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ABSTRACT

In this dissertation, finite element models areduseinvestigate catastrophic failure
of thermal barrier coatings (TBCs) due to delamarest along susceptible interfaces of
thermally grown oxide (TGO) with the ceramic totand the inter-metallic bond coat.
The materials and geometries in the studies arsechdo be representative of TBC
materials in real applications.

The characteristics of the failure modes alongf®® and bond coat interface.g.
buckling instability and strain energy driven delaation propagation) are investigated
using thermo-elastic finite element models. Thaisoh of a linear elastic eigen-value
problem determines the onset of the buckling inktalwvith a pre-existing delamination
between bond coat and the TGO. The virtual cradkrston method is employed to
study strain energy release rate driven interfaggamination at wavy interfaces. The
materials and geometries in the study are chosbe tepresentative of TBC materials in
real applications. Extensive sensitivity analyses eonducted to identify the critical
design parameters affecting the onset of bucklimgl a&xtension of interfacial
delamination, as well as to develop parametrictioela that enhance the understanding
of these mechanisms. Finally, a numerical exerdsmonstrates that the buckling

instability is the leading failure mechanism att flaterfaces or at the locations of



minimum cross-section in a wavy interface. Howewerthe vicinity of waviness, crack
extension becomes a dominant mode of failure.

The top coat crack initiation and propagation igestigated using a thermo-elastic
finite element model with bond coat creep. Cracks assumed to initiate when the
maximum principal stress exceeds rupture stregheotop coat. A sensitivity analysis
estimates the contribution of geometric and madtgr@ameters and forms a basis to
develop parametric relation to estimate maximunmgipial stress. Subsequently, crack
propagation simulations using a hysteretic cohesisae model are performed for
parametric combinations which initiate cracks avirayn the interface. These analyses
conclude that parametric combinations initiating toat cracks also assist in propagation
and eventual delamination of TGO and top coat fatex.

A homogenization based continuum damage mechan#SDi) modeling
framework is proposed for TBC failure effects op tooat microstructural defects. An
extended Voronoi cell finite element (X-VCFEM)is ployed to perform the micro-
mechanical analysis of RVE and the results showHi@ZDM model has limited validity
due to loss of material stability with significadamage. A sensitivity analysis reveals

that the range of HCDM validity is dependent on ¢opt cohesive energy.
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CHAPTER 1

INTRODUCTION

1.1 MOTIVATION

State-of-the-art electron beam physical vapor dépas(EB-PVD) thermal barrier
coatings (TBCs) are used in gas turbine engineprtect components from high
temperature gases and severe transient thermaingpads shown in the SEM
micrograph of Fig. 1.1, a conventional TBC consadtthree layers deposited on a super-
alloy substrate. The first layer is a 50-1 thick bond coat that provides oxidation
protection, while the second is a 100-1@th thick top coat for providing thermal
insulation. The ‘strain tolerant’ top coat is stwed to limit strain induced cracking and
subsequent delamination; strain tolerance is aelidw incorporating micro-cracks or
aligned porosity in the material [1]. Typically, eldo its low, temperature-insensitive
thermal conductivity [1], Yittria stabilized Zircaa is the material of choice for the top

coat. The top coat is transparent to oxygen, aod ¢third layer, the thermally grown
1



oxide (TGO) forms as the bond coat oxidizes. DueT@O growth and the creep

deformation of the bond coat, the morphology of @O interfaces with adjoining

layers continues to evolve during the life of trRCT[2]. As shown in Fig. 1.1, the SEM

images of the TBC microstructure reveal that theOTiBterfaces have both planar and

wavy sections.

Individual layers in TBCs are significantly stromgban the interfaces between the

top coat and TGO and between the TGO and bond €amthermore the interface

toughness also tends to degrade with exposure[8m€E€onsequently, over their service

life, TBCs are susceptible to delamination alorgytthp and/or bottom TGO interfaces.

Experimental observations [4, 5] have confirmed ihathe absence of bond coat

creep, delamination at the TGO-bond coat interfizeels to buckling instability and

failure in TBCs. On a flat interface, the spallatitailure is primarily driven by local

buckling instability at the delamination site. Agsificant body of work exists in the

literature on this failure mechanism with the dstaf buckle initiation, propagation, and

coalescence [6-9]. A number of these investigatiortke literature [7, 8] consider a two

layer TBC systems, where the substrate is coatéidl avbond coat layer and either no

ceramic top coat is deposited or the top coat issicered negligible. A widely used



analytical solution for critical buckling load fer circular blister has been developed by

Hutchinson and Suo [10], and this solution has leeployed to predict buckle initiation

in TBCs by Evangt al [11] and Heet al[9]. While the analytical model [10] is accurate

for very large interfacial delaminations, the pogigins incur error for the insipient stages

of delamination where the assumed rotational caimgs become questionable.

The presence of interfacial waviness dramaticaffecés failure mechanisms in

TBCs. The effect of waviness has been highlightgdEvanset al [11], where a

sinusoidal undulation was used to understand tiggnaof interfacial cracks and by Ha

al. [9], where crack growth along the interface hasrbassociated with periodic and a-

periodic morphologies. The onset of failure in B&@$¥BCs may consequently be viewed

as a competition between strain energy driven fexteal delamination growth

mechanisms and buckling induced instabilities.

There is also experimental evidence that with $iggmt bond coat creep, damage

initiates within the top coat leading to delamipatiof the top coat and TGO interface

[12-14]. Damage within the top coat is primarilyvén by the stresses developed due to

the coefficient of thermal expansion (CTE) mismételtween the different layers during

thermal loading, as well as by creep deformationtref bond coat. In addition to



significant in-plane compressive stresses, the waogphology of the top coat and TGO

interface results in significant out-of-plane témsstresses in the top coat. The out-of-

plane stresses render the top coat susceptibleatkiog in the vicinity of interfacial

undulations. During operation the TBC can expeegemwcitical loads causing crack

initiation within the top coat. During subsequeptding the initial crack may: (a)

propagate until it reaches the interface, (b) pgepa away from the interface, or (c) be

arrested without any subsequent propagation. Taeksrthat reach the TGO and top coat

interface may initiate delamination resulting imdee. The top coat crack initiation and

its eventual trajectory in a TBC under operatingditions will depend on the applied

loading as well as various geometric and mate@ahmeters. Notable among these are

important thermo-mechanical properties and geomatrd morphological features of the

interfaces and the constituent layers. Hence,rfaittharacterization requires establishing

a criterion for crack initiation and accurate siatidn of the subsequent crack

propagation leading to interfacial delamination.

The top coats in real thermal barrier coatings quite heterogeneous and contain

numerous defects within their microstructure. Thasidial micro-flaws have been

postulated to influence TBC failure [15]. The topat damage may initiate from or be



assisted by the presence of micro-flaws. This makesperative to investigate the

effects of real top coat microstructure and undedthe microstructural interaction with

damage evolution. An efficient method to study dgenanteraction and evolution

involves continuum damage mechanics (CDM) [16] tle=o that represent the

cumulative effect of all micro-flaws in the matdrid CDM method incorporates the

results of the micro-mechanical analyses into thecrmscale model using

homogenization [16]. Hence, an accurate simulatibmicro-crack propagation along

with a reliable damage model is required to stuyibfluence of microstructural defects

in TBC top coats.

1.2 SCOPE OF PROPOSED RESEARCH

In the present work, various failure mechanismspagasible for catastrophic

delamination of TBCs along susceptible TGO-top @at TGO-bond coat interfaces are

investigated using finite element models. Two iretegent investigations for defect free

TBCs are performed to characterize experimentabseoved failure mechanisms based

on critical geometric and material parameters. fiilseéinvestigation uses a finite element

model to characterize competing interfacial delaton failure modese(g. buckling

instability and strain energy driven interfaciahck propagation) in linear elastic thermal
5



barrier coatings. The solution of a linear elastgen-value problem determines the onset

of the buckling instability with a pre-existing dehination between the bond coat and the

TGO. The virtual crack extension method is emploledtudy strain energy release rate

driven interfacial delamination at wavy interfac@fe materials and geometries in the

study are chosen to be representative of TBC naddem real applications. Extensive

sensitivity analyses are conducted to identify ¢higcal design parameters affecting the

onset of buckling and extension of interfacial dalzation, as well as to develop

parametric relations that enhance the understandinghese mechanisms. Novel

parametric relations are derived to predict critmzckling load and energy release rate in

three layer TBCs and are compared with existingticts in the literature.

The second investigation uses a thermo-elastitefelement model to study top coat

crack initiation and propagation for TBCs with bowodat creep. These cracks are

postulated to be responsible for delamination altmg top coat and TGO interface.

Cracking is assumed to initiate when the maximumcipal stress exceeds the rupture

stress of the top coat. A sensitivity analysisneates the contribution of geometric and

material parameters and forms the basis for a paranrelation that gives maximum



principal stress. The derived relation delineates parametric combinations that are

susceptible to damage.

Finally, a computational framework is developed understand the effects of

microstructural defects on TBC failure. The framelvemploys a specialized eXtended

Voronoi Cell Finite Element Model (X-VCFEM) [17, L& simulate propagation of

multiple micro-cracks in conjunction with a homoged continuum damage model

(HCDM) proposed for composite materials by Jain @&mdsh [19]. The range of validity

of HCDM for top coat with micro cracks is estabkshusing a simple RVE with a single

flaw.

1.3 ORGANIZATION OF THIS DISSERTATION

This dissertation has been divided into 6 chapter<hapter 2, competing failure

mechanisms along TGO-bond coat interfaces are tige¢sd for elastic TBCs. Novel

parametric relations based on sensitivity analgsesestablished for critical parameters.

Chapter 2 concludes with a study of the competingkling and delamination

mechanisms for a delamination extending over arulation. In Chapter 3, parameters

influencing top coat damage initiation and propegeatre investigated. A parametric

domain map is developed to identify fail-safe swibrdins within the multi-dimensional
7



parametric design space. This investigation ishfrtextended to investigate the

influence of top coat cracking on delamination iha@ter 4. A novel relation is also

derived to delineating the parametric combinatitimst are susceptible to failure. In

Chapter 5, a framework is developed to charactettz® influence of top coat

microstructural flaws on damage evolution. A sumynaf significant contributions

towards understanding failure in TBCs and of pdssimprovements of TBCs are

discussed in the concluding chapter.

Each chapter begins with a brief introduction te #ssential features analyzed in that

chapter. This is followed by main body consistirfgtleeoretical developments and/or

numerical results. A brief set of conclusions at #nd of each chapter is used to

introduce the reader to the next chapter.
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Figure 1.1: A SEM image of the TBC microstructu2@][ consisting of the top coat, the
thermally grown oxide layer, the bond coat andsinger-alloy substrate.



CHAPTER 2

PARAMETRIC STUDIES OF COMPETING FAILURE

MECHANISMS IN ELASTIC EB-PVD THERMAL BARRIER

COATINGS USING FEM

2.1 INTRODUCTION

The scanning electron microscope (SEM) microgragh Fay. 2.1 shows a

conventional thermal barrier coating (TBC) consigtthree layers deposited on a super

alloy substrate. The there layers are the bond toatmally grown oxide and a ceramic

top coat. Individual layers in TBCs are signifidgnstronger than the inter-layer

interfaces. Consequently, over their service [[fBCs are susceptible to delamination

and buckling instability. The stresses developeel tuthe mismatch between coefficient

of thermal expansion (CTE) of different layers dgrithermal loading are the primary

driving forces behind the initiation and propagatad TBC damage.
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A number of geometrical and mechanical factors karewn to contribute to the

instability and failure in TBCs. Notable among theare important geometric and

morphological features of interfaces and constitleyers, and their thermo-mechanical

properties. On a flat interface, the spallatiohufa is primarily driven by local buckling

instability at the delamination site. A significamdy of work exists in the literature on

this failure mechanism with the details of buckiéiation, propagation, and coalescence

[9-11, 21, 22]. The presence of interfacial waveedramatically affects failure

mechanisms in TBCs. This has been highlighted i}, [Where a sinusoidal undulation

was used to understand the origin of interfaciakks and in [9], where crack growth

along the interface has been associated with perentl a-periodic morphologies. The

onset of failure in TBCs may consequently be viewsda competition between strain

energy driven interfacial crack growth mechanisrd anckling induced instability and

delamination.

This chapter is aimed at the development of panaenébrmalism through the

numerical study of instability and failure mechanssin TBC systems by using the finite

element method. The closed-form parametric relatiare developed assuming that the

interfaces can be idealized as planar with inteemitsinusoidal undulations and all the

11



layers are defect free. The effect of TBC defectdailure are highlighted in [23], such

effects however, are not incorporated in the priesenk since the objective is to develop

closed parametric forms. A schematic of the comgetlamage modes due to pre-

existing delamination at the TGO-bond coat integfas shown in Fig. 2.2. The

parametric relations are constructed to evaluaigcar factors affecting buckling

initiation and interface crack extension, as wslt@understand the competition between

them. These relations will be applicable to all TB¢&tems with geometric and material

parameters within the specified range and not dichito a particular system. The

computational model assumes the substrate to bd, rapd excludes its explicit

consideration in the deformation and stress ansly3&e bond coat and TGO are

analyzed using elastic properties, and the modslfes a pre-existing delamination at

the interface of bond coat and TGO. In the sensjtanalysis of candidate parameters,

each failure mechanism is studied in isolation fratimer mechanisms. In the analysis, a

linear elastic eigen-value problem is solved adarpd in Ansys7.0 [24] to determine

the initiation of buckling instability. For estimag) the crack propagation at the interface,

the energy release rate is determined by the Vichagk extension method based on the

stiffness derivative finite element technique pregub by Parks [25].

12



The chapter starts with a focus on buckling delatim, where the contribution of

material and geometric parameters to bucklingatidan in two layer TBCs is estimated.

A parametric relationship for the critical bucklingad in terms of the parameters is

developed and compared with existing analyticaltsahs in the literature for a two layer

TBC model. Also the amount of pre-existing delartiora that is necessary for the

initiation of buckling instability is determined fapplied compressive stresses in the

TGO. A similar process is also executed for thiiget TBCs and compared with the

results for the two layer TBC to examine the effettthe top coat. Next, a similar

approach is pursued to study strain energy driveandination at wavy interfaces. A

sensitivity analysis is conducted to identify imjaot material and geometric parameters

affecting the energy release rate for crack propagat the interface of single layer and

multi layer TBCs. As a final step, the critical wat of parameters obtained for

competing buckling instability and interface delaation mechanisms are compared, to

identify dominant mechanism ranges and to preseifa@-safe design space.

2.2 MECHANISMS OF TBC FAILURE AND SOLUTION METHODS

In the context of linear elastic behavior, domin&aiture mechanisms in thermal

barriers coatings have been identified as the Imgkhstability and delamination by
13



crack extension along the interface between thel lwoat and TGO [1, 7, 9, 11]. During

operation under thermal loads, the TBC can expeei@nitical loads leading to buckling

instability and unbounded out-of-plane deflectiafighe delaminated portion, as shown

in the schematic of Fig. 2.2. The buckling instiyiis eventually arrested at the edge of

delamination by the bonded interface. On the otfaeid, high stress concentrations at the

delamination edges can propagate a crack at tleefane to increase the extent of

delamination. The probability of a particular motbking precedence over the other in a

TBC under operating conditions, will depend on easi geometric and material

parameters affecting each mechanism as well asapipéed loading. Hence it is of

interest to study the dependence of the variahiegnd these mechanisms on the TBC

parameters. A brief introduction to the methodsdafition implemented to study these

mechanisms is presented next.

2.2.1 BUCKLING INSTABILITY AT FLAT AND WAVY INTERFACES

Irrespective of the interface morphology, the detated portion of the TBC is

susceptible to buckling instability. In addition tbe geometric features and material

properties, the nature of the delamination ancctiieeal buckling stresses depend on the

contact conditions at the interfaces. A linearineodel of elastic stability, using modal
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analysis in the commercial FEM code Ansys [24],insorporated to determine the

critical buckling stresses in the TBC system. lis tmodel, the effect of in-plane

compressive stresses on the out-of-plane defledi@tcounted for by a stress stiffness

matrix [S] that augments the conventional stiffness mdifix As shown in [24], th¢S]

matrix is independent of material properties. Ttiess stiffening matrixS] is computed

from the intensity of the compressive load, refén® as a perturbation stre$}, with a

linear dependence arising from problem linearitgséming that the compressive stress

does not change during an infinitesimal changehelduckling displacemergD}, the

critical load for instability in two contiguous cfigurations may be equated as [26]:

AedR} = ([K] +AcS] {D} = (K] + Ae] S){D+AD} (2.1)

where{D} is the buckling displacement vector in the refeeenonfiguration and, is a

scalar multiplier. This is simplified to give thecremental buckling equation as:

([K] + Acl S|{AD} =[24] (2.2)

Egn. 2.2 corresponds to a modal analysis probleti {D} as the eigenvector and

an associated eigen-vallhg defining the buckling mode. The block Lanczos eigalue
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extraction method is used in Ansys [24] to deteemithe lowest eigen-value.

Subsequently is used to scale the far field compressive siretise TGO to determine

the critical buckling stress.

2.2.2 DELAMINATION GROWTH BY CRACK PROPAGATION ATNITERFACES

In the model, the applied load is in a directiomatial to the constituent material

layers and their associated interfaces. For thed lgondition, a crack tip at the

delaminated flat interface does not induce a sttemsentration to cause crack extension.

Consequently, crack growth at the interface betwberbond coat and TGO interface is

studied exclusively for wavy interfaces. In thisidst, this mechanism is assumed to be

governed by Griffith’'s energy release rate criteriéd\ccording to this criterion, crack

growth will occur if the energy required for cremfinew crack surface area is achieved

in the system. The virtual crack extension metltaded on the stiffness derivative finite

element technique proposed by Parks [25], is useglvaluate the energy release rate.

This is determined as the negative of the derieati/the total system potential energy

with respect to crack extension. In the finite ed@tnmodel, the potential functional is

represented in terms of the global stiffness mathi& displacement field and the external

16



loads. The energy release r&ds thus expressed by the stiffness derivativertieghe

[25] as:

SV 1ol
G=-—"= 2{D} aa{D} (2.3)

where{D} is the displacement fieldK] is the stiffness matrix, aralis the crack length.
G is evaluated numerically from the change in syspatential energy per unit crack

extension due to a virtual extension of the crasikgithe relation:

_1 (Ul _Uz)
2 Aa

G= (2.4)

whereU; and U, are the respective total potential energies befo@ after the crack

extension by lengtlda. A FEM analysis is first conducted with a preseddength of

delamination, and the potential enetdy of the system associated with the applied load

is calculated. In the second analysis to evaludie the finite element analysis is

conducted with the crack extended by an infinitedilength over the initial delamination.

To eliminate the contribution of structural compka variation due to crack

extension, the strain field computed from the fins-crack extension model is applied to

the second analysis. The virtual crack extensicacigeved by moving the FE nodes in
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the vicinity of the crack tip in the direction ofgtbable crack propagation. The results are

sensitive to the region considered as crack timiicand magnitude of crack extension.

A very large crack extension may result in distdredements, whereas, a very small

extension may not result in a correct energy releate. The models used in this study

are checked for convergence of the energy releateewith respect to both of these

parameters. It is found that variation in enerdgase rate calculated from the numerical

model is within 2% when the nodes associated witleast three layers of nearest and

contiguous elements are moved by 1% of the edgegtHeof the elements in close

vicinity. The converged values of these parametezaitilized in all subsequent analyses.

2.3 FINITE ELEMENT MODELS OF THE TBC

Various aspects of the finite element model of T&C with different damage

mechanisms are summarized in the following subsesti

2.3.1 MATERIAL PROPERTIES

The EB-PVD TBC system conventionally consists ofltiple layers of different

materials with distinct interfaces. The substratesually a nickel based superalloy with

high strength and stiffness, even at elevated tesynes. The bond coat material is often
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an inter-metallic platinum modified nickel alumieidvith a CTE similar to that of the
substrate material. Mechanical properties of thedbcoat material may vary with
thermal cycling as reported in [27]. The top coaitenial of choice is yittria stabilized
zirconia with a strain tolerant columnar structutehas been reported [28] that material
properties of the top coat vary with depositiongaess parameters, as well as with the
inter-columnar spacing. The mechanical propertiesldhe layer materials are obtained
from those reported in [7, 29, 30] and are listadTable 2.1. All the materials are
assumed to have linear elastic isotropic behavior.

