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ABSTRACT

We utilize reaction-diffusion-advection equations in an adaptive dynamic frame-
work to study the evolution of dispersal of two competing species. The species are
assumed to be identical except for their dispersal strategies which consist of random
movement (diffusion) and biased movement (advection) upward along resource gra-
dients. We focus on how spatial heterogeneity in the habitat influences selection. A
key facet of this relationship is that diffusion creates a mismatch between a species
population density at steady state and the resource function [9]. This led Cantrell
et al. [9] to introduce a conditional strategy which can perfectly match the resource,
resulting in the ideal free distribution of the species at equilibrium.

This ideal free strategy (IFS) serves as a basis for our study. Not only do we show
that it is a global evolutionarily stable strategy, but we find conditions under which it
is convergent stable, varying random dispersal rates, advection rates, or both of these
parameters at the same time. For two similar strategies on the “same side” of the
IFS we show that when resource function is monotone, the strategy which is closer
to the IF'S is generally selected. For nonmonotone resource functions, we find that
there may exist nonideal free strategies which are locally evolutionarily stable and/or
convergent stable [21]. In addition, we find that for certain nonmonotone resource
functions, two similarly competing species can coexist, which enables us to also show

how three species coexistence is possible.
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CHAPTER 1
INTRODUCTION

As a broad aim of theoretical ecology is to determine how the interplay within a
species and interactions between organisms and their environment influence the lo-
cation, size and structure of a population, one quickly realizes that accounting for all
such details is an unlikely task. Instead, one attempts to identify and describe the es-
sential elements of these interactions, anticipating that such biological fundamentals
can provide meaningful insight. Dispersal is one such aspect which is indispensable in
determining the distribution, dynamics, and persistence of a species within its habi-
tat. From an ecological point of view, the implications of the spread and movement of
a population have received much attention from researchers (searching Google Scholar
with key words “ecology” and “dispersal” produces over 140,000 hits for years later
than 1992).

Another viewpoint which has also received considerable attention in the last two
decades concerns the evolution of dispersal (again, searching Google Scholar with key
words “evolution” and “dispersal” produces over 130,000 hits for years later than
1992). However, the rationale behind why certain dispersal strategies evolve has
drawn much less attention [15]. One reason for this is that it is difficult to precisely
identify and then assess mechanisms which are thought to influence evolution. Con-
sequently, there remains somewhat of a disconnect between observable evolutionary

data and proposed evolutionary theory [15].



While narrowing the gap between data and theory presents an imposing chal-
lenge, over the last few decades, studies have identified several mechanisms as being
key players in the evolution of dispersal. These include habitat extinction risks, com-
petition among relatives, temporal and spatial variability in environment quality, cost
of dispersal, and inbreeding [15]. In order to shed light on how these processes affect
the evolution of dispersal, researchers usually have taken an approach where they con-
sider one factor more or less independently. The following three subsections highlight
some of the recent major studies concerning the effect of environmental variability on

selection for or against dispersal.

1.1 Recent Studies: A Brief Overview

1.1.1 Discrete Space, Discrete Time Models

While such models were not among the first to be studied, Holt and McPeek in [42]
utilized the difference equation approach, observing some novel results concerning
the effects of spatial and temporal variability on the evolution of dispersal. They
considered a two patch, metapopulation model from a numerical perspective, demon-
strating that some form of dispersal is usually selected. In addition, they noted that a
necessary condition for such selection is variation in fitness between patches. Previous
studies [20], [46], and [37], which ignored kin competition and asymmetric dispersal,
suggested that in order for positive rates of dispersal to evolve, the habitat must
vary both spatially and temporally. In contrast to these analyses, Holt and McPeek
considered a conditional dispersal strategy (i.e. habitat dependent strategy), finding
that spatial heterogeneity is enough to favor nonzero dispersal rates between patches.

The underlying reason is that a species employing a conditional strategy is able to



offset fitness costs by balancing their movement between both high and low fitness
patches.

Building on their work, Holt and McPeek in [31] as well as Doebeli and Ruxton
in [18] showed, once again using numerical methods, that in a spatially homogeneous
habitat where population dynamics were cyclic or chaotic, dispersal is also preferred.
These studies showed that the internal dynamics of a population, rather than external
environmental factors alone, can give rise to spatiotemporal fluctuations needed to
support conditions (like those in [37]) which favor dispersal [41]. Furthermore, both
studies observed a phenomenon known as evolutionary branching. That is, two dis-
persal phenotypes can coexist, but as evolutionary time continues, these phenotypes
progressively become more and more disparate [18].

In order to gain a more universal view of the evolution of dispersal, Kirkland et
al. in [35] considered a general category of difference equation models, loosening the
assumptions of Holt and McPeek [42] (as well as assumptions made in several other
papers, including [27], [30], and [17]). In particular, they analytically investigated
a spatially varying multi-patch model in which dispersal strategies can be either
conditional or passive, with no symmetry conditions on such movement [35]. Relying
on the theory of nonnegative matrices, they demonstrated that when restricting to
unconditional dispersal strategies, dispersal is not selected. That is, similar to [27],
they found that when comparing two competing species, the slower disperser will win.
However, when considering competition among conditional dispersers (assuming no
dispersal costs), they observed the existence of a “one-parameter family” of strategies
that resist invasion and at equilibrium manifest a population distribution in which
fitness is equilibrated throughout the environment. Not only did this result generalize
the two-patch numerical findings of Holt and McPeek in [42], it also provided analytic

support. Nevertheless, Kirkland et al. mentioned in [35] that one must take care



when inferring about these “ideal-free strategies” in that the “slightest dispersal cost
destroys this one-parameter family of evolutionary stable strategies and only leaves

the non-dispersal strategy as a candidate for an evolution stable strategy.”

1.1.2 Discrete Space, Continuous Time Models

In 1983, Alan Hastings published a significant analytic study concerning the evolution
of passive dispersal. Among other things, he considered a single species n-patch
model in which movement between patches is symmetric in the sense that the net
flux of each patch is zero. Taking into account the effects of spatial inhomogeneity on
such movement, he asked “can spatial variation alone lead to selection for increased
dispersal in a deterministic model?” [27]. He found that the slower diffuser is more
likely to be selected as “passive diffusion takes individuals from more favorable regions
to less favorable regions more often than it does the reverse...” [27].

Obtaining similar results to Hastings, Holt [30] explored a two patch single species
model. Not only did he provide analytic justification as to why “passive dispersal
should always be selectively disadvantageous (ignoring kin effects) in a spatially het-
erogenous but temporally constant environment”, but he also gave a “heuristic ar-
gument”, relying on optimal habitat theory [30]. In essence, Holt demonstrated that
positive diffusion rates are not compatible with predictions from the theory of optimal
habitat selection, which, in this two-patch context, assumes that individuals will seek
the patch where fitness is greater and at evolutionary equilibrium, either all individ-
uals will be in the patch with the higher fitness or individuals will be distributed in
both patches such that each patch has the same fitness. While his discussion devel-
ops biological intuition, Holt also asserted that such an argument is able to extend
Hastings’ conclusions to models that consider more than one species.

However, while such models describe the behavior of one or more species, the



conclusions of Hastings and Holt only apply to the evolution of passive dispersal. In
2006, V. Padrén and M.C. Trevisan [43] used both analytic and numerical techniques
to examine a single-species n-patch model with a spatially inhomogeneous but tem-
porally constant environment. Their model generalized Hastings’ approach as they
allowed for asymmetric dispersal strategies which depend on the variability of the
surrounding habitat. Similar to [42], assuming no costs of dispersal, Padrén and Tre-
visan, showed that there exists a conditional (non-passive) dispersal strategy which
is evolutionarily stable. That is, individuals employing such a strategy of movement
will not be able to be invaded by a small population of individuals with a differ-
ent dispersal strategy. Furthermore, they noted that this ESS (evolutionarily stable
strategy) exhibits a property commonly predicted by such dispersion models; that
fitness is equilibrated throughout the environment. That is, with the progression of
evolutionary time, rather than promoting a source-sink configuration, the population
moves towards a “balanced population distribution” which closely fits the “environ-
mental carrying capacity” [43]. This type of distribution is known as the ideal free

distribution and will be further discussed in sections to follow.

1.1.3 Continuous space, Continuous Time Models

Perhaps one of the earliest papers in which reaction-diffusion equations are connected
with a diffusive description of the dispersal of a population is “Random dispersal in
theoretical populations” written by J.G. Skellam in 1951 [47]. R.S. Cantrell and C.
Cosner, in their book [6], go so far as to refer to Skellam’s work as the ‘origin of
this species’, remarking that “his landmark paper..... profoundly affected the study
of spatial ecology.” While Skellam’s contribution provided a new approach to dis-
persal problems, modeling such scenarios with reaction-diffusion equations increased

significantly only in last few decades.



In terms of the effect of spatial variability on the selection of dispersal strategies,
we again begin with Alan Hastings’ work in [27]. In addition to the ODE n-patch
model mentioned above, Hastings examined the dynamics of a single species diffusion
equation. Considering only passive dispersal strategies, he found that dispersal is not
selected as diffusion rates progress towards zero in evolutionary time.

Finding results similar to Hastings, Dockery et al. [17] studied a system of n
reaction-diffusion equations which describe the dynamics of a species with n pheno-
types (here the phenotypes differ only in their diffusion rates). While they were able
to show analytically that “the only nontrivial equilibrium is a population dominated
by the slowest diffusing phenotype”, they were only able to numerically support the
conjecture that selection will always be for the slowest diffuser. However, in the case
when n = 2, they proved that the slower diffuser will in fact evolve.

Much like in [17], V. Hutson et al. [33] considered a reaction-diffusion model
for two phenotypes, however they included temporal periodicity as well as spatial
variability in the environment. As in other studies, they found that in a spatially
heterogeneous but temporally constant environment, the faster diffuser will suffer
defeat. But they also saw that when the environment varies in both space and time,
the faster diffuser can be selected. At first glance, it would seem that the faster
phenotype is selected as it is able to move to richer resources at any select time.
However, they cautioned the plausibility of such an explanation as the slower diffuser
wins in extremal cases of frequencies of environmental change [33].

The reaction-diffusion models mentioned so far all concern unconditional disper-
sal. While these models apply to organisms whose movement relies on factors such as
wind, ocean currents, gravity, etc., Hastings reasoned that to understand the move-
ment of animals, one must consider more than random movement [27]. He suggested

that environmental cues may have a significant effect on the dispersal strategy of the



species in question. In line with such rationale, Belgacem and Cosner [4] added an
advection term to the well-known logistic reaction-diffusion equation for population
growth, noting that in a spatially inhomogeneous environment, a population may
move towards regions that are more favorable. This biased movement toward better
locations within a habitat combined with random diffusion is known as a conditional
dispersal strategy.

In particular, this notion of a conditional strategy motivated Cosner and Lou to
ask “does movement toward better environments always benefit a population?” [13].
Utilizing a single species logistic reaction-diffusion equation, with the assumption of
a spatially varying local growth rate, they found that increasing the advection in
the direction of the gradient of the growth rate is advantageous for the population.
However, this result depends largely on the shape of the environment. That is, Cosner
and Lou [13] found that if the habitat is convex then the increase of advection will
benefit the population, however, for some non-convex environments, such an increase
may hurt the species as some of the best regions may be unattainable by moving
upward along the environmental gradient.

Expanding the work of Cosner and Lou, Cantrell et al. [7] analyzed a reaction-
diffusion-advection model for two competing phenotypes, differing only in their dis-
persal strategies. Specifically, one phenotype disperses with a conditional strategy,
that is, random diffusion coupled with movement upward along resource gradients,
while the other moves only by passive diffusion. Cantrell et al. determined that some-
times (under appropriate environmental conditions) the phenotype with the advective
strategy, even though it may diffuse faster than the competitor exhibiting pure diffu-
sion, gains a competitive advantage [7]. Hence, they concluded that the evolutionary
trend towards a species with faster diffusion rates is likely if the species also develops

the capacity to move towards better resources [7]. However, Cantrell et al. [8], using



the same model as [7], noted that if both competitors have an arbitrary diffusion
rate and the advection rate of the conditional disperser is significantly greater than
its diffusion rate, coexistence is possible. Thus if the movement towards favorable
resources is too strong, the pure diffuser is able to make use of the “leftovers”, i.e.
resources in less favorable locations, and thus survive.

Naturally following the work of Cantrell et al. in [7] and [8], Chen et al. [11] con-
sidered a similar model but allowed both competitors to employ conditional strategies.
In particular, they assumed that the advective rate of one of the competitors is much
higher than the other. Under this supposition, they discovered at least two phenom-
ena. First, if the species with the more balanced strategy has an advection rate which
is slightly less than its diffusion rate, coexistence can occur; however, if its advection
rate is slightly more than its diffusion rate, it will win out over the species with high
advection. Thus, Chen et al. concluded that “selection is against excessive advection
along resource gradients, which suggests that an intermediate biased movement rate
may evolve” [11].

Aiming to connect the results of [17], [7], [8], and [11], Hambrock and Lou [24]
investigated a model similar to that of [11]. They established two main results. First,
they set the advection rates of both species to be equal and let the diffusion rates
vary. They found that if both diffusion rates are sufficiently close and larger than the
advection rate, the slower diffuser wins, supporting Hastings’ result. However, if both
diffusion rates are sufficiently close and smaller than the advection rate (note here
the advection rate must be large) then the faster diffuser wins. Thus, they concluded
that the magnitude of the advection rates directly affects the course of the evolution
of random diffusion [24].

Second, they let the diffusion rates of the species remain equal, varying the ad-

vection rates. In this case, they saw that if both advection rates are close enough and



smaller than the diffusion rate, the species with larger advection evolves. Whereas, if
the advection rates are close and larger than the diffusion rate, the species with less
advection is selected. Hence, they indicated that evolution does not seem to favor
small or large advection, rather some intermediate rate may be best [24].

In a slightly different direction, Cantrell et al. [9] noticed that the results of
both [27] and [17] were closely related to the fact that diffusion produces a dis-
parity between population density and the quality of the environment. They in-
corporated a conditional strategy of both advection and diffusion into a reaction-
diffusion-advection model, allowing for the possibility that populations can “match
environmental quality”. We will call such a distribution at equilibrium an ideal free
distribution (IFD) and call a corresponding strategy that allows for IFD, an ideal free
strategy.

The notion of an ideal free distribution originates from the theory of habitat
selection. Fretwell and Lucas [19] defined “ideal” in the sense that each individual
within a species chooses the environment “most suitable to them” and individuals are
“free” to move into any habitat [19]. As individuals at equilibrium can exactly match
the habitat quality, their fitness (measured by the local intrinsic growth rate) will be
equalized across the habitat. In this study, we adopt the IFD introduced in Cantrell
et al. [8, 9], noting that a species at IFD has the properties that the net-movement

and the local growth rate are both zero everywhere.

1.2 An Adaptive Dynamic Approach

1.2.1 Adaptive Dynamic Basics

Many factors are involved when trying to understand the adaptive evolution of a

particular species. As these factors depend both on ecological aspects as well as the



transfer of genetic information from parent to offspring, researchers have taken various
perspectives, attempting to find some synthesis that adequately incorporates both
ecology and genetics [22]. However, this has proven to be difficult. For example, in
the context of the evolution of dispersal in a spatially variable environment, one tries
to understand how interactions between members of a population and their habitat
connect to the selective pressures that drive evolution [15]. As this interplay can be
quite sophisticated, difficulties can arise when trying to simultaneously understand
the genetic dynamics of the species [15].

In order to address some of these complications, J. Maynard Smith and G. R.
Price [49] introduced an important concept adapted from game theory and from
studies by MacArthur [39] as well as Hamilton [25] (see [22] for more details). In
1973 they published ‘The logic of animal conflict’, in which they proposed the notion
of an evolutionary stable strategy or ESS. In general, an ESS is a strategy that
allows for maximal reproductive fitness [49]. However, the game-theortic models in
which evolutionary stable strategies were studied, had a tendency to “oversimplify
strategies and feedbacks by relying on payoff matricies” [15]. Thus, new approaches
for understanding phenotypic evolution were needed.

A more recent perspective which pertains to the evolution of phenotype is that
of adaptive dynamics. A key part of this viewpoint concerns how the environment
affects interactions on the individual level in a population, how these interactions
affect the population at large and finally how the population affects the resulting
environment. That is, “the deterministic dynamics of well-mixed populations is gov-
erned by a feedback loop at the ecological time scale” [16]. In addition, reproduction
is assumed to be clonal, thus eliminating the complexity involved with the genotype
— phenotype map. Roughly we start with a resident species (which is at equilib-

rium) and a rare invading species which can be thought of as a type of “mutant”
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offspring. By “mutant” we mean that the invading species is identical to the resident
except for a slight variation in the specific aspect of the phenotype in question. Thus,
questions concerning the survivability of the mutant population, replacement of the
resident population by the invading population, and even the possible coexistence of
both populations depend on the long-term growth rate of the invading species in the
environmental situation determined by the resident [16].

Naturally, attempts to understand such inquiries cause one to ask if there is some
unbeatable strategy which would ensure a resident species’ sole existence. As was
mentioned previously, such a strategy is an ESS, which appears in alternate ap-
proaches to evolutionary theory. What is significant about the adaptive dynamic
setting is that it allows one to determine the existence and nature of evolutionary
attractors. Such attractors are known as convergent stable strategies or CSS. Basi-
cally, a strategy is convergent stable if selection favors changes that are closer to it
as opposed to those which are farther away.

While many of the studies discussed in Section 1.1 are approached from an ESS
viewpoint, some of the later papers, such as [24] and [9] have an adaptive dynamic
framework. For example, in [24], Hambrock and Lou showed that selection is against
slow as well as fast advection rates, indicating that evolution seemed to be towards an
intermediate advection rate. In the context of adaptive dynamics, this intermediate
rate acts as a CSS. Furthermore, in [9], the authors showed that their ideal free

strategy is a local ESS as well as a CSS along particular paths.

1.2.2 Main Questions and Findings

Concerning this present study, we aim to provide a context from which we can extend
as well as connect some of the results of [24] and [9]. To do so we first explore the

question of whether or not the ideal free strategy is a global ESS. Cantrell et al
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[9] predicted that the ideal free strategy is indeed a global ESS and we show their
conjecture to be true [1].

The second main question involves the following: if we start with a strategy
which is not an ESS, to where and how is it driven by selection? In adaptive dynamic
language, this question is closely related to finding and understanding the nature of
convergent stable strategies. The fact that the ideal free strategy is a global ESS
provides some footing with which to approach our second question as this strategy
acts as a reference point from which we can compare competitions between species
whose strategies both lie on the “same side” of the IF'S.

We find that under certain conditions the ideal free strategy is a CSS. For a
monotone resource curve, “by varying a single trait responsible for the dispersal
strategy, the species whose traits are closer to an ideal free strategy will win. In
many cases, subsequent invasions of species will allow nonideal free strategies to
evolve towards ideal free strategies. However, if we vary two traits, it is possible for
the species whose dispersal strategy is further away from ideal free to win and this
allows for divergence away from ideal free strategies. Despite this possibility, results
suggest that random perturbations of the two dispersal traits lead toward convergence
to ideal free strategies [21]”.

Not only are we interested in describing these conditions for evolutionary conver-
gence to ideal free strategies, but also those that promote coexistence. Again, utilizing
the IFS as a reference point we compare strategies which lie on “opposite sides” of
the IF'S, finding conditions for such two species coexistence. “For a resource function
that is nonmontone, we show that there exists a new region of two species coexistence
where neither species employs an ideal free strategy” and where both strategies lie
on the “same side” of the IFS [21]. Numerically, we argue that convergent stable

strategies may exist in this new region as well as a variety of evolutionary outcomes,
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including the possibility of evolutionary branching, which depend on the magnitude
of difference between competing strategies [21]. Finally, we show that three species
permanence is possible for suitable nonmonotone resource functions as well as the

existence of a componentwise positive three species steady state.

1.3 Consumer Resource Models

1.3.1 Model Derivation

Given a bounded domain in RY, say €, suppose we let R(z,t) denote the density
of an immobile resource at = € €2, and for some time ¢t > 0. Also, suppose we have
two competing consumers whose density in €2 at any time ¢ > 0 is given by u and
v. Classically, the dynamics of R when considering a non-spatial model are assumed
to be logistic in the absence of consumers, see [50]. Although we include a spatial

component, we can utilize the same approach, expressing the dynamics of R as
eR; = Rim(z) — ayu —a,v — R in Q x (0,00). (1.3.1)

Supposing that 0 < € < 1, we assume that the resource dynamics are near quasi-
steady state and we can thus write R(z) = m(z) — a,u — a,v in §2. Notice that in
(1.3.1), m(x) is the intrinsic growth rate of R and a,, a, are real parameters measuring
the strength of competition (Note: here m can be thought of as the distribution of R’s
resources.) Because we want to consider competition between dispersive consumers
and take into account spatial variance, we appeal to a logistic reaction-diffusion-
advection model:

up = uV - [Vu —uVP(z)] + u(fu(R) —d,) in Qx(0,00),
(1.3.2)

vy =vV - [Vo—oVQ(x)] +v(f,(R) —d,) in £ x(0,00).

Here we consider two species, with densities u(x,t) and v(z,t) forx € Q and t > 0,

which may differ in their intrinsic growth rates, as given by f,(R) and f,(R), as well
13



as their dispersal strategies. Note that u(z,0) and v(z,0) are both nonnegative and
not identically zero. Furthermore, we assume that the dispersal strategy, for either
species, includes both random diffusion as well as directed movement along a specified
gradient. The random diffusion rates are given by the real parameters p,v > 0. The
functions P(z), Q(z) € C*(Q) provide advective directions as well as regulate the
speeds in such directions. Typically, such P and @ can be taken as functions of
m(z); see for example [11], [8], and [9]. In such cases then, this means that the
consumer is tracking the resource’s resource. Finally, d,,, d, > 0 are the natural death
rates of v and v, respectively.

Since we want to consider only the effects of spatial variation and not temporal
changes in the environment on such competition, we use our steady state assumption
on R, substituting R(z) = m(z) — a,u — a,v into (1.3.2). Also, taking f,(R) =
fo(R)=R, a, =a,=1,d, =d, =d> 0, upon substitution into (1.3.2) we have

up = uV - [Vu —uVP(z)] +ulm(xz) —u—v—d) in Qx(0,00),

(1.3.3)
vy =vV - [V —oVQ(x)] +v(m(z) —u—v—d) in Qx(0,00).

Finally, we set m = m — d on ). Dropping the tilde on m, and adding no-flux
boundary conditions, we have the familiar Lotka-Volterra reaction-diffusion-advection

model given by

;

up = pV - [Vu—uVP]+ulm—u—wv) in Qx(0,00),

v =vV-[Vo—oVQ]+v(m—-—u—v) in x(0,00), (1.3.4)

[Vu—uVP]-n=[Vo—oVQ]-n=0 on 090 x (0,00).

