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ABSTRACT

We study the limit of a sequence of probability measures on a non-compact homoge-
neous spaces invariant under diagonalizable flow. In this context the limit measure
may not be probability. Our particular interest is to study how much mass could be
left in the limit if we additionally assume that our measures have high entropy. This
is a part of the project on generalizing a theorem of M. Einsiedler, E. Lindenstrauss,
Ph. Michel, and A. Venkatesh. They prove that for any sequence (p;) of probability
measure on SLy(Z)\SL2(R) invariant under the time-one-map 7 of geodesic flow with
entropies hy,, (T') > c one has that any weak® limit p of (41;) has at least pu(X) > 2c—1
mass left. We first consider the homogeneous space SL3(Z)\SL3(R) with an action
T of a particular diagonal element diag(e'/?,e'/?,e™) and prove a generalization.
Next, by constructing T-invariant probability measure with high entropy we show
that our result is sharp. We also consider the Hilbert Modular space type quotient
spaces and again obtain the a generalization by studying any diagonal element. As
an application one can calculate an upper bound for the Hausdorff dimension of the
set of points that lie on divergent trajectories with respect to the diagonal element
considered, giving an alternative proof to a result of Y. Cheung. The work regarding

SL3(Z)\SL3(R) is joint work with my co-adviser M. Einsiedler.
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CHAPTER 1
INTRODUCTION

Given a set of probability measures {y;}5°, on a homogeneous space X, it is natural
to ask what we can say about a weak* limit p4? Often one is interested in measures
that are invariant under a transformation 7" acting on X, and in this case weak* limits
are clearly also invariant under 7'. If X is non-compact, maybe the next question to
ask is whether p is a probability measure. If T acts on X = I'\G by a unipotent
element where G is a Lie group and I is a lattice, then it is known that g is either
the zero measure or a probability measure [MS]. This fact relies on the quantitative
non-divergences estimates for unipotents due to works of S. G. Dani [Da] (further
refined by G. A. Margulis and D. Kleinbock [MK]). On the other hand, if T" acts
on X = SL,(Z)\ SL,(R) by a diagonal element, then u(X) can be any value in the
interval [0, 1] due to softness of Anosov-flows, see § 4. However, as we will see there
are constraints on p(X) if we have additional information about the entropies A, (T)
(cf. § 2.3 for a definition of entropy). This has been observed in [ELMV] for the
action of geodesic flow on SLy(Z)\ SLa(R):

For a sequence of T-invariant probability measures p; with entropies h,,(T) > ¢ one
has that any weak® limit p of (u;) has at least u(X) > 2c —1 mass left where T' is the
time-one-map for the geodesic flow (cf. Theorem 1.2).

Our goal is to consider various generalizations of this result and in some cases show



that the results we obtain are sharp. Moreover, we consider the probability mea-
sure without assumption on invariance and study the behavior of the measure under

iterates of particular diagonal element. Now, we will state the results we obtain.

1.1 SLy(Z)\ SLy(R)

Let G = SL3(R) and I' = SL3(Z). We consider the space I'\G and a transfor-
mation T acting on it by the diagonal element diag(e'/?, e'/? e7!). We identify
X = SL,(Z)\ SL,(R) with the space of unimodular lattices in R", see § 2.1. Us-

ing this correspondence in the case of n = 3 we can define the height function ht(x):

Definition 1.1. For any 3-lattice © € SL3(Z)\ SL3(R) we define the height ht(x) to
be the inverse of the minimum of the length of the shortest nonzero vector in x and

the smallest covolume of planes w.r.t. x.

Here, the length of a vector is given in terms of the Euclidean norm on R3. Also, if
n = 2 then we consider the height ht(x) to be the inverse of the length of the shortest

nonzero vector in z. Let

By Mahler’s compactness criterion (see Theorem 2.3) X<, is compact and any com-
pact subset of X is contained in some X<);.
In [ELMV], M. Einsiedler, E. Lindenstrauss, Ph. Michel, and A. Venkatesh give the

following theorem:

Theorem 1.2. Let T be the time-one-map for the geodesic flow. There exists some

My > 0 with the property that

loglog M pu(Xsa)
h,(T) <1 — =
WD) <1+ log M 2

2



for any invariant probability measure p on X = SL(2,Z)\ SL(2,R) for the geodesic
flow and any M > My. In particular, for a sequence of T-invariant probability

measures f; with entropies h,,(T) > ¢ we have that any weak® limit p has at least

w(X) > 2¢ — 1 mass left.

Here, p is a weak® limit of the sequence {p;}:2, if for some subsequence i; and for all

f € Ce(X) we have
lim / fdp;, — / fdu.
k—oo [ x X
The proof of Theorem 1.2 in [ELMV] makes use of the geometry of the upper half

plane H.
Now we let X = SL3(Z)\ SL3(R) and as before let

o = 61/2 S SLg(R)

671

We define the transformation T : X — X via T(z) = za. We have obtained in
joint work [EK] with my co-adviser M. Einsiedler the following generalization of

Theorem 1.2

Theorem 1.3. There exists some My > 0 such that

log log M)

ho(T) < 3 — u(Xonr) + o( o 11

for any probability measure p on X which is invariant under T and any M > M,.

In this context we note that the maximum measure theoretic entropy, the entropy of
T with respect to the Haar measure on X, is 3. This follows e.g. from [MT, Prop.
9.2].

As a consequence of Theorem 1.3 we have:



Corollary 1.4. A sequence of T-invariant probability measures {p; }32, with entropy

h,;(T) > ¢ satisfies that any weak® limit p has at least (X)) > ¢ — 2 mass left.

Theorem 1.3 and its corollary are obtained in § 3. Our next aim is to show that this

result is sharp. In fact we will consider a more general setup.

1.2 Examples of escape of mass on SL;.1(Z)\ SLgi1(R)

The work done in this section has been submitted for publication [Ka]. Consider the

homogeneous space X = SLg,1(Z)\ SLg11(R) and a transformation T defined by

1/d
Y

where a = diag(e'/?, e/, ..., e"/4 e) € SLgy1 (R).

Theorem 1.5. There exists a sequence of T-invariant probability measures (p;)i>1
on X whose entropies satisfy lim;_,o. by, (T) = d but the weak® limit p is the zero

measure.

In this context we note that the maximal entropy of T is d+1 (cf. [MT, Prop. 9.2]).

One immediately obtains

Corollary 1.6. For any ¢ € [0, 1] there exists a sequence of T-invariant probability
measures (v;)i>1 on X whose entropies satisfy lim; o h,, (T) = d + ¢ such that any

weak® limit has mass c.

§ 4 is devoted to prove Theorem 1.5 by constructing lattices on X.



1.3 SLo(O)\ ]I, SL2(R) x [T;,—; SL2(C)

In § 5 we generalize Theorem 1.2 to the following. Let F' be an algebraic number
field and O be its ring of integers. Let S = {0y, ..., 0,4} be its archimedean places

where {071, ..., 0.} are the real places and the remaining ones are complex. Define
G = [[ SL2(R) x ] SL2(C) and I := SL,(0). (1.3.1)
n=1 m=1
We have the natural embedding I' into G via

A Y= (01(’7)702(7)7 SR ’UT"FS(’}/))

oj(a) o;(b) a b
where o;(v) = for v = € I'. By Lemma 5.2 T" becomes
o;(c) o;(d) c d

a lattice in G. It is in fact an irreducible lattice and the quetient space X := I'\G is
noncompact. We consider the space X as a subspace of O-submodules A of (R?)" x

(C?)* with the following properties:

1. A is an O-submodule generated by two vectors v, w of (R?)" x (C?)#,

2 0= (0, o) X () X+ X (0 0y,) and w = (w), wl) X (wh, wf) X - X
(A V4
wl, ., w!, ) are such that det s =1forj=1,...,r+s.
r+s r+s
w/. w//
i Y

Now, we define the height function ht(-) from X to R as follows. For any (v}, v}) € C?
by the norm | - | we mean |(v},v})| = max{[v}|, [v]|}. For a vector v = (vy,v{) x

(vh,v8) X -+ x (v, vl ) (this will be the standard notation for vectors v € (R?)" x

(C?)%) in an O-submodule A € X we define the norm by

[l = (o2, v - 10, v9)] -+ (Vs v )
Here, for any vector v = (v, v]) x (vh,v4) x --- x (v, vy, ) the multiplication by

A€ O isdefined as A - v =

(1 (Ao, a1 (M) x (2(A)vg, 02 (A)vy) X -+ X (004N Uy, Orps(M)U) ).

bt



Now, we define the height of A:
ht(A) := max{|jv||™" : v € A — {0}}.

Let a be any fixed diagonal element of G. Then there exist a; € R and 6; € [0, 27]
such that
e’iel 6a1/2 0 €i9r+s ea”‘S/Q O

O €—i91€—a1/2 0 e—i0T+Se—ar+s/2

with 6y, ...,60, = 0. Now, we define the action of T on X by T(z) =z - a.

Define X )y = {z € X : ht(x) < M} and similarly we define X>,;. We know from
Lemma 5.2 that X_,; has compact closure which motivates the definition of height.
Now, we can state a second generalization of Theorem 1.2.

Let |CL1| +-eet |a’7“ = h’?“ and |ar+1| + -+ ’ar+s| = hs-

Theorem 1.7. Let M > max{e+hs e¢+)} pe given. For any T-invariant proba-

bility measure pu one has

log log M

h,(T) < h. 4+ 2hs —
H()— + IOgM

+ O( )

(hr + hs)M(XZM)
2

In particular, for the sequence of T-invariant probability measures ji,, with h,,(T) > h

t 2h—h,—3hs

o mass left.

one has that any weak® limit p~ has at leas

Note that the maximal metric entropy of T is h, 4+ 2h,. Thus, whenever 2h € (h, +
3hs, 2h,. + 4hg] there will be some mass left in the limit. We think that if s = 0 then

the theorem is sharp in the following sense: there exists a sequence of T-invariant

he

probability measures with metric entropy equal to =

with limit being a 0 measure.
On the other hand, if » = 0 then one can obtain from the arguments in the proof of
Theorem 1.7 that for the sequence of T-invariant measures y, with h,, (T) > h one
has that any weak* limit u, has at least % mass left. In this case, we again think

that this is sharp.



1.4 Measures with high local dimension

In the last chapter § 6 we study measures with high local dimension. The methods
developed in § 3 and § 5 yields the following.

Let G be either SL3(R) or as in (1.3.1) and I' be either SL3(Z) or as in (1.3.1),
respectively. Also, let o be the corresponding diagonal element as before. Let us

consider the following subgroups of G
Ut={geG:a"ga" = 1asn— —oo},

U ={geG:a"ga" - 1asn— oo},
C={ge€G:ga=ag}.

For a group G’ we define B%'(g) to be the open ball in G’ of radius ¢ > 0 centered
at g € G'. Let d be given and let us consider a probability measure v on X := I'\G
with the following property. For any § > 0 there exists ¢ > 0 such that for any € < ¢
one has

V(ng+Bg_C) < €47 for any 1 € (0,1) and for any z € X.

We say that v has dimension at least d in the unstable direction.
Here X < Z means that there exists a positive constant ¢ such that X < ¢Z. Also,
X <4 Z means that the constant ¢ depends on d.

Now, we consider the following sequence of measures i, defined by
1 n—1
n= — T v
=~ Z:; !

where T v is the push-forward of v under T°. In [EK] (see also § 6) we show the

following connection between dimension and escape of mass.



Theorem 1.8. Let X = SL3(Z)\ SL3(R). For a fized d € [0,2] let v be the probability
measure of dimension at least d and let p, be as above. Then the sequence of proba-
3

bility measures {pu,}32, satisfies that any weak® limit pu has at least (X)) > 3(d — 3)

mass left.

In particular, if d = 2 then the limit p is a probability measure. In this case with
a minor additional assumption on v one in fact obtains the equidistribution result,
that is, the limit measure p is the Haar measure [Sh].

Another application of Theorem 1.8 is that it gives the sharp upper bound for the
Hausdorff dimension of singular pairs. The exact calculation of Hausdorff dimension
of singular pairs was achieved in [Ch]. We say that r € R? is singular if for every

0 > 0 there exists Ny > 0 such that for any N > N; the inequality

J
lqr — pl| < iz

admits an integer solution for p € Z? and for ¢ € Z with 0 < ¢ < N. From
our results we obtain the precise upper bound that the set of singular pairs has
Hausdorff dimension at most %, which gives an independent proof of the upper bound
in [Ch]. Let x € SL3(Z)\ SL3(R). Then we say z is divergent if 7" (z) diverges in
SL3(Z)\ SL3(R). We recall (e.g. from [Ch]) that r is singular if and only if

1

xy = SL3(Z) 1

ry re 1
is divergent. An equivalent formulation® of the above Hausdorff dimension result (see
[Ch]) is that the set of divergent points in SL3(Z)\ SL3(R) has Hausdorff dimension

8—2=13+6.

'Roughly speaking the additional 6 dimensions corresponding to U~C are not as important as
the 2 directions in the unstable horospherical subgroup Ut. The latter is parametrized by the
unipotent matrix as in the definition of x,.



However, we can also strengthen this observation as follows. A weaker requirement
on points (giving rise to a larger set) would be divergence on average, which we define

as follows. A point z is divergent on average (under T) if the sequence of measures

| V-l
5 2 0@
n=0
converges to zero in the weak® topology, i.e. if the mass of the orbit — but not

necessarily the orbit itself — escapes to infinity.

Corollary 1.9. The Hausdorff dimension of the set of points that are divergent on

average 1s also % + 6.

We note that the nondivergence result [KLW, Theorem 3.3] is related to Theorem 1.8.
In fact, [KLW, Theorem 3.3| implies that p as in Theorem 1.8 is a probability measure
if v has additional regularity properties (v is assumed to be friendly). However, to
our knowledge these additional assumptions make it impossible to derive e.g. Corol-

lary 1.9.

Theorem 1.10. Let X = I'\G where G,T" are as in (1.3.1). For a fized d let v
be the probability measure of dimension at least d and let p,, be as above. Then the
sequence of probability measures (fin)n>1 Satisfies that any weak® limit . has at least

foo (X)) > % mass left.

In particular, if v has full dimension, that is if d = h, + 2h,, then the limit u. is a
probability measure. In this case again with a minor additional assumption on v one
in fact obtains the equidistribution result, that is, the limit measure pu., is the Haar

measure [Sh].

Corollary 1.11. The Hausdorff dimension of the points in X that lie on the forward

divergent trajectories w.r.t o is < 2A3hs 4 9(h, 4 21).



CHAPTER 2
PRELIMINARIES

2.1 The space of lattices and Mahler’s compactness criterion

In this section we will give a brief introduction to the space of unimodular lattices in

R™.

Definition 2.1. A C R” is a lattice if it is a discrete subgroup and has a compact

quotient R™/A.

Note that this is equivalent to saying that A = (v, v, ..., v,)z Where vy, vg, ..., v,

are linearly independent vectors over R.

Definition 2.2. A lattice A = (v1,vs,...,0,)z is said to be unimodular if it has
covolume equal to 1 where the covolume is the absolute value of the determinant of

the matrix with row vectors vy, vy, ..., Uy.

Let g € SL,(R) and let vy, vs,...,v, be its row vectors. We identify SL,(Z)g € X
with the unimodular lattice in R™ generated by vectors vy, vs,...,v,. In particular
SL,,(Z) corresponds to Z".

Let g,¢" € SL,(R) have row vectors vy, vs, ..., v, and wy, ws,...,w, respectively. If

g = hg where h € SL,(Z) then clearly

<U1,U2, Ce 7Un>Z = <w1,w2, Ce ,wn>z

10



and hence they correspond to the the same unimodular lattice in R".
Therefore, we can think of SL,(Z)\ SL, (R) as a space of unimodular lattices in R™.
Now we will state Mahler’s compactness criterion which motivates the definition of

the height function above.

Theorem 2.3 (Mahler’s compactness criterion). A closed subset K C SL,,(Z)\ SL,(R)
is compact if and only if there is a 6 > 0 such that no lattice in K contains a d-small

non-zero vector.

For the proof the reader can refer to [Ra, Cor. 10.9].

2.2 Riemannian metric on I'\G

Let G be a closed linear group and I' be a discrete subgroup of G. We fix a left-
invariant Riemannian metric dg on G and for any z; = g,z = T'gy € T\G we
define

dr\g (21, 22) = ilelﬁ da(g91,792)
which gives us a left-invariant Riemannian metric dp\¢ on I'\G. For more information
about the Riemannian metric, we refer to [Sa, Chp. 2].
For any subgroup H of G let BH(z) := {h € H|d(h,z) < r} and BH is understood
to be BH(1).

Lemma 2.4. For any x € T\G there is an injectivity radius r > 0 such that the map

g+ xg from BY — Bf\G(x) 18 an 1sometry.

Proof. Let x = T'h and let g1, go € BY, then we need
dra(Thgy,Thgs) = #Iel% da(hgr,vhg2) = da(g1, 92)-

Clearly
inf dg(hgy,vhgs) = inf dg(g1, h’lfyhgg) < dg(g1,g2) < 2r.
vel’ yel
11



Then, for v € ' by left-invariance and triangular inequality we have
da(e,h'vh) < dgle, g1) + da(g1, " vhge) + da(h™ ' yhga, h™'yh) < 4r.
But, h~'T'h is discrete since I' is. Thus for small enough r > 0 we get
dg(e,h"'yh) =0
and hence v must be e which gives the isometry

dr\G(T'hg1,Thgs) = da(g1, 92)-
]

Note that for G and I" we consider in this paper since X<, is compact (cf. Theo-
rem 2.3 and Lemma 5.2), we can choose r > 0 which is an injectivity radius for every

point in X<y,. In this case, r is called an injectivity radius of X<y;.