Since the interface is the most likely location ftamage, interface toughness in
TBCs is of key importance. The interface betweea tiond coat and the TGO
experiences severe stresses due to thermal expamssmnatch and is crucial to TBC
durability. The interfacial toughness degrades diee due to segregation (particularly
of sulfur) and thermal cyclic loading [9] and cahbe characterized uniquely. Therefore
a range for interfacial toughness is assumed mwlirk, based on two estimates of the
interface fracture energy reported by [9] . Thegenf room temperature fracture energy

varies from 1QJ-m*for a diffusion interface to 3-m?for a degraded interface.
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2.3.2 GEOMETRIC MODEL AND FINITE ELEMENT MESH

A schematic diagram of the finite element modethaf TBC system is shown in Fig.

2.3. Only straight sided and penny-shaped conftgura are considered in this work and

hence 2D plane strain and axi-symmetric representabf the TBC system are deemed

sufficient. The TBC morphology and delamination assumed to be symmetric about

the vertical plane and only the half geometry isdeied. As shown in Fig. 2.3a, the

delamination is characterized by a length parametieich corresponds to a radius in the

axi-symmetric case or a width in plane strain. Tond coat-substrate interface is

assumed to be relatively stress free, hence tr&rsid is not explicitly considered in this

model. From Fig. 2.1 it can be observed that unduda in the vicinity of planar

interfaces between the TGO and bond coat are comynotrserved due to the surface

roughness of the deposited bond coat. As demoedtnat-ig. 2.4, these undulations may

penetrate into the bond coat (type I) or protrudmpletely into the top coat (type II).

Other intermediate scenarios with undulations piditrg into adjoining layers in various

proportions are also possible. In this study, antysoidal undulations that correspond to

the limiting configurations of Fig. 2.4 are congiela.
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The finite element model of a 1880 um TBC system consist of a mesh of four-
noded (QUAD4) elements, identified as PLANE182ha ANSYS element library [24].
These elements are capable of representing batle ptaain and axi-symmetric behavior.
The resulting model consist of more than 115,0@mehts and 110,000 nodes, and
exhibits less than 0.5% error in the strain enavggn compared to a more refined mesh.

As shown in Fig. 2.3c, a highly refined mesh isdusethe vicinity of the crack-tip.

2.3.3 BOUNDARY CONDITIONS

The TBC system model is subjected to a uniformnt@ioad through a drop in the
temperature from 1000 °C to room temperature o?G0The thermal loads caused by
this cooling cycle generate compressive stresséiseif GO and top coat on account of
CTE mismatch. For all buckling analyses a unifon@rinal load creates the perturbation
load in the system. Although temperature gradiargsexpected along the TBC thickness
during service, the uniform thermal load assumpi®ronsidered adequate, since the
critical buckling load is relatively insensitive tte perturbation load. For buckling
analysis with planar or wavy interfaces, symmewwyrary conditions are applied at the
left edge, roller supports are applied at the lol@izontal boundary to simulate a rigid

substrate, and radial periodic boundary conditiares applied at the right edge of the
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models. The top surface of the TBC is exposed aohibt gases and is considered to be

free of any mechanical constraints. The delamineggtbn is treated as a contact surface

for the wavy interfaces only, and 2D surface cangéements are used in this region.

In the analysis of delamination growth by crackgamgation at the wavy interface,

symmetry boundary conditions are applied at thieddfe, roller supports are applied at

the lower horizontal boundary, and radial peridaicindary conditions are applied at the

right edge of the models. The delaminated wavyrfates have contact surfaces and

surface contact elements are used in the calcnlatieenergy release rate. Once again,

temperature gradients are not considered in theswlaions. The growth of

delamination occurs primarily during the coolingcleywhen the stresses due to CTE

mismatch are the highest. The FEM simulationstierdnergy release rate are performed

at room temperature.

24 PARAMETRIC MODELING OF BUCKLING INSTABILITY AND

INTERFACIAL CRACK EXTENSION

Simulations conducted with the computational modésussed in section 2 are used

to derive functional forms of the critical drivesginstability and crack extension induced

damage in terms of important geometrical and nmalt@arameters in the TBC model.
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Sensitivity analyses of these drivers are condusiéid respect to the parameters and the
results are utilized in the determination of thendiibnal dependence. Prior to the
sensitivity analyses, model validation is conducteg comparing results of the

simulations with analytical results in the litenagu

2.4.1 VALIDATION STUDY OF THE COMPUTATIONAL MODEL

The analytical solution of buckling instability & two layer TBCs (bond coat and
TGO) is provided by Hutchinson and Suo [10]. Thisrkvuses classical plate theory
(CPT) with clamped edge constraints to obtain aalydical solution for the critical

buckling stress:

e e 25)
121-v?)|\ R

whereg, is the critical buckling stresg& andv are the elastic modulus and Poisson’s
ratio of the TGO,h is the TGO thickness, anR is the dimension of the existing

delamination. Solutions of the finite element moded compared with those from Eqn.

2.5. Although there is excellent agreement%ozo.OG, the results show divergence

beyond this limit as shown in Fig. 2.5a. The dipancy arises mainly from the

23



limitations of the classical linear thin plate thgamplemented in the analytical solution.

First, the assumption of a thin TGO in the delan@daregion for smaller values &

may not be appropriate for highérR) ratios. Higher order plate theories for thicktpta

such as the one proposed in [31], are deemed nppm®@iate for improved solutions.

Secondly, the clamped plate theory with rigid riot@l constraints at the edges is not a

good approximation at higher values bfR). Since the TGO ligaments remain attached

to the bond coat and have a finite stiffness iratron, the debonded region does not

behave as a clamped plate. The contribution andchetent of such ligaments under

transverse loading have been discussed in. [8]tH@nother hand, the computational

model captures the physics of the real problemludieg the attached ligaments and

rotational stiffness of the edges.

A special procedure is invoked to implement a highreler theory with elastically

restrained edges in a more accurate representafiaiie analytical solution. It is

observed that the computationally predicted bugklloads are within the extreme

bounds of the Reddy plate theory calculations 2] Bith zero and infinite rotational

stiffness. The rotational stiffness for the TBCtews is calibrated through a comparison
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of the results of FEM simulations with the avai@kdnalytical solutions [32]. The
relation between Kirchhoff load and Reddy buckliogd is given [32] as:

K
N (1+ 7I(\)lGhJ
NR = (2.6)

[+ arvres)
(14/17)Gh

whereG is the shear modulus aiNt andN® represent the Reddy and Kirchoff buckling

loads, respectively. Assuming the o to be equal to the buckling load predicted by
. K . . KR .

FEM solutions,N" is solved from Eqn. 2.6. The rotational stlffanmameter? is

then evaluated from the unified Kirchoff equati@2]

\/NkRZJO(\/ NkF@}(KrR-a—u))J{ ﬂ}:o 2.7)
D D D D

3
whereD :i is the flexural rigidityR is the radius of the plate , adglandJ; are

12(1-v?)

the Bessel functions of first kind of order zerodaone, respectively. The value of

rotational stiffness parameter is then used in Bghto obtaiN® for different values of
R. Subsequently, the value of the buckling load rbayevaluated from Eqn. 2.6 for
different values ofl{/R) in the range(Os%s 1). Fig. 2.5b shows that the results obtained

by this analytical model with higher order theomydafinite rotational stiffness are in
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close agreement with the numerical results for e/saluf%so.z. However, significant
errors are still incurred at higher values bfR). This may be attributed to the use of a
single data point used in the calibration of th&ational stiffness parameter and the
assumption that it remains constant throughoutetitee range ofH/R). While limited
studies have investigated plate buckling with défe rotational stiffness [32-34], an
established relationship between the rotationdfnes and the thickness, size, and
modulus is lacking in the literature. Hence, theal@pment of functional relations for
buckling load for a larger range df/R) is pursued in this study. Such a functional form
is needed, as large ratios are expected at thpientistages of delamination formation
and it is not knowna priori whether the buckling instability initiates at susmall

delamination lengths.

2.4.2 CRITICAL STRESS ANALYSIS FOR BUCKLING INSTARBITY IN THE TBC

The critical buckling load or stress is dependemtaonumber of geometric and
material parameters of the TBC system, as well msthe applied loads. Deriving
functional forms of the critical buckling loads tarms of the critical parameters is a
desirable, yet non-trivial exercise. Simplifiedrfeg of such relations have been provided

in [9-11, 35]. In this study, these relations ardeaded for more comprehensive
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accounting of the range of critical parameters. Tdiations are first developed for the

two layered TBCs (bond coat and TGO) and subselyuentended to three-layered

TBCs (bond coat, TGO, and ceramic top coat).

2.4.2.1 Two layer TBC system model

The first analysis is for a two-layered TBC witlplanar interface. In order to identify

the critical parameters entering the function, asgity study of buckling load with

respect to geometric and material parameters oftvileelayers is conducted for both

plane strain and axi-symmetric conditions. Candidparameters for this study are

selected based on buckling characterization studigke literature [1, 9, 22, 30]. The

parameters considered in the sensitivity analyses @) L, length of the TBC model

length, (ii) h, thickness of the TGO, (i), thickness of the bond coat, (iBco, stiffness

of the TGO, (v)Egc, stiffness of the bond coat, and (WR) length of the pre-existing

delamination. Definitions of the geometric parametge pictorially given in Fig. 2.3a.

In the FEM simulations of the TBC system for sawnijyt analyses, a single parameter

is varied at a time while keeping all others fixdthe results of the sensitivity analyses

are summarized in Figs. 2.6a, b where the nornakziéical buckling stress is plotted as

a function of the normalized geometric and matgreabmeters, respectively. The critical
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buckling stressed for each case are normalized wapect to the corresponding
maximum critical buckling stresseise., S"¥=30.24 GPa for the geometric parameters
study andS"¥=0.52 GPa for the material parameters study, réispbe Each parameter
is normalized with its maximum value consideredthis work, i.e., L™<1000 pm,
b™=100 um, h™<50 pm, andR™= 1000um for geometric parameters arkdsy =600
GPa andg;z*=300 GPa for material parameters. Fig. 2.6a shawsg httle influence of
the overall model length or the bond coat thicknebson the critical stress. The critical
buckling stress decreases rapidly with increaselgrdination lengthr before stabilizing
at near zero critical buckling stress values. Tiitcal stress variation is found to fit an
inverse quadratic relation with the delaminatiomgth. When the two layers are
completely delaminatedr€L=1000um), the critical stress is equal to the bucklimgst
in a single layer. Finally, the critical stressrn@ases nonlinearly with the TGO thickness
h. The dependence is quadratic for lower TGO thickegsbut for thicker TGOs the
relation is more complex.

Fig. 2.6b summarizes the results of the sensitiatglyses with respect to the elastic
moduli of the constituent materials of the TBC ewyst While the buckling stress is

generally insensitive to the bond coat modulusieduces slightly (~8%) for a very
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compliant bond coat of approximately 1/20 of TGOdulois. For a compliant bond coat
it is easier for the TGO to buckle at lower loatlsis effect becomes significant when the
modulus of bond coat is appreciably less thandh#te TGO, as discussed in [36]. For a
compliant bond coat, the energy released from tmellzoat has also been shown [37] to
be much more than the energy stored in the TGO. nidmeerical model captures the
reduction in critical stress for very compliant bacoat as predicted by analytical models
[36, 37]. The buckling stress is linearly dependemthe TGO modulus. When compared
to plane strain delamination analyses, the seitgitianalyses for axi-symmetric

delamination yields a self-similar functional degence with a higher value for the

critical stress.
2.4.2.2 Parametric Representation of the CrititadsS for Buckling Instability

The sensitivity analysis forms a basis for the tgwment of a parametric
representation of the critical buckling stres%o in terms of the important parameters
for the two-layer TBC system. From the summary eduits in Fig. 2.6, the critical
parameters identified are the TGO thicknes§ GO modulusErso and the interfacial
delamination sizeR. Furthermore, it is also observed that a deperdefic®3,on the

(h/R ratio best represents the influence of individyarametersh and R. This
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observation is also consistent with dimensionallysi® These analyses point to a

functional form for the buckling stress a& O E, f [(%) j wheren is a constant to

be determined. A similar parametric dependencéban discussed in [9, 11] as

2

0.81E,, (%) Plane Strain
02 = (2.8)

Orco = h 2
1.21E,, (Ej Axisymmetric

These relations are based on the thin plate theadyconsequently they have limited
range of validity. It has been pointed out in [34§t classical plate theory is valid for
0.0< (%j <0.05, and the range of applicability is confirmed the current FEM
simulations as well. As shown in Fig. 2.5a, thelyraal predictions are within 3% of the
FEM results a(%) =0.06. However, at highehfR) values, the two predictions diverge
rapidly. For plane strain, the differences are 18% and 320% ah(R) ratios of 0.2,
0.5 and 1.0, respectively. For the axi-symmetaise; the differences are 30%, 120% and
350%, respectively. From the present study, itléarcthatotZ, representation using a

single continuous function of the parameters iy \dficult.
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Consequently, in the development of parametrictiogla for an extended range of
validity, the range 0.0E—EJ <1.0 is divided into four segments. Each segment is
determined from the nature af’,dependence on thé/R) ratio. Exclusive validity
ranges are associated with each functional forravimd non-unique solutions for any
geometric configuration. For both the plane staamd axisymmetric cases, the first sub-
domain corresponds to the range of validity of E@n8 derived by Evanst al [11] and
He et al [9]. The functional relations for the subsequeagions are obtained by a least
squares based “best fit” analysis of the FEM siolus with an error tolerance of 3.5%.
The parametric relations are summarized in Eqrésald 2.10. Excellent agreement of

these relations with the finite element resultstfr axisymmetric case is demonstrated

in Fig. 2.7.
0.810E (Dz 0 00@(ﬂj< 0.C
TGO R R - -
h)* h
0.465%E, (E 0 0.0& (T?j < 0.2]
o2 = e (plane strain) (2.9)
0.276%E, (D 0 021< (ﬂj < 0.50
R R
0.205E (D t 050<(ﬂj< 1.0
TGO R R -
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h h
1.210E — 0 0.0el—=|< 0
( Rj ( Rj
hY* h
0.680(, (E 0 0.0& (T?j < 0.2
o= » (axisymmetric)  (2.10)
0.3887E,, (ﬂ 0 021< (ﬂj < 0.5
R R
0.275F& (E U 050<(E <10
TGO R - R - -

These parametric equations do not suffer from #wstrictive assumptions of the

analytical solutions [9-11] and represent a widegeain the context of linear elasticity. It

should be noted that the ranges of théRY ratio are kept the same for both the plane

strain and axisymmetric cases. Also, the exponamiisthe functional forms are kept the

same with only differences in the coefficients. Tdistinct forms in different ranges

result in discontinuities at the edges of théR] ranges. The discontinuity errors are

tabulated in Table 2.3 and are found to be withstal@ished limits. The slightly higher

errors for the axisymmetric case are due to thetfat the range and exponents are kept

the same as for the plane strain case.

2.4.2.3 Three layer TBC system model

The parametric form is subsequently extended fahrae-layered TBC system

consisting of the bond coat, TGO, and ceramic topt avith planar interfaces. A
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sensitivity analysis of the critical buckling lo&at this model is performed under plane
strain assumptions only. In addition toand R, the parameters include the top coat
thickness ) as shown in Fig. 2.3a, and the modulbs:). Experimental observations [1,
28, 30] have motivated the consideration of thegeanf variation of to be ~1-5Qum and

of Erc to be ~1-200 GPa. Fig. 2.8a summarizes the resutte sensitivity analysis with
respect td, h andR. In this analysisErc =100 GPa, the normalizing top coat thickness
t"*=50 zm and the normalizing stresS"=137 GPa. The critical buckling stress
increases sharply at lower values of the top doiakness before stabilizing at a value
that is significantly higher than the correspondiag-layer critical stress. This result
concurs with the multi-layer analytical model piotig similar characteristics developed
in [21]. Two important observations can be madenfrthe plots in Fig. 2.8a. The
stabilized critical stress depends on the TGO tileskh and is insensitive to the
delamination siz&k. On the other hand, the rate of increase of thiealrstress at lower
values oft is inversely dependent é&hand is insensitive th. The magnification ir5/$"™
due to the addition of the top coat reduces witlraasing l{/R) ratios (~4 forh/R=0.4
and~2 for h/R=0.8). Furthermore, Fig. 2.8b shows a quadratic niggece ofS/S" on

the elastic moduluBr¢ for a fixed f/R)=0.4.
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A process similar to that discussed for the tweetayBC is followed to obtain a
functional relation for critical buckling stress the three-layer TBC. This functional
relation reduces that in Eqn. 2.9 in the limit thet equal to zero. Using a least squares
based “best fit” analysis of the FEM solutionstiwvian error tolerance of 4%, this

relation may be express as:
-0.45 t 2
Oreo = 0?&#(%} (1—e(qR)J(g%+ o E‘Cj 0 0.2% (DRJ < 1.0 (2.11)

where grs, and ovi, are the critical TGO stress for three and two flay@Cs
respectively,E =1 GPa (necessary for dimensional consistency)@nd, and C; are
constants. The constants are determined using dbefib analysis asC;=1.115, C,=-
1.33E-3 andC3;=0.746. Eqn. 2.11 predicts the critical stress tthiw 4% of the FEM
results for most parametric variations. Howevergdar differences are found for
(%)<O.25With maximum error 7.3% forh(R)=0.2 and hence, this formula is not
recommended for such geometric configurations. Adgocoats that are thinner than the
TGO, i.e. t<h, are physically unlikely and are not consideredEqgn. 2.11. This
parametric form significantly improves the undemstiag of buckling instability in

linearly elastic multi-layered TBCs and maybe uasa fail-safe design tool.
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2.4.3 ESTIMATING ENERGY RELEASE RATE FOR INTERFACIACRACK

EXTENSION

It has been discussed in section 2.2, that theepoesof a wavy TGO-BC interface
induces high transverse stresses perpendiculbetmterface. Stress concentrations near
the edge of a delamination may cause the delaram&bi extend, a phenomenon that is
governed by the strain energy release rate. As sho22], this energy release rate in
turn is influenced by various geometric and matgr@ameters. Hence, it is desirable to
develop comprehensive functional forms depicting telation between the energy
release rate and the critical parameters in TB@epys. Simplified parametric relations
for two-layer TBCs have been provided in [9, 11ficeng others, and for three-layer
TBCs in [21]. However, these relations mainly addrecracks propagating from
undulations and exclude scenarios where the crpogagate towards an interfacial
undulation from a planar delaminated interface. Tteer situation is considered in this
chapter with a realistic range of critical paramgte

The configurations in Fig. 2.4 describe the twaitiing cases of wavy interfaces with
undulations, protruding into alternate constitudayers. The type | undulation

configuration penetrates the bond coat while thpetyl undulation configuration

35



protrudes into the top coat. Finite element modsishe two configurations with
sinusoidal undulations are used for stress analystse 3-layer TBC system without any
pre-existing delamination. The analyses concluds the type | undulations induce
tensile transverse stresses at the junction ofapland wavy interfaces, whereas the type
[l undulations induce compressive transverse stiesise same location as shown in the
contour plots of Fig. 2.4. Consequently, the typmdiulation configuration is chosen for
developing parametric forms of the energy releade. rOnly the plane strain case is
considered in this study.

