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ABSTRACT 
 

This study presents an improved gear noise source model with surface undulation or 

roughness as the main excitation while taking into account the sliding frictional contacts 

between meshing teeth. This model extends the prior linear time-varying model that 

predicted the surface roughness-induced air-borne noise source. The structure-borne 

noise source is examined in this study by employing a six degree of freedom linear time-

varying model. Gear contact mechanics is used to determine the mesh stiffness variation 

and also to relate the surface undulation to an equivalent static transmission error over a 

range of torques. Four alternate dynamic sliding friction models are also compared. 

Sound pressure radiated by the casing via structure-borne noise path is predicted using 

experimental partial pressure to acceleration transfer functions given pinion and gear 

accelerations in the line of action and the off-line of action direction. Linear time-

invariant models are also developed by assuming that the mesh stiffness, moment arm 

and coefficient of friction do not vary with time.  

Sinusoidal, periodic and random tooth surface undulations are examined and sound 

pressures at gear mesh harmonics are predicted; the random undulation also generates off 

gear mesh frequency components. Both linear time-varying and linear time-invariant 

models are utilized to quantify the structure-borne noise sources and to understand the 

role of mesh stiffness, moment arm and coefficient of friction variations. The effects of 

torque, surface undulation amplitude, coefficient of friction and speed are also examined 
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by using the linear-time varying model. Noise predictions (especially the trends) are 

compared with prior literature and some plausible explanations regarding the dominant 

sources are provided. 
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CHAPTER 1 INTRODUCTION 

1.1 Motivation  

Historically, static transmission errors have been minimized to reduce gear whine noise 

via improved manufacturing accuracies and tooth modifications [1]. Yet, at high torque 

loads, noise levels are still relatively high though the static transmission errors might be 

somewhat minimal (say at the design loads). This suggests that sliding friction and/or 

surface roughness could contribute as alternate noise sources. The sliding frictional 

source mechanism is associated with surface roughness or undulation, lubrication regime 

properties, time-varying friction forces/torques and mesh interface dynamics, as 

illustrated by Vaishya and Singh [2] and more recently by He et al. [3]. They have 

developed linear and nonlinear models (with time-varying stiffness and sliding friction 

characteristics) to predict the dynamic transmission error. These models assume 

negligible surface undulations. The complexity in modeling realistic gear tooth surfaces 

lies in the micro-surface characteristics (including surface undulations and random 

profiles) and time-varying properties of contact stiffness and sliding friction. The role of 

surface undulation on noise is not well understood, especially for structure-borne noise 

source or path. In this study we employ a six degree of freedom linear time-varying 

model and quantify the structure-borne noise source. 



2 
 

1.2 Literature Review 

Mitchell [4] summarized experimental data that related gear noise with surface roughness. 

For instance, an increase of about 1.5 dB is seen (at 1500 rpm with 116 to 329 KN/m of 

tooth load) when surface undulation height amplitude (H) is raised from 1 mµ  to 2.5 mµ  

and again by 1.5 dB when H is increased further to 5  µm. Mitchell [4] also suggested a 

relationship in sound level with speed (from 500 to 4000 rpm) or load. Hansen et al. [5] 

compared the vibration levels for two helicopter gears with different surface roughness. 

This included a baseline and an isotropic superfinished (a chemically accelerated 

vibratory finishing process) third stage spur bull gear and mating pinions along with the 

second stage bevel gears of a rotorcraft main gearbox. The nominal H value of the third 

stage spur gear reduced from 0.38 µm to 0.07 µm and that of the second stage bevel gear 

reduced from 0.38 µm to 0.09 µm after superfinishing. The vibration levels of the third 

stage bull gear at the fundamental gear mesh frequency (776 Hz) and that of the second 

stage bevel mesh were significantly reduced when compared to the baseline data. Ishida 

and Matsuda [6] experimentally simulated sliding contacts with undulated or random 

surfaces. Results showed that the vibration and sound levels are higher in the case of 

undulated disks with H∆ = 9 mµ  as compared to the disks with H∆ =1 mµ  where ∆H 

refers to the difference in H between two disks. Houjoh et al. [7] measured vibrations on 

helical gears that were finished by grinding or honing; a synchronous time domain 

averaging process was utilized. Spectral contents were grouped according to mesh 

harmonics, sideband components and a ‘ghost noise’ component (specific to individual 

finishing machines). Amini and Rosen [8] found a 10 dB reduction in noise from one 

gear pair with honing process (reduced to H= 0.18 µm from H= 0.56  µm). The sound 
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pressure magnitude at the fundamental tooth mesh frequency did not however change. 

They observed that the ghost frequencies are a direct consequence of the waviness left on 

the tooth surfaces by a particular honing machine. Mark [9] described the tooth surface in 

the wave number domain and found that surface undulations are related to the machining 

process kinematics and the resulting dynamic transmission error could be of the same 

order of magnitude as tooth deflections. 

Kim and Singh [10] developed a linear time-varying model of a spur gear pair to predict 

the surface roughness-induced air-borne noise source. They described the source in terms 

of sliding contacts between meshing gear teeth. Kim and Singh’s model predicted a 3 to 6 

dB increase in noise when H is increased from 1 mµ  to 2.5 mµ . A slope of 8 to 10 dB 

per octave for speed variations was calculated. Othman et al. [11] established an 

empirical relationship between sound pressure and surface roughness based on 

experiments conducted on a steel disk (with 1 N contact load at 1000 rpm). Noise 

increased by about 5 dB when H was increased from 2 mµ  to 5 mµ  and further by 3 dB 

when H is increased from 5 mµ  to 10  µm. From the above studies it is clear that there is 

a definite need to better understand and model surface undulation induced structure-borne 

noise source. 

1.3 Problem Formulation 

A six degree-of-freedom (6DOF) linear time-varying (LTV) model of a spur gear pair is 

proposed, as schematically shown in Figure 1. Here, ( )ph t  and ( )gh t  represent prescribed 

teeth surfaces with respect to ideal involute profiles of pinion (subscript p) and gear 

(subscript g) respectively.  
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Figure 1. Proposed 6DOF linear time-varying gear dynamics model with prescribed 

tooth surface undulations hp(t) and hg(t). Here LOA is the line-of-action (X) and 
OLOA is the off-line-of-action (Y) direction. 

 

Rigid casing is assumed as the boundary condition. Sinusoidal, periodic and random 

tooth surface undulations are examined. In this model, the undulation amplitude is 

independent of the load though an equivalent loaded static transmission error is also 

calculated. It is assumed that the coefficient of friction and surface roughness models are 

unrelated. The system is governed by torsional motions θp(t) and θg(t) and translational 

motions along the line-of-action (X) direction (xp(t), xg(t)) and the off-line-of-action (Y) 

direction (yp(t) , yg(t)). Here, Jp and Jg are the polar moments of inertia and Tp and Tg are 

the external and braking torques; Rp and Rg are base radii; kpSx and kgSx are the effective 

shaft-bearing stiffness in the X direction, and kpSy and kgSy are the effective shaft-bearing 

stiffness in the Y direction. The parameters of the unity gear pair are as follows [12]: 

number of teeth = 28; outside diameter = 94.95 mm; root diameter = 79.73 mm; diametral 
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pitch = 0.315 mm-1; center distance = 88.9 mm; pressure angle = 20°; face width = 6.35 

mm; tooth thickness = 4.851 mm; and elastic modulus = 206.9 KN/mm2

The 6DOF LTV model is reduced to a single degree-of-freedom (1DOF) LTV model by 

taking into consideration only θp(t) and θg(t). An intermediate equilibrium coordinate 

. 

Specific objectives are: 1. Develop a 6DOF linear time-varying analytical model with 

focus on surface undulation and sliding friction sources. 2. Predict the sound pressure 

radiated by casing via the structure-borne noise path by using experimental 

pressure/acceleration transfer functions and evaluate different surface undulations. 3. 

Compare alternate time-varying sliding friction models and examine the role of various 

time-varying parameters.  

 

( )Mx t  that describes the massless contact location of smooth teeth surfaces common to 

pinion and gear is used to develop the 1DOF model. For both LTV models mesh stiffness 

(kp(t) and kg(t)), moment arms (Xp(t) and Xg(t)) and coefficient of friction (µ(t)) vary with 

the roll angle (α) and thus with time (t). The kp(t) and kg(t) variations are calculated, over 

a range of T, by using gear contact mechanics codes such as the Load Distribution 

Program (LDP) [13] and CALYX [14]. The LDP is also used to relate the net surface 

undulation (∆h(t)=hg(t)-hp(t)) to an equivalent loaded static transmission error (ε(t)) at a 

given torque. Both ( )tε  and ∆h(t) are compared. The linear time-invariant (LTI) models 

are also developed by assuming that kp, kg, Xp, Xg and µ do not vary with α  or t. Sound 

pressures are predicted based on empirical pressure to acceleration transfer functions 

(Γx, Γy) that were measured on the NASA Glenn (parallel axis) gear-noise rig [15]. The 

6DOF LTV and LTI models will be utilized to compare the structure-borne noise levels. 
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The role of k(t), X(t) and µ(t) will be briefly examined. The effect of H, T and speed ( Ω ) 

on the LTV models will also be examined. Finally, results of our conceptual model will 

be compared with prior experimental studies such as by Mitchell [4]. 
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CHAPTER 2 GEAR DYNAMIC MODELS 

2.1 6DOF Linear Time-Varying Model 

With reference to the system shown in Figure 1, the governing equations for torsional 

motions θp(t) and θg(t) are: 

0 0
( ) ( ) ( ) ( )

n n

p p p pi pfi p pi
i i

J t T X t F t R N tθ
= =

= + −∑ ∑     (1) 

0 0
( ) ( ) ( ) ( )

n n

g g g gi gfi g gi
i i

J t T X t F t R N tθ
= =

= − + +∑ ∑     (2) 

The time-varying moment arms Xpi(t) and Xgi(t) for the ith meshing pair with a σ contact 

ratio are:    

( ) ( ) mod( , )pi XA p pX t L n i R tλ λ= + − + Ω     (3a) 

( ) mod( , )gi YC g gX t L i R tλ λ= + − Ω      (3b) 

where n = floor(σ) in which the “floor” function rounds off the σ to the nearest integer 

(towards a lower value); mod(x, y) = x – y ·floor(x/y) is the modulus function, if y≠0; Ωp 

and Ωg are the nominal speeds (in rad/s); and LAP, LXA and LYC are the geometric length 

constants. The normal loads Npi(t) and Ngi(t) are defined as follows: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

