| divides (@] e Q
iy

ptd ptd
Ifk =Q(¢n)", then kg = Q(C4,)" where dy = (d, m). Moreover,

proimra: @ $(do)P(p*r™)/2

— vp (M)
ke @ etz P
and
Q(d) ={a®V/a¥:a € Q™ (a,d) = 1,a = +1 mod do).
Since
o) B
it follows that
$(d)
— % __ip)z: UD(d) N pm
[% [kpvp(m)a . Q] ] 29+1 g

where 29 = [D(d) N Q: Q(d)] (recall Corollary 3.13).

Now, we show the first part of the proposition. The fact that 1(C(d)) C To(d) is
obvious. Going the other way, let 1(8) € To(d). Then 0 = s(G)1(d) = 1(5%(¢)), so
§5(6) = 1. Since G acts trivially on D(d)/C(d) (by virtue of the fact that 5°~' is
unit), it follows that 8¢ € C(d), hence & € C(d). So the first equality holds.

For the second equality, we obviously have T(d) N (1 —e;)T(d) C To(d) since
s(G)(1 —e1) = 0. Going the other way is equally obvious since for every 1(§) €
To(d), we have 1(8) = (1 — e1)1(d). So the second equality holds.

Now, from the isomorphism theorems we get

(1= e)TA) fra)n (1 - eq)(T(@)) = (@ T@ +T(d) /7,

and since e; T(d) N T(d) =T(d)¢, we get

(1— e1)T(d)/T0(d) ~ €1T(d)/T(d)G :
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Now, since e;T(d) = (#G) 'l(D(d)*'®)) where D(d) is generated by 8.,

for n 1 d, we aim to compute 62{3) for which it suffices to compute 5°'¢) by

n,(d,n)

Lemma 3.6. Note that for all t | (d,n) we have
NgﬁCn)(] o Cn/t)s(G) _ Ng(in)“ . Cn/t)[k:knJ)

SO

68(6)

n,(d,n

: — H N%(Cn)(‘] . Cn/t)[kikTJu(t)(ayn)/t.
ti(d,n)

Also note that 1—(,, /¢ is a unit of Z[(, ] if and only if n/t is divisible by two distinct

primes. So if p and q are primes such that either
e (p’q*,n) =p°q* or
e (pg,n) =pgand (pq,d) =1,
then éi(G) , = Isince (pg,n/t) =pqforallt| (d,n).
So we assume n = p°m where p is a prime such that (p,m) = 1 and m | d.

Suppose p | d. Thene > 1 elsen | d. In this case, n/tis a prime-power if and only

ift=pmort=m.So

G n Kn n Kn
55( )n) _ N%(C J“ . Cpe):t[kk Ip . Ng(c )(1 . Cpeq)q:[kk ]

)

P

_ <p[@(cn):@(cpe)}-p—[@(cn):@(c

=1.

Suppose p { d. Then e > 1 else n | d. In this case, we have n/t is a prime-power if

and only if t = m. Hence

S(G) _ Q(Cn) :l:[klkn]
558 = NS0 - )

— pi[k:kn]'[Q(Cn):Q(Cpe)}.
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So we have the following:

d/d Yd/@n)

O’l

ka0 QG (/D) Mg @@ny (41 jfn = pem, ptd, m|d

else.

Since

Q&) : Q&) T (a=1) =d(d)

al g5
and (d/d) - ¢(d) = ¢(d), we have that D(d)*(¢) is generated by p lkiknl-@(d) where
p runs through those primes not dividing d and n runs through those integers of
the form n = p®m such that m | d. Since [k : k,,] is smallest when n = p®d where

e = vp(m), we have that

1

erT(d) = %wm)s(“)
= -1 Z.
%( p—— @] (p)>

Now, suppose & € D(d) such that 1(8) € T(d)€. Then8° ' =1forall o € G
since k is real and Galois, so it follows that 6% € Q~°, thus 6 € Q~° since 6§ is totally

real. Hence T(d)® = 1(D(d) N Q*), and we have
[(1—e)T(d): To(d)] = [e1T(d) : T(d)€]

_ [Z ez ne)

prd pvp(mig : Q]

We are now ready to prove Theorem 1.10. Let d be the cycle of k

doo :=d ] ] v-

v|oco
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Let B4, denote the units congruent to 1 modulo d, (i.e. the totally positive units
congruent to T modulo d). Recall that U(d) C U(1), and that U(T) corresponds to
the set U, the Z[G]-module generated by the elements o , for alln > 1 and all

t | n as defined in [16, Corollary to Proposition 2.2 and Proposition 2.3].
Theorem 3.15. The index [E : C(d)] is finite, in fact,

[E: Edm](R : U.(d))
[k:Ql- d(d)?

[E: C(d)] = # Cl(dw)

Ifk = Q(Cm) ™, then

_ [E:Eq J[U:U((d)]
29014 (d)? [T q, e ™!

[E: C(d)] = #Cl(d)
where 29 = [D(d) N Q: Q(d)].

Proof. Note that [E : C(d)] = 2[l(E) : 1(C(d))] since the kernel of 1 is {1}, hence by

Proposition 3.14
[E: C(d)] =2(L(E) : Ro) - (Ro : Uo(d)) - (Uo(d) : (1—eq)T(d)) - ((1—e1)T(d) : To(d)),

where R = Z[G]. From Dirichlet’s Unit Theorem, we have

2[k:Ql
R(k)’

2(1(E) : Ro) =

where R(k) is the regulator of k.

For the second term, we use the formula [16, Lemma 1.2(a)] to get
(R:U(d)) = (s(G)R:s(G)U(d)) - (Ro : Uo(d)).

Note that s(G)R = s(G)Z, and since s(G)xy,/¢,n = 0 unless t = n in which case

s(G)a(T,m) = [k: QIQ(Cn) : knls(G), we have

41
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It follows that s(G)U(d) = ¢(d) - [k : Q] - s(G)Z. Hence

_  (R:u(a)
(Ro: Uold)) = 50l ()

For the third term, we use 3.7 and the fact that w'v; 4 = 0 to get

(Uo(d) : (1—en)T(d)) = (Uo(d) : w'Uo(d)) = detw’ = L'(0,%).
X#1

Now, we put everything together using Proposition 3.14, the analytic class

number formula (see [6])

1 Jon
#Cl—mg“@x%

and the fact that (see [9, Chapter VI §1 Theorem 1])

(#C12%p(d)
[E . Edoo]

# Cl(do) =

The formula for k = Q(m)™ follows from the second part of Proposition 3.14 and

the fact that (R : U) = 1 in this case by [16, Theorem 5.4]. ]

Remark 3.16. We could relate [E : C(d)] to # Cl obviously. For example, ifk = Q({m)™,

then

20001 [ : U(d)]
.