2.3 Metric entropy

In this section we will give the definition of (metric) entropy. It is also known as
measure theoretic entropy. For more information we refer to [Wa].

Let p be a T-invariant probability measure and let (X, B, i) be a probability space
where B is a Borel og-algebra. A partition of (X, B, 1) is a disjoint set of elements of
B whose union is X. For two partitions £ = {44, ..., 4;} and § = {By, ..., B,,} we can
define their join

First we define the entropy of a partition £ = {Ay, ..., A;} by

l

Hy(§) = =Y p(Ay) log p(Ay)

=1

12



with the convention 0log 0 = 0. We note here that the strict convexity of the function
zlogx for x > 0 implies that H,(§) < log|¢| where || is the number of partition
elements of €.

In the second step we define the entropy of T with respect to & by

n—1 n—1
1 » 1 »
W) =l My (VT €>=,}£&2n_1ﬂu< Vo 5)-

i=—n+1

This limit exists and in fact, the sequence decreases to h(T,¢). Finally, we define the
entropy of T by
hT) = sup (T, §)
§

where the supremum is taken over all finite partitions £ of X.

We also want to recall the definition of conditional entropy and one of its properties
that will be needed to prove Lemma 2.5 below. Conditional entropy is not necessary to
define the entropy as it is seen above. However, it is useful to derive many properties
of entropy. For any two partitions £ = {Ay,..., 4} and § = {By, ..., B} we define

the entropy of & given [ to be

H,(¢]B8) == (AN B))log (B

1]

where the j-terms omitted whenever ;(B;) = 0. Now it is easy to deduce that

Hu(f \ 5) = Hu(ﬁ) + Hu(g | 5) (2-3-1>

Let G be a closed linear group and I' be a lattice in GG, that is, a discrete subgroups
with finite covolume and let X = I'\G. Fix > 0 small enough so that Bf is an
injective image under the exponential map of a neighborhood of 0 in the Lie algebra.
Fix a diagonal element a € G and define a Bowen N-ball to be the translate x By for
some z € X of

N
By = ﬂ a_"BnGoz".
n=—N

13



Let T act on X as right multiplication by «. To obtain an upper estimate for entropy

we need the following lemma which goes back to [BK].

Lemma 2.5. Let p be a T-invariant measure on X. For any N > 1 and € > 0 let
BC(N,¢€) be the minimal number of Bowen N -balls needed to cover any subset of X

of measure bigger that 1 —e. Then

. .. log BC(N,e¢)
h,(T) < 11_{% thJo%f ——N

Proof. We will follow the proof given in [ELMV]. For any ¢ > 0, we claim that
there exists a partition £ = {Ao, 41, ..., A;} with the following properties. The only
unbounded element is Ag. The boundaries of partition elements are p-null sets and

there exists a constant C' > 0 such that
u(@AjBtG )< Ct

for any ¢ > 0. Finally, h,(T,&) > h,(T) — 0.

Since p is a probability measure there cannot be uncountably many disjoint sets in
X of positive measure. Thus, for any z € X, u(0B%(x)) = 0 for a.e. r. For any
v € X, f(r) := p(B%(z)) is a decreasing function of r and hence it is differentiable

a.e. If u(BY(x)) is differentiable at r then we have

| A(BE,(2)) = u(BE,(x)
t—0 2t

= ['(r).

Thus, u((0BY)BE) < C,t for sufficiently small ¢ > 0 where C,. = 2(|f'(r)| + 1).
Now, one can construct a fine partition with thin boundary as follows:

For any integer M > 1 let us cover the compact space X<j; with finitely many balls
BS%(z1),...,B%(x;) of radius r > 0 where 7 is chosen so that it is less than the
injectivity radius of X<js and each BY(z;) has thin boundary. Also, assume that
r < 1/M. Let Ay = B%(x;) and Aj,; = BS(z;41)\ U_, A; for j € {1,2,--- 1}

14



Finally we set A9 = X'\ Uézl A; C X<y Enlarging the constant C, we still have that
w(0A;BE) < C,t for any sufficiently small ¢ > 0. This gives a partition A(M) =
{Ao, A1, ..., Ai}. We have that except for Ay, diam(A;) < 2r < 1/M for all j and
Ao C Xon. Thus, \/q,_, A(M) = B where B is the Borel o-algebra. Inductively if
M' > M then we can assume that A(M) C A(M’). Thus, [Wa, Theorem 4.22] gives
that h(T) = limp—00 A(T, A(M)). Hence, for sufficiently large M > 1 the finite o-
algebra A(M) gives the partition £ with thin boundary such that h,(T, &) > h,(T)—6.
Let &V = \/jvzf ~ T7(€). We claim that except for a set of small measure (< N71),
for any € X the partition element in ¢V containing x also contains the modified

Bowen N-ball
N
yB;V =y ﬂ Oé_nBTIGN72Oén
n=—N
whenever x € yB). Assume that for some x € X there exist y,y’ such that = €
yB Ny By, but yh and y'h belong to different partition elements of £V for some

h,h' € Bly. Thus, there exists n € [N, N| such that yha™",y'h’a" belong different

partition elements of £. If we let x = yg = ¢’ for some g¢,¢" € B}y then

dyha ™, y'Wa™) = d(xg tha ™, 2(¢") " "'h'a™™) < d(a™(R')*g'g 'ha™, 1) < 4nN 2.

Thus, yha ", y'h'a™" € ((9Aj)Bg7N_2 for some A; € {. On the other hand,
d(za™™ yha ™) < d(a"h tga ™ 1) < 2N 2

so that za™ € (8Aj)BGGnN,2. Hence,
N I
re |J T J0A4)BE )
n=—N  j=0
and this set has measure less than (2N + 1)IC6nN 2 < N~! which proves the claim.

It is easy to see that By can be covered by < N* translates of Bj where N* depends

on G and «.
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log BC(N,e)

ov - Let € > 0 be given and let N > 1 be large

Now, fix f > lim_,oliminfy_
enough so that N~! < ¢ and BC(N,¢) < 2N/, Since at most ¥/ many Bowen
N-balls needed to cover 1 — e of the space, we need < N¥e?N/ many translates of B
to cover 1 — € of the space. Thus, the above discussion yields that 1 — 2¢ of the space
can be covered by < N*e?N/ many partition elements of £&. Now, we let A to be the

union of these partition elements and let us consider the partition § = {A, X\ A}.

Writing pp for the measure p restricted to D we have

Hﬂ(£N> = Hu(fN \% ﬁ) = Hu(ﬁ) + Hu(fN | 5)

= H,(5) = X (P A)log ETE - 5 (P (x\A) log
PegN

PegN
= Hﬂ(ﬁ) + /L<A)H;U«A (gN) + N(X\A>H#X\A(§N>'

p(P N (X\A))
p(X\A)

On the other hand, we know that H,(¢) < log (| for any partition ¢ of X. Thus,
H,(&Y) <log2+1log NN +2elog(1+1)*M ! < 2N f +1og 2+klog N +2¢(2N +1)I.
Letting N — oo we obtain

hu(T) =6 < h,(T,&) < f+ 2,

which completes the proof. O

2.4 Topological entropy and Variational principle

In this section we will briefly introduce topological entropy and its relation to metric
entropy which is called the Variational principle. For details and proofs we refer to
Chapter 7 and Chapter 8 of [Wa].

There are various definitions of topological entropy. Here, we will give the definition
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of topological entropy in terms of separated sets. Let (Y, dp) be a compact metric

space and let T : Y — Y be a continuous map. Define a new metric d,, on Y by

do(z,y) = max do(T'(z), T'(y)).

0<i<n—1

For a given € > 0 and a natural number n, we say that the couple z,y is (n,€)-
separated if d,(z,y) > € and we say that the set E is (n,€)-separated if any distinct
x,y € E is (n, €)-separated.

Now define s,(¢,Y’) to be the cardinality of the largest possible (n,€)-separated set
and let

1
s(e,Y) = limsup — log s, (¢, Y).

n—oo 1N

Finally, we define the topological entropy of T with respect to Y by

h(T) =lims(e, Y).

e—0

Here is the relation between the topological entropy and the metric entropy:

Theorem 2.6 (Variational principle). Topological entropy ht(Y) of a T-invariant
compact metric space Y is the supremum of metric entropies h,(Y) where supremum

15 taken over all T-invariant probability measures on the set Y .
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CHAPTER 3
THE DIAGONAL ACTION ON SL;(Z)\ SL3(R) AND
ESCAPE OF MASS

This chapter is joint work [EK] with my co-adviser M. Einsiedler. For this chapter
we let G = SL3(R),I" = SL3(Z) and X = I'\G with a right action T of the diagonal
element o = diag(e'/?,e'/? e71). Our goal for this chapter is to prove Theorem 1.3

and its Corollary 1.4. First, we will deduce Corollary 1.4 from Theorem 1.3.

Proof of Corollary 1.4. We need to approximate 1x_,, by functions of compact sup-

port. So, let f € C.(X) be such that

1 forze X<y
fla) =

0 forxe XZ(M—{-I)

and 0 < f(x) < 1 otherwise. This is possible by Urysohn’s Lemma. Hence,
/fd:ul > /1X<M d:ui = :ui(XSM) >c—2— €(M>
where (M) = O(2&2M) T ot ) be a weak® limit, then we have

log M
tin [ fd, = [ 1
1 —>00

and hence we deduce that

/fduzc—Z—e(M).
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Now, by definition of f we get [ fdp < p(X<(ar41y). Thus,
W X<mrr1)) = ¢ — 2 — e(M).
This is true for any M > M, so letting M — oo finally we have
wX)ze—-2
which completes the proof. n

The rest of the chapter is devoted to prove Theorem 1.3.

3.1 Sets of labeled marked times

Since the function ¢(z) = —logx is convex in (0,00) Jensen’s inequality gives that

for any partition £ of X one has

H(¢) < logl¢|

where || is the number of elements of €. Hence, to obtain upper estimates of entropy
it is useful to calculate the number of elements of partitions. In this section, we define
the sets of labeled marked times which corresponds to a particular partitioning of X
and we count the cardinality of this partition. By considering vectors and planes on
a lattice in X we first characterize when the forward trajectory of x is above height
M. However, we do not want to consider all vectors in z that are responsible for z
being of height M at some time moment. Rather whenever there are two linearly
independent primitive 1/M-short vectors, our strategy is to consider a plane in x that
contains both vectors. So, for a given lattice + we would like to associate a set of
labeled marked times in [N, N] which tells us when a vector or a plane is getting
resp. stops being 1/M-short. Considering all such possible marked times for lattices

in X<y we get a family My of sets of labeled marked times which will be defined
19



in § 3.1. This will give rise to a partition of X, which will be helpful in the main

estimates given in § 5.3.

Short lines and planes

Let u,v € R? be linearly independent. We recall that the covolume of the two-
dimensional lattice Zu + Zv in the plane Ru 4+ Rv equals |u A v|. Here, u A v =
(uy, uz, uz) A (v1, V2, v3) = (UgU3 — UzVa, U3V] — U V3, U Vs — Uy ). Below u,v € R3 will
always be such that Zu + Zv = x N (Ru 4+ Ro) for a lattice . In this case we call
Ru + Rv rational w.r.t. = and will call |u A v| the covolume of the plane Ru + Rv
w.r.t. x.

We also note that the action of T extends to A*R? via

T(uAv) = (ure? uge?? uge™) A (vi1e'? vpe/? vge™t)

= ((ugvs — ugva)e 2, (usvy — uyvs)e ™2, (uyvy — upvy)et). (3.1.1)

Let € > 0 be given. Fix x € X, a vector v in x is e-short at time n if | T"(v)| < e.
We say that a nontrivial subspace V' C R? (i.e. a line or a plane) is e-short at time n

(w.r.t. z) if T"(V) is rational w.r.t. T"(z) and its covolume is < e.

(Labeled) Marked Times

Now, for a positive number N and a lattice z € TV (X<) we explain which times
will be marked in [—N, N| and how they are labeled. The following lemma which is
special to SL3(Z)\ SL3(R) is crucial.

Lemma 3.1 (Minkowski). Let €1,e5 € (0,1) be given. If there are two linearly in-
dependent e1-short and es-short vectors in a unimodular lattice in x, then there is a

unique rational plane in x with covolume less than 1 which in fact is €1€5-short.
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If there are two different rational planes of covolumes €, and €3 in a unimodular
lattice x, then there is a unique primitive vector of length less than 1 which in fact s

€1€9-short.

The first part of the lemma follows quickly from the assumption that x is unimodular.
The second follows by considering the dual lattice to . We will use these facts to
mark and label certain times in an efficient manner so as to keep the total number of

configurations as low as possible.

Some observations

Let us explain how we will use Lemma 3.1. Assume that we have the following
situation: There are two linearly independent primitive vectors u, v in a unimodular
lattice such that

lu| < 1/M and | T(v)| < 1/M.

Let u = (uq, ug, ug). It is easy to see that

1/2
I T(w)] = [(¥2us, €2y, e ug)| < S
’ - M

Assume M > e'2. From Lemma 3.1 we have that the plane containing both
T(u), T(v) has covolume at most 61\14—/22 < < and it is unique with this property.
The similar situation arises when we have two different planes P, P’ which are rational

for a unimodular lattice such that
|P| < 1/M and |T(P’)| <1/M

where |- | means the covolume. Assume M > e. One can see that | T(P)| < ﬁ Thus,
we conclude from Lemma 3.1 that there is a unique vector of length at most ;7 S

contained in both planes T(P) and T(F’).
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Marked times
Let us consider a time interval V' = [a,b] C [-N, N] (for a,b € Z) with the following

properties:
(a) either a = —N (and so ht(T*(x)) < M) or a > —N and ht(T*"'(z)) < M,
(b) either b = N or ht(T%"!(x)) < M, and
(b) ht(T™(x)) > M for all n € V.

We first show how one should inductively pick the marked times for this interval V:
We will successively choose vectors and planes in x and mark the time instances with
particular labels when these vectors and planes get 1/M-short on V' and when they
become big again. At time a we know that there is either a unique plane or a unique
vector getting 1/M-short. Here, uniqueness of either follows from Lemma 3.1. If we
have both a unique 1/M-short plane and vector then we consider whichever stays
1/M-short longer (say with preference to vectors if again this gives no decision).
Assume that we have a unique plane. The case where we start with a unique vector
is similar. Mark a by p; which is the time when the plane is getting 1/M-short, and
also mark by p) the last time in [a, b] when the same plane is still 1/M-short. If pj = b
we stop marking. If not, then there is again by Lemma 3.1 a unique 1/M-short plane
or vector at pj + 1. If it is a 1/M-short plane then at time p} + 1 we must have a
unique 1/M-short vector by the discussions in § 3.1. In either case, we have a unique
1/M-short vector at time pj + 1. Let us mark by /; the instance in [a,p] + 1] when
this vector is getting 1/M-short. Also, mark the last time in [p} + 1, b] by [} for which
this vector is still 1/M-short. If I} = b we stop, otherwise at time [} + 1 there must be
a unique 1/M-short plane or vector. If it is a short vector then we know that there
must be a unique plane of covolume at most 1/M by the discussions in § 3.1. So, in

either case there is a unique 1/M-short plane at time [ + 1. So, there is an instance
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in [a,l] + 1] which we mark by p, when for the first time this plane is 1/M-short.
Also, mark the instance in [[{ + 1, b] by p, when the plane is 1/M-short the last time.
If p, = b we stop here, otherwise we repeat the arguments above and keep marking

!/

the time instances in V' by [;, [;

, pj, p; until we hit time b.

Given a positive number N and a lattice z € T (X<,;) we first consider the disjoint
intervals V; of maximum length with the property as V above. Now start labeling
some elements of the sets V; as explained earlier starting with V; and continuing with

!/

V, ete. always increasing the indices of I;, I}, p;, pl.

For any lattice x as above we construct in this way a set of labeled marked times in

[—N, N]. We denote this set by
N(z) = Nievw(@) = (£,L1, P, P').

Here £, L',P, P’ are subsets in [—N, N| that contain all the labeled marked points

li, 1}, pj, p; for  respectively. Finally, we let
My ={N(z) : z € X}

be the family of all sets of labeled marked times on the interval [—N, N].

The Estimates
Lemma 3.2 (Noninclusion of marked intervals). Let (£, L', P,P') € My be given.

For any q in L or in P there is no r in L orin P with ¢ <r <r' <{’.

Proof. We have four cases to consider. Let us start with the case that r = p;, 7’ = p!
and q = p;,q' = pj (where j > i as it is in our construction only possible for a later
marked interval ¢, ¢'] to contain an earlier one). However, by construction the plane
P, that is 1/M-short at that time we introduce the marked interval [p;, p;] (which is
either the beginning of the interval V' or is the time the earlier short vector stops

to be short) is the unique short plane at that time. Hence, it is impossible to have
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the stated inclusion as the plane P; (responsible for [p;, p}]) would otherwise also be
short at that time. The case of two lines is completely similar.

Consider now the case ¢ = p; € Pand r =1[; € L with p; <[; <[] < p;.. Ifl,; =a
(and so also l; = p; = a) is the left end point of interval V' = [a, b] in the construction,
then we would have marked either [;, I} or p;, p; but not both as we agreed to start
by marking the end points of the longer interval (if there is a choice). Hence, we may
assume [; > a and that times [;, [} have been introduced after consideration of a plane
with marked times py, p). satisfying ; < pp+1 <[, in particular j # k. We now treat
two cases depending on whether py > [; or not. If py > [; then p; < p, < p) < i
which is impossible by the first case. So, assume p;, < [; then we have two different
planes that are 1/M-short at time [;. This implies that the vector responsible for
the interval [l;, /] is 1/M?-short by Lemma 3.1. However, this shows that the same
vector is also 1/M-short at time [; — 1 for M > e, which contradicts the choice of I;.

