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ABSTRACT

This thesis studies the geometric and deformational behavior of linear series under
degenerations with the aim of attacking the maximal rank conjecture. There are three
parts. The first part gives an explicit construction of the classical tangent-obstruction
theory for deformations of the pair (X, L) to the case when X is local complete
intersection scheme and L a line bundle on X. In the second part, we propose a
new method, using deformation theory, to study the maximal rank conjecture. We
prove that the maximal rank conjecture holds for the first unknown case: line bundles
of extremal degree. Problems related to the maximal rank conjecture have become
potentially accessible to this new method. In the third part, a canonical semi-stable
degeneration of the d-th symmetric product C@ as the curve C' becomes singular is

constructed.
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CHAPTER 1
INTRODUCTION

A central problem in algebraic curve theory is to describe algebraic curves with fixed
genus and degree and how they vary in families in a given projective space P".

There are two approaches to this problem. The first approach is to deal with
curves in projective spaces directly. We would like to analyze the extrinsic geometry
of C' C P". For instance, one wants to describe the ideal of a curve C' C P", and in
particular, to know how many independent hypersurfaces of each degree C' lies on,
what are the relations between the generators of the ideal, etc.

The second approach is via abstract curves. One may think of a curve C' C P as
a triple object: an abstract curve C, a line bundle L = O¢(1) and an (r + 1)-tuple of
global sections of O¢(1). The good thing about this approach is that the collections of
objects we want to describe are themselves algebraic varieties (stacks), called moduli
spaces (stacks). Thus we can apply the general machinery in algebraic geometry to
study these spaces. The moduli space of smooth curves C' of genus g is called M,
and the moduli space of linear series of degree d dimension r on C'is called G%(C).

One of the major open problem in algebraic curve theory, the maximal rank con-

jecture (Eisenbud-Harris [15]), lies in the area between these two approaches. It has



to do with the extrinsic geometry of the pair (C, L), for C' a general point of M, L

a general point of G7(C).

Conjecture 1.1. (Mazimal rank conjecture) For fived d, g, r > 3, let C be a general

curve of genus g and |L| be a general g, on C, then the multiplication map
k
Sym* HO(C, L)~ HO(C, L¥) (1.1)
is of maximal rank (either injective or surjective) for any k > 1.

In the case |L| gives an embedding of C' into P", Sym* H°(C, L) is the space of
homogeneous polynomials of degree k in P" and Ker(y*) is just the subspace consisting
of those vanishing on C. Since the dimension of the domain and target of u* are
constants only depending on k, d, r and g, the maximal rank conjecture (MRC)
simply says that the number of independent hypersurfaces containing C' is as small
as it could be.

Since conjecture 1.1 concerns conditions that are open, it suffices to verify the

assertion for one point on each component of the G which dominates M, where
G, =1{(C,L,V) | L line bundle on C, deg L =d, V C H*(L), dimV =r + 1}

is the parameter space in question.

However, this does not seem to help. Since M, is of general type for g > 23, it
is very difficult to write down general curves satisfying this conjecture. The curves
we can write down for large g, such as hyperelliptic and trigonal curves, complete
intersections are all special with respect to the properties that this conjecture as-

serts to be general. The classic strategy to deal with this problem is to degenerate



smooth curves to some sufficiently special singular ones on which we can carry out the
necessary analysis explicitly but remain general in the sense of the assertions. This
approach achieved great success for the more classical theorems of Brill- Noether ([24])
and Gieseker-Petri ([22], [14]), but has not been fully successful for the maximal rank
conjecture.

The aim of this thesis is to develop more tools to understand the geometric and
deformational behavior of linear series under degenerations and hopefully make some
progress on the maximal rank conjecture.

In chapter 2, we study the deformation theory of the pair (X, L) for X a local
complete intersection scheme and L a line bundle on X. We generalize the tangent-
obstruction theory the pair (X, L) from the classical case X is a smooth variety to
the case X is a local complete intersection scheme (l.c.i). We prove that even though

X could be singular, the functor of Artin rings
Defix1)(A) = {Flat deformations of (X, L) over A}/isomorphisms

still behaves well in the sense that there is a tangent-obstruction theory for this
deformation functor, with tangent space Exty, (P%(L),L) and obstruction space
Extg (P (L), L), where Py (L) is the sheaf of one jets or sheaf of principle parts
of the line bundle L on X. Moreover, a criterion for sections of L to extend is given.
When X is a l.c.i curve, L is a complete g}, on X, this result is directly related to the
local behavior of the parameter space G near the boundary. For instance, the tangent
space of G} at the point (X, L, H’(L)) consists of all vectors { € Exty (Px(L), L)

such that all global sections of L extend along &.



In chapter 3, we take a first step to attack the maximal rank conjecture via de-
formations. We prove that the maximal rank conjecture holds for the first unknown

case: line bundles of extremal degree, i.e. line bundles such that
deg L =2g —2h' (L) — Clif f(C),

or equivalently,
Clif f(L) = Clif (C),
where Clif f(C') is the Clifford index of C.

The method in the proof is different from classical degeneration methods. The gen-
eral idea is as follows: instead of constructing some (C, L) such that the multiplication
map p* in (1.1) is of maximal rank there, we relax the requirement by considering
a one parameter family of pairs (Cy, L;) € G}, degenerating to some (Cp, Lg) (Cy is
singular) for which p*(0) is not of maximal rank, then use deformation theory to
show, however, only a subspace of “correct” dimension in Ker(x*(0)) can extend to
Ker(p*(t)) and therefore nearby p*(t) is of maximal rank.

Chapter 4 takes another more geometric point of view to study the degenerations
of linear series. We view a ¢} on C' as a geometric object P" sitting inside the d-th
symmetric product C¥ of C' and the hope is to study the geometric properties of the
linear series by studying the geometry of the subvariety P* C C@. For instance, L

satisfies the Gieseker-Petri theorem, i.e the natural map
H(L)® H'(Ke ® L") — H°(K¢)

is injective, if and only if P" is unobstructed in C¥ ([12]). Taking this point of

view, to understand the degenerations of linear series, we need to first understand

4



the degenerations of C¥ when C become singular. For a one parameter family of
smooth curves C; degenerating to a nodal curve Cj, the suitable degeneration we
want is a smooth space X over the t-disk A such that the fiber of X over t # 0 is
isomorphic to Ct(d), and the fiber over ¢ = 0 has simple normal crossing support.

It is proved in [33] that the total space of relative Hilbert scheme H,; parametrizing
length-d dimension-0 subschemes of the fiber is a partial resolution of singularities
of the relative d-th symmetric product C(Ad). Based on this result, we study in this
chapter the toric singularities appeared in H,; and give an algorithm to canonically
subdivide the cones corresponding to the toric singularities in question and describe
a canonical sequence of blowing-ups of H,; along smooth centers that leads to a
canonical log resolution H, of (Hq, HY).

Throughout this thesis, we will work over the complex numbers C.



CHAPTER 2
DEFORMATION OF PAIRS (X,L) WHEN X IS
SINGULAR

2.1 Background

The deformation theory of the pair (X, L) for X a smooth variety and L a line bundle
on X was first used to study Petri’s conjecture by Arbarello and Cornalba in [5]. It
was proved there that first-order deformations of the pair (X, L) are in natural one
to one correspondence with
¢ € H'(X,Di(L)),
where D; (L) is the sheaf of holomorphic first-order differential operators, and H?(X, D;(L))
is an obstruction space. Given a first-order deformation ¢ € H*(X,T) of X, there
is a first-order deformation of L along ¢ if and only if ¢ Uc(L) = 0 € H*(X, Ox),
where ¢(L) € H'(X, QL) is the first Chern class of L in the sense of Atiyah.

Moreover, there is a natural differentiation map
HY(X,Dy(L)) 2~ Hom(H(X, L), H(X, L)) (2.1)

such that a section s € H(X, L) extends to first order along ¢ if and only if the

element

M(&)(s) € H'(X, L)
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is zero.

The map M together with the tangent obstruction spaces have numerous de-
formation theoretic applications. For instance, for any first-order deformation of
(X, L), at least h°(L) — h'(L) linearly independent sections of L extend; Ker(M) C
H'(X,Di(L)) is the space of first-order deformations of (X, L) to which all sections of
L extend. If X is a complete curve, a dual form of (2.1) is the higher p-map p; in [7].
In case L gives an embedding of X into some projective space P, Coker(M) is natu-
rally isomorphic to H*(X, Nxpp) (cf. [5]), and therefore the surjectivity of M implies
that X C P is unobstructed. Another direct consequence is that the deformations of
the pair (X, L) is unobstructed for a smooth curve X, since H*(X,D;(L)) = 0. If X
is a smooth K3-surface, the map H'(Ty) vy H?*(Ox) = C is surjective for every
nontrival line bundle L. This means that L deforms along a 19-dimensional subspace
of HY(T), because h'(X,Tx) = 20.

In this chapter, we give an elementary approach to the deformation theory of the
pair (X, L) for X a separated reduced local complete intersection scheme (l.c.i) of
finite type over C. We prove that even though X could be singular, the functor of

Artin rings
Defx,1)(A) = {Flat deformations of (X, L) over A}/isomorphisms

still behaves well in the sense that there is a tangent-obstruction theory for this
deformation functor, with tangent space Exty, (Px(L),L) and obstruction space

Exty (P (L), L), where PX(L) is the sheaf of one jets or sheaf of principle parts



of L on X. Moreover, there is a natural map analogous to M characterizing ob-
structions for sections of L to extend. Therefore, all the nice consequences mentioned
above generalize to reduced l.c.i schemes. If X is smooth, P% (L) = D;(L)"® L, where
Dy (L) is the sheaf of first-order differential operators on L, and Ext}, (Px(L),L) =
H'(X,Dy(L)). We go back to the classical case. The tangent and obstruction spaces
for deformations of (X, L) was known to experts and was stated implicitly in [29], [30].
Our approach is new and more elementary. In particular, it does not use the more ab-
stract machinery of cotangent complexes. The author believes that the generalization

of the map M in (2.1) to singular varieties is also new.

2.2 The sheaf of one jets

In this section, we briefly review some basic facts and definitions about the sheaf
of one jets.