E:C(d)] =#Cl-
[ (d)] =# (@) TLa P

Similarly, we could write

20Q=9=T L [E . E4] - [U: U(d)]
$(d)? - T, 4, prim !

[E: C(d)] =#Cl(d) -

In light of Remark 2.6 and Lemma 3.10, we chose the formulation seen in Theorem 3.15
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CHAPTER 4
ON THE GALOIS MODULE STRUCTURE OF THE UNITS

4.1 Preliminaries

For a number field K, we write Ex to denote the units of the ring of integers of K.
If K =k, we typically omit the subscript. We will make ample use of the following

classical theorem.
Theorem 4.1 (Minkowski, [12]). There exists a unit € € E such that [E : (€)zi6]] < 00

Any unit e € E such that [E : (€)z(g]] < oo will be called a Minkowski unit. Fix a
fundamental system of units of E, say €5,...,e, > 0 where r = |G| — 1. Let G act

on E/ & 1. This affords a faithful representation p : G — GL(r, Z).

Proposition 4.2. Let 0 € G, and m,(¢)(x) € Z[x] the minimal polynomial for p(o). If o

has order n, then
x™ —1

x —1

if () = G

My (o) (X) =
x™ —1  otherwise.

Proof. Let € € E be a Minkowski unit. Write
mp(o)(x) =x"+ (1111717&“71 +---a1x + ap.

Suppose G = (0). Then my()(x) | (x™ —1)/(x — 1) since (6™ —1)/(c —1) = N(B.

Suppose m < n — 1. Then



thus giving a dependence relation amongst €, e°,...,€° . But, by Theorem 4.1,
any m < |G| — 1 collection of conjugates of € should be multiplicatively indepen-
dent. This is absurd, so m =n — 1, hence m,(4)(x) = (x" —1)/(x — 1).

Now, suppose (o) C G. Then m,()(x) | x™ — 1. Suppose m < n. Then
(€)% . (€9)% «vvvt (e97) = +1

thus giving a dependence relation amongst €, €?,...,e° . Any m < |G| — 1 col-
lection of conjugates of € should be multiplicatively independent. Since m < n <

|G| — 1, this is impossible, so m = n, hence m,()(x) =x™ — 1. O

Likewise, the set €; ® 1,..., €, ® 1 forms a basis of the F, vector space E ® I
where F is a finite field of characteristic p with q elements. The action of G on
E ® Fq with respect to this basis affords a representation p : G — GL(r,F,) C
GL(r,Fq).

Lemma 4.3. Let 0 € G, and let hy()(x) € Z[x] and h5(o)(x) € Fy[x] be the character-

istic polynomials of p(o) and p(o) respectively. Then
N5(6)(X) = hp(e)(x) mod p.
Proof. This follows immediately from the observation that p(o) = p(o) mod p, so
hs(0)(x) = det(xI —p(0)) = det(xI — p(0)) mod p = hy(s)(x) mod p.
O

Proposition 4.4. Let O be the ring of integers of any finite extension of Q. The following

are equivalent:
(i) There exists a Minkowski unit € € E such that ([E : (€)zic)],p) = 1.

(i) E® Fq is a cyclic IF 4 [G]-module.
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(iii) E ® O is a cyclic O[G]-module.

Proof. Suppose (i) holds, and let € € E be a Minkowski unit such that [E : (€)z/g)]

is co-prime to p. The cyclicality of E ® F,, now follows from the exactness of
(e)zic1 ®Fp = E@F, - B /(ey, o @F, -0 (4.1)

and the fact that the third term of the sequence is zero. Note that there exists

u € E®F, such that (u)p (6] = E®F, if and only if dimp, (u” : 0 € G)r, = 7. Since
r=dimy, (e°®1:0 € G)p, =dimp (e°®1:0 € G)r,,

it follows that E ® F is cyclic, so (ii) holds.
Conversely, suppose u € E ® I such that (u)p ) = E®@ Fq. Let o1,...,0, €
G \ {0o} such that

ERF; =u’"Fq©0u”F, @ --©u”F,

as an F4-space. Let s(G) € F,[G] be the sum of the elements of G. Let x; € 4 such

that u = Z €; ® xi. Note that
W U 4 u = Y e @ =0,

SO

T
u’e = — E uct,
i=1

It follows that Anng,(g)(u) = s(G)F4[G] = s(G)Fy, so E @ Fq ~ Fy[Gl/(s(G))r,-

On the otherhand E® Fq = (E®@ F,,) ® Fq, so as F, [G]-modules we have

Xmn

7 N

(ExF,)o o (EaF,) ~(EaF,) ®F,
~ Fp[G]/<S(G)>Fp ® F,

~ FP[G]/<S(G)>FP AP FP[G]/<S(G)>F y

P

~
Xn
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where q = p". The modules E ® F, and F,[G]/(s(G))r, decompose uniquely
(up to isomorphism) into a direct sum of indecomposable modules since they’re
finite (see [3, Theorem 14.5]). Considering the above, it follows that E @ F,, ~
F,[G]/(s(G))r,, hence E ® I, is cyclic. Let € € E such that (e ® T)r, 1c) = E® F,,.
From the exactness of Equation (4.1) and the fact that the first map is now onto, we
get that ([E : (€)zg)],p) =1, so (i) holds.

Now, let £ denote the residue field of O. Much like Equation (4.1), foru € E®O

we have the exact sequence

(Wole) @0 & (E20) 2o &~ (ES 0 /1) @0 & 0.

So we have
E® O is cyclic & <E®O/<u>> ®o R=0
< (Woig1 ®o R~ (E®0)®o &
& (E®0) ®o R~ E® RKis cydlic,
for some u € E ® O. This completes the proof of the proposition. O

4.2 On the G-module structure of E ® [F, when p 1 #G

In this section, we assume p { #G. We begin with the following special case.
Theorem 4.5. If G is cyclic, then E ® F,, is a cyclic F,[G]-module.