The case of ¢ =, € £ and r = p; € P is similar. n

We would like to know that the cardinality of My can be made small (important

in Lemma 2.5) with M large. In other words, for M large we would like to say that

log #Mn
2N

limy o0 can be made close to zero. The proof is based on the geometric facts

in Lemma 3.1.

Let N = (L, L,P,P') € My and let £ = {l,ls,...,1,,} and P = {p1,pa, ..., pn} be as
in the construction of marked times. It is clear from the construction that I} < I},
for I;,1;,, € £'. Thus from Lemma 3.2 we conclude that /; < [;;;. Hence we have

L={l <l <..<l,} Similarly, we must have P = {p; < p; < ... <p,}. In fact,

we have the following.

Lemma 3.3 (Separation of intervals). For any ¢ = 1,2,....m — 1 and for any j =
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1,2,....n—1 we have
liJrl —1; > UOg MJ and Dj+1 — Pj > UOg MJ

Also,

)

ligy —1; > |log M| and p);,, — p} > |log M.

Proof. For 1/M-short vectors in R3, considering their forward trajectories under the
action of diagonal flow (e*/2, €2 e?), we would like to know the minimum possible
amount of time needed for the vector to reach size > 1. Let v = (vy,v9,v3) be a
vector of size < 1/M which is of size > 1 at time ¢ > 0. We have

6t

1 <ovfe' +vie’ +vie? < (v7 4+ 03 +v3)e’ < —.

So, we have

t > log M?.

Hence, it takes more than 2|log M | steps for the vector to reach size > 1. Similarly,
for a vector v = (vq, vg, v3) of size > 1, we calculate a lower bound for the time ¢t > 0

when its trajectory reaches size < 1/M. We have

1
ik viel +viel +vie H > (v + i +vi)e 2 > e

So, we must have t > log M and hence it takes at least ¢t = |log M| steps for the
vector to have size < 1/M.

Now, assume that [;;1 —{; < [log M |. Let u, v be the vectors in x that are responsible
for I;,1;41 respectively. That is, u,v are 1/M-short at times l;,[;;1 respectively but

not before. Then the above arguments imply that
| T%(v)| < 1 and | Th+(u)| < 1

so the plane P containing both w and v is 1/M-short at times I; and [;;1. Thus, it

is 1/M-short in [l;,1;11] (and so l;,l;+1 are constructed using the same V). From our
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construction we know that I/ </, ;. By Lemma 3.1 the same plane P is 1/M?-short
on [l;, )N {lit1, U4 ] = [lix1,1}]. Hence, P is also 1/M?-short at time I;+1 (for M > e)
which shows that it is the unique plane that is used to mark points, say p, pj,, after
marking l;,I;. Therefore, p, <1I; <1} < p; which is a contradiction to Lemma 3.2.

The proof of the remaining three cases are very similar to the arguments above and

are left to the reader. O

Let us consider the marked points of £ in a subinterval of length |log M | then there
could be at most 1 of them. Varying z while restricting ourselves to this interval of
length |log M| we see that the number of possibilities to set the marked points in

this interval is no more than |log M| + 1. For M large, say M > ¢*, we have
= [logM| +1< [log M|"%.

Therefore, there are

2.5N log|log M |

< |log M | 125(| gy |+ <y e log ]

possible ways of choosing labeled marked points for £ in [—N, N]. The same is true

for £, P,P’. Thus we have shown the following.

Lemma 3.4 (Estimate of My). For M > e* we have

10N log|log M |

#MN <<M€ log M |

Configurations

Before we end this section, we need to point out another technical detail. For our
purposes, we want to study a partition element in X<, corresponding to a particular
set of labeled marked times. Since X<js is compact, it is sufficient for us to study

an n-neighborhood of some xg in this partition. These are the close-by lattices which
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have the same set of labeled marked times. By knowing that xy and x share the same
set of labeled marked times, that is N (z) = N (z), we want to get some restrictions
on the position of possible z’s in the n-neighborhood of x (see §3.2). However, just
knowing that N (zo) = N(x) will not be sufficient for the later argument. Hence,
we need to calculate how many possible ways (in terms of vectors and planes) we
can have the same labeled marked times. For this purpose, we consider the following

configurations.

Vectors

Let [ be a marked time in £ € N (zg). Let vy be the vector in xq that is responsible for
[ in the construction of marked times for zy. Let y = T'"!(x) be in Tl_l(xO)BSL3(R)
with NV (z) = N (x) and v in x that is responsible for [ in the construction of marked
times for . Let v’ € xy be such that T'"*(v')g = T (v) for some g € B§L3(R) with

y = T (z0)g. We want to know how many choices for v’ are realized by the various

choices of = as above.

Lemma 3.5. Let N (xg) be given. Also, let | € L and vy € xq that is responsible
for 1. Let x be such that N'(z) = N(x0) and T (z) = T Y(zo)g for g € By,
Assume also that v € x is responsible for .

If 1 is the left end point of the interval V' then we must have T (v) = £ T (vg)g.
Otherwise, there are p € P and p' € P" with p <1 —1 < p'. In this case, there are
at most < min{e® =1 el=P)/2} primitive vectors w' in xq¢ for which we might have

Tlfl(v) — Tlfl(w/)g‘

Proof. To simplify the notation below we set wy = T (vy) € T (xg), w =
T (v) € y, and w' = T (V') = wg € T (o).

We have



and so

'] < |w' = w| + [w]
< |wlllg™ = 1| + |w]

<e(1+2n)/M.

Also,
'] 2 Jw| — Jw —w'|
> (1—2n)/M.
Together
1 ;4277 < | < 6(1;\}277)‘ (3.1.2)

Assume first that [ = a is the left end point of the interval V' = [a,b] in the con-
struction of marked times. In this case, w’ and wy lie in the same line in R3?. Oth-
erwise, if they were linearly independent then the plane containing both would be
e*(1 + 2n)/M?-short by Lemma 3.1. For M > 3e? this is a contradiction to the
assumption that [ = a. Since we only consider primitive vectors we only have the
choice of w' = Fwy.

Now, assume that [ is not the left end point of the interval V. Then, there is a plane

P in z( associated to p,p" with p <1 —1 < p’ such that

| TP~Y(P)| > 1/M and | TP *Y(P)| > 1/M

| T*(P)| < 1/M for k € [p,p/].

Let us calculate how many possibilities there are for w’ € T'"!(x,). By (3.1.2) w' is
in the plane T""*(P) of covolume < 1 w.r.t. T'"*(x) since T""!(x) is unimodular.
Since
L TP (P) and & < | TFY(P)|
M M — ’
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we get

o (P —142)  o—(1-p)/2 i
-
max{ S S < T

(see § 3.1 for the action of T on planes). We note that the ball of radius  contains at
most < max{%, 1} primitive vectors of a lattice in R? of covolume A. This follows
since in the case of r being smaller than the second successive minima we have at
most 2 primitive vectors, and if r is bigger, then area considerations give < % many

lattice points in the r-ball.

We apply this for A = | T"(P)| > max {64,7]/\;[“2), ef(l]\}pw} and 7 = W20 where
r? 1+ 2n)2%e?/M? ) /
Z - ( e—(p’f}zz&) i—(l—p)/2 < mln{e(p _l)u e(l—p)/2}7
e {1
which proves the lemma. O
Planes

Let p be a marked time in P € N(x). Let By be a plane in TP7!(xy) that is
responsible for p in the construction of marked times for 9. Let y = T'"!(z) be
in T (20)By™™ with N(z) = M(zo) and P in x that is responsible for [ in the
construction of marked times for . Let P’ be a plane that is rational w.r.t. zy such
that TP~ (P")g = TP?"*(P) for some g € B ®) with y = T (20)g. We want to
know how many choices for P’ are realized by the various choices of = as above. We

have two cases.

Lemma 3.6. Let N(xg) be given. Also, let p € L and Py € xqg that is responsible
for p. Let x be such that N'(z) = N(xo) and T~ (z) = T' (xo)g for g € By*®.
Assume also that P w.r.t. x that is responsible for p.

If p is the left end point of the interval V then we must have TP~ (P) = TP~1(Fy)g.

Otherwise, there are | € P and I' € P with | < p—1 < [l'. In this case, there are
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at most < min{e'=P/2 P~} rational planes P’ w.r.t. xo for which we might have

TP H(P) = TP 1(P')g.

Proof. Assume first that p = a is the left end point of the interval V' = [a, ] in the
construction of marked times. Arguing as above we can show that in this case there
is no choice.

Now, assume that p is not the left end point of V. Then, there is a vector v in xg

associated to marked times [,!” with [ < p — 1 <[’ such that

| T | > 1/M and ]Tl,“(v)] >1/M

| T"(v)| < 1/M for k € [I,1].
On the space /\2 R3, vectors correspond to planes in R? and planes correspond to
vectors in R®. Hence, we can reduce the current case to the case of a vector followed by

a plane. However, we have a different action on A\°R? (see § 3.1). Similar arguments

as above show that there are
< min{el' 7P)/2 P~y

possibilities for P’. O

3.2 Main Proposition and Restrictions

We recall the Bowen N-balls defined earlier. Let B,SiLg(R)(l) be a ball in SL3(R) of
radius 7 with center at 1. Fix n > 0 small enough so that B,S,L3(R)(1) is an injective
image under the exponential map of a neighborhood of 0 in the Lie algebra. Recall

that a Bowen N-ball is the translate x By for some x € X of

N
By = ﬂ O[_nBSL?’(R)Oén.
n=—N
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Fix a height M > 1. Let N > 1 and consider N = N (zy) € My. Let V be the
subset (not necessarily an interval) of [—=N, N| such that for any n € [-N,N|, n € V
if and only if there is a 1/M-short plane or a 1/M-short vector at time n. Define the

set
ZWN) = {z € T"(X<m) | N(2) = N}
Now, we state the main proposition.

Proposition 3.7. There exists a constant c¢g > 0, independent of M, such that the

2N
set Z(N) can be covered by <y eSN=IVIei ™ Bowen N-balls.

In the proof of the main Theorem 1.3 we will consider

lim log #Z(N)
N—oo 2N ’

18N

5™ can be made small for M large since

Thus, in this limit, the term arising from ¢,
co does not depend on M. So, our main consideration is the eSV~IVI factor. On the
other hand, it is easy to see that the set Z(N') can be covered by < €5 many Bowen
N-balls. But this does not give any meaningful conclusion. Therefore, e~IVl is the
factor appearing in Proposition 3.7 that leads to the conclusion of the main Theorem
1.3.

In proving Proposition 3.7, we will make use of the lemmas below which give the

restrictions needed in order to get the drop in the number of Bowen N-balls to cover

the set Z(N).

Restrictions of perturbations

Perturbations of vectors

Let v = (v1, ve,v3) be a vector in R3.

Lemma 3.8. For a vector v of size > 1/M, if its trajectory stays 1/M-short in the
time interval [1,S] then we must have U%U%U% < 2e 5.
3
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Proof. By assumption we have
1
V2 4 vs 4 U?Q) > e > vfes + v%es + v%e_gs.
This simplifies to
v2(1— e ) > (v2 +v3)(e® —1).

Hence, v # 0 and we have

2 2 —25
vi T eS—1 eS-1

]

We would like to get restrictions for the vectors which are close to the vector v and
whose trajectories behave as v on the time interval [0, .S] . So, let u = (uy, us, u3) be
a vector in R? with u = vg for some g € BSL3(R) such that |u| > 1/M and that its

forward trajectory stays 1/M-short in the time interval [1,S].

1

Let us first assume g = 1 € Bg " so that
—t; —ty 1
1
(U1 U9 U3>:(U1 Vo ’U3) 1
—t; —ty 1
From Lemma 3.8 we know that u%;;u% < 2e7%. So,
3
_ t 2 o t 2
(v1 — vst1)® + (v2 — vsta) <205

v3
We are interested in possible restrictions on ¢;’s since they belong to the unsta-
ble horospherical subgroup of SL3(R) under conjugation by a = diag(e'/?, /2, e71).
Simplifying the left hand side, we obtain

U1 2 U2 2 -S
— —1 — —1 <2 )
(U3 1) +(U3 2) e
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2 2
We also know Z—é + Z—% < 2e79. Together with the triangular inequality, we get
3 3

2412 < (V2e=5 4+ V2e5)* = 8¢5,

In general, we have

In this case, we still claim that

Let
w = ( wp Wo Ws )
so that
U=vg=w
We observe

ai; Q12 a3
A1 Q22 Q23

0 0 ass

-S
]+ 15 < 8e°.

T9(u) = T (w)

SL3(R
e BI=®)(1).

1
(Ul (%) Ug) 1
-t —ty 1

ail aiz Aais
a21 A2z A3
0 0 ass

—35/2

a1; aiz ai13€ /

—35/2

Q21 Qg2 G23€ /

0 0 as3

(3.2.1)

so that TS (u) € T%(w)By=™ (1) and | T ()= T5 (w)| < 2| T (u)|. Hence, | T (u)| <

1/M implies

| T (w)] < [TH(u)] + | T%(u) — T%(w)]

On the other hand, since g € B§L3(R) we have

jw] > fu] = |u—w| >

1—-29
M
33

1+2n
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Together we get
jw| | T(w)]
1—-2n" 1+2n°

Now, arguing as in the proof of Lemma 3.8, for sufficiently small n > 0, we obtain

Hence, we are in the previous case with u replaced by w. So, we have t? + 2 < 8¢~

which proves the claim. We have shown the following.

Lemma 3.9. Let v,u be vectors in R® with sizes > 1/M whose trajectories in [1, S]
stay 1/M-short. Assume that u = vg with g € BSL3(R)(1) and that the notation is as
in (3.2.1). Then

12412 < 8",

Lemma 3.10. Consider the ball 12 + 12 < 8¢5 on [—2n,2n]? and let us divide

=35'/2  Then there exists a constant

[—2n,2n]* into small squares of side length ine
c > 0, independent of M, so that there are < max{l,eSS/*S} small squares that

intersect with the ball t3 + 13 < 8™,

Proof. Note that t? +t2 < 8¢~ defines a ball with diameter 2v/8e~%/2. If %77@*35'/2 >
24/8¢75/2 then there are 4 squares that intersects the ball. Otherwise (which makes

35" — S bounded below), there can be at most < % = €359 small squares

that intersect with the given ball. O]

What Lemma 3.9 and Lemma 3.10 say is the following:

Consider a neighborhood O = a:oBg/;Bg/;C of X where as before UT, U, and C are

unstable, stable, and centralizer subgroups of SL3(R) with respect to «, respectively.
If we partition the square of length 27 in Bf]]/;(l) into small squares of side lengths

ne=3%'/2 then we have < (77523—775’/2]2 < [€*%'/?]? many elements in this partition.

Now, assume that there is a vector v € xy with |v| > 1/M that stays 1/M-short in
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[1,5] and consider a set of lattices z = zog in O with the property that the vector
w = vg in = behaves as v in [0,S]. Then the above two lemmas say that this set is

S'—S

contained in < ¢ye? many partition elements (small squares). Hence, in the proof

¢*%'/2]2 many Bowen balls we will only consider

of Proposition 3.7, instead of < ¢qf

S'—S

< ¢pe? many of them and this (together with the case below) will give us the

drop in the exponent as appeared in Proposition 3.7.

Perturbations of planes

Assume that for a lattice x € X there is a plane P with
|P| > 1/M and | T*(P)| < 1/M for k € [1,5].
Let u, v be generators of P with |P| = |u A v|. So we have
lu Aol > 1/M > | T%(uAv)).

Thus, substituting a = ugvg — uzve, b = uzvy — ugvs, ¢ = ugvy — ugvy (cf. 3.1.1) we
obtain

a?+ 0+ >a%e S+ e + 62625,

which gives

2 -S -8
c l—e 1—e 1
—e ¥ =P <

a?+b2 — e285 -1 1—e25 1+e%

Assume 2’ = zg for some g € BSLB(R). For now, let us assume that

1 ty 1
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Let u/,v" € 2’ be such that

1
!/ / / /
= = 1
v’ vy vy g vl Vg U3
ty to 1

U1 + t1U3 Ug + tng us

vy +tivg vy +1lavg U3
We let a' = uhvl — ufvl, = (ug + taug)vs — ug(ve + tavs) and hence o’ = a. Similarly,
b = ujv) — ujvl = b and let

¢ = ujvh —ujv| =

(u1 —+ t1U3)(U2 + t2U3) — (Ug + t2U3)(U1 -+ tlvg) = C— at1 — btg.

Now, assume that

|’ Av'| > 1/M and | T*(u' AV)| < 1/M for k € [1, 5]
which by the above implies

? (c — aty — bty)?

—28
a/2—|—b’2_ a2 + b2 <e€ :

For a general g € BSL3(R) we would like to obtain a similar equation. Let us write g

as

g 912 Gi3
9= 1 921 G22 Gz |- (3.2.2)
1 2 1 0 0 g3
Then we have
1 Jgin 912 91367%1
T(2') = THxg) =T' | 2 1 5l

g21  g22 9236’7‘E
t1 ty 1 0 O
36
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Hence the forward trajectories of 2’ and x 1 stay < n close. Thus, we

t1 tp 1
have
(C — at1 — bt2)2

—28
e 4.
a? + b2 <

From the triangular inequality we obtain

(aty + bts)?

a? + b2 <™

Let C' > 0 be the constant that appeared in the last inequality.