The first case considered in the development offunetional dependence is where
the delamination is on the verge of extending itite wavy portion of the interface.
Subsequently, the delamination is incrementallyerstéd into the undulation and the
variation of energy release rate is studied. A isigitg analysis is done for the three-
layer TBC system to assess the influence of clipesameters on the energy release rate
G. Candidate parameters for this analysis are ssleitom results of characterization
studies reported by [7, 21, 22, 30]. They are (ifeTGO thickness i), (ii) top coat
thickness 1), (iii) length of the pre-existing delaminatio®)( (iv) amplitude of the

sinusoidal undulation4), (v) undulation wavelengthA)) (vi) TGO stiffness Erco), (Vii)
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bond coat stiffnessEgc) (vii) top coat stiffness Hrc), and (ix) far-field thermal
mismatch stressasco andorc in the TGO and the top coat, respectively. Theearof
each parameter are selected based on experiméstivations in [2, 21, 38-41] and are

listed in table 4. The far-field stress in a layeevaluated aéa'Iayer -a e)AT, where

substrat

a is the coefficient of thermal expansion afd is the temperature change from the
stress free state. Since the far field stress limemr function ofAT, its variation is
achieved by simply reducing the applied uniform penature in a range from 90D to
30°C, assuming that 1000 is the stress free temperature.

The sensitivity analysis is carried out by varymgingle parameter at a time. The
analysis shows highly nonlinear dependence of thergy release rat& on some
parameters likeh, A, and W. More variations of these nonlinear parameters ar
considered in the sensitivity simulations. The ggeaelease rat& is calculated by the
virtual crack extension method discussed in se@i@nResults of the sensitivity analysis
are summarized through plots of the variation ad ttormalized energy release rate
G/G™ with normalized geometric and material parametergigs. 2.9 and 2.10. For
each plotG™is calculated from the FEM analyses and the ndmnagl parameters are

h"= 6 um, t"* = 15um, E™%= 480 GPaE"™= 80 GPa,E™= 280 GPaA™ = 10

37



pum, W™= 30 um, andR™=35 um. Fig. 2.9a shows thaB/G"* varies inversely with,
prior to stabilizing at a constant value. It alfmws a non-linear dependence for lower
values ofh. Fig. 2.9b shows thaB/G™ has a strong dependence Bp. and E,,,
increasing linearly withErgo and decreasing asymptotically wilByc. However, it is
relatively insensitive tdE;. and is only about 7% smaller than the maximume/édu a
very compliant bond coatfj' ~100 GPa). Henc&,. is excluded from the expression
of the parametric relation. Fig. 2.10 shows thesiiity of G/G™ with respect to the
geometric parameters of the undulation. It hasnaerse non-linear dependence on the
wavelength V) and a non-linear dependence on the amplité&leThe influence of the
delamination sizeR) is relatively weak. Als&/G"is found to be very sensitive to the

far field stressesrco and orc with quadratic dependences as shown in Fig. 2)10(b

2.4.3.1 Parametric Representation of the Energgd®el Rate

Based on their influence on the energy releaseGatiee critical parameters are re-
classified into four basic groups and the sensytisiudy results are used to establish their
functional relations. The functional relation faaol group is expressed in Table 5. The
constant value$y, to, Ry, E* and ¢, (for n=1-10) in these relations are determined by

using the least square fit with data generated bW Simulations. These functions are
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subsequently combined to derive a functional depeoe form of the energy release rate

as:

GO f,(h AW) £(9 £(B §(Frco: EcorTrer Bo) (2.12)

This combined function is constrained to have @ z&due, when: (i) the system is
stress free, (ii) the TGO and the top coat thicknastheir elastic moduli reduce to zero
simultaneouslyi(e., h=t=0 or Erc=Erc=0), (iii) there is no delaminatiorREQ) and (iv)
there is no interfacial undulation in the viciniy the delaminationA=0 or W=w). The
energy release rate should not become zero when amm of the TGO or top coat
thicknesses or moduli reduces to zare.,(h#t=0 or ErccZErc=0). From these constraint

considerations, the energy release rate functional is derived to be

G =(tany)" (Czte_cst‘) - qh{+ G rﬂ(l— écﬁpoJfafGo (2.13)

2
Are —Age) Ere -Cooe
Wherelﬂ=(2ﬂAT+3hJ, 52(07 El +C, ( TC BC) TC eCQE*J, te=1 um, he=1
-a

2 =2
TGO (aTGO BC) Eleo

pm, Ry=1 um, E*=1 GPa,(a'lalyer —aBC) is the CTE mismatch of the layers a&bgd-C, are

constants. The constants in Egn. 2.13 are evalustie) a least squares based best fit
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analysis of the FEM results with a tolerance of 16%r stresses and moduli expressed in
GPa, lengths ipm, and the energy release rate in Joulésine constants are derived to
be: C;=3.62, C,=2.010°, Cs= 0.92, C,=17.83, Cs=427.97, C¢=0.14, C;=1.10,
Cs=111.25 andCe=0.12. This relation is found to predict energyase rate to within 6%
of the all simulation results for a wide range @frgmetric variations. Only for TBC
systems with a very thin top coag(t<10 um), the maximum error is relatively high and
~ 10%. Larger differences between FEM results &edpredicted values are also found
when the amplitudeA) is significantly less than the TGO thickneby, (vhich are taken

to be out of the validity range for this relation.

An alternate mechanism of crack propagation has lseggested in [42] for flat
interfaces. This requires an interfacial delamovato originate from the root of a vertical
cleavage crack penetrating through the top coattl@d GO. An analytical solution for

steady state energy release rate at such an eldgeinlation has been derived [42] as:

2 —1y2 2 —1y2 2 2
G = JTGOhTGO(l Vv )+0-TChTC(1 v )_ z 1 |:P_+ 12M| :| (214)

ElLh K

s 2E;¢o 2B i=rcorc

with P = ETc—h?CK M. = E‘th andx = 3(gTGO — gTC)
6 )

2h|'c {14_ ETC r]TC }
4ETGO hTGO
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whereo, and¢ denote the expansion mismatch stress and stradenotes thickness,
E is the elastic modulus of the respective layers ais the Poisson ratio of the TGO
and the top coat. It is demonstrated [42] Batfor such a delamination can reach very
high values and grow even for fairly tough integfiacFig. 2.11 shows a comparisornof
from Egn. 2.13 withGssfrom Eqn.2.14 for a TBC with 1Qum thick top coat. In the
vicinity of a significant undulationG exceeds the value dbss Despite predicting
comparable energy release rates for specific cordigpns, there are several notable

differences between the functional forms of Eqn32and 2.14. These are as follows.

() The energy release rate at an edge delaminatidagn. 2.14 increases almost
linearly with top coat thickness)( However, for the case of a delamination in the
vicinity of an interfacial undulationG decreases exponentially before stabilizing at a
constant value. This difference may be attributethe symmetry constraint imposed on
the detached bi-layer that limits it from acquiriagcurvature comparable to that of the
edge delamination. The sensitivity analysis preditiat this constraint increases with
increasing top coat thickness and elastic modidefre stabilizing at a constant value.
This characteristic difference reveals that fohiaker top coat, the prediction of higher

Gssby Eqn. 2.14 is more appropriate than that by RgiS.
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(i) Eqn. 2.14 shows that at an edge delaminatlmwth the detached layers have
comparable contribution to the energy release veltereas Eqn. 2.13 suggests that near
an undulation the TGO layer contribution outweigte exponentially decreasing
contribution of the top coat. Hence, the strestestathe TGO layer is more critical for
the G of delamination near undulations.

For any given geometric configuration and materfagperties, the energy release
rate reaches a critical val@& when the far field stress in the TGO reaches ticati

value (aﬁGo). The corresponding parametric equation for théicati TGO stress is

obtained from Egn. 2.13 as:

0.5

Orgo = t 2 R (2.15)
4\ C3r h Cog
(tan l//) [Czte °—C4h+C5h}{1—e O}f

Eqgn. 2.15 reveals that for delamination growdtj,, varies inversely with TGO
thickness and with the delamination size. The aaitistressor., also varies with the
inverse of the CTE mismatch, and hence a largematish will assist delamination. The

CTE mismatch should therefore be minimized to ex{€BC life.

42



As an extension to the present sensitivity analydi® energy release rate is
determined for an interfacial delamination extegdimo the undulation region. Fig. 2.12
shows that the energy release rate increases adethmination extends over the first
quarter of the undulation wave and then reducesitomum G™") at the beginning of
the last quarter. Comparing the values at the Inéginand end of the entire undulation
period, it is seen that ends up higher after the delamination has extermles an
undulation. This observation confirms its dependeoa the delamination length as
predicted by the sensitivity analysis. From thisidgt it is apparent that for any

undulation, ifG™" exceeds interface strength, delamination may eixtempletely over

2.5 COMPETITION BETWEEN BUCKLING AND CRACK EXTENSIO N

MODES

The parametric forms of Egns. 2.11 and 2.15 pretttiet critical stressesf(fo and

Oro for buckling instability and interface crack extmmsrespectively, in a three-layer
TBC. For any given configuration, material and laaahdition, the critical stress can
therefore be determined for each mechanism. A coattipa analysis using these

equations can determine optimal configurationglierTBC system from a fail-safe point
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of view. Such a comparison is clearly limited tce tdelamination approaching an
undulation from a flat interface.

To study the competition between these failure rapidms as the delamination
extends over an undulation, a FEM model of a regmadgive TBC configuration is set up
with the following parameter$i=1 pm, t=5 pm, A=4 pm, W=20 um, R=30 pm, Erc= 40
GPaandErgo= 400 GPa. Since the delaminated wavy surfaces cae @ contact and
alter the buckling mode shape as well@sthese surfaces are modeled using contact
elements in the FE model. The competition of the tmodes is best understood from the
results of the simulations in the form of the graphrepresentation in Fig. 2.13. The
critical stressore, at whichG exceeds the critical interface ener@y in Egn. 2.15 is
compared with the critical buckling stres#’(‘;‘g. The four plots represent the energy
release rate® for a temperature drop from 1000 °C to room temijpee (30 °C), for four
different locations of the crack tip as shown im.F2.13b. The vertical dotted lines
represent the critical buckling streagg‘g corresponding to the four crack tip locations,
while the dashed horizontal lines enclose the raofygossible interfacial fracture
energies for such configuration from the data giwef35]. For a weak interface with

fracture energy 1 Jfn oSy is lower thanaf(‘a"g for all configurations and loading
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conditions, and hence delamination dominates. Dingpetition is more pronounced for a
strong interface (fracture energy = 10 %/and is investigated for crack tip locaticas
b, candd in Fig. 2.13b. The selection of these locationbdsed on the variation &
with crack advance shown in Fig. 2.12. As the d&laton approaches the undulation
wave at locatiora, oty marginally exceeds buckling stress and the craitkewtend to
location b where the slope of the undulation reverses. Attioa b, o'y, reduces
considerably buta?é‘g is slightly higher due to the thicker bending erggction.
Consequently, the crack extends to locatiowhere oy, is expected to be maximum.
The buckling instability dominates here sinaﬁ‘;’{) is significantly lower thanofy, .
Beyond locatiore, o, is expected to reduce but a comparison at Iocaitisimwsa?&

is slightly lower thanory, and hence buckling still dominates. From these ervigal
results, it is apparent that buckling instability most likely to occur when the
delamination is either at a planar interface ochea the last quarter of an undulation.
For other cases, interfacial crack extension modeidates, especially when the

undulation amplitude is significant.

45



2.6 CONCLUSIONS

In this chapter, characteristics of failure moaeg buckling instability and strain

energy driven interfacial crack propagation at rfateial delamination in linear elastic

thermal barrier coatings (TBCs) are investigatethgisa finite element model. The

solution of a linear elastic eigen-value problentedaines the onset of the buckling

instability with a pre-existing delamination betwegond coat and the TGO. The virtual

crack extension method is employed to study seaergy release rate driven interfacial

delamination at wavy interfaces. The materials geametries in the study are chosen to

be representative of TBC materials in real applecest Extensive sensitivity analyses are

conducted to identify the critical design parametaifecting the onset of buckling and

extension of interfacial delamination, as well asdevelop parametric relations that

enhance the understanding of these mechanismse Tloe®l parametric relations, that

extend the range of applications of the functiod@pendence found in literature, are

validated with existing relations in the literature

The chapter concludes with a numerical exercisgystg the competing mechanisms

as the delamination extends over an undulations llemonstrated that the buckling

instability is the leading failure mechanism att fiaterfaces or near the locations of
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minimum cross-section in a wavy interface. Howewerthe vicinity of waviness, crack

extension can become a dominant mode of failuree Pprobability of a particular

mechanism taking precedence over the other dependarious geometric and material

parameters and the nature of the loading. A coniparatudy of the predicted critical

buckling stress with critical delamination stress adentify the dominant mechanism.

The highlights of studies with these parametriatiehs are summarized below.

The critical buckling stress relationships for tlager TBCs has an extended range of

validity and better accuracy for incipient stagébuckling instability as compared to the

existing analytical solutions in the literature [9,]. The effect of the top coat is realized

through its inclusion in the three-layer TBC modghe critical stress for this model is

found to strongly dependent on the top coat gegmetd material, in addition to the

relevant two layer model parameters. The effecthef top coat thickness is found to

stabilize with increasing thickness.

The parametric form for the critical stress initigtinterfacial crack extension at the

delamination in a three-layer TBC is vital for urgtanding the effect of interface

morphology on the failure mechanism. Furthermotejsi helpful in quantitatively

establishing criteria for dominant failure mechamss
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The parametric relations can be used by desigrsees feelpful tool in the design of
reliable TBCs in thermo-mechanical applicationse Tifie of TBCs can be prolonged
through an optimal combination of geometric andamal parameters that suppresses the
dominant mechanism.

Although the present study illustrates the comioetit between the failure
mechanisms in detail, the validity is limited tetlinear elastic TBCs. The failure modes
will be further influenced by the material non-largy of the constituent layers, cyclic

thermal loading and residual stresses, and thieisubject of next chapter.
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Property Substrateg Bond coat TGO TBC

Poisson’s Ratio 0.31-0.35 0.30-0.33 0.23-0.25 0.12-
Elastic modulus
120-220 110-200 320-400 0-100
(GPa)
Thermal expansion
14.8-18.0 13.6-17.6 8.0-9.6 9.0-12.2

coefficient (1¢° /°C)

Table 2.1. Material properties of components of ilBE€ system as obtained from [7, 29,
30]

h/R FEM Clamped
Free Edges Edges
0.2 10.16 5.64 17.7

Table 2.2. Critical buckling load comparison wigsults in [32]

h/Rratio Discontinuity error (%)
Plane Strain Axisymmetric
0.06 0.87 1.35
0.22 0.90 2.9
0.50 1.25 3.25

Table 2.3. Discontinuities in the valuesaifat the edges of each h/R ratio range in the
parametric Eqns. 2.9 and 2.10.
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Parameter Range of Variation
TGO thicknessH) 1-6 pm
Undulation amplitudeA) 5-10pm
Undulation wavelength/()) 10-30pm
Interfacial delaminationR) 5-70um
Top coat modulusH;c) 10-100 GPa
TGO modulus Erco) 260-480 GPa
Bond coat modulussgc) 150-280 GPa

Table 2.4. Range of variation of parameters fropeexnental observations [2, 21, 38-41]
for energy release rate study. All combinationsAofand W, outside of the range

O.3<A <0.t are excluded.
W

Function of (Parameters) Functional Relatiosto
h* L (2mA+3h))*
o | s oo
S0 C5te_cei +¢
R
AR c{l_em)]
2 2 Erc
fa(Grc,Erc,OreoErco) (CS% * 092_:: e"e J

Table 2.5. Functional relation between energy ssaate and critical parameters, based
on sensitivity analysis using FEM simulations. Maguesh, to, Ry, E* and ¢, (n=1-10)
are constants that are determined using the lgasate fit technique.
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Figure 2.1: A SEM image [20] of the TBC microstmuret consisting of the top coat, the
thermally grown oxide layer, the bond coat andsinger-alloy substrate.
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Figure 2.2: Schematic diagrams showing the comgefailure mechanisms in TBC
systems with flat and wavy interfaces.
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Figure 2.3: Schematic diagrams showing (a) geomaind dimensional parameters (b)
finite element model of the TBC system with bonatclwer interface rigid, symmetry
at vertical edge of delamination (right) and ragiatiodicity at the vertical edge of the
bonded part (left) (c) close-up of the mesh atctiaek tip.
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Figure 2.4: Contour plots showing transverse str@Ba) at fully bonded wavy
interfaces for (a) Type | undulation penetratinghptetely into the bond coat; (b) Type Il
undulation protruding completely into the top coat.
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Figure 2.5: Plots showing (a) the comparison betvike finite element results and a low
order analytical solution [10] where normalizingessS"*=110 GPa, (b) comparison of

finite element results and a higher order analiyscéution [43]where normalizing stress
S"=46 GPa
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Figure 2.6: Plots for the two layer TBC, showingical buckling load sensitivity to (a)
geometric parameters (normalizing valueg.8¥=1000pum, b™*<100 um, ""*=50 um,
R™%< 1000pum, andS"=30.2 GPa)and (b) material parameters (the normalizing values

of EI*= 600 GPaE"= 600 GPa, an8™< 0.52 GPa).
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Figure 2.7: Plots of the critical buckling stressaafunction oh/Rratio for the two layer
TBC, obtained with the parametric relations anditdinelement solution for the

axisymmetric case (normalizing streS%}, = 110 GPa).
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Figure 2.8: Plots for the three layer TBC, showihg variation of normalized critical
buckling stress with (a) top coat thickne$s(fiormalizing valuesS"™< 137 GPa and
t"*=50 pm,) and (b) top coat moduluSrc (normalizing valuesS™= 147 GPa and

EM™= 200 GPa).
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Figure 2.9: Plot showing the sensitivity Gf with respect to (a) geometric parameters
(normalizing measures afg™s 6 pm, "< 15um, andG™®=22 J/n?; and (b) material

parameters (normalizing measures &R, = 480 GPaEs = 80 GPa,E;S*= 280 GPa,

andG™¥=12 J/nf).
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Figure 2.10: Plot showing the sensitivity of theegy release rate with respect to (a)
undulation parameters (normalizing factors Af& = 6 um, W"®= 30 um, R"¥<=35 pum,
andG™¥=16 J/nf), (b) expansion mismatch stress in the TGO ancce@p (normalizing
factors ared™=2.2GPa an®"¥=4.6 J/n).
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Figure 2.11: Plot showing the comparison of engrigase rate@) near an interfacial
undulation with the steady state energy releage(@t) at an edge delamination [42] for

h/R=0.2, t=10 pum, W=30 um and gc=2.17 GPa (nhormalizing factors:ALO um,
G™<52 J/nf).
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Figure 2.12: Plot showing the variation of the nalimed energy release rate as the

interfacial crack propagates along an interfacradwation forw=20 um, A=4 um and
G™¥=21 J/n.
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crack extension, (b) the corresponding locationefeergy release rate curves and for
study of the competition between buckling and dehaton propagation.
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CHAPTER 3

A PARAMETRIC DOMAIN MAP FOR TOP COAT DAMAGE

INITIATION AND PROPAGATION IN EB-PVD THERMAL

BARRIER COATINGS

3.1 INTRODUCTION

Experimental observations [4, 5] confirm that ie #ibsence of significant bond coat

creep, delamination is predominantly along TGO laodd coat interface. TBC spallation

is preceded by a competition between buckling amerface delamination that is

stimulated by the waviness of the interface. Thenmeting mechanisms have been

extensively investigated in the literature [6-9] danwere recently formalized

parametrically to enable identification of the daamt failure mechanism for TGO and

bond coat delamination [6].

There is also evidence that with significant boondtacreep, damage initiates within

the top coat leading to delamination of top coat AGO interface [12-14, 44]. Damage
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within the top coat is primarily driven by the stses developed due to the coefficient of

thermal expansion (CTE) mismatch between the diffetayers during thermal loading,

as well as by creep deformation of the bond coatnunber of geometrical and

mechanical factors are known to contribute to thenage initiation and propagation

within the top coat. Notable among these are ingmbrgeometric and morphological

features of interfaces and constituent layers,thanl thermo-mechanical properties.