Proof. Let T be a generator for G. By Proposition 4.2 it follows that the minimal

polynomial for p(T) is

My (X) =X+ X" 4 x4 1.
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Since deg m,(r) = 71, it must be that the characteristic polynomial for p(t), say

ho(r)(x), is equal to my()(x). By Lemma 4.3 we have

ho() (%) = hp(o (%) mod p
= H Dg(x) mod p,
dl(r+1)
d>1

where @ 4(x) € Z[x] is the d-th cyclotomic polynomial. Since p { #G = 1+ 1,
it follows that for each d | (r + 1), we have p { d. Hence ®4(x) mod p splits
into a square free product of irreducibles. Moreover, @ 4(x) mod p is coprime to
®g4/(x) mod p for d # d’ since D 4(x) is coprime to D 4/(x) in Z[x]. So hyr)(x)
factors into a square free product of irreducibles. By the structure theorem for
finitely generated modules over a principal ideal domain, it follows that hg(1)(x)
is the only invariant factor of the transformation p(t). Hence E ® IF, is a cyclic

Fp [G]-module. O
To address the general abelian case we need the following lemma.
Lemma 4.6. Let F contain the #G-th roots of unity. Then the following are equivalent.
(i) There exists a Minkowski unit € € E such that ([E : (€)zic1],p) = 1.
(ii) Forall x € G such that X # 1, we have dimp, e, (E @ Fq) = 1.

Proof. If (i) holds, then there exists u € E ® Fq such that E ® Fq = (W)r,c) by
Proposition 4.4. Since the e, are orthogonal idempotents and e;(E ® Fq) = 0, it
follows that

E@Fq =D e (ExF,),
x71

where

ex(ExFy) = {exu’:0 ¢ Fq[Gl} = (exw)r,.
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So dimy, e, (E ® ) is either 1 or 0 depending on whether or not e, u is non-zero
or zero, respectively. Since
r=dimp, E@Fq =) dimg, e, (E@Fy),
X#1

where #G — 1 =, it follows that for every x # 1, we have dimp, e, (E® Fq) = 1.

Conversely, suppose for all x € G such that x # 1, we have dimg, e, (E ®
Fq) = 1. For every x # 1, let u, be any non-zero element of e, (E ® F,) so that
(uy)r, = ex(E®@Fq). It follows that {u, }, .1 forms a basis for E @ F. Let

u= Z u, € E®F,.
x7#1
Since e, u = uy, it follows that E ® I is cyclic, hence (i) holds by Proposition 4.4.
O]

We now show that E ® F,, is a cyclic F,[G]-module in general (when p { #G).

Proof of Theorem 1.11. Let F contain the #G-th roots of unity, and let x € G such
that x # 1. Let F be the fixed field of kerx. Then ¥ is a non-trivial character of
H = G/kery, the Galois group of the cyclic extension F/Q. Since k is real and

Galois while p is odd, we have
Er@F, > EQF,.

Note that

1
ey = 76 Z x(0)o™!

= #1_GZ Z x(mt o .

TEH o€kerx
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So if we let x* denote the character x as viewed in H, then

1
eX’EF@)IFq = 4G

> (#kerx)x(D)T

TeH

1
= ZH Z x(t)T!

TeEH

= ey,
where (x*) = H. Since F/Q is cyclic, Theorem 4.5 and Lemma 4.6 give us that
dimp, e, (Er @ Fq) = dimp, ey« (Er @ Fq) = 1.
Since Er ® Fq — E ®F,, we get that
dimr, e, (E® Fq) > dimg, e, (Er @ Fy) = 1.

Since

r=dimp, E@Fq =) dimg, ey (E@Fy),
X#1
it follows that dimg, e, (E ® Fy) = 1. The theorem now follows from Lemma 4.6.

]

4.3 On the G-module structure of E ® I, when p | #G

In this section we assume p | #G, and we write #G = p*m where (p, m) = 1 and
e > 0. For a number field K, we let Px denote the collection of principal ideals of
K. For a subfield F of k, let R denote the collection of principal ideals (b) of F such

that (b)oy is the p-th power of a principal ideal of k.
Lemma 4.7. Let H < G and F the fixed field of H. Then
(E/EP)! ~ (EK*P NF)/F*P,

moreover,
# (E/EP) = plFU=T . [Ry . PP].
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Proof. From the short exact sequence of H-modules
1 — k*P — EK*P — EK*P/K*P — 1,
we obtain the long exact sequence of H-invariants
1 — kP - (Ek*PHY (‘EkX]”/kX]D)H S H'(H,KP) = ---.

Hilbert’s theorem 90 is the statement that H' (H,k*) = 1. Since k is real, we
have that k* — k*P is an isomorphism. Hence H' (H, k*P) = 1, as well. Since k is

Galois and contains no roots of unity while F is the fixed field of H, we have
(KPP =Kk*P NF=F*P,

Hence

(E/EP)M o (EK¥P /KX)o (EKXP N F)/FXP,
which proves the first claim. For the second, notice that
# (E/EP)" = [EKP N F: E¢F*P] - [EeFXP PP
Since Ef N F*P = E¥, we have
EfF*P/F*P ~ E¢/E}.
Since k is real, so is F. Hence, by Dirichlet’s Unit Theorem, we have
[Er: EP] = plF@T,

It remains to show that [Ek*P NF: EfF*P] = [Rg : PE].

Now, from the natural map

EK*PNF — Rf
b — (b)
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we get that
EK*P N F/EF ~ Ry,

from which we easily derive
EX*P N F/EFFXP ~ RF/PE
O

For the remainder of this section, we assume that G is cyclic and we let F denote

the fixed field of Syl (G).
Theorem 4.8. £ ® F,, is a cyclic Z,[Gl-module if and only if [R¢ : PY] = p.