Lemma 3.11. Let P, P' be planes in R3 with covolume > 1/M whose trajectories in

[1,S] stay 1/M-short and assume that P’ = Pg for some g € BSL?’(R), then for some

a,b (dependent on P) we must have in the notation of (3.2.2) that

(aty + bts)? iy

Tare =9
We note that the inequality above describes a neighborhood of the line in R? defined
by the normal vector (a,b) of width 2v/Ce=*.

Lemma 3.12. Consider the set defined by % < Ce % on [—2n,2n)* and let

us divide [—2n,2n]? into small squares of side length %ne*?’sl/? Then there are <

35'/2 38" (at1+btg)? —28
/ , € S CG .

a?+4-b?

max{e —5Y small squares that intersect with the region

Proof. The type of estimate depends on whether the side length %776_35// 2 of the
squares is smaller or bigger than the width 2v/Ce™* of the neighborhood. We need

to calculate the length and the area of the region R given by

lat, + bty < \/C(a? + b2)e™

restricted to [—27, 2n]2. As mentioned earlier, the inequality above describes a VCe 5-
neighborhood of the line at; + bty = 0. The length of the segment of this line in

[—2n, 2n)? is at most 44/2n, so that the area of R is < 4v/2Cne5.
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If VCe S < %776735//2 then there are < —i— = ¢35'/2 many intersections. Other-

ne—35'/2

wise, there are at most

\/5675 ’
< e <O

S

small squares that intersect the region R. [

Proof of Main Proposition

Proof of Proposition 3.7. By taking the images under a positive power of T it suffices
to consider forward trajectories and the following reformulated problem:

Let V C [0, N — 1] and x¢ € X< be such that
n € V if and only if T"(xy) € X

Also let N' = Njg ny_1)(z0) be the marked times for zy (defined similarly to N_n n
as in § 3.1).
We claim that

Zty = € Xanr s Now-y (@) = N}

9N
can be covered by < €3NVl ™ forward Bowen N-balls 2B}, defined by

N-1
B, = ﬂ a”BSL3(R)a_".
n=0

Since X<js is compact and since we allow the implicit constant above to depend on

M it suffices to prove the following:

1 1 *
As before let Ut = 1 and U~ = 1 x be unstable and sta-
x % 1 1

ble horospherical subgroups of SL3(R) under the conjugation by « respectively, and
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let C =1 % « be the centralizer of a in SL3(R). Given zy € X<y and a

neighborhood

O—.CC()D B

n/2 n/2
of xy, where Df{/; is the n/2-neighborhood of 1 in U" (identified with R?) w.r.t.

maximum norm. Then we claim that the set
Z5={x € 0: Non_y(z) =N}

IN
can be covered by < 3N ~IVIei**™ forward Bowen N-balls.
If we apply T" to O we get a neighborhood of T"(zg) for which the UT-part is
stretched by the factor €2, while the second part is still in BU/;C. By breaking

the U*t-part into [e¢*/2]? sets of the form u+DU for various u; € U we can write

T"(0) as a union of [¢*"/2]2 sets of the form
n + -n n
T"(zo)ut D}y (1)a™" By, o

Hence we got similar neighborhoods as before. If we take the pre-image under T" of

this set, we obtain the set
T"(T™(zo)u™)a" Dn/2a_an/2 (1).

Notice that T "(T"(z¢)u™)a™D /Qa*"BnU/QC(l) is contained in the forward Bowen
n-ball T"(T"(zo)u; ) B,". Indeed we may assume D, C B, and so for 0 < k < n we

have
a "Dn/Qa Mot C a” an/QOé (n—k) _an/z of C BU/QB,[]]/;C - B§L3(R).

We would like to reduce the number of u;’s, so that we do not have to use all [¢*"/2]?

forward Bowen n-balls to cover the set Z 25.
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We can decompose V' into disjoint intervals V;’s where j € {1,2,...,m} with m as
small as possible. We note here that m < |£]|+ |P] so that from Lemma 3.3 we obtain

N
<—+1 2.
m < [Tog M] + (3.2.3)

Now, write [0, N — 1]\ V = W; U W, U ... U W, where W;’s are maximal intervals. A
bound similar to (3.2.3) also holds for I.

We will consider intervals V; and W; in their respective order in [0, N — 1]. At each
stage we will divide any of the sets obtained earlier into [e3Vil/2]2- or [e3IWil/2]2
many sets, and in the case of V; show that we do not have to keep all of them. We
inductively prove the following:

For K < N such that [0, K] = Vi UVL,U ..UV, UW, UW,yU...U W, the set ZJ

IVil+.+|Vnl /
K o—(IVi[+.+|Va logaf]  TAn+n

4
can be covered by < €3 Ve, many pre-images under T

of sets of the form

TK(:EO)UJ“D,IIJ/ZQ_KB%;C(}K

[V |+ +[Vn| +dn+4n'

4
and hence can be covered by < e3Ke=(Vil+tlVal)e - Dot many forward
Bowen K-balls. When K = N we obtain the proposition.

For the inductive step, if the next interval is W, ., then after dividing the set

TK(xo)quDg/J;ofKBg/;CaK into [e*Wn+11/2]2 < 4€3War1l many sets of the form

K+\W, 1 4] + Ut  —K—|W, ., | pUC K+|\W, 14|
T i (zo)u™ D, jpor WHlB, T (1o n'+1

we just consider all of them, and hence have that Z/, can be covered by

Vil+...+Vnl ’
<<€3<K+\Wn/+1\)67(|v1\+...+\vn|>c‘0‘ loghr]  TAntni+l

many forward Bowen K + |W,,/,1|-balls (assuming co > 4).
So, assume that the next time interval is V,,11 = [K + 1, K + R]. Pick one of the sets
obtained in an earlier step and denote it by
+ _ —
Y = T"(zo)u’ Dy na Bl “aX.
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We are interested in lattices  in Y N X<, such that
No.r (@) = No.r(T" (o)) = {L, L', P, P'}.

We have

L={l<lh<..<l} L={<l<..<l}

and
P={p1<pa<..<pp} P ={p<py<..<pu}

for some k, k" > 0. Without loss of generality we can assume that K +1 = [;. We

note that
K+1=L< P < I, < P2 < ... < min{lk,pk/} < max{lk,pk/}.

This easily follows from the construction of labeled marked times together with

Lemma 3.2. So, we can divide the interval V,,,; into subintervals

[, 1], [Py L), -, [(min{ Uy, p }, max{ly, pi }], (max{ly, pr }, K + R].

We consider each of the (overlapping) intervals in their respective order.

Let us define ¢y to be the maximum of the implicit constants that appeared in the
conclusions of Lemma 3.5, Lemma 3.6, Lemma 3.10, and Lemma 3.12.

We would like to apply Lemma 3.10 and Lemma 3.12 to obtain a smaller number of
forward Bowen K + |V,,;1|-balls to cover the set Y. Assume for example that there
is a vector v in a lattice x that is getting 1/M-short and staying short in some time
interval, also assume that there is a vector w in a lattice g for some g € B,S,Ls(R)
which behaves the same as v. However, we can apply Lemma 3.10 only if we know
that w = xg. Thus, it is necessary to know how many vectors w’ there are in z for

which u = w'g for some g. This is handled by Lemma 3.5. Similar situation arises

when we want to apply Lemma 3.12, and this case we first need to use Lemma 3.6.
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Let us start with the interval [I;, p;]. Let us divide the set Y N X<, into [e3P1—1)/2]2
small sets by partitioning the set Dg/; in the definition of Y as we did before. Since
[1 is the left end point of V,, .1 we see that the assumptions of Lemma 3.9 are satisfied
in the sense that if there is a lattice T ~(zy)g which has the the same set of marked
points as T (z¢) for some g € B§L3(R), then there are unique vectors v € T" ! ()
and u = vg € T""*(xy)g which are of size < 1/M and stay 1/M-short in [y, 11]. (cf.
Lemma 3.5). Now, from Lemma 3.9 and Lemma 3.10 with " = p; —{; and S =1} —1[;

we see that we only need to consider
< ¢omax{1, e3P ===y —. N (3.2.4)

of these [e3(P1=1)/2]2 sets (see the discussion at the end of § 3.2). Thus, we obtain
sets of the form

™ (xo)quD;]/;a’pl E

Now, let us consider the next interval [p;,l]. Divide the sets obtained earlier into
[e3(2=P1)/2]2 subsets for which the U*-component is of the from u+Dg,§<12,m>/2n/2.
We would like to apply Lemma 3.12. However, Lemma 3.12 concerns itself with the
restrictions on ¢ arising from common behaviors of two planes P, P’ = Pg and we
only know the common behavior of the lattices. Moreover, if Py (resp. P) is the
plane that is rational w.r.t. TP (xg) (resp. TP'(z¢)g) which is responsible for the
marking of [py, p}] then we do not necessarily know that P = Fyg. On the other
hand, we see from Lemma 3.6 that there are < cymin{e1=P1)/2 er1=l1} choices of
planes P’ that are rational w.r.t. T?'(x) for which we could possibly have P = P'g.
For each choice we can apply Lemma 3.12 with S = [y — p; and S = p| — p;. Thus,

for each choice we need to consider only < ¢y max{e3(27P1)/2 3(l2=P)=(Fi=P1)Y of the

[¢3(2=P1)/2]2 subsets. Thus, in total, we need to consider only

< @ min{e17PV/2 ep1=hy max{e3lap)/2 Slamp)=(i-p)1 —: N, (3.2.5)
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of these subsets.

Taking the images of these sets under T%™?' we obtain sets of the form
! Ut~y pU—C 1
T (wo)u" D, jpa 2By 15" a2,

Now, let us consider the interval [l3, po] and let us divide the sets obtained earlier into

[e3(P2=12)/2]2 subsets of the form
Tpg(xo)quD,(?]/ga_mBg/;Cam.

From Lemma 3.5 we know that there are < comin{e?i~'2 e2=P)/2} many config-
urations and for each of them we can apply Lemma 3.10 with S’ = p, — [y and
S = 1% — ly. So, for each configuration we need only < cymax{1,e3P2—l2)=(2=l2)}

many of the subsets. Thus, we need
< @ min{en ™2 e2mP)/2y max {1, PP2-l2) =)} —. N, (3.2.6)

many of these subsets. Continuing in this way at the end of the inductive step we
consider the interval [max{ly, px'}, K + R|. Assume that max{ly,pr} = l; so that
. = K+ Rand k' = k — 1 (the other case is similar and left to the reader). We have
the sets of the form

Tl (xo)u+D;]/+2a_l’f B,[]]/;Cozlk

that are obtained in the previous step. Let us divide them into [e3(x~)/2]2 small
sets. By Lemma 3.5 we have < ¢ min{ep;c—flk,e(lk_pkfl)/z} configurations and for

each we apply Lemma 3.10 with S” = S = [}, — [;. Hence, we need to consider only
< cg min{ep;_lflk’ e(lk*pk—l)/Q}63(%*107(%*%) =: Nop_4 (3.2.7)
of them. Thus, in the inductive step we divided the sets obtained earlier into

(63(101—51)/2]2 [63(12_“)/212 ... [63(12—%)/212
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many parts and deduced that we only need to take
< NyNyN3 -+ Nogp_q (3.2.8)
many of them where each set is of the form
TK+R(a:o)uJ“Dg/;a_K_RBg/;CaK*R.

On the other hand, let us multiply the max term of (3.2.4) with the min term of
(3.2.5) to get

max{1, e3P ===t pip fei=p/2 ep1=hy

If max{1, e3P -)-ti-1)} — 3i-l)=(i=h) then clearly the multiplication above is
< 3Pp=l)=(-l)i—-p1)/2 < e2(p1—l) Otherwise, it is < e, Thus, in either case
we have

< e2m—h),
Similarly, let us multiply the max term of (3.2.5) with the min term of (3.2.6)
max{eg(lrpl)/Q, 63(127101)*(10’1*101)} min{epll’b, e(lzfm)/?}'
If max{e3(2=P1)/2 e3lz=p1)=(Pi=p1)} — ¢3(2=P1)=(P1=P1) then the above multiplication is
< edle—p)=(Pi—p)epi—l — 2(2=p1)  Otherwise, it is
< Map)/24l-p)/2 _ 20a-p1).
Hence, in either case we have that the product is < e2(2=71),

We continue in this way until we have considered all max and min terms. Thus, we

obtain that

NiNyNy - -« Nog_y < k2=t 2z=pn) L o2pkr—le1) 2 —lk)

— Cé’Ce?(m—l1)+2(lz—p1)+~~~+2(l;€—lk)

_ cé‘kezw"“'

44



We know that k is the number of elements of L restricted to the interval V,,;;. From

Lemma 3.3 we have that £ < L|lvn+l|J + 1. Therefore, for the inductive step K + |V;,41],

we get that the set Z5 (V') can be covered by

Vil+...+[Vnl ’ Vi1l
4L n g 404
< 63K€—(\V1|+~~~+|Vn|)co logar]  +4ntm 62\Vn+1\ Tlog M] T

Vilt-+1Vpial /
3K+ Vi) g = (Vi Vit | Mognr] — T4(n+L)+n

_ )
=e o

many forward Bowen K + |V,;|-balls.

Hence, letting K = N together with (3.2. 3) we see that the set Z(V) can be cov-

_AvV

+
ered by < e3N-IVig et o 7 < e3N- ‘V|c“°gMJ many forward Bowen N-balls. Now,

replacing ¢ by ¢y we obtain the proposition. O

3.3 Proof of Theorem 1.3

Now we are in a position to prove Theorem 1.3. We will use what we obtained in this

chapter together with Lemma 2.5.

Proof of the Theorem 1.3. Note first that it suffices to consider ergodic measures.
For if p is not ergodic, we can write pu as an integral of its ergodic components
p = [ pdr(t) for some probability space (E, 7') by [EW, Theorem 6.2]. Therefore, we
have (1(Xsn) = [ pu(Xsa)dr(t), but also hy,(T) = [ hy,,(T)dr(t) by [Wa, Thm. 8.4],
so that desired estimate follows from the ergodic case.

Suppose that p is ergodic. We would like to apply Lemma 2.5, for this we need to find
an upper bound for covering pu-most of the space X by Bowen N-balls. So, let M >

100 be such that z(X<ys) > 0. Thus, ergodicity of u implies that p(lJy>, T~% X<pr) =
K—1

1. Hence, for every € > 0 there is a constant K > 1 such that ¥ = U Tk X<y
k=0
satisfies (YY) > 1 — e. Moreover, the pointwise ergodic theorem implies
N—-1

Z 1X2M(Tn($)) - M(XEM)

=—N+1

1
2N—1n
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as N — oo for a.e. x € X. Thus, for € > 0 given there is Ny such that for N > N, the
average on the left will be bigger that u(Xsy) — € for any « € X for some X; C X

with measure p(X;) > 1 — e. Clearly, for any N we have u(Z) > 1 — 3e where
Z=XnT'ynT VY.

Now, we would like to find an upper bound for the number of Bowen N-balls needed to
K—1

cover the set Z. Here N — oo while € and hence K are fixed. Since Y = U Tk X<,
k=0
we can decompose Z into K? sets of the form

Z' =X NTV"M X, nT Nk Xx_),

but since K is fixed, it suffices to find an upper bound for the number of Bowen
N-balls to cover one of these. Consider the set Z’, and since kq, ko < K without loss
of generality we can assume k; = ko = 0. Next we split Z’ into the sets Z(N) as in
Proposition 3.7 for various subsets N' € My. By Lemma 3.4 we know that we need
<L e% many of these under the assumption that A > 100 > e*. Moreover,
by our assumption on X; we only need to look at sets V' C [-N + 1, N — 1] with
V| > (u(Xsnr) —€)(2N —1). On the other hand, Proposition 3.7 gives that each of

18N
those sets Z(N) can be covered by < eSN=IVIci**™ Bowen N-balls for some constant

co > 0 that does not depend on M. Together we see that Z can be covered by

10N log|log M |

18N
<<M7K GW C(%]Og M| €6N—|V‘

many Bowen N-balls. Applying Lemma 2.5 we arrive at

lim lim inf —log BC(N, €)
e—0 N—oo 2N

) log log M
(3 — (u(X>nr) =€) + O(log—M)

log log M
3— (X O(—————
H(Xon) + O

hyu(T)

IN

IN

IN
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which completes the proof for any sufficiently large M with p(X<p) > 0. However,
we claim that the same conclusion holds for any sufficiently large M independent of
g (which e.g. is crucial for proving Corollary 1.4).

If u(X<100) > 0 then the claim is true by the above discussion. So, assume that

,u(XSlO()) =0 and let
M, = inf{M > 100 : u(X<p) > 0}.

Since pu(X<p) > 0 for any M > M, > 100 we have

log log M

(1) €8 p(Xaw) + O

). (3.3.1)

of the above.

If (X<pr,) > 0 then (3.3.1) also holds for M = M, by the above. If on the other
hand, p(X<p,) = 0 then lim,,_, '“(XZMW%) = (X, ) = (X>p,) and (3.3.1) for
M = M, follows from (3.3.1) for M = M, + L. Since 1(X>p,) = 1 this simplifies to

log log M

h(T) < 2+ O( 77

).

Since lolgolgi]ij is a decreasing function for M > 100 and p(X>p) = 1 for M < M, we

obtain that (3.3.1) trivially also holds for any M € [100, M,,). O
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CHAPTER 4
POSITIVE ENTROPY INVARIANT MEASURES ON THE
SPACE OF LATTICES WITH ESCAPE OF MASS

For this chapter we let G = SLg1(R), I' = SL441(Z) and transformation T acting
on X = I'\G as a right multiplication by the element diag(e'/?, ..., e/ e ) € G.
Our goal here is to prove Theorem 1.5 which gives the existence of a sequence of
T-invariant probability measures with high entropy whose limit is 0.