              ( ) ( ) ( ) ( ) ( ) ( )   

pi gi i p p g g p g

i p p g g p g

N t N t k t R t R t x t x t h t

c t R t R t x t x t h t

θ θ

θ θ

 = = − + − − ∆ 
 + − + − − ∆ 

  (4) 
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where ki(t) and ci(t) are time-varying mesh stiffness and viscous damping coefficients for 

the ith meshing pair. The instantaneous sliding friction forces Fpfi(t) and Fgfi(t) in terms of 

µ(t) for the ith meshing pair are: 

( ) ( ) ( )pfi i piF t t N tµ= ,  ( ) ( ) ( )gfi i giF t t N tµ=    (5 a,b) 

The governing equations for translations xp(t) and xg(t) motions in the X direction are:  

0
( ) 2 ( ) ( ) ( ) 0

n

p p pSx pSx p p pSx p pi
i

m x t k m x t k x t N tζ
=

+ + + =∑     (6) 

0
( ) 2 ( ) ( ) ( ) 0

n

g g gSx gSx g g gSx g gi
i

m x t k m x t k x t N tζ
=

+ + + =∑     (7) 

Here, mp and mg are the masses of the pinion and gear; and, ζpSx and ζgSx are the damping 

ratios in the X direction. Likewise, the translational motions yp(t) and yg(t) in the Y 

direction are governed by the following, where ζpSy and ζgSy are the damping ratios in the 

Y direction: 

0
( ) 2 ( ) ( ) ( ) 0

n

p p pS y pSy p p pSy p pfi
i

m y t k m y t k y t F tζ
=

+ + − =∑     (8) 

0
( ) 2 ( ) ( ) ( ) 0

n

g g gS y gSy g g gSy g gfi
i

m y t k m y t k y t F tζ
=

+ + − =∑     (9) 

Assume that the gear tooth surface is one-dimensional and given in terms of mesh 

locations (s). Define ps  and gs  at the involute coordinates where j denotes the tooth 

index and subscripts m , 0  and L  indicate mesh point, mesh start points of pinion and 

gear respectively: 

2 2
0 0

1 1( ) [ ] [ ]
2 2pj p p pm p p ps t R R tα α α= + = + Ω      (10a) 
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2 21 1( ) [ ] [ ]
2 2gj g gL gm g gL gs t R R tα α α= − = − Ω     (10b) 

Further the time-varying tooth surface undulation for the pinion is defined as follows: 

                            2( ) sin[( ( [ ] )) ]pj pj p po p pj
p

h t H R tπ α φ
λ

= + Ω +                         (11)                

Where φ  and λ  represent the surface undulation wave phase and wave length 

respectively.  

Assumed time-varying mesh stiffness and sliding friction parameters are defined below 

where ta represents the time from two teeth in contact to first tooth leaving contact, tb 

represents the time from two teeth in contact to the pitch point (subscript b) where the 

sliding velocity changes its direction and tc represents the gear mesh period (in time).  

  1

2

( ), 0
( )

( ),
a

a c

k t t t
k t

k t t t t
≤ <

=  ≤ <
,       1

2

( ), 0
( )

( ),
a

a c

c t t t
c t

c t t t t
≤ <

=  ≤ <
  (12 a, b) 

0

, 0
( )

0,
o a

I
a c

t t
t

t t t
µ

µ
≤ <

=  ≤ <
,  1

, 0
( )

,
o b

I
o b c

t t
t

t t t
µ

µ
µ
− ≤ <

=  ≤ <
            (12 c, d) 

Note that µ (t) changes at tb when the sliding direction reverses. The first time-varying 

friction model (designated as Model I) assumes a constant value ( oµ ) before and after tb 

[16]. Typical values of mesh stiffness elements (k1(t) and k2(t)) are calculated using gear 

contact mechanics code such as LDP [13] or CALYX [14] which are shown later in 

section 3.1. Figure 2 shows simplified periodic variations in the dimensionless form 

where t = t/tc. Here the dimensionless mesh stiffness is given by ( ) ( )k t k t= / ( ) tk t< >  

where t< >  is the time-averaged operator. Dimensionless coefficient of friction is given 

by: ( ) ( )t tµ µ= / oµ , a at t= / ct , b bt t= / ct  and ct = ct / ct =1. The normalized times about 
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which the actual transitions for mesh stiffness from two teeth in contact to first tooth 

leaving contact take place are given by 1at  and 2at , as illustrated in Figure 2. 

 

 
Figure 2. Simplified periodic variations for the 6DOF model within one mesh cycle. 

(a) Mesh stiffness ( )k t ; (b) coefficient of friction ( )tµ . Key: , tooth pair 
#0; , tooth pair #1. Here t is the normalized time where a at t= / ct , b bt t= / ct  and 

1ct = . 
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2.2 1DOF Linear Time-Varying Model  

The system of Figure 1 is re-examined by taking into account only the torsional motions 

of pinion and gear. Two simultaneous periodic differential equations are as follows where 

Mx  is an intermediate equilibrium point (as defined later): 

( ) [ ( ) ( ( ) ( ) ( )) ( ) ( ( ) ( ) ( )) ] [ ( ) ( )]p p p p p M g p p p M g p p pJ t c t R t x t h t k t R t x t h t R t X t Tθ θ θ µ+ − − + − − − =       (13a) 

( ) [ ( ) ( ( ) ( ) ( )) ( ) ( ( ) ( ) ( )) ] [ ( ) ( )]g g g g g M p g g g M p g g gJ t c t R t x t h t k t R t x t h t R t X t Tθ θ θ µ+ − − + − − + = −      (13b) 

Here, the effective stiffness and damping coefficients (with subscript e) are defined as: 

   ( ) ( )[ ( ) ( )]pe p p pc t c t R t X tµ= − , ( ) ( )[ ( ) ( )]pe p p pk t k t R t X tµ= −      (14 a,b) 

( ) ( )[ ( ) ( )]ge g g gc t c t R t X tµ= + , ( ) ( )[ ( ) ( )]ge g g gk t k t R t X tµ= +   (14 c,d) 

Using the above effective coefficients, equations (13a, b) are rewritten as:  

( ) [ ( ) ( ( ) ( ) ( )) ( ) ( ( ) ( ) ( )) ]p p p e p p M g p e p p M g pJ t c t R t x t h t k t R t x t h t Tθ θ θ+ − − + − − =    (15a) 

( ) [ ( ) ( ( ) ( ) ( )) ( ) ( ( ) ( ) ( )) ]g g g e g g M p g e g g M p gJ t c t R t x t h t k t R t x t h t Tθ θ θ+ − − + − − = −     (15b) 

Further, the force equilibrium condition between teeth is given by 

[ ( ) ( ( ) ( ) ( )) ( ) ( ( ) ( ) ( )) ]p p p M g p p p M gc t R t x t h t k t R t x t h tθ θ− − + − −       

[ ( ) ( ( ) ( ) ( )) ( ) ( ( ) ( ) ( )) ]g g g M p g g g M pc t R t x t h t k t R t x t h tθ θ= − − − + − −     (16) 

By defining the differential operator D d dt= , ( )Mx t  is obtained as 

[ ( ) ( )] ( ) [ ( ) ( )] ( ) [ ( ) ( )] ( ) [ ( ) ( )] ( )
( )

[ ( ) ( )] [ ( ) ( )]
p p p p g g g g p p g g g p

M
p g p g

c t D k t R t c t D k t R t c t D k t h t c t D k t h t
x t

c t c t D k t k t
θ θ+ + + − + − +

=
+ + +

 (17) 

Substitution of Mx  into (15a) and (15b) yields two equations which, when multiplied by 

pg RJ  and gp RJ  respectively and subtracted, produces the following third order linear 
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periodic differential equation in terms of the dynamic transmission error, 

1( )tξ = )()( tRtR ggpp θθ − :  

  1 1 1( ( ) ( )) ( ) [ ( ) ( )] ( ) ( ) ( ) ( ) ( ) ( ( ) ( )p g p g p g p g p g p gJ J c t c t t J J k t k t t c t c t t t c t k tξ ξ ξ+ + + + Λ +     

1 1( ) ( )) ( ) ( ) ( ) ( ) ( ) ( ) [ ( ) ( )][ ]g p p g p g g p p p g gc t k t t t k t k t t t c t c t J R T J R Tξ ξ+ Λ + Λ = + + +    (18) 

    [ ( ) ( )][ ] ( ) ( ) ( )( ( ) ( )) [ ( ) ( )p g g p p p g g p g g p p gk t k t J R T J R T c t c t t h t h t c t k t+ + + Λ − + +    

     ( ) ( )] ( )( ( ) ( )) ( ) ( ) ( )( ( ) ( ))g p g p p g g pc t k t t h t h t k t k t t h t h tΛ − + Λ −   

Here, ( ) [ ( ) ( )] [ ( ) ( )]g p p p p g g gt J R R t X t J R R t X tµ µΛ = − + + . The corresponding 6 ( )tξ  in 

the case of the 6DOF model includes a contribution by net translational motion and is 

given by 1( ) ( ) ( )p gt x t x tξ + − . 

Equation (18) for an undamped system is first considered as: 

1 1[ ( ) ( )] ( ) ( ) ( ) ( ) ( ) [ ( ) ( )][ ]

( ) ( ) ( )( ( ) ( ))


p g p g p g p g g p p p g g

p g g p

J J k t k t t k t k t t t k t k t J R T J R T
k t k t t h t h t

ξ ξ+ + Λ = + +

+ Λ −
    (19) 

Rewrite equation (19) in a compact form as follows where ( ) ( ) ( )pg p gk t k t k t= /[ ( ) ( )]p gk t k t+ : 

       1 1( ) ( ) ( ) ( ) [ ] ( ) ( ) ( )p g pg g p p p g g pgJ J t k t t t J R T J R T k t t h tξ ξ+ Λ = + + Λ ∆                  (20) 

Then, the damped system is defined below where ec  represents the effective time-

varying viscous damping coefficient for the gear pair system: 

 

1 1 1( ) ( ) ( ) ( ) ( ) ( ) [ ] ( ) ( ) ( )p g e pg g p p p g g pgJ J t c t t k t t t J R T J R T k t t h tξ ξ ξ+ + Λ = + + Λ ∆           (21a) 

( ) 2 ( ) ( )e p g pgc t J J k t tζ= Λ       (21b) 
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Figure 3. Simplified periodic mesh stiffness ( )k t variation for the 1DOF model 
within one mesh cycle. 

 

Figure 3 shows a simplified periodic variation in mesh stiffness for the 1DOF model. The 

µ (t) changes at tb when the sliding direction reverses, though µo is constant, before and 

after tb.  