Proof. Let T be a generator for G, and let m,(,) be the minimal polynomial for

p(t) € GL(r,Z). By Proposition 4.2 and Lemma 4.3, we have

xP‘m 1 x™—1\"? e
My () (X) = — E(X_1) (x—1)P 1modp

x—]p’ll_[(Dp ) mod p
dlm

d#£1

- hb(r)(x)v

where h; (1) (x) € Fp, [x] is the characteristic polynomial for p(t). For each d | m, we

have p 1 d, hence

H qd,) mOd P
where each qq,;(x) € F,[x] is 1rreduc1ble. Ifd =1,thenr(d) =1and q7,:(x) =
x — 1. From the structure theorem on finitely generated modules over principal
ideal domains it follows that

E/EP ~ 696]9 69 Fp X1/ (955 (x)), (42)

dlm j=1 i=1
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where x acts like T,
I <eqjr < - < eqji(a

and

pc—1 ifd=1

t(d,j)
Z €d,j,i =
i=1

Now, note that Syl (G) = (t™), and

r(d)
x"—=1= H H qa,;(x) mod p.

dlm j=1

Consider the map P ;i : Fp[xl/ (g (x)) = Fp[x]/ (9% (x)) defined by

e

P else.

g(x) = g(x) - (x™ —1).
If
g(x)- (x™—=1) =0mod qff]ij‘i(x),
then
9(x) - da,;(x) = 0 mod g5 (x)
since all other factors of x™ — 1 are co-prime to q4,;(x). Hence,

ed,ji—1

g(x) = qq4;

€d,j,i

(x) - f(x) mod q43;" (x),
where f(x) can be any representative from F,, [x]/ (qq,;(x)). It follows that

#kerpg ;= pieBdnit™), (4.3)

So, using Equation (4.2) and Equation (4.3), we have
#(E/EP)VH(G) = dile mod EP : € mod EP = € mod EP}

=#ker(t" —1:E/EP — E/EP)

r(d) t(d,j)
:HH H #kerll)d,j,i

dm j=1 i=1

— -pZd\m Z;S) deg qa,j(x)-t(d,j)
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Now, we have

E ® I, is a cyclic Fp [G]-module < t(d,j) =1forallj =1,...,r(d),and d | m

o H#(E/EP)H(6) = pTam D] degaa(x)
= #(E/EP)Sylp(GJ =p™

Sp™ ! [Re: PPl =p™

=4 [RF : PE] =P,

where the second to last equivalence follows from Lemma 4.7. The theorem now

follows from Proposition 4.4. O]

When is [Rf : PE] = p? We relate this index to ideal classes in the following
way. Let v : Clf — Cly be the natural map. Let Iy and I denote the group of
fractional ideals of k and F, respectively. Let Dy C Iy (resp. Dr C If) denote the
subgroup of fractional ideals supported by those primes that are ramified over F
(resp. those primes that ramify in k). Let Bf C Ir denote the subgroup of fractional
ideals supported by those primes that are unramified in k. Note that we naturally
then have

I; = DBy ~ Df x Br.
Let DI, C Cli (resp. Dlf C Clf) denote the subgroup of ideal classes supported
by Dy (resp. Dg). For any abelian group G, we let G[p] denote the part of G
annihilated by p.

We will explicitly give a homomorphism

¥ Re /pp = (01 /i ) p)

with a bounded kernel (depending on the ramification in k/F) and in many cases

onto. Suppose (b) € Ry and let d € Dy, a € Br such that

(b) =0-a.
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Since 0 € Dy, there exists an ideal ©® € Dy such that ©P = doy. And since (b) € Ry,

there exists () € Py such that (b)oy = (B)¥, so
(b)ox =DV - (aox) = (B)P.

Since a € By, it follows that a is a p-th power in Bf, so Rp € D¢BY. Let b € Br such
that a = b? so that

(b)ox =DP(boy )P = (BP).

It follows that bo, = ©®'(B), thatis, [b] € " "(Dly). On the other hand, b? =
2 1(b), so

(6] = 1 mod Dl¢.
Hence
(6] mod DI; € (Lf] (le)/DlF) [p].
So we have a well defined homomorphism
Re - (D) /py, ) )
(b) + [b] mod DI,

where b is the p-th root of the projection of (b) into B. If (b) € PE, then [b] € Dl,

so we have the induced homomorphism

P RF/PE - (L_1(le)/Dlp) [p]
(b) mod P? — [b] mod DI

(4.4)

The next two lemmas give us some information about the image and kernel of 1.
Lemma 4.9. If p 1 # DIy, then  is onto.

Proof. Let [b] mod DI € (L_] (Dly) / Dlp) [pl, and let ® € D¢ such that



where (b) € Pr. Also, let © € Dy such that boy, = (f)® where (B) € Px. Hence
(bB7P) = (0 Toi)DP.
Since 9! € Df we have that 9 "o = D'P for some ©’ € Dy. So we have
(bR7P) = (D'D)P.
Suppose p t # Dly. Then ©'D is principal, say "D = (5). So
(b) = (8R)7,
hence (b) € Rf and Y ((b) mod P¥) = [b] mod Dl¢. So 1 is onto. ]

Lemma 4.10. The kernel of \p is isomorphic to a subgroup of (Z/pZ)° where s is the

number of primes ramifying in k/F.
Proof. Suppose (b) mod P? € ker. Letd € Dr and b € B¢ such that
(b) = obP.

Since (b) mod P} € ker, it follows that [b] € DIf. Let (c) € Pr and d’ € D¢ such
that b = (¢)d’ so that

(bc™P) = 0P e Dg N PE.

So we have
keryp < (DeN PF)PE/PE
~ DFmPF/(DFﬂPF)ﬂPE
— DFﬁPF/(DFmpF)P )
Let l1,...,[s be the primes of F ramifying in k so that D = [¥---IZ. Since each

(] has finite order in DIy, it follows that D N Pr is a finitely generated, rank s,

torsion-free Z-module. Hence

DenPr /D npor = (2/pz),
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and the lemma follows. O

This tells us that the index [Rf : PF] is influenced by the primes that ramify in
k/F and the structure of the natural map Clf — Cli. So in order to know more
about the kernel and image of 1, it’s natural to start making assumptions about
the quality of ramification from F to k.