Let M > 0 be given. For a lattice z € X, define the height ht(z) to be the inverse of

the length of the shortest nonzero vector in z. As before, we define the sets
Xey={x € X :ht(z) < M} and Xspy = {z € X : ht(x) > M}.

We know by Mahler’s compactness criterion X_,; is pre-compact. Theorem 1.5 easily

follows from the following.

Theorem 4.1. For any ¢ > 0 and M > 1 there exists a T-invariant probability

measure p with h,(T) > d — € such that 1(Xsp) > 1 —e.

We will construct infinitely many points in X_j; whose forward trajectories mostly
stay above height M. Taking union of the sets of forward trajectories of these points,
we will construct a T-invariant set Sy with topological entropy greater than d — e (cf.
Theorem 4.3). To construct the T-invariant probability measures we want, we will

make use of the Variational Principle. Our main ingredient to prove Theorem 4.1 is
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Theorem 4.3 below. In the next section, we prove Theorem 4.1 assuming Theorem 4.3.

In the last two sections we prove Theorem 4.3.

4.1 The proof of Theorem 4.1

Before we start the construction, we would like to deduce Theorem 4.1 from Theo-
rem 4.3 below.
Let 6 > 0 be an injectivity radius for X_i73; with § < SLM. Here is an easy lemma

which will be used repeatedly in the last section.

Lemma 4.2. There exists N' > 0 such that for any x,y € X_17)s there exists z €

X1z such that d(z,y) < 6/5° and d(z, TV (2)) < §/5°.

Proof. Let X be the Haar measure on X. Since X_q7)/ is precompact we can cover
it with open balls Oy, O, ..., Oy of radius §/5°. They have positive measure with
respect to the Haar measure. Since T is mixing with respect to the Haar measure, for
any i,j € {1,2,...,k} there exists N;; > 0 with A\(T"(0;) N O;) > 0 for any | > N;;.

Letting N’ = max{N;; : 4,j = 1,2,...,k} we obtain the lemma. O
For a given M > 1 we fix N’ as in Lemma 4.2.

Theorem 4.3. For any large N we let K = L%ede. Then there exist a constant

M > 1 and a set Sy in Xy such that
T'(x) € X for all x € Sy and for all 1 > 0.

Moreover, there exists a constant s > 0 such that for any m € N there are subsets S,

of Sy with the following properties:
1 . cardinality of S,, is K™

2. Snis (mN + (m—1)N',s)-separated and
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3 . for any x € S,, we have |{l € [0,mN + (m — 1)N'] : T'(z) € X>n}| > mN.
Now we deduce Theorem 4.1 from Theorem 4.3.

Proof of the Theorem 4.1. Let € > 0 be given and let N be as in Lemma 4.2. Choose

N large enough so that

!/

N+ N’

log|13e™ | > d — € and <€

N+ N’

and let Sy be the set as in Thereom 4.3.

To obtain a T-invariant probability measure with high entropy we would like to make
use of Variational Principle 2.6. For this, we need a compact subspace of X. We
define

YSM' = {3} € XSM’ ’ Tl(JI) € XSM'7 for [ Z O}

Clearly, we obtain a T-invariant compact subspace containing T'(Sy) for all I > 0.
We have hr(Y<pr) > d — € since Y<pp contains the sets S, which are (mN + (m —
1)N’, s)-separated by Theorem 4.3. Now, from Variational principle 2.6 we know that
there is a T-invariant measure p on Y<y;, hence on X, with h,(T) > d — €. In order
to obtain the theorem, we want to have u(Xsp) > 1 — ¢, but we do not get this
from Variational principle itself. Thus, we need to look into the proof of Variational
principle and see how the measures are constructed.

Let S, be the subset of Y<y as in Theorem 4.3. We have that S, is (mN + (m —

1)N’, s)-separated and has cardinality K™ where K = [ |. Define a probability

measure

1 lifre A
Om = 4o E 0, where 6,(A) = :
TESm Oifr g A

Now, let a probability measure p,, be defined by

1 mN+(m—1)N'—1

Hm =N + (m — )N’ 2

1=0

oymoT™

20



where 0,0 T™*(A) = 0,,(T"*(A)) for any measurable set A. We know that M (Y<yp),
the space of Borel probability measures, is compact in the weak* topology [Wa, Theo-
rem 6.5]. We obtained a set of measures p,, € M(Y<py). If necessary going into sub-
sequence, we have that {u,,} converges to some probability measure p in M(Y<pp).
The measure p we obtained is T-invariant [Wa, Theorem 6.9]. From the proof of

Variational Principle [Wa, Theorem 8.6, we know that u has

. 1
hN(T|YgM/) > r;lgréo mN + (m — 1)NI lOg Sm(QYSM’)

1
> i log K™
_ml—IgomN—i-(m—l)N’ ©8

1
N+ N

log K.
On the other hand, by assumption we have ﬁ log K > d — € and hence we obtain
h,(T) > h“(T|y§M,) >d—e.

Now, we claim that pu(X>p) > 1 — € and this will complete the proof. To prove the
claim we will show that u(X.y) < e.
We need to approximate 1x_,, by continuous functions of compact support. So, for
any € > 0 let f € C.(X) be such that

1 forxe XS(M—e’)

fx) =

0 fOI'fEEXZM

and 0 < f(x) <1 otherwise. This is possible by Urysohn’s Lemma. Hence,

[ P < [ e dun = (X
1

mN+(m—1)N'—1

We have g, (X<p) = PNT—DN > im0

om0 T7H(Xp). Hence, from part
(17i) of Theorem 4.3
(m—1)N’ N’
< < €.
mN + (m —1)N" =~ N+ N’
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Thus, [ fdpu, < €so that p(X<n—ey) < [ fdp < e. Therefore,

/~L<X2M) >1—ce€

4.2 Initial setup and shadowing lemma

In this section we will construct about eV lattices whose forward trajectories stay
above height M in the time interval [1, N] for some large number N. Later we prove
the shadowing lemma 4.6, which will be used in the proof of Theorem 4.3 in the next
section.

Throughout the paper the norms ||-|| on R? and on R4 will be the maximum norms.
Fix a height M > 0. Let N € N be a given. For t = (t1,ts,...,t4) € [0,e"N/4]?

consider the lattice x; = I'g; where

MYt 0 ... 0 0
0o MYi . 0 0

9t = (4.2.1)
0 0 ... MY4 0

We would like to consider those lattices that stay above height M in [1, N] and are

in X_16ps at time N. We start with first considering the set
Ay = {t S [0,€_N/d]d : TN(It) c X<16M}-
We claim that Ay is significant in size.

Lemma 4.4. For d > 2 let mpa be the Lebesque measure on R%. Then
b1

160 44’
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L) has no importance to us. All we need is that

The explicit constant (

i

mpa(Ay) > e V. However, the explicit constant simplifies the later work. We can
think of Ay as a subset of the unstable subgroup U" in G w.r.t. a. Although Ay
has small volume in R?, it gets expanded by TV to a set of volume > e which will
give us an (N, s)-separated set of cardinality > eV

Proof. We will prove that mga(Ay) > (% — 42)e™™ where

1
v =AxN [1—6e*N/d, e~ N/djd, (4.2.2)

Assume that ht(T"(z;)) > 16M. So, for some nonzero (py,ps, ..., pa,q) € Z! with

ged(p1, pa, -, Pa,q) = 1 and ¢ > 0 we must have

(1, D2, s Pas @) gea™ ||

t1 to t 1
= 1MV g ) (M 4 g2 ) N (paM M 1) g e )|
1
< —.
16M
So, letting € = 16@% we have
t; eV
’pi—i_qM(dH Sl <eforalli=1,2,. dandq<§ (4.2.3)

We have t; € [1—166_N/d, e_N/d]. For a fixed ¢, we will calculate the Lebesgue measure
of (t1,ta, ..., ta) € [5ze™™/4, eN/4)4 for which (4.2.3) hold for some p;’s.
We have

t;
QW € [(]6, 16(]6]

If 16qe < % then (p1,p2, ..., ps) = 0 and since we only need to consider the primitive
vectors in z; we have ¢ = 1. In this case, gorir7a € |6, 16¢] and hence (4.2.3) does

not hold. So, we can assume that

1
16ge > —.
qe B
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We note that qm must be in the e-neighborhood of an integer point. If 16qe €
(1/2,1) then [ge, 16ge] does not contain any integers and only possible way for (4.2.3)

to hold is when ¢ 777 is in (1 — €,1 + €) so that ¢; must be in

(1 _ E)M(d+l)/d (1 + G)M(d+l)/d

( , )-

q q

Thus, for a fixed g € (ﬁ, %66) we have that the Lebesgue measure of points that

satisfy (4.2.3) is

(2€M(d+1)/d) d 9dd ) pd+1

< _ .

- q q

Now, for 16ge > 1 we have that [ge, 16¢e] has at most < 15¢e + 1 integer points.
Thus, there could be < 15¢e + 2 integers for which qm can be e-close for some

t;. Since 16ge > 1 we have 15ge 4+ 2 < 48qe. Hence, arguing as in the previous case,

for a fixed ¢ > - we have that the Lebesgue measure of points satisfying (4.2.3) is

(d+1)/d \ ¢
)) —_ 96d€2de+1.
q

< ((aspa 2o
Thus, we obtain that the Lebesgue measure of points for which (4.2.3) hold is
5

4 Z 96d€2de+1 )

q=[ 15

Bl od d | fd+1
e M

= d
q=[55-] 1

Since € = @4—]2H’ the above inequality simplifies to

B .
2 96%
—N
S DO gy 424

=551 =151

We want to show that, independent of NV, the term inside the parenthesis is strictly

less than 1.
e 2d T 2d 1 1 1 1
< — < — (=] = [=]) < =.
Z 169¢® — Z 169g — 8d3%<LI6EJ 326—‘) — &d
7=/ 35| q=[55-] €
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On the other hand,

L |

96%e=N < 962N el 1
Z 1624 ) fd+1 = 162‘1Md+1ﬁ < Qd-+4 )\ fd+1°

q=[ 15

Together, we see that the inequality (4.2.4) is

1 1 v e
< (gt gaagan)e S g
Thus, we conclude that mga(Ax) > mga(Aly) > (% — e . O

From the set Ay, in fact from A’y as in (4.2.2), we want to pick about eV many
elements which are not too close to each other so that within N iterations under T

they get apart from ecach other. For this purpose, let us partition [{e /4, e~ N/d)d

N 15 .~ N(d+1)/d_

4 small d-cubes of side length e

into |e

13—~ N(d+1)/d

Now, consider even smaller d-cubes of side length 3=

each lying at the center
of one of the small d-cubes. We need to find a lower bound for the number of these
smaller d-cubes that intersect with the set A’y. Each of these d-cubes has volume
equal to (13)4e~N@+) . Thus, there could be at most
(4%)6_1\[ . 4_d AN
(%)de—N(d+1) 1134
many that do not intersect with A’,. Therefore, for N large, at least
44 1
N |d AN AN
L@ J — ’71—3(16 -‘ Z 1—36
of these smaller d-cubes do intersect with A'y.
Let us pick one element ¢ from each of these smaller d-cubes that is also contained

in A’y and consider the set 57 of these lattices z; = 'g; where ¢; is as in (4.2.1). To

simplify notation we let

St ={x1,29,...vx} = {Tg91,Tga, ..., g} (4.2.5)
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where

1
K=|—e™].
ST
We note that for elements ¢,t" that are picked from different d-cubes one has

I

15
<t < 22 (1.26)

Proposition 4.5. For a given large N the set S7 = {x1,za,...,xx} has the following

properties:
1. ht(T!(x;)) > M forl € [1,N]
2 . ht(z;) < M and ht(TY (z;)) < 16M,
8 . fori# j we have d(gi,g;) < fge” ™" and d(TV(9:), TV (g;)) > 537

Proof. Let z; = z, = I'g, for some t = (t1,ta, ..., t4) € [se M e M (cf. (4.2.1)).
It is easy to see that z; € X_j;. On the other hand, by construction ¢t € Ay so that

TN<ZL’t) € X<16M-

Now, consider the vector v = (tﬁl, tMQ, vy th, ﬁ) € x;. We have
T( )_ tlel/d thl/d tdel/d e—l)
VST T M M
so that
—(N-1)/d ,—1 1
| 7)) < max{——, 5=} < =
Also,
TN(U)— treN/d toeN/d tdeN/d e_N)
M M MM

which implies

1 e N 1
™ < R, R g
[T ()] < maX{M, i P < v

Since the function T'(v) in I has only one critical point we conclude that for I =

ht(T!(z,)) > M.
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L-N/d

Let x; be another element and let ¢’ € | T *N/d]

e 4 be such that xj=xp =Lgyp.

From (4.2.6) together with left invariance of the metric we have

1

_
d TN TN M) = dlaa" " a.a”. a"a""d a™) > ||t t || eN(d+1)/d
( (gt)7 gt gt Y gt — 2M 8

v

The fact that d(g;, g;) < 22eN/¢ follows from (4.2.6) also. O
Our main tool for the construction of lattices is the shadowing lemma:

Lemma 4.6 (Shadowing lemma). Let 1/4 > € > 0 be given. If d(z_,x.) < € for

some x_,x, € X then there exists y € X such that
1. d(T(y), T'(z_)) < 5ee@*V/d for all 1 <0 and
2 . d(T(y), Tx)) < 5e for all 1 > 0.

Moreover, there exists c in the centralizer C' of a with d(c,1) < 5e such that d(T'(y), T!(z4c)) <
10ee1d40/d for qll 1 > 0.

Proof. We have x_ = x g for some g = (g;;) € SL(d+1,R) with d(g, 1) < e. Consider

10 0 0

0 1 0 0
ut =

0 0 1 0

UL Uy ... Ug 1
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and let y = z_u™. For ||uy,us,...,u4| < 4€ we have

d(T(y), T(z_)) = d(z_u*d", x_a")

= d(z_d'a 'utd', x_d")

1 0 0 0
0 1 0 0
<d 1
0 0 1 0
u @HD/d g JdD/d )/

< 5€€l(d+l)/d‘

This establishes part (i). Now, let ¢’ := gu™

911+ Gi(d+1)U1 91d + 91(d+1)Ud 91(d+1)
921 + g2(d+1)U1 92d + 92(d+1)Ud 92(d+1)
9d+1)1 + g@d+1)@d+nU1 - G(d+1)d T G(d+1)(d+1)Ud  G(d+1)(d+1)
Hence, letting u; = ——24"_ for § = 1,2, ..., d we can make sure that the unstable
9(d+1)(d+1)
: : 2e 2e € _
part with respect to a is 0. We have ||uy, us, ..., uq4|| < B < Tz <= 4e.

So,
AT (y), T (1)) = d(T @+ gu*), T'(2.)) = d(wsa'a'g'a, v1a!) < d(a~'gal, 1),
Since unstable part of ¢’ is 0, for [ > 0 we obtain

d(T'(y), T'(x1)) < d(g',1) < 5e
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For the last part, let

gu + gi+nUr - G1d + gid+1)Ud 0
921 + g2(d+1)U1 - G2d T G2(d+1)Ud 0
c= )
0
0 0 9(d+1)(d+1)

then we have that ¢ € C' with d(c,1) < 5¢, and hence d(c™*,1) < 5¢. On the other

1 ... 0 91(d+1)
0 ... 0 gé(dﬂ)
hand, ¢ '¢’ = u~ where u= = : : : is such that d(u=,1) <
1 gél(dJrl)‘
0 .. 0 1

10e. Thus, d(T'(y), T'(z4¢)) = d(zygutd, z ca') = d(z,g'd', vocal) < d(g'd, ca') =

d(a~'c'¢'al, 1) = d(a"'u"a!, 1) < 10ee~"d+1/d, O

4.3 The construction

In this section we construct the set Sy mentioned in the introduction with the prop-
erties as in Theorem 4.3. Repeatedly using both the shadowing lemma and K lattices
constructed in the previous section we obtain more and more lattices that in the limit
gives the set Sy.

Let M’ > 0 be a height that depends on N such that for any z; € S and for any

I =0,1,..,N we have T'(z;) € X ppr. Now, let n > 0 be such that < ﬁ and

that 27 is an injectivity radius of X_,/. Recall that K LedN |

= |33 . We will prove

Theorem 4.3 with choice of ¢ = n/e? and with the choice of M’ as defined above.
Theorem 4.3 follows from the following proposition. Recall that § > 0 is an injectivity

radius for X_q7); with ¢ < E%M.
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Proposition 4.7. For any positive integer n, there is a subset
57/1 = {xilizmin TU1,19, ey € {1, 2, e K}}
of Xy with the following properties:

1. for any x € S, and for any m < n we have

{1 € [0,mN + (m — 1)N'] : T(x) € X} > mN,

2 . For any x € S, we have TV T =UN (1) € X_17,

3 . for any distinct x;,i, i, Tjjy..jn € Sp, SQY Uy # Jm, there exist g,h € G such
that

TV (g y i) = Dg and T DN (g ) =Th

with d(T'g,T'h) = d(g, h) and that

o
d(TN(g), TN(h)) > 6 — 5 if m=n and
n—m+3

d(TV(g), TN(h)) >6 -6 Y 57" ifme[l,n).

1=4
! !
Moreover, we can make sure that for x;;,. ., € S, and for x; ., .., € S, we have

A(Tiyig..ins Tiig.ins,) < 07"

To derive Theorem 4.3 from Proposition 4.7 we need the lemma below which helps

us to determine when two lattices get separated.

