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ABSTRACT

Each chemical reaction network taken with mass action kinetics gives rise to a system
of polynomial differential equations that govern the species concentrations, and in those
equations many parameters (rate constants) appear. Even for a moderately sized network
with several species and several reactions the resulting equations can be highly intricate.
This thesis addresses the problem of determining whether a given chemical reaction net-
work, taken with mass action kinetics, has the capacity to admit multiple positive steady
states — that is, whether for the network there are rate constant values such that the resulting
polynomial differential equations admit two distinct stoichiometrically-compatible steady
states in which all species concentrations are positive. The theory developed extends earlier
work by Ellison and Feinberg and is implemented in a Windows-based computer program

that has been made internet-available.
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Chapter 1

INTRODUCTION

1.1 Questions of Interest

We will consider a special kind of ordinary differential equations, those derived from chem-
ical reaction networks. In particular, we will consider the question of how reaction network
constructure influences the capacity of the corresponding differential equations to admit
more than one equilibrium. (More precisely, we will be interested in the possibility of two
"stoichiometrically compatible" equilibria in which all species concentrations are positive.)

To see how these ordinary differential equations are derived, let us consider the simple
example shown below as (1.1.1).

Suppose A, B, C, and D are chemical species, and suppose that a molecule of A can
react with a molecule of B to form a molecule of C, a molecule of C' can decompose into
two molecules of D, and two molecules of D can form a molecule of C. The chemical
reactions occurring among all species are then A + B — C, C' — 2D, and 2D — C'. The
set of objects {A + B, C,2D} that lie on either side of the reaction arrow are called the
complexes of the reaction network.

We write down the standard reaction diagram for this reaction network, in which each

complex appears just once:
A+B—C=2D. (1.1.1)

Next, imagine that we put a certain amount of species A, B, C' and D into a pot. We
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will refer the pot as a reactor. We suppose the pot is stirred constantly so its contents remain
spatially homogeneous over time. We also suppose the contents in the pot are maintained
at a fixed temperature and total volume. We will consider the instantaneous molar con-
centrations of the species, denoted by c4(t), c¢g(t), cc(t) and cp(t). We define a vector,
containing these instantaneous concentrations as its components, as a composition vector
c(t), where c(t) = [ca(t), cp(t), co(t), cp(t)]. We can then write the differential equations
describing the evolution of these molar concentrations. Note that the chemical reactions are
the causes by which the concentrations change, so the rate of change of the concentrations
depends on how fast the reactions are going. In general, we suppose that the instantaneous
occurence rate of each reaction depends on the instantaneous composition vector c. For
example, we define a continuous nonnegative real-valued function %4, p_.¢(+) such that
a4+ p—c(c) is the instantaneous occurrence rate of reaction A + B — C' (per unit volume
of mixture) when the instantaneous composition vector is c. We can similarly define func-
tions #c_op(+) and Aop_.c(+) for the reactions C' — 2D and 2D — C, respectively. We
then define a kinetics for a reaction network as an assignment of a rate function to each
reaction in the network.

Assuming the reaction network (1.1.1) is equipped with a kinetics, we can write down
the system of differential equations that govern the reactor. Supposing the reactor has
some instantaneous composition ¢, we can consider the instantaneous rates of change for
all entries in ¢, c4, cp, cc and cp. For example, let us consider the instantaneous rate of
change of c4. Note that every time the reaction A + B — C' occurs, we lose a molecule of
A at the occurrence rate %4, g_.c(c). For the other two reactions C' — 2D and 2D — C,
when they occur, there is no gain or loss of molecules of A. Therefore, we can express the

instantaneous rate of change of concentration of species A as follows:
éA - _<%/A+B—>C(c)

As for species D, every time the reaction C' — 2D occurs, two molecules of D are
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gained at the rate #_op(c) , every time the reaction 2D — C' occurs, two molecules
of D are lost at the rate #5p_.¢(c), and the occurence of reaction A + B — C' does not
affect the number of molecules of D. Therefore, we can write down the instantaneous rate

change of concentration of species A, B, C' and D, in a similar fashion.

ta = —Hayp-cl(c) (1.1.2)
éB = _'%/14+B~>C (C)
o = Harpoc(c) — Hoap(c) + Hap_cl(c)

¢p = 2Xc_op(c) —2p_c(c)

In this thesis, we assume that the kinetics are mass action, which we will now describe.

We assume that the instantaneous occurrence rate of A + B — C'is proportional to the
current value of c4cp. This is based on the assumption that the probability of a molecule of
A encountering a molecule of B, which is required to make the reaction A+ B — C occur,
is proportional to c4cp. Thus we write 4. p_.c(c) = karp_ccacp, where ko p_.cis a
positive rate constant for the reaction A + B — C.

We assume the instantaneous occurrence rate of C' — 2D is proportional to the current
concentration of species C. This is based on the assumption that the higher the concentra-
tion of C, the higher will be the number of occurrences per time of the reaction C' — 2D.
So we can write #¢_op(c) = kc_apcp, where ko_op is a positive rate constant for the
reaction C' — 2D.

We assume that the instantaneous occurence rate of 2D — (' is proportional to the
current value of c7,. This is based on the assumption that the probability of a molecule of
D encountering another molecule of D, which is required to make the reaction 2D — C'
occur, is proportional to ¢7,. Thus we write #5p_.c(c) = kap_.cc), where kyp_.c is a

positive rate constant for the reaction 2D — C.



Therefore, from our mass action kinetics assumption, we have that

%JFB"C(C) = kayp—ccacn
Ho—2D (C) = kc_opce
%DHC(C) = kzpﬂcci—)

where k4. p_.c, ko—ap, kop_.c are the rate constants for the corresponding reactions. We

can rewrite (1.1.2) as follows:

ca = —kayp—ccacp (1.1.3)
¢g = —kayp_ccacn

¢c = karp—ccacp — kc—apcc + kap_cch

ép = 2kc_apce — 2kap_cCh

We now are at the point that the differential equations are written for the mass action

governed reaction network (1.1.1).

Remark 1.1.1. Besides reactions derived from true chemistry, there are sometimes so-
called pseudo-reactions (see [13]). For example, we can add pseudo-reactions A = 0,
B=0,C=0,D — 0, where 0 is called the zero complex, to reaction network (1.1.1).

We then have the following reaction network:

A+B— C =2D (1.1.4)
!
A= 0 =B
T
D

We will explain why the pseudo-reactions might be added to reaction network (1.1.1) to

form reaction network (1.1.4). Suppose we change the reactor for reaction network (1.1.1)
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so that it has an inflow and outflow stream. We suppose that as the reactions are occurring
inside the reactor, a mixture of species A, B, and C'is continuously supplied to the reactor
at a constant volumetric flow rate r (volume/time), and species A, B, C' and D are contin-
uously removed from the reactor in a stream having the same volumetric flow rate r. Let us
denote by cﬁ, cj;, and cé the instantaneous molar concentrations (moles/volume) of species
A, B, and C in the inflow stream. ca, cg, cc, and cp will still represent the instantaneous
molar concentrations of species A, B, C and D, respectively, within the reactor. Therefore
ca, Cg, Cc and cp are also the instantaneous molar concentrations of species A, B, C' and
D, respectively, in the outflow stream. Let V' be the total volume of the mixture within the
reactor.

If we consider the reaction network (1.1.4), the inflow and outflow streams are also
causes for changes in concentrations, besides the reactions occurring inside the reactor.

So the corresponding mass action differential equations are :

Ca = (r/V)cQ — (r/V)ea — karp—ccacp (1.1.5)
¢g = (r/V)eh — (r/V)es — kasp_ccacs

co = (r/V)ch — (r/V)ee + kaypoccacs — koapce + kap—och

ép = —(r/V)ep + 2ko_apce — 2kap_.ocy,

Let koy = (r/V)eh, komp = (r/V)eh ko = (r/V)ch, kao = r)V, kp_o =
r/V, koo = r/V, and kp_o = r/V. With these definitions we can rewrite (1.1.5) as

Jfollows:
¢a = koa—kasoca — kayp—ccacn (1.1.6)
¢g = koop—kp_ocp — kAJrBHcCACB
: 2
cc = komc —kc—occ + karp—ccacs — ko—apcc + kap—ccp
: 2
¢p = —kp_ocp + 2kc—apcc — 2kap_.ccp



We can then call ky_. 4, ko_.B, ko—.c, ka—o, kp—o, koo and kp_.o the rate constants for
the pseudo reactions 0 — A, 0 - B0 - C, A —-0,B —-0,C — 0and D — 0,
respectively. By convention, with mass action kinetics, a reaction of the form 0 — A is
taken to have constant rate, the rate being ky_. 4, i.e., the rate constant for the reaction
0 — A. In this way, the mass action differential equations (1.1.6) derive from the network

(1.1.4).

For any given reaction network, the construction of the mass action differential equa-
tions proceeds in the same way, as in the example. The resulting system of mass action
differential equations will usually be far more complicated than (1.1.3). We will give an

example of a more complex reaction network below:

Ei + Sl - E151 — B + SQ - Elsz — B + 53 - E1Sg — B + 84 (117)
E2+S4\:\EQS4—>E2+53\:\E253—>E2+SQ \:EQSQ —>E2+Sl
E3+Sl ‘iEg)Sl —>E3+SQ :E?)SQ —>E3+S3
E4+S4;‘E4S4—>E4+Sg;‘E4Sg—>E4+SQ

with its corresponding mass action differential equations (1.1.8), where ¢, is the instanta-

neous rate of change of concentration of species s, ¢, is the instantaneous concentration of

species s and k,_.,s is the rate constant for the reaction y — 1



CE'1

CE2

CE4

Cgy

s,

s,

€Sy =

Cs, =

_kE1+51—>E1510E1051 + kE151—>E1+S1CE151 + kE151—>E1+520E131
_kE1+52—>E152CE1652 + kE152—>E1+526E152 + kE152—>E1+S3CE152
_kE1+S3HE1536E1 Css + kE153HE1+SSCE153 + kE153HE1+S4CE153
_kE2+S4—>E2S4CE2CS4 + kE2S4—>E2+S4CE2S4 + kE2S4—>E2+530E254
_kE2+S34’EQS3CEQCSB + kE253HE2+53CE253 + kEQSSHEQ‘FSQCEéSB
_kE2+52—>E2520E2032 + kE252—>E2+SzcE232 + kE252—>E2+51 CEyS,
_kE3+51—>E3510E3051 + kE3S1—>E3+S1CE3S1 + kE3S1—>E3+SzcE351
_kE3+SQ*>ESSZCESCSQ + kESSQHEB‘FSQCEBSQ + kE352HE3+SSCE352
_kE4+54—>E4S4CE4CS4 + kE4S4—>E4+S4CE4S4 + kE4S4—>E4+S30E4S4
_k‘lE4+S3—>E4S3CE4CS3 + kE453—>E4+536E453 + kE453—>E4+SzcE4S3
_kE1+51HE1516E1651 + kE151HE1+SlcE151 + kE252HE2+SlcE2S2
_kE3+Sl—>E3510EacS1 + kE351—>E3+S1CE351

kEISI_’E1+SQCE151 - kE1+52—>E152CE1052 + kE132—>E1+SQCE152
+kE253—>E2+S2CE253 - kE2+52—>E2S2CE2032 + kE252—>E2+S2CE252
+kE381—>E3+SQCE3SI - kE3+S2—>E3520E3052 + kE352—>E3+SzcE352
+kE4SS‘>E4+SQCE4SB

kE152—>E1+53CE152 - kE1+5'3—>E153CE1053 + kE153—>E1+530E153
+kE254—>E2+S3CE254 - kE2+S3—>E253CEch3 + kE253—>E2+S3CE253
+k’E352HEs+SSCE352 + k'E4S4HE4+SSCE4S4 - kE4+53HE4S3CE4CSS
+kE4S3—>E4+530E453

kE153—>E1+54CE153 - kE2+S4—>E254CE2054 + kE234—>E2+54CE254

- kE4 +84—FE48,CE4CSy + kE4 S4—E4+54,CE4S,

(1.1.8)



éE151 - kE1+51—>E1S1CE1CS1 - kjElsl_’El"FSlCElSl - kE151—>E1+S2CE151

éE152 = kE1+524’EISQCEICSQ - kE152HE1+SzcE152 - kE152HE1+S3CE152
éE153 - kE1+53—>E1530E1033 - kE153—>E1+5'30E15'3 - kE133—>E1+S4CE153
éE254 = kE2+S4—>E254CE2054 - k:E254—>E2+S4CE254 - k;E254—>E2+53CE254
éEQSS = kE2+53HE253CE2053 - kE253HE2+530E253 - kE2SS‘>E2+SQCEZSS
éE252 = kE2+52—>E2S2CE2052 - kE252—>E2+52CE252 - kE252—>E2+51 CEyS,
éE351 = kE3+51—>E351CE3CS1 - kE351—>E3+516E351 - kE351—>E3+SQCE351
éE4S4 = kE4+S4HE4S4CE4CS4 - kE4S4HE4+S4CE4S4 - kE4S4HE4+S3CE4S4
éE453 = kE4+S3—>E4S3CE4653 - kjE453—>E4+S3CE4S3 - kE453—>E4+52CE453

We propose our questions for this thesis: For a given reaction network, how can we
determine if the corresponding mass action differential equations have the capacity to admit
multiple positive equilibria (in a sense to be defined more precisely later)? (By a positive
equilibrium, we mean one in which all species concentrations are positive.) That is, are
there rate constant values for which multiple positive equilibria will be obtained? And how
does the answer depend on the reaction network structure? This thesis is about answering

these questions.

Remark 1.1.2. There are certain physical assumptions underlying the work. All reactions
are assumed to be governed by mass action kinetics. All mixtures are assumed to have
a constant density, independent of composition. All mixtures are assumed to be spatially
homogeneous ("well-stirred") so the concentrations in the reactor are uniform. The reac-
tors are assumed to operate isothermally. These assumptions are made to focus solely on

changes in the concentrations due to the reactions in the given reaction network.



1.2 Overview

The main objective is to construct the Higher Deficiency Theory, a theory which is pro-
posed to study the equilibrium states of chemical reaction networks. We will try to provide
a systematic way to answer the question of whether a given reaction network has the capac-
ity to admit multiple steady states. The Higher Deficiency Theory translates the question
of multiple steady states into questions about solving systems of /inear inequalities and
equalities. An algorithm, called the Higher Deficiency Algorithm, is designed and imple-
mented in a user-friendly Windows-based program called the Chemical Reaction Network
Toolbox [16], according to the theory. The Higher Deficiency Theory and Algorithm are
reformulations and extensions of earlier work by Feinberg (see [1], [2], [3], [4], [S], and
[6]) and Ellison (see [7], [8], [9], [10] and [11]).

The other components of this thesis are the Mass Action Injectivity Test and the Concor-
dance Test. Both serve as supportive tools for the Higher Deficiency Theory and Algorithm
in answering the question of multiple steady states. The Mass Action Injectivity Test and
the Concordance Test can only conclude that a given reaction network cannot support mul-
tiple steady states; they can never conclude that a reaction network can support multiple
steady states. The Concordance Test also gives information about networks with kinetics
that are not mass action.

If a network passes the Mass Action Injectivity Test or the Concordance Test, then (in
the mass action case) the given reaction network cannot support multiple steady states, no
matter what positive values the rate constants (of the reactions in the network) take. In
the case that the computational algorithm for the Higher Deficiency Theory needs to take a
somewhat longer time to answer or cannot answer the question, the Mass Action Injectivity

Test and the Concordance Test might nevertheless give information, and perhaps quickly.



1.3 Terms and Definitions

In this section, the terms and definitions for understanding chemical reaction network the-
ory are introduced.

Let ] be a finite set. We denote by # () or || the number of elements in /. We denote
R as the vector space of real-valued functions with domain /. Let x € R’ andi € I, then
x (i) will usually be denoted z;. In particular, Ri means the vector space of positive-valued
functions with domain / and Ri means the vector space of nonnegative-valued functions
with domain I. We define the standard basis {w;};c; of R’ as follows:

1, ifj=1

w;(j) =
0, otherwise.

Addition, subtraction, and scalar multiplication in R’ are defined in the usual way. We then
define the vector multiplication, exponential, natural logarithmic functions and standard
scalar product in R’ as follows:
Let 7,z € R/, then 2z € R’ is defined via (z2); = x;2, e* € R’ is defined via
(e"); = ", Inz € R is defined via (Inz); = Inx;, 2° € Ris defined via 2 = [ ] 27", and
iel
r-z€Risdefinedviaz -z = szzz

iel
We also define the support of 2 € R’, denoted by supp z, as follows:

suppz :={i € I : x; # 0}.

We define the support of a set A = {z*, 2%, ..., 2"} C R’ as follows:

supp A := {i € I : there exists z7 € A such that zJ # 0}.

In general, a reaction network consists of three sets ., ¥, and %, where .7 is the set
of all species in the reaction network, % is the set of all complexes in the reaction network,
and Z is the set of all reactions in the reaction network. In reaction network (1.1.1),
< ={A,B,C,D},¢ ={A+ B,C,2D},and Z ={A+ B — C,C — 2D,2D — C}.

In a reaction network, each complex is associated with a complex vector in R”. The
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complex vector y for the complex is defined as Z Ysws, Where y, is the stoichiometric
coefficient of the species s for the complex. <

In the reaction network theory, we will often find it convenient to identify the name
of a complex with its complex vector. For example, the complex A + B is regarded as a
symbol for ws + wp € R”. Thus, € is regarded as a subset of ]Rf . A reaction, then, will
typically be denoted by a symbol such as y — 3/, where y and ' are members of ¢ C Rf
(e.g. y = A+ B,y = C). In reaction network (1.1.1), the complexes are A + B, C, and
2D, and the corresponding complex vectors are w4 + wg, we, and 2wp. Thus A + B is
regarded as a symbol for wy + wp € R, C is regarded as a symbol for we € R”, and D
is regarded as a symbol for wp € R”.

For a reaction in a reaction network with an arrow —, the complex lying in front of the
tail of the arrow is called a reactant complex for the reaction, and the one lying next to the
head of the arrow is called a product complex. In other words, if, in a reaction network,
there exists a reaction y — y/, then y is the reactant complex of this reaction, and 3/ is the
product complex of this reaction.

The reaction vector for the reaction y — ' is defined as ¥/ — y € R”, and (v —
y)s represents the net change in the number of molecules for species s € . from one
occurrence of reaction y — y'. In reaction network (1.1.1), the reaction vectors are wg —
wa — wp, 2wp — we, and we — 2wp, which are associated with the reactions A + B —
C,C — 2D, and 2D — C, respectively. We then define the stoichiometric subspace S
as the linear subspace of R spanned by all reaction vectors in the reaction network, i.e.,
S =span{y —y:y — y € Z}. Inreaction network (1.1.1), the stoichiometric subspace
is the linear space spanned by the set {w¢c — wa — wp, 2wp — W, we — 2wp }. Therefore,
a basis of the stoichiometric subspace is {wc —wa — wp, 2wp — we} and the dimension of
the stoichiometric subspace is 2.

Recall that {w, : s € .7} is the standard basis for R”. In a mixture in which the

11



molar concentration of species s € .7 is c,, the composition vector ¢ € R” is defined by
c = Z csws. In mass action kinetics, the rate of the reaction y — %/’ at a composition
c1is e(;lelt:l to ky_,c’, where k,_,,, is the rate constant for the reaction y — y’. Here ¢” is
defined as follows:

&= 1] &, (1.3.1)

se
where y, is the stoichiometric coefficient of the species s for the complex .
The rate of change of composition ¢ for a given composition ¢ can then be described by
the following equation (see [1]):
c= > kY —y). (1.3.2)
y—yY' X
From here we can see that the rate of change of composition ¢ for a given composition ¢
lies in the stoichiometric subspace S.

Two composition vectors in R, ¢* and ¢**, are called stoichiometrically compatible if
=" es.

As usual, we say that R is an equivalence relation on a set X, if for any z, z1, x9, 73 €
X, the following are satisfied:

(1) Reflexivity: xRx.

(i1) Symmetry: If 1 Rz then zo Rx.

(iii) Transitivity: If z; Rxo and z9 Rx3, then x1 Rxs.

We can see that stoichiometric compatibility defines an equivalence relation. There-
fore, it can be used to partition compositions in Rf into stoichiometric compatibility
classes. If we consider instead two composition vectors in R, we can similarly claim
that the stoichiometric compatibility can partition Rf into positive stoichiometric compat-
iblity classes. In other words, we define a positive stoichiometric compatibility class as

the subset of a stoichiometric compatibility class that contains all of the strictly positive
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compositions of that stoichiometric compatibility class. In particular, the positive stoichio-
metric compatibility class containing ¢* € R is (¢* + S) NR7.

A reaction network is said to support multiple positive steady states if there exist pos-
itive rate constants such that the corresponding differential equation (1.3.2) admits two
distinct steady states in the same positive stoichiometric compatibility class.

We have defined basic terms that describe a reaction network and the quantitative terms
associated with a reaction network. Next we will introduce some terms that describe the
general structure of a reaction network.

A reaction y — /' in a reaction network Z is called reversible if 1/ — 1 also lies in the
reaction network; otherwise that reaction is called irreversible.

A reaction network is called reversible if every reaction in the network is reversible. A
reaction network is called weakly reversible if for every reaction y — ' € %, there exist
complexes ¥, ¥o, ... such that y' — y; — y» — ... — y lie in Z. Note that each reversible
network is also a weakly reversible network.

Two complexes, y and 3/’ in a reaction network are called directly linked if the reaction
network contains either the reaction y — 3/ or the reaction 3y — y or both reactions. If
y and 7/ are directly linked, then we denote it as y < 3’. Two complexes, y and ¢ in a
reaction network are called linked if they are the same complex or if there exist yi, ya, ...
such thaty < y; < yp < ... < /.

We can claim that linkage defines an equivalence relation:

(i) Reflexivity: y < y.

(ii) Symmetry: If iy <> 1/, then 3/ < .

(ii1) Transitivity: If y; < y, and y5 < ys3, then y; < ys.

The linkage relation can be used to partition complexes in ¢ into linkage classes. In
reaction network (1.1.1), there is only one linkage class.

A complex y is said to react to complex 3’ if y — 3/ lies in the reaction network. A
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complex y is said to ultimately react to complex 3/ if they are the same complex or if there
exist y1, o, ... such that y — y; — y» — ... — %/ lie in the reaction network.

Two complexes, y and 3/, are called to be strongly linked if both y ultimately reacts to
" and 7/ ultimately reacts to y.

We can claim that strong linkage defines an equivalence relation:

(i) Reflexivity: y is strongly linked to y.

(ii) Symmetry: If y is strongly linked to ¢/, then %/ is strongly linked to y.

(ii1) Transitivity: Suppose that y is strongly linked to ¢ and 7 is strongly linked to 3.
Then there exists paths from y to ¢, from ¢ to y, from g to ¢ and from ¢ to y. Therefore,
there exist a path from y to ¢ and a path from ¢ to y, i.e., y is strongly linked to 4.

The strong linkage relation can be used to partition complexes in % into strong linkage
classes. A strong linkage class is called terminal if no complex in the strong linkage class
reacts to a complex that does not lie in the strong linkage class; otherwise it is called a
nonterminal strong linkage class. A strong linkage class is called #rivial if it contains
only one complex in the strong linkage class; otherwise it is called rnontrivial. In reaction
network (1.1.1), the strong linkage classes are {A + B} and {C,2D}. {A + B} is trivial
and nonterminal, and {C, 2D} is nontrivial and terminal in reaction network (1.1.1).

We will give another example of reaction network:

A+B+2C— D+E =3F (1.3.3)
C+E~ 2F =2A+2B
L
2A+C

2B 4+ 2C = D+ F

There are three linkage classes in the reaction network (1.3.3). The strong linkage classes

are {A+B+2C},{D+E,3F},{C+FE}, {2F,2A+ C,2A+2B},and {2B+2C, D +
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F}. {A+ B + 2C%} is nonterminal and trivial, {D + E,3F'} is terminal and nontrivial,
{C + E} is terminal and trivial, {2F, 24+ C, 2A + 2B} is nonterminal and nontrivial, and

{2B + 2C, D + F'} is terminal and nontrivial.

Remark 1.3.1. It is easy to see that in a finite reaction network (with a finite number of

complexes), every linkage class contains at least one terminal strong linkage class.

Let #(%) be the number of complexes in the reaction network, let dim S be the di-
mension of the stoichiometric space S spanned by all reaction vectors in the reaction
network, and let #(linkage classes) be the number of linkage classes in the reaction net-
work. The deficiency of a reaction network, denoted by J, is defined as § = #(€) —
#(linkage classes)—dim S. For reaction network (1.1.1), the deficiency of the network is
equal to 3 — 1 — 2 = (. For reaction network (1.3.3), the deficiency of the network is equal
to9—-3-5=1.

Note that the stoichiometric subspace S is a subspace of R”. A vector, v € R” is
called sign-compatible with the stoichiometric subspace S, if there exists a vector o0 € S
and a set of positive numbers {p;, : s € .}, such that vy = p,0,, forall s € 7.

In Sections 1.4 to 1.7.2, we will review older work by Feinberg and Ellison.

1.4 Deficiency Zero Theorem

The Deficiency Zero Theorem (see [1] and [2]) provides decisive results on reaction net-
works with deficiency zero. We will in this section state the Deficiency Zero Theorem
and give an example to see the theorem in application. To see more information on the
Deficiency Zero Theorem, see [1] and [2].

Before stating the Deficiency Zero Theorem, we restrict "arbitrary kinetics" in the theo-
rem statement to be such that the value of the rate function assigned to a reaction is strictly

positive at a given composition if and only if all species in the support of its reactant
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complex vector have strictly positive concentrations. In other words, given any reaction
network {., €, Z}, forany y — y' € %, we assume that the rate function %,/ (-) has
the following property: .%#,_.,,(c) > 0 if and only if for all s € supp y, ¢ > 0. We also

require the rate functions to be continuous.

Theorem 1.4.1. (The Deficiency Zero Theorem): For any reaction network of deficiency
zero, the following statements hold true:

(i) If the network is not weakly reversible, then for arbitrary kinetics (not necessarily
mass action), the differential equations for the corresponding reaction system cannot admit
a positive steady state (i.e. a steady state in Rf ).

(ii) If the network is not weakly reversible, then for arbitrary kinetics (not necessarily
mass action), the differential equations for the corresponding reaction system cannot admit
a cyclic composition trajectory along which all species concentrations are positive.

(iii) If the network is weakly reversible, then for mass action kinetics (but regardless
of the positive values the rate constants take), the resulting differential equations have the
following properties:

There exists within each positive stoichiometric compatibility class precisely one steady
state; that steady state is asymptotically stable; there is no nontrivial cyclic composition

trajectory along which all species concentrations are positive.
Let us consider the following reaction network.

A+C=F (1.4.1)
E+C=H
H=B+F
B+D=G

G=2A+D
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The reaction network (1.4.1) is a reversible deficiency zero network. Therefore the
Deficiency Zero Theorem implies that for any assignment of positive rate constants to the
individual reactions, the corresponding mass action differential equations admit precisely
one steady state (in each positive stoichiometric compatibility class), that steady state is

asymptotically stable, and there are no cyclic composition trajectories.

1.5 Deficiency One Theorem

The Deficiency One Theorem (see [1], [2] and [4]) provides results similar to the De-
ficiency Zero Theorem. The Deficiency Zero Theorem gives more powerful results and
can apply to reaction networks governed by arbitrary kinetics (see the note about "arbi-
trary kinetics" before the statement of the Deficiency Zero Theorem). The Deficiency One
Theorem can only provide results for reaction networks governed by mass action kinet-
ics. However, the Deficiency One Theorem applies to a larger set of reaction networks in
terms of the deficiency. On the other hand, the Deficiency One Theorem gives no stability
information. To get a full description of the Deficiency One Theorem, see [1], [2] and [4].

To state the Deficiency One Theorem, we need to first introduce a term called the
deficiency of a linkage class. Each linkage class, together with the reactions that connect
all the complexes in the linkage class, can be treated as a subnetwork of the original reaction
network. By the deficiency of a linkage class, we mean the deficiency of the subnetwork
associated with that linkage class in the obvious way.

Let us consider the following reaction network.

2= DB= 20C (1.5.1)
T /
A+ C

2B= B+D =3C

17



For network (1.5.1), 4 = {2A,B,2C, A+ C,2B,B + D,3C}, S =span {2w4 —
Wp,WA—We,wp —wp,wp+wp —3wc }, and there are two linkage classes. It is a deficiency
one network as # (%) — #(linkage classes)—dim S = 7 — 2 — 4 = 1. For the first linkage
class {24, B,2C, A+ C'}, the deficiency is 4 — 1 — 2 = 1, and for the second linkage class
{2B, B + D, 3CY}, the deficiency is 3 — 1 — 2 = 0.

Next we will state the Deficiency One Theorem.

Theorem 1.5.1. (The Deficiency One Theorem): Consider a mass action system for which
the underlying reaction network has | linkage classes. Let ¢ be the deficiency of the network
and let &, be the deficiency of the 0" individual linkage class. Suppose that the following

conditions hold:

(1) dp<1,0=1,2, .1

!
() Y=o
=1
(1i1) Each linkage class contains only one terminal strong linkage class.

Then, no matter what (positive) values the rate constants take, the corresponding differ-
ential equations can admit no more than one steady state within a positive stoichiometric

compatibility class. If the network is weakly reversible, the differential equations admit

precisely one steady state in each positive stoichiometric compatibility class.

Consider the following reaction network that satisfies the conditions in the Deficiency

One Theorem,
2A— A+ B=2B (1.5.2)

The reaction network (1.5.2) is not weakly reversible, has deficiency one and only one
linkage class with one terminal strong linkage class in it. From the Deficiency One Theo-
rem, we can claim that no matter what (positive) values the rate constants take, the corre-
sponding differential equations can admit no more than one steady state within a positive

stoichiometric compatibility class.
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Reaction network (1.5.1) also satisfies the conditions in the Deficiency One Theorem.
It is weakly reversible, so the corresponding mass action differential equations admit pre-
cisely one steady state in each positive stoichiometric compatibility class.

There are reaction networks with deficiency one that do not satisfy the conditions in the

Deficiency One Theorem. Consider the following reaction network:
2A— A+ B — 2B (1.5.3)

Reaction network (1.5.3) violates the third condition that each linkage class can only con-
tain one terminal strong linkage class.
The following example is another reaction network that does not satisfy the conditions

of the Deficiency One Theorem:

A+2B =34 (1.5.4)

A=0=21HB

Note that in reaction network (1.5.4), the deficiency of the entire network is 1, the defi-
ciency of the first linkage class is 0 and the deficiency of the second linkage class is 0. So
it does not satisfy the second condition of the Deficiency One Theorem.

For the reaction networks that do not satisfy the conditions of the Deficiency One The-
orem, the theorem stays silent. For a deficiency one reaction network that does not satisfy
the conditions of the Deficiency One Theorem, the Deficiency One Algorithm (see [3], [5]

and [6] for more information) was created to solve that case.

1.6 Deficiency One Algorithm

The Deficiency One Algorithm analyzes a regular deficiency one reaction network’s ca-
pacity for multiple steady states by generating and solving systems of /inear equalities and

inequalities (A network is "regular” if it satisfies weak conditions to be discussed shortly).
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The systems of linear equalities and inequalities are corresponding to "shelving" partitions
of the reactant complexes (The "shelving" partitions are about assigning reactant complexes
to three different subsets called "shelves," which are also to be discussed shortly.). All lin-
ear systems generated are in terms of an unknown vector ;1 € R”. The equalities of the
linear systems all have the form v - u = 4/ - ;1 and the inequalities of the linear systems all
have the form 3 - 1 > v’ - 1, where y and 3/ are complexes. The Deficiency One Algorithm
indicates how these inequality systems are to be formed. To see more about the Deficiency
One Algorithm, please see [3], [5] and [6].

In the Deficiency One Algorithm, we say that such a linear system of equalities and
inequalities has a solution if there exists a nonzero p € R that is sign-compatible with
the stoichiometric subspace S and satisfies all the equalities and inequalities in the linear
system. We call the linear system a signature for the reaction network if it has such a
solution. If in the algorithm we find a signature for the reaction network, then the network
has the capacity to support multiple steady states. If no signature exists for the network,
then the network cannot admit multiple steady states, no matter what positive values the
rate constants take.

The Deficiency One Algorithm is implemented in the Chemical Reaction Network
Toolbox [6].

Before we state the steps of the Deficiency One Algorithm, we first define a few terms
(see [3], [5] and [6] for more information).

A pair of complexes ¥, 7/ in a reaction network is a cut pair, if the following conditions
hold:

(i) y and 3 are directly linked.

(ii) By removing the reaction(s) between y and 7/, the linkage class containing y and 3/’
will break into two linkage classes (of the new network without the reaction(s) between y

and y"), # (y) and # (y'), where y € # (y) and y € # (v').
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For reaction network (1.5.4), by the removal of reactions between A + 2B and 3A, we
have that #' (A + 2B) = {A + 2B} and #(3A) = {3A}; by the removal of reactions
between A and 0, we have that #'(A) = {A} and #'(0) = {0, B}; by the removal of the
reactions between 0 and B, we have that #/(0) = {A,0} and #'(B) = {B}. There are
three cut pairs in reaction network (1.5.4), {A + 2B,3A}, {A,0} and {0, B}.

For reaction network (1.5.1), there are three cut pairs, {24, B}, {2B, B + D} and
{B + D,3C}. Note that { B,2C'}, {B, A+ C'} and {2C, A + C} are not cut pairs as the
removal of the reaction(s) between each pair does not disconnect the linkage class.

A network is regular if it satisfies three conditions:

(i) The reaction vectors of the network are positively dependent, i.e., there exists a €

R‘f such that

Sy —y)=0. (1.6.1)

y—y' X

(i1) Each linkage class contains only one terminal strong linkage class.
(iii) Each pair of directly linked complexes in a terminal strong linkage class is a cut

pair.

Remark 1.6.1. The reaction networks we consider in the Deficiency One Algorithm are

regular deficiency one reaction networks.

Reaction network (1.5.4) satisfies all three conditions for being a regular network. Let
o € ]R{f be such that g 95 .34 = —Q34—A12B = Q40 = —Qpp = VB = —QB_0 =
1, then Z ay—y(y —y) = 0. Each linkage class is a strong linkage class, so it
containsygli/i}elgone terminal strong linkage class. All adjacent complexes in the terminal
strong linkage class, {A + 2B,3A}, {4, 0} and {0, B} are cut pairs.

Given a reaction network {.7, %, %}, a vector g € R? is a confluence vector if the

following conditions hold:
M >_ g,y =0.
YyEE
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(I) For each linkage class .Z, Z gy = 0.

ye&
(IIT) For each terminal strong linkage class A that is not a linkage class, Z gy > 0.
yEA
For reaction network (1.5.4), a confluence vector is g such that 4,05 = 1, g34 = —1,

ga =2, g0 =0, gg = —2. To see that, note that
(D garep(wa + 2wp) + g34(3wa) + ga(wa) + 9o(0) + gp(wr)= (1)(wa + 2wp) +
(—1)(Bwa) + (2)(wa) + (0)(0) + (—2)(wp) = 0.
M) garop+g3a=14+(-1)=0,9a+g0+95=2+0+ (—2) = 0.
(III) 1s satisfied trivially as each terminal strong linkage class is a entire linkage class.
Let g € R be a confluence vector. If y and 3/ is a cut pair, we define g,y — v,y =

Z gp» Where the removal of the reaction(s) between y and 3y’ break the linkage class

PEX (y)
Z into two linkage classes (of the new network without the reaction(s) between y and v/'),

# (y) and # (y'), where y € # (y) and v € # (y'). We claim that [g,y — v y] =

—lg.y = yylas0=3 g= > g+ > g=ly—=vy+tlsy -yl
pEZL PEV (y) PEV (Y')

For reaction network (1.5.4), from the choice of confluence vector g above, [g, A +
2B — 3A,A+2B] = —[9,3A — A+ 2B,3A] = gayop =1, ]9, A — 0, 4] = —[9,0 —
A,0l =ga=2,and [9,0 — B,0] = —[¢9,B — 0,B] = —gp = 2.

Recall that for a given reaction network &, a complex y is a reactant complex if there is
another complex 3/ such that y — 3 € %Z. An upper-middle-lower partition is a partition
of its reactant complexes into three sets ("shelves"), %, .#, and .Z, called the upper,
middle and lower shelves, such that

(i) All non-terminal complexes are put in the middle shelf .7 .

(i1) All complexes in the same nontrivial terminal strong linkage class are put in the
same shelf.

(iii) If there are no trivial terminal strong linkage classes, then neither the upper shelf

nor the lower shelf can be empty.
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(iv) If there is exactly one trivial terminal strong linkage class, then the upper shelf and
the lower shelf cannot both be empty.

We will use reaction network (1.5.4) to illustrate the steps listed in the Deficiency One
Algorithm. Recall that the Deficiency One Algorithm applies to regular deficiency one

reaction networks. For more information on the algorithm, please see [3], [5] and [6].

Step 1: Find a Confluence Vector

The first step is to find a confluence vector g for the reaction network. For a regular
deficiency one reaction network, all confluence vectors are colinear to each other. If in
addition the reaction network is not weakly reversible, then all the confluence vectors will
point to the same direction. If it is weakly reversible, then there are two possible directions
for the confluence vector g. For more information or proof, see [3], [5] and [6].

For the reaction network (1.5.4), it is weakly reversible and therefore there are two

directions for the confluence vector. At this step, we choose g € R such that g4,05 = 1,

gsa =—1,94=2,90 =0, and gg = —2.

Step 2: Choose a "shelf" Partition for the Reactant Complexes

Choose a partition for all the reactant complexes in the reaction network according to
the definition of the upper-middle-lower partition.

For reaction network (1.5.4), there is no trivial terminal strong linkage class, so the
only possible partitions are: % = {A + 2B,3A}, # = {}, ¥ = {A,0,B}, or % =
{A,0,B}, # = {}, £ = {A+2B,3A}. Letus choose Z = {A+2B,3A}, # = {},
¥ ={A,0, B} for this step.

Step 3: Add Shelving Inequalities

All the inequalities comparing v - i+’s between complexes on different shelves are gen-

erated for the linear system.
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We say y is on a higher shelf than v/, if y is put on the upper shelf and ¢’ is put on the
middle or lower shelf, or y is put on the middle shelf and 3 is put on the lower shelf. For
all reactant complexes, if y is on a higher shelf than 3/, then y - > 3 - u is added to the
linear system.

For reaction network (1.5.4), the inequalities that arise from Step 3 according to the
partition in Step 2 are: pa + 2up > pia, pa + 2up > 0, pa + 2up > pp, 3pha > fa,

3ua > 0,and 3pua > pp.

Step 4: Add Shelving Equalities

Equalities comparing ¥ - 11’s between complexes that are put on the middle shelf are
added to the linear system. If y and 3/ are both put on the middle shelf, theny - = 3/ - p
is added to the linear system.

For reaction network (1.5.4), since there are no complexes in the middle shelf for the
partition in Step 2, there are no equalities added to the linear system in Step 4 for the

partition chosen in Step 2.

Step 5: Add Upper and Lower Shelf Equalities and Inequalities

Equalities and Inequalities comparing y - i’s between complexes of a cut pair on the
upper and lower shelves are added to the linear system.

If yy and 7/ is a cut pair on the upper shelf, then an equality or inequality is added to the
linear system based on the sign of [g,y < ', y|:

If [,y < v',y] > 0, theny - u > v - p is added to the linear system.

If [,y < v/,y] <0, theny - pu <y - pisadded to the linear system.

If [,y < v/,y] = 0,theny - u =1 - v is added to the linear system.

If y and 7/ is a cut pair on the lower shelf, then an equality or inequality is added to the
linear system based on the sign of [g,y < v/, y|:

If [g,y < v, y] > 0,theny - u < y' - p is added to the linear system.
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If [,y < v/,y] <0, theny - pu > 1 - pis added to the linear system.

If [,y < v/,y] = 0,theny - u =1/ - v is added to the linear system.

The inequalities and equalities generated from Step 3 through Step 5 form a complete
linear system. By complete we mean no other inequality or equality needs to be added to
the linear system before we check if it is a signature or not.

We will then check if the complete linear system has a solution of a nonzero y € R”
that is sign-compatible with S. If yes, we claim that taken with mass action Kinetics, the
reaction network has the capacity to admit multiple steady states and exit the algorithm. If

not, we will move to the next step.

Remark 1.6.2. Note that in this step only the sign of [g,y — ¥/, y| matters, and the sign
of g,y — '] depends only on the direction of the confluence vector g but not on the
particular choice of g.

Note that for a cut pair y and v/, if the reactions between y and v are reversible,
then there is no difference using [g,y — v',y| or 9,y — y,y']. To see that, note that
g,y — v, yl = —[9,v' — y,v']. Let y and ' be a cut pair on the upper shelf, and suppose
9,y < ¢,y > 0. Therefore y - > y' - p is added to the linear system. Note that
9,y — y,9] < 0,509y - pu < y-uisadded to the linear system, which is the same as
y - >y - p. There is no difference using y — 1y’ ory' — y in this case. We can show this
for all cases of shelves (upper or lower) and signs of g,y — y'|. Therefore, for a cut pair
with reversible reactions between them, we can pick any one direction of the two reactions

and use it to generate an equality or inequality for the linear system in this step.

For reaction network (1.5.4), note that g4,0o5 = 1, gsa = —1, g4 = 2, g9 = 0, and
gp = —2. Therefore,we have
() [g,A+2B — 3A,A+2B| = —[g,3A — A+2B,3A| = garep = 1,
(i) [g,A — 0, A] = —[g,0 — A,0] = g4 = 2, and
(iii) 9,0 — B,0) = —[¢g,B — 0,B] = —gp = 2.
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Note that in Step 2, the partition is chosen that % = {A + 2B,3A}, # = {}, £ =
{A,0, B}. Therefore j1a+2up > 3pa, pa < 0and 0 < pp are added to the linear system.

Therefore, the inequality system corresponding to the confluence vector g such that
gare = 1, gsa = —1, g4 = 2, go = 0, and g = —2, and the "shelf" partition with
U ={A+2B,3A}, # ={},and £ = {A,0, B}, is as follows:

A +2up > pa
pa+2pup >0
pa+2up > pip
3 > fia

3pa >0

3pa > 1B
pa~+2up > 3ua
fa <0

O<MB

If we simplify the linear system above, it becomes pia + 2up > 3pua > pp > 0 > pa.
Note that S = span {w4,wp} = R, so any solution of € R” from the linear system
shall be sign-compatible with S. We simply need to solve the linear system for a solution
of a nonzero 1 € R” . From the simplified inequality system, we have 14 > 0 > 4. Then

there is no solution to the linear system. We will move to the next step.

Step 6: Repeat Steps 2 to 5

In Step 2 a "shelf" partition is chosen, and from Steps 3 to 5, the linear system are
constructed. We will do this for all possible partitions in Step 2.

However, for the cases that the two partitions are only different by exactly exchanging
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the upper and lower shelves, the inequality system of the one is just an inversion of the
other. We only need to consider one of them.

We will check the linear systems corresponding to all possible "shelf" partitions in Step
2. If there exists a nonzero p that is sign-compatible with S satisfying a linear system,
then we claim that taken with mass action kinetics, the reaction network has the capacity
to admit multiple steady states and exit the algorithm. Otherwise, after we test all linear
systems generated from Steps 3 to 5 corresponding to all possible "shelf" partitions, we
move to the next step.

For reaction network (1.5.4), the two possible partitions are different by exactly ex-
changing the upper and lower shelf. In this case, we only need to consider the partition we

chose in Step 2. We move to the next step.

Step 7: Repeat Steps 1 to 6

Note that as pointed out in Step 5, only the sign of [g,y — v/, y| (depending on the di-
rection of g) matters. As mentioned earlier about a regular deficiency one reaction network,
the confluence vectors are all colinear and if the reaction network is not weakly reversible,
then all confluence vectors point in the same direction. Therefore, nothing needs to be
done for a non-weakly reversible regular deficiency one reaction network. However, if the
regular deficiency one reaction network is weakly reversible, then there are two possible
directions. In this case, Steps 1 to 6 are repeated for the other orientation of the conflu-
ence vector for the weakly reversible regular deficiency one reaction network. Note that
the inequalities/equalities from Steps 3 and 4 are based on the choice of partition for reac-
tant complexes, and those from Step 5 are based on the direction of the confluence vector.
Therefore, to construct a linear system for this new direction of the confluence vector with
some choice of partition for reactant complexes, we only need to change the linear system

for the old direction with the same partition choice, in the following way: the inequalities

27



from Step 5 need to be reversed, and inequalities and equalities from Steps 3 and 4 are kept
unchanged.

We will check the linear systems corresponding to all possible directions of confluence
vectors (for weakly reversible regular networks there are two directions in total) in Step
1 and all "shelf" partitions in Step 2. If there exists a nonzero x € R that is sign-
compatible with S satisfying a linear system, then we claim that the reaction network has
the capacity to admit multiple steady states and exit the algorithm. Otherwise, after we
test all linear systems generated in Steps 3 to 5 corresponding to all possible directions of
confluence vectors and all "shelf" partitions, we claim that taken with mass action kinetics,
the reaction network does not have the capacity to admit multiple steady states, no matter
what (positive) values the rate constants might take.

For reaction network (1.5.4), we will repeat Steps 1 to 6 by choosing another confluence
vector with opposite orientation as g such that ga1o5 = —1, gs4 = 1, g4 = =2, go = 0,
and gp = 2. In Step 2, we choose the partition of the reactant complexes as:

U ={A+2B,3AY, M =1{},.% = {A,0,B).

In Step 3, with the partition chose in Step 2, we have

pa+20up > pa, pia+2up >0, pa+2up > pup, 3ppa > pia, 3pea > 0,and 3 > pp.

In Step 4, there are no equalities arose from it.