Let g : X — Y be a morphism between two algebraic schemes (separated schemes
of finite type over C), L be a line bundle on X, and let A C X xy X be the diagonal
defined by ideal sheaf Zn. Consider the first order neighborhood Specoé%x of A
with two projections 7y, m to X. The sheaf of one jets P}(/Y(L) of X over Y is
defined to be P}(/Y(L) = .7 (L). P}(/Y(L) has a natural left O x-module structure

induced by m and a right Ox-module structure induced by 7y which, in general, is

not equivalent to the left one. Throughout this chapter, we will only use the left



Ox-module structure of Py, /Y(L). Consider the short exact sequence

IA OXXyX OXXyX
— — — 0
7 7 s

Tensoring the above sequence with 75 L then applying the functor m., we get a

short exact sequence of left Ox-modules on X

i

0—>Q§</y(L) — )1</Y(L) — L —0 (2.2)

where Qﬁqy is the sheaf of relative Kéahler differentials. The sequence is exact on
the right because there is no higher derived image for 7, (7 has relative dimension
0). When Y = Spec(C), we will write Py (L) for Py y(L). The “fibre”of the sheaf
P}(/Y(L) at a closed point v € X is the stalk of L|;-1(4,)) at 2 mod the maximal

ideal squared, i.e.

1
L), e .
PX/Y( )e ®0y . . (ma® + g~ (My))) La

This is the reason P} sy (L) is called the sheaf of (relative) one jets. There is a Oy-
linear splitting p; : L — P}(/Y(L), which sends a section s of L to its one jet my,.7m;s.

p1 satisfies the property that

pi(fs) =i(df ® s) + fpi(s) (2.3)

for anyf € Ox(U) and s € L(U) where U C X is any open subset. (In fact, p;

is Ox-linear if we use the right Ox-module structure of P)l(/Y(L)). If X is smooth,
Y = Spec(C), Px(L) is the vector bundle Home, (Dy(L), L), where D;(L) is the

sheaf of first-order differential operators on L.
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2.3 Computation of the tangent space

In this section, let X be a reduced algebraic scheme. Applying the functor

Home, (—, L) to (2.2), we get a long exact sequence

.. — Extg (L, L) — Exty (Px(L), L) — Exty (Qx (L), L) —
— Exty, (L, L) — Ext} (Px(L), L) — Exty _(Qx (L), L) — ...

Notice that Exty (% (L), L) = Extgy, (%, Ox) is the tangent space of the defor-
mations of X, and Exty (L, L) = H'(Ox) is the tangent space of deformations of
L with the base X fixed. This suggests that Exty, (P (L), L) is the tangent space
of deformations of the pair (X, L) and Ext?, (PX(L),L) is an obstruction space.
If X is smooth, Home, (P (L), L) is the sheaf of first-order differential operators
D;(L), and Exty, (PY(L),L) = H'(X,D;(L)) is the correct tangent space. In this
section and the next, we will prove this is indeed the correct generalization of the
tangent-obstruction theory for deformations of the pair (X, L).

Let’s first recall that for any reduced algebraic scheme over C, we have a one-to-one
correspondence between isomorphism classes of extensions of X by a coherent locally
free Ox-module Z and Exty_ (€%, Z) in the following way:

Given an isomorphism class of extensions of Ox by Z,

0 A Ox Ox 0,

i.e. a closed immersion X C X defined by ideal sheaf Z, and Z? = 0 in Oy,

we associate to it (the isomorphism class of) the conormal sequence

10



E:0—T—Qx—Q% —0

(which is also exact on the left since Z is locally free.)
This conormal sequence corresponds to an element cg¢ in Ext}QX (Q%, 7).

Conversely, for any Ox-module extension

0 7 1=k 0, (2.4)

let d : Ox — QX be the canonical derivation. Let O = Ox X g1 € be the fibre product
sheaf: over an open subset U C X we have O(U) = {(f,a) : h(a) = df}, with ring

structure given by
(fra)(f',d) = (ff fd + f'a)

We get a commutative diagram:

0—=7-2-0 Ox 0
|
0——=7T £ QL 0

It is easy to check that d’ : O — & is a C-derivation, thus factors through Q},®eOx.
Therefore ), ®o Ox = € by 5-lemma and we recover X from (2.4).
In case T = Ox, we can give Oy a Cle]-module structure by sending € to j(1) € Oy.
The fact that eOy = Ox means that X is flat over Spec(Cle]). Therefore X is a
first-order infinitesimal deformation of X.

For the deformations of the pair (X, L), we have the following result:

Theorem 2.1. Let X be a reduced scheme of finite type over C, L be a line bundle
on X.

11



(1) The tangent space of the functor of Artin rings De f(x 1) is canonically identified
with Exty, (P (L), L).

(2) There exists a natural pairing

Exty, (PY(L),L) ® H(X,L) —"~ H'(X,L) . (2.5)

such that for any first-order deformation of the pair (X, L) corresponding to

¢ € Exty (PX(L), L), a section s € H(L) extends to first order along & if and

only if & and s pair to zero under p.

Proof. (1) Given a first-order deformation of the pair (X, L), i.e. the following

fibered diagram with Oy flat over Spec(Cle]) and £ line bundle on X

L——

L

| l
1
Spec(C)—— Spec(Cle]

We have a diagram of (left) Ox-modules:



The two right columns are exact by (2.2), and the fact that restriction to X is
exact. (left exactness of restriction follows from the fact that Tory, (£, Ox) =
0, since L is a locally free O y-module!) The first row is the conormal sequence of
X C X twisted by L, which is exact. Thus by Snake Lemma, ker(r) = L and the
second row is exact . Therefore we can associate any first-order deformation of
the pair (X, L) the second row exact sequence, which corresponds to an element

of Exty, (P%(L),L).

Now consider the commutative diagram

lpa lpl

0—L—Px(L)|x —=Px(L)—=0

0 L L L 0

where p} is the composition of p; : £ — P3(L) and the restriction map to X.
Thus p) factors through L xp1 (1) Px(£)|x and therefore £ = Lxp1 (1) Py (L)|x

as a Ox-module. We can give L Xp1 (p) PL(L)]x a Ox-module structure via

13



this isomorphism (This Oy-module structure turns out to be given by formula

(2.6)). This fact suggests that we can recover £ from Pi.(£)|x and L.

Conversely, for any element & € Exty, (P (L), L) corresponding to an Ox-

module extension:

0 L E—=PL(L)—=0.
The pull back extension & = & Xp1 (1) QL (L) by the natural inclusion
i1 Qx (L) — Px(L),
sits naturally in the diagram

0—>L—>5/:5X7>}((L) Q% (L) — Q& (L) =0

)

0 L £ - PL(L)—=0

The first row exact sequence corresponds to an element in Exty, (Q% (L), L) =
Extg (2%, Ox), which corresponds to a first-order infinitesimal deformation X

of X as described in the beginning of this section.

To recover the deformation of L, let £&” = & @ L~! and let

L=Lxp)&={(s,e) € L&E|pi(s) =r(e)}.

L sits naturally in the diagram

14



0—=L—=L=Lxp € L 0

o

0 L £ - P (L) —=0

and has a natural Oy-module structure (recall that Oy = Ox X ol E" by the

construction in the beginning of this section) as below

(fv a)(sve) = (fsv fe+i/(a~s)) (26)
where (f,a) € Ox X1 " = Ox, (s,€) € L =L xp1 ()& and a-s € £ This
is a well defined Oy-module structure because

pi(fs) =i(df @ s) + fpi(s) = r(i'(a- s)) + fr(e).

In order to see L is a locally free Oy-module of rank one, it suffices to prove
the case L is the trivial bundle since the question is local. In this case, (2.2)
splits (as left Ox-module) and P (Ox) = Ox & QL. The statement follows

immediately from this.

For any ¢ € Exty, (Px(L), L) corresponding to the extension

0 — L — Py(L)|x — Px(L) — 0.

Define the natural pairing p(§®s) := 6(p1(s)) € H'(L). Where § : H°(P (L)) —
H'(L) is the connecting homomorphism of the long exact cohomology sequence

corresponding to &:

15



o HO(Py(L)|x) == H(PY (L)) == H'(L) — -

8(p1(s)) = 0 means there exists some e € H°(P3(L)|x) such that r(e) = p;(s),

thus (s, e) determines a global section of £ = L Xp1 (1 P(L)|x.

2.4 QObstructions

In this section, let X be as in section 2.3 and we assume furthermore that X
is a local complete intersection scheme. We will show that Ext?, (P%(L),L) is an
obstruction space for deformations of the pair (X, L).

The general idea is to apply Vistoli’s construction of obstruction spaces for defor-
mations of l.c.i schemes (cf. sections 3, 4 of [35]) to the total space of LY and keep
track of the bundle structure using a C*-action.

For any z € C*, denote ¢, : LY — LY be the multiplication map by z in the fiber

direction. Define a C*-action on Opv and Q}, by

2= 2.7

Zzow=zt¢tw (2.8)

for local sections f € Opv, w € Q},.

Let 0%, and Q% be the sheaf of sections which are invariant under the C*-action.
Under some trivialization of LY over U C X: L), 2 U x A}, O%, consists of functions
on LY of the form f(x)t, and Q% consists of 1-forms f(x)dvt+w(z)t where f is the

pull back of a function on U and w € Q.
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Both 0%, and Q% have natural Ox-module structures and we have natural iso-
morphisms of Ox-modules O, = L and P%(L) = QF,. The isomorphisms can be
described as follows: for any section s € L, we can naturally view it as a function on
the total space of LY which restricts to a linear function on the fiber. Such functions
are invariant under the C*-action and vice versa. This gives the first isomorphism.
The second isomorphism is the natural one which identifies p; (s) with dpv(fs), where
s is any section of L, f, is the function on LY corresponding to s and dpv is the
exterior derivative on LY. Under some local trivialization of LY over U, it sends
(f,w) € Px(D)|v = Ox(U) ® Qx(U) to f(x)dpvt +w(x)t € Q5.

Let

e: 0 J A A 0

be a small extension of local artinian C-algebras with m 3 - J = 0. Suppose we have

a flat deformation (X, £) of the pair (X, L) over Spec(A):

L L

X X
Spec(C) — Spec(A

Let (X,, La) and (Xs, L) be two liftings of (X, £) to Spec(A). We would like to

measure the difference of two such liftings.
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Let’s restrict ourselves to the local situation first. Suppose that X is affine, em-
bedded in S = Spec(Alxy, ..., x,]) and the total space of LY are both embedded into
Spec(Alzy, ..., z,]) x A =8 x A with image X; x AL,

Let Zy be the ideal sheaf of LY in S x A'. The conormal sequence

Ty, d
00— z_g —— Qgxat|Lv Qpv 0

is exact because LY is l.c.i. Taking the invariant part under the C*-action we get an

exact sequence of Ox-modules

c . .
0 (g_%) L’(QSxAl\LV)C s 0. (2.9)

The difference of EX and Zg as embedded deformations corresponds to an Opv-
module homomorphism v,z : %—% — J®cOprv. The fact that Z;/ is embedded as /"?Z x A
implies that v, sends the invariant part (%—%)C* to the invariant part J ®@c 0%, =
J ®c L. Denote the restriction vy,.