A significant body of work exists in the literatuharacterizing the growth of

undulations under cyclic loading [12, 13, 44]. Anther of these investigations also

consider the top coat damage [12, 13], but thetioglship between damage and

geometric and material factors has not been adebless detail. Xuet al. [14] have

demonstrated the variation in energy release matihe crack propagates within the top

coat for crack paths that were seleaeutiori.

This chapter is aimed at the development of panmandbmain maps delineating

safer TBC system designs from those prone to fillihe multi-dimensional parametric

space is represented as a reduced order 2-D pam@rdeimain map for the crack

initiation in terms of the critical geometric pararars. This map is created through

parametric finite element simulations that include substrate, bond coat, TGO and the
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top coat. The crack path is not postulatedriori; instead, crack initiation and its
subsequent trajectory is determined based on tbal Idrivers at the crack tip. A
sensitivity analysis is employed to first estimatee contribution of material and
geometric parameters to crack initiation. Subsetiyersensitivities to parameters
responsible for crack initiation are investigateobtigh crack propagation simulated with
a hysteretic cohesive zone model.

The development of domain map enables the realizatnd selection of geometric
parameters that result in a safer TBC. As a finep,sbased on the predictions of the
parametric domain map that incorporates crackaitmatn followed by crack propagation,
two representative failure scenarios are simulafée. geometry and material properties
for these cases are obtained from the literatutkthe predicted crack trajectories are
found to be in good agreement with experimentaéolaions in the literature [4, 7]. The
models developed in this work are micromechanicahature with explicit damage
representation at the micromechanical scale oT B€. However, the implications of the

model are macroscopic, in that it is used to ptemlrerall reliability of EB-PVD TBCs.

63



3.2 THE TOP COAT FAILURE MECHANISMS AND SOLUTION AP PROACH

In the context of linear elasticity, TBCs are inséme to cyclic loading and the

failure mechanisms are limited to TGO interface®9].7However, incorporating bond

coat creep introduces significant non-linearitythie TBC response under cyclic loading

and also activates an alternate failure mechanieported by Evan®t al. [7] and

Karlsson et al. [12]. During operation under cyclic thermal loadke TBC can

experience critical loads causing crack initiatigithin the top coat and at the site of

interfacial undulations. During subsequent cyclédoading the initial crack may: (a)

propagate until it reaches the interface, (b) pgapa away from the interface or (c) be

arrested without any subsequent propagation. Thbapility of crack initiation and its

eventual trajectory in a TBC under operating caadg will depend on various geometric

and material parameters as well as the appliedrga#ience, it is of interest to study the

influence of TBC parameters on initiation and pmgdéon of top coat cracks. A brief

introduction to the methods used to study the ahdn and propagation of cracks is

presented next.
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3.2.1 CRACK INITIATION WITHIN THE TOP COAT

In addition to significant in-plane compressiveesties caused by its thermal
expansion mismatch with the substrate, the top matiso subjected to out-of-plane
tensile stresses due to the wavy morphology ofttipecoat and TGO interface. This
renders the top coat susceptible to cracking invikaity of interfacial undulations.
Since the material of choice is brittle Yittria lsl&zed Zirconia (YSZ), the top coat
cracking is likely to initiate in Mode I. A Modedrack initiation criterion similar to [45]
is employed where damage appears as a finite ooaieghated normal to principal
direction, when, as given in Eqgn. 3.1, the maximafnfirst principal stress 1"

exceeds rupture stress forure):

SI"™ > ¢ (3.1)

= “rupture

Crack initiation is sensitive to the rupture streather than fracture energy, hence
even though the top coat and TGO interface toughiseewer than the bulk top coat the
rupture stress is assumed to be invariant. It esaidlentification of safer TBC designs

1I’T'I ax

through a sensitivity analysis to determine refatip ofS1™ on various geometric and

material parameters. The parameters considerethi®rstudy are shown pictorially in
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Fig. 3.1 and include: a) top coat modulug,{), b) TGO modulus E;;,), ¢c) TGO
thickness If), d) amplitude &) and wavelengthW) of the undulation, and e) thermal
cycle parameters including peak temperature andinggaholding, and cooling time.
Since the resulting crack is oriented normal toghecipal direction for Mode | fracture,
the orientation of the principal axis is recordedisat propagation of a nascent crack can

be studied.

3.2.2 PROPAGATION OF CRACKS ORIGINATING WITHIN THEOP COAT

The top coat may incur cracks due to local terstitesses at the sites of interfacial
undulations, however, not all cracks will contriud the large scale failure of TBC. The
critical cracks that required further investigatiane those that propagate with each load
cycle and reach the interface. Since the cracks rich the interface will initiate
delaminations, it is of interest to understandrtBensitivity to the various parameters. In
recent years cohesive zone models have emergedpastant tools for modeling crack
propagation in homogeneous and heterogeneous alatgfi7, 46-49]. Cracking is
simulated by inserting special cohesive elementwdsn continuum elements.g.,[46,

47, 49]) The use of a highly refined computatiomash, especially near the crack tip is

also a requirement, even though the effect is atitig due to the finite crack tip stresses
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provided by the cohesive zone. In this chaptetate of the art cohesive zone model is

employed along with a criterion for crack path esimn determined by the local crack tip

state, thus eliminating the mesh-dependent predictf crack path even with a structured

mesh. These computational tools are describedxntwe subsections.

3.2.2.1 Hysteretic mixed-mode cohesive element fidation

Due to the cyclic nature of the thermal loading,CEBmay incur significant fatigue

damage within the top coat leading to crack coalese and failure. The hysteretic

cohesive models proposed by Nyugsral [50] and Maiti and Guebelle [51] are found

to be suitable for such failure but they are limite Mode | loading. Although top coat

cracks are assumed to initiate under Mode | logdimgy may experience mixed mode

loading as they extend along complicated trajeesorHence, for TBC application, a

hysteretic cohesive model is extended to mixed mindeling that reduces to an

irreversible bi-linear, rate-independent cohesawe Uinder monotonic loading [48, 51].

The bi-linear cohesive model is discussed in dettsewheree.g, [48] and is

summarized by the following traction-separation:law
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O max o b < d-c (hardening reg)

T =) _Fmax (5-3,) ifd,< <9, (softening regior (3.2)

0 if 0> 9, (completely debonde:

The effective separation and effective traction defined asd =,/d7+ 3?57 and

T =\T?+[7%T?, respectively, wher@) andT, are the normal separation and traction,
J, andT, are the tangential separation and traction Aiglan empirical factor. As the
effective separation increases, the effective imactacross the elements reaches a
maximum valug(c,,,) at d,, and then decreases for further increase in separd his
increase in traction is known as hardening. Thesegbent decrease is known as
softening, which introduces irreversibility througimonotonic decay of the peak stress
due to damage. At a selected effective separddphthe tractions vanish, indicating the

failure of the element.

Regardless of whether the element is in the handenii soften region, the unloading
is always assumed to be towards the origin of hetibn—separation curve. Thus, the bi-
linear cohesive model remains fully reversible witthe hardening region. Once it enters
the softening regior(dz Jc) , any subsequent unload/reload occurs with reduced

stiffness, rendering the deformation irreversitpon reloading it returns to the state at
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the beginning of unload, and additional monotoramédge can be accrued upon further
loading.

To account for dissipative mechanisms in the fr&cfuocess zone ahead of the crack
tip, a hysteretic model incurs fatigue damage ahlying reloading. This damage can
occur at any point, including when the elementnisthe so-called hardening region.
Unloading is still assumed to be linearly towarkds origin of traction-separation curve,
and therefore hysteresis curves are formed. Dugluading the stiffness of the cohesive
element is assumed to decay according to the esifrilegradation given below in Eqn.

3.3. The rate of stiffness decay is controlled hg introduction of an additional

parametero; .

—Knpni ifd, > C

Knn Jf
0 D <

(3.3)

. —thi ifd, > 0

Ktt = a—f
0 B < (

These incremental stiffness equations are convettedlifference equations to
calculate the stiffness at tifp+1)" step based on the stiffness of ffitload step and

increment in displacement jump. The resulting ndramal tangential stiffness are:
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A,
KP=KPe wherdg, = 5P -gP
(3.4)
84
KPt=Kpe & wherdg, = 5" -9°

Due to the incremental nature of fatigue damaggements in normal and tangential

tractions are calculated using the following ecurati

T K, 07
L 5.” (3.5)
T, 0 Kell4
Using the backward Euler method, the normal andeatial tractions at th@+1)" step

are evaluated using the updated stiffness as giveqn 3.6.

TP =TP+ KMAQ, (3.6)

T =T+ KPAG
The hysteretic response of the cohesive model remaithin the envelope of the
bilinear model, and when the reloading curve irgets the softening curve it follows the
curve for as long as the loading process continDesing such periods the element
accrues only monotonic damage without any fatigwemabge. From the above
can be seen that five cohesive zoparameters namely,

formulation, it

0.0 0:,0,,0, andB define the hysteretic cohesive zone response. Fygraphically

max’ ~c’?
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illustrates, the traction-separation response efhysteretic cohesive model under cyclic

loading.
3.2.2.2 Incremental direction of crack propagation

The crack trajectory cannot be determiregriori as it depends on the local drivers
at the crack tip. This makes it imperative to eagduthe direction of crack propagation at
each increment of loading as the crack is resttitaefollow the trajectory defined by the
cohesive zone elements. The following are amongtimerous methods proposed in the
literature to evaluate incremental direction: maxim circumferential stress
Oy criterion (Erdogan and Sih [52]), maximum energiease rate criterion-MERR
(Palaniswamy and Knauss [53]), and strain energysitle criterion (Sih [54]). In the
present work direction is determined using the mmaxn cohesive energy criterion
proposed by Li and Ghosh [17]. This criterion ptates that the crack will propagate in
the direction that maximizes the available cohesivergy. From the definition of the J-
Integral, a relation between the cohesive enepgipr complete decohesion and the

critical energy release ratg, has been established in [47] as:

f.05 ¢
G, =J :lT&dle T =g (3.7)
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whereR is the length of the cohesive zone. Consequeftttya given crack tip state of
stress, the crack growth direction is estimatethasalong whichG_ or equivalently the

cohesive energy is maximized. The cohesive energy at the crack tipA along any

directiona can be expressed for an arbitrary effective seipara (a) as:

J(a) t(a) 90
coA(a):[ | T(a)dd} :[j T(a).E dt} (3.8)

0 0

whereT (a) :\/(Tn“’“)2 +ﬁ"2('lgc°“)2 is the magnitude of the effective cohesive traction
The corresponding unit normal and tangentiat vectors along the directioo are

expressed as:
n=-singi+cosxrj ,t= co@l + sim (3.9)

The normal and tangential components of the cobketsaction force at an angke are

then deduced as:

- 2 .
T [, n(oun+on, o.sinfa+o, sinr+o,, coda
= = (3.10)

CO| - - 1 - 1 -
T [t by ] otoyn, —Eaxxsm2a+axycosaf+—20'yy sina

and hence the effective cohesive traction for dioeca is:
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2
T(a) :\/(Jxxsinza—axy sin 27+Uyy Coéa)z +,B_2(_%Jxx Sil’]d+0’xy COSCQ+—;0' v SiW%

(3.11)

The incremental direction of crack propagationssuamed to maximize the cohesive

energy a#, according to the criteria

aqu(a) =0 and m< (. (3.12)
da da’

The resulting direction of crack propagatiopis obtained by inserting Egn. 3.11 into

Eqgn. 3.8 and using the maxima criteria in Eqn. &A4@ can be written as follows:

2
2
g,~0,% \/(axx—ayy) +40 Xy

= :
2 2 2
\/(Jyy —Jxxi\/(axx—ayy) +40 XYJ +40°,

a, =sin™ (3.13)

The change in crack trajectory is achieved by geimey a new mesh incorporating an
updated crack path laced with cohesive elementsedoce the computational expense
associated with this process, the crack trajectgate is subjected to a geometric
criterion that identifies whether there are tendesndor significant direction variation.
The proposed geometric criterion requires thatctiaek path be updated only when the

incremental directiond,) exceeds a tolerance limit based on the critingle(a,) that
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minimizes the crack tip distance to the interfdéig. 3.1 illustrates the crack geometry
and critical angle schematically. As the undulatisndealized with a sinusoidal wave
represented in Eqn. 3.14a and critical angle cpaeds to the normal from the crack tip
(%,, ¥,)to the interfacgx, ;) , a.can be determined using the trigonometric relaiion

Eqgn. 3.14b and is given in Eqn. 3.15.

- inl T-%
Yy, = A(1+S|n(2 WHD (3.14a)

-1
P " h o —{%} =- vﬂv (3.14b)
%X A TA co{ -5 ﬂj
2 W
a, = tan‘l(%j (3.15)

Egn. 3.15 shows that the critical angle of propagais a function of crack tip

location, as well as the undulation geometry. Tiaelc path is updated whdu,|/|a.| is

greater than 0.1%.
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3.3 FINITE ELEMENT MODELS OF TBC

3.3.1 MATERIAL MODELS

Advanced TBCs typically have nickel based superyatlubstrates with high strength

and stiffness, even at elevated temperatures. ®he boat material of choice is an inter-

metallic platinum modified nickel aluminide with@TE similar to that of the substrate

material. Mechanical properties of the bond coatienal may vary with thermal cycling,

and the bond coat may also undergo significant pcrdeformation at elevated

temperature [27]. A thermally-activated creep matenodel for the bond coat has been

proposed in [27] based on micro-tensile test respétrformed on bond coats extracted

from actual TBC systems. The model is phenomencédgn nature and does not account

for explicit variables at the microstructural lev&he strain rate-stress law in this model

is expressed as

2.7
=340 kJ/ mol
gcreep =7.5x10° (%j GX{%] T< 80C
¢ -400[kJ/ mol (3.16)
Eqreep = 9. 1% 167 (%) exp{TJ T> 80C

where &, . IS the equivalent creep strain rate,is the equivalent deviatoric stred3is

creep

the gas constant, anflis the absolute temperature. The model was caditbratith
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experiments in [27] and a change in model parametas found aB00C . This bond
coat material model is implemented as a user stinmun the ABAQUS [55] finite

element package.

The effect of bond coat creep on the out-of-plareeg strain accumulation in the

bond coat has been investigated analytically byinBaand Hutchinson [56] and

numerically by Karlssoret al. [12]. Numerical implementation of the creep materi

model in this study is validated through reprodgadiesults reported in [27] with similar

geometry and material properties.

Although it is believed that damage initiates ie tbp coat [4] and accurate material

model of the top coat are essential, the Yittrebsized Zirconia with a strain tolerant

columnar structure is not well characterized in literature. The effect of the top coat

material model was investigated to determine thet bepresentation for accurate

prediction of failure. The thermal expansion caaéint of the TGO is less than that of the

substrate, causing very high compressive stresséisei TGO. The TGO reduces these

stresses by lengthening through out-of-plane digpteents that increase the undulations

accommodated by a relatively compliant bond coaj.[HHowever, the top coat provides

a constraint that restricts such deformation aradideto out-of-plane stresses near the
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undulations. The magnitude and location of thesesseés clearly depend on the top coat

stiffness. A compliant top coat would not restfi€¢O deformation and the out-of-plane

stresses would localize at the TGO and top coatfate due to bending of the TGO.

However, a stiffer top coat will prevent TGO defation resulting in out-of-plane

tensile stresses in the vicinity of the undulati8ince experimental observations in [4,

14, 30] suggest that cracks initiate away fromitherface at the undulation sites, the top

coat is idealized as an isotropic elastic mateviéh no pre-existing flaws. Furthermore,

although the columnar structure of the top coagseats that under tension it will be more

compliant in-plane than out-of-plane, CTE mismascHzetween the top coat and

substrate will lead to in-plane compression. Witklel in-plane tension during load,

effects of the columnar microstructure should r@slgnificant. Mechanical properties of

the top coat are sensitive to deposition procesanpeters as well as to the inter-

columnar spacing [28]. The properties may also wammng the TBC service life due to

sintering [57] with total exposure time at high fgratures. However, this variation is

not significant over individual thermal cycles. &wbdns with four different top coat

moduli, ranging between 100 and 220 GPa, are cerexdin this study to account for

microstructure variability in the specimens. TaBl& presents material property values
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for each of the TBC layers obtained from those rigbby Evan®t al [7] and Chengpt

al. [29]. The rupture stress for top coat is assutoede same as homogeneous Yittria

stabilized Zirconia reported in [58].

3.3.2 GEOMETRIC MODEL AND FINITE ELEMENT MESH

A finite element model of the TBC system includihg substrate, bond coat, TGO,

and top coat is shown in Fig. 3.3. 2D plane strapresentations of the TBC system are

selected as undulations are assumed to run thrthelsample thickness. The TBC

morphology is assumed to be symmetric about théicaérplane and only the half

geometry is modeled. The undulations in the vigimt planar interfaces between the

TGO and bond coat are commonly observed due toniti@ as well as growing surface

roughness of the bond coat. In this study, onlysiidal undulations penetrating into the

bond coat are considered.

A 150x1100um section of TBC system is modeled with a gradedmuad four-noded

elements which are identified as CPE4(QUAD2D) ia &BAQUS element library [55].

The resulting model consist of more than 11,6@nents and 12,000 nodes, and exhibits

less than 0.5% error in the strain energy when ewetpto a more refined mesh. As
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shown in Fig. 3.3, a highly refined mesh is usedhim vicinity of the TGO undulation,

and the mesh becomes coarse away from the regioteoést.

3.3.3 BOUNDARY CONDITIONS

In practice, the top surface of the TBC is expowedhot combustion gases and is

assumed to be free of any mechanical constraint®amts. The current TBC system

model is subjected to a cyclic thermal load throwginiation of a uniformly applied

temperature from 1000 °C to room temperature IGEach nominal temperature cycle

includes 10 minute heating, 10 minute hold at peakperature, and 10 minute cooling.

All analyses are performed for five successive &ycllhe thermal loads caused by this

thermal cycle generate in-plane compressive ssaashe TGO and top coat on account

of the CTE mismatch. Although temperature gradiearts expected along the TBC

thickness during service, the uniform thermal l@ssumption is considered adequate

since out-of-plane thermal effects are secondamyntulation stresses. For all analyses

symmetry boundary conditions are applied at theddfe; a rigid substrate is simulated

with roller supports applied at the lower horizéonboundary; and radial periodic

boundary conditions are applied at the right edfjethe models. These boundary

conditions are shown pictorially in Fig. 3.3.
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3.3.4 COHESIVE ZONE ELEMENT IMPLEMENTATION

The hysteretic cohesive model described in Sec2 &2dmplemented as a four-noded

cohesive element within ABAQUS’s User defined Elem@UEL) subroutines [55].

These elements are compatible with the regulartimamm ABAQUS QUAD2D

elements. The element is comprised of two cohesiviaces with 2 nodes each. In the

initial, unloaded state, the nodes of the two sigfashare the same coordinates. With the

application of external load, the surfaces move aeparate from one another as the

adjacent solid elements deform. The relative noramal tangential tractions for the 2D

cohesive elements are calculated at the elemeagration points according to the

traction separation law defined by Eqgn. 3.2. Them&nt has two integration points

corresponding to those of the QUAD2D element. Theameters associated with the

cohesive element definition in ABAQUS are the numbknodes for the element and

their connectivity, the cohesive zone parameteso@ated with the element and the

solution dependent state variables required foretement. Fig. 3.3 shows a TBC finite

element model with cohesive elements along a reptatve crack path.

80



3.4 PARAMETRIC MODELING OF CRACK INITIATION AND

PROPAGATION IN THE TOP COAT

The parametric space is defined by parameter raggesn in Table 3.2 and is
spanned by nearly 100 simulations. These resuékl ynformation about how crack
initiation and extension in the TBC system is siévesito important geometrical, material,
and loading parameters. Critical analysis of theuilte demonstrates that there are some
parameter ranges that provide safer TBC designs.

TBC failure due to top coat spallation can be cti@rézed by crack initiation and
crack propagation phases. Two studies are condtotet/estigate these phases. These
studies are performed sequentially, namely, théatbite locations of crack initiation are
determined in the first study, and the subsequeidysassumes existence of a finite crack

at that location.