The simplest situation is when there is a single prime ideal [ of F that ramifies
in k/F. In this scenario, the ramification in k/F must come from a cyclotomic field
with a conductor equal to a prime power. To be precise, let { be the rational prime
below [. Let F' be the fixed field of the non-p parts of G so that k = FF’ and
Q = FN F'. From the coprimality of [F : Q] and [F’ : QJ, it follows that ¢ is the only
prime ramifying in F'/Q. So F' C Q({,») for some n, and [ is totally ramified in k/F.
Notice that this forces either p = { or # Sylp (G) | £—1. In the former case, we have
k/F is part of the Z,-extension of F. We tend to be able to say more in this situation
than in any other, but for now we content ourselves with simply assuming that
only one prime ramifies in k/F if anything for the sake of maintaining generality
at no extra cost.

We also note that ker(Cly — Cly) is a p-group. Indeed, let [a] € ker(Cly — Cly)
and («) € Py such that ao, = («). Taking norms we have a6 — (NK()),

whence the claim. We now prove Theorem 1.12, in fact, we show a little more.

Theorem 4.11. Suppose there is only one prime ideal | of F ramifying in k/F. Then
ranky, Rr / PP = 1 + rankg, ker(Cly — Cly).
So E ® Iy, is cyclic if and only if Clg — Cly is injective.

Proof. Let { be the rational prime below [. We have the following field diagram on

the left accompanied by the respective factorizations of { on the right:
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/k\ 9(Cem) / \(1—Cem)‘1’“m)
F F/
\Q/ NS

Note that DIy is generated by [£] and
L= (Ao,

so # DIy | f. Since p 1 f, it follows that p { # DIy. Hence, by Lemma 4.9, the map
is onto. Also, since raising to the p-th power is an automorphism of DIy, we have
that DI, is generated by [L(I)] = [£]7", as well. It follows that 1! (DI.) = (ker () DI.

This gives us the isomorphism

<L—1 (le)/DlF> [p] = ((ker L) DlF/DlF) [p]
o~ <ker L/DIF Nker L) [p]

~ (ker)[p),

where the last isomorphism follows since kert is a p-group and p t # DI (since

p ).
Now, let (1) € Pr such that [P = (1). Then # Dl | f (since [F = (£)oF) so that

(1)/#Plrgy = 1To), = £7° = (A)P 0y,

so (1)7/#PF ¢ Re. Let n be the least positive integer such that (1)™ € Rg. It follows

that n | f/# Dlg, so p t n. Let (L) € Rg such that (L) = (1)™ and note that
(L) = ()" = o,

Since p 1 # DI n, it follows that (L) # 1 mod P?. So (L) is a non-trivial element in

ker. It follows that (L) generates ker1 from Lemma 4.10.
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Putting everything together we have

rankg, RF / pP = rankp, ker{ + ranky, im

= 1 + rankg, ker t.

This proves the first statement of the theorem while the second follows immedi-

ately from the first and Theorem 4.8. O

We now specialize to the setting alluded to before. Let F be a real cyclic exten-

sion of Q such that p 1 [F: Q], and let
F=FCH CF, C---CFy

denote the Z,-extension of F. Let Rg,, denote the collection of principal ideals of
F that are p-th powers of principal ideals of F,,. Let 1, : Clf — Cl, be the natural

map, and
B : RF,n/pg — (LTT](Dan)/DlF) [p]

be the map defined in Equation (4.4). We need the following proposition.

Proposition 4.12 (Greenberg). Let N > 0. Forall ® € Dy such that [D] € Sylp(ClFN),

there exists N' > N such that for alln > N', Doy, is principal.
Proof. See [5, Corollary to Proposition 1]. O

Theorem 4.13. Suppose there exists s distinct primes of F lying over p. Then for all

sufficiently large n, we have \b,, is onto and ranky, ker\, = s so that
rankp, RF,n/P}E’ = s + rankg, <LT_L1 (Dan)/DlF) [pl.
Proof. Since Cl¢ is finite, we may assume N is large enough so that forallj > 1 > N

¢ '(Dly,) = '(Dlf,) =: Dlr.
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Let [b] € (ﬁF/DIF> [p], and let D € Dr, (B) € Pr, such that

bor, = D(B).

Also, letd € Df and (b) € Pr such that b? = 9(b). Finally, let ®’ € Dg,, such that
D'P =0 'og,. Then

(bp™7) = (22')7,
So [99'] € Syl (Cly, ), and we apply Proposition 4.12 to obtain an integer N’ =
N’([b]) = N such that for alln > N’, [©9D'] € ker(Clg,, — Clg,_ ). Letn > N’ and
let 5 € k) such that ©®'or, = (5). It follows that (bfP) = (8)P, so (b) € Rgn,

moreover, P, ((b) mod PF) = [6] mod DIl¢. Now let
No :max{N’([b]) . [b] € (ﬁF/DlF) [p]}.

It follows that for all n > Ny, the map ,, is onto.

Now, suppose (b) € D N Pg, and let

(b) =p7" - -ps,

where p1, ..., ps are the primes of F over p, i.e., the primes of F ramifying in Fy /F.
Let ® € D¢, such that
(b) = 2P,

so [D] € Syl (Clr, ). We apply Proposition 4.12 once more to obtain an integer
N'((e1,€2,...,e.)) =N'>N

such that foralln > N/, [D] € ker(Clg, — Clg,_ ). Letn > N’ and let (3) € Pf, such
that Dor, = (8). It follows that (b) = (8)%, so (b) € R, moreover, (b) mod Pf €
ker,, and
(b) mod Pf =p7'---pg mod (D N PE)P.
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Now let

N; = max{N’((e1,...,e5)): 0 < ey < ph
It follows that for all n > N7, we have
kerip, = DN PF/(DF APE)P -

Hence, for all n > max{No, N} we have that 1, is onto and ranky, ker{, = s.

This completes the proof of the theorem. O

Combining the previous two theorems gives us the following corollary.
Corollary 4.14. For all sufficiently large n, the following are equivalent.

(i) Ef, ®F, is a cyclic F,, [Gal(F,, /Q)]-module.
(ii) Precisely one prime of F ramifies in Fo, and the map Cly — Clg is injective.

Theorem 4.11 is particularly interesting in lieu of the following theorem also

due to Greenberg.