In Step 5, note that 4,25 = 1, g3a = —1, ga = 2, go = 0, gg = —2. It is known that

() [g,A+2B — 3A,A+2B| = —[9,3A — A+ 2B,3A| = gasop = —1,

(i) [g,A — 0,A] = —[9,0 — A,0] = g4 = —2, and

(iii) [¢,0 — B,0] = —[g,B — 0, B] = —gp = —2.

Note that the partition is chosen such that 7 = {A + 2B,3A}, # = {}, £ =
{A,0,B}, s0 pia + 2up < 3pa, ta > 0and 0 > pup are added to the linear system in
Step 5. Note that no other partitions of the reactant complexes from Step 2 need to be

considered.
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We summarized and simplified the linear system corresponding to the confluence vector
g such that 4,0 = —1, 934 = 1, ga = —2, go = 0, and g = 2, and "shelf" partitions
U ={A+2B,3A}, # = {}, £ = {A,0, B} to get the following inequality system:

3pa > pa+2pp > pra > 0> pp.

Recall that we argued that we simply need to solve the linear system for a solution of
a nonzero 1 € R”. From the inequality system we have iz > 0 > pp, so there is no
solution to the linear system. Therefore, we can claim that taken with mass action kinetics,
the reaction network (1.5.4) cannot admit multiple positive steady states, no matter what

(positive) values the rate constants might take.

Remark 1.6.3. We have another example which is similar in structure to reaction network

(1.5.4) but gives a different answer in terms of the question of multiple steady states.

2A+ B =34 (1.6.2)

A=0=1B

For reaction network (1.6.2), the (simplified) linear systems according to different con-
fluence vectors and "shelf" partitions are

(i) 3ppa > 2pua + pip > pra > 0> pp,

(i) 2pa + B > 3pia > pp > 0 > pa.

Note that S = R”, so any solution from (i) or (ii) will be sign-compatible with S.
Linear system (i) is equivalent to 14 > —pup > 0 > up, so we can pick py = 2 and
up = —1. Therefore, reaction network (1.6.2), taken with mass action kinetics, does have
the capacity for multiple steady states. Of course, according to the algorithm, we could
just stop here. However, we still provide here a complete list of the linear systems. Note

that linear system (ii) does not have a solution.
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1.7 Advanced Deficiency Theory and Algorithm

1.7.1 Terms and Definitions

The Advanced Deficiency Theory (and Algorithm) is developed on top of the Deficiency
One Algorithm. It also invokes the ideas of the inequality systems, the direction of con-
fluence vector and shelving, and generalizes these ideas to reaction networks with defi-
ciencies higher than one. In particular, it introduces the ideas of colinearity classes and
coplanar sets, which are to be discussed shortly. The Advanced Deficiency Algorithm is
implemented in the Chemical Reaction Network Toolbox [8]. To get more information
about Advanced Deficiency Theory and Algorithm, please see [7] and [8].

Let us introduce some terms and definitions that are used in the Advanced Deficiency
Theory and Advanced Deficiency Algorithm, developed in the Ph.D. thesis of Phillipp
Ellison ([7] and [8]).

An orientation O is defined as a subset of the set of all reactions in a reaction network
{S,€,#} such that for every reactiony — ¢/ € %, eithery — ' € Oory — y € O,
but not both.

Let the map Ly : R” — R” be defined via Lo = > ayy (v — 9).

Let d := dim Ker Ly and let v', ..., v? be a basis fi);y[(ejr Ly Lety — o € Z, we
define a w-vector (based on the basis), w,_.,, € R? as follows:

OWIfy =y € O, wyy(i) = Uy, V1 <0 < d

(i) Ify —y € Z\O,theny — y € 0. We define wy,_.,; = wy_,.

The colinearity classes of a reaction network are defined using w-vectors. We say two
reactions, y — 3 and § — ¢ are in the same colinearity class if there exists a nonzero

number « such that w,_,,, = aw;_g. Therefore, it follows that a reversible pair must be

in the same colinearity class.

Remark 1.7.1. It can be shown that the colinearity classes do not depend on the choice
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of the orientation U, or the basis for Ker Ls used to define the w-vectors. For more

information and proof, see [7] and [8].

We define the zero colinearity class as the colinearity class in which the w-vectors of
all reactions are zero vectors.

For a reaction network, suppose there exist a zero colinearity class and n nonzero col-
inearity classes. We denote them as C'Cy, C'CY, ..., CC,,, where C'C) is the zero colinearity
class.

We define a colinearity class as a reversible colinearity class if all the reactions in the
colinearity class are reversible, otherwise we call it a nonreversible colinearity class. An

empty colinearity class is considered reversible by definition.

Remark 1.7.2. Note that for a reaction network to have the capacity to admit multiple
steady states, the zero colinearity class needs to be reversible. See [7] and [8] for more

information.

Remark 1.7.3. If a reaction network contains two irreversible reactions, y — 1y and
§ — y' in the same colinearity class such that w,_,, = awy_z for some o < 0, then we
claim that multiple steady states for the reaction network are not possible. The proof is in

[7] and [8].

Once the colinearity classes are found, we can divide the reaction network into subnet-
works where each subnetwork contains exactly all the reactions in one colinearity class.
We can then define a colinkage set as a linkage class in a subnetwork. We can also define
strong colinkage sets and terminal strong colinkage sets in a similar way.

We define a colinearity class vector by choosing a representative from all w-vectors
within a colinearity class in the following way:

For a nonreversible colinearity class C'C;, we can pick any positive multiple of w,_.,,
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for some irreversible reaction y — 3’ € C'C;. For a reversible colinearity class CC;, we
can pick any nonzero multiple of w,_,,, for some y — y' € CC;.

We can see that the colinearity class vector for a zero colinearity class is the zero vector.

A coplanar set, 7, is defined as a set of nonzero colinearity classes satisfying the
following properties:

(i) The set .7 has three or more colinearity classes in it.

(ii) The colinearity class vectors for all colinearity classes in .7 lie in the same two-
dimensional linear subspace, and all such colinearity classes whose colinearity vectors lie

in the two-dimensional linear subspace are in ..

Remark 1.7.4. The coplanar sets do not partition the colinearity classes. Some colinearity
class may not belong to any of the coplanar sets and some may belong to more than one

coplanar set. See [7] and [8] for more information.

After finding all the coplanar sets, we say that two nonzero colinearity classes C'C}; and
CC; are directly linked, if there exits a coplanar set .7 containing both colinearity classes,
denoted by C'C; ~ C'C;. We then say that two nonzero colinearity classes C'C; and C'C;
are connected if at least one of the following conditions is satisfied:

(i) They are the same colinearity class.

(ii) CC; ~ CC;.

(iii) There exist colinearity classes C'C1, ...C'C,, such that CC; ~ CC ~ ... ~ CC,, ~
Cd;.

The connected property does partition the nonzero colinearity classes. We call each
partitioned set a connected class, i.e., all the colinearity classes in a connected class are
linked to each other and all linked colinearity classes are in the same connected class.

After finding all the connected classes, we can construct a connecting graph where

all the vertices are coplanar sets .7;’s and nonzero colinearity classes C'C;’s, edges are
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only possible between coplanar sets and nonzero colinearity classes, and there is an edge
between .7; and CC; if CC; € F;.

We can define the Independence Linearity Condition as follows:

A network satisfies the Independence Linearity Condition if the number of coplanar
sets plus the number of connected classes is equal to d, which is the dimension of the Ker
L.

The Triplet Linearity Condition is defined as follows:

A network satisfies the Triplet Linearity Condition if each coplanar set contains exactly

three colinearity classes.

1.7.2 The Algorithm

Roughly speaking, in the Advanced Deficiency Algorithm, first the Deficiency One Algo-
rithm is carried out in each colinearity class. Then the coplanar sets are used to connect the
colinearity classes and introduce additional inequalities and equalities. The inequality sys-
tems produced by applying the Deficiency One Algorithm in each colinearity class, and all
the additional inequalities and equalities produced from the coplanar sets, are combined to
form the complete inequality systems. The inequality systems generated in the Deficiency
One Algorithm are always linear, but this is not always true in the Advance Deficiency Al-
gorithm. The Independence Linearity Condition and Triplet Linearity Condition are used
to assess the linearity of the Advanced Deficiency Algorithm; that is, when a linear sys-
tem will result. For more information on the Advanced Deficiency Theory and Advanced
Deficiency Algorithm, please see [7] and [8].

Next we will list the procedures of the Advanced Deficiency Algorithm. We will use the

following reaction network to illustrate the steps. To get more information about Advanced
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Deficiency Theory and Algorithm, please see [7] and [8].

A+S = AS (1.7.1)
B+S = BS

A= 0 =28

AS+BS — C+28

A+BS — C+ S

Step 1: Choose an initial Orientation

Choose an initial orientation & for the reaction network.
For the reaction (1.7.1), we choose an initial orientation {A + S — AS, B+ S —

BS;A—0,B—0,C —0,AS+BS —C+2S,A+BS — C+ S}.

Step 2: Find the Colinearity Classes

Find the colinearity classes by definition. We will check if there is a zero colinearity
class C'Cy. If there exists an irreversible reaction in C'CYy, then we claim that the reaction
network does not have the capacity to admit multiple steady states (as in Remark 1.7.2).
We will exit the algorithm and skip the remaining steps.

For the reaction network, if a colinearity class contains two irreversible reactions, y —
y and § — ¢ such that w,_,,, = aw;_.5 for some a < 0, then we claim that the reaction
network does not have the capacity to admit multiple steady states (as in Remark 1.7.3).

We will exit the algorithm and skip the remaining steps.
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For the reaction network (1.7.1), a basis {v*, v?} for Ker Ly is

vt 0?
A+ S — AS 10
B+S— BS 1 1
A—0 -1 -1
B—0 -1 -1
C—0 1 1
AS+BS—-C+25|1 1 0
A+BS—-C+S 0 1

Therefore, from this basis, we find all the w-vectors for the reactions in it. Note that
WALsS—AS = WAS—A+s = WasyBs—c+25 = |1,0], Wpys.Bs = Wps.Bts = We—o =
[1,1], wa—o = wo—na = wWp—o = wop = [—1,—1], and wayps—c+s = [0, 1]. We find
the following colinearity classes:

CCy={A+S— AS;AS — A+ S, AS+ BS — C + 2S5},

cCy={B+S—BS,BS—B+S5A—0,0—-AB—0,0— B,C—0}and

CCy={A+BS — C+ S}.

There is no zero colinearity class. Each of the nonreversible colinearity classes C'C,

CCy and C'C'5 only contains one irreversible reaction. We will move to next step.

Step 3: Find the Colinkage Sets

First, we find the subnetwork for each colinearity class. Then, we find the correspond-
ing colinkage sets and strong colinkage sets in each subnetwork.
For the reaction network (1.7.1), the subnetworks for the corresponding colinearity

classes are:

Subnetwork for CCyis A : A+ S = AS

AS+BS — C+28
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Subnetwork for CCyis A5 : B+S = BS

A= 0 =B

Subnetwork for CCszis A53: A+ BS — C+ S

The colinkage sets of reaction network (1.7.1) are: {A + S, AS} and {AS + BS,C + 25}
in A, {B+S,BS}and {A,0,B,C}in A3, and {A+ BS,C + S} in A3.

The strong colinkage sets of reaction network (1.7.1) are: {A + S, AS}, {AS + BS}
and {C'+2S}in A1, {B+S5,BS},{A,0,B} and {C}in A5, and {A+ BS} and {C'+ S}
in A5,

Step 4: Choose Colinearity Class Vectors

We choose the colinearity class vector for each colinearity class according to the rules
defined. For a nonreversible colinearity class C'C’;, we can pick any positive multiple of
w, -, for some irreversible reaction y — y' € C'C;. For a reversible colinearity class CC;,
we can pick any nonzero multiple of w,_,, for some y — ' € CC;.

For reaction network (1.7.1), the colinearity class vectors are: w; = [1,0] for CCY,

wy = [1,1] for CCy, and w3 = [0, 1] for C'Cs.

Step 5: Realign the Orientation

In this step the orientation ¢ is realigned so that under the realigned orientation, the
w-vectors for the reactions in each colinearity class are positive multiples of the colinearity
class vector. For a reversible reaction, we will replace y — ¢’ by ¢’ — y in O if w,_,,
is not a positive multiple of the colinearity class vector. Note that we will be able to do

this also for the irreversible reactions, as we have made sure that their w-vectors are some
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positive multiples of the colinearity class vector, an assumption for moving to Step 3 from
Step 2.

For reaction network (1.7.1), we replaced A — O with0 — A, B — 0 with0 — B
to make sure that under the realigned orientation, the w-vectors for the reactions in each
colinearity class are all positive multiples of the colinearity class vector. The realigned
orientationis & = {A+ S — AS,B+ S — BS,0 - A,0 - B,C — 0,AS + BS —
C+25A+BS—C+S5}.

Step 6: Find Coplanar Sets and Connected Classes

In this step, find all the coplanar sets and connected classes by definition.
For reaction network (1.7.1), the coplanar sets are .7, = {C'Cy,CCy, CCs}, as wy +
ws = wy. The connecting graph is as follows:
cci— 5 —CCy

|
CCy

Step 7: Determine Linearity

Note that in Advanced Deficiency Theory and Algorithm, we answer the question of
multiple steady states by solving systems of inequalities and equalities. We will determine
whether these inequality systems are completely linear in terms of 1 € R?, a vector which
we have introduced in Deficiency One Algorithm, and some other parameters, which we
will introduce in later steps. We will check the linearity of the systems by checking two
conditions: the Independence Linearity Condition and the Triplet Linearity Condition.

If both the Independence Linearity Condition and the Triplet Linearity Condition are
satisfied, then the systems of inequalities and equalities generated to answer the questions

of multiple steady states are completely linear.
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Remark 1.7.5. In Advanced Deficiency Theory and Algorithm, there are the so-called
pseudo-colinearity classes. Roughly speaking, pseudo-colinearity classes are colinearity
classes which have their colinearity class vectors but have no reactions in them. They could
be helpful in the Advanced Deficiency Theory and Algorithm. If the Independence Linearity
Condition is not satisfied, then pseudo-colinearity classes can sometimes be added to the
reaction network to increase the number of coplanar sets and reduce the number of con-
nected classes, so as to make the adjusted connecting graph satisfy the Independence Lin-
earity Condition. However, the pseudo-colinearity class approach does not always work to
make the Independence Linearity Condition satisfied. In the Advanced Deficiency Theory
and Algorithm, there is no systematic procedure to check if one can know ahead whether
adding pseudo-colinearity classes will help make the Independence Linearity Condition
satisfied and how to find these pseudo-colinearity classes. In the Higher Deficiency Theory
and Algorithm, we do not need the help of pseudo-colinearity classes to determine linear-
ity. As a result, we will not mention too much details about the pseudo-colinearity class. We
say here that if the Independence Linearity Condition fails and adding pseudo-colinearity
classes seems not helpful, then nonlinear equalities may need to be added to the inequality
system.

If the Triplet Linearity Condition is not satisfied, then the complete inequality system
(for answering the question of multiple steady states) will most likely not be linear as we
need to add some nonlinear equalities into the system.

However, sometimes it is still possible to get a definitive answer, for the question of
multiple steady states, by looking at the partial (linear) inequality systems. To get more

information, see [7] and [8].

For reaction network (1.7.1), there is one coplanar set and one connected classes, which
adds up to two, which is equal to the dimension of Ker L,. Therefore the Independence

Linearity Condition is satisfied. The Triplet Linearity Condition is also satisfied as the only
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coplanar set contains exactly three colinearity classes. We then know that the complete
inequality systems we will build to answer the question of multiple steady states are linear.

In the next step, we will start to produce the inequality systems.

Step 8: Choose Signs for Colinearity Classes

Each colinearity class is assigned a sign (positive, negative or zero) following the rules
below:

(i) The zero colinearity class is assigned a zero sign.

(i1) A nonreversible colinearity class is assigned a positive sign.

(ii1) A nonzero reversible colinearity class can be assigned a positive, negative or zero

sign as long as the following conditions are satisfied:

(a) If more than one colinearity class in a coplanar set is assigned a zero sign, then

every colinearity class in the coplanar set is assigned a zero sign.

(b) Let CC;, CC; and CCj, be three colinearity classes from the same coplanar
set. If each of these three colinearity classes has a nonzero sign, then there do not
exist ¢;, ¢; and ¢;, agreeing in sign with their respective colinearity classes such that
c;w; + c;w; + cpwy = 0. If only one of the three colinearity classes, say C'C; has
a zero sign, then there do not exist ¢; and ¢;, agreeing in sign with their respective

colinearity classes such that c;w; + cwy, is a multiple of w;.

If no choice of signs for colinearity classes can satisfy the conditions listed above, then
we claim that the reaction network cannot support multiple steady states; in fact, there are
no positive steady states. In this case, we will exit the algorithm and the remaining steps
are skipped.

For reaction network (1.7.1), since all the colinearity classes are nonreversible, all three

colinearity classes are assigned positive signs.
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Step 9: Choose Shelving for Reactions

In this step all reactions are partitioned into sets called shelves. There will be upper,
middle and lower shelves for each colinearity class with a nonzero sign.

Given a colinearity class with a nonzero sign, the reactions in this colinearity class are
partitioned according to the following conditions:

(i) A reaction whose reactant complex lies in a non-terminal strong colinkage set (rel-
ative to the subnetwork of the colinearity class) is placed on the middle shelf of the colin-
earity class.

(i1) An irreversible reaction is placed on the middle shelf of the colinearity class.

(i1) A reversible reaction network whose reactant complex lies in a terminal strong
colinkage set (relative to the subnetwork of the colinearity class) can be placed on upper,
middle, or lower shelf of the colinearity class as long as reactions in the same colinkage
set (relative to the subnetwork of the colinearity class) are placed in the same shelf of the
colinearity class.

In reaction network (1.7.1), we have colinearity classes C'C';, C'Cy and C'C’s all with
nonzero signs. For CC; = {A+ S — AS,AS — A+ S,AS + BS — C + 25},
A+S — AS and AS — A + S can be put on the same upper, middle or lower shelf of
CCy,and AS+BS — C+25 is put on the middle shelf. For CCy, = {B+S — BS, BS —
B+ S A—-00—AB—00—BC—0},B+S— BSand BS — B+ S can
be put on the same upper, middle, or lower shelf of CC3, A — 0,0 — A, B — 0 and
0 — B can be put on the same upper, middle, or lower shelf of C'Cy, and C' — 0 is put on
the middle shelf of CCs. For CC3 = {A+ BS — C + S}, A+ BS — C + Sis put on
the middle shelf of CCs.
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We will pick one shelving choice here, say

U ={B+S — BS,BS— B+5,A—0,0—-A4,B—0,0— B},
My ={C — 0}, 2 ={}.

In Step 10 through Step 13, the inequality systems are produced. We introduce M;’s as

a value associated with the middle shelf of the colinearity class C'C; with a nonzero sign.

Step 10: Add Shelving Inequalities

If the reaction y — 3/ is placed on the upper shelf of CC;, then y - u > M; is added
to the inequality system. If the reaction y — 3/ is placed on the middle shelf of C'C;, then
y - 1 = M; is added to the inequality system. If the reaction y — o' is placed on the lower

shelf of C'C};, then y - u < M, is added to the inequality system.
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For reaction network (1.7.1), given the shelving condition chosen in Step 9, the inequal-

ities and equalities added to the inequality system are:

pa + ps > My
tas > My
pas + pps = My
pB + ps > Mo
pps > My
pa > My

0> M,
s > Mo
pe = M,

pa+ pps = M;

pe + ps = Ms

Step 11: Add Upper and Lower Shelf Inequalities

For each colinearity class with a nonzero sign, inequalities are added to the inequality
system for the reactions in the orientation that are on the upper and lower shelves of their
colinearity classes.

Suppose that the colinearity class C'C; has a positive sign. If the reactiony — 3 € O
is on the upper shelf of CC}, then 3/’ - 1 > y - p is added to the inequality system. If it is on
the lower shelf of CC}, then iy - ;o > v/ - i1 is added to the inequality system.

Suppose that the colinearity class C'C; has a negative sign. If the reactiony — 3 € €
is on the upper shelf of CC;, then ¢ - 1 < y - it is added to the inequality system. If it is on
the lower shelf of CC}, then iy - 1 < v/ - i1 is added to the inequality system.

For reaction network (1.7.1), note that all three colinearity classes have positive signs.
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From the shelving conditions chosen in Step 9, we add pias > pa + ps, s > pp + ps,

fta > 0and pp > 0 to the inequality system.

Step 12: Add Equalities for Colinearity Classes with Zero Signs

We add equalities to the inequality system for all colinearity classes with zero signs.
Suppose that the colinearity class C'C; has a zero sign. Foreachy — i € CCj, y-pu =y -
is added to the inequality system.

For reaction network (1.7.1), all the colinearity classes have nonzero signs, so no equal-

ity is added for this step.

Step 13: Add M Inequalities and Equalities

We will add inequalities and/or equalities among M;’s for the colinearity classes C'C}’s.

Let CC;, C'C; and C'C}, be three colinearity classes in the same coplanar set.

If all colinearity classes in the coplanar set have zero signs, then no inequalities or
equalities are added.

If only one of the colinearity class, say C'C;, has a zero sign, then M; = M), is added to
the inequality system. In other words, if among all colinearity classes in the same coplanar
set, only one colinearity class has a zero sign, then all the M;’s corresponding to the rest of
the colinearity classes in this coplanar set are equal.

If all three colinearity classes have nonzero signs, then we will add inequalities/equalities
according to the following conditions: given ¢;, ¢; and c; agreeing in sign with their
respective colinearity classes such that c,w, = c;w; + cjw;, either M; > M, > M;j,
M; = My, = M;, or M; < M, < Mj; is added to the inequality system. Note that from the
conditions one has to follow to choose signs for colinearity classes in Step 8, we can see
that such a choice of ¢;, ¢; and ¢, exists. Note that all colinearity class vectors in the same
coplanar set lie in the same two-dimensional linear subspace, so the choice of ¢;, ¢; and ¢,

is unique up to a positive multiple.
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Remark 1.7.6. Suppose a coplanar set contains more than three colinearity classes all with
nonzero signs. Although it seems that the inequalities or equalities found by considering
a triplet at a time, will have many possibilities. However, in the end, there will only be
three possibilities: there exists an enumeration of all CC;’s in this coplanar set, say CC,,,
CCh,, ..., CCy,, such that either M,, > M,, > ... > M, , M, = M,, = ... = M,,,
or M,, < M,, < .. < M,, is added to the inequality system. For more information and

proof, see [7] and [8].

For reaction network (1.7.1), there is only one coplanar set with exactly three colinear-
ity classes all with positive signs. Note that wy = [1,0], wy = [1,1] and w3 = [0, 1], so we
can pick ¢; = ¢ = ¢3 = 1 > 0 such that cows = cyw; + c3ws. Therefore we have three
possible choices to add into the inequality system: My > My > Ms, My = My = M3, or

M, < M, < Ms. For this step, let us choose M; > My > Mj.

Step 14: Check for Solutions to the Inequality System

In Step 7 we have determined whether the inequality systems are completely linear or
not by looking at the Independence Linearity Condition and the Triplet Linearity Condition.
We will in this step check whether the inequality system has a solution with a nonzero p
which is sign-compatible with the stoichiometric subspace S. In other words, we will look
to see if there exists a set of M/;’s and a nonzero . € R” which is sign-compatible with .S,
such that the inequality system is satisfied.

Note that if the inequality systems are determined to be linear, then the inequality sys-
tem built from Step 10 through Step 13 is a complete system, which means that no other
inequalities/equalities need to be included in the system to answer the question of multiple
steady states; if some inequality system has such a solution, it will be called a signature.
If we find a signature, then we claim that taken with mass action kinetics, the reaction net-

work does have the capacity for multiple steady states and exit the algorithm. Otherwise,
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if after we find no solution in any of the inequality systems, we claim that taken with mass
action kinetics, the reaction network does not have the capacity for multiple steady states.

If the inequality systems are nonlinear, then we will later need to add some nonlinear
equality to the inequality system we have so far, to make it a complete system. In the
nonlinear case, if some (linear) inequality system we built from Step 10 through Step 13
has such a solution, it will be called a pre-signature. There is an approach for working
on the solution from a pre-signature of a nonzero ;. € R” which is sign-compatible with
S, to help decide if the reaction network has the capacity to admit multiple steady states.
However, the method is not completely decisive. In other words, it can only possibly lead to
the conclusion that the reaction network has the capacity to admit multiple steady states (in
this case we can exit the algorithm) but not otherwise (in this case the answer to the question
of multiple steady states is inconclusive at the moment). We will not introduce the details
here. However, if none of the (linear) inequality systems has such a solution, i.e., there
are no pre-signatures, then there is no need to consider the additional nonlinear equality,
and we claim that the reaction network does not have the capacity to admit multiple steady
states.

For reaction network (1.7.1), we have determined that the complete systems are lin-

ear. The complete inequality system based on our choice of signs for colinearity classes,
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shelving conditions and M comparisons are:

pa + ps > My
fas > My
pas + pps = M
pe + ps > Mo
pps > Mo
pa > My

0> M,
e > Mo
pe = M,
pa+ pps = M;
po + ps = Ms
HAS > pha + s
MBS > B + [is
pa >0

pp >0

M1>M2>M3

For this inequality system, there do not exist a set of M/;’s and a nonzero ;1 € R” which is
sign-compatible with S. Therefore this inequality system is not a signature. We will move

to next step.

Step 15: Repeat Steps 13 to 14

In this step, Steps 13 and 14 are repeated for every choice of M inequalities and/or

equalities.
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Supposet that the systems are linear. Once we find a signature in Step 14, we claim
that taken with mass action kinetics, the reaction network does have the capacity for mul-
tiple steady states and exit the algorithm. Otherwise, after we repeat all the choices of M
inequalities and/or equalities and find no signatures, we move to the next step.

Suppose that the systems are nonlinear. Unless we find a pre-signature in Step 14 that
will lead to a conclusion that the reaction network does have the capacity for multiple
steady states and exit the algorithm, we will repeat all choices of M inequalities and/or

equalities and then move to the next step.
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For reaction network (1.7.1), there are two more choices of M inequalities and/or equal-

ities, and their corresponding inequality systems are listed in two columns as follows:

pa+ps > M
tas > My

tas + pps = My

pa+ps > M
fas > My

fas + pps = My

pB + ps > Mo pB + fus > My
pps > My s > My
pa > Mo pa > Mo
0> M, 0> M,
g > My g > My
pe = M, pe = M,

fia + pps = Ms

pa+ pups = Ms

fe + ps = Ms pe + ps = Ms
HaAs > pa + fis HAS > pa + fis
UBs > B + fis HBs > ppB + s
pa >0 pa >0
pp >0 pp >0
My = My = Mj My < My < Mjy

Neither of the two inequality systems listed above has a solution of a set of M;’s and a
nonzero p € R that is sign-compatible with S. They are not signatures. We will move to

next step.

Step 16: Repeat Steps 9 to 15

In this step all possible shelving condition choices in Step 9 are repeated. Similar to
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that of the Deficiency One Algorithm, we can save some time by trying only half of the
shelving choices and skipping all the choices which are total inversions of the first half.
By an inversion of a shelving assignment we mean a new shelving assignment created by
switching all of the upper and lower shelves of the original one. This is true because an
inversed system has such a solution if and only if the original system has one.

Suppose that the systems are linear. Once we find a signature in Step 14, we claim
that taken with mass action kinetics, the reaction network does have the capacity for mul-
tiple steady states and exit the algorithm. Otherwise, after we repeat all the choices of
M inequalities and/or equalities and all possible shelving condition choices but find no
signatures, we move to the next step.

Suppose that the systems are nonlinear. Unless we find a pre-signature in Step 14 that
will lead to a conclusion that the reaction network does have the capacity for multiple
steady states and exit the algorithm, we will repeat all choices of M inequalities and/or
equalities and all possible shelving condition choices, and then move to the next step.

For reaction network (1.7.1), the flexibility of shelves assignment comes from the re-
actions {A+ S = AS}, {B+S = BS} and {A = 0 = B}. Therefore, we have
3 X 3 x 3 = 27 choices for the shelving assignment. Excluding the inversions, we have
14 choices. We are done with one choice of shelving assignment so far. We will test the
remaining 13 choices of shelving assignments.

First, we choose the shelving such that:

wU =}, M ={AS+BS —-C+25}, 4 ={A+S — AS,AS — A+ S}.
U ={B+S — BS,BS—B+SA—00—AB—0,0— B},
My ={C — 0}, % ={}.

Us =}, M5 ={A+ BS — C+ S}, & ={}.
The three systems produced from repeating Step 10 through Step 15, corresponding to the
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shelving conditions above and three different M/ comparisons, are listed in three columns

as follows:

pa + ps < M
fas < My

pas + pps = M

pa+ps < M
fas < My

fas + pps = M

pa + ps < M
fas < My

fas + pps = M

pp + s > M pp + s > Mo pp + s > M
pps > Mo s > My pps > Mo
pa > Mo pa > M pa > M
0> M, 0> M, 0> M,
g > Mo s > Mo pp > Ms
pe = M, pe = M, pe = M,

pa+ pps = Ms

pa + pips = M3

pa + pips = M3

po + s = Ms po + ps = Ms po + ps = M3
HAS > A + s HAs > pa + fis HAS > A + s
KBS > B + [is HBS > B + IS HBS > B + LS
pa >0 pa >0 pa >0
up >0 up >0 up >0
My > My > M; M, = My = M; M, < My < Ms

The first two (from left to right) of the three inequality systems are not signatures and the
third one is a signature. The third inequality system has a solution of a nonzero 11 € R
that is sign-compatible with St pus = 1, s = —4, pas = —4, up = 4, ps = 2 and
e = —1. We will not provide the detailed solution of M;’s here. Since we have found
a signature, we claim that taken with mass action kinetics, the reaction network does have

the capacity for multiple steady states and exit the algorithm.
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Step 17: Repeat Steps 8 to 16

In this step we will repeat all sign choices for the colinearity classes. Note that changing
the signs for the colinearity classes may affect the shelving assignments as only colinearity
classes with nonzero signs are considered, and the inequality systems built from Step 10
through Step 13 will be affected too. We will check all inequality systems produced by
these changes.

Suppose that the systems are linear. Once we find a signature in Step 14, we claim that
taken with mass action kinetics, the reaction network does have the capacity for multiple
steady states and exit the algorithm. Otherwise, we repeat all the choices of M inequali-
ties and/or equalities, all possible shelving condition choices and all sign choices for the
colinearity classes.

Suppose that the systems are nonlinear. Unless we find a pre-signature in Step 14 that
will lead to a conclusion that the reaction network does have the capacity for multiple
steady states and exit the algorithm, we will repeat all choices of M inequalities and/or
equalities, all possible shelving condition choices and all sign choices for the colinearity
classes.

If after this step, no signature or pre-signature (for the nonlinear case) has been found,
then we can claim that the reaction network cannot support multiple steady states, no matter
what positive values the rate constants are. In the nonlinear case, if there are pre-signatures
but one cannot conclude that the reaction network can support multiple steady states from
any of the pre-signatures, then the answer to the question of multiple steady states is incon-
clusive. If the answer is inconclusive, then we need to add additional nonlinear equalities
and consider the complete (nonlinear) inequality system in order to answer the question of
multiple steady states. As for ways of finding the additional nonlinear equalities, we will
not present the details here. See [7] for more information.

For reaction network (1.7.1), we already exited the algorithm in Step 16. However, if
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we did carry out Step 17, we would find that there is no other choice for the signs of the

colinearity classes.

1.8 Higher Deficiency Theory and Algorithm Overview

The Higher Deficiency Theory gives answers very similar to the Advanced Deficiency
Theory, both giving a method to study whether the reaction network can support multiple
steady states. As a matter of fact, the Higher Deficiency Theory is a reformation and
significant extension of the Advanced Deficiency Theory.

For example, let us consider the following reaction network.

Ei+ S5 =FES5 —FE+5 = FS —FE +5=FS;— FE +5, (1.8.1)
Ey+ Sy = EySy — Ey+ Sz = E3S; — By + Sy = E»S,

N\ Fa + 51
Es 4+ 51 = E35) — B3+ Sy = E3S; — Es3 + 53

E4+S4\:\E4S4—>E4+53\:\E453 —>E4+SQ

For reaction network (1.8.1), the Advanced Deficiency Theory and Algorithm (see [8])
cannot give a definitive answer, but the Higher Deficiency Theory and Algorithm (see [16])
concludes that taken with mass action kinetics, the reaction network does indeed have the
capacity to admit multiple positive steady states. The mass action differential equations for
reaction network (1.8.1) are highly complex; they are similar to the system (1.1.8).

We turn next to the Higher Deficiency Theory.
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Chapter 2

THE HIGHER DEFICIENCY THEORY

2.1 Main Question

Given a reaction network governed by mass action kinetics, does there exist a set of pos-
itive rate constants such that the governing differential equations admit a pair of distinct
positive steady states that are stoichiometrically compatible? We will attempt to answer
this question algorithmically in this chapter. The algorithm itself has been implemented in
a user-friendly Windows-based program available at [16].

Mathematically, the question can be stated as:

Question 1. Given a reaction network {7, €, %}, do there exist a set of positive rate con-
stants {ky_, 1y — y € X}, and two positive, distinct and stoichiometrically compatible

compositions ¢* and c**, such that

Z ky—yy (") (y "—y)=0 (2.1.1)
y—yY' €%
and
Yo Ry ()Y —y) =0 2.1.2)
y—y' EX

are satisfied?

We will in this chapter rephrase Question 1 into a sequence of equivalent questions.
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2.2 Rephrase the variables

In this section, we will construct new terms x € R” and p € R” from {k, ., : y —
y € Z}, and ¢*, ¢ € R’f so we can convert equations (2.1.1) and (2.1.2) into equations
involving « and y instead of {k,_, : y — ¢ € #Z}, ¢* and ¢**. With the new variables,
Question 1 can be rephrased.

Next we will define x € R” and p € R”, and explore their relationship to {ky—y :
y—y €R},and c*, ™ € Rf.

On one hand, given a set of positive rate constants {k,_,, : y — ¢ € #Z}, and two
positive, distinct, and stoichiometrically compatible compositions ¢* and ¢**, we define
p € R” and K ER‘fvia

*

M:M%%WEY, 2.2.1)

S

and

Ry = kyy ™, Yy —y' € Z. (2.2.2)

We claim that 1 is a nonzero vector in R” that is sign-compatible with the stoichiomet-
ric subspace S.
In fact, since ¢* # ¢**, there exists some s € . such that pus # 0. Therefore, p # 0.

From the monotonicity of the In function, we know that, for any s € .77, ¢ — ¢." will
*

have the same sign as In(c;) — In(c}"). Since ps = In( s ) = In(c

k%
CS

will be sign-compatible with p. Note that ¢* and ¢** are presumed to be stoichiometrically

D= In(e) ¢ = e
compatible, which requires that ¢* — ¢** € S. Therefore, ¢* — ¢** being sign-compatible
with p implies that there exists a vector ¢* — ¢™ in S that is sign-compatible with p, i.e., p
is sign-compatible with S.

On the other hand, assume x is a member of ]Rff? and that p € R is a nonzero vector
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which is sign-compatible with S. Then there exists a nonzero vector, say o € S, that is
sign-compatible with ;.. We can define ¢* and ¢** in R” via:

If pus and o are not equal to zero, then

. ogets

Cy = 6#37_1, seS (223)
*k Os

= se S (2.2.4)

If 15 and o, are equal to 0, then

¢, =c." =p, forsome p > 0 (2.2.5)
Then we can define k,_.,/ via:
ky—y = Fy—y /(7)) (2.2.6)

We claim that {k,_, : y — ¢’ € %} is a set of positive numbers, and, ¢* and ¢** are
two positive, distinct compositions that are stoichiometrically compatible, i.e. ¢* —c™ € S.

To see this, note that ;4 being nonzero implies that there exists some s € .% such that
s # 0, so Cci = e!* #£ 1. Therefore, ¢* # ¢™. Note that in the case of u, # 0, e — 1
has the sames(nonzero) sign as s and o, so ¢; and c¢.* are both positive. Therefore it is
true that ¢ and c;" are both positive, whether i is equal to 0 or not. Also note that in both
cases, 1n(cci) is equal to pg, so equations (2.2.3), (2.2.4) and (2.2.5), are consistent with
equation (28.2.1). Finally, note that ¢* — ¢** is equal to ¢ in both cases, so ¢* and ¢** are

stoichiometrically compatible.

Therefore we have the following lemma.

Lemma 2.2.1. Suppose that we are given a reaction network {., €, %}. Suppose that
a set of positive rate constants {k,_,, 1y — y € % } and two distinct, positive, stoi-
chiometrically compatible compositions c* and ¢ € ]R‘f are given. Then k € R‘_&f can
be constructed from equation (2.2.2), and |1 € R, constructed from equation (2.2.1), will

be nonzero and sign-compatible with the stoichiometric subspace S. Conversely, suppose
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that a nonzero ju € R” which is sign-compatible with the stoichiometric subspace S, and
K € R‘f are given. Then a set of positive rate constants {ky,_,, :y — y € Z } and
two distinct, positive, stoichiometrically compatible compositions ¢* and ¢ € R‘f can be

constructed from equations (2.2.3), (2.2.4), (2.2.5) and (2.2.6).

From equations (2.2.1) and (2.2.2), it can be shown that k,_,,, ¢ = K, and k., c™ =

Ky—ye’". Then equations (2.1.1) and (2.1.2) can be transformed into the following equa-

tions:
> Ry’ (Y —y) =0 (2.2.7)
y—y' EX
Y kyoy (' —y)=0 (2.2.8)
y—y EXZ

As a result, we can claim the following lemma.
Lemma 2.2.2. Question 1 can be rewritten in terms of k and | as follows:

Question 2. Given a reaction network {7, €, Z}, do there exist k € R‘f and a nonzero
© € R which is sign-compatible with the stoichiometric subspace S such that equations

(2.2.7) and (2.2.8) are satisfied?

2.3 Rephrasing the summations

Recall that the summations in Question 1 and 2 are taken over all {y — 3’ € Z}. Here,
some new concepts are introduced to rephrase Question 2 so that the summations are taken
over a subset of Z.

Define an orientation O as a subset of the set of all reactions in the reaction network
Z such that for every reaction y — 1 € %, either y — 3’ or 3y’ — y belongs to &, but not
both.

For a given orientation ¢, define the linear map L¢ : R — S by:

Loa= Y oayyy —y). (2.3.1)

y—y' €0
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For given k € Rf and nonzero i € R, we define g, h € R as follows:

. / . .
Ky—y — Ky'—y, ify — 1y € O isreversible
Jyoy = (2.3.2)
Ky if y — ¢’ € O is irreversible.

and

5 Foysy €V — Koy eV if y — o/ € O is reversible 233
y—y -
Ky—y €', ify — o € O isirreversible.

Then equations (2.2.8) and (2.2.7) can be rewritten as

Log= Y gyy(y —y)=0 (2.3.4)
y—y' €0

Loh= Y hyyy —y)=0 (2.3.5)
y—y' €0

Therefore, if equations (2.2.7) and (2.2.8) are satisfied for some x € R‘f and nonzero
p € R”, then g, h as defined in (2.3.2) and (2.3.3) both lie in Ker Ly, for any given

orientation & of % .

Remark 2.3.1. Let us denote the number of reactions in O by #(0). For Ly : R? — S,
we have dim Ker Ly = dim (R?)— dim (Im Lg) = #(0)— dim S, as it is easy to see
that Im Ly = S. Since #(0) is the same for any orientation O of %, so is dim Ker Lg.
Note that for any orientation O of %, if dim Ker Ly = 0, then g = 0 and h = 0 are
the only solutions in (2.3.2) and (2.3.3). In that case, each reaction must be reversible and
foreachy — y' € O, we have ky_.,y = Ky, and Ky e’ — /fy/_wey/'“ = 0. Therefore,
forally — vy € &, e¥* = e¥* or (y—y) - = 0. This implies that i € S*, for
which it follows that |1 cannot be sign-compatible with S if . # 0. Therefore the answer to
Question 2, and hence Question 1 is no and we are done with our question here.
Therefore, in order to find two distinct positive stoichiometrically compatible steady
states c* and c**, we need to assume that dim Ker Ly > 1. Moreover, we cannot pick g, h
to be both zero vectors. Therefore, without loss of generality, let us assume dim Ker Lg

> 1 (for any orientation O') and g, h € Ker L are not both zero vectors from now on.
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Let x and p satisfy the conditions in Question 2, we want to see if we can derive
a question equivalent to Question 2 in terms of p and g, h € Ker Lg, where O is an
orientation of Z.

First, to simplify our notation, let us introduce a new term. Consider a given orientation
0 and a given pair g,h € Ker Ly. Fory — y' € O such that g,_,, # 0, we will define

Py—y as follows:

By
Py = L (2.3.6)

Gy—y'

Lemma 2.3.2. For a reaction network {.7, €, %} and a given orientation O, r € R and
1 € R are given. Let g, h be defined as in (2.3.2) and (2.3.3), and let Py—y (Gy—y 7 0)
be defined as in (2.3.6). Then the following conditions hold:

() If y — v € O isirreversible, then g,y > 0, hy_,y > 0, and p,—,, = ",

(Il) If y — ' € O is reversible, then

(i) If gy, > 0, then either p,_.,, > V" > eV, Py—y < €VH < V" or Py—sy =

. /.
eV b — Y H,

(ii) If gy—, < O, then either p,_., > PUALIEN et py—y < eV < eVt or
Py—y =€V = eV,
(iii) If gy—, = 0 and hy_.,, > 0O, then e¥* > eV,

(iv) If gy—, = 0 and hy_,, <0, then e’ < eV H,

(v) If gy—,y = 0 and h,_,, = 0, then " = eV,

PROOF: We want to show the conditions listed in the lemma hold and we will show it case
by case.

If y — 4 € O is irreversible, then equations (2.3.2) and (2.3.3) imply that g, ., =
h

!
Ky > 0, Ny = Kyye?" > 0,and p, ., = % =¥ > (.
Gy—y'

If y — y' € O is reversible, then there are the following cases:
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(a): Assume g,_.,» # 0. Then we will discuss two different situations, according to
whether y - 1 equals to 3/ - p1.
If y - u # v - p, then from equations (2.3.2), (2.3.3) and (2.3.6), Ky—y and K,/ _,, can

be solved for as follows:

Py—y
Bysq) = 2o / 2.3.7
Y=y ovn — oy JI—Y ( )
ST
Py—y — €
Ryl —qy — . 2.3.8
Y=y Ty _ gy I ( )

From k,_,,» > 0 and k,/_,,, > 0, we then have:
If g, ., > 0, then either p, .,» > e¥" > V" or p, ., < eV < eV,
If g, < 0, then either p, ., > eV > eV  or p,_,, < eV " < eVt

If y - =1y - p, then equations (2.3.2) and (2.3.3) can be simplified to

gy—>y’ = /fy—>y’ - /{y’—>y (239)
By = (Kymyy — Kyr—y)€” (2.3.10)
. hyﬂy/ . /.
Therefore, if g, # 0, then p,_.,y = —— =" =¥ .
Jy—y'

(b): Assume g,_,,» = 0. In this case, equations (2.3.2) and (2.3.3) imply that x,_.,, =
Ky —yand by = Ky, (e — e¥"1). Since Ky—y > 0, we have the following three cases:

If by, > 0, then e¥* > e

If hy .,y <0, then e¥* < e

. /-
=0, then e¥* = ¥ *.

If h

y—y'

We have shown that the conditions listed in the lemma hold. O]

Lemma 2.3.3. For a reaction network {., ¢, %} and a given orientation O, suppose that
1 € R, apair g, h € Ker Ly, and py .y (g, # 0) defined as in (2.3.6) satisfy the

conditions in Lemma 2.3.2. Then there exists k € R‘f satisfying (2.3.2) and (2.3.3).

PROOF: Assume that conditions listed in Lemma 2.3.2 hold. Then we want to show that

we can solve for k € R‘f from (2.3.2) and (2.3.3).
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(a) Assume that y — 3/ is irreversible. By the definition of g and h in (2.3.2) and
(2.3.3), we have that g, ., = Ky, and hy_.,y, = Ky_,e’". From the conditions in
case (I) in Lemma 2.3.2, we have g,_.,, > 0, hy_,y > 0 and p,_.,, = €. Note that
Py—y = Ty | Gyys 80 Bysyy = pyyyGysy = €¥gyyy. Since hy .y = kyye?” in
(2.3.3), we have from (2.3.3) that g,,,, = k,,. Therefore two equations (2.3.2) and
(2.3.3) become equivalent to each other, and we can easily solve .,y = g,—,» > 0.

(b) Assume that y — v/’ is reversible. Then we will discuss three different situations
according to the sign of g, ..

First, if g,_.,» > 0, then we have from condition (i) that either p, ., > e’* > eV,
Py < EVH < Y or p .y = ¥ = e¥"F holds.

If p,y > ¥ > eV orp, ., < eV < eV holds, then (2.3.2) and (2.3.3) can be
rewritten as (2.3.7) and (2.3.8) to solve for x,_,,, and x,/_,,, from which we can conclude
that x,_,,, > 0 and K/, > 0.

If py_,y = et = ¥ holds, then since hy—yy = Py—y Gy—y» We can see that (2.3.2)
and (2.3.3) both convert to (2.3.9). So any k., and K/, as long as Ky, > Ky, > 0
will satisfy (2.3.2) and (2.3.3).

Secondly, if g,—.,, < 0, then we have from condition (ii) that either p,_,, > eVt >
VH, Py < F <V or p, = eV = e¥F holds.

If py_y > eV’ > eVt or Py—y < eV"" < e¥ holds, then (2.3.2) and (2.3.3) can be
rewritten as (2.3.7) and (2.3.8) to solve for x,_,,» and x,/_,, , from which we can conclude
that k,_,,, > 0 and Ky, > 0.