Now, take the push-out of (2.9) under v/ 5, we obtain an Ox-module extension Eu

of Py (L) by J ®c L:

c* / " "
0—=(3%) — T Qs |2v)© Qfy 0 (2.10)
s
la
0—J ®c L—"—>Eup PL(L) —=0

Lemma 2.2. The extension E,3 does not depend on the choice of S.

18



Proof. Suppose there are embeddings EZV — g’j x Al where i = o,3, j = 1,2;
reducing to embeddings £Y — S; x Al and £V — S, x Al. These induce embeddings
reducing to

£v — 81 X Spec(A) 82 X Al.

Let C;, Oy, C15 be the conormal bundles of LY in S; x A, Sy x A, S; x Sy x Al
respectively. Denote by v : C’;-c* — J ®c¢ L the invariant part of the corresponding
sections of the normal bundles, & = v}, (Qs,xat|2v)®, E12 = V9. (Qs, xsyxat[v)”

and p; : C;C* — C%, be the natural map between conormal bundles. Then
vizopj:v;-:(}';c* — J®c L.

We have the following diagram

0 Cy Qs [2)E 0, —0
P |

0 Cic; (Qsl X Sox Al |LV)C* Q%i 0
l”ﬁz l

0 —_— J ®(c L 512 Q%T/ 0

By the universal property of push out, this diagram induces isomorphism of extensions
Y;: €5 =2 Ep. We define the canonical isomorphism between & and &; to be ¥y 01y

O

Proposition 2.3. For any two liftings of line bundles LY, Zg inside S x A' as above,
there is an Ox-module extension Eyg of Py (L) by J®c L, well defined up to canonical

isomorphism, with the following properties.
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(a) For any three liftings EX, LY, and Zx, there is a canonical isomorphism of
extensions
Fopy 1 Eap + Epy = gavl
such that for any four liftings,
Fons 0 (Fapy +idg, ) = Fops o (idg,; + Fpys) (2.11)
as homomorphism of extensions from Eyp + Egy + E45 10 Eas.

(b) Given an Ox-module extension € of Py (L) by J ®c L, and a lifting LY of LY,

there is an abstract lifting Z\ﬁ/ such that E,3 is isomorphic to €.

(¢) There is a natural bijection between bundle isomorphisms ® : LY = Z\ﬁ/ with
splittings of Eap.

Proof.  (a) As embedded deformations we certainly have v;,5 + vj, = v, as homo-

morphisms from (%—%)C* to J ®c L Then &,3 + &g, fits into the diagram

c* 4 * *
0—= ()" —> (Qar|1v)® ——QF ——0
lv;ﬁﬂ-vb,\/ L(waﬁvwﬁ’y)
0—J&c L Eap + Epy Px(L) —=0

By the universal property of push-out, there is a unique isomorphism Fa_ﬁly :
Eory — Eap + Epy such that (Yag,Ys,) factors through F, a_ﬁly. The compatibility

condition (2.11) follows from the universal property of push-out as well.

IThe sum of two extensions of Ox-module 0 g L & i F 0 is defined to be

the quotient of the submodule B = {(e1,e2) € &1 ® E ¢ ki(e1) = ka(ea)} by sections of the form
(hi(y), —l2(y)), y € G.
l k

The oposite extension —& is defined to be ( G——=¢ F 0.
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(b) Applying the derived functor Home, (—, J ®¢ L) to (2.9), we obtain exact se-

quence
Homo, ()%, J ®c L) — Ext,, (PX(L), J ®c L) —= Ext{, (Qsuar|v)®, J @c L)

where the last term is zero because X is affine and (Qg,41|zv)C" is locally free.
Thus for any

€ € Exty, (Px(L),J ®c L),

there is
/ IO Cc*
(oS Homox((—2) ,J ®¢ L)
Iy
such that v/ (Qgxat|rv) = E. v’ can be uniquely extended to a Opv-module
homomorphism v : % — J ®c Orv. Now choose E\é C S x Al such that the
0

difference of Eg and ZX as embedded deformations corresponds to v, then by

construction &,3 = £.

(c) First notice that by the construction of push-out, to give a splitting s : E,5 —

J ®¢ L is equivalent to give a Ox-module homomorphism D : (Qgya1|rv)C —

J ®c L such that D o d" = v,.

Now let ¢ : Oz, = OZg be a bundle isomorphism inducing identity on Opv.

Consider the two projections m; : Oz, 1 — Opv. The difference
D=m5—poma: Oz — Op,
will have its image inside J Ofg = J ®c Opv. It is easy to check that

D e D€’I“A‘(O§XA1, J®C0Lv) = DeTC(OSXAl, J®COL\/) = HomoLv (QSXA1|L\/) J®(COLV)
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and Dod = v,g. The fact that ¢ is a bundle isomorphism implies that D sends

(Qsxar|zv)C to J @c OF, = J ®c L. This gives a spliting of E,.

Conversely, any Ox-module homomorphism
D : (Qgxnt|v) — J @c O

with D o d' = v, 5 can be extended uniquely to a Orv-module homomorphism

D : Qgupt|v — J ®c Opv with D od = v,5. Now consider
Wﬁ_Dod:ngAl —>OZ,\E£/

If f is a local function on S x A! which vanishes on ZX and f be its restriction

to S x A!, then

ma(f) = (Dod)f = ms(f) — vas(f)

is zero in O zy by the construction of v,g.

Thus 73 — (D o d) factors through m,, and therefore we recover the bundle

isomorphism ¢ from such D.

O

Remark. Proposition 2.3 still holds in the global case. Since the local extension does

not depending on the choice of embeddings, one can construct a global extension for

any two abstract liftings Eg and Z\l/ by glueing together the local extensions using

the canonical isomorphisms in lemma 2.2 on the overlap of two open affine subsets.
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One checks easily that the glued extension satisfies the properties in the proposition.
We will not need the global case in the construction of the obstruction space.
OJ
The rest of the proof is entirely based on the construction in [35]. The idea is to
use extension cocycles to measure the obstructions to patching together local liftings
(which always exist since X is l.c.i) coherently.
Here we collect some useful results about extension cocycles and refer to [35] for

detalils.

Definition 2.4. Let F, G be sheaves of Ox-modules, {U,} be an open covering of

X. An extension cocycle
({€as} {Fapr})

of F by G on {Us.} is a collection of extensions {E.p} of Flu,, by Glu.,, and isomor-

phisms

Fagy 1 €ap + Ey = Eay
on Uypy satisfying the compatibility condition as in (2.11).

Two extension cocycles ({Eap}; { Fapy}), ({Ehp)s {Fhs,}) are isomorphic if there exist

isomorphism of extensions

QSOcﬁ . gaﬁ = g(,)cﬁ
such that

¢a'y © Fa,@w = F(;ﬁ*y © (¢aﬁ + ¢,3“{>‘
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Definition 2.5. We say an extension cocycle is a boundary if it is isomorphic to

a{ga} = ({ga - gﬁ}’ Faﬁ’\/)

for a collection of extensions {E€,} of Flu, by G|u,, where

Fopy 10 —E3+E3—E, — &4 — &,
s the obvious isomorphism.

The set of isomorphism classes of extension cocycles form an abelian group, and
the boundaries form a subgroup. The quotient group is called the group of extension
classes, and is denoted by Zp, (Uy; F, G). We refer to section 3 in [35] for the proofs
of the above facts.

The following theorem is taken from theorem (3.13) of [35]. For the convenience of

the reader, we sketch the proof here.

Theorem 2.6. For {U,} a good cover, there is canonical group isomorphism of

Eox (Ua; F, G) with the kernel of the localization map Ext, (F,G) — H(X, Ext*(F,G)).

Proof. Let J be an injective sheaf of Ox-modules containing G and Q be the quotient.

Then the boundary map

Extéx (F, Q) 9, Ext%x (F,9)
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is an isomorphism and we have a commutative diagram

Extl (F, Q) = Ext3 (F,G)

l |

HY(X, Exthy (F,Q)) — H(X, Ext? (F.G))

where the vertical arrows are localization maps. Hence the kernel of the left column
is isomorphic to the kernel of the right column. But from the local-to-global spectral

sequence, we get an exact sequence

0— HY(X, Homo, (F, Q)) —= Exty, (F, Q) —= H(X, Exty, (F, Q))
Thus theorem follows from lemma 2.7. O

Lemma 2.7. There is a canonical isomorphism

EOX (Ua; f, g) = Hl(Uaa Homox (fv Q))

Proof. Let ({€.3}, {Fapy}) be an isomorphism class of extension cocycles of F by G.
Since J is injective, we can we can find a homomorphism o5 : €43 — J such that

the diagram on U,g
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is commutative. We claim that we can do this coherently in the sense that
0o+ 08y =00y 0 Fopy : Eap+E3y—= T (2.12)

where 0,5 + 0, sends (e, e2) € Eag + Epy t0 Tapler) + oap(e2).

Choose arbitrary homomorphisms o, such that 0,3 0 l,s = j and consider
Tagy = (0ap + 0py) — Oay © Fugy 1 F — J.

It is easy to check that {7,4,} is a Cech 2-cocycle in Homo, (F, J). Since Homo, (F, J)
is flasque and thus has no higher cohomology. Hence we can find 1-cochain {7,3} such
that 7oy = Tap — Tay + T3y If we set

5&6 = 0up + Tag

we see easily that 0,4 satisfies the coherence condition (2.12). Claim is proved.
Now we describe a homomorphism from Z¢, (Us; F,G) to H' (U, Home, (F, Q)) as

below. Choose 0,4 satisfying the coherence condition (2.12). Then
T o008 Eap — Q
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sends G to zero and therefore induces 7,5 : F — Q satisfying 73 + 1gy = 7ay-
So we have associated to the extension cocycle ({Eag}, { Fugy}) an element {n.s5} €
H'Y(U,, Home, (F, Q)). This does not depend on the choice of o4s. If {143} represent
zero class, let 1,3 = 173 — N, and set &, = 0 J. Here we view J as an extension of
Q by G. Since &y is isomorphic to 1};J, we conclude that £, is isomorphic to the
boundary extension cocyle {3 — £, }. This gives the injectivity. For the surjectivity,

let 7qs Tepresent a class in H'(U,, Home, (F, Q)). Set

and
Fopy : Eap+ €y = NapT + My T = (Nag +1p7)" T = 1on T = Eay
is the natural homomorphism.

O

To finish the construction of the obstruction class, we cover X by open affine
subscheme {U,} such that £Y = £V, has a lifting £ over U,. The difference of LY
and Z\ﬁ/ on the overlap corresponds to an extension &,3 of Plljaﬁ(Lag) by J ®c Lag-

For each triple a, 3, 7, consider the isomorphism
Fopy + Eap + Epy = Eay

in proposition 2.3 (a).