Theorem 4.15 (Greenberg). Suppose only one prime of F ramifies in Fo,. Then the fol-

lowing are equivalent.
(i) # Syl]D (Cl,, ) is bounded as 1 — oo.
(ii) Syl,(Clr) = ker(Cly — Cl, ) for sufficiently large n.
Proof. See [5, Theorem 1]. ]

Greenberg conjectured that the above always holds, that s, that # Syl (Cl, ) is
indeed bounded as n — oco. A lot of work has gone into verifying this conjecture in
various special cases (mainly when the base field is a real quadratic). In the special
case when precisely one prime of F ramifies in F,, we get the following relationship
between Greenberg’s conjecture, the cyclicality of Ef, ® F,,, and the p divisibility
of # Cl, .
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Corollary 4.16. Suppose only one prime of F ramifies in Fo,. Then the following are

equivalent:
(i) Forallm > 0,p t #Cl,.
(i) Er, @} is cyclic and # Sylp (Cl, ) is bounded as 1 — oo.

Proof. The fact that the first statement implies the second follows from Corol-
lary 4.14. If the second statement holds, then Theorem 4.11 and Theorem 4.15
give us that

Sylp (CIF) = ker(Clp — Cl]:n) = ],

for n sufficiently large, hence p { # Clg. Since there are no unramified intermediate
extensions of the p-extension F,,/F, it follows that p t #Clg, for all n (see for

example [20, Theorem 10.4(a)]). O

And now for something completely different. If T is a generator for G, then
the number of invariant factors of T acting on E ® IF}, is restricted by [k : Q] in the

following way.

Proposition 4.17. In the notation of Theorem 4.8, we have
t(,1)<e and t(d,j) <e+1 for d>1.

Proof. Let T be a generator for G, and fix a prime ideal p of Z[(,] over p. We view
p(t) € GL(r,Z[Cn]), and p(T) € GL(1,Z[Cm]/p). From the proof of Theorem 4.2,

we have

e

xP ™ —1
hg(o) (x) = ~_1 mod p

= ( -1 H ¢4 )P mod p.
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Let Q € GL(r, Z[lm]/p) such that (Q)'p(1)Q is in Jordan Canonical Form, and let
Q € GL(r, Z[C]) be a lift of Q. Note that detQ ¢ p and (det Q)Q ' has entries in
Zl(m]). Let x € Z[(] such that

x -detQ =1 mod p,
so that
x - (detQ)Q 'p(1)Q = (Q) 'p(T)Q mod p.

Let ] € GL(r, Z[(m]) be the naive lift of (Q)'p(7)Q such that ] is in Jordan Canon-

ical Form. It follows that

x-(detQ)Q 'p(1)Q =] + P/,

where P’ is an r x r matrix with entries in p. Hence

- 1 /
QoM =147 (5 qarg 1)+

=p

where P is an v x r matrix with entries in Q((,,) having p-adic valuation greater
than zero.
Now, fix 0 < a < m — 1, and suppose, in the notation of Theorem 4.8, we have

C is a root of q4,;(x). Then the elementary divisors of (x — ;) are
(x = Cr )y (x — G ) S002, Loy (X — G ) S0htian,

It follows that there are precisely t(d,j) rows of (p + (i)l — (] + P) composed

entirely of entries with p-adic valuation greater than zero. It follows that
Vp(hp(T)(p + C%)) = vp(det ((p + C‘(rln)I - U + P))) 2 t(d)J)

On the other hand, we have

(p+ )™ = 1)
p+Ce—1

= vy (P + C8IP ™ = 1) = vy (p + 5 — 1),

Voo (P + €)= v (
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Note that (¢, +p)™ =1+ pu where v,(u) =0, so
P
(& +prm—1=Y
We also have v, (p) =1, so

Vy ((p:) (pu)j) =e—vp(j) +j

is increasing p-adically. Hence

Putting it all together we get
t(d,j) < vp(hpm(p+ o)) =e+T—vp(p+ G —1).

Since

1 ifa=0

Vp ('P + C% —1)
0 else,

the theorem follows. O
So we immediately obtain

Proof of Theorem 1.13. Suppose #G = p and let T be a generator for G. In the nota-

tion of Theorem 4.8, the invariant factors for p(t) are
(X o 1)61,1,1) (X _ ])61,1,2) ey (X _ ‘])el,l,t(l,l).

By Proposition 4.17, we have t(1,1) = 1. Hence E® F,, is a cyclic F[G]-module. [
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Since it has nothing to do with anything, we end this section with a curious

digression whose significance we don’t fully understand.

Proposition 4.18. There exists an embedding
(D N Pg)/(Dg N PF)p/kew < Dl [p]
where we view ker\ as a subgroup of Dr N PF/(DF N Py)P by Lemma 4.10.

Proof. Let (b) € Dy NPg. Then (b)o, = DP for some ® € Dy. So the following map

is well-defined:

Y. DgN PF/(DF nPs)? — Dllp]
(b) mod (Dr NPE)P +— [D] = [((b)ox)'/7].

If (b) mod (DN PE)P € kerV¥, then ® = (8) for some (8) € Px. So (b)oyx = (8)F,
hence (b) € Rg. Also, since (b) € Dy, it follows that (b) mod P} € ker, so
ker¥ C ker.

Conversely, if (b) mod PP € ker1, then there exists (c) € P such that (bcP) €
D N Py, there exists ©® € Dy such that (bcP?) = ©P, and there exists () € Py such
that (b)ox, = (B)P. It follows that D7 = (cf)P, so ©® = (cf3). Hence kerp C kerV¥,

and the proposition follows. O

From Proposition 4.18, it follows that if the group
(Dr N Pe)/(DeN PF)p/kerq)

is non-trivial, then p | # Dl | # ClL. This observation leads to the following corol-

lary.

Corollary 4.19. Let s denote the number of rational primes ramifying in k whose ramifi-

cation indices are divisible by p. If s > e, then rank]Fp Clk >s—e.
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Proof. Let F' denote the fixed field of the non-p parts of Gal(k/Q) so that F'/Qis a
p-extension. Note that Sylp (Clg/) = Clx since ker(Clgs — Cly) has exponent prime
to p. So it suffices to prove the corollary under the assumption that [k : Q] = p°©.
In this case we have F = Q, Clf = 1, and so by Equation (4.4), Lemma 4.7, and

Lemma 4.10 we get
E/pp)C ~ _ Do NP
(E/e2)® = Re /pp =kery € DaNPa /(D Py
On the other hand, by Proposition 4.17 we have
G
ranky, (E/EP)” <e,

whereas
rankr, Dg N PQ/(DQ NPy)P =5

where s is the number of rational primes ramifying in k/Q. So if s > e, we get that
ranky, (Dr N Pe)/(DeN PF)p/kertl) >s—e.