If p,_, = e¥* = e¥* holds, then since hy_, = py_,s Gy, We can see that (2.3.2)
and (2.3.3) both convert to (2.3.9). So any k., and Ky, aslong as Ky, > Ky, > 0

will satisfy (2.3.2) and (2.3.3).
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Thirdly, if g,,—.,, = 0, then (2.3.2) and (2.3.3) become

Ry—y = Ky'—y
and

— vy
Ry = Ky (€ eV ).

If h, ., > 0, then from condition (iii) we have e’ > ¢V, and therefore r, ., =
Ryry = Py /(€71 = /1) > 0.

If hy_,, < 0, then from condition (iv) we have eV" > e¥* and therefore Ky—y =
Ryrmy = Py /(€1 = /1) > 0.

If h,_.,; = 0, then from condition (v) we have e* = eV , and therefore k., = Ky
can be any positive number.

We have shown that if the conditions listed in Lemma 2.3.2 hold, we can always find
k € RY satisfying (2.3.2) and (2.3.3). O

Recall that Question 2 asked: Given a reaction network {.*, ¢, %}, do there exist a
set of positive {r, ., : y — y' € # } and a nonzero p which is sign-compatible with the
stoichiometric subspace S such that equations (2.2.7) and (2.2.8) are satisfied?

From Lemmas 2.3.2 and 2.3.3, we can see that, in order to answer Question 2, we may

instead ask the following question:

Question 3. Given a reaction network {7, €, %}, do there exist an orientation O of %,

a nonzero i € R” which is sign-compatible with the stoichiometric subspace S, a pair g,
h

y—=y

y—y'

h € Ker Ly which are not both zero vectors, and a set {p,—.,, = D Gy—y # 0,y —

y' € O} such that the conditions in Lemma 2.3.2 are satisfied?

However, do we have to test against all possible orientations of #? In other words,
does the answer to Question 3 depend on the choice of &'? The answer is no. We will show
next that the choice of orientation ¢ does not matter here.

To show this, first let us prove the following lemma.
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Lemma 2.3.4. Given a reaction network {5, €, %}, for any orientations 0, and Os of

#, Ker Ly, and Ker Ly, are isomorphic, i.e., Ker Ly, = Ker Lg,.

PROOF: Recall that an orientation & C Z is such that for every y — 13/ € %, either
y — 3y ory’ — y belongs to &, but not both. It is obvious that # (&) = #(05). Note that

Lor= Y xy.y(y —y). Letz” € Ker Lg,, we define 22 € R”* as follows:

y—y €0
ﬁl f / ﬁ
Oy . my—)y” 1 y — y € 1
xy—)g’ N ﬁl : /
-zt ify —ye o
We can see that
Loz™ = > xy—w )
y—y el
= > vyt (Y —y) + > vty — )
y—y €02:y—y' €01 y—y €02y —y€0]
Vi
= > ey —y) + oo (—2ll) W —y)
y—y' €02:y—y €01 y—y' €02y —y€O,
o
= > e =)+ > vy, (Y —y')
y—y' €01: yﬂy €0 Y —yEO1Yy—Y €07
y—y'€On
= 0.

So 2”2 € Ker Lg,. Thus the function F: Ker Ly, — Ker Lg, via F(z7) = 272 is well

defined.
On the other hand, let 792 € Ker Lg,, we define & 79 € R7" as follows:
~ 0 . /
2o T2, fy—y €0y
y*)y/ ﬁ2 .f / N E ﬁ
‘Ty —y) 1 y y 2.

Then similarly we can show that #7* € Ker Ly,. Then the function G: Ker Ly, — Ker

Ly, via G(22) = 27 is also well defined. We can verify that, for any 2% € Ker Ly,

G o F(x?) = 2%, and for any 272 € Ker Lg,, F o G(2%?) = 272, Therefore, F = G~!

and G = F~'. We can claim that Ker Ly, = Ker Lg,. O
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Lemma 2.3.5. Question 3 can be rewritten in terms of g, h, i, and p,,_.,’s as follows:

Question 4. Given a reaction network {7, €, Z}, and any orientation O, do there exist
a nonzero 1 € R” which is sign-compatible with the stoichiometric subspace S, a pair g,

h

h € Ker Ly which are not both zero vectors, and a set {p,—.,, = Zymy
y—y/

S Qy—y #0,y —
y' € O} such that conditions in Lemma 2.3.2 are satisfied?
PROOF: It is obvious that if the answer to Question 4 is yes, then the answer to Question 3
is also yes. Thus we want to show the reverse.

Let &y, 0, be two orientations of %, and let 1 € R” be nonzero and sign-compatible
with S. We will show the following:

Suppose that there exist a pair ¢”*, h?* € Ker Ly, which are not both zero vectors,

ho
and a set {pfly/ =~ 1 g, # 0}, satisfying all the conditions listed in Lemma
y—=y'
2.3.2. Then there exist a pair ¢”2, h”> € Ker L, which are not both zero vectors, and a
he2,
set {py_)y = yﬁ;y : yﬁy . # 0}, satisfying all the conditions listed in Lemma 2.3.2.

y—y’

Note that ¢”*,h* € Ker Ly,. We let g2 = F(g?*) and h?2 = F(h“"), where I is
defined in Lemma 2.3.4. Then g“2, h?? € Ker Lg, and they are not both zero vectors. Let
y — 1 € Oy, then we have two cases depending on whethery — 3/ € 0, ory' — y € 0.

Case one: If y — ¢/ € 0, then gy_,y = gy_)y, and hyﬁiy = hy‘/ji)y It gy_)y #+ 0,

Py2y = Py~ This case is trivial.

Case two: If y/ — y € 0y, then y — 3’ must be reversible. We have gyﬁy = —gf,l_)y
and hfiy = —hf Ly IE gy_m # 0, py_>y = py "~ We will verify each of the conditions

listed in Lemma 2.3.2 for reversible y — 3’ € 0.
Recall that the conditions in Lemma 2.3.2 are
(D) Ify — y' € O isirreversible, then g,y > 0, hy,—,, > 0, and p,_,, = e’*.
(I If y — ¢ € O is reversible, then
(i) If g, > 0, then either p, ., > V" > eV™", p, ., < V" < VP, or py_,y =
Uy ———
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(i) If g, < 0, then either p, ., > eV > eV, p, ., < e/ < e¥* or
Py—y' = eV = eV h,
(iii) If g,—,, = O and h,, ., > 0, then e¥"* > eV *.

(iv) If g, ., = O and h, ., < 0, then eV < e¥"*,

(v)If g,—.,, = 0and hy_.,» = 0, then " = eV H,

Since iy — 1/ is reversible, (I) is trivially true for &,.
Next we will show that (II) is true for 05.

If gyay, > 0, then gy ', < 0. (D) is true for y’ — y € Oy, so in particular (ii) is true

for y — y € O,. Therefore we have either pf Ly > et > eV, Py < €M1 < eV,

Oy _ oy Ly — 02 ; 2 Yo y'p
or p,_, = € = e". Since ,oy_)y = p,~.,» we have either p, 2, > " > e’
Py <€ < eV"H, or py_,y, — ¢¥"* = ¢¥". We have shown that (i) is true for reversible
y— 1y € 0.

If gy_,y, < 0, then gy Ly > 0. (ID) is true for Yy — y € O}, so in particular (i) is true

for y' — y € O). Therefore we have either py -~ > eV H > eVh, Pyy < eV < eV,

we have either py_)y, > eV > eV,

y —y € 0.

Ifgfiy, = 0 and hfiy, > (, then gy t,, = 0and hfgy < 0. (D) is true fory’ — y € O},
so in particular (iv) is true for ' — y € &). Therefore we have eV'* < Y. We have
shown that (iii) is true for reversible y — 3’ € 0.

If gyﬂy 0 and hfiy, < 0, then gyf’j;y = 0and hfgy > 0. (I) is true fory’ — y € O},

so in particular (iii) is true for y' — y € ). Therefore we have eV'* > e¥". We have
shown that (iv) is true for reversible y — v’ € 0.

Ifgy—>y Oand hy2,, = 0, then gy L, =0and RO, = 0. )is true fory — y € O,

Y=y y'—y
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so in particular (v) is true for 3/ — y € 0. Therefore we have eV* = ¢¥", We have shown

that (v) is true for reversible y — ' € 0. 0

2.4 Partitions on ¢ and %

Note that in Question 4, we have many parameters: {g,., : y — ¢y € O}, {hy_y :
y — y € Osuchthatg,., = 0}, {py—y : y — ¢ € Osuchthatg, ., # 0} and
{ps : s € S}. There are 2#(0) + #(.) parameters together, where #( ) is the number
of reactions in ¢ and #(.%) is the number of species in .. We will try to reduce the

number of parameters by defining partitions on & in a way that will reduce the number of

hy—>y’

py—y’s needed. Since g, h € Ker Ly and py_,, = where ¢,_.,, # 0, we need to

examine Ker Ly and Ker® Ly in order to derive the iyartyition on 0.

Recall that {w, ., : y — ¢ € R} is the standard basis for R?. Let a # 0. For
y — 1,y — i € O, note that the following statements are equivalent:

(1) Ty—y = axy_y, forany v € Ker L.

(ii) z - (wy—y — awy_y) =0, forany x € Ker L.

(iii) wy—y — awy_z € Ker™ Ly.

Now we will introduce a relation ” ~ ” in & as follows:

Fory — 3y and j — 4 € O, we write y — 1 ~ i — 4 if there exists o # 0 such that
Wy — Wy € K er®t Lg. The ’~’ defined is an equivalence relation. To see that, note
that:

(i) Reflexivity: w, ., — w, ., € Ker™ Lg,soy —y ~y — 1y

(ii) Symmetry: If y — ' ~ § — ¢/, there exists a # 0 such that w,_,, — awy_y €
Ker® L. Therefore, —i(wyﬂy/ —awy_y) € Ker™ Ly, ie., wy_y — Wy € Kert
Lo . Hence g — ¢ ~y — 9.

(iii) Transitivity: If y — ' ~ 4§ — ¢, and § — ¢ ~ § — ¢, then there exist
aq,an # 0, such that w,_.,» — aqwy_y € Kert L, and Wiy — QaWyy € Ker* L.
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Therefore, wy_.,; — 1wy + 1 (Wjmg — Qowy—y) € Kert Ly, ie., Wy—sy! — O QoW
€ Ker!t Ly where aqas # 0. Hence y — oy ~ 9 — /'

We can define the equivalence class of y — v’ under *~’ as
y—yv={1—-0€c0:9—-7~y—y} 2.4.1)

Clearly, the following statements are equivalent:

Dy—y ~§—7.

(i) [y — o] = [5 — 7).

(iii) y — 3y’ and § — ¥ belong to the same equivalence class under *~’.

If an equivalence class only has one reaction in it, then we call it a trivial equivalence
class; otherwise, it is called a nontrivial equivalence class.

Suppose there is a reaction y — 3’ € & such that w, ., € Ker" Ly. Now consider a
reaction §j — ¢ which lies in the same equivalence class with y — 7/. Since there exists
a # 0 such that wy_y — aw,_,y € K er™ L, it must be the case that Wiy € K ert
L. Conversely, if there exist y — 3/, § — ¢ € O, such that w, ./, wy .y € Ker' Ly,
then w, ., — wy .y € Ker' Ly. Hence y — y'~ § — ¢, and the two reactions must
belong to the same equivalence class. As a result, if there is a reaction y — 7’ such that
Wy—y € K er™ L, we will name the equivalence class in which y — 3/ lies, as Py. If no

such equivalence class exists, we just set Py = ().

Remark 2.4.1. Note that the following statements are equivalent:
)y —y € P
(i) wy—y € Ker® L.
(iii) For any x € Ker Ly, x - wy_, = 0.

(iv) For any x € Ker Ly, xy_., = 0.

Suppose that besides F (if it is not empty), there are additionally w equivalence classes,

with w; nontrivial equivalence classes and wj, trivial equivalence classes. Hence w = wy +
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wo. Let us name these nontrivial equivalence classes P, P, ... P, , and trivial equivalence
classes Py, 11, .., Pu, +w,- The set of all equivalence classes { P; }{*, of & defines a partition

of 0. Let & = O\ P,. Then { P}, defines a partition of &.

Remark 2.4.2. Given a reaction network {.%, €, %} and an orientation U, the following
statements are equivalent:

(i)y — y and § — ' lie in the same equivalence class.

(ii) There exists o # 0, such that wy_.,y — owy_y € Kert L.

Let o # 0. The following statements are equivalent:

(1) Wy—y — QW € Kert Lg.

(ii) For any v € Ker Lg, © - (wy—y — awy_gz) = 0.

(iii) For any x € Ker Lo, Ty = QTj_g.

Remark 2.4.3. Two reactions y — vy and § — ¢ both lie in P; (1 < i < w) if and
only if there is a unique o # 0 such that w,_.,, — owy_.y € K ert Ly. The uniqueness
of a can be shown by supposing the contrary, i.e. assume there exists & # « such that
Wy—y — Gwy_g € Ker™ Lg. Then we can show that (& — )wy_.y € Ker™ Ly. Hence

Wiy € Kert Ly. Thenjj — i € Py, which is a contradiction.

2.5 Digression 1

Before we go on, let us make a few observations about the equivalence classes P;’s (i > 0)
defined under the orientation &'.

For P; (i > 0), let us define JZ to be the subnetwork generated by reactions in P;. Note
that since P, C €, all the reactions in JZ are irreversible (with respect to the orientation
0).

If we look at the subnetwork as if it is an independent reaction network, then similarly
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we can define for this reaction network its linkage classes and deficiency. For example, a
linkage class of one of these subnetworks is called a colinkage set for the reaction network.
We have defined the reaction vector for a reaction y — 1/ as ¢y’ — y, then the reaction

vectors for a reaction network .4, are W —y:y—vy € N }.

Remark 2.5.1. Note that it is trivial that the single reaction vector in each trivial equiv-
alence class is independent. Therefore, the reaction vector in each JZ (w+1 <4 <

wy + wy) is independent.

Remark 2.5.2. We claim that reaction vector(s) for Jl% is (are) independent.
If P, is trivial, then the claim is trivial. If Fy is nontrivial, then to see the independence,
let us suppose the contrary, i.e., there exists a set {y,—, : y — y € Py} whose elements

are not all zero, such that, Z Yy (Y —y) = 0. Let § € R? be defined as follows:
y—y' e

Yy—y's ify_>y/€P0
By—y =
0, otherwise.

Then 8 # 0 and 3 € Ker Lg. Since forally — y' € Py, wy_,y € Kert Ly, we have
Wy—y * B = Bymyy = Yy—y = 0, forall y — y' € Fy. This is a contradiction.
Therefore, the reaction vector(s) in Jl% is (are) independent. Consequently, there will

be no (undirected) cycle in N, i.e, N forms a forest.

Remark 2.5.3. Consider the subnetwork ,/I% (1 <i < wy). If the reaction vectors for c/ﬁ
are dependent, then we can claim that for any proper subset () C P,, the reaction vectors
for the subnetwork generated by reactions in () are independent, i.e., the reaction vectors
for N; are minimally dependent if not independent.

To show this, let us suppose the contrary, i.e., the reaction vectors for the subnetwork

generated by reactions in Q) are dependent. Then there is a set {v,—, : y — y € Q}
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whose elements are not all zero, such that Z Yy (Y —y) = 0. Let B € RY be
y—y'eQ

defined as follows:

Yy—y's ify%y/EQ
By—y =
0, otherwise.

Then 3 # 0 and B € Ker Lg. Take j — § € P\Q, and j — § € Q such that
Yj—g 7# 0. Because j — §' and § — ' are both members of P,, there exists oyy_.5 # 0,
such that wy .y — oy gwy—y € Ker™ Lg. Thus we have that 3+ (wy_.g — 0wy ) =
By—i — Qg Bimg = Vog—iy — 0g—g’(0) = g = 0. This is a contradiction since
Vg—ip 7 0-

We have shown that the reaction vectors for each N; (1 < i < wy) are either indepen-

dent or minimally dependent.

From Remarks 2.5.1, 2.5.2 and 2.5.3, we know that the following holds:

(1) The reaction vector(s) for % is (are) independent.

(i1) The single reaction vector for each JZ (w1 +1 < i < w; + we) is independent
trivially.

(i11) Reaction vectors for JZ (1 <i < wy) are either independent or minimally depen-

dent.

Proposition 2.5.4. Given a reaction network {.#, €, %}, an orientation O, and the JZ
(0 < i < w) defined as the subnetwork generated by all reactions in P;, one of the follow-
ing will hold:

(i) The reaction vectors for JZ are independent, and the subnetwork ,/Z based on P,
forms a forest with deficiency 0.

(ii) The reaction vectors are minimally dependent, and the subnetwork f/lz based on P,
forms a forest with deficiency 1.

(iii) The reaction vectors are minimally dependent, and the subnetwork N; based on P,

forms a big cycle (a cycle with at least three vertices) with deficiency 0.
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PROOEF: To see that, let 5; (0 < ¢ < w) be the dimension of the linear space spanned
by all the reaction vectors in the subnetwork ;. The deficiency of the subnetwork N
generated by reactions in P; (0 < 7 < w) is 0 ; = #(complexes in ;) — #(linkage
classes in JZ) — 5.

As for ¢ in the range w; + 1 < ¢ < w; + wy, note that there is a single reaction in P;.
The reaction vector for each ,/If is independent. JZ forms a forest, with #(complexes in
Jl{) = 2, #(linkage classes in ,/Z) =1, and 5, = 1. Therefore, 0 = #(complexes in
;) — #(linkage classes in .A]) —§; =2—1—1=0.

Note that in each P; (0 < i < wy), ify — ¢’ € P, theny' — y ¢ P,. Therefore, the
subnetwork generated by reactions in F; either forms a forest or contains a big (undirected)
cycle.

If there is a big (undirected) cycle in JZ (1 < i < wy), then the reaction vectors in
the cycle are dependent. Note that if the reactions vectors in N} are dependent, then they
must be minimally dependent. Therefore, there can be no other reaction other than those
in the cycle. In this case, N just forms a big (undirected) cycle. Moreover, #(complexes
in .4) = #(P), #(linkage classes in .4;) = 1, and §; = #(P,) — 1. Thus 07 =
4(P)—1— (#(P)—1) =0.

If there is no big (undirected) cycle in N (1 < i < ), ie, A, forms a forest,
then the reaction vectors are either independent or minimally dependent. Note that since
it is a forest, #(complexes in JZ) = #(P;) + #(linkage classes in 7). If the reactions
vectors on ., are independent, 3; = #(F;). Then 0 ; = (#(F;) + #(linkage classes in
A;)) — #(linkage classes in .4;) — #(P;) = 0. If the reaction vectors on .4, are minimally
dependent, §; = #(F;) — 1. Then § ; = (# () + #(linkage classes in A;)) — #(linkage
classes in .4]) — (#(P,) — 1) = 1. O

We will continue with another proposition for the N,

Proposition 2.5.5. Given a reaction network {7, 6, #}, an orientation € and the N;
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(0 < i < w) defined as the subnetwork generated by all reactions in P, the following are
true:

i)Ifdim Ker Ly > 1, the reaction vectors in U;”:F/I% are dependent.

ii) If we take §j — ¥ from N, then ¢ — ¢ does not lie in the span {y —y : y — v €
oO\{§— 7't}

iii) If we take §j — i and §j — 1 from the same N; (1 < i < wy), then neither jj' — i

nor§ — g liesinthe span {y' —y:y — vy € O\{g— 7,9 — 7'} }.
PROOF: 1) They are dependent because, when dim Ker Ly > 1, there exists a nonzero
r € Ker Lg:

0 = Z xy—w’(y,_?/)

y—y' €0

- Z Ty—y (¥ —y)

y—y' €U A
This last equality holds because from Remark 2.4.1, z,,,, = 0, forany y — y' € P,.
ii) Suppose not. Then there exist y,_.,+’s not all zero such that
g —19= Z /Vy—>y’(y, —y).
y—y' €O\{g—7'}

We can define x € R? via

Vy—y, iy —y € O\{g— 7}
Ly—y =
-1, otherwise.

Then x € Ker Ly and 255 # 0 while § — ¢’ € Fy. This is a contradiction to the
statement in Remark 2.4.1.
iii) To see this, suppose it is not true for §' — §. Then there exist ~y,_,’s not all zero

such that

?j/ —y= Z Vy—y’ (y/ - y)-
y—y' €ON{J—¥ ,4—9'}
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We can define = € R? via
Vy—ys fy—y €eO\{G—7,9— 7}
Ty—y =\ —1, y—y
0, J—19.
Then x € Ker Lgs. However, since §j — 4,9 — 4 € P;, from Remark 2.4.2, there
exists oy # 0 such that x5 — ay_y x5y = 0. From the definition of =, we have
—1 — ayy(0) = 0, or =1 = 0, which gives a contradiction. The proof for §' — ¢ is

similar. O]

2.6 Digression 2

In this section, we will explore another way to define the equivalence classes P; (i > 0)
on O, through the properties of the subspaces of S, inspired by statements (ii) and (iii) in
Proposition 2.5.5. Recall the definition of equivalence classes defined through Ker® L,
is that y — ¢’ and 7 — 7/ belong to the same equivalence class if there exists a # 0 such
that wy_.,» —awy_y € K ert Le. To find the definition of equivalence classes through the
properties of the subspaces of S, we can use the following approach.

First note that L : R? — S, where Im Ly = S. Therefore, the transpose of map L,
L} : S — R?, can be defined as follows: forz € S, Lz = > (0 —p) - 2)wpyp-
Note that Ker' Ly = I'm LY. We have the following two lemr:;sp: ”

Lemma 2.6.1. For a reaction network {.%, € , #} and a given orientation U, suppose iy —
y and § — ' are two distinct reactions in the orientation 0. Denote Se\y—y g5} =
span {p' —p:p—p € O\{y — ', 5 — ¥} }. The following statements are equivalent:

(i) There exists o # 0 such that w,_.,, — awy_y € K ert Lg.

(ii) There exists o # 0 such that wy_.,, — awy_5 € I'm Lg.
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(iii) There exists v € S\{0} and o # 0 such that Lz = > ((p/ — p) - ¥)wpoy =
Wy — Qg € Im LT, e

(iv) There exists x € S\{0} such that for eachp — p' € O, z- (p' — p) = 0 if and only
ifp—p e O\y—y,. 47}

W)Y =y & So\y—y g—iy d Y — G & So\fy—y 5+

PROOF: Note that since y — 3y’ and § — ¢’ are two distinct equations in &, w,_,,, and
wy—g are independent.

The equivalence of (i) and (ii) are trivial as K ert Ly =1Im L;.

(ii)=> (iii): Suppose that there exists o # 0, such that w,,_,, — aw;_; € Im L. Then
by the definition of I L7, there exists € Ssuchthat Lyz = > ((p'—p) - 2)wpy =
Wy—y — Wz € Im LL. Note that w, ., — awy .y # 0 anczia 2%6(3) = 0, therefore, we
claim z € S\{0}.

The other direction (iii)=- (ii) is trivial.

(iii)=- (iv): Suppose (iii) holds, then there exists x € S\{0} and a # 0, such that

> (0 —p) v)wpp = wy—y — awy_.z. Then we can see that z - (y' —y) = 1 # 0,
(7~ 7) = —a# Oandforeach p — p/ € O\{y —o/,§ — '}z (f —p) =00

(iv)=- (iii): Suppose that (iv) holds. Leta = z- (¢ —y)) #0,b =z - (§ — §) # 0.

Note that for each p — p' € O\{y — v/,§ — §'}, v - (p — p) = 0. Therefore, L (x) =
S (W =) ¥)wpp = awy—y — bwy_y € Im Lj,. Since a,b # 0, there exists
Z—’ielj a # 0, such that w, ., — aw; .5 € Im L.

The equivalence of (iv) and (v) is slightly complicated. We will show the proof in both
directions.

(iv)=-(v): Suppose (iv) holds, i.e., there exists = € S\{0}, such that x - (¢ — y) # 0,
r-(§f—g)#0andz - (p) —p) =0foranyp — p' € O\{y — ',y — ¢'}. Therefore
T LSo\ty—y 551> ¥ = Y & So\ty—y iy G — T & Sory—y i)

(v)=-(iv): Suppose (v) holds. Then Sg\(y—, 3y} is a proper subset of S. Note that
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dim S — 2 < dim Sg\ {y—y gy} < dim S. Therefore dim S — 2 < dim Sp\ fy—y jgy <
dim S — 1.

Denote the subspace S¢\ (y—, 55} by X. Denote the subspace S 4[7‘\ oy g—i} 15 DY
Y. Then X 1Y,and S = X @ Y, where @ denotes a direct sum. Therefore, dim Y = dim
S—dim X. Sincedim S —2 <dim X <dim S — 1, wehave 1 <dimY < 2.

Note that S = X @ Y. For any u € S, there exists a unique pairux € X and uy € Y
such that u = ux + uy. Denote 3y — y as v and §f — ¢ as 0. Note thaty’ — y, 5 — 7 ¢ X.
Therefore, we can write y' —y = v = vy + vy, where vx € X and vy € Y'\{0}. We can
write §' — § = ¥ = Ux + 0y, where 0x € X and 0y € Y\{0}.

Take € Y\{0} C S\{0}, then z1 X. Forany p — p' € O\{y — ¢/, 5 — 7'}, we
have p’ — p € X, therefore 7 - (p' — p) = 0. Moreover, T - vx = 0 and 7 - 0x = 0, as
vx,0x € X.

Therefore, 7 - (' —y) = &-v =1 (vx +vy) =T -vx + T vy = T -vy. Thus
T-(y —y) =1 vy. Similarly, 7 - (§ — §) = & - 0y. Note that 7, vy, 0y # 0. We will
proceed in two situations based on whether vy - Uy 1s equal to zero or not.

Suppose that vy | 0y (which is possible when dim Y = 2), i.e., vy - ¥y = 0. Then we
pick 7 = vy + 9y € Y\{0}sothatz - (y —y) =2 - vy = (vy + Vy) - vy = |vy|* # 0,
andz - (§ —§) = x- Dy = (vy +Dy) - By = |Oy|* # 0. Note that z = vy + ¥y € Y'\{0},
then z - (p' —p) =0, forany p — p' € O\{y —= ¥, § — 7'}.

Suppose that vy is not perpendicular to ¥y, i.e., vy - Uy # 0. Then we pick r = vy €
Y\{0}sothatz- (v —y) =z -vy = joy[* #0,and - (§ — §) = x - Dy = vy - Oy # 0.
Note that © = vy € Y\{0}, thenz - (p/ — p) =0, forany p — p' € O\{y — v, 5 — 7'}

Therefore, we can always find z € Y\{0} C S\{0} such that z - (v — y) # 0 and
- (¢ —9) #0,and foreachp — p' € O\{y — v',9 — ¢'}, x - (p’ — p) = 0. Therefore
we have shown that there exists x € Y\{0} C S\{0}, such that for each p — p’ € 0,

z-(p—p)=0ifandonlyifp —p' € O\{y — v, 9 — 7'} N
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Lemma 2.6.2. For a reaction network {7, €, %}, and a given orientation U, suppose
y — vy and § — ' are two distinct reactions in the orientation 0. Denote S\ [y, y =
span {p' —p:p —p € O\{y — y'}}. Thenw, ., € Ker" Ly ifand only if y —y ¢

So\ty—y'}-

PROOF: =): Suppose that w, ., € Ker™ Ly. Then w, ., € Im L}, There exists
z € S\{0}, such that L,z = > ((p = p) - 2)wp—y = wy_y. Thenforp — p’ € O,
z - (p' — p) = 0 if and only ifp;fﬁp' € O\{y — y'}. Then zLSp\(y—yy and y —y ¢
So\fy—y'}-

<): Suppose that ' —y & Sp\(y—yy, then dim Sp\(y—yy = dim S — 1. Let X =
So\{y—y}> and Y = Sg\{yﬂy,} NS. Then S = X ®Y,anddimY = 1. Let z € Y'\{0}.
Foranyp —p' € O\{y = y'},p' —p € Sorjy—yy = X, thenz - (p — p) = 0.

For any u € S, there exists a unique pair uy € X and uy € Y such that u = ux + uy.
Since 3y’ — y ¢ X, there exists a unique pair vy € X and vy € Y\{0} such thaty’ —y =
vx +vy. Thenz - (y —y) =x- (vx +vy) =2 -vx + - vy = 2 - vy. Note that dim
Y =1, and z, vy € Y'\{0}, therefore x - vy # 0, 1.e.,x - (v —y) # 0.

We have found that for any = € Y\{0} C S\{0},forp —p' € O,z - (p' —p) =0if
andonly ifp — p' € O\{y — ¢/'}. Therefore, Lz = > (' —p) 2)wpopy = Quwy—y
for some v, # 0. Thenw,_.,, € Im L, = Ker" L. e O

Recall our definition for an equivalence class: y — 3’ and §j — ¢’ to lie in the same
equivalence class of & if and only if there exists o # 0, such that w, ., — aw; .y € Ker™
L. In addition, y — ¥/ lies in the zeroth equivalence class F, if and only if w,_.,, € K ert
Lg.

Therefore, from Lemmas 2.6.1 and 2.6.2, we can equivalently definey — ' and g — ¢/

lie in the same equivalence class of &, if and only if one of the following holds:

(1) They are the same reaction.
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(i) They are distinct reactions and we have y' — y ¢ Sp\fy—y gogy and § — § ¢
So\y—y' -7+
In addition, y — ' lies in the zeroth equivalence class P, if and only if ¢ —y ¢

So\{y—y'}-

2.7 Fundamental Classes

Next, we will look into the conditions in terms of the partitions on ¢ in Question 4 so we
can rewrite Question 4 in terms of fewer parameters.

Let us define fundamental classes on %. We say that y — v’ and § — 7 are in the
same fundamental class if one of the following holds:

(i) They are the same reaction.

(i1) They are reactions of a reversible pair.

(iii) Either y — %' or ' — v and either § — ¢ or §f — ¢ are in the same "~"
equivalence class on &.

Z can then be partitioned into fundamental classes. Obviously each equivalence class
P, (i > 0) on & will be contained in precisely one fundamental class. Each fundamental
class will contain an equivalence class on &. We name the fundamental class containing
P, as C;.

We then define fundamental subnetwork .#; as the subnetwork formed by reactions
from each C;, i = 0, ..., w. This amounts to a partition of the original reaction network into
subnetworks; each reaction of Z lies in precisely one such subnetwork.

Let us define a fundamental class as a reversible fundamental class if the reactions in
the fundamental class are all reversible. Otherwise, we say it is a nonreversible funda-
mental class.

If we look at the subnetwork as if it is an independent reaction network, we can define

for this reaction network its linkage classes, strong linkage classes, terminal strong linkage
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classes, nonterminal strong linkage classes, and deficiency, etc. A linkage class of one of
these subnetworks is a called a colinkage set for the reaction network. A strong colinkage
set and a terminal strong colinkage set can be defined in a similar way.

It seems that equivalence classes P;’s depend on the orientation ¢, and fundamental
classes C;’s depend on P;’s and therefore &'. However, the fundamental classes does not
rely on the orientation, i.e., C;’s are always the same no matter how the orientation is
picked.

In other words, we have the following proposition.

Proposition 2.7.1. For a reaction network {.%, €, %}, an orientation O is given and fun-
damental classes C; (0 < i < w) are defined. If y — y' belongs to the zeroth fundamental
class Cy under an orientation O, then it will belong to Cy under any orientation. If y —
and i — i belong to the same fundamental class under an orientation O, then they will

belong to the same fundamental class under any orientation.

PROOF: For the given reaction network {.&, ¢, #}, and two orientations & and O, we
want to consider several cases:

(I) We want to show that if y — 3/ € Poﬁl, then y — o/ (or its reverse if it exists) lies
in Poﬁ2 and vice versa. So if y — ¢ belongs to the zeroth fundamental class Cy under an
orientation ¢, then it will belong to Cj under any orientation.

First let us show that if y — ¢’ € P7', then y — 3/ (or its reverse if it exists) lies in
Py

To see that, first note that

y—vy €Py" ifandonlyifw, ., € Kert Ly

if and only if for any 2”* € Ker Ly, xy‘/ji)y, =0.

Let 272 € Ker Lg,, we can find 27 = G(2%2) € Ker Ly,, where G is defined in Lemma

2.3.4. We have the following two possibilities: y — ¢’ € Oy ory' — y € Os.
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(i) y — y' € Os. In this case, xfiy, = xfi,y/ and we have that

2% =% =0, (2.7.1)

y—y y—y' T
From the arbitrary choice of 172, we have Wy—y € K ert Lg,.
O> _ 7

—x. !, and we have that

(ii) y' — y € O,. In this case, T, = T,

22 =% = (2.7.2)

Y=y T y—=y’
From the arbitrary choice of 72, we have w,_., € Ker™ Lg,.

For the other direction, we only need to switch the position of &'} and 05, and apply
function F' (defined also in Lemma 2.3.4) instead of (. The proof is parallel.

Therefore, we can see that if y — 3/ lies in the zeroth equivalence class under one ori-
entation, then y — o' (or its reverse, depending on which one lies in the given orientation)
lies in the zeroth equivalence class under any orientation.

(IT) We want to show that if y — 3/, § — ¢’ lie in the same equivalence class under
orientation ¢}, then y — 3/ (or its reverse 3y/ — v if it exists) and §j — ¢’ (or its reverse
¢ — 7 if it exists) lie in the same equivalence class under &, and vice versa. Therefore,
if y — ¢/ and § — 7 belong to the same fundamental class under an orientation &, these
two reactions will belong to the same fundamental class under any orientation.

First we will show that if y — 1/, § — 4 lie in the same equivalence class under
orientation &, y — 3/ (or its reverse y' — y if it exists) and § — ¢’ (or its reverse §j — ¢
if it exists) lie in the same equivalence class under 5.

Note that y — 1/, § — 7/ lie in the same equivalence class under ¢ implies that there

7
G-’

Lg,. Let F and G be maps defined as in Lemma 2.3.4. We can find 7' = G(2%?) € Ker

exists « # 0 such that w,_,,, — agig,wg_)g, € Ker* Lg,. To proceed, let 172 € Ker

Ly,. We then have the following four possibilities.
(i) Suppose y — ', § — ¢ € Oy N Os.

O _ 01

gy = gty # 0 such that wy .,y — a2 Wy € Kert Lg,.

Claim 1. There exists o b
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O 7% 01 . 7z
Note that in this case %, , =z, and my_)y, = x5l 5. Since wy .y — oyl swy oy €
071 ﬁl _ ﬁ2
Kert Ly,, we can see that xy_)y —agtpzst = 0. Interms of Oy, we have z,°, , —
Oy .0
g awy? s =0
Since the choice of 272 is arbitrary, we have w,_,,, — ocf_)y,wyﬁy/ e Kert Lg,, where
Oy __ 01
O{g_vgl - agﬁg/.
(ll)y—>y/€ ﬁlﬂﬁg,gj—qjle ﬁlandg}'—>gj€ ﬁg.
. Oy Oy
Claim 2. There exists o ; = — y_)y + # 0 such that wy ., — oy’ swy .5 € Kert Lg, .
Oy o1 2 . o
Note thatin this case x, %, , = ', and xy L5 = — Tyl Since wy .y —apl swyy €
Kert L n see that —a xZ ., = 0. In terms of 0. have 7
er™ Lg,, we can see tha iL'yHy gl gty erms of &5, we have z 2,
P Oy
ag/*}gxg/*)g — O
Since the choice of x72 is arbitrary, we have w, ., — af 2wy —g € K er* Lg,, where
Oy _ 01
ag/ﬂg — O{g;,g/.
(iy)y -y € Orandy —y € Oy, 5 — ¢ € O, N Os.
_ oy i
Claim 3. There exists %—w = —ag_)y # 0 such that wy ., — az? wy—y € Ker™ Lg,.
Note that in this case 272, = —2%" _and 222, = 27" _,. Since w,_.,, — ' w;_ . €
y—=y y'—y §=y T gy Y=y §—§ LYY
Ker* Ly, we can see that 27, — a2 2% _, = 0. In terms of &,, we have —z%2  +
1 Y §—9 " G—7 2 Lyimy
Oy 02
gt awy? s =0
Since the choice of x72 is arbitrary, we have w,/ ., — af_,y,wyﬂy, € Ker' Lg,, where
O _ 01
Of,g_qj/ - _Oég_>g/ .
. / / ~ ~/ ~/ ~
(iVVy—y €01,y —ye€lsy,j—1y €O,y — 7€ Os.
Oy
Claim 4. There exists ay 5= y_,y + # 0 such that wy ., — oz’ wy .5 € K ert Ly, .
Note that in this case 2, = —z7*, , and 2 —27* . Since w —a?' L wyg €
y'—y T y—y' -9 = ﬂﬂy Y=y T g Yy
Kert Ly, we can see that a:yﬂy afiy,xfiy/ = 0. In terms of 05, we have — f 2y T
P Oy  _
ag/g)gxg/*)g — O.
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O>

7 Wi —g € Ker™ Lg,, where

Since the choice of 72 is arbitrary, we have w, ., — o

Oy __ 01

O[g/_)g — Oég_)g/.

Next, for the other direction, we only need to switch the position of ¢’; and 0, and
apply function F' instead of GG. The proof is parallel.

Now we can see that if y — 3’ and § — 7 lie in the same equivalence class under one
orientation, then y — ¢’ (or its reverse, depending on which one lies in the given orienta-
tion) and 7 — ¢’ (or its reverse, depending on which one lies in the given orientation) lie

in the same equivalence class under any orientation. [

Remark 2.7.2. We claim that given O, all reactions in Py must be reversible for the answer
to Question 4 to be yes.

Note for a given orientation O, if there is an irreversible reaction y — y' € P,, then
Tyy = 0, forall x € Ker Ly (see Remark 2.4.1). But if y — V' is irreversible, then for
the answer to Question 4 to be yes, we must have g,_.,, > 0. However, if g € Ker Ls and
y — y € Py then g,_.,, = 0. Then no such g € Ker Ly satisfying (2.3.2) can exist. We
know that if there is an irreversible reaction in Py under orientation O, there will be an
irreversible reaction in Py under any orientation. We conclude that the answer to Question
4 and therefore Question 3, 2 and 1 are no and we are done.

From now on let us assume that for any orientation, if Fy is not empty, then each

reaction in F is reversible (by definition if Fy is empty, it is reversible).

Remark 2.7.3. Note if there are two distinct irreversible reactions y — y' and §j — ' in
the same equivalence class P; (1 < i < wy), then there exists a unique ag_,g, # 0, such
that wy_,,; — Ozg_)g,wg_@/ € Kert L. Since y — ' and § — § are irreversible, we have
that there exists .z # 0, such that wy_.,; — ay_gywy—y € Ker™ Lg, for any orientation

0. Then for any orientation O and any v € Ker Ly, Ty, — 0y Tyy = 0.

Since y — y' and §j — 1 are irreversible, then for the answer to Question 4 to be yes,
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we have g € Ker Ly with g,y > 0and gg_.iy > 0. Then g,_.,; — oy gy = 0 implies
g > 0.

Therefore, if for any given orientation O the oy such that wy_.,, — ogG_gwy—z €
Kert L is negative, then the answer to Question 4 and therefore Question 3, 2 and 1 are
no and we are done.

From now on, let us assume for any given orientation O, if two reactions y — 1/, § — '
X% (= O\ Py) are irreversible and belong to the same equivalence class, then there exists

a unique oy > 0, such that w, ., — ay_ywy—y € Ker' Lg.

Let us define an equivalence class as a reversible equivalence class if the correspond-
ing fundamental class is reversible; otherwise we say it is a nonreversible equivalence
class. We know this reversibility of an equivalence class is independent of the choice of
orientation.

We will next try to reduce the number of parameters used in Question 4. Let us pick
one representative from each equivalence class as follows:

If an equivalence class P; is nonreversible, pick an irreversible (with respect to %)
reaction from P; as the representative for this equivalence class. Otherwise, we pick any
one of the reversible (with respect to &) reactions from P; as the representative. Note for
trivial equivalence classes, the representative is the only reaction that lies in the equivalence
class.

Let us assume we have picked the representative, say, y; — % for each equivalence
class P; (0 <i < w). Define W = {y; — ¢ :i=1,...,w}, then W C 0= O\ P,. Recall
that from Remark 2.4.3, fory — ', — ¢ € P, (1 < i < wy), since wy_,,wy—gy ¢
Kert Ly, there exists a unique oy 7 0such that w, ., — oy gwyy € K ert L.

The next step is to readjust the orientation (if applicable) such that for i = 1, ..., w, for

any y — y' € P, there exists o, .,y > 0, such that wy, s — . ywy .y € K er' Lg. Note
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for trivial equivalence classes P; (w; + 1 < i < wy + ws), this is trivial. We just need to
make sure it can be done for the nontrivial equivalence classes P; (1 < i < wy).

Note that if y — 3’ € P; (1 <14 < wy) is irreversible, then the representative y; — .
must be irreversible too. Then by Remark 2.7.3, there exists a,,_,,, > 0 such that Wy, syl —
Oy Wy € Kert Ly .

The only remaining unhandled case is if y — ¢ € P, (1 < i < w) (under the
orientation @) is reversible, and there exists a,,.,, < 0 such that wy, .., — ayywy_,y €
Kert L.

To deal with this case, we only need to realign the orientation & so that for all y —
y' € O such that there exists a,, ., < 0and wy, .,y — @y ywy .y € K ert Ly, we replace
y — v’ with 4/ — y in the orientation. Therefore, in the new orientation ¢, there exists
Oy —y = — 0y, > 0 such that Wy, vyl — Oy Wy—y € Kert Le.

From now on we can assume that the orientation, say &, is such that for: = 1, ..., w,
and for any y — y' € P, there exists a,_,,» > 0, such that Wy, vyl = Oy Wy sy € K ert
Ly. Suppose that g,h € Ker Lg, then forally — 3 € P, (1 < i < w;) we have
9 Wy — Q) = 0,08 gy, oy — Gy = 0. Simiilarly, forally — ' € P,
(1 <i < wp), we have by, — @y hy—yy = 0. In particular, g, (hy—y) will share
the same sign (positive/negative/zero) with g,, .,/ (h,, /). Also if, in addition, we assume
that g, .., # 0, p,—,s is well defined. In this case, forally — y' € P; (i > 1), we have

o hyy oy by hyiﬁyg o /
Py—yr = = = = Py;—y)-
Gy—y' Qy—y' Jy—y’ Jyi—vy;

Therefore, in the conditions of Lemma 2.3.2 which were mentioned in Question 4, if
y — y' € P, we could replace p, ., with Pyi—y,- Thus, in Lemma 2.3.2 and Question 4,
instead of considering {py—., : gy, 7# 0,y — y' € O} for all reactions in the orientation,
we only need to consider {pyﬁy; DGy 70,1 <0 < w} for the nonzeroth equivalence

class representatives.
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We will rewrite Lemmas 2.3.2 and 2.3.3 in terms of {py, .,/ : g,y # 0,1 < i < w}
shortly.

Recall that an equivalence class F; is nonreversible if there exists an irreversible reac-
tion (with respect to &%) in P;, and is otherwise reversible. Recall that we have assumed F,
is reversible. For all y — ¢’ € P, we can now assume that ¢, and h,_,,, are sign com-
patible with g,, ., and h,, ./, respectively; also, we have p,_.,, = py, ., if g,y # 0. If

+ > (. Therefore for

. . / . . .
P is nonreversible, then y; — y; is irreversible, g, ., > 0, and hy, .,/

every y — y' € P, that is irreversible, we have g,_.,, > 0 and h,_,,, > 0.
As a result, Lemmas 2.3.2 and 2.3.3 can be rewritten as the following two lemmas,

respectively.

Lemma 2.7.4. Suppose that, for a reaction network {.#, €, %} and a given orientation
O, k € Rf and . € R” are given. Let g, h be defined as in (2.3.2) and (2.3.3), let P,

(0 < i < w) be the equivalence class defined with representative y; — 1., and define the
h

Yi—Y,

set { Py, —y = D Gy, 7 0,7 =1,...,w}. Then the following conditions hold:

Iyi—y,
DIfy — v € P, (0 < i < w)is irreversible, then g,_,, > 0, hy_,, > 0, and

r=eVh

i

Pyi—y

) Ify — vy € P; (0 <i<w) is reversible, then the following holds:

i) If gy,—y, > O, then either p,,_.,, > e"" > eV, Pyimy, < €71 < e " or

. l.
Pyi—y; = €1 =M

.o . /. . IA .
i) If gy,—y, < O, then either p,,_.,, > e’ > e"" p, . < e < e’ or

/
Ty —

i

pyz‘—>y

iii) If gy,—y;, = 0 and h > 0, then e’ > V",

Yi—Y;
W) If gy, —y, = 0 and hy, .,y <0, then e’* < eV H,

V) Ifgyz._% = 0 and hyi_% = 0, then e¥" = eV,
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Lemma 2.7.5. For a reaction network {., ¢, %} and a given orientation O, suppose that

(i) p € R, (ii) a pair g, h € Ker Lg, (iii) P; (0 < i < w) which is an equivalence class
Pyi—y
with representative y; — ., and (iv) a set {p,, .,y = ——2 1 g, . # 0,i = 1,...,w},
' ' Jyi—vy, '
together satisfy the conditions in Lemma 2.7.4. Then there exists k € R‘gf satisfying (2.3.2)

and (2.3.3).

As a result, we will have the following lemma, where given an orientation &, y; — .

is the representative for each P, (: = 0,..,w), and W = {y; — y. }\;.

Lemma 2.7.6. Given a reaction network {/, €, #}, the orientation O and the P; (0 <
i < w) representatives {y; — y. : i = 0,...,w} we have chosen, Question 4 can be

rewritten in terms of g, h, 1, and p,,.,;’s as follows:

Question 5. For the given reaction network {.7, €, %} and the given orientation U, do

there exist

(i) a nonzero 11 € R” which is sign compatible with the stoichiometric subspace S,

(ii) a pair g, h € Ker Lg which are not both zero vectors, and

By, —y
(iii) a set {py, .,y = ——2 : g, . # 0,1 <i < w} where y; — 1y, is the represen-
' gyi—% '

tative for P;,

which together satisfy the conditions in Lemma 2.7.4?

2.8 Sign of Equivalence Class and Shelf Assignments

Note that the conditions in Lemma 2.7.4 are in the format of comparisons among e*,
e’"* and Pyi—y, (Gy—y; 7 0). We will later introduce a helpful analogy stated in terms of
w (or fewer) "bookcases", each with upper, middle, and lower shelves, to translate these
comparisons among e”*, eey/'“ and p,, ., into assignments of the reactions in the same

fundamental class into three shelves in a "bookcase."
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Suppose that 1 € R”, a pair g, h € Ker Ly, P, (0 < i < w) which is an equivalence

h /
: : Yi—y, :
class with a representative y; — y;, and a set {p,, ., = J LGy F0,0=1, ., w}
yi—>y§

satisfy the conditions in Lemma 2.7 .4.

Let us define a fundamental class C; (0 < i < w) as degenerate if Gyi—y! = 0. We
define a fundamental class C; (1 < i < w) as nondegenerate if g,, .., # 0.

For each nondegenerate fundamental class C; (i > 1), we assume that we have a 3-shelf
bookcase for C; to store all reactions in C;. Let us define the shelving of a reaction in this
bookcase. Given y — %/ in a nondegenerate fundamental class C; (i > 1), we assign the
reactions to shelves as follows:

i) y — ¢ is on the upper shelf if e** > p, .

ii) y — 3’ is on the lower shelf if e¥" < p,, /.

iii) y — o' is on the middle shelf if V" = Pyi—yl-

Proposition 2.8.1. We are given a reaction network {%, €, %} with an orientation 0.

Suppose that 1 € R”, a pair g, h € Ker Ly, P; (0 < i < w) which is an equivalence
Pyt
class with representative y; — v, and a set {p,, ., = Lt Loy Gyi—y 7 0,0 =1,...,w}
" Gy '

satisfy the conditions in Lemma 2.7.4. Every shelving of reactions in a nondegenerate

fundamental class C; satisfies the following conditions:

(i) For any irreversible reactiony — y' € C; (i > 1), y — v must be on the middle
shelf.

(ii) If py,—y, < 0, then y — y' € C; must be on the upper shelf.

(iii) Both reactions of a reversible pair have to be on the same shelf.

(iv) Any two reactions in the same fundamental class C; sharing the same reactant
complex must lie on the same shelf.

(v) All reactions whose reactant complex lies in a non-terminal strong linkage class

must be placed on the middle shelf.
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(vi) All reactions whose reactant complex lies in a terminal strong linkage class of the
Jfundamental subnetwork must be put on the same shelf.

(vii) If for a nondegenerate fundamental class C; (i > 1), A; forms a big (undirected)
cycle (a cycle with at least three vertices), then its reactions are all in a terminal strong

linkage class (after the successful realignment of the orientation) and on the middle shelf.

PROOF: (i) If the fundamental class C; (i > 1) is nonreversible, then p,, .., > 0 since
Pyi—y, = €”"*'. For any irreversible reaction y — y € C; (1 > 1),y — y must be put on
the middle shelf since Pyi—y, = eVt = e¥'H,

(i) If in a nondegenerate fundamental class, p,,.,, < 0, then any y — y' € C; can
only be put on the upper shelf as e** > 0 > p,, ./, i.e. e > p, ..

(iii) For two reversible reactions y — 1/ and 3y/ — y, note that among the conditions in
Lemma 2.7.4, for reversible reactions we have

(a) e”* > p,, ., if and only if eVt > Pyi—ys

(b) e¥* < py, ., if and only if eVt < Pyi—y,» and

(c) e¥" = py,_, if and only if €V * = p, /.

Therefore, both reactions of a reversible pair have to be on the same shelf of the funda-
mental class’s bookcase.

(iv) Note that if two reactions in the same fundamental class C; share the same re-
actant complex, then the reactions must lie on the same shelf. Because only one of the
relationships e¥* > p,. /. """ = p, .. e"" < p, ., canbe true at a time.

To prove (v) and (vi), let us first prove the following:

All reactions whose reactant complex lies in a strong linkage class of a fundamental
subnetwork must be placed on the same shelf.

We will prove the statement above from two cases.

Case one: All the reactions for which the reactant complex lies in the strong linkage

class of the fundamental subnetwork are reversible.
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In this case, take any two reactions whose reactant complex lies in the strong linkage
class, y — y' and § — 7. If these two reactions are the same reaction or a reversible pair,
then they must be put on the same shelf of the fundamental class.

Suppose they are not the same reaction or a reversible pair. Then since y and g both lie
in the strong linkage class, there exists a path from y to g, say y — y1 — %2 — ..Yn, — .
Since y — 1’ and y — y; (could be the same reaction) share the same reactant complex,
they must be put on the same shelf of the fundamental class. Similarly, since y; — ¥y
and y; — - share the same reactant complex, they must be put on the same shelf of the
fundamental class. Therefore, y — 1’ and yy; — ¥, must be put on the same shelf of the
fundamental class’s bookcase.

Similarly, we can show that y — 3’ and y,,, — 7 must be put on the same shelf of the
fundamental class. However, since § — y,,, and §j — ' (could be the same reaction) share
the same reactant complex, they must be put on the same shelf of the fundamental class.
Hence y — 3’ and § — 7' must be put on the same shelf of the fundamental class.

Since y — y' and §j — ¢ are randomly selected, we claim that all reactions whose
reactant complex lies in the strong linkage class of the fundamental class must be put on
the same shelf of the fundamental class.

Case two: There exists an irreversible reaction § — ¢ whose reactant complex lies in
the strong linkage class of the fundamental subnetwork.

In this case, take § — ¢ and pick another reaction y — 1’ whose reactant complex
lies in the strong linkage class. Then there exists a path from y to 4, say y — y; — ¥y —
...Yn, — U. Note that § — 7' must be put on the middle shelf. If y,, — 7 is irreversible,
Yn, — Y must be put on the middle shelf. If y,,, — ¥ is not irreversible, § — y,, and
y — 1 share the same reactant complex which lies in the strong linkage class. Thus
Y — Yn, and § — ¢’ must be put on the same shelf, i.e., the middle shelf. Either way

Yn, — Y must be put on the middle shelf of the fundamental class’s bookcase.
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Similarly, we can show that if y,,, 1 — y,, is irreversible, then it must be put on the
middle shelf; otherwise, y,, — ¥,,~1 and y,_, — 7 must be put on the same middle shelf.
Therefore, in either way y,,_1 — y,, must be put on the middle shelf. Thus following
this approach, we can show that y — 1; must be put on the middle shelf. Since y — ¥/
and y — 1y, share the same reactant complex, they must be put on the same shelf of the
fundamental class’s bookcase. Therefore, y — 3’ must be put on the same middle shelf as
J—9.

Since y — ' is arbitrarily selected, we can claim that if there exists an irreversible
reaction whose reactant complex lies in the strong linkage class of the fundamental sub-
network, then all reactions whose reactant complex lies in the strong linkage class of the
fundamental subnetwork must be put on the same middle shelf of the fundamental class’s
bookcase.

(v) To show this, note that in a non-terminal strong linkage class, there exists a complex
which reacts to some other complex not in the non-terminal strong linkage class. We
know the reaction between these two complex is irreversible. Suppose not, then these two
complexes will be in the same strong linkage class, which is a contradiction. Therefore,
there exists an irreversible reaction whose reactant complex lies in the strong linkage class
but the product complex does not. We can claim from case two that all reactions whose
reactant complex lies in a non-terminal strong linkage class of the fundamental subnetwork
must be put on the middle shelf of the fundamental class’s bookcase.

(vi) As for a terminal strong linkage class, since both case one and case two are possible,
we claim that all reactions whose reactant complex lies in terminal strong linkage class of
the fundamental subnetwork must be put on the same shelf of the fundamental class’s
bookcase.

(vii) We suppose that the fundamental class C; (i > 1) is nondegenerate and ./#; forms
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a big (undirected) cycle (with at least three vertices). We will show that JZ forms a direct
cycle for the orientation we chose (after successful realignment of the orientation).

Note that .4, forms a big (undirected) cycle, then from Remark 2.5.3 and Proposition
2.5.4, the reaction vectors for .4 are minimally dependent. In fact, the vector space formed
from the projection of Ker Lg on P; has dimension one, and the components of each
vector from this space on F; all have the same absolute value. After successful realignment
of the orientation, we assumed that there exists «,_,, > 0 for all y — ¢’ € P; such that
Wy, gyl — Oy Wy € Kert Ly. Letz € Ker Ly, then for all y — 3y € P, we have
Ty,—y! = Qy_yTy . Therefore, forally — ¢ € P, all x,_.,’s have the same sign and
same absolute value, i.e. all values of x, ,/’s are equal. We then conclude that given the
orientation, .#; forms a directed cycle.

Therefore, we claim that if 4] (i > 1) forms a big cycle, then under our assumptions
about the orientation, the subnetwork is a terminal strong linkage class.

Now we want to show that for such .4;, all reactions in the terminal strong linkage class
must be put on the same middle shelf of the fundamental class C;. To see that, suppose that
reactions are put all on the lower shelf or all on the upper shelf.

Note that for every y — y' € .4}, there is a cycle y — y' — ... — y in .4,. Recall
the conditions listed in Lemma 2.7.4. Suppose that g,, .,, > 0 and all reactions are put
on the upper shelf, then we have for all y — ¢’ € P, p,.,y < " < e¥"*, in particular
y - <y - p. Therefore, working through all reactions in the reaction cycle y — v’ —

. — y,wewillhave y - 4 < 3y - 4 < ... < y - pu, which is a contradiction. In general,
we have two signs of g,, .,/ (g,—,, > 0 or g,,,, < 0), and two shelving assignments (the
lower or upper shelf). We can show that in either the lower or upper shelf case, we will get
yopu<y -p<..<y-pory-pu>y-pu>.. > y - p depending on the sign of gy, ./,
which is a contradiction in either case. Therefore, all reactions in a terminal strong linkage

class are on the middle shelf of the nondegenerate fundamental class C;. [l
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We can rewrite Lemmas 2.7.4 and 2.7.5 in terms of the shelving conditions for the

fundamental class C}.

Lemma 2.8.2. Suppose that, for a reaction network {.%, € , %} with the given orientation
O, Kk € R‘f and ;. € R” are given. Let g, h be defined as in (2.3.2) and (2.3.3), let P,

(0 < i < w) be the equivalence class defined earlier with the representative y; — .,

By, oy
and let py,_,,, = % be defined for nondegenerate fundamental classes C;. Then the
" Gy

following conditions hold:
DIfy — vy € P (i > 1) is irreversible, then g, ., > 0, hy_,, > 0, and Pyi—y, = €7
) Ify — vy € P; (i > 1) is reversible and C; is nondegenerate, then
) If gy~ > 0, and y — y' is on the upper shelf, then Pyi—y, < €77 < eV r,
i) If gy,—y, > 0, and y — y' is on the lower shelf, then Pyi—y, > €77 > eV,
iii) If gy, —y; > 0, and y — y' is on the middle shelf, then Pyi—y, = €71 = eV,
W) If gy, —y; <0, and y — y' is on the upper shelf, then Pyi—y, < eVt < eYH,
VI If gy —yy > 0, and y — y' is on the lower shelf, then Pyi—yl > eV > eV,

vi) If gy, —y; > 0, and y — y' is on the middle shelf, then Pyi—y, = €VF = eV,
ol Ify — y' € P; (i > 1) is reversible and C; is degenerate, then

i) If hy, .,y > 0, then e”" > eV H,

i) If by, .y <0, then e’ < eV H,
= 0, then V" = V"M,

iii) If h

Yi—Y,

IV)Ify — ' € P, (is reversible), then eV* = eV

Lemma 2.8.3. For a reaction network {.#, ¢, %} and a given orientation O, suppose that

(i) p € R, (ii) a pair g, h € Ker Lg, (iii) P; (0 <1 < w) which is an equivalence class
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Py
with representative y; — v, and (iv) a set {p,, .y = ——2 : gy .y # 0,i = 1,...,w}
' Gy —y! '

defined for nondegenerate fundamental classes, together satisfy the conditions in Lemma

2.8.2. Then there exists r € Rf satisfying (2.3.2) and (2.3.3).
As a result, we will have the following lemma:

Lemma 2.8.4. Given a reaction network {.%, ¢, %} with the orientation O and the P,
(0 < i < w) representatives {y; — yg 4 =0,...,w} we have chosen, Question 5 can be

rewritten in terms of g, h, p, and py,.,;’s as follows:

Question 6. For the given reaction network {.%, €, %} with the given orientation O, do

there exist

(i) a nonzero 11 € R” which is sign compatible with the stoichiometric subspace S,

(ii) a pair g, h € Ker Lg which are not both zero vectors,

hyi—y!
(iii) a set {py, ., = 97’ D Gyiy # 0}, and
Yi—y;

(iv) a choice of shelving assignments for each nondegenerate fundamental class that

satisfies the conditions in Proposition 2.8.1,
which together satisfy the conditions in Lemma 2.8.2?

Remark 2.8.5. Note that from equations (2.2.2), (2.3.2) and (2.3.3), we have that

Ky (VY = ky_y (VY ify — o € O is reversible
Gy = 2.8.1)
Ky ()Y, ify — iy € O is irreversible.

and

kyy ()Y — ky_y ()Y, ify — iy € O is reversible
=g o (2.8.2)

ey (c*)Y, ify — y' € O is irreversible.

h

Note also that the definitions of g, h depend on c* and c**. There is no specific order be-

tween c* and c**, so if we switch these two concentrations, g and h switch. Therefore g and
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h are symmetric regarding the choice of orders of two multiple steady states. In particular,
if g, h leads us to the two distinct, positive, stoichiometrically compatible steady states ¢**
and c*, then h, g leads us to the two distinct, positive, stoichiometrically compatible steady
states ¢ and c**, which are basically identical.

We consider that g,h € Ker Lg which are not both the zero vector. Without loss of
generality, we can assume that g # 0, as if g = 0 and h # 0, we can switch the g and h to

make g # 0.

Remark 2.8.6. We will find the inequality systems for Question 6 with g,h € Ker Ly for
the special case g # 0 and h = 0.

Suppose that g # 0 and h = 0. Therefore, as long as dim Ker Ly > 1, for any sign
pattern that is nonzero and sign compatible with Ker Lg, we have a solution of nonzero
g € Ker Lg with such sign patterns. In this case, all fundamental classes are reversible,
as if C; is nonreversible, then h, ., > 0, which is a contradiction to our assumption that
h = 0. For each g,,—.,;, # 0, py,—,;, = 0. Therefore only the upper shelf is possible for
reactions in the nondegenerate fundamental classes. Let y — vy’ € P;. We have:

() If gy—y; > 0 and y — Y is on the upper shelf, 0 < V" < V"

(i) If 9y,—y; < O and y — y' is on the upper shelf, 0 < eV"* < ¢V,

(iii) If Gy, = Dy = 0, €¥F = VI,

i

In other words, if h = 0, then sgn g,,_.,, = sgn v — eV,

Note that the conditions in Lemma 2.8.2 are linear in terms of p,, ./, /" and eV H,
and are nonlinear in terms of y. We will make a transformation for p,, ., to make the
conditions linear in terms of .

Suppose that 1 € R, g, h € Ker Lg, P; (0 < ¢ < w) which is an equivalence class
h

yiﬂyé

with representative y; — y;, and {p,, ., = D Gy—y 7 0,1 =1,...,w} satisfy the
‘ Jyi—y, ‘

conditions in Lemma 2.8.2.
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If py,—y; > 0, we define M, ., = Inp,, .. In this case, we can rewrite the shelving
condition as follows: for every y — % in the nondegenerate fundamental class C;, y — o/
is on the upper shelf it y - p > My, ;s y — y' is on the lower shelf if y - u < M =yl
y — ' is on the middle shelf if y - p = M,, .

If py,—,, < 0, we will take My, .,/ to be an arbitrary large, negative number (to be
found later). Note that for any finite value of y - 41, there always exists M,, ., such that

y-p > My, Inthis case, every y — y' € C; must be on the upper shelf with y - p1 >

M,

yi—y! for some M, / to be found later (see Lemma 2.8.2).

Yi—Y,
We can rewrite Lemmas 2.8.2 and 2.8.3 with the shelving conditions (in terms of

M,

yi—y! S» Mot py,,’s) for the nondegenerate fundamental class C.

Lemma 2.8.7. Suppose that, for a reaction network {.%, € , %} with the given orientation
O, k € Rf and . € R” are given. Let g, h be defined as in (2.3.2) and (2.3.3), let P,
(0 < i < w) be the equivalence class defined earlier with the representative y; — 1,
and let My, _.,/’s be defined as indicated for nondegenerate fundamental classes. Then the
following conditions hold:
D) Ify —y € P, (i > 1) isirreversible, then g, .,, > 0, hy_,, > 0, and M, _,; = y-ju.
) Ify — vy € P; (i > 1) is reversible and C; is nondegenerate, then
i) If gy, —y, > 0, and y — ' is on the upper shelf, then M,, ., <y-p <y - p.
ii) If Gy,—y, > 0, and y — ' is on the lower shelf, then My, .., >y - 1>y - pu.
iii) If gy, .,y > 0, and y — y' is on the middle shelf, then M, _.,, =y -p=1y - .
W) If Gy —y; <0, and y — y' is on the upper shelf, then My, —y < o<y

V) If gy—y > 0, and y — ' is on the lower shelf, then My,_.,, >y - 11 >y - u.

Vi) If gy,—y, > 0, and y — 3 is on the middle shelf, then M, ., =y -p =y - pu.

) Ify — y' € P, (i > 1) is reversible and C; is degenerate, then
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i) If hy, .y >0, theny - >y - p.
ii) If hy, .y <0, theny - p <y - p.
iii) If hy, .y = O, theny - =y - u.
IV)Ify — o € Py (is reversible), theny - n =y - fu.
Lemma 2.8.8. For a reaction network {., ¢, %} and a given orientation O, suppose that
(i) p € R, (ii) a pair g, h € Ker Ly, (iii) P; (0 <1 < w) which is an equivalence class
with representative y; — ., and (iv) {Myﬁyg D Gyy, 700 =1, w} as indicated for

nondegenerate fundamental classes, together satisfy the conditions in Lemma 2.8.7. Then

there exists k € R’f satisfying (2.3.2) and (2.3.3).

As aresult, we will have the following lemma where the conditions in Lemma 2.8.7 are

linear in terms of 4 and M, _,,/’s:

Lemma 2.8.9. Given a reaction network {.%, ¢, %} with the orientation O and the P,
(0 < i < w) representatives {y; — vy, : i = 0,...,w} we have chosen, Question 6 can be

rewritten in terms of g, h, j1, and My, _.,/’s as follows:

Question 7. For the given reaction network {5, €, %} with the given orientation O, do
there exist
(i) a nonzero 11 € R” which is sign compatible with the stoichiometric subspace S,
(ii) a pair g, h € Ker Lg which are not both zero vectors,

(iii) a set {M,,_.,; : gy,—y 7 0} as indicated for nondegenerate fundamental classes,

and
(iv) a choice of shelving assignments for each nondegenerate fundamental class that

satisfies the conditions in Proposition 2.8.1,

which together satisfy the conditions in Lemma 2.8.7?
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Remark 2.8.10. We introduced Myﬁylf ’s (which we will later denote as M;’s in the algo-
rithm) here to provide some sense about the linearity of the resulting inequality system. In
next section we will rephrase the requirement in Question 3-7 that g, h be members of Ker
Lg into explicit conditions in terms of a system of equations. Note that p,, ., is defined
as a ratio of hy, .., and gy, .1, for gy, .y, # 0,1 < i < w. It will be more convenient to
use py,—’s instead of M, .,,’s. More importantly, in the case that py, .., < 0, My, .,/ is
taken as some large and negative number, which is not related to py, ., in a precise way,
therefore cannot relate to g,, .., and hy, ., in a precise way. Therefore, we will continue

USing py,—y; to explain our theory. We will develop arguments based on Question 6 instead

of Question 7.

2.9 More about Kert Ly

In this section, we want to rephrase the requirement that g, h be members of Ker L, into
explicit conditions in terms of a system of equations.

Note that Ly : R — S and Im Ly, = S, so dim Ker Ly = dim R”— dim S =
#(0)— dim S. Then d := dim Ker Ly = #(0)— dim S. Therefore dim Ker" L, =
dim R? — dim Ker Ly = #(0) — d = dim S.

Note that for z € R, © € Ker L, if and only if z satisfies the set of equations
2.z = 0, where {2’ }‘;i;nls is a basis for Ker™ Ly. Thus g, h € Ker L is equivalent to the
fact that g and h satisfy the equations 2 - g = 0 and 2/ - h = 0, j = 1, ..., dim S. However,
we need to find a basis for Ker™ L, first.

Recall that the following two statements are equivalent.

Hy—y € h.

(i1) wy—y € Kert Lg.

The following two statements are equivalent.

Hy—yeP\yi—y}(1<i<w).
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.. . . L
(i1) There exists a unique oy, > 0, such that Wy — Oy Wy—yr € Ker— Lg.

We denote
By :i={wy—y 1y — Y € P}, (2.9.1)
and
By = {wy,y — gy oy iy =y € P\{yi — it i =1,..,w1 ). (2.9.2)

It is quite obvious that the vectors in By U B; are independent. Note that

BB+ #(B) = #P)+ L HPR) = 1) =3 #(P) —
= #(0) —wy —w = #(0) —w.

So we have found # (&) — w independent vectors in Ker™ L, and our goal is to find dimS
(= #(0) — d) independent vectors. If it is true that w = d, then we have found a complete
set of basis vectors for Kert Ly, each with support on one or two reactions from ¢. In
particular, it is not difficult to show that if d = 1, then w = 1. Otherwise, if we assume that
w > d, then we will continue to look for more vectors to complete a basis for K er®t Lg.
Recall that for a given reaction network {.*, ¢, %} with the orientation &, W =
{y; — 4. : i =1,...,w} are the set of representatives for all nonzeroth equivalence classes.
Let us define I'yy = {2 € R? : 2 has support in IV }. Then we have the following proposi-

tion.

Proposition 2.9.1. dim (Ker™ Ly NTy) = w — d.
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PROOF: First note that

dim (Kert Ly NTy) = dim (R?) —dim ((Ker™ Ly N Ty)b)
— #(0) —dim (Ker Ly +Ti)
= #(0) = (d+dim T} — dim (Ker Ly NT4))
= #(0) —d —dim I + dim (Ker Lo NT4)
= #(0)—d— (#(0) —w) +dim (Ker Ly NT'yy)

= w—d+dim(Ker Ly NT5;)

To show that dim (Ker" Ly, NTy) = w — d, we only need to show that dim (Ker
LoNT5) =0.

To see this, let W' = ¢\W,and W = W'\ P,. SoI'};, = 'y and 6 = W U Py U W.
Notice that for any vector x € Ker Ly N 'y, and any vector z € By U By, z - x = 0.
Take x € Ker Ly N I'y». For each z € By, 2 = w,_,,y for some y — y' € Py. Since
wy—y € Kert Lg, it implies that w, ., -z = 0, i.e. 2,_, = 0, forally — ¢ € P,
For each 2z € By, 2 = wy, .y — ayywy ., for some y — v € P\{y: — v;}, 1 <
¢ < w; and some ay_,,, > 0. Since Wy, vyl — Oy Wy gy € Kert L, it implies that
(wyﬁyg — Oy Wy—y) - = 0, or Tyl = Oy Ty Since x € Ker Lgs N 'y,
we know that Ty, = O0for: =1,...,w. Asaresult, z,_,, = 0, forall y — y € P
(1 < ¢ < w). Now by the definition of W, we have Ty_y = 0, forall y — y € w.
So far we have shown that for ally — ¢/ € O, Ty—y = 0,1e. x = 0. So dim (KerL
LoNTy)=w—d. O]

We can define
q:= dim (Kert Ly N Ty ). (2.9.3)
Then we have

G—w—d, (2.9.4)
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where w is the number of nonzeroth equivalence classes and d = dim Ker Lg.

Remark 2.9.2. We argue that any vector = € Ker™ Ly N Ty, must have support on at

least three reactions from W = {y; — y.}ioy. If not, then we have two situations. (i) If
. / / .

z has support on two reactions y; — y; and y; — y;, then these two reactions belong to

the same equivalence class, which contradicts with the fact that all reactions in W come

from different equivalence classes. (ii) If z has support on one reaction, say y; — v;, it

implies that y; — v, lies in Py, which contradicts the fact that all reactions in W come

from nonzeroth equivalence classes.

Proposition 2.9.3. For a reaction network {7, €, %} with the given orientation O, if

By = {bj}?zl is a basis for Ker™ Ly N Ty, then By U By U By is a basis for Ker™ Ly.

PROOF: Note that each of the basis vectors from B has support on some reaction in F.
Each of the basis vectors from B; has support on two reactions from the same equivalence
class P;, for some 1 < ¢ < w;, with one of them being the representative of F;. From
Remark 2.9.2, each of the basis vectors from B, has support on at least three reactions
from W. Therefore basis vectors in By for Kert Ly N Ty are independent of those in B
and B;.

Recall that #(By) + #(B;) = #(0) —w. Note that dim Ker™ L, = #(0) — d as dim
Ker Ly = d. Note that (#(0) —w) + (w — d) = #(0) — d. So the vectors in By, which
is a basis of Kert Ly N Ty, will be what are needed to complete the basis for K ert Lg.

Therefore By U By U By is a basis for Kert L. U]

Now we are ready to write down the explicit conditions necessary and sufficient to
ensure that g and h are members of Ker L.
Suppose that a basis {&’}1_, of Kert Ly N Ty is given. Recall that 2 € Ker Ly if

and only if x satisfies the following conditions:
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(i) Foreachy — ¢ € P, Wy—y € By. Therefore, wy_,y - v =0, or z,_,,y = 0.

(ii) For each y — ¢ € P\{y; — y;} (1 < i < wy), there exists a unique o, > 0,
such that Wy oy — Oy Wy—y € B;. Therefore, (wyﬁy; — QyyWyy) -z = 0, or
Ty, = Oy Ty = 0.

(i)Y -2 =0,j=1,...,¢q where t’ € B,.

So g,h € Ker Lg if and only if g and h satisty the following equations:

Gyy =0Vy =y € Ry (2.9.5)
hy—y =0,Vy =y € Py (2.9.6)
Gyl — Qg Gy—y = 0,Yy — ¢ € P\{y; = yi}, 1 <i <y (2.9.7)
Pyt — Qg hy oy = 0¥y — ' € P\{y; — 4}, 1 <i <y (2.9.8)
V.g=0,j=1,...q (2.9.9)
V-h=0,7=1,..4q. (2.9.10)

Because {/ : j = 1,...,q} is a basis for Ker™ Ly N Ty, equations (2.9.9) and (2.9.10)

in terms of ¢ and h can be rewritten in terms of g,,_,,/’s and h,,_,,/’s as follows:

> gyiwgbgwg =0,j=1,...q (2.9.11)
yi—y,EW
Z hyﬁygbgh_)yg =0,7=1,...,q. (2.9.12)
Y~y EW
It is obvious that if we have solved for g,h € Ker Ly, then Gyi—y! and hyﬁyg, for all
i € {1,...,w}, satisfy equations (2.9.11) and (2.9.12).
On the other hand, suppose that we have solved for g,, ., and hy,_,, for all i €

{1,...,w}, from equations (2.9.11) and (2.9.12). For 1 < i < wj, we can then solve
for g,_.,s and h,_,,, from equations (2.9.7) and (2.9.8), forall y — ' € P\{y; — y.}. We
also have solved trivially for ¢,_.,, and h,_,, fory — y' € P,. Therefore, we will have

solved for g, h € Ker Ly (but of course not uniquely).
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Recall that W = {y; — y; : i = 1, ..., w} is the set of representatives from all nonzeroth
equivalence classes. For g,h € Ker Ly and X C O, we denote g|x and h|x as the
projections of g and A on I'y, respectively, where 'y = {z € R? : supp z C X}. Note
thatif g, h € Ker Ly, glw = hlw = 0ifand only if g = h = 0.

Therefore, the following statements hold:

(1) If there exists a pair g, h € Ker Ly which are not both zero vectors, then the vectors
gw = glw, hw := h|w which are not both zero, satisfy equations (2.9.11) and (2.9.12).

(ii) If there exist gy, hyy € R? N Ty which are not both zero vectors satisfying equa-
tions (2.9.11) and (2.9.12), then we can solve for g, h € Ker Ly which are not both zero
vectors from g|w = gw, h|w = hw, and equations (2.9.5)-(2.9.8).

For a given g € Ker Ly, weset D = {y; — y; € W : g, .,y = 0} and ND = W\D.
Then g|p, g|np, h|p and h|xp are the projections of g on I'p, and I'yp, and h on I'p and
I'np, respectively. Note that g|p = 0.

Recall that in Question 6 (see Remark 2.8.10), we need to test against all choices of
g,h € Ker Ly that are not both zero vectors. Note that any choice of shelving for each
nondegenerate fundamental class needs to satisfy the conditions of Proposition 2.8.1, and
condition (ii) of the proposition is related to the sign of p,, ./, i.e., the sign of the ratio of
hy,—y and gy, ., for g, .., # 0. Therefore the choice of shelving for each nondegenerate
fundamental class depends on the sign pattern of ¢g|xp and h|yp, where N D is defined
by the sign pattern of g|y,. Another point to note in Question 6 is that the inequalities
and equalities from Lemma 2.8.2 are based on the choice of shelving assignments for each
nondegenerate fundamental class and sign patterns of g|yp and h|p, where D and N D are
defined by the sign pattern of g|y.Then given g,h € Ker Ly, we only use sign patterns
of g|lw and h|y to set up each of the inequality systems that will lead us to the answer to

Question 6. In other words, we only need to find gy, hyy € R? N Ty satisfying equations
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(2.9.11) and (2.9.12) to set up the inequality systems that will lead us to the answer of
Question 6.

From now on then, we will focus on finding gy, hyy € R N Ty satisfying equations
(2.9.11) and (2.9.12).

Recall that given the orientation &, P, (0 < i < w) is an equivalence class with a
representative y; — vy, and W = {y; — y. : i =1,...,w}.

We have the following lemma:

Lemma 2.9.4. Given the reaction network {., €, %} with the orientation 0, P; (0 <
i < w) which is the equivalence class defined with the representative y; — vy, and W =
{yi = y. 1 =1,...,w} C O, Question 6 can be rewritten in terms of gw, hw, j, and

pw (y; — yi)’s as follows:

Question 8. For the reaction network {7, ¢, %} and the given orientation U, do there

exist

(i) a nonzero 11 € R” which is sign compatible with the stoichiometric subspace S,

(ii) a pair gw, hw € R? N Ty which are not both zero vectors satisfying equations
(2.9.11) and (2.9.12),

hw (v !
(iii) a set {pw (y; — y;) = M tgw(yi — i) # 0,1 <i <w}, and

gw (Yi — i)
(iv) a choice of shelving assignments for each nondegenerate fundamental class that
satisfies the conditions in Proposition 2.8.1 (in terms of pw (y; — v, ) for condition (ii)

in the proposition),

which together satisfy the conditions in Lemma 2.8.2 (in terms of gw(y — v.), hw(y; —

y;) and pw (y; — y;))?

Next we will try to answer Question 8.
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The first attempt may be that we make assumptions about the sign patterns of gy, hyy €
R? NT'yy, where the pair of sign patterns has to follow some rules. We will state those rules
shortly. For now, we will say that if the pair of sign patterns satisfies the rules, we recognize
them as a "valid" pair of sign patterns for gy and hyy.

We then try to solve for all solutions of gy and hy, with such a pair of sign patterns from
equations (2.9.11) and (2.9.12). Suppose that we find gy and hy, with the pre-selected pair
of sign patterns, and we then calculate to find {pw (y; — ) : gw(y;i — v.) # 0}. Then,
for the gy, hyy and the set {pw (v; — ) : gw(y; — yi) # 0} we find, we will check if
the answer to the following Question (a) is "Yes":

Question (a): Do there exist a nonzero j € R that is sign-compatible with S and a
choice of shelving for each nondegenerate fundamental class satisfying the conditions in
Proposition 2.8.1 (in terms of py, (y; — ;) for condition (ii) in the proposition), such that
the conditions in Lemma 2.8.2 are satisfied?

We will repeat the process for all "valid" pairs of sign patterns for gy and hyy, if
necessary. (For reasons to be stated, we may finish before trying all such pairs.)

If for some "valid" pair of sign patterns for gy and hyy, there exists a solution of gy
and Ay, satisfying equations (2.9.11) and (2.9.12), such that the answer to Question (a)
is "Yes", then we can claim that the reaction network has the capacity to admit multiple
positive steady states and we are done. If there is no "Yes" answer to Question (a) for any
"valid" pair of sign patterns for gy and Ay, then we claim that the reaction network does
not have the capacity to admit multiple steady states, no matter what (positive) values the
rate constants take.

This procedure would work in general if, given any "valid" pair of sign patterns for
gw and hy, we can find ALL solutions of gy, and hy, with such sign patterns satisfying
equations (2.9.11) and (2.9.12). However, this is impractical. Therefore, we must look for

an alternative approach. After assigning sign patterns to gy and hy,, we will not try to
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first solve for gy, hyy with such sign patterns from equations (2.9.11) and (2.9.12), and
then find pw (y; — i) for gw(y; — y.) # 0. Instead, we wish to find the necessary
conditions (and in some cases it will also be sufficient) for equations (2.9.11) and (2.9.12)
to have a solution of gy and hy, with such sign patterns. As we will see later, these
conditions (let us refer them as conditions () for now) will be inequalities and/or equalities
in terms of py(y; — y.)’s. For the pre-selected "valid" pair of sign patterns of gy and Ay,
we determine the sign of pw(y; — i) (y; — y. € ND) by the ratio of the signs of
hw(y; — y;) and gw(y; — y;); we say the set {pw(y; — ¥;) : ¥ — y; € ND} with
such a sign pattern, is consistent in sign with the pre-selected sign patterns of gy and hyy .
Then for the chosen sign patterns for gy, hy € R? N Ty, we check if the answer to the
following Question (b) is "Yes":

Question (b): Given the reaction network {., ¢, #} and the orientation ¢, do there

exist

(i) a nonzero 1 € R” that is sign compatible with S,

(i) a set {pw(y; — v;) : y; — y; € ND} which is consistent in sign with the

pre-selected sign patterns of gy and hy and satisfies these new conditions (), and

(iii) a choice of shelving assignments for each nondegenerate fundamental class

satisfying the conditions in Proposition 2.8.1 (in terms of py (y; — ;) for condition
(i),
which together satisfy the conditions in Lemma 2.8.2?
We will repeat the process for all "valid" pairs of sign patterns for gy, hyy € R N Ty,
if necessary. (For reasons to be stated, we may finish before trying all such pairs.)
We have two situations, depending on whether the necessary conditions (*) are suffi-

cient or not to find from equations (2.9.11) and (2.9.12) a solution of gy and hy, with the

preselected sign patterns.
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Suppose the conditions (x) we find are both necessary and sufficient for equations
(2.9.11) and (2.9.12) to have a solution of gy, and hy, with the preselected sign patterns. If
for a "valid" pair of sign patterns for gy and hyy, the answer to Question (b) is "Yes", then
we can claim that the reaction network has the capacity to admit multiple positive steady
states and we are done. If there is no "Yes" answer to Question (b) for any "valid" pair of
sign patterns for gy and Ay, then we claim that the reaction network does not have the
capacity to admit multiple steady states, no matter what (positive) values the rate constants
take.

If the conditions (*) we find are necessary but not sufficient, then we can only conclude,
in the case that there is no "Yes" answer to Question (b) for any "valid" pair of sign patterns
for gy and hyy, the reaction network does not have the capacity to admit multiple steady
states. However, if there exists a "valid" pair of sign patterns for gy, and hy, such that the
answer to Question (b) is "Yes", and in addition, the solution of u € R from the answer
will lead to a solution of xk € ]R’f from solving equations (2.2.7) and (2.2.8), then we can
still conclude the reaction network has the capacity to admit multiple positive steady states
and we are done.

We will proceed following this alternative approach.

First of all, let us describe the conditions of being a "valid" pair of sign patterns for gy,
hw € RZ N Dy

Consider the equivalence of solving ¢, h € Ker Lg and solving gy, hw € R N Ty
from equations (2.9.11) and (2.9.12). We know that the "valid" pair of sign patterns of gy
and hy should include all possible sign patterns for g|y and h|y, given g, h € Ker L.
We will add two additional constraints that gy and hy, are not both zero vectors and that
for a nonreversible fundamental class C;, the signs of gy (y; — ¥;) and hy (y; — ;) are

both positive.
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A pair of sign patterns for gy, hyy € R? N Ty is said to be sign-compatible with K er
Lg|w if the following two statements hold:

(i) If the fundamental class C; (1 < i < w) is nonreversible, then the signs of gy (y; —
y:) and hy (y; — y.) are both positive.

(ii) There exists #*,2* € Ker L, such that for every y; — v, € W, x;ﬁyg has the
same sign as gw (y; — v.) and xzﬁyg has the same sign as hy (y; — ).

We say a pair of sign patterns for gy, hyy € R? is zero if we assign that gy = hy = 0.
Note that for g,h € Ker Ly, glw = hlw = 0if and only if ¢ = h = 0. Note that we
want to find g, h € Ker Ly which are not both zero vectors. Therefore, we want to find
solutions gy, hyy € RZ NTyy which are not both zero vectors satisfying equations (2.9.11)
and (2.9.12).

With this as background, we say a pair of sign patterns for gy and hyy is "valid" if it is
nonzero and sign-compatible with Ker Lg|y .

Now suppose we pick a "valid" pair of sign patterns for gy and hy . Then D = {y; —

vi € W gw(yi — v) = 0} and ND = W\D are defined. Note that for y; — v, €
hw (yi - yé)
gw (Yi — y;)
pw (y; — ) is also determined by the ratio of the signs of hyy (y; — v.) and gw (y; — ¥.).

ND, pw(y; — y.) = . Therefore, for each y; — 3. € ND, the sign of

Suppose we have a set of parameters {pw (y; — v.) : v; — y; € ND} with such a sign

pattern. Then equations (2.9.11) and (2.9.12) in terms of g,, ., and hy, ., (1 < i < w),
can be rewritten in terms of gy (yv; — v.), hw(y; — vi) (1 < i < w) and pw (y; — ;)

(y; — y, € ND) as follows:

> byygwlyi— ) =0, j=1,.q (29.13)
Yyi—y,END

Yo b bl —y) > pwly = y)b, L aw (v — yi) =0,
Yyi—y,ED Yi—y,END

j=1,...q (29.14)

hw (yi — yi) = pw (i — Y5 gw (vi — ¥5), yi — y; € ND. (2.9.15)
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To guarantee the existence of a pair of solutions gy, hyy € R? N Ty, with the pre-
selected sign patterns satisfying equations (2.9.13), (2.9.14) and (2.9.15), it is necessary
that the set of equations (2.9.13) and (2.9.14) can have nonzero solutions. To find the
necessary condition, we will rewrite the set of equations (2.9.13) and (2.9.14) in terms of
the format Apz = 0 where Ap and z are defined as follows.

Recall that once a pair of sign patterns of gy and Ay is chosen, D = {y; — vy, €
W gw(y; — i) = 0} and ND = W\D are defined. Let us define a vector z € R" as

follows:

! . !
gw(yi — ), ify; =y, € ND
Zyimyl = w ) (2.9.16)

hw(y: — v;), ifyi =y €D.

Note that equations (2.9.13) and (2.9.14) can be rewritten in terms of z & RY as

follows:
> bgﬁygzyﬁygzo, j=1,....q (2.9.17)
Yi—y;END
Yoo by ym—y D pwWi =yl ey =0, =1, q. (2.9.18)
yi—y,eD y;i—y,END

Recall that || = w. We define a (2¢ X w) matrix Ap = (ay;) as follows:

0 if1<k<gandy —y €D

" (2.9.19)
pw(yi = yb, %y ifq+1 <k <2gandy; — yj € ND
byt ifq+1<k<2andy — y, €D

Remark 2.9.5. Note that with the basis {b’ Yo of K ert Ly N Ty given, the definition of
Ap is based on the set D, which is decided by the given sign patterns of gw and hy and

the given parameter set {pw (y; — v.) 1 y; — y. € ND = W\D}

From Remark 2.8.6 we can see that the cases of assuming gy = 0 and Ay # 0 or
gw # 0 and hy = 0 satisfying equations (2.9.13), (2.9.14) and (2.9.15) (corresponding
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tog=0and h # Oor g # 0and h = 0, where g,h € Ker Ly) are special but simple
cases, compared to cases where gy # 0 and hyy # 0 satisfying equations (2.9.13), (2.9.14)
and (2.9.15) (corresponding to g # 0 and h # 0 where g, h € Ker Ly). Here we assume
that neither gy nor hyy is assigned to equal zero. Therefore we are looking for a nonzero
solution z with a sign pattern determined by pre-selected sign patterns of gy and hyy,
satisfying Apz = 0. Recall that Ap is a 2¢g X w matrix. We know there exists a nonzero
solution z of Apz = 0 if and only if rank (Ap) < w. In fact, if rank (Ap) < w then there
exists an infinite number of nonzero solutions of Apz = 0.

Therefore, to guarantee the existence of a pair of solutions gy, by € (R? N Ty)\{0}
with the pre-selected sign patterns satisfying equations (2.9.13), (2.9.14) and (2.9.15), it is
necessary that rank (Ap) < w where Ap is defined as in (2.9.19). Note that if 2¢ < w,

then rank (Ap) < w holds trivially.

Remark 2.9.6. Note that if 2q < w, then it is guaranteed there will be a nonzero solution
for z of Apz = 0. This is independent of the values that the py (y; — y.)’s take.

If 2q > w, then d < w. To have rank (Ap) < w, we need to require that any w X w
submatrix of Ap has a determinant of 0. There are Cy, (the number of w-combinations
from a given set of 2q elements) such submatrices. Note that ¢ < w holds as we have
assumed that d = Ker Ly = w — q > 1. In fact, we may assume that d > 2 asifd = 1
then w = 1 and g = 0. Then any w X w submatrix of Ap will include at least two rows from
rows q+1102qin Ap. Let K = #(N D), then K is the number of pw (y; — v.)’s shown in
Ap. We have assumed that gy # 0, therefore K > 1. Note that K = #(N D) > 1, since
the sign patterns of gw, hyw € R? N Ty are "valid", the rank of the submatrix formed by
the first q rows is less than K, therefore the rank of Ap is less than K + q. If K + q¢ < w,
then rank Ap < w holds.

Note that we assume that ¢+ 2 < w < 2q, so q > 2. In general, each w x w submatrix

of Ap is formed by choosing k rows from rows 1 to q and w — k rows from rows q + 1 to

107



2q. Note thatk < gqandw — k < q thusd =w —q < k < q < w. If k > K, then the
submatrix has a rank less than K + (w — k) < K + (w — K) = w. If k < K, then the
determinant of such submatrix is a multivariate polynomial in terms of pw (y; — y.)’s of
degree max {K — k,0}.

Note that there exists a "valid" sign pattern such that K = w. Then for any submatrix
formed with K = #(ND) = w and some k such that d = w — q < k < q < w, its
determinant is a multivariate polynomial in terms of pw (y; — y.)’s of degree w — k. In
particular, if w — k = q or k = w — q, we will have that in this case the determinant of the
corresponding submatrix is a multivariate polynomial in terms of pw (y; — y.)’s of degree
q > 2. By requiring the determinants equal to zero, we will have nonlinear equalities in
terms of pw (y; — v.)’s (or Myi_,y; ’s) adding to the necessary conditions for the existence
of a pair of solutions gy, hw € R? N Ty with the pre-selected sign patterns satisfying
equations (2.9.13), (2.9.14) and (2.9.15). We will not consider these nonlinear equalities

here.

In the next section, we will look at other necessary conditions on the existence of a pair
of solutions gy, hyy € R? N T'yy with the pre-selected sign patterns satisfying equations

(2.9.13), (2.9.14) and (2.9.15).

Remark 2.9.7. We will assume the following on the reaction network {7, €, %} for the
following sessions.

For a reaction network {7, €, %} and the given orientation O, suppose that (i) P;
(0 < i < w) which is the equivalence class defined with the representative y; — v, (ii)
W={y, =y :i=1.,w} C O, (i) abasis {t'}I_, of Ker™ Ly N Ty, and (iv) a
"valid" pair of sign patterns for gy, hy, and a set of parameters { pw (y; — ;) : gw (y; —
y;) # 0,1 < i < w} whose sign pattern is such that the sign of pw(y; — y.) is the same

as the ratio of the signs of hw (y; — vy.) and gw (y; — v.), are given.
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2.10 Conditions on p’s

In this section, we will continue looking for necessary conditions on the existence of a pair
of solutions gy, hyy € R? N Ty with the pre-selected sign patterns satisfying equations
(2.9.13), (2.9.14) and (2.9.15).

Recall that a basis {bj }3:1 of Kert Ly N Ty is given. Note that after the pair of sign
patterns for gy and hy, are chosen, D and N D are also given. We will define a few sets
upon this.

Forl<j<gletR, ={y; —y, € ND: b, 9w (yi — y;) > 0}, and R ={y; —
y. € ND: b;_)yggw(yi — 1) < 0}.

Forl1 <j<gqletQ, ={y; —y,€D: b;ﬁy;hw(yz- — ) >0}, and Q. = {y; —
yoe Db hyw(y — y)) <0}

Yi—Y,

Letl; = {y; »y. € W sz;wyi =0V1<j<qh L={yi—y € W\L:gw(y —
y:) = hw(y; — y;) = 0}. Then we can see that W = [1UIQU(szl(RiURj,UQiUQ{)).
Note that forany 1 < j < g, Ri, Rj,, i, Qj,, I and [, are disjointed.

Suppose that 3, — ¢, € I,. Note that b/

iy = 0, forall j =1,...,¢q. We have two

situations. Suppose y; — y. € I; N ND. gw(y; — v.) and pyw (y; — y;) do not really
appear in equations (2.9.13) and (2.9.14). Then g (y; — y.) can be any number that
is sign-compatible with the pre-selected sign of gy (y; — ¥.), and hy (y; — y.) can be
any number that is sign-compatible with the pre-selected sign of Ay (y; — y.). Suppose
vi — y; € [N D. Then gw(y; — y;) = 0. Note that hy (y; — ¥;) does not really
appear in equations (2.9.14) and (2.9.15). Then hy (y; — ;) can be any number that is
sign-compatible with the pre-selected sign of hy (y; — ;).
Suppose y; — y; € Ir. Then gw (yi — ;) = hw (y; — y;) = 0.

Remark 2.10.1. Consider I = {yi = yi € W 1 b = 0} and = {vi =y €

Yi—Y,

WAL gw(yi — o)) = hw(yi — ) =0} Then W = IJ UL UR, UR. UQ’, UQ’,
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for1 < 5 < q. Suppose we want to solve for g{v and h{,v sign compatible with the pre-
selected sign patterns of gw and hy, satisfying the j' case of equations (2.9.13) and
(2.9.14), and equations (2.9.15). Then for y; — y, € I} U I3, we can let gly(y; — 1.
and h{,v(yi — y.) be any numbers that are sign compatible with their pre-selected sign
patterns, respectively. We then only focus on solving for ghy (y; — 1) and by (y; — y.) for
yi — Y € Ri UR’ U Qi UQ’ satisfying j'" case of equations (2.9.13) and (2.9.14), and

equations (2.9.15).

Therefore, we need to solve for gy (y; — v:) and hy(y; — vyi) for y; — y. €
U (RL U R U@, UQ) satisfying equations (2.9.13), (2.9.14) and (2.9.15).

Recall that we are given {pw (y; — v.) : y; — y; € N D}, a set of parameters in which
the sign of py (y; — ¥.) is the same as the ratio of the pre-selected signs of hy (y; — y.)
and gw (yi — v}). Let ply, = min {pw (v — ) : 4 — v, € RL}, pio,, = max
{ow(yi = ¥0) 2 s — i € BLY, ply = min {pw (i = yl) - yi — v; € @1}, and plyg, =
max {pw (y; — 4}) 1 4 — v, € QL}.

For y; — ¢, € R’ U R, define

wl =0 gw (Y — yi) > 0,fory; — y; € R, (2.10.1)
gy = =0y gw (Y — yi) > 0, fory; — y; € RL. (2.10.2)

For y; — o, € %, U Q’, define

St = Uy (s — y7) > 0, foryy — yi € Q% (2.10.3)
by = =0 hw(ys — yi) >0, fory, — y; € QL. (2.10.4)
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From equation (2.9.13), we have

> b ygwly =) =0

Yi—y,END
iff > b_gowlyi =yt X b ow(yi—y) =0
Yi—y,ER), yi—yleR’
yi—y,ER, yi—y,ER!
iff > ugﬁyg = Y Uy (2.10.6)
yi—y,ER) yi—y,eR”

From equation (2.9.14), we have

S U yhwly =)+ X pw(y = )b, 9wy — ;) =0

Yi—y,€D yi—y,END
iff S U yhwlyi =y Y b hw(y =yl +
vi—yeQ’, yi—y,eQl
S owlys = b _pow(y = v+ D pwly — b, 9wy — yi) =0
y¢—>y§€Rj yi—yl€R’
iff > bi/ _yhw (i — v+ Y pwly — yg)b;ﬁyggw(yz’ — ;)
yiHyQEQJ yz‘HyQGRi
= S Uty > —pwly = v, aw (Y — ) (2.10.7)
Yi—y€Q’ yi—y,ER).
iff Do Speyt 2 Pyt
yi—y,eQl yi—yER’,
- S byt X Puylh iy (2.10.8)
Yi—yl€Q’ yi—y,ER)

Note that here we are following the convention that if a set A = (), then the sum based
on the set A is always 0.

Therefore, we can claim the following lemma.

Lemma 2.10.2. Suppose the reaction network {.#, €, %} satisfies the conditions in Re-
mark 2.9.7. Suppose there exists gy, hyy € R N Ty, with the given sign pattern satisfying
equations (2.9.13), (2.9.14) and (2.9.15). Then for each 1 < j < q, there exist positive
uiﬁyg, Uz]/'wyg sy _y, and t; _y defined on R, R, Q. and Q" respectively from (2.10.1),
(2.10.2), (2.10.3) and (2.10.4), satisfying (2.10.6) and (2.10.8).
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We will now introduce a few terms. They will help us find the necessary conditions on
pw (y; — y.), for the existence of gy, and hy, with pre-selected sign patterns that satisfy
the equations (2.9.13), (2.9.14) and (2.9.15).

Let 1 and (5 be two finite multisets of real numbers. For i = 1,2, let min (); be the
minimum of elements in ();, and max (); be the maximum of elements in ();.

Let us consider the following conditions:

(a) min )1 < max (), min ()2 < max ()1, and min (); = max (), if and only if min (),
= max ;.

(b) min ); < max () and min ()5 < max ()¢, or min (); = max (), = min (), = max
Q2.

(c) max ; < min ()5 and min (); < max (o, or max () < min ¢); and min (), < max
Q1.

(d) min @; < max ); < min ()5 < max (), and the three equalities do not hold simul-
taneously, or min () < max )3 < min ); < max (J); and the three equalities do not hold
simultaneously.

We can easily verify that, (a) and (b) are equivalent, (c¢) and (d) are equivalent, and, (a)
(or (b)) and (c) (or (d)) are complementary of each other.

We define (), and (), as nonsegregated if (a) (or (b)) holds. We define (); and (), as
segregated if (c) (or (d)) holds.

Remark 2.10.3. Note there is another equivalent way to define nonsegregated multisets.
As an alternative definition, we define ()1 and Qs as nonsegregated if one of the following
holds:

(i) One of the elements in one multiset lies between two non-identical elements of the
other multiset, i.e. there exists a from one multiset and b < c from the other multiset such

thatb < a < c.
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(ii) The underlying sets of elements of the two multisets sets are identical with set car-
dinality both equal to one or two.

We will show next how these two definitions are equivalent.

On one hand, note that (a) min Q1 < max (o, min Q2 < max )1, and min ()1 = max
Q2 iff min Q2= max )1, is equivalent to one of the following holds:

(I) min (1 < max @9, and min Q3 < max ().

(II) min Q1 = max )2, and min ()5 = max Q1.

(1) implies that min Q1< min Qo< max )1, min Q2 < min Q1< max (s, min Qo < max
Q1 < max 9, min Q1 < max Qo < max QQq, or min Q1 = min Q3 < max )1 = max QQs.

Note that the first four inequalities imply that one element in one multiset lies between
two distinct elements in the other multiset. As for the last inequality, for it to hold, both
(1 and Q3 must have at least two distinct elements. Therefore, if both ()1 and Q3 have
exactly two distinct elements, then min ()1 = min Qs < max )1 = max Qo implies that
the underlying sets of elements of the two multisets are identical with set cardinality equal
to two. Otherwise, if one of the multisets has at least 3 distinct elements, then the one
which is neither minimum nor maximum of this multiset must lie between the minimum and
maximum of the other multiset.

(I1) implies that all the elements in ()1 and Qo are equal, so the underlying sets of
elements of the two multisets are identical with set cardinality equal to one.

On the other hand, note that in (i), without loss of generality, let us assume there exist
a € Qrandb < c € Qs such that b < a < c. Then (i) implies that min ()1 < a < ¢ < max
Q2 and min Q3 < b < a < max Q). Thus min ()1 < max Qo and min (3 < max Q1.

In (ii), if the underlying sets of elements of the two multisets sets are identical with set
cardinality both equal to one, then all the elements in both multisets are equal. Otherwise,
if the underlying sets of elements of the two multisets sets are identical with set cardinality

both equal to two, then we have min ()1 = min (2 < max ()1 = max ()s.
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Remark 2.10.4. The reason why we introduced the alternative definition of nonsegregated
multisets is because it is utilized in the program [16]. In addition, in the algorithm, instead
of checking condition (ii) in Remark 2.10.3 for the case of cardinality equal to two, we
check instead "if there exists a < b € Qyand c < d € Qs witha = cand b = d". In
other words, for the alternative definition of nonsegregated multisets introduced in Remark
2.10.3, we check instead of (ii) that:

(ii’) If all elements in Q1 and Qo are equal or if there exist a,b € )1, ¢,d € Qo such
thata < b, a=candb=d.

To see why replacement of (ii) with (ii’) in conditions (i) and (ii) of Remark 2.10.3 is
valid, first suppose (ii) is true. Then it is easy to see that (ii’) is also true. Next suppose
(ii’) is true. Note that if (ii) is true, then we are done. Otherwise, suppose (ii) is not true,
i.e., not all others are either equal to one or the other. Then, without loss of generality, we
assume in Q1 (Q)y is just similar) there exists x such that either v < a < bora < x < b
ora < b < xz. Then in each case we can see that either x < ¢ < b, orc < x < d, or
a < d < z, respectively. All of these cases imply that (i) is true. So (i) + (ii) is equivalent

to (i) + (ii’).

Remark 2.10.5. We claim that if ()1 and Q5 are segregated, then one element from one
multiset is strictly greater than one element from the other multiset.

To see this, note that from previous definition, ()1 and ()2 are segregated if

(a) max ()1 < min Qo and min Q1< max ()s, or max Qs < min ()1 and min ()< max
(1, or equivalently,

(b) min Q1 < max Q1 < min Q)3 < max Q2 and the three equalities do not hold simul-
taneously, or min Qs < max Qo < min ()1 < max ()1 and the three equalities do not hold
simultaneously.

Therefore, in any case, one element from one multiset is strictly greater than one ele-

ment from the other multiset.
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Note that the reverse of the claim is not true. In a nonsegregated set, we can easily
have a case that one element from one multiset is strictly greater than one element from the
other multiset.

We mentioned this since we are going to use this property of segregation later in this

section and in the algorithm.

Now we will try to find necessary conditions on py (y; — y;)’s for the existence of

J J

J J J J J J :
vy Uyt ,and t , defined on R, R’, ()), and ()7, respectively,

positive u -y, v,

satisfying (2.10.6) and (2.10.8), for a given 1 < 5 < q. We have the following cases
depending on the sign of Z s/ — Z o

Py B e
Yi—y,eQ’) yi—yleQ’
Case (I): Let us assume that

S Sy = 2 b (2.10.9)

yi—y,€Ql Yi—y,eQ’

Then equation (2.10.6) and (2.10.8) become

J — Z J
Z Uy —y, Vi,

yi—*yéeRi_ yi—ylER’
! j N, .J
Y. oewlyi = vduy = Y pwlyi = Y)vy (2.10.10)
yi—yER), yi—yER’.

Lemma 2.10.6. Suppose the reaction network {.#, €, %} satisfies the conditions in Re-
mark 2.9.7. Then the following statements are equivalent:

(i) There exist positive uij_} " and viﬁyg, defined on Ri and R’ respectively, satisfying
(2.10.6) and (2.10.10).

(ii) The multisets Q}={pw (y; — v}) : yi — v € R%.} and Q}= {pw(y; — y}) : yi —

yi € RJ_} are nonsegregated.

wl

PROOF: (i) = (ii): Suppose not, then we have two situations: either qu,jm < P < p%m
< p”mjax in which the three equalities do not hold simultaneously, or pf,jm < pfnjax < P%m <
p?rfax in which the three equalities do not hold simultaneously.
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Without loss of generality, we may assume punim < p“mjam < p;’im < p”mjam, and these
three equalities do not hold simultaneously.

Note that for any positive uy ! and vy ! defined on RJ and R respectively, satis-

fying (2.10.6), we have

Z pW(y’L - y’Z)ugh—w; S Z pmaz ?;z_’y

yi—y,ER), yi—yleR),
< Y Mty <Y pwlyi =y, (2.10.11)
yi—y,ER. yi—y,ER?
Note that in (2.10.11) from left to right, the first equality holds iff p%m = Ppass the
second equality holds iff p. = p”.  and the third equality holds iff p*/, = p’ . Since

these three equalities do not hold simultaneously, so do the three equalities in (2.10.11).

Therefore, we will have

> owly— yz{)uiﬁy; < > pwlyi— yg)viﬁy

yi—>y,’-ERi yi—y,ER).
which is a contradiction to equation (2.10.10).

w

(i) = (i): We assume that, given 1 < j < ¢, there exists a multiset {pw (v; — y;) 12y
such that, for the two disjointed proper (nonempty) subsets of IV, Rﬁr and R’ , the multisets
1= Apwly — v) c v — v € Ry and Q) = {pw(yi — 4i) - i — y; € R} are

nonsegregated We want to show that there exist uy , > 0fory, — 4 € RJ and

—Y;

> 0 fory; — y. € R satisfying both (2.10.6) and (2.10.10).

y

To show this, suppose the claim is not true, i.e., given 1 < j < g, for any uy > 0

and v’ iy >0 satisfying (2.10.6), (2.10.10) is not satisfied. Equivalently, we assume that

for all u’ , > 0 satisfying (2.10.6) (it is obvious that such u, v exist), we have

yi—y) Y y —Y;
J _ Z J

Z Uy Uy,

Yi—y,ERY yi—y,ER’

and

S oowly =y # > pwly =y

Yi—Y; GRi_ yi—ylER’.
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Without loss of generality, we may assume for any u’ , > O satisfying (2.10.6),

y—>y’7 y—>y

we have

Z ' uiiﬂyé - Z Uiiﬂyi

yi—y,ERY yi—y,ER.
and
S oowlyi =y < pwly =y (2.10.12)
yi—y ERY, yi—y,ER’

v >0 satisfying (2.10.6), we can take the

Since (2.10.12) is true for any uy oy Uiy

limit on both sides of (2.10.12) over u " where y; — y. € R’ , and vy oy where y; —
y; € R”, respectively. Let N = Z | Uy = > | vy, Denote kj = min
Yi—y,ERY yi—yleR?

{k :ye — v, € R and p(yr, — i) = p“..}. Denote k) = min {k : y, — v, €
J
” Hy,,vy Ly < N. We can let uy ;Hy/_

, (if i # k7) go to 0. Then after

R’ and pw (yx — i) = p'n}. Note that 0 < v/

and vj 8o to N, and letw’ _, (ifi # k) and v’

i Yi—y; Yi—y;

. J J J
taking the 11m1t on both sides, we have Np;» =< N pmm, ie., po.. < po. . Therefore,

DR AESD DI A (2.10.13)

yi—yER, yi—y,€R’.
Combined with (2.10.12), we can see that (2.10.11) holds except the three equalities do
not hold simultaneously. Then recall that in (2.10.11), from left to right, the first equality

holds iff pﬁjm = pPmass the second equality holds iff p%m = p,in» and the third equality

holds iff p”mjm = pPp..- Therefore, p}jjm < pf,fam < pfém < pfnjax and these three equal-
ities do not hold simultaneously. This means that {pw (y; — vi) : yi — y. € R’ "} and
{pw(yi — 9)) : y; — y, € R} are segregated. This is a contradiction to our nonsegrega-

tion assumption. [

Lemma 2.10.7. Suppose the reaction network {7, €, X} satisfies the conditions in Re-

mark 2.9.7. Then the following statements are equivalent:
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i
Y=Yy Yy

QJ_ respectively, satisfying (2.10.6), (2.10.8) and (2.10.9).

(i) There exist positive u s’ andt’ __, defined on R, R’, Qi and

Yi—Y, Yi—Y,

(ii) The multisets Q1={pw (y; — v}) : y; — v, € R}.} and Q4= {pw (i — ¥}) : vi —

i € Rj_} are nonsegregated.

PROOF: (i)= (ii): Note that (2.10.8) and (2.10.9) imply that (2.10.10). Hence this direction
is done from Lemma 2.10.6.

(i1) = (1): From Lemma 2.10.6, there exist positive “Zi—wf and Ugi_)y/_, defined on Ri

and R’ respectively, satisfying (2.10.6) and (2.10.10). Since sii_@/_ and ¢/ _, are defined

Yi—Y,

on @’ and @’ respectively, we can choose positive sjy ., and t! . fory, — vy € Q%

Y Yi—Y,

and y; — y. € Q. respectively, satisfying (2.10.9). Note that (2.10.9) and (2.10.10) imply

; i J J J J J J J

(2.10.8), so there exist positive Wy, _yr> Uyt Sy and tyi—>y§’ defined on R’,, R, (),

and Qj, respectively, satisfying (2.10.6), (2.10.8) and (2.10.9). [
Case (II): Let us assume that

DRIV D DI A (2.10.14)

Yi—y,€Q’ yi—y,eQ’

Then from equation (2.10.6) and (2.10.8) we have

J J
U = E v
Z Yi— Y, Yi—Y,

yi_ﬂ/;eRi yi—y,€R.
N g I\, ,J
> oewlwi—wuy e < X pw(Ui = Y)Yy (2.10.15)
Yi—y,ERY, Yi—y R

Lemma 2.10.8. Suppose the reaction network {7, €, %} satisfies the conditions in Re-
mark 2.9.7. Then the following statements are equivalent:

(i) There exist positive u;i_)yg and vii_)y;, defined on Ri and R’ respectively, satisfying
(2.10.6) and (2.10.15).

(ii) One element in Q% = {pw(y; — V) : y; — v, € R} is strictly greater than one

element in Q) = {pw (yi — v}) 1 yi — v, € R’ }.
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PROOF: (i) = (ii): Suppose not, i.e. we assume that for any y;, — y; € Ri and any

y, — y. € R, we always have py (y; — v;) > pw(y» — %.). Then it implies that

Pmm > pmm Therefore, for any uy > 0 and v > 0 satisfying (2.10.6), we have

AV 4 J
yi—y,ERY yz—>y§€Ri

J

> pmax Z v in—>y;
yi—y,ER.
J
yi—yleR.

which is a contradiction to (2.10.15).

(ii) = (i): Let us assume one element in Q) = {pw (i — v}) : yi — v, € R }is
strictly greater than one element in Q] = {pw (y; — v}) : s — ¥, € R’.}. In other words,
we assume there exists y; — ¥y, € Ri and y, — y. € R’ such that ow(yr — ) >

J
Yr—Yy

pw (yi — ). We can pick uy Ly = quite large and positive, and the other uy_,y, s

and Uy_>y/ ’s quite small and positive, such that (2.10.6) and (2.10.15) are both satisfied. [

Lemma 2.10.9. Suppose the reaction network {7, €, R} satisfies the conditions in Re-
mark 2.9.7. Then the following statements are equivalent:
J J J J J J J
(i) There exist positive A and t,, e defined on R, R’, (), and
Q. respectively, satisfying (2.10.6), (2.10.8) and (2.10.14).
(ii) One element in Q% = {pw(y; — v)) : y; — v, € R} is strictly greater than one

element in Q{ = {PW(yi - yi) Yi — yl € R }

PROOF: (i) = (ii): Note that (2.10.8) and (2.10.14) imply (2.10.15). Hence this direction
is done from Lemma 2.10.8.
(ii) = (i): From Lemma 2.10.6, there exist positive u’ o and v’ A defined on RZF

and R’ respectively, satisfying (2.10.6) and (2.10.15). Note that s v and ¢/ _, are

Yi—y;
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J

defined on (), and ()7, respectively. Therefore, we can choose positive Sy and tyi—w;

for y; — v, € @’ and y; — v, € Q’_ respectively, satisfying

Z S;ﬁy; o Z tii ﬂy;

yi—y€Q yi—yeQ’
yi—>y§€Ri yi—y,€R).

Note that (2.10.16) and (2.10.15) imply (2.10.8) and (2.10.14). There exist positive o’

Y=y’
v*;ﬁ e s;i_w,_ and tii_, ,» defined on R, R, Qi and @’ , respectively, satisfying (2.10.6),
(2.10.8) and (2.10.14). ]
Case (III): Let us assume that
DR ANV DU A (2.10.17)
vi—y €Q. yi—yeQ’
Then from equation (2.10.6) and (2.10.8) we have
Z ‘ uzjli—ﬂ/; - Z ' Uzjh—wi
yi—y ER), yi—y,€R.
o ewly = wdu,_y > D0 pwly = Y,y (2.10.18)
yi—y,ERY yi—y,ER?

Lemma 2.10.10. Suppose the reaction network {7, €, %} satisfies the conditions in Re-
mark 2.9.7. Then the following statements are equivalent:
(i) There exist positive ugﬁy{ and vii_)yf defined on Ri and R’ respectively satisfying

(2.10.6) and (2.10.18).

(ii) One element in {pw (y; — y}) : yi — y. € R} is strictly greater than one element

in {pw(y: — ) : yi — v; € R_}.
PROOF: It is quite similar to the proof for Lemma 2.10.8 and we will skip it here. ]

Lemma 2.10.11. Suppose the reaction network {.%, €, %} satisfies the conditions in Re-

mark 2.9.7. Then the following statements are equivalent:
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: : o J J J J J J J
(i) There exist positive Uy, Vg Sy and tyi—>y;’ defined on R, R, (), and

Q. respectively ,satisfying (2.10.6), (2.10.8) and (2.10.17).

(ii) One element in {pw (y; — y}) : ys — y. € R%} is strictly greater than one element

in {pw(y; = i) - yi — y, € RL}.

PROOF: It is quite similar to the proof for Lemma 2.10.9 and we will skip it here. 0

Note that given any two multisets, they are either nonsegregated or segregated. Recall
that for two segregated sets, one element from one multiset is strictly greater than on ele-
ment from the other multiset. Therefore, for 1 < 5 < ¢, Q{ ={owli = ¥) i =y €
Ry} and Q) = {pw(y; — ¥}) - yi — y, € R’} will satisfy at least one of the following
three conditions:

i) The multisets Q] = {pw (y; — ) : i — v} € R%} and Q% = {pw (yi — v}) : vi —
y, € R’} are nonsegregated.

ii) One element in Q} = {pw(y; — ¥.) : s — y, € R’} is strictly greater than one
element in Q] = {pw (yi — ¥}) : yi — v} € Ri}

iii) One element in Q] = {pw (i — ¥.) : y; — y, € R’} is strictly greater than one

element in Q3 = {pw(y: — 4;) : y: — y; € RL}.

Proposition 2.10.12. Suppose the reaction network {.%, €, Z} satisfies the conditions in
Remark 2.9.7. Suppose that there exist gy, hyy € R? N Ty with the given sign patterns

satisfying equations (2.9.13), (2.9.14) and (2.9.15). Then for each 1 < j < q, there exist

J J
Yi—yY,’ vyi—>y§’

(2.10.1), (2.10.2), (2.10.3) and (2.10.4), satisfying (2.10.6) and (2.10.8), and the following

,andt! _, defined on R, R’ i and Q’_ respectively from

.. j
positive u T o—

S

holds:

DI > | S;ﬁyi = > | t;ﬁy;’ then the multisets Q = {pw (y; — vi) : i —
yi—y,eQ’, yi—yeQ’

y' € RL} and Qb = {pw (i — o)) : yi — v, € R_Y} are nonsegregated.
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i | Sy, > > | t, _yy then one element in Q)= {pwlyi = o)) 1y —
‘ Yi—y,€Q’ vi—yeQ) ‘
Yy, € R’} is strictly greater than one element in Q, = {pw (y; — v}) : y: — y, € R, }.

ii) If ) 8; —y < > t‘; _yp» then one element in Q= {pwy — ) :

yi—yleQ’, yi—y€Q’
vi — Y € R%.} is strictly greater than one element in Q) = {pw(y; — i) : i — Y. €

R’}

Proposition 2.10.13. Suppose the reaction network {.%, €, #} satisfies the conditions in
Remark 2.9.7. Then foreach 1 < j < g, R, R, Qj and Q) are defined. If the conditions

in Proposition 2.10.12 are satisfied, then for each 1 < j < q, there exist positive uy e

v .8 andt, _ , defined on R, R’, Q. and Q' respectively satisfying (2.10.6)

Yi—y; Yi—y; Yi—y;
and (2.10.8).
J J J
Note that for any 1 < j < ¢, positive uy s Ugiyl> Sy and ¢, .y are defined on

R, R, @’ and Q”, respectively from (2.10.1), (2.10.2), (2.10.3) and (2.10.4). Therefore,

forany 1 < j < ¢, the sign of ) sii_w; - > t*; _,; s same as the sign of

yi—y,eQ’, yi—y,eQ”

Z by —>y’h'W i y7l,>'

yi—y,eD

Proposition 2.10.14. Suppose the reaction network {.%, €, Z} satisfies the conditions in

Remark 2.9.7. If there exist gy, hy € R? N Ty with the given sign patterns satisfying

equations (2.9.13), (2.9.14) and (2.9.15), then the following has to be held for 1 < j < q:
DIf Y by yhw(ys — yi) = 0, then the multisets QF = {pw (ys — ) : 4 —
yi—y,eD
yi € R} and Qb = {pw(y; — v)) - y: — 9. € R’} are nonsegregated.
ii) If Z Dbjy‘ﬁy;hw(yi — 1) > 0, then one element in Q= {pw(y; — vy —
Yi—Y; €
/ j . . . _] o AN
Yy, € R’} is strictly greater than one element in Q, = {pw (y; — v}) : yi — y, € R, }.

i) If Y 0, hw(y — yi) <0, then one element in Q) = {pw(y: — y) : yi —
yi—y; €D

yi € R .} is strictly greater than one element in Q) = {ow(yi = yl) :yi — y; € R]_}

Next we will form a proposition in terms of gy, and hy, similar to Proposition 2.10.13.
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Suppose that the py (y; — v:)’s satisfy the conditions in Proposition 2.10.14, then
equivalently, py (y; — ¥.)’s satisfy the conditions in Proposition 2.10.12. Then for each

J
v
y—>y” y—>y

Lt ,on R, R, @ and Q’,

1 < 7 < g, there exist positive ! Vi,

Yi—yy)

respectively satisfying (2.10.6) and (2.10.8).

We define g}, hi;, € R N Ty as follows:

J

. U / .
gy =yl = b]yiy fory; — y. € R,
yz"y
) v .

Yi—Y,

. s A
gy — v;) = bfl Y% fory; — 1yl € Q%
Yi—,

. t
oy — o)) = —2=% fory; —y € QL.
yz‘ﬁyZ

and for y; — 1y, € I] U I3, we can let gl (1; — ) and hi;, (y; — y!) be any numbers that
are sign compatible with their pre-selected sign patterns, respectively.
Then g{&, h{;v € R?NTyy are sign-compatible with the given sign patterns of gy, by €

R N 'y, respectively, and satisfy:

> by — ) =0 (2.10.19)
Yyi—y,END

S gl )+ X pwly = vl (v — yi) = 0 (2.10.20)
Yi—Y,; 'eD yi—>y;€ND
Iy (i = vi) = pw (yi — v gl (i = ¥i),yi — 4i € ND. (2.10.21)

Proposition 2.10.15. Suppose the reaction network {.%, €, %} satisfies the conditions in
Remark 2.9.7. Then foreach 1 < j < g, R, R, i and @’ are defined. If the conditions
in Proposition 2.10.14 are satisfied, then there exist g{}v, h{,v e R? N Ty with the pre-

selected sign patterns satisfying equations (2.10.19), (2.10.20) and (2.10.21).

If we can find a common gy = g{}v and hy = h%v for all 1 < 5 < ¢ in Proposition

2.10.15, then gy and hyy satisfy equations (2.9.13), (2.9.14) and (2.9.15), i.e. we find
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a solution of gy, hy € R? N Ty with the pre-selected ("valid") pair of sign patterns.
But in general, if the assumption is that py (y; — v.)’s satisfy conditions in Proposition
2.10.14, it is not always the case that we can find a common gy = g{v and hy = h{,v
for all 1 < 5 < ¢q. In the next section, we will consider the case that the basis vectors
{v };1-:1 of Ker® L,NTy satisfy some special property (to be described later). Under this
assumption on the basis vectors and the assumption that py (y; — y.)’s satisfy conditions
in Proposition 2.10.14, we can find a common gy = gJy and hy = hi, (1 < j < ¢) so as
to find a solution of gy, hyy € R? NIy with the pre-selected ("valid") pair of sign patterns

satisfy equations (2.9.13), (2.9.14) and (2.9.15).

2.11 What is nice about a forest basis?

As mentioned earlier, our goal in this section is to discuss the existence of bases (called
"forest bases") for Ker’t Ly N T'y having especially attractive properties. If such bases
exist, then the three conditions in Proposition 2.10.14 on py(y; — ¥.)’s are also sufficient
for the existence of gy, hy € R? NIy with the pre-selected ("valid") pair of sign patterns
satisfy equations (2.9.13), (2.9.14) and (2.9.15).

To continue, first let us introduce some basic terms in graph theory.

In [12], an acyclic graph, one that does not contain any cycles, is called a forest. A
connected forest is called a tree. Thus, a forest is a graph whose components are trees. The

vertices of degree 1 in a tree are its leaves.

Lemma 2.11.1. [12] The vertices of a tree G can always be enumerated, say as vy, .., Uy,

so that every v; with i > 2 has a unique neighbour in {vy, .., v;_1}.

PROOF: If G has only one leaf, then the statement is true trivially.

Assume C'is a nontrivial tree, i.e., it has at least two leaves.
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Pick v; as any vertex in C. Let G; = {v;}. Assume inductively that vy, .., v; have been
chosen for some i < |G| such that vy, has a unique neighbour in Gy, (k < 7).

We can claim that G; is connected by induction 7. To see that, note that (G; is trivially
connected. For i = 1, v, is chosen so vy has a unique neighbour in G; = {v;}, then Gy is
connected. For all 1 < k < 1, if we assume Gy, is connected, then since v is connected
to Gy, via vg, G4 is also connected.

Now pick a vertex v € G — G, where G; = G[v;..v;] is a subgraph of G by removing
all vertices not in {vy, ..., v; }. As G is a tree, there exists a unique v —v; path P. Choose as
v; 11 the last vertex of P in G— G}, then we conclude that v; 1 has a unique neighbour in G;.
Suppose not, i.e., we assume that v, ;; has another neighbour in G;. Since G is connected,
there is a path between the two neighbours of v;,; in G;. Since v;1; ¢ G;, then we would
have a cycle containing the two neighbours and v;; 1, which is a contradiction to the tree
assumption for GG. Therefore it has been proved that vertices of G can be enumerated as
{v1, .., vjv(e)} such that v, has a unique neighbour in G, (1 < k < |V(G))). O

We will define a graph based on a set of basis vectors. Given a set of basis vectors
{v };1-:1 of Kert LMDy, we define a bipartite graph G with vertices V' = AUB and edges
B, whete A = {y; =y}, B = {V}i, and B = UL {ys — y}.b} < 1), # O}
Given a basis {I/ : j = 1..q} for Ker™ Ly N 'y, G is the basis graph for that basis. For
1 < j < g, we define a bipartite graph H; with edges V; = A; U B; and edges £;, where
Ay={y =y eW:b)_, #0} By={V}and E; = {{yi — yi, 0} 1y — y; € A}
H; is a star-shaped subgraph of G. For 1 < j < ¢, denote Ng(¥’) the neighours of & in G.
Then Ng(V) = {y; — ¥} : biﬁyg # 0} = H; N W. Define a new graph G}, based on G,
with vertices V(G}) and edges E(G,)), where V(G,) = {’}1_, and (¥/, V) € E(Gy) iff
Ne(b') N Ng(b*) # 0 or equivalently, H; N H,, # 0.

Note we have shown in Remark 2.9.2 that any vector in K ert Ly N Ty shall have

support on at least three y; — 3.’s, otherwise it will contradict the fact that y; — y.’s
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are from different and all non-zeroth equivalence classes. Therefore, for any basis vectors

{(V:j=1,.,¢)of Kert LyNTyw, [{i € {1,..,w} : ¥’ _ , # 0} > 3, or degree of &’

Yi _’y
in G deg(b’) > 3. In particular, if a component of the basis graph is trivial with one leaf,
then it must be from set A = {y; — y/}}*,

We say that K ert Lo NTy hasa Jorest basis if there exists a basis of K ert LoNTyw

such that the graph based on the basis vectors is a forest.

Remark 2.11.2. Note that if for the given orientation € and W C O, Ker™ Ly N Ty
has a forest basis, then we claim that for any orientation O and W C O chosen, Ker*
L; NIy has a forest basis.

To see this, first we make a few observations.

Recall that Ker Ly and Ker L; are isomorphic through linear maps F' : Ker Ly —
Ker Ls and G : Ker L; — Ker Ly, defined as in Lemma 2.3.4. We define linear maps
Fy : Kert Ly — Kert Lz and Gy Kert L; — Kert Ly through the following
approach.

Let 2 € Kert Ly, we define 20 eR? as follows:

Vi .
Vi Zy—>y” l‘fy - y/ € ﬁ
V4 ;) =
y—y Y. r
_Zy’—>y7 l‘fy —Y € ﬁ

Let 27 € Ker L, then 27 = G(:cé) € Ker Ly. We have 22 - 27 = 0. We also have that

DY
PR A zy_w y_,

y—y'€0

— o z 6 0

- Z Zy—y' ¥ y—>y’ + 4 Zy—y Ly—y’
y—y €0y—y' €0 y—y' €0y —yel

— % 7 0

- Z Zy—y' ¥ y—>y’ + Z (=2 (=Ty_y)
y—y' €C:y—y' €0 y—y' €0y —yel

— % % 0

- Z Zy—y' ¥ yﬁy’ + Z 3 Py —y Ty —y
y%y/eﬁ-yﬂy/eﬁ Y —yely—y' €0

= > Zyﬁy y—>y =0.
y—y' €l

126



Note the choice ofxﬁ is aribrary. So we have 27 € Kert L 5. Thus the function F}: Kert
Lo — Ker® Ljvia F1(27) = 2% is well defined.
Similarly, let 2% € Ker L ;, then we define 37 € RY as follows:

50

~0 o Zy%y’? l.fy - Z// € ﬁ
K I B :
_Zy/ﬂy7 l.fy - y € ﬁ

Then we can similarly show that the function G: Ker* L; — Kert L, via Gy (25) =

is well defined. We can verify that, for any 2% € Ker* Ly, Gy o Fy(27) = 27, and for any
20 € Kert Ls Fyo Gl(zé) = 27, Therefore, F, = Gyt and Gy = F;'. We can claim
that Ker™ Ly = Ker™ L.

For a given orientaion O, the set W is based on the choice of representatives for the
nonzeroth equivalence classes. Suppose that for two different orientations O and 0, if we
have picked W = {ys — yi 1 < i < w} from O, we will pick Wéfrom % as follows:

Ify; — 4. € O, then pick y; — y: as the representative for equivalence class Pf in O;
otherwise, pick y. — y;.

Let 20 € Ker* L;NTyy6, then we can verify that 27 = Gl(zﬁ) € Ker™ Ly NTyo.
Similarly, if 2° € Kert Ly N Tyye, then 20 = Fi(27) € Kert Ly N Iys.

Suppose for a given oriention O, we have two different choices of representatives to

w
=1

form two different sets, say W' = {p; — pi}*_, and W? = {y; — v/, where p; — P,

and y; — vy, are two choices (they maybe the same equation) of representatives for equiva-

lence class P! in 0. Note that there exists Qp;—p, # 0 such that wy, ., — ap, . pywy, . €
1

Ker— L.

Suppose 2* € Kert L;NT'wi. Let 2 eRInN ['we be defined as follows, for y; —

/

yi € W:
2, 1 2o 1<i<w
Yi—Y; Pi—p;’ T —

Then we can show that 2> € Ker™* L; N T'ywe. To see that, let ¢ € Ker L;, then
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2t 17 = 0. Note also that for any 1 < i < w, 27 - (Wy, .y — Qp, Wy, —p) = 0, OF

o _ o
Tyt = Opp T We have that
2. .0 _ 2 o
Z-x = Z Zyi—y, Vyi—y!
Yi—y,EW?
_— S R
- pi—p), " Pi—D; " pi—p

pi—pL,eW! Opi—p;

_ 1 o _
- Z Zpi—p, Tpi—p! =0

pi—p,eWl

Then the linear map Fy : Ker' L; N Ty — Ker™ Lz N Dy via Fy(2') = 2% is well
defined. Similarly we can construct Gy : Ker™ L; N Ty2 — Ker™ L N Ty such that
Gy = Fy ' and Fy = G . Details will be skipped here as it is parallel to the case of Fs.

Now we are ready to show the claim made at the beginning of the remark.

Let W7 = {y; — y, : 1 < i < w) from O, we define W' from O as follows:

Ifyi— vy € O, then pick y; — 4 as the representative for equivalence class Pﬁ in O;
otherwise, pick y, — y;.

Therefore, we could first map the forest basis vectors for Kert Lo N Ty into Kert
L NIy, through the linear map F (in terms of O with W and O withW*). Then we map
the corresponding image basis vectors for Ker® L s N Ty into K ert L 6 N1y, through
the linear map F (in terms of W* and W).

Note that the fundamental classes C;’s stay the same under all orientation. Note that W
is the set of representatives for all nonzeroth equivalence classes, so it can be regarded as
the set of representatives for all zeroth fundamental classes, except that the representative
always comes from its corresponding equivalence class. We can then see that the support
of each of the resulting basis vectors in Ker* L; N Ty, and that of the corresponding
original basis vector in Kert Ly N Ty are representatives from the same fundamental

classes. Therefore the original forest basis in Ker™ Ly N Ty and the resulting basis in

Kert L 5 N 'y, share the same basis graph structure if we replace each representative by
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its corresponding fundamental class in the graph. Therefore Kert L s NIy also has a

forest basis.

From Remark 2.11.2, we say that the reaction network {.7, %, %} has the forestal

property, if for the given & and W C &, Ker™ Ly N 'y has a forest basis.

Remark 2.11.3. Note that we have assumed q = dim Kert Ly N I'w > 1. However, if

q = 0, then by definition the reaction network has the forestal property.

Suppose the reaction network {.&, ¢, #} satisfies the conditions in Remark 2.9.7. We
want to claim that if Ker™ L, N Ty has a forest basis, then the py (y; — )’s satisfying
the conditions in Proposition 2.10.14 is also sufficient for the existence of gy, hy with
the pre-selected ("valid") pair of sign patterns satisfying equations (2.9.13), (2.9.14) and
(2.9.15).

Lemma 2.11.4. If one of the basis graphs for Ker™ Ly N\ Ty is a forest, then w > 2q.

PROOF: Note that for any basis {&j }?:1 in Ker™ Ly N Ty, each @ has at least 3-reaction
support. Therefore, in the basis graph of {a’ }i-, each @’ has a degree of 3 or more, i.e.,
deg(a’) > 3. Suppose that ¢ > 0. If the basis graph of {a’}7_, is a forest, then since the

edge is always between some @’ with some y; — ., we have

q+w = #(vertices) = #(components) + #(edges)

= #(components) + i(deg(dj )) > #(components) + 3q¢.

j=1
Therefore, #(components)< w — 2q. Since #(components)> 1, we have w > 2q. In
particular, in the case that w = 2¢g + 1, if G is a forest, there is only one component, i.e. G

is a tree. O]

Remark 2.11.5. We see that in the case that there exists a forest basis for Ker' Ly N Ty,

we have 2q < w. Therefore, from Remark 2.9.6, the necessary condition we found (in
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section 2.10) for the existence of a pair gy, hw € R? N Ty with the pre-selected sign

patterns satisfying equations (2.9.13), (2.9.14) and (2.9.15) is trivially satisfied.

Proposition 2.11.6. Suppose the reaction network {7, €, %} satisfies the conditions in
Remark 2.9.7. Suppose that there exists a basis {b’ Vi in Ker Ly N Ty such that its
basis graph G is a forest. Then there exist gy, hyy € R N Ty with the pre-selected
("valid") pair of sign patterns satisfying equations (2.9.13), (2.9.14) and (2.9.15), if and

only if pw(y; — y.)’s satisfy the conditions in Proposition 2.10.14.

PROOF: =) We have shown this in Proposition 2.10.14 (from section 2.10) without any
constraint on the basis graphs of Ker Ly N Ly .

<) We want to show if py (y; — ¥.)’s satisfy the conditions in Proposition 2.10.14,
then there exists a pair gy, by € R? N Ty with the pre-selected ("valid") pair of sign
patterns satisfying equations (2.9.13), (2.9.14) and (2.9.15). Note that D and ND are
defined by the given sign patterns of gy and hyy.

Let us consider the component(s) of G. Let giy = 0 and hy = 0 to start. We will
update gy and hy, step by step until gy and hy, have the pre-selected sign patterns and
satisfy equations (2.9.13), (2.9.14) and (2.9.15).

Let C be a component of (&, then we have two cases.

I) Assume C'is a nontrivial tree, i.e., it has at least two leaves. Note the edges in GG
are between vertices in A and B. Therefore, there exists &’ from B and since deg(bj ) >3,
|IC| > 4. Let Ac = {yi > v, :y: » v, € C}and Bc := {V’ : ¥/ € C}.

Pick any j with b’ € Be. Note that the py (y; — ¥;)’s satisfy the conditions in Propo-
sition 2.10.14. There exists a nonzero pair g%v, h{}v € R? N Ty sign compatible with the
given sign patterns, respectively, satisfying equations (2.10.19), (2.10.20) and (2.10.21).

We know that vertices of C' can be enumerated as {vy, .., v|v(c)|} such that v has a
unique neighbour in {vy,.., v} (1 < k < [V(C)|). Choice of v, is arbitrary, so we can
pick v, from B, say bl

130



We define a new graph C), based on C, with vertices V' (C}) and edges E(C})), where
V(Cy) = Be = {V : ¥ € C}and (V,0F) € E(C,) iff No(b/) N No(b*) # 0, or
equivalently, H; N Hy, # 0.

Let |V (Cy)| = N,. We enumerate the vertices in C}, (or elements in B¢) in the same
(relative) order as they are in the C' enumeration: {vi, ..., vjv (o) }» as {0, ..., b }.

We will use inductionon 1 < n < Ny in Cj,.

Forn = 1, fory; — y} € H,. let gw (yi — 4i) = g (yi — i), and hy (y; — y)) =
hi}v(yi — y.). Then gy and hyy satisfies (2.10.19), (2.10.20) and (2.10.21) for j = Iy, and,
gw and hyy are sign compatible with the pre-selected sign patterns of gy and Ay, projected
on I'yn H, > respectively.

Assuming that for n = k (1 < k < N,), we have found gy, hy € R? N Ty such
that (i) gy and hyy satisfy (2.10.19), (2.10.20) and (2.10.21) for j = [y, ..., l, and (ii) gw
and hy, are sign compatible with the pre-selected sign patterns of gy and hy projected on
FWQ(UJ. gty Hy) respectively. We want to show next that we will update gy and hyy such
that (i) gy and hyy satisfy (2.10.19), (2.10.20) and (2.10.21) for j = [y, ..., lx11, and (ii) gw
and hyy are sign compatible with the pre-selected sign patterns of gy and hyy projected on
FWQ(UJ.E{Z“_JHI}H].), respectively.

Note that b"*+1 is also in the enumeration {v,, ..., vy (cy(} in C and the enumeration in C'
is such that v; has a unique neighbor in {v1, ..., v;}. Therefore, if we assume v,,, = ple+1,
then b'*+! has a unique neighbor in {vy, ..., Upj—1}» SAY Upy, . We know that v,,, is from Ax
and my, > 1, since we pick v; = b'' € Be. Let us assume that U = Yip, — ygw. The
vertex vy, has a unique neighbor in {vy, ..., vy, 1}, say v, . Note that v,, is from B¢, so
it is also in the enumeration {b", ..., b'™ }. Note that the order of the elements in B¢ in the
enumeration {6, ..., b } is consistent with their relative orders in {vi, ..., vjv (o) }. If we
say vUp, = b", then r < k + 1. Note that we have found gw and hyy satisfying (2.10.19),

(2.10.20) and (2.10.21) for j = [y, ..., [;. We also have there exists 1 < r < k, such that
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/ /
iy, FOT Yi — Y € Hy, ., we can let

1

Hy, ., and H;_have a common vertex vy, = Yim, — Y

IW Wiy, = Vi, )
I Wi, = Vi)
IW Wiy = Vi)
g Wi, — Vi)

hw (yi — vi) = pw(vi — yi)gw (vi — ¥i),¥i — i € D.

lk+1(

Yi = Yi),yi — Yy, € ND

gw(yi — ?Jz/‘) =

lkt1

g (Wi — vi).yi — Yy, €D

hW(yi - ?J;) =

Note that g%,’{,“ and hi}“,“ satisfy (2.10.19), (2.10.20) and (2.10.21) for j = I, with
the pre-selected sign patterns of gy and hyy. Therefore, the sign of gW(yimk — ygmk) and

glv]ffﬂ(yz‘mk - y;mk) are the same as they both are the same as the pre-selected sign for

9W Wi, — Vi, )- Similarly, the sign of hyw (y;,, — v;,, ) and Rl Yi, — ¥i,,, ) are the
same. The updated gy and hy, then satisfy (2.10.19), (2.10.20) and (2.10.21) for j = .1,
and gw |wn ., and hy |wn H,,, are sign compatible with the pre-selected sign patterns
of gy and hyy projected on I'yyn Hy, > respectively.

Note that the updated gw (i, — ygmk) and hw (yi,,, — y;k) at the j + k + 1 step are
the same as their values before this step. We need to argue that gy and hy, we just updated
still satisfy (2.10.19), (2.10.20) and (2.10.21) for 5 = [y, ..., 1}, and, gW|Wm(Uj€{l1 77777 Ly H))
and hW|Wm(Uj iy, Hy) ATE sign compatible with the pre-selected sign patterns of gy and

hy projected on I'yynu Ly H)- We will show that nothing changes for the element

jeliy,...,
values that have been assigned to gy and hy before this (j = k£ + 1) step, i.e., we want
to show (Ujeq,..0,3Hy,) N Hy,,, = {vm, }. To see that, suppose not. We assume there
exists y; — ¥, € ((Ujeq,atHi,) N Hiy )\ {Vm, }» i.e., there exists 1 < ¢ < k such

that y;, — vy, € H;, N Hj, .. Since ple+t = vy, has a unique neighbor v, = Yim,, —

ygmk in {vy, ..., U1}, we have H;, N {v; : 1 < i < np — 1} = {vy, }. Therefore,
if y; — y; = v,, then p > ny. Recall again that the order of the elements in B¢ in
the enumeration {b", ...,b"+} is consistent with their relative orders in {vy, ..., vjy(c)}-
Therefore b, b+ € {vy,...,v,,}. Then v, has at least two neighbors " and b'*+! in
{v1, ..., v,1}, which is a contradiction to the assumption of the enumeration in C.
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We have shown that we have found gy, hyy € R? NTyy such that (i) gw and hyy satisfy
(2.10.19), (2.10.20) and (2.10.21) for j = I3, ..., lx+1, and (ii) gy and hy are sign compat-
ible with the pre-selected sign patterns of gy and hy projected on I'wnu,, bty )

Therefore, by induction, we find gy, hyy € R? N 'y such that (i) gw and hyy satisfy
(2.10.19), (2.10.20) and (2.10.21) for j = I3, ..., Ix,, and (i1) gy and hyy are sign compatible

with the pre-selected sign patterns of gy and hyy projected on 'y, In

Gty iy Y )"
other words, we find gy and hy such that (i) gy and hyy satisfy (2.10.19), (2.10.20) and
(2.10.21) for j = [, ..., ln,, and (ii) gy and hy are sign compatible with the pre-selected
sign patterns of gy and hyy projected on I'yyqc.

IT) Assume that the component C is a trivial tree, i.e., it only has one leaf, say y; — ¥/..
In other words, C' is an isolated vertex {y; — v;} with degree 0. Then for all 1 < j < g,
biﬁy; = 0. Thus y; — y; € I;. We can let gy (y; — v;) and hy (y; — y;) be any numbers
that are sign compatible with their pre-selected sign patterns.

Since each component of G is disjointed, then after working on all nontrivial compo-
nents and then all trivial components, we find gy, hyy € R? N Ty such that (i) gw and

hw satisfy (2.10.19), (2.10.20) and (2.10.21) for 5 = 1, ..., q, and (ii) gy and hy, are sign

compatible with the pre-selected sign patterns of gy and Ay . [

Remark 2.11.7. Recall the comments made in Remark 2.11.3; we can assume that dim

Kert Lo NTyw = ¢ > 0 instead of ¢ > 0.

Remark 2.11.8. Recall that we have introduced the following definitions and assumptions.
For a given reaction network {6, %}, and a given orientation O, we define P;
(0 < i < w) as the i'" equivalence class of 0. Each equivalence class P, (0 <i < w)
has a representative y; — y.. C; (0 < i < w) is the fundamental class containing P;.
W = {y; — y.}>, is the set of all representatives for the nonzeroth equivalence classes.
In Theorem 2.11.9 and Proposition 2.11.11 below we suppose that for the given orien-

tation O of %, the following conditions hold:
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(i) dim Ker Ly > 1 and Py (and Cy) is reversible (although these have nothing to do
with a particular choice of the orientation).

(ii) For any y — y' € P; (1 < i < w), there exists oy .,y > 0 such that wy, ., —
Oy Wy € K ert L.

Also recall that a "valid" pair of sign patterns for gw, hy € R? N Ty is nonzero and

sign-compatible with Ker Lg|w, as in Section 2.9.

Theorem 2.11.9. Suppose the reaction network {.7, €, %%} has a forestal property. Then
reaction network {7, €, %} has the capacity to admit multiple steady states if and only if

the following is true: There exist

(i) a nonzero vector 1 € R” which is sign-compatible with the stoichiometric sub-

space S,
(ii) a "valid" pair of sign patterns for gy, hyy € RZ N Ty,
(iii) a set of parameters {pw (y; — v.) : gw(y; — ) # 0} whose sign pattern is such

that the sign of pw (y; — v.) is the same as the ratio of the signs of hy (y; — y.) and

gw (y; — 1), satisfying the conditions in Proposition 2.10.14, and

(iv) a choice of shelving assignments for each nondegenerate (defined upon the sign
patterns of gw ) fundamental class satisfying the conditions in Proposition 2.8.1 (in

terms of pw (y; — vy.) for condition (ii) in the proposition),

which together satisfy the conditions in Lemma 2.8.2 (in terms of gw(y — v.), hw(y; —

y:) and pw (y; — yi)).

Remark 2.11.10. Note that we have introduced M; = M,, ., = In(pw (yi — y;)) when
pw (y; — yi) > 0, and we let M; be some large and negative number when py (y; — 1) <
0. So we can rewrite conditions in Proposition 2.10.14 and Lemma 2.8.2 in terms of M;’s

instead of pw (yi — y.)’s. We can see that all the constraints are linear in terms of ji
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(s € ) and M;’s (i = 1,..,q). Therefore, under the assumption of Theorem 2.11.9, the
equality system we will construct later in the algorithm will be completely linear in terms

of i and M;’s.

Therefore, we can be certain about the linearity of the resulting systems to answer the

question of multiple steady states if the reaction network has such a forestal property.

Proposition 2.11.11. Suppose that the reaction network {.#, €, %} has a forestal prop-
erty. A few definitions and assumptions are given as in Remark 2.11.8 for the reaction
network. Then, the question of whether the reaction network {.# €, %} can admit mul-
tiple steady states can be converted into finding whether there exists a nonzero | € R”
that is sign-compatible with the stoichiometric subspace S, satisfying any of the linear
systems of inequalities and/or equalities (generated from the conditions in Lemma 2.8.2
and Proposition 2.10.14 under different "valid" sign patterns of gw, hw € R? N Ty and

different shelf assignments satisfying Proposition 2.8.1) in terms of p and M;’s.

2.12 Find a Forest Basis

In this section, we will find a systematic way to check whether the reaction network has
the forestal property. Note that the forestal property does not rely on the choice of the
orientation & or the set 11/ of all representatives for the nonzeroth equivalence classes. In
other words, given the orientation ¢ and W, we want to see that if there exists a basis
{v }ioy of K er™ Ly N Ty which has a forest graph. If we find such a basis with a forest
basis graph, then we will call the basis a forest basis and conclude that Ker™ Ly NIy has
a forest basis. To do this, let us start with a given basis {a’}I_,. If {a’}%_, has a forest
graph, then we are done. From now on, we will follow the steps until either we find a forest

basis or we conclude that there is no forest basis for KerL™ Ly Ny .
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Let us find some necessary (and sufficient) conditions for the existence of a forest basis
for KerL"™ Ly N Ty

Note that for a basis {a’ }31:1 of Kert Ly NIy, each o/ has at least 3-reaction support
from W. Therefore, the component of the graph under {a’ };’-:1 containing a’ will not be
trivial. The possible trivial component of the graph G under {a’ };’-:1 is of the form y; — v/

where y; — ¢, € W.

Lemma 2.12.1. Given the orientation 0 and W = {y; — y.}\*_, where y; — v, is the rep-
resentative for the nonzeroth equivalence class P;, the following statements are equivalent:

(i) y — 3 is a trivial component of the forest basis graph under {bj}?zl, which is a
basis ofKerL LoNTy.

(ii) y — v is a trivial component of any basis graph of Ker™ Ly N Ty

(iit) For any given basis {ozj}?:1 of Kert Ly N Ty, ay ., =0forall1<j<q
PROOF: If y — ¢/ is a trivial component of the basis graph under {a’}?_,, then ajy;y, =0
for all 1 < j < ¢. For any basis {a’ o EL{,_)y/ = 0, forall 1 < j < q. Therefore, if there

is a forest basis {bj };7-:1, then b;—n/ = (0 forall 1 < j < ¢q. Hence, in the forest graph,
y — o is a trivial component of the basis graph.
On the other hand, if y — /' is a trivial component of a forest basis graph of {¢’ }?:1,

then bg_wl = 0 forall 1 < j < q. For any basis graph under {a’}}_,, @, _,,, = 0 for all
1 < j < q. Therefore y — 1/ is a trivial component of any basis graph, in particular, of the

basis graph under {a’}7_,. O

Note that we are given a basis {a’}?_, of Ker™ Ly NTyy. Letus find Uy C W of
maximum size, such that a’|y, = 0, forall 1 < j < q. Each y; — 1, € Uy is a trivial
component in the basis graph under {a’ }9—1. In particular, if there is a forest basis graph
under {/ }9_1, then each y; — y; € Uj is a trivial component in the forest basis graph.

Note that U, can be empty. We define W, = W\ U.
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Next, let us consider the nontrivial components of a forest basis for ¢ > 1. In particular,
we consider ¢ > 2, as for ¢ = 1, the basis graph is trivially a forest.

Note that from graph theory, we know if a component of a forest is a trivial tree, then
there is a single leaf. In other words, each trivial component of a forest has exactly one
leaf. Note that both ends of the longest path in a nontrivial tree are leaves. If not, then we
can show that there is a longer path, which is a contradiction. Therefore, there exists at
least two leaves in each nontrivial component of a forest.

Recall that when we define the basis graph G of {b’ };1:1, we also define H; (1 < j < q)
based on ’, a bipartite graph with edges V; = A; U B; and edges E;, where A; = {y; —
yie W : b;ﬁy; #0}, By ={V}and E; = {{y; — y,,V} : y; — vy € A;}. If we assume
that the basis graph G of {/ }9- is a forest, then each of its components is a tree. Let C'
be a nontrivial component of G; we then find the longest path in C'. We know that the ends
of the longest path of a nontrivial tree must be leaves of the nontrivial tree. Therefore, we
have the two possibilities for the location of the two leaves in the component C.

(i) Suppose that the ends of the longest path in C' come from the same H; in C, say H;.
Then this component C' is equal to H; and we call this component C' a nontrivial star.

(ii) Suppose that the ends of the longest path in C' come from different /;’s in C, say
H,, and H;,. Then the component C' is not a star, and H,,, H;, must connect to C'\ H;,,
C\H,,, via only yn, — ¥,,., Yn, — Y., respectively. If not, then there exists a longer path
in C', which is a contradiction.

Therefore, if there exists a forest basis {b’ }3—1 with a forest graph G, then for a nontriv-
ial component C' of G, we have two situations: either (i) C' is a nontrivial star and C' = H,
for some 1 <[ < g, or (ii) C'is not a star and there exist two distinct H;, and H;, in C' such
that I7;, connects to C'\ [, via only y,,, — y,,., fori =1,2.

Now if we assume that K er™ LsNT'y has a forest basis, say {¢’ }4_, with a forest graph
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G, then there is a nontrivial component C'in G. We will proceed through the following two
cases depending on whether the nontrivial component C' is a star or not.

Case I: C'is a nontrivial star.

Suppose that the forest basis graph G under {b’ }?:1 has a nontrivial star component,
then it is in the form of H; for some 1 < | < ¢. Note that for all y — v’ € H;, we have
b;;y, = ( if and only if j # [. Note also that for all y — v’ ¢ H,;, we have béﬁy/ = 0. Let
U={y—vyeW:y—y eH}={y—y :y—1y € H}. Then we have

i) |U| > 3.

i) ¥’ |y = 0.

iii) /|y = 0 if and only if j # .

iv) Every y — o' € U is a leaf of the forest graph in H;. Reactions in U together with
b’ make up H,.

Therefore, supp b' = U, and the supp {0’ : j = 1,....qand j # [} = W,\U. The
vectors {0/ |\ }7_; are dependent as b'|y;\v = 0. We can also see that {V/|,}7_; are
colinear, as b’|y = 0 if and only if j # I. However, {t’|y/}?_, are not colinear for any
subset U’ of W, that properly contains UU. To show that, suppose not, i.e., assume there
exists U C U’ C W such that {b’[y}7_, are colinear. Then there exists y — y' € U'\U

such that {/|yu(y—yy }1_; are colinear. Note that b'[; # 0 and &y = 0 for j # [, so

from colinearity we have b;_w, = 0 for 5 # [, no matter what value blyﬂy/ takes. Note that
bl\Wl\U = 0; in particular, bly_w, = 0. Thus, b]y'_)y, = 0 forall 1 < j < q. Therefore, we

have y — 3’ € Uy, which is a contradiction as we have assumed that y — v’ € W;. We
say {b’|u}I_, are maximally colinear over Wy in the case that {V/|}7_, (U C W) are
colinear, and {V’| 4_, are not colinear for any subset U " of W that properly contains U.

Let {a’}?_,(g > 1) be the given basis of Kert L,NTy . Note that {a’ }_yand {¥}7_,
are both bases of Kert Ly N Ty . It is easy to see that for any set U C W,

(i) {V’|}9_, are dependent if and only if {a’|;}_, are dependent, and
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(i) {v’|}?_, are colinear if and only if {a’|;}?_, are colinear.

Therefore, we have

(i) {V|w,\v}—, are dependent if and only if {a’|y,\v }?_, are dependent, and

(i) {’|v}9_, are maximally colinear over W, if and only if {a’|;}%_, are maximally

colinear over W;.

Lemma 2.12.2. We are given the orientation 0 and W = {y; — y.}~, where y; — .
is the representative for the nonzeroth equivalence class P;. Suppose that there is a forest
basis {b'}_, of Ker™ Ly N Ty and the forest graph G under the basis {b'}7_, has a
nontrivial star component C. Then the following statements hold:

There exists U C Wy with |U| > 3, such that

(i) There exists 1 < | < gq, such that the support of b € C'is U, and the support of
W :j=1,..,qand j # 1} is Wi\U.

(ii) For any given basis {a’}I_, of Ker™ Ly N Ty, we have {a’ |y }1_, are maximally

colinear over Wy and {a’ |w,\v }j—, are dependent.

Lemma 2.12.3. We are given the orientation 0 and W = {y; — y.}~, where y; — .
is the representative for the nonzeroth equivalence class P;. Suppose that there is a forest
basis {b'}?_, of Ker™ Ly NTw, and for the given basis {a’}!_, of Ker™ Ly N Ty, there
exists U C Wy with |U| > 3, such that {a’|y}?_, are maximally colinear over W, and
{a’|wy\v 1}, are dependent. Then there exist a forest basis {v/ Y_, of Ker™ LyNTy and
1 <1 < q, such that the support of {V’ : 1 < j < q, and j # 1} is Wi\U and the support
of Vs U.
PROOF: If ¢ = 1, it is trivial. Let us assume that ¢ > 2.

Suppose there is a forest basis {¢’}7_, and for a given basis {a’}1_,, there exists U C
Wy and [U] > 3 such that {a’|;}7_, are maximally colinear over W1, and {a’ |w,\v }I_,
are dependent. Thus, {V/|y}?_, are maximally colinear over W and {V'|y,\v}1_, are

dependent.
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For any basis vectors {@’}?_, of Ker" Ly N Iy, {&’|y}?_, are maximally colinear

over W;. We assume that there are k£ (1 < k < ¢) nonzero vectors, say a"'|y, ..., a""

Us
and g — k zero vectors @’ |;; for j # ny,...,ng. Here k > 1is because U C W, = W\Uj.
Note that the support of each a™|y, ..., a™* |y is U, as U C W7 = W\Uy. In the basis graph
Gof {@'}I_, forally — y' € U,{y —y,@’} € E(G) if and only if j € {ny, ..., n}.
Note that £ can be any integer between 1 and ¢, depending on the basis. Note that
|U| > 3. If k > 2, then there exists a cycle in the basis graph. Thus, if there is a forest
basis of Ker®™ Ly N Ty, k must be 1 for this forest basis. Therefore, for the forest basis
{'}9_,, there exists 1 < I < g such that forall j # [, |, = 0 and the support of b'|;; is U.
Therefore, the support of ¥’ (for any j # ) is contained in W;\U. In fact, the support of
{b':j=1,...,qand j # [} is W;\U. Suppose not; then there exists y — ¢ € W, \U such
that b/

y—y’

= 0 for all j # [. Since W; = W\U,, bfy—w’ # 0. Therefore, {V’|yugy—y} iy
are colinear, which contradicts with the fact that {b’/ lu}j—, are maximally colinear over
Wh.

We have that the support of {¢ : j = 1,...,qgand j # [} is Wi\U. Is the support of
b’ equal to U? We will not try to answer this directly. Instead, we will show that we can
find a forest basis {Ej}?zl in which the support of {57}31-:1 is W1 \U and the support of &'
is U. To show this, consider the forest basis {6’}7_,. If the support of 4" is U, then we are
done. Otherwise, since {V’|y,\v}?_, are dependent, b'|y,\ can be expressed as a linear
combination of {&’|y,\v : 1 < j < ¢, and j # [}. We could use this fact to zeroize the
entries on b'|yy,\7 (While keeping other entries the same) to get a new set of basis {Bj}?zl
such that the support of {i/ : j = 1,...,gand j # [} is W} \U and the support of b’ is U.
Note that {’}7_, is a forest basis, and the basis graph of { l;j}?zl is a subgraph of the forest
basis graph of {¥/}7_,, so {v/ }9-, is also a forest basis. O

Case II: C' is a nontrivial component and not a star.

Suppose that the forest basis graph G under {¢’ }?:1 has a nontrivial component which
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is not a star. It contains /;, and H,, satisfying the following conditions: for : = 1,2,
H;, contains b and at least 3 reactions, and H 1, connects to the rest of the component via
Yn, — Yy, If there is a forest basis {v }9-, and the forest graph has a nontrivial component
which is not a star, then there exists forz = 1,2, 1 < [; < g, such that

i) Forall y — ' € H,\{yn, = yp,} and 1 < j < g, b‘iqy, # 0 if and only if j # [;.

ii) b £ 0 and there exists 1 < j < ¢ with j # [; such that ¢’ # 0.

Yn; —Yn, Yn; —Un,

iii) Forall y — ¢ ¢ Hy,, by, = 0.

Fori=121letU' ={y -y e Wi :y —y € H\{yn, — v, }}, then |U’| > 2.
Note that a leaf in a nontrivial component has only degree 1. For ¢ = 1, 2, H;, connects to
the rest of the component via y,,, — y;h Therefore, U' and U? are disjoint. Fori = 1,2,
letVi={y—y eW  :y—yecHY={y—vy :y—y €H} Thenfori=1,2,
V' =U"U{yn, — v, } Note that for i = 1,2, we have

D[V >3.

ii) b |y, v = 0.

i) Forl <j <gq,V

yi = 0if and only if j # [,.

iv) blyll oy, = ( and there exists 1 < j < g with j # [; such that bini—*y%i £ 0.

v) For every y — 3 € U’, y — o/ is a leaf of the forest graph in H; . Reactions of V"
together with b" make up H;,, and H;, connects to the rest of the nontrivial and non-star
like component through y,,, — ¥,,..

Therefore, the support of b" is V% and the support of {¢/ : j = 1,...,gand j # [;} is
contained in W;\U’. Moreover, note that {V/ : j = 1,...,qand j # [;} has support on
Yn, — y;h Then similarly as in the case I, we can show that the support of {V/ : j =
1,...,qand j # I;} is W, \U". The support of {V’ : j = 1,...,qand j # l1, [y} is contained
in (W \U") U (W,\U?) = Wi\(U' UU?). Note that each a"

vi (1 <k < q) can be

represented as a linear combination of Y|y, j = 1,...,q and each ¥/

vi (1 <j<gq)can
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be represented as a linear combination of g k=1, ..., q. Note also that {bj

Ui by are

maximally colinear over W7, so {aj i };’»:1 are maximally colinear over ;.
Note that {b’ lwvi };1-:1 are dependent, and we can claim that in case II, for i = 1,2,
{V’lwy\vi }9—, are not dependent. To see that, just suppose the opposite, i.e. {0/, i},

are dependent. Note that b’

wy\ui can be expressed as a linear combination of {&”|y,\y

1 <j <gq, andj # I;}. We could use this fact to zeroize the entries on b"

wio+ (while
keeping other entries the same), in particular, bijnﬁy;%, to get a new set of basis {Bj}?zl
where the support of b is U' and the support of {§’ : 1 < j < ¢, and j # I;} is W, \U".
Note that we have {¥/|y: }9-1 being maximally colinear over W, and {07 |wy\0r } are de-
pendent. Note that since each &’ has to have at least 3-reaction support, |U‘| > 3. Thus,
there is a forest basis {Bj}?zl and there exists U = U’ with |U| = |U’| > 3 such that

{Bj|U}§-:1 are maximally colinear over W, and {0’ lw\v } are dependent; it then goes back

to the case I, which we have discussed. Therefore in case II, we assume that {5’ lwi\vi F i1

q
J=1

are dependent, but {t’ [y, }7_; are not dependent.

Note that each b’ |yy,\vi (1 < j < g¢) can be represented as a linear combination of
CLk|W1\Vi, k=1,....,q. Thus {aj|W1\V¢};1-:1 are dependent. Note that each ak|W1\U¢ (1<
k < ) can be represented as a linear combination of &’ lwowis J = 1,...,q. Therefore,

{a|wy\vi Y-, are not dependent.

Lemma 2.12.4. We are given the orientation 0 and W = {y; — y; i, where y; — 1. is
the representative for the nonzeroth equivalence class P;. Suppose there is a forest basis
{v }?:1 of Ker* Ly N Ty and the forest graph G has a nontrivial component C which is
not a star. Then the following statements hold:

There exist two disjoint subsets of W1, U Yand U?, where fori =12 |U 1] > 2, and

VI =U"U{yn, — v, } for some y,, — y,, € Wi\(U" UU?), such that

(i) There exists 1 < I; < q, such that the support of b is V°, and the support of b
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(7 # 1;) is contained in Wi\U". Furthermore, the support of V’ (j # l1,1,) is contained in
Wi\(U'uU?).

(ii) For any given basis {a’}1_, of Ker"™ Lo N Ty, we have {a’ |y }!_, are maximally
; J 4 J 4
colinear over Wy, {d’ |w,\v: }1_, are dependent but {a’ |y, \y:}j—, are not.

w

Lemma 2.12.5. We are given the orientation 0 and W = {y; — y; }i, where y; — 1. is
the representative for the nonzeroth equivalence class P;. Suppose that

(i) There is a forest basis {b"}gz1 of Kert Lo NTy.

(ii) For a given basis {a’ }']1-:1 of Ker™ Lo N Ty, there exist two disjoint subsets of
Wi, U' and U?, where |U*|,|U?| > 2, and two sets V; and Vs, where fori = 1,2, V' =

U U{yn, — yo,} for some y,, — yi, € Wi\(U'UU?), such that {a’

ui }i—y are maximally
colinear over Wy, {a’ |w,\vi}1_, are dependent but {a’ |y, v }1_, are not.
Then for i = 1,2, there exists a forest basis {Ej’i}q and 1 < l; < q such that the

j:l)

support of {0 : 1 < j < q, and j # 1;} is Wi\U" and the support of b is V.

PROOF: Suppose that the conditions (i) and (ii) hold. Therefore, for i = 1,2, {b|;: o
are maximally colinear over W1, {0 |\ }7_, are dependent but {¥’|y,\ri }7_, are not.

For i = 1,2 and for any basis vectors {a’}!_;, of Ker™ Ly N Ty, {@

Ui} are max-
imally colinear over ;. We assume that there are k; (1 < k; < ¢) nonzero vectors,

i
n
kq

i i
@i and ¢ — k; zero vectors. The support of each @™

say G Uiy ones Uiy eeey @ Fi|gri 18
U, as U' € Wy = W\Uy. In the basis graph G of {a’}I_,, for each y — ¢/ € U’,
{y — .d’} € E(G) if and only if j € {n},..,n] }. Note that k; can be any inte-
ger between 1 and ¢, depending on the basis. Note that if k; > 2, there exists a cy-
cle in the basis graph. Thus if there is a forest basis, then k; = 1 for this forest basis.
Therefore for the forest basis {bj };1:1, there exists 1 < [; < ¢ such that the support
of {¥ : 1 < j < q, andj # I;} is contained in W;\U’. Furthermore, the support of
{b' 11 <j<gq,andj # I;} is W, \U". Suppose not, then there exists y — 3 € Wi\U"

such that b?;%y, = 0, for all j # [;. By the definition of W7, b‘fjﬂy, # 0. Therefore,
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{V'|ivgy—yy 1= are colinear, which contradicts with the fact that {¥’|;}?_, are maxi-

mally colinear over Wj.

We have that the support of {&’ : 1 < j < ¢, and j # I;} is W;\U". Is the support
of b equal to V'? We will not try to answer this directly. Instead, we will show that,
for each i = 1,2, we can find a forest basis {Bj’i}?zl in which the support of {b’* : j =
1,...,qand j # [;} is Wy \U" and the support of b'** is V*.

To show this, consider the forest basis {¢’ }9—1. We will do it for each 7 = 1 and 2. If

the support of b" is V*, then we are done for the case i. Otherwise, since {0’ |yy,\y:}7_;

are dependent, b% wy\vi can be expressed as a linear combination of {bj\Wl\Vi 1 <

j < q,andj # l;}. We could use this fact to zeroize the entries on bli wi\vi (while

q

keeping other entries the same) to get a new set of basis {07} 4_1, such that the support of

{bV':j =1,..,qand j # I;} is W;\U" and the support of b'* is either U® or V*. Note
that since we assume {|yy,\y+} are dependent and {V’|yy,\y+} are not dependent, then

{Bj’i|W1\V1'} are dependent and {Bj’i‘WI\Ui} are not dependent. Thus "’ # 0, from the

Yn; _)yili
formation of {I;j’i}g-:l from {&’}7_,. Therefore, the support of bl is V. Next we want to

l;

show that {I;j’i}gzl is a forest basis. We have two cases depending on whether bynﬁyai is
Zero or not.

(i) Note that if bzni—*y%,- = 0, then the basis graph of {}’ ’i};’:l is a subgraph of the forest
basis graph of {’}_,. In this case, since {¥/}{_, is a forest basis {0"'}{_, is also a forest
basis.

(ii) Note that if béjﬂﬁ% = 0, then we can still show that {577i}?:1 is also a forest basis.
To show it, note that the basis graph of {l;j’i}gzl is not a subgraph of the forest basis graph of
{v }3—1. However, in the basis graph of {Bj’i}?zl, if we remove the edge between y,,, — ¥,,.
and b, then the new graph is a subgraph of the forest basis graph of {¢’ }9—1. Thus, the
new graph is a forest. However, note that in the new graph the component containing bl

is a star and disconnected with the components containing b for j # I;. In the new graph,

144



if we add back the edge between y,,, — y,, and b' to get back the basis graph of {l;j’i}gzl,
we reduce the component by 1, increase the number of edges by 1 and keep the number of
vertices. Then #(components)+#(edges)= #(vertices) holds for the new graph as well as

for the basis graph of {Z}j’i}gzl. Therefore, {Ej’i};l:l is also a forest basis. O

Remark 2.12.6. We have proved the following statement.

We are given the orientation 0 and W = {y; — y.}" | where y; — . is the represen-
tative for the nonzeroth equivalence class P;. Given a basis {a’ };1-:1 of Kert Ly N Ty, if
there exists a forest basis {b’ }?:1’ then the forest basis graph has a nontrivial component,
which is either a star or not a star. Therefore, one of the following must be true:

(a) There exist U C Wy with |U| > 3, and 1 < | < g, such that the support of
' is U and the support of ¥ (j # 1) is contained in W,\U. Moreover, the support of
{VV : j = ..,qandj # 1} is W\U. We have {d’|y}?_, are maximally colinear over
Wiand {a’ |w,\v} are dependent.

(b) There exists two disjoint subsets of Wy, U' and U?, where for |U*|, |U?| > 2, and
two sets Vi and Vs, where for i = 1,2, V' = U' U {y,, — v, } for some y,, — y., €
Wi\(U' U U?), such that

(i) There exists 1 < l; < q such that the support of b is V' and the support of V5=
1,....,qand j # I;} is W \U".

(ii) The support of {b' : j = 1,...,q and j # 11,15} is contained in W\ (U* U U?).

(iii) {a’

{ij\wl\Ui Y9, are not.

vi}j—y are maximally colinear over W1, {da’|w,\vi}j—, are dependent but

Remark 2.12.7. We have the following statement.

Suppose that there is a forest basis {V’ Yo of K ert LoNDyy. The following statements
are equivalent.

(i) Given a basis {a’}I_, of Ker™ Lg, and a set U C W with |U| > 3, {a’|y}1_, are

maximally colinear over Wy and {a’ |w,\v }1_, are dependent.
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(ii) There exists a forest basis {V’ Vi and 1 <1 < g, such that the support of V1<

j < q, and j # 1} is Wi\U and the support of b' is U.

Remark 2.12.8. We have the following statement.

Suppose that there is a forest basis {V’ };1:1 of Kert LoNT . The following statements
are equivalent.

(i) Given a basis {aj }?:1 of Kert Ly, two disjoint subsets of W1, U' and U?, where
\U',|U?| > 2, and two sets Vi and Vs, where for i = 1,2, V' = U' U {y,, — v, }

for some yy,,_,, € Wi\(U"' UU?), we have {a’

i }3:1 are maximally colinear over Wh,
{a |wy\vi}I_, are dependent but {a’|y,\ir: }1—, are not dependent.
(ii) For i = 1,2, there exists a forest basis {Bj’i};’»zl and 1 < l; < q, such that the

support of {0 11 < j < q, and j # 1;} is Wi\U" and the support of b is V.

From Remarks 2.12.6, 2.12.7 and 2.12.8, we will design an algorithm to check whether
Kert Ly N Ty has a forest basis or not. If yes, the algorithm will find such a basis.

In the algorithm, we carry out the following steps to check whether there is a forest
basis in Ker™ Ly Ny, given a basis {a’}7_,. We start with p = g.

We first check if one of conditions (a) or (b) in Remark 2.12.6 is true. If not, then we
claim Ker® Ly N Ty does not have a forest basis and we are done. Otherwise, go to Step
2.

First we discuss it in two situations in Remark 2.12.6.

Case (i): If (a) is true, then we let Uy = Vi = U. Let Wy = W \Uy, and W3 = W7\ V4.

Therefore, there exists U; C W; with |U;| > 3, such that {aj lu, }§:1 are maximally
colinear over W, and {a’ lw; } are dependent. There exist a forest basis {(v})_; and 1 <

| < psuch that supp b' = Vi, and supp {V’ : j = 1,...,pand j # [} = Wh.
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Case (ii): If (b) is true, then we let U, = U', V! = U, U {y,,, — Yy, },and I = I;. Let
Wy = Wi\Uy, and Wy = Wi\ ;.

Therefore, there exists U; C Wy with [U;]| > 2, such that {a’|, }%_, are maximally
colinear over W1, {a’|y;} are dependent but {a’|y,} are not. There exist a forest basis
{bj}§:1 and 1 < | < psuch that supp b’ = Vi, andsupp {I’ : j = 1,....,pand j # [} =
Wh.

Then, we deal with both cases in one situation.

Without loss of generality, let us assume that [ = p; let us assume the basis vectors
{a’}?_, are reordered so that if a*|y, = 0, then a’[y, = 0 forall 1 < j < k. Note that
{aj lu, }1;:1 are maximally colinear over W;. There exists 3; foreach 1 < j < p — 1, such
that o’ |y, = B;a”|y,. We then may replace ¢/ 1 < j < p — 1 with @ — 3;a” in the basis.
In the new basis, a’ ly, = 0 forall 1 < 5 < p — 1. Because of the maximally colinearity
over W, we can show that the support of {a’ : 1 < j < p — 1} is W,. Note that ag,
will be unique up to a multiple. Since {al., }i—1 are dependent, a”|yy; lies in the span
of {aj|W2/ : 1 < j < p— 1}. Therefore, there exists a; foreach 1 < j < p — 1, such
that a%,é = Z aja’ lwy. In the new basis we may replace a” with a” — Z aja’.

1<j<p—1 1<j<p—1
We will rename the most updated basis vectors as {aj’1}§:1. Now we have that for all

y — 1y € Wi\Ws, a?!, , # 0 from the definition of W, and a?!

9
y—y'

wy = 0. Therefore, the
support of a”! is V; and the support of {a’! : 1 < j < p — 1} is W,. Note that if (a) is
true, then ¢! is unique up to a multiple. If (b) is true, then it is still true that a”' is unique
up to a multiple. Suppose not. Note that a”!|;;, is unique up to a multiple, and we assume
a”!|y, is not unique up to a multiple, then we can generate a new vector whose support is
Vi\U,. This contradicts with the fact that the support of every vector in Ker™ Ly N Ty
must contain at least 3 reactions. Note that the support of b” (we assume [ = p) is V, and
the support of {V/ : j = 1,....pand j # p} is Wa. In both cases of (a) and (b) we take

W= aPt,
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Let us consider the basis {a’' : 1 < j < p — 1}. We can claim that the subspace span
{a’! : 1 < j < p—1} has aforest basis if and only if the subspace span {a’' : 1 < j < p}
has a forest basis. In particular, the subspace span {a’' : 1 < j < ¢ — 1} has a forest basis
if and only if Ker™ Ly N Ty has a forest basis. We will only need to prove for the case
that p = ¢ and the proof will be given shortly in Lemma 2.12.10. We rename the basis
{a"':1<j<p—1}as {aj}ﬁzw, where p"®” = p — 1. If p"** equals 1, we are done and
claim that Ker®™ Ly N Ty has a forest basis. Otherwise, we update p to be p"“* and go to
Step 1.

In the end, we will have two situations: one is that we conclude that Ker™ Ly, N Ty
does not have a forest basis; the other is that when p"“” = 1, we find {bj }?:1, which is a

forest basis of Ker™ Ly NIy (we know {b }3-1 is a forest basis by its formation process).

Remark 2.12.9. Note that if case (b) in Remark 2.12.6 holds, we have two sets U' and U*
and we only use U; = U in Step 2. To save some time, we may do step two for Uy = U'
and then do it for Uy, = U? (update V', Wy, and W} accordingly) before going back to

Step 1.

Lemma 2.12.10. We are given the orientation € and W = {y; — y.}, where y; — y. is
the representative for the nonzeroth equivalence class P;. The subspace span {a’' : 1 <
j < q— 1} (where p = q in Step 2 of the algorithm) has a forest basis if and only if Ker*

Lg N Ty has a forest basis.

PROOF: If Kert Ly N 'y has a forest basis {¢’ }9-1 as we assumed, then the subspace
span {a’! : 1 < j < g — 1} also has a forest basis. To see this, note that the graph
of {v/ }g;} can be obtained from removing b? from the graph of {¥/}?_,. In case (a),
Wy = WQ/, removing b? reduces the number of the vertices by 1, reduces the number of
edges by |U;|, and increases the number of components by |U;| — 1. Therefore, the change

of #(vertices)— (#(components)+#(edges)) is —1 — (—|U;| + |U;| — 1) = 0. In case (b),
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Wy # W,. Removing b? reduces the number of the vertices by 1, reduces the number of
edges by |U;| + 1, and increases the number of components by |U; |. Therefore, the change
of #(vertices)— (#(components)+#(edges)) is —1 — (—(|U1| + 1) + |Uy|) = 0.

On the other hand, we assume the subspace span {aj’1 : 1 < j < q— 1} has a forest
basis. We will show Kert L, N Ty has a forest basis. To see this, note that supp b = V;
and supp {07 : 1 < j < g—1} = Wa. Incase (a), ViNWa = 0. If {07 }%_| has a forest graph,
then to get the graph of {’ }9-1, we add an independent component to the graph. Therefore,
the new graph (of {&’}7_,) is still a forest graph. In case (b), Vi N W = {y,,, — v, }. If
{v }?;% has a forest graph, then to get the graph of {¥’}_,, we just attach an independent
component to a component in the old graph of {b’}?;i through an edge. Therefore, the

new graph (of {&’}1_,) is still a forest graph. O
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Chapter 3

THE HIGHER DEFICIENCY ALGORITHM

3.1 Overview

The Higher Deficiency Algorithm, implemented in [16], gives results which are similar
to those of the Advanced Deficiency Algorithm (see [7] and [8]). It is a reformation and
extension of the Advanced Deficiency Algorithm. The Higher Deficiency Algorithm al-
ways provides a result when the Advanced Deficiency Algorithm gives one and sometimes
provides results when the Advanced Deficiency Algorithm stays silent. In terms of the ap-
proach to answer the question of whether a given reaction network has the capacity to admit
multiple steady states, the Higher Deficiency Algorithm also produces systems of equal-
ities and inequalities in terms of i € R” and M,’s, in the same way that the Advanced
Deficiency Algorithm does.

In this chapter, we will present the steps for finding the inequality/equality systems,

based on the theory in Chapter 2.
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3.2 Constructing Inequality/Equality Systems

We will list the steps for finding the inequality/equality systems, and apply the algorithm
on reaction network (3.2.1) given below to help illustrate the steps in the algorithm.
E1+Sl :‘ElSl :\E1+S2 \iE152 —>E1+53
E2+53 \:\EQSS —>E2+SQ \:‘EQSQ —>E2+Sl

E3+51\:\E351—>E3+53\:\E353—>E3+SQ

Step 1: Choose an initial Orientation

We choose an orientation ¢ for the reaction network.

For reaction network (3.2.1), we can choose & = {E; + S1 — E;S1, E1S1 — Ey +
So, By + Sy — E1S9, E1Sy — Fy + S3, Fy + S5 — E5Ss, E3S3 — Fy + Sy, Fy + Sy —
E5Ss, EySy — FEy + Sy, B3 + 51 — E3S1, E3S1 — E3+ S3, B3 + S3 — E3S3, F3S3 —
Es 4+ S>}.

Remark 3.2.1. Let {v'}_| be a basis for Ker Ly. Lety — v € O. Consider the following
two statements.
(1) wy—y € Kert L.

(ii) Forall 1 <[ <d, ! = 0.

y—y'

It is easy to see that (i) and (ii) are equivalent. Therefore, if forall 1 < < d, Ui_,y, =0,

then y — 1 lies in the zeroth equivalence class .
Lety — vy, 5 — ¢ € O\P,. We consider the following two statements.
(iii) There exists o # 0 such that w,_.,, — w5 € Kert L.

. . l _ l
(iv) There exists o # 0 such that v,_,,, = avy_z, forall 1 <1 <d.

We will show that (iii) and (iv) are equivalent. We can then use (iv) to find nonzeroth

equivalence classes and therefore fundamental classes. To see that, note that if there exists

l _ l
y—y = AV5y

a # 0 such that wy_.,y — awy_.y € Ker* Ly, then v foralll <[ <d. On
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the other hand, suppose that for all 1 < | < d, v! = av!

Yy =. Since any v € Ker Lg

g—7

is a linear combination of v*, ..., ve

, we can easily show that vy_.,, = avj_y. Therefore
Wy—sy! — OWyiy € Kert L.
In the algorithm, we will use the alternative statements (ii) and (iv) to find the equiva-

lence classes and therefore fundamental classes.

Step 2: Find the Equivalence Classes and Fundamental Classes

First, we find a basis for Ker Ly, say vl, e v, where d = dim Ker L.

Then based on Remark 3.2.1, we find the equivalence classes by the following rules:

(i) Fory — ¢ € O, ifforall1 <1 <d,v,_, =0,theny — y' € P, which is the
zeroth equivalence class.

(ii) Fory — 3/, 5 — ¢ € O\ R, if there exists a # 0 such that vi_,y, = cwlg_,g, for all
1 <1<d, theny — ¢y and § — 7 belong to the same equivalence class.

We then name each equivalence class from (ii) as P;, = = 1, .., w. Recall that each fun-
damental class C; consists of all reactions in the same equivalence class and their reverses
if there are any. Also recall the comments in Remarks 2.7.2 and 2.7.3. Next, we will check
if the following statements hold:

(a) All reactions in the zeroth equivalence class F, are reversible (with respect to %).
In other words, P, and Cj are reversible.

(b) For two irreversible (with respect to %) reactions y — 1’ and § — ¢’ in the same

! = avt _, for all

equivalence class P; (1 < i < w), there exists a > 0 such that v, P

1< <d.
If one of the statements above does not hold, then we claim the reaction network cannot

have the capacity to admit multiple steady states and exit the algorithm.
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For reaction network (3.2.1), d = dim Ker L, = 4. A basis {v',v?, v v*} for the

linear space Ker Lg, is given as follows:

Ex+S—=ES51 0 0 0
ES  —E+S]11 0 0 0
Ei+Sy—FES, |0 1 1 0
E/Sy—FE+S300 1 1 0
Ey+S3—ES;| 0 1 0 1
EyS3— Ey+S, | 0 1 0 1
Ey+ S — ExS, | 1 0 0 1
EySo — Ery+511 0 0 1

Es+S —FsS |0 0 0 1
E3S1 — FEs+S3]1 0 0 0 1
Es+S3—E3S31 0 0 1 0
E3S3 — E3+S,\0 0 1 0

Therefore reaction network (3.2.1) has the following w = 6 equivalence classes:

Py ={}

P ={E,+ S — E151, E151 — E1 + Ss}
Py ={E, + Sy — E15,F1 Sy — E; + 53}
Py = {E5 + S3 — E3S3, E3S3 — Fy + S}
Py ={Ey+ Sy — E3S3, E3Sy — FEy + 51}
Ps ={E5+ S5, — E351, E35) — E3+ Ss3}

Pﬁ = {Eg + Sg — EgSg, E353 — E3 —+ SQ}
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Reaction network (3.2.1) has the following fundamental classes:

Co={}

Cy={E\+ S — E151,E1S1 — Ey+ 51, E151 — B+ Sa, By + S2 — E151}
Cy ={F)+ Sy — E\Ss, E155 — Ey + Sy, E1Sy — Ey + S3}

C3 = {FEy+ S3 — E5S3, F2S3 — Ey + S35, E5S3 — Eo + Sa}

Cy={Ey+ Sy — E3S5, E3Sy — Ey + So, E5Sy — Eo + S1}

Cs ={F3+S; — E3S51, E3S1 — E3+ 51, E351 — E5 + S3}

Cﬁ = {E3 + 53 — E353, EgSg — E3 + Sg, E3Sg — E3 + SQ}

We can verify that statements (a) and (b) (in Step 2) both hold for reaction network
(3.2.1), as P, is empty and each P; (1 < ¢ < 6) has at most one irreversible reaction. We

can move on to the next step.

Step 3: Find the Colinkage Sets

Divide the reaction network into subnetworks within which the reactions are from the
same fundamental class and all reactions from the same fundamental class are in the same
subnetwork.

For reaction network (3.2.1), the subnetworks are:

Fundamental Class (' subnetwork: £ + S| = E1S51 = E; + 5,
Fundamental Class Cy subnetwork: E; + Sy = E159 — E; + S3
Fundamental Class C'5 subnetwork: Fy + S5 = E5S3 — Fy + S5
Fundamental Class C, subnetwork: F5 + Sy = F»Sy — Ey + .5
Fundamental Class C5 subnetwork: F3 + 57 = E35; — E3 + S3
Fundamental Class Cg subnetwork: 3 + S3 = E3S53 — F3 + S5

Then the colinkage sets of reaction network (3.2.1) are {E; + Si, F1S1, E1 + Sa},
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{E1 + S2, E1S2, By + S3}, {E2 + S5, E5Ss, Es + S}, { By + So, E2Sa, By + S1}, {E5 +
S1, E3S1, Es+S3}, and { E5+ S5, E3S3, E3+ S5 }. The strong colinkage sets are: within C1,
{E1+ 51, E1S1, E1+ S5} (terminal); within Cy, { E} +Ss, E1.S2} (non-terminal), { £+ S3}
(terminal); within Cs3, {Es + Ss3, F2S3} (non-terminal), { E5 + Ss} (terminal); within Cy,
{E5+ Sy, E5S5} (non-terminal), { 5 + 51} (terminal); within C5, { E5 + S, E351} (non-
terminal), { 5 + S3} (terminal); within Cs, { E5 + S3, F3S53} (non-terminal), { F3 + Ss}

(terminal).

Step 4: Pick W C &0

Recall that if all reactions in an equivalence class are reversible (with respect to Z, not
0), then it is called a reversible equivalence class; otherwise, it is called a nonreversible
equivalence class.

Pick a representative y; — y; € P; for each equivalence class P; (0 < i < w) by the
following rules:

If the equivalence class is nonreversible, then pick an irreversible reaction as its repre-
sentative; otherwise, pick any reversible reaction.

LetW ={y; =y, :i=1,..,w}.

For network (3.2.1), we choose W = {E1S] — Ej + Sy, E1Sy — Ey + S5, E2S3 —
Ey + Sy, E3Sy — Ey+ 51, E3Sy — Es+ S3, E3S3 — E3+ Sa}. Note that |W| = w = 6.
We also name the " reaction listed in the set W as yi — 1, for 1 <4 < 6. For example,

v — Yy = E1S1 — Ey + Ss, and y5 — vy = E3S) — E3+ Ss.

Step 5: Realign the Orientation (if necessary)

We will realign the orientation (if necessary) so that the following is true:

In each nonzeroth equivalence class P; (1 < ¢ < w), for any y — y' € P, there exists
ay—y > Osuchthatw,, ., — o, yw, ., € K er™ Lg; or equivalently, for a basis {v'}{,
of Ker Ly, there exists ., > 0 such that véﬁyg = ay_,yrvilﬁy, foralll <[ <d.

155



If the statement above holds for the current orientation ¢, then nothing needs to be
done and we move to the next step. Otherwise, suppose that for y — 3" € P\{y; —
y;} there exists o, < 0 such that Wy, vyl — Oy Wy € Ker™t Lg; or equivalently,
for a basis {v'}{_, of Ker Lg, there exists o, ., < 0 such that vlyﬁy; = ozy_,y/viﬂy/,
for all 1 < [ < d. Since the statement (b) in Step 2 is satisfied, P, must be reversible
and so is y — 3. We can realign the orientation & to & by replacing y — 3’ with
y' — 1. Therefore, in the new orientation ﬁ, for 1 < ¢ < w, there exists a,—,, > 0
such that wy, .., — ayywy ., € K er® Lz; or equivalently, for a basis {0}, of Ker
L ;, there exists oy, > 0 such that 1721__% = ay/_,yﬁly,_)y forall 1 <1 < d. We will
repeat this replacement process to update the orientation until the condition mentioned at
the beginning of Step 5 is satisfied. Without loss of generality, we will still call the new
orientation 0.