Lemma 4.8. For I'g,Th € X with T'(Tg), T"(Th) € X_pp in [0, N] assume that
d(g,h) < % and d(T"(g),TV(h)) > 4. Then 'g,Th is (N, %)-separated, that is,
there exists | € [1, N] with d(T"(I'g), T"(Th)) > .
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Proof. Since we have d(g,h) < % and that d(T"(g), TV(h)) > %, there exists | €
[1, N] such that
AT (g). T (h) < 5 < d(T'(g). T'(h).

e
We have d(T(g), T(h)) =d(a~'hga,1) = d(a *uTaa " u"ca,1). On the other hand,
we note that any two elements of the unstable subgroup with respect to a gets ex-

panded at most by the factor of e(4*1)/¢ under the action of T. Together with triangle

inequality we have

dla'uTaa 'u"ca, 1) < d(a *uTaa v ca, a 'uta) + d(a uta, 1)
=d(a 'u"ca,1) +d(a 'uta, 1)
< d(uec, 1) + eV/dqyt 1)
< e*d(u e, 1) +d(ut, 1))

< 2e*d(utue, 1).

Thus, d(T'(g), T'(h)) < 2e2d(T""*(g), T""(h)) < 21. On the other hand, T (T'g), T'(T'h)
are in X_pp and 27 is an injectivity radius of X_yv. Hence, d(T'(T'g), T'(Th)) =
A(T'(9), T (1)) = 5. s

Proof of Theorem 4.3. For any n let us pick a set
S = ATy i 01,02, iy € {1,2,..., K}}

as in Proposition 4.7. Also, assume for z;,. i, € S, and for z;, i,., € S, we
have d(@iy iy ins Tirig..inss) < 0~ ™. If we fix a sequence {i;} C {1,2,..., K}, then the
sequence {;,, Ti iy, Tiyigiss ---} becomes a Chauchy sequence and hence converges. So,

we let xg,) = limy o0 Ti4,..4,- Varying the sequence {i;} we define the set

Sy = {zgy  {i} c{1,2,...K}"}.
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Also, define subsets S,,’s of Sy
S = {zgy  {a} < {1,2,., K} with iy = 1 for all I > m}.
By definition of S,,, for any x,) € Sy, with {4} = {41,142, ...} we have
AT i) Tivigeim) < 1.
Hence, from (i) of Proposition 4.7 we have
[{l € [0,mN + (m — 1)N'] : T"() € Xsp/2}| > mN.

As for part (i7), again from the construction of the set S,, and from (ii7) of Proposition
4.7 we conclude that for any distinct z;y, () € S, say iy, # jn, there exist g, h € G
with TO-DWVHEN) (g0 0) = Dg, TODNHNY (00) = Th and d(T'g,Th) = d(g, k) such

that
o,

d(TN(g), TV(h)) > 6 — 5;5—1 = 105"

If d(I'g,I'h) > 2% then there is nothing to show, if not then from Lemma 4.8 for some

s € [1, N] we conclude that d(T*(I'g), T*(T'h)) > % since % < %. Thus, for some

s € [1, N] we have
n— ")+s n— N+s Ui
@ (TN () TODVENI () ) >

and hence the set S, is (mN+(m—1)N",n/e*)-separated since n < m. This concludes

the proof. O

Now, we will make use of what we obtained in the previous section to prove Propo-

sition 4.7.

Proof of Proposition 4.7. We prove the claim by induction. Fix some large N.
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For n = 1let S| = {x1, xa, ..., xx } be the set as in Proposition 4.5. It is clear that (7)
and (i7) are satisfied. Let z; = I'g;, x; = I'g; be distinct elements (cf. (4.2.5)). Then
letting g = g; and h = g; we obtain (4ii) since the part (i7i) of Proposition 4.5 gives

1

— =4.
SM

d(T"(g:), T"(g5)) =

Now, assume that the proposition holds for n = k > 1, we have the set S}, = {x;,4,. 4, :
i1,2,...,05 = 1,..., K'}. Let us construct the set S} .

TN +(k—1)N’ (

For any x;,.; € S;, we have Tiyig..i,) € X<igm- Hence, applying

Lemma 4.2 we have that for x; there exists z with

d(TkN+(k71)Nl(xiliQ-..ik)’ z) < 5/59 and d(z;, TN/(?/» < 5/59'

Now, apply shadowing lemma with z_ = THVF*=DN' (. .Y and z, = 2z and
€ = 0/5°. There exists y such that
)N J
d(T!(y), THT*NHEDN (o i) < gel(d“)/d for | <0 and (4.3.1)
J
d(TH(y), T'(2)) < = for I > 0. (4.3.2)

We have d(z;, TV (y)) < d(z;, TV (2)) + d(TY (2), TV (y)) < §/5° +6/5°% < §/57.
Apply shadowing lemma once more with z_ = TV (y) and 2, = z; and € = §/57.

There exists ¢’ such that

d(T'(y), TH(TY ())) < %el(dﬂ)/d for [ <0 and (4.3.3)

)
d(T'(y), T (x;)) < =5 for 1 >0 (4.3.4)
Also, there exists ¢; € C with d(cj,1) < 2 such that
J
d(T'(y), T'(wje;)) < e T/ for 120 (4.3.5)

N Tfk(N+N’)(

Now we let 4, 4,5 = y') and varying j we obtain the set

Siir = {Tivisin; 1 J €4{1,2,..., K}}.
63



Part (i) of the proposition is clear from the construction since for any j € {1,2,..., K}
we have that the forward trajectory of z;, ; ; stays close to z;, ; in the time
interval [0, kN + (k — 1)N’] and then stays close to {T"(x;) : [ = 0,1,..., N} in the
time interval [k(N + N), (k+ 1)N + kN'].

Now, let us justify part (7). Let us fix some j = 1,2, ..., K. Recalling that x;;, ;,; =

T FN+N) (1) we obtain from (4.3.4) with [ = N that

, 1)
d(TEFEINTRN (s i) TV (25)) < =

Moreover, from Proposition 4.5 we have T (z;) € X 161 so that

, ht(T ()
56

. . . , . .
Consider any distinct pairs i i, ivip 1> Tjrjo.jrinrs € Ope1- First, assume that iy, #

Jr+1 and let g, h € G be such that

Tk(N+N/)($i1i2...ikik+1> =TIy, Tk(N+N/)($j1j2---jkjk+1) =Th

with
d(Tk<N+N/)+N (l‘iliz...ikikﬂcikﬂ)? TN (xik“ ))
)
AT (g, ). TV (g ) < 5ew(w)/d and  (4.3.6)
d(Tk(N+N )+N(xj1]2]k]k+lcjk+1)7 TN(x]k+1))

o _
= d(TN(thkﬂ),TN(gij)) < 56 N/ (4'3'7)

€ C with d(c;,,,,1) < & and d(c;,,,,1) < & as in (4.3.5). Thus,

for some ¢;, |, 55

Ciirt1

we have

)
d(gik+1>gcik+1) < =5 and d(gjk+17 hcjk+1) <

5 55
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We also note from Proposition 4.5 that d(g,,,,, gj,,,) < ?—ge*N/d. Thus, for N large

enough we get

d(g,h)

< d(g, gcik+1) + d(gcik-u ) gik+1) + d(gik-H ) gjk+1) + d(gjk-H’ hcjk+1) + d(hcjk-s-v h)

56 30 e 00
SE T T TH T
5
<§.

In particular, d(I'g,T'h) = d(g, h) since ¢ is an injectivity radius for X_j75,. On the

other hand, from Proposition 4.5 we know that

1
d(TN(gikH)vTN(gij)) > 8_M > 0.

So, together with (4.3.6) and (4.3.7) we conclude that

d(T%(g), T"(h))

> d(TN<gik+1)7 TN(gjk+1)) - d(TN(gik+1)7 TN (g)> - d(TN(gjk-H)? TN(h)>

5 x 5

0 O 0 _Nara_ 9

>0- 5 B 5C 56
5
>6—§.

Now, assume that i,, # j,, for some m < k. By replacing [ in (4.3.1) by [ — (k —

m)(N + N') we obtain

ATV ) RN N ()

< %eU(’“me*N’))(d“)/d for 1 <0. (4.3.8)

On the other hand, if we replace [ in (4.3.3) by | — (k — m)(N + N') — N’ we get

d(Tl—(k—m)(N+N’)—N’ (y/>7 Tl—(k—m)(N+N’) (y))

< %eU—<’f—m><N+N’>—N’><d+1>/d for 1 <0. (4.3.9)
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Thus, (4.3.8) and (4.3.9) together with the triangular inequality give

—(k—m N _ N/ m N_ N/ (5 —(k—m n_ N/
d(TI=(bmm)(NEND=N' (1) PIAmNAN)=N' (g Yy 56(1 (k—m)(N+N")=N")(d+1)/d

Tfk(NJrN’)(

for [ <0 where ¢y = Tiyig..inj) for 7 =1,2,..., K. Thus, we have

d<Tm(N+N’)—N’+l( Tm(N+N’)—N’+l(

i1i2---ik)v i1’i2---ik+1))

_ %e(l(km)(NJer))(dJrl)/d (4.3.10)

and

d<Tm(N+N’)—N’+l( Tm(N+N’)—N'+l(

xj1j2~~~jk)> xj1i2--~jk+1))

_ % e(l=(h=m)(N+N)@+1)/d (4 3 11)

Now, from the induction hypothesis we have that there are ¢’, A’ with
Tm(N+N/)($i1i2-~-ik) = Fg,? Tm(N+N/)(xj1j2--~jk) =TI'n
such that d(T'¢’,T'h') = d(¢’,h’') and that

d(TN(¢"), TV (W) > 6 — % if m =k and
k—m+3
d(TV(¢), TV(R)) > 6 —6 > 57t it me [1,k).

=4

Let g, h € G be such that
T(m_l)(N“LN/)(xili%ik“) =TI'g and T(m_l)(NJer)(:lejZ_,,ij) =TIh
with
O [—(kem)(N+N')—N|(d+1)/d

d(g,q') < 3¢ :

8 hm (NN
d(h, h/) < 56[ (k )(N+N) N](d+1)/d'
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This can be done using (4.3.10) and (4.3.11) with [ = —N. In particular,

§ e e
d(TV (), TV (¢)) < ¢ (k=m)(NHND)(d+1)/d,

0 (hem)(NN"
d(T (h), TV (W) < ggem (o NENIEEDIL,

Also, since by construction

T(’m—l)(N"rN/)( T(m—l)(N-i-N,) (xj1j2~--]'k+1) [ X<17M

milig...ik+1)7

and since Zel

5 ~(k=m)(N+N")=NJ(d+1)/d i5 legs than the injectivitiy radius 6 for X 17 we

have

d <T(m_1)(N+N,)(a:iliz...ikJrl)) T(m_l)(N+N,)(:Uhig...ik)) = d(979/) and

d (T(m_l)(N+Nl)(xju'z.,.jkﬂ)v T(m_l)(N+N/)(lejQ”'jk)> - d(h7 h/).

Now, if m = k then

) ) )
>0 5 TR 5
)
k+1—-m+2
=0-0 » 5
=3

Otherwise, if m < k then

A(TV(g), TN () > d(TN(g), TV (1)) = d(T™(¢"), T (g)) — d(T™ (W), T (1))
k—m+2 5
>6-6 > 57— 256_("3_7”)(N+N’)(d+1)/d
1=3
k—m+42
>0—0 Z 5_l S 5—(k—m+3)
=3

k+1—-m+2

) }: 5L,
=3
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Finally, from (4.3.10) with m =1 and | = —N we have

J :
O (EN=(k=D)(N+N))(d+1)/d _ 5,k

d(‘xilig.‘.ikaxilig...ik+1> < 55

which concludes the proof.
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CHAPTER 5
ENTROPY AND ESCAPE OF MASS FOR HILBERT
MODULAR SPACES

For this chapter we let G = [ _; SLo(R) x [’ _, SLy(C), T' = SLy(O) and con-
sider the quotient space X = I'\G and transformation T acting on X as a right
multiplication by the diagonal element « introduced in § 1.3. Our goal is to prove
Theorem 1.7.

In the next section we will consider some basic facts. In § 5.2 we introduce two
partitions and count the number of elements in these partitions. In § 5.3 we obtain
the main proposition and finally in § 5.4 we prove Theorem 1.7 using the partitions

and the main proposition.

5.1 Basic facts

Definition. A vector v in a lattice A is said to be primitive if Au = v with A\ € O

and u € A implies that \ is a unit.

Lemma 5.1. Up to units, for any lattice A € X there can be at most one primitive

(short) vector of norm < 1.

Having only one short vector is crucial throughout the chapter. As we saw in chap-
ter 3, it is more involved to deal with spaces that allow more than one primitive short

vectors.
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Proof. Assume by contradiction that there are two primitive vectors u,v € A such

that |lul] < 1,||v|| < 1. Let u = (uf,uf) x (uy,uy) x --- x (u, ,,ul ) and v =

(Ui,Ui’) X (U§7Ué/) X X ( ;'Jrsa r+s) Let w = (wllawi/> X (wé,w’Q’) X X (w;'Jrsvwv,"/Jrs)
be such that v,w generate A over O as a submodule and satisfy the property (ii).

There are A1, Ay € O such that u = A\jv + A\yw. Now, we have

r+s

H det
i=1

~
S
3
+
»

O'j(/\l)'Ug- + O'j(AQ)’LU; O'j(/\l)’l);-/ + O'j()\g)w;,

= H det / §

<
<

~
~
S

where {071, ...,0,41s} = 5. Thus,

r4+s r+s
H(u v — ujvy) Haj()\g wivy — wjvy).
Jj=1 Jj=1

On the other hand, from property (ii) of the generators we have that

r+s
H(w]v] — w;/v;) = (=1 = £1.

j=1

Also, we have H;Jj 0;(A2) = N(Xg) > 1. Thus, we must have

|H(u v; —ujvy)| > 1. (5.1.1)
But, Cauchy-Schwartz inequality implies

|(wjof — wjog)] < |(uj, wf)] - (05, 05)]-

Hence,
r+s r4+s

+

/// <Ts J— 1

]Huv — ujv; ]_H ) ) H| vi, vi)| = [ullllv] < 1.
j=1

Thus, we obtain a contradiction to (5.1.1). Therefore, up to units, there can be at

most one primitive short vector of norm < 1. O

Lemma 5.2. T' is a lattice in G and Xy is pre-compact.
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Proof. We would like to use Mahler’s compactness criterion for the space of unimodu-
lar lattices. For this we will embed X into SLyg(Z)\ SLog(R) for d = [F : Q] = r + 2s.
There exists v € F such that 1,7,72,...,7% ! is a basis of F. Let us consider the
following embedding of F' onto A; C Mat,(Q). Any k € F gets sent to the matrix
[k] € A; which describes multiplication by k in the basis 1,7,72,...,v%"!, that is,
for any other element [ € F' we have ¢(lk) = ¢(I)[k] where ¢ : F — Q¢ is the map
sending [ € F to the row vector representing [ w.r.t. the basis 1,v,...,7471. A,
is a Q-linear subspace and so there are linear equations that defines A;. Therefore,
the image A, is a d-dimensional rational space in Maty(Q) defined by rational linear
equations and is a subalgebra of Maty(Q).

Now, we claim A; is diagonalizable over C and for this all we need to show that the

generator 7 is diagonalizable. It is easy to see that

0 1
0 1
] =
0 1
—C —C -+ —Cg—2 —C4-1

where x.,(t) = t* 4+ c4_1t*' + - - - + ¢ is the minimal polynomial of . Now, it is easy
to check that

d—l)T d—1)T

L A T e S (C P L P
so that + is an eigenvalue for the matrix [y] with eigenvector (1,7v,72,...,7* 1. On
the other hand, we know that det([y] —«I) is in Q[z]. Together we see that o(7) is an
eigenvalue for [y] with the eigenvector (1,0(7),c(y)?,...,0(y)* HT for any o € S=.
Since 7 is the generator and since there r + 2s distinct embeddings of F' we conclude

that there exists go, € SLy(C) such that g '[7]ge is diagonal and hence g'A;gn

consists of diagonal matrices. We note here an important property that for any k£ € F
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the first row of [k] is the element k itself written as a row vector in the given basis and
hence the rest of [k] is determined by Q-linear combination of the first row. Thus, for
any n = 2,...,d and for any m = 1,...,d there exists a Q-linear function ¢, , such
that the (n,m)’th entry is g, (k) and these functions are the same for any element
of F.

Let Ay = A; ®g Mata(Q) C Matyy(Q) then Ay is defined by rational equations in
Matoy(Q). We will think of elements of Ay as matrices in Maty(Q) with entries in
Mato(Q). In other words, for us any element of As is just a block matrix consisting
of 2 x 2 matrices.

Let ho be the 2d x 2d matrix where each entry g, ,, of g is replaced by the 2 x 2

Inm O
matrix ’ , that iS hee = goo ® I5. Let us identify any element g =

0 gnm
(91,92, -+, gras) € G by diag(g1, -, Griss Grity-- -5 Gris) € Sliag(C). Define

H={ke Ay :h'khy € G}

AS = Ay N GLy, is an algebraic group defined over Q. Notice that for any k£ € A,
since h'khs is a matrix consisting of 2 x 2 blocks in the diagonal, if k& € A5 then
each 2 x 2 block in the diagonal of h'kh., is invertible. In particular, we have that
[Ay, AS] C H. Since G is semisimple we deduce that H = [H, H] C [A}, A5] and
hence [AJ, AS]| = H. Therefore, H is a semisimple algebraic group defined over Q.
Thus, from Proposition 10.15 in [Ra] we deduce that the natural map H(Z)\H(R) —
SLog(Z)\ SLgg(R) is proper. On the other hand, under the conjugation by h., we
note that H(R) (resp. H(Z)) is sent to G (resp. I') so that X = I"'\G is isomorphic
to H(Z)\H(R). In particular, I' is a lattice in G. Now, under this isomorphism let
X< correspond to K C H(Z)\H(R).