Hence, by Proposition 4.18, we get that mnk]Fp Cly >s—e. ]

This result is surprising, if anything, because no class field theory was required

to prove it.
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CHAPTER 5
APPLICATIONS

5.1 Stickelberger Theorems for Real Fields

As in Chapter 2, let Es denote the S-units of k, let X denote the topological closure
of kin @%lg, let O denote the ring of integers of X, and let @ denote a uniformizer
of O. We write E for Es if S consists only of the Archimedean places.
Define the map ¥ : k* — X[G] by
X = Z log, (x)o ',
oeG

where loglD is the Iwasawa logarithm [13, §V.4.5].
Lemma 5.1. The map 9 is a G-module map.

Proof. The additivity of ¥ is obvious. For any T € G, note that

¥x") = Z logp(x“’)cr_‘ letp =7o
oeG
= Z log | (x*)p 't
peG
= 1d(x).
So ¥ is a G-module map. O

In general, 9 is not integrally valued. This brings us to the following definition.
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Definition 5.2. A group ring element 3 € X[G] is called an S-integralizer if BO(Es) C

O[G]. If S consists only of the Archimedean places, we simply say that (3 is an integralizer.

Remark 5.3. Note that an S-integralizer need not be integral itself! This is a curious and

essential difference between this setting and the classical Stickelberger theory.

The next lemma ensures that S-integralizers exist by establishing an explicit

one for every S.

Lemma 5.4. Let the ramification index of p in k be e = p"b where (p,b) = 1. Then
H(KX) C (@)P" - O[G].

Proof. Lety € 0%, and let m be sufficiently large so that

mo1

yP =1 mod .

Write y?" ' — 1 = @'u where u € 0. Then

log, (y?" ) 1T oY
log,(y) = —= = w(=1Y" T —.
&ptd pm—1 pm—1 ; j

Forj = p“c where (p,c) =1, we have j = ®°“v for some v € O*. So
5]
— € (Dtp“cfaeo - @pa,aeo-
J C

It’s straightforward to show that the quantity p® — ae is smallest when a = n

—1 n
because b < pT It follows that logp (y) € @F "€0O. ]

Remark 5.5. The above lemma shows that, for example, ome " integralizes B¢, for any
given S. If p is tamely ramified in k, this reduces to @ '. If p is unramified, this reduces

1

top~ " as in Solomon [17, Conjecture 4.1].

In lieu of Corollary 2.14, we also make the following definition.

Definition 5.6. If k satisfies either (i) or (ii) of Corollary 2.14, then we say that k is

p-simple. If, in addition, p { a, then we say that k is p-simple for a.
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Combining the results of the previous chapters, we obtain one of the main goals
of this dissertation: a proof of Theorem 1.14 and the explicit derivation of annihi-
lators of the ray class groups of a real abelian number field (in lieu of Lemma 5.4).
This gives the first full proof of (a much strengthened version of) a conjecture of
D. Solomon [17, Conjecture 4.1], and is the real analog of the classical theorem of

Stickelberger and its generalizations obtained by Sinnott and Schmidt.

Theorem 5.7. Let 3 be an S-integralizer. If k is p-simple with respect to a, then
BY(Cs(a)) annihilates Cl(a)® O.

Otherwise

Ro - BY(Cs(a)) annihilates Cl(a)® O.

Proof. This follows immediately from Corollary 2.14, Lemma 5.1, and Theorem 3.3.
O

For an integralizer 3 = Z b,0 ' € K[G], we set

Ry = {Z a0 € O[G]: Z Ay = O}

So,p(a) = the O[G] ideal generated by 39(C(a))
To,g = the O[G] ideal generated by Bd(E).

Additionally, let
Lp(x) =) b log (x7)

TeG
so that

BO(x) = Z LB(X0)0_1.

ceG

We also consider {3 as a linear transformation X[G] — X[G] defined by vy — pv.

Let R, (k) denote the Leopoldt regulator of k (see [10]) and q = #0/(@).
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Theorem 5.8. If [Ry : Sy gl is finite, then

[RO . SO,B(Q)] — qord@ [E:C(a)]+orde Ry (k)+orde detB\RO'

Proof. Suppose the above index is finite, and note that [Ry : So g (a)] is finite if and

only if det 3|z, # 0. Now, we observe ker logp L= {£1}, so
1— 41— E 2% 0[q]

is exact. Since O is a flat Z-module, we get that the map E ® O — O[G] defined by
€ ® x — Bd(e)x is an injective homomorphism because p # 2. Moreover, for all

Z a,0 € O[G] we have that
Z(e" ® ag) Z B e%)as = PO(€) Z as0.
So To,p ~ E® O, and similarly, Sy g(a) >~ C(a) ® O as O[G] modules. Hence
[To,p : So,p(@)] =[E® 0O : Cla) ® O] = # ((E/C(a)) ® 0) = 4= EC],

It remains to compute [Ry : Tp g]. Let €1,..., e, be a system of fundamental
units for E, and let o4,..., 0, be the non-identity elements of G. Then T g is the

O-span of the Bd(e;) while Ry is the O-span of the o7 ' — 1. Let ai; € O such that
BO(e;) = Z ai(o; ' —1),
i=1

foreachj = 1,...,1. If [Ry : Ty gl is finite where ey,...,e, and fy,...,f, are bases

of the O-modules Ry and Ty g, respectively, with

.
fy = E aijei,
=

then

[RO . TO [5] — qord@ det(aij).
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Now, note that

RO(ej) = Lpley) + Z Lﬁ(efi)cy;]

i=1

= Lp(N§(e)) + ) Lale™) (o' = 1)
i=1
=Y Lg(eM) (o7 —1),
i=1
since N§(e) = £1 € ker log, ‘E. Similarly, we have

Lp(ef) =) belog, el

el

= Z b, logp €]

TeG
= Z(bﬁﬂf? —bo,)log, €5~
k=1

So

(ay) = (Lﬁ(e?i)) = (bmdf] _bﬁi)(logp ejﬁi)_

We also compute

Bloj' —1) =) (b1 —bo )0y —1),
i=1

hence

det(ai;) = (det Blr,)Rp (k).