\
Note that we assume m(z) € C*(Q) is positive and nonconstant. Here 99 is the
smooth boundary of 2 (assuming N > 2) and n is the outward unit normal vector
on 0f2. Note that the boundary conditions mean that no member of species u or v

can cross 0f).
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1.3.2 Well-Posedness and Monotonicity of (1.3.4)

Concerning the existence and biological applicability of solutions of (1.3.4) we note
that by the maximum principle for cooperative systems [45] and standard theory for
parabolic equations [28], if the initial conditions of (1.3.4) are nonnegative and not
identically zero, system (1.3.4) has a unique positive smooth solution which exists
for all time and it defines a smooth dynamical system on C'(Q) x C(2) [6, 29, 48].
The stability of steady states of (1.3.4) is understood with respect to the topology of

C(Q) x C(). The following result is a consequence of the maximum principle and

the structure of (1.3.4); see Theorem 3, [9].

Theorem 1.3.1. The system (1.3.4) is a strongly monotone dynamical system, i.e.,
a) ui(x,0) > ug(z,0) and vi(x,0) < ve(x,0) for all x € Q and
b) (u1(z,0),v1(2,0)) # (uz(x,0),va(x,0))

implies uy(z,t) > ug(w,t) and vy(z,t) < va(z,t) for all z € Q and t > 0.

Because we are concerned with the global dynamics of system (1.3.4), our anal-
ysis depends a great deal on its nonnegative steady states. These steady states are

nonnegative solutions (u, v) of

;

uV - [Vu—uVP]+um—u—v)=0 in £,

vV [Vo—oVQ]+v(m—u—v)=0 in €, (1.3.5)

Vu—uVP]-n=[Vo—-oVQ]-n=0 on Q.

\

In order to guarantee the existence of such solutions, we appeal to the single

species model described by the following:

uV - [Vu* —uw'VP]+u*(m—u*) =0 in (2,
(1.3.6)

[Vu* —u*VP]-n=0 on 0f.
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It is well known that if m > 0 in €2, then Equation (1.3.6) has a unique positive steady
state, denoted by u*, which is globally asymptotically stable among nonnegative non-
trivial initial data. Thus by symmetry, we see that (1.3.4) has two semi-trivial steady
states written as (u*,0) and (0, v") respectively. Also of interest will be the existence
and nature of coexistence states or positive steady states (i.e. both components are
positive) of (1.3.4).

The following result is a consequence of Theorem 1.3.1 and the monotone dynam-

ical system theory [29, 48, 40, 14]:

Theorem 1.3.2. If system (1.3.4) has no coezistence state, then one of the semi-
trivial steady states is unstable and the other one is globally asymptotically stable
[32]; If both semi-trivial steady states are unstable, then (1.3.4) has at least one stable

coexistence state [14, 40].
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CHAPTER 2
EVOLUTIONARY STABILITY

Proceeding as in [9], we begin by considering the equilibrium equation for a single

species
pV - [Vu' —u*'VP+u" (m—u") =0 inQ, (2.0.1)
[Vu* —u*VP]-n=0 on 0f. (2.0.2)

A key observation of Cantrell et al. [9] is that P = Inm if and only if u* = m is a
solution of (2.0.1). In particular, if P = Inm, the corresponding unique steady state
u* = m satisfies (i) v* —m =0 and (ii) Vu* —«*VP =0 in Q. Part (i) means that
the fitness of the species, which is represented by its local growth rate, is zero across
the habitat. Part (ii) means that there is no net movement of species. We shall refer
to a choice of p and P = Inm as an ideal free dispersal strategy if it gives rise to an
ideal free distribution of the population density at equilibrium. Note, P = Inm is an
ideal free dispersal strategy with any choice of positive u. The advantage of ideal free

dispersal strategies over other strategies is clearly illustrated by the following result:

Theorem 2.0.3. Suppose that m is a positive nonconstant function, P = Inm,
and QQ — Inm is nonconstant. Then, (m,0), as a steady state of (1.3.4), is globally

asymptotically stable among all nonnegative, not-identically zero initial data.

Theorem 2.0.3 was first established by Cantrell et al. [9] when @ is a small

perturbation of Inm and g = v. The full generality in current form was recently
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given in [1]. In adaptive dynamic terms, this result says that the strategy P = Inm
is a global ESS.
Before proving Theorem 2.0.3, we state a useful result concerning the linear sta-

bility of semi-trivial steady states of (1.3.4) (see, e.g. Lemma 5.5 in [11]).

Lemma 2.0.4. The steady state (u*,0) is linearly stable/unstable if and only if the
following eigenvalue problem, for (\,¢) € RxC?(Q), has a positive/negative principal
eigenvalue:

v- [V —=9V(lnm+eR)] + (m —u" ) = =\ in Q,

Vi) — oV (Inm + eR)] - n =0 on 09,
where € € R and R € C*(Q). The criterion for the linearized stability of the semi-

trivial steady state (0,v") is analogous.

2.1 Proof of Theorem 2.0.3

In this section we let P(x) = Inm, considering the following model:

;

up = puV - [Vu —uVinm| +um(x) —u—v] in Q x (0,00),
vy =vV - [Vo—oVQ(z)] +v[m(z) —u—wv] inQ x (0,00), (2.1.1)

[Vu—uV(lnm)]-n=[Vv—ouVQ(x)]-n=0on 0 x (0,00).

\

Theorem 2.1.1. [1] Given any u,v > 0. Suppose that Q(x) —Inm is not a constant

function. Then, the semi-trivial steady state (u*,0) is globally asymptotically stable.

Proof. First, we show that (2.1.1) has no positive steady states, arguing by contra-

diction. Suppose that u, v are positive steady states of (2.1.1), i.e. they satisfy

;

uV - [Vu—uV(lnm)| +ulm(zr) —u—v] =0 in Q,

vV - [Vo—oVQ(x)] +v[m(z) —u—0v] =0 in Q, (2.1.2)

[Vu —uV(lnm)]-n =[Vv—oVQ(x)]-n =0 on d.

\
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Set w = u/m. Then w satisfies

uV - ImVw] + mw(m —u —v) =0 in €, Z_:laﬂ = 0.

Since w > 0, dividing the equation of w by w and integrating in €2, we have

u/ﬂm|vw’2 +/Qm(m—u—v) = 0. (2.1.3)

w?

Integrating the equations of u and v, we have

/ﬂu(m—u—v) — 0 (2.1.4)

and

/v(m—u—v) =0, (2.1.5)
Q
respectively.

Adding up (2.1.4) and (2.1.5) we have

/Q(u+v)(m—u—v) =0. (2.1.6)

Subtracting (2.1.6) from (2.1.3) we obtain

2
/vc/m|vui| +/(m—u—v)2:0,
Q w Q

which implies that m —u — v = 0 and w = s for some positive constant s > 0; i.e,

u/m = s for some constant s. Since u > 0 and v > 0, from m —u—v = 0 we see that
s € (0,1) and v = (1 — s)m. Substituting (u,v) = (sm, (1 — s)m) into the equation

of v and dividing the result by (1 — s), we see that
vV - mV(Inm—Q(z))]=0 inQ, V(nm-—Q(z))-nls=0. (2.1.7)

By the maximum principle [45], @(x) — Inm must be equal to some constant, which

contradicts our assumption. This proves that (2.1.1) has no positive steady states.
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Next, we show that (0,v*) is unstable. By Lemma 2.0.4, it suffices to show the

smallest eigenvalue, denoted by A, of the linear eigenvalue problem
uV - [Vo—oVinm]+ (m —v*)p = —=Ap in Q,
Vo —oV(Inm)]-n =0 on 9

satisfies Ay < 0. Let ¢ denote the positive eigenfunction of A; uniquely determined

by max ¢; = 1. Set ) = ¢1/m. Then the previous equation can be written as
Q
pV - mVY] +m(m — v ) = —Amy, Vb - nlaq = 0.

Dividing the equation of ¥ by 1 and integrating the result in {2, we have

/m AT /Qm(m—v*) _ —/\1/Qm. (2.1.8)

Integrating the equation of v™ we have

/Qv*(m —u*) =0. (2.1.9)

Subtracting (2.1.9) from (2.1.8), we find that

[T [ o

Hence, \; < 0 as long as v* £ m. To this end, we argue by contradiction and suppose

that v* = m. Then by the equation of v*, we see that (2.1.7) holds, which implies
that Q(z) — Inm is constant and we reach a contradiction. Hence, v* # m and thus

)\1<O.

Finally, we show that the semi-trivial steady state (u*, 0) is globally asymptotically
stable. This follows from Theorem 1.3.2, the fact that system (2.1.1) has no positive

steady states, and the instability of the semi-trivial steady state (0,v") . [

The fact that P = Inm is a global ESS raises a natural question: Can one find
dispersal strategies for two competing species such that the spatial distributions of

both species at equilibrium are ideal free?
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To address this question, we observe that if there exist nonnegative constants
v and 7 such that ve’®@ 4 7¢%@ = m(z) in Q, then (u,v) = (7" @, 7e9@) is a
nonnegative steady state of (1.3.4) with “ideal free distribution” for both u and v;
ie., m(z) —u—v=01in Q and the net flux for both species in 2 is 0. Furthermore,

we have the following result [21]:

Theorem 2.1.2. Suppose that there exist positive constants y and T such that ver'® +
7e9® = m(x) in Q, and either P — Inm or Q — Inm is nonconstant. Then,
(u,v) = (7@ 762 is the unique positive steady state of (1.3.4), and it is globally

asymptotically stable among all positive initial data.

Remark 2.1.3. When 7 =0, P—Inm is constant and Q) —Inm is nonconstant, The-
orem 2.1.2 s reduced to Theorem 2.0.3. Hence, Theorem 2.1.2 generalizes Theorem

2.0.3.

If both P —Inm and ) —Inm are constants, Theorem 2.1.2 fails since the system
has a continuum of positive steady states of the form {(sm, (1 —s)m): 0 < s < 1}.
It is interesting that even if neither P nor () alone can produce ideal free distribution
(i.e., P —Inm,Q — Inm are nonconstants), a linear combination of them can yield

ideal free distributions for both competing species at equilibrium.

2.2 Proof of Theorem 2.1.2

To prove Theorem 2.1.2, we first prove the following result:

Lemma 2.2.1. [21] Suppose that there exist positive constants v and T such that
el @ 4 7e9® = m(x) in Q and either P —Inm or Q —Inm is nonconstant. Then,

the system (1.3.4) has a unique positive steady state.
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Proof. Let (u*,v") denote any positive steady state, i.e., it satisfies

(

uV - [Vu* —u'VP] +u*(m(x) —u* —v*) =0,

vV - [Vo' = o*'VQ| + v (m(z) —u* —v*) =0, (2.2.1)

Vu* —u*VP|-n=[Vv"—v*'VQ] - nlogng = 0.

\

Integrating the equations of ©* and v* in €2 and adding up the results, we have

[&f+“mn—w—v320 (2.2.2)

Dividing the equation of u* by u*/e” and integrating in €, we have

e3P u* P » . .
M/QW ve_P —|—/Qe (m—u* —v") =0. (2.2.3)
Dividing the equation of v* by v*/e% and integrating in 2, we have
e3@ v* |2
v [ o Ve + fSm =)= 22.4)

Multiplying (2.2.3) by 7 and (2.2.4) by 7, and using ye® + 7% = m we have

e3P u* |? e3Q o |2

V— V— —u*t—v") =0. 2.2.5

’VN/Q(u*)2 P +TV/Q(U*)2 oQ +/Qm(m ut —v") ( )

By (2.2.2) and (2.2.5) we have
e3P u* P e3Q o |2

V— V— —u*—0v")?=0. 2.2.6

WL/Q i |V er —|—TI//Q o |V ea —l—/g(m ut —v") ( )

From (2.2.6) we see that m — u* —v* = 0 in Q, u* = Cie”, and v* = Cye® for

some positive constants Cy, Cy. Hence, m = Cyef’ + Che? in Q. This together with
veP@ 4 7e9@ = m(z) implies that (C; — y)e” + (Cy — 7)e? = 0. We claim that
Cy = . If not, we have e = (Cy — 7)/(Cy — 7)e?. Substituting this expression
into the equation of ye@ + 7¢9®@) = m(z) yields that Q — Inm is constant. Hence,
P —Inm is also a constant. This contradicts our assumption. Hence, C} = ~, and
consequently, Cy = 7. This shows that (ye’ 7e%) is the unique positive steady

state. O
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Lemma 2.2.2. [21] Suppose that there exist positive constants v and T such that
el @ 4 769 = m(z) in Q and either P —Inm or Q — Inm is nonconstant. Then

both semi-trivial steady states (4,0) and (0,0) are unstable.

Proof. The stability of (u,0) is determined by the principal eigenvalue of
vV [V = V@ + (m—a)p = = ) inQ, [V —¢VQ] nlsn = 0.

Dividing the above equation by v/ e? and integrating the result in Q, we have

e
— e = _
Q Qw2

Dividing the equation of @ by /e’ and integrating the result in 2, we have

e3P 2 b,
O:’u/ﬁ —|—/e (m — ). (2.2.8)
Q Q

Multiplying (2.2.7) by 7 and (2.2.8) by 7, adding the results together, by ~ve” +
e = m we have

e3Q 2 e3P 2
—)\T/eQ:VT/—2 +’y,u/~—2 —i—/m(m—ﬂ).
Q Q ¥ QU Q

Integrating the equation of @ in 2, we have

/ a(m —u) = 0.
Q
Hence,

3Q 2 3P 2
—)\7'/662:1/7'/6—2 L4 —|—”y,u/€~—2 +/(m—ﬂ)2.
Q ¥ o u Q

Ay
Therefore, A < 0. We further show that A < 0: if not, say A = 0. Then @ — m = 0.

Ve% 2 + / e?(m — ). (2.2.7)

u
ef

\Y

v’

U
e ve_P

u
V5
[

e

This together with the equation of @ implies that @/ e’ is constant. As & —m = 0,
P —Inm is equal to some constant. This together with ve + 7¢? = m implies that
) — Inm is also equal to some constant. Hence, both P —Inm and ) — Inm are equal
to constants, which is a contradiction. Hence, A < 0 and (@, 0) is unstable. Similarly,

we can show that (0,7) is unstable. O

Theorem 2.1.2 follows from the previous two lemmas and Theorem 1.3.2.
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CHAPTER 3
CONVERGENT STABILITY

Another important idea in Adaptive Dynamics is that of convergent stable strategies
(CSS), which act as attractors for evolutionary dynamics. Recall that a strategy is
convergent stable if, roughly speaking, selection favors strategies that are closer to it
over strategies that are further away.

Unless otherwise specified, we shall vary a single trait, i.e., we vary one parameter
and fix all others, focusing on the convergent stability of the ideal free dispersal

strategy for the following model:

;

u =V - [pVu—auVinm]+ulm—u—wv) in Qx(0,00),
v =V -wVo—poVinm]+ov(m—u—v) in Qx(0,00), (3.0.1)

uVu—aouVinm]-n=[vVuv—poVinm]-n=0 on 0902 x (0,00),

\

where «, 8 are two non-negative constants that measure the speed of advection up-
ward along the environmental gradient. Note that (1.3.4) can be reduced to (3.0.1)
when P = (a/p) Inm and Q = (5/v) Inm. Note also that « = p is an ideal free strat-
egy for species u, and = v represents an ideal free dispersal strategy for species
v.

To state our results, we first consider the scalar equation
up =V - [pVu —auVinm]+ulm—u) in Qx(0,00),
(3.0.2)
(uVu—auVinm]-n=0 on 9Q x (0,00).
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It is well known that if m € C*(Q) and is positive, then (3.0.2) has a unique positive
steady state, denoted by 6,,, for every @ > 0 and p > 0. Therefore, (3.0.1) has
exactly two semi-trivial steady states, denoted as (6,,,0) and (0,6g,), respectively.

Before we present our findings in this chapter, we will use the next three sections

to establish some technical results.

3.1 Stability of Semitrivial Steady States

We begin by determining stability conditions for (6,,,0). Given o, > 0, we want
to investigate the stability of (6,.,,0) under a small perturbation of v and 5. The

following lemma will be useful.

Lemma 3.1.1. The steady state (0.,,0) is stable/unstable if and only if the follow-
ing eigenvalue problem, for (\,¢) € R x C*(Q), has a positive/negative principal

eigenvalue \*:

V- [wVo —BeVinm| +o(m —60,,) = —Ap inQ, : )
3.1.1

WV —BeVinm]-n=0 ondQ, ¢>0 on .

The proof of Lemma 3.1.1 is similar to that of Lemma 5.5 in [10]. Consider the

following parameterizations:
v=pu+9, [=a+e¢, (3.1.2)

where § and € are assumed to be small. Using the implicit function theorem, we know
that \* and ¢ are both smooth functions of € and J (see Lemma 3.3.1 of [3]). Hence,

we can write A\* as \* = Mg+ e+ +O0(e +6%) and ¢ = @+ pre+@ad+O0(e2 +57).
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It is easy to see that \g = 0 and ¢y = 0, after suitable scaling. Substituting these

expansions into (3.1.1), we see that ¢; and @9 are determined by
(

V- [uVer —apVinm —6,,VInm|
+ (m — (9047“)@1 = —)\19047# in Q, (313)

Ve —apVinm —0,,VIinm]-n=0 on 09,

\

and
4

V- [uVps —apaVinm + Ve, ]
+ (m - 90&7M)S02 = _>\29047M in Q, (314)

Vs —apoVIinm+ Ve, | -n=0 on 0.

\

Furthermore, we have that A; and Ay are determined by the following result:

Theorem 3.1.2. [21] \; satisfies
M /Q e-o/mhmg? = — /Q V(e ®/minmg, ) - 04,V Inm, (3.1.5)
and Ay satisfies

A / emolummgz / V(e /mnme, )Vl . (3.1.6)
Q Q

Proof. If we multiply (3.1.3) by e‘”‘/“lnmﬁa,u, integrate the result over €2 and use the

boundary condition for ¢, we get

—/ V(e /rinmg, ) - (uVer — apVinm — 6, ,Vinm) (3.1.7)
0

+/Qea/#lnm6a,,u(m_6a,,u)¢l :_)\l/ﬂea/#lnmeiju‘

—a/plnm

Now, if we multiply the equation of 0, , by e p1, integrate the result over €2

and use the boundary condition for 0, , we find
— / V(e mmp ) - (Vg — aby,V Inm)
Q
+ / 6_a/ulnm0a7u(m - 004,,[1,)()01 = 0 (318)
Q
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Evaluating V(e=®/#"™g, ), we have

/ V(e @/mimmg, ) - (uVp; — ap Vinm) (3.1.9)
Q

_ / e—0/ninm (V@a,u _ ggowvmm) . (MV% —ap1Vin m).
Q

Similarly, evaluating V(e=®/#™p,)  we have

/ V(e My ) (U0, — aby ,VInm) (3.1.10)
Q
= / g~/ ninm (VQCW — %Qa,“Vlnm> (uVp1 — ap1Vinm),

Q

Now, subtracting (3.1.7) from (3.1.8) and using (3.1.9) and (3.1.10), we obtain
our result for \;. Similarly, we can find the expression for A\, performing the same

procedure as above. O

Remark 3.1.3. We can rewrite the parameterizations in (3.1.2) using polar coor-
dinates as follows. If we let € = rcos¢ and 6 = rsing, then § = a + rcos¢ and
v =+ rsing, where r > 0 and ¢ € [0,2m). Thus within a small neighborhood
of (o, 11), as long as Ay cos ¢ + Aysin g # 0 and does not change sign, we can write
N = A7 cos ¢+ Aorsin p+O(r?) # 0. We will see that this alternate parameterization

is more useful in demonstrating our main results in the two trait context.

Now we seek conditions for the stability of the other semi-trivial steady state,

(0,603,). Similar to Lemma 3.1.1 we have the following.

Lemma 3.1.4. The steady state (0,603,,) is stable/unstable if and only if the follow-
ing eigenvalue problem, for (n,¢) € R x C*(Q), has a positive/negative principal

eigenvalue n*:

V- [uVeo —apVinm|+o(m —0s,) = —np in
(3.1.11)

Vo —apVinm|-n=0 on 092, ¢>0 on Q.
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Performing similar analysis as above and using the parameterization in Remark

3.1.3, we see that n* = 17 cos ¢ + nor sin ¢ + O(r?), where 1, and 1, satisfy

nl/ea/”lnm92 /V *a/ﬂlnmew) 00,V Inm, (3.1.12)
Q

nz/e—a/ﬂlnmei = /v (e=/mmg. ) - Vi, (3.1.13)
Q

3.2 Sign Analysis for Eigenvalue Expansions

In this section we always assume that = (0,1), m, > 0 on [0,1] and m € C?[0,1].
In particular, 6, satisfies

My

[M(ew)x — b, 2] 4 G im—0a] =0 O<z <1,
m

e (3.2.1)
p(Oap)e — aba Wf =0 atz=0,1.

In light of our expansions for A* and n*, to determine the sign of both principal
eigenvalues, we need to know the sign of (e~@/®Wmg ) and (0,,). on (0,1) for
both @ < p and o > p. When a < p this is possible as the sign of (e~(*/®/™mg, ),
determines the sign of (6,,,), (see Lemma 3.2.1 below); however, when a > p, the
sign of (64,,), on [0, 1] cannot be determined in general and further assumptions are

needed.

Lemma 3.2.1. [21] If o < p, then pu(0n,)s — a%ﬁa,“ >0 on (0,1). In particular,
m

(Oau)z >0 on [0,1].

Proof. Suppose that f is a solution of
foz +b(2) fo + (@) flR(2) = f]=0 2 €(0,1),

f:(0)=f.(1)=0, f>0 in [0,1],
where b,y € C[0,1],x € C*[0,1], and v, x > 0 in [0,1]. Lemma 2.1

(3.2.2)

[9] says that if

<%> v(z) =

of
ki > 01n [0,1], then f, > 01in (0,1). Let f = e~ @/Wimg b(z) = e
0
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1
—ele/mmm and k(z) = me~ /WM™ Thus, we see that f satisfies (3.2.2). If m, > 0

L

on [0,1], the sign of k, = mge”(@/WIm (1 — g) depends on the size of 2 Soifa < 14,
7 7
we see that k, > 0 and hence f, > 0. Notice that f, = e(=%/® lnm((ﬁa’u)m—g%%,#).
nwm

Hence we have our result. O
Lemma 3.2.2. [21] If a > pu, then pu(0n,)s — a%%,u <0 on (0,1).
m

Proof. Lemma 2.1 of Cantrell et al. [9] shows that if x, < 0 in [0,1], then f, < 0
in (0,1). Using the same proof as in Lemma 3.2.1 and since we are assuming that

a > u, we have rk, < 0in [0,1] and thus we obtain our result. O
Lemma 3.2.3. [21] If a < u, then m(0) < 0,,,(0) and m(1) > 6,,(1).