3.4.1 SENSITIVITY ANALYSIS FOR CRACK INITIATION WITHIN THE TOP

COAT

In order to identify the critical parameters assgstcrack initiation, a sensitivity

analysis of the maximum first principal stre(é%imax)with respect to geometric, material,

and loading parameters is performed for the TBCtesys Candidate parameters
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considered in the sensitivity analysis areh(ijhickness of the TGO, (i, amplitude of
the sinusoidal undulation, (i), wavelength of the undulation (it;)thickness of the top
coat (v) E;gpand a,, stiffness and thermal expansion coefficient & TGO, (vi) E,.
and a,., stiffness and thermal expansion coefficient & top coat, (vii)s,, § and s,

heating, hold and cooling time of the thermal cymepectively and (ix)T peak

peak !
temperature of thermal cycle load. Definitions led geometric parameters are pictorially
given in Fig. 3.1. Individual parameters are vaiigttementally while keeping all others
stationaryj.e. parametric variation is achieved by changing thiee of one parameter at
a time. This is needed to isolate the effect ohgaarameter on the damage initiation and
propagation. Such variation is performed for eaalameter until the entire parametric
space is spanned.

The simulations revealed that the magnitude andtilme of SI™in the top coat is
sensitive to several parameters. It also shows $tfdt occurs either along the axis of
symmetry or along the interface. Hence, the locatibthe SI"™is characterized by its
normal distance from the interface).(A representative set of the sensitivity analyses

results forSI™ magnitude are summarized in Figs. 3.4a-c, wherenthimalizedS1™

is plotted as a function of the normalized geornetmaterial, and loading parameters
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respectively. TheS1™for each plot is normalized b$l;™, the maximum amongst all
reported results in that plot. Each parameter isnatized with its maximum value
considered in this workSI™is found to be insensitive to any increase in the ¢oat
thicknesg or the bond coat thicknessbeyond the nominal valueb=60 um andt=100
um) selected. Fig. 3.4a shows that principal strdesreases exponentially with
increasing undulation wavelengtW and asymptotically approaches zero. This is
confirmed by the fact that an undulation with ifténwavelength corresponds to a flat
interface for which theS1™ principal stress is zero. For increasing amplitdd¢here is
first an increase in the principle stress and twgmonential decay. Finally, the principal
stress increases non-linearly with the TGO thickresand with quasi-stabilization at
high thickness values.

Fig. 3.4b shows thaBl™ increases linearly with the top coat and TGO moslwith
the TGO modulus having a steeper increase. Thecipah stress decreases almost
linearly with increase in the thermal expansion fiicient of the TGO. However,
increasing the thermal expansion coefficient of tibye coat first decreases the principal

stress and then causes rapid increase.
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Fig. 3.4c shows that the increase in peak temperaitithe thermal cycle almost

linearly increases the principal stress. For highaues, the duration of the cooling and

holding do not influence the principal stress. Heere significant decreases in the

cooling and holding durations can increase thecjpai stress significantly.

Parametric sensitivities of normal distanegdf the SI™ location from the interface

are summarized in Figs. 3.5a-c, where the normhzes plotted as a function of the

normalized geometric, material, and loading paranset Thev for each case are

normalized with respect to the corresponding marmvalue of normal distanog and

each parameter is normalized with respect to itgimmam value reported in the figure

captions. Fig. 3.5a shows that increasing TGO ttesk reduces the normal distange (

of SI™ from the interface. An increase in wavelength fistlucesv before sharply

increasing it. The variation iv due to increase in amplitude is parabolic, with

increasing from zero, reaching a peak and thencieduack to zero. However, it should

be noted that for these simulations, reduction t@f zero resulted from th&81™* location

moving to a different location along the interfaaed not just returning to the initial

location.
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Fig. 3.5b shows that for their range of variatitte moduli of TGO and top coat do
not influence the locatiom. An increase in TGO thermal expansion coefficianteases
v exponentially. The relationship betweeand a,.is parabolic. Fig. 3.5¢c shows that the
location of SI"™ s insensitive to any increase in duration of hegtcooling, and holding
time beyond 10 minutes. Furthermore, there i®litthange for a considerable increase in

peak temperature.

3.4.2 PARAMETRIC DOMAIN MAP FOR DAMAGE INITIATION N THE TOP

COAT

The sensitivity analyses show that the maximumhefftrst principal stres(sSlmax)
magnitude as well as its normal distance from therface ¥) is very sensitive to several
parameters. Due to the highly non-linear respohaeresults from bond coat creep and
cyclic loading, closed form parametric equationgitedict failure are infeasible. Instead,
a domain-partitioning map of the critical geomefrarameters is developed as a tool to
predict TBC failure.

From the sensitivity analyses, TGO thickness andulation geometry are found to
emerge as geometric parameters that have the nffest en damage. The multi-

dimensional parametric space spanned by the pageshetA, andW is characterized to
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predict failure. In this work, a novel reduced ardarametric space is introduced that can
effectively represent the multi-parameter dependeoic damage initiation. Two non-

dimensional parameten(&s(/,f) are uniquely defined from sensitivity and dimensional

analysis for this representation as:

Y= (3.17a)

@l
(3.17b)

_w
E_A

h
h
where h is the TGO thicknessA is the undulation amplitudey is the undulation
wavelength andy=1 pm. Partitioning of the 2C{¢,¢) domain delineates regions of
different damage characteristics. Three distinanaios, viz. “safe”, “fail,” and “sub-
safe” sub-domains are introduced. The “safe” doncaimesponds to the geometries for
which no crack will be initiated in the top coathel “fail” domain contains those
geometries for which interfacial cracks will intiga The “sub-safe” domain corresponds
to geometries for which cracks will initiate awaprh the interface and further loading

will determine if they will propagate towards th#drface. The boundaries of the three
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distinct domains are delineated by critical non-elsional parametegg, and ., and

the domains are expressed as:

Fail Domain: Y2y, & =¢,
Sub-safe Domain: ¢ =2y, &<¢, (3.18)
Safe Domain: W<y,

The critical valuegy,,¢&,) are evaluated in the following steps:

(i) Conduct simulations for various combinationspaframeters and designate each
parametric combination as fail, safe of sub-safetaon results of crack initiation.
(i) Determine the corresponding parametéqtsf) from Eqgn. 3.17. The critical
valuesy_andé, are identified as those that correspond to thesttian between
the different fail-safe domains as shown in Fi@§. 3.
The critical co-ordinates defining the partitionubpdaries are determined to be
.=2.0e-2 and_ = 4.. It should be noted that this domain delineatisndone for
E,. =200GPa andt,,,= 400GF. The complete dependence of these domaing,gn

and E,;,will be explored in future studies.
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3.4.3 SENSITIVITY ANALYSIS FOR CRACK PROPAGATION WHIN THE TOP

COAT

For the domain map the “safe” configurations thandt initiate cracks and the “fail”
configurations that initiate cracks at the inteefaare readily identified. However, the
occurrences of “sub-safe” configurations requiredigohal analysis for further
subdivision into “safe” and “fail.” Since the maximm principal stress axis is always
parallel to the axis of symmetry, a horizontal &rguath is selected for all sub-safe
geometries and is laced with hysteretic cohesiwmehts. The crack is allowed to
propagate with cyclic thermal loading while monitgy the incremental direction of
propagation. As discussed in Sec. 3.2.2.2, theysisak terminated when the incremental
direction of crack propagatiofwr,) exceeds 0.1% of the critical andle, ).

The cracks that deviate away from the interfé@g>0) at the termination of the
analysis are unlikely to cause interfacial delamiamaand are thus re-classified as “safe”.
Configurations that propagate cracks towards therfmce(ao<0) could reach the
interface and become “fail” or could arrest anddmee “safe.” Given the complexity of
the cracks propagating towards the interface, tlesegmt focus is on cracks that are

repelled away from the interface.
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A parametric investigation of the sensitivity ofethincremental direction with
geometric parameters including f), thickness of the TGO, (iip, amplitude of the
sinusoidal undulation, and (ii}v, wavelength of the undulation. Fig. 3.7 shows the
relationship between crack propagation direc(iag) normalized by its maximum value
and normalized geometric parameters. Each paranset@rmalized with the maximum
value given in the figure caption. Fig. 3.7 showattincrease in TGO thickness X
decreases the incremental ar(gt@) which promotes potentially critical cracks that are
attracted towards the interface. An increase inulatobn amplitude &) or wavelength
(W) is likely to suppress critical cracks as theymote repulsion of cracks away from
the interface.

The functional dependence of crack deflection conggtric parameters is formalized
using the following dimensionless parametric expi@s{ :

=——coy 27—

3.19
A hy (3.19)

AW hj

whereA is the undulation amplitud&Yy is the undulation wavelength aihds the TGO
thickness,h, =5um and A, =10um. Sensitivity studies show that for the "sub-safe"

parametric combinations for whicfi< ¢, the cracks are repelled away from interface
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and are deemed safe. The critical valfig, is determined from the sensitivity data to be
2.32. Similar to the domain map, this delineation ofesgeometries is done for
E,. =200GPa andt,;,= 400GF. This parametric expressiof can be used in

combination with domain maps for selection of sBLC designs.

3.5 COMPARISON OF NUMERICAL PREDICTION WITH EXPERIM ENTS

As a final step, the experimental observationsopf toat failure reported in the
literature [4, 7] and compared with the domain rpagdiction as well as finite element
simulations. Two cases are considered for whichnggoc parameters and crack
trajectories are obtained from SEM micrographsodews:

a) A=10 pm, W=40 pym and h =3um with a crack initiating atv~9 pum and
propagating horizontally for ~14um before deviating slightly towards the
interface and leading to delaminatidfid. 8bin [4]), and

b) A=10 um, W=30 um andh=3 ym with a crack initiating av~5.5 um and
propagating horizontally for ~7.fum before deviating slightly towards the

interface and penetrating the TGO layig( 7cin [7]).
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For both cases &, W, andh parameter combinations in the two situations dbedri
above, Eqgn. 3.18 predicts the TBC to be in the “safle” domain. This is in agreement
with the experimentally observed crack initiatiomag from the interface.

The finite element simulations with nominal valutg material and cohesive
parameters, ie. E;go =400 GPafE;.= 200 GPaamg, = 287 V) yield the
following crack trajectories for the correspondoages described above:

a) The crack initiates at=9.8 um from the interface and propagates horizontalty fo

15 um before the first directional update.

b) The crack initiates at=6.38 um from the interface and propagates horizontally

for 8.75um before the first directional update.

In both cases the cracks deviate towards the aderfndicating a possibly critical
crack. The finite element simulations of crackiatibn and propagation agree very well
with the experimentally observed crack trajectori€his implies that the modeling
framework employed to develop the domain map isabbgp of accurately predicting

crack trajectories.
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3.6 CONCLUSIONS

In this chapter, failure characteristics of elastip coats for thermal barrier coatings

(TBCs) are investigated using a finite element nhodée evolution of maximum

principal stress determines the onset of top coatking. Some of these cracks are

postulated to subsequently lead to delaminatioth@finterface between the top coat and

the TGO. A hysteretic cohesive zone model is enmgdoto study crack propagation

within the top coat. The materials and geometriesthe study are chosen to be

representative of TBC materials in real applicagiofhe contribution of geometric

parameters to crack initiation is estimated, andudti-dimensional parametric space is

represented as a reduced-order 2-D parametric domap for crack initiation in terms

of the parameters. The reduced-order domain magoistructed by collecting the

relevant parameters into 2 unique variablgmt span the 2-D domain. This domain

classifies the design space as “fail”, “safe,” ésub-safe” for crack initiation.,

The direction of crack propagation for TBC desigpentified as “sub-safe” are also

investigated. The crack propagation is assumecktm Ibthe direction that maximizes the

cohesive energy based on the criterion proposdd bypd Ghosh [18]. Since, interfacial

delamination is ultimately responsible for TBC @aé, designs that attract the crack
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towards the interface are deemed “fail” and thageelling it as “safe”. The potentially
safer combinations within the "sub-safe" domain idemtified by a third dimensionless
expression within the domain map. However, this dommap is limited to specific
material properties of the constituent layers angblieit dependence on material
parameters will be established in future invesiiget.

The chapter concludes with finite element simuladi@f two representative failure
scenarios from the literature. The geometry anderratproperties for these cases are
obtained from the literature and nominal materraperties are selected for simulations.
The parametric domain map predictions for critiyadif crack initiation and propagation
are found to be in good agreement experimental reasens. Furthermore, finite
element simulations of the propagation also compaedl with the experimentally
observed crack trajectories.

Despite establishing parametric criteria to detaerinitiation of micro-cracks in the
top coat, the present study is limited to estabighthe critical direction of crack
propagation. However, cracks that tend to propampatardsthe interface do not ensure
interfacial delamination since the crack may arbegbre actually reaching the interface.

Thus the proposed domain maps provide a conseevatitimate of safer TBC designs.
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Parametric investigations accounting for otherdelike rate of crack propagation can

reduce the conservativeness and are the subjéaiuoé work.
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Property Substrate TGO TBC
Poisson’s Ratio 0.31-0.35 0.23-0.25 0.10-0.12
Elastic modulus (GPa) | 120-220 320-400 100-220
Thermal expansion

14.8-18.0 4.0-8.0 6.0-12.2
coefficient (10° /°C)
Rupture Stress (Mpa) - - 287

Table 3.1. Material properties of components of IB&€ system as obtained from [7, 29,
58]

Parameter Range of Variation
TGO thicknessh) 2-6 pm
Undulation amplitudeA) 5-50pm
Undulation wavelength) 10-160um
TC thermal expansiorafc) 6-12 x 1P
TGO thermal expansiomfso) 4-8 x 10°
Top coat modulusH;c) 100-220 GPa
TGO modulus Ereo) 320-400 GPa

Table 3.2. Range of variation of parameters fropeexnental observations reported in
[4,7,21, 38, 39, 59]
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Figure 3.1: Schematic diagram of the TBC model shgvgeometric and dimensional
parameters of the undulation as well as the lonaticthe crack characterized by normal
distancev. The Substrate, excluded here for clarity, isudeld in the finite element

model.

0 g } T T T
0 0.0002 0.0004 0.0006 0.0008 0.001
4}

Figure 3.2: A plot showing the hysteretic cohesreme element response with cyclic
loading to eventual failure whed=J= 0.001.
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Figure 3.3: Finite element modeldt to scalg of the TBC system with the bottom of
substrate constrained to remain flat, symmetrefat/ertical edge and radial periodicity
at the right vertical edge.
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Figure 3.4: Plots showing top coat principal stresssitivity to (2) geometric parameters
(normalizing values ofi™*=6 um, A= 25 um, W"®=120um, and S1"*=604 MPa), b)

material parameters (normalizing valuesijEy = 400 GPa k=220 GPaa s =12e-6,
a;e=8e-6, andSly**=167.16 MPa), and c). thermal load cycle paramdtesamalizing
values ofs™ = 40 minutes,s*= 40 minutes,s'~ = 40 minutes;T_ox= 1200 °C, and

peak —

SI;™=363.20 MPa).
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Figure 3.4 continued
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Figure 3.5: Plots showing sensitivity of the looatiof principal stress to (a) geometric

parameters (normalizing values bf*=6 um, A™ = 25 pym, W™ = 120 ym, and
Vo=15.22um), (b) material parameters (normalizing value€gf’ =400 GPa E & =220

GPa,a;*=12e-6,a55=8e-6 andv,=32.53 um) and c). thermal load cycle parameters

max

(normalizing values of

max

=40 minutes, s =40 minutes §*=40 minutesT 2 =1200

°C, andvp=20.18um)
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Figure 3.5 continued
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Figure 3.6: Plot showing the domain map of the petaic space delineating TBC
designs into safe, sub-safe and fail combinaticased on two unique combinations of
parameterg) andg.
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Figure 3.7: Plots showing sensitivity of the incestal direction of crack propagation to

geometric parameters (normalizing value$h8f =10 um, A™= 38 um, W™= 120um,

anda,=8.73), and
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CHAPTER 4

A PARAMETRIC STUDY OF DAMAGE INITIATION AND

PROPAGATION IN EB-PVD THERMAL BARRIER COATINGS

4.1 INTRODUCTION

There is experimental evidence that with signiftdaond coat creep, damage initiates

within the top coat that leads to delaminationhaf top coat and TGO interface [12, 13,

44]. Damage within the top coat is driven primably the stresses developed due to the

coefficient of thermal expansion (CTE) mismatchwestn the different layers during

thermal loading, as well as by creep deformatiothef bond coat. Notable among the

factors which contribute to damage initiation anopagation are thermo-mechanical

material properties and morphological featureswtdrfaces and constituent layers.

There exists a significant body of work charactagzthe growth of undulations

under cyclic loading [12, 13, 44]. A number of thesvestigations also consider the top

coat damage [12, 13], but the relationship betwdsmage and geometric and material
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factors has not been addressed in detailefXai.[14] have demonstrated the variation in
energy release rate as the crack propagates withitop coat for crack paths that were
selectedh priori.

This chapter starts with the development of paremeimderstanding of top coat
crack initiation and propagation responsible foerdgual delamination of TGO and top
coat interface. A parametric relationship for thaximum principal stress with material
and geometric parameters is developed to predatkcmitiation. Subsequently, crack
propagation and the interfacial delamination areestigated for all parametric
combinations resulting in cracks initiating awagnr the interface. As a final step, the
crack trajectory predicted by finite element sintiola is compared with a top coat

cracking observed in a real microstructures.

4.2 FINITE ELEMENT MODELS OF TBCS

A finite element model is developed to investigdééamination of the TGO and top
coat interface. The model features bond coat caeeptop coat damage evolution, which
is characterized by crack initiation and crack aggtion phases. To characterize both

phases, the following two studies are performeddetermination of probable crack
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initiation and b) subsequent crack propagation ystagsuming a finite crack at the

initiation locations.

For the first study, a mode | crack initiation eribn similar to [45] is employed where
damage appears as a finite crack oriented normatiteipal direction and when the
maximum of first principal stresS{") exceeds rupture stres%pture):

SI™ 2 0, e (4.1)
This criterion enables identification of safer TBEsigns through a sensitivity analysis to
determine the relationship betwe&f1"® and the various geometric and material
parameters. The parameters considered for thiy staetlde: a) top coat modulugkf.),

b) TGO modulus E,,), ¢) TGO thicknesshj, d) amplitude &) and wavelengthW) of
the undulation, and e) thermal cycle parametersidig peak temperature and heating,
holding, and cooling time. Since the resulting kr& oriented normal to the principal

direction, the orientation of the principal axisrexorded to introduce properly oriented

nascent cracks.

The subsequent crack propagation study simulatesk qgropagation by inserting a
hysteretic cohesive zone between continuum elenantise finite element mesh. The

evolution of the crack path is determined by sébgcthe direction of maximum cohesive
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energy as proposed in [18]. This eliminates thehatkependent prediction of crack path

even with a structured mesh [17].

Various aspects of this finite element model of THBC are summarized in the

following subsections.

4.2.1 MATERIAL MODELS

The bond coat material of choice for TBCs is arrmhetallic platinum modified

nickel aluminide with a CTE similar to that of tisebstrate material. In this study, a

thermally-activated creep material model for thedooat proposed in [27] is employed.

The creep model in [27] is based on micro-tenskd tesults performed on bond coats

extracted from actual TBC systems and are deen@date. The strain rate-stress law in

this creep model is expressed as

2.7
—-340 kJ/ mol
€ roep = 7.5%10° (%j ex{%] T< 80C
* (-400kJ/ mol “2)
£reey = 9.1x 10 (%j ex;ETJ T> 80Q

where .., is the equivalent creep strain rate,is the equivalent deviatoric stredsis
the gas constant, arfidis the absolute temperature. The bond coat materalel is

implemented as a user subroutine in the ABAQUS {ifite element package.
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Advanced TBCs typically have nickel based supearyatlubstrates with high strength

and stiffness at elevated temperatures. Thus th&trate is treated as an isotropic, elastic

material. The top coat and TGO are idealized asa@ropic, elastic material with no pre-

existing flaws. Although the columnar structuretloé top coat suggests that it will be

more compliant under tension than under compres€§l®i mismatches between the top

coat and substrate would prevent in-plane tensidih little in-plane tension, effects of

the columnar microstructure should not be significdhe rupture stress for the top coat

is assumed to be same as homogeneous YittriaigebiZirconia reported in [58]. The

material property values for each of the TBC layaes same as those reported in Table

3.1; values were obtained from [7, 29, 58].