  
, 0

( )
,
o b

o b c

t t
t

t t t
µ

µ
µ
− ≤ <

=  ≤ <
               (22) 

2.3 Linear Time-Invariant Model 

The linear time-invariant (LTI) model is developed next by assuming that the µ, k, c and 

X do not vary with α and thus with t. For both 6DOF and 1DOF systems (of chapters 2.1 

and 2.2 respectively) the time-invariant parameters are given by <k(t)>t, <c(t)>t and 

<X(t)>t. The time-invariant coefficient of friction is still given by the µo value, but it is 

assumed that the sliding friction does not change its direction at tb. The resulting set of 
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coupled differential equations (for the 6DOF system of Figure 1) is written below in 

matrix form where the generalized displacement vector 

( ) ( ) ( ) ( ) ( ) ( ) ( )
T

p p p g g gq t y t x t t t x t y tθ θ =    includes both translational and 

torsional motions.  

       ( ) ( ) ( ) ( )M q t Cq t K q t Q t+ + =                            (23) 

The corresponding mass M  and stiffness K  matrices are defined as:                 

[ ( , , , , , )]p p p g g gM diag m m J J m m=                                   (24) 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

    
2

    
2

    

    

0 0 0 0 0
0 0
0 0
0 0
0 0
0 0 0 0 0

py

px t p t g t t

p t p t p g t p t

g t p g t g t g t

t p t g t gx t

gy

k
k k t R k t R k t k t

R k t R k t R R k t R k t
K

R k t R R k t R k t R k t
k t R k t R k t k k t

k

 
 + < > < > − < > − < > 
 < > < > − < > − < >

=  − < > − < > < > < > 
 − < > − < > < > + < >
 
  

    (25) 

The forcing function vector ( )Q t  with ( )h t∆  and µo ( )N t  as excitations is defined as 

follows:   

( ) ( )
( ) ( )

( ) ( )
( ) ( )

  

 

 

 

( )

( ) ( )

( ) ( ( ) ( ))
( )

( ) ( ( ) ( ))

( ) ( )
( )

o

t t

o p t t

o p t t

t t

o

N t

c t h t k t h t

N t X R c t h t k t h t
Q t

N t X R c t h t k t h t

c t h t k t h t
N t

µ

µ

µ

µ

− 
 
< > ∆ + < > ∆ 

 + < > ∆ + < > ∆ =  − − < > ∆ + < > ∆ 
 − < > ∆ − < > ∆
 
  









.        (26) 

In the case of ( )tε as an excitation, the ( )h t∆  terms in the forcing function vector is 

replaced by the ( )tε  terms. In order to solve for the frequency response, equation (23) is 

transformed into the frequency domain by using the Fourier transform. Solving for the 

response vector at frequency ω  (rad/s), we get:  
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12( ) ( ) ( ) ( )q G Q K M i C Qω ω ω ω ω ω
−

 = = − +     (27) 

Where ( )G ω  is the dynamic compliance matrix. The acceleration vector ( )q ω
••

 is then 

given by 2 ( )qω ω− . 

12 2 2( ) ( ) ( ) ( )q G Q K M i C Qω ω ω ω ω ω ω ω
•• −

 = − = − − +    (28) 

By solving the undamped eigenvalue problem the natural frequencies (ωr) of the system 

are determined. Real eigenvalue problem, r r r
M Kγ φ φ= , yields eigenvalues (γr) and 

eigenvectors (
r

φ ). The natural frequencies, fr= rγ /2π (Hz), are determined for the 

system using the data of chapter 2 and the following parameters. The pSxk  along the X 

direction is assumed to be 23 MN/m; other parameters are selected as: 0.5pSy pSxk k=  and 

0.3gSx gSy pSxk k k= = . The second natural frequency represents the first coupled torsional-

translational mode at 630 Hz. The third (739 Hz) and fourth (954 Hz) modes describe 

translations along the Y direction of gear and pinion respectively. The fifth (1215 Hz) 

and sixth (5097 Hz) modes represents the second and third coupled torsional-translational 

mode involving pinion and gear.  

The viscous damping matrix C   is constructed by normalized modal matrix (φ ), rω  and 

modal damping ratio rζ :  

     1TC φ
−

= 2 r rζ ω 1φ −
 
 
  

,  r=1, 2,….6  (29) 
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In our work, rζ  of 0.05 is assumed for all modes. The dynamic force at the bearings (say 

on the pinion shaft) is determined using the following equations in t and ω  domains 

respectively as: 

( ) ( ) ( )Bpx pSx p pSx pF t k x t c x t= +  ,  ( ) ( ) ( )Bpx pSx pSx pF k i c xω ω ω= +     (30 a,b) 

The bearing force to acceleration transfer function on the pinion side (and similarly on 

the gear side) is given by: 

2( )Bpx pSx pSx

p

F k i c
x

ω
ω

ω
+

=
−

    (31) 

The above suggests that the dynamic forces can be deduced from the acceleration ( x ) 

spectra along the X and Y directions for both pinion and gear.  

Sample spectra of ( )a ω = ( )x ω / 2hω∆  are shown in Figure 4 where h∆ =1.0 µm and 

N=1.5 KN is applied from 5 Hz to 20 KHz and µo=0.04. The peaks observed in the ( )a ω  

spectra along the X direction of pinion and gear match the f2, f5 and f6 modes of the 

system. The peak observed in the ( )a ω  spectra along the Y direction of pinion and gear 

match the f4 and f3 modes of the system respectively. 
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Figure 4. Gear acceleration spectra ( a = x / 2hω∆ ) in the X and Y directions given 
h∆ = 1.0 µm, N=1.5 KN and µo=0.04 in the 6DOF LTI model. Key: , pxa ; ,  

gxa ; , pya ; , gya . 

 

Figure 5 shows the ξ ξ= /Hp spectra predicted using both 1DOF and 6DOF LTI models 

where pH =1.0 µm and N=1.5 KN is applied from 5 Hz to 20 KHz and µo=0.04. The peak 

observed in the 1DOF LTI model corresponds to the f2 mode (3900 Hz) of the 1DOF 

system whereas the peaks observed in the case of the 6DOF LTI model match the f2, f5 

and f6 modes of the 6DOF system. The mismatch in frequency between the 1DOF and the 

6DOF LTI model is because in the case of the 1DOF model only torsional motions θp(t) 

and θg(t) are taken in to consideration, whereas the 6DOF model includes both torsional 

and flexural motions at this mode. 
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Figure 5. Dynamic transmission error spectra (ξ ξ= /Hp) predicted by the LTI 

models given pH = 1.0 µm, N=1.5 KN and µo=0.04. Key: , 6DOF LTI model; 
, 1DOF LTI model.  
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CHAPTER 3 DYNAMIC RESPONSES GIVEN TOOTH SURFACE 

UNDULATION 

3.1 Time-Varying Gear Mesh Stiffness Calculations 

The mesh stiffness elements (k1(t) and k2(t)) are first calculated by using LDP [13] or 

CALYX [14], given kinematics and mean torque. At each mesh position along the face 

width the static load distribution is given and then ( )tε  is calculated as the total tooth 

deflection at all points along the face width. Using the load distribution and net tooth 

deflection, the k(t) is then calculated.  

Figure 6 shows typical cyclic variations in ( )k t  using LDP and CALYX for smooth 

surface profiles at 90.4 N-m. In the case of LDP, 1 0.55at = , 0.56at = , 2 0.57at = , 

0.75bt = and 1.00ct =  where the gear mesh period ct = 0.44 ms; in the case of CALYX, 

1 0.697at = , 0.75at = , 2 0.81at = , 0.86bt =  and 1.00ct = . Figure 7 shows the cyclic 

variations in ( ) ( )t tε ε= / ( ) ttε< >  using LDP and CALYX for smooth surface profiles 

at 90.4 N-m where ( ) ttε< >  is the time-averaged static transmission error. Differences 

between ( )k t  are due to simplifications made by the load distribution calculations in LDP 

[13].  

Using LDP ( ) tk t< >  and ( ) ttε< >  are found to be 102.7 MN/m and 22.16 µm 

respectively. Using CALYX ( ) tk t< >  and ( ) ttε< >  are found to be 78.6 MN/m and  
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28.54 µm respectively. Again, discrepancies are observed in both predictions given 

different load calculations. 

 

 
(a) 

 
 (b) 

 

Figure 6. Mesh stiffness ( k ) profiles during one mesh cycle calculated using LDP 
and CALYX at 4875 RPM and 90.4 N-m for a smooth gear tooth surface. (a) Using 

LDP; (b) using CALYX. Key: , tooth pair #0; , tooth pair #1. 
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(a) 

 
 (b) 

 
Figure 7. Static transmission error (ε ) variations at 4875 RPM and 90.4 N-m for a 

smooth gear tooth surface. (a) Using LDP; (b) using CALYX. 
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Table 1 compares k  and ε  spectra in terms of gear mesh harmonic / mω ω ω=  at 90.4 

N-m. Here / 60 / 60m p p g gz zω = Ω = Ω  is the gear mesh frequency (rad/s) where z denote 

the number of teeth.   

 

Table 1. Comparison of mesh stiffness and transmission error spectra of the 6DOF 
LTV model using LDP and CALYX at 90.4 N-m. 

ω  

k  ε  

LDP CALYX LDP CALYX 

1 0.25 0.19 0.08 0.21 

2 0.05 0.09 0.01 0.11 

3 0.08 0.03 0.02 0.03 

4 0.05 0.01 0.01 0.02 

5 0.03 0.03 0.01 0.03 

 

Table 2 compares the bearing forces, FBpx and FBpy, that are predicted by using the 6DOF 

LTV model for the example case (unity-ratio NASA spur gear pair with a long tip relief); 

here the k(t) is calculated using CALYX. Table 3 shows the FBpx and FBpy for the same 

spur gear pair with a linear tip relief (tip modification starts at 24.5o and the tip 

modification is 51 µm); the k(t) is calculated using LDP. From Table 2 and Table 3 it is 

seen that the trends are similar though the actual harmonic forces differ.  

Hertzian contact zone width is calculated using the LDP code based on the contact stress, 

load and length of contact. Local contact width increased with the increase in load. For 

the given gear parameters the Hertzian contact zone width is found to be 0.1716 mm. 
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Table 2. Bearing force spectra of the 6DOF LTV model using k(t) calculated from 
CALYX at 90.4 N-m (unity-ratio spur gear pair with long tip relief). 

ω  

Bearing force (N) (Calyx) 

FBpx FBpy 

1 19 38 

2 20 4 

3 1 1 

 
 

Table 3. Bearing force spectra of the 6DOF LTV model using k(t) calculated from 
LDP at 90.4 N-m (roll angle where the tip modification starts: 24.5o, straight tip 

modification: 51 µm). 