We assume by contradiction that X_,; is not pre-compact and hence K is not pre-

compact in H(Z)\H(R). Then by Mahler’s compactness criterion together with the
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fact that the map H(Z)\H(R) — SLo4(Z)\ SL24(R) is proper there exist a sequence
(H(Z)gj);j>0 C K such that the length of the shortest row vector in g; tends to 0 as
n increases. Then we claim that h.g;hs! has a short vector when considered as an
element of G with respect to the norm || - || introduced in the introduction. For, as
before we think of g; as a d x d matrix with entries consisting of 2 x 2 blocks. So, let

gj = [gﬁfzn] where g{}, € Mato(R). Then for any [ € [1,d] the 2 x 2 block in the I'th

(0)

diagonal entry of haog;hs is of the form 37 cg)mgflm where ¢, are coming from

the matrix g.,. We also note that the constants cg)m do not depend on the particular
matrix g;. Also, we recall that the first row blocks in g; determines the rest of g; by
the linear functions g, ,,. Thus, if the first row vector of g; is the short vector then
the first row vectors of diagonal blocks in h..g,hy! are all small. In particular, the
product of the length of the first r + s vectors in the rows of the first  + s diagonal

blocks (which is the norm of a vector in G) is short. This proves the last claim.

However, X_); cannot have very short vectors. A contradiction. O

5.2 Partitions

In order to obtain Theorem 1.7 we need an upper estimate for the metric entropy.
The formula to calculate the upper bound is given in Lemma 2.5. It roughly uses the

counting argument, that is

H(&) < log ¢

where |£] is the number of elements of the partition £. In this section we introduce
some partitions of X and calculate the upper estimate for their cardinality.

Recall the diagonal element « introduced in the introduction.:

6i91 €a1/2 0 @ier-&-s ear+s/2 0
o= X e X eq.
0 671'0167111/2 0 e*i9r+se*ar+s/2
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From now on, for simplicity of notation, we assume that a; > 0 for any j € [1,r + s].

The initial partition

For given M, N > 0 define a partition

N-1

Qum,N = \/ T7"{Xcm, Xom}-

n=—(N-1)

log log M
( log M )

Lemma 5.3. For M > e"*h the partition Qurn has < e elements.

Proof. For any z, the partition element of )y n containing x describes the time
moments in [-N + 1, N — 1] for which = stays above height M (and hence when
it is below height M) under the action of T. So, we need to calculate the possible
configurations of times in [N + 1, N — 1]. Our main tool to calculate the upper
bound for the possible configurations is Lemma 5.1. If there is a time when a lattice
x (under the action of T) is above height M then there is a considerable gap until
the next time (if any) when x reaches height M again. This is because the vectors
in = can get short (under the action of T) at most once and for another vector in
x to become short the earlier vector has to become of norm 1 at least. Now, we
explicate the above discussion. Assume that for a vector v € (R?)" x (C?)* we have
v = [(vi,o])] - [(vg,v5)] - [(Viyg, vps)| > 1. We would like to know the soonest
possible time n when this vector v reaches the norm < 1/M under the action of
T. Tt is easy to see that the best possible n occurs for example when vj = 0 for

j=1,....,7r 4+ s. In this case, at time n we must have

~ 1
0 // — z01+a1/2 0 // — 102+a2/2) . O " 7(197«+3+a7«+3/2)n <
(0, vy ") 100, v ") 100,07 e =+
Since [Jo]| = [of| -+ |vf, | > 1, we must have e~(@F+art)n/2 < 1 /M which gives
"> 210gM.
~ hy+ hs
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Similarly, for a vector of norm at most 1/M, under the action of T, the soonest

possible time moment to become of norm greater than 1 is again > Zhloféw . We

also note that for any vector v in z if the sequence (|| T"(v)||)n>0 gets increased

at some time then it becomes monotone increasing from that time moment. Thus,

2log M
hr+hs

in a time interval of length 2| |, for any lattice z in X there can be at most

one time interval on which z stays above height M. Hence, @),, | 2log M1 | has at most

hrths
2L210gM
ot < log? M many elements. On the other hand, to obtain Qn we
2
need to take refinements of |~ /— | many images and pre-images of Q A7 | 2log M
2|'h7’+hsj_1 7|‘hr+}l5J
and at most QLilrofé\fj — 1 many of {X_yr, Xsar}. For M > e we have
{ ON — 1 J _ 2N _N(u+h)
21og M dlog M =
205500 -1 w3 log M
X 2 N(hr+hs) 2(h7-+hs)loglog1\JN
Hence, we obtain that Qun has < (log” M) ke~ < e lgM elements. [

The refined partition

Now, we would like to refine the partition ()5 n further by partitioning most of its
elements. Let @) be one of its elements. Then there exists V' C [-N + 1, N — 1] such

that

Q:=Q(V)
={reX: foralne[-N+1,N—1],T"(z) € X5y if and only if n € V'}.
(5.2.1)
We can decompose V' into subintervals V;,, of maximum possible length V' =V U...U
Vi. Let Vi, = [b,b+ 1] be one of them for some integers b,l. We know that for any

T € () there exists a unique primitive vector v € Tb_l(x) such that

1
| ()] < 7 for n € [1,1+ 1) (5.2.2)
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For any j € [1,r + s| recall the fixed number a; appeared in the definition of T.
For j € [1,r + s] let us decompose the extended reals into the following |V,,,| + 2

subintervals:

1" = [~00,b], I = (b+laj, 00], 1™ = (b+ (k —1)aj, b+ ka,] for & € [1,1].

(5.2.3)

We let Z(md) = {[ém’j),j'{m’j), . ,Il(fl’j)}. Now, for any j € [1,7 + s| we pick one

interval J™7) from the set Z(™7) and consider the product set
T = JD 5 Jimrts), (5.2.4)

Now, the set J,,, defines a partition element, could be empty, in ) by

Q(J) == {xr € Q : Jv € T !(x) such that (5.2.2) holds and

|[vj| = |[v}]e* for some s; € Jm) bl (5.2.5)

For any m € [1,k] let Q(J,,) be one of the partitions as in (5.2.5) then if we consider
their intersection we get a partition element P(V') of X contained in @ :

P(V) =) Q). (5.2.6)

m=1
In this way we obtain a refined partition Pj; . The reason why this is the natural
way to consider the refined partition elements is related to the action of T. For the

motivation see § 5.3, in particular Lemma 5.6.

log log M
O b N many

Lemma 5.4. For M > max{e s 0+ Py, v has at most < e

elements.

Proof. Consider a partition element Q(V') of Q@ n as in (5.2.1). Let Q(J,,,) be as in
(5.2.5) and P(V) be as in (5.2.6). There are at most (I +2)""* = (|V,,,| + 2)"* many

possible ways to choose J,, and hence (|V;,| + 2)"** possible ways to choose Q(J,,)
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for a fixed m € [1,k]. Thus, the number of partition elements of Py, contained in

Q(V) is

(VA +2) 2 (Vo] +2)7. (Vi) + 2)7

_ e(rJrs) log(|V1]4+2)+log(|Va|+2)+---+log(|V;|+2)

This is

< e+ 1og(Vil[Val-.. Vi)

We have

l l
Villvalvi < (MR R < (25

Also, note that for the function f(z) = (2¥)* = (2N)%e~"1°¢® its derivative

f'(z) = (2N)®log(2N)e "8 4 (2N)*e 087 (_logx — 1)
= (2N)"e *18%(Jog(2N) — logz — 1).

Hence f(z) = (2¥)* is increasing on [1,2¥]. On the other hand, from the proof of

Lemma 5.3 we know that

| < 2N —1 <(r—|—s)N

—— +
T o)l = logM

+ 1.

If I =1 then () =2N. If | < 2(12;—?\4)]\[ and for M > e*"+%) we have

2(r+s)N s
(2N)l<< 2N ) g M (1ogM>2<lo§A)fN
e - 2(r+s)N -
l T r4+s

Hence, the number of partitions contained in Q(V) is < e("+*)18C2N) if | = 1 and

otherwise it is

2(r+s)N )2
< e(r—l—s)log((%) log M ): e%(loglonglog(rJrs))

log log M
Clogar IV, Thus,

In any case, the number of partitions contained in Q(V) is <y e®

( log log M )

log M

together with Lemma 5.3 we have that Py, n has < e elements. O
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5.3 Main proposition

The partition Py; y constructed in the previous section alone will not give us a mean-
ingful conclusion since we do not know if h,(T, Py n) is close to h,(T) for M, N large.
However, considering a further refined partition one can estimate h,(T). Since we
only need an upper estimate for the entropy, instead we can consider covers of each
partition element of Py by small “balls”. The right way to do this is to consider
the covers by Bowen balls (c.f. Lemma 2.5). We note that the Bowen balls are balls
in a different topology. In this section we calculate the number of Bowen balls to
cover each partition element of Py n.
Define a Bowen N-ball (of radius n) to be the translate x By for some z € X of
N-1
By = ﬂ a_”Bg a”
n=—N+1
where 7 > 0 is such that the log map from Bf to the lie algebra of G is injective.
Let M > 1,N > 1 be given. Let P(V) be a partition element of Py x as in (5.2.6)
with additional property that T-"**(P(V)) € X.p. We recall that by definition
VC[-N+1,N—1]and forall n € [-N +1,N — 1], T"(x) € X5, if and only if
n € V. In particular, the additional restrictive property above equivalent to V' being
in(-N+1,N—1].
Proposition 5.5. The partition P(V) € Pyn with T-"THP(V)) € Xy can be

2(hr+hs)N

_hrths
covered by <y ¢y M 2 HZha) N=EEE

VI Bowen N-balls for some universal con-

stant cg > 1.

Roughly, we note that since the number of elements of Py y is slow exponential as
N — o0, to calculate the entropy it is sufficient to consider the covers of each partition
element Py n by Bowen balls. Since we only need to count the number of covers of
most of the space X (cf. Lemma 2.5) it is reasonable to consider only the partitions

78



P(V) € Py with T"Y*Y(P(V)) € X.p. Since the maximum entropy of T is
h, + 2hs it is not hard to show that each such partition element P(V') can be covered
by <« e2(het2h)N Bowen-N balls. Thus, the significant factor in Proposition 5.5

hp+h
~beha v

is e Before we start proving Proposition 5.5 we need some preliminary

preparations.

Restrictions of perturbations

If there are two points in X_;; which are n-close to each other such that they both
stay above height M for some time interval, then we would like to say that these
points must be even closer to each other in the unstable direction U™. This is not
true in general. However, if additionally we know that they are in the same partition
element of P,y then we will show that this is possible.

As before let U™, U™, A be the unstable, stable, and centralizer subgroups of G
w.r.t. a respectively. We naturally embed U™ into R” x C*. We let u™(t) € U™ be
the element that corresponds to t = (¢1,ts,...,t4s) € R" x C*. Let P(V') € Py be
given and let us decompose V' into disjoint intervals V; of maximum possible length.
Let V,, be one of them and assume that V,, = [b,b +1]. As in (5.2.6) we have

P(V) =" _, Q(J) for some Q(J,,) as in (5.2.5), namely

Q(J) == {x € Q: Jv € T"!(z) such that (5.2.2) holds and

[vj| = |v}]e” for some s; € JmD) _ py.

Lemma 5.6. Let 2,y € P(V)NTN "N X_y) with T (y) € T Y(z)ut(t)g for some
ut(t) € BnU/; and g € BnU/_ZA. Then for any j € {1,2,...,r + s} we have |t;| < e*~™

where n; is the left end point of the interval Jmi),

Proof. If J™3) = [—00,b] = Iém’j) then n; = —oo and in this case the lemma is
trivial. So, we can assume that J9) = 1™ g0 that n; > b.
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By maximality of V},, we know that T®~*(z), T*'(y) € X5 and
T(T (=), T(T* *(y)) € X for any n € [1,1+ 1].

Thus there exist vectors v € T*7!(2) and w € T*7'(y) such that (5.2.2) holds. On

the other hand, from (5.2.5) for v, w in the standard notation we know that

i = [vj]e” and |w}| = |wj|e™ for some s;,7; € Jma) _p,

We note that vj # 0 # w/ since (v}, v}), (), wf]) # (0,0) (they are rows of matrices

of determinant equal to 1) and s;,7; > 0. In particular, if n; is the left end point of

the interval JJ) then we have

v w'
| f,| < e’ and | f,' < ebmi, (5.3.1)
’Uj ‘wj’
Also, we know that w = vu™(t)g. So, for g = (g1,...,9r+s) We have (w},w}) =
10
(v, v%) g; = (v} + t;07,v7)g; (under the assumption that a; > 0 where a;
t 1
d wu
is as in the definition of a). For g; = we obtain that
0 1/d

(w), w}) = (d(v]; + tju7), u(vj + t;0]) + v /d).

Now from (5.3.1) we get

,U/

J .
W—'—tj
J

wil —Jd(vj + 0] v + 1505

Wl Ju) + ) + o /d V7|

b—n;

since d is close to 1 and w is close to 0. Together with (5.3.1) we deduce that

[t < "7
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Lemma 5.6 alone does not tell us if x,y should be even closer to each other in the
unstable direction since for example n; could be equal to b. Even if n; > b we still do
not know an effective lower bound for n;. This is because we have only considered
one part of the defining properties of Q(.J,,). We have not considered the fact that
x,y stay above height M in [1,b+ 1]. In the next lemma we use this fact to obtain
the relation among the intervals J(™7).

As before, let P(V) € Py be given with T-"*1(P(V)) € X, and let us decompose
V into disjoint intervals V, of maximum possible length. Let V,,, = [b,b+ [] be one

of them. From (5.2.6) we have P(V) =" _, Q(J,n).

Lemma 5.7. Let J,, be as in (5.2.4) and consider x € Q(J,,) with v € T () as
in (5.2.5). Let S = {s1,...,8.15}. Let iq,...,i1, be the subset of S which are < 0, let
J1s - Jo be the subset of S such that s;, € (0, (I4+1)aj,), and let ky, ..., kg be the subset

of S such that sy, > (I + 1)ay,. In particular, L+ C + R =1+ s. Then
(4D ay, +- - +ai, + a5+ + @i —ag, = = arg) < 2(s5, + -+ 850).

Proof. Let us consider the j-th component vector (v}, vj) of v. T acts on v and hence

it acts on each of its components and we have

Tn((vg-, U;.')) — (U;einej Bnaj/27 U;/efiWGjefnaj/Q)

where as before §; = 0 if j <r, and a; > 0 for any j € [1,7 + s].Thus,

roon , 9 N a2 |U;-/|€7naj/2 if na; <s;
(0} )] = msc{ e 2], o2 =
naj/2

v} le if na; > s;

since |v}|e*/? = [v//]e™*/2. We also note that

|’U;| lfSJSO

A

|(vjvvj>|_ |v// if8A>O'
J J
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Together we get

(l+1)a]-
e 2 if s;, <0
[ T (), 0)] (t+1)a;
Lo )¢ 7 e (0, (I + 1)ay] (5.3.2)
(l+1)aj
e 2 if s; > (I +1)a;.
\
By the assumption (5.2.2) on the vector v € (R?)” x (C?)* we have
Joll > 7 and [ T < - for n € [1,1+1]
v 77 B vl < 57 forn : .
In particular, this gives
Tl+1
1T )l < 1. (5.3.3)
]
Now, from (5.3.2) and (5.3.3) we get
[T 1T (0], o))
IT;50 (), )]
L+ (ai +--+ai,)  (+1)(aj +-+a
:exp(( )( 5 L) + ( )( J 5 ]C) _Sj1 _3j0>><
I1+1 .
X exp(—( + 1) {aw, ; +akR)) < 1.
The exponent simplifies to
(14 1)+ e i, + gy o+ g =y — e ) < 2y + oo+ 550).
O

The next lemma shows how we apply the above two lemmas. The reader can skip the

lemma and come back when it is mentioned in the proof of Proposition 5.5. Recall

the embedding of U™ into R" x C®.

Lemma 5.8. Let V,,, = [b,b+!] and Q(J,,) be as before and let C', C" be given positive

constants. Let us consider the set D = {u(t) € UT : |[t;] < C"min{n,e" ™}, j =

L,...,r+ s} where n; is the left end point of the interval J3)  Then the set D can

82



be decomposed into < e "5 Tha)(+1) many disjoint sets of the form E = {u(t) €

Ut it < C'pelaij=1,...,r+s}.

Proof. For any j = {1,2,...,r 4+ s}, let us consider the ball around 0 of radius
C' - min{n,e*~™} in R or in C depending whether j < 7 or not and decompose it
into the small balls of radius C"ne~"'. If n; < b (in which case n; = —oco) then there
are < €% gmall subintervals if J < r and there are < e2ai gmall balls if j >
Suppose n; > b. If j < r then there are < elaitb=n; small subintervals and if j > r
then there are < ¢2(ai+b=15) gmall balls. We note that if n; > b+ la; (in which case
n; = b+ la;) then there are < 1 small subintervals or < 1 small balls depending on
j. We have iy, ....i1, j1, ..., jo, k1, ..., kr as in Lemma 5.7. Now, let i, ...,7}, be the
subset of {iy,...,ir} which are < r and i, ...,77, be the rest. Similarly, we consider

the subsets ji, ..., jor and 3, ..., jén of j1, ..., jo.