This completes the proof of the theorem.

]

Considering Corollary 2.14, we are even more interested in the following ideal

So(a) := (x(C(a)) : « € Homg(E, O[G]))v[G]-

As it happens, every element of Homg (E, O[G]) is of the type (33.
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Theorem 5.9. For every o« € Homg (E, O[G]), there exists 3 € K[G] such that o« = |e.

Consequently,

ZE:1b B and So EZ;SO pla

where Ty = («x(E) : « € Homg (E, O[G])) o(g) and each sum varies over all integralizers.

Proof. Let € € E such that [E : (€)zg)] = mis finite. Let Q, denote the collection
of trace-zero elements of K[G], and let © : Qo — Qo be the linear map defined by
multiplication by d(e). Then

det® = H Z x (o) logp €’

XEG ceG
X7#1

Since {logp €’ }siq are linearly independent over Q, a theorem of Brumer [2] gives

us that they are linearly independent over Q*#. Note that

> xl(0)log, () = > (x(o) —T)log, (e°),

ceG o#1

hence det® # 0.

Now, let « € Homg (E, O[G]). Since © is onto, there exists 3 € Qo such that

O(B) = Bd(e) = x(e).

For any n € E, we have that

(x m
o) = 20
m

where n™ = eV for some 1\ € Z[G]. So

de

) = PEYE) _ o).

m

Hence o = g, as claimed. O

Remark 5.10. In this way, we see that So(a) is analogous to the classical Stickelberger
ideal, and the elements d(8) for 6 € C(a) are analogous to the classical Stickelberger

elements.
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By comparison with Theorem 5.8, one might hope that the index [Ro : So(a)] is
free of the conspicuous contributions from the Leopoldt regulator and integralizer

B. This is often the case, and the key step is understanding how T, relates to Ro.

Theorem 5.11. If E ® F,, is a cyclic F,,[G]-module, then Ty = Ro. If we additionally

assume that Sylp (G) is cyclic, then
Ro/So(a) ~ (E/C(a)) ® O.
In particular, if a = 1 and p { #G, then
#(Ro/So) = #(Cl®0O).

Proof. Let € € E such that [E : (€)zg)] = m where (p, m) = 1. For any k € Ry, let
o, : E — O[G] be defined by «, : € — k extended to the rest of n € E by

o (M™)
o

oe(n) =

Note that o is well-defined since m € O*, hence Ty = Ry.
Now, suppose Syl (G) is cyclic. Then Ry is cyclic (see [4]). Suppose k is a
generator for Ry and let 3 € K[G] such that a, = 38|g, by Theorem 5.9. It follows

that ker &, = 1, To,g = Ro, and Sy g(a) = So(a) so that

Ro/So(a) = To,s/So,s(a)
~(E®0 /ey 0 0)

~ (E/C(a)) ® O.

The last statement of the theorem now follows from Theorem 3.15. O

5.2 On the Annihilators of E/C(a)

In this section, we wish to know how Sy (a) compares with Anngg)(E/C(a)) ® O.

When E ® I}, is cyclic, these ideals are essentially equal.
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Theorem 5.12. If E ® [, is cyclic, then
So(a) = Ro - Anng(g(E/C(a)) ® O.

Proof. Let € € E such that [E : (€)zg)] = m where (p, m) = 1. For any k € Ry, let
o, : E = O[G] be defined as in the proof of Theorem 5.11. Let 3 € K[G] such that
o« = BIe (using Theorem 5.9). Let E’ = ker &, C'(a) = E’ N C(a), and note that

by the flatness of O as a Z-module, we have

Efec@ 0= (F/E)90 /(cla)/c'a) 0 0
~ TO,B/SO,B(a)-

It follows that if y € Anngg)(E/C(a)) ® O, then yo,(e) = vk € Sop(a). The

theorem now follows by Theorem 5.9 . O

Combining Theorems 5.7 and 5.12 we immediately obtain the following corol-

lary.
Corollary 5.13. If E ® I}, is cyclic then

Ro - Anngg)(E/C(a)) ® O if k is p-simple for a
Cl(a) ® O is annihilated by
R3 - Anngg)(E/C(a)) ® O else.

The above corollary is a generalization of Thaine’s [19, Theorem 6], in fact, if

a = 1and p t #G, then it is precisely [19, Theorem 6].

Remark 5.14. Recall the definition of C(a) from Chapter 2. Let

So,p(a) = (BV(C(a)))ora)

So(a) == («(C(a)) : « € Homg(E, O[G]))o(q)-

By Theorem 5.9, we have 8y(a) = Z 8o, where the sum runs over all integralizers f3.

Note that Theorem 5.7, Theorem 5.8, the first part of Theorem 5.11, Theorem 5.12, and
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Corollary 5.13 all hold with C(a), 8o,s(a), and 8o (a) in place of C(a), So,p(a), and So(a),
respectively. However, it isn't clear whether there exist a-special units other than the a-
cyclotomic units. For fun, take k = Q(+/p) where p is a prime congruent to 1 modulo 4.

Then the cyclotomic units of k are cyclic generated by

P
(1—¢p)

a=1
wherex : Z/pZ> — {£1}is the quadratic character. It is known that #Clis odd, and from
Corollary 2.14, we have that (1 — T)[E : C| annihilates # Cl where T is the non-identity
element of G. Since T acts by inversion on the ideal class group of k, it follows that 2[E : C]
annihilates # Cl. Since # Cl is odd, it follows that the exponent of Cl divides [E : C]. On
the other hand, from Chapter 3, we know that [E : C] = 2 - # CL If Clis cyclic, then the

exponent of # Cl equals the exponent, hence
#CI|[E:Cl[[E:C]=2-#Cl.

Hence [C : C] is equal to 1 or 2. On the other hand, suppose p = 62501. It is known that
Cl ~ Z/37Z x Z/3Z in this case, so if [C : C] was non-trivial, i.e., not equal to 1 or 2, then
the 3-part of [E : C| is equal to the exponent of Syl (Cl). For this reason, it would be very
interesting to know whether special units other than the cyclotomic units exist, and if so,

do they make a habit of giving information about the exponent of Cl.
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