ω  

Bearing force (N) (LDP) 

FBpx FBpy 

1 33 17 

2 40 1 

3 4 1 

 

3.2 Tooth Surface Undulation Induced Vibrations 

The periodic tooth surface undulations ( )ph s  and ( )gh s  are defined as: 

2( ) sin[ ] sin[ ]pj p p pj pj p pj pj
g

h s H s H sπκ φ φ
λ

= + = +              (32a) 

2( ) sin[ ] sin[ ]gj g g gj gj g gj gj
g

h s H s H sπκ φ φ
λ

= + = +         (32b) 
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The surface undulation wave number, / svκ ω= =2π/λ where sv  represents the sliding 

velocity, determines the spectral contents of excitation and the amplitudes Hp and Hg 

determine the extent of excitation. Using the analytical data sv  is found to be 

approximately 8 m/sec. Note that the jφ  values in equation (32 a-b) are chosen from a 

uniformly distributed random function that varies between 0 and π2  to generate a 

random profile in all the case studies. Random undulations are also generated by 

choosing jφ  values using alternate distributions such as exponential, chi-square, Poisson 

and Rayleigh distribution. Periodic undulation is generated with constant φ =0.5 rad/s. 

Figure 8 plots random and constant φ  used to generate random and periodic undulations 

respectively. 

 



25 
 

 
Figure 8. Surface wave phase ( pφ ) used to generate random and periodic tooth 

surface undulations. Key: , random wave phase with uniform distribution; 
, constant wave phase ( pφ =0.5 rad).  

 

Sinusoidal undulation is generated by choosing pλ  in equation (32a) such that the surface 

undulation wave completes a full cycle at the end of tc. The profile generation depends on 

the involute arc location pjs  in equation (32a) which in turn is a function of tc. Since tc is 

controlled by gΩ , excitation is created only at the mesh harmonics in the case of 

sinusoidal surface undulation. A random undulation is applied only to the pinion; the gear 

is assumed to have a smooth surface (Hg = 0; this premise is employed throughout this 

study).                                                                   
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In our study pκ  and gκ  are assumed though they would be given from surface 

inspections. The ξ  spectra for the 1DOF and the 6DOF LTV models are compared in 

Table 4 for smooth tooth surfaces (with 0p gH H= = ) at 22.6 N-m. The mismatch in 

frequency between the 1DOF and the 6DOF LTI model, as shown in Figure 5, could be 

the reason for the difference in the trend followed in Table 4. Only the mesh harmonics 

are observed in both models. The major source in the case of smooth tooth surfaces is k(t) 

as there are negligible contributions from X(t) and µ(t) to the ξ  spectra.  

 

Table 4. Dynamic transmission errors (ξ) of the LTV models with smooth tooth 
surfaces at 22.6 N-m. The gear mesh frequency ( mf ) is 2275 Hz  

(corresponding to ω  =1). 

ω  

ξ , µm 

1DOF Model 6DOF Model 

1 2.2 1.8 

2 2.7 1.1 

3 0.2 1.0 

4 0.1 0.2 

5 0.0 0.1 
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    (a) 

 
    (b) 

Figure 9. Surface undulation and dynamic transmission error spectra for the 6DOF 
model excited by a random profile with 1 0.pH mµ=  and 2 800pκ π=  m-1 at 22.6 N-

m. (a) Net surface displacement ( h∆ ); (b) dynamic transmission error (ξ ). Key for 
(9b): , LTV model; , LTI model.  
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Figure 9(a) and Figure 9(b) show h∆  and / pHξ ξ=  spectra for a random undulation 

with 2 800pκ π=  m-1 and 1.0pH mµ=  at 22.6 N-m. The random undulation with 

2 800pκ π=  m-1 corresponds to a wavelength (λ) of 1.25 mm. The h∆  spectrum of 

Figure 9(a) shows that the excitation dominates at lower frequencies, say up to ω =3. 

Figure 9(b) compares the ξ  spectra obtained using the 6DOF LTV and LTI models for 

the given random undulation. In the case of the LTV model, there is contribution from k(t) 

as discussed in section 3.1 in addition to h(t) excitation due to the tooth surface 

undulation. In the case of LTI model, there is only contribution from h(t) and N(t). Figure 

10 compares the individual contribution of k(t), µ(t) and X(t) towards ξ  in the LTV 

model for a random undulation. It is clear from Figure 10 that the major contribution 

comes from k(t).  

 
Figure 10. Dynamic transmission error (ξ ) spectra as predicted by the 6DOF LTV 

model given a random undulation with individual contribution by time-varying 
parameters. 1 0.pH mµ=  and 2 800pκ π=  m-1. Key: , only k(t); , only µ(t); 

, only X(t).    



29 
 

 
(a) 

 
 (b) 

Figure 11. Comparison of LTV and LTI models in terms of pinion accelerations 
( a = x / 2

pH ω ) at 22.6 N-m as excited by random tooth surface undulation with 
2 800pκ π=  m-1 and 1 0.pH mµ= . (a) X direction; (b) Y direction. Key: , 

LTV; , LTI. 
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Figure 11(a) and Figure 11(b) show the comparison of a = x / 2
pH ω  spectra for the 

random tooth surface undulation of 2 800pκ π=  m-1 and 1.0pH mµ=  predicted using 

the 6DOF LTV models along the X and the Y directions respectively. Both mesh and 

non-mesh harmonics are observed along the X direction. The source for the non-mesh 

harmonics is the random variation in φ . Along the Y direction, as shown in Figure 11(b), 

there is a dominant peak at the non-mesh harmonic frequency of 977 Hz which matches 

with the f4 natural frequency of the system. The major contribution in the Y direction 

comes from µ(t) and h(t). When φ  is generated using an alternate probabilistic 

distribution, the ∆h spectrum changes and hence the a  spectra along the X and Y 

directions change correspondingly. When φ  is assumed to be a constant, only mesh 

harmonics are observed along the X and the Y directions. 

Using gear contact mechanics code such as LDP and CALYX, for a given geometry and 

torque, the equivalent loaded static transmission error ε(t) can be determined for periodic 

or sinusoidal surface undulations. Random undulation can not be directly used in the gear 

contact mechanics code because the same surface profile must exist on all teeth. Table 5 

compares alternate excitation spectra for the sinusoidal undulation of 2 571pκ π=  m-1 

(corresponds to λp=1.8 mm) and periodic tooth surface undulation of 2 800pκ π=  m-1 

(λp=1.25 mm) with 1.6pH mµ= . Minor differences are observed; see Appendix A.1 for 

more details. 
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Table 5. Comparison of alternate excitation spectrum given sinusoidal and periodic 
tooth surface undulations with Hp=1.0 µm at 22.6 N-m. 

ω  

 Sinusoidal Undulation,  

2 571pκ π=  m-1 

Periodic Undulation,  

2 800pκ π=  m-1  

( )h t∆  excitation* 

(µm) 

( )tε  excitation** 

(µm) 

( )h t∆  excitation 

(µm) 

( )tε   excitation 

(µm) 

1 0.0 1.5 0.0 1.6 

2 1.0 0.5 0.2 0.5 

3 0.0 0.7 1.0 0.4 

4 0.0 0.3 0.1 0.1 

5 0.0 0.2 0.1 0.2 

* ( )h t∆ excitation refers to net surface displacement excitation. 
** ( )tε  excitation refers to equivalent static transmission error excitation. 
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CHAPTER 4 SOUND PRESSURE PREDICTIONS GIVEN SURFACE 
UNDULATIONS 

4.1 Experimental Partial Pressure Transfer Functions 

Experiments were conducted at the NASA Glenn Research Center’s (parallel axis) gear-

noise rig to measure empirical transfer functions [15]. It is assumed that the quasi-static 

system response is similar to the response under rotating conditions. The teeth are 

statically loaded with a T of 67.8 N-m. In order to apply controlled force excitations to 

the gear-mesh, the gear box is modified. Separate shakers are used to excite the gears in 

the X and Y directions. Only one shaker is activated at a time and a microphone placed 

152 mm above the top plate of the casing structure is used to capture sound pressure p(t) 

[15]. Two mini accelerometers are placed on the aluminium block adhered just behind the 

loaded tooth of the gear to measure the acceleration in the X and Y directions. The 

measurements are converted to the frequency domain and thus Γx(ω) and Γy(ω) are 

obtained. Figure 12 shows the Γx and the Γy magnitudes respectively [15]. It is also 

assumed in our calculations that the transfer functions (Γx, Γy) are still valid though there 

is a variation in T. 
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Figure 12. Measured partial pressure to acceleration transfer functions (from [15]) 
where the microphone is located at 152 mm above the top plate. Key: , transfer 

function in the X direction (Γx); , transfer function in the Y direction (Γy). 
Gear mesh frequencies are listed. 

 

4.2 Sound Pressure Calculation Using Measured Transfer Functions  

The partial pressures Γx and Γy may be considered to be composed of four separate 

transfer functions as given below: 

( ) ( ) ( ) ( ) ( )h Be Bi

p h Be Bi p

a F Fp p
a a F F a

ω ω ω ω ω
    

=          
   (33) 

The above transfer functions are as follows (assuming only the structure-borne noise 

path): (i) the internal bearing force / pinion acceleration (FBi/ pa (ω)) that depends on the 
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geared rotating system; (ii) the external bearing force / internal bearing force (FBe / BiF (ω)) 

which represents the transmissibility at the bearings; (iii) the acceleration of the housing 

structure / external bearing force (ah / BeF (ω)) that captures the housing structural 

dynamics; (iv) the sound pressure / housing acceleration of the housing (p/ ha (ω)) that is 

a measure of the sound radiation characteristics. Normalized predicted and measured 

sound pressures at the first five gear mesh harmonics was compared by Holub and Singh 

[15, 17] using the 8DOF LTI model with static transmission error and sliding friction as 

sources; the focus of that study is on the structure-borne noise source and paths. The 

sound pressure predictions correlated well with measurements in terms of trends and 

relative magnitude at the first five mesh harmonics.    