Proof. Using Lemma 3.2.1 and the boundary conditions for 6, ,,, we see that [11(0,,)—
a%@a,u]x > 0 at z = 0 and that [u(fapu)s — a%ea#}x < 0 at z = 1. Thus by
(3.2.1), we have m(0) < 6,,(0) and m(1) > 6,,(1). Now if m(0) = 6,,(0), the
boundary condition of (3.2.1) at = = 0 gives us that (0,,,), < m,. So for some § > 0,

My

m > 0, on (0,6). But then (3.2.1) gives us that [1(0a,,)s —a—04,,). < 0 on (0,0).
m

Thus, p(Oapu)e — a%ea,u < 0 on (0,6). But this contradicts Lemma 3.2.1. Hence,
m

m(0) > 6,,(0). Similar analysis shows strict inequality at = 1 as well. O
Lemma 3.2.4. [21] If a > u, then m(0) > 0,,,(0) and m(1) < 6,,(1).
Proof. The proof is similar to that of Lemma 3.2.3. [

For the following results, in order to determine the sign of (6,,), on [0, 1], we now
impose some additional assumptions. First, we see that as long as « is large enough,

we can show that (0,,,), > 0 on [0,1] as illustrated by Lemma 3.2.5 below.

1
fo n . Then

Lemma 3.2.5. [21] Suppose m, > 0 in [0,1] and o > —
mingg 1) (mg/m)

(Ba,u)z >0 on [0,1].
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Proof. Lety € [0, 1] be the smallest number such that (6, ,,).(y) < 0. Since (6,,,,).(0) >
0 and (0,,)2(1) > 0, and because (0,,,), is continuous, we see that y € (0,1) and
(0a)2(y) = 0. Integrating the equation for 6, , over [0,y|, and noticing that 6, , is

increasing on [0, y], we see that

a9a,u(y)n;f(;y>> = /O ' Oa(m — ba) < /0 ’ O < 0a,u(y) /0 m. (3.2.3)
Jom

min[m] (mx/m)
Hence, it must be that (6,,), > 0 on [0, 1]. O

Thus we see that a < . But this contradicts our assumption on «.

Now we want to determine the sign of (6,,). on [0, 1], specifically when p < o
and m, > 0. The problem is that if, for example, we let m(z) = sin(10x)+10.01z +5,
clearly m, > 0 on [0,1], but we find that (,,,), changes sign on (0,1) (see Figure
3.5). Hence we consider a linear resource function. Without loss of generality, assume

that = 1.

Lemma 3.2.6. [21] Assuming o # 1 and m is linear, if 0,1(T) = m(Z) for some
T €[0,1], then (04,,)(T) # my(T).

O _
Proof. Without loss of generality, assume that g = 1. Set w = “ol, By assumption
m
001(Z) = m(Z), w(x) = 1. Since
(0a,1)2(7) — my(Z)

m(z)

(ea,l)xm - Ha,lmx

; (7) =

we(T) =

Y

m
it suffices to show that w,(z) # 0. Note that w satisfies (since m is linear)
wm+(2—a)%wm+mw(l—w) =0 0<z<l,
m
" (3.2.4)
w, + (1 — ) (—m)wzo x=0,1.
m

Note that if £ = 0 or 1, by the boundary condition of (3.2.4), w, # 0. So consider

30



z € (0,1). Suppose that w,(Z) = 0 and consider the following linear initial value

problem:

<25m+(2—oz)&¢x—qub:0 0<z<1,
" (3.2.5)

0(2) = 0(z) = 0

We see that ¢ = 0 is a solution to (3.2.5) and by ordinary differential equation
theory, it is the unique solution on (0, 1) satisfying the initial value problem. We
note that if we set ¢ = 1 — w that this too is a solution to (3.2.5). Hence it must
be the case that w = 1 on (0,1) and extending by continuity, w = 1 on [0, 1]. But
w satisfies the boundary conditions in (3.2.4) so w,(0) # 0 and w,(1) # 0. This is a

contradiction. ]

Theorem 3.2.7. [21] Suppose m is linear, m, > 0 in [0,1], and o > p. Then

0
Cﬂ)>ompu
m xX

Proof. Without loss of generality, assume that © = 1. First we note that by Lemma

3.2.4, there exists some 27 € (0, 1) such that 6,1 < mon [0, z1) and 6, 1(z1) = m(xy).

O, _ b,
By Lemma 3.2.6, we see that (—1) (1) > 0. We claim that (—1> > (0 on
m x m xT
(0,21). If not, there exists some x5 € (0,21) such that { =) > 0 on (22,21) and
m x
ea 90[ .
(—1) (z3) = 0. Put w = —=L. Note that wg,(22) > 0. However, upon evaluating
m ), m

(3.2.4) at xq, since wy(z9) = 0 and 0 < w(xzy) < 1, we see that w,,(z2) < 0. This is
a contradiction. So we see that (%) >0 on (0, ]

Next we claim that w, > 0 on (x, 1:0] Suppose w, changes sign on (z1, 1]. Then
by continuity, there exists a y € (x1, 1], such that w, > 0 on (z1,y) and w,(y) = 0.

Note that w > 1 on (x1,y]. To see this, if w = 1 somewhere on (xy,y], then by the
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mean value theorem, there must be a point p € (x1,y), such that w,(p) = 0 and

w(p) > 1. But

0 = w, (p) = (fa1)em - O 1M ») = (mx(p)> <(9a,1)x(p) B w(p>)

m m(p) ma(p)
_ (mz (p)

m(p)

) (- wi) <o

This is clearly a contradiction, so it must be the case that w > 1 on (x1,y]. Note
that w,,(y) < 0. On the other hand, if we evaluate (3.2.4) at y, since w,(y) = 0 and
w(y) > 1, we see that w,,(y) > 0. Again, we have a contradiction and obtain the

fact that w, > 0 on (x1, 1]. This completes the proof. O

Corollary 3.2.8. [21] Suppose m is linear, m, > 0 in [0,1], and o > u. Then,
(0a1)z >0 on [0,1].

O
Proof. Note that from Theorem 3.2.7, (—1) > 0 on [0,1]. Since
m x

(0%1) o (ea,l)azm - ea,lmm

9
m2

ga,lmm

we see that (0n1), > > 0 on [0, 1]. O

Theorem 3.2.9. [21] Suppose m is linear, m, > 0 in [0,1], and o < p. Then

O
(—“) < 0n [0,1].
m x

Proof. Without loss of generality, assume that y = 1. First we note that by Lemma
3.2.3, there exists some z; € (0, 1) such that 6,; > mon [0, z;) and 8, 1(z1) = m(xy).
Hence my(z1) > (0a1)z(z1). Let w = %1 as before. By Lemma 3.2.6 , we see that
My (1) > (Oa1)z(x1), that is, w,(z1) < 0. We claim that w, < 0 on [0, z41]. Suppose
not. Then there is an zo € (0, 21) such that w, < 0 on (zg, x1) and w,(x2) = 0. Note

that w,,(z2) < 0. If, however, we evaluate (3.2.4) at x9, since w > 1 and w,(z3) = 0,

we get that w,,(z2) > 0. This is a contradiction, indicating that w, < 0 on [0, x1].
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Next we claim that w, < 0 on (x1,1]. Suppose w, changes sign on (xy,1]. Then
by continuity, there exists a y € (z1, 1], such that w, < 0 on (z1,y) and w,(y) = 0.
Note that w < 1 on (x1,y]. To see this, if w = 1 somewhere on (xy,y], then by the
mean value theorem, there must be a point p € (x1,y), such that w,(p) = 0 and

w(p) < 1. But

0= w,(p) = (Ba,1)am — a1 () = (mx(p)> ((ea,l)x<p) _ w(p))

m2 m(p) m(p)
_ ( My (p)

m(p)

) (=) o

which is clearly a contradiction. So it must be the case that w < 1 on (xy,y]. Note
that w,,(y) > 0. On the other hand, if we evaluate (3.2.4) at y, since w,(y) = 0 and
w(y) < 1, we see that w,,(y) < 0. Again, we have a contradiction and obtain the

fact that w, < 0 on (x1, 1]. This completes the proof. ]

3.3 Nonexistence of Positive Steady States

In this section, we show that under specific conditions, system (3.0.1) has no positive

steady states. Before stating and proving the result, we present several useful lemmas.

Lemma 3.3.1. [21] Suppose that (u,v) is a positive steady state solution of (3.0.1).
Then

/ [’uea/ylnm . VeB/Vlnm] V(efa/,ulnmu) . V(efﬁ/ulnmqﬁ (331>
Q

:/ [e_o‘/’”“m —e_ﬁ/”lnm} wo(m —u —v).
Q

Proof. Note that we can rewrite the steady state system of (3.0.1) as

pV - [ec/Hmg (eme/mm) 4oy(m —u —v) =0 1z € Q,
vV - [Py (e Bvmm) ] Ly(m —u—v) =0 x €, (3.3.2)

V(e @/mhmy) . pn = V(e PYnmy).n =0 z € 0.

\
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—B/vinm

If we multiply the equation for u in (3.3.2) by e v, integrate over [0, 1] and use

the boundary condition, we find that
,u/ eo/Hinmyg (o=B/vinmy) 7 (emalninmy,) — / e PInmyy(m —u —v). (3.3.3)
Q Q

—a/plnm

Also, if we multiply the equation for v in (3.3.2) by e u, integrate over 2

and use the boundary condition, we have
1// eﬁ/ylan(e_ﬁ/”lnmv) . V(e_a/”mmu) = / e_a/“h‘muv(m —u—v) (3.34)
Q Q

Now, subtracting (3.3.3) from (3.3.4) we obtain the result. O

Using the polar parameterizations for v and 3, as discussed in Section 3.1, and

Taylor expansions, we have the two following results:
Lemma 3.3.2. 21] For 0 <r < 1,

pen ™ — pewnm — giinmy, {lnm (% sin ¢ — cos gb) — sin gb} +0(r?). (3.3.5)
Lemma 3.3.3. [21] For 0 <r < 1,

e—vlnm _ g—flhm _ —Zinm, [lnm (as&;ld) - COS¢)] +0(r?). (3.3.6)
p u

Next we have

Lemma 3.3.4. [21] Suppose (u,v) is a positive steady state solution of (3.0.1). Let
the parametrization of § and v be given as in Section 3.1. Then for some s € [0, 1],

(u,v) = (804, (1 = 8)04,,) in C*(Q) asr — 0.

Proof. By elliptic regularity and the Sobolev embedding theorem, for 0 < r < 1,

(u,v) is uniformly bounded in C*7(Q) for some v € (0,1) [23]. If we let » — 0,
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passing to a subsequence if necessary, (u,v) — (@,9) where (4,9) € C*(Q) with
@, 0 > 0, and (4, 0) satisfy
(

V- [puVi—atVinm|+a(m—a—-0)=0 z €,

V- [uVo—aoVinm|+o(m—a—0)=0 z€Q, (3.3.7)

Vi —aaVinm|-n=[uVo—aoVinm|-n=0 =z € 0.

\

Adding the equation for & and v we have that @ + v is a solution of

(

V- [uV (i + ) — a(i 4 0)V Inm]
+ (G4 0)m—(a+0)]=0 zeQ, (3.3.8)

V(i +0)—a(a+0)VIinm]-n=0 z € 0.

\

Hence we have that either 4t +0 =0 or 4 +9 = 0,,,. If 4 +0 = 0, then since 4,0 > 0,

it must be that & = o = 0, i.e., (u,v) — (0,0) uniformly as r — 0. As m > 0 in Q,

this implies that m — v — v > 0 for small positive r. Integrating the equation of u in

2, we have / u(m —u —v) = 0, which is a contradiction. Thus, it must be the case
Q

that @ + v = 6, ,,. Therefore, (4, 0) satisfies
4

V- [pVi—aaVinm|+a(m—46,,) =0 x e,

V- [pVo—avVinm]+o(m—0,,) =0 z€Q, (3.3.9)

\ Vi —auVinm]-n=[puVo—adVinm|-n=0 z € 0.

Since @ is non-negative, either 4 = 0 or @ #Z 0. If 4 # 0, by the maximum principle we
have @ > 0 in €. This together with the equation of 0, , imply that @& = s0,, for some
constant s > 0, f since both @ and 0, , are eigenfunctions for the principal eigenvalue

0. Similarly, o = 76, for some non-negative constant 7. Since @ + 0 = 0, ,, we see

that s + 7 = 1. Therefore, s € [0, 1]. O

Lemma 3.3.5. [21] Let (u,v) be any positive steady state solution of (3.0.1) with
(B,v) parameterized as in Section 3.1. If (u,v) — (0,6,,) in L=(2) as r — 0, then
u/l|ullsc = O/ ||aullo in C*(Q).
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Proof. We divide the steady state equation of v in (3.0.1) by ||u||« to get
4

V- [V (u/ullee) = alu/|[ullo)V Inm]

+ (u/l[ulloo)lm —u —0] =0 2 €9, (3.3.10)

| 1V (@/l[ulloe) = alu/[[ulloe) VIm] - ]ag = 0.
By elliptic regularity and Sobolev embedding theorem [23], we notice that for all
0 < r < 1, u/||ul|s is uniformly bounded in C*7(Q) for some 7 € (0,1). Thus,
passing to a subsequence if necessary, as r — 0, u/||u||cc — f in C*(Q), where f

satisfies

V- uVf—afVinm]+ fim—46,,] =0 zeQ,
(3.3.11)
WV f—afVinm]-nlsgg = 0.
Therefore, f = kb, for some constant k& > 0. Because ||f||oc = 1, we see that k =

1/||0aulloc- Hence, f = (0a,)/||0aullco- Thus, f is uniquely determined, implying

that convergence u/||u||s — f is independent of the subsequence. O

Lemma 3.3.6. [21] Let (u,v) be any positive steady state solution of (3.0.1) with
(B,v) parameterized as in Section 3.1. If (u,v) = (0o, 0) in L=(Q) as r — 0, then
v/l[vllos = (Bau)/10a,ulloo in C*(S2).

The proof is similar to the previous Lemma. Finally, we state and prove the main

result in this section:

Theorem 3.3.7. [21] Fiz o, u > 0. Consider the parameterizations B = o + r cos ¢

and v = p+ rsing, where r > 0 and ¢ € [0,27). Suppose that

— cos ¢ / O,V (e7/HImG ) -V Inm
Q

+sin¢/ V(e ®/minmg, ) -V, # 0. (3.3.12)
Q
Then for 0 < r < 1, system (3.0.1) has no positive steady state solutions.
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Proof. Suppose we have a positive solution (u,v) for every 0 < r < 1 . If we
let » — 0, from Lemma 3.3.4, Lemma 3.3.5, and Lemma 3.3.6 we see that there
are three scenarios: (i) (u,v) — (804, (1 — 8)04,) in C*(Q); (i) (u,v) — (0,04.,)
and u/||ulloe = (Oup)/||0aulle in C*(Q); and finally (iil) (u,v) — (fa,,0) and
v/ Ivllse = (Bas) /10aplloo in C*(C).

We first consider the case (u,v) = (50a,, (1 — 5)0a,) for s € (0,1) as r — 0.
Consider the formula (3.3.1). By the expansions from Lemma 3.3.2 and Lemma

3.3.3, we combine the first order terms in 7 and then divide the result by s(1 — s) to

get
Q H
_ —a/uinm | [asincb _ cos ﬂ e 0
e nm a.u\T o).
/Q 2 i | o 2

Now consider case (ii). If we divide (3.3.1) by ||u|| s, using our polar parameterizations

as well as our expansions and combining the first order terms in r, we see that

/ ea/ll«lnm |i1nm (g Sin¢ — COoS (z)) — Sin ¢:| (3314)
Q 1%
X V(e*a/ulnmea,p) -V (ea/“lnm—ea’“ )
10a oo
B / —aluiam [asingb _ cos qﬁ} Qg,,u (m = 0,,,) (3.3.15)
Q w? o 0ol o -

Notice that if we multiply (3.3.15) by ||0a,u||c0, We obtain the expression in (3.3.13).
Case (iii) can be handled in a similar manner. Thus we proceed, multiplying the equa-
tion for the semi-trivial steady state 0, , by e~k tmg . Inm and using integration

by parts we obtain the following:
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e’a/“lnmei,u(m — On,) Inm

S—

— M/f;ea/ulnmv(e—a/ulnmemu lnm) . v(e—a/ulnmgmu)
:M/ea/ylnm[v(ea/,ulnmeaﬂu) Inm

Q
ey, inm] - V(e */mmmg, )
:M[/ea/,ulnm‘v(ea/ulnm9a7u)|21nm

Q
+ / 00,V (e /Mg Y- Vinm|. (3.3.16)

Q

Combining this result with (3.3.13) we get

—Singb/ ea/ulnm|v6—a/ulnm9a7u)|2
Q

_ (asin¢—,ucos¢) |:_/ea/ulnmlnm|v€—a/u1nm6a’u)|2:|
1 e |

: _ 1
N (asm¢ MCOS¢) [_/e—a/ulnmei“(m—ea,u)}
W mJa 7

_ (a sin ¢ /: J4 COS ¢) / 0oV Inm - V(e—a/ulnmga’u), (3.3.17)
Q

By rearranging (3.3.17), we see that

—sm¢[/ ea/ulnm‘v(efa/ulnmemu)|2
Q
+ 2 00, Vinm - V(e o/mmm
auVIinm- V(e )
K Ja
= — cosgb/ 00,V Inm - V(e~o/mnmy, ). (3.3.18)
Q
Note also that
ea/“lnm|V(e*°‘/“lnm9a,u)]2 + %QOWV Inm - V(e*a/”lnmea,#)

= V(e Y, ) - {ea/ulnmv<e-a/wnmea,u> + %ewvmm

= V(e /™M, ) V4, (3.3.19)
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Finally, using (3.3.19) in the expression given by (3.3.18), we see that
—cos ¢ / O,V (e7/HME ) -V Inm + sin ¢ / V(e /mmmg, ) -V, =0,
Q Q

which is a contradiction. O

3.4 Evolution of a Single Trait

We begin with a result on the global dynamics of (3.0.1).

Theorem 3.4.1. [21] Let m € C*(Q) such that m > 0, m # constant, and suppose

that @ é # 1. Then (0a,,0) is globally asymptotically stable when p < v, and
v

i
(0,05,) is globally asymptotically stable when p > v.

We note that when v = 8 = 0, Theorem 3.4.1 is reduced to the findings in [17, 27].
As we assume that the ratio of advection to diffusion for two species is identical but
not equal to one, our result in essence mirrors the single trait analysis in [17, 27] by
showing that selection favors the slower diffuser when o/ = 3/v. Hence, Theorem

3.4.1 implies that zero dispersal rate is a convergent stable strategy along the line

a/p=pB/v.

=

Remark 3.4.2. [21] When % == 1, Theorem 3.4.1 does not hold as (3.0.1) has
a continuum of positive coezistent states (sm, (1 — s)m) for every 0 < s < 1 and for
any p,v. Biologically, the assumption % = g = 1 means that both species v and v
are using ideal free dispersal strategies and will thus coexist.

3.4.1 Proof of Theorem 3.4.1

Before proving Theorem 3.4.1, we state and prove a useful lemma.
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Lemma 3.4.3. [21] Consider the following eigenvalue problem

"YV . (BTlan@ZJ) + GTlnmh@Z) — _)\eTlnm¢ = &‘27
(3.4.1)

Viy-n=0 =z €.

where T > 0, h € C(Q), and h is not a constant function. Then X is a strictly

increasing function of vy, where X is the principle eigenvalue for (3.4.1).

Proof. We first note that \ satisfies

")/V . (e‘rlnmv@) 4 e‘rlnmh,& — —j\eTlanZ = Q,
(3.4.2)

Vi-n=0 x€df,
where 1 > 0 on €. It is clear from the variational characterization that A is an
increasing function of 7. We claim that this function is strictly increasing. Consider-
ing (3.4.2), by the implicit function theorem we see that A, ¢ are both differentiable
functions of v (see [3]). Hence we differentiate both sides of (3.4.2) with respect to
to obtain

’)/V . (eTlan@') +V- (GTlanI/_J> +€Tlnm1/_/h

— _S\IBTlanZ] o S\GTlnm@Z/ = Q, (343)

V' n=0 z¢codf.
If we multiply (3.4.3) by ¢ and (3.4.2) by ¢/, subtract the two equations, and finally

using the boundary conditions, integrate by parts, we see that

X’/eTlan/_)2:/|V1E|2€Tlnm
Q Q

Because ¥ > 0 on , we have that X' > 0. Suppose X = 0. Then it must be the case
that ¢ = C' > 0, where (' is constant. Hence, (3.4.1) gives us that —\ = h on . But
we assumed that h is not a constant on 2 and so we have a contradiction. Therefore,

it follows that \' > 0 and hence that \ is strictly increasing. O

Now we prove Theorem 3.4.1
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Proof. Fix a, i, ,v > 0 such that & é # 1. Suppose that p < v, we first show
pov
that (0.,,0) is locally stable. Linearizing (3.0.1) at (6,,,,0), we see that it suffices

to consider

V- -wV¢—poVinm]+d(m —0,,) = - p z€Q,

(3.4.4)
[WVo —BopVinm]-n=0 x € 0.
Set p = e P/VIn™ g Substituting this into (3.4.4), we see that ¢ satisfies
vV - [ ] 4 P p(m —6,,) = =AMy 1 e Q,
(3.4.5)
Veo-n=0 ze€df.
We can also rewrite the equation for 6, , as
LV - [ea/ulnmv(efa/ulnmeaw)} +Oppu(m—"0,,) =0 x€Q,
(3.4.6)
V(eme/mhmg V.n =0, x €.
Set §y = e~ */H 1“’”90{7#, we see that 0, satisfies
pV - [emImg Q] 4 el (m — 6, ) =0 x € Q,
(3.4.7)
Vbly-n=0, xe&odf.
. a _p
Referring to Lemma 3.4.3, put h = m—0,,. Furthermore, set 7 = — = —. Note that
W

from (3.4.7), since 6,, > 0 on 2, which means that 6, > 0 on 2, we see that when
v = p, M) = 0. Furthermore, when v = v, since we are assuming that u < v by
Lemma 3.4.3 we see that A(v) > A(u) = 0. This means then that (6,.,,0) is locally
stable.

Finally, we prove that system (3.0.1) has no positive steady state solutions for our

particular choice of a, i, 5, and v. We argue by contradiction: suppose that (3.0.1)
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has a positive steady state solution (u,v). Let h = m —u — v in Q. Then we see that

(u,v) satisfy
(

uV - [Vu— (a/p)uVInm]+uh =0 x € Q,

vV - [Vu— (B/v)oVinm] +vh=0 x € Q, (3.4.8)

Vu— (a/p)uVInm]-n=[Vv— (B/v)oVIinm]-n=0 2z € .

\

—a/plnm —B/vinm

Let u=e wand v =e v. Then the equations in (3.4.8) can be written

as follows:
pV - [/ 4 et/ — 0 g e Q,
vV - [Arnmyg] 4 Prnmgh — 0z e Q, (3.4.9)

Vu-n=Vv-n=0 z¢& .