4.2.2 GEOMETRIC MODEL AND FEM MESH

A finite element model of the TBC system includihg substrate, bond coat, TGO,

and top coat is shown in Fig. 4.2. 2D plane strapresentations of the TBC system are

selected as undulations are assumed to run thrthetsample thickness. The TBC

morphology is assumed to be symmetric about théicaérplane and only the half

geometry is modeled. In this study, only sinusoigtadulations penetrating into the bond

coat are considered.
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A 150x1100um section of TBC system is modeled with a gradedmad four-noded

elements which are identified as CPE4(QUAD2D) ia &BAQUS element library [55].

The resulting model consist of more than 11,00thelgs and 12,000 nodes, and exhibits

less than 0.5% error in the strain energy when ewetpto a more refined mesh. As

shown in Fig. 4.2b, mesh in the vicinity of the T@@dulation is refined and becomes

coarse away from the region of interest.

4.2.3 BOUNDARY CONDITIONS

The TBC system model is subjected to a cyclic tlrdmad through variation of a

uniformly applied temperature from 1000 °C to rommperature of 30 °C. Each nominal

temperature cycle includes 10 minutes of heatindg an10 minute hold at peak

temperature and 10 minutes of cooling. The topaserbf the TBC is assumed to be free

of any mechanical constraints or loads. Symmetndary conditions are applied at the

left edge, roller supports are applied at the lol@izontal boundary; and radial periodic

boundary conditions are applied at the right edfjethe models. These boundary

conditions are shown pictorially in Fig. 4.2b.
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4.2.4 IRREVERSIBLE HYSTERETIC MIXED-MODE COHESIVEGNE MODEL

Due to the cyclic nature of the thermal loading,CEBmay incur significant fatigue

damage within the top coat leading to crack coalese and failure. The hysteretic

cohesive models proposed by Nyugenhal [50] and Maiti and Guebelle [51] and

extended for mixed mode application by Bhatnagaal. [60] will be employed for this

investigation. This hysteretic cohesive model reduto an irreversible bi-linear, rate-

independent cohesive law under monotonic loadigg $4].

The bi-linear cohesive model is discussed in dedlséwheree.g, [48, 61] and is

summarized by the following traction-separation:law

Ugax o b < 5(: (hardening re@)
T= %(5— ) ifd,<d<J, (softening regior (4.3)
0 if 0> 9, (completely debonde:

The effective separation and effective traction dedined aso =./J° + 5°57 and

T =12+ B7%T?, respectively, wherd, andT, are the normal separation and traction,

o, andT, are the tangential separation and tractionfisdan empirical factor. As shown

in Fig. 4.3 as the effective separation increatheseffective traction across the elements

linearly increases to a maximum val(e,,,) at J,, and then decreases for further

110



increase in separation. This increase in tracsdknown as hardening and is elastic. The
subsequent decrease is known as softening. Angefuttnload/reload prior to reaching
the maximum separation @k is carried out with lower stiffness. After excaagly:. , the
element has zero stiffness.

To account for dissipative mechanisms in the fr&cfuocess zone ahead of the crack
tip, a hysteretic model incurs fatigue damage ahiging reloading. During reloading the
stiffness of the cohesive element is assumed taydexcording to the stiffness
degradation given below in Egn. 4.4 and again shiwiig. 4.3. The rate of stiffness

decay is controlled by the introduction of an addial parameted.

, —Knni ifd, > C
Knn = Jf
0 B <
. (4.4)
. —Kni ifd, > 0
Ktt = a—f
0 iD, < (

These incremental stiffness equations are integjrédecalculate the stiffness at the
(p+1)" step in terms of the stiffness of th8 load step and increment in displacement

jump. The resulting normal and tangential stiffnases

_Ag, _Ag
Jf

KP=KPe % and KM =KPe (4.5)
wheredd=9"- 5 and44=45*-3".
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The hysteretic response of the cohesive model remaithin the envelope of the
bilinear model, and when the reloading curve irgets the softening curve it follows the
curve for as long as the loading process continDesing such periods the element
accrues only monotonic damage without any fatigwemabe. From the above

formulation, it can be seen that five cohesive zoparameters namely,

0. 0:,0,,0, andB define the hysteretic cohesive model response.
This hysteretic cohesive model is implemented dsua-noded cohesive element
within an ABAQUS User defined Element (UEL) subtioat[55]. These elements are
compatible with the regular, continuum ABAQUS QUAD2lements. The element is
comprised of two cohesive surfaces with 2 nodes.gacthe initial, unloaded state, the
nodes of the two surfaces share the same coordinatith the application of external
load, the surfaces move and separate from one emaththe adjacent solid elements
deform. The relative normal and tangential tradidor the 2D cohesive elements are
calculated at the element integration points adogrdo the traction separation law
defined by Eqn. 4.3. The element has two integngbaints corresponding to those of the

QUAD2D element. Fig. 4.2 shows a TBC finite elememddel with cohesive elements

along a representative crack path.
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4.2.5 INCREMENTAL DIRECTION OF CRACK PROPAGATION

The crack trajectory cannot be determimegriori as it depends on the local drivers
at the crack tip. Since the crack is restrictedfditow the trajectory defined by the
cohesive zone elements, it is imperative to evaltia direction of crack propagation at
each increment of loading. In the present work diiioe is determined using the
maximum cohesive energy criterion proposed by Id &hosh [17, 18]. This criterion
postulates that the crack will propagate in theeaion that maximizes the cohesive
energy. From the definition of the J-Integral, &tien between the cohesive energy

for complete decohesion and the critical energgas¢ raté5, has been established by

Ortiz et al.[47] as:
00, ¢
G =J=|T—dx=| Td=
. { ~ { @ (4.6)

whereR is the length of the cohesive zone. Consequeftttya given crack tip state of
stress, the crack growth direction is estimatethasalong whichG_ or equivalently the

cohesive energy is maximized. The cohesive energy at the crack tipA along any

directiona can be expressed for an arbitrary effective s¢ijparad (a) as:

o(a) = (j:T (a) déj UO T(a) .‘Z—f dtJA (4.7)

A
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whereT(a) :\/(Tn“’h)2 + ﬂ‘2(1;°°“)2 is the magnitude of the effective cohesive traction
The corresponding unit normal and tangentiat vectors along the directioor are
expressed as:

n=-singi+coxrj andt= casi+ 9N (4.8)
The normal and tangential components of the cobetsaction force at an angte are

then deduced as:

co o,sifa+o, sinr+o  coda

T In. n(fon+o,.n| y vy

Tcoh - t t - (49)
t

x ly —%axxsin2a+0'Xy cosh+—;a sin2

yy

and hence the effective cohesive traction for dioeca is:

. . 2
(UXX sinfa-o, sinhr+o,, co%a)

T(a)= (4.10)

2
+57 (—%axxsin 20+0,, CcoOSZ +—;ayy sin 2}

@.(a) is evaluated by inserting Eqn. 4.10 into Eqn.ah@ maxima is obtained using the
extremum criteria in Eqn. 4.11. Thus, the resultiiigction of crack propagatiom, is

reported in Eqn. 4.12.

0%(a) 5 ang 2%(@) (4.11)
oa da?
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2
2
g,~0,% \/(axx—ayy) +40 Xy

- .
2 2 2
\/(Jyy —Jxxi\/(axx—ayy) +40 Xy) +40°,

a, =sin™ (4.12)

Any change in crack trajectory is achieved by gatiieg a new mesh incorporating
an updated crack path laced with cohesive eleménisreduce the computational
expense associated with this process, the cragictivay is updated when there are

tendencies for significant directional change.

4.2.6 SELECTION OF COHESIVE ZONE PARAMETERS

A rigorous methodology is followed for the seleatiof five cohesive zone

parameters namelyr, ..,9.,9,,0,, andB defining the hysteretic cohesive zone response.
First, the peak stress,__ is set equal to the rupture stress of the top eaerial, thus
simulating the onset of damage. Next, selectiod.oletermines the hardening stiffness

(o

max

/5c) of the cohesive zone and requires sensitivityystéig. 4.4 summarizing the
sensitivity study and shows that the crack propagaangler, computed by Eqn. 4.12
monotonically converges to a stabilized value witbreasing hardening stiffness. For
hardening stiffness above 6e9 Mpa/ the variation ina, becomes less than 1% and

convergence is assumed. Henég,is computed using this stiffness along with the
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selectedr,,,. Furthermoreg, is computed by equating the cohesive energy iura

toughness of the material as demonstrated in Edh. Fnally, the fatigue damage

parameterd, is chosen to bed,.

4.3 PARAMETRIC MODELING OF CRACK INITIATION IN THE  TOP COAT

Simulations conducted with the computational modidsussed in Sec. 4.2 are used
to derive a functional form for the maximum priraligtress $1"®) in terms of important
geometrical and material parameters in the TBCegysiSensitivity analyses of these
drivers are conducted with respect to various patara and the results are utilized in the
determination of the functional dependence. Althguiinite element simulations show

1m ax

that location of maximum principal stress is valgabnly S magnitude variation is
considered for development of the parametric @atCandidate parameters considered
in the sensitivity analysis are: (fj, thickness of the TGO, (iiA, amplitude of the
sinusoidal undulation, (iii)V, wavelength of the undulation (i¥) thickness of the top
coat (V)E,.,, modulus of the TGO and (VE,., modulus of the top coat. Definitions of

the geometric parameters are pictorially given ig. B.2a. The parametric space is

defined by parameter ranges given in Table 3.h®ptrevious chapter.
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For sensitivity analyses, a parametric matrix comemll possible combinations of
parameters and their values is generated. To timeithnumber of analyses few discreet
values are selected for each parameter to reprédserange. The simulations revealed
that the magnitude and location 8™ in the top coat is sensitive to several parameters.
A representative set of the sensitivity analysesulte for SI™ magnitude are
summarized in Fig. 4.5a and 4.5b, where the nom@adls1™ is plotted as a function of
the normalized geometric and material parametesgeively. TheSI™ for each plot
is normalized withS17™, the maximum amongst all reported results in fiiat. Each
parameter is normalized with its maximum value iablé 3.2. Beyond the nominal
values b=60 um andt=100um) S1™is found to be insensitive to any increase in tpe t
coat thickness or the bond coat thicknebsselected. Fig. 4.5a shows that principal stress
decreases exponentially with increasing undulati@velengthW and asymptotically
approaches zero. This is confirmed by the factahaindulation with infinite wavelength
corresponds to a flat interface for which t88™ principal stress is zero. For increasing
amplitudeA, there is first an increase in the principle strasd then exponential decay.

Finally, the principal stress increases monotohjaaith the TGO thicknesk.
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Fig. 4.5b shows tha®l™ linearly increases with increasing top coat modullise
response is similar for increasing TGO modulusviith a much steeper slope. The graph
also elucidates that a minor reduction in TGO mosulill prevent top coat crack

initiation asS1™ decreases below rupture stress.

4.3.1 PARAMETRIC REPRESENTATION FOR CRACK INITIATIOIN THE TOP

COAT

From the summary of results in Fig. 4.5, the aitiparameters selected are the top
coat modulusg,., TGO thickness$h and modulug,,,, undulation wavelengthV and
amplitude A. Based on their influence o81™*, the geometric parameters are re-
classified into three basic non-dimensional grolbs, W/A andA/A, and the sensitivity
study results are used to establish functionaltieis. The material parametéts: and
Erco are assigned a linear function based on the liresggronse shown in Fig. 4.5b. All
the individual functions are subsequently combitedlerive the following functional

dependence for the maximum principal stress:

S q[1+ N e‘ﬁj m (1+ g%j Eso (4.13)

" “(%j
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where A=1 pum, hp=1 um, E*=100 GPa and; —c3 are constants. The constants in Eqn.
4.13 are evaluated using a least squares baseditlsstlysis of all FEM results with a
tolerance of 15%. For stress and moduli expresse@GRPa and lengths ipm, the

constants are derived to bge=0.8124, ¢=5.000 and £0.1320.

4.4 PARAMETRIC INVESTIGATION OF TOP COAT CRACK PROP AGATION

The parametric relation @™ established in Eqn. 4.13 predicts the crack inatrat
within the top coat, however its severity on fa#lus determined by its location. The
cracks initiating at the interface would lead tagk scale delamination and are
considered critical, whereas the cracks initiaamgay from the interface are critical only
if they propagate to the TGO-top coat interfacenéée subsequent to crack initiation
sensitivity analysis, crack propagation simulatioase performed for 25 unique
parametric combinations that resulted in crackisatimg away from the interface. Due to
the evolutionary nature of the crack trajectorystheimulations are performed iteratively
with finite element mesh regeneration for each iSgant deviation in crack path.
Initially, a linear crack path oriented normal teetprincipal axis is prescribed and laced
with hysteretic cohesive elements. The optimal lcrimcrement direction is evaluated

using Eqn. 4.12 for each increment in crack lersgtd when it deviates significantly
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from prescribed path the simulation is terminat&dibsequently, the crack path is
updated linearly along the incremental directiod &nite element mesh is regenerated
for the updated crack path. In addition to monitgrthe incremental direction for crack

propagation, the rate of crack propagation is aisaitored for each increment.

4.4.1 VALIDATION OF TOP COAT CRACK PROPAGATION DIRETION

Prior to performing the crack propagation invedimg a sensitivity study is
conducted to estimate the effect of variation iac&r propagation direction on the
propagation rate. The sensitivity analysis is penid using a representative parametric
combination with A=1Qum, W=40um, h=4pm, E,;,=400 GPa andE,.=200 GPa. For
this combination of parameters, crack initiatesppadicular to the symmetry axis at a
normal distance of 6.3fm from the interface. Using the crack propagatiogle@in Eq.
4.12 crack should deviate by 1° from horizontakrafpropagating um to locationP
shown in Fig. 4.2a. To evaluate the effect of inmeatal direction on propagation rate, in
addition to the 1° determined by Eqn. 4.12, thrisérttt propagation angles 90°, 60° and
30° are prescribed at the crack tip. The resultsubsequent crack propagation analyses

show that the crack remains arreste® &r the propagation angles 90°, 60° and 30° but
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propagates at an accelerating rate along the &etain. The results of crack propagation

analyses for 30° and 90° are shown in Fig. 4.6ada6lol.

This study demonstrates a strong influence of mergal direction on propagation

rate and also confirms that the propagation dmectgvaluated by Eqn. 4.12 is most

favorable for crack propagation.

4.4.2 TOP COAT CRACK PROPAGATION RESULTS

Crack propagation simulations show that the craejec¢tories do not undergo

significant deviations and remain oriented along thitially prescribed linear path.

Amongst all simulations the maximum deviation iraakt path until the interface is

observed to be 4°. Fig. 4.7 summarizes the resulis a representative parametric

combination of A=10um, W=40pum, h=4um that initiates a crack at a perpendicular

distances of 6.Qim from the interfacial trough. Fig. 4.7a shows thariation in

incremental propagation direction as the crack ggages towards the interface along the

initially prescribed linear crack path. It should hoted that incremental directions are

negative, thus indicating the crack is deviatingvaods the undulation. Fig. 4.7b

illustrates the corresponding rate of propagatiozasured as the crack extension per

minute during the thermal cycle. The propagaticlesancrease as crack tip advances
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towards the interface and achieves peak valueBeirvicinity of the interface. There is
significant difference in the initial rates of pegmation between different parametric
combinations, however the propagation rate mono#dlyi increases as crack tip

approaches the interface and, for all cases achiery high values at the interface.

These simulations conclude that the parametric amatibns that initiate cracks away
from the interface also assist in the crack propagaowards the TGO and top coat
interface. However, since oblique angle of incicdentakes it unclear whether the cracks

reaching the interface will initiate delaminati®uch interactions are investigated next.

4.4.3 EFFECT OF TOP COAT CRACKS ON TGO AND TOP COWNTERFACE

DELAMINATION

First, the TGO and top coat interface is interlaegth cohesive elements to enable
simulation of  delamination. The  cohesive parameterare  chosen
(amax =1GPao_ = 1.6- )33uch that the interface does not delaminate irabisence of
the top coat crack. Fig. 4.8 shows an excelleneegent of the top coat stresses for
perfectly bonded interface and interface laced veitiff cohesive zone. Such a stiff
cohesive zone isolates the influence of top coatcks on delamination and also

represents the interface conservatively.
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Next, top coat crack propagation simulations amgeated with crack trajectories

reaching the interface which is laced with a stiflhesive zone. Fig. 4.9 shows the

eventual crack trajectories for representative ggaes a) A=10 um, W=30 pm, h=6 pm

and b). A=10 pm, W=30 um, h=4 um. In both cases the crack propagates along a

horizontal path and intersects the interface abl@dique angle and subsequently initiates

delamination extending away from undulation troughis scenario is typical for all

crack propagation simulations and in each casetbgacial delamination extended only

towards the planar interface leaving the remaimmerface within the undulation intact.

It should be noted that the crack propagation tdwdne interface is dominated by mode

I, however, after reaching the interface the detatidon is dominated by mode Il. Hence,

a change in dominant modality of crack propagaisonbserved as the crack intersects

the interface between top coat and TGO.
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4.5 COMPARISON OF NUMERICAL PREDICTION WITH EXPERIM ENTS

As a final step, the predictions of finite elemsimulations are compared to the top coat
crack trajectories observed in real microstructu&mulations are performed for TBC
geometric parameters obtained from SEM micrograph7] and nominal material
parametersk;;, =400 GPa,E,. =200 GPa ands,, =287 MPa. The finite element
simulation predicts that the crack initiates aegoendicular distance of 6.38n from the
interfacial trough and propagates to reach the BB@top coat interface. Consequently,
the interfacial delamination initiates at the sfeintersection and extends towards the
planar interface leaving the remaining interfacehimi the undulation intact. This
prediction closely matches the experimental obsemwalemonstrating the capability of
the proposed modeling framework to accurately ptef@ilure scenarios. The excellent
agreement between the crack trajectory observedhén SEM and finite element

simulation is shown in Fig. 4.10.

124



4.6 CONCLUSIONS

In this chapter, failure of TBCs due to delaminasicalong susceptible interface

between TGO and top coat is investigated usingefieiement models. The work focuses

on crack initiation and propagation within the tmyat that is postulated to be responsible

for catastrophic failure of TBC system.

The top coat crack initiation is investigated useghermo-elastic finite element

model with bond coat creep. Crack is assumed t@aiaiwhen maximum principal stress

exceeds rupture stress of the top coat. A sertgitavialysis estimates the contribution of

geometric and material parameters and forms a basievelop parametric relation to

estimate maximum principal stress. The paramegiation delineates the parametric

combinations that are susceptible to damage.

Subsequently, crack propagation simulations usinfiniée element model with

embedded hysteretic cohesive zone model are peztbrfior parametric combinations

which initiate cracks away from the interface. Thesalyses conclude that parametric

combinations initiating top coat cracks also assist propagation and eventual

delamination of TGO and top coat interface. Theemals and geometries in the study

are chosen to be representative of TBC materiaisahapplications.
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The chapter concludes with finite element simuladiof a representative failure

scenario from the literature. The geometry and riatgroperties for this case are

obtained from the literature and nominal materi@perties are selected for simulation.

The crack trajectory predicted by simulation isrfduo be in good agreement with crack

trajectory observed in SEM images.

Although the present study characterizes the topt @tamage evolution and

propagation in detail, the validity is limited t@amage initiating in an idealized, defect

free isotropic top coat. The top coat in real amgilons is anisotropic and quite

heterogeneous with multiple defects [15]. The effet the top coat microstructural

defects on the overall failure of TBCs will be istigated in the next chapter.
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100 pm

Figure 4.1: An SEM image of the TBC microstructaomsisting of the top coat, the
thermally grown oxide layer, the bond coat andsinger-alloy substrate [20].