The acceleration of the pinion (apx(ω)) along the X direction at the mesh point is defined 

as: ( ) ( ) ( ).px p p pa x Rω ω θ ω= +   Since the angular acceleration of the pinion does not 

contribute to the mesh acceleration in the Y direction, the acceleration at the mesh point 

( pya ) along the Y direction is: ( ) ( ).py pa yω ω=   Sound pressures at any frequency are 

calculated as follows:  

( ) ( ) ( ) ( )( ( ) ( ))x x p xx p p pp a x Rω ω ω ω ω θ ω= Γ = Γ +                              (34) 

( ) ( ) ( ) ( )( ( ))y y p yy pp a yω ω ω ω ω= Γ = Γ                                    (35) 

The phase of the sound pressures in the two directions is unknown; however, maximum 

and minimum values can be determined by assuming an in-phase (0o phase) and out-of-

phase (180o phase) relationship, respectively. Thus, a range of possible values can be 

predicted, such that ( ) .x y x yp p p p pω− ≤ ≤ +  
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4.3 Sound Pressure Prediction with Time-Varying Mesh Stiffness  

Sound pressure is predicted at the first five mesh harmonic frequencies. Assuming a 28 

tooth unity spur gear pair and a shaft speed of 4875 RPM, the first five mesh harmonic 

frequencies are calculated as 2275 Hz, 4550 Hz, 6825 Hz, 9100 Hz and 11375 Hz. Three 

load cases 22.6 N-m, 45.2 N-m and 90.4 N-m are considered. The sound pressure is first 

predicted for a gear system with smooth tooth surfaces at 22.6 N-m. Table 6 shows the 

sound pressure prediction along the X direction (Lpx) and the Y direction (Lpy) using the 

6DOF LTV model with smooth tooth surfaces at the first five mesh harmonics. Alternate 

k(t) calculations from LDP and CALYX are employed. Similar trends are followed by Lpx 

and Lpy predictions except at the third mesh harmonic where a 12 dB difference along the 

X direction is observed. This can be explained by the k  spectra of Table 1. 

 

Table 6. Sound pressure predictions for smooth tooth surface using the 6DOF LTV 
model with mesh stiffness calculated using LDP and CALYX at 22.6 N-m. 

ω  

Predicted Lp (dB re 20 μPa) at 22.6 N-m 

Lpx
 Lpy

 Lp (Range) 

LDP CALYX LDP CALYX LDP CALYX 

1 85 86 80 81 84-86 83-87 

2 107 112 94 93 107 112 

3 108 96 97 95 108 88-99 

4 98 95 54 54 98 95 

5 86 87 47 50 86 87 
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Overall sound pressure (Lp) is predicted with 0o and 180o phase which gives a range. 

Table 7 shows the predicted Lp range for an octave increase in T for smooth tooth surface 

at the first five mesh harmonics. At higher loads, the increase in Lpx is due to an enhanced 

contribution from k(t). In the case of Lpy the major contribution is from µ(t) and k(t) and 

it increases with load as well. 

 

Table 7. Effect of mean load (Tp) on sound pressures for smooth tooth surface using 
the 6DOF LTV model. 

 

ω  

Predicted Lp range (dB re 20 μPa) 

Tp=22.6 N-m  Tp=45.2 N-m  Tp=90.4 N-m  

1 84-86 89-92 95-98 

2 107 112 118 

3 108 114 121 

4 98 104 110 

5 86 92 98 

 

4.4 Effect of Surface Undulations  

Sound pressure is predicted next with periodic undulation as an excitation. Table 8 

compares Lpx and Lpy spectra with smooth ( 0pH = ), sinusoidal and periodic undulations 

as excitation. Results using the equivalent ε(t) as an excitation are also tabulated. The 

wave numbers for the periodic undulation excitations are 2 650pκ π=  m-1 (λp=1.5 mm) 
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and 2 800pκ π=  m-1, the sinusoidal undulation excitation has 2 857pκ π=  m-1 (λp=1.2 

mm). In all cases, 1.0pH mµ= .  

 

Table 8. Sound pressures for smooth, periodic and sinusoidal undulations (with 
1.0pH mµ= ) using the 6DOF LTV model for two excitations at 22.6 N-m. 

 

 

 

 

ω  

Predicted Lpx and Lpy (dB re 20 μPa) at 22.6 N-m 

Lpx  (Lpy)**** 

(Smooth 

undulation) 

∆Lpx
***  (∆Lpy) 

(Periodic  

undulation 

 2 650pκ π=  m-1) 

∆Lpx  (∆Lpy) 

(Periodic 

undulation  

2 800pκ π=  m-1) 

∆Lpx (∆Lpy) 

 (Sinusoidal 

undulation 

2 857pκ π= m-1) 

h∆ (t)* ε (t)**   h∆ (t) ε (t)   h∆ (t) ε (t)   h∆ (t) ε (t)   

1 85 (80) 91 (79)  1 (0)  0 (-2) 0 (2) 0 (2) 0 (3) 0 (2) 

2 107 (94) 112 (94)  9 (0) -1 (-1) 6 (0) -1 (1) 3 (1) -2 (1) 

3 108 (97) 114 (99)  4 (2) 2 (0) 13 (1) -4 (-1) 14 (-1) 3 (-1) 

4 98 (54) 104 (59)  -7 (5) -2 (2) 10 (4)  2 (-6) 10 (0) 5 (-5) 

5 86 (47) 92 (52) -1 (5) -1 (3) 5 (6) 1 (-10) 4 (4) 2 (-3) 

* h∆ (t) refers to the model with surface undulation as excitation. 
** ε (t) refers to the model with equivalent static transmission error as excitation. 
***  ∆L refers to the dB change in sound pressure level over a smooth surface. 
**** parenthesis refers to sound pressure predicted in the Y direction. 

 

The relative change in sound pressure over a smooth surface is given by ∆L in dB. In the 

case of periodic undulation with 2 650pκ π=  m-1, ∆Lpx is higher at ω =2 and ω =3 and in 

the case of periodic undulation of 2 800pκ π=  m-1, ∆Lpx is higher from ω =2 to ω =5. 
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The pκ  of the periodic undulation determines the frequency contents of excitation. Along 

the Y direction, the major contribution for Lpy comes from h(t) and µ(t). Since Lpx is 

more dominant than Lpy the overall sound pressure is dictated by Lpx. With ε(t) as an 

alternate excitation, for a smooth tooth surface, there is an increase in sound pressure of 

about 5 dB to 6 dB along the X direction as compared to the ( )h t∆  excitation as shown in 

Table 8. The equivalent ε(t) is obtained from a gear contact mechanics code such as LDP 

for a given torque and the surface undulation is used as the modification to the tooth. The 

difference in the ∆Lpx values can be attributed to the differences in the h∆  and the ε  

spectra, as shown in Table 5. Table 9 shows a range of sound pressures for smooth and 

periodic ( 2 800pκ π=  m-1) undulations using the 6DOF LTV model with ε (t) as an 

excitation. Sound pressure is predicted at three loads. 
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Table 9. Effect of mean load (Tp) on sound pressures for smooth and periodic tooth 
surface ( 2 800pκ π=  m-1) undulations using the 6DOF LTV model with static 

transmission error ε (t) as an excitation. 

ω  

Predicted Lp range (dB re 20 μPa) 

Tp=22.6 N-m  Tp=45.2 N-m  Tp=90.4 N-m  

Smooth 

Undulation 

Periodic 

Undulation 

Smooth 

Undulation 

Periodic 

Undulation 

Smooth 

Undulation 

Periodic 

Undulation 

1 91-92 91-92 97-98 97-98 102-103 102-103 

2 112 111 118 117 123 123 

3 114 110 121 116 127 125 

4 104 107 110 112 117 117 

5 92 93 98 99 104 105 

 

 

Sound pressure is then predicted for a random undulation with uniform distribution. Now 

non-mesh harmonic components are also observed along the X and the Y directions. 

Figure 13 shows the sound pressures corresponding to accelerations a  along the X and Y 

directions at the mesh point for a random undulation with 2 650pκ π=  m-1 and 

2 800pκ π=  m-1 and 1.0pH mµ= .  
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(a) 

 
 (b) 

Figure 13. Sound pressures corresponding to the X and Y accelerations excited by 
random tooth surface undulation with 1 0.pH mµ= . Key: , 2 650pκ π=  m-1; , 

2 800pκ π=  m-1.    
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Along with non-mesh harmonics, the dominant harmonics are displayed in Figure 13. 

Along the X direction the random undulation with 2 650pκ π=  m-1 is more dominant until 

ω =2; conversely the random undulation with 2 800pκ π=  m-1 is more dominant from 

ω =3 to ω =5. Along the Y direction, there is a dominant peak at the frequency of 977 Hz 

which matches a natural frequency of the system (f4) as explained in section 3.2. As the 

load is increased, the sound pressures at the non-mesh harmonic components become less 

significant when compared with mesh harmonic components. Sound pressures are also 

predicted with alternate probabilistic distributions; see Appendix A.3 for details. 

4.5 Alternate Dynamic Friction Models 

Four alternate time-varying frictional models are developed and compared [18]. 

Frictional model I is based on the equations (12c, d) given in chapter 2.1. Model II is 

based on the Benedict and Kelley model [19] though it is modified to incorporate a 

reversal in the direction of friction force at tb; it is given below.  

10 2

297000.0144( ) log .sgn mod( , ) ( )
1.13 ( ) ( )

n
IIi p p AP

avg V si di

Wt R t n i L
H v t v t

µ λ λ
η

 
 = Ω + − −   −  

   (36) 

Here ( )siv t  and ( )div t  are the sliding and the entraining velocities (m/s) of ith meshing 

tooth pair (i=0, … , n); nW  is the unit normal load (N/mm); avgH  is the averaged surface 

roughness (µm), and Vη  is the dynamic viscosity of the oil entering the gear contact. 

Model III is proposed by Xu et al. [20] based on non-Newtonian, thermal elasto-

hydrodynamic lubrication (EHL) formulation. It is modified in our equation to 

incorporate a reversal in the direction of friction force at tb as given below. 
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3) 6 7 82( ( ), ( ), ,( ) ( ) . ( ) ( ).sg n mo d ( , ) ( )i Hi V avg bf S Rt p t H b b bb
IIIi Hi i di V i p p APt e p SR t v t r t R t n i Lηµ η λ λ = Ω + − −     (37a) 

10( ) ( ) lo g ( )
) 1 4 10 5 9( ( ), ( ), , ( ) ( ) lo g ( ) avgi Hi V HSR t p t

i Hi V avg i Hi Vf SR t p t H b b SR t p t b e b eηη η −= + + +   (37b) 

Here ( )Hp t  is the maximum Hertzian pressure (GPa); ( )SR t   is the dimensionless slide-

to-roll ratio; div  is the oil entraining velocity (m/s) and r is the effective radius of 

curvature (m). The empirical coefficients bj (in consistent units) are suggested by Xu et 

al. [20]. Model IV is based on a smoothened Coulomb model developed by Duan and 

Singh [21] to describe dry friction in torsional dampers. This is also extended to 

incorporate a reversal in the direction of friction force as given below. 