\

Since o/ = B/v, we see that @ is the principle eigenfunction satisfying (3.4.1) when
v = u, and we see that v is the principle eigenfunction satisfying the same eigenvalue
problem when v = v. Since we are assuming that p© < v, by Lemma 3.4.3, we
know that A(u) < A(v). But from (3.4.9), we see that A(u) = 0 = A(v), which
is a contradiction. Hence, (3.0.1) has no positive steady state solutions. Finally,
since (3.0.1) has no positive steady states, by Theorem 1.3.2 we see that (f,,,,0) is
globally asymptotically stable. The proof concerning the global asymptotic stability

of (0,603,) is similar. O

Theorem 3.4.1 raises a interesting question: in a temporally constant but spatially
varying environment, is the smaller dispersal rate always favored by selection? The

following result provides a partial answer:

Theorem 3.4.4. [21] Suppose m,m, >0 on Q =[0,1], and o = f5.

(i) If 0 < o < p, there is an €, > 0 such that for v € (p, pp+ €1), (8o, 0) is globally

asymptotically stable.
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) [rm
(ii) If o« > max {u,

- }, there is an €3 > 0 such that for v € (u, pn+ €2),
mingg 1) (mg/m)

(0,605,,) is globally asymptotically stable.

Theorem 3.4.4 is motivated by [24], where a similar result is established for the
model (3.0.1) with P = @ = m. It is an open question whether part (ii) holds for
any o > [i.

Theorem 3.4.4 assumes that the advection rates of both species are set to be
equal and the diffusion rates vary. If both diffusion rates are close and larger than
the advection rate, the slower diffuser wins. However, if both diffusion rates are
close but smaller than the advection rate then the faster dispersal rate is favored. In
particular, Theorem 3.4.4 implies that the ideal free strategy p = « is a convergent
stable strategy with respect to the evolution of the random diffusion rate. For each
fixed & = f3, the species whose diffusion rate is closer to the (common) advection rate

will win; i.e., selection prefers strategies which are closer to being ideal free.

3.4.2 Proof of Theorem 3.4.4

Proof. (i) We begin by showing that (6,,,,0) is locally stable. Referring to the eigen-
value problem in (3.1.1) and using the parameterizations in Remark 3.1.3, we have
that the principal eigenvalue \* = A7 cos ¢ + Aorsin ¢ + O(r?), where \; and \g
satisfy (3.1.5) and (3.1.6) respectively. However, since a = (3 is fixed, we consider

only ¢ = 7/2. Thus, cos ¢ = 0 and \* has the same sign as Ay which satisfies

1 1
A / e~ o/mhmg? = / (e /"™ ™05 ) (Baups)a- (3.4.10)
0

0

From Lemma 3.2.1 we have that since 0 < a < pu, (e_(o‘/“)lnm%#)i (Oap)s >0
on [0,1]. Thus, Ay > 0, and there is an € > 0 such that for » € (0,¢), \* > 0.
Hence, (0., 0) is locally asymptotically stable. Similarly, using Lemma 3.2.1 and the

expression for 7y in (3.1.13), there exists a § > 0 such that if » € (0, ), the principal

43



eigenvalue for (3.1.11), n* < 0. Thus, (0,6s,) is unstable. By Theorem 3.3.7, we see
there are no positive steady states and, as our system is strongly monotone, we know
that by Theorem 1.3.2 for 0 < r < €; = min{e, §}, (0,,,0) is globally asymptotically
stable.

ii) From Lemma 3.2.2, since o > p, (e ®/*nmg, < 0 on [0,1] and since
M)

fol m

a > ————— Lemma 3.2.5 gives us that (6,,,), > 0on [0, 1]. Using the expression
min(m, /m) ’
for ny in (3.1.13), again with ¢ = 7/2, we notice that
1 1
72 / eo/mnmg? = — / (e /"™ ™60 ) (Baps)a- (3.4.11)
0 0

This shows that 7, > 0, indicating that for sufficiently small » > 0, n* > 0. Hence,
(0,605,) is locally asymptotically stable. In addition, from (3.4.10), A; < 0, giving
us that for sufficiently small » > 0, A* < 0. Thus (,,,,0) is unstable. Combining
the stability results of both semi-trivial steady states, recalling that our system has
no positive steady states, and appealing to the strong monotonicity of our system,

renders that for sufficiently small » > 0, (0, 63,) is globally asymptotically stable. [

As another example of selection favoring strategies closer to the ideal free strategy,

we restate Theorem 2 of [9] in the framework of model (3.0.1), as follows.

Theorem 3.4.5. (Theorem 2 in [9]) Suppose m,m, > 0 on Q = [0,1] and u = v.
Ifa< B <porp<pf <a, (Bau0) is unstable and (0,0p,) is locally stable.
Furthermore, give any « # u, there exists a number ((a) > 0 such that if a« < f <

at+(<porp<a—(<p<athen (0,0s,) is globally asymptotically stable.

Notice in Theorem 3.4.5, we set i = v and vary the advection rates. By varying
advection rates, we see that the species with the advection rate closer to the (common)
random dispersal rate is favored, indicating that © = « is a CSS. Hence, we show
again that the species with the strategy closest to the ideal free dispersal strategy

will win.
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Remark 3.4.6. If we relax the monotonicity assumption on m, then the first part
of Theorem 3.4.5 may not hold. That is, for appropriately chosen m,a, 3, u, and v,
where pp < o < 3, both (0., 0) and (0,05,) can be unstable. This topic will be further

explored in Section 4.1.

Assuming that a one-dimensional trait is represented by a real parameter, then
Theorems 3.4.1, 3.4.4, and 3.4.5 are in essence results concerning the evolution of one

trait. These results can be summarized in Figure 3.1.

v
C v=_4
E D
A
B
A
§

Figure 3.1: (Figure 1 in [21]) Illustration of Theorems 3.4.1, 3.4.4, 3.4.5. Each dot repre-
sents a resident with strategy (a, p) and evolution is directed by the arrows.
(A) illustrates Theorem 3.4.1. (B) and (C) illustrate Theorem 3.4.4. (D) and
(E) illustrate Theorem 3.4.5. Note that selection drives each resident along
its respective path towards the ideal free dispersal strategy (shown as the line

v=_[).

A question which consequently arises is as follows: Suppose we are given any («, p)
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with o # p, and we introduce a nearby mutant (3, r). Can we construct a picture
which integrates the results from Theorems 3.4.1, 3.4.4, and 3.4.57 This question
prompts us to consider varying both random diffusion and advection simultaneously.

Our results are shown in the next section.

3.5 Evolution of Two Traits

All of the previous results concern the evolution of a one-dimensional trait parameter.
We allowed a single trait to vary while fixing all other parameters. By varying two
trait parameters, we can make the problem more biologically realistic (see [21] for
specific examples) and can refer to the variation of two parameters as the evolution
of two traits.

In this section we use the model (3.0.1) to study the evolution of two traits; that
is, we allow the random dispersal and advection rates to vary simultaneously in the
model, while fixing other parameters. The following result provides an initial look

into the evolution of two traits:

Theorem 3.5.1. [21] Suppose that m,m, > 0 on [0,1]. Given any a,pu > 0, let
B, (o, i) denote the ball of radius v centered at (o, ). Then, there exists some € > 0
small such that the following hold:

. v o
O fa>p Bw)e{Bv)vspy>t]

v B.(o, 1), then (0,0p,) is globally
asymptotically stable; if (,v) € {(B, v)iv>p,— <

} N Be(a, p), then (0,,,0) is

globally asymptotically stable.

(i) If o« < p, (B,v) € {(ﬁ,y) cv < p,% < g} N Be(a, ), then (0,05,) is globally
asymptotically stable; If (5,v) € { (B,v):v > u,% > g} N Be(a, p), then (6,,,,0) is

globally asymptotically stable.
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3.5.1 Proof of Theorem 3.5.1

Here we suppose that m € C?(€2), m is positive, non-constant and Q = (0, 1).

Lemma 3.5.2. [21] Suppose a,pu > 0 and let A\, Ao be defined as in (3.1.5) and

(3.1.6), respectively.

(i) If a < p, then 0 < M <2
)\2 «
(i) If @ > p, then s _—)\2
BN
Furthermore, suppose that m is linear. If o < p, then g > _)\—)\1 > 1. On the other
2

-\
hand, if o > p, then K < 2L,
« A

2
My

Proof. (i) When a < g, Lemma 3.2.1 states that 11(0,,,)s — a—6,, > 0 on (0,1).
m

Hence

1 m
0< [0, (4Bas)e — a"00)
0 m
1 m 1
= —a/ (e_o‘/“lnm% M)I—x% ut u/ (e‘a/“lnmﬁa 1)z (0o )z (3.5.1)
O 9. m 9. O 9

Note that using (3.1.5), (3.1.6), and (3.5.1) gives 0 < aA; + pAy. Thus, because

Ay > 0, we obtain our result.

Mg

(i) If & > p, then Lemma 3.2.2 gives us that p(0,,,), — a - o, < 0on (0,1).

Proceeding as above, we see that aA; + uAs > 0. Since A\; > 0, our result follows.

—A
Now suppose that m is linear. By part (i) above, we have that M B From
2 «
Theorem 3.2.9, we know that (6,,,). — %HQ,M < 0 on [0,1]. Thus,
m
1 " m
0> —a,unmea m(ea m__xga)
JAC e (Gas)e = 2200,
1 1 m
— [~ [ (0, (35.2)
0 0 m

Now from (3.1.5), (3.1.6), and (3.5.2), it follows that Ay + Ay < 0. Since (4,,)s > 0

on [0,1], Ay > 0 and our result follows. The proof of the other case is similar. O
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Similar to Lemma 3.5.2, we have the following result:

Lemma 3.5.3. [21] Suppose o, > 0 and let m1,m2 be defined as in (3.1.12) and

(3.1.13), respectively.

(i) If a < p, then 0 < B

T2 o
(i) If @ > p, then R

H n
In addition, suppose that m is linear. If o < pu, then K > —n > 1. Also, if a > p,
o Up
then & < —n < 1.
(e} 7’]2

Theorem 3.5.4. [21] (Theorem 3.5.1) Fiz p,oc > 0, and set § = a + rcos¢ and

v =+ rsing, where r >0 and ¢ € [0, 27).

(i) Suppose that o < p. There ezists 0 < v; < 1 such that if r < v and ¢ €
[tan™"(uu/a) —,0], then (0,03,,) is globally asymptotically stable. Furthermore, there
is a 0 < vy < 1 such that if 1 < v and ¢ € [tan™'(u/a), 7], then (0a,,0) is globally

asymptotically stable.

(ii) Suppose that o > p. There exists 0 < 73 < 1 such that if r < v3 and ¢ €
[, cot™ (o)) + 7], then (0,05,,) is globally asymptotically stable. Furthermore, there
is a 0 < vy < 1 such that if 1 < v4 and ¢ € [0,cot™ " (a/u)], then (0a,,0) is globally

asymptotically stable.

Proof. (1) We know that as long as A\jcos¢ + Agsing # 0, but retains the same
sign, \* = A\rcos¢ + Morsing + O(r*) # 0 for 0 < r < 1 and appropriate ¢.
Define the function g as g(¢) = Ajcosd + Aysin¢. Clearly ¢ is continuous in ¢.
Note that g(—m/2) = —X2 < 0 (see (3.1.6) and Lemma 3.2.1). We claim that on
[tan~'(u/a) — 7,0], g < 0. Suppose this is not the case. That is, suppose that
g(¢o) = 0 for some ¢ € [tan™ " (u/a) — m,0]. Then ¢o € [tan'(u/a) — 7, —7/2) or
¢o € (—7/2,0]. Suppose ¢y € [tan"(u/a)—7, —7/2). On the one hand, since g(¢o) =
48



—A
0, tan(¢g) = —L but on the other hand, tan(¢g) > B on this interval. Lemma 3.5.2
a

A2
-
states that )\—1 < H, giving us a contradiction. Next, if we suppose ¢y € (—m/2,0],
2 «
—-A
we obtain a contradiction since tan(¢g) < 0, but by Lemma 3.5.2 , )\—1 > 0. Finally,
2

since ¢ is continuous, it does not change sign on [tan™ ' (u/a) — 7, —7/2) U (—7/2,0],
and g(—m/2) = —X < 0, we see that ¢ < 0 on the desired interval. Thus for r
small enough and ¢ € [tan'(u/a) — ,0], the principal eigenvalue \*, in conjunction
with semi-trivial steady state (6,,,0), has the same sign as g(¢). Since g < 0 on
[tan™"(u/c) — 7,0], it must be that \* < 0. Hence, (6,,,0) is unstable. Note that
by Theorem 3.3.7, our system does not have any positive steady states. Hence, by
Theorem 1.3.2, (0,605,) is globally asymptotically stable.

For the second case, define h(¢) = n;cos¢ + nysin¢. By the continuity of h,
Lemma 3.5.3, (3.1.12), and (3.1.13), we see that A > 0 on [tan '(u/a),n]. Here
we want to show that (0,6,) is unstable. As above, we can express the principal
eigenvalue n* = ny7r cos ¢ + nyrsin ¢ + O(r?) for small r and ¢ € [tan™(u/a), 7). For
these values of r and ¢, n* = rh(¢)+O(r?). Hence, n* > 0, which shows that (0,63,,)
is unstable. Again, by Theorem 3.3.7 our system does not have positive steady states,
so by Theorem 1.3.2, (0,,,,0) is globally asymptotically stable.

(ii) The proof is quite similar to that of part (i). First we want to show that
for small r and ¢ € [r,cot™ ! (a/p) + 7], A* < 0, implying that (f,,,,0) is unstable.
Again, we define g(¢) = A; cos ¢+ g sin ¢. Using (3.1.6) and Lemma 3.2.2, we see that
g(m) = —A; < 0. We claim that g < 0 on |7, cot*(a/p) +7]. Suppose that g(¢o) = 0

for some ¢y € (m,cot™!(a/u) + 7). Then cot ¢ = _/\—)\2 But on [, cot™!(a/p) + 7,
1

o —A

cotgp > — > )\—2, where the last inequality is given by Lemma 3.5.2. This is a
K 1

contradiction and thus shows that ¢ < 0 on the given interval. Hence, for small

enough r and ¢ € [r,cot ! (a/u) + 7], we can write \* = rg(¢) + O(r?) and we have
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that A* < 0. Thus, (6,,,0) is unstable. Again, by appealing to Theorem 3.3.7 and
Theorem 1.3.2, (0,63,) is globally asymptotically stable.

For the other case, we define h(¢) = n; cos¢ + nysin¢. Following an argument
similar to the above, we see that h > 0 on [0,cot™'(a/u)]. We can then write
n* = rh(¢) + O(r?) for small enough r and ¢ € [0,cot™*(a/u)]. Thus, n* > 0, which
indicates that (0,63,) is unstable. Finally, by Theorem 3.3.7 and Theorem 1.3.2, it

must be that (6,,,,0) is globally asymptotically stable. O

Theorem 3.5.1 provides limited regions where we can conclude whether or not
a semi-trivial steady state is globally asymptotically stable; see Figure 3.2. The
picture is more complete, however, for linear resource functions. The underlying
mathematical reason, which could be technical, is that the gradient of the single-
species equilibrium solution 6, , plays a crucial role in determining the stability of
the semi-trivial steady states of (3.0.1). What is surprising is that there are monotone
resource functions m on € = (0, 1) such that 6, , are nonmonotone. We will give a
more detailed discussion in Section 3.5.3 about such example(s). For now, this gives
us reason to narrow our choice of resource function for the sake of finding an analytic
picture which is more complete than Figure 3.2. We consider linear m in the next

result.

Theorem 3.5.5. [21] Suppose that m is linear, nonconstant and positive on [0, 1].
Given any o, i > 0, there exists some € > 0 small such that

. v
) o> (Bv)e{By):v—mnzp-o
globally asymptotically stable; If (5,v) € {(ﬂ, v):v—pu< f— a,% <

> g} N Be(a, ), then (0,05,) is

. }

— N B(a, ),
- (@, )
then (6a.,,,0) is globally asymptotically stable.

<

(i) o< p (Bv) e {Bv):v-p<p-a,

eI=

} N Be(a, ), then (0,65,) is

SN
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Figure 3.2: (Figure 2 in [21]) Illustration of Theorem 3.5.1. Part (i): Point (A) represents
resident with strategy («, ), centering the ball B.. An invader with strategy
(8,v) located in the blue region wins over strategy (A). However, an invader

with strategy in the green region loses to (A). Line B has slope B and the line

Q
v = [3 represents the ideal free dispersal strategy. Part(ii): Illustrated as in
part (i). Just replace point (A) with point (C) and line B with line D.

globally asymptotically stable; If (B,v) € {(6, v):iv—pu>p— 04,% > g} N Be(a, 1),
then (6a,,,0) is globally asymptotically stable.

3.5.2 Proof of Theorem 3.5.5

Before proving the Theorem 3.5.5, we reformulate it in terms of polar coordinates,

and present the result in full generality.

Theorem 3.5.6. (Theorem 3.5.5) Fiz p,a0 > 0. (Note that here we slightly extend
the regions listed in Theorem 3.5.5) Consider the parameterizations = o + 1 cos(¢)

and v = p+ rsin(¢), where r > 0 and ¢ € [0, 27).
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(i) Suppose that « < p. Let 0 < 1 < )\—1 and )\—1 < p1. There exists 0 < 71 <
2 2

1 such that if r < v and ¢ € [tan"'(p1) — 7, tan"'(71)], then (0,05,) is globally

asymptotically stable.

(ii) Suppose that o < p. Let o To and 0 < py < T There exists 0 < Yo K
T2 72
1 such that if r < 7o and ¢ € [tan™'(my), 7 + tan™'(py)], then (0a.,,0) is globally

asymptotically stable.

- —A

(iii) Suppose that o« > p. Let )\—1 <13 and 0 < p3 < /\—1 There exists 0 < 3 <K
2 2

1 such that if r < v3 and ¢ € [tan"'(73), 7 + tan"'(p3)], then (0,05,) is globally

asymptotically stable.

—A —A

(iv) Suppose that o > p. Let 0 < 74 < W L and W L < ps. There exists 0 < v4 <
2 2

1 such that if r < 74 and ¢ € [tan"'(py) — m, tan"'(74)], then (04, 0) is globally

asymptotically stable.

Proof. (i) We begin by showing that (6,,,,0) is unstable. As in the proof of Theorem
3.5.4, we seek a region where \j cos ¢ + Ay sin ¢ # 0. Define g(¢) = \j cos ¢ + Ay sin ¢.
Note that by Lemma 3.2.1 and (3.1.6), g(—7/2) = =Xy < 0. We claim that g < 0 on
[tan™"(p1)—m, tan ' (71)]. Suppose that g changes sign on this interval. Then there is a

¢o € [tan"!(py) —7, —7/2)U(—7/2, tan" ()] where g(¢o) = 0. By definition of g, we

—-A —-A

see that tan(¢g) = )\—1 Now if ¢o € [tan™'(p;)—m, —7/2), then tan(¢g) > p; > )\—1,
2 2
—-A

which is a contradiction. Likewise, if ¢ € (—7/2,tan""(7)], tan(¢) < 71 < )\—1,
2

which is a contradiction. Thus, as ¢ is continuous in ¢ and does not change sign,
g < 0on [tan"*(p;) — 7, tan"*(r1)]. We can then write \* = rg(¢) + O(r?) < 0 for
sufficiently small » > 0 and ¢ € [tan"'(p;) — m,tan"'(7)]. It follows that (6,.,,0) is
unstable. By Theorem 3.3.7 and Theorem 1.3.2, (0,63,) is globally asymptotically

stable. The other cases can be proved similarly. O]
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Theorem 3.5.5 is succinctly illustrated in Figure 3.3. Note that for part (ii) of

Theorem 3.5.5, the picture is symmetric with respect to the line v = f3.

Figure 3.3: (Figure 3 in [21]) Hlustration of Theorem 3.5.5, part (i). Point (A) represents
resident with strategy («, p), centering the ball B.. Line B is parallel to the
line v = 8 (the ideal free dispersal strategy). Line C represents the line formed

when A* = 0 (refer to parameterization in (3.1.2)). Line D has slope B An
«

invader with strategy (3, ) located in the blue region wins over (A). However,
an invader with strategy in the green region loses to (A).

3.5.3 Numerical Results with Monotonic Resource

Before we present our specific numerical results in this section, we briefly discuss our

numerical methods and introduce some terminology.
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Numerical Methods

The numerical analysis of the PDE was performed using MATLAB’s pdepe code [21].
In terms of simulating a competition between a resident and an invader, we begin
with a resident of initial distribution uy = sin(27z) + 2sin(37z) + 3, v9 = 0 and allow
that resident’s population size to evolve according to (3.0.1) up to time t = 10" [21].
This allows the resident distribution to essentially be at “equilibrium”. This resulting
“equilibrium” distribution becomes the new initial population of the resident. Next,
we introduce an invader with initial distribution vy = 0.05(sin(27z) + 2 sin(37z) + 3)
and run the new system for time ¢ = 10" [21]. As in [21], a species survives if its
maximum population size at any point in the domain is larger than 0.01, otherwise
we consider the species extinct. To be a winner, a species must survive and all other
competitors must go extinct.

In order to illustrate these competitions graphically (with respect to specific pa-
rameters), we use Pairwise Invasion Plots (PIP). “Each point corresponds to a differ-
ent competition where the color of the point indicates the outcome of the competition.
Green indicates the resident wins, blue the invader wins, and red implies that both
species survive. Two types of PIP plots were generated: o v 8 where p and v are
held constant while o and (§ are varied and § v v where o and p are held constant

while 8 and v are varied [21].”

Monotone Results

In this section, we numerically test our new results in Theorem 3.5.1 and Theorem
3.5.5 as well as broaden their applicability. To begin, we assume a resident has traits
a = 0.5 and p = 1 and the resource function m(z) = 2z + 1 [21]. We plot the results
of resident versus invader competitions in a circular PIP where the invader traits

are allowed to be small perturbations around a = 0.5 and p = 1, see Figure 3.4(a).
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Figure 3.4: (Figure 4 in [21])(a) Linear and (b) monotonic circular PIP for o = 0.5, p = 1.
Green points indicate the resident wins, blue points indicate the invader wins,
and red indicates coexistence.
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Notice that we have an invader winning over the resident via a vertical perturbation
under which p decreases slightly. This is consistent with the result of [17] as the
slower diffuser gains an advantage. However, if we consider a circular PIP around a
resident with traits a = 1 and g = 0.5, the picture will be symmetric relative to the
v = (3 line. This suggests, and is consistent with the result of Hambrock and Lou
[24], that a vertical perturbation where p increases slightly gives the faster diffuser
the advantage. Thus we see that our numerics correspond to the analytic result in
Theorem 3.5.1. In addition, we see in Figure 3.4 (a) that there are regions near the
v = g B line where either the resident or invader wins. As Theorem 3.5.5 indicates,
“these regions overlap the u/« line, and are actually divided into two regions by the
line representing A* = 0 (compare Figure 3.3 and 3.4)” [21].