Bond Coat

Substrate

uonipuo?d Arepunog 21polad

Figure 4.2: Schematic diagrams showing (a) geomaind dimensional parameters (b)
finite element model (not to scale) of the TBC systwith boundary conditions.
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Figure 4.3: A plot showing the hysteretic cohesrome element response with cyclic
loading to eventual failure wheé*de=0.001
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Figure 4.4: Plot showing the convergence of craak@gation angle with increasing
cohesive stiffnesscnay &)
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Figure 4.5: Plots showing top coat principal stresssitivity to (a) geometric parameters
(normalizing values ofima,=6 UM, Amax= 25 um, Wha,=120 um, andS1,=604 MPa), (b)
material parameters (normalizing values Bfgo =400 GPa,E;c"¥=220 GPa and

S1,=410.89 MPa)
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Figure 4.6: Plots of principal stress contours shgwerack arrest when prescribed path

deviates by (a) 30 degrees and (b) 90 degreestfranpredicted by Eqgn. (5).
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Figure 4.7: Plots showing the variation in (a) amental crack propagation direction and
(b) crack propagation rate as the crack propagaves) an initially assigned path

towards the interface.
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Figure 4.8: Plots showing the topcoat principassrcontours when topcoat and TGO
interface is (a) perfectly bonded and (b) lacedhwery stiff cohesive zone elements.
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(b)

Figure 4.9: Principal stress contour plots shovaragk trajectories for TBC geometry
defined by (a) A=10 mm, W=20 mm and hg® and (b)A=10um, W=30um, h=4um
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Figure 4.10: Comparison of top coat crack trajgcta) schematic of SEM micrograph

observations [7] with (b) finite element simulatidrhe geometric parameters &=10

pm, W=30 pm, t=3 pm
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CHAPTER 5

A HOMOGENIZATION BASED CONTINUUM DAMAGE
MECHANICS MODELING FRAMEWORK FOR THERMAL

BARRIER COATINGS

5.1 INTRODUCTION

Based on experimental observations it has beenulptest [15] that top coat
microstructure with large number of micro-defecte prone to damage evolution. The
discreet discontinuities in the top coat may pr@pagand coalesce resulting in TBC
failure. As seen in Fig. 5.1, due to the diffusemtune of top coat micro-cracks a
representative volume element (RVE) can simulatehaeical response of the top coat.
An RVE forms the basis of utilizing the homogeniaat based continuum damage
mechanics model (HCDM)[16]. Although HCDM is prinigrdeveloped for damage in
heterogeneous composite materials, it can be edilior top coat damage with some

restrictions. Micromechanical damage in the repregve volume element (RVE) is

135



explicitly incorporated in the form of cohesive cka in a homogeneous material. The

model uses an evolving principal damage coordisgstem as its reference in order to

represent the anisotropic damage coefficients. iBhessential for accurate simulations as

cracks propagate along complex trajectories inttody anisotropic damage. The

material constitutive law involves a fourth orderthotropic tensor with stiffness

characterized as a macroscopic internal variabden@e in the top coat is accounted for

through the fourth order damage tensor populated functional forms that are written

in terms of macroscopic strain components.

Due to morphological and constitutive complexitieat govern its growth, numerical

analysis and simulation of the growth of multiptaaks in the top coat is a challenging

enterprise. Since the element formulation doesagobunt for high stress gradients and

singularities, the conventional finite element noetlsuffers from very slow convergence

and requires fine mesh structures. In this chapteextended Voronoi cell finite element

method (X-VCFEM) developed by Li and Ghosh [17, i88gmployed for modeling the

growth of multiple cohesive cracks in the top cddie model accounts for interaction

between cracks and invokes an adaptive crack grdwtimulation to represent the

continuously changing direction of evolving cracks.
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X-VCFEM augments the conventional VCFEM model byarporating multi-

resolution wavelet functions [62-64] in the vicinibf the crack tip. The incremental

crack propagation direction and length are adalytidetermined by a cohesive energy

based criterion. No remeshing is needed in X-VCHBMsimulating crack growth, and

this increases the accuracy and effectiveness WCKEM. The formulation and various

capabilities of X-VCFEM are explained in detail biyand Ghosh in [17, 18, 65, 66] and

will be briefly summarized in following sections.

This chapter starts with a brief discussion of Ya¢ CFEM formulation followed by

two numerical examples to demonstrate the distiactiapabilities of this method. A

brief introduction of HCDM [16, 19] is presentedxh&vith details of its unique features.

Finally, the results of a parametric study to deiee applicable range of validity of

HCDM for TBCs are summarized,
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5.2 VORONOI CELL FINITE ELEMENT ASSUMPTIONS AND WEA K FORM

Consider a schematic of a typical representativare of top coafQ consisting of
N cracks shown in Fig. 5.2a. The volume is partgiwimto a mesh of Voronoi polytopes.
The Voronoi cells surrounding each heterogeneity generated by a surface based
tessellation algorithm [67, 68]. Each element inREM consists of the heterogeneity
and its neighboring material contained in a Vorooel elementQ,. A schematic of a
typical Voronoi cell elemen containing a crack and its neighboring materiahewn
in Fig. 5.2b. The element boundad®, with outward normah® may consist of regions
with prescribed tractiori i, prescribed displacement, and inter-element edgdsne
Thus,0Q, =T Ul Ul .. Furthermore, each element is assumed to contairack
with a fracture process zone represented by a n@hesne model.

In order to describe the discontinuity across thaclg stress interpolation in the

1 2
element is divided into the two parQ, andQe, on opposite sides of the crack path. An

incompatible displacement field is facilitated e&sahe crack [, ) through a set of
connected node-pairs. Traction continuity on th&akelement boundariesl(, ) is
satisfied by weak form Lagrangian multiplied€d, has an outward normal®, while

n® and n' are the outward normals for cracks and intra-eténm®oundaries. The
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equilibrated stress field is set ; u®,u™, andu' denote kinematically admissible

displacement fields 0aQ,, crack and intra-element boundaries excluding kcyzaths,
respectively. The notatior(g) and (-2) represent two different subregions Qf, and the
prefix A implies increments. A complementary energy fun@lan incremental form for
one element may be given in terms of incrementstrglss and boundary displacement

fields as

1 1 1 1 1 1 1 2 2 2 2 2
Ne=2Js (0+80,)84 (G +4G)dQ+—[: (G +Aq)H (§ +0¢ ) ®

1 1 1 1 1 1 2 2 2 2 2 2
—Li«ﬁ+A%)¢0f+AwMﬁQ-Li«%+Aq)ﬁQG+AM3@Q

1 1 1 1 1 2 2 2 2 2
| (@ +BG)N(F+AN) T, +[ (g +A0) I (F+AY) T, (5.1)

1 2 2 11 1 1

_J. t(J"*'AO}J' —-g,-Aqg )r}t(l]lt +Al]"l[)d_int +-[th T(U+AU0) dm

2

2 2 2.2 G+ad-u-Au oy 2 2 1 1
+a T Ay dTn= [ [ Td A - A 8,

The last term provides the work done by the craaktionsT*" =T “h+ Tt due

2 1
to crack separatigu—-u), whereT " andT,*" are normal and tangential components

of the crack traction. The total complementary gpenay be obtained by adding the

energy inN elements

n=>n, (5.2)
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The VCFEM formulation is based on the assumed stiggorid finite element
- - - - - - l
method. In this method, letting the variatibiy with respect to stress incremefts and

2
Ao be zero, yields the element displacement comfigitibelations as:

'IQE(:AA:_ tg j&% dQ +I0QeéAau 0" (uF +A4F) BQ
ij

+J‘rir&0-ijn;:r(lqcr+Allilcr)d—cr _Irgr&% Ij,fr(zljjr_'_Aziljr) d::r =0

(5.3)

Solution of Egn. 5.3 yields domain stresses in Wogonoi cell. In the VCFEM
formulation, the equilibrium conditions and congiite relations in the material and the
compatibility conditions on the element boundarygl arack surfaces are satisfiggbriori
in a strong sense. However, the element kinemgtiateon is satisfied in a weak sense.
Furthermore, the VCFEM formulation assumes weaksfsation of the traction
reciprocity conditions on (i) the interelement bdary I and (iii) the domain traction
boundaryT, and (iii) the crack surfaces, and[lZ . Using the variational principle,
traction reciprocity conditions on the element baanies are obtained by setting the first

variation of the total complimentary enerdy with respect to the displacements

1 1 2 2
Au®,Au™,Au®,Au™, andAu' equal to zero.
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5.3 CREATION OF ENRICHED STRESS FUNCTIONS IN X-VCFEM

1
Independent assumptions on stress increments ate mahe two subregion$)e

2
and Q., to accommodate stress jumps across the crackvdrdimensional analysis,

Airy’s stress function®(x, y)is a convenient tool for deriving equilibrated sdields.
Important micromechanics observations, that stresscentrations depend on the
heterogeneity, have been incorporated in the chalic#ress functions. Two conditions
need to be considered in the choice of stress ifurec{18]. The first is that the stress
functions should adequately represent the highexanation at the crack tips. Polynomial
functions alone are unable to satisfy this requaeitmand hence suffers from poor
convergence [65]. The second condition is thatdtiess function should account for
stress jump across the crack surface.

In view of the existence of crack tips, the striesections are decomposed into three
different components, namely: (a) a purely polyraniunction @™ to yield the far
field stress distributions away from the crack ip) a branch functior®"" that is
constructed from level set functions, and (c) atiarabolution wavelet functiom""" to
account for the moving crack tip stress concemmnatihus the complete stress function

becomes:
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D=+ "+ "™ (5.4)

5.3.1 PURE POLYNOMIAL FORMS OF STRESS FUNCTION

The pure polynomial functio®™ is written as

OF =3 7B, (5.5)
p.q

where (£,n7) corresponds to scaled local coordinates with thgiro at the element

centroid (x, y.) , written asé=(x-x)/L, 7=(y-y,)/L and the scale parameter

L:\/max(x—xc)x max(y-y. ) UOX,yHoQ,. The use of the local coordinates
(¢,n) instead of global coordinates,y) in the construction of stress functions prevents
ill conditioning of the stiffness matrix incurredirbugh discrepancies due to high

exponents ofYy) in ®* [65].

5.3.2 BRANCH STRESS FUNCTIONS USING LEVEL SET METBS

The branch functior®"™" facilitates jumps in stresses across the cradases. The
branch function should not affect the solutionghi@ continuous region beyond the crack.

This construction requires a functional represématof the surface or line of
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discontinuity. The discontinuous surface is exprddsy a signed distance functif()

defined as [65]:
f(x)= r%lrnux—;ﬂ sigr( r’i[(] x—_>)) (5.6)

Radial distance functions to the two crack tip&) andr,(x) and the corresponding
angular position#(x) and 6(x) are depicted in are expressed in terms of coateof
local systems {;/7) with origins at the crack tips. The branched ssréunction is

constructed in terms of the functioifs), r1(x), &(x) andrx(x), &(x) as [18]:
pbranch — sz,trlz sin@, /2y > cos@,, | 25%" B, (5.7)

The term$12 andr22 in """ 3re necessary for avoiding crack tip singularitieshe

stresses due to this function and for improving #ueuracy. Along the tangential

anch :

extension to the crack path at the firstdif®""is zero. Henc@"?"*" does not contribute

branch

to the stresses ahead of the first crack tip. lIraaogous mannef goes to zero

along the extension to the crack path at the setipn#iowever, along the crack surface

branch ;

between the two crack tip®, is discontinuous across the crack path.
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5.3.3 MULTI-RESOLUTION WAVELET BASED STRESS FUNCTN5

The wavelet based stress function is constructed local orthogonal coordinate
system £,17), centered at the crack tip. TBalirection corresponds to the local tangent to
the crack surface. The corresponding stress fum@tig, . 4in the Gaussian wavelet basis

is given as [18]:

&b, n-d2
-—) /2 -(—)7/2
q)a,b,c,d(g'”) =e @ / e ° / IBa,b,c,d (58)

where a, b, ¢, and dare parameters that can take arbitrary continu@ises. The
dilatational &,0) and translationk(d) can vary in a continuous manner. Translation
parameters allow wavelet bases to closely follogvdtack tip. The dilatation parameters
with compact adjustable window support can be usegrovide high refinement and
resolution near the crack tip [17]. For implemeiotatin multi-resolution analysis
involving discrete levels, the translation and titilla parameters should be expressed as
discrete multiples of some starting values. Conestiy, these discrete valuag, b, &

andd, are expressed as [65]:
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a,=a.(tr)™

b, =nh.
G = . (tr)"
d =1d.qg

Here M,K correspond to the levels andlf correspond to the discrete translation of the
bases in the {#) basis directions respectively. The parametaix;) are the initial
dilating values at the first level=1, whiletr,, andtr. are the transfer rates from one level
to the next higher one. The parametdsgd({) represent the starting values of a step
translation quantity at thei™ dilation level. With the specific relations betwegilation
and translation parameters expressed in Egn. Be9Ghussian wavelet enriched stress

function in Egn. 5.8 becomes

PVt = [am % 2(,7 . ] Brun k| (5.10)

mnkl

The family of wavelet enriched stress function&gn. 5.10 are not orthonormal, but
they construct a linearly independent basis [69jisTleads to robustness and high
precision in the reconstruction of any functibeven with low level coefficients. The

wavelet enriched stress function in X-VCFEM is thuriten as
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qDWVIt(f’,]): z q)m,n,k,l(fin) (511)
m,n, k|
Stresses can be obtained by differentiadf (&,77) :
&2 _ M4 \2
9% /Ze(cT) /
aZA(DWVIt (5;’7) 6,72 Ale,n, kI
T m,n, k|
Ao, GZACDWZt(f ) 5 —(%)2/2 —('7%1')2/2
, e e &
A, |=| S5 =) 3 My | 612)
AU af m,n, k| af
xy 2AD™M (f,/?) _(ﬂ)z/z _(m)z/z
omy ) |-y detiet
m,n,k, | afa” mmk!

In summary, the stresses in an element are compytadding contributions from

equations (5.5), (5.7), and (5.11), to yield

O Ol P [ o PR )
Oy =40y +4Ovy +i0 =
Oxy O xy O xy O xy (513)
Bra
[P P PP [ P]™"Je Bst =[Rt4 -
L n k|

5.4 X-VCFEM SOLUTION METHOD

Propagation of multiple cracks is solved using rrecréemental approach, where a set

of elemental and global equations are solved inhe&crement for stresses and
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displacements. Stress increments are obtained fgraditiating the stress functions

d(x, y) to produce

E)
Ao, (Zyz
Ao, = 66%? =[P{ AR (5.14)
Ay _0°AD
oxay

Considering the two different subregions on opposities of the crack path, we have

1 1 1 2 2 2
{Ad 4 B AP and {Ag 4§ K AP . Interpolating the nodal displacements on the
boundaries using standard linear or reinforcedahaftical shape functions generates
1 1 1 1 2 2 2
compatible displacement incremefts} 4 L){ A§® on 0Qe and {Au} § L} A¥ on

06, (M 4L AF on T, {AT} LUK AF on T, and {Au} 4 L A§ on T,

cr

[65]. Substituting the relations for stress andpldisement increment interpolation in

Eqgn. 5.1 gives the complimentary energy as:

147



n, %{ﬂmmﬂ{ rof +§ SrOATH Frap

—BHARTIGY q A § AHABLTGE g Alg°
+{TY{q+Aq} £ A+AB Gl q+8a{4T ' g4 (5.15)
C{B+ABTIGN q"+AQY H S+AAT G q"+AG"

2
u+Au u Au

+ (5D BIGY o +Ad s T6 u+A p- u-A ) 4,

where [H] = [, [FITS[ PdQ , [H]=[;[ATS PdQ , [67=], [ATnT ] do0,
[69=[[ATnN L1 doQ , [6"=] [ATnd LTdr, , [6"=[ [ATnT L] dr,
[G]=[ [ATAI U dr,, . (G1=] (ATl dr, , [TI=], [ATn LFdr,, . and

2 2 2 2
[M=[. [ATnY LFdr,,
From Eqgn. 5.15, the weak form of the element kint&ralations is obtained as [18]

1

1
qe+Aqe

1 1 1 1 1 1 e Aze
{[H] HIHM} {[Gﬂ o 61 o (a] | |77 (516
[H]

2 2 2 2 2 m A m
e ﬁ+Aﬁ e 0 [Ge] 0 _[Gm] -[Gﬂ e q2+ q2
qm+Aqm
qt+Aql .
or in its condensed form
[HI{B+AR .4 G{.M . (5.17)
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If the element [H] matrix is invertible then the stress coefficients doe directly
expressed in terms of the nodal displacementse dime Eqn. 5.17 is linear. The weak
forms of the global traction continuity conditioase subsequently solved by setting the
variation of the total energy functional in Egn2 5Swith respect to the displacement
degrees of freedom to zero. This results in thekwieam of the traction reciprocity

conditions as [18]:

1
T
1 1 1] T 1 2
LG o [G67T 0 [G Brap| & T
Z 2 2 2 2 2 _Z f (5.18)
TlLo 67 o HGT AG1), (A+AB), T
coh
O e
_ a 2 2 1 1 .
where f ¢, =— j[ga(u+Au—u—Au) -@0)]dl,, . In its condensed form Eqgn. 5.18
oAur,
becomes
N T N _
DICGLB+AR =D T, . (5.19)
e=1 el

Combining Egns. 5.17 and 5.19 and eliminating tlress degree of freedom, the

following final equation is obtained:

} T e (5.20)

e=1

Z{[G]T[H 13{a+M
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Egn. 5.20 is a nonlinear algebra equation systedhaaNewton-Raphson iteration
solver is consequently invoked to solve for the aladisplacement increments on the
element boundaries and crack interfaces. The lmerform of Eqn. 5.20 for thgth
iteration is

3 a{Tex}e_ 3 GT N }tj i =
{;—6{01} ;{[ JITHTG .{ da

j (5.21)
{Z T2, ®THT'E D {a+Ad }
or in its condensed form
[KI{d} '{ RS £ RE, ' (5.22)

During cohesive crack growth, snap-back may ocgarshown schematically in Fig.

5.3, snhap-back results in simultaneous drops il laad displacement. For processes

controlled monotonically by deformation the BCD foam of the curve shown in Fig. 5.3

is ignored and the solution curve will show a digaauity with a negative jump from

point B to point D. The BCD portion can be followéy decreasing both load and

deformation while the crack grows and opens. Inegaln a Newton-Raphson solver

cannot catch the snap-back branch, since the Igaghocessing is monotonically
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controlled by external deformation or loading cdiudis. The arc-length solver has been
proposed in [70-72] as a method of overcoming sbonings of the Newton-Raphson
solver by introducing an arc length as a replaceén®ithe incremental load parameter,
thus improving the convergence direction in theusoh space. For implementing arc
length method in the X-VCFEM formulation, Eqn. 5i82nodified with the introduction

of the unknown loading parametgras

[KI{d3 '« ) +dp){ R £ RE, ' (5.23)

where bothdy’ and {dg% ' are unknowns. To account for additional unknowas,
constraint on the total crack opening separatiach@sen as the additional equation. The

total crack opening separation is written as

2 2 1 1
D (U +Aui-ui-Au) =Al? (5.24)

iCCrk

whereCrk represents the set of all nodes on crack surfades constaniil on the right
hand side of Eqn. 5.24 is adjusted according toctireent iteration step size. Although
other constraint conditions may be chosen as thi@iadal equation, a linear equation,

such as that in Eqn. 5.24, effectively improvesdbevergence of the solver [65].
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5.5 ASPECTS OF NUMERICAL IMPLEMENTATION OF X-VCFEM

5.5.1 STABILITY CONDITIONS

The stability of the XVCFEM solution algorithm isepgendent on the following
conditions:

1) The[P] matrix must have linearly independent columns .

2) The[H] matrix must be invertible .

3) The element boundary and crack must have the sgidéody modes.