Therefore, the set D can contain at most

<exp(lag + -+ ap,) + 2ay + - + ap,))(1)Fx

o

xexp(l(aj + - +aj,) +0C"—ny —- - —ny )X
x exp(2(l(azy + -+ +az,,) +0C" —ng — - —nyp )

=exp((ag + -+ +ay, +ay +-- +ay )X

v )N x

c!’

X eXp(Q(azvl/ + .+ CI,ZZ” + @ + .+ a;

x exp(b(C"+2C") —my — -+ —ny, = 2ngy — -0 = 20y )
:exp((ai1 +ota, tag +"'+ajc>l_nj1 - T e —I—bC)X
X exp((ai/{ +---+ ai/L'” + ajf + -t aig”)l — njix — e — njré,, + bCH)

many disjoint sets of the form E. On the other hand, Lemma 5.7 gives

(l+1)(ai1+"'+aiL+aj1+"'+ajc_ak‘l_"'_akR><2(8j1+"'+8j0)'
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where s;, € J™K) — b= (n; — b,nj, + a;, —b]. Thus,
(l+1)(ail+"'+CL1’L+CLJ'1+"'+CL]'C—(I]€1—"'—CLkR)
<2nj, + -+ n5e) = 20C + 2(aj, + -+ az,)
and since a;, +---+a;, +aj, +---+aj, +ag, +---+ ag, = h, + hs we obtain
(l+1)(2<ai1+"'+aiL+aj1+"'+ajC>_hr_hS)
<2<nj1+"'+njc)_2bc+2(aj1+"'+ajc>'

This gives

(@, +---+a;, +a;, +---+a,)l —nj —---—n;, +bC

o ~2(ai - +ai) + (e + b+ 1)
- 2

Hence, the set D can be decomposed into

2, + et aiy) (e + B+ D)

< exp( 5 )
xexp((ay + -+ +aw, +agy+-+ay, )l —ng —--—ng +bC")
hr+ths
< ez exp((ay + - +ap, +ay+-+ap, J+1) —ngy — - —ngr + bC")

many disjoint sets of the form E. Now, by definition of nj, we have n; > b for

k =1,...,C which implies that bC" —n;» —--- —n;» < 0. Also, a;v + -+ +a;», +
1 c! 1 L

ajy+ - Fay, < hs. Thus, D can be covered by

< "R ()

disjoint sets of the form FE. n

If r = 0 one could get a better estimate as saying that the set D can be covered by
< el (not just < €3!/2) sets of the form E. Hence, one could obtain a sharper

result when r = 0 as was pointed out in the introduction.
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The proof of Proposition 5.5

To simplify the proof, by taking images under TV !, we redefine the notions in § 5.2.
For given M, N > 0 let Qy; y = VA T X, Xsar}. Also, define Py; y accord-
ingly by restricting to the interval [0, N —1] instead of [-N+1, N —1] and consider the
partition element P (V') (a substitute for P(V')) of Py;  which is contained in X_
where V' C [0, N —1] (in fact, V' C (0, N —1]). We have P*(V) = N_,Q(J,n)" where
Q(Jm)T is defined similar to Q(.J,,,) with the difference that Q(J,,)" is contained in
a partition element Q of Q}; v

Also, since X is pre-compact it suffices to restrict ourselves to a neighborhood
O of some xy € Xy N PH(V). Let O = xan/an/2A be a neighborhood of zy €
X_p- Then it suffices to prove that there exists a constant ¢y > 0 such that the set

(hr+hs)N

P5(V) = PT(V)N O can be covered by < ¢, " elhr+2hs)

_ (hr+hg)|V]
N 2 many forward

Bowen N-balls xB]J\“, where
N—1

Bj, = ﬂ a”B,]G a "
n=0
Let us make some observations. If we consider the image of O under T" we obtain

the set

n n —n + —n n
T™(0) = T"(zo)(a "By ya™)a "By a™.

We see that the jth component of the UT-part gets stretched by the factor e"%

Here again we naturally embed U™ into R” x C*. Under this identification, dividing

(a *”BU/ a") into [[;_,[e"] Hgiiﬂ(femﬂf many small parts we obtain the sets of
the form

T"(zo)u’ B sa "BY, a"

for some ut € U™. Now, if we take the pre-image under T" of these sets then we

obtain the similar sets
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as before. Tt is not hard to see that the set T™"(T"(x¢)u™)a ”Bn/za*”BZ]J/zA is con-

tained in the forward Bowen n-ball T™"(T"(z¢)u")B;". This in particular shows that

O can be covered by < e(hr+2hs)n

many forward Bowen n-balls which is the reason
why the maximal entropy is h, + 2h,. Here, we used the fact that ay +--- 4+ a, = h,
and @,y 1 + -+ + a,rs = hs. However, using Lemma 5.8 we will show that we need
fewer Bowen balls to cover the set O.

Let us decompose V' into disjoint ordered subintervals V,, of maximum length. So,

we have

V=VuWhu.. .UV,

Now let [0, N — 1]\ V = W, UW,y U ...U Wy where W, are maximal intervals. We
inductively prove the following:

If[0,b6—-1]=VUVU..UV, 1 UW,UWyU...UW, then for some constant ¢y the

set P (V) can be covered by < ¢ exp((h, + 2h,)(b — 1) — (hT+hs)(|Vé\+---+|Vn|))

many pre-images under T°~! of sets of the form
T (xg)u +Bn/2a’b+1BnU/2A -t (5.3.4)

For the interval [0, 0] the claim is obvious. Now, assume that the claim is true for the

interval [0,b — 1] as above. In the inductive step, if the next interval is W4, then
.. . . . r f a: r4+s ’ a:

once we divide each set obtained earlier into [[;_, [eWnralas] T it L([eWwalai])2 <

coePrt2hs)(IWarial) small ones for some constant ¢y, we just keep all of them. So,

assume that the next interval is V,, = [b,b + []. Let Y be one of the sets (5.3.4)
obtained in the earlier step. We divide Y into [[’_, €' H;Jrf 1 ([€'%])? many sets

of the form

Tb71+l( ) ( )Bn/Q —b-‘rl—lB?(?]/;Aab—l-H (535>

for some t € B]R “C" We are interested in the points 2 € Y for which T~""(z) is in

Q(Jm)T. We know by assumption that xg is one of them. If z € Y is another one then
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by Lemma 5.6 there exists t € B}f;;cs such that z = zqu™(t)g for some g € Bg/;A
and for j € [1,7 + s, |t;] < €~ where n; is the left end point of the interval J(™),
Hence the set we are interested in corresponds to the set D in Lemma 5.8 and each
set as in (5.3.5) corresponds to the set E as in Lemma 5.8. Thus, Lemma 5.8 gives
that once we divide Y into the sets of the form as in (5.3.5) we only need to keep

hr+hs . .
< ¢pel 3 Hha) (1) many of them. Here, enlarging if necessary, we assume that ¢y > 1

is the implicit constant appeared in Lemma 5.8. Hence, we conclude that the set Pg

can be covered by

, B4 B)(VA] oo Val) e + s

< g exp((hy + 2h,)(p — 1) - PRI D et 4 y))
, by + by ARy

< g exp((hy + 2h) (b4 1) — LT )(|V1|2+ TVl ),

many pre-images under T+ of the sets of the form
b+ Ut —b—l pU— A, b+l
T (wo)u™ (t) By 0™~ B, s a’*.
Since | = |V},], this completes the inductive step.
Now, let b = N then we see that the set PJ can be covered by
< clg+k'€(hr+2hs)N—W|V|

many forward Bowen N-balls. On the other hand, the proof of Lemma 5.3 suggests

that m and hence m’ is bounded above by

N 1< (h, + hs) N
/28] S 2log M

Thus, the set Z/; can be covered by

(hr+hs)N . X
< ¢ e(hr+2hS)N—W\V\

many forward Bowen N-balls, which completes the proof.
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5.4 Proof of Theorem 1.7

Now we will apply Lemma 2.5 together what we obtained in this chapter to prove

Thorem 1.7.

Proof of the Theorem 1.7. Note first that it suffices to consider ergodic measures.
For if p is not ergodic, we can write pu as an integral of its ergodic components
p = [ pdr(t) for some probability space (E, ) by [EW, Theorem 6.2]. Therefore, we
have (1(Xsn) = [ pu(Xsar)dr(t), but also hy,(T) = [ hy,,(T)dr(t) by [Wa, Thm. 8.4],
so that desired estimate follows from the ergodic case.

Suppose that p is ergodic. We would like to apply Lemma 2.5. For this we need
to find an upper bound for covering p-most of the space X by Bowen N-balls. Ex-
cept for the points that escape to the cusp, every forward trajectory visits X, for
M > max{etrths er+9)Y 5o that u(X<p) > 0. Thus, ergodicity of u implies that

1(Uney T™% X<pr) = 1. Hence, for every e > 0 there is a constant K > 1 such that

K-1
Y = U T~% Xy satisfies u(Y) > 1 — e. Moreover, the pointwise ergodic theorem
k=0
implies
1 N-1
1 " — (X
SN 1 nzgﬂ xom (T (@) = p(X>nr)

as N — oo for a.e. x € X. Thus, for € > 0 given there is Ny such that for N > N, the
average on the left will be bigger that u(Xsy) — € for any x € X, for some X; C X

with measure p(X;) > 1 — e. Clearly, for any N we have p(Z) > 1 — 3¢ where
Z=XNTVYynT VY.

Now, we would like to find an upper bound for the number of Bowen N-balls needed to
K—-1

cover the set Z. Here N — oo while € and hence K are fixed. Since Y = U T% X,

k=0
we can decompose Z into K? sets of the form

Z'=XiNnTV" M X_nT Nk Xx_),
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but since K is fixed, it suffices to find an upper bound for the number of Bowen
N-balls to cover one of these. Consider the set Z’. Since ki, ks < K without lost
of generality we can assume k; = ko = 0. Next we split Z’ into the sets P(V') as in

log log M
( log M )

Proposition 5.5. By Lemma 5.4 we know that we need <, € many of these.

Moreover, by our assumption on X; we only need to look at sets V- C [-N+1, N —1]
with |V| > ((X>m) — €)(2N — 1). On the other hand, Proposition 5.5 gives that

2(hr+hs) N
_ (hr+hs)
each of those sets P(V) can be covered by <y ¢, " = 2 F2ha) N="572V Bowen

N-balls. Together we see that Z can be covered by

g o 22N =) V) O(ler SN
many Bowen N-balls. Applying Lemma 2.5 we arrive at
log BC(N
ho(T) < limliminf 28BEWS)
e—~0 N—oo 2N
(hy 4+ hs)((Xsnr) —€) loglog M| (h, + hs)log co
< h,+2hs— = O
- + 2 ( log M )+ log M
(hr + D) (W(X>m) — €) log log M
< hy +2hs — = O .
+ 2 + O log M )
Since € > 0 was arbitrary, we get that
(hr + ho) (X nr) loglog M
h,(T) < h, 4+ 2h, — = O(—————
u(T) < he + 5 (5 o8 M )

which completes the main part of the theorem. The last part is easily deduced from

this and is left to the reader. O
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CHAPTER 6
MEASURES WITH HIGH LOCAL DIMENSION

This chapter is joint work [EK]| with M. Einsiedler. In this chapter we prove Theo-
rem 1.8 and Corollary 1.9. However, we will not prove Theorem 1.10 and its corollary
since the proofs follow the same lines as the proofs of Theorem 1.8 and its corollary
using Proposition 5.5 instead of Proposition 3.7 . Our main tool is a version of Propo-
sition 3.7. Let N, M > 0 be given. For any = we define V,, € [0, N —1] to be the set of
times n € [0, N — 1] for which T"(z) € Xs. Now, Proposition 3.7 can be rephrased

as follows.

Proposition 6.1. For a fized set N' = Njg y_1)(z0) of labeled marked times in [0, N —

1] we have that the set

Z*(N) ={z € Xanr - Nov—11(z) = Nov-11}

IN
BN—[Vag| o [Fox 1]

can be covered by <, e e, many sets of the form

TN (TN (2)u*) DY s BY €.
2
Proof. In the proof of Proposition 3.7 we inductively proved that the set

Z5={x € 0: Non_1(z) = Non_11}

IN
BN—IVag | [1o8 7T

can be covered by e e many pre-images under TV of sets of the form

TN(:BO)uJFDg/;a_NBf?J/;CaN.
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So, Z{, can be covered by the sets of the form

—~N/mN NnUt —-NpU—C

T (T (wo)u™)a™ Dy g™ By jo° .
This completes the proof since we have a® Dg/;a_N = D(ﬂ];wm and since X<,/ is
2

compact. ]
For any xk > 0 small we are interested in the upper estimate for
v({x € Xcpr o |Ve| > KN}).
Proposition 6.1 together with Lemma 3.4 gives the following.
Lemma 6.2. For any N > 0 large we have

6—2xk—3d+35 N+ 9N log(cq log M)

V({.TEXSMZ ’V}c| >/€N}) <Ly e 2 Tog M

Proof. From Lemma 3.4 we know that the set X_j; can be decomposed into

5N log|log M |

e UosMl
many sets of the form ZT(N). We are only interested in those sets of marked times
Njo,n—1)(z) for which |V,| > kN. On the other hand, from Proposition 6.1 we know

9N
3—n)NC()Llog M]

that such sets can be covered by e! many sets of the form

—N (N +\ Ut U-c
T (T (z)u )Dge,g,N/ng :
However, from the assumption on dimension of the measure v we have

V(T—N(TN(x)qu)Dg:_sN/QBgU*C) < (gef:SN/Q)df&
once N is sufficiently large. Thus,

5N log|log M | 971\//
v({x € X<y |Va] > kN}) < e [log 1] BRIN  llo 2] (ge_3N/2)d_5.
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This simplifies to

6—2x—3d+38 N+ 9N log(cq log M)

v({x € X<y |Vi] > kN}) <y 2 log M

]

Proof of Theorem 1.8. In order to prove Theorem 1.8 we need to estimate an upper

bound for pn(Xsar) for M, N large. Let us recall that

1 N1
=5 2T
i=0
Hence,
1 Nl
pn (Xsar) = N v(T7"(X>m))
n=0
= =
== N V(X<MQT7 (X>M))—|—N V(X>MﬂT7n(XZM)).
n=0 n=0

However, we have v(Xs ) < e(M) where ¢(M) — 0 as M — oco. Hence,
V(XSM N T_n(XZM)). (601)

Thus, all we need to estimate is + Zn 0 (X NT (X))

Now, recalling that V, = {n € [0, N — 1] : T"(x) € X5/} we note that

¥ Z W(Xer 1T (Xonr)

NZ v({z € X Val = i)

=1

[<N] N
LS e e X W =1+ £ S vl € Xears Vel =)
i=1 z’:[nm
1 1
N — &N |v(X<pr) + NNV({I € Xeum :|Va| > KN}

Let K(M) > 0 be the implicit constant that appeared in Lemma 6.2. Then using
Lemma 6.2 we obtain

]‘ 6—2Kr— 3d+35 N+ 9N log(cq log M)

N—
— Z (Xerr N T (Xspr)) < 5+ K(M)e fog 1
n=0

=
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Thus, together with (6.0.1) we get

6—2k—3d+35 |, 9log(cqlog M)
( 2 + log M )N

6—3d

The theorem is only interesting when d > %. So, we fix some d > % and let k > 5.

Now, we let 6 > 0 to be small enough so that
6 — 2k —3d+ 36 <0.

Let € > 0 be given. For M sufficiently large we can make sure that e(M) < €/2 and

6—2k—3d+36 9log(co log M)
that 5 + —oear — <0 Thus,

6-2r—3d+35 | 9 log(cq log M) )N

K(M)e( 2 log M

— 0
as N — oo. So, we conclude that for N large enough we get
UN (XzM) S K+ €

which gives in the limit that (X) > 1 — . This is true for any x > =3¢ Thus,

Next, we prove Corollary 1.9. We need the following Corollary 4.12 from [Fa].

Theorem 6.3. Let F' be a Borel subset of R™ with 0 < H*(F) < oo. Then there is a

compact set E C F such that 0 < H*(E) < oo and a constant b such that
H*(E N Bs(r)) < bo®
for allr € R™ and § > 0.

Proof of Corollary 1.9. As any divergent point is also divergent on average, we get

from [Ch] that the set of points Fy C X that are divergent on average has at least
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dimension % + 6. So assume now that the Hausdorff dimension of F{ is greater than
% + 6. Then, by the behavior of Hausdorff dimension under countable unions, there is
some subset ' C Fy with compact closure and small diameter for which the Hausdorff
dimension is also bigger than % + 6. Here we may assume that F' = FyN (xoDnt O
and that xODT,Bf{ “¢ is the injective image of the corresponding set in SLs(R). It
then follows that F' = x¢D’ Bff "¢ and that D’ has Hausdorff dimension bigger than
%. Thus, for sufficiently small € > 0 we have that 7{§+E(D’ ) = co. We may identify
Ut with R? and apply Theorem 6.3. Therefore, there exists a compact set £ C D’

such that 0 < #37(E) < oo and a constant b such that
HiT(E N By(r)) < bsse

4 €
for all € R? and § > 0. We define 1y = ——H? ' so that 1p(U") = 1. Let 7
Hite(g) B
be the map from U™T to X defined by 7(u) = zou. Now, we let v = 7,14 to be the
push-forward of the measure 1y under the map 7. It follows that for any 6 > 0 and

for any x € X we have

y(mBngBnUic) < 63t

Now, if we define uy as before then Theorem 1.8 implies that the limit measure p has

at least 3(5 + € — 3)3° > 0 mass left. However, the assumption on F and dominated

convergence applied to

N-1
1
pn (X<mr) = /N ZXT77LX§A4dV
n=0

implies that pn(X<p) — 0 as N — oo for any fixed M. This gives a contradiction

and the corollary. O
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