[ ] 2 2

2 2 ( )
( ) arctan ( )

1 ( )
avg avg i

IVi i
i

A t
t A t

A t
µ µ ψ

µ ψ
π π ψ

= +
 + 

    i=0 … n.  (38) 

Where ( ) mod( , ) ( )i p p APA t R t n i Lλ λ= Ω + − −  and ψ  corresponds to the regularizing 

factor that is adjusted to suit the need of smoothening requirement [21].  

Figure 14 compares four alternate sliding frictional models. In the case of Models III and 

IV, smooth transitions are observed as compared to Models I and II where discontinuities 

exist near the pitch point. Discontinuities could serve as artificial excitations to the 

dynamics along the Y direction. Thus Models III and IV smoothens the discontinuity at 

the pitch point. Table 10 shows a range of Lpy value for a smooth undulation using the 

alternate frictional models at 56.5 N-m. The Lpy values with any of the above mentioned 

four models at the first five mesh harmonics fall within a narrow range. Further, since Lpx 

is more dominant than Lpy, any of the four dynamic friction models can be used. All case 

studies are performed using Model I (coulomb friction) in this work. Finally, the regime 

of lubrication is indicated by a film parameter τ; see Appendix B.2 for more details. 
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Typical values of τ is found to lie between 1 and 3 for a temperature range of 100 to 180 

oF and load of 56.5 N-m to 101.7 N-m at 4875 rpm [15]. 

 

 

Figure 14. Comparison of four dynamic frictional models where µ  is given by 
µ(t)/µo. Key: , Model I (Eq. 12 c,d); , Model II (Eq. 36); , Model III (Eq. 

37 a,b); , Model IV (Eq. 38). 
 

 

Table 10. Range of sound pressures along the Y direction for smooth tooth surface 
undulation (Hp=Hg=0) using the four frictional models in the 6DOF LTV 

formulation at 56.5 N-m. 
ω  Range of Predicted Lpy (dB)  

1 87-89 

2 102-103 

3 105-106 

4 62-65 

5 53-59 
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4.6 Effect of Shaft-Bearing Stiffness 

A new set of eigenvalues is obtained by increasing the pSxk  to 20 times its original value 

( 23pSxk =  MN/m) in the 6DOF LTI model. The fr of the system with 460pSxk =  MN/m 

are 2579 Hz (Mode 2), 3330 Hz (Mode 3), 4300 Hz (Mode 4), 4508 Hz (Mode 5) and 

6825 Hz (Mode 6 which matches with 3fm; 2275mf = Hz). Table 11 shows the sound 

pressure predictions along the X direction with smooth and sinusoidal undulations of 

2 857pκ π=  m-1 and 1.0pH mµ=  using the 6DOF LTV model for alternate values of 

pSxk  at 22.6 N-m. Note that the sinusoidal undulation results in a dominant excitation at 

3fm. 

 

Table 11. Sound pressures for smooth and sinusoidal tooth surface undulations 
using the 6DOF LTV model with alternate pinion shaft-bearing stiffness along the X 

direction. 

ω  

                                Predicted Lpx (dB re 20 μPa) at 22.6 N-m 

23pSxk = MN/m 460pSxk = MN/m 

Lpx (Smooth 

undulation) 

∆Lpx (Sinusoidal 

undulation)  

2 857pκ π=  m-1 

1.0pH mµ=  

Lpx (Smooth 

undulation) 

∆Lpx (Sinusoidal 

undulation) 

2 857pκ π=  m-1 

1.0pH mµ=  

1 85 0 89 0 

2 107 3 91 -3 

3 108 14 105 14 

4 98 10 105 3 

5 86 4 89 2 
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From Table 11 it is seen that for 460pSxk =  MN/m, ∆Lpx is dominant at ω =3 indicating a 

strong resonance since ω =3 matches with f6. This is not the case with 23pSxk =  MN/m 

and thus ∆Lpx is higher from ω =2 to ω =5 in contrast with 460pSxk =  MN/m. 

 

4.7 LTV vs. LTI Models 

Table 12 lists sound pressures along the X and the Y directions for a periodic undulation 

with 2 650pκ π=  m-1 and 1.0pH mµ= . In this table, the 6DOF LTI and LTV models are 

compared. The relative change in sound pressure predicted by the 6DOF LTV model over 

the 6DOF LTI model is given by ∆L. It is seen that along the X direction the major 

contribution comes from k(t). Along the Y direction there is contribution from both k(t) 

and µ(t). And, there is a negligible contribution from X(t). With an octave increase in 

torque, the effect of surface undulation excitations becomes less pronounced because the 

sound pressures at all mesh harmonics are controlled by a higher k(t). 
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Table 12. Effect of time-varying parameters on sound pressures for periodic 
undulation with 2 650pκ π=  m-1 and 1.0pH mµ=  at 22.6 N-m. 

ω  

Predicted Lpx (Lpy) (dB re 20 μPa) at 22.6 N-m with h(t) 

LTI Model 

Lpx (Lpy) 

LTV Model 

with k(t), µ(t), 

X(t)  

∆Lpx
*

 (∆Lpy) 

LTV Model 

with  

 k(t)  

∆Lpx (∆Lpy) 

LTV Model  

with   

µ(t)  

∆Lpx (∆Lpy) 

LTV Model 

with  

X(t)  

∆Lpx (∆Lpy) 

1 70 (44)  16 (35)  16 (16)  1 (35)  -1 (0)  
2 111 (84)  5 (10)  5 (4)  0 (5)  0 (0)  
3 111 (94)  1 (5)  1 (2)  0 (-2)  -1 (0)  
4 91 (41)  0 (18)  0 (0)  0 (10)  0 (0)  
5 80 (31)  5 (21)  5 (5)  0 (13)  0 (0)  

*   ∆L refers to the dB change in sound pressure level over the 6DOF LTI Model. 
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CHAPTER 5 CONCLUSION 

5.1 Summary 

An improved 6DOF LTV analytical model has been developed to predict sliding friction 

and surface undulation induced structure-borne noise. Gear contact mechanics codes such 

as LDP [13] and CALYX [14] are used to determine k(t) and also to relate the surface 

undulation to an equivalent ε(t) over a range of T. The LTI model is also developed by 

assuming that k, X and µ do not vary with t. Sinusoidal, periodic and random undulations 

are examined. Based on the experimental partial pressure to acceleration transfer 

functions, sound pressures are predicted for the 6DOF model with ∆h(t) and equivalent 

ε(t) as alternate excitations. Both 6DOF LTV and LTI models are utilized to compare 

structure-borne noise levels. The roles of mesh stiffness, moment arm and coefficient of 

friction variations have been explained from the sound pressure perspective. Four 

alternate time-varying sliding friction models are compared as well. The Hertzian contact 

zone width and the lubricant film thickness issues are briefly addressed. The effect of H, 

T, µ and Ω  are quantified in terms of the sound pressure predictions as yielded by the 

6DOF LTV model. Noise prediction trends are successfully compared (in section 5.2) 

with the prior literature and some plausible explanations regarding the dominant sources 

and typical trends are provided. 
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5.2 Comparison with Literature  

The effects of T, µ, H and Ω on sound pressure spectra are primarily considered and 

compared with published measured or simulated results, especially in terms of typical 

changes in sound levels. Though analytical and/or experimental sound level trends appear 

to be similar, care should be taken in the interpretation of results since several 

assumptions have been made in our conceptual model; also, in several cases, global 

results were provided without sufficient information on the geared system tested. First the 

effect of T on sound pressure is considered. Mitchell [4] documented a 5 dB increase in 

sound pressure with an octave increase in T. In our model, there is almost a 6 dB increase 

in sound pressure along the X and the Y directions at all mesh harmonics with an octave 

increase in T as reported in Table 6. Further, Mitchell [4] documented a 5 dB per octave 

slope with speed and our model predicts a change of about 8.5 dB per octave for speed 

variations. It is similar to Kim and Singh’s air-borne noise source model [10] that 

predicted a slope of about 9 dB per octave. Next the effect of µo on sound pressure is 

considered. With the increase (or decrease) in µo, there is no change along the X direction. 

Along the Y direction, there is approximately a 6 dB increase in Lpy at all harmonics with 

an octave increase in µo.  

In order to compare the effect of undulation amplitude H in our model with the literature, 

a sinusoidal undulation with 2 857pκ π=  m-1 is first assumed. Ishida et al. [6] 

documented a 10 dB decrease in sound when ∆H was reduced from 9 µm to 1 µm. Our 

model predicts a 17 dB reduction in sound level for the same change in ∆H. Mitchell [4] 

documented an increase of about 1.5 dB when H is raised to 2.5 mµ  from 1 mµ  (and 
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again by 1.5 dB when H is increased further to mµ5 ). Our prediction shows about 6.5 dB 

increase for the same changes in H. Hansen et al. [5] reported vibration levels with a 

super-finished tooth surface. The vibration level for the third stage bull gear reduced by 7 

dB at the first gear mesh frequency (776 Hz) and that of the second stage bevel pinion 

reduced by 3 dB at the first gear mesh as well, when compared with the baseline 

vibration data. Our model predicts a 6 dB decrease in noise (or vibration) for a reduction 

in H from 0.38 mm to 0.07 mm and a further 5 dB decrease for a reduction in H from 

0.38 mm to 0.09 mm. Figure 15 shows a  spectra along the X direction with an increase 

in H for random undulation with 2 800pκ π=  m-1. With an octave increase in H there is a 

6 dB increase in sound pressure along the X direction at non-mesh harmonics in the case 

of random undulations. This trend is comparable to the ghost frequencies observed by 

Amini and Rosen [8] as a direct consequence of the waviness left on tooth surfaces by a 

honing machine. 

 

5.3 Future Work 

Future work would include refining or extending the six degree of freedom linear-time 

varying model with surface undulation and sliding friction as excitations; more cases of 

undulations should be examined. The mesh stiffness ( )k t  and equivalent static 

transmission error ( )tε  predictions need to be refined as well. Other gear types should 

also be considered. Dynamic and noise experiments must be conducted with different 

tooth surface finishes. 
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Figure 15. Pinion accelerations ( a ) along the X direction with an increase in surface 

undulation amplitude H with a random phase and p 2 800κ π=  m-1. Key: , 

pH m0.25 µ= ; , pH =0.5μm ; , pH =1.0μm .   
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APPENDIX A ADDITIONAL RESULTS 
 

A.1 Equivalent Static Transmission Error 

Figure A.1 shows the comparison of rmsβ ε= / rmsh∆  for the sinusoidal undulation of 

2 571pκ π=  m-1, periodic undulations of 2 650pκ π=  m-1 and 2 800pκ π=  m-1 with 

Hp=1.6 µm for varying T at ω =2. Using the MATLAB function the rms value of h∆  is 

calculated and rmsε = / 2ε  at the first five mesh harmonics. From Figure A.1 it is seen 

that β  value is higher for sinusoidal undulation as compared to other undulations with a 

variation in T because the sinusoidal undulation with 2 571pκ π=  m-1 results in an 

excitation frequency that matches with ω =2. 
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Figure A.1. Effect of varying torque on β  at ω =2 where rmsβ ε= / rmsh∆ . Surface 
undulation height 1 6.pH mµ= . Key: , sinusoidal undulation 2 571pκ π=  m-1; 

, periodic undulation 2 650pκ π=  m-1; , periodic undulation 2 800pκ π=  m-1. 

 

A.2 Effect of Mean Load on Time-Varying Parameters 

Table A.1 shows the effect of Tp on time-varying parameters using 6DOF LTV models 

for periodic undulation with 2 650pκ π=  m-1 and 1.0pH mµ= . From Table A.1 it is seen 

that, with the increase in T, the increase in Lpx is a result of the contribution from k(t) and 

for Lpy the major contribution is from µ(t) and k(t). There is negligible contribution by X(t) 

along the X and Y directions.  
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Table A.1. Effect of mean load  (Tp) on time-varying parameters for periodic tooth 
surface undulation with 2 650pκ π=  m-1 and 1 0. .pH mµ=  

ω  

Predicted Lpx (Lpy) (dB re 20 μPa) at 22.6 N-m with h(t) 

Lpx (Lpy) at 22.6 N-m Lpx (Lpy) at 45.2 N-m 

With 

k(t), µ(t), 

X(t)  

With  

 k(t)  

With   

µ(t)  

With  

X(t)  

With 

k(t), µ(t), 

X(t)  

With  

 k(t)  

With   

µ(t)  

With  

X(t)  

1 

86 

 (79) 

86  

(60) 

69  

(44) 

71 

(79) 

91 

 (85) 

92  

(65) 

69  

(44) 

73 

(85) 

2 

116 

 (94) 

116  

(88) 

111 

(84) 

111 

(89) 

118 

(100) 

118 

(91) 

111 

(84) 

111 

(95) 

3 

112  

(99) 

112 

 (96) 

110 

(94) 

111 

(92) 

116 

(104) 

116 

(100) 

111 

(94) 

111 

(97) 

4 

91  

(59) 

91 

 (41) 

91  

(41) 

91 

(51) 

99  

(63) 

99  

(49) 

91  

(41) 

91 

(54) 

5 

85  

(52) 

85 

 (36) 

80  

(31) 

80 

(44) 

91  

(56) 

92  

(42) 

80  

(31) 

80 

(45) 

 

 

Table A.2 shows the effect of Tp on sound pressures, along the X direction, induced by 

smooth and periodic undulations with 2 800pκ π=  m-1 and 1.6pH mµ= . With the octave 

increase in torque the effect of surface undulation becomes less because the sound 

pressure prediction at all mesh harmonics is dominated by k(t). As shown in Table A.2 it 

is seen that along the mesh harmonics, with the increase in T, the effect of surface 

undulation becomes less because the sound pressure along the X direction is dominated 

by k(t). 
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Table A.2. Effect of mean load on sound pressures predicted by the 6DOF LTV 
model along the X direction using smooth and periodic tooth surface undulation 

with 2 800pκ π=  m-1 and 1 0. .pH mµ=  

ω  

Predicted Lpx  (dB re 20 μPa) 

Tp=22.6 N-m  Tp=45.2 N-m  Tp=90.4 N-m  

Lpx 

(Smooth 

undulation) 

∆Lpx
* 

(Periodic 

undulation) 

Lpx 

(Smooth 

undulation) 

∆Lpx 

(Periodic 

undulation) 

Lpx 

(Smooth 

undulation) 

∆Lpx 

(Periodic 

undulation) 

1 85 0 91 0 96 0 

2 107 6 112 3 118 1 

3 108 13 114 9 121 5 

4 98 10 104 7 110 5 

5 86 5 92 3 98 2 

 
* ∆L refers to the dB change in sound pressure over a smooth surface at a given Tp. 
 

A.3 Random Wave Phase Generation with Different Distributions   

In all the case studies involving random undulation generation, the φ  value is chosen 

from a uniformly distributed random function that varies between 0 and 2π. Random 

undulations are also generated by choosing φ  using different distributions such as 

exponential, chi-square, Poisson and Rayleigh distribution. The ∆h spectrum changes 

with φ  generated using different distributions and hence the acceleration spectra along 

the X and Y directions change correspondingly. Figure A.2 shows the comparison of 

a = x / 2
pH ω  spectra with φ  generated using different distributions for a random 
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undulation with 2 650pκ π=  m-1 and 1.0pH mµ=  predicted using the 6DOF LTV model 

at 22.6 N-m along the X direction. From Figure A.2 we can see that with the change in φ  

generated using different distributions the a  spectra changes correspondingly.     

 

 

Figure A.2. Pinion accelerations ( a ) along the X direction for a random undulation 
with wave phase generated using different distributions at 22.6 N-m. Here 

2 650pκ π= m-1 and 1 0.pH mµ= . Key: , wave phase generated with normal 
distribution; , wave phase generated with exponential distribution; , wave 

phase generated with rayleigh distribution. 
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A.4 Sound Pressure Prediction with Periodic and Sinusoidal Undulations as 

Excitation  

Table A.3. Net surface displacement spectra for periodic undulations. 
 

ω  

Predicted ∆h, µm 

 (Periodic 
undulation 

2 300pκ π=  m-1 

1.0pH mµ= )  

 (Periodic 
undulation 

2 650pκ π=  m-1 

1.0pH mµ= ) 

 (Periodic  
undulation 

2 800pκ π=  m-1 

1.0pH mµ= )  
1 0.92 0.25 0.04 
2 0.07 0.90 0.16 
3 0.04 0.33 0.99 
4 0.02 0.10 0.14 
5 0.02 0.06 0.10 

 
 
 
Table A.4. Sound pressures for periodic undulations (with 1.0pH mµ= ) using the 
6DOF LTV model at 22.6 N-m. 
 

ω  

Predicted Lpx (Lpy) (dB re 20 μPa) at 22.6 N-m with h(t) 

Lpx (Lpy)  
(Smooth profile 

0pH = )  

     ∆Lpx (∆Lpy)  
 (Periodic 
undulation 

2 300pκ π=  m-1 

1.0pH mµ= )  

   ∆Lpx (∆Lpy)   
(Periodic 

undulation 
2 650pκ π=  m-1 

1.0pH mµ= ) 

    ∆Lpx (∆Lpy)  
(Periodic  

undulation 
2 800pκ π=  m-1 

1.0pH mµ= )  
1 85 (80)  4 (0) 1 (-1) 0 (2) 
2 107 (94)  -1(0) 9 (0) 6 (0) 
3 108 (97)  0(0) 4 (2) 13 (1) 
4 98 (54)  -2 (1) -7 (5) 10 (4) 
5 86 (47)  0 (1) -1 (5) 5 (6) 
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Table A.5. Net surface displacement spectra for sinusoidal undulations. 
 

ω  

Predicted ∆h, µm 

 (Sinusoidal 
undulation 

2 285pκ π=  m-1 

1.0pH mµ= )  

 (Sinusoidal 
undulation 

2 567pκ π=  m-1 

1.0pH mµ= ) 

 (Sinusoidal  
undulation 

2 857pκ π=  m-1 

1.0pH mµ= )  

1 1.0  0.0  0.0  
2 0.0  1.0  0.0  
3 0.0  0.0  1.0  
4 0.0  0.0  0.0  
5 0.0  0.0  0.0  

 
 

 
Table A.6. Sound pressures for sinusoidal undulations (with 1.0pH mµ= ) using the 

6DOF LTV model at 22.6 N-m. 
 

ω  

Predicted Lpx (Lpy) (dB re 20 μPa) at 22.6 N-m with h(t) 

Lpx (Lpy)  
(Smooth profile 

0pH = )  

     ∆Lpx (∆Lpy)  
 (Sinusoidal 
undulation 

2 285pκ π=  m-1 

1.0pH mµ= )  

   ∆Lpx (∆Lpy)   
(Sinusoidal 
undulation 

2 567pκ π=  m-1 

1.0pH mµ= ) 

    ∆Lpx (∆Lpy)  
(Sinusoidal  
undulation 

2 857pκ π=  m-1 

1.0pH mµ= )  
1 85 (80) 4 (0) 1 (0) 0 (3) 
2 107 (94) 0 (0) 7 (1) 3 (2) 
3 108 (97) 0 (0) -2 (1) 14 (-1) 
4 98 (54) -1 (1) 1 (0) 10 (0) 
5 86 (47) 0 (1) 0 (0) 4 (4) 

 
 
 
Table A.3 and Table A.5 show the net surface displacement spectra for different cases of 

periodic and sinusoidal undulations respectively. Depending on the change in the net 
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surface displacement excitation distribution over harmonics the sound pressure predicted 

also changed which is seen in Table A.4 and Table A.6.  

A.5 Comparison of Predictions with Random Undulation as Excitation 

Sound pressure is predicted with two cases of random undulation as excitation. In the 

first case random undulation is generated with randomly distributed wave phase and in 

the second case random undulation is generated with randomly distributed height 

amplitude. 

10 10.1 10.2 10.3 10.4 10.5
-1.5

-1

-0.5

0

0.5

1
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∆h
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m

 

 

 
   (a) 
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Time, ms

∆h
, µ
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    (b) 

Figure A.3. Comparison of net surface undulation displacement with time. (a) 
Surface undulation with randomly distributed wave phase; (b) Surface undulation 

with randomly distributed height. 
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Figure A.4. Comparison of net surface undulation displacement spectrum. Key 

Random distributed wave phase;  Random distributed height. 
 
 
 
From the Figures A.4 and A.5 it is clear that by using random undulation with randomly 

distributed height there is negligible contribution at the non-mesh harmonics along the X 

and the Y directions because the net surface displacement spectrum is very small as 

compared to the case with random distributed wave phase. In the case of the random 

distributed wave phase the wave number determines the frequency content of excitation. 