4) The rigid body displacement field should not geteany stress. This is ensured

by satisfying the following condition :

n,>n,+n,-3 (5.25)

wheren, >n, +n, -3 are the number of stress paramef{g#k, the number of

displacement degrees of freedom on element boundarg the number of

degrees of freedom on crack face, respectively.

5.5.2 ADAPTIVE CRITERIA FOR COHESIVE CRACK GROWTH

A). Direction of incremental cohesive crack advance
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To determine the direction of incremental crack aashe, a criterion based on the
cohesive energy at the crack tip is used in X-VCEFEVom the definition of the J

integral, a relation between the cohesive enapgipr complete decohesion and the
critical energy release raf& has been established as [47]:

00, %
G, =J :lTadxzi Td=¢ (5.26)

where R is the length of the cohesive zone. Coresgtyy the crack growth direction is
estimated such th&: or equivalently the cohesive ener@is maximized for a given
crack tip state of stress. The cohesive enggggt the crack tip A along any direction

can be expressed for an arbitrary separai{an as:

o(a) =(

—_—
_|
2
o
>
>
I

| 2]
{j T(a).at dtl (5.27)

Jmax

whereT (a) :\/(Tn“’“)2 +ﬁ"2('lgc°“)2 is the magnitude of the effective cohesive traction
The corresponding unit normal and tangentiat vectors along the directioa are

expressed as:

n=-singi+coxrj ,t= cagi+ sm]j (5.28)

153



The normal and tangential components of the cobetsaction force at an angte are

then deduced as:

- 2 .
{Tncoh} {nx nyHU n+o n} o.sinfa+o, sinr+o,, coda 529
coh [ — = 5.
T [k

—laxxsin2a+0'Xy cosh+}a sin@
2 2

and hence the effective cohesive traction for dioeca is:

. . 2
(UXX sinfa-o, sinhr+o,, co%a)

T(a)= 1 1 2 (5.30)
+57 (_E o,Sin20+0,, cos +S0 sin 2}
From simple calculus, extremum conditions fap&a) are as follows:.
2
aqu(a) =0 and OL(;‘)< ( (5.31)
oa oa

Therefore the directiong, that maximizesg, (o) is obtain by substituting Eqns. 5.27 and
5.30 into Eqn. 5.31, and the resulting directioncadck propagatiom, is reported as

follows
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2
2
g, —Uxxi\/(UXX‘Uyy) +407%,
20

Xy

arctan

a,= 2 -1, + (45" ~85°+ 40, ~( 4"~ 47+ 0,0, | (5 39)
(2~ )oi+oy)

arctan >
218 O =0t ayy

B). Length of the incremental cohesive crack adganc

Figure 5.4 shows various parameters associatedavbhesive crack in a Voronoi
cell. The length of cohesive zone advandd | is estimated by postulating that the
cohesive energy vanishes at the tip of the newkcssagment shown in Fig. 5.4. To find
where the cohesive energy vanishes, the cohesesgien at points A (present crack tip)
and B (close to A in the direction of crack propama are evaluated by substituting the
stresses into Eqn. 5.27. The tip of the cohesiveezis obtained from the linear
extrapolation of this line to the point that yieldsro cohesive energy. The increment of

cohesive crack length is then defined as [18]:

AT =—%_|ag| (5.33)
%%
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C). Cracks crossing the inter-element boundaries rmwerging with each other

A continuous tracking algorithm is implemented tonitor intersection of cohesive

surface with element boundary. The intersectionth& crack path and an element

boundary is obtained by solving the equation system

X=X _ y_y, X - ¥Y¥ (5.34)
Xa™% Ya— Y X~ X Yeio ¥

where .y represents the tip of the cohesive crack linettiei™ increment, andx{y;)
is the position of th@™ node on the element boundary. If the interseqinint is outside
of the cohesive line or the element boundary, tersection is assumed. Once a cohesive
crack has intersected a boundary, a new node gaitroduced on the element boundary
at this point. The crack is subsequently advancdbd next element.

It is possible for multiple cracks in proximity toerge or intersect with each other.
The algorithm for crack merging is an extensiortha boundary intersection algorithm,
discussed above. To obtain the intersection ofksrawerging togetherx{y,) in Eqn.

5.34 is replaced with the position of th® node on the neighboring crack path.
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5.5.3 ELIMINATION OF ELEMENT RIGID BODY MODES

Displacement fields on the element and crack baieslain the X-VCFEM
formulation are represented independently. The +padies at the crack face are not
topologically connected to the element boundaryesodt is important for all nodes in
the element to possess the same rigid body motiesprescribed displacement boundary
conditions directly constrain the rigid body modes the element boundary
displacementsd®}. However, it is necessary to connect these wigldfbody modes for
the crack face displacement fielfﬁq”} and{zqc’} . Singular value decomposition or
SVD has been discussed in [73] as an effective odetbr identifying and constraining
rigid body modes at interfaces inside the Vororai elements. The matrix product may

be expressed as

1 1 1

(e e[| =l =l
T X (5.35)

1 2
where [U] and [V] are orthonormal matrices obtaifsdSVD of{[Gﬂ—[G”]}. [A] is

a rectangular matrix with non-negative diagonateal The zero or singular values i [

157



correspond to either trivial solutions or to riggddy modes of the displacement solution.

For accurate displacements, elements{dﬁ} corresponding to small or zero eigen-

values in A] are eliminated.

5.5.4 CRACK UPDATE PROCEDURE

The crack propagation without a predefined crackh pentroduces additional
challenges due to sudden changes in crack leng#hhigh stresses in the vicinity of the
crack tip are re-distributed as the crack tip adean The crack length increases
instantaneously with no change in total energyhefdystem. Numerical instabilities and
errors may arise if the situation is not dealt va#inefully. A revised equilibrating scheme
is introduced for crack propagation. The detailthtd scheme are presented next.

Crack trajectory update requires the introduction new nodes and cohesive
elements. The wavelets associated with the craciré also reassigned to the new crack
tip. The Gaussian Wavelet bases chosen in thisystmtly provide a set of linearly
independent basis function which have a compacp@tiput do not form orthogonal
bases. Due to this limitation, all of tig} coefficients related to the redistributed stress
field must be re-evaluated by performing an inteliae equilibrating step on the

updated geometry without any change in total p@ephergy. Total potential energy is
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kept fixed by keeping the external loading and lalaup conditions unchanged. To avoid
any fictitious damage accumulation, the non-lingaue to irreversible cohesive
elements is suppressed during this equilibratiag.st

In view of the local influence of the wavelets atrbss concentration at the crack tip,
the equilibrating step is performed by constrainogindary nodes of each element. The
solution procedure followed during this step rersaimaltered with an additional

constraint equation:
{AQE} =0 (5.36)

This equilibrating step eliminates the artificialigtroduced imbalance caused by the
change in topology of the structure. The stressssemted during this step become a

reference state upon which further loading is agabli

5.6 NUMERICAL EXAMPLES USING X-VCFEM

The X-VCFEM method has already been rigorously etstby comparing
computational results with experimental observaiogisewhere [17, 18, 65, 66].
However, to demonstrate the importance and effogieof the revised crack update

procedure an elastic plate problem with tractiarefcrack faces is selected. Except for
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the irreversible nature of the cohesive law, thabjam is perfectly elastic and could be
solved analytically using linear elastic fractureahanics (LEFM). This is a very useful

test to check the validity of the crack update pthoe as LEFM problems have a unique
solution and the material properties do not depmnthe any kind of history. Hence, the

solution obtained by the incremental procedureaagiven crack length should be the
same as that obtained by reloading the same gepinatn zero load.

Figure 5.5 shows a centre-cracked plate of widtlk-%w and length 2b=3m with a
crack length of 2a=0.6m. The plate is assumed tanbler plane strain and is subjected to
simple far field tensile stress of,. The material and cohesive parameters selected for
the study are: E = 36.5 GPa, Poisson’'s ratio =,4,=0.01 MPa. The plate is modeled
with one X-VCFEM element. The crack face is repnéseé with 7 node pairs and the
element boundary consists of 22 segments.

As described earlieip®”, @@ " and @™ are the stress functions employed in the
X-VCFEM formulation. For the polynomial functiorhe order of interpolation ig, =13
and g, =13 for a total of 102 terms. For the branch fumctonly one term is included

with s, =0 andt, =0. The resolution of wavelet functions adaptivetgreases until
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convergence. The initial values of the parameterstlie lowest wavelet resolution
(m=k=1) are:n,=3, I,=2, anda;=c,=b,=d;=0.15.

The model is analyzed using two different solutemhemes with and without the
equilibrating step. First, after every crack incegnthe updated geometry is subjected to
loading starting from zero until the crack propawatcriterion is satisfied and the new
crack increment is obtained. This process of logdtiom zero is repeated until the model
looses all load carrying capacity. The second ntketholudes incremental loading while
performing an elastic equilibrium step after eactack increment. During the
equilibrating step, the load history is preservad aohesive elements follow a perfectly
elastic traction-separation law without any damag@dl. external loading remains
stationary and, by introduction of new node pastsesses within the element can re-
distribute once the crack is extended. Subsequoethiet equilibrating step, external loads
are incremented using the arc-length solvewr A stress contour plot in Fig. 5.6 shows
the stress concentrations at the crack tips. Figufeshows excellent agreement between
macroscopic stress-strain responses obtained ubmgeloading procedure and the

incremental loading with crack update procedure.
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The excellent agreement between the results olstaiseng either the reloading or
incremental loading with crack update methods cordfithe effectiveness of introducing
an equilibrating step in the incremental procediétethis point it must be noted that the
reloading procedure works for linear elastic protdethe response changes drastically as
the irreversible cohesive zone elements are intedluFigure 5.8 shows the macroscopic
stress-strain response for incremental loading withck updates when irreversible
cohesive elements are present.

To demonstrate crack merging capability of X-VCFEMplate with two off center
inclined cracks is analyzed. Figure 5.9 shows #entetric details of the model and the
crack trajectories when the plate is subjectedinmple tensile loading. Plane strain is
assumed, and the material and cohesive parametiexstes! for this study are E=36.5

GPa, Poisson's ratio=0.; _ =0.01 MPa. Both the crack trajectories intersea th

max
element boundaries and the eventual trajectorgisate that the cracks propagated such

as to facilitate merging. Figure 5.10 shows theesponding macroscopic response of

the model and a rapid decline in load carrying capa&f the cracked plate is noted
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5.7 HOMOGENIZATION BASED CONTINUUM DAMAGE MECHANICS

(HCDM) MODEL

Traditional continuum damage mechanics (CDM) modiédg introduce a fictitious

stressi”. acting on an active resisting arda The reduction in original resisting aréa

to A is due to material degradation associated withericacks and stress concentration
in the vicinity of cracks. The effective stre§§ can be related to the actual Cauchy stress

Z; [75] through a fourth order damage effect terdg as

2 =My (D) 2y (5.37)

whereMjy is a function of a damage tendor(=D,, e Ul & U &). The tensoD can be a

zeroth, second or fourth order based on the typmaxfel selected. As discussed in [61,
76], the hypothesis of equivalent elastic energysid to evaluat®l, and to establish a

relation between the damaged and undamaged stfses

W, (Z,D) :%( Ei (D))_l 2,2y =W (£,0) :_i( % )_1 2] i(l (5.38)
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whereZ=%e Oe, Ej is the elastic stiffness tensor in the undamagete sand
Eij (D) is the stiffness in a damaged state. From EgB3. &nd 5.38, the relation between

the damaged and undamaged stiffness is estabksd]

Eijkl = ( Mpqij )_1 E[())qrs ( |\/lrskl )_T (539)

where the exponentT) corresponds to the transpose of the inverse ofaiwth order
tensorM. An appropriate choice of the order of the damagsor and the assumption of
a function for Mj enables formulation of a damage evolution modeingus
micromechanics and homogenization. An anisotropi@MCmodel proposed in [61]
introduces a damage evolution surface to delingeeinterface between damaged and

undamaged domains in the strain spagpds

F =

N~

ik G & _K(a\M ) =0 (5.40)

whereW; is the dissipation of the strain energy density dustiffness degradation that is

expressed as:

1
Vvd = IE Fi?klaj & d Erkl (5-41)
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An associative rule is assumed in the stiffnessepéhich results in the evolution of the

fourth order secant stiffness as:

. . oF .
Eijkl =A 1— =4 Fij?kl (5-42)
6(2 & %j

where Py is a fourth order symmetric negative definite tenthat corresponds to the

direction of the rate of stiffness degradation tbﬂerEjkI , a is the scaling parameter and

k(aWy) is the damage state variable. Calibration of @8V model requires evaluation

of kK, a andPin.

5.7.1 DAMAGE STATE VARIABLE

In the HCDM model the damage state variakleWy) is evaluated for a reference
loading path, and results for all other strain paite scaled with respect to this reference
value. For the reference loading pati:£0, all otherg;=0), settingPi111 = 1, K is

determined from damage surface of Eqn. 5.40 as

k==(e,)’ (5.43)
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A functional representation of with Wy is established based on the micromechanical

analysis and is determined by evaluatidyy at each strain increment.

5.7.2 PRINCIPAL DAMAGE COORDINATE SYSTEM (PDCS)

The damage effect tensMiq in Egqn. 5.37 has been derived in [77] for a second

order damage tensdx; as

Mijkl = (5|k - Dik )_15'

jl

(5.44)

Dij is symmetric and it can describe the damage stebésh have at least orthotropic
symmetry. ArbitraryD; may result in unsymmetric effective stress ten3tre stress
tensor may be rendered symmetric with an implicithroé suggested in [78], which is
used to derive the inverse of the damage effecﬁoreﬂvI(Dij)]'l. The HCDM model
under consideration assumes orthotropy of the hemagd stiffness matrix in the
principal damage coordinate system [16]. Providedvalues oiEij’kI and E,, are known,
Eqn. 5.44 results in a system of non-linear algelequations irD;. These equations are
solved using a non-linear least squares miniminati®ubsequently, the eigen-

vectorgey, , €, ,6;) of Dj are evaluated and the transformation mat@} E[ep: en?
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eDg]T is formed. The rotation matri>Q|]D transforms the global coordinate system to the

principal damage coordinate system.

5.7.3 MICROMECHANICAL RVE MODEL WITH COHESIVE ZONE ELEMENTS

The first step towards implementing an HCDM model identification of a
representative volume element (RVE). Subsequeniomiechanical analysis of the RVE
is necessary for the development of the HCDM mot@leé damage evolution may be
significantly influenced by the choice of RVE. The BII model is valid as long as an
RVE exists,i.e. the damage is diffused and no localization or c¢@mi crack path is
established. The X-VCFEM model can be employed tdopar the micromechanical
analysis of top coat RVEs. Micromechanical damagethie RVE is explicitly
incorporated as discrete cracks surrounded byuiragirocess zones that are simulated
with extrinsic cohesive zone elements.

Cohesive zone models, introduced in [79, 80] anceldped in [46-48, 51, 60, 81-
83], are effective in depicting material failure aseparation process across an extended
crack tip or fracture process zone. In these modedstractions across the crack reach a
maximum, subsequently decrease and eventuallytvavith increasing separation across

the crack. The cohesive model used in this chaptarthree parameter rate independent
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linear cohesive model, proposed in [46, 47]. Thian extrinsic (two stage) model which
has an infinite stiffness or slope in the risingtjpm of the traction-separation law up to a
peak traction value. The rising portion of the ti@t-separation law is followed by a
linearly descending segment until zero tractiorugak reached. The model assumes a
free cohesive energy potentiglsuch that the traction across the cohesive surface

expressed as:

goon = 99, 00, (5.45)
95, 00

where , and o, correspond to the normal and tangential componehtfhe opening

displacements over the cohesive surface inrthandt directions respectively. An

effective opening displacement is defined as

5=\B°+8; (5.46)

wheregis a coupling coefficient to allow assignment dfatent weights to normal and

tangential opening displacements. Consequentlgahesive surface traction reduces to

tcoh Z%(ﬁzdt +5nn) wheret :g_zz\/(t;:oh)z +'8.2 (ttcoh)Z (547)
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where t©" and t™" are the normal and tangential components of sartaactions,

respectively. The effective cohesive fotde this model for increasingtakes the form

(%= 9) 0 6<4,
t= o)

e

0 0 624,

(5.48)

Q. corresponds to the separation at whigoes to zero andmax is the peak value df
The effective normal traction-separation resporfsinie model is depicted in Fig. 5.11.
As shown by the line BO in Fig. 5.11, in the softeniegion going from A to B or C,
unloading from any point on the traction-separatonve, proceeds along a linear path

from the current position to the origin.. The cepending traction separation relation is

=9 % Oms g g<5 <q (5.49)
59 5max

Reloading follows a linear path OBC with a reduceflngss in comparison with the

original stiffness. Traction vanishes f@r=9,. For negative normal displacement
(compression), stiff penalty springs with high stéés are introduced between the node

pairs on the crack face.
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5.7.4 HOMOGENIZATION AND STIFFNESS EVALUATION

Components of the homogenized elastic stiffnessoteR;, are calculated by
solving six independent micromechanical boundatyezaroblems (BVP) with the RVE.
For each BVP the RVE is subjected to periodicitypdisement conditions on the
boundary. These conditions are enforced by comstigsinodes on opposite faces of the
RVE boundary to deform in a periodic manner. A givecroscopic or average stran
is applied on the RVE by decomposing the displacénmen the boundary into a
macroscopic averaged part and a periodic part§8#, The relationship betweex; and

the displacements is as follows:

U=+ (5.50)

Since the periodic pad, is equal on corresponding nodes of opposite fatéise RVE

(sayn” andn)), the total displacement at these nodes are detate

(U),—(u)y =gax (5.51)

whereAx; are the relative coordinates of nodes on oppéesites.
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For evaluating the homogenized elastic stiffnessdeE;, periodic BVPs of the
RVE are solved by applying only a single unit straeomponent. The homogenized or

macroscopic stresseg are obtained by volume averaging using the follgneguation:
(Y)dy (5.52)

The homogenized strains are evaluated by volumeagwe the micromechanical

solutions with the following equation:

1 1
e =7J'Ygij (Y)dY+2—Y ”m([ p] p+[ ]u] ir)d ¢ (5.53)

For Eqns. 5.52 and 5.53j and g are RVE-based microscopic stresses and strains,
respectively, and is the RVE domainY;,; corresponds to the crack faces domain atjd [
denotes the jump in displacement components adiesscrack faces with outward

normaln.
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5.8 EVOLUTION EQUATIONS FOR THE HOMOGENIZATION BASE D

MODEL IN PDCS

The damage evolution surface of Egn. 5.40 is resvriih the PDCS as
I 1 ! I
Fr=2gRg -« (W)=0 (5.54)

where the prime in the superscript denotes quastéigpressed in the PDCS using the

following transformation laws

Ei}kl = Qp Qq Qr Q ﬁ)qrs and ?: Q Q ke (555)
whereQ; is the transformation matrix. The correspondirtg & stiffness degradation in
the PDCS is

.. OF :
Eju =/ — = ARy (5.56)

o[ 3d4)

172



5.9 SENSITIVITY ANALYSIS OF VALIDITY OF HCDM FOR TO P COAT

DAMAGE

The HCDM model can be employed for evaluating danmegédution in the top coat
of TBCs. Unlike with composite materials for which HCD#bdel has been developed,
the top coat damage may result in complete losstiffihess. Complete loss of stiffness
may result in material instability and render thé M model invalid.

Before the HCDM model can be applied to the top @atensitivity analysis is
performed to determine conditions and restrictionghe use of the HCDM model. The
simple RVE shown in Fig. 5.12 is selected for a seMitsi analysis. Micro-mechanical
analyses required for the HCDM model are performedHis RVE. All geometric and
material parameters remain stationary while the siobeelements parameted) is
varied to represent variation in fracture energyhaf top coat. The material parameters
for the RVE aree=200 GPa, Poisson'’s ratio=0.3 atgg.=287 MPa. The fracture energy
of the top coat is assumed to vary from 0.25-31% &hd the corresponding valuesdf
are evaluated by equating cohesive enegngscéamaxdej to the fracture energy.

Fig. 5.12 shows the crack trajectory when the RVHRigested to unit normal strