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ABSTRACT

Multiple sclerosis (MS) is an autoimmune disease in which the body’s own immune
system attacks the central nervous system. Relapsing remitting MS (RRMS) is an
initial stage of the disease where the patient experiences distinct phases of relapse
and remittance. Magnetic resonance imaging (MRI) is commonly used to monitor
the RRMS disease progression. MRI scans of the brain are taken each month and
the total number of new MRI lesions seen during the follow-up period is used as the
response variable of interest. The Negative Binomial (NB) and the Poisson-Inverse
Gaussian (P-IG) distributions have been shown to fit this over-dispersed data well.
Currently, only nonparametric tests are being used to test for the treatment effect in
RRMS trials, but the NB and P-IG distributions have been used for simulating the
MRI data for the power analyses of these tests and determination of the associated
sample sizes.

We consider three different trial designs in our study, namely parallel group (PG),
baseline vs. treatment (BVT), and parallel group with a baseline correction (PGB).
We identify the treatment effect by the parameter v, with 1 — v representing the pro-
portion reduction in the mean count of new lesions. For these designs we investigate
the finite-sample properties of likelihood based parametric tests such as the likelihood
ratio test (LRT) and Rao’s score test (RST) for v, and Wald tests (WT) for g(y) with

9(7) =7,7% 7, and log(y).
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We use the NB and the P-IG models for PG trials and propose optimal likelihood
based tests. Recently, tests based on the NB model have been proposed for PG trials;
they rely on the x? approximation and do not maintain Type I error rates for small
samples. We propose simulation based tests that maintain Type I error rates, and
for the NB model we also consider the case of unequal dispersion parameters for the
two groups. For BVT and PGB trials, assuming a bivariate NB (BNB) model, we
investigate various parametric tests and compare them. We perform power analyses
and sample size estimation using the simulated percentiles of the exact distribution
of the preferred test statistics for all the above scenarios.

We compare the sample sizes of our recommended parametric tests with those of
the nonparametric tests published in the literature. For the NB models the exact
LRT, RST, and WT for log(~y) remained unbiased and generally did equally well for
all the three designs. When compared to the corresponding nonparametric test, the
LRT gave 30-45% reduction in sample sizes for the PG trials, 25-60% for the BVT
trials, and 70-80% for the PGB trials. The WT for 42, though not unbiased, had
the highest power for v < 1 and provided a further reduction of around 10-20% over
the LRT in terms of sample sizes. Hence, it is best suited for RRMS clinical trials.
For the P-IG model for PG trials, the LRT provided a sample size reduction of 30-
50% compared to the Wilcoxon Rank Sum test and the exact WT for + provided a

reduction of 40-50%.

1l



To my wife, Priya

To my parents, Bala and Gopal

v



ACKNOWLEDGMENTS

The years I spent at Ohio State have been by far the hardest, but also the most
enjoyable years I have faced in my career so far. There are several people that made
this journey possible and I would like to thank them all.

My advisor Prof. Nagaraja has been a source of guidance and inspiration through-
out my years as a graduate student here at Ohio State. That my research and thesis
is largely due to him goes without saying. My interactions with him each week have
taught me to be not only a better statistician and a researcher, but also a better
person. None of this would have been possible without his encouragement, support
and advice every single step of the way in both academics and otherwise. For this
and everything else I am sincerely grateful to him. I would also like to thank my
committee members Prof. Jason Hsu, Prof. Eloise Kaizar, and Prof. Thomas Sant-
ner whose valuable insights have only enhanced my thesis and expanded my research.
I thank Prof. Jackie Miller for guiding me through my very tough initial years as a
graduate student and as a teaching assistant. I would like to thank the Department
of Statistics for providing the facilities to work and for its continuous financial sup-
port all along. I would also like to thank Brian Smith and Eric Drake for providing
computer support all these years.

I would like to thank all my professors at Loyola College, Chennai, India for en-
couraging me to pursue my higher studies. My conversation with Prof. Balakrishnan,

v



McMaster University, Canada, one summer morning, has been largely responsible for
me coming to Ohio State and I thank him for that.

I thank my parents Bala and Gopal, my sister Aparna and my brother Ram for
having stood by me all these years. Their belief in my abilities kept driving me to
work harder towards my goal. Last but not least, I thank my wife Priya for her
constant support and encouragement. Her love, affection, and sacrifice have helped
me overcome some of the toughest days of my life and I will be forever indebted to

her for that.

vi



Major Field: Statistics

VITA

FIELDS OF

vii

B.Sc. Statistics, University of Madras,
India

M.Sc. Statistics, University of Madras,
India

M.Sc. Statistics, McMaster University,
Canada

Graduate Teaching Associate, Depart-
ment of Statistics, The Ohio State Uni-
versity

Graduate Summer Intern, ACHRI,
University of Arkansas for Medical Sci-
ences

STUDY



TABLE OF CONTENTS

Page

Abstract . . . . .. i

Dedication . . . . . . . .. iv

Acknowledgments . . . . . . ... v

Vita . . . o vii

List of Tables . . . . . . . . . . xi

List of Figures . . . . . . . . xiii
Chapters:

1. Imtroduction . . . . . . . . . ... 1

1.1 Multiple Sclerosis . . . . . . . . ... 1

1.1.1 Different Stagesof MS . . . . . . . ... oL 2

1.1.2  Monitoring Disease Progression in MS . . . . . ... .. .. 3

1.2 Clinical Trial Designsin MS . . . . . . . ... .. ... ... .... 5

1.2.1 Parallel Group (PG) Trials . . ... ... ... ... .... 5

1.2.2  Baseline vs. Treatment Trials (BVT) . . . .. ... ... .. 6

1.2.3  Parallel Group Trials with a Baseline Correction Scan (PGB) 7

1.3 Statistical Models and Methods . . . . . . .. ... ... ... ... 7

1.3.1 Distributions . . . . . .. ... .. 7

1.3.2  Parametric Tests . . . . . . . . .. ... L. 9

1.4 The Research Problem . . . . . . ... ... ... .. ... ..... 10

viil



Univariate Negative Binomial Models for Parallel Group Trials . . . . . . 13

2.1 Introduction . . . . .. .. ... 13
2.2 The NB Model . . . . . . . . .. ... .. 15
2.3 Estimation . . . . .. ... ... 16
2.3.1 Equal Dispersion Parameters . . . ... ... ... ... .. 16
2.3.2  Unequal Dispersion Parameters . . . . . . .. .. ... ... 19
2.4 Testing for the Treatment Effect . . . . . . ... .. ... .. ... 23
2.4.1 Equal Dispersion Parameters . . . . ... ... ... .... 23
2.4.2 Unequal Dispersion Parameters . . . . . .. ... ... ... 26
2.4.3 Exact Parametric Tests and Critical Values . . . . . .. .. 27
2.5 Power Analysis . . . . . . .. 30
2.6 Sample Size Estimation . . . . . ... ... ... ... ... ... 36
2.7 A Robustness Study . . ... ... .. ... ... ... 41
2.8 Discussion . . . . . ... 44

Bivariate Negative Binomial Models for Baseline vs. Treatment Trials . . 47

3.1 Introduction . . . .. . . . . ... 47
3.2 The BNB Model . . . . .. ... ... ... 49
3.3 Estimation . . . . .. . ... o1
3.4 Testing for the Treatment Effect . . . . . . . ... ... ... ... 54

3.4.1 Known Dispersion Parameter o . . . . . . . ... ... ... 54

3.4.2  Unknown Dispersion Parameter o« . . . . . . . . ... ... o7
3.5 Power Analysis . . . . . . .. ... 60
3.6 Sample Size Estimation . . . . . ... ... ... ... ... ... 66
3.7 Discussion . . . . . . .. 67

Bivariate Negative Binomial Models for Parallel Group with Baseline Cor-

rection Trials . . . . . . . . ... 70
4.1 Introduction . . . . . . .. ... 70
4.2 The Model . . . . . . . . .. 71
4.3 Estimation . . . . . .. .. 72
4.4 Testing for the Treatment Effect . . . . . . .. .. ... ... ... 75
4.5 Power Analysis . . . . . . ... 7
4.6 Sample Size Estimation . . . ... ... ... ... .. ... .... 82
4.7 Testing Using the Distributionof Y — X . . . . . ... .. .. ... 87
4.8 Discussion . . . . . . ... 93

X



5. Poisson-Inverse Gaussian Distribution for Parallel Group Trials . . . . . 96

5.1 Imtroduction . . . . . . . . . 96

5.2 The Poisson-Inverse Gaussian (P-IG) Model . . . . . . . ... ... 97

5.2.1 The Basic Model . . . . . . . . . . .. ... 97

5.2.2 The P-IG Model for PG Trials . . . . . .. ... ... ... 100

5.3 Estimation . . . . . . . . . 101

5.4 Hypothesis Testing . . . . . . .. .. ... ... .. 106

5.5 Power Analysis . . . . . . ... 113

5.6 Sample Size Estimation . . . . . ... ... ... L. 115

5.7 Discussion . . . . . . .. 120

6. Conclusion and Further Work . . . . . . . . . . . ... ... ... ... 122

Bibliography . . . . . . . 126
Appendices:

A. Notations and Abbreviations . . . . . . . . . . . ... 132

A.1 Abbreviations . . . . . . . ... 132

A2 Symbols . . . . .. 133

A.3 Distributions . . . . . . . . 133

B. Simulation Method . . . . . . . . .. 134

B.1 PG Trial . . . . . 134

B.2 BVT Trial - BNBmodel . . . . . . . ... . .. ... .. ... ... 135

B.3 PGB Trial - BNB model . . . . . . .. ... .. ... ... ... 135

C. Datasets . . . . . . 136

C.1 MRI lesion counts . . . . . . . . . o 136

C.1.1 Nauta . . . . . . 136

C.1.2 Tubridy . . .. .. .. 137

C.1.3 Sormani . . . . . . . . 138

C.2 Epileptic Seizures . . . . . . . ... 138

D. R Code . . . . . 144

D.1 PG Trial - NB Model . . . . . . . . . . . . 144



LIST OF TABLES

Table Page

2.1 PG Trial: Sample sizes per group to achieve 80% and 90% power for
100(1—7)% treatment effect and follow-up period () of 3 and 6 months
assuming equal dispersion parameter, and initial estimates (u,a) =
(5.9,0.49) for t = 3, and (13,0.52) for t = 6; level v = 0.05. . . . . . . 38

2.2 PG Trial: Sample sizes per group to achieve 80% and 90% power for
100(1—7)% treatment effect and follow-up period (t) of 3 and 6 months
with unequal dispersion parameters and initial estimates of (u, aq, )
at (5.9,0.49,0.3675) for t = 3, and (13,0.52,0.39) for t = 6; level v =
0.05. . . . e 39

2.3 PG Trial: Sample sizes per group to achieve 80% and 90% power for
100(1 — )% treatment effect and a follow-up period (¢) of 3 and 6
months with unequal dispersion parameters and initial estimates of
(1, aq, a0) at (5.9,0.49,0.6125) for ¢t = 3 and (13,0.52,0.65) for t = 6;
level v =0.05. . . . . . . . 40

3.1 BVT Trial: Numbers of patients needed to achieve 80% and 90%
power for 100(1 — v)% treatment effect and follow-up period (t) of
3 and 6 months, and initial estimates (u,a) = (5.9,0.49) for t =
3 and (13,0.52) for t =6; level v =0.05. . . . .. ... ... ... .. 68

4.1 PGB Trial: Sample sizes per group to achieve 80% and 90% power
for 100(1 — )% treatment effect, baseline period of 1 month, and
follow-up period () of 3 and 6 months, and initial estimates (tu, a) =
(5.9,0.49) for t = 3 and (13,0.52) for ¢t = 6; level v =0.05. . . . . .. 88

5.1 P-IG Model for PG Trial: Sample sizes per group to achieve 80%
and 90% power for 100(1 — v)% treatment effect, baseline period of
1 month, and follow-up period (¢) of 6 months, and initial estimates
(1, A) = (16.8,6.56); level v =0.05. . . . . . ... ... ... ... .. 119

x1



C.1

C.2

C.3

C4

C.5

MRI lesions (Nauta): Number of active lesions seen in 6 monthly
follow-up MRI scans for 23 RRMS and SPMS patients. . . . . . . ..

MRI lesions (Tubridy): Number of new active lesions seen in 6 monthly
follow-up MRI scans for 31 patients. . . . . ... ... .. ... ...

MRI lesions (Sormani): Observed and expected frequency (NB and
P-1G) of lesion counts for two groups of patients. Group A: 66 RRMS
patients not selected for the presence of MRI activity on the baseline
scan. Group B: 115 RRMS patients selected for having at least one
Gd-enhancing lesion on the baseline scan. . . . . . . .. .. ... ...

Epileptic Seizures: Bi-weekly seizure counts for 28 patients in the
placebo group; baseline counts are observed over an 8 week period.

Epileptic Seizures: Bi-weekly seizure counts for 31 patients in the treat-
ment group. . . . ... oL e

xii

137

140

141

142

143



LIST OF FIGURES

Figure

2.1

2.2

2.3

2.4

2.5

2.6

Plot of the log-likelihood g(«) and first derivative ¢’(«) for PG trials
assuming equal dispersion parameters with p; and po fixed at their
MLEs 7; and 95 respectively. . . . . . . ...

PG Trial: Simulation based 95th percentile value for the null distribu-
tion of LRT, RST and Wald test statistics as a function of common
sample size n; p = 5.9, ag = 0.49 and (a) PG Trial with ap = a4, (b)
PG Trial with ap = 0.750a4, (¢) PG trial with ay = 1.25¢;. The solid
horizontal line refers to ¢y = 3.8415(= x%(0.95)). . . . . . .. .. ...

PG Trial: Simulation based 95th percentile values for the null distri-
bution of LRT for different values of u and o and n = 10, 20, 50, 100
subjects per group. The solid horizontal line refers to the ¢y = 3.8415(=

XF(0.95)). ..

PG Trial: Type I error rates for LRT using asymptotic approximation
for different values of p and a and n = 10,20, 50,100 subjects per
group. The solid horizontal line refers to nominal level v = 0.05. . . .

PG Trial: Simulation based 95th percentile value for the null distribu-
tion of WT(v?) for different values of u and o and n = 10, 20, 50, 100
subjects per group. The solid horizontal line refers to the ¢y = 3.8415(=

X30.95)).

PG Trial: Type I error rates for WT(+?) using asymptotic approxima-
tion for different values of u and o and n = 10, 20, 50, 100 subjects per
group. The solid horizontal line refers to nominal level v = 0.05. . . .

xiil

Page

24

29

31

32

33

34



2.7

2.8

2.9

3.1

3.2

3.3

3.4

3.5

PG Trial, Common Dispersion: Power of Exact 5% level LRT, RST,
and Wald tests for treatment effect, assuming (i) initial parameter
estimates of u = 5.9,a = 0.49, and (iii) ny = ngy = 50. The solid
horizontal line refers to nominal level v =0.05. . . . . . . . ... ...

PG Trial, Robustness Study: Powers of exact parametric tests with
5% level that assume equal dispersion parameter across groups when
the data come from groups with unequal dispersion parameters; y =
5.9, a1 = 0.49,n1 = ny = 50; (a) ay = 0.5 (b) as = 2a;. The solid
horizontal line refers to the nominal level v =0.05. . . . . ... ...

PG Trial, Unequal Dispersion: Power of Exact 5% level LRT, RST, and
Wald tests for treatment effect, assuming initial parameter estimates
p = 5.9,a; = 0.49, sample sizes n; = ny = 50, and (a) ay = 0.75a;
(b) ap = 1.25c¢;. The solid horizontal line refers to the nominal level

BVT Trial: Power as a function of v for UMPU test with 5% levels
for trials with 3-month baseline and 3-month treatment periods with
sample sizes (a)n =5, (b)n = 10 and p = 5.9, and a = 0.49. The solid
horizontal line refers to nominal level v =0.05. . . . . . . . . ... ..

BVT Trial: Simulation based 95th percentile value for the null distri-
bution of LRT, RST and Wald test statistics as a function of common
sample size n; u = 5.9, a; = 0.49. The solid horizontal line refers to
co=3.8415(=x3(0.95)). . . . ...

BVT Trial: Simulation based 95th percentile value for the null dis-
tribution of LRT for different values of ;1 and o and n = 5,10, 20, 50

subjects. The solid horizontal line refers to the ¢y = 3.8415(= x2(0.95)). 61

BVT Trial: Type I error rates for LRT using asymptotic approximation
for different values of u and o and n = 5, 10, 20, 50 subjects per group.
The solid horizontal line refers to nominal level v = 0.05. . . . . . . .

BVT Trial: Simulation based 95th percentile value for the null distri-
bution of WT(+?) for different values of y and a and n = 5, 10, 20, 50

subjects. The solid horizontal line refers to the ¢y = 3.8415(= x2(0.95)). 63

Xiv



3.6

3.7

3.8

4.1

4.2

4.3

4.4

4.5

4.6

BVT Trial: Type I error rates for WT(v?) using asymptotic approx-
imation for different values of ;1 and a and n = 5,10, 20, 50 subjects
per group. The solid horizontal line refers to nominal level » = 0.05. .

BVT Trial: Power curve as a function of « for six tests with exact 5%
levels for 3-month baseline vs 3-month treatment trials with sample
size n = 10, u = 5.9, and o = 0.49. The solid horizontal line refers to
nominal level v =0.05. . . . . . ... L oo

BVT Trial: Power comparisons for the exact and asymptotic 5% level
LRT, RST and Wald test for 72 for 3-month baseline vs 3-month treat-
ment trials with sample size n = 10, p = 5.9, and a = 0.49. The solid
horizontal line refers to nominal level v =0.05. . . . . . . . ... ...

PGB Trial: Simulation based 95th percentile value for the null dis-
tribution of LRT statistic for different values of t{u and o and n =
5,10, 20, 50 subjects per group; The solid horizontal line refers to the

Co(=38415 = x2(0.95)). . . ...

PGB Trial: Simulation based 95th percentile value for the null dis-
tribution of WT(~?) statistic for different values of ¢t and « and
n = 5,10,20,50 subjects per group; The solid horizontal line refers
to the co(=3.8415 = x3(0.95)). . . . . . .. ...

PGB Trial: Type I error rates for LRT with critical value ¢, for different
values of t and a and n = 5,10, 20, 50 subjects per group; The solid
horizontal line refers to nominal level v =0.05. . . . . . . . ... ...

PGB Trial: Type I error rates for WT(7?) with critical value ¢, for
different values of tu and a and n = 5,10, 20, 50 subjects per group;
The solid horizontal line refers to nominal level » = 0.05. . . . . . ..

PGB Trial: Simulation based 95th percentile value for the null dis-
tribution of LRT, RST and W' statistics as a function of common

sample size n; p = 5.9, o = 0.49. The solid horizontal line refers to
co(=3.8415 = x3(0.95)). . . . ..

PGB trial: Power of asymptotic 5% level LRT, RST, and Wald tests
for treatment effect, assuming initial parameter estimates p = 5.9, =
0.49, sample sizes n; = ny = 10. The solid horizontal line refers to the
nominal level v =0.05. . . . . . . .. ..o

XV

64



4.7

5.1

5.2

5.3

5.4

5.5

5.6

5.7

PGB trial: Power of exact 5% level LRT, RST, and Wald tests for
treatment effect, assuming initial parameter estimates y = 5.9, =
0.49, sample sizes n; = ny = 10. The solid horizontal line refers to the
nominal level v =0.05. . . . . . . ... ... L

P-1G Model for PG Trial: Simulation based 95th percentile value for
the null distribution of LRT, RST and W'T statistics as a function of

common sample size n; p = 16.8, A = 6.56. The solid horizontal line
refers to cg = 3.8415(= x%(0.95)). . . . . .. ...

P-1G Model for PG Trial: Simulation based 95th percentile value for
the null distribution of LRT statistic for different values of p and A
and n; = ng = 10,20, 50,100, the solid horizontal line refers to c¢o(=
3.8415 = x2(0.95)). . . ...

P-1G Model for PG Trial: Simulation based 95th percentile value for
the null distribution of WT(vy) statistic for different values of p and A
and n = 10, 20, 50, 100, the solid horizontal line refers to ¢y(= 3.8415 =

X2(0.95)). ..

P-IG Model for PG Trial: Type I error rates for LRT with critical
value ¢ for different values of 1 and A and n = 10, 20, 50, 100 subjects
per group, the solid horizontal line refers to nominal level v = 0.05.

P-IG Model for PG Trial: Type I error rates for WT(~y) with critical
value ¢ for different values of ;4 and o and n = 10, 20, 50, 100 subjects
per group, the solid horizontal line refers to nominal level v = 0.05.

P-IG Model for PG Trial: Power of asymptotic 5% level LRT, RST,
and WTs for treatment effect, assuming initial parameter estimates

= 16.8,\ = 6.56, sample sizes n; = ny, = 50. The solid horizontal
line refers to the nominal level v =0.05. . . . ... ... ... ....

P-IG Model for PG Trial: Power of exact 5% level LRT, RST, and
WTs for treatment effect, assuming initial parameter estimates u =
16.8, A = 6.56, sample sizes n;y = ny = 50. The solid horizontal line
refers to the nominal level v =0.05. . . . . . . ... ... ... ....

Xvi

85

109

110

111

112

113

116



CHAPTER 1

Introduction

1.1 Multiple Sclerosis

Multiple sceloris (MS) is an autoimmune demyelinating disease in which the im-
mune system attacks the central nervous system and damages the myelin sheath
covering the nerves resulting in a break down of the blood-brain barrier (BBB). This
affects the ability of the brain cells and the spinal cord to communicate with each
other. The term “multiple sclerosis” refers to scars or lesions that result from the
destruction of the tissues that wrap around the nerves (myelin sheath). This destruc-

tion is called demyelination.!

In the United States alone, there are approximately
400,000 individuals affected by MS. It is more common among women and starts
usually among people aged between 20 and 40.

There are many possible symptoms of MS since the central nervous system controls
much of the body’s functioning. Since these are very general symptoms, it often takes
many years for patients to be diagnosed with MS. Vision loss, muscle weakness, pain
in the arms and legs, fatigue, loss of balance, problems with speech, paralysis etc., are

some of, but not limited to, symptoms of MS. These symptoms vary with each patient

Lhttp:/ /www.merck.com/mmhe/sec06/ch092/ch092b.html



and it is also very difficult to predict the progression of the disease for any individual
patient. During the initial stages of the disease the symptoms are usually experienced
few and far between. The disease generally progresses from a relapsing-remitting
phase to a more severe stage where symptoms are experienced fairly regularly. The

different stages of MS are described in the next section below.

1.1.1 Different Stages of MS

There are four basic stages of MS. These are:

1. Relapsing-Remitting Multiple Sclerosis (RRMS): At this stage, the pa-
tient experiences periods called a relapse which are characterized by the acute
attacks and worsening of symptoms. This is then followed by a remission where
full or partial recovery of the body function is observed. The relapse can last
from a few days to several weeks followed by prolonged periods of remission.

Usually, at this stage, the symptoms do not seem to worsen between attacks.

2. Secondary Progressive Multiple Sclerosis (SPMS): This initially begins
with a relapsing-remitting stage and later develops into a progressive stage.
This may start immediately after the onset of the MS or may appear several

years later.

3. Primary Progressive Multiple Sclerosis (PPMS): This stage is charac-
terized by gradual progression of the disease without any obvious periods of
remission although the disease tends to level out in between. This is the most

common type of MS in people who develop the disease after the age of 40.



4. Progressive Relapsing Multiple Sclerosis (PRMS): This is the least com-
mon type of MS where patients experience very steady disease progression with

severe attacks with little to no relief from the symptoms.

Our research work is primarily focussed on the study of clinical trials involing RRMS

patients.

1.1.2 Monitoring Disease Progression in MS

Several measures of clinical evaluations are used to monitor disease progression in
various types of MS. Degree of disability, relapse rate and time to clinical deterioration

are used as the primary outcome measures in RRMS clinical trials.

Magnetic Resonance Imaging (MRI)

MRI is an imaging technique that has increasingly been used to diagnose and
monitor the pathological progression of the disease MS. MRI is able to identify lesions
in about 95% of the patients with clinically established MS. This tool can produce
high quality images of the brain and makes it possible to visualize the lesions inside
the brain. Serial MRI scans, possibly taken every month, can be used to study the
evolution of the lesions and to determine the disease progress.

Gadolinium-enhancing lesions are accepted as markers of subclinical disease ac-
tivity. However, the correlation between enhancing lesions and relapse rate is poor
even when observed for long periods of time. When looking at individual cases, there
may not be any relationship between the two for a long period of time. This hap-
pens when the disease activity occurs in clinically silent regions of the central nervous

system (CNS). On the contrary, a single lesion appearing in the functionally critical



region of the CNS may show severe clinical consequences. Also, even though the
short term relationship between enhancing lesions and clinical disability is poor or
non-existent, a weak but significant relationship between the enhancing lesions and

long-term disability is observed.