This term is not present in the case with randomly distributed height. By increasing the 

magnitude of the surface undulation amplitude, the net surface displacement spectrum 

magnitude will increase which in turn will result in significant contribution at the non- 

mesh harmonics along the X direction and the Y direction. 
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   (a) 

 
      (b) 

Figure A.5. Comparison of pinion accelerations ( a = x / 2
pH ω ) at 22.6 N-m as 

excited by alternate cases of random tooth surface undulations. (a) X direction; (b) 
Y direction. Key: , Random distributed wave phase; , Random 

distributed height. 
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A.6 Comparison of Sound Pressure Predictions with Experimental and Assumed 

Partial Pressure to Acceleration Transfer Functions  

A constant value of the transfer function is assumed along the X direction (Γx= 86 dB= 

0.4 Pa/g) and the Y direction (Γy= 80 dB= 0.2 Pa/g). Table A.7 shows the sound pressure 

predicted using assumed partial pressure to acceleration transfer functions. 

 

Table A.7. Sound pressures for sinusoidal undulations (with Hp=1.0 µm) using the 
6DOF LTV model at 22.6 N-m. 

 

ω  

Predicted Lpx (Lpy) (dB re 20 μPa) at 22.6 N-m with h(t) 

Lpx (Lpy)  

(Smooth profile 

0pH = )  

     ∆Lpx (∆Lpy)  

 (Sinusoidal 

undulation 

2 285pκ π=  m-1 

1.0pH mµ= )  

   ∆Lpx (∆Lpy)   

(Sinusoidal 

undulation 

2 567pκ π=  m-1 

1.0pH mµ= ) 

    ∆Lpx (∆Lpy)  

(Sinusoidal 

undulation 

2 857pκ π=  m-1 

1.0pH mµ= )  

1 109 (88) 4 (0) 0 (0) 0 (1) 
2 116 (89) 0(0) 8 (1) 4 (1) 
3 123 (86) 0(1) -2 (1) 13 (0) 
4 114 (78) 0 (0) 1 (0) 11 (-1) 
5 107 (76) 0 (0) 0 (-1) 4 (4) 
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Table A.8. Comparison of sound pressures predicted using assumed and 
experimental partial pressure to acceleration (p/a) transfer function at 4875 rpm 

and 22.6 N-m for smooth surface. 
 

ω  

Predicted Lpx (Lpy) (dB re 20 μPa) at 22.6 N-m  

Experimental p/a 

transfer function  

Assumed p/a transfer 

function  

1 85 (80) 109 (88) 
2 107 (94) 116 (89) 
3 108 (97) 123 (86) 
4 98 (54) 114 (78) 
5 86 (47) 107 (76) 

 

A.7. Sound Pressure Prediction with Sinusoidal Undulations as Excitation at 

Different Rotational Speeds 

Table A.9, Table A.10 and Table A.11 show the sound pressure predicted using 

sinusoidal undulations as excitation at different rotational speeds. For all the cases sound 

pressure is predicted using assumed partial pressure to acceleration transfer functions. 

Three cases of rotational speeds 2604 rpm, 2044 rpm and 3857 rpm are considered. The 

sound pressure predicted along both X and Y directions using smooth profile is different 

based on the speed of operation but the trend followed with sinusoidal undulations as 

excitation is similar for all speed cases. In the case of 2044 rpm for a sinusoidal 

undulation with 2 285pκ π=  m-1 the ∆L is 14 dB higher than the smooth profile.   
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Table A.9. Sound Pressure Prediction using the 6DOF LTV model at 22.6 N-m and 
2604 rpm (1215 Hz- f5 second coupled torsional-translational mode). 

 

ω  

Predicted Lpx (Lpy) (dB re 20 μPa) at 22.6 N-m with h(t) 

Lpx (Lpy)  
(Smooth profile 

0pH = )  

     ∆Lpx (∆Lpy)  
 (Sinusoidal 
undulation 

2 285pκ π=  m-1 

1.0pH mµ= )  

   ∆Lpx (∆Lpy)   
(Sinusoidal 
undulation 

2 567pκ π=  m-1 

1.0pH mµ= ) 

    ∆Lpx (∆Lpy)  
(Sinusoidal 
undulation 

2 857pκ π=  m-1 

1.0pH mµ= )  
1 104 (95) 3 (1) 1 (0) 0 (1) 
2 95 (91) 0(0) 13 (0) 2 (1) 
3 110 (87) 0(0) -1(0) 8 (0) 
4 116 (73) 0 (0) 0 (1) 1 (-1) 
5 112 (63) 0 (0) 0 (-1) 3 (4) 

 
 
 
Table A.10. Sound Pressure Prediction using the 6DOF LTV model at 22.6 N-m and 

2044 rpm (954 Hz- f4 translation mode along Y direction). 
 

ω  

Predicted Lpx (Lpy) (dB re 20 μPa) at 22.6 N-m with h(t) 

Lpx (Lpy)  
(Smooth profile 

0pH = )  

     ∆Lpx (∆Lpy)  
 (Sinusoidal 
undulation 

2 285pκ π=  m-1 

1.0pH mµ= )  

   ∆Lpx (∆Lpy)   
(Sinusoidal 
undulation 

2 567pκ π=  m-1 

1.0pH mµ= ) 

    ∆Lpx (∆Lpy)  
(Sinusoidal 
undulation 

2 857pκ π=  m-1 

1.0pH mµ= )  
1 77 (107) 14 (0) 0 (0) 2 (0) 
2 91 (92) 0(0) 12 (0) 2 (0) 
3 104 (86) 0(0) -1(0) 8 (0) 
4 106 (73) 0 (0) -1 (-1) -1 (-1) 
5 109 (69) 0 (0) 0 (-5) 1 (-1) 
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Table A.11. Sound Pressure Prediction Sound Pressure Prediction using the 6DOF 
LTV model at 22.6 N-m and 3857 rpm (1800 Hz). 

 

ω  

Predicted Lpx (Lpy) (dB re 20 μPa) at 22.6 N-m with h(t) 

Lpx (Lpy)  
(Smooth profile 

0pH = )  

     ∆Lpx (∆Lpy)  
 (Sinusoidal 
undulation 

2 285pκ π=  m-1 

1.0pH mµ= )  

   ∆Lpx (∆Lpy)   
(Sinusoidal 
undulation 

2 567pκ π=  m-1 

1.0pH mµ= ) 

    ∆Lpx (∆Lpy)  
(Sinusoidal 
undulation 

2 857pκ π=  m-1 

1.0pH mµ= )  
1 105 (89) 4 (0) 0 (0) -1(1) 
2 107 (89) 0(1) 10 (1) -5 (1) 
3 116 (85) 1(1) -1(1) 12(0) 
4 125 (75) -1 (0) -1 (1) 3 (-14) 
5 116 (73) -1 (0) -1 (0) 1 (-6) 
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A.8. Information on Gears from the LDP code 

 

Figure A.6. Load distribution program input module. 

 

Using the LDP code, for the given gear parameters, more information regarding tooth 

thickness and radius of curvature is obtained which is shown in Table A.12.  
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Table A.12. Information on the Spur Gears from the LDP code. 
 

Number of teeth 28 (unity ratio) 

Center distance (mm) 88.9 

Contact ratio (profile) 1.57 

Module (mm) 3.175 

Length of contact, approach (mm,%) 7.358 (50 %) 

Root diameter (mm) 79.7306 

Base diameter (mm) 83.5387 

SAP diameter (mm) 84.9994 

Theoretical pitch diameter (mm) 88.9000 

LPSTC diameter (mm) 87.6033 

HPSTC diameter (mm) 90.3581 

Addendum (mm) 3.02260 

Dedendum (mm) 4.58470 

Transverse backlash at operating pitch 

point (mm) 

0.762 

Root clearance (mm) 1.52  

SAP radius curvature (mm) 7.84522 

EAP radius curvature (mm) 22.56037 

Root tooth thickness (mm) 5.31951 

SAP tooth thickness (mm) 5.48718 

Theoretical pitch tooth thickness (mm) 4.60628 

Effective outside tooth thickness (mm) 2.07220 
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A.9. Additional Results on Equivalent Static Transmission Error 

 

Figure A.7. Effect of varying torque on β  where rmsβ ε= / rmsh∆ . Surface undulation 
height 1 0.pH mµ= . (a) 1ω = ; (b) 2ω = ; (c) 3ω = ; (d) 4ω = ; (e) 5ω = . Key: , 

periodic undulation 2 300pκ π=  m-1; , periodic undulation 2 650pκ π=  m-1; , 
periodic undulation 2 800pκ π=  m-1. 
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Figure A.8. Effect of varying torque on β  where rmsβ ε= / rmsh∆ . Surface undulation 
height 1 0.pH mµ= . (a) 1ω = ; (b) 2ω = ; (c) 3ω = ; (d) 4ω = ; (e) 5ω = . Key: , 

sinusoidal undulation 2 285pκ π=  m-1; , sinusoidal undulation 2 567pκ π= m-1; , 
sinusoidal undulation 2 857pκ π=  m-1. 
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APPENDIX B HERTZIAN CONTACT ZONE WIDTH AND 
LUBRICANT FILM THICKNESS 
 

B.1 Hertzian Contact Zone Width 

The width of Hertzian contact zone 2b =1.27464F/(L po) is calculated using the LDP 

code where po is the contact stress, F is the load and L is the length of contact. Using the 

contact stress, load and length of contact from LDP code the local contact width is 

calculated. It is found to be 0.1716 mm for a load of 22.6 N-m. Local contact zone width 

increases with the increase in load. 

B.2 Lubrication Film Thickness 

The regime of lubrication is indicated by the film parameter τ=hmin/∆hrms where ∆hrms is 

the rms gear-tooth surface undulation and hmin is the minimum lubricant film thickness. 

The minimum film thickness over the experimental operating conditions is given in the 

technical report submitted to the Army Research Office [15]. The hmin varied from 0.5 

µm to 0.72 µm for a temperature range of 100 to 180 oF and load of 56.5 N-m to 101.7 

N-m. Using the hmin and ∆hrms, the film parameter τ is found to be close to 1 indicating 

that τ lies in the mixed lubrication regime where the films are thin enough to yield partial  

asperity contact. 
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The surface undulation amplitude H is related to ∆hrms by H =H/∆hrms. For the periodic 

undulation with 2 800pκ π=  m-1 and 1.0pH mµ= , H  is found to be 1.38. For the 

sinusoidal undulation with 2 567pκ π=  m-1 and 1.0pH mµ= , H  is found to be 1.414. 

For the random profile with 2 650pκ π=  m-1 and 1.0pH mµ= , H  is found to be 1.406.  

 

The surface undulation can be measured using a profilometer according to AGMA 

standard method [5, 15]. Hansen et al. [15] measured surface undulation by using a 

Hommel T1000 profilometer fitted with a 5 µm radius stylus. A tracing length of 1.5 mm 

and a wavelength cut-off of 0.25 mm and H between 0.02 and 0.1 µm were used. The 

trace was taken along the profile and within the active region of tooth flank on the third 

stage spur pinion. 
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