Note that since we do not replace the representative in the realignment, W = {y; —
y: :i=1,..,w} is unchanged.

For reaction network (3.2.1), there is no change made to the orientation.

Step 6: Find a basis for Ker™ Ly N Ty

In this step , we find a basis for Kert Ly N Ty, say al, ...,a’, where ¢ = dim Kert

LﬁﬂFW:w—d.
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For reaction network (3.2.1), ¢ = w —d = 6 — 4 = 2. A basis {a', a*} for Ker*

Lg N Ty, 1s given as follows:

ESi —FE +S5( 0 1
ESy—E+S5]1 1 0
EyS; — Ey+ S, -1 0
EySy — E,+S51 1 0 —1
E3S| — Es+ 53] 1 1

E3Sg — E3 + SQ -1 0

Step 7: Determine linearity by whether there exists a forest basis in Ker™ Ly Ny

We will follow the procedure for finding out whether there exists a forest basis in Ker+
Lo N Ty as listed in Section 2.12.

Suppose there exists a forest basis in Ker™ Ly N Ty. By trying to solve for a nonzero
p € R that is sign compatible with S from the linear inequality/equality systems (in
terms of p and M;’s), we can answer the question of whether the given reaction network
has the capacity to admit multiple steady states. In this case, we say the resulting inequality
systems are linear.

Suppose there does not exist any forest basis in K er™ L, N Ty ; then besides the linear
inequalities and equalities in the system, we may need additional nonlinear constraints
(equalities) on the M;’s (which we will not mention in detail in this thesis) to determine the
answer to the question of multiple steady states. In this case, we say the resulting inequality
systems are nonlinear.

For reaction network (3.2.1), we find out there exists a forest basis {b', %} of Ker+

Lo N Ty, where b' = a' = [0,1,-1,0,1, —1] and b* = a® = [1,0,0, —1, 1, 0]. Therefore,
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the inequality systems we will construct in later steps to answer the question of multiple

steady states are linear.

Step 8 : Pick Sign Patterns for gy, hyy € R N Ty

We pick two sign patterns for R? satisfying the following conditions:

(i) The two sign patterns are not both zero (meaning the zero vector in R?).

(i1) The two sign patterns are both sign-compatible with Ker L.

(iii) For each sign pattern and each nonreversible equivalence class P; (1 < ¢ < w), the
corresponding sign projected on the representative of P; (and all reactions in F;) is positive.

We then choose the sign patterns for gy, hyy € RY N Ty as projections of these two
sign patterns on W.

If no such sign patterns exist, we will claim that the reaction network does not have the
capacity to admit multiple steady states and exit the algorithm.

In reaction network (3.2.1), all P;’s (2 < i < 6) are nonreversible. Thus for each
yi — vy, € W (2 < i < 6), the signs of gy (y; — v;) and hy (y; — ;) both have to
be positive. Note that P, is reversible. We can verify that any pair of sign assignment
((positive, positive), (positive, negative), or (negative, zero), etc.) to gw(y1 — ¥;) and
hw(y1 — yy) will make the sign patterns of gy, and hyy satisfy the three conditions (i),
(i) and (iii). For this step, let us pick the signs of gy (y1 — ¥;) and hy (y; — y;) both to
be positive. Therefore, the sign of each gy (y; — 4:) (or hw(y; — yi)) for 1 < i < 6 is

positive.

Step 9: Choose Shelvings for reactions in nondegenerate fundamental classes

Note that the shelvings assignments are applicable for reactions in nondegenerate fun-
damental classes C;’s. We assign a shelf to each reaction in a nondegenerate fundamental
class following the conditions in Proposition 2.8.1.

For reaction network (3.2.1), note that from Step 8 all signs for gy (y; — :)’s (1 <
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i < 6) are positive. Note also that from Step 3, the nontrivial strong colinkage set in
fundamental class (' is terminal and every nontrivial strong colinkage set in fundamental
class C; (2 < i < 6) is non-terminal. Therefore, reactions in C; can be all on the upper,
middle or lower shelf and reactions in C; (2 < i < 6) must be all on the middle shelf. One

of the shelving assignments is given as follows, where we put reactions in C'; on the upper

shelf:
U ={E\+S1 — E151,E1S1 — Ey+ S1,E\S1 — Eyv+ So}, M ={}, 4 ={}
Uy =}, Mo ={FE1 + Sy — FE1S5, 1Sy — Ey + Sy, E1Sy — Ey + S3}, % = {}
Us = {}, M3 = {Ey + S3 — E5S3, ErS3 — Ey + S3, E2S3 — Eo 4 Sa}, L5 = {}
Uy ={}, My ={Ey+ Sy — E2Sy, E9Sy — Eg + Sa, EsSy — Ey+ 51}, 2 = {}
Us = {}, M5 = {E35+ Sy — E351, E351 — E5+ S1, E3Sy — B3 + Ss}, 45 = {}
Us =}, Ms = {E3+ S5 — FE353, E3S3 — E3+ S3, F3535 — FE3+ So}, % = {}

where %;, /; and %, are the upper, middle and lower shelves, respectively, for the nonde-

generate fundamental class C; (1 < i < 6).

In Steps 10 to 13, we will construct the inequality system according to the sign patterns
for gy, hyy € R? N 'y chosen in Step 8 and the shelving assignments for nondegenerate

fundamental classes chosen in Step 9.

Step 10: Add Shelving Equalities and Inequalities for nondegenerate fundamental classes

Recall that for each nondegenerate fundamental class C; (1 < i < w), we let M; =
In(pw(y; — v.)) if pw(y; — 4i) > 0; otherwise, we let M; be an arbitrary (large and
negative) number which is to be solved later.

Suppose that C; (1 < i < w) is a nondegenerate fundamental class. Lety — ¢’ € C;. If
the reaction y — 3/ is on the middle shelf of the bookcase corresponding to the fundamental

class C;, then y - © = M; is added to the inequality system. If y — /' is on the upper shellf,
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then y - u > M, is added to the inequality system. If y — 3/ is on the lower shelf, then
y - p < M; is added to the inequality system.

For reaction network (3.2.1), recall the shelving assignment given in Step 9. Recall also
that W = {E£1S] — E1+Ss, 1Sy — E1+4853, E3S3 — Eo+Ss, E2Sy — Es+5, E3S; —
E3 + S3, E353 — E3 + S;} and we named the it" reaction listed in the set W as y; — Y.
The inequalities and (simplified) equalities generated in Step 10 according to the shelving

assignment given in Step 9 are as follows:

pEy + ps, > M

pmys, > M

e, + s, > M

pE, + s, = My = up,s,
B, + iss = M3 = lip,s,
UE, + s, = My = pp,s,
Py + sy, = Ms = pip,s,

pEs + sy = Mg = pip,s,

Step 11: Add Upper and Lower Shelves Inequalities for P;’s with nondegenerate C;;’s

Suppose C; (1 < i < w) is a nondegenerate fundamental class. Lety — ¢ € P,. If
gw(y; — i) > 0and y — /' is on the upper shelf or if gy (y; — 3;) < 0and y — v is on
the lower shelf, then y - 1 < ' - v is added to the inequality system. If gy (y; — y:) > 0
and y — o' is on the lower shelf or if gy (y; — 3:) < 0 and y — 3’ is on the upper shelf,
then y - > v - pu is added to the inequality system.

For reaction network (3.2.1), note that the sign of gy (y; — ;) is chosen to be posi-

tive in Step 8. Note also that from the shelving assignment given in Step 9, all reactions
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in nondegenerate fundamental class C; are on the upper shelf. Therefore the following

inequalities are added to the system:

HE, + s, < LB S (321)

KE s, < UE, + HSy

Step 12: Add Equalities and Inequalities for P;’s with degenerate C;’s

Suppose C; (1 < ¢ < w) is a degenerate fundamental class. Let y — ¢’ € Pj; if
hw(y; — y.) > 0, theny-u >y - is added to the inequality system; if hy (y; — y;) < 0,
theny - u < o' - p is added to the system; if Ay (y; — i) = 0, theny - u =y - p is added
to the inequality system.

For reaction network (3.2.1), this step is not applicable as there is no degenerate funda-

mental class.

Step 13: Add M Equalities and Inequalities

Note the conditions in Proposition 2.10.14 are comparisons among pw (y; — v;); we
can directly convert them to comparisons among M;’s.

Recall that two multisets ()7 and (- are nonsegregated if one of the following two cases
holds:

(I) min Q)7 < max ()2, and min ()5 < max ().

(II) min (); = max ()», and min (0 = max ();.

Recall that in Remark 2.10.3, we define two multisets ); and ()5 as nonsegregated if
one of the following two cases holds:

(1) There exist a from one of two multisets and b < ¢ from the other multiset such that
b<a<ec.

(ii) All elements in both multisets are equal or there exists a # b such that in each

multiset, a portion of elements are equal to a and the rest (both not empty) are equal to b.
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Recall that in Remark 2.10.4, we define that two multisets (); and (), are nonsegregated
if at least one of the following two cases holds:

(i) There exist a from one of two multisets and b < ¢ from the other multiset such that
b<a<ec.

(ii’) All elements in ), and (- are equal, or there exist a,b € )1 and ¢, d € ()5 such
thatc =a < b =d.

We will use the definition in Remark 2.10.4 here in the algorithm.

Recall that given a sign pattern of gy € R? N Ty, we define D = {ys — yi € W

gw(y: — yi) # 0}. For1 < j < ¢, we have H; = {y; — v, : biﬁy; # 0} U {v'}.

Also recall that for 1 < j < ¢, we define R}, = {y; — 7. : biﬁy,gw(yi — yi) > 0},
Ro={yi =yl 0 _ow(y — y) <04 @ ={pwly — )y — v} € R}}, and
Q% = {pwlyi = v)) 1 yi — yi € R},

Note that bii_)y;hw(yi —yl) = > b;_)y;hw(yz‘ — y}). Depending on
yi—y,€D yi—y,€DNH;

the sign patterns of & (1 < j < ¢) and hy € R? N Iy, the conditions in Proposition
2.10.14 can be rewritten as follows:

@If > bi ﬁy;hw(yi — /) > 0, then one element in @} are strictly greater
yi—>y;€DﬂHj

than one element in Q.

G I > bii_)y,_hw(yi — 1}) < 0, then one element in Q7 are strictly greater

yi—y,€eDNH;
than one element in Q3.

©If Y biﬁy,hw(yi — y) = 0, then @ and Q) are nonsegregated. In other
yi—y,EDNH; !

words, at least one of the following two cases holds:
(i) There exist a from one of two multisets (Q{ and Q%) and b < c from the other
multiset such that b < a < c.

(ii") All elements in ] and ), are equal or there exist a, b € Q) and ¢, d € Q) such

thatc=a < b =d.
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Note that for each case (a), (b), and (c), we can derive more subcases with detailed
inequalities and/or equalities in terms of the elements py (y; — v.)’s in @’ and Q). For

example, suppose that for a given j € {1,...,¢} such that C; is nondegenerate, Q{ =

{ow(yi — v)}o_, and Q) = {pw(y; — y.)}>_,. Suppose the sign patterns of b’ and

hw € R? NIy make it possible for > b;ﬁy,,hw(yi — 1) to be positive, then
Yyi—y,EDNH; ’

the assumption in case (a) is satisfied. To satisfy case (a), we could have py (y; — ¥}) <
pw(ys — yy) or pw(yr — 1) < pwlys — y5) or pw(yz — v3) < pwlys — ¥)
or pw(y2 — ¥5) < pw(ys — y5) or pwlys — y3) < pw(ys — yi) or pw(ys —
ys) < pw(ys — ;). Note that since we have the signs of py (y; — vi)’s assigned,
we will remove (if applicable) the subcases which cannot hold for the reasons such as a
nonnegative py (y; — ¥.) cannot be larger than or equal to a positive py (yr. — ;). Note
that no subcases will be removed if all py (y; — y;)’s are positive. After we find subcases
for (a), we can similarly derive more subcases for (b) and (c) if their respective assumptions
are satisfied.

In general, for this step, we pick one subcase (in terms of inequalities and/or equalities
in terms of py (y; — ¥})’s in @} and @) for each nondegenerate fundamental class C;
(1 < i < w). We then rephrase all such subcases in terms of M;’s (instead of pw (y; —

y:)’s) and add these inequalities and equalities of M;’s into the inequality system.

Remark 3.2.2. Suppose we have a subset of basis vectors of Ker™ L,NTyy with dimension

q {V }iei (n < q) such that each v (1 < j < n) has support on three reactions, and supp

n+2
=1

{0'}i_, = {yi — YY1 For any three reactions from {y; — v either there exists
b (1 < k < n) with support on these reactions or we can find a vector as a linear
combination of the b’ ’s (1 < j < n) such that its support is these three reactions. Suppose
there exists b (1 < j < n) with support on three reactions y;, — Y., yi, — yi, and

Yis — Yi,- Note that if C;, and C;, are both degenerate fundamental classes, then C;, must
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also be degenerate. Therefore, for fundamental classes C;’s (1 < i < n+ 2) we have three
possible cases:

(i) All fundamental classes C;’s (1 < i < n + 2) are nondegenerate.

(ii) All but one Cy, are nondegenerate.

(iii) All fundamental classes C;’s (1 < i < n + 2) are degenerate.

Therefore, for deriving the pw (y; — 1.)’s (therefore M;’s) comparisons, we only need
to consider the cases (i) and (ii).

Suppose the sign patterns for gy, hw € R? N Ty are given. Based on Remark 1.7.6
of the Advanced Deficiency Theory (see [7] for more information), we claim that the con-
ditions in Proposition 2.10.14 can be rewritten by considering 7 = 1, ..., n at once:

(1) For C;’s (1 < i < n+2), if all but one fundamental class, say C'y, are nondegenerate,

then we have two subcases:

(i) If hw (g1 — 9}) = O, then all pw (y; — y)’s (i # 1) are equal.

(ii) Suppose that hy (y1 — ) # 0. There exists an enumeration of {pw (y; —

i) Yidss say {pw Yk, = Vi) oW WUksr = Uno,,,) ) such that either py (ye, —

yl/ﬁ) S e S pW(yk"JA - y]/fn-kl)’ pW(ykl - yllfl) = = pW(ykn+1 - yl/€n+1), or
pw Yy = Vi) > oo > pw (Ukis = Uiy, ) IS true.

(Il) If all C;’s (1 < i < n + 2) are nondegenerate, then there are only three possible

n+2
=1

cases of pw(y; — y.)’s comparison. There exists an enumeration of {pw (y; — )
say {pw Uk, = Vi) s PW Uhpys — y,’gn“)}, such that either py (yr, — yi,) < ... <
PW Wknre = Yhon) PW Uk = Yh) = o = pw Whure = Yhoin)r OF pw Wk = Yg,) >
oo > W (Yknin = Yhyrrn) 18 true.

In the Higher Deficiency Algorithm, we will adjust Step 13 accordingly to make use
of these properties. For the case (ii) of (I) and case (II), we may remove some subcases

following the given signs of pw (y; — 1.)’s (especially when they are not having the same

signs). Then we can rephrase the subcases into comparisons of M;’s.
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Next we will show that both cases (1) and (II) hold.

We will show that case (I) holds. Suppose that {b’ }?:1 is a subset of basis for Kert
Lo NTy where each b’ has support on three reactions, and supp {b’ Vi =y — Yy,
Also, suppose that a sign pattern of gy € R? N Ty with DN supp {bj}?zl ={y1 — ¥1}
is given. Without loss of generality, let us assume that b’ (1 < j < n) has support on

Y1 — Y1, Y2 — Yy and yj 0 — Y . From equations (2.9.13) and (2.9.14) we have

b 9w (Y2 = )+ 8wy = ) =0, j=1.n (322)

by, hw (Y1 = 91) + pw (2 — 15)b;,, .y 9w (Y2 — ¥3)

J

+ow (Y2 — y}+2)byj+2_>y;+2gw(yj+2 — Yin) =0, j=1,...,n. (32.3)

From the " (1 < j < n) case of equations (3.2.2), we have that b;Q_)yégW(yg —
Yp) = —b;j+2_>y/_+2‘gw(yj+2 — Y1o) = 0. We then plug it into the 3™ case of equations
J

(3.2.3) to get the following:

Oy hw (g1 = 41) + (ow (2 = 43) = pw (Y02 = Y52, 9w (Y2 — 1) = 0,

j=1,..q (3.2.4)

If hw(y1 — y)) = 0 as in case (i) of (I), then we have pw (y2 — ) = pw (Yjr2 = Yji2)
for1 < j <mn. Thenall pw(y; — v.)’s (2 < i < n+2)are equal.
Next let us assume that hy (y1 — ;) # 0. We could rescale VV’s by letting Vo=

bi/bj forall1 < j < n, making b’ = 1forall1 < j < n. From equations (3.2.4)

y1 -y, y1 -y,

in terms of V'’s (1 < j < n) and the assumption that gy (y, — ) # 0, we have that for

any pair 1 < j # k < n (trivial if j = k):

(pw (Y2 = 12) = pw (Ui = 12l (3.2.5)
= (PW(y2 - yé) - PW(yk+2 — y;+2))1~7];2_>yé

Since we have I’ =1foralll < j <n, the b

-y ,’s are different (nonzero of course)

Y2—Yy

forall 1 < j < n. Suppose not, then we will have a vector in Ker™ Ly N Ty with support
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on two reactions Y o — y;-+2 and Yo — Yy, for some 1 < j # k < n, which is a
contradiction to the fact that all vectors in Ker™ Ly 0 Ty have support on at least three
reactions.

Therefore, from equation (3.2.5) we have the following cases:

IbeyQ_>y,2 > b’y“QHy,Q > 0or 6;2_% < bggﬁyé < 0, then we have either py (ya — yh) <

/ / / /

pw (Yjrz = Vi) < pw (Uksz = Ypyo) pw (Y2 = Ya) > pw (Yjra — Vo) > pw (Yksa —
Yira) or pw(y2 = ¥2) = pw Uiz = Yji2) = pw (Urs2 = Ypyo)-

7 ik ik
IfbyQ_,yé>0>b corby, .o >0>

— 2, b;z_%, then we have either pw (yj1o2 —

y}+2) < pwl(ye = ys) < pw(Uks2 = Ypio) pw(Yjre — y;-+2) > pw(ys — yg) >

pw (Ykr2 = Vo) OF pw(Yjra = Yivo) = pw (Y2 — ¥a) = pw(Yrt2 — Yiyo)-

b i :
Letb,, ., = 1/by2ﬂyé,f0r 1 < j < n. Then we have that
/\j 2k 1 ™m . . /
IfbyQHyé > by2_>yé >0 > byQHyé > by2—>y§’ then we have either py (yji2 — Yjyo) <

pw(Ykrz = Yea) < pw(ye — ¥) < pw(Uine = Yyo) < pw(¥Umiz — Ynio)
pw(Yjrz = Yiso) > pw(Ukiz — Ypia) > pwl(y2 — ¥5) > pw (U2 — Vo) >
pw (Ymiz = Ymya) 08 pw(Yjrz = Yjpo) = pw(Urrz — Yiyo) = pw(y2 — o) =

PW(?/1+2 - yl/+2) = PW(?Jm+2 - y:n+2>'

Note that if all fundamental classes are nondegenerate, then in the Advanced Deficiency
Theory all colinearity classes have nonzero signs (but not vice versa). Therefore, for the
proof of case (Il), please refer to the proof in [7]. We will, in the algorithm, provide an
approach to find the enumeration of the M;’s in case (II). We will give a simple example in
the next paragraph to illustrate this.

Suppose that {V/ }?:1 is a subset of a basis for Ker™ LMLy where each b’ has support
on three reactions and supp {0’ Vi =y — i } 42, Let us assume that n = 5. We also
suppose that a sign pattern of gy € R? N Ty with DN supp {bj}?:1 = () is given. We
will use M;’s instead of pw (y; — y.)’s here and we will assume the most general case that

the signs of pw(y; — v.)’s allow all three subcases in the case (II) to be possible. First,
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we start with a V' vector in Ker™ Ly N Ty with support on three reactions, say b* with
support on yy — Yy, Yo — Y and y3 — ys. Since DN supp {b"}?:1 = (), we only need to
consider case (c), the nonsegregation condition. According to the sign patterns of b* and
gw € R N Ty, we will order My, My and M to satisfy the nonsegregation condition.
Without loss of generality, we suppose either M, < M, < Ms, My > My > Ms, or
My = My = Mj;. We then have a partial enumeration { M, My, M3} (or equivalently its
complete reverse { M3, My, M, }). We then will see if there is a b vectorin Ker™ Ly N Ty
with support on y, — iy, yo — b, and ys — 3. If such a b’ vector is not given, then
we should be able to produce it by finding an appropriate linear combination of the given
V’s. Without loss of generality, let us suppose b* has support on y, — v\, y2 — Vb, and
ys — 4. According to the sign patterns of b* and gy € R? N Ty, we will order My, M,
and M, to satisfy the nonsegregation condition. We then have several situations in terms
of the ordering.

(i) If it is either My < My < My, My > My > Ms, or My = My = M, then combined
with the subcases from bt, we have either M, < My < My < M, My > M, > My > Ms,
or My = My = My = M;.

(ii) If it is either My < M, < My, My > My > My or My = My = M, then combined
with the subcases from bt, we have either M, < M, < My < Ms, My > M; > My > Ms
or My = M; = My = M;.

(iii) If it is either M, < My < My, My > My > M, or My = My = My, then
combined with the subcases from b', we cannot get a complete ordering for My, My, Ms
and My. In this case, we will find a b’ vector in Ker™ Ly N Ty (if it is not given, then
produce it from the given ones) with support on ys — s, Y3 — Y5, and y, — Yy, say be.
According to the sign patterns of b> and gy € R?, we will order M,, Ms and M,. We then
have several cases to consider for b°.

sub (i): If it is either My < My < M3, My > My > Ms, or My = My = Ms, then
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combined with the subcases from b, we have either M, < My < M, < Ms, My > My >
My > Ms, or My = My = My = M.

sub (ii): If it is either My < M3 < My, My > M3 > My, or My = M3 = My, then
combined with the subcases from bt, we have either M, < My < My < My, M, > M, >
Ms > My, or My = My = Ms = My.

Note that it cannot be the case that we have either My < My < Mz, My > My > Ms,
or My = My = Mjs (which will conflict with the assumptions that M is between M,
and M3 and M; is between M, and My). We will show that by assuming the contrary,
i.e., suppose the case that M, is between M, and Ms; exists. Then from b® we see that
b iy, W (ys — yy) and bz3_)y/ gw (Y3 — y3) have the same (nonzero) sign which is the op-
posite sign of by2_,y/ gw(y2 — h). Note that from b' we see that bélﬁyigw(yl — Y1)
and b;géyégw(yg — ys) have the same (nonzero) sign which is the opposite sign of
b;_)yégw(yg — yb). From b* we see that bzl_,yigw(yl — y;) and b§4_,y£lgw(y4 — yy)
have the same (nonzero) sign which is the opposite sign of b? ) gw (Y2 — y5). Therefore,
bllmﬂy, and bzzﬁy/ have the same (nonzero) sign if and only if by =y and b; ! have the
same (nonzero) sign. Without loss of generality, let us suppose that byzﬂyg and b? pa—, have
the same (nonzero) sign, therefore b ! and bylﬁy, have the same (nonzero) sign. Then
b;QHy/ gw(y2 — yy) and bZQHy, gw(y2 — ys) have the same (nonzero) sign. Therefore,
b;?ﬁy?)gw(yg — y3) and byzﬁy/ gw (ys — 1) have the same (nonzero) sign.

On the other hand, note that we can derive b* (up to a scalar multiple) from b' and

V. Let b = (b2, ,)b" — (b} . )b% then b> has support on yoa — b, ys —

y1_>y y1—>y
. _ 2 1 1 2 73 _ 2 1
and Yo — Yy with b Yoy, b 1—>y’1b o—yl b y1—y, by2—>y” b ys—yh b y1—y, bys_,y/, and
73 . 1 2 73 . . . .
by4_)y = _by1—>y1 by4_>y b® is colinear with b®, and we see that from the ordering of M,

Mjy and My that by4_>yégw(y4 — yy) and 623_>y/39W(3/3 — y3) have the same (nonzero)
sign which is the opposite sign of 522_% gw (y2 — 95). Written in terms of b ’s, we can see

that _biu—w’l bz - gw(ys — v,) and b? iy, bglﬁ_,y, gw (ys — y3) have the same (nonzero)
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sign. Note that we have assumed bzln—w’l and b32/1—>y’1 have the same (nonzero) sign, so
—b§4_>yggw(y4 — yy) and b;gayégw(yg — y3) have the same (nonzero) sign. This is a
contradiction, as in the previous paragraph we have shown that b;sﬂyé gw(ys — y3) and
bi o (ys — yj) have the same (nonzero) sign.

For now we have a complete ordering of My, My, M3 and M,. Without loss of gen-
erality, let us assume it is either My < My < Mz < My, My > My > Mz > My,
or My = My = M3 = M,. In other words, we assume the partial enumeration is
{My, My, M3, My}. We then will find a place for Ms in the enumeration. We will first
consider a v vector in Ker™ Ly N Dy with support on y1 — 1, yo — v, and ys — v,
Without loss of generality, let us suppose it is b*. According to the sign patterns of b* and
gw € R, we will order My, M and Mj to satisfy the nonsegregation condition. We have
the following cases.

(1) If the ordering is such that M, is between My and Ms or Ms is between M, and Mo,
then we will have a complete enumeration { Ms, My, My, M3, My} or { My, M5, Mo, M3, M4}

(2) If in the ordering M, is in the middle, i.e. My, < My < My or My > My > M;
or My = My = Ms, then we need to consider a b vector in Ker™ Ly N Ty with support
on Yo — Ys, Y3 — Ys, and ys — ys. If the ordering is such that My is between My and
Ms, then we have a complete enumeration { My, My, Ms, M3, My}. The other possibility
is that Ms is between My and My (note that My cannot be between Ms and Ms, for a
similar reason that we have shown above), i.e., My < M3 < Ms, My > M3 > Ms, or
My, = My = Ms. We need to consider a b’ vector in Kert Ly N Ty with support on
ys — Y1, ya — ys, and ys — ys. If the ordering this time is such that Ms is between
Mj and My, then we have a complete enumeration { M, My, My, M5, My}. Otherwise
My is between M3 and Ms (again M3 cannot be in the middle), then we have a complete
enumeration { My, My, M3, My, Ms}. So we can always find an enumeration for My, M,

Ms, My, and M5, after considering several bs.
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For reaction network (3.2.1), note that b = [0,1, —1,0,1, —1] and b* = [1,0,0, —1, 1, 0].
We have the following:

RY = {E\S; — By + S3, E3S1 — Es+ S} = {y2 — 45,45 — U3},

R = {EyS3 — Ey+ Sy, B35 — Es + Sa} = {ys — 4, Y6 — Yo},

QL ={}

QL ={},

R: ={E\S) — Ei + S5, E351 — B3+ S5} = {y1 — v1,ys — ys },

R? = {E3S, — By + S1} = {ys — i},

Q1 ={}

Q2 = {}.

Therefore, we have

Q1 = {pw (2 — v3), pw (ys — y5)},
Q2 = {pw(ys — v3), pw (Y6 — Ye) },
Q1 = {pw (v — v1), pw (ys — y5)},
Q2 = {pw(ys — yi)}-

Since D = (), we only need to consider case (c) where Q{ and Qg are nonsegregated.
Here all py (y; — %)’s are positive, so we can directly convert the comparisons among
pw (y; — 1})’s to comparisons among M;’s, without first removing any subcases from (i),
(i1) and (iii) of case (c). We will set up inequalities and/or equalities directly in terms of
M;’s.

From b', we have that from (i) of case (c), either My < M5 < Ms, My < Mg < Ms,
Ms < My < Ms, or My < Mg < My, My < My < Mg, M3 < Ms < Mg, Mg < My <
Ms, Mg < My < Ms, from (ii’), My = M3 = My = Mg, My = M3 < My = Mg,
My = Mg < M5 = M3, M5 = Mg < My = Ms, or M5 = M3 < My = M.
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From b, we have that from (i) of (c), either M; < M, < Ms, M, > My, > Ms, or
from (ii’), M, = M, = Ms.

For this step, let us pick M3 < M,y < Mg from bt and M, > M, > M; from b>.

Step 14: Check for Solutions to the Inequality System

In Step 7 we have determined whether the inequality systems are completely linear or
may include nonlinear equalities by considering if Ker™ Ly N 'y, has a forest basis. We
will in this step check whether the inequality system has a solution with a nonzero y € R
which is sign compatible with the stoichiometric subspace S. In other words, we will look
to see if there exist a set of M/;’s and a nonzero 4 € R” which is sign compatible with S
such that the inequality system is satisfied.

If the inequality systems are determined to be linear, then the inequality system built
from Step 10 through Step 13 is a complete system. If an inequality system has such a
solution, it will be called a signature.

If the inequality systems are nonlinear, then we will need to add some nonlinear con-
straints (equalities) to the inequality system to make it a complete system. If a partial
(linear) inequality system we built from Step 10 through Step 13 has such a solution, it
will be called a pre-signature. If none of such inequality systems has such a solution, then
there is no need to consider the additional nonlinear constraints (equalities), and we claim
that the reaction network does not have the capacity to admit multiple steady states.

Suppose the inequality systems are linear. If the inequality system generated from Steps
10 to 13 is a signature, then we claim that the reaction network has the capacity to admit
multiple steady states and exit the algorithm. Otherwise, move to next step.

Suppose that the inequality systems are nonlinear. If the partial (linear) system gener-
ated from Steps 10 to 13 is not a pre-signature, move to next step. If the partial (linear)

system generated from Steps 10 to 13 is a pre-signature, then we will plug the solution of

171



JAS R from the pre-signature into equations (2.2.7) and (2.2.8). After that, we will see if
we can solve for xk € ]R’f from equations (2.2.7) and (2.2.8). If we finda k € ]R’&f satisfying
equations (2.2.7) and (2.2.8), we claim that the reaction network has the capacity to admit
multiple steady states and exit the algorithm. Otherwise, move to next step.

For reaction network (3.2.1), from the inequalities and equalities added in Steps 10 to

13, we have the following inequality system:

W, + psy, > My (3.2.6)
pEs, > M

P, + psy, > M

pE, + ps, = Moy = pp,s,
P, + fsy = Mz = pp,s,
PE, + s, = My = pp,s,
Py + s, = Ms = lig,s,
Py + fsy = Me = pip,s,
KB, s, < HE S,

HE S, < HE; T 1S,

M3 < My < Mg

M1>M4>M5

The inequality system (3.2.6) has a nonzero solution ; € R” that is sign compatible
with St pp, = 3, pup, = =5, pp, = 0, ps, = =5, ps, = 1, ps; = 8, up,s, = —1,
HE S, = 45 Eys, = —4, hEysy = 3, hEss, = —9, UEss, = 8. Therefore this inequality
system is a signature. We can claim that reaction network (3.2.1) has the capacity to admit

multiple steady states and exit the algorithm.

Remark 3.2.3. To see that the solution of i1 above is sign compatible with S. Note that in
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network (32])’ S = {Ela E27E37‘S’17 527837 EISI7E1527 EQSZa EQS37E3817 E3SS}: and
dim S = 8.
A basis for S is

ES 1 -1 0 0 0 0 0 0

EySy | 0 0 1 -1 0 0 0 O
ES, 1 0 0 0 0 0 1 0 0
ESs1 0 0 0 0 1 0O 0 0
EsSy1 0 0 0 0 0 O 1 0

EsS; \ 0 0 0 0 0 0 0 1

We let

o = 22"+ 522+ 523 + 42t +22° — 25 — 27 + 2B

= [2,-1,0,—1,1,1,-3,1,-1,2, -1, 1]

Then p=1[3,-5,0,—5,1,8,—1,4,—4, 3, —5, 8] is sign compatible with o € S.

Step 15: Repeat Steps 13 to Step 14

In this step, Steps 13 and 14 are repeated for every choice of M inequalities and/or
equalities. Recall a choice of M inequalities and/or equalities are picking one subcase for
each1 < j < ¢in Step 13.

For reaction network (3.2.1), we have exited the algorithm in Step 14.
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Step 16: Repeat Steps 9 through Step 15

In this step all possible shelving assignments in Step 9 are repeated. Similar to that
of the Deficiency One Algorithm (and the Advanced Deficiency Algorithm), we can save
some time by trying only half of the choices and leaving out the rest which are just total
inversions of the first half (by switching all of the upper and lower shelves). This is true
because the inverted system has such a solution if and only if the original system has one.

For reaction network (3.2.1), we have exited the algorithm in Step 14.

Step 17: Repeat Steps 8 through Step 16

In this step we will repeat all sign pattern choices for gy, hyy € R? N Ty in Step 8.

Note that changing the sign patterns for gy, hy may affect the shelving assignments
as only nondegenerate fundamental classes are considered, and the inequality systems built
from Step 10 through Step 13 will be affected too. We will check all the inequality systems
produced by these changes.

If after this step no signature or pre-signature has been found, then we can claim that
the reaction network cannot support multiple steady states, no matter what (positive) values
the rate constants take.

If all pre-signatures have been tested and no x € R‘f can be solved for from equations
(2.2.7) and (2.2.8) with i € R” from the pre-signature, then we claim that the reaction
network may still have the capacity to admit multiple steady states; the result is inconclu-
sive. In this case, in order to answer the question of multiple steady states, we need to add
additional nonlinear equalities and consider the complete (nonlinear) inequality system. As
for finding the additional nonlinear equalities, we will not present the details here.

For reaction network (3.2.1), we have exited the algorithm in Step 14.

Remark 3.2.4. Recall that in Step 17, we will repeat the construction of inequality systems

for each "valid" pair of sign patterns for gy, hyy € R? N Ty chosen in Step 8. What we
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can do to improve the efficiency of the algorithm is to revise Step 8 to combine some of the
sign patterns for gw, hyw € R? Ny together in one step so there will fewer repetitions in
Step 17.

Recall that the conditions (*) (first mentioned in Section 2.9) on pw (y; — y.)’s are the
conditions (we later find) in Proposition 2.10.14.

Recall in Section 2.9, for a "valid" pair of sign patterns for g, hw € R? N Ty, we
check if the answer to the following Question (b) is "Yes":

Question (b): Given the reaction network {., €, %} and the orientation O, do there

exist

(i) a nonzero 1 € R” that is sign compatible with S,

(ii) a set {pw(y; — v.) : yi — vy, € ND} which is consistent in sign with the
pre-selected sign patterns of gw and hy, and satisfies these new conditions (x) (i.e.

conditions in Proposition 2.10.14), and

(iii) a choice of shelving assignments for each nondegenerate fundamental class
satisfying the conditions in Proposition 2.8.1 (in terms of pw (y; — ;) for condition
(ii)),

which together satisfy the conditions in Lemma 2.8.2?

In the algorithm that implemented in [16], we actually use the following approach.

As we can see that although we define a "valid" pair of sign patterns for gy and hyy, the
definition works for a single gy or hyy as long as they are not both picked zero at the same
time. Thus here we will apply a "valid" sign pattern on gy and hy separately. For the
chosen "valid" sign pattern for gyy € R N Ty, we have D = {lyi =y e W gw(y; —
y}) # 0}. We then choose a partial sign pattern for hy |p € R? N\Ty such that there exists

a "valid" sign pattern for hy, € R? N Tyy. Therefore, we have a pair of sign patterns for
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gw and hy|p that is "valid". In this case, the signs of pw(y; — v.)’s (y; — y"* € W\D)
are not specified. We then check if the answer to the following Question (c) is "Yes":
Question (c): Given the reaction network {.%, €, %} and the orientation O, do there

exist

(i) a nonzero 1 € R” that is sign compatible with S,

(ii) a set {pw(y; — v.) : y; — y. € ND} which satisfies these new conditions (x)

(i.e. conditions in Proposition 2.10.14), and

(iii) a choice of shelving assignments for each nondegenerate fundamental class

satisfying the conditions in Proposition 2.8.1,

which together satisfy the conditions in Lemma 2.8.2?

Note in this case we cannot specify whether M; = In(pw (y; — v.)) or M; is some
large and negative number. Thus we do not consider if we need to remove subcases from
conditions (a), (b) and (c) in Step 13, thus there might be more subcases where not all
pw (y; — 4.)’s are assigned the same signs. However, there will be fewer repetitions in
Step 17 in this case, therefore the approach is still more efficient than what has been stated

in the algorithm.

Remark 3.2.5. The following is a comment made on finding a set of rate constants and
two positive, distinct and stoichiometrically compatible compositions corresponding to two
steady states, if they exist.

In the linear case, after finding a solution of n € R” from a signature, we can find
K € R‘f from equations (2.2.7) and (2.2.8). We pick a o € S that is sign compatible with y,
then find c*, ¢ € R’f from equations (2.2.3) and (2.2.4) or equations (2.2.5), depending
on whether |i5 is zero or not. For eachy — y' € %, we find k,_.,, by equation (2.2.6).
Therefore, we find a set of rate constants for the reaction network to admit two steady states

with the corresponding compositions ¢* and c**.
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In the nonlinear case, suppose from a solution of ;. € R” from a pre-signature, we
have solved for k € R’of Jrom equations (2.2.7) and (2.2.8). Then we are ready to find a set
of rate constants and the compositions corresponding to two steady states. The process is
same as in the linear case.

In the nonlinear case, if all pre-signatures have been tested and no v € ]Rff can be
found, then we claim that the reaction network may still have the capacity to admit multi-
ple steady states. We need to rely on finding nonlinear equalities to complete the resulting
(nonlinear) system to answer the question of multiple steady states. After that, if we con-
clude that the reaction network has the capacity to admit multiple steady states, then we

can find a set of rate constants and the compositions corresponding to two steady states

following the same approach as above.
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Chapter 4

MASS ACTION INJECTIVITY TEST

4.1 Introduction

The Mass Action Injectivity Test is a test of whether a given reaction network is mass action
injective (to be defined shortly). In this chapter, the main focus is on finding an algorithm
for the Mass Action Injectivity Test. The algorithm has been implemented in the Chemical
Reaction Network Toolbox [16]. To see more information about mass action injectivity,
see [13].

We recall a few terms defined in Chapter 1 and introduce a few new terms from [13].

For a given reaction network {.7, 4", #}, the reaction vector corresponding to the re-
action y — ¢/ is ¥’ —y € R”. The stoichiometric subspace for the network, denoted by S,

is defined via
S:=span{y —y e R” .y -9 € #}. 4.1.1)

For a given reaction network {.&, %, %}, a mass action kinetics is an assignment of a
. . . . . / . o .
reaction rate function to each reaction: for each reaction y — ' € Z, there is a positive

rate constant k,_,,, such that the molar occurrence rate per unit volume of y — ¢’ is given

Y=y

by ky_.,c’. Here

& =1J &, 4.1.2)
se€.s

where y, is the stoichiometric coefficient of species s for complex y.

178



Recall that the reaction network {.#, ", %} we consider in this thesis will be governed
by mass action kinetics (except the next chapter). The species-formation-rate function r:
Rj: — R” is given by

r(e)= > kyyy —y). (4.1.3)

y—y' €EX

For a given reaction network {.&, ¢, %}, the mass action differential equations are ¢ =
r(c), where the dot over ¢ indicates the time differentiation and r(+) is the corresponding
species-formation-rate function.

For a given reaction network {., ¢, #}, a composition a € Rf is an equilibrium of
the mass action differential equations if 7(a) = 0. An equilibrium a is a positive equilib-
rium of the mass action differential equations if a € R‘f .

Recall that our reactor may have an inflow (feed) stream and an outflow stream. Besides
the species that are put into the reactor initially, we can provide several species to the
reactor through a continuous inflow stream containing a liquid mixture of these species,
and we can remove several species from the reactor through a continuous outflow stream
containing these species. For generality, we might allow only certain species to be in the
inflow or outflow.

We call the species in the inflow (feed) stream as inflow species and denote the set of
inflow species by .%s. We call the species in the outflow stream as outflow species and
denote the set of outflow species by .7,. Note that the reaction corresponding to species s
in the inflow stream is 0 — s, and the reaction corresponding to species s in the outflow
stream is s — 0. We can then define Z; = {s € ./ : 0 — s € Z} as the set of inflow
reactions, %, = {s € ./ : s — 0} as the set of outflow reactions, and %, = Z\ (% U %,)
as the set of true reactions.

Recall that two compositions ¢ and ¢’ are stoichiometrically compatible if ¢ — ¢ € S.

For a given reaction network {.7, ¢, #}, the network has the capacity to admit multi-

ple positive equilibria if there exists a set of positive rate constants {k,_,, : y — ¢ € %}
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such that the mass action differential equations admit (at least) two distinct positive equilib-
ria that are stoichiometrically compatible. In other words, a reaction network {.**, ¢, Z}
has the capacity for multiple positive equilibria if there exist a set of positive rate constants
{ky—y 1y — v € #}, and two stoichiometrically compatible compositions a € ]Rf and
b € RY with a # b such that r(a) = r(b) = 0.

For a given reaction network {., ¢, Z}, let a € R be a positive equilibrium, then
the derivative of the species-formation-rate function evaluated at a, Dr(a) can be viewed

as a linear transformation from S to S.

Recall that r(c Z ky—yc’(y" — y). Then we have, for each o € S,
y—y' €XZ
o
D?“(CL)O’ = Z k‘yﬂy (y — y) (414)
y—y' €EX
= Z ’Qyﬂy (y —y),
y—y' €EX
where r, ., = k,_,a’. Define "x,-scalar product” in R” viau s+, v =Y “sY Then
seS Qs
D?"(a)o— = Z /ﬁyﬁy/(y *g U) (y/ — y) (4.1.5)

y—y' €X

For a given reaction network {.¥, 4", #}, a positive equilibrium a € R‘f is degenerate
if Dr(a) is singular, i.e., there exists a nonzero ¢ € S such that Dr(a)o = 0.

For a given reaction network {., ¢, %} with stoichiometric subspace .S, we say that
the reaction network is mass action injective if for any n € ]R’f and any x*,-scalar product
fora € Rf, the map 7, ,: S — S defined by

Tepn(o) = > Ty (Y *a )Y —y)- (4.1.6)
y—y' X
is nonsingular.
In the next lemma we show that the seemingly /inear notion of mass action injective

actually has implications for injectivity of the nonlinear function r(-).
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Lemma 4.1.1. [Feinberg] Let {7, €, %} be a reaction network with stoichiometric sub-
space S. The reaction network {.7, €, %} is not mass action injective if and only if there
exist a set of positive rate constants {ky—,, : vy — y € Z} and distinct compositions
cr e ]Rf, with ¢ — ™ € S such that
Do kg (VY =)= Y kg (€)Y —y). 4.1.7)
y—y' €X y—y' €X
PROOF: <): Suppose there exist a set of positive rate constants {k,_,, : y — ¢ € Z}
and distinct ¢*, ¢** € Rf, with ¢ — ¢™ € S such that

Z Fey—y () (v = v) Z Koy () (Y — ).

y—y €EX y—y' €EX

Then we have

0 = > kyy(@)VW —y) = > kyy(@)' —v) (4.1.8)
y—y ER y—y ER
= > k() = ()Y ~y)
y—y' €X
= Y Eyy (@)@ () =) — )
y—y' €%

Leto =c¢™ —candy = Inc™ —Inc", then 0 € S and (¢")Y/(c")” = €Y. Note that
for all s € .7, 75 and o, have the same sign, as Inc; — Inc.” and ¢, — c." have the same
sign. We claim that + is sign-compatible with .S, therefore there exists a € ]R'f such that

1
v = —o. Note that by the definition of *,-scalar product, y - v = y %, 0. We have that

a
0 = Z Ky () (e?7 = 1)(y' — y) (4.1.9)
y—y' €EX
= > k() = 1) (Y —y)
y—y' €ER

Note that ¢¥**” —1 and y*, 0 have the same sign, so there exists p,, > 0 such that e¥**? —1 =
py(y %, 0). Giveny — y' € Z, we let n,_,y = ky_,(c")p,, then we claim that there
exists a *,-scalar product with a € R7, an ne ]R‘%), and a nonzero o € S such that

0 = Y nyyW*o)y —y),

y—y' EX
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which leads to the conclusion that the reaction network is not mass action injective.
=): Suppose that there exists a ,-scalar product where ¢ € R, ann € R?, and a

nonzero o € S such that

0 = Z 77y—>y’(y *q 0) (y/ —y).

y—y' EX
1
We can find 7 defined by v = —o such that y x, 0 = y - 7. If we let 7,y = 1, (Y %,
a

0)/(e¥ % — 1) = ny_y(y*,0)/(e?7 — 1), we will have

0 = D oyl =1 —y).

y—y ER
Note that a € ]Rf , S0 v and ¢ have the same sign. In particular, ¢ # 0 implies v # O.
Since 7 and ¢” — 1 have the same sign, there exists ¢* € R such that o = ¢*(¢” — 1). Let
c=ce,thenc™ £ ",y =Inc™ —Inc",and ¢™ — ¢* = ¢*(e” — 1) = 0 € S. Given

thaty — v’ € %, we let ky_,; = 7j,—,/(c*)?, then we claim there exist a set of positive

rate constants {k, ., : y — ¢ € %} and distinct ¢*, ¢** € R with ¢* — ¢** € S such that

Z key—y () (Y —v) Z Ky () (Y —y)

y—y €EX y—y' EX

or equivalently,

Z ky—y (c (Y —y) Z koy—y (€ V(Y —y). O

y—y' € y—y' EX
Later in the chapter, we will develop an algorithm to test if the reaction network is mass

action injective, which we will call the Mass Action Injectivity Test. But first of all, we

want to explain why this is relevant to our question of multiple steady states.

4.2 Why the Mass Action Injectivity Test?

Recall our main question is stated as: Given a reaction network governed by mass action
kinetics, does there exist a set of positive rate constants such that the governing differen-
tial equations admit a pair of distinct positive steady states which are stoichiometrically

compatible?
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Mathematically, the question can be stated as:
Question 1: Given a reaction network {., ¢, #}, do there exist a set of positive rate con-
stants {k,_, : y — y' € Z}, and two positive, distinct and stoichiometrically compatible

compositions ¢* and ¢**, such that

S kyyc(y —y) =0 4.2.1)
y—y' €X

Yo kyy ™y —y) =0 (4.2.2)
y—y' €X

are satisfied?
It easily follows that, for the answer to Question 1 to be "Yes", we will have the neces-

sary condition that

o kW —y) = Y kg (Y —y) (4.2.3)

y—y'€X y—y' X

where {k,_, :y — y € Z} is some set of positive constants, and ¢* and ¢** are some
pair of positive, distinct and stoichiometrically compatible compositions.

Therefore, from Lemma 4.1.1, we can convert the necessary condition above into the
following question which will be tested in the Mass Action Injectivity Test:
Question a: Given a reaction network {.7, %4, %}, do there exist an € R?, a *,-scalar
product where & € R, and a nonzero o € S which is sign-compatible with the stoichio-

metric space .S such that

Y ey Wrao)y —y) =0 4.2.4)

y—yY' EX

is satisfied?

Letting v = ia makes v nonzero and sign-compatible with the stoichiometric subspace
S. And we can equivalently ask
Question b: Given a reaction network {.#, ¢, %}, do there exist an € RY and a nonzero

v € R” sign-compatible with the stoichiometric space S such that

S ey —y) =0 (4.2.5)

y—y' X
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is satisfied?

We designed the Higher Deficiency Algorithm to solve the question of multiple steady
states in terms of Question 1. An alternative approach to solve the question of the multiple
steady states will be the Mass Action Injectivity Test. If the Mass Action Injectivity Test
passes, i.e., the reaction network is mass action injective, then we immediately know the
answer to Question 1 is no. If the Mass Action Injectivity Test fails, i.e., the reaction
network is not mass action injective, we can then try the Higher Deficiency Algorithm. In
practice, when the Higher Deficiency Algorithm is not quite efficient (in terms of running
time) or accurate (in terms of giving definite answers), the Mass Action Injectivity Test
may give a definitive answer and may be faster. Next, an algorithm is designed to carry out

the Mass Action Injectivity Test.

4.3 Algorithm

Recall that we want to test the following question:

Given a reaction network {., %, %}, do there exist a nonzero v € R” that is sign-
compatible with S and an 7 € Rf satisfying (4.2.5)?

If there exists such a v € R”, then we claim that the reaction network is not mass
action injective. If there does not exist such a vy, then we claim that the reaction network
is mass action injective and therefore the reaction network does not have the capacity to
admit multiple steady states, no matter what (positive) values the rate constants take.

To conclude that there does not exist such a v, we need to run through all valid (nonzero
and sign-compatible with .S) sign patterns of - to verify that. In this case, the implemen-
tation could be impractical for a large number of species. To improve the efficiency of the
algorithm, a so-called "tree" idea is introduced. It first appeared in Feinberg’s codes for the
Deficiency One Algorithm (see [6]), then in Ellision’s codes for the Advanced Deficiency
Algorithm (see [8]), and now in the codes for the Higher Deficiency Algorithm (see [16]).
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The "tree" idea is used to expedite the process of finding if there exists a nonzero p € R
sign-compatible with .S, such that a system of linear inequalities and/or equalities in terms
of 1 1s satisfied. We will apply the idea in the Mass Action Injectivity Test.

We will define a few terms related to the "tree" idea.

Given a reaction network {., ¢, %}, assume N = #(.) is the number of species
and n is the number of reactant complexes. We will order the species from s; to sy and
the reactant complexes from ¥ to y,,.

We can generate a tree representing the signs of v,’s (s € .%), called a  tree. There
is a root node for the tree representing no signs have been assigned to any o, (s € .¥).
Starting from the root as the zeroth layer of the tree, the root has three children which form
the first layer of the tree, which represent the positive, negative, and zero sign assignment,
respectively, to species s;. Each of the nodes in the first layer has three children, which
represent the positive, negative, and zero sign assignment, respectively, to species so. These
nine children form the second layer. We continue this and stop at the N*"* layer, containing
3" nodes. All edges are between a mother node and its children nodes. Conversely, each
mother node and each of its three children nodes are connected by edge. Note that except
for the root node and the nodes in the final layer, all other nodes are both mother nodes and
children nodes at the same time. Note that a direct (shortest) path from the root node to
some node in the 7' layer contains one node from each layer between the zeroth and the "
layer. Also note that nodes in ;%" layer represent some sign assignment for 7s;- Therefore,
the direct (shortest) path from the root node to some node in the i*" layer represents sign
assignments for ~y5’s where s is the among the first ¢ species.

Similary we can generate a tree representing the signs of y - 7’s where y is a reactant
complex in Z, called the y - 7y tree. Note that the y - 7 tree has 3" leaf nodes. We then
claim that the (shortest) path from the root to some node in the 7" layer represents sign

assignments for y - 7’s where y is the among the first ¢ reactant complexes.
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In order to develop the algorithm for the Mass Action Injectivity Test, we make some
observations below.
Remember our goal is to find if there exists a positive set of {n,_,, : y — ¢ € Z} and

anonzero v € R” sign-compatible with S satisfying equation (4.2.5).

Remark 4.3.1. Note that we only have to check half the sign patterns of v which are sign-
compatible with S, as if there exist an n € R‘f and a nonzero v € R” sign-compatible
with S satisfying equation (4.2.5), then n € Rf and —y € R” which is sign-compatible
with S also satisfy equation (4.2.5). We will take this into account in the algorithm.
We define a linear map T : R — S as follows:
Ta= Y a,.,(y —y), foraeR”. 4.3.1)

y—y' X

Given vy € R”, let us define L(7) € R” by

Ly .y(y)=y-, forally — ¢ € #. (4.3.2)

Then we can claim that the following statements are equivalent:

(A) There exist a positive set {n,_,, : y — y € Z} and a nonzero 7 € R sign-
compatible with S satisfying equation (4.2.5).

(B) There exists a nonzero y sign-compatible with S such that L(y) € RZ is sign-
compatible with Ker T

We define Sy =span{y : y — ¢’ € Z}.

Note that if there exists a nonzero v € R” which is sign-compatible with S such that
E(y) = 0, i.e., there exists a nonzero v € R” which is sign-compatible with .S and also
lies in S#, then statement (B) (therefore (A)) above is satisfied trivially.

Therefore, we have the following lemma.

Lemma 4.3.2. The following statements are equivalent:
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(A) There exist an n € Rf and a nonzero v € R that is sign-compatible with S,
satisfying equation (4.2.5).

(B) There exists a nonzeroy € R” that is sign-compatible with S such that IN/(v) e R”
is sign-compatible with Ker T.

(C) One of the two conditions holds:

(a): There exists a nonzero v € R” that is sign-compatible with S and lies in 5’#.

(b): There exists a nonzero v € R” that is sign-compatible with S such that E(V) €

RZ is nonzero and sign-compatible with Ker T.

In the algorithm for the Mass Action Injectivity Test ([16]), we check if (B) holds.
Note that (C) is merely a reformation of (B) by separating the case E(v) = ( from the case
[~/(7) # 0. To better explain the "tree" idea, we will first check if condition (a) in (C) holds
(a simpler case in terms of the "tree" idea) and then if condition (b) in (C) holds (a more
complex one).

First we check if condition (a) holds, i.e., if there exists a nonzero v € R” which is
sign-compatible with S and lies in Si-. If the answer is yes, then we claim that the reaction
network is not mass action injective. Note that if S;- C S*, or equivalently S C Sy,
then no such nonzero ~ will exist, and the answer to the check of whether condition (a)
holds is no. Without loss of generality, let us assume that S C Sy does not hold. If the
answer to the check of whether condition (a) holds is no, then we will move to check if
condition (b) holds, i.e., if there exists a nonzero v € R“ which is sign-compatible with
S such that E('y) € R” is nonzero and sign-compatible with Ker T. We explain first the
check of whether condition (a) holds to provide some background on describing the check
of whether condition (b) holds.

We will explain the algorithm in terms of the tree idea for checking if condition (a)

holds first. We need to introduce a few tree related terms.
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Starting from one node and moving through the edges in the tree to reach another node
is called a walk in the ~ tree.

Starting from the root node and walking in the v tree to reach another node a, the direct
(shortest) path from the root node to the node a, is called a walk trace at the node a (with
respect to the root node).

We say a sign pattern is assigned to v € R” if all components of - have been assigned
signs. We say a partial sign pattern is assigned to v € R”, if some (not necessarily all) of
its components have been assigned signs.

Recall that each node in the 7 tree corresponds to a sign assignment to -y for some
species s. A walk trace at some node at the i'" layer of the  tree is a direct (shortest) path
from the root to this current node, which includes one node from each of the first 7 layers.
Therefore, a walk trace at a node in the i'" layer provides a partial sign pattern of -, in
particular, a sign assignment to each ,, for 1 < j <.

Before we walk in the ~ tree, we want to check if we can fix the sign of some ~;
(s € .) so we can set up some rules for the walk.

Note that we want to find a nonzero v € R” that is sign-compatible with S = span
{y —y:y—y €A} Therefore, if a species s does not lie in the support of any reaction
vector i/’ — 1, we assign 7, to be zero. We say such a species is a species with a fixed sign,
or a sign-fixed species. We require that for the walk in the - tree, if we move past the nodes
corresponding to these species with fixed signs, we will only walk through the zero sign
node.

Suppose that we start from the root node, walk in the v tree, and we are currently at
node « in the *" layer. We say the sign of v, is known at node a, if (at least) one of the
following holds:

(i) Species s is sign-fixed as indicated earlier (where ; is set to be 0).

(ii) Species s is among the first ¢ (1 < i < N) species, i.e. s € {s1, ..., S;}.
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(ii1) The sign of ~y, can be determined (to be explained in the next remark) by the signs

of v,’s which are known from (i) and (ii).

Remark 4.3.3. By saying that 5 can be determined based on the known signs of ys’s from
(i) and (ii), we mean that v, is a linear combination of the vy ’s from (i) and (ii) in such
a way that for the vy ’s with a nonzero coefficient, the signs of coefficients of positive s ’s
are all the same, and are the opposite to the signs of coefficients of negative vy's.

Since we only know that to be sign-compatible with S, v ¢ S, it is not very clear what
the dependences of v,’s are. Therefore, (iii) is set false by default in the definition of the
known sign of s, in the process of checking whether condition (a) is satisfied. We include
(iii) in the definition because it will be generalized in the process of checking whether

condition (b) is satisfied.

Note that from finding at each node of the ~ tree, all the signs of v,’s that are known,
we can get a partial sign pattern for v at this node.

Next, let us describe two ways of walking in the ~ tree: move forward and move back-
ward.

The rule for moving forward is simple. We start from the current node assumed not
to be a leaf node (in the N layer). Walk toward higher layers (for example, from the 7"
layer to (i + 1)th layer) in the tree until we either reach a positive leaf node or arrive at the
positive node of the next earliest species whose sign is not fixed. Note that whenever we
walk past the nodes of a sign-fixed species, we will walk through the fixed (zero in this
case) sign node.

The rule for moving backward is slightly complicated. Here we will take into account
the fact that only half (leaving out the inversions) of the sign patterns of « which are sign-
compatible with S need to be considered. We start from the current node which is not the
root node, then follow these rules:

(D) If the current node is a fixed sign node (zero sign in this case), move back along its
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walk trace until a node, whose corresponding species is not a sign-fixed species, is reached.

If we reach the root node, we exit the moving backward process. Otherwise, go to (II).
(II) If the current node is a zero node, skip the rest and go to (III). If the current node is

a positive or negative node, then move to another child of its mother node in the following

way:

(1) Suppose current node is a positive node. If the fixed signs all have a sign of zero
(true in this case), then check if the partial sign pattern from the walk trace at the
mother node of this node contains all zero signs. If the answer is yes, move to the
zero sign node (first walk toward lower layer to current node’s mother node then
walk toward higher layer to the zero sign node that is another child of the mother

node). Otherwise, move to the negative sign node.

(i1) If the current node is a negative node, move to the zero node.

(IIT) If the current node is a zero node, then move back in the tree (along its walk
trace) to its mother node. If we reach the root node, we exit the moving backward process.
Otherwise, go back to (I).

Now we are ready to describe the algorithm of checking if condition (a) holds. We will
proceed according to the following steps.

We have two situations.

(i) If it is the first time walking in the ~y tree, we start at the root of the  tree. We move
forward in the ~y tree. Skip (ii).

(i1) If it is not the first time walking in the ~ tree, then we are currently at some node
in the 7 tree. Note that if we previously moved backward and arrive at the root of the
tree, then we terminate the process and claim condition (a) does not hold; therefore the test
regarding whether the reaction network is mass action injective is inconclusive by checking

condition (a).
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If dim S = #(.), go to Step 3 and skip the rest of Step 2. Otherwise, check if there
exists v with the partial sign pattern, generated from all ~,’s that are known at the current
node, that is sign-compatible with S. If yes, go to Step 3. Otherwise we move backward in
the v tree and go back to Step 1.

Check if there exists a nonzero 7 in Si- with the partial sign pattern generated from the
signs of all v,’s that are known at the current node. If the answer is no, move backward in
the v tree and go back to Step 1. Otherwise, we record the value and sign of each -, for
s €S

Now that all signs of 7,’s (s € ) are known, we will check if ~ is sign-compatible
with S if dim S < #(.%), since if dim S = #(.%) then it is trivially true. If the answer
to the check is no, then we move forward in the ~y tree (unless we are already at the node
of the last species with a non-fixed sign, in which case we move backward in the v tree)
and go back to Step 1. If the answer is yes, then we can let n,_,,, = 1 forally — ¢’ € Z.
Note that 7 € Si-\{0}. Then v € R” which is nonzero and sign-compatible with S, and
n e Rof satisfy equation (4.2.5). We will terminate the process and claim that the network
is not mass action injective.

Therefore, from the result of checking whether condition (a) holds, we can either claim
that the network is not mass action injective or we must also check if condition (b) holds in

order to answer our mass action injectivity question.

Let us move to check if condition (b) holds. Recall that for eachy — v’ € %, we define

L,y (7) =y - 7. Recall that for condition (a), we check if there exists a nonzero v € R”

sign-compatible with .S which also lies in Si (i.e. L(y) = 0). For condition (b), we check
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if there exists a nonzero v € R” that is sign-compatible with S such that L(y) € R? is
nonzero and sign-compatible with Ker 7'

The algorithm that checks if condition (b) holds contains two kinds of trees: the v tree
and y - 7y tree. Its procedure is similar to the one for checking whether condition (a) holds,
but with more complicated rules.

Similarly, we can define terms like walk in the ~y tree, walk in the y - v tree, the walk
trace at some node (respect to the root node of the ~y tree) in the y tree or y - 7y tree, a sign
pattern for v, a sign pattern for [y, - 7, ..., yn - 7], a partial sign pattern for ~y, a partial sign
pattern for [y - 7, ..., yn - 7], etc.

Our algorithm contains a -y tree and at each node (except the root node) of ~y tree, a y - 7y
tree is formed using the node as its root node.

Recall that we enumerate the species as si,..., Sy where N = #(.%). We also enu-
merate the reactant complexes as vy, ..., ¥, where n is the number of reactant complexes in
X.

Let a be a node (not a root node) in the 7' (i > 1) layer of the ~ tree, then a represents
a sign node for v,,. The walk trace at node a is the direct (shortest) path from the root of
the « tree to node a, which provides a partial sign pattern for v (sign assignments to all
vs, s for 1 < k < 7). Let b be a node in the ™ (j > 0 and if j = 0 then b = a) layer
of the y - ~y tree formed using node a as its root, then b represents a sign node for y; - v (if
J = 0 then it means no sign is assigned to any y - v’s). The walk trace at node b is defined
as the direct (shortest) path from the root node of the v tree to node a in the +y tree, plus
the direct (shortest) path from the node a to node b in the y - 7y tree. The walk trace at node
b in the y - y tree not only provides a partial sign pattern for y - v (sign assignments to all
y-y’sfor 1 <[ < j7), but also a partial sign pattern for  (sign assignments to all v, ’s
for1 < k <i). If a = b, i.e., node b is a root of some y - 7y tree, then we say we have two

partial sign patterns for v and y - -y, respectively, except the latter one is empty (i.e. from
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the walk trace no sign is assigned to any y - v where y is a reactant complex). Thus we can
always consider the general case that node b is in some vy - 7y tree (which includes the case
that node a is in the -y tree).

Before we walk in the v tree or y - v tree, we want to check if we can fix the sign of
some v, (s € ) or y -~y (y is a reactant complex) to set up some rules for walking on ~y
tree or y - 7y tree.

(i) Note that we want to find a nonzero  that is sign-compatible with S = span {y' —y :
y — y' € #}. Therefore, we can find each of the species s which does not lie in the support
of any reaction vector 3y’ — y, and assign the corresponding ~, a sign zero. We call such a
species a species with a fixed sign, or a sign-fixed species. We require that for the walk in
the ~ tree, if we move past the nodes corresponding to these species, we only walk through
the zero sign node.

(ii) If there exists any feed (inflow) reaction, i.e., Z; # (), then the zero complex will
appear in the list of reactant complexes. In this case, note that for y = 0, y - v = 0 for any
v € R”. We then fix the sign for 4 -y = 0 to be zero, where ¥ is the zero reactant complex.
If we walk past the nodes corresponding to the zero reactant complex in the y - -y tree, then
we only walk through the zero sign node.

Suppose that we start from the root node of the ~y tree, walk in the ~y tree, and enter the
y - 7 tree formed by node a at the i'" layer of the  tree. We are currently at some node b at
the j' layer of the y -  tree generated by node a.

We say the sign of v, is known at this node b if (at least) one of the following holds:

(i) Species s is sign-fixed as indicated earlier (where ; is set to be 0).

(ii) The species s is among the first i (1 < i < N) species {s1, ..., S; }.

(ii1) The sign of v, can be determined (to be defined shortly) by the signs of v ’s that

are known from (i) and (ii), and the signs of y; - v’s for 1 <[ < j.

Remark 4.3.4. By saying that the sign of s can be determined by the signs of ¢ ’s that
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are known from (i) and (ii) and the signs of y; - 7v’s for 1 <1 < j, we mean that 5 can be
written as a linear combination of these vy ’s and y; - v’s such that for those vy ’s or y; - 7y’s
with nonzero coefficients, the signs of coefficients of positive vy’s and y; - y’s are all the

same, and are the opposite to the signs of coefficients of negative vy ’s and y; - 7Y’s.

We say the sign of y - v is known at this node b if (at least) one of the following holds:

(i) The reactant complex y is the zero complex, where the sign of y - v is fixed to be
zero.

(ii) The reactant complex y is among the first j (1 < j < n) reactant complexes
{1, 5}

(i11) The sign of y - v can be determined (to be defined shortly) based on the signs of
vs’s that are known from (i) and (ii) in the definition of the known signs of v, at this node b,
and y; - v’s for 1 <[ < j. In particular, if the sign of y - v can be determined (to be defined
shortly) based on the signs of 7,’s that are known from (i) and (ii) in the definition of the
known signs of v, at this node b, we say the sign of such y - v can be temporarily fixed (for

the current y - 7y tree generated by node a).

Remark 4.3.5. By saying that y - v can be determined based on the known signs of v,’s
ory;-v’s (1 <1< j), wemean that y - v can be written as a linear combination of these
vs's and y; - v’s such that for those v’s or y; - v’s with nonzero coefficients, the signs of
coefficients of positive vs’s and vy, - v’s are all the same, and are the opposite to the signs

of coefficients of negative vs’s and y; - 7y’s.

From finding at each node of a y - y tree, all the signs of ~ys’s and y - ’s that are known,
we can get a partial sign pattern for y and a partial sign pattern for [y; - 7, ..., y, - 7] at this
node.

Now when we stop at a node in the v tree, we will use all the known signs of ~,’s

to generate a system of linear equalities/inequalities in terms of ~,’s. When we stop at a
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node at the y - v tree, we will use all the known signs of v,’s and y - 7’s to update the
partial sign patterns for v and [y; - 7, ..., y», - 7], respectively, and update the system of linear
equalities/inequalities in terms of ~;’s.

Next, let us describe two ways of walking on the v and y - v tree: move forward and
move backward.

The rule for moving forward in the -y tree is simple. We start from the current node
which is not a leaf node (N layer) in the ~ tree. Walk toward higher layers (for example,
from the " layer to (i + 1)th layer) in the y tree until we either reach a leaf node of positive
sign or arrive at the positive node of the next earliest species whose sign is not fixed. Note
that whenever we walk past a sign-fixed species (in the ~y tree), we will walk through the
fixed (zero in this case) sign node.

The rule for moving forward in the y - «y tree is similar but slightly complicated. We
start from the current node which is not a leaf node (n'" layer) in the - y tree. Walk toward
higher layers (for example, from the i layer to (i + 1)th layer) in the y - v tree until we
either reach a leaf node of positive sign or arrive at the earliest reactant complex whose
corresponding y - v sign is not fixed or temporarily fixed. Note that whenever we walk
past a reactant complex whose y - 7y sign is fixed (i.e. the zero complex in the y - 7y tree)
or temporarily fixed on the way, we will walk through the fixed or temporarily fixed sign
node.

The rule for moving backward in the -y tree is slightly complicated. Here we will take
into account the fact that only about half (without the inversions) of the sign patterns of ~y
which are sign-compatible with S need to be considered. We start from the current node
which is not the root node of v tree. Then we follow these rules:

(D) If the current node is a fixed sign node, we walk toward lower layers along the node’s
walk trace until a node, whose species is not a sign-fixed species, is reached. If we reach

the root node, we exit the moving backward process. Otherwise, go to (II).
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(II) If the current node is a zero node, skip the rest and go to (III). If the current node is

a positive or negative node, then move to another child of its mother node in the following
way:

(1) Suppose that the currently stayed node is a positive node. If the fixed signs all

have a sign of zero (true in this case), then check if the partial sign pattern from the

walk trace at the mother node of this node contains all zero signs. If the answer is

yes, move to the zero sign node. Otherwise, move to the negative sign node.
(ii) If the current node is a negative node, move to the zero node.

(IIT) If the current node is a zero node, then walk toward lower layers in the tree along

the node’s walk trace to its mother node. Go back to (I).

The rule for moving backward in the y - v tree is similar. We start from the current node
which is not the root node in the ¥ - 7 tree. Then we follow these rules:

(D) If the currently stayed node is a fixed or temporarily fixed sign node, we walk toward
lower layers along the node’s walk trace until a node, whose reactant complex with y - «y
sign is not fixed or not temporarily fixed, is reached. Otherwise, go to (II).

(II) If the currently stayed node is a zero node, skip the rest and go to (III). If the current
node is a positive or negative node, then move to another child of its mother node in the

following way:
(i) If the current node is a positive node, move to the negative sign node.
(ii) If the current node is a negative node, move to the zero sign node.

(IIT) If the current node is a zero node, then walk toward lower layers in the tree along
the node’s walk trace to its mother node. Go back to (I).

Now we are ready to talk about the algorithm for checking whether (b) holds. We
introduce a boolean variable called EverFoundSolution. We will proceed according to the

following steps:
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EverFoundSolution is set to be False.

We are currently at some node in the -y tree.

(i) If it is the first time walking in the ~ tree, i.e., we start at the root of the  tree, then
we will move forward in the v tree. Skip (ii).

(ii) If it is not the first time walking in the ~y tree, then we have already arrived at some
node in the «y tree. We will move forward on the v tree (unless it is already at the last non-
fixed species node, then move backward in y tree) if EverFoundSolution is True, and we
will move backward on the ~ tree if EverFoundSolution is False. Thus we arrive at some
other node in the 7 tree. Note that if after moving backward, we arrive at the root of the
v tree, then we will terminate the process and conclude that condition (b) does not hold.
Otherwise we will go to Step 2 and move into the y - -y tree generated by the current node
as its root.

Set EverFoundSolution to be False. We are currently at some node in the y - 7y tree. We
find the known signs of v’s and y - y’s at the current node and then we have a partial sign
pattern for «y and for [y; - v, ..., Yn - V]

(i) If it is the first time walking in the ¥ - 7y tree from the y tree, then we start at the root
of the y - v tree. Recall that the known signs of 4 - v’s based on the known signs of 7,’s (s is
sign-fixed species or among the first 7 species where ¢ is the number of the layer the root of
the y - 7y tree lies in the y tree) are said to be temporarily fixed for the current y - v tree. We
will find all the reactant complexes with their corresponding ¥ - v signs temporarily fixed
at the root of the y - vy tree. We then move forward in the y - v tree. Skip (i1).

(i1) If it is not the first time walking in the y - «y tree, then we have already arrived at

197



some node in the y - 7y tree. Note that if we previously moved backward and arrive at the
root of the y - 7y tree, then we will go to Step 1 and return to the v tree.

At the current node of the y - v tree, we update the knowns signs of ,’s and y - 7’s and
update the corresponding sign patterns of y and [y, -, ..., y» - 7|, respectively.

Check if there exist outflow reactions, i.e., Z, # (). If the answer is no, then we skip
the following and go to Step 5. Otherwise, we have %, # (). Note that Z = %, U %, U %,

then equation (4.2.5) can be rewritten as follows:

oy @ NG =)+ Y neo(r) (=) + Y meo(0)(s) =0

y—y EXL s—0EZ, 0—sEXy

which is equivalent to:

3o o)) = Y my—y (W — ) (4.3.3)

s—0EZX, y—y ERXy

Given vy € R”, we define AV e R as follows:

s, ifs—0€Z,

new

Vs =
0, otherwise.

new, fynew haS a

From the partial sign pattern for v at the current node and the definition of
partial sign pattern at the current node in the y - v tree. Let Sye = {v' — v : y — ¢ € %, }.
From equation (4.3.3), we can see that 4" must be sign-compatible with Sy,.. Therefore
we will check if there exists 7 € Sy, with the same partial sign pattern as v"". If the
answer is yes, we move to Step 5; otherwise, we move backward in the y - v tree and go
back to Step 2.

If dim S = #(), go to Step 6 and skip the rest of Step 5. Otherwise, we check if

there exists a nonzero § € S with the same partial sign pattern as . If the answer is yes,

we go to Step 6; otherwise, we move backward in the y - 7y tree and go back to Step 2.
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Recall that L(y) € R” is defined via L, .,(7) = y - 7. From the partial sign pattern
for [y - 7, ..., Yn - 7], L(7) has a partial sign pattern at the current node in the ¥ - -y tree. We
check if there exists a nonzero o« € Ker 1" with the same partial sign pattern as i(v). If
the answer is yes, then we move to Step 7; otherwise, we move backward in the y - 7y tree
and go back to Step 2.

Check if there exists a nonzero v € R satisfying the inequality system generated by
the known signs of v,’s and y - ’s. If the answer is no, then we move backward in y - 7y
tree and go back to Step 2. If the answer is yes, then record the value and sign of each ~;
and calculate the value and sign of each y - v. We will set EverFoundSolution to be true.

Now that all signs of ~,’s and y - ’s are known, we have (full) sign patterns for v and
[Y1 Y, -y Un - 7]. We then check if all of the sign-compatible conditions in Step 4 on Sy
(if applicable), Step 5 on S (if applicable) and Step 6 on Ker T are satisfied.

If the answer is no, then we move forward in the ¥y - v tree (unless it is already at the
node corresponding to the last reactant complex whose ¥ -y sign is not fixed or temporarily
fixed, then we move backward in y -y tree) and go back to Step 2. If the answer is yes, then
we can find a solution of ) € R‘gf from equation (4.2.5). We will terminate the process and
claim that the network is not mass action injective.

Therefore, after we run the two checks for whether (a) or (b) holds, we can have the
following situations:

(i) Neither condition (a) nor (b) holds. We then claim that the reaction network is mass
action injective and therefore does not have the capacity to admit more than one steady
state.

(ii) Condition (a) or (b) holds. We then claim that the reaction network is not mass
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action injective and therefore the answer to whether the network has the capacity to admit
multiple steady states is inconclusive. In this case, we need to refer to the Higher Deficiency

Algorithm for more information.

Remark 4.3.6. Recall that in Lemma 4.3.2, we state that the following statements are
equivalent:

(A) There exist an n € Rf and a nonzero v € R” that is sign-compatible with S,
satisfying equation (4.2.5).

(B) There exists a nonzero v € R” that is sign-compatible with S such that [N/(v) e R”
is sign-compatible with Ker T

(C) One of the two conditions holds:

(a): There exists a nonzero v € R” that is sign-compatible with S and lies in S#.

(b): There exists a nonzero v € R” that is sign-compatible with S such that E(v) €

RZ is nonzero and sign-compatible with Ker T.

Note that in Lemma 4.3.2, (B) is a trivial generalization (by allowing [:(7) =0) of
condition (b) of (C), therefore the algorithms of checking whether condition (b) holds or
(B) holds are very similar. The algorithm for the Mass Action Injectivity Test implemented
in [16], which tests if (B) holds, is different from that of checking whether condition (b)
holds in the following places:

In (ii) of Step 1, we replace the original sentence "Note that if after moving backward,
we arrive at the root of the ~y tree, then we will terminate the process and conclude that
condition (b) does not hold." by "Note that if after moving backward, we arrive at the root
of the y tree, then we will terminate the process and conclude that the reaction network is
mass action injective."”

In Step 6, we replace the original sentence "We check if there exists a nonzero o € Ker
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T with the partial sign pattern of E(v) " with "We check if there exists a o € Ker T with

the partial sign pattern of L(7)."

4.4 Applications

Having explained how the algorithm worked, we will give an example of reaction network

(4.4.1). Note that we will write in terms of reactions, not a standard network diagram.

S1+ Ey = ES 4.4.1)
Sy + E1S1 = E 5159 — P+ Fy
So + Fy = E5S
S3 + E5Sy = F355535 — P + Ey
Ss + F3 = E3S5
Sy + E3S35 = FE3535, — P3 + Ej
Si+ Ey = E S, — 251+ Ey
S1=0= 252
S3=0= 54
Pl—-0+ B

T

Py

The Mass Action Injectivity Test, implemented in [16], concludes that the reaction
network (4.4.1) is mass action injective. Therefore, the network (4.4.1) does not have the

capacity to admit more than one steady state.
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Chapter 5

CONCORDANCE TEST

5.1 Background

The Concordance Test is a test of whether a given reaction network is concordant (to be
defined shortly). The idea of a concordant network comes from a private communication
([17]). As we shall see, one can say much about systems in which the underlying network
is concordant, even when the kinetics is not mass action (provided that certain weak condi-
tions on the kinetics are satisfied). In this chapter we mainly focus on finding an algorithm
to determine whether a network is concordant. The algorithm has been implemented in the
Chemical Reaction Network Toolbox [16].

We will present a few terms and a proposition from [17].

The map L : R” — R” is defined as follows: for given o € R,

La= > oy y(y —y)
y—y' €EX

A reaction network {.7, €, Z} is concordant if there does not exist an « € Ker L
and a nonzero o € S satisfying the following conditions:

(i) For each y — y' € Z such that «,_,,, # 0, supp y contains a species s for which
sgn(os) = sgn(oy ).

(ii) For each y — y' € % such that v,y = 0, 05 = 0 for all s € supp y or else supp y

contains species s and s’ for which sgn(o,) = —sgn(o ), both not zero.
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Recall that a kinetics % for a reaction network {.7, ¢, #} is an assignment of a (con-
tinuous nonnegative real-valued) rate function .%,_,(-) to each reaction y — ¢ in the
network.

A reaction network {.%, ¢, %} governed by some kinetics # is injective if, for each
of distinct stoichiometrically compatible compositions ¢*, ¢* € R, at least one of which
is strictly positive,

> Ky (@Y -9 # D Ay ()Y ) (5.1.1)
y—y' € y—y'eZ

A kinetics .# for reaction network {., ¢, Z} is weakly monotonic if, for each pair of
compositions ¢*, ¢** € Rf , the following implications hold for each reaction y — ¢’ € Z
such that supp y C supp ¢* and supp y C supp ¢**:

(i) If (™) > £ (c"), then there exists a species s € supp y with ¢* > ¢i.

(i) If (™) = # (c"), then either ¢ = ¢ or there exist species s, s’ € supp y with
& >crand ¢ < ¢l
Proposition 5.1.1. [17] A reaction network {.#, €, %} governed by weakly monotonic
kinetics is injective whenever its underlying reaction network {.# €, %} is concordant.
In particular, if the underlying reaction network is concordant, then the reaction network

governed by weakly monotonic kinetics cannot admit two distinct stoichiometrically com-

patible equilibria, at least one of which is positive.

Concordant networks have many pleasant properties when taken with any weakly mono-

tonic kinetics. For more information on those other properties, see [17].

5.2 Algorithm

We will describe an algorithm to test if a given reaction network is concordant. From a

given nonzero sign pattern for o € S, the definition of concordance restricts the signs that
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components of &« € Ker L might take. Suppose that 0 € S is nonzero and let y be a
reactant complex. Then we have the following cases:

(i) If for all s € supp y, sgn(o,) = 0, then o, = 0; or else if for all s € supp v,
sgn(oy)> 0, then vy —.,» > 0; or else if for all s € supp y, sgn(c,)< 0, then o,y < 0.

(i) If there exist s, s’ € supp y such that sgn(os) = —sgn(oy), both nonzero, then the
sign of «,_,,» can be free (by free we mean that there is no constraint on the sign, and it
could be positive, negative or zero).

Note that o,_,,» having a free sign actually means we do not assign a sign to ay,_,.
Thus we have a partial sign pattern for « € R”. We then check if such a partial sign
pattern is sign compatible with Ker L. If so, then there exists « € Ker L with such a
partial sign pattern; thus we claim that the reaction network is not concordant. If for any
nonzero o € S, there does not exist « € Ker L with the partial sign pattern generated from
cases (1) and (i1) above, then we claim the reaction network is concordant and the reaction
network does not have the capacity to admit multiple steady states (with weakly monotonic
kinetics).

Note that since we only care about the sign pattern of o € S, not the value of its
component, we may relax the condition of a nonzero o € S to study any nonzero o € R”
that is sign-compatible with S. In other words, we check if the following condition (**)
holds:

(**): There exists a nonzero ¢ € R” that is sign-compatible with S such that there
exists « € Ker L with a partial sign pattern generated from cases (i) and (ii) above.

Note that if 0 € R” and o € Ker L satisfy the condition (**), then —o and —« also
satisfy the condition (**). Recall that in Section 4.3 of Chapter 4, for the check of whether
condition (a) holds, we check if there exists a nonzero v € R” that is sign-compatible with
S and lies in S#. When checking whether condition (**) holds or whether condition (a)

holds (in Section 4.3 of Chapter 4), we only need to consider almost half (leaving out the
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inversions) of the sign patterns of v or 0. Therefore, we can set up a o tree as we did for a
v tree in the check of whether condition (a) holds for the Mass Action Injectivity Test. We
can similarly define the walk in the tree, the known signs of o’s at some node, a partial
sign pattern for o, a sign pattern for o, move forward and move backward in the o tree, etc.
We will also first check if there exists any species s that does not lie in the support of any
reaction vectors ' — y. Because o € R” is required to be sign-compatible with S, we set
the sign of o, to be zero for any such species s, and call it a sign-fixed species. As for the
sign-fixed species, when we walk past the nodes corresponding such species, we only walk
through the one corresponding to the given fixed (zero) sign node.

Recall that in Section 4.3 of Chapter 4, when we checked whether condition (a) holds,
we defined two ways of walking in the v tree: move forward and move backward. Here
we apply the same rules on the o tree.

The rule for moving forward is simple. We start from the current node which is not
a leaf node (in the N*" layer, where N = #(.#)). We walk toward higher layers (for
example, from ' layer to (i + 1)th layer) in the o tree until we either reach a positive leaf
node or arrive at the positive node of the next earliest species whose sign is not fixed. Note
that whenever we walk past a sign-fixed species, we will walk through the fixed (zero in
this case) sign node.

The rule for moving backward is slightly complicated. Here we will take into account
the fact that only almost half (leaving out the inversions) of the sign patterns of o which
are sign-compatible with .S need to be considered. We start from the current node which is
not the root node. Then follow these rules:

(D) If the current node is a fixed sign node (zero sign in this case), walk toward lower
layers along its walk trace until a node, whose species is not a sign-fixed species, is reached.
If we reach the root node, we exit the moving backward process. Otherwise, go to (II).

(II) If the current node is a zero node, skip the rest and go to (III). If the current node is
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a positive or negative node, then move to another child of its mother node in the following

way:

(i) Suppose that the current node is a positive node. If the fixed signs all have a sign
of zero (true in this case), then check if the partial sign pattern, generated from the
known signs of o,’s at the mother node of this node, contains all zero signs. If the
answer is yes, move to the zero sign node. Otherwise, move to the negative sign

node.

(ii) If the current node is a negative node, move to the zero node.

(IIT) If the current node is a zero node, then move back in the tree (along its walk
trace) to its mother node. If we reach the root node, we exit the moving backward process.
Otherwise, go back to (I).

We will proceed with the Concordance Test according to the following steps.

Start at the root node of the o tree and move forward.

We are currently at some node. We have a partial sign pattern for o from the o,’s that
are known at the current node. We then check if there exists a nonzero 5 € S with such a
partial sign pattern.

If the answer is no in Step 1, move backward on the o tree and go to Step 1. If the
answer is yes, then check if we are currently at a leaf node of the o tree. If the answer is
no, move forward and go to Step 1. If the answer is yes, then go to Step 3.

If the sign pattern of ¢ is such that 0, = 0 for all s € ., then we claim that the reaction

network is concordant and exit the algorithm. Otherwise, for the given nonzero sign pattern
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of o, we may restrict the signs of a,,_,,/’s where y is a reactant complex, according to the
following rules:

(i) If for all s € supp y, sgn(o,) = 0, then o, = 0; or else if for all s € supp v,
sgn(oy)> 0, then vy —.,» > 0; or else if for all s € supp y, sgn(c,)< 0, then o,y < 0.

(i) If there exist s, s’ € supp y, such that sgn(o,) = —sgn(c), both nonzero, then the
sign of oy, 1s set to be free (by free we mean that any sign is possible and we do not put
any constraint on the sign).

We then obtain a partial sign pattern for v € R”. We check if there exists an v € Ker
L with such a partial sign pattern. If the answer is yes, then we claim that the reaction
network is not concordant and exit the algorithm. If the answer is no, we move backward
in the o tree and go to Step 1.

Therefore, after we run the Concordance Test, we can either claim that the reaction
network is concordant and therefore does not have the capacity to admit more than one
positive steady state, or the reaction network is not concordant. In the latter case, the test
is inconclusive in answering the question of multiple steady states and we may refer to the

Higher Deficiency Algorithm or the Mass Action Injectivity Test for more information.

5.3 Applications

We will use the same example of reaction network (4.4.1) as in Chapter 4.

The Concordance Test, implemented in [16], concludes that the reaction network is
concordant. Therefore, the network (4.4.1) does not have the capacity to admit more than
one positive steady state, so long as the kinetics is weakly monotonic: It does not have to
be mass action. From [17], we have that:

Concordant networks have many pleasant properties when taken with any weakly mono-

tonic kinetics, not necessarily mass action. For example, a positive equilibrium is invariably
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unique in the following sense: There can be no other equilibrium that is stoichiometrically
compatible with it, not even one in which certain species are absent.

For still other properties of concordant networks, see [17] for more information.
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Chapter 6

FUTURE RESEARCH

6.1 Overview

In this chapter we will raise a few questions about improving the efficiency (in terms of
getting a definite answer) of the Higher Deficiency Algorithm.

Recall that for a reaction network {.%, ¢, #} with orientation &, we define "~" equiv-
alence classes P; (0 < i < w) and the corresponding fundamental classes C; (0 < i < w),
where Py is the zeroth equivalence class. We pick y; — v/ as the representative for P;
(0 < i < w). We then define W = {y; — y.}*,. Recall that ¢ is the dimension of
Kert Ly N Tyy. Suppose we pick a "valid" sign pattern for gy, hyy € R N Ty and a
parameter set {pw (y; — v.) : gw(y; — y.) # 0} is also given, consistent in sign with
the sign patterns of gy and hy. Let {¥/ }3-1 be a basis for K ert Ly N Ty. Given the
sign patterns for gy and hy, for each 1 < j < ¢, we define QZF = {pw(y; — y.) :
yi — yi € Wandl) _gw(y, — yi) > 0} and Q© = {pw(y: — vi) : i — ¥ €

Wandb, . gw(yi — yi) < 0},

6.2 Nonlinear Conditions on p’s

From Remark 2.9.6, we know that if 2¢ > w, then in order for there to exist gy, hy
satisfying equations (2.9.13), (2.9.14) and (2.9.15), we need to add additional (nonlinear)
equalities in terms of py (y; — y.)’s (from satisfying rank Ap < w, where Ap is defined
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as in equation (2.9.19)). However, we did not implement this in the algorithm as these
are nonlinear equalities in terms of py (y; — %:)’s. Note that these nonlinear equalities
in terms of py (y; — v,)’s will be nonlinear equalities in terms of e*’s. Therefore, the
resulting systems are nonlinear in terms of M;’s. (Or we could rephrase a pre-signature
in terms of M;’s to be in terms of py (y; — y.)’s and get a nonlinear system in terms of
pw (y; — y:)’s.) In the future, we could implement this as an expanded version of [16]. We
will need a package to calculate the determinants (of all (w X w) submatrices of Ap) and
a reliable and freely available nonlinear solver that can be called from [16].

If 2¢ < w and Kert L, N Ty does not have a forest basis, then the conditions (*)
(first mentioned in Section 2.9) on the py (y; — v;)’s, which we later denote as condi-
tions in Proposition 2.10.14, are necessary but not necessarily sufficient for the existence
of gw,hyw € R? N Ty with the given "valid" pair of sign patterns satisfying equations
(2.9.13), (2.9.14), and (2.9.15). Therefore, we may require additional equalities in terms
of pw(y; — y.)’s besides those arose from zero determinants (of all (w x w) submatrices
of Ap) in the last paragraph to guarantee the existence of such gy and hy,. We have not
built a systematic way to set up these additional nonlinear equalities. For our future study,

we could work on finding these equalities.

6.3 More Efficient b-Bases

Note that in the conditions of Proposition 2.10.14 we did not put any assumptions on the
size of the support of each 4 (1 < j < q). However, we know if we could find a basis
{bj}?:1 where each &’ has a relatively small support (meaning the basis vector matrix is
quite sparse), then the multisets )} and Q% in Proposition 2.10.14 are smaller. Therefore,
the number of subcases generated in each case of the conditions in Proposition 2.10.14 will

be smaller, and the efficiency of the algorithm will be improved. In the linear case, we can

210



try to find a forest basis {6’ }7_, where each &’ (1 < j < ¢) has a relatively small support,
following the algorithm in Section 2.12.

In the case that there does not exist a forest basis for Ker+t Le N Ty, we would work
to find a systematic way to find a basis for Ker' Ly N Ty such that each basis vector has
a relatively smaller support. We could exhaustively search basis vectors with 3-support,
4-support, 5-support, etc., to construct a basis. For a basis vector with n-support, we try
to find a vector in Ker®™ L, N T'y with support on some n reactions. We will test all 3
combinations of the w reactions to find an independent set of vectors in /' ert Lo NTw
with 3-support. If the number of independent vectors we found is less than ¢, then we need
to continue looking for vectors with bigger size support. For the 4-support, we will test all
4 combinations of the w reactions to find an independent set of vectors in K ert LoNTyw
with 4-support, which if adding the vectors we find in the 3-support step, will still be an
independent set. Of course, we can skip the combinations of four reactions where a basis
vector with three of the four reactions has been found in the 3-support step. The process of
finding such a basis for Ker* Ly NIy could be time consuming, especially when the size
of the support becomes high and we are still looking for more vectors to complete a basis
for Kert Ly N Ty. Thus currently in [16], when Kert Ly N Ty does not have a forest
basis, we only find the basis vectors with 3-support to build a subset of a basis for Ker*
Lg N Tyy. If we can find a smart way of finding a complete basis where each basis vector

has a relatively small support, the efficiency of the algorithm could be improved.

6.4 Shelving conditions

If we can find more necessary conditions as listed in Proposition 2.8.1, we could possibly
improve the efficiency of the algorithm.

Recall that in the Deficiency One Algorithm the "shelves" are assigned following the
conditions below:
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(i) All non-terminal complexes are put in the middle shelf .7 .

(i) All complexes in the same nontrivial terminal strong linkage class are put in the
same shelf.

(i11) If there are no trivial terminal strong linkage classes, then neither the upper shelf
nor the lower shelf can be empty.

(iv) If there is exactly one trivial terminal strong linkage class, then the upper shelf and
the lower shelf cannot both be empty.

Recall that we did not generalize conditions (iii) and (iv) above in the Higher Deficiency

Algorithm. These generalizations may still exist.

6.5 Merger of Theories

There are three approaches to answer the question of multiple steady states in this thesis
as well as in its computer implementation [16]: the Deficiency Theories and Algorithm,
the Mass Action Injectivity Test, and the Concordance Test. The Deficiency Zero Theorem
and the Deficiency One Theorem are very simple and powerful, without involving too many
calculations. However, the Deficiency One Algorithm and the Higher Deficiency Theory
may need to produce many inequality systems to solve the question of multiple steady
states. The Mass Action Injectivity Test and the Concordance Test are relatively simple
in terms of the calculations involved. We have known that there are cases when the Mass
Action Injectivity Test and/or the Concordance Test conclude that the reaction network
does not have the capacity to admit multiple steady states and yet the High Deficiency
Theory stays silent. We in the future could work on merging all of these approaches into

some "big" theory that incorporates all of these developed theories.
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