Note that in Figure 3.5, we let m(x) = sin(10x) + 10.1z 4+ 10 which is clearly
non-linear, but still monotone. Interestingly, for « = 3 and pu = 0.1, the steady
state profile for the single resident species is not monotone, see Figure 3.5. However,
referring to Figure 3.4(b), we see a similar picture as in the linear case (except with
a larger region of overlap). Not only does this support our analytic findings, but it
allows us to generally say that for a monotone resource m, the competitive species
which is “closer” to the ideal free strategy will win.

We see then that the ideal free strategy provides a reference point from which we
can more clearly understand the evolution of dispersal as well as interpret previous
findings. As was mentioned above, Hambrock and Lou obtained almost an identical
result to Theorem 3.5.1. In order to explain why sometimes the faster or slower
diffuser gains the competitive advantage, Hambrock and Lou [24] suggested that
“a balanced combination of random dispersal and biased movement along resource
gradients is probably a good strategy ...for the species as a whole”. While this

makes biological sense, it remains somewhat indefinite. Putting the whole picture
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Figure 3.5: (Figure 5 in [21])Non-monotonic resident steady state (blue dashed curve) plot-
ted against its monotonic resource (green solid curve).

together, our conclusion for monotone m allows us to precisely define this ‘balanced

combination’ in terms of the ideal free strategy.

3.5.4 Evolutionary Paths

As in the one trait case, it is tempting to conjecture that the ideal free dispersal
strategy v = [ is a CSS with respect to the Euclidean metric in the trait space (3, v).
That is, given a resident strategy («v, u) with a # p (i.e., not an ideal free dispersal
strategy for the resident), we would expect that an invading species with strategy
(B, v) will be able to invade when rare if the distance from (3, v) to the line v = § is
shorter than the distance from («, pt) to the line v = 3. However, referring to Figure

3.3, note that the blue and green regions can be arbitrarily close to the line C (also
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refer to the generalized version in Theorem 3.5.6). Hence, an invader with strategy
at (E), for example, can replace (A) and become the new resident even though its
distance to the line v = f3 is greater than the distance from (A) to the line v = 3; see
Figure 3.3. This means that there are certain paths along which selection will drive
the dispersal strategy further away from the ideal free dispersal strategy.

It seems natural to ask the following question: along which paths (not necessarily
straight lines) is the ideal free dispersal strategy a CSS in the trait space (5, )7 Note
that in the one trait case, we showed that along the vertical line, the horizontal line
and the line o/ = /v, the ideal free dispersal strategy is indeed a CSS. To answer

this question, we first give a definition. For 0 < s < 1, define curves
Io={(2z(s),y(s)) : 0 <y(s) <z(s), 0<s<1, z(1)=y(1)}

Py={(a(s),y(s)) 0 <x(s) <yls), 0<s<1, (1) =y(1)}.

We say that I'_ or '} is a convergent stable path if for any 0 < s < 1, there

(3.5.3)

exists 0 > 0 small enough such that for any 0 < As < ¢, the semi-trivial steady
state (0,03, ) of system (3.0.1) with («, p1, 8,v) = (x(s),y(s), z(s + As),y(s + As)) is
globally asymptotically stable.

The following result provides a criterion for determining a convergent stable path:

Theorem 3.5.7. [21] Suppose that m is linear, non-constant and positive on [0, 1].

Let x(s),y(s) be two positive functions defined on [0, 1].

(i) If we further assume that both y(s) — x(s) and % are monotonically decreasing
x(s

functions for s € [0,1), then T'y is a convergent stable path.

(ii) If we assume that both y(s)—z(s) and y(s) are monotonically increasing functions

x(s)

for s €[0,1), then T'_ is a convergent stable path.

Proof. (i) By the monotonicity of y — x and Y for 0<s<land0<As<1-—s, we
x
(s + As) < z(s+ As)
y(s) = x(s)

have y(s + As) — y(s) < z(s + As) — z(s), and Y . Choosing
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(o, b, B,v) = (x(s),y(s),z(s + As),y(s + As)), we have that v — u < § — a and
1< y < g. Let 7, be as in Theorem 3.5.6. Fix 0 < s < 1 and choose 0 < § < 1
such [‘zhat as long as 0 < As < 8, (B — a)*+ (v — p)* < 7. We can now apply
Theorem 3.5.6 by setting 7 = 1 and p; = g, which says that (0,6,) is globally

asymptotically stable. The proof of (ii) is similar. O

Referring to Figure 3.3, Theorem 3.5.7 says that a path will be convergent stable
as long as it stays within the blue cone formed by the lines % —Fandv— U= p—a.
«

Essentially, this means that the path stays in the blue region as it progresses towards

the line g = v.

Numerical Results

As discussed in the previous section, sufficient criteria for a path to be convergent
stable (for the linear resource case) is if it remains in the blue cone formed between
the lines v — p = f — a and v/ = p/a, refer to Figure 3.3. In order to test
this claim and examine how evolution may proceed for more sophisticated resource
functions, we set up another competition between a resident and an invader. This
time, however, the invader’s traits are given as a random perturbation which is 0.01
away from the resident’s traits [21] (note that we can vary either a single trait (refer
to Figure 3.1 ) or both traits). If the invader wins the competition or coexists, we
make the invader the new resident. If the resident wins it remains. We repeat this
process for finitely many steps. The resulting evolutionary path will be referred to
as an ‘acceptable path’ [21]. Note that a convergent stable path is not the same as
an acceptable path as the latter may move into a region of coexistence if the random
perturbation is large enough [21]. Also note that the law of large numbers indicates
that almost all acceptable paths will be “close to an average path, or trajectory”

[36]. Such a trajectory is determined by the canonical equation (see [36]) which is
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Figure 3.6: (Figure 10 in [21]) Acceptable paths for (a) linear resource with resident traits
starting at & = 0.5, © = 1, and (b) multiple peak resource with the resident
traits starting at o« = 12, u = 1. Acceptable paths in the linear example allow
deviations from the line v = Su/a to the ideal free strategy. Acceptable paths
in the multi-peak example stay close to another line.

derived as a limiting process of small random trait perturbations. Thus our method
of determining an acceptable path provides approximations to the “canonical path”.

Referring to Figure 3.6 (a), we see that in the linear resource case the acceptable
trait paths converge directly to the ideal free strategy. This supports our analytic
result. We note that the acceptable paths in the nonlinear but monotone example
(m(xz) = sin(10x) + 10.1z + 10) follow a similar trend as in Figure 3.6 (a), again
supporting our analytic results. However, if we consider a multiple peak resource
curve, m(x) = sin(37z + ) + 2, we see different behavior. As Figure 3.6 (b) suggests,
the paths seem to be converging to a line different than the ideal free strategy. We see

the diffusion decrease while the advection remains relatively unchanged until the path
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reaches this new line. However, we believe that the traits decrease along this line,
eventually reaching the ideal free strategy at the origin, i.e. where both advection

and diffusion are 0.
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CHAPTER 4
COEXISTENCE RESULTS

4.1 Coexistence of Two Species

Because we want to understand the competition between species with differing disper-
sal strategies, we look for conditions that promote the coexistence of two competitors.
We begin with some previous findings. Recently, Cantrell et al. [8] considered model
(1.3.4) with P = %m, Q = gm and 8 = 0, in other words, comparing the com-

petition between a conditional disperser and a species dispersing only via random

diffusion. They proved the following to be true:

Theorem 4.1.1. (Theorem 1.5(c) in [8]) Suppose that m is a non-constant function,
and / m > 0. Also, suppose that the set of critical points of m has Lebesque measure
2€70 a(;Ld that m has at least one isolated global maximum in Q. Then for every pn > 0
and ¢ > 0, there ezists some positive constant A(p, (,m,Q) such that if v > ¢ and

a > A, system (1.3.4) has at least one stable coezistence state.

Building on their work, Chen et al [11] studied model (1.3.4) with P = S
i

and ) = ém, allowing both species to be conditional dispersers. Concerning the
v

coexistence question, they asked that if species v has a fixed advection rate, say

B > 0, then will species u and v coexist if the advection rate «, for u, is sufficiently

large? We state their conclusion in the following theorem.
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Theorem 4.1.2. (Theorem 1 in [11]) Suppose that / m > 0 and that |Vm| > 0 for
Q
almost all x € Q. Then there exists some positive constant Ay(u, v, m, <), independent
of B8, such that when o > Ay and 0 < < L, both semi-trivial steady states
maxg m
are unstable and system (1.3.4) has at least one stable positive steady state.

Next, Cantrell et al. [9] considered model (1.3.4) with P = ) = Inm and were
able to extend the above results. We present their assertion on coexistence in the

context of system (3.0.1).

Theorem 4.1.3. (Theorem 2(b) in [9]) Suppose that p=v, Q = (0,1), and m, m, >
0 on Q. If either o < u < B or B < pu < a, then both semi-trivial steady states are

unstable and system (3.0.1) has at least one stable positive steady state.

However, coexistence is possible with more general conditions on p, v, €2, and m.
Recently, we showed the following (we state the result and its proof in the context of

system (3.0.1)):

Theorem 4.1.4. (Theorem 4 in [1]) Suppose that m € C*(Q) is positive and non-
constant (here Q is a bounded domain in RY with smooth boundary). If (o — pu)(B —
v) < 0, then both semi-trivial steady states are unstable and system (3.0.1) has at

least one stable positive steady state.

Proof. First we show that (0,6s,) is unstable. Let A\; denote the smallest eigenvalue

of the following eigenvalue problem

V- [uVe —apVinm| +¢(m —0s,) = —Ap, in Q,
(4.1.1)

(Ve —apVinm]-n=0, on 09,
and let ; be the unique positive eigenfunction satisfying max¢; = 1. Put ¢ =
Q

©1m /", Then, 1 satisfies

uN - [mENY] + pm®H(m — 05,) = —A\ym*Mp, in Q, o)
412

Vi-n=0, on 0.
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Dividing equation (4.1.2) by % and integrating in €2, we see that

a/p 2
—Al/ma/“:,u/ er/ma/ﬂ(m—eﬁ,y)‘ (4.1.3)
Q Q ?ﬁ Q

Note also that 03, satisfies

V- [vVbs, — 0, VInm|+0s,(m—60z,) =0, in

(4.1.4)
vV, — 505,VInm]-n=0, on 0.
Set @ = 05,,m 7/, We then have that 6 satisfies
vV - [mP"N0) + 05, (m — 05,) =0, in Q,
(4.1.5)
VO-n=0, on 0f.
Multiplying equation (4.1.5) by 6° and integrating in €2, we have
/ 9;—%1
B/vps—1 2 ,V o o
l/s/Qm 6| V0| /Q — (m—40s,) =0, (4.1.6)
where s > 0 will be chosen later.
Combining equations (4.1.3) and (4.1.6) we obtain
a/u 2
/m / m ‘VM —|—Vs/mﬁ/”08 Hvo?
Q
ma/umsﬂ/v _ ggtl
/ YD : (m — 957,,). (4.1.7)
Set s = M Then by assumption, s > 0. Thus,
pv—B)
ms—H 95+1
-\ / mo‘/“ > / mSﬁ/V m — 957V), (418)

where equality holds if and only if ¢) and # are constants in €2. Since s > 0, we have

that

(™~ 6531 (m — 03,) > 0
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in 2 and equality holds if and only if m = 63,. Thus, Ay < 0, and A\; = 0 if and
only if m — 0g, = 0. Suppose that m = 03, in 2. Then since 0 satisfies equation
(4.1.5) where the second term is now zero, by the maximum principle [45] we must
have that § = C in €2, where C' is some constant. By the definition of 6, m must then
be constant in . But this is a contradiction. Hence, A\; < 0, which together with
Lemma 2.0.4 implies that (0,63, ) is unstable.

By symmetry, we also have that if (o—p)(8—v) < 0, (6o, 0) is unstable. Because
system (3.0.1) is a strongly monotone dynamical system, by Theorem 1.3.2; system

(3.0.1) has at least a stable positive steady state. O

Essentially, Theorems 4.1.1, 4.1.2, 4.1.3, and 4.1.4 show that coexistence is possible
for similar regions in trait space. For simplicity, we illustrate the region in Theorem
4.1.4 when v = pu; see Figure 4.1.

Cantrell et al. [9] predicted that the only way system (3.0.1) could exhibit co-
existence is if the dispersal strategies for both species satisfied (v — p)(5 —v) < 0
(the assumption from Theorem 4.1.4). In particular they conjectured that the first
part of Theorem 3.4.5, namely if 1 < f < «, then (6,,,0) is unstable and (0,03,
is locally stable, should hold for a larger class of functions than just those m with
m, # 0 on §2. Biologically these predictions seem likely for two reasons. First, the
strategy a = p is an ESS. Thus it seems likely that two species can coexist if their
strategies are on “opposite sides” in trait space of the ideal free strategy, i.e. one
species acts as a generalist, pursuing resources away from the local maxima of m and
the other species acts as a specialist, focusing on resource maxima. Second, it seems
that this is the only way two species can coexist as Cantrell et al. found that o = p
is a CSS along certain paths [9]. That is, if two strategies are on the “same side” in
trait space of the IFS (i.e. both competing as specialists or generalists) competitive

exclusion suggests that only one species should survive.

65



new region

previous region

Figure 4.1: (Figure 7 in [21]) Coexistence is indicated by the red regions. The region along
both axes illustrates Theorem 4.1.4. The elliptic region illustrates our new
result given in Theorem 4.1.5.

However, we see that if we relax the monotonicity assumption on m, then the
first part of Theorem 3.4.5 may not hold. That is, for appropriately chosen m, «, (3,
i, and v, where p < a < f, (such trait values do not satisty (o — p)(8 —v) < 0),
both (6,,,0) and (0,6s,) can be unstable. To construct such an m, we suppose m
is positive in  and satisfies the following assumption:

(A1) There exists some zo € (2 such that z is a local maximum of m(x) and

fQ m2lnm
fQ m?

Clearly, there exist functions m € C?(Q) that satisfy (A1) and if we perturb m

Inm(zo) <

slightly, we can say that all critical points of m are non-degenerate. Furthermore,

notice that if m satisfies (A1) it cannot be monotone as it must have at least two
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local maxima. That is, if we let Z be any global maximum point of m(z), we see that
fQ m?Inm
Jom?

Since In(z) is an increasing function, we have that m(z) < m(z).

Inm(zo) < <Inm(z).

Now, assuming that m satisfies (A1), we want to find positive constants «, f3, yi,
and v, such that (6,,,,0) is unstable. The underlying idea here is to first find o, 1 > 0
such that species u under-matches the resource at some local maximum xy. That is,
for appropriate o, i > 0, we want m(zo) — a,,(x0) > 0. Next, we choose sufficiently
large (5 so that species v will be inclined to concentrate close to the local maxima of
m. Note that if we consider a small invader population v, the effective growth rate
for v in a neighborhood of zy will be m(x) — u(z) ~ m(zo) — 0a,(x0) > 0. So, as
long as enough of species v is concentrated near xg, it will be able to invade. More

rigorously, we have the following result:

Theorem 4.1.5. [21] Suppose that m satisfies assumption (A1) and all critical points
of m are non-degenerate. Assume that in (1.3.4), P = (a/p)Inm and Q = (8/v)Inm.
Then there exists g > 0 such that if u > po, we can find some § > 0 small such that
if 1< % < 1+90, and given any v > 0, both (6,,,0) and (0,0,) are unstable for

large enough B > 0. Moreover, (1.3.4) has at least one stable positive steady state.

4.1.1 Proof of Theorem 4.1.5

Next we seek to prove Theorem 4.1.5. Before doing so, we establish some useful

lemmas.

Lemma 4.1.6. [21] Given u > 0 and set « = (14 0)u. Then, as § — 0+,

O —m

5 — m(w* + lnm)

uniformly in Q, where w* is the unique solution of

pV - [mVw*] — m*w* = milnm, Vuw*-n|gq = 0. (4.1.9)
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Proof. Given any d > 0, let w denote the unique solution of
uV - [mVw] —m*w = m2lnm — V6, Vuw - n|sg = V0.

By elliptic regularity we see that w — w* in C*() as § — 0. We claim that for § > 0
sufficiently small, @ := m+ dm(w +Inm) is a supersolution for (3.2.1). To check this,

we first see that
Vi — (1+6)uV(lnm) = dmVw — §*(w + lnm)Vm.
Hence, since w is uniformly bounded,
(Va — (14 6)aV(lnm)] - nlag = md*? + 0(6%) > 0
for sufficiently small §. Similarly,
puV - [Va — (1 +9)uV(inm)] + a[m — ul
= 16V - (mVw) — dm*(w + Inm) + 0(8?) = —6*% + 0(5*) <0
for sufficiently small § > 0. Hence, @ := m + dm(w + Inm) is a supersolution of

(3.2.1).

Given any 0 > 0, let z denote the unique solution of
uV - [mVz] — m?z = m?lnm + \/g, Vz-nloq = —/5.

Set u := m + ém(z + Inm). Similarly, we can show that z — w* uniformly in
as 0 — 0 and u is a subsolution of (3.2.1). By the supersolution and subsolution

method, u < 6,, < @ for sufficiently small § > 0 [44]. In particular,

Oy —
m(z + Inm) < Jap —

5 < m(w + Inm)

in Q. Since both w and z converge to w* uniformly as § — 0, we see that (6, —
m)/6 — m(w* + Inm) uniformly as 6 — 0. O
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Lemma 4.1.7. [21] Suppose that m > 0 on Q and satisfies assumption (A1) of
Theorem 4.1.5. Then there exists iy such that for each p > pg, there exists some

d > 0 small such that if 1 < a/p <146, then 0, ,(x0) — m(zo) < 0.

Proof. Recall that w* is the unique solution of (4.1.9). By the maximum principle
[45], w* is uniformly bounded. By elliptic regularity and the Sobolev embedding
theorem [23] we see that as p — 0o, w* — w = constant in C*(Q). Integrating the

equation of w*, we have
/ m?*(w* 4+ Inm) = 0.
Q

Hence, we see that
fQ m?Inm

fQ m?

Therefore, using this fact and our assumption on m, there exists some o > 0 such

/U_J —
that if © > po, w*(x¢) +Inm(xy) < 0. By Lemma 4.1.6, there exists some 6 > 0 such

that if 1 < o/p < 149, 04, (x0) —m(z0) = 0[m(zo)(w* (xo)+Inm(zg))+o0(1)] < 0. O

Lemma 4.1.8. [21] Suppose that m > 0 on Q satisfies assumption (Al) and all
the critical points of m are non-degenerate. Then there exists pg such that for each
W > o, there exists some 6 > 0 small such that 1 < a/pu < 1+ 6, the semi-trivial

steady state (0,,,,0) is unstable for sufficiently large 5 > 0.

Proof. By Lemma 3.1.1, we need only show the principal eigenvalue, denoted by A,

of the eigenvalue problem

V- -[wVeo—BeVinm|+o(m—=6,,) =— A z€

(4.1.10)
WV —peVinm|-n=0 =z € 09Q,
is less than 0. Set ¢ = e #/*"™ . Then 1) satisfies
vV - [P NP) 4 Tp(m = 0,,,) = —APYMp in Q)
(4.1.11)

Vw 'n|ag =0
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Simplifying the expression in (4.1.11), we see that 1 satisfies
—vAY — BV (Inm) - Vi + (6o, —m)p =AY in Q, Vi -nlpg =0. (4.1.12)

By Theorem 1.1 of [10] we have that

Bh_)rgo Ao = rrjl\}ln(ea# —m)

where M denotes the set of local maxima of m. Now,
rrj\liln(ﬁa# —m) < 0, (o) — m(xo).

Hence by Lemma 4.1.7 we see that for appropriate p and «, 6, (o) — m(zo) < 0.

Thus for large enough g > 0, we see that \y < 0. n

Lemma 4.1.9. Suppose that the set of critical points of m(x) has Lebesque measure

zero. Recall that 03, satisfies

V- [VVG@,, — ﬂ@gy,,V lnm] + (g/gy,,(m — (9/371,) =0 in

(4.1.13)
wVos, —05,VInm|-n=0 on O
Then 65, — 0 in L*() as B — oc.
Proof. See the proof of Theorem 3.5 [8]. O

Lemma 4.1.10. [21] Assume that the set of critical points of m(x) has measure zero.

Then for any >0, v >0, and a > 0, if 5 is sufficiently large, (0,05,) is unstable.

Proof. Once again, by Lemma 3.1.4 it is enough to show that the principal eigenvalue

Ao of the eigenvalue problem
V- [uVe —apVinm]+¢(m—10z,) = —Ap x €
(4.1.14)
(Ve —apVinm]-n=0 =z € 09,
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is less than 0. Let ¢y denote the positive eigenfunction associated with Ag. Set

Y = e *Pm ey Then 1 satisfies
pv - [ ITY] 4 e (m = 0,) = —Xee®* M) in Q
(4.1.15)
V@/) . n|aQ =0
Note that if we divide the expression v in {2 by ¥ and then integrate in €2, we obtain

the following

a/ulnmv 2
_)\O/ea/ulnmzu\/ € 2| 77D| _‘_/ea/ulnm(m_gﬁyy)
Q Q w

Q
> [ meetim —eetnm [ g, >0
Q Q

where the last inequality follows from Lemma 4.1.9 for large enough £. O
Putting together the results of the lemmas we can now prove Theorem 4.1.5

Proof. Lemmas 4.1.8 and 4.1.10 establish that both semi-trivial steady states of
(1.3.4) are unstable. Thus by Theorem 1.3.2, there exists at least one stable co-

existence state. O

Remark 4.1.11. Note that we can assume that yn = v in Theorem 4.1.5. For large
enough fixzed random dispersal rate = v, we suspect that there exists some o > 0
such that if f < a < a” or a® < o < B, then (0,,,0) is stable. This would imply
that for certain nonmonotone m(x), there might exist some dispersal strategies which

are not ideal free but are locally evolutionarily stable and/or convergent stable.

Remark 4.1.12. Notice that in Theorem 4.1.5, for fized pn > 0, we require that o be
sufficiently close to p. Thus, for this result to hold, we see that o cannot be too large,
rather p < a < a, for some a, which at least depends on m, €2, and p. However, if
a s in a larger range, coexistence is not feasible. Bezuglyy and Lou [5], considering

system (1.3.4) with P = am and QQ = pm, showed the impossibility of two species
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coexisting for such o. More precisely, they demonstrated that for fized p,v > 0, there
exists some o, such that for every o > o, there exists some A* = A"(a) > 0 such
that if B > A*, the semi-trivial steady state corresponding to the equation for o will
be stable, whereas the other semi-trivial steady state will be unstable (see Theorem
9 in [5]). The main point here is if species u has an advection rate o > o, it will
overmatch the resource function m at all local mazxima, preventing the situation on

which Theorem 4.1.5 depends.

Remark 4.1.13. [t is also noteworthy that if m has multiple mazima all of the same
height, we will not be able to follow the procedure above to construct counterexamples
to the first part of Theorem 3.4.5. To see this, we can apply similar reasoning as in
Theorem 1.3 from [8]. Our conclusion is cleaner than in Theorem 1.3 as we consider
the equation for w in (1.3.4) with P = (a/p) Inm rather than P = (a/p)m. Thus we
find that if o > u, then mgx Oop > mgxm. That is, the single species equilibrium

O, will overmatch the resource m at each maximum of m.