Other Measures

Disease activity in MS has been traditionally measured on clinical grounds such
as the Expanded Disability Status Scale (EDSS) (Kurtzke [1983]). It is a method of
quantifying disability in MS and is the most standard measure for monitoring changes
in the level of disability over time. The EDSS scale ranges from 0 to 10 in increments
of 0.5. Higher EDSS score corresponds to a greater level of disability of the patient.
Although EDSS scale is used as a primary end point in Phase III clinical trials, it
is not without its limitations. Firstly, it is not a continous scale and takes on only
ordinal values (0 to 10, in steps of 0.5). Secondly, since it places greater importance
on the ambulatory functions it is somewhat insensitive to neurological and cognitive
dysfunctions. EDSS is a very subjective measure and calculating EDSS scores can
be extremely complicated. Finally, due to the limitations in its design, it is very
susceptible to “jumps” from one end of the scale to the other rather than seeing a
smooth decline or improvement.

Another measure used in MS trials is the relapse rate, the rate at which relapses
occur. This is also often used as a primary endpoint in Phase IIT MS trials. The quan-
tification of relapses suffers due to the possible large variability among MS symptoms.
Furthermore, a relapse can be a very rare occurrence since the manifestation of clinical

evidence can be very modest in a trial lasting 2 to 3 years.



MRI detects 5-10 times more disease activity in RRMS and SPMS patients than
is clinically apparent. MRI has two further advantages over the EDSS. Firstly, it
is quantitative in the sense that the information gathered is the number of active
lesions in contrast to the ordinal nature of the scales such as EDSS (measured from
0-10). These are objective while the clinical scales such as EDSS and relapse rate
are subjective. Cumulative MRI lesion counts are used as a primary end point in
Phase II clinical trials and as a secondary end point in Phase III clinical trials. In
this thesis, we will be interested only in modelling the number of new enhancing
lesions (lesions not seen during the previous month) seen each month in clinical trials

involving RRMS patients.

1.2 Clinical Trial Designs in MS

Parallel Group (PG) trials, Baseline vs. Treatment (BVT) trials and Parallel
Group trials with a baseline correction scan (PGB) are some of the most important
and widely used experimental designs in clinical trials. In this section, we describe

these designs in the context of RRMS clinical trials.

1.2.1 Parallel Group (PG) Trials

In PG trials, also called the randomized placebo-controlled trials, the patients
are randomly split into two groups where one group receives the treatment while
the other receives the placebo. This design has become the gold standard of clinical
research. To establish the causality between the treatment and the outcome, steps
are taken to ensure that the treatment and the control arms are similar in every way

except the actual treatment itself. This ensures that no other variables are confounded



with the treatment. Double blinding, if feasible, ensures that neither the patients nor
the investigators are aware of the patient assignment. The purpose of blinding is to
minimize the patients receiving different care, or their data be interpreted differently,
based on their assignment. Blinding is especially important when the end point of
the study is subjective, but less important when it is objective as it is in the case
of MS trials when the end point of the study is the number of enhanced MRI lesion

counts.

1.2.2 Baseline vs. Treatment Trials (BVT)

In this design, all the patients would be subjected to an initial set of MRI scans,
typically for 3 to 6 months, before the treatment is initiated. After that monthly MRI
scans are taken over a pre-determined interval usually for up to 6 months. The first
period is often called the baseline period and the second is called as the treatment
period. The cumulative number of new enhancing lesions seen in both the baseline
period and the treatment period are used as the primary outcome measures. This
type of design is also known as the open-label cross-over design.

In this design, each patient serves as his or her own control. The within patient
variation is reduced and this leads to smaller sample sizes to detect a significant
treatment effect. A limitation of this design however is that even when the decrease
in the number of lesions is not due to the treatment it may be perceived to be of

treatment related.



1.2.3 Parallel Group Trials with a Baseline Correction Scan

(PGB)

In this design, the baseline correction scan is obtained before the treatment is
initiated. Once it is obtained, the rest of the trial design and protocol is exactly the
same as for the PG trials. The two control groups have to be as similar as possible
before the treatment is initiated. In some cases, even when randomization is done,
the two groups are different with respect to the mean of the end point. The baseline
correction scan is obtained to counter any significant differences among the two arms

of the trial even before the treatment is initiated.

1.3 Statistical Models and Methods

1.3.1 Distributions

We give a brief introduction to the three distributions that will be used in later

chapters.

Negative Binomial Distribution

The probability mass function of a random variable (rv) Y which is distributed

according to a negative binomial (NB) distribution with mean g and dispersion « is

a” p¥ Ty +a)
L(a) y! (p+ a)y+e’

Py (y) = y=0,1,2,...; p,a>0. (1.3.1)

We say Y has NB(u,«). Here E(Y) = p and Var(Y) = p+ p?/a. Note that the
variance of Y depends on the mean p and the dispersion parameter «. Also, the
variance of Y exceeds its mean by a quantity u?/a. Further, the Poisson distribution
is a special case of the NB distribution. When « goes to oo the Var(Y') converges

7



to p and Y converges in distribution to a Poisson rv with rate parameter p. These
properties make the NB distribution ideally suited to model over dispersed count
data. The applications of this distribution to PG trials involving RRMS patients will

be seen in Chapter 2.

Bivariate Negative Binomial Distribution

The joint pmf of two random variables X and Y that are distributed according
to a bivariate negative binomial (BNB) distribution parameters p1, 2 and « is

a* pips  T(r+y+a)
D(a) ! y! (1 + po + a)=tyte’

Pxy(x,y) = x,y="0,1,2,...; puy,po, > 0.
(1.3.2)

We then say (X,Y) ~ BNB(u1, o, ). Marginally X and Y are each distributed ac-

cording to NB(u1, &) and NB( s, ) respectively. The applications of this distribution

to RRMS BVT and PGB trials will be seen in Chapters 3 and 4 respectively.

The Poisson-Inverse Gaussian (P-1G) Distribution

The pmf of a rv Y distributed according to P-IG distribution with mean p and
shape parameter \ is

v (20

PY =y) = _ (—> : exp (2) K, 1(0),  y=01,..., (1.3.3)

y! \ 7

[N

Here 7 = [% + %]7 , 0 = 2 and K(-) is the modified Bessel function of the third
kind. It is defined as

z . [—V(Z) _ I,,(Z)

2 sin v

Ky (2) =

where I(-) is the modified Bessel function of the first kind defined by

I(z) = i 1
Y =m!l(m+v+1)

8



Here, E(Y) = g and Var(Y) = p+ p?/\. This distribution is sometimes used as an
alternative to the NB distribution to model over dispersed count data. As A goes to
00, Y converges in distribution to a Poisson rv with mean p, as in the case of the NB

distribution.

1.3.2 Parametric Tests

Let y = (y1,¥2, - - -, Yn) be an independently and identically distributed (iid) sam-
ple from a distribution with probability function Py (y|@) where 0 is a p x 1 para-
metric vector. Suppose 0, is partitioned into #;, a scalar parameter of interest and
s, a (p — 1) x 1 vector nuisance parameters. Also let the score vector, the vector of

first order derivatives, s(0) = [s1(8), s2(0)]" and the Fisher information matrix (FIM)

Ly Lo
1(0) =
(6) ( Iy Ip )
be partitioned accordingly. Let the log-likelihood be £(8|y). Suppose Hy : 0; = 69 be
the hypothesis of interest. Let @ = (6;,6,) and 6 = (6;, ;) be the MLE of @ obtained

under the unrestricted and restricted hypothesis respectively. We present below three

popular parametric tests.

The Likelihood Ratio Test (LRT)

The LRT statistic (Rao [2005]) for testing Hy : 6 = 69 vs. Hy : 0, # 69 is
LR = —2(((8ly) — ((8]y)) (1.3.4)

where ¢(0|y) and ¢(0|y) are the log-likelihood functions evaluated at the restricted

and the unrestricted MLEs respectively.



The Rao Score Test (RST)

The RST statistic (Rao [1948, 2005]) for testing Hy : 6; = 69 vs. Hy : 0; # 6) is

RS — [51(9)}2 ,2(8)] ", (1.3.5)

where 15 = 111 — [12[2’21[21 is a scalar and equals agl(é), the asymptotic variance of

0, evaluated at the MLEs obtained under H,.

The Wald Test (WT)

The WT statistic (Wald [1943], Rao [2005]) for testing Hy : 61 = 09 vs. Hy : 01 # 69

18

b -]
T — - 1.3.6
[091(9)] (1:30)

where agl(é) is the asymptotic variance of 6; evaluated at .

Each of the above three tests are asymptotically equivalent and have a x? distri-
bution under Hy. The LRT requires computation of the MLEs of @ under both the
restricted and the unrestricted cases, while the RST requires the MLEs under only

the restricted case and the W'T requires the MLEs under only the unrestricted case.

1.4 The Research Problem

This work is motivated by the problem of sample size and power calculations for
clinical trials in MS. These trials routinely use MRI lesion counts as their outcome
measure of interest and are very expensive since they involve taking repeated MRI
scans of the brain. Typically the patients are followed up for several months and the
MRI scans of the brain are taken each month. Currently only nonparametric tests

such as the Wilcoxon Rank Sum (WRS) and the Wilcoxon Signed Rank (WSR) test

10



are being used in MS trials even though it has been shown that the NB and P-1G
distributions provide a good fit to such count data. Using parametric tests for the
assumed parametric models generally increase the power to detect a treatment effect
and thus reduce the sample sizes required. The goals of this thesis are (i) to develop
desirable parametric tests for the treatment effect based on the NB and the P-1G
model for different trial designs in RRMS clinical trials, and (ii) to examine the mag-
nitude of the increase in power and reduction in sample size over the corresponding
nonparametric tests. In Section 1.1 we have given a brief introduction to the disease
of multiple sclerosis and discuss its different stages and progression. Three of the
most common clinical trial designs used in multiple sclerosis clinical trials, the PG,
BVT, and PGB designs were described in Section 1.2. Section 1.3 has introduced the
NB, BNB and P-1G models to model MRI lesion count data and the LRT, RST and
WTs that will be used in future chapters to test for the treatment efficacy.

In Chapter 2 we apply the NB model to MRI lesion count data in RRMS PG trials.
In Chapter 3 we propose a bivariate NB (BNB) distribution to model lesion count
data arising out of RRMS BVT trials. The BNB distribution is used to model data
from RRMS PGB trials in Chapter 4. In Chapter 5 the P-IG distribution is used as an
alternative to model lesion count data from PG trials. For all these models we obtain
maximum likelihood estimates of the parameters and propose LRT, RST and WTs
to test for the treatment effect. Through a detailed simulation study we evaluate and
compare the performance of these tests and suggest appropriate tests for each trial
design and parametric model considered. For each of the above scenarios we obtain
sample size estimates based on selected tests and compare them to those obtained

using nonparametric tests. Finally, in Chapter 6, we conclude by summarizing our

11



results and discuss avenues for further work. All the computational work required for
this thesis was done using the software R Development Core Team [2010].

The Appendix contains basic notations and abbreviations used in this thesis.
There we present data sets from MRI studies and an epilepsy study where the NB
models provide a good fit. It also contains a brief description of the simulation method

for different trial designs and sample R codes.
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CHAPTER 2

Univariate Negative Binomial Models for Parallel Group

Trials

2.1 Introduction

Use of the Poisson distribution to model the number of new enhancing lesions
seen in RRMS patients requires the highly unrealistic assumption that the mean
number of new enhancing lesions in any particular time period is the same for all
the patients within a group. When subjects are randomly chosen and the subject
effect is taken to be random where the mean parameter is assumed to be distributed
as a Gamma variable, the distribution of the observed count data turns out to be
negative binomial. When X6 is assumed to be distributed according to Poisson(6)
and 0 is further assumed to be distributed according to Gamma(a, 1/«), the marginal

distribution of X is

Px(x) = /000 Pxo(x) f(0)do
- [ T
_F(xJFO‘)( A )I( a )a, 2=0,1,2,...;0,8>0. (211

Ma)z! \p+a« e
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The expected value of X is p and its variance is p + p?/a where « is called the
dispersion parameter. As a goes to infinity, X converges in distribution to a Poisson
random variable with rate parameter p but it has larger variance than the Poisson for
all real a. Thus the NB distribution is used as an alternative to Poisson distribution
when modeling over dispersed count data. This relationship between the NB and
Poisson distributions was first derived by Greenwood and Yule [1920] who used it to
represent “accident proneness”.

There are several other chance mechanisms that give rise to the NB distribution.
In a sequence of independent Bernoulli trials with probability of success p, if X denotes
the number of failures that precede the r*" success, then X has a NB distribution

with the following pmf:

1
PX(x):(x_:il )pT(l—p)w, r=0,1,...;0<p<l. (2.1.2)

If in the above experiment, Y denotes the number of “trials” required to attain r

successes, then Y = X + r is said to have a NB distribution with pmf

Py (y) = (i_ )pr(l—p)y’", y=r,r+1,...;0<p<l1. (2.1.3)

The NB distribution in (2.1.2) and (2.1.3) can also be derived as a sum of r i.i.d.
geometric random variables which are appropriately defined. Johnson et al. [2005]
provide a detailed description of this distribution and its properties and discuss several
other chance mechanisms which lead to it.

In this chapter we focus on the NB distribution that arises as a gamma mixture of
Poisson random variables as given in (2.1.1). In Section 2.2 this distribution is used to
model MRI lesion counts data arising out of PG trials involving RRMS patients. The
maximum likelihood estimation of the model parameters is done in Section 2.3. Exact
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parametric tests for the treatment effect are developed in Section 2.4. Section 2.5
compares the performance of these tests and Section 2.6 provides sample size estimates

applicable to RRMS PG trials. The findings are summarized in Section 2.8.

2.2 The NB Model

Sormani et al. [1999] show that the NB distribution fits better than the Poisson
distribution to the data on the number of new enhancing lesions counted in 56 MS
patients followed for 9 months. Sormani et al. [2001a] show that the NB distribution
fits well to other larger data sets (see Appendix Section C.1.3 for the data) of MRI
counts from RRMS patients. We use the empirical evidence provided by these data
sets to build univariate NB models for PG trials on RRMS patients. In PG trials (also
called randomized placebo-controlled trials), the patients are randomly assigned to
one of two groups where one group receives the treatment while the other receives the
placebo. Let Y; (Y3) be the total number of new enhancing lesions seen during the
follow-up period of an RRMS patient in the placebo (treatment) group. Let Z;, Z,
denote the random subject effects, assumed to be independent Gamma(a, ™) rvs.

We assume that
Y1|Zy = z ~ Poisson(pz) and Ys|Zy = z ~ Poisson(yuz), p,y > 0.

Then Y; is NB(u, ), and Y3 is NB(yu, o), and since the patients are nested within
groups, Y7 and Y5 are assumed to be independent.
If there is evidence that the dispersion parameter « is also affected by the treat-

ment, we assume

Y1|Z1 = z1 ~ Poisson(puz;) and Y3|Zy = zo ~ Poisson(yuzs),
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where Z; is distributed according to Gamma(ay, ;" 1), @ = 1,2. Then Y; and Y, are
independent, Y7 is NB(u, a1), and Y is NB(ypu, as).
We assume there are n; subjects in the placebo group and ns in the treatment

group.

2.3 Estimation

2.3.1 Equal Dispersion Parameters

We now find the MLEs of the parameters of the NB model.? Since the subjects
in each group and between groups are independent of each other, the joint likelihood

for this model with data y1 = (y11, Y12, - - - » Y1n,) and yo = (Yo1, Y22, - - -, Y2n,) IS given

by

ni na
L(v, iy alys, y2) = ] P wue) [ Poo(v2)
i=1 j=1

Q@ M2 MZ Yli (%M)Z Y25
I'(a) (o + )2 vmitme (yy 4 a2 vy tnea

ni

H y“+0‘ Hr(y2j+o‘>, (2.3.1)

y2j!

i=1 J=1

and the parameter space is © = {(v, , @) : v, u, @« > 0}. The log-likelihood is

£y, 1y @) =(n1 + na) {aloga —log I'(a) } + (n171 + n2y2) log (1)

—n1 (i1 + a)log(p + @) + nags log(y) — na(Pa + @) log(yu + )

ng

£ (loaT(yse + ) — loa(yul)} + 3 {ogT(ys, + ) — log(un!)}

i=1 j=1

(2.3.2)

2These are available in Aban et al. [2009]. We present the likelihood function and the parameter

estimates here for completeness.
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The first order derivatives of the log-likelihood with respect to the three parameters
are:

0Ly, py ) _mopo(go — Y1)

2.3.3

Oy (e + @) o

Ol(~y, 1, @) _ i +naYy (i +o)  na(f+ 0‘)% (2.34)

o L T Re Y+«

ol(y, i, @) a m(+a) | <

T:_(nl+n2)[¢(a)—1]+nllog it — it a +;¢(y1i+&)

a na(fo+ @) |\
| B A, 2.3.5
+ ng log ('yu—i—a) i+ +;¢(y23+a) ( )

The MLESs of the parameters are obtained by setting the above first order score vector
equations to 0 and solving for the three parameters. This gives us the following result:
Lemma 2.3.1. The MLEs of v and i are
Y =9/t and i = . (2.3.6)

The MLE of a, &, is obtained by numerically mazimizing the profile log-likelihood
(A, i1, &) with respect to a.

When v = 79 (known), the MLEs of p and « are obtained by setting equations
(2.3.4) and (2.3.5), with v = 7, to 0 and solving for the two parameters. This leads
us to the following result:

Lemma 2.3.2. (Aban et al. [2009]) When v = 7y is known, the MLEs of u and «
satisfy the following constraints:

n1 (Y71 — &) + na (P2 — @)
290(ny + ng)

=

R R e )
2’70(711 + TLQ) ’

0:—(n1+nz)[w(&)—1]+n110g<ﬂ%5é)+”210g( : )

Yolt + &
(i +a) (g ta
fta Yoft + &

)4 D Wy +a) + Y vy +a).
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When 7y = 1, & above simplifies to

n1Y1 + nals

H= ny + No

and is free of & and in that case & is obtained by numerically maximizing the profile
log-likelihood #(~o, fi, &) with respect to a.

The second order derivatives of (2.3.2) are:

PUy,pa) =g [yp(yp + @) + (Ga — y) (2yp + o)

o7 [y (yu + a)? |
Uy pa)  ma(@ta) Py, pa)
ot (vi + a)? opdy
Uy, p)  mopyp —ga) Py, p )
Oy0 (yp + «@)? dadry
O*(y, p; @) _ b+ 1oy n ni(y1 + o) " n2y? (Yo + 04)7 (2.3.7)
o It (1 +a)? (vp + @)?
Uy pe)  mp—71)  my(yp—a) _ 0Py, p0)
dpda (p+a)? (vp + «)? dadp
Py, 1, ) nyp ngyp  na(p—4)

= — (m + n2)¢' (@) +

Ja? alu+a) alp+a)  (u+a)

N nQ('y,U - §2) - 1o - 1o
GnTar +;¢ (i + ) +j§_;w (25 + ).

The Fisher Information Matrix (FIM) is I(6) = ([(0))”. =—-F {%ézj} where § =

(01,02,05) = (7, 1, &) is the parameter vector.

Lemma 2.3.3. Using the fact that E(Y)) = p and E(Y3) = yu, and from the fact

that Yi,,© = 1,...,n; and Ys;,7 = 1,...,n9, are respectively identically distributed,
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we get the elements of the FIM to be

0%l(v, i, o e
Ill(e)Z_E{ (gvg )}:7( -

O%0(y, p, o nio nayor
IQQ(G)Z_E{ (0u2 )}:u(l ey

1) - {2100

a(yp + a)
_ 826(77 Ly Oé) o Naox

1;;(0) =0, otherwise.

2.3.2 Unequal Dispersion Parameters

When the dispersion parameters differ,

Q1 e [ap T (S
T(ar)]  (p+ag)>vitmen [ T(ag) | (yp + ag)>v2itnae:

ni na

8 H [(y1 + ax) H U(y2) + a2)

i—1 Y1,! y2j!

L(’ya,u7a1aa2|Y1>y2) - |:

b

j=1
and the parameter space is © = {(7, u, a1, aa) : v, i, a1, g > 0}. The log-likelihood

18

g(% W, 0, 042) =m {041 log ay — log F(@l)} + N {042 log ay — log F(OQ)}

+ (191 + n2¥2) log(p) — n1 (Y1 + an) log(p + ay) + naga log(y)

ni

— (Y2 + az) log(yp + a2) + Z {log I'(y1; + o) — log(yu!) }
=1

n2

+ ) {logT(ys; + ) — log(ya;1)} - (2.3.8)

J=1
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The score vector components are

86(77 W, &g, aQ)

vy
(%(% w, o, 042)

o
86(77 M, an, aQ)

@Oél

66(77 K, a, Oég)

8(12

Nota (2 — VI

2.3.9
Y(vp+ az) )
my _ mton) el ma(f2t a2)% (2.3.10)
L p+ o M TH A+ o
a1 711(@1 + al)
—n1|Y(aq) — 1] +nqlo - ~
() =1 +m g(,hual) f+
£t ), (2.3.11)
=1

Qo N2 (Y2 + a2)
- — 1] +nlo -
raliea) = 1]+ mlog (22 ) - el

+ > (s + ). (2.3.12)
j=1

where 1(+) is the digamma function.

Lemma 2.3.4. The MLEs of v and p are given by (2.5.6) as in the equal dispersion

parameter case, and the MLEs of ay and oy are obtained by numerically maximizing

the profile loglikelihoood (7, i, iy, ay) with respect to (aq, az).

Lemma 2.3.5. When v = 7y and known, the MLEs of nu, oy and oy satisfy the

following:

1o (Yol — Ga) + nadia (Y2 — Yoa)

=

290(n16q + nades)

\/["1@1 (Yog — 2) + M2G2(Fo — Yo&r)])? + 40d1dn(R1Gr + Nadi2) (171 + Nallz)

0:—n1[@/)(d1)—1]+n110g(~ !

)

2’)/0 (n1d1 + ng@g)

o > _ it &) + i@/}(yu + a),
=1

f+ an p+

0=—n2[¢(d2)—1]+n210g( 0 )—”2<y2+d2>+2¢<y2j+a2>.

Yoit + Qi Yol + Q2 =
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The second order derivatives of (2.3.8) are

O*0(y, pyaq, ) —ngag [yu(yp + az) + (G2 — 1) (2yp + az)]

0* N (v + as))® 7
(v, 1, ar, ) _ nas(Yo + a2) _ O*(y, p; a1, 2)
o (v + @2)? Opdy
325(7,u,a1,a2) —0— 826(’}/“11,,041,&2)
0v0ay 010y
(v, 1, ar, ) _ nap (YR — o) _ O*(y, p; a1, 2)
OOy (v + a)? D0y ’
0*((y, %20417 az) b 4-2”2??2 n n (9 + 0421) n n27y* (g + 0422)7 (2.3.13)
O /i (1 + o) (yp + a2)
O*(y, 1, ar, ) _ ni(p — ) _ Uy, py o, ag)
Opday (1 + «)? day 0 ’
Uy, p, o, ag) _ nay (YK — 32) _ O*(y, 1, a, ag)
Opdary (yp + «@)? DO ’
O*U(y, p, 1, ag) / nip e =4) | =
da? =~ my{a) + a(p+a1)  (ptar)? +;¢ s + ),
0*U(v, p, n, v2) : naYi na(Yi =) |\~
Ha2 B njw(a2)+_aQOWL+—a2) (7u—+cm)2_+;§;d)ebj+_a2%
326(%/%041,042) 0 = 826(%%0417042)

8@130&2 o aa’2aal
Lemma 2.3.6. Using the fact that E(Yy) = p and E(Yy) = yu, and from the fact

that Yi;,1=1,...,n1 and Ya;,7 = 1,...,ny are respectively identically distributed, we
get the elements of the FIM 1(0) to be
0?0(, ,a o) e
WHFO@
0?0(, ,a e nio Naya
122(0):_E{ ’YM 1 2}: 10 272 ’
(1 + o) MWM+%)
O*U(y, p, an, g M
I33(0) =—F ARty = P U BW(Y
23(0) { o } { 1(M+041)} nm E@' (Y1 + ay)),
O*0(, a1 as) TH
144(0)=—F —— = — b —m B (Y;
O20(y, p, oy, aiz) NoQry
I5(0) = — E U = = 15,(0 d
e 0 0), an

1,;(0) = 0, otherwise,
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where '(+) is the trigamma function and 6@ = (7, u, aq, ) is the parameter vector.
Lemma 2.3.7. The asymptotic covariance matriz of 0 is $(8) = [1(0)]™". Further,
a% = %11(0), the asymptotic variance of 7, is given by

02(0) — v [nian (yp + a2) + ngaoy(p + an)] _
niNaiCig b

2 (2.3.14)

Remarks: The MLEs are determined using a combination of solution of likeli-
hood equations for some of the parameters and direct numerical maximization of the
likelihood with respect to the others. For PG trials with common «, the solutions
of u and v (or just of u when vy = 1) are obtained from likelihood equations while
keeping the « fixed. It can be shown that these solutions correspond to the maximum
value of the likelihood for a fixed . When the model is parametrized in terms of
(1, p2, @), the solutions for p; and py obtained from the score equations are g; and
o respectively. For a fixed «, the determinant of the second order derivative matrix

of the log-likelihood evaluated at iy = 4, and fiy = 9o is

324(#1752&0 azfa(mém,a) —njo 0 nynoa
ot w10p2 —| B2(Z2+a) = >0 Va>0
2 a 2 a —naq — = (= = ’
9 gﬁf@ﬁ ) 9 Z(lgzg% ) 0 Tara) | (i + )52+ a)
Since Zlp0) 0, it can be said that y; and 7, are the MLEs of p; and py respec-

B
tively. Since these are independent of «, we can say that L(ji, fio, ) > L(p1, po, @)
for all gy and ps > 0. Thus, to get the MLE of «, the profile likelihood (or log-
likelihood) at these MLEs can be looked at and maximized with respect to «.

For PG trials assuming equal «, Figure 2.1 shows the plots of g(a) = (71, 92, @)
(Plot (a)) and ¢'(a) = O(p1, o, ) /O at puy = gy and pe = g (Plot (b)) as a
function of « for one simulated dataset. It can be seen that the profile log-likelihood
g(a) increases until a certain point and then decreases as o becomes larger. Plot (b)

of Figure 2.1 shows that ¢'(«) decreases with a until a certain point (crossing zero
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only once) and then increases as a becomes larger without ever reaching zero again.
This shows that maximizing g(a) numerically with respect to « yields its MLE &
as does solving the equation ¢'(a) = 0. Of course, in the above discussion, the log-
likelihood function is in terms of (1, p2, ) instead of the original parametrization
(7, 11, &) but since there is a one to one relation between the two parametrizations
and because of the invariance property of the MLEs the above method can be used
to obtain the MLEs under the (v, i, @) parametrization as well.

For PG trials with a; # as, when v is unknown, we use numerical maximization
of ¢ with respect to a; and «y, and when v is known, we use numerical maximization
with respect to all unknown parameters. A similar argument to the one given above
can be used to show that this method gives the MLEs of the required parameters.
In all these cases one could also obtain the MLEs identified through the solutions of

relevant likelihood equations.

2.4 Testing for the Treatment Effect

The treatment effect, 100(1 — )%, represents the proportion of reduction in the
mean new lesion counts. If the treatment had no effect, v would be equal to 1 and in

RRMS trials the treatment is considered ineffective if v > 1.

2.4.1 Equal Dispersion Parameters

We now present parametric tests for the general case Hy : v = 79 vs. Hy @y # 7o
To test if the treatment is effective in the RRMS clinical trials, 7 is taken to be 1.
Wang et al. [2001] have considered this comparison assuming the common dispersion

parameter « is known. Then, the likelihood function given in (2.3.1) belongs to a
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Figure 2.1: Plot of the log-likelihood g(«) and first derivative ¢'(«) for PG trials
assuming equal dispersion parameters with gy and ps fixed at their MLEs 4; and g5

respectively.
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two-parameter exponential family and consequently, they use classical results (see,
e.g., Section 4.4 of Lehmann [1986]) to derive a uniformly most powerful unbiased
(UMPU) test. But when « is unknown, it is not known whether a UMPU test exists.

Aban et al. [2009] derive the LRT for testing Hy : v = o vs. Hy : v # 7o for PG
trials using the NB model with common unknown dispersion parameter. To construct
the LRT, the MLEs of the parameters are needed under both © and O, specified by
Hy. These are described in Lemmas 2.3.1 and 2.3.2, respectively.

Theorem 2.4.1. The LRT statistic for testing Hy : v = 7o vs. Hy : v # 7o is given

by
supg, L(7, i, a)
Sup@ L(’Yv M, a)

When Hy is true, this statistic is asymptotically distributed as a X3 rv as ni,ny in-

LPG = _210g < ) = _2(6(707,&755) - g(ﬁ/vﬂvd))

crease. An approzimate level v test rejects Hy if Lpe > x3(1 — v).

For testing the treatment effect Aban et al. [2009] also propose and compare other
asymptotic parametric tests such as the Rao’s Score Test (RST) and Wald tests (using
several transformations g(7) of v such as 7,~?, and log(v)) for testing the treatment
effect. The LRT needs the MLEs of parameters for both parameter spaces © and ©y.
The Wald tests need them only for © whereas the RST needs MLEs only under .
While these three tests are asymptotically equivalent, they behave very differently for
small samples and the x? critical value may fail to maintain the assumed significance
level. Using simulation methods these authors show that the LRT and Wald tests
are not appropriate for sample sizes under 50 as they have a highly inflated Type I
error rate. For larger sample sizes these tests have more power than the RST and
their significance levels are close to the nominal level. Although RST is less powerful

than either the LRT or the Wald test, its Type I error rate is well below the nominal
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5% level even for small sample sizes. Their paper recommends the use of RST when
individual sample sizes are under 50, and either the LRT or the Wald test that tests
log v = 0 for larger sample sizes.

The PROC GENMOD procedure in SAS can be used to compare the means of two
independent NB populations assuming equal dispersion parameters. It provides LRT,
and WT(log(y)) when we use log link function and takes ¢y = x3(1 —v) as the critical
value. With gy = p and ps = yu as the parameters of interest, PROC GENMOD
can be used with appropriate link functions to generate LRT and Wald tests for
Hy : g(p11) = g(pa) where g(p) = p, i or /fi. However those Wald tests are different
from the Wald tests for g(7) while the LRT is invariant of these transformations. See

also Remark 7 of Aban et al. [2009].

2.4.2 Unequal Dispersion Parameters

When «a; and as are not equal and assumed to be known, the likelihood func-
tion can still be shown to be a two-parameter exponential family and a two-sided
UMPU test for Hy : v = 1 can be derived using the results given in Section 4.4 of
Lehmann [1986]. The above likelihood based tests can be derived when the dispersion
parameters are unknown and assumed unequal. They are described next.

Theorem 2.4.2. (LRT). When oy # «g, the LRT statistic to test Hy : v = 7o vs.
Hy : v # v is given by —2(0(vo, i, a1, G2) — (7, 1, &y, Go)), where the MLEs are

described in Lemmas 2.3.4 and 2.3.5. The LRT statistic is asymptotically distributed

as a x3 rv under H,.
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Theorem 2.4.3. (RST). When ay # «o, the RST statistic for testing Hy : v = o
vs. Hy 7y # o is given by

PG = [%j)r .02(0) = nad  (§2 — yoft)?

o—p | miaroi (Yoi + de)?
where [i, &y and ds are the MLEs under Hy of p,aq and o, respectively. Then an

[n10n (Yoft + &) + nadayo(ft + )]

approzimate level v test rejects Hy if Rpg > x3(1 — v).

Theorem 2.4.4. (Wald Test (WT(g(7)), See Rao [2005], Sec 1.2). When oy # s

and g(+) is a 1 — 1 function with nonzero derivative, a Wald Test for testing Hy :

g(v) = g(0) vs. Hy : g(7y) # g(70) is based on

W _ 9(?]2/?91)—{](’70)
o) [ 93 (0)

2

where
nyG (Yt + Qo) + naday (i + Ay
NNl Qafl

o2(0) = vl

is the asymptotic variance of 4 (see Lemma 2.53.7) evaluated at the MLEs. An ap-
prozimate level v test rejects the null hypothesis Hy if Wpa(g(v)) > x3(1 —v).

2.4.3 Exact Parametric Tests and Critical Values

The choice of ¢y (= 3.8415) as the critical value for a 5% significance level may
be inappropriate for small studies. For small PG trials, as observed by Aban et al.
[2009], it may lead to very liberal (LRT, WT) or too conservative (RST) tests. A
more precise critical value (referred to as the exact critical value from now on) of the
test statistic can be obtained through simulation. For example, for a given sample
size, the LRT statistic is simulated from the null distribution a large number of times
(say 200,000). The 100(1 — v)*™® sample percentile provides an exact critical value for

a 1000% level test. The null hypothesis is then rejected if the LRT statistic is greater
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than the simulated critical value. The properties of such exact and approximate
LRTs, RSTs and Wald tests for PG trials are compared in Section 2.5.

For the PG trials, the simulated 95th percentile values for the different tests are
displayed as a function of the sample sizes in Figure 2.2. There we take yu = 5.9,
a = 0.49; these values are suggested by data sets from RRMS studies Sormani et al.
[2001b]. For the LRT and Wald tests they are well above ¢q for small samples in all
cases. As expected, the exact percentile values converge to ¢y as sample sizes increase
although the convergence is quicker for the LRT than for any of the Wald tests. The
convergence appears to be the slowest for the Wald test for v2. The exact percentile
values for the RST are below ¢y for small samples sizes. This means RST tends to be
conservative while the other tests fail to maintain the nominal level for small samples.

We conducted simulation studies to check on the effect of 1 and a on the simulated
percentiles of LRT and WT(?), and actual Type I error rates when one uses ¢y as the
critical value. We considered several values of p ranging from 1 to 10 and « ranging
from 0.2 to 5. Sample sizes of 10, 20, 50 and 100 subjects per group were considered.
For the LRT, p has little to no effect on the simulated percentiles or the Type I error
rates (Figures 2.3 and 2.4). Increasing « results in smaller simulated percentiles and
consequently reduced levels for PG trials. For smaller sample sizes (n = 10, 20) it can
be seen that the exact percentiles are well above ¢y. For larger sample sizes they seem
to be reasonably close to ¢g. The ‘effect’ of these exact percentiles can be seen on the
asymptotic Type I error rates. For small sample sizes (n = 10,20) the Type I error
rates using the asymptotic LRT seem to be very high even for larger values of a.. For
n = 50, the Type I error rates seem to higher than the nominal level when « is very

small. Thus, for sample sizes of 50, it is still advisable to use exact percentile based
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Exact Percentile

Figure 2.2: PG Trial: Simulation based 95th percentile value for the null distribution
of LRT, RST and Wald test statistics as a function of common sample size n; = 5.9,
a; = 0.49 and (a) PG Trial with ap = a4, (b) PG Trial with ay = 0.75¢4, (¢) PG
trial with ag = 1.25c;. The solid horizontal line refers to ¢y = 3.8415(= x%(0.95)).

tests if a is very small. For n = 100 per group the Type I error rates seem to be very

close to 0.05 for all values of p and a and hence the asymptotic approximation can

safely be used.
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For WT'(~?) (Figures 2.5 and 2.6)), the effects are more pronounced. Here increas-
ing 1 does not affect the simulated percentiles or the levels. Increasing o brings exact
percentile values closer to ¢y. In all the cases considered, the effect of a decreases
with increasing sample size. The asymptotic Type I error rates using the WT(+?)
seem to be much higher than the nominal level of 5% even for very high sample sizes.
Unless the sample size is very large (100 or greater) and « is very large (5 or greater)
it is not advisable to use asymptotic approximation for the WT(~?).

The Type I error rates and exact percentile values for the WT(log(v)) (Figures
not shown) were very similar to those for the LRT. For the RST (Figures not shown),
for sample sizes less than 50, the exact percentile values were less than ¢y leading to
conservative tests for all values of a. For sample sizes >= 50, the exact percentiles
are very close to ¢y leading to Type I error rates close to nominal level of 0.05 except
for a = 0.2. We did not consider the other tests as they were not the “best” tests as

will be seen in the next section (see Figure 2.7).

2.5 Power Analysis

Sormani et al. [2001b] used the NB model and simulation methods to enumerate
PG trial sample sizes for the nonparametric WRS test. For this purpose they used
parameter estimates from large data sets from control groups from RRMS trials. One
can use the associated parametric assumptions to produce more powerful parametric
tests. Aban et al. [2009] show the advantages of using likelihood based asymptotic
tests assuming the NB model with equal dispersion parameter. We now compare the
power and sample size estimates of our exact tests and of the asymptotic tests for PG

trials with both equal and unequal dispersion parameters. For the equal dispersion
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Figure 2.3: PG Trial: Simulation based 95th percentile values for the null distribution
of LRT for different values of © and a and n = 10, 20, 50, 100 subjects per group. The
solid horizontal line refers to the ¢y = 3.8415(= x%(0.95)).

case, the estimated sample sizes are compared to the sample sizes given by Sormani
et al. [2001b]. We use their parameter estimates for the control group, and as they

have done, we assume monthly scans and use 3 and 6 month observation periods.
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Figure 2.4: PG Trial: Type I error rates for LRT using asymptotic approximation
for different values of p and a and n = 10, 20, 50, 100 subjects per group. The solid

horizontal line refers to nominal level v = 0.05.

Figure 2.7 presents the power curves as a function of v for the various tests using
exact critical values for PG trials assuming equal dispersion parameter across the two

groups. The null hypothesis takes 79 = 1 and we use the initial parameter estimates
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Figure 2.5: PG Trial: Simulation based 95th percentile value for the null distribution
of WT(+?) for different values of u and o and n = 10, 20,50, 100 subjects per group.
The solid horizontal line refers to the ¢y = 3.8415(= x3(0.95)).

of £ ="5.9,a = 0.49 for the control group as suggested by Sormani et al. [2001b] (for
3 month trials). The power curves correspond to n; = ny = 50, and a nominal level

v = 0.05 based on simulated critical values reported in Figure 2.2 (a). The power

33



n= 10 n= 20

8 wn
N T N
_o. —& a=02 -8 a=0.2
© D/D‘D’D D;D‘D/D‘D/D\D\*—ﬂifbs IS - a0z
A =1 v o
+- a=2 +- =2
] - o I —x— a=5
s 7] °~ 8 A D’D\ o
. ° P
° e ° o O.
N o7 o. -0 I
A a °-0o oy mm o . A a” g-0-8—np o
& %a e o
° N
Eg,f\ A pND A DD p Ao A [T I NN
g <) x\+ + + n A g =] A® e-o-o-ome~goo~ . .
> N ’ 13 A
= x R ETRE T + > + A
* x T+ o NNV
RETEAN X A A AAA-D A
2 "Xy N .
N XoX==X— e == X - N +
© x e VI SR AN R T
X~ x X e X————
SxTTTX XX —— X — T ——-X
8 Yo}
S o
e o
T T T T T T T T
5 10 15 20 5 10 15 20
H i
n= 50 n= 100
2 " 2 "
: a=0.2 : a=0.2
© -e a=05 © -o - a=05
A =1 ~ o
tooa= +- a=2
I —x— a=5 o - a5
S A S
e o
g4 2 do aa
v O \D o v O
o ~0-g-0-g-o-0-0J g— 99— S
£ - 5
o T
=1 ° o 8 s o-0 o
N ) i . o I
“!7¢°’°~ B e i i S 4 O-g 0-o o-0 a o
e o
o .
x ', A RN A A Aceeeenns A A L
\+X+ +++A + + Aon- 0D A" ©-0--.g----0-===-==---~ °
. ~¥- T N, . -3
NESORES 38 x\xix\+’,><__‘ i__ X + 4 2 A b . A
8 - TTTmTme— x 3 \i'*‘x’x’x’é”*‘§~f—_xff,,%:_’_’_’_’_if
= o
T T T T T T T T
5 10 15 20 5 10 15 20
H "

Figure 2.6: PG Trial: Type I error rates for WT(v?) using asymptotic approximation
for different values of p and a and n = 10, 20, 50, 100 subjects per group. The solid

horizontal line refers to nominal level v = 0.05.

estimates for LRT, RST and the WT(log(y)) are very close and show that they are
unbiased (empirically). For v < 1, the WT(7?) has a slightly higher power than the

WT(~v) and both have better power than the three unbiased tests. For v > 1, the
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Figure 2.7: PG Trial, Common Dispersion: Power of Exact 5% level LRT, RST,
and Wald tests for treatment effect, assuming (i) initial parameter estimates of u =

5.9, = 0.49, and (iii) n; = ny = 50. The solid horizontal line refers to nominal level

v = 0.05.

power for WT(v?) goes to zero very quickly. For the test for y it slowly rises above the
5% level and remains well below the power estimates for the unbiased tests. For the
RRMS clinical trials where the treatment is expected to reduce the number of new
enhancing lesions, the emphasis is on the region v < 1, and hence the Wald test for ~?
is the most suitable test for detecting such a change. It also has a desirable property

of small power for v > 1 since if the treatment results in increased counts, the Wald
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test fails to reject Hy with probability close to 1. The WT(,/7) is not unbiased and

does not excel in any region under H;, and hence is not considered further.

2.6 Sample Size Estimation

In Tables 2.1-2.3, sample sizes required to achieve 80% and 90% power for LRT
and the WT(~?) are obtained under three different scenarios. For the LRT both the
chi-squared percentile (¢y) and the exact percentile obtained through simulation are
used. For the Wald test sample sizes are presented using only the exact percentile
as ¢g is a very poor underapproximation even for large sample sizes. The sample
sizes obtained by Sormani et al. [2001b] using the nonparametric Wilcoxon Rank
Sum (WRS) test are given for comparison. The exact percentiles for the LRT and
the Wald test for the corresponding sample sizes are also given. They are helpful in
carrying out the tests when the associated data sets are available at the end of the
study.

The power was computed as the proportion of trials out of B = 10,000 that
yielded a significant result. Due to the inherent natural variation of this type of
simulation, one standard error above the estimate obtained (p + /p(1 — p)/B) is
used in determining whether the required power is attained. That is, for B = 10,000
trials, when the required power is 80% (say), a simulated power of 79.6% or higher is
considered enough and when the required power is 90%, a simulated power of 89.7%
is considered sufficient. Two-sided significance level was set at 5% and only equal
sample sizes (n; = ngy) were considered in our power analyses.

The MLEs of p and a of the NB model were obtained for a follow-up period ()

of 3 and 6 months (Sormani et al. [2001b]). They were, respectively, 5.9 and 0.49
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for t = 3, and 13 and 0.52 for ¢ = 6. Sormani et al. [2001b] use these estimates and
nominal 5% significance level to obtain sample sizes using the WRS test. We use the
same parameter estimates in our sample size calculations.

Sample sizes for the equal dispersion parameter case are given in Table 2.1 as
(1 — ) ranges from 0.50 to 0.80. There is a 30-45% reduction in sample sizes by the
use of LRT when compared to those using the nonparametric test for the treatment
effects and follow-up time periods considered. The exact and asymptotic 5% level
LRTs produce almost identical sample sizes when they are large. The latter test
produces slightly lower n when the sample sizes are small; it also inflates the level
beyond the nominal 5%. The 5% level WT(+?) reduces the required sample sizes
by further 18-28% resulting in about half the sample sizes demanded by the WRS
test. As expected, the sample sizes for the 6 month follow-up period are smaller than
those needed for the 3 month follow-up period. But the doubling of the follow-up
period from 3 to 6 months reduces the sample sizes by only about 10-15%. This is
understandable since the number of new enhancing lesions seen during the first three
months tend to be highly correlated with the number of new enhancing lesions seen
during the next 3 months. Increased power from 80% to 90% will require an increase
in sample sizes of 22-36% for the LRT and 30-40% for the WT(~?).

Similar sample size estimates are also obtained for the unequal dispersion parame-
ter case. For Case (a): as = 0.75a1, sample sizes for the LRT (exact and asymptotic)
and WT(+?) are given in Table 2.2. When compared to the equal dispersion case, the
sample sizes have increased by about 12-27%. Table 2.3 provides a similar comparison
for Case (b): as = 1.25a4. Here the required sample sizes have decreased by 10% or

less. As seen in Figure 2.9, the power curves for the LRT, RST and WT(log(y)) are
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Table 2.1: PG Trial: Sample sizes per group to achieve 80% and 90% power for
100(1 — v)% treatment effect and follow-up period (¢) of 3 and 6 months assum-
ing equal dispersion parameter, and initial estimates (u,a) = (5.9,0.49) for t =
3, and (13,0.52) for t = 6; level v = 0.05.

80% power; 5% level

1—v t Test Critical Value
WRS LRT LRT WT(v?) LRT WT(v?)
Asymptotic Exact Exact Exact  Exact

0.50 3 125 76 76 61 3.892 7.354
6 118 68 69 54 3.928 7.420

0.60 3 75 45 45 35 3.988  10.821
6 65 39 40 32 3.724  10.790

0.70 3 48 27 28 21 4.083 17.612
6 40 24 25 19 4.073  17.731

0.80 3 28 16 18 13 4.162  34.260
6 24 14 15 11 4.242  38.103

90% power; 5% level

1—v t Test Critical Value
WRS LRT LRT WT(v?) LRT WT(v?)
Asymptotic Exact Exact Exact  Exact

0.50 3 150 102 103 83 3.908 6.298
6 140 90 92 73 3.914 6.410

0.60 3 98 60 60 49 3.939 8.499
6 85 52 52 43 3.935 8.573

0.70 3 64 36 36 28 4.021  13.143
6 58 32 33 25 4.050  13.366

0.80 3 40 22 22 17 4.146  23.177
6 35 19 19 15 4.133  24.106
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Table 2.2: PG Trial: Sample sizes per group to achieve 80% and 90% power for
100(1 —~v)% treatment effect and follow-up period (t) of 3 and 6 months with unequal
dispersion parameters and initial estimates of (u, oy, ae) at (5.9,0.49,0.3675) for ¢ =
3, and (13,0.52,0.39) for t = 6; level v = 0.05.

80% power; 5% level
1—v t Test Critical Value
LRT LRT WT(y?) LRT WT(y?)
Asymptotic Exact Exact Exact  Exact
0.50 3 87 89 68 3.902 7.765
6 79 80 62 3.883 7.967
0.60 3 52 53 41 3915  11.267
6 47 47 37 3.936 11.702
0.70 3 33 33 25 3.932  18.797
6 28 30 22 3.996  19.539
0.80 3 21 22 15 4.017  39.749
6 18 19 13 4.083  43.209

90% power; 5% level
1—v t Test Critical Value
LRT LRT WT(y?) LRT WT(7?)
Asymptotic Exact Exact Exact  Exact
0.50 3 115 115 95 3.862 6.534
6 104 104 83 3.905 6.694
0.60 3 69 70 b)) 3.892 8.977
6 62 63 49 3.911 9.158
0.70 3 43 43 34 3.951  13.139
6 36 38 30 3976  13.719
0.80 3 27 27 20 3.992  25.066
6 22 23 17 4.010  27.252
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Table 2.3: PG Trial: Sample sizes per group to achieve 80% and 90% power for
100(1—7)% treatment effect and a follow-up period (t) of 3 and 6 months with unequal
dispersion parameters and initial estimates of (u, oy, ae) at (5.9,0.49,0.6125) for ¢ =
3 and (13,0.52,0.65) for t = 6; level v = 0.05.

80% power; 5% level
1—v t Test Critical Value
LRT LRT WT(y?) LRT WT(y?)
Asymptotic Exact Exact Exact Exact
0.50 3 68 70 53 3.920 7.209
6 62 62 48 3.911 7.252
0.60 3 41 42 31 3.945  10.212
6 36 37 28 3.950 10.294
0.70 3 26 26 19 3.991  15.904
6 22 23 17 4.037  16.462
0.80 3 17 18 12 4.053  28.975
6 14 15 10 4.128  32.698

90% power; 5% level
1—v t Test Critical Value
LRT LRT WT(y?) LRT WT(7?)
Asymptotic Exact Exact Exact Exact
0.50 3 93 94 76 3.881 6.074
6 82 83 66 3.900 6.161
0.60 3 55 55 44 3.904 8.052
6 47 48 40 3.939 8.058
0.70 3 33 35 26 3.963  11.756
6 29 30 24 3.975 11.816
0.80 3 21 22 16 4.068  19.176
6 18 18 14 4.043  20.107
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very close and consequently the last two tests produce very similar sample sizes and
they differ from the LRT sample sizes by at most 2. The sample sizes for the Wald

test for 72 are around 17-32% smaller than the sample sizes needed for LRT.

2.7 A Robustness Study

A robustness study was done to evaluate the performance of these exact parametric
tests which assume equal dispersion parameter a = 0.49 across the two groups. Two
cases with a3 = 0.49 were considered: (a) ay = 0.5a; and (b) as = 2ay. In case
(a) [(b)] variability in the treatment group response is increased [decreased] when
compared to the equal « case. Figure 2.8 (a) and (b) show the power curves for
these parametric tests for cases (a) and (b) respectively for ny = ny = 50. When
as = 0.5, the power estimates are slightly lower than the corresponding estimates
for the equal dispersion case (given in Figure 2.7) while the simulated Type I error
rates are higher than the nominal 5% level. The departure is the most serious for the
WT(~?) but it has the highest power for v < 1. WT(v) behaves very similar.

As Figure 2.8 (b) shows, the estimated power when as = 2a; is higher than when
as = ;. The WT(+?) has Type I error rate below the 5% level at 0.0367 but still has
a higher power than other tests for v < 1. The Type I error rates for LRT, RST and
WT(log()) are still slightly above 5%. Thus the LRT, RST and WT(log(y)) seem
to be more robust when the suspicion is that ap = 0.5; and the Wald test for 4?2 is
the best test when as = 24 and the region of interest is v < 1. In the latter case,

the treatment reduces the mean as well as the variance of the new lesion counts.
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Figure 2.8: PG Trial, Robustness Study: Powers of exact parametric tests with 5%
level that assume equal dispersion parameter across groups when the data come from
groups with unequal dispersion parameters; 1 = 5.9,aq = 0.49,n; = ny = 50; (a)

as = 0.5a7 (b) ag = 2c;. The solid horizontal line refers to the nominal level v = 0.05.
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Wald tests for treatment effect, assuming initial parameter estimates y = 5.9,y =

0.49, sample sizes n; = ny = 50, and (a) as = 0.75a7 (b) ag = 1.25¢;. The solid

horizontal line refers to the nominal level v = 0.05.
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Unequal Dispersion Parameters

Figures 2.9 (a) and (b) show the power curves for five parametric tests for cases
(a) ag = 0.750y and (b) ay = 1.25a4, respectively. In both these cases Wald test
for 42 has the highest power for v < 1 and for v > 1 its power quickly goes to 0
as in the equal a case. The LRT, RST and WT(log(y)) are unbiased. For case (a),
the RST has the highest power for v > 1 but has the least power for v < 1. The
WT(log(v)) has a slightly better power than the LRT for v < 1 but for v > 1 the
LRT does better. For case (b), the power of the three unbiased tests are very close to
each other although the RST seems to have the highest power for v < 1 and the LRT
has the highest power for v > 1. These differences in power among the unbiased tests
observed in Figures 2.9 (a) and (b) are magnified respectively when as = 0.5 and
ay = 2a; (figure not shown). Thus, for the unequal dispersion parameter case, the
use of an appropriate test is suggested based on the region of interest and whether or

not an unbiased test is desired.

2.8 Discussion

Here we have assumed NB models and used large data sets on new monthly MRI
lesion counts to produce sample size calculations for future RRMS trials. Since the
estimates of the parameters were obtained by fitting the NB model to RRMS patients
not selected for MRI activity at baseline, it is highly suggested that the sample sizes
reported here be applied only to clinical trials involving a similar group of RRMS
patients. The parametric tests described in Section 2.4 are two-sided tests which test

Hy:~v=1vs. H;:v# 1. Although the intrinsic research hypothesis is one-sided
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(v < 1) as it is often believed the treatment could not harm the patient, the FDA
prefers a two-sided test in order to be more conservative.

For PG trials with equal dispersion parameter a across groups, one of the three
unbiased tests (LRT, RST and WT(log(v))) can be used with exact percentiles. They
are comparable in terms of computational efforts. For PG trials with unequal dis-
persion parameters across groups an unbiased test can be chosen based on the region
of interest. For ay < «; case, when v < 1, the WT(log(y)) has the highest power
among all unbiased tests considered, and when v > 1 the RST has the highest power.
The reverse is true when as > «;. The use of LRT has resulted in a 30-45% reduc-
tion in sample sizes for PG trials when compared to those based on nonparametric
tests. When unbiasedness of a test is not important, as in the case of RRMS clinical
trials where the researcher is interested in only one side of the null hypothesis, using
the Wald test for 72 results in a further reduction in sample sizes by 10-30% when
compared to the LRT.

Another important thing to note is that, for PG trials, increasing the mean pa-
rameter p from 5.9 to 13 (or the follow-up period from 3 to 6 months) without much
change in «, the sample sizes required to detect a significant effect seem to reduce by
10-15%. This is because, increasing the follow-up period adds more redundant data
and thus does not result in a corresponding reduction in sample size.

So far only nonparametric sample size estimates are being used in RRMS clinical
trials. The results presented in this chapter show the advantages of using parametric
tests when the NB model assumption seems reasonable. Obtaining monthly MRI

scans of the brain for each patient and counting the number of new enhancing lesions
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is a very expensive and tedious process and these results will help reduce the cost and

effort involved significantly.
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CHAPTER 3

Bivariate Negative Binomial Models for Baseline vs.

Treatment Trials

3.1 Introduction

Many forms of bivariate negative binomial (BNB) distributions exist in the lit-
erature. Subramaniam and Subramaniam [1992] give a detailed description of the
several chance mechanisms that give rise to a BNB distribution. A few of them are
discussed here.

Suppose a sequence of independent trials result in one of three distinct outcomes
labeled A, B or C', with probabilities P(A) = p;, P(B) = ps and P(C) =1 —p; — ps.
Let the number of trials of C' be fixed at r, and let X denote the number of occurrences
of A and Y be the number of occurrences of B before the " occurrence of C'. Then

the joint distribution of X and Y is bivariate negative binomial with pmf

(r+z4+y-1)"

P(z,y) = RS pips(1—p1 —po)', x=0,1,...,y=0,1,.... (3.1.1)

The form of the pmf given in (3.1.1) can be seen from the fact that the first x+y+r—1
trials constitute a trinomial distribution with index parameter (z +y + r — 1) and
probabilities pi, ps and 1 — p; — po and the last trial has to be C'. This distribution
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was first developed by Guldberg [1934]. The probability generating function for this

distribution is

Gxy(s1,82) = (1 —p1 —p2)"(1 —p1s1 — pasa) " (3.1.2)

It can be seen that each of the marginal distributions of X and Y is univariate negative

binomial. Also,

rp1p2

Cov(z,y) = —<1 E—

and

pxy(x,y) = { P1p2 )}1/2

(1=p1)(1 —po
which is always positive. The pgf of the conditional distribution of X|Y =y is

GO¥)(s,0)

ovty
where {G(I’y) (u,v) = WG(SD 32)]51:%52:@}
152

=(1—py)"Y(1 — pys)~ Y (3.1.3)

1-p1’

which is NB((T +y) - r+ y). Thus the regression of X on Y is

E(X|Y =y) = r— 4y

1—p I —p

which is linear in y with a positive slope.

Downton [1970] comes up with a bivariate geometric distribution arising out of
the following mechanism. Suppose shocks arrive attacking a two component system.
Let p; be the probability that a shock is received by the first component and p, be
the probability that a shock is received by the second component and 1 — p; — po be
the probability that a shock is received by both components. Let X be the number
of shocks suffered by component 1 prior to the first failure and Y be the number of
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shocks suffered by component 2 prior to the first failure. Then the joint distribution

of (X,Y) is bivariate geometric with pmf

T+ .
P(z,y) = < $y>p1p§’(1—p1—p2), r=0,1,...,y=0,1,.... (3.1.4)

This model can also be generalized to a BNB distribution when X and Y represent
the number of shocks to the components before the 7" failure of the system. This
will lead to the bivariate negative binomial distribution given in (3.1.1).

In this chapter, however, we are interested in the BNB distribution arising out
of compounding two independent Poisson random variables with a gamma random
variable. Section 3.2 introduces such a BNB model and discusses its applications in
modelling MRI lesion counts arising out of RRMS BVT trials. The MLEs of the model
parameters are obtained in Section 3.3. Several parameteric tests for the treatment
effect are proposed and compared in Section 3.4 and Section 3.5 respectively. Sample
size estimates using the selected parametric tests are obtained in Section 3.6 and
these are compared to sample sizes based on nonparametric tests. Finally, the results

are summarized in Section 3.7.

3.2 The BNB Model

The compounding approach that generated the univariate NB model in Section 2.2
can be extended to the bivariate case where we compound two conditionally indepen-

dent Poisson rvs with a Gamma rv. Assume that

X|Z = z ~ Poisson(uz) independent of Y'|Z = z ~ Poisson(yuz), p,v >0,

(3.2.1)
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where Z is the random subject effect that is assumed to be a Gamma(a, 1/a) rv.

Then the joint distribution of (X,Y") is BNB with pmf

o pt (yp)?  T(e+y+a)
[la)z! y! (p+yp+ a)rtote’

PX,Y(IEJ/): zy=0,1,2...; p,v,a>0.

(3.2.2)
Then (X,Y) ~ BNB(p,vu,«). Note that one can get the above expression from

(3.1.1) with p; = = —I£ _ and r = a. One thing to note is that, in

P

ptypta’ P2 ptypta

(3.1.1), r by definition is a positive integer but « in (3.2.2) need not be an integer.
The moment generating function (mgf) of the BNB distribution given in (3.2.1) can
be obtained from the pgf given in (3.1.2) and using the parametric relations given

before as follows:

Mxy(t,t2) =Gxy (e, e™)

Lu —eh) + 'VO:L(l —e) + ar'

(3.2.3)

The marginal distribution of X can be obtained from the above mgf using the relation

Mx (t1) =Mx y(t1,0)

- [u(l - :tl) + a] . (3.2.4)

This is the mgf of NB(u, ). Similarly, the marginal distribution of Y can also be

seen to be NB(yu, ).

Several authors have used the compounding approach to produce families of BNB
distributions. For example, Arbous and Kerrich [1951] and Bates and Neyman [1952]
apply this BNB distribution to the study of accident proneness. Edwards and Gurland
[1961] and Subramaniam [1966] relax the assumption of conditional independence
given in (3.2.1) and assume X and Y are positively correlated.
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In RRMS BVT trials, the subjects are observed for a specified period of time
before and after the treatment is initiated. Assuming X (Y') to be the total number
of new enhancing lesions seen during the baseline (treatment) period we apply the

model given in (3.2.2).

3.3 Estimation

Assuming there are n subjects with data (x,y) = {(x1,%1), ..., (s, yn)} the like-

lihood function of our BVT model is

L(’Yaﬂaa’(xa Y)) = HPX7Y(xi7yi)

=1
_ { o’ }n MZ ity vi ,72 Yi H;L:1 F($Z Tyt a)
() [T, ! TI, wd (p+ yp 4 )z mtvita’

(3.3.1)

The log-likelihood function is

(7, ) =n{aloga —logI'(a) } + n(Z + y) log u + nylog v + Z log I'(@; + y; + )
i=1

—n(T+ 7+ a)log(p+yu+ a) — Z log(x;!) — Z log(y;!). (3.3.2)

The components of the score vector for the log-likelihood given in (3.3.2) are

(v, pa) _n(@Z+y) n@+y+o)

B 14 ), 3.3.3
o 2 p+yp+a ) 039
oly, o) _my  n(@+y+ a)u, (3.3.4)
Oy g ot yp+a
0L(v, p, ) < o ) T +y+a)
9o nlvta) =1 nlog \ e ) T et a
+ Z V(@i +yi + ). (3.3.5)

i=1
The MLEs of v and p obtained by setting the score equations (3.3.3)-(3.3.5) to 0

and solving for the parameters giving us the following result:
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Lemma 3.3.1. The MLEs of v and u are

== and I =Z.

SRS

The MLE & can be obtained by numerically mazimizing the profile loglikelihood func-
tion 0(4, [1, o) with respect to a.

Bates and Neyman [1952] have given the MLEs of the parameters of the BNB pmf
given in (3.2.2) under a different parameterization.

When ~ = 7q is known, the MLEs of p and « are obtained by setting (3.3.4) and
(3.3.5) to 0 and solving for the two parameters. The MLEs in this case are given by
the lemma below.

Lemma 3.3.2. For a known v = g, the MLE of 1 is

T+
L+

=
and &, the MLE of o is obtained by numerically mazimizing the profile loglikelihood
U(o, i, @) with respect to .

The second order derivatives of the log-likelihood function in (3.3.2) are

Py, ) ng  nyu(T+g+a)

I 72 (ptapta)?’
Py, )  na(@+y+a)  Ply,pa)
o (ptap+a)?  Oudy
0%y, o) mplp+yp—x—y) _ 0%(y,p0) (3.3.6)
foatole! (4 v+ «)? dady o
O*(v, i, @) nz+y) n@+y+a)(l+y)?
=— +
op? G (1 +yp+ @)?
Py, poa) () (ptyp—z—7) Py, p )
Opda (4 yp+ a)? dadp
(v, 1, ) np(l+7) n(p+yp — T — )

:_W(a)JrOé(quera)  (utnt )

Oa?

n

+ Z@/Jl(%‘ +yi +a).

=1
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Lemma 3.3.3. The FIM 1(0) where (1(0))” = _E{ae ée } and 0 = (v, , «) is

the parameter vector. We use the fact that E(X) = pu , E(Y) = yu and X!s, Y/s are

wdentical to get

82€ , na(l +
IQQ(O)Z_E{ WL }: u+w1)a)
[12(9):—12{825818*; }:u+w+a = 1,,(0), and

1,;(0) =0, otherwise.
Lemma 3.3.4. Proceeding as in the case of PG trials, the asymptotic variance of ¥
for the BNB model simplifies to

52(8) = YA+t e+ )
np(p+a)(1+7) —ay]

(3.3.7)

Remark: A similar argument to the one given in Chapter 2 for PG trials can be
used to show that the estimation methods used in this section give the MLEs of the
parameters as desired. When the model is parametrized in terms of (1, p, @), the
solutions for p; and py obtained from the score equations are T and y respectively. For
a fixed «a, the determinant of the second order derivative matrix of the log-likelihood

evaluated at ji; = 7, and jis = 7o is

020(p1,p2,00)  920(pa,p2,0) —n(g+a) n n2a
ou3 Ou10pa _| #@+y+ta)  T+yta | _
3215(u1 12,0)  02(ppiz,0) | n —n(Tte) | T ZG(T + 7+ o) >0 Va>0.
D10z ou3 T+y+a  G(@+yta)

Also, since 0*¢(uy, p2, ) /Ous < 0 for all & > 0, we can say that  and g are the
MLEs of p; and ps respectively. Furthermore, these two estimates are independent
of o and hence we can maximize the profile log-likelihood obtained at these estimates

to get &, the MLE of a.
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3.4 Testing for the Treatment Effect

Parametric tests based on the likelihood can be developed for the treatment effect

as in the case of PG trials.

3.4.1 Known Dispersion Parameter «

When the dispersion parameter « is known, classical results can be used to derive
a UMPU test for testing Hy : v =1 vs. Hy : v # 1. When « is known, the likelihood

function for the BNB model given in (3.3.1) can be expressed as

0y, 1) :H?:% He:t v + ) [Fl )]nexp {ni: log (L)

[T 2! TL vl (a [ e e’

} ol a
+ny log (—) + nalog (—)}
fAyp o [+ 4 o

=h(x,y)exp {Z n;(0)T;(x,y) — A(O)} (3.4.1)

Jj=1

where

T\(x,y) = nx =T\ (say), Tr(x,y) = ny = 1>, n1(0) = log (L> ,

B+ v+
Vi a
0) =1 LA A(Q) = —nal _ d
2(0) Og<u+w+a)’ (6) = —na Og(u+w+@> o
H’.‘_lr(a:mtyﬁa){ 1 ]”
hx,y) =~ -
( ) Hi:l ;! Hi:l yi! P(O‘)

Let T15 = T1+1T5. Since (17, Tz) belongs to a two-parameter exponential family as seen
above, we know that it is a complete sufficient statistic for (n;,72) and so is (T2, T3).

Clearly 77 ~ NB(nu,na) and To ~ NB(nyu,na). Also the joint distribution of

o4



(Ty,Ty) is BNB(nu, nyu, na). The joint pmf of (T3, Ti2) can then be derived as

P(Ty = ty, T = t1a) =P (T = t12 — t2, T = t3)
(na)™ (np)"2="2 (nyp)* [(t12 + na)

" T(na) (tis —t2)!  to!  (np+ nyp + na)tztna

_ (t12> F(tlg + na) (na)”a (nu)tm,}/tz (3 A 2)
~ \to ) D(tio + DI (na) (np + nyp + na)hztne’ o
where to = 0,1,2,...,t10; tio =1to,to+1,....
The conditional distribution of T5 given T}y = t15 is given by
P(Ty = t3,Tho = t12)
(715 2| T2 12) P = tny)
_ P(Ty =ty, Ty = t12)
Zio P(Ty =k, T2 = t12)
t12) to
(%)
- 122 ) lo :Oala--~7t12- (343)
112:0 (tilf)Vk

This is known as a generalized power series distribution (Patil [1962]). Then, using
the results in Section 4.4 of Lehmann [1986], we can obtain a UMPU test for testing

Hy:~v=1vs. Hy:7v# 1. The critical function for this test is

1 if ty < (tlg) or ty > Cz(tlz)
(51(t12) lf t2 = Cl(tu)
ty, ts) = ! 3.4.4
¢( 2 12) (52(7512) lf tQ = Cg<t12) ( )
0 if Cl(tlg) <ty < Cg(tlg)
where 01, 0o, ¢; and ¢y are functions of t15 such that
E(¢(Ty, Th2)|The = t12) = v (3.4.5)
and
E(T2 . gb(Tg, T12)|T12 = tlg) = VE(T2|T12 = t12) (346)

when v = 1. Clearly, the distribution of 75 given Ty = ti5 is symmetric about
E(T|Ti2 = t12) = t12/2 when v = 1. Hence the above test can be further simplified
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since any symmetric test that satisfies condition (3.4.5) must also satisfy (3.4.6). It
then becomes a “symmetric” test with §; = 0o and ¢3 = t15 — ¢;. Condition (3.4.5)

now becomes
Ci_l t12 _'_5 t12
o (7)) +0() _v (3.4.7)

o () 2

The p-value of the above UMPU test can be estimated using the following two meth-

ods:
t t12
Regular p-value = 2215120—(;12) (3.4.8)
2o (7)
or

. 23050 (1) + ()
Mid p-value = ! ) t (3.4.9)
k=0 \ k
where t = min(t, ta).

A simulation study was conducted to compare the power of the UMPU test using
the regular p-value and the mid p-value methods. The power for these methods were
computed as the proportion of B = 10,000 trials for which Hy is rejected (p-value
< 0.05). In addition to these two methods, the “Exact” power was also estimated

using the definition of power, i.e., P(Reject Hy|H; is True). For each simulated data

set (trial), the power of the conditional test given 715 = t15 given by

B(y| T2 = ti1a) =FEpu, [¢(T2, Th2)|Ti2 = tio]
X (O + X (P + 0 () + 6 ()
= s [l & . (3.4.10)
k=0 ( i )7

This is free of the nuisance parameters (u,a) and thus has a known value. The

average of these power values over B trials is taken to compute an estimate of the
unconditional power [(7,u,a). We call this estimate, the “Exact” power. This
estimate is unbiased for the actual power and has the smallest variance among all
unbiased estimates of [(v, p, ) (see Section 4.5 of Lehmann [1986]). However, a
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major disadvantage of this method of computing power is that it can only be found
after the data has been observed and hence will not be suitable for computing sample
sizes required to design an experiment. In such a case, the power can be estimated
using the simulation method described before using the “Mid p- value” method. This
method maintains its Type I error rate very well and also has higher power compared

with the “Regular p- value” method even for very small sample sizes (see Figure 3.1).

3.4.2 Unknown Dispersion Parameter «

When the dispersion parameter « is unknown, the likelihood of the model in
(3.3.1) does not belong to an exponential family and it is not known whether an
UMPU test exists. In that case, likelihood based tests such as LRT, RST and Wald
tests can be derived as in the case of PG trials. A test for the treatment effect tests

Hy:~v=n~9vs. Hy:v# 7 with 79 = 1. The tests are presented below:

Theorem 3.4.1. The LRT statistic for testing Hy : v = 7o vs. Hy : v # o s given
by

Lpyr = =2({(70, i1, &) — (Y, f1, &)
where €(o, fi, &) is the log-likelihood evaluated at the MLEs under Hy (Lemma 3.3.2)
and (7, i1, &) is the log-likelihood evaluated at the unrestricted MLEs (Lemma 3.3.1).

Theorem 3.4.2. The RST statistic for testing Hy : v = v vs. Hy : v # 7o for BVT

trials is given by

7 — )" (1 + 70)
+70) (i + &) — &yl

n[i(y — v7) + a(
Rpyr = i

Yo(ft + Yoft + &)

o7



(@)

o —8— Mid p-value; Obs Type | Error = 0.0472
- -e - Regular p-value; Obs Type | Error = 0.036|
< Exact p-value; Obs Type | Error = 0.0499
@ 4
S
o
o7 °
e
O, -
© o
S 7 Q’//’
- 8 e
9} o ’
: \ o
a \ / °
< ' .
o 0 o
3 / °
\ Q,
N o
o~ , /
c 7 e Q7
AN / o
\Q\
o3 S
o o7
==
e
S
T T T T
0.5 1.0 15 2.0
Y
(b)
S _|-a- Mid p-value; Obs Type | Error = 0.0466
- - - Regular p-value; Obs Type | Error = 0.0385 )
< Exact p-value; Obs Type | Error = 0.0500 p=
o
@ 4
[S)
©
S
3
H
I}
a
<
[S)
N
S
e
S

0.5 1.0 15 2.0
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Theorem 3.4.3. If g(-) is a 1 — 1 function with nonzero derivative, the Wald test
statistic for testing Ho : g(77) = g(70) vs. Hy : g(v) # g(v0) for BVT trials is

9(3/7) - g}%)] 2
¢(3)3(6)

Wayr(9(9)) =

where

ST (ES Y.}
n (1 +9) (@ +a) — a3
is the asymptotic variance of 4 evaluated at the MLEs (see Lemma 3.3.4)).

Under H,, all the above test statistics converge in distribution to a x? rv as n — oo
and consequently we choose ¢q as the critical value for an asymptotic 5% level test.

A simulation study was conducted to check the effect of changes in parameter
values of the BNB model on the ezact percentiles and estimated Type I error rates for
LRT and WT(?). The LRT can be used with asymptotic approximation safely even
for very small sample sizes without compromising on Type I error rates (Figures 3.3
and 3.4). For RST and WT(log(v)) the results were similar to the LRT (Figure not
shown).

For the WT(~?), the ezact percentiles can be much different than ¢y and the
simulated levels higher than the nominal level for small sample sizes. The exact
percentiles (Figure 3.5) tend to converge to ¢q for increasing values of u (unlike for
PG trials) and the convergence is quicker for larger sample sizes. Similarly, the
Type I error rates seem to converge to the nominal level for increasing values of u
(Figure 3.6). Also, higher values of « tend to increase the significance level although
the change is very small for « less than or equal to 2. The significance level for the
WT(~?) can be much higher than the nominal level even for higher sample sizes if «
is very high. Unless the sample size is 50 or greater and p is 10 or greater, it may

not reasonable to use the asymptotic approximation for the Wald test. We did not
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consider the WT(,/7) and WT(y) as they did not have the highest power on either

side of Hy as we will see in the next section.

3.5 Power Analysis

Figure 3.7 shows the power curves for the six parametric tests discussed in Sec-
tion 3.4, using exact percentiles. A sample size of 10 is considered and the initial
parameter estimates considered for simulation were taken to be the same as for PG

trials. Here again, the power estimates for the LRT, RST and WT(log(y)) are very
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similar and the tests are unbiased. The WT(,/7) also appears to be unbiased and
has a slightly higher power than the other three unbiased tests for v < 1, but has

lower power for v > 1. A suitable unbiased test can be chosen from these four tests
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depending on the region of interest. The WT(y?) has the highest power for v < 1
but is biased and has the least power for v > 1. The WT(vy) is also biased, has a

lower power than the WT (~?) for v < 1 and for v > 1 it has lower power than any of
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the unbiased tests. Thus, for RRMS clinical trials where the interest is on the region

v < 1, the WT(+?) is perhaps the best choice.
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Figure 3.6: BVT Trial: Type I error rates for WT(7?) using asymptotic approximation
for different values of p and a and n = 5,10, 20,50 subjects per group. The solid

horizontal line refers to nominal level v = 0.05.

A comparison of the power estimates when we use asymptotic and exact per-

centiles for LRT, RST and WT(v?) is presented in Figure 3.8. As apparent from the
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Power

Figure 3.7: BVT Trial: Power curve as a function of v for six tests with exact 5%
levels for 3-month baseline vs 3-month treatment trials with sample size n = 10,

1 =>5.9, and a = 0.49. The solid horizontal line refers to nominal level v = 0.05.

exact 5% critical values given in Figure 3.2, the power estimates for the exact and
asymptotic tests are very similar for LRT, and the exact test produces slightly higher
power for RST. In contrast, the power curves for the exact and asymptotic WT(+?)
differ substantially and the asymptotic test has an inflated level of significance. In
conclusion, we suggest the use of ¢y as the critical value for the LRT, and it works

reasonably well for RST and Wald test for log(y), for samples of size 10 or higher.

1.0

0.8

0.6

0.4

0.2

0.0

LRT

- RST

Wald g(y)=y

- Wald g(y)=log(y)
Wwald g(y)=y*®

- Wald g(y)=y’

*#+oé#

2.0

We suggest using the exact critical value for Wald test for ~2.

65




3 — —8— LRT Asymptotic
- - LRT Exact 0/9
& - RST Asymptotic 5/
-+- RST Exact A
© —v- Wald g(y)=y? Asymptotic /@
o 7] % - Wald g(y)=y? Exact
/8 Y
/ 7
e
| v
7
© e
o 7 : v
/ /
g ’
5 / /
2 v
g ‘ // *
< / y .
o v *
[ ya e
, %
4 / *
/ v 7/
4 . 7/
N / / *
° 8 / .
/ v *
AT N / 7 7z
By~ ® v *
B o
o | R PR
S
T T T T
0.5 1.0 15 2.0
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LRT, RST and Wald test for 4% for 3-month baseline vs 3-month treatment trials
with sample size n = 10, p = 5.9, and a = 0.49. The solid horizontal line refers to

nominal level v = 0.05.

3.6 Sample Size Estimation

Table 3.1 gives the sample sizes required to achieve 80% and 90% power for BVT
trials obtained when we use the LRT, WT(+?), and Wilcoxon Signed Rank (WSR)
test. The WSR sample sizes were reported in Sormani et al. [2001b]. We use ¢, as
the critical value for LRT and simulated percentile for WT'(v?). Sample sizes are
obtained for 20-50% reduction in the lesion rate during a follow-up period of 3 and

6 months and for a power of 80% and 90%. It can be seen that the sample sizes for
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the LRT are around 25-60% smaller than those for the WSR test. As the treatment
effect increases from 20% to 50%, the percentage reduction in sample sizes observed
seems to increase from around 25% to 60%. Samples sizes for the Wald test are
10-30% smaller than those of the LRT and 35-65% smaller than the nonparametric
sample sizes. Sample sizes for 90% power are 30-40% (35-50%) greater for LRT (Wald
test) than those for 80% power. In contrast to the PG trials, doubling the period
duration will reduce the sample size by almost half. This can be anticipated from
the properties of Poisson process and the fact that the comparison takes place within
a subject. Increasing p from 5.9 to 13 (by a factor of 2.2) reduces the sample size
required by almost 50%. This is true since, conditional on the subject the lesion
counts every month are independent and following up a patient for twice as long
results in twice the amount of ‘information’ gained regarding the parameters there

by resulting in a significant reduction.

3.7 Discussion

In this chapter, we looked at several parametric tests for the treatment effect
in BVT trials assuming a BNB model for the data. A UMPU test was proposed
in Section 3.4.1 when the dispersion parameter « is assumed known. It was shown
that the “Mid p- value” method did best according to having a higher power and
also maintaining Type I error rate very well even for small sample sizes. When « is
assumed unknown, several likelihood based tests such as LRT, RST and Wald tests
were compared using both the asymptotic and exact percentiles. When an unbiased
test is preferred, any of the three asymptotic tests, LRT, RST and WT(log(v)) can

be used. They perform equally well in terms of power and also maintain Type I error
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Table 3.1: BVT Trial: Numbers of patients needed to achieve 80% and 90% power for
100(1 — v)% treatment effect and follow-up period (¢) of 3 and 6 months, and initial
estimates (p, a) = (5.9,0.49) for ¢t = 3 and (13,0.52) for ¢ = 6; level v = 0.05.

80% power; 5% level
1—~v t Test Critical Value
WSR LRT WT(7?) WT(7?)
Asymptotic/Exact  Exact Exact
020 3 80 61 51 4.155
6 48 29 25 4.068
0.30 3 42 27 21 4.428
6 22 13 10 4.467
0.40 3 26 15 11 5.420
6 14 8 6 5.253
0.50 3 18 10 7 6.769
6 12 5 4 6.703
90% power; 5% level
1—v t Test Critical Value
WSR LRT WT(7?) WT(7?)
Asymptotic/Exact  Exact Exact
0.20 3 108 84 70 4.051
6 60 39 34 4.013
0.30 3 50 35 31 4.260
6 32 18 15 4.195
040 3 35 21 16 4.721
6 20 11 8 4.699
050 3 25 13 10 5.621
6 17 7 6 5.278
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rates even for smaller sample sizes. So an exact percentile based test is not necessary
in these cases. The sample sizes obtained using the LRT are 25-50% smaller than the
corresponding sample sizes using WSR test.

When an unbiased test is not important, the WT(7?) has the highest power for
~v < 1 and has the least power for v > 1. With this test one needs to use the simulated
percentiles to maintain the nominal levels. The exact WT(7?) reduces the sample
sizes 10-30% when compared to the LRT based sample sizes. As discussed, this test
is highly appropriate for clinical trials in MS as one is only interested in the region
v < 1 and needs to find a test that has the highest power in that region.

There are other examples for which the BNB distribution was shown to fit well.
Appendix Section C.1.1 gives MRI lesion count data on 23 RRMS and SPMS patients.
The number of new active lesions seen during 6 monthly follow-up scans from 31
RRMS patients is given in Appendix Section C.1.2. The number of epileptic seizures
observed in 28 patients from the placebo group is given in Appendix Section C.2.
In all these cases the BNB distribution has been shown to fit well. The methods
developed in this chapter can also be applied to all areas where the BNB distribution

provides a good fit and not just for clinical trials involving RRMS patients.
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CHAPTER 4

Bivariate Negative Binomial Models for Parallel Group with

Baseline Correction Trials

4.1 Introduction

Parallel group trials with a baseline correction (PGB) is a very important trial
design in clinical trials involving count data. This is also a common design in multiple
sclerosis clinical trials. The baseline correction scan is obtained to counter any signifi-
cant differences among the two arms of the trial even before the treatment is initiated.
Denoting the number of new enhancing lesions seen in the baseline scan as X and
the number of new enhancing lesions seen in the follow-up period as Y, we propose
in Section 4.2 a joint bivariate NB (BNB) distribution for modelling (X,Y’) coming
from RRMS PGB trials. This extends the univariate NB model seen in Chapter 2.
In Sections 4.3 and 4.4, MLEs of the parameters are obtained and parametric tests
are constructed to test for the treatment effect using the joint distribution of (X,Y).
The power of these tests are compared in Section 4.5 and sample size estimates using
the “best” tests are given in Section 4.6. In Section 4.7, we derive the distribution
of Y — X and show why this distribution is not suited for comparison between two
groups. We finally conclude this chapter with some discussion in Section 4.8.
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4.2 The Model

Let (X;,Y;), i = 1,2 be the total number of new enhancing lesions seen during
the baseline and follow-up period of a patient in the placebo and treatment groups
respectively. Let Z;, ¢ = 1,2 denote the random subject effects assumed to be iid

Gamma(a, o™ ') rvs. We assume that

X1|Zy = z ~ Poisson(pz1) independent of Y1|Z; = z; ~ Poisson(tuz;) and

Xs|Zs = 29 ~ Poisson(zy) independent of Y5|Zy = 25 ~ Poisson(typuzs).
The joint marginal distribution of (Xi,Y;) can be easily derived as follows:

Proyi (01, 91) = / P(X0|Z1 = 21) x PYi|Zy = ) % f (1)d21
0

00 L —pz1(__ 1 —tpz (¢ Y1 a
:/ € ( ,uzl) % € ( :U’Z1> % a Zfzflefazdzl
0 7! 1! [(a)
Mxl (tlu)yl /OO Z($l+y1+a)_1€7(“+t:u‘+a)zl le
Lla)z! ! J, ™
a® p”t ()" T+ +a)
Doyl (p 4t + a)mitute
e o] r1+Yy1+a
/ (/L +ip+ Oé) L Z;m-‘ryl-‘ra)—le—(u—&-tu-i—a)zl dz,
0 [(zy + 91 + )

X

_a o ()" T +y+a) _ ,
_F(Oé)x—l' yll (M+tu+a)ml+yl+a’ :Ul,yl—O,l,Z..., ,LL,O(>O.
(4.2.1)

Thus (X1,Y)) follows a BNB distribution with parameters p and o and we write
(X1,Y1) is BNB(p, tu, ). It can be shown similarly that (Xs, Ys) is BNB(u, typ, o)

with pmf

a® p (typ)*” Dz +y2+a)
D(a) z!  yo! (u+typ + a)retvztae’

Px, v, (2, 42) = To, Yo =0,1,2...;

v,y > 0. (4.2.2)
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4.3 Estimation

In this section we obtain the MLEs of the BNB model parameters for the PGB
design. Let there be ny observations in the placebo group and n, observations in the
treatment group. If the observed data is given by (x,y) = (x1,y1), (X2,y2) where
(i, yi) = (Ti1, Yir), (Tizs Yi2)s - -+ (Tiny, Yin; ), @ = 1,2 then the joint likelihood function
for the above PGB model is

ni n2
L(y, ol (x,5)) = [ [ Pxvwi (@16, 51) x [ [ Prava (25, 25)
=1

7j=1
o /_L:CU (t,u)y“ F(l.h _'_ylz + Oé)
LT (o) ;! gl (p+ tp + a)mitute

ni

1=

X ﬁ a® s (typ)* Dy + 2 + @)
j=1 F(a) ij! y2j! (,u + typ + a)12i+y2¢+a

B { a® }n1+n2 Ium(a‘:l—i-zh)tnlzh 1‘[7:11 F(J}h- + Y + Oz)
') (1 + tp + a)mErtote) [T, zuly!
/Ln2(£2+§2)(7t)n2§2 H;‘il F(x2j + yo; + )
(e + typ+ aymeEtite) 02 )y, )|

(4.3.1)

The log-likelihood function is

{0y, by @) = (n1 +nz) {alog(a) —logT'(a)}
+ n1(Z1 + §1) log o + 1y logt — ny (T + g1 + @) log(p + tp + «)
+ no(To + §2) log i + nago log(ty) — na(Ta + 7o + ) log(p + tyu + «)
+ Z log T'(z1; + 15 + @) — Z log(zq,!) — Z log(y14!)
+ ) logT(wy; +yoj + @) — > _log(za;!) — > log(ys;). (4.3.2)

72



The components of the score vector for the log-likelihood function given in (4.3.2)

are

ag(’% H, Oé) _n2§2 N n2(j2 + g2 + OZ)

_ t), 43.3
vy gl Bty + (i) (43.3)
ag(’ya,u?a) :nl(il + gl) + n2(f2 + gQ) - nl(fl + Y1+ Oé) (1 + t)
o I wHtu+ «
n2(Z> + 92 + @)
- 1+ t9), 4.3.4
e (R0) (4:3.9)
O(y, p, T+ o
% =(ny +ng2) [l +loga —Y(a)] —m [Hﬁ + log(p + tp + 04)]
= (lfg +Q2 + «
+ i Yt o) — — +1 + typ +
;wm yii + @) =y Lwtwwa og(p + typ a)}
n2
+) (o) 4y + ). (4.3.5)

j=1
Lemma 4.3.1. The MLFEs of u, v and a do not have a closed form expression and

they need to be obtained by direct numerical maximization of the log-likelihood or by

equating the score vector to zero and solving for the parameters.

When v = g is known the MLEs of p and « can be obtained by equating (4.3.4)
and (4.3.5) to 0 and solving for the parameters. For a general v, no close form solutions

for the parameters are available and numerical methods need to be employed to obtain

the MLEs.

Lemma 4.3.2. When vy = 1, the MLE of u, denoted by i, reduces to

n1 (71 + §1) + n2(T2 + Ba)
(m + nz)(l + t)

=

The MLE of «, &, solves (4.3.5) set to 0 at v = 1 and p = fi. One can also

numerically mazimize ((1, fi, ) with respect to v to obtain a.
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The second order derivatives of the log-likelihood function in (4.3.2) are

PUy, p, ) _ NaY (T + §o + ) (tp)?

o P (b + typ + @)
Uy, o) nop(Ta+ 0o+ a)(ta)  9%0(vy, p, @)
Nop (p+tyu+a)?  Oudy
Py o) {M +typ — Tp — 372} _ Pl pa) (4.3.6)
toatole! (4 typ + «)? dadry
PUy, p, ) (T + 51+ @) (1 +1)* | na(T2 + g2 + ) (1 +t7)?
o (pttpta)? (b + typ + a)?
(@ 4+ 5) + ne(T2 + 9)
p? ’
Uy, pe) (LDt tp) — (@ +G)]  na(L+ ) [(n+typ) — (T2 + 5)]
Ouda (4 tp+ a)? (14 typ + «)?
_ Py, )
 dadpu
(v, ) ma(p+tu) na(p + typ) :
do?  a(p+tpta)  alpttypta) (1 + 7))
(e tp) — (@) nol(p+typ) — (T2 + 52)]
(1 +tp+ ) (1 +typ+a)?

ni n2
+ D W (@t g @) + Y U (e + sy + @),

i=1 j=1

Lemma 4.3.3. The elements of the FIM 1(0), where (1(0))” =—-F {g;fégi} and

parameter vector @ = (v, u, ) are given below:

I1(8) = — 826(77 1, ) _ natp(p + o)

" O Y(p A+ typ + )’

I(0) =—E {02«%“70‘)} () Fn(l+ty)  m(1+0* gl +ty)?

o o N p ptipta  ptiyata’
_ Pl(v, 1, @) . nip(l +1t) nop(l + ty) ,

fs(6) __E{ da? }__Oz(u+tu+a) a(pt+typ + ) +(m A m)y(a)

— Z E W (1 + y1i + )] — Z E [{ (22 + y2i + )],
=1 j=1

Oy, 1 a)} naota
I1,(0) =—F e = = 15,(0 d
2(0) { 0O SEeE R
1,;(0) =0, otherwise.

74



Lemma 4.3.4. The asymptotic variance of 7 is the first element of the inverse of

the FIM given in Lemma 4.3.3. We have,

_ _ —1
02(0) =113 = [In — L1215, Iy |
_(p+tyu+a)
natu
y {Mm_ nato(p + tu + o) }1
v ny(p 4ty + o)1 +8) +no(p+tp+a)(1+ty) f

4.4 Testing for the Treatment Effect

In this section we propose likelihood based parametric tests (LRT, RST and WT)
to test for a general Hy : v = vy vs. Hy : v # 7. For RRMS clinical trials a test for

no treatment effect would test Hy : v =1 vs. Hy : v # 1.

Theorem 4.4.1. (LRT). The LRT statistic to test Hy: vy =~ vs. Hy 1y # 7o is
LRTPGB - _2(6(707 ﬂ’ 65) - 6(&7 /}’7 6‘))7

where [i,& are the MLFEs under ©y given in Lemma 4.3.2 and ¥, i, & are the MLFEs

under © given in Lemma 4.53.1.

Theorem 4.4.2. (RST). The RST statistic to test Hy: v = vs. Hy 1y # 7o is

2
RSTpep = [W} x 02(6)
0=0

_ [na@e _ ma(T2+ g2+ &)(tE)]7 [+t + &
B { % A+ipita 1 { natfi }
X{/Z+d_ nota(fi + tji + @) }1
Yo n(f+typ+ &)1 +t) +no(i+tp+a)1+1ty) )
The MLEs i and & are given in Lemma 4.3.2.

Theorem 4.4.3. (WT) The WT statistic for testing Hy : g(v) = g(y0) vs. Hip :

9(7) # 9(0) is given by



A

where 4 is MLE of v under © (Lemma 4.3.1) and 0%(0) is the asymptotic variance
of 4 given in Lemma 4.3.4.

We consider the following functions g() : 7,log(7), /7 and . Each of the above
statistic is asymptotically distributed as x? rv under Hy and an approximate level v
test rejects Hy if the test statistic is > x3(1 — v). This 5% critical value of 3.8415 is
denoted, as before, by .

A simulation study was done to evaluate the effect of changing n, © and « on the
exact 95" percentiles and actual Type I error levels when one uses ¢y as the critical
value. Figures 4.1 and 4.2 give the simulated exact percentiles for asymptotic LRT
and for the WT(~?). The empirical Type I error rates for these two tests are given in
Figures 4.3 and 4.4. These were obtained for n = 5,10, 20, 50 per group, tu ranging
from 1 to 20 and for o« =0.20, 0.50, 1, 2 and 5.

For the LRT and WT(~?), the exact percentiles (Type I error rates) converge to
co (0.05) as tu increases and the convergence is much quicker for higher sample sizes.
Increasing « results in higher ezact percentiles and Type I error rates for the LRT
but these values reduced for WT(7?). For the LRT, the Type I error rates are well
under 0.06 for sample sizes 20 or higher for all values of x4 and . Even for a sample
size of 10 subjects per group, the error rates for the asymptotic LRT are close to 0.05
unless p is very small or « is very large. Hence the asymptotic LRT can be used for
PGB trials as long as the sample size is reasonably large for most values of p and a.
For the asymptotic WT(+?) the Type I error rates are much higher than the nominal
level for most values of 1 and a even for higher sample sizes. Hence for the WT(+?)
the asymptotic approximation is not suggested unless the sample size is 50 or above,

tp > 10 and o > 2.
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For the RST, the ezact percentile estimates converge to ¢y as n increases and
also as « increases for a fixed n (Figure not shown). They are relatively stable with
respect to p. The Type I error rates for the asymptotic RST are very close to the
nominal level of 0.05 for all values of n >= 10, u and «. Thus, unless the sample
size is very small (< 10 subjects per group) and p <=5 and « = 0.2 it is very safe
to use the asymptotic RST without compromising on Type I error rates. We did not
consider the other tests since they were not the most powerful on either side of the

null hypothesis as we will see in the next section.

4.5 Power Analysis

Sormani et al. [2001b] used Monte-carlo simulations assuming the BNB model but
use nonparametric tests to obtain sample sizes for RRMS PGB trials. Here we use the
BNB assumption for simulations and use the associated parametric tests described in
Section 4.4 to obtain sample size estimates. We use the initial parameter estimates
suggested by Sormani as done in the case of PG and BVT trials seen in Chapters
2 and 3 respectively. For the BNB model given in Section 4.2, u represents the
new enhancing lesions seen during one month (or on one scan) and hence we take
w=59/3 fort =3 and u = 13/6 for t = 6 as our initial parameter estimates for
our simulations. We generated 10,000 trials (datasets) assuming the BNB model in
Section 4.2 for several values of v ranging from 0.50 to 2 and assuming n; = ny = 10
subjects for each group. The power of each test was estimated as the proportion of
these 10,000 trials for which the null hypothesis is rejected.

The exact percentiles for the six tests are much higher than ¢y for small sam-

ple sizes (see Figure 4.5). Therefore using asymptotic approximations for WT(?),
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Figure 4.1: PGB Trial: Simulation based 95th percentile value for the null distribution
= 5,10, 20,50 subjects per
= x7(0.95)).

of LRT statistic for different values of tu and a and n
group; The solid horizontal line refers to the ¢y(= 3.8415

WT(y) and WT(log(v)) results in inflated error levels (Figure 4.6). Even though
WT(7?) has the highest power for v < 1, it also has the highest Type I error rate.

Hence it is not advisable to use asymptotic approximations especially for WT(~?)
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group; The solid horizontal line refers to the co(= 3.8415 = x2(0.95)).

(and also for other Wald tests). The LRT and RST seem to maintain Type I error

rates very well even for small sample sizes and hence the asymptotic approximation

may be used.
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Figure 4.3: PGB Trial: Type I error rates for LRT with critical value ¢q for different
values of tu and o and n = 5,10, 20, 50 subjects per group; The solid horizontal line

refers to nominal level v = 0.05.

The power curves for the six ezact tests are shown in Figure 4.7. All the tests
(by definition) maintain significance levels. The WT(+?) has the highest power for

v < 1. For v > 1 its power goes to 0. The LRT, RST and WT(log(~y)) are empirically
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line refers to nominal level v = 0.05.

unbiased. The WT(log(vy)) or the LRT seem to have similar power estimates for
~v < 1 and their power is higher than the power corresponding to RST. Hence either

the LRT or the WT(log(y)) are recommended for 7y < 1 if an unbiased test is desired.
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For v > 1, the RST has the highest power and is recommended. The WT(~) and
WT(,/7) have consistently lesser power (although very slightly for WT(y)) than the
WT(~?) for v < 1 and for v > 1 they have lesser power than either of the three
unbiased tests and thus are not considered further.

Based on the results given above it is very clear that a choice of the “best” test
very much depends on the underlying research problem and the region of interest
(v < 1vs. v>1). For RRMS PGB clinical trials where the interest is in reducing
the number of lesions seen in the brain, a test which has the highest power to detect
a reduction in the total number of brain lesions is desired. Consequently the exact
WT(7?) is best suited. If on the other hand, the treatment is expected to increase
the counts (of a certain response) then perhaps a RST which has the highest power

for v > 1 is more appropriate.

4.6 Sample Size Estimation

Appropriate tests based on the research hypothesis and the side of interest were
suggested in the previous section. The LRT and WT(4?) are the two tests we are
interested in the case of RRMS PGB trials (LRT is unbiased and WT(v?) has the
highest power) and we obtain sample sizes for these only. For the LRT we estimate
sample sizes based on the asymptotic approximation as well as the exact test and for
WT(7?) we only use the eract test as the asymptotic approximation performs poorly
as seen in the previous sections. The power for each sample size was computed using
the method described in Section 4.5. Sample sizes (Table 4.1) to achieve 80 and
90% power are obtained for a follow-up period of t = 3,6 months and for treatment

effects (1 — «) ranging from 0.50 to 0.80. These estimates are compared to the
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Figure 4.5: PGB Trial: Simulation based 95th percentile value for the null distribution
of LRT, RST and WT statistics as a function of common sample size n; © = 5.9,
a = 0.49. The solid horizontal line refers to co(= 3.8415 = x#(0.95)).

sample sizes obtained by Sormani et al. [2001b] using nonparametric tests. Initial
parameter estimates used was tu = 5.9, = 0.49 for a 3 month follow-up period and
tp = 13, = 0.52 for a 6 month follow-up period. These parameter estimates were
those obtained by Sormani et al. [2001b] by fitting a NB distribution to MRI lesion
counts data obtained from a group of 66 untreated RRMS patients not selected for
activity during the baseline scan. Hence we strongly recommend that the sample sizes

given in this section be used only for RRMS clinical trials involving such a group of

patients.
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The results show that for the LRT, the asymptotic and the exact sample sizes are
very close in most cases and the exact sample sizes are higher than the asymptotic
ones by at most one. This can be seen due to the fact that the asymptotic LRT
maintains significance level reasonably well even for small sample sizes as seen from
the discussion in the previous sections. The LRT sample sizes are around 70-80%
smaller than the sample sizes obtained using WRS test. For a 3 month follow-up
period assuming a 50% treatment effect the WRS Test estimates a sample of 57
subjects (minimum) per group to have 80% power where as the LRT (approximate
or eract) estimates only 15 per group. Similar reduction in sample sizes are observed
for other values of treatment effects, follow-up period and for 90% power. Also, the
sample sizes using the WT(7?) are a further 25% smaller than the LRT sample sizes
and upto 85% lesser than those obtained using WRS test. For the situation described
above, the WT(+?) estimates only 12 per group which is a 79% reduction from the
57 estimated by WRS test.

The sample sizes for a 6 month follow-up period are 15 to 20% lesser than those for
3 months. That is if a patient is followed for approximately twice as long, we expect
to see a reduction in sample sizes of around 20%. As seen in the case of PG trials,
following patients for twice as long (in addition to the 1 month baseline period) does
not add a whole lot of independent ‘information’ to the already existing knowledge
we have about the parameters. Since these data are collected on the same patient
the number of lesion counts seen in the patients for the second 3 months are likely
very highly correlated with the number of lesions seen in the patients during the first
3 months of the follow-up period. This is the reason for the sample sizes reducing by

only 20% and not by 50%. The initial estimate for ¢t used in the calculations of these
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sample sizes were 5.9 and 13 respectively for 3 and 6 months without much change in
a. Thus we expect about a 20% reduction in sample sizes when y is doubled without
changing «. The sample sizes for achieving 90% power are 30-40% higher than those
for 80% power.

As noted above, the reduction in sample sizes when using a parametric test such
as LRT or WT(+?) is much greater for PGB trials assuming a BNB model. For PG
(BVT) trials using the NB (BNB) models a 40-60% reduction was observed when
parametric tests were used as opposed to nonparametric tests but for PGB trials the
reduction was much greater at 80%. For PG trials, the minimum required sample size
per group to detect a 50% treatment effect with 80% power and a 3 month follow-up
period as estimated by LRT is 76 where as for PGB trials it is only 15 which is an
80% reduction. This suggests that adding a baseline correction scan just before the
treatment is initiated results in much lesser sample sizes there by reducing trial costs.

One needs to however ensure that appropriate models and appropriate tests are used.

4.7 Testing Using the Distribution of ¥ — X

When a baseline correction scan is obtained before the treatment period, the num-
ber of new enhancing lesions seen during this scan, X, may sometimes be subtracted
from the total number of new enhancing lesions seen in the treatment period, Y. This
method was adopted by Nauta et al. [1994], Sormani et al. [1999, 2001b]. Although
nonparametric tests were employed by these authors, obtaining the distribution of
Y — X will allow us to employ parametric tests to test for the significance of the

treatment effect. In this section we derive the distribution of Y — X and show that
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Table 4.1: PGB Trial: Sample sizes per group to achieve 80% and 90% power
for 100(1 — )% treatment effect, baseline period of 1 month, and follow-up pe-
riod (t) of 3 and 6 months, and initial estimates (tu,«) = (5.9,0.49) for ¢t =
3 and (13,0.52) for t = 6; level v = 0.05.

80% power; 5% level
1—v t Test Critical Value
WRS LRT WT(y?) | LRT WT(v?)
Sormani Asymptotic FEzact  Ezract | Simul.  Simul.
0.50 3 57 15 15 12 3.9013  7.8747
6 50 12 12 9 3.9343  8.6777
0.60 3 42 10 10 8 3.9441 11.2759
6 38 8 8 6 3.9570 13.1829
0.70 3 34 7 7 6 4.0040 16.3149
6 29 6 6 4 4.0252 27.9923
0.80 3 25 5 5 4 4.0574 40.0743
6 22 4 4 3 4.1886 75.3760
90% power; 5% level

1—v t Test Critical Value
WRS LRT WT(7?) | LRT WT(v?)

Sormani Asymptotic FEzact  Eract | Simul.  Simul.
0.50 3 80 19 20 16 3.8904  6.5502
6 70 16 16 12 3.8862  7.2002
0.60 3 58 13 14 10 3.8751  9.0683
6 50 10 11 8 3.9241  9.7634
0.70 3 47 9 9 7 3.9448 13.5862
6 38 7 8 6 3.9540 13.2785

0.80 3 35 7 7 5 3.9570 23.5071
6 30 5 6 4 4.0322 28.1685
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comparing the two groups based on this distribution is not a viable approach as the
‘effect size’ A does not always increase monotonically with longer follow-up period t.
Consider the model described in Section 4.2. Using the joint pmf of (X7, Y}) which

is given in (4.2.1), the pmf of Y3 — X can be derived as

PYi—Xi1=k)= Z P(Xy=jY1—X1=k)
j=maz(0,—k)
= Z P(Xy=j,Y1=Fk+})
j=maz(0,—k)

- i a® @ ()" T+ (k+))+a)
N L) g! (k+ ) (u+ tp + a)itkti+a

j=maz(0,—k)
ot @ ()t TR2jtk+a)
= Z T A . y k' = 07 :|:17 .
imeaow T(@) 31 (k4 5)! (g + tp + @)t
(4.7.1)

Similarly, using the joint distribution of (X5, Y3) which is BNB(u, tyu, v), the distri-

bution of Y5 — X5 can be found to be

- Oyl I+j .

P(Yo— Xy =1)= Z « ";(tw), F(2J+l+q) 041
immamtop T(@) g T+ )0 (ot typ o+ a)2rete

(4.7.2)

We note that marginally X, X5 ~ NB(p, ), Y7 ~ NB(tu, ) and Yy ~ NB(tyu, «).
Lemma 4.7.1. The expected values of Y1 — X1 and Yo — X5 are

E(Y, - X1)=EM) - E(Xy) =tp—p=p(t—1)
E(Y, — Xo) = E(Ya) — E(Xs) = typ — p=p(ty — 1)

Lemma 4.7.2. We have

t 2
Cov(X1,Y7) = i
o
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Proof:

Cov(X1,Y1) = E(X1Y1) — BE(X1)E(Y1)
~ BB(X\Vi|Z = 2)) — E(X)E(Y)
— B(B(X\|Z = ) BHIZ = 2)) — B(X)E(Y)
= E{(n2)(tp2)} — ty?
— B2 - 1)
i {é t1- 1} ( Since Z ~ Gamma(a, 1/a))

_
N «

Similarly it can be shown that Cov(Xy,Ys) = tyu?/a. Using the fact that each of
X4, X5, Y1, Y; are marginally distributed as NB random variables and from Lemma 4.7.2

we have the following result:

Lemma 4.7.3.
2

Var(Yy — X1) = p(1 + 1) + %(1 )

and
2

Var(Vy = Xo) = (1 +t7) + =

(1 —ty)2

In Section 4.2, we used the joint (X,Y’) distribution to construct the model for
PGB trials. Similarly, we can construct a model for PGB trials using the distribution
of Y — X and come up with parametric tests. Parameter estimates for the model can
be obtained using the maximum likelihood method and parametric tests such as LRT,
RST and Wald tests can be constructed to test for the treatment effect. Although we

do not provide the details of estimation and testing here, we estimated the sample

sizes required to detect a significant treatment effect based on the distribution of
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Y — X. We used the same initial parameter estimates as we used for the (X,Y)
model. For example, for the LRT, to detect a 50% treatment effect with 80% power,
the required sample size is 25 subjects per group for a follow-up period of 3 months
and 38 per group for a follow-up period of 6 months. This is intriguing since the
required sample size increases when the patients are followed for longer time periods.
That is, the power of the test decreased as the follow-up period increased. The same
was true even for the other parametric tests and also for the nonparametric tests. We
attempt here to give a plausible explanation for this anomaly.

When comparing two population means p; and ps, one often uses the effect size
A = B2 (Cohen [1988]) as a standardized measure of difference. Here o is the
standard deviation of either population when they are assumed equal. When the
standard deviations of the two populations are different, say o; # g, Cohen suggests

to use the square root of the average of the two variances ¢’ in place of o. That is

o Joitas
2

For comparing means of two normal populations with unequal variances (using the
same notations as above), there is a direct connection between the power of the test
1 — 3, where 8 = P(Type II error), the significance level v, the sample size n and the

effect size A as can be seen from the formula for the sample size;

(0F +03)(Z1-a + Z1p)?

(p — p2)?
(Z -v +Z1— )2
— 4 /QN o (4.7.3)

It is clear that for a fixed sample size n, the power increases as the effect size increases.
Although this is true for normal populations, the relationship between the power and
effect size is not clear in our case. To estimate the effect size for the BNB model
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above, we need to define the standard deviation o. Since for our BNB model, the
standard deviation depends on the mean, the standard deviation of the lesion counts
for the two groups are different. Hence, we use a pooled standard deviation o’ as

defined above. For our model,

o \/Var(Yl - X))+ Var(Ys — Xp) (474
2
Using Lemmas 4.7.1 and 4.7.3, the effect size is
A Bi— X)) = B(Ys = X))
= g
_ fu(l — ) (4.7.5)

\/ R(24E(147))+ 2 (1—)2+(1—t7)2)
2

To study the behaviour of A as the follow-up period t varies, we first consider

1 pl+8) + 21— )2+ (1 + 1) + (1 — ty)?

A2 2 [tp(1 = 7))
_ 2+t +y)] |, pA =)+ (1= t9)?]
2027 (1 = v)? 208%p2(1 — 7)?
a+p 1+9% (L +9)(e—2p)

N op(l —v)2 201 —7)? 2ot (1 — )2 (4.7.6)

Note that the above expression decreases as t increases for all £ > 0 when o —2p > 0.
That is the effect size A increases as t increases when o > 2.
To determine the behavior of A when o < 2y, we consider the first order derivative

of (4.7.6) with respect to t.

ot ap(l—n)?

o(/AY) _ (atp) [=2]  (A+9)(a—2) -1
t3 2ua(l —~)2 | 2]
Equating the above expression to 0 and solving for ¢ we get

—4(o + )
(T4 ) (e —2pu)

ty = (4.7.7)
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The second order derivative of (4.7.6) with respect to ¢ is

0°(1/A%) _ (a+p) P}Jr(ﬂrv)(a—?u) [2]

ot? aup(l —~)2 |t 2ua(l —~)2 |83
Then
o*/A%) (A4 y)Ha—2p)
o |7 128(ap)(1 = 7)(a + p)?

which is positive when o < 2u. Therefore ¢y given in (4.7.7) is the value at which
é attains its minimum or A attains its maximum. Thus, for o < 2u, the effect
size A reaches a maximum at t; after which it starts to decrease. For example, for
w=>5.9/3 and a = 0.49 (the parameter estimates so far considered in thesis), A has
a maximum at ¢ = 1.9025. So for a follow-up period of 2 months or more, the effect
size A decreases with increasing t. For example, for (v, u, o) = (0.50,5.9/3,0.49) the
effect size A = 0.61 for t = 3 and 0.53 for ¢ = 6. This is a bad property to have for a

test and hence using the distribution of Y — X to compare between two groups is not

recommended when (X,Y") are jointly distributed according to a BNB distribution.

4.8 Discussion

In this chapter we proposed a BNB model to produce sample sizes for PGB trials
in RRMS clinical trials. Since the initial estimates in our simulation studies were
obtained by fitting the NB model to RRMS patients not selected for MRI activity at
baseline, we suggest that the sample sizes reported in this chapter be used only for
clinical trials involving a similar group of patients.

We propose likelihood based parametric tests such as LRT, RST and several Wald
tests and compare their performances when using both asymptotic and ezact per-

centiles. We recommend appropriate tests based on the properties of the test and
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the region of interest desired. If an unbiased test is preferred and v < 1 is the region
of interest, then the asymptotic LRT is well suited. On the other hand, if v > 1 is
the region of importance, then the asymptotic RST is most powerful and is hence
recommended. The WT(7?) has the highest power among all tests when v < 1 but
it is not unbiased. We suggest the use of WT(?) for clinical trials in MS since the
interest is in finding a test which has the highest power to detect reductions in mean
lesion counts in the treatment group.

The sample sizes obtained using the LRT are 70-80% smaller than those based on
nonparametric tests that are given in Sormani et al. [2001b]. The WT(~?) provides
a further 25% reduction in required sample sizes. We considered as initial estimates,
a mean (tu) of 5.9 and 13 for a follow-up period of 3 and 6 months respectively with
little change in . This doubling of the mean reduced the sample sizes by 15-20%.

We also considered simulation studies to examine the effect of x and a on the
simulated percentiles of the LRT and WT(+?) and the Type I error rates when one
uses cg as the critical value. For both these tests, increasing p reduced the simulated
percentiles and brought them closer to ¢y and consequently the Type I error rates
came closer to the nominal level of 0.05. Increasing « actually resulted in higher
(smaller) simulated percentiles and the Type I error rates for the LRT (WT(~?)).

We derived the distribution of the difference ¥ — X when (X,Y) is assumed to
be distributed according to a BNB distribution and showed that the effect size for
comparing between the groups based on the difference in lesion counts seen in the
follow-up period to the baseline scan does not always increase monotonically when

the follow-up period t increases.
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The results of this chapter show that when a parametric BNB distribution is as-
sumed, using appropriate parametric tests results in significantly higher power com-
pared to nonparametric tests and provides vast reduction in sample sizes. These
methods thus reduce the costs of clinical trials in RRMS that are prone to be very
expensive. There are other situations where the BNB distribution is appropriate. For
example, it fits well to number of eplipetic seizures observed in a group of 28 pa-
tients in a placebo arm of a trial (Appendix Section C.2). In such cases the methods

developed in this chapter can be used as well.
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CHAPTER 5

Poisson-Inverse Gaussian Distribution for Parallel Group

Trials

5.1 Introduction

The Poisson-Inverse Gaussian (P-IG) distribution has been discussed by numerous
authors in the literature as a possible alternative to the negative binomial distribution
in modelling overdispersed count data. Willmot [1987] studied the P-IG distribution
and showed its mathematical and statistical properties are very similar to those of the
NB distribution. Hence it is only natural to think of P-IG as a possible alternative
to the NB model for modelling MRI count data arising out of RRMS clinical trials.
Sormani et al. [2001a] show that the P-IG distribution provides a marginally better
fit than the NB distribution for MRI lesion counts in 115 RRMS patients selected for
having at least one enhancing lesion on the baseline scan. These data are given in
Appendix Section C.1.3.

In this chapter we use the P-IG distribution as a model for the MRI count data
in PG trials involving RRMS patients who are selected for activity at baseline and

derive parametric tests for the treatment effect. In Section 5.2.2, we use the P-1G
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distribution to model MRI count data in such trials. The parameters of the model
are estimated in Section 5.3 and likelihood based parametric tests for the treatment
effect are developed in Section 5.4. In Section 5.5, the performance of the proposed
tests are compared and sample size estimates for RRMS PG trials are estimated in

Section 5.6. We conclude with some discussion in Section 5.7.

5.2 The Poisson-Inverse Gaussian (P-IG) Model

5.2.1 The Basic Model

Tweedie [1957] discusses the properties of the Inverse Gaussian (IG) distribution

with density function given by

2 Mz — p)?
] exp{%}, z2>0, u,A>0. (5.2.1)

el = |52

We use the notation IG(u, A) to denote IG distribution with the above density func-
tion. The mean of an IG(u, \) random variable is p and its variance is p?/X. The
parameter A is seen as a measure of relative precision. Tweedie shows that the MLE
of u is the sample mean and that the distributions of the MLE of  and X are stochas-
tically independent.

Holla [1971] first derived the P-IG distribution by assuming that the parameter
of the Poisson distribution follows an IG distribution and discussed its applications
to accident statistics. Ord and Whitmore [1986] discuss the P-IG distribution as a
model for species abundance.

Assume Y|Z = z ~ Poisson(z) and that Z is further distributed according to

IG(u, A) with density in (5.2.1). As noted in Section 1.3.1, the marginal distribution
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of Y is then P-IG(u, \) with pmf

eFY
PY =y)=p, = y,h@mmm
0 :
TV (20 2 A
R (?) exp (;) K, 1(0), y=0,1,..., (5.2.2)

, 0 = 2 and K(-) is the modified Bessel function of the third

[N

Here 7 = [%—I— %]7
kind. It is defined as
[_,,(z) - ],,(Z)

7r
K, (2)=~=- 5.2.3
(2) 2 sin v ( )
where I(-) is the modified Bessel function of the first kind defined as
o (g)y+2m
I,(z)= . 5.2.4
() mz::Om!F(m—i-V—F 1) ( )
It can be seen from (5.2.2) that
A
Po = exp {— — —} and p; = Tpo. (5.2.5)
wooT
Also, the P-IG probabilities satisfy the following recurrence relation:
2 py—2 2y -3 }
Py = T + Dy—1 ¢, y=2,3,.... 5.2.6
! {My—l) Ny (526)

To compute the P-IG probabilities using the closed form expression given in (5.2.2)
we need to evaluate the Bessel function of the third kind K (-). This can be computed
easily for small values of y, but for large values, (5.2.3) and/or (5.2.2) may return
infinite values in which case the probabilities cannot be computed directly. To avoid
this problem, one can first check if (5.2.2) returns a finite value for the maximum
value of y in the observed data. If yes, the direct expression in (5.2.2) can be used;
otherwise, the recursive relation (5.2.6) needs to be used. This additional comparison

operation for each data led to a 15% increase in computational times when compared
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to using the recurrence relation alone to obtain the probabilities. Thus the use of
recurrence relation given in (5.2.6) is suggested for computing the probabilities very
efficiently.

The mean and variance of P-IG(u, \) are u and p + p®/\ respectively. We also
observe here that the variance of the P-IG distribution exceeds the variance of the
Poisson distribution by p®/\, which is the variance of the mixing IG distribution.?

The P-IG distribution is unimodal and right skewed as the NB model and hence
can be used as a possible model for overdispersed count data. The MLE of the mean
of the P-IG distribution is the sample mean itself (Stein et al. [1987]) as in the case
of the NB model. Hence it is only natural to think of P-IG as a possible alternative
to the NB model for modelling MRI count data arising out of RRMS clinical trials.
Remark: Sichel [1971] derived a generalized P-IG distribution by mixing Poisson
distribution with a generalized IG distribution. The resulting distribution with three

shape parameters has pmf

(1—6)2 b2
K, (av/1-10) !

P(X =x)= Kyiy(a), a>0,0<6<1, —00o<7y<o0.
(5.2.7)
This distribution is called the Sichel distribution and we denote it as P-I1G(a, 6, 7).
When v = —% is known, this becomes the two parameter P-IG distribution (al-
though under a different parametrization) for which Sichel derives the MLEs. This
parametrization adopted by Sichel leads to the MLEs of o and 6 being strongly cor-
related resulting in an unstable estimation process. Stein et al. [1987] propose a
parametrization in terms of the population mean where the MLEs of the two param-

eters are asymptotically independent.

3This is true for any compound Poisson distribution.
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5.2.2 The P-I1G Model for PG Trials

Suppose there are n; subjects in the placebo group and ny subjects in the treat-
ment group. Let Y;, i« = 1,2 denote the total number of new enhancing lesions seen
for the patients in the placebo group and the treatment group, respectively. Let

Z;, 1 = 1,2 denote the random subject effects seen for two groups. We assume that
Y1|Z1 = z1 ~ Poisson(z;) and Y5|Z; = 25 ~ Poisson(zs). (5.2.8)

We also assume that Z; and Zy follow 1G(p, \) and IG(vyu, \) respectively. Here
1 — 7 is the measure of the treatment effect which can be viewed as the percentage
reduction in the mean lesion counts seen in the treatment group. Then, it can be
seen that Y; and Y3 are independently and marginally distributed as P-IG(u, A) and
P-1G(yu, A) respectively. Using the pmf for P-IG given in (5.2.2), the marginal pmfs

of Y] and Y, can be seen to be

N AL P
Pi=mw =1 (2 e {2} &, 400
Ty2 202 % )\
PYo=y)= -2 (=) e VK. 1(6 5.2.9
%2 =2) yﬂ(ﬂ) Xp{w} w4 (0%) 529

where

proA

1 2]
= = d
5 72u2+k} -

A
0, ==, i=1,2

Ti

Then E(Y1) = p, Var(Yy) = p+ p?/X, E(Y2) = yp and Var(Ya) = yu + (yu)?/A.

Note that we assume the same shape parameter \ for the two groups.
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The following lemma presents some useful results needed to obtain the score vector

and the matrix of the second order derivatives.

Lemma 5.2.1.
on o on 1 on 1}
oy o 3’ oX A2
079 B 7'23 0Ty 7'23 079 B 7'23

oy op AP N A
Using the above results we further obtain

891 —0: 861 . _/\7'1. 891 . A — ’7'12
oy o w3 N An
90, Ay 00, Am o 90, A—T

oy op T R AN n

5.3 Estimation

The parameters for the P-IG model given in the previous section can be estimated
using the method of maximum likelihood. Suppose there are n; subjects in the
placebo group and ns subjects in the treatment group. For observed counts y; =
(Y11, Y12, - - - » Yiny ) a0d Yo = (Y21, Y22, - - - , Yon, ), the likelihood function for the model
in (5.2.8) is given by

Ly, Aly1,y2) = [[ POy = yu) x [ P(Ya = u)

i=1 Jj=1

_ ny n
@ N fa
C v \mn Pl EKW;(HI)

(7_2)112172 2\ 7;—2 712/\ na
"Mt \7m) P [ 5,1 (62) (5.3.1)

j=1
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Then the log-likelihood function is

_ sl 2)\ nl/\ s
£y, s Aly1, y2) =nag log(m) + > log (7‘('_7'1) + o + ;log Kyu—%(el)
_ Mo 2)\ TLQ/\ "2
1 —1 — — log K, _1(6
+ nagia log(m) + - log (m) o +jzl 0gK,, 1(62)
i=1 Jj=1

The following lemma provides useful results involving modified Bessel functions that

simplify the derivation of the score vector and the second order derivatives.

Lemma 5.3.1. (Modified Bessel function of the third kind (See Section 9.6, Abramowitz
and Stequn [1970])).

The following relations hold for the modified Bessel function of the third kind
K,(z):

K_u() = K, (2)

K i(2) = Ki(2) = % -2

Kon() = Koa(2) + 2K (2) (5.3.3)
D Kul) = K2 = —Komn(2) + ZE(2).

The ratio of modified Bessel functions R,(z) = Kl”g(lz(;), satisfies the following rela-

tions:

R_i(z) =1
R,,(z)—Q?V Rl,ll(z)’ —%gg , (5.3.4)
D o) = Be) = () - 2 o)
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The score vector components for the log-likelihood function given in (5.3.2) are

Oy, 1, A) ATy i N A
= 1(02) —
Y2j

- i—3 R 5.3.5
(%(7 [y A )\T )\7' A(nyy + ng)
1 Z Rylz** 01 < Z Rij—%(92> - %, (536)
p Y
OU(y, 1, A) My + 2Py nay 4 ne
= - R, . 1(6h)
oA X Aﬁ Z 3 (%)

( ;T;2> ZR 0) (5.3.7)

j=1
The MLEs of the parameters v, 4 and A\ can be obtained by equating the score vec-

tor equations (5.3.5) - (5.3.7) to zero and by solving simultaneously for the three

parameters. Equating the first two components to 0, we readily obtain

n n
ZRyl i) =22 and ZRw () = 2

71 T2

Using these results in the third score vector component equated to 0, and using the

A— T2 A+ P A—1T2 A+ 22
5 = 5 and — | =5
Ti K T3 YU

fact that

we get

ni(y1 — p) + no(Ga — yp) = 0. (5.3.8)
One solution for equation (5.3.8) is that ft = 7; and /1 = g, which is a local maxima.
We examined the surface of the log-likelihood as a function of v and u for selected
A values (figures not shown). This is a smooth concave function for the values of
the parameters considered with a unique maxima attained at i = g, and 4 = 4/,
where A maximized the profile log-likelihood ¢(2/%1,%1,A). Thus the local maxima
obtained as a solution to the score vector equations ((5.3.5)-(5.3.7)) can be argued to
be the MLEs of the parameters which leads us to the following conclusion:
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Lemma 5.3.2. The MLEs of i and vy are

The MLE of \, X can be obtained as a solution to the equation

-7 = A =72\ & niy + noYe N1y + no
1 N\
( ¥ ) § Ry, _ai( (6,) + ( — ) E R, _1(02) = 3 + —,

i—1 )\7’2 j=1 TH

where 0; = S\/ﬁ-, i=1,2 and

R N s
™ = | = an To = | 5% - .
' A S EE

Alternatively the MLE of A can also be obtained by numerically maximizing the profile
log-likelihood function €(7, i, \) with respect to \.

When v = 74 is assumed known, the MLEs of © and A can be obtained by setting
the score equations (5.3.6) and (5.3.7) to 0 with 7 = = and simultaneously solving
for the two parameters. For a general 7y the MLEs are not available in closed form
and numerical methods seen previously must be employed. However, for v = 1, we

have 7y = 75 and 6, = 6, using which we have the following result:

Lemma 5.3.3. When v =1, the MLE of u is

- _ iyt nals
a ni + neo .
The MLE of \, \ solves the equation
ni ng _ _
— T S Y+ NelYa N+ No
( /\7-1 );Rylﬂrg 61 ( )\7_2 > s Ry2j 2 o /N\ T /]

where 0; = 5\/73-, i=1,2 and

o [1 2] (1 21
T = ? —+ K and Ty = E + K .
The MLE of \ can also be obtained by numerically maximizing the profile log-likelihood

function €(1, i, \) with respect to \.
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The second order derivatives of the log-likelihood function are

020(~y, p, A N7 AN AT 2na\
Pod) __ 22}% L1(8) + S (7 — 3028 ZRyZ_, (62) + 22,

02 76M4 Y2) N — ¥
020y, p, \) )\27'2 2 )\7.3 P\
OO N Yoo ZRij_f (62) + 75M ZRyz _1(62) + ~2 2’
(v, 1, \) "
OO :< >ZR/ O+ 5 3 2>\ (72 + ) ZRw _1(02) — 2
(5.3.9)
Py, ) N1 rn o
EE—T ZRyu—f (61) + 5 12—3/*2)23%%(91)
)\27—2 22 )\7'2 2 9 9 "2
T A — Riﬁj_%(@ﬂ + o (15 — 37y 1 ); Rij_%(QQ)
+ 2)\(77/1’}/ + ’]7,2)
Y ’
Oy, 11, N)
8u8)\ - ( ) ZRylz_* 1 M + >‘ ZRyl _1 91)
)\ — 7'2 12 Ty n2
+( 2>ZR’2__1(92)+—(7'22—|—/\)ZR 1(0)
~23 = Y2~ 3 PRENE = ya;—1
- nyy + no
R
(v, 1, )  mGiFnals (A1)
ON? - A? U n Z Ryl )\3 Z Ry, -1 1(6h)

=1

2 n2
— T / 7'2
-(2) >, >+§;Ryﬁ;<92>.

Lemma 5.3.4. Using the fact that E(Yy) = p and E(Yy) = yu, and from the fact
that Yy;, 1 = 1,ldots,ny and Ys;, j =1,...,ng are respectively identically distributed,

the elements of the FIM 1(0), where (I(G))Z,j =—-F {g;%?} and parameter vector
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0 = (v, A) are:

n2>\27'22 n2>\72 2 2 9 2712)\
10(0) =25 T B { Ry ()] = S5 20 = 307 B { R,y ()] = S
712/\27'22 712)\7'23 2 92 9 ng)\
1o(0) =25 2B { By, (0a)} = TR (7 = 277 { R,y (00)f —
A — 12 NyT: n
113(0) = — N9 ( 73M22) E {R;/z—%(92>} — 73223 (’7’22 + /\)E {RY27%<92)} -+ ﬁ,
niA?TE NIATL, 5 9 2A(ny7y + ng)
15(0) = 6 b {R/Yl—%(el)} Y (i = 3p)E {Ryl—é(el)} T
TLQ/\2T22 , TLQ/\TQ 2 2 9
+ 74,u6 E{RYQ—%(ez)} - ’}/4/,66 (7_2 - 37 % )E {RYQ—%(92)}a
— A— 7_12 / T, o ny + N
I3(8) = —m ( 7 ) E{R, ()} - L+ NE {Ryy(00)} + o
)‘_722 / NaTa2 , o
e ( 2 ) E {Ryr%(%)} - W(Tz +AE {Ryz_%(%)},
Lyy(0) =2AH 200 s AN SRR NG S0
w0 =——5 tm |, ey (1) p = =3HE Ry, (0)

Al NoTs
e ( o 2) B{Ryyy 00} =S5 B { Py @)
and Lij = Ij; fori# j.
Lemma 5.3.5. The asymptotic variance of 4 for the P-IG model is the first element

of the inverse of the FIM. That is, 03(0) = I = [l — Lol 1oy~ where the

elements of the FIM are as in Lemma 5.3.4.

5.4 Hypothesis Testing

In this section we propose parametric tests such as the LRT, RST and W'T to test
for the treatment effect for a general Hy : v = g vs. Hy : v # 7. For RRMS clinical
trials, a test for no treatment effect would test Hy : v = 1 vs. Hy : v # 1. In the
results that follow, 4, i, A denote the MLEs with no restrictions on the parameters
and are given in Lemma 5.3.2. Further, f, A denote the MLEs of the parameters
under H, and are given in Lemma 5.3.3.
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Theorem 5.4.1. (LRT). The LRT statistic to test Hy : vy =7 vs. Hy : 7y # 70 i
LRT = ~2(U(0, &) — (3, i, ).
Theorem 5.4.2. (RST). The RST statistic to test Hy: vy =~ vs. Hy: 7y # 7o i

2
RST — [M} % 02(8)
o 9=0

< ~q2
- [ Y Ry (0) - —A] < 0%(0)

W 4= VR

where ag(é) is the asymptotic variance of 4 (Lemma 5.3.5) evaluated at the MLEs

under Hy.

To compute 02/, one needs to be able to compute the Fisher information matrix.
Since this is not available in a closed form, the observed information evaluated at
the MLEs under Hj is used in its place. A major problem here is that the observed
information can generate negative variance estimates which leads to negative score
test statistics. Further it may produce an inconsistent test. Thus an RST using the
observed information may not produce a valid chi-square test in this case. Freed-
man [2007] gives a detailed discussion on the anomalies of the score test when using
the observed information matrix. Morgan et al. [2007] give an example involving a
zero-inflated Poisson distribution where the score test statistic using the observed

information is negative.

Theorem 5.4.3. (WT) The WT statistic for testing Hy : g(v) = g(y0) vs. Hi :
9(7) # 9(70) is given by

wr =[]

where U% 1s the asymptotic variance of i given in Lemma 5.3.5.
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To evaluate 0,%, one needs to obtain the inverse of the observed information matrix
(negative of the Hessian matrix) evaluated at the unrestricted MLEs. At the unre-
stricted MLE, the observed information will be positive definite ensuring consistency
of the test.

We consider the following functions g(7) : 7,log(7), /7 and 2. Each of the above
statistic is asymptotically distributed as a x? rv under Hy and an approximate level v
test rejects Hy if the test statistic is > x3(1 —v). This approximation does not always
work well for small sample sizes as seen in previous chapters. Figure 5.1 shows the
simulation based ezact 95" percentiles for the six asymptotic tests as a function of
sample size n. These percentiles, especially for the Wald tests, can be much higher
than cq even for sample sizes as high as 100 for each group.

We did a simulation study to evaluate further, the effect of changing sample size
n, u and A on the simulated levels and exact percentiles. We computed the exact
percentiles for these test statistics by simulating M = 10,000 datasets from the null
distribution (under Hy) and then picking the 95% percentile for a 5% test.* Four
different sample sizes were considered: n = 10, 20, 50, 100 with p ranging from 1 to 20
and A\ = 0.5,1,25,10. The simulated exact 95" percentiles of the LRT and the WT(7)
statistics are given in Figures 5.2 and 5.3 respectively. Increasing p, has no effect on
the exact percentiles for the LRT . However, when p increases the exact percentiles
for WT'() move away from cq. For both the LRT and the WT(7), increasing « brings
the exact percentiles closer to ¢y. As expected, the exact percentiles converge to cgy
as the sample size n increases.

4Computing P-IG probabilities is very time consuming and hence we had to restrict ourselves
to using M = 10,000. Increasing M to at least 100,000 will produce more precise estimates of the

eract percentiles.
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Figure 5.1: P-IG Model for PG Trial: Simulation based 95th percentile value for the
null distribution of LRT, RST and WT statistics as a function of common sample size

n; ;= 16.8, A = 6.56. The solid horizontal line refers to ¢y = 3.8415(= x%(0.95)).

The Type I error rates for the asymptotic LRT and WT(v) (Figures 5.4 and 5.5)
converge to the nominal level of 0.05 as n increases and also as A increases for a
fixed n. Changing p does not seem to have an effect on the empirical error levels for
the asymptotic LRT. However, increasing p seems to increase the Type I error levels
although not very significantly. Also the error rates for the asymptotic WT(y) seem
to be higher than those for the LRT. For the asymptotic LRT, the error rates are
very close to the nominal level for sample sizes 50 and above per group for all values

of pand A. For smaller sample sizes however the error rates can be much higher than
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Figure 5.2: P-IG Model for PG Trial: Simulation based 95th percentile value for
the null distribution of LRT statistic for different values of p and A and n; = ny =

10, 20, 50, 100, the solid horizontal line refers to co(= 3.8415 = x%(0.95)).

0.05 and hence the asymptotic LRT is not suggested. For the asymptotic WT (), the
empirical Type I error rates are very high for all values of p and ~ for sample sizes
less than or equal to 20 per group. Even for very large sample sizes per group (n =

50, 100), the error rates can be very high for A (< 5). Thus, we suggest the use of
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Figure 5.3: P-IG Model for PG Trial: Simulation based 95th percentile value for
the null distribution of WT(y) statistic for different values of p and A and n =
10, 20, 50, 100, the solid horizontal line refers to co(= 3.8415 = x3(0.95)).

the exact percentile based WT() unless the sample size is 100 or above per group
and A is 10 or higher.
The exact percentile estimates and the Type I error rates RST and WT(,/7) as

they were not the ‘best’ tests as we will see in the next section (see Figure 5.7 of
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Figure 5.4: P-IG Model for PG Trial: Type I error rates for LRT with critical value
co for different values of u and A and n = 10, 20, 50, 100 subjects per group, the solid

horizontal line refers to nominal level v = 0.05.

Section 5.5). The exact percentiles and the Type I error rates for WT(log(y)) are
very similar to those for the LRT (Figure not shown). For the WT(+?), the exact
percentiles and simulated levels are much higher than those for WT'(y) but the effect

of n, p and A is very similar to that of WT'(v) (Figure not shown).
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Figure 5.5: P-1G Model for PG Trial: Type I error rates for WT () with critical value
co for different values of p and o and n = 10, 20, 50, 100 subjects per group, the solid
horizontal line refers to nominal level v = 0.05.
5.5 Power Analysis

We conducted a simulation study to compare the performance of the asymptotic

and the ezact percentile based LRT, RST and the Wald tests given in Section 5.4. The
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exact percentiles for these test statistics are calculated as discussed in the previous
section using M = 10,000. Equal sample sizes of 50 per group was considered.
Nominal level was set to be v = 0.05. The power for each v is then calculated as
the proportion of trials for which the null hypothesis Hj is rejected using either the
asymptotic or the ezact percentile based test. The initial parameter estimates for
the simulation study were p = 16.8 and A\ = 6.56. These were estimated by Sormani
et al. [2001b] by fitting a P-IG distribution (by the method of maximum likelihood)
to MRI lesion count data from RRMS patients who were selected for lesion activity
at baseline and followed for a period of 6 months.

The power curves for the six asymptotic tests for the P-IG model are shown in
Figure 5.6. The LRT and WT(log(~y)) are unbiased tests and have very similar power
estimates for all values of 7. These two tests also maintain Type I error rates very
well (close to the nominal level 0.05 under Hy : v = 1) for a sample size of 50 per
group. The WT(v?) has the highest power for v < 1 but also has the highest Type
I error rate, much higher than the nominal 5%. The asymptotic WT(+) has lesser
power than the WT(9?) for v < 1 and has slightly higher power for v > 1. The
simulated error rate for WT(7) is still higher than the nominal 5%. The asymptotic
WT(,/7) is not considered further as it is not the most powerful test on either side
of the null hypothesis.

Figure 5.7 shows the power curves for the six ezact tests. One can see that all the
tests maintain the Type I error rates very precisely. The LRT and the WT (log())
are unbiased and have very similar power estimates. WT () and WT(7?) have similar
power estimates and have the highest power for v < 1. For v > 1, their power quickly

goes to 0 and hence either test is best suited for RRMS clinical trials as discussed in
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previous chapters. We therefore suggest the use of WT(y) for RRMS clinical trials.
The WT(,/7) is neither unbiased nor has the highest power on either sides of the null
hypothesis and is not considered further.

Thus if an unbiased test is preferred, either the LRT or WT(log(y)) can be used.
For these two tests, asymptotic approximation can be used for sample sizes 50 or
above but for smaller sample sizes the ezact percentile based tests are recommended.
For RRMS clinical trials, we are interested in the region v < 1 and hence the exact
WT(v) is recommended. We do not recommend the asymptotic WT(vy) even for very
large sample sizes.

The RST statistic was computed using the observed information matrix evaluated
at the MLEs under the null hypothesis. This sometimes led to the observed informa-
tion matrix not being positive definite which resulted in a negative RST statistic and
an inconsistent test. The power of the RST using the observerd information may also
be non monotonic. Moving away from H, does not necessarily result in an increase in
power (see Figures 5.6 and 5.7). Thus, the RST is not considered for the P-IG model

for PG trials.

5.6 Sample Size Estimation

The LRT was the preferred unbiased test and the WT(y) had the highest power
for v < 1 and was hence chosen as the best test for RRMS clinical trials even though
it was not unbiased. In this section, we present sample size estimates for PG trials
assuming the P-IG model for these two tests. We present sample sizes using both
the asymptotic and the ezact LRT and only for the exact WT() as the asymptotic

WT(v) was very liberal. The ezact percentile and the power estimates were calculated
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using the method described in Section 5.4. We also present the sample sizes obtained
using the Wilcoxon Rank Sum test as well.

Sormani et al. [2001a] fit the P-IG model (using alternate parametrization p and
B = p?/A) to new MRI lesion counts in 115 RRMS patients selected for having at
least 1 enhancing lesion on the baseline scan. They estimate, using the method of
maximum likelihood, that i = 16.8 and B = 43 for a 6 month follow-up period. Thus,
in our parametrization, we have ji = 16.8 and A = 6.56. We use these estimates for
1 and A\ as our initial estimates for the simulation study. Since parameter estimates
are not available for a 3 month follow-up period, we do not present sample sizes for
that case.

Sample sizes (Table 5.1) for each group are given for 80 and 90% power, follow-
up period of 6 months and treatment effect 1 — + ranging from 0.50 to 0.80. The
LRT sample sizes are approximately 30-52% smaller than the WRS sample sizes. For
example, for a 50% treatment effect and 80% power, WRS estimates a sample size of
134 per group where as the LRT (asymptotic or ezact) estimates only 66 per group,
a reduction of 51%. The exact LRT sample sizes are higher than the asymptotic LRT
sample sizes by at most 1. This difference is seen only for higher values of treatment
effects which yield smaller sample sizes. Sample sizes using the exact WT(y) are
7-18% smaller than the sample sizes using LRT and around 40-57% smaller than the
WRS sample sizes. Sample sizes to achieve 90% power are 20-40% higher in general

than the sample sizes required for 80% power.
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Table 5.1: P-IG Model for PG Trial: Sample sizes per group to achieve 80% and 90%
power for 100(1 — )% treatment effect, baseline period of 1 month, and follow-up
period (t) of 6 months, and initial estimates (u, \) = (16.8,6.56); level v = 0.05.

80% power; 5% level
1—v Test Critical Value
WRS LRT WT(y) | LRT WT(y)
Asymptotic FEzact Fzact | Simul.  Simul.
0.50 | 134 66 66 58 3.8402  3.9483
0.60 69 36 36 30 3.8846 4.0164
0.70 34 19 20 17 4.0961 4.3876
0.80 17 11 12 10 4.2762 4.7157
90% power; 5% level
1—7v Test Critical Value
WRS LRT WT(v) | LRT  WT(y)
Asymptotic Fzact FEzact | Simul. Simul.
0.50 | 179 87 87 78 3.9009 4.0004
0.60 88 48 49 40 3.8530 4.0088
0.70 45 26 26 24 4.0377 4.0382
0.80 23 13 13 12 4.2129 4.4614
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5.7 Discussion

In this chapter we proposed likelihood based parametric tests such as LRT, RST
and several Wald tests for the P-IG model for PG trials. We compared their perfor-
mance using the asymptotic and exact percentiles and proposed sample size estimates
based on appropriate tests. The initial parameter estimates used in the simulation
study were obtained by fitting the P-IG model to MRI lesion count data in RRMS
patients selected for baseline activity. Therefore, we suggest the sample sizes reported
in this chapter be used only in clinical trials involving such a group of patients.

The recommendations are based on the properties of the test and the research
hypothesis in question. We do not consider the RST due to the issue of getting nega-
tive test statistics. For RRMS clinical trials, though not unbiased, the ezact WT(7)
for all sample sizes. When an unbiased test is desired irrespective of whether one is
interested in v < 1 or v > 1, the LRT or the WT(log(v)) is preferred. Asymptotic
approximation (for the LRT and WT(log(y)) can be used for sample sizes over 50
but for lesser sample sizes the exact test needs to be used to ensure the Type I error
levels are close to nominal values. When compared to the WRS sample sizes, the
ones obtained using LRT are around 30-50% smaller and the ones using WT(y) are
around 40-57% smaller. Thus, when the P-IG model is assumed, using the parametric
tests proposed in this chapter provide a way of significantly reducing costs in RRMS
clinical trials.

Several other areas of application of the P-IG model have been discussed in the
literature. Willmot [1987] showed that the model provides an extremely good fit to
automobile claim frequency data and also showed that the P-IG model fits better

than the negative binomial model in most cases. Ord and Whitmore [1986] discuss
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the P-IG distribution as a model for species abundance. Sankaran [1968] illustrates
the applicability of the P-IG model to larvae counts on corn bean plants. In all these

cases the methods developed in this chapter can be used.
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CHAPTER 6

Conclusion and Further Work

Although the NB distribution has been shown to fit well to MRI lesion count
data in RRMS clinical trials, only nonparametric tests are being used in current
clinical trials to test for the treatment effect. The main focus of this thesis was to
develop parametric tests for NB models with applications to RRMS clinical trials.
Three important trial designs that are very common in MS trials were considered. In
Chapter 2, we assumed the NB model for PG trials and proposed likelihood based
parametric tests such as LRT, RST and WTts to test for the treatment effect. Using
BNB models parametric tests for BVT trials and PGB trials using BNB models
were proposed in Chapters 3 and 4, respectively. Likelihood based tests were also
derived for PG trials assuming the P-IG model in Chapter 5. These tests were
then compared using simulation studies and appropriate tests were chosen based
on the properties of the test and the region of interest for each trial design and each
parametric model. Sample size estimates for RRMS clinical trials were obtained using
the chosen parametric tests and were compared to those obtained using nonparametric
tests.

The choice of the test depends on the parametric model being considered, the
property of the test itself and the research hypothesis in question. The LRT, RST
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and WT(log(7)) are empirically unbiased for all trial designs and parametric models
considered. If unbiasedness of a test is a property that is strictly desired, usually
one of the three tests depending on the region of interest can be used for PG, BVT
and PGB trials that assume NB models. For the NB models in Chapters 2 to 4, the
WT(~?), though not unbiased, had the highest power for the region v < 1 and lowest
power for v > 1 and hence best suited for clinical trials in MS. For the P-IG model
for PG trials in Chapter 5, the WT() is the preferred test for RRMS clinical trials.

Asymptotic percentile based tests may be a poor approximation for smaller sample
sizes and may result in a very liberal or a very conservative test. We developed exact
percentile based tests that maintain Type I error rates even for very small sample
sizes. For PG trials using the NB and the P-IG model, the asymptotic LRT can be
used in general for sample sizes over 50 but for lesser sample sizes the exact LRT
is preferred. For the BVT trials and the PGB trials assuming BNB models, the
asymptotic LRT maintains Type I error rates reasonably well even for very small
sample sizes and hence the exact LRT is not required. These recommendations hold
true even for the other two unbiased tests RST and WT(log(vy)) when their use is
appropriate. The asymptotic WT(v?) and the WT(v) are not suggested even for very
large sample sizes and the exact percentile based tests are suggested always for all
trial designs and models considered.

When compared to the nonparametric tests, the preferred parametric tests pro-
vided significant reductions in sample sizes. For the NB models considered, the LRT
provided a reduction of 30-45% for PG trials, 25-50% for BVT trials and 70-80% for
PGB trials. The ezact WT(+?) provided a further 10-20% reduction in sample sizes

when compared to the LRT. For the P-IG model for PG trials, the LRT provided a
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reduction of 30-50% in sample sizes when compared to the WRS test and the ezact
WT(v) provided a further reduction of 7-16%.

The RST statistic using the observed information can sometimes be negative (Sec-
tion 5.4). This is because the observed information matrix evaluated at the restricted
MLEs may sometimes generate negative variance estimates. For the NB models in
Chapters 2 to 4, closed form expressions for the Fisher information were available
and hence observed information was not required. For the P-IG model for PG tri-
als however, the Fisher information was not available in closed form and hence the
observed information was used. This resulted in negative RST statistics and hence
the RST using the observed information is not suited for this model. The same issue
arose when the observed information was used for the PG trials assuming NB model.
Thus one has to be look out for such issues when using the observed information for
the RST.

We have developed likelihood based parametric tests for the treatment effect for
PG, BVT and PGB trials assuming NB models and for PG trials assuming a P-1G
model. For the P-IG model for PG trials we have only considered the case of equal
A for the two groups. As done for the NB model in Chapter 2, the parametric tests
developed in this chapter can be extended to case of unequal A as well. A robustness
study needs to be done to study the performance of these tests for deviations from
distributional assumptions and also for deviations from the equal A assumption.

Similar methods can be developed for BVT and PGB trials assuming a bivariate
P-IG (BPIG) model. Also, since cross-over trials are also commonly used in RRMS
clinical trials, one can develop similar tests for such a design assuming NB and P-1G

distributions. One can develop similar tests to test for the treatment effect in the
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presence of covariates. For a NB model for example, a generalized linear model can
be used to adjust for covariates. MLEs of the parameters can be obtained using a
Fisher scoring algorithm and similar tests for the treatment effect can be developed

in those cases as well.
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APPENDIX A

Notations and Abbreviations

A.1 Abbreviations

BNB
BVT
EDSS
FIM
LRT
MRI
MS
NB
PG
PGB
P-1G
PPMS
PRMS
RRMS
RST
SPMS
WRS
WSR
WT
UMPU

Bivariate negative binomial

Baseline vs. Treatment

Expanded Disability Status Scale
Fisher Information Matrix

Likelihood ratio test

Magnetic Resonance Imaging

Multiple Sclerosis

Negative binomial

Parallel Group

Parallel Group with baseline correction
Poisson-Inverse Gaussian

Primary Progressive Multiple Sclerosis
Progressive Relapsing Multiple Sclerosis
Relapsing Remitting Multiple Sclerosis
Rao’s score test

Secondary Progressive Multiple Sclerosis
Wilcoxon Rank Sum test

Wilcoxon Signed Rank test

Wald test

Uniformly Most Powerful Unbiased
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A.2 Symbols

L Likelihood function given the data

14 log(L)

Px(xz) Probability mass function (pmf) of a discrete random variable X
E(X) Expected value of a random variable X

fx(z) Probability density function (pdf) of a continuous random variable X
G(s)  Probability generating function of a discrete random variable

I(0)  Fisher information of parameter vector 6

M(t)  Moment generating function

v Significance level
© Unrestricted parameter space
Oo Restricted parameter space

A.3 Distributions

Gamma (o, ()
Poisson(\)
NB(u, @)
BNB(p1, pi2, o)

IG(p, A)

P_IG<:U’7 )‘)

Gamma distribution with pdf f(x) = Wmo‘_le_g, x> 0.
Poisson distribution with pmf Py (x) = e_;!’\x, xr=0,1,2,....
Negative binomial distribution with mean p and dispersion parameter «

and with pmf Py (z) = ;E;%%, r=0,1,2,....

Bivariate negative binomial distribution with pmf

x Y
% Mo I'(z+y+a) _
PX,Y(x7y) = F(Q)EE(N1+M2+OC)I+9+O" $,y—0,1,2,....

Inverse Gaussian distribution with pdf

1 MNz— 2
fxlo) = () e {2527} w50
Poisson-Inverse Gaussian distribution with mean g
and scale parameter \. with pmf

1
Px(z) = I (Z) % exp (%) K, 1(0), y=0,1,...,

R

with 7 = [712+§} * and 0 =
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APPENDIX B

Simulation Method

The parameters of the NB distribution can be estimated from an already existing
dataset. These estimated parameters i and & can then be used to simulate the data.
Here are the steps to simulate data using the NB model for PG trials and BNB model

for BVT trials. The code to do this in R is given in Appendix Chapter D.

B.1 PG Trial

Suppose that there are ny patients in the placebo group and ny patients in the
treatment group.

If the underlying distribution is NB, the placebo group is generated by drawing n,
observations at random from NB(y, «). The ny observations in the treatment group
are randomly generated from NB(vyu, a). For the unequal dispersion parameter case
the observations in the placebo group are randomly generated from NB(u, 1) and
the observations in the treatment group are generated from NB(ypu, as).

If the underlying distribution is P-IG distribution, the data are generated by
simply drawing n; random observations from P-IG(u, A) and ny random obsevations

from P-IG(ypu, A).
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B.2 BVT Trial - BNB model

Random observations (x;,y;), i = 1,...,n from the BNB(uy, 10, ) distribution

can be generated by following the steps below: For each i,
1. z; is randomly sampled from Gamma(co, ™).
2. x; is generated by randomly sampling one observation from Poisson( ;).
3. y; is generated by randomly sampling from Poisson(psz;).

To generate data for BVT trials assuming the BNB model in Section 3.2, n random

observations from a BNB(u, yu, @) can be generated using the above method.

B.3 PGB Trial - BNB model

To generate data from PGB trials assuming the BNB model in Section 4.2, we
need to generate n; random observations from BNB(u,tu, @) and ny random obser-
vations from BNB(u, tyu, ). These can be generated using the method described in

Section B.2.

135



APPENDIX C

Datasets

In this chapter we look at some of the datasets from the literature for which the
NB and BNB fit well. Pearson’s x? goodness-of-fit (GOF) statistics along with the

degrees of freedom (df) and P value are given.

C.1 MRI lesion counts

C.1.1 Nauta

Table C.1 (Nauta et al. [1994]) gives the number of MRI active lesion counts
seen each month for 6 months from 23 unselected patients who remained untreated
during the course of the study. Active lesions were defined as either new enhancing
lesions, new non-enhancing lesions or enlarging non-enhancing lesions. We assumed
the number of lesions seen during the first month as the baseline value (z) and the
total number of lesions seen during the other 5 months (y) as the follow-up value.
The BNB distribution (1.3.2) was fit to this data using ML method (x? GOF statistic
= 4.68, df = 4, P = 0.32). The estimates of the parameters py, yo and « are 0.91,

6.39 and 0.65 respectively.
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Month of Scanning

Patient Total
1 2 3 4 5 6
1 0O 1.0 0 0 0 1
2 5 10 2 2 1 2 22
3 0o 3 2 2 1 1 9
4 2 1 1 0 3 1 8
5 0O 0 0 0 0 O 0
6 1 0 0 1 0 0 2
7 0O 0 0 0 0 O 0
8 0O 0 0 0 0 1 1
9 4 0 0 0 0 O 4
10 3 0 3 0 2 0 8
11 4 0 4 1 0 1 10
12 0O 0 0 0 0 O 0
13 0O 1.0 0 0 1 2
14 0O 0 0 0 0 1 1
15 0O 01 0 0 1 2
16 1 0 0 0 0 O 1
17 1 2 0 0 0 0 3
18 0 4 0 0 1 0 5
19 0O 0 0 0 1 1 2
20 o 1 3 0 2 2 8
21 o 0 0 2 2 1 5
22 0o 3 3 2 0 3 11
23 0 16 9 13 10 15 63

Table C.1: MRI lesions (Nauta): Number of active lesions seen in 6 monthly follow-up
MRI scans for 23 RRMS and SPMS patients.

C.1.2 Tubridy

Table C.2 (taken from Tubridy et al. [1998]) gives the number of new active lesions

seen in 6 monthly MRI scans for 31 RRMS patients. New active lesions are defined as
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in Appendix Section C.1.1. We fit the BNB distribution given in (1.3.2) to the joint
data on the total number of new active lesions seen during the first 3 monthly scans
x and the total number of new active lesions seen during the last 3 monthly scans y.
The x? GOF statistic was 13.31 on 7 degrees of freedom with P = 0.065 suggesting

the appropriateness of the BNB distribution.

C.1.3 Sormani

Sormani et al. [2001a] give the data on total MRI lesion counts seen during 6
monthly scans of the brain in 66 RRMS patients not selected for the presence of MRI
activity on the baseline scan (Group A) and 115 RRMS patients selected for having
at least one enhancing lesion seen during the baseline scan (Group B). Observed and
expected frequency counts obtained by fitting the NB (2.1.1) and P-IG model (1.3.3)
to the data are given in Table C.3. They estimate the parameters of the NB model
to be (1, &) = (13,0.52) for Group A and (16.8,0.74) for Group B. The P-IG model
parameters were estimated as (f, A) = (13,2.96) for Group A and (16.8,6.56) for
Group B. The NB model (x? GOF statistic = 1.21, df = 2, P = 0.55) fit better than
the P-IG model (x? GOF statistic = 5.25, df = 2, P = 0.07) for Group A. The P-IG

model (x? GOF statistic = 5.08, df = 2, P = 0.08) provided a more satisfactory fit

than the NB model (x? GOF statistic = 18.7, df = 2, P < 0.0001) for Group B.

C.2 Epileptic Seizures

The data given below arise from a clinical trial involving 59 epileptic patients
(Thall and Vail [1990]). Patients suffering from simple or complex partial seizures

were randomized to receive either the antiepileptic drug progabide or a placebo, as an
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adjuvant to standard chemotherapy. At each of four successive post randomization
clinic visits, the number of seizures occurring over the previous 2 weeks was reported.
Baseline values () are the number of seizures seen in each patient during 8 weeks
of the baseline period. Let y be the total number of seizures seen in the follow-up
period. The BNB distribution with pmf (1.3.2) was fit to the observations in the
placebo and treatment group.

The parameters were estimated using the method of maximum likelihood (ML).
For the placebo group, i1, g and a were estimated to be 27.638, 34.386 and 1.951
respectively. For the treatment group, the parameters py, uo and o were estimated
to be 31.606, 31.7658 and 1.5 respectively. The BNB distribution provided a good fit
to the observations in the placebo group (x? GOF statistic 14.54, df=10, P = 0.15)

but not for the treatment group (x* GOF statistic 29.69, df=12, P = 0.003).
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Month of Scanning

Patient

y Total

6
0

2 3 4 5
0 0 0

1
0

0
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2
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2

12
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4
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0
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0 0 0 O

0
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11 5 3 2 1 19 22
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Table C.2: MRI lesions (Tubridy): Number of new active lesions seen in 6 monthly
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Group A Group B
Lesion Counts Observed NB P-IG Observed NB P-IG

0 11 12,12 7.19 8 20.62 4.41
1 6 6.06 8.71 8 9.62 7.97
2-4 13 11.04 17.77 18 17.19 25.96
o-7 10 7.05 879 19 11.01 18.17
8-10 4 5.17  5.10 14 8.22 12.00
11-15 6 6.23  5.03 16 10.18 12.65
16-20 ) 4.38  3.02 5 746  7.87
21-30 1 5.59  3.48 9 10.17  9.19
31-40 ) 3.21  1.95 5 6.44 5.11
41-50 2 1.93  1.23 1 426  3.19
51-60 1 1.18  0.84 3 290 2.13
61-70 0 0.74 044 3 2.00 1.49
71-80 1 0.47  0.00 2 1.40  1.08
81-90 0 0.30  0.00 3 0.99 0.80
91+ 1 0.19  0.00 1 0.71  0.61

Table C.3: MRI lesions (Sormani): Observed and expected frequency (NB and P-IG)
of lesion counts for two groups of patients. Group A: 66 RRMS patients not selected
for the presence of MRI activity on the baseline scan. Group B: 115 RRMS patients
selected for having at least one Gd-enhancing lesion on the baseline scan.
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Patient ID Baseline yl1 42 y3 vy4

104 11 5 3 3 3
106 11 3 5 3 3
107 6 2 4 0 5
114 8 4 4 1 4
116 66 7 18 9 21
118 27 5 2 8 7
123 12 6 4 0 2
126 52 40 20 23 12
130 23 5 6 6 5
135 10 14 13 6 0
141 52 26 12 6 22
145 33 12 6 8 4
201 18 4 6 2
202 111 79 12 14
205 18 16 24 10

206 20 1 0 0 5
210 12 o 0 3 3
213 9 37 29 28 29
215 17 3 5 2 5
217 28 3 0 6 7
219 55 3 4 3 4
220 9 3 4 3 4
222 17 2 3 3 5
226 28 8§ 12 2 8
227 55 18 24 76 25
230 9 2 1 2 1
234 10 3 1 4 2
238 47 13 15 13 12

Table C.4: Epileptic Seizures: Bi-weekly seizure counts for 28 patients in the placebo

group; baseline counts are observed over an 8 week period.
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Patient ID Baseline yl 42 y3 w94

101 76 11 14 9 8
102 38 8 7 9 4
103 19 0O 4 3 O
108 10 3 6 1 3
110 19 2 6 17 4
111 24 4 3 1 3
112 31 22 17 19 16
113 14 5 4 7 4
117 11 2 4 0 4
121 67 3 TT 7
122 41 4 18 2 5
124 7 2 1 1 0
128 22 0 2 4 0
129 13 5 4 0 3
137 46 11 14 25 15
139 36 10 5 3 8
143 38 19 6 7
147 7 1 1 2 3
203 36 6 10 8 8
204 11 2 1 0 O
207 151 102 65 72 63
208 22 4 3 2

209 41 8§ 6 o5 7
211 32 1 3 )
214 o6 18 11 28 13
218 24 6 4 0
221 16 3 5 4 3
225 22 1 21 19 8
228 25 2 3 1
232 13 0 0 0
236 12 1 4 3 2

Table C.5: Epileptic Seizures: Bi-weekly seizure counts for 31 patients in the treat-

ment group.
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APPENDIX D

R Code

The following is the R code used for the simulations in this thesis. Only the code

for the NB model for PG trials (Chapter 2) is given. The code for the other chapters

are similar and hence not provided for brevity.

D.1 PG Trial - NB Model

## MLE under the restricted hypothesis
nbsimMLEnull<-function(init=3,n1,n2,yl=yl,y2=y2,maxit=maxit,method=method)

{

muhat<-(sum(y1)+sum(y2))/(nl+n2);
loglikenull <- function(alpha)

{
if (alpha>0)
{
num<-sum(log(dnbinom(y1,mu=muhat,size=alpha)))
+ sum(log(dnbinom(y2,mu=muhat,size=alpha)));
return(-num) ;
}
else
{
return(1e+08);
}
}

mlenull<-optim(par=init,fn=loglikenull,method=method,
control=list (maxit=maxit));
return(c(-mlenull$value,muhat,mlenull$par));

## MLE under the unrestricted hypothesis

144



nbsimMLEalt<-function(init,n1,n2,yl=yl,y2=y2)
{
mulhat<-mean(yl) ;mu2hat<-mean(y2) ;
#loglikealt <- function(par)
loglikealt <- function(alpha)

{
if (alpha>0)
{
den<- sum(log(dnbinom(yl,mu=mulhat,size=alpha)))
+ sum(log(dnbinom(y2,mu=mu2hat,size=alpha)));
return(-den) ;
}
else
{
return(1e+08) ;
}
}

mlealt<-optim(par=init,fn=loglikealt, method="Nelder-Mead");
return(c(-mlealt$value,mulhat,mu2hat,mlealt$par));
}

## First order score vector equations
firstorder<-function(yl,y2,mul,mu2,alpha)
{
ni<-length(yl) ;n2<-length(y2);
domul<- sum(yl)/mul - (sum(yl)+ nixalpha)/(mul+alpha);
domu2<- sum(y2)/mu2 - (sum(y2)+ n2+*alpha)/(mu2+alpha);
doalpha<- (n1+n2)*(1+log(alpha)-digamma(alpha))
- (sum(y1)+ nil*alpha)/(mul+alpha) - (sum(y2)+ n2*alpha)/(mu2+alpha)
- nixlog(mul+alpha) - n2xlog(mu2+alpha)
+ sum(digamma(yl+alpha)) + sum(digamma(y2+alpha));
return(matrix(c(domul,domu2,doalpha) ,ncol=1));

## 04/28/2009
## Matrix of the second order partial derivatives
## 10/22/2009 - Updated to expected second order derivatives
secondorder<-function(yl,y2,mul,mu2,alpha)
{
ni<-length(yl) ;n2<-length(y2);
domul.2 <- -nl*alpha/(mul*(mul+alpha));
domulmu2<- 0;
domulalpha<-0;
domu2mul<-domulmu?2;
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domu?2.2<- -n2*alpha/(mu2*(mu2+alpha)) ;

domu2alpha<-0;

doalphamul<-domulalpha;

doalphamu2<-domu2alpha;

doalpha.2 <- (n1+n2)*(1/alpha - trigamma(alpha)) - nl1/(mul+alpha)

- n2/(mu2+alpha) + sum(trigamma(yl+alpha)) + sum(trigamma(y2+alpha));
return(matrix(c(domul.2,domuimu?,domulalpha,domu2mul ,domu?.2,domu2alpha,
doalphamul,doalphamu?,doalpha.?2) ,nrow=3,byrow=T)) ;

## Function to compute the power

nbpower<-function (nl,n2,mul,alpha,alphal=0,delta=0.50,B=1000,M=1000,

1rt.cutoff,rst.cutoff,wall.cutoff,wal2.cutoff,wal3.cutoff,wald.cutoff,

cutoff.sim=1,method="Nelder-Mead" ,maxit=500,nu=0.05)

{
cat("mu = ",mul,"Alpha = ",alpha,"Alphal = ",alphal,"Gamma = ", (1-delta),
"ni=",n1,"n2=",n2,sep=" ","\n");
1rt.power.chisq<-0;1rt.power.exact<-0;rst.power.chisq<-0;
rst.power.exact<-wal.power.chisq<-wal.power.exact<-0;

## variables for the Other Wald Chisq and Exact tests
wall.power.chisq<-wal2.power.chisq<-wal3.power.chisq<-wal4.power.chisq
<-walb.power.chisq<-0;
wall.power.exact<-wal2.power.exact<-wal3.power.exact<-wal4.power.exact
<-walb.power.exact<-0;

## To calculate the exact p-value, the quantile is obtained by simulating
## from the null distribution and calculating the LRT statistic

lrt<-null<-alt<-rst<-wal<-wall<-wal2<-wal3<-wal4<-walb<-array(dim=M) ;

## Toggle variable to get the exact power or not for all tests
toggle.lrt<-toggle.rst<-toggle.wall<-toggle.wal2<-toggle.wal3<-
toggle.wald<-0;

## Chisq cutoff value
cutoff.chisq<-qchisq(nu,1,lower.tail=F);
## Updated 12/04/2009
## Get simulated cutoff values only if asked to; if cutoff.sim=1,
## then get simulated cutoff
## Otherwise calculate using specified cutoff values
if (cutoff.sim==1)
{
for (i in 1:M)
{
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y1l <- rnbinom(n=nl, mu=mul,size = alpha);

## 11/26/2009 To allow for generating data from NB populations
## with different dispersion parameters

if (alphal==0)

{

y2 <- rnbinom(n=n2, mu=mul,size
3

else

{

y2 <- rnbinom(n=n2, mu=mul,size
3
ylbar<-mean(yl) ; y2bar<-mean(y2);

alpha) ;

alphal);

while (y2bar==0)

{

y1l <- rnbinom(n=nl, mu=mul,size
if (alphal==0)

{

y2 <- rnbinom(n=n2, mu=mul,size
}

else

{

y2 <- rnbinom(n=n2, mu=mul,size
}

y2bar=mean(y2) ;

}

alpha);

alpha) ;

alphal);

## Likelihood Ratio Test

null.0<-nbsimMLEnull (init=alpha,nl=nl,n2=n2,y1l,y2,maxit=maxit,
method=method) ;
alt.0<-nbsimMLEalt(init=alpha,nl=n2,n2=n2,y1l,y2);
null[i]l<-null.O0[1];alt[il<-alt.O[1];

1rt[i]l<- -2*% (null[il-alt[i]);

## Rao’s Score Test: Need MLEs of mu and alpha in the restricted case
mu.0<-null.O[2];alpha.0<-null.O0[3];
first<-firstorder(yl,y2,mu.0,mu.0,alpha.0);
hessian_score<-secondorder(yl,y2,mu.0,mu.0,alpha.0);
fisherinf.inv_score<-diag(3);

fisherinf.inv_score[1,1]<- -1/hessian_score[1,1];
fisherinf.inv_score[2,2]<- -1/hessian_score[2,2];
fisherinf.inv_score[3,3]<- -1/hessian_score[3,3];

rst[il<- t(first)¥%*%fisherinf.inv_score¥*)first;
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## Wald Test: Need MLEs of parameters under the unrestricted case
## MLE of mul, mu2 and alpha in the unrestricted case
mul.1<-alt.0[2] ;mu2.1<-alt.0[3];alpha.1<-alt.0[4];

## Other Wald Tests constructed using the delta method for variance

## Aban et. al Wald Statistic: (using \hat{gammal})
gamma.hat<-mu2.1/mul.1;gamma.0<-1;
sigma2.gamma.hat.1<-(gamma.hat*(nl*(alpha.1l+gamma.hat*mul.1)
+n2*gamma.hat*(alpha.1+mul.1)))/(nl*n2*alpha.1*mul.1);
wall[i]<-(gamma.hat-gamma.0) "2/sigma2.gamma.hat.1;

## Wald Statistic: (using log transformation of gamma hat)

## g(gamma.hat) = log(gamma.hat); So g’(gamma.hat) = 1/gamma.hat
sigma2.gamma.hat.2<-(1/gamma.hat) "2*sigma2.gamma.hat.1;
wal2[i]<-(log(gamma.hat)-log(gamma.0)) "2/ ((1/gamma.hat)
"2xsigma2.gamma.hat.1);

## Wald Statistic: using square root transformation;

## g(gamma.hat) = (gamma.hat)"~(0.5); g’(gamma.hat) =

## 1/(2*sqrt(gamma.hat))

sigma?2.gamma.hat.3<- (1/(2*sqrt(gamma.hat))) "2*sigma2.gamma.hat.1;
wal3[i]<-(sqrt(gamma.hat)-sqrt(gamma.0)) "2/sigma2.gamma.hat.3;

## Wald Statistic: using square transformation

## HO: gamma~2=1; g(gamma.hat) = gamma.hat"2 => g’ (gamma.hat)
## = 2xgamma.hat;

sigma2.gamma.hat.4<- (2*gamma.hat) "2*sigma2.gamma.hat.1;
wald[i]<-(gamma.hat~2 - gamma.0"2)"2/sigma2.gamma.hat.4;

## 11/09/2009

## Wald Statistic: testing HO:mul"2=mu2~2

#walb[i]<- (mul.172-mu2.17°2)"2/wald5_var(nl,n2,mul.1,mu2.1,alpha.1);
}

like<-data.frame(null=null,alt=alt,lrt=1rt);
like$lrt[like$lrt<0]<-0;

## Get the exact cutoff for the lrt and the rst and wald tests
lrt.cutoff.exact<-sort(lrt) [Mx(1-nu)];

rst.cutoff.exact<- sort(rst) [Mx(1-nu)];

# wal.cutoff.exact<- sort(wal) [Mx(1-nu)];
wall.cutoff.exact<-sort(wall) [Mx(1-nu)];
wal2.cutoff.exact<-sort(wal2) [Mx(1-nu)];
wal3.cutoff.exact<-sort(wal3) [M*x(1-nu)];
wald.cutoff.exact<-sort(wal4d) [Mx(1-nu)];
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}

# wal5.cutoff.exact<-sort(walb) [M*x(1-nu)];

else if (cutoff.sim==0)

{

## Get power using exact cutoff values given

if (1lrt.cutoff<0)

"LRT cutoff value must be positive. Cannot compute exact power for

"RST cutoff value must be positive. Cannot compute exact power for

{

LRT";

toggle.lrt<-1;

+

if (rst.cutoff<0)

{

RST";

toggle.rst<-1;

3

if (wall.cutoff<0)

{

"Wald 1 cutoff value must be positive.

Wald 1";

toggle.wall<-1;

¥

if (wal2.cutoff<0)

{

"Wald 2 cutoff value must be positive.
Wald 2";

toggle.wal2<-1;

+

if (wal3.cutoff<0)

{

"Wald 3 cutoff value must be positive.

Wald 3";

toggle.wal3<-1;

b

if (wald.cutoff<0)

{

"Wald 4 cutoff value must be positive.

Wald 4";

toggle.wald<-1;

3

1rt.cutoff.exact<-1lrt.cutoff;
rst.cutoff.exact<-rst.cutoff;
wall.cutoff.exact<-wall.cutoff;
wal2.cutoff.exact<-wal2.cutoff;
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wal3.cutoff.exact<-wal3.cutoff;
wald.cutoff.exact<-wald.cutoff;

## B simulations to calculate the power
for (i in 1:B)

{

mu2<-mul*(1-delta) ;

yl <- rnbinom(n=nl, mu=mul,size = alpha);

## 11/26/2009 To allow for generating data from NB populations
with different dispersion parameters

if (alphal==0)

{

y2 <- rnbinom(n=n2, mu=mu2,size
+

else

{

y2 <- rnbinom(n=n2, mu=mu2,size
3
ylbar=mean(y1) ; y2bar=mean(y2) ;

alpha) ;

alphal);

## Get the MLEs under the restricted and unrestricted case
null<-nbsimMLEnull (init=alpha,nl=nl1,n2=n2,yl,y2,maxit=maxit,
method=method) ;

alt<-nbsimMLEalt (init=alpha,nl=n2,n2=n2,y1,y2);

lrt<- -2% (null[1]-alt[1]);

## Likelihood Ratio Test

## Rao’s Score Test (Need the MLEs under the restricted case)
mu.hat.0<-null[2];alpha.hat.0<-null[3];
first<-firstorder(yl=yl,y2=y2,mul=mu.hat.0,mu2=mu.hat.o0,
alpha=alpha.hat.0);
hessian<-secondorder(yl=y1l,y2=y2,mul=mu.hat.0,mu2=mu.hat.0,
alpha=alpha.hat.0);

fisherinf.inv<-diag(3);

fisherinf.inv[1,1]<- -1/hessian[1,1];fisherinf.inv[2,2]<-
-1/hessian[2,2];

fisherinf.inv[3,3]<- -1/hessian[3,3];

rst<- t(first)%*,(fisherinf.inv)%*V%first;

# Aban et. al Wald Statistic: (using \hat{gammal})
if (y2bar>0)
{

## Get the MLEs under the restricted and unrestricted case
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null<-nbsimMLEnull (init=alpha,nl=nl1,n2=n2,yl,y2,maxit=maxit,
method=method) ;
alt<-nbsimMLEalt (init=alpha,nl=n2,n2=n2,y1,y2);

## Likelihood Ratio Test
lrt<- -2% (null[1]-alt([1]);

## Rao’s Score Test (Need the MLEs under the restricted case)
mu.hat.0<-null[2];alpha.hat.0<-null[3];
first<-firstorder(yl=yl,y2=y2,mul=mu.hat.0,mu2=mu.hat.o0,
alpha=alpha.hat.0);
hessian<-secondorder(yl=y1l,y2=y2,mul=mu.hat.0,mu2=mu.hat.0,
alpha=alpha.hat.0);

fisherinf.inv<-diag(3);

fisherinf.inv[1,1]<- -1/hessian[1,1];fisherinf.inv[2,2]<-
-1/hessian[2,2];

fisherinf.inv[3,3]<- -1/hessian[3,3];

rst<- t(first)%*),(fisherinf.inv)%*V%first;

## Wald Tests: Need MLEs of the parameters in the unrestricted case
mul.hat.1<-alt[2] ;mu2.hat.1<-alt[3];alpha.hat.1<-alt[4];
gamma.hat<-mu2.hat.1/mul.hat.1;gamma.0<-1;
sigma2.gamma.hat.1<-(gamma.hat*(nl*(alpha.hat.1l+gamma.hat*mul.hat.1)
+n2+gamma.hat*(alpha.hat.1+mul.hat.1)))/(nl*n2*alpha.hat.1*mul.hat.1);
wall<-(gamma.hat-gamma.0) "2/sigma2.gamma.hat.1;

# Wald Statistic: (using log transformation of gamma hat)

# g(gamma.hat) = log(gamma.hat); So g’(gamma.hat) = 1/gamma.hat
sigma2.gamma.hat.2<-(1/gamma.hat) "2*sigma2.gamma.hat.1;

wal2<-(log(gamma.hat)-log(gamma.0))~2/( (1/gamma.hat) "2
*sigma2.gamma.hat.1);

# Wald Statistic: using square root transformation;

# g(gamma.hat) = (gamma.hat)~(0.5); g’(gamma.hat) = 1/(2xsqrt(gamma.hat))
sigma2.gamma.hat.3<- (1/(2*sqrt(gamma.hat))) "2*sigma2.gamma.hat.1;
wal3<-(sqrt(gamma.hat)-sqrt(gamma.0)) "2/sigma2.gamma.hat.3;

# Wald Statistic: using square transformation;

# g(gamma.hat) = gamma.hat"2 => g’ (gamma.hat) = 2*gamma.hat;
sigma2.gamma.hat.4<- (2*gamma.hat) 2*sigma2.gamma.hat.1;
wald4<-(gamma.hat"2 - gamma.072)"2/sigma2.gamma.hat.4;

## Power for LRT, RST and Wald using chisq cutoff value
if (1rt > cutoff.chisq) {lrt.power.chisq<- lrt.power.chisq + 1;}
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if (rst > cutoff.chisq) {rst.power.chisq<-rst.power.chisq+1;}

if (wall >
if (wal2 >
if (wal3 >
if (wald >

cutoff.
cutoff.
cutoff.
cutoff.

chisq) {wall.power.
chisq) {wal2.power.
chisq) {wal3.power.
chisq) {wal4.power.

chisq<-wall.power.
chisq<-wal2.power.
chisq<-wal3.power.
chisq<-wal4.power.

chisq+1;}
chisq+1;}
chisqg+1;}
chisq+1;}

#if (walb > cutoff.chisq) {walb.power.chisq<-walb.power.chisq+1;}

##
##

if (toggle.lrt==0)

{

Power for LRT, RST and Wald tests using exact cutoff values
Only if the cutoff values are valid

if (1rt > lrt.cutoff.exact) { lrt.power.exact<- lrt.power.exact + 1;}

}

if (toggle.rst==0)

{

if (rst > rst.cutoff.exact) {rst.power.exact<-rst.power.exact+l;}

}
if (toggle
{
if (wall >
}
if (toggle
{
if (wal2 >
}
if (toggle
{
if (wal3 >
}
if (toggle
{
if (wald >
}
}

wall.cutoff.

wal2.cutoff.

wal3.cutoff.

wald.cutoff.

.wall==0)

.wal2==0)

.wal3==0)

.wald==0)

exact) {wall.power.

exact) {wal2.power.

exact) {wal3.power.

exact) {wald.power.

exact<-wall.power.

exact<-wal2.power

exact<-wal3.power.

exact<-wal4.power.

else if (y2bar==0) ## Assume the treatment is effective

{

1rt.power.chisq<-lrt.power.chisq+1;

rst.power.chisq<-rst.power.chisq+1;

wall.power.
wal2.power.
wal3.power.
waléd.power.

if (toggle.
if (toggle.

chisq<-wall.power.
chisq<-wal2.power.
chisq<-wal3.power.
chisq<-wal4.power.

chisq+1;
chisqg+1;
chisq+1;
chisq+1;

1rt==0) {lrt.power.exact<-lrt.power.exact+1;}
rst==0) {rst.power.exact<-rst.power.exact+1;}
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exact+1;}

exact+1;}



if (toggle.wall==0) {wall.power.exact<-wall.power.exact+1;}
if (toggle.wal2==0) {wal2.power.exact<-wal2.power.exact+1;}
if (toggle.wal3==0) {wal3.power.exact<-wal3.power.exact+1l;}
if (toggle.wald4==0) {wal4.power.exact<-wal4d.power.exact+1;}

1lrt.power.chisq<-round(1lrt.power.chisq/B,4);
1rt.power.exact<-round(lrt.power.exact/B,4);

## go one standard error below and see if it contains 0.80 or 0.90
1lrt.chisq.1lb<-1lrt.power.chisq-1*sqrt(lrt.power.chisq*(1-1lrt.power.chisq)/B);
1rt.exact.lb<-1lrt.power.exact-1*sqrt(lrt.power.exact*(1-1rt.power.exact)/B);

rst.power.chisqg<-round(rst.power.chisq/B,4);
rst.power.exact<-round(rst.power.exact/B,4);

rst.chisq.lb<-rst.power.chisq-1*sqrt(rst.power.chisq*(l-rst.power.chisq)/B);
rst.exact.lb<-rst.power.exact-1*sqrt(rst.power.exact*(1-rst.power.exact)/B);

## Chisq power for the other Wald Tests

wall.power.chisq<-round(wall.power.chisq/B,4);
wal2.power.chisqg<-round(wal2.power.chisq/B,4);
wal3.power.chisq<-round(wal3.power.chisq/B,4);
wald.power.chisg<-round(wal4.power.chisq/B,4);

## Exact power for the other Wald Tests

wall.power.exact<-round(wall.power.exact/B,4);
wal2.power.exact<-round(wal2.power.exact/B,4);
wal3.power.exact<-round(wal3.power.exact/B,4);
wald.power.exact<-round(wal4.power.exact/B,4);

wald.chisq.lb<-wal4d.power.chisq-1*sqrt(wald.power.chisq
*(1-wald.power.chisq)/B);
wald.exact.lb<-wald.power.exact-1*sqrt(wal4d.power.exact
*(1-wal4.power.exact)/B);

cat ("LRT : Chisq: ", lrt.power.chisq, "Exact: ",lrt.power.exact,
"Exact Cutoff: ",round(lrt.cutoff.exact,4),"\n");

cat ("RST : Chisq: ", rst.power.chisq, "Exact: ",rst.power.exact,
"Exact Cutoff: ",round(rst.cutoff.exact,4),"\n");

cat("WALD 1 : Chisq: ", wall.power.chisq,"Exact: ",wall.power.exact,
"Exact Cutoff: ", round(wall.cutoff.exact,4), "\n");

cat ("WALD 2 : Chisq: ", wal2.power.chisq,"Exact: ",wal2.power.exact,
"Exact Cutoff: ", round(wal2.cutoff.exact,4), "\n");

cat ("WALD 3 : Chisq: ", wal3.power.chisq,"Exact: ",wal3.power.exact,
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"Exact Cutoff: ", round(wal3.cutoff.exact,4), "\n");

cat ("WALD 4 : Chisq: ", wal4.power.chisq,"Exact: ",wal4.power.exact,
"Exact Cutoff: ", round(wal4.cutoff.exact,4), "\n");
power<-c(lrt.chisq.lb,1lrt.exact.lb,lrt.cutoff.exact,rst.chisq.lb,
rst.exact.lb,rst.cutoff.exact, wal4.chisq.lb,wal4.exact.1lb,
wald.cutoff.exact);

return(power) ;
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