Then (E,3, Fupy) is an extension cocycle, which we will denote simply by (Eq5). If
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Zz is another collections of liftings, coresponding to another extension cocycle (£/,4),

we get isomorphisms
~ / ~V ol Y -V
804,3 = aﬁ_'_g(‘cowﬁa) _8(£67£ﬁ)‘

by proposition 2.3 (a). One checks that this is an isomorphism of extension cocycles.
Thus the class of

[Eap) € 2oy (Ua; Px (L), J @c L)

is independent of the choice of local liftings.
A global lifting exists if and only if we can choose local liftings ZX and isomorphisms

of line bundles ¢,z : LY — Zg satisfying the cocycle condition

Pap © Ppy = Pay-

By proposition 2.3 (c), to give ¢, is equivalent to assigning splittings for £,5. It is
easy to check that ¢, satisfies cocycle condition if and only if (£,4) is isomorphic to
the trivial extension cocycle.

Conversely, if the class
[Eas) € Zoy (Ua; Px (L), J ®c L)

is zero, (£,p) is isomorphic to a boundary (€, — £3). By proposition 2.3 (b), we can
choose local lifting ZZ such that & (ZX,ZZ) = &,. Then ZZ will patch together to
give a global lifting.

Combine the above discussion with theorem 2.6 and the fact that Ext3, (Px (L), L) =

0 (since (2.9) is a locally free resolution of Py (L)), we get
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Theorem 2.8. Let X be a l.c.i scheme, L a line bundle on X. For any small

extension

e: 0 J A A 0

and any deformation (X, L) of (X, L) over A,
(a) There is an element
o(e) € J ®c Exty (Px(L), L),
such that o(e) = 0 if and only if a lifting (2‘?, E) of (X, L) to A exists.

(b) If a lifting exists, the set of isomorphism classes of liftings is a principal homo-

geneous space for the group

J @c Exty (Px(L), L).
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CHAPTER 3
THE MAXIMAL RANK CONJECTURE FOR LINE
BUNDLES OF EXTREMAL DEGREE

3.1 Introduction

In this chapter, we take a first step to attack the maximal rank conjecture. We start
with a result by Green and Lazarsfeld [25] asserting that any very ample line bundle
L on C with

deg L >2g+1—2h' (L) — Clif f(C)

or equivalently
Cliff(L) < Clif f(C), (this implies that h'(L) < 1)
is projectively normal, where Clif f(C') is the clifford index of C:
ClLif f(C) := min{Clif f(A) | A line bundle on C, h°(A) > 2, h'(A) > 2}

and

Cliff(A) = deg A —2r(A).

and for a general curve C, Clif f(C) = L%J



It is also showed by Green and Lazarsfeld that the bound 2g+1—2hY(L)—Clif f(C)
is the best possible. There are line bundles of degree one less than this bound which

are not normally generated. We say a line bundle L on C has extremal degree if
deg L =2g —2h' (L) — Clif f(C),

that is,

Cliff(L) = Clif f(C).

On the other hand, if the maximal rank conjecture were true, we should still expect
projective normality for general line bundles of extremal degree on general curves.
Thus the extremal degree range may be thought of as the first unknown case to test

the maximal rank conjecture. There are four cases according to the value of h'(L):

(1) h'(L) = 0. L is non special and the MRC follows from [11].

(2) K} (L) =1. Ifg=2even, Lisa gy ,and p=1—1;if g=2+10dd, L is a

gk and p =1.

(3) hY(L) =2. If g =2l even, L is a g 'y and p=0;if g = 21+ 1 odd, L is a g5*,

and p = 1.

(4) h'(L) > 3. The Brill-Noether number is negative. There are no such g¢,’s

(r > 3) on a general curve.

In this chapter, we prove the MRC for the remaining open cases (2) and (3).
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Theorem 3.1. Let C' be a general curve of genus g (g > 10 if g even, g > 13 if
g odd), L be a general line bundle of extremal degree on C, then (C, L) satisfies the

MRC, or equivalently, is projectively normal.

By the H? lemma of Green (theorem (4.e.1) of [23]), in our degree range, H°(L) ®
HO(L*) — H°(L¥1) is surjective for any k > 2. Thus it suffices to prove p? in (1.1)
is surjective. We apply a new method, using deformation theory, to prove this fact.
The general idea of this method is as follows. Instead of looking for some (Cy, L)
such that p? is of maximal rank there, consider a one parameter family of pairs
(Cy, Ly) € Wy, specializing to some (Co, Ly) (Cp could be singular) with g?(0) not
necessarily of maximal rank. Suppose moreover that all global sections of Ly extends

to L;. Then one can construct obstruction maps
81 : Ker(u?(0)) — Coker(u?(0))
and inductively
On+1 : Ker(d,,) —— Coker(d,,)

such that an element s € Ker(u?(0)) extends to Ker(x?(¢)) modulo "' if and only
if 9;(s) =0 for i =0,...,n.

For the decreasing sequence
Ker(1?(0)) D Ker(d;) D ... D Ker(4,) D ...

if we can show that the vector space V' = [, Ker(d;) consisting of elements which
deform to Ker(u?(t)) to any order is of “correct dimension”, then p?(t) is of maximal

rank. Said differently, it suffices to prove that ¢, is of maximal rank for some n € Z,.
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We find a nice singular curve Cy on which the computation of obstructions is
surprisingly simple. Enough information in the obstruction maps d, is captured by

the natural multiplication map
Ry - HO(C(), Ln) X HO(C(), L_n) — HO(C(), Lg)
in the following theorem:

Theorem 3.2. Let (Cy, L) € WJ be a one parameter family of pairs (with smooth
total space L — C) degenerating to (Cy, Ly) with Cy = X UY a nodal curve consisting
of two smooth curves of genus gx, gy meeting at a point p. Write L, = L(nY)|c,.

Suppose all (global) sections of L, extend to Ly for |n| < a and the natural map
@Dy H(Co, L) ® HO(Cy, L J=""H"(Co, L) (3.1)

is surjective (resp. of rank = dimc Sym? H%(Ly)) for some a € Z,., then the multi-

plication map p*(t) is surjective (resp. injective) for small t # 0.

Notice that x only depends on (Cjy, Lg), not on the actual family specializing to it.
This simple way to describe higher order obstructions is new and it is reasonable to
expect that it will have other applications.

The significance of theorem 3.2 is that we are now reduced to finding a smoothable
(Co, Lo) such that all sections of L,, extend to the nearby fiber and ®&¢_k, (instead
of kg = ?(0)) is of required rank. By making a good choice of (C, Ly), we manage
to prove theorem 3.1 by showing that s in theorem 3.2 is surjective.

This chapter is organized as follows:

33



In section 3.2, we set up some machinery which measures the obstructions for
elements of Ker(1*(0)) to extend to Ker(u*(t)).

In section 3.3, we compute the obstruction maps 4, for the special degeneration
described in theorem 3.2 and give a proof of this theorem.

Section 3.4 contains a proof of the main theorem 3.1.

Finally, in section 3.5, we include some technical facts about canonical bundles on

general curves which are needed in the proof of the main theorem.

3.2 Infinitesimal study of the degeneracy loci

Let Cy be a reduced l.c.i curve over C and Ly be a degree d line bundle on Cj
with h°(Ly) = r + 1. By theorem 2.8 of chapter 2, the deformations of the pair
(Co, Lp) are unobstructed. Let S be the versal deformation space of (Cy, L), then S
is smooth near (Cy, Ly). Let W) be the subvariety of S consisting of (C, L) such that

h°(L) > r + 1. Consider the multiplication map
k
Sym* HY(C, L) —— H(C, L*) . (3.2)

We may think of this map as a morphism between two vector bundles (at least
near the point (Cy, Ly)) over W} as (C, L) varies in W]. We are interested in the
infinitesimal properties of the locus D consisting of (C, L) such that the multiplication
map is not of maximal rank, i.e it is neither injective nor surjective. Our goal is to
show that D is a proper subvariety of W} (assuming W} irreducible near (Cp, Ly)).

Suppose now that there is a (flat) one parameter family (Cy, L;) of pairs specializing

to (Cy, Lg) such that all sections of Ly extend to L. If 4*(0) is not of maximal rank at
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(Cy, Ly), then the dimension of Ker(u*(0)) is bigger than expected. We would like to
knock down this dimension by showing that only an expected number of independent
sections of Ker(1*(0)) can extend to Ker(u*(t)). Thus p*(t) is of maximal rank for
t # 0.

Our goal in this section is to set up some machinery which measures the obstruc-
tions for elements of Ker(u*(0)) to extend to Ker(uk(t)).

To this end, let (C, £) be the total space of the one parameter family and (C,, £,)

be the restriction of (C, L) to Spec(tgﬂ) =: SpecR,. Let M, = SymF H°(C,, L,),

N, = H°(C,, £F) and p,, : M,, — N,, be the multiplication map.

We have M ®g, ., Ri = M;, Niy1 ®r,,, B = N; compatibly with y; for any ¢ > 0.

Lemma 3.3. Under the above notations and assumptions, there exist obstruction
maps

dpn+1 : Ker(6,,) — Coker(d,,)
form >0 such that 69 = po and s € Ker(pg) can be lifted to Ker(u,) if and only if
0i(s) =0 fori=0,...,n.

Proof.  For each n > 0 consider

qn+1 Pn+1

0— My—— M,y —= M, —=0 (3.3)

o e |

0 Ny - Npyy 25 N, 0

Let 6, : Ker(u,) — Coker(s)) be the connecting homomorphism of (3.3) from
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snake lemma. Fix sy € Ker(uy) and n > 1. Suppose sq has a lifting s, € Ker(u,,).

Let s/,,1 € M,41 be any lifting of s,,. Suppose that fi,11(s, ;) = t"*'v with

v = io(sp) + 1 (P1(s1)) + - 4 0, (pa(sh)), (3.4)

then

/

sy — (E"Tsy +t"s) + .+ tsh) € Ker(pni1)-

On the other hand, if (3.4) has no solution for any collection s} € M; with p;(s}) €
Ker(pj_1), then s¢ has no lifting to Ker(fu,+1).

Now, simply define d,11(s0) = 0,,,,(s,) = v as an element of

Coker (po)
2 i Im(5)

Then d,,+1(s¢) does not depend on the choice of s,, and is equal to zero in Coker(d,,)

= Coker(6,,).

if and only if sy can be lifted to Ker(g,41).

Finally, we check
Coker(fig)

m = Coker(5n+1).
i=1 1

O

By theorem 2.1 of chapter 2, (Ci, £1) determines a tangent vector £ € Ticy,10)S =
Ext}%o (P&, (Lo), Lo) which annihilates H°(Cy, Ly). This means exactly that & is
tangent to W, C S at (Cy, Lg). £ is a tangent direction such that the rank of uf does

not increase if and only if

61 : Ker(ub) — Coker(puf)
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is zero. If this is the case, then every element in Ker(uk) extends to Ker(u¥), thus to
first order, the rank of the map p* does not increase (It does not decrease either, by
lower semicontinuity of the rank).

On the other hand, if §; is of maximal rank, there are two cases:
1) &; is injective. No elements of Ker(uf) will extend to Ker(u¥), thus for a general
t # 0, the multiplication map (3.2) is injective at (Ct, L¢).

2) §; is surjective. Only a subspace of Ker(uf) of dimension equal to
dime Ker(ub) — dime Coker(uf) = dime Sym* H(Ly) — h°(LY)

will extend to first order, therefore, for the nearby (Cy, L;), the multiplication map
(3.2) is surjective.

Suppose now that d; is not of maximal rank. It is not possible to test if the nearby
multiplication map is of maximal rank to first order. We have to look at the higher
order obstruction maps 9d,,.

By lemma 3.3, any s € Ker(uk) can be extended to Ker(u*) if and only if 6;(s) = 0
for i = 0,...,n. Let n be the smallest integer such that 9, is of maximal rank (if
it exists). Since the index of §; Ind 0; := dim¢ Ker(d;) — dim¢ Coker(d;) is always
constant for any i, we see that only a subspace of Ker(uf) of expected dimension (0
if §,, injective, Ind §, if 6, surjective) can be extended to Ker(u*). Therefore, the
multiplication maps for nearby fibers are of maximal rank.

We have proved the following proposition:

Proposition 3.4. If 6, is of mazimal rank for some n € Z., the multiplication map

u¥ is of mazimal rank for nearby fibers.
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3.3 A nice degeneration

To use proposition 3.4, we need to compute the obstruction maps ¢,, which in
general is difficult. However, for the k£ = 2 case, there is a nice degeneration on which
the computation is surprisingly simple.

Let £ — C be the total space of a one parameter family (Cy, L;) € W) degenerating
to (Co, Ly) with Cy = X UY a nodal curve consisting of two smooth curves of genus
Jx, gy meeting at a point p. Write L,, = L(nY")|¢,. Suppose all sections of L,, extend
to L; for |n| < a. Notice that L, |x = Lo|x(np) and L,|y = Lo|y(—np), thus L, only

depends on (Cy, Ly), not on the family specializing to it.

Figure 3.1: Smooth curves degenerating to a nodal curve

The multiplication map

w0

Sym2 HO(CQ,L()) —)>HO(C0,L3> (35)

is usually not of maximal rank here, which means dimension of Ker(x(0)) is bigger

than it should be.
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There are some obvious elements in Ker(;:(0)). Let W be the subspace of Sym? H°(L)
spanned by

{o-7: O’,TEHO(LO), olx =0, 7ly =0, }.

Clearly W is a subspace of Ker(u(0)). Let’s compute the image of W under
91 : Ker(p(0)) —— Coker(p(0)).

Let &, 7 be sections of £ which extend o, T respectively (They always exist, since
by assumption, all sections of Ly extend to L;). Then 6 = ¢'sy, T = 7'sy, where sy
(resp. sy) is a section of O¢(X) (resp. O¢(Y')) which vanishes exactly on X (resp Y)

and ¢’ (resp. 7') is a section of £L(—X) (resp. L(—Y')). By the construction of 4,

oT 0'sxT's
(o) = T, =TT

T o, = 57, mod Tm(4(0)

Therefore, the image of W under ¢; is equal to the image of the composition

K1

H°(Ly) ® H°(L_;) —= H°(L2) — Coker(p(0)).

01 in general is not injective. Let a be any section of £(—2X), § be any section of
L(—2Y). Then (ask)lc, - (Bs%)lc, € W C Ker(u(0)), and 61 ((asy)|c, - (8s%)|cy) =

%‘Co = 0. Clearly (as%) - (8s%) € Ker(u1) as in diagram (3.3), and therefore

as% - 3s?
l(@silcr - (Bs)len) = S| = e,

Thus the image of d, contains the image of the composition

K2

H°(L,;) ® H°(L_y) — H°(L3) — Coker(;).
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Similarly, the image of §,, contains the image of the composition
HO(L,) ® H(L_,) —"= H°(L%) — Coker(8,_1).

Therefore, we have a surjection

HO(L)
ST () Coker(6,).

for any positive integer a.

The above analysis immediately gives a proof of theorem 3.2 because if
@ _, H(Co, L) © HO(Co, L,/ ="5"HO(Cy, L2)

is surjective (resp. of rank = dimc Sym? H°(Lg)) for some a € Z,, then 6, is of max-
imal rank and therefore by proposition 3.4, the multiplication map p?(t) is surjective

(resp. injective) for small ¢ # 0.

3.4 Proof of the main theorem

We will prove theorem 3.1 in this section.

Notice that in our degree and genus range, the MRC for L is equivalent to the
statement that L is projectively normal. By theorem (4.e.1) of [23], in our degree
range, H°(L) @ H(L*) — H°(L**') is surjective for any k > 2. Thus to show such
L is projectively normal, it suffices to show the multiplication map u? in (3.2) is
surjective.

The idea is to make a good choice of (Cy, Lg) such that the hypothesis of theorem

3.2 is satisfied. We need the following lemma:

40



Lemma 3.5. Let (Cy, Ly) be the same as theorem 3.2. Write Lx = Lo|x and Ly =
Loly. Suppose the restriction maps H°(Cy, L,) — H°(X, Lx(np)) and H°(Cy, L,) —

HO(Y, Ly(—np)) are surjective for —a <n < a. If
Dr—o H'(Lx (np)) ® H(Lx (—np)) —= H"(L%) (3.6)
and
Dr—o H(Ly (np)) ® H°(Ly ((—n — 1)p)) —= H°(L}(—p)) (3.7)
are both surjective, then the natural map k in (3.1) is surjective.

Proof. Let s be any element of H°(Cy, L). Since (3.6) is surjective, and any section of
Lx (np) extends to a section of L,,, we can modify s by some element in the image of
such that s|x = 0. Thus we can assume s|x = 0, then s|y € H°(L%(—p)). Since (3.7)
is surjective, sly =Y o_(@nyn) with 2, € H°(Ly (np)), yn € H*(Ly ((—n—1)p)). We
can view ¥, as a section of H°(Ly (—np)) which vanishes at p, thus can be extended
constantly 0 to X as a section of L,. Still call it y,. Extend z,, arbitrarily to X as a
section of L_,. Then >_"_ k(x, @ y,) = s.

O

We now take Cyp = X UY, where X and Y are general curves of genus ¢gx, gy
meeting transversely at a general point p. In particular, p is not a Weierstrass point
of either X or Y. We will divide the proof of the main theorem 3.1 into two parts,
according to the value of h'(L).

1. h'(L) = 2 case.
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Since the residual series N of L is either a g/, or g{,, depending on g = 2I
even or g = 2l + 1 odd. We will work backwards by starting with a line bundle N
with h°(N) = 1 and take its residual line bundle. Here we take a simple N whose
restriction to X and Y are just suitable multiples of Ox(p) and Oy (p), then take Ly
as the residual series of N.

There are two subcases:

1) g = 21 even. Here we are dealing with ¢t L.’s. (I > 6. | = 5 needs a special
31-3

argument and is proved in the appendix.) Let gy = gy =1, Ly = Kx(— [%Wp)
and Ly = Ky(—'_l_TlJp)

(2) g=20+1odd. Lisagy', (I >6). Take gy =1+1, gy =1, Ly = Kx(—[L]p),
and Ly = Ky(—L%Jp)

In both cases, it is easy to prove using the theory of limit linear series (see [16])
that (Co, Lg) are smoothable in such a way all sections of Ly extend to nearby. More
precisely, the corresponding limit linear series on Cy has aspects Vx = (I—1)p+|Kx|,
Vy = —1p+|Ky|in case g = 2], and Vx = (I — 1)p+ |K(—p)|, v = Ip + |Ky|
in case g = 2l + 1. They are both smoothable because the variety of limit liner series

with the same ramification sequence as (Vx, Vy ) at p has expected dimensions.
Proposition 3.6. For (Cy, L) as described above, the natural map (3.1) is surjective.

Proof.  Case (1). Here L,|y = Kx((—[5] +n)p), L% = K% (-2[5 p). Ap-

ply lemma 3.8 or 3.9 for a = —|5!|, Ly satisfies (3.6). Meantime, L} (—p) =
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K2(—(2[5] 4+ 1)p) and 2[52] + 1 is either [ — 1 or | depending on I even or odd.
Again by lemma 3.8 or 3.9, Ly satisfies (3.7).

Case (2). Take a = [1] — L Lulx = Kx((—[L] +n)p) L% = K3(~2[L]p).
Ly = K3 (2[4 ]p).

If [ even, by lemma 3.9, we see that Ly satisfies (3.6) and Ly satisfies (3.7) (notice
gx =1+1).

If [ odd, again by lemma 3.9, Lx satisfies (3.6) and Ly satisfies (3.7).

Thus in either case, the hypotheses of lemma 3.5 are satisfied, and therefore x in

(3.1) is surjective. O

2. h'(L) =1 case
We are dealing with the residual series of g? ,’s if g = 2l and ¢{’s if g = 21 + 1, so

smoothability is not a problem. Again there are two subcases:

(1) g=2leven. Lisag}, ;. Let gx = gy =1, Dx (resp. Dy) be a divisor consisting
of [517 (resp. |51]) general points on X (resp. V). Take Lx = Kx(p — Dx),
Ly = Ky(p — Dy)

(2) g=2l+1o0dd. Lisagi. Let gx =1+1, gy =1 Dx a general divisor of degree
[é} on X and Dy a general divisor of degree Léj onY. Take Ly = Kx(p—Dx),
Ly = Ky(p — Dy)

Proposition 3.7. For (Cy, Ly) as described above, the natural map (3.1) is surjective.

Proof.  Case (1). Let My = Lx(([5*] + 1)p) = Kx(([52] 4+ 2)p — Dx), My =
Ly (([5] + D)p) = Ky (([52) +2)p — Dy).
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If [ even, L% = K%(2p — 2Dx) = M%(—(l + 2)p). By lemma 3.10, Lx satisfies
(3.6). L3 (—p) = K&(p—2Dy) = MZ(—(l+ 1)p), Ly satisfies (3.7).

If | odd, L% = K%(2p — 2Dx) = M%*(—(l + 1)p), Lx satisfies (3.6). L% (—p) =
KZ(p— Dy) = MZ(—(l + 2)p), thus Ly satisfies (3.7) by lemma 3.10.

Case (2). Let My = Lx(([5]+1)p) = Kx(([5142)p—Dx), My = Ly ((|5]+1)p) =
Ky (([3] +2)p = Dy).

If [ even, L3 = K% (2p—2Dy) = MZ(—(l+2)p), thus Ly satisfies (3.6). L% (—p) =
K%(p—2Dx) = M%(—(1 + 3)p) = M%(—(gx + 2)p), Lx satisfies (3.7).

If l odd, L% = K%(2p — 2Dx) = M%(—(l + 3)p) = M%(—(gx + 2)p), Lx satisfies
(3.6). L2.(—p) = K& (p —2Dy) = MZ(—(l +2)p)), Ly satisfies (3.7).

Thus in either case, the hypotheses of lemma 3.5 are satisfied, and therefore x in

(3.1) is surjective.

Combining propositions 3.6, 3.7 and theorem 3.2,
2 770 w®) rro 2
Sym H (Cta Lt) —H (Cta Lt)

is surjective for small ¢ # 0. Since there is a unique component P of W) which domi-
nate M, (p > 0 case follows from the Gieseker-Petri theorem and the connectedness
of W7 (C); p = 0 case follows from [17]), to prove theorem 3.1, it suffices to arrange
so that (Cy, Ly) € P. But this is immediate because Cj is a general point of the
boundary of M,.
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3.5 Some facts about canonical bundles on general curves

We present some technical facts about canonical bundles for a general curve in
this section. They are needed in the proof of the main theorem. Lemma 3.8 to 3.10
are used in the previous section to show that maps of the type of (3.6) and (3.7) are

surjective for the specific Ly we choose in section 3.4.

Lemma 3.8. For a general smooth curve X of genus | > 4, and p € X a general

point (in particular,not a Weierstrass point), the natural map
D itimiotagzo HO(Ex (=ip)) © HY(Kx(=jp)) == H(K3(~(1 - 1)p))
1S surjective and
Dt jerige1 H(Ex(—ip)) @ HO(Kx(—jp)) —= H(K%(~Ip))
s of corank at most 1.
Proof. Choose {wy, ...,w;_1} a basis of HY(Kx) adapted to the flag
H(Kx) 2 H(Kx(=p)) 2 ... 2 H'(Kx(=(l - 1)p),

ie. HY(Kx(—ip)) = span{wi,...,w;_1} for any i. By generality of X and p, we can
assume K x(—(I —2)p) is a base point free pencil. By base point free pencil trick, the

kernel of the map
H°(Kx) ® HY(Kx(—(1 — 2)p) "> HO(K%(~(l - 2)p)) (3.8)

is H(Kx ® Kx'((I —2)p) = H*(Ox (I — 2)p). By Riemann-Roch, h°(Ox (I — 2)p) =

R (Kx(—(l—2)p))+1—2—1+1 = 1. Thus, by dimension count, m/ is surjective with

45



a one dimension kernel generated by w;_1 ® w;_2 — w;_2 ® w;_1. We obtain a basis of

HO (KX (=(1 = 2)p):

2
Wiy, Wi—1Wi—2, ..., Wi1Wi, Wi—1Wo, (3-9)

2
Wi_g, Wi—2Wi—3 ..., Wi—2Wi, Wi—2Wp.

Except w;_swyp, every other element of the above basis lies in the image of m;_1, thus
my_1 is surjective. Similarly, except w;_owp, wj_1wo, wi_sw1, every other element of
the above basis lies in the image of m,;. Therefore, m; is of corank at most 1.

O

Lemma 3.9. For a general curve X of genus | > 6, and p € X a general point, my

in lemma 3.8 is surjective.

Proof. 1t suffices to find some (X, p) for which m; is surjective. Take a special (X, p)
such that Kx(—(I — 2)p) is a pencil with a base point ¢ # p and that ¢ is not a
base point of Kx(—(I — 3)p). This is equivalent to find a X and p, ¢ € X such
that 2°(Ox((I = 2)p + ¢)) = 2 and 2°(Ox((I = 3)p + q) = h*(Ox((l = 2)p)) = 1.
One can actually choose X to be a general point of M; (but (X, p) is not general in
M, ;). This is because by theorem 3.13, there exists a g/ ; on a general curves X
with vanishing sequence (0,1 — 2) at some point p € X, and by theorem 3.12, such
a g} , is base point free, complete and its residual series has a unique base point q.

For such (X, p), any element in
V =Im(¥7, HY(Kx(—ip)) ® HY(Kx(—(l - i)p)) — H (K% (~Ip)))
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vanishes at ¢. Now, take w;_3 € H°(Kx(—(I — 3)p)) which does not vanish at g,
then w? 5 is in the image of m; but does not lie in V. It remains to show for this
special (X, p), V is still of codimension 1 in H°(K%(—Ip)). Since Kx(—(l —2)p) has
a unique base point ¢, by base point free pencil trick, the kernel of m’ in (3.8) is
isomorphic to H(Ox((I —2)p + q))), which is 2 dimensional. By dimension count,
m’ is corank 1, and there is exactly 1 linear relation among the generators in (3.9).
Let 7 € H(Ox((I—2)p+q)) be a section viewed as a rational function having a pole
of order exactly [ — 2 at p and a pole of order 1 at ¢, then the kernel of m’ is spanned
by

TWi—1 QWj—g — TWi_2 @ w1

and

Wi—1 QW2 — W—2 Q@ wWi—1.

Where {w;_s,w;_1} span H°(Kx(—(I — 2)p)). Since a general curve only has normal
Weierstrass points, h’(Kx(—(l — 1)p) = 1. We can assume w;_, vanishes to order
exactly [ —2 at p. Thus 7w;_» € H°(Kx) does not vanish at p, and the linear relation

between the generators in (3.9) will have non-zero coefficient in w;_jwg. Thus

2
Wiy, Wi—1Wi—2, ..., Wi—1Wwq,

2
Wi_o, Wi—2Wj—3 ,..., Wi—2Ws.

are still linearly independent, and therefore V is still of codimension 1 in H(K% (—Ip)).

O

47



Lemma 3.10. Let X be a general curve of genus | > 6, D is a divisor of degree
0 <d<1l—2 consisting of d distinct general points, p € X is a general point. Let

M = Kx(—=D + (d+ 2)p). Then the multiplication maps

Ditjmtrrigzo HO(M(=ip)) @ HO(M(—jp)) — H(M?*(=(1+ 1)p)) ~ (3.10)
and

D iticiizige1 HO(M(=ip)) @ HY(M(—jp)) — HO(M?(—(1 + 2)p)) (3.11)
are both surjective.

Proof.  The idea is similar to the previous two lemmata. We have deg M = 2I,
h°(M) =1+1 and M(—Ip) = Kx(—D + (d+2 —1)p) is a base point free pencil since
p is general. Consider

HO(M(~1p)) @ HO(M) =2~ H°(M*(~Ip)) (3.12)
By base point free pencil trick, Ker(m') is isomorphic to H°(Ox(Ip)) and is 1 di-
mensional since p is not a Weierstrass point of X. Since h°(M?(—Ip)) = 2] + 1, by

dimension count, m’ is surjective. Extend a basis {w;, w1} of H'(M(—=Ip)) to a

basis of HO(M):
{ Wo, W1yeey Wy War1, Waio, Wi, Wia1 } (3.13)
with each w; vanish to order exactly ¢ at p. The gap Wyy1 occurs because
W (M(=(d + 1)p) = h*(Kx (=D + p)) = h*(Kx(=D)) = h*(M(—(d + 2)p).
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By the same argument as lemma 3.8, (3.10) is surjective and (3.11) is at most corank
1.

To prove that (3.11) is actually surjective for general (X, D, p), we specialize to
some (X, D, p) such that M(—Ip) is a pencil with a base point ¢ but ¢ is not a base
point of M(—(I — 1)p). This is equivalent to h°(M(—Ip — q)) = h°(M(—Ip)) = 2 and
hO(M(—(l — 1)p — q)) = 2 or equivalently h°(Ox(D + q+ (I —d — 2)p)) = 2 and
ho(Ox (D + (I—d—2)p)) = 1. We can even choose (X, p) be a general point of M, ;.
This is because by the existence half of theorem 3.11 (or by [32]), there exists a g/ ,
with ramification sequence (0,]—d — 2) at p, and by the second half of theorem 3.11,
a general such g/ | is base point free, complete, and its residual series has a unique

base point g. Then, as in lemma 3.9, w? | is in the image of (3.11) but not in
V = Tm(35, HO(M(=ip)) @ HO(M(~(1+2 — i)p)) —= H(M?*(—(1 + 2)p)))

It remains to prove for this special (X, D, p), V is still of codimension 1 in H°(M?(—(I+
2)p)). The problem here is that due to the base point ¢ of M(—Ip), Ker(m’) is iso-
morphic to H*(Ox((Ip + q)), which is 2 dimensional (because p is not a Weierstrass
point). Thus m’ is not surjective but corank 1. However, if H*(Ox(ip + q)) is span
by {1,7} with 7 a rational function having pole of order exactly [ at p, then Ker(m’)
is spanned by

TW Q Wi41 — TWi1 & wy

and

Wy @ Wiyl — Wit1 @ w.
Again by theorem 3.11, we can even assume h°(M(—(l + 1)p)) = 1, and therefore
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can assume my vanishes to order exactly [ at p. Thus 7w; does not vanish at p and by
the same argument as lemma 3.9, V' is still of codimension 1 in H°(M?(—(I + 2)p)).

O

For the convenience of the reader, we state here some existence and non-existence

results in Brill-Noether theory which we used in the proof of Lemma 3.9 and 3.10.

Theorem 3.11. (Brill-Noether theorem, fized ramification point) Let X be a general
curve of genus g, p € X a fixed general point. For any sequence 0 < mgy < ... < m, <

d, let p be the adjusted Brill-Noether number
p:g—Z(mi—ing—d—i-r).
i=0
and let py be the existence number
pr=g— Y (mi—itg—d+r)
m;—i+g—d+r>0
If p1 is nonnegative, then X possesses gl;’s with vanishing sequence (mq, .., m,.) at p.

Moreover, the variety Gj(my, ...,m,) parametrizing such g3’s is empty if p < 0 and

has pure dimension p if p > 0.

Proof. For the existence half, see [31] theorem 3.2-1. For the second half, see [2§]

theorem 5.37. O

Theorem 3.12. (Non-existence for low pmoy)

Let X be a general curve of genus g, pmo» be the moving-point Brill-Noether number

T

pmov:1+g_(T—i_l)(g_d—i_r)_Z(mi_i)‘

1=0
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If pmov < 1 — 1, then for any p € X, there is no g; on X with vanishing sequence

(mg, ...,m;) at p.
Proof. See [31] theorem 4.3-6. O

Theorem 3.13. (Ezistence of g’s with movable ramification point)
Let X be a general curve of genus g, fixr 0 < my < d, then there exists a g} on X with
vanishing sequence (0,mq) at some point p € X if g—d+1 > 0 and the moving-point

Brill-Noether number ppo, =14+ g —2(9g—d+1) — (m; — 1) > 0.

Proof. See [31] theorem 3.3-4 and example 3.3-8. O

3.6 Appendix

We give a special treatment for the case of genus 10 curves C' and a complete g, ||
on C. We include this case here because it does not follow from the general discuss
in section 3.4 (we need [ > 6 in lemma 3.9) and there is very interesting geometry
behind this example.

Since p =g — (r+1)(g —d+r) = 0 in this case, by Brill-Noether Theorem, a general
genus 10 curve C has only finitely many g¢{,s, and each g{, on C is very ample. It
is also known that for general such C, there exists some g, |L| such that p? is not
injective, i.e. C'is contained in some quadric hypersurface in P* under the embedding
of |L], if and only if C' is contained in some K3 surface (see [20]). By proposition 2.2
of [13], the locus K in My consisting of curves contained in some K3 surface is a

divisor. (Interestingly, Farkas and Popa [20] proved that K is a counter example for
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the slope conjecture.) Thus, for a general genus 10 curve C, and any g¢f, |L| on C,
the multiplication map p? is injective (therefore an isomorphism, since the domain
and range of p? are of the same dimension).

Here we will use the results in the previous section to give a proof of this fact

without using the geometry of curves contained in K3 surfaces.

Proof. Notation the same as theorem 3.2. Take X and Y both general curves of
genus 5 meeting at a general point p. Take Lx = Kx(—2p) = g2, Ly = Ky (—2p)
(which is smoothable). We will check x in (3.1) is surjective. Consider the following

exact sequence of sheaves:
00— 006(2) - 77*000 (2) - @2:1(Cm ® qu) —0.

Where 7 : Cy — C} C P* is the map given by the linear series |Ly|. C} =
X'UY’ is the image of m consisting of two degree 6 plane curves with 5 nodes, and
@;_,(C,, @ C,,) is the skyscraper sheaf of rank 10 supported on the five nodes of

X’ and five nodes on Y”.

Taking the long exact cohomology sequence, we obtain
¢
00— HO(OC’() (2)) — HO(OCO (2)) — @2:1(@% ® C%) - Hl(OC{’) (2) —=0

From the above exact sequence we see that a section s € H°(L2) is not coming
from pull back of H°(Op4(2)) if and only if ¢(s) is not zero in C'°, i.e. s separate at
least one node on Cj.

Now, choose o; sections of L, o; sections of L_; according to their value at the

inverse image under 7 of the ten nodes on C{ as table 3.1 below. Where i = 0,1,
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//

Jj = 2,3, p, P (resp. ¢, q) are points in X (resp. Y) which gets mapped to the
node py (resp. qx) on X’ (resp. Y’). Here it suffices to consider two nodes on each
component, say k = 1,2. Cross means that o; does not vanish at the corresponding
point, 0 means vanishing. For instance, oy is a section of L;, such that og|x is a
section of the g2 = Kx(—p) on X that vanish on pj and pj but not on p) or p)
(Although the g2 = Kx(—2p) does not separate p}, p{ or ph, ph, the g2 does). ooy
is a section of the g3 = Ky (—3p) on Y that vanishes on ¢, ¢, but not on ¢} or ¢j.
Similarly, for other o;. By the generality of X, Y and p, the assigned value in table

3.1 can be achieved.

Table 3.1:

/ 7 / 1/

PPy Pl | B g

oo | X 0| x 0]x x |0 0
o1 | x 0] x 0|0 0]x X

og | X X |0 O0|x 0x 0

o3| 0 0| x x|x 0|x 0

Table 3.2 describes the difference of 0,0, at p), p} and ¢, ¢; for k =1, 2.
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Table 3.2:

b1 P2 @1 Q2
¢(ogo) | x 0 x 0
¢(opo3) | 0 x x 0
¢(oroz) | x 0 0 X
¢(oro3) | 0 x 0 X

From table 3.2, we get a matrix of rank at least 3. Thus, Im(d;) is mapped under
¢ to a subspace of dimension at least 3 in C'°. In other words, we have shown that
C, for t # 0 is contained in at most one quadric in P*.

It remains to show that we get an extra dimension from
Im(H"(Lz) ® H"(L-2) — H°(Lgj)).

Choose A\; € HY(Ly), Ay € H(L_3) according to table 3.3,

We get one more vector ¢(AA2) in C°. So we can add one row to the matrix in
table 3.2, to get table 3.4.

To show the matrix in table 3.4 has rank 4, it suffices to show that the first row
and the last row can be chosen linearly independently, or equivalently, that

00|X'02|X / 00|Y'02\Y /
—_— ——(q7)-
Mlx ol PV 7 S gl )

This can be easily achieved, for instance, as follows. Take X =Y and X, Y meeting

at the same point p € X =Y and ¢; = p3, ¢ = p2. Choose oy|x = g2y, ooy = 02|x
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Table 3.3:

/ 7 / / 2 / 7

proPipy myla @ @

M| x 0]0 0]x x|x X

M| X X | x x|x 00 O

Table 3.4:
br P2 @1 Q2
¢(ogo) | X 0 x 0
¢(opo3) | 0 x x 0
¢(oro9) | X 0 0 X
¢(oro3) | 0 x 0 X
d(MA2) | x 0 x 0

Alx = Aa|y and M|y = Ago|x as the unique (up to scalar) sections satisfying the

conditions in table 3.5:

Then
00|X : 02|X o 00|Y : U2|Y

)\1|X : >\2|X - )\1|Y ' )\2|Y
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Table 3.5:

/ / i / //

PPl Py Py | Py P

oolx =0aly | X 0| x 0 |x 0

o

ooly = 0alx | X X 0| x X

(@)
[a)
X

(@)

>\1|X:)\2‘y X 0

My =Xalx | X X | x x| x x

as rational functions, but since everything is general,

UO‘X'U2‘X( ,) UO‘Y'U2‘Y( ,)
Mlx - delx 7 My - Aaly

In conclusion, we can arrange so that the rank of the matrix in table 3.4 is exactly
4 and therefore the image in P* of a general genus 10 curve under a general (thus

every) g1, is not contained in any quadric.

O

Corollary 3.14. For g > 10, a general curve in P* with degree d > %g + 4 is not

contained in any quadric.

Proof. Consider the curve consists of a general curve X of genus 10 and a general
curve Y of genus g — 10 meeting at a general point p. Consider the limit linear series
with aspects Vx = (d—12)p+|gis|, Vi = 8p+ |gj_g|- Since everything is general, Vy

has vanishing sequence (d —12,d — 11, ...,d — 8) at p, and V4 has vanishing sequence
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(8,9,10,11,12). Since limit g3 on X UY with the above specified vanishing sequence
have dimension p(g—10,4,d—8)+p(10,4,12) = (9—10)—5(g9—10—(d—8)+4)+0 =
g—5(g—d+4) = p(g,4,d), by the smoothing theorem of limit linear series (see [16]),
V, Vy are smoothable. On the other hand, the image of X in P* under ¢y, is not
contained in any quadric and Vxly is a |¢9_;,]. Thus, by degenerating to such limit

g1y on X UY | we have our conclusion.
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CHAPTER 4
DEGENERATIONS OF SYMMETRIC PRODUCTS OF
CURVES

4.1 The relative Hilbert scheme of points

Suppose C — A is a flat one parameter family of smooth projective curves over the
punctured disk A* = A — {0}, degenerating to a reduced nodal curve at t = 0 € A.
We will, in addition, assume the total space C is smooth over C.

Denote C(ACQ the relative symmetric product of this family over A*, parameterizing
effective divisors of degree d on fibres C; for t # 0. We would like to construct a
compactification Hy of C(Adf over A, such that H, has smooth total space and the
fibre over t = 0 has simple normal crossing support. By studying the fibre over t = 0
of 7‘~ld, we understand how the symmetric products of smooth curves degenerate as
the curves degenerate to a nodal curve.

The first candidate for this compactification is the relative symmetric product Cgi)
over A. But this is singular. In fact, let p € Cy be a node of Cy, locally at p, this
family is given by {xy = t} in affine 3 space. Thus locally (analytically) near the

cycle d[p), C(Ad) is a quotient of a complete intersection by the symmetric group Sy
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(z1y1 = Xoy2 = ... = 2qYa)/Sa

For a smooth curve C, the Hilbert scheme parameterizing length-d dimension-0
subschemes of C' is isomorphic to the symmetric product C¥. So if we consider
the relative Hilbert scheme H, = Hilb;(C/A) parameterizing length-d dimension-0
subschemes in the fibers of the family C/A, it is a natural compactification of C(Adz )

Moreover, there is a natural morphism
m:Hg— C(Ad)

defined by
w(Z) = length,(Z)|x],

zeCy

where Z; is a length-d, dimension-0 subscheme of Cj.

In fact, H, is a partial resolution of singularities of Cgi). To explain why this is the
case. Let’s look at the simplest case:
Example. Suppose d = 2 and the special fibre Cy has only two components X and
Y meeting at a point p. C’éz) has three components: X Y@ and X x Y. We can
figure out the scheme structure of C(ﬁ). Locally at p, this family is given by {zy = t}
with projection to the t-disk. The relative symmetric product is given by taking the

fibre product of the family with itself,
C xa C = Spec(Clzx,y, z,w,t]/(xy = zw = t)) =: SpecA,

modulo the Zy action v — z,y — w.
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The ring of invariants A%2? under this action is generated by

Clz,y, z,w,t]
(xy —t, zw —t)

Clx + z,y + w, zz, yw, zw + yz,t] C Spec

It is easy to write down all relations between the above generators, and we find

that A% is isomorphic to

(C[Xh X27 X37 X47 X57 t]
(X5 + 21 — X1 Xy, X X1 — X0, XoXs— 1X1, XsXs — 1)

Eliminating X5, we get,

C[X1, Xo, X35, Xy, 1]
(X1 Xs — Xy, XoXs5 — 1Xs, XoXs— 1)

The fibre over ¢t =0 is

C[X17 X27 X37 X4]
(X1X4a X2X3> X3X4) .

Spec

In particular, CSQ) is not normal crossing. One of these components, namely, X xY
(defined by X35 = X4 = 0 in the local description of C’é2),) is distinguished in that it
meets both of the others along curves, the other pair of components meet only at the
bad point 2[p] (see figure 4.1).

Now, let’s consider the Hilbert-Chow morphism
71 Hilby(Cy) — CF.

It is an isomorphism away from the bad point 2[p|; over 2[p]|, there is a family of

ideals parameterized by P!:




S
<

XxY y®

Figure 4.1: Components of the symmetric square of a nodal curve

Each one of these ideals corresponds to the point (z = y = 0) plus a tangent
direction at that point. The P! is parameterizing the ratio of velocities of a point
on X and a point on Y approaching p. Hence, we obtain Hilby(Cy) from C’éz) by
blowing up the point 2[p] in the component X x Y and gluing back X ® (resp.Y®)
along the strict transform of X x {p}(resp.{p} x Y) (see figure 4.2).

In fact,under the assumption about the special fibre Cj as in this example, Hilb,(C/A)
is always smooth and Hilby(Cy) is reduced and normal crossing. So we have a nice
degeneration of the symmetric product of smooth curves.

O

In [33], Ran studied the local structure of the relative Hilbert scheme, i.e for C =
Spec(Clz, Y] (z,y)), with projection map t = zy to A = Spec(C[t])). He proved
theorems 4.1 to 4.3, which describe the fibre of the Hilbert-Chow morphism, the

Hilbert scheme of the special fibre, and the total space of the relative Hilbert scheme:

Theorem 4.1. ([33))
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Figure 4.2: Blowing up and regluing

(1) Every ideal I of R = (c([;f)ﬂ( : of colength d is one of the following, said to be of
.y

type (c2),(q?),respectively:
IMa) = (y' +az™™), 0#a€C, i=1,...,d—1,

Qf = (zF gy, i=1,..d.

)

(2) The closure C¢ in the Hilbert scheme of the set of ideals of type (c) is isomorphic

to P! and consists of the ideals of types (cf) or (¢2) or (¢1). In fact, we have

lim I7(a) = QF,
lim I{i(a) = Qfﬂ.

(3) The punctual Hilbert scheme Hilb(R), as algebraic set, is a rational chain
CiUge C5U ... Uga  Ci_y;
it has ordinary nodes at Q4,...Q% | and is smooth elsewhere.
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Theorem 4.2. ([33]) The Hilbert scheme Hilb,(R), where R = % is a chain

(z,y)

weuwiu..uwd  uwd

where each W is a smooth d-dimensional germ supported on C¢ fori=1,...d —1

or Q% fori = 0,d; fori=1,...d — 1, W¢ meets its neighbors W, transversely in
dimension d — 1 and meets no other W¢. The generic point of W corresponds to
subscheme of Spec(R) comprised of d — i points on the x-axis and i points on the
Y-axis.

Theorem 4.3. ([35]) Set R = Clz, Y@y B = Clt]y and view R as a B-module
via vy = t. The relative Hilbert scheme Hz’lbd(ﬁ/B) is formally smooth, formally

(d + 1)-dimensional over C.

Remark.  Moreover, from the proof of theorem 4.3 in [33], Hilb*(R/B) is given by
equation z;y; = t in CH! x A,. O

The above theorems give the local structure of Hy = Hilbs(C/A) completely (for
any one parameter nodal degeneration). For any Z € Hy, suppose 7(Z) = Y. n;[z;]
with x; pairwise distinct, choose small analytic neighborhood U; of x; in C, then
locally at Z, H, looks like the fibre product of Hilb,, (U;/A) over A. Even if each
Hilb,,,(U;/A) is smooth by Theorem 2.3, the fibre product could still be singular.

Thus, we need a little bit more work to get a smooth compactification of C(Adz .

4.2 The augmented relative Hilbert scheme

In this section, we will describe explicitly a Log resolution Hy of the pair (Hg, HY)

where Ho = Hilby(Cp). Call it the augmented relative Hilbert scheme.
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Let’s first analyze the singularities of Hy. From the remark and the last paragraph

of section 4.1, we see that locally at Z, H, looks like

C[Zlfl, Y1y ey Ty ym]

IX1 XAXQ XA o XA Xm
(11 = ToYo = ... = Ty Ym)

Spec

modulo possibly crossing with an affine space. Here m is the number of distinct
points of the cycle corresponding to Z, X; = SpecClz;, y;|, and each X; maps to A
by ¢ = x;y;.

To resolve the above singularity, we will do induction on m. The case m = 2 is
simple. We just have an isolated ordinary node in a 3-fold. Blowing up the node in
the 3-fold, we get a smooth space with exceptional divisor a quadric surface in P3.
The function t vanishes to order 2 on the exceptional divisor. It is also clear that the
fibre of this blowing-up at ¢ = 0 has simple normal crossing support.

Let’s work out the case m = 3 in more detail, this will help us set up the induction.

Here H, is locally isomorphic to

(C[xh Y1, T2, Y2, X3, y3]

= Xl XA Xg XA X3
(Ilyl = T2Y2 = 933y3)

Spec

The fibre over t = 0 is Xg; X Xgo X X3, where

C[xiv yz]

Xoi = Spec
(ziyi)

. i=1,2,3.

The total space of Hy is singular at X¢; x {0} x {0} {0} x Xo2 x {0} J{0} x
{0} x Xo3. Each Xy; is a union of two lines. So the singular locus is union of six

lines meeting at the point (0,0,0). If we first blow up the point (0,0,0) in H,, call
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the new space 7:2;, then the proper transform of the above six lines become disjoint,
and 7?{& has ordinary nodal singularity along each of the six lines (basically it is a
line cross the one dimension lower case). Then, we blow up the six lines to get our
smooth resolution ﬁd. There are seven exceptional divisors for the map from ﬁd
to Hg, namely, one over the point (0,0,0), and one over each of the six lines. The
(reduced) fibre over ¢ = 0 is still normal crossing.

For the general case, X; Xa ... Xa X, is singular at the points where at least two

of the m coordinates are 0. Let
Wi =A{(z1,....,xm) € Xo1 X ... X Xom : at least i factors are 0}

To resolve the singularity, we first blow up X; xa...x A X,, along ”the most singular”

locus W,,. Then the proper transform W,,_; is disjoint union of 2m lines. There is
an open neighborhood of each line in the total space of the blow-up isomorphic to
the line cross one dimension lower case. And we keep on blowing up along W,, 1,

etc. By induction, we will get a smooth total space 7:2[1 after we blow up WA/:Q The

fibre of Hy over t = 0 has simple normal crossing support.

4.3 A toric description

Since X x A X5 X X3 is an affine toric variety, we can describe the above resolution
by subdividing the cone associated to it. Again, we will use induction on m. Denote
N = Z™*! the lattice and M = Homgz(N,Z) the dual lattice.

The case m = 2 is well known. The dual cone & of

(C[xla T2, Y1, yz]
(xlyl - x2y2)

Spec
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is generated by four lattice vectors uy, vy, us, vo (assuming they generate M = Z3 as

abelian group) in Mr = M ®z R = R3, satisfying
U+ v1 = ug + vy

Without loss of generality, set u; = €1, ug = eq, v1 = e3. Where {e;;i = 1,2, 3} is the
standard basis for Mp.

Under the natural pairing

(/\R3)®R3 — /\]R3 :R(el /\62/\63),

we can identify Ng = A’R® with Homg(Mg,R). In this setting, the cone o is
generated (up to sign) by uj A ug, up Avg, v1 Aug, v1 Avg. In fact, ug Aug 4+ v Avg =
(—u1 A vg) + (—v1 Avg) =: a. Then by adding a line through a, we subdivide o into
four smaller cones. It is immediate to check each of the smaller cone is generated by a
basis of the lattice N. By the general theory of toric varieties (see [21] chapter 2), this
means the new variety we get by subdividing the cone is a resolution of singularities
of the original variety. Geometrically, this subdivision corresponds to blowing up the
singular point of the threefold node (figure 4.3).

For the general case, take & to be the (m+ 1)-dim cone generated in My = R™*! =

@ Re; by {u;,vi;i =1, ...,m} satisfying
UL+ V1 =Ug + Vo = ... = Uy + Uy

(also assume they generate the lattice M as abelian group, say, u; = €;;1 = 1,...,m,

U1 = em+1). To find the generators of the dual cone o (see [21]), we take each set of
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Figure 4.3: The cone of a threefold node

m independent vectors among the generators of & which spans an m-plane, solve for
a vector u € N annihilating the m-plane. If neither u or —u is nonnegative on all
generators of 7, it is discarded; otherwise either u or —u whichever is nonnegative on
& is taken as a generator for o. In the latter case, the m-plane (more precisely the
cone generated by the m independent vectors) is a facet of 5. A little computation
will convince the audience that there are 2™ facets of d: each facet is generated by
choosing for each subindex i either u; or v;, not both, among {u;,v;;i = 1,...,m}.

Under the natural identification of

Ng = Homg (Mg, R) = \ R™,
we get 2™ generators for o (up to a sign) by taking wedge product of the generators
for each facet. Now let ¥ = (z;; x; = u; or v;; ¢ = 1,...,m) be a set of generators
for a facet of 3. Then (—1)¥lx; A ... A 2, is a generator of o. The sign (—1)I¥l is

determined such that (—1)¥la; A... Az, Ab > 0, where b = u; +v; (This is equivalent
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to (=1)#zy A A2y A(b—13;) >0; i=1,...,m). There is a "complementary’ facet

generated by (y; = b—x;;0 = 1,...,m). A little algebra tells us
(=D A AT, + (D) Ny A Ay,

does not depend on Z. Call this vector a (well defined up to a scalar multiple) the
'barycenter’ of o. So far, we have seen the 2™ facets of & which are 'dual’ to the
2™ generators of o . For the same reason, the 2m generators of & correspond to 2m
facets of 0. The correspondence is the following: u; corresponds to the facet in the

m-plane u; A (N R™1) € Ng = A™ R™!. This facet is generated by all possible

2m=1 generators. Applying the

1 A ...\ x,, with z; = u;. It is an m-dim cone with
argument as before, we see there is also a "barycenter’ for this facet. Therefore, we
get a "barycenter’ for each facet. Then we work inductively to find a ’barycenter’ for

each (m — 1)-dim face of o and so on. Finally we can construct a ’barycenter’ for

each face of ¢ of dimension at least three. It follows immediately that

Proposition 4.4. Notation as last paragraph. If we subdivide o by adding all "barycen-
ters’” of faces of 0. The resulting toric variety is the resolution of singularity described

in section 4.2.

Finally, we observe that if we cover the relative Hilbert scheme H,; by analytic
open subset like above, and take the resolution for each open subset. The resulting
nonsingular open sets will patch together to form ﬁd, since on each small open set
the resolution is canonical.

In conclusion, we have proved
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Theorem 4.5. For any one parameter family C — A with smooth total space degen-
erating to a reduced nodal curve Cy, there is a canonical sequence of blow-ups of Hy

along smooth centers in HE = Hilby(Cy) that leads to a canonical log resolution Hy

Of (Hd, Hg)
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