4.2 Numerics for Two Species Coexistence

First we consider the monotone case where m(z) = sin(10z) + 10.1z 4+ 10 [21]. Re-
ferring to Figure 4.2 (a), we see that the red coexistence region is the same region as
predicted by Theorem 4.1.4. For the nonmonotone case, we let m(x) = sin(3rz+m)+2
[21]. As predicted by Theorem 4.1.5, we see a “new region” of coexistence (see Figure
4.2(b)) as compared with the monotone case in Figure 4.2 (a). We suspect that a
necessary condition for nonmonotone m to produce such a region is that m has peaks
of different heights. We found that the “new region” disappeared when we shifted
the resource curve to m(z) = sin(3rx + 7/2) + 2 [21].

Note that the circular PIP centered at the resident traits of a = 0.5 and pu =1
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Figure 4.2: (Figure 7 in [21]) (a) Rectangular PIP for monotone m with p = v =1 (b)
Rectangular PIP for non-monotone m with pr = v = 1 and (c) circular PIP for
a=12, u=1
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for m(z) = sin(37x +7) 4 2 is similar to the monotonic cases in Figure 3.4. However,
if we consider a point within the “new region” of coexistence, say o = 12 and pu = 1,
we find a markedly different picture (Figure 4.2(c)) (note that for monotone m with
a =12 and p = 1, the circular PIP plot is similar to those in Figure 3.4) [21]. Figure
4.2(c) suggests that the size of the perturbation of the traits can produce several
different outcomes. For instance, for sufficiently small perturbations (in both traits)
either the resident or invader can win and for larger perturbations coexistence can
occur. If we vary advection only, again we see that small perturbations lead to either
competitor winning, but large enough perturbations lead to coexistence. If we vary
diffusion only, then we see that large enough changes result in coexistence, while even
larger perturbations result in the resident winning [21].

This new coexistence region is also interesting in conjunction with acceptable
paths, especially when the red region is sufficiently close to the a = g line (Figure
4.2 (b)). For instance suppose we fix p = 1 and vary only advection. Beginning
with a resident that has very large advection (say a > 18), the PIP in Figure 4.2
(b) indicates that the path will evolve along decreasing advection until it reaches
the coexistence region. Once inside the coexistence region, technically we need to
analyze the situation via a three species model as we will have two residents and one
invader. We suspect that there may be a variety of evolutionary outcomes, including
evolutionary branching, once a path has entered this region. Notice that Figure 3.6
(b) treats the case of evolutionary paths beginning at & = 12 and p = 1. Using the
perturbation size of 0.01, the paths seem to converge to a line other than the ideal free
line, however, we believe it will eventually reach the ideal free strategy at the origin.
To conclude this section, we see that in addition to supporting our analytic results,
the numerics show that perturbation size can markedly influence the direction and

destiny of an evolutionary path when the resource function is multi-peaked.
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4.3 Numerics for Three Species Coexistence

In the case that we have three species, it is natural to ask if coexistence can occur.
We seek to apply the idea of a single species steady-state profile under-matching at
a local maximum of m to provide a biologically interesting example of three species
coexistence. We utilize Theorem 4.1.5 to help construct a coexistence scenario where
species w, with possibly a large range of diffusion values and little to no advection, can
coexist with species u and v. We use the resource function m(x) = sin(2.1rz—m/4)+2,
which satisfies assumption (Al).

Notice in Fig. 4.3(a), species u is at equilibrium, overmatching m at its global
maximum and under-matching m at the local maximum on the boundary. Next, in
Fig. 4.3(b), because of relatively large 3, species v can overmatch both maxima of
m. Notice in Fig. 4.3(c), that as species u and v compete, they approach a steady
state where u overmatches the global maximum of m and v overmatches the local
maximum of m.

We suggest that the profile in Fig. 4.3(c) provides biological motivation as to
explaining how three species coexistence may occur. That is, as both species u and v
have an established niche near the relative maxima of m, a relatively slowly diffusing
competitor w, will be able to invade, focusing on resources away from these niches
(i.e. away from the maxima of m). This is illustrated in Fig. 4.4, where we see all

three species surviving together.
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Figure 4.3: (Figure 8 in [21]) “New region” coexistence: (a) single species u (red), pn = .1,
a =.5 (b) single species v (green), v = .1, f = 2 (c) coexistence of competing
u and v. (Note: m(z) = sin(2.1mx — w/4) 4+ 2 is black on each graph.)
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Figure 4.4: (Figure 9 in [21]) Three species coexistence. Species 1 with diffusion and
advection rates (0.1,0.5) (blue), species 2 with rates (0.1,2) (green), and species
3 with (0.01,0) (red).
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CHAPTER 5
PERMANENCE OF THREE COMPETING SPECIES

5.1 The Competition Model and Definition of Permanence

Consider the following parabolic system

;

up = puV - [Vu—auVinm]+um—-—u—v—w) in Qx(0,00),
vy =vV-[Vuo—pFuvVinm|+vim—-—u—v—w) in Qx(0,00),
wy =yAw+wm—u—v—w) in Qx(0,00), (5.1.1)

Vu—ouVinm]-n=[Vv—pFvVinm| -n=

| Vw-n=0 on 90 x(0,00),

where € is a bounded domain in RY with smooth boundary 99, u(z,t), v(x,t), and
w(z,t) represent the densities of three competing species, p, v, and vy are their respec-
tive random diffusion coefficients, o and [ are the advection rates of the respective
species u and v. The function m(x) represents the intrinsic growth rate of all three
species. We assume that m € C?(€), and m is nonconstant and positive in Q. We
consider initial data u(z,0), v(x,0), and w(x,0) which is nonnegative and not iden-
tically zero. Also, n is the outward unit normal vector on 02, and the boundary
conditions in (5.1.1) indicate that there is no flux for any of the three species across

the boundary 0f2.
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5.1.1 Ecological Permanence

Initial uses of mathematical models to predict the long term coexistence of a number
of species, involved an equilibrium approach [6]. For example, in the case of a Lotka-
Volterra ordinary differential equation model for an n species community, one would
try to find a componentwise constant solution and then observe the system’s behavior
under a local perturbation from the equilibrium solution [6]. The weakness of this
technique is revealed in the event that the solution does not converge to an equilibrium
or a periodic cycle. In such scenarios one cannot adequately provide criterion for long
term survival of the species in question [6].

Cantrell and Cosner [6], however, highlight some key aspects of a criterion for

predicting coexistence:

e “Robustness over a range of models.”

e “Robustness with respect to qualitative features of a model when all species in

question are in abundance.”

e “Robustness with respect to quantitative changes in the parameters of a model

when at least one species is at low density.”

e “Independent of the initial state of the system so long as it is componentwise

positive.”

Together, these features describe what is known as permanence. In other words,
“permanence is essentially a qualitative criterion for addressing the qualitative issue
of whether a model for interacting biological species predicts the coexistence of all the
species in question” [6]. However, we would like to express the notion of permanence
in terms of a range of parameters of the model such that the resulting prediction

of the model is biologically tractable. Practically, we say that “permanence in a
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model system for the densities of a collection of interacting species means the system
possesses both an asymptotic ‘ceiling” and a positive asymptotic ‘floor’ on the densities
of all the species in question, the ‘heights’ of which are independent of the initial
state of the system so long as each component is positive” [6]. Working from such a
description, we utilize the following definition of ecological permanence as presented

in [6].

Definition 1. The system (5.1.1) is ecologically permanent, if there exist numbers
K,k >0 with k < K such that if (u(z,t),v(z,t), w(z,t)) is a solution to (5.1.1) with
nonnegative and not identically zero initial data (u(zx,0),v(x,0),w(zx,0)), then there
is a Ty > 0 which depends only on the initial condition such that k < u(z,t) < K,

kE<wv(z,t) <K, and k <w(x,t) < K for allx € Q and all t > Ty.

Our goal is to find nonmontone resource functions m and a range of dispersal
parameters such that system (5.1.1) displays ecological permanence. Our approach
is related to that of section 4.1. We will assume that m satisfies (A1) so that we can
have one species concentrating at the global maximum of m and another concentrating
near o (at a local maximum of m). In this setting, we will show that in order to have
three species coexisting, we will require that the local maximum of m at xy cannot
be too small. Thus, we formulate a second condition on m which allows us to prove

the permanence result.

5.2 Lower Bound for Species w

Let u* denote the unique positive solution of

uV - [Vu—auVinm]+ulm—u)=0 in Q,
(5.2.1)
[Vu—oauVinm]-n=0 on 0N.
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The existence, uniqueness and positivity of u* is well-known as we are assuming
m > 0 and nonconstant on 2. Clearly, when o = 1, then u* = m. The following

result illustrates some properties of ©* when o # 1.

Lemma 5.2.1. Suppose that m is strictly positive in Q and nonconstant. Then for

every a > 1, /u* </m; for every o € [0, 1), /u* >/m.
Q Q Q Q

Proof. Rewrite the equation of u* as

*

u

uVv - [maV( )] +u"(m—u*) =0 in ©,
ma

V(ua)-n:O on 0f).

m

(5.2.2)

*

u

ma

w\ /@)
/ (—) (m — ") (5.2.3)
Q m
L / N ( u* )(2_0)/(04_1)
= m
a—1Jq me

1/(a=1)
Multiplying (5.2.2) by ( ) and integrating the result in 2 we have

= [/Q(m —u’) — /Q (g)o‘/(o‘l) (m —u") +/ﬂ (%) e (m —wu’)

_ /(m B u*)ma/(a—l) o (u*)a/(a—l)
Q

ma/(a—1)

* (2—a)/(a-1) * 2
+H /ma(“) v(“) (5.2.4)
a—1Jq me me
We first claim that if o # 1,
* (2—a)/(a=1) * 2
/mO‘(u ) v(“ ) > 0. (5.2.5)
Q me me

It suffices to show that u*/m® is non-constant. We argue by contradiction. Suppose

that u*/m® is constant, then from (5.2.2), we see that u* = m. This implies that
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m/m® is a constant. Since o # 1 we must have that m is constant, which is a
contradiction.
To complete the proof, we consider two cases:
Case 1. a > 1. For this case, (m — u*)[m®/©@™Y — (¢*)*©@ Y] > 0 in Q. This
together with (5.2.4) and (5.2.5) imply that if « > 1, then /(m —u*) > 0.
Q

Case 2. a < 1. For this case, (m — u*)[m®/©@Y — (u*)*/©@ V] < 0 in Q. This

together with (5.2.4) and (5.2.5) imply that /(m —u")<0,aslongasa<1l. O
Q

Remark 5.2.2. For a = 0, it was first observed in [38] that / ut > /m. Lemma
Q Q

5.2.1 is a generalization of this result.

Lemma 5.2.3. Let u be a positive solution to

up = uV - [Vu —auVinm] +ulm—u) in Qx(0,00),

(5.2.6)
Vu—oauVinm]-n=0 on 092 x (0,00).
Then @(z,t) — u*(x) uniformly as t — oo, where u* satisfies (5.2.1).
Proof. See [6] for details. O
Similarly, we have the following result.
Lemma 5.2.4. Let v be a positive solution to
vy =vV - [Vo—pFuVinm|+v(im—wv) in Qx(0,00),
(5.2.7)

Vo —poViam]-n=0 on 0992 x (0,00).

Then v(x,t) — v*(x) uniformly as t — oo, where v* is the unique positive steady

state of (5.2.7)

Corollary 5.2.5. Let (u,v,w) be any positive solution of (5.1.1). Then limsup u(x,t) <

t—o00

u* and limsupv(z,t) < v*. In particular, for each B, there is a T(B) > 0 such that

t—o00

if t >T(B), u(z,t) <u*+1/8 and v(x,t) <v*+1/8 on Q.
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Theorem 5.2.6. Let w be the last component of any positive solution (u,v,w) of
(5.1.1). Suppose that the critical points of m have Lebesgue measure zero. Then for
any i, v, v > 0 (where these are the diffusion rates from (5.1.1)) and for any o > 1,
there is a (1 such that for all B > i there exists a 01 > 0 such that for all x € €,

liminfw(x,t) > 6; > 0.
t—o00
Proof. From (5.1.1), we see that w is a super-solution to the following equation:

;

Wy =YAD +w(m —u* —v* =2/ —w) in Qx(T(5),),

Vw-n=0 on 90 x (T(8),0), (5.2.8)

UNJ<I7T(6)):U)<I7T(B)) in €,

\

where we will choose 8 > 0 to be sufficiently large later. Now by Lemma 5.2.1, if we

let @ >1 then/

ut < / m. We also have from Theorem 3.5 in [8] that as § — oo,
Q Q

v* — 0. Hence we can choose § > [3; such that
Q

/Q(m—u*—v*—Q/ﬂ)>0.

We claim @ — w* uniformly as ¢t — oo where w* is the unique positive solution of

the equation

YAW* +w*(m —u* —v*—=2/f—w*)=0 in Q,
(5.2.9)
Vw*-n=0 on 0N.

Note that w* exists for all v since /(m —u —v*—2/) > 0. Also, because
Q

/(m —u* — 0" —=2/p) > 0, the zero solution to (5.2.9) is unstable and w — w”
Q

uniformly as ¢ — oo [6]. By Corollary 5.2.5, w is super-solution of (5.2.8), that is
for all t > T'(B), w(x,t) > w(x,t) on . Finally, because w — w* uniformly, we can

choose 9; = minw”* such that for all z € Q, lign inf w(z,t) > §; > 0. O
Q —00
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5.3 Lower Bound for Species u

Theorem 5.3.1. Suppose m is such that {v € Q : |[Vm(z)| = 0} has Lebesgue

measure zero. Let u be the first component of any positive solution (u,v,w) of (5.1.1).

Then for any p, v, and v > 0 and for any o > 1, there exists a Py such that for all

6>52;

there is a 9y > 0 such that for all x € Q, litm inf u(z,t) > dy > 0.
—00

To show this, we consider the following equations of v and w (coming from (5.1.1)).

;

\

up = puV - [Vu—auVinm]+ulm—-—u—v—w) in Qx(0,00),
wy =vyAw+wm—u—v—w) in Qx(0,00), (5.3.1)

[Vu—auVinm]-n=Vw-n=0 on 0902 x (0,00).

Note that by Corollary 5.2.5 that v(z,t) < v*(x) + 1/8 for t > T'() and hence

we see that

(

ug > uV - [Vu — auV Inm]

Fulm—u— (" +1/8) —w) in Qx (T(8),0),

(5.3.2)
we < YAw 4 wim —u—w) i Qx (T(8),0),
| [Vu—auVInm]-n=Vw-n=0 on 092 x (T(B),00).
Thus we consider the following system:
( u = pV - [Va — auV Inm]
+ua(m—u— (v +1/8)—w) in Qx(T(B),0),
W, = yAW 4+ w(m — @ —w) in Qx (T(B),c0), (5.3.3)

\

Vi —oauVinm]-n=Vw-n=0 on 0902 x (T(8),00),

a(e, T(8)) = u(x, T(8)), w(z,T(8)) = w(z,T(8)) in O

Proof. We first note that (5.3.3) is a strongly monotone system (by Theorem 1.20 in

[6] and the strong maximum principle). We claim that the semi-trivial steady state
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(0,w") of (5.3.3) is unstable. Upon showing this, by monotone dynamical system
theory [29, 48], we will have that any solution with nonnegative initial data will
either be attracted to (", 0) or an order interval bounded above and below by positive
equilibria of (5.3.3). In any case, there exists a d; > 0 such that for all z € ©, and
for t > Ty, where Ty depends on the initial conditions and 3, @(z,t) > d; > 0. Since
u(z,t) > u(x,t) on Q and for t > Ty, we see that ligglfu(x,t) > 69 > 0.

To show that (0,w") is unstable, we consider the following eigenvalue problem:

uV - [Vo —apVinm]+o(m— (v +1/8) —a0*) = =A¢ in Q,
(5.3.4)

Vo —apVinm]-n=0 on 0.

Let A\; denote the smallest eigenvalue of (5.3.4) and let ¢ be a positive eigenfunc-
¥1

tion associated to A;. Put ¢ = ——. Then 1 satisfies
m

pV - [mOVY] +¢ym®(m — (v* +1/8) —w*) = —Apm® in €,
(5.3.5)

Vi-n=0 on 0.

Dividing (5.3.5) by ¥ and integrating the resulting equation over {2, we obtain

“/devl/jﬁp —i—/Qma(m—u?*)—/gma(v*—i-l/ﬁ):—)\I/Qma. (5.3.6)

Also note that w* satisfies

YAW* +w*(m —w*) =0 in €,
(5.3.7)

Vo*-n=0 on OJf.

If we multiply (5.3.7) by (0*)*~! and integrate the resulting equation over Q we have

that

0= (a—1) /Q(u-}*)w\vw*\? - /g}(w*)a(m — ). (5.3.8)

Combining (5.3.6) and (5.3.8), we get
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2
7(04—1)/9(12}*)0‘2|V1D*\2+,u/ﬂma|v1:§| (5.3.9)

+ [ = @)lm =0 = [ w8 = -x [ m

Since v > 0, @ > 1, and w* > 0 on 2, we notice that

—Al/m >/m— (m — " /mv+1/6) (5.3.10)

where equality holds if and only if both @w* and @ are constant functions. Now
notice that [m® — (w*)*](m — w*) > 0 in Q2 with equality if and only if m = w™.

Hence /[ma — (w")*](m — w*) = 0 if and only if m = w* in Q. We claim that
Q

[m® — (w*)*](m — w*) > 0. To see this, suppose that m = w* in 2. Then m must
Q
satisfy equation (5.3.7) and by the maximum principle, m = constant in 2. This is a

contradiction and thus /[mo‘ — (0*)*](m —w*) > 0. By Theorem 3.5 in [8] we know
Q

that as g — oo, / v* — 0. Hence for large enough (3,

/m >/m (@ —w*)—/ﬂma(v*ﬂ/ﬂ) (5.3.11)

> [1me = @Y =) = o ([ o+ /)001) > 0

From (5.3.11) we have that A\; < 0, proving that (0,w") is unstable. O

5.4 Lower Bound for Species v

As we mentioned in section 5.1.1, we work with nonmonotone functions m that satisfy
assumption (A1), looking for parameter values that cause species u to concentrate at
the global maximum of m, species v to concentrate at the local maximum of m at
xo, and species w to pursue resources away from these maxima. However, for v to

be able to concentrate at xy and persist, we need at least that its growth rate near
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xo be positive (note that we will need a further condition on m). That is, we need
m(z) — u(x) —w(x) > 0 in a neighborhood of xq (here (@, w) is a positive solution to
the three species model when v = 0). So, we first seek to understand the structure

of the solution set (u#,w) as we vary the advection parameter o near o = 1.

5.4.1 Structure of Two Species Positive Steady States

Consider the following two species model: (this is system (5.1.1) with v = 0 and

a=1+e¢)

;

uV-[Vi—(1+eaVinm|+am—ua—w)=0 in €

VAW +w(m —a—w) =0 in €, (5.4.1)

Vi—(1+¢€)aVinm| - n=Vw-n=0 on 9.

0

We note that for o« > 1, there exists at least one steady state (u,w) of system
(5.4.1) where both @ and @ are positive in € (see Theorem 1.4 in [1]). We also know
that when o = 1 that (m,0) is a solution of (5.4.1). Essentially, we will show that for
a slightly larger than 1, system (5.4.1) has a unique branch of positive steady states
bifurcating from (m,0) at a = 1.

Let u =

e Then (u,w) satisfies

pV - [V + m T u(m — mtu — @) =0 in Q,

YAD + w(m —m' T u — @) =0 in Q, (5.4.2)

Vu-n=Vw-n=0 on 9.

Note that (5.4.2) reduces to:

;

pAu A+ pV In(m ) Vu 4+ u(m —m' T u — @) =0 in Q,

VAW + w(m —m' T u— @) =0 in Q, (5.4.3)

Vu-n=Vw-n=0 on 9.
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We begin by defining a map F : (—r,7) x C>™(Q) x C>7(Q) — C™(Q) x C7(Q) for
some 7 € (0,1) and for some r > 0, where C>™(Q) = {f € C*"(Q) : Vf - n|sq = 0},
by

pAu + p¥V In(m T\ Vu + u(m — m'* ey — w)
VAW + w(m — m'Tu — )
Now F(e, u,0) = 0 where (u,0) satisfies (5.4.3). In particular, note that uy = 1, so

F(0,1,0) = 0. Next define a map F with the same domain and target spaces as F

but with formula
F(e,u,w) = F(e,u+ u, 0).

Then F(e,0,0) =0 for € € (—r,r) and we note that

F(e,u,w) = (5.4.4)
pA(u A+ ue) + pV In(mTOV (u+ ue) + (u+ u)[m — m T (u + u) — @)
YAD + wm — m T (u 4 ue) — 10
Because we want to understand the solution structure of F(e,u,w) = 0 near

(0,0,0), we make use of the following result from bifurcation theory.

Theorem 5.4.1. (Crandall— Rabinowitz) [34] Suppose that F(e,0) = 0 for alle € R,
dim Ker(F,(ey,0)) = codim Range(F,(ey,0)) =1, F € C*(V x U), where 0 € U is
an open set of a Banach space and €y € V' is an open set of R, Ker(Fy|(c,,0)) = span
{vo}, and Fy(€o,0)vg ¢ Range(F,(ey,0)). Then there is a non-trivial continuously
differentiable curve through (ep,0), {(e(s),z(s)) : s € (—6,9), (€(0),2(0)) = (€,0)},
such that F(e(s),z(s)) = 0 for s € (=4,8), and all solutions of F(e,z) = 0 in a
neighborhood of (€, 0) are on the trivial solution line or on the curve (e(s),z(s)).
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We establish several lemmas which show that F as defined in (5.4.4) satisfies the
hypotheses of Theorem 5.4.1. Differentiating F with respect to (u,w) and evaluating

the derivative at (€, 0,0) gives us

pA + pV In(m )V +m — 2m! Teu, — Uy
Le = Dwi)Fleo0) =

0 YA +m — mteu,

Recall ug = 1 and let £, = £ when ¢ = 0. Put X = C>7(Q) x C>"(£2). Then given a

vector (p,1) € X we see that

Ap + uViInmVe —me — _ _
c|7= " PN Cor@) x (@),

(0 YA

Lemma 5.4.2. Ker(L) = span (¢, 1), where ¢ is the unique solution to

PAQ +puNVInmVe —mp—1=0 1in €,
(5.4.5)
Veo-n=0 on 0N,

Proof. Let (p,1) € Ker(L£). Then yAy = 0in 2 with Vi-n|sq = 0. Using integration
by parts and the boundary condition, we have that 1) = constant in €2. Note that if
¥ = 0 in €0, then ¢ = 0 as well. To see this, we multiply the equation of ¢ by mep

and integrate by parts to obtain

u/g}lV@]Qm—l—/Qm%z:O. (5.4.6)

This implies that ¢ = 0 in 2. Hence, v is a non-zero constant. Normalizing 1,
substituting it into the equation for ¢ (from the definition of £) and multiplying by

m we have
uV - [mVe —mPo=m inQ, Ve nlg=0. (5.4.7)
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We claim that the operator S : C>7(Q) — C7(Q), defined by S(p) = uV - [mV] —
m?2yp is invertible. To prove this, we note that the principal eigenvalue X of S satisfies
V- [mV¢] —m?¢p = —\¢ in Q where V¢ -n|gq = 0 and ¢ > 0 in . Multiplying the

equation of ¢ by ¢ and integrating by parts, we see that \ satisfies

M/Q|V¢|2m—l—/ﬂm2¢2:)\/g¢2. (5.4.8)

Thus we have that A > 0, indicating that S is invertible. Taking ¢ = S~'(m) we

complete the proof. O

Lemma 5.4.3. Rng(L) = {(f, g) €CT() xC™() : / g = 0} and hence is of co-
Q
dimension 1 in C™(Q) x C7(£2).

Proof. Tt is well-known that yAt = ¢ has a solution ¢ € W*(Q) where V) -n|gq = 0
if and only if / g = 0. By elliptic regularity and the Sobolev embedding theorem,
we see that ¢ EQC’Z’T(Q). Using a similar argument as in the proof of Lemma 5.4.2,
namely the invertibility of S, we justify the existence of ¢ € C*7(Q), such that

pAp + puVinmVe —mp — 1 = f in Q with Ve - nlgq = 0. To see that Range(L) is

of co-dimension 1, we note that (f,g) = (fag - @/g) T ( ]Q] / > -
Q

Note that by the implicit function theorem u, is a differentiable function of € near

0 (see Section 3.4 in [6]). Using this fact, we can justify the computation that

puVInmV — 2[m'* ¢ Inmu, +m' ] —u!
DL, =

0 —[m**<(Inm)u + m' ]

d
where u, = d_(u€) Evaluating at € = 0, we have
€

DL — uV InmV — 2[mInm + muy) —ul)

0 —[mInm + mug)
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Since the kernel of £ is spanned by one vector, we want to show that D.L(p, 1)
¢ Range(L). Since

b/ @) [ #VInmVe —2[mInm + muglg — ug
1 —[mInm + mug)

we want that

/(mlnm+mu6) # 0.
Q

To check this integral, we first need an expression for u;. Because u is a differen-
tiable function of €, we consider its first order expansion at 0, i.e. u. = 14euj+O(e?).
Plugging in such an expression into system (5.4.3) (here w = 0), we have that u; sat-
isfies:

pAug + pVinmVuy — [mug+mlnm] =0 in €,

(5.4.9)
Vuy-n=0 on ON.
Consider the following Lemma:
Lemma 5.4.4. Let u; denote the unique solution of
uV - [mVu, — Vm] —m?u; =0 in Q,
(5.4.10)

[mVu; —Vm|-n=0 on Q.
Suppose m is nonconstant. Then / muy < 0.
Q

Proof. We first show that / muiet < 0. Notice that if we multiply (5.4.10) by e** /m
Q

and integrate the resulting equation in €2, we see that

ui

/muleulzu/v-[mVul—Vm]-e—
Q Q m

:—u/[mVul—Vm]-V )
Q
= —u/ mV(u; — Inm) - V(e ™)
)
= —#/ " |V (u; —Inm)* <0,
Q
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where the last inequality is strict since u; — Inm is nonconstant as m is nonconstant.
To complete the proof of the lemma, it suffices to show that / mu, < / muqe"t.
Q Q

To this end, for every p € R, define

h(p) = / muelt.
Q
Since I (p) = / muie’™ > 0, we see that h(1) > h(0). This completes the proof. [
Q

We notice that ug = u; — Inm. Hence, Lemma 5.4.4 gives us that
/(mlnm+mu6) <0
Q

and we see that D.L(p,1) ¢ Range(L), allowing us to use Theorem 5.4.1. We then

can parameterize u, w, and € for small s by the following:

;

u(s) = sp +9(s),

w(s) = s+ 71(s), (5.4.11)

where both 1 and 7 are of order at least two in s. Recall that Ker(£) is spanned
by (@,1). We claim that ¢ and s are of the same order and sign. We proceed to
show this by first expanding €(s) = A(0) + s\ (0) + O(s*) = sX'(0) + O(s®). Now we
substitute the expressions in (5.4.11) and the expansion for € in terms of s, back into
the equation F = 0 and calculate the first and second order terms in s. Doing so

gives us the following equation in {2
YA(s+7(s)) + (s + 7(s))[m— (5.4.12)
(m 4+ sN(0)mInm + O(s*))(s@ + 1 + sN(0)uy + O(s%)) — (s + 7(s))] = 0.
From (5.4.12) we have the following equation:

vA (T(S)> —m@ —mN(0)uyg — N(0)mInm —1=0(s) in Q. (5.4.13)

52
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Thus if we integrate both sides of (5.4.13), letting s — 0 and using the fact that
V- nlsq = 0, we obtain

N(0) = — Jo(m@+1)

~ [ (muy +minm)’ (5.4.14)
Q 0

By Lemma 5.4.4 we see that the denominator of (5.4.14) must be negative. We claim

that the numerator of (5.4.14) is negative as well.

Lemma 5.4.5. For any p > 0, /(mcﬁ +1)>0.
0

Proof. To see this, recall that ¢ satisfies (5.4.5). If we multiply (5.4.5) by m¢ and

integrate the result in €2, we have
,u/ m|Ve|* + / me(me + 1) = 0.
Q Q

So, we have that

/Q(me)=A(m¢+1)2—[2mw(m¢+1>
= [mg+17 40 [ mivel >0

where strict inequality holds as ¢ is nonconstant. O]

By Lemmas 5.4.4 and 5.4.5 we see that both the numerator and the denominator

of (5.4.14) must be negative. Hence, \'(0) > 0 and for both s and € small,

€

~ X(0)

+O(é?). (5.4.15)

S

Noticing that @ = m'**(u + u.), we have demonstrated that we can parameterize

the positive solution (@, w) of system (5.4.1) in terms of € as follows:

Theorem 5.4.6. Let (4, w) be a positive solution pair of system (5.4.1). Then for

sufficiently small e,

i =m +em[Ap + Inm + up] + O(€?), : )
5.4.16

W = eA + O(e?),
where A = 1/N(0).
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The next two results establish the fact that for « slightly larger than 1, the only
positive steady state solutions (@, @) of (5.4.1) are on the solution branch bifurcating
from (m,0) as described by Theorem 5.4.1. This completes the global picture for
positive solutions of (5.4.1) for « slightly larger than 1. In fact, (5.4.1) has no positive

solutions for o < 1 and close to 1.

Lemma 5.4.7. Consider a positive solution (u,w) to (5.4.1). Then lim+(ﬂ,”J)) =
e—0

(m, 0).

Proof. By elliptic regularity and the Sobolev embedding theorem, for 0 < ¢ < 1,
(1,) is uniformly bounded in C*7(Q) for some 7 € (0,1) [23]. If we let ¢ — 07,
passing to a subsequence if necessary, then by the Ascoli-Arzeld lemma, we see that

(1, ) converges to (4, ) in C*(€)), where (4, ) satisfies
(

uV - Vi —aVinm] +a(m—ia— o) =0 in €,

YAW +w(m—u—w)=0 in £, (5.4.17)

\ Vi —aVInm] - nlsga = V- nlsg = 0.
By Theorem 2 of [1], we know that (5.4.17) has no strictly positive steady states,
rather it has a two semi-trivial steady states (m,0) and (0,w*). Thus (@, @) = (0,0),
(0,w"), or (m,0).

Suppose (@, w) = (0,0). Set u = u/||t||~. By elliptic regularity and the equation
of & we see that u — u; in C*(Q) for some u; > 0 in €2, which satisfies ||u1]|e = 1
and
uV - [Vuy —uyVinm] +uym =0 in Q,

(5.4.18)

[Vu; — u; Vinm] - nlgq = 0.

Integrating both sides of equation (5.4.18) over €2 and using the boundary condition,

we see that

/ulm:().
Q
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But this is a contradiction since m > 0 and u; > 0, u; # 0 on €.
Now suppose (u,w) = (0,%*). Again we set u = @/||U||~ and see that by elliptic
regularity and the equation of % we see that u — u; in C?%(2) for some u; > 0 in €,

which satisfies ||u1]|oc = 1 and

uV - [Vuy —uyVinm] +uy(m —w*) =0 in
(5.4.19)
[Vu; —uy VIinm] - nlsq = 0.

Since u; > 0, u; # 0, we see 0 is the principal eigenvalue for the eigenvalue problem

uV-[Vo—oVinm] + ¢(m — ") = —A¢ in
(5.4.20)
Vo — pVinm| - nlsq = 0.
But this contradicts the result in Theorem 2 of [1] which says that the above eigenvalue

problem has a negative principal eigenvalue. Hence, we must have that (u,w) =

(m, 0). 0

Lemma 5.4.8. There exists ¢y > 0 such that for all € with 0 < € < €y, (0", W") is the

unique steady state of (5.4.1) and is linearly stable.

Proof. Note for suitably small € the uniqueness of (4", ") as the steady state of
(5.4.1) follows from Lemma 5.4.7 and Theorem 5.4.1 (Crandall-Rabinowitz).

Consider the following system

;

u=puV-[Vu—1+euVinm|+ulm—u—w) in Q,

wy = yAw +w(m —u—w) in €Q (5.4.21)

Vu—(14+€uVinm]-n=Vw-n=0 on Q.

\

Linearizing and then perturbing the above system about (a*,w"), we put u = a* +
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Spe " +0(0%) and w = W*+6pe " +0(5?), substitute these expressions into (5.4.21),

divide by de™ ™ and let § — 0 to obtain the following eigenvalue problem

(

—n¢=puV-[Vo—(1+€)pVInm| —a* (¢ + 1)
+o(m—a* —w*) in
- =AY +P(m — @ — @) - (Y +¢) in Q,

L [V¢ — (1 + e)qSV lnm] . TL’@Q =V - TL‘@Q = 0.

(5.4.22)

By Lemma 5.4.7, we know that when ¢ = 0, @* = m, w* = 0, n = 0 (here 0 is the
principal eigenvalue), ¢ = m@ (where ¢ satisfies (5.4.5)), and ¢ = 1, after suitable
scaling. Using the implicit function theorem, we know that the principal eigenvalue
n and corresponding eigenfunctions ¢ and v are smooth functions of € (see Lemma
3.3.1 of [3]). Hence, we can write n = 0+ en; + O(€?), ¢ = m@ + em¢; + O(e?), and
Y = 1+ e + O(e?), after suitable scaling. Recall that @* = m'™(u+u,). Using this
and the fact that s = eA, where A = 1/)X(0) we can write @* = (m+emInm)(Aeg +
1+ eup) + O(e?) and @* = €A + O(€?).

Substituting these expansions into the second equation of (5.4.22) we obtain the

following equation in {2
—em = YAl + ehy) + (1 + ey)[m — (eAmp + m + emInm) — eA]
— eA(m@ + emey + 1+ ey) + O(€%), Vb - nlgg = 0. (5.4.23)
Dividing both sides by ¢ and letting ¢ — 0, we see that
—m = YAY; —2A(m@ + 1) —mug —mInm in Q, Vi -nlsgg =0. (5.4.24)

Thus if we integrate both sides of (5.4.24), using the boundary condition and the

definition of A, we see that

1
nm = _ﬁ (mug +mInm) > 0. (5.4.25)
Q

Because 1; > 0, we conclude that for sufficiently small positive €, n > 0. O
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5.4.2 Bounds on Solutions of the Three Species System

Given a solution (u(z,t),v(x,t),w(x,t)) of system (5.1.1), we aim to establish upper
bounds on u(z,t) and w(zx,t) in Q x (T, 00) for some T which depends on the non-
negative, not identically zero initial data of the solution (u,v,w). The main result of

this section is

Theorem 5.4.9. Let (u,v,w) be any positive solution of (5.1.1). Assume that {x €
Q: |Vm(x)| = 0} has Lebesque measure zero. Then there exists an €y > 0 such that
for all 0 < € < €, there exists T such that for all B > T, there exists a T > 0 such

that u(x,t) < u*(x) + 1/ and w(z,t) < @0*(x) + 1/8 on Q x (T, c0).

To establish this result, we make use of appropriate “sub/super” systems as fol-

lows.

Lemma 5.4.10. Consider the system

;

= puV - [Vi — (1 + €)aVInm)]
+um—a—w—(v'+1/8)) in Qx(T(B),0),
Wy = YAW +w(im —a—w) in Qx (T(F),0), (5.4.26)

Vi—(14+e€eaVinm] - n=Vw-n=0 on 00 x(T(B),00),

ﬂ(:L‘,T(ﬂ)) = U(JZ,T(/B)), QZ)(ZL’,T(B)) = w(x,T(ﬁ)), €

\
where v* is the unique positive steady state of (5.2.7). Let (s, ws) be a positive steady
state of (5.4.26). Let ¢y > 0 be as in Lemma 5.4.8. Then for all € with 0 < € < €,

there exists 3(€) such that if B > B(e), (U, ws) is linearly stable.

97



Proof. We know that for each 3 > 0, the system linearized at (g, 1ws) has principal

eigenfunctions (f,g) in W2(Q) such that, f,g > 0, ||f||72 + ||gl|32 = 1 and

(

—nf=uV-[Vf—1A+e)fVinm] —uz(f +g)

+ f(m —ag — g — (0" +1/5)) in (5.4.27)

—ng =vAg+ g(m — a5 —wj) in S,

V=0 +e)fVInm]-n=Vg-n=0 on 05,

where 7 is the associated principal eigenvalue. By elliptic regularity [23], we see that
(f,g) are uniformly bounded in W??()). By the Sobolev embedding theorem [23],
this sequence is uniformly bounded in C*7(Q) for some 7 € (0,1). Thus passing to a

subsequence if necessary, we see that as 8 — oo, (f,g) converges to a limit (f*, g%)
in C'(Q) where /*,¢" > 0, ||f*|12 +|lg"|» = 1, and
-0 ff=uV [V —1Q+¢e)f Vinm| —a*(f*+ g")
+ f*(m—u"—w*) in Q,

(5.4.28)
—n'g =vAg" +g*(m—ua" —w*) in Q

| [Vff =0 +ef*VInm] - n=Vg -n=0 on 099,
where (4", ") is as in Lemma 5.4.8. Note that for small enough positive ¢, as 5§ — oo,
(5, w5) converges to (a*,w") in C' (). To see this notice that by elliptic regularity
and the Sobolev embedding theorem [23], a subsequence of (uj,w};) converges to
(a*,w*) in C*(Q). For sufficiently small positive €, the positive steady state of (5.4.1)
is uniquely determined by Lemma 5.4.8. Thus, we see that convergence is independent
of the subsequence.

Now we establish the uniqueness of the limit (f*, ¢*). Since @*,@* > 0 in Q, we
must have that f*,¢* > 0 in Q. Thus, we see that the triple (f*, g*,n") satisfies the
eigenvalue problem in Equation (5.4.22) and because of the positivity of both f* and

g*, n* must be the principal eigenvalue. Note n* is simple and since || f*||7:+|g*||72 =
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1, it must be that the triple (f*, g*,n") is uniquely determined. This proves that
convergence is independent of the subsequence.

By Lemma 5.4.8, we know then that for 0 < € < €y, n* > 0. Hence for 5 > j3(e),
the principal eigenvalue 7, associated to (i, W) is positive. ]

Lemma 5.4.11. Consider the system

;

U =uV-[Vi— 1 +e)aVinm|+a(m —a—w) in Qx (T(5),o00),

Wy =yAW +wim—a—w— (v'+1/8)) in Qx (T(5),0),
(5.4.29)

Vi—(14+e€)aVinm]-n=Vw-n=0 on 00 x(T(B),00),

ﬂ($,T(ﬁ)) = U(CE,T(ﬁ)), lD(fL’,T(ﬁ)) = w(x,T(ﬁ)), in S

where v* is the unique steady state of (5.2.7). Let (uj,ws) be a positive steady state

\

of (5.4.29). Let €y > 0 be as in Lemma 5.4.8. Then for € with 0 < € < €, there exists

B(€) such that if B> B(e), (g, wp) is linearly stable.
Proof. The proof is similar to that of Lemma 5.4.10. [

Lemma 5.4.12. Assume that {x € Q : |Vm(z)| = 0} has Lebesgue measure zero.
There exists s such that for all B > (s the semi-trivial steady states, (u*,0) and

(0,0%), of system (5.4.26) are unstable.

Proof. To show that (u*,0) is unstable, we must show that the principal eigenvalue

A, satisfying the following eigenvalue problem, is negative:

YAG + d(m — W) = —Aé in
(5.4.30)
qu : TL‘@Q =0.
Note that in equation (5.4.30) we can choose the principal eigenfunction ¢ so that

¢ > 0 in Q. Dividing the equation of ¢ by ¢, integrating the resulting equation over

) and using the boundary conditions, we have

\V4 2
—\Q| =+~ Q’ ¢f‘ +/Q(m—a*). (5.4.31)
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By the comparison principle, @* < u*, where u* is the unique positive solution
of (5.2.1). By Lemma 5.2.1, if « > 1, /u* < /m. Hence, /22* < /m. This
together with (5.4.31) implies that A < 0 gf20r all B.Q " ’

Next, we want to prove that (0,w") is unstable. The proof is almost identical
to that of Theorem 5.3.1. Working through the corresponding eigenvalue problem
for system (5.4.26), we finally arrive at the following expression for the principal

eigenvalue A:

. / mite > / [ — (") (m — ) — / w0+ 1/8). (5.4.32)

As in the proof of Theorem 5.3.1, we cannot have m = w* in €. Thus, /[mlJrE —
)

(0*)](m — w*) > 0. Also, we know that as 3 — oo, / v* — 0 and 1/ — 0. Thus
Q
because ||m'*¢||L~ < oo, there exists a 3, such that if 3 > 3, then right hand side of

(5.4.32) will be positive. Hence, A < 0, proving that (0,%") is unstable. O

Lemma 5.4.13. Assume that {z € Q : |Vm(z)| = 0} has Lebesgue measure zero.
There ezists (3, such that for all § > B, the semi-trivial steady states, (4*,0) and

(0,0"), of system (5.4.29) are unstable.
Proof. The proof is similar to that of the previous Lemma. O

Theorem 5.4.14. Assume that {x € Q : |Vm(z)| = 0} has Lebesgue measure zero.
Let €9 > 0 be as in Lemma 5.4.8. Then for all e, with 0 < € < ¢y, there exists a I,
such that for all B > T, both systems (5.4.26) and (5.4.29) have unique positive steady
states (g, ws) and (up,ws), respectively. Furthermore, as 3 — oo, both (s, ws) and

(W, wh) converge to (@, w*) in C'(Q), where (a*,w*) is as in Lemma 5.4.8.

Proof. Let € € (0,¢). If B > jB(e), then by Lemma 5.4.10, (5, 1w5) has a corre-
sponding positive principal eigenvalue. From Lemma 5.4.12 we know that for g > S,

both semi-trivial steady states of system (5.4.26) are unstable. Thus because system
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(5.4.26) is strongly monotone, for 3 > max{/3(e), s}, by monotone dynamical system
theory [48], (i3, W) is globally asymptotically stable and hence unique.

In addition, by Lemma 5.4.11, (uj,w};) has a corresponding positive principal
eigenvalue for § > B(e) From Lemma 5.4.13 we have that for § > f,, both
semi-trivial steady states of system (5.4.29) are unstable. Again, by monotone
dynamical system theory [48], since (5.4.29) is a strongly monotone system, for
B8 > max{ff (€), By}, (1, w5) is globally asymptotically stable and thus unique.

Therefore, if we let T, = max{ﬂs,ﬁp,ﬁ(e),ﬁ(e)}, then for 8 > I'., both positive
steady states are unique for their respective systems.

Finally, we reference the proof of Lemma 5.4.10 for justification of the result that
as 8 — o0, both (up,ws) and (i, ws) converge to (4", w*) in CY(Q), where (@*,0*)

is as in Lemma 5.4.8. OJ

Corollary 5.4.15. Assume that {x € Q: |Vm(z)| = 0} has Lebesque measure zero.
For all €, where 0 < € < €, there exists T such that for all B > T, there exists a
Ts > 0 such that u(x,t) < @*(x) +1/8 and w(z,t) < 0*(x) +1/8 on Q x (T, 0).
(Note: @ comes from the solution pair (4,w) satisfying (5.4.29) and W comes from

the solution pair (u,w) satisfying (5.4.26).)

Proof. Let ¢ € (0,¢) and let 8 > I'c. Then from Theorem 5.4.14, (uj,w3) is a
globally asymptotically stable positive steady state for system (5.4.26) and (a5, w})
is a globally asymptotically stable steady state for system (5.4.29). Thus for a solution
(1, ) to system (5.4.26) with prescribed nonnegative initial data, there exists a T, >
0 such that if t > T, w(x,t) < wi(z) +1/(26) in 2. Similarly, for a solution (i, w)
to system (5.4.29), there exists a T,, > 0 such that if ¢t > T, a(z,t) < a5 +1/(28) in
Q.

By Theorem 5.4.14, as 8 — oo, (i, ws) — (4*,w") in C'(€2). Hence, there exists
[y such that if 3 > Ty, wi(z) < @* +1/(28) in Q and a3(r) < @° + 1/(28) in Q.
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Thus if we let 3 > T' = max{I',,T';} and then put Ts = max{T,,T,}, we obtain our

result. O
To prove Theorem 5.4.9, we simply apply Corollary 5.4.15 and v < 4 and w < w
on Q x (T, 00) for some T' > 0.
5.4.3 A Key Estimate and Instability of (a*,0,w")
We begin this section with a useful result concerning wy for large p.
Lemma 5.4.16. The following holds:
lim [ (mug+mlnm) <0,
p—00 J

where g is the unique solution satisfying (5.4.9).

Proof. Consider equation (5.4.9). If we let y — 0o, then we have uniform convergence

of

Thus,

i [ iy mtum) = ([ m) (fﬁm”“m - fﬂm“””) |

p—00 fQ m? fsz m

It suffices to show that

Define f as

Then
Jo mP(Inm)? [, m? — ([, mP Inm)?

(Jom)?

where the numerator of f'(p) is positive by Holder’s inequality. Thus, f is a strictly

fp) =

> 0,

increasing function of p and our result follows. O
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Next, we establish the following beautiful inequality coming from Hardy, Little-

wood, and Pdlya [26].

Lemma 5.4.17. [26] Let E be a measurable subset of RY. Suppose that a < f < b,
where a and b are in R, and that f is almost never equal to a and b; that p, the
“weight function”, is finite and positive everywhere in E, and integrable over E.

Further, suppose that ¢"(t) is positive and finite for a <t <b. Then

()=l

whenever the right-hand side exists and is finite. Also, note that equality holds when

f s effectively constant.

Proof. Note that we can normalize p such that / p = 1 and suppose that ) =
E

/ fp < oo (this is the case in which we are interested, but one can refer to [26] for
E
cases when () = +00). If f 2 C, then a < @ < b. Also, since f is finite and a < f < b

almost everywhere in E, we see that by Taylor’s theorem

o(f) = d(Q) + (f = Q)¢ (Q) + (1/2)(f — Q)*¢"(c),

where ¢ is between f and (), which implies that a < ¢ < b. Thus

[ otnp= 6@ =0 ([Efp> |

Here we have equality only if (f — Q)%¢"(c) =0. Asa < c < b, ¢"(c) > 0. Hence

f = @ almost everywhere in E. O

Lemma 5.4.18. For m > 0, nonconstant and in C*(Q) (note: these are our assump-

tions on m without assumption (Al)),

2 J m2inm
fym®  faptan
— < e Ja

Jom
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Proof. We apply Lemma 5.4.17 by choosing ¢(t) = tlnt, p = m, f = m and F =
Q. O

Using the inequality in Lemma 5.4.18, we are now ready to make our “key esti-
mate” on the size of m(xy). As we discussed in section 5.4, this result is fundamental

to establishing the instability of (@, 0, @) and lower bound for v.

Lemma 5.4.19. Suppose that m > 0, nonconstant and in C*(Q). Furthermore,

suppose that

In (fﬂ m2> < In(m(xo)) < Jom Inm

Jom Jom?
for xo € ), where xy s a local maximum of m. Then there exists some i such that

for all > p, there exists an € > 0 such that for all 0 < € <€,
INL*<1’0) + ID*(Z'()) — m(l'()) <0,
where (U*,w") is the unique positive steady state of (5.4.1) as shown by Lemma 5.4.8.

Proof. Using our expansions (5.4.16), for 0 < € < ¢,

" =m + em[A@ + uf + Inm] + O(?)

(5.4.33)
0" = eA + O(e?)
which gives us
i+ 0% —m = eAlm@ + 1] + e[mInm + uym] + O(€?) (5.4.34)

= eB + O(é?),

where A = 1/N(0) > 0, B = Alm@ + 1] + [mInm + uim]. Let g — oo. Then we
— Jom — Jom*Inm

know that ¢ — fg - fg 3

and u, — . Hence, as y — oo
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JolmInm + <_I‘}Qm$> m|

= Jolm (}g—gm?> +1]
_Jom? JomInm — Jom Jom®Inm (5.4.35)

(fn m)2 — 19| fom?

If we use our expression in (5.4.35) for A, then as y — oo

A—

oo (Bt ikt [ (i)

—meQInm)}

+{mlnm+m( meQ
:(fnm2 JomInm — fom [om* nm)(-m [,m+ [,m?
(JomA)((Jom)? = 19] [om?)
+(m1nmf9 m? —m [, m*Inm)(([,m)* — | [, m?
(Jom?)((Jom)? =192 [, m?)

2
D
PutA:(/m2> (/m) —|Q|/m2 < 0, then B — — as y — 0o, where
Q Q Q A

(o o o o) (o o )
(o 0 L) () -1 )

Note that by our assumption (Al) on m, at z, mlnm/ m? — m/ m*Inm < 0.

Also, by Lemma 5.4.16, we see that / /mlnm / /m Inm < 0. Now if

we want D > 0 (evaluated at ), then rearranging the above expression for D gives
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us

D(x0) :m(mo)/m(—/mQ/mlnm+/m/m2lnm>
oo o) ([ )
([ frmme o o) [

Manipulating the above expression gives us that D(zy) > 0 is equivalent to

(5.4.36)

—A
whereS——lnm(xg)/m —|—/mlnm>0 T=—-—>0and

meQ
——/m/mlnm—i—/ /mlnm>0
Q Q

Assuming our nonmonotonicity condition (A1) for m, we see that if we want
D(zo) > 0 and hence B < 0 at zg, then we need the lower bound for m(z() as given

n (5.4.36). Thus, if we impose the following condition on m,

(A2): m(x fﬂ

T Jom

we see that in light of Lemma 5.4.18 that this extra condition (A2) will not contradict

the simultaneous assumption on m given by (Al). Clearly (A2) is equivalent to
Jom’
Jom

satisfying both (A1) and (A2), D(zy) > 0 and hence for large enough p and small

ST
assuming that In ( ) < In(m(zg)). Furthermore, since Nal > 0, we see for m

enough €, u* +w* —m < 0 at xo. ]

Theorem 5.4.20. Suppose that m > 0, nonconstant, in C*(Q), and all critical points

of m are nondegenerate. Furthermore, suppose that

(ff‘; ) < In(m(zg)) < fﬁ}z#
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for some xy € 2, where zy is a local maximum of m. Then there exists i > 0
such that for all p > [, there exists € > 0 (from the previous Lemma) such that if
l<a<1l+e(where0<e<Eé), forally >0, v >0, there exists a B(u,€,7y,v) such
that for any 3 > [ the positive steady state solution of F(e,u,w) = 0 bifurcating from
the trivial solution is unstable in the larger three equation system (5.1.1). In other

words, (u*,0,0") is unstable.

Proof. We consider the following eigenvalue problem:

vV - [Vo — oV Inm] + ¢p(m — 0" —0*) = —A¢ in €,
(5.4.37)
Vo-n=0 on O,
where @ and " satisfy (5.4.1) for 0 < € < €. Set ¢ = e ?"™¢. Then ( satisfies

vV - [PV P C(m — 0 — @) = AP in Q,
(5.4.38)
Vo-n=0 on 0.

Simplifying the expression in (5.4.38), we see that ( satisfies
—vA( —vpVInmV(+ (0" + 0" —m)( =X in Q, V(-n|pg=0.(5.4.39)

Let A* denote the principal eigenvalue of Equation (5.4.37). Then from Theorem

1 of [10], we have

lim \* = min(a* + 0" —m), (5.4.40)
B—00 M

where M denotes the set of local maxima of m. From Lemma 5.4.19, we know that
for small enough €, @*(x¢) + @*(z9) — m(zo) < 0. Thus for large enough 3, we see

that \* < 0. This completes the proof. O]

Remark 5.4.21. Suppose we let m(z) = 3¢ @2 4 1720008 L 1 op [0, 1].
Then m has a local mazx at xy = .8 and m satisfies condition (Al). However, if we

formally let p — oo, then D < 0 and B ~ .006, where D and B are as above. Hence
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for small € and large i, we see that @+ w —m > 0 at xg. This means that (4,0, W)
15 stable. Therefore, we need to impose an additional assumption on m in order to

guarantee the coexistence of three species.

5.4.4 Proof of Lower Bound for Species v

Lemma 5.4.22. Consider the following single equation system:

;

0y = vV - [V — S0V Inm)|

+o(m—u"—w*—=2/—0) in Qx(T,0),
(5.4.41)
Vo —poVinm]-n=0 on 00 x (T,0),

o(x, T) =v(zx,T) in Q.

Suppose that m satisfies assumptions (Al) and (A2) and that the critical points of m
are nondegenerate. Then there exists i > 0 such that for all p > i, there exists € > 0
such that for 0 < e < € and for all v > 0, v > 0, there exists B(e,u,%y) such that
of B> B, the zero solution is unstable. (Note: € > 0 and pp > 0 are as in Theorem

5.4.20.)

Proof. To show that zero is unstable, we must show that the principle eigenvalue A

of the following eigenvalue problem is negative:

vV - [V —BeVinm|+p(m —a" —0" —2/) = —Ap in Q,
(5.4.42)

[V — BV Inm] - nlsgq = 0.

Note that we can choose ¢ > 0 in () as the corresponding eigenfunction to A. If we

let ¢ = p/m”, then (5.4.42) becomes
vV - [mPV ] + ¢omP (m — a* —w* —2/8) = —dm’p in Q,

(5.4.43)
ng : TL|3Q =0.
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Expanding and simplifying (5.4.43), we have

—vA¢ — vV InmVe+ (0" + 0"+ 2/ —m)p=XAp in €,

qu : TL|aQ =0. (5444)

Now let ¢; > 0 be any constant. Choose 3; >> 1 such that 2/ < ¢, for all 5 > .

Consider the following eigenvalue problem

—vA¢ —vpVInmVe, + (0° + 0" + 0, —m)p = Mgy in Q,

(5.4.45)
V(m : n|8Q - 07
where ), is the principal eigenvalue. By Theorem 1 of [10],
lim A\, = min(@* 4+ @* 4+ 6, — m), (5.4.46)
f—o0 M

where M denotes the set of local maxima of m. Choosing

0 = = [m(xg) — u*(z) — W (x0)] >0,

N | —

we see that by the choice of §; and Lemma 5.4.19

[ﬂ*(ZﬂQ) -+ ?D*(J?o) — m(a:o)] < 0.

N —

mj\}n(ﬁ* + 0"+ 3§ —m) <

Hence, \; < 0 for > 1. By the comparison principle, \; > A for 8 > ;. Therefore,

for B> B, A < 0. O
Finally, we can state and prove the lower bound result for species v.

Theorem 5.4.23. Let m satisfy both assumptions (A1) and (A2). Assume that
{z € Q: |Vm(z)| = 0} has Lebesque measure zero and all the critical points of m
are nondegenerate. Let v be the second component of any positive solution (u,v,w)
of (5.1.1). Let p > 0 be as in Theorem 5.4.20. Then for all u > [, there exists 0 < €
(where € is as above and is less than €y) such that for all 1 < o < 1+ €, and for all

v >0, v >0, there exists an B3 = max{f‘, B} (where T is from Corollary 5.4.15 and
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B is from Lemma 5.4.22), such that for all > Ps, there exists a 63 > 0 such that for

all v € Q, li{ninfv(x,t) > 63 > 0.
—00

Proof. Comparing system (5.4.26) and system (5.4.29) to system (5.1.1) and using
Corollary 5.4.15, we see that v is a super solution to (5.4.41) for ¢ > T where T} is
as in Corollary 5.4.15. That is, for all x € Q and for all t > T}, v(z,t) > 0(x,t). By
Lemma 5.4.22, we know that zero is unstable for system (5.4.41) which implies that
0(x,t) tends to a unique positive equilibrium of (5.4.41) as t — oo. Hence we see that

there exists a d3 > 0 such that for all z € €, li{n infv(x,t) > d3 > 0. O
—00

5.5 Three Species Permanence

Putting the results of Theorems 5.2.6, 5.3.1, and 5.4.23 together, we demonstrate that
for appropriate parameters, any solution, with nonnegative and not identically zero
initial data, of (5.1.1) eventually has a positive lower bound which is independent of

the initial conditions.

Theorem 5.5.1. Let m > 0, nonconstant and satisfy both (A1) and (A2). Assume
that {x € Q : |[Vm(z)| = 0} has Lebesgue measure zero and all the critical points of m
are nondegenerate. There ezists i > 0 (as in Theorem 5.4.20) such that for all u > [,
there exists 0 < € (where € is as in Theorem 5.4.23) such that for all1 < o < 1+¢€, and
for all v > 0, v > 0, there exists an M = max{/, B2, B3} such that for all 5 > M,
there exists a k = min{dy, 92,93} > 0 such that for any solution (u,v,w) of (5.1.1)
with nonnegative and not identically zero initial data, liminf u(z,t), liminfo(x,t),

t—o00 t—o00

litminfw(x,t) >k >0, for all z € Q.
—00

As the hard work has been completed, we turn to the upper bound result:
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Theorem 5.5.2. Given any positive solution (u,v,w) of system (5.1.1), for m > 0

and nonconstant, if we let
K = max{sup u*(x),supv*(z),supw*(x)} + x,
Q Q Q

where x > 0 and u*(x),v*(x),w"(x) are the steady state solutions of (5.1.1) when only

one species is present, then limsup u(z,t), limsupv(x,t), limsupw(z,t) < K.
t—o0 t—o0 t—o0

Proof. Let (u,v,w) be a positive solution to (5.1.1). From Corollary 5.2.5 we know
that limsup u(z,t) < v* and limsupv(z,t) < v* in 2. Examining the single species
t—00 t—o0
equation for w, i.e. the equation for w in (5.1.1) when u = v = 0, we obtain a similar
result for w(x,t). That is, limsupw(z,t) < w*. Putting these results together we
t—o00
complete the proof. n

Combining the results from Theorems 5.5.1 and 5.5.2 we have the following con-

clusion.

Theorem 5.5.3. Given the assumptions in Theorem 5.5.1, a solution (u,v,w) of sys-
tem (5.1.1) with nonnegative and not identically zero initial data will exhibit ecological

permanence as defined in section 5.1.1.

To conclude this section, we see that for nonmonotone m satisfying (A1) and (A2),
for a suitable range of parameters, three species can survive together. Biologically,
we note that species © and v both have an established niche as u concentrates near
the global maximum of m and v concentrates near the local maximum of m at x,.
Species w, on the other hand, has a more evenly spread distribution. In short, we say
that u pursues the “best” resources, v pursues the “second best”, and w goes after

the “rest.”
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5.6 Existence of a Componentwise Positive Equilibrium

In order to demonstrate that our permanence result implies the existence of a com-
ponentwise positive steady state for the three species model (5.1.1), we first rewrite

(5.1.1) as follows

Uy = pm =V - [meVa] + a(m — m®d — mPo —w) in Q x (0,00),

B

Oy = vm PV - [mPVo] + o(m — m®a —mPo —w) in Qx(0,00),

(5.6.1)
wy =7yAw+wm—u—v—w) in Qx(0,00),

Vi-n=Vio-n=Vw-n=0 on 092 x (0,00),

\

“and o = vm™® in Q. Using the theory of analytic semi-groups

where @ = um™
and parabolic partial differential equations, we can recast system (5.6.1) as a semi-
dynamical system II[(@°,7° w"),t] defined on the space C(Q) x C(Q) x C(Q) =
[C(Q)]3, where TI[(a@°, 7", w"),t] denotes the unique solution (@(x,t),(x,t), w(z,t))
to (5.6.1) such that (@(x,0),d(x,0),w(x,0)) = (@°,7° w’) [6]. As we are interested
in nonnegative solutions of (5.6.1), we restrict II to the cone V of [C(Q)]* where
each of the components of an element of V' are nonnegative. Note that V' is a closed
subspace of [C'(Q)]* and hence is a Banach space. Also, by the maximum principle
[48], V' has nonempty interior. Note that II[(-,-),¢] : V' — V for any ¢ > 0 is compact
by Theorem 1.12 in [6].

For the remainder of this section, we fix m and parameters u, o, v, 5,y such that
the hypotheses of Theorems 5.5.1 and 5.5.2 are satisfied. So, there exists positive
numbers k and K, such that if (u,v,w) is a solution of (5.1.1) with nonnegative
initial data, there exists a Ty > O such that k <u < K, k<v < K,and k <w < K

in Q x [Ty, 00). In light of system (5.6.1), we have k < am® < K, k < 9m” < K, and

k< w< K in Q x [Ty,o0). Because m® and m” are bounded above and below by
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positive bounds, there are positive bounds b and B such that b <u < B, b < v < B,
and b < w < B in Q x [Tp, 00).

Define W* = {f : f € [C(Q)]?, f = (f1, fo, f3) where b < f; < B in Q}. Clearly,
W* is a nonempty, open, bounded, and convex subset of [C'(2)]®. Following [6], we
note that the crux of our proof of the existence of a positive steady state for (5.6.1)
and hence for (5.1.1) depends on showing that for any ¢ > 0, II[-, ¢] has a fixed point
in W*. To show this, we rely on the Asymptotic Schauder Fixed Point Theorem which

we state as follows:

Theorem 5.6.1. [51] Let G be a nonempty bounded open convez set in a Banach
space X . Let the operator A : X — X be compact and suppose for some prime p > 2

we have that A¥(G) C G where k = p,p+1. Then A has a fived point in G.

Consider the following result.

Lemma 5.6.2. Let t* > 0. There exists an integer ng > 0 such that TI[W™* nt*] C W*

for all n > ny.

Proof. Suppose there is an increasing sequence (n;) of positive integers and there
exists an ¥ € W* such that II[Z, n;t*] ¢ W* for all n;. Suppose we have a solution to
(5.6.1) with initial data (@°,7°,w") = #. Then according to our permanence result
above, I1[Z,t] € W* for all t > t, where ¢, depends on . But this contradicts our

previous assumption and completes the proof. O

Note that Lemma 5.6.2 allows us to apply Theorem 5.6.1 to II acting on W* and
hence we have shown that for any ¢ > 0, II[-, ¢] has a fixed point in W™,

It follows then that system (5.6.1) has an equilibrium point in W* (see Lemma
3.7 in [2]). By definition of W™ this point is positive in each component. It is clear
then that system (5.1.1) also has a positive equilibrium and we summarize our result

as follows:
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Theorem 5.6.3. Under the assumptions of Theorem 5.5.1, (5.1.1) has a positive

equilibrium solution (ue(x), ve(z), we(x)) in Q.

114



CHAPTER 6
DISCUSSION AND FUTURE DIRECTIONS

Recalling our brief review in the introduction, we see that there are various modeling
approaches to studying the evolution of dispersal. In this study we utilize reaction-
diffusion-advection equations in an adaptive dynamic framework to study both the
evolution of diffusion or advection alone and the evolution of both traits simultane-
ously. We specifically focus on the interplay between evolution and the underlying
spatial variation of the environment. A fundamental aspect of this relationship was
noted in [9] as the authors suggested that the results of [17] and [27] are due to the
mismatch diffusion creates between the species population density at steady state and
the resource. This led Cantrell et al. [9] to introduce a conditional strategy capable
of perfectly matching the resource curve. As mentioned above, this special strategy
is the ideal free strategy as a species using it exhibits an ideal free distribution at
equilibrium.

The ideal free strategy serves as a foundation for our current study. We show
that if a single resident species employs the ideal free strategy versus an invading
species using an alternate strategy, the resident species will win. In adaptive dynamic
language, this means that the ideal free strategy is a global evolutionarily stable
strategy (ESS). Intuitively, if the resident species is able to distribute itself as to
perfectly match the resource, then an invading species will have no resources and its

effective growth rate will eventually be negative, leading to extinction.
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The above result depends on the fact that one species is able to use an ideal free
strategy (IFS). However, we can generalize this concept by searching for strategies
such that two competing species at equilibrium have distributions that are ideal free.
In particular we find that given any u, v > 0, if ye!’ +7e% = m in Q for some v, 7 > 0,
(veP, 7e%) is a unique positive steady state of (1.3.4) such that the fitness of both
species is identically equal to zero in the habitat. In other words, two species can have
a combined equilibrium population that perfectly matches the resource while both
species exhibit an ideal free distribution. In this case we say that two such species
form an “ideal free pair”. With this in mind we want to pursue the co-evolution of

competing species in two directions:

e Given two species whose strategies P, and P, form an ideal free pair (P, P,)
as described above, if we introduce a third species with strategy P3 such that
neither (Pp, P;) nor (P, P3) form an ideal free pair, then we conjecture that

species P3 will go extinct.

e Given two resident species, each giving rise to mutant species, we ask what
evolutionary trends will arise in this context? To answer this we consider the

following model (an extension of (1.3.4)):

)
u=puV - [Vu—uVP]+um—u—v—u—1), in Qx(0,00),

v =vV-[Vo—oVQ]+v(m—u—v—1u—10), in Qx(0,00),
iy = pV - [Vi— aVP]|+ia(m—u—v—a—17), in Qx(0,00),
O =vV-[Vi—0VQ|+0(m—u—v—a—17), in Qx(0,00),

[Vu—uVP]-n=[Vv—oVQ]-n=0on 0 x (0,00),

k[Vﬂ—ﬂvp]-n:[Vf}—f}VCNQ]-n:OonaQ><(O,oo).
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Note that both these directions are interesting as they directly generalize our results
as well as incorporate models which are nonmonotone.

Coming back to our present work, we consider competing species having strategies
on the “same side” of the IFS. For monotone resource functions, we notice that for
each point in evolutionary time, the system in general exhibits competitive exclusion.
Roughly we find that the species whose strategy is closer to being ideal free will
win. That is, even a species with a dispersal strategy far from being ideal will evolve
towards the ideal free strategy. In this sense, we show that for monotone resource
functions, the IF'S is generally a CSS. However, we cannot conclude that the IFS is
strictly a CSS (with respect to the two dimensional Euclidean metric) as even with
linear resource curves, selection may at times drive strategies away from the IF'S.

For nonmonotone resource functions, the situation is more delicate. Our work
implies that there may exist nonideal free strategies which are locally evolutionar-
ily stable and/or convergent stable [21]. More specifically, we find that for certain
nonmonotone resource functions, competing species on the “same side” of the IFS
can coexist. It is within this novel coexistence zone that certain nonideal free strate-
gies may be locally superior or attractive. Moreover, these results suggest that there
is probably not a general trend of dispersal strategies converging towards the IFS,
rather an evolutionary path may enter a coexistence zone where multiple outcomes
are possible including evolutionary branching.

This new coexistence region also provides insight as to how three species can
survive together. Chris Cosner [12] recently asked if three competing species with the
same population dynamics but different dispersal strategies can coexist. We answer
his question in the affirmative, showing that for nonmontone resource functions, with
a global maximum in 2 as well as a local maximum which is neither too large nor too

small in Q (see assumptions (A1) and (A2)), there is a range of parameters in which

117



three species permanence is possible. While our work provides an initial answer, we
suspect there are other parameter regions (which may be quite narrow) such that a
nonmonotone resource function can support three species. For a numerical example,
referring to model (5.1.1), if we fix p = v = .1, a = .04, B = .3, then we see for
~ near .01, three species can survive. However, if we make v too small we see that
species v dies; if we make 7 too large then species w dies. This type of coexistence is
quite different than in Chapter 5 as species u and v display competitive coexistence
having strategies on “opposite sides” of the IFS, but seem to leave enough resources
for species w to persist.

Returning to the context of two competing species, we also observe competitive
coexistence. We consider species with strategies on “opposite sides” of the IFS, show-
ing that for any positive resource function such species can coexist. The significance
here is that our assumption on the resource function is much more general than re-
sults from earlier studies [8, 9, 11] and our result holds in an arbitrarily large spatial
dimension.

These conclusions for competing traits on the “same side” and “opposite sides”
of the IFS depend on our assumption in the model (1.3.4) that both P and @ are
multiples of In m in €. It would be insightful to allow P = Inm+rR and Q = Inm+sR
for a fixed R € C*(f2) and arbitrary r, s € R. Thinking of R as a small perturbation,
we can widen the range of possible dispersal strategies but still allow for the possibility
of an IFS (when 7 or s is 0). Furthermore, we can preserve the referential use of the
IFS by considering the signs of r and s; that is, strategies lie on “opposite sides”
when r and s have different signs and strategies lie on the “same side” when both r
and s have the same sign.

Finally, a direction that is of great interest concerns the inclusion of resource

dynamics in a two species competition model. The difficulty here is that the resulting
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dynamical system is not monotone. We suggest that the permanence theory we use
in order to prove the coexistence of three competing species as well as the existence
of a positive steady state for the three species model, may be beneficial in addressing
such models and may open the door to new methods in dealing with nonmonotone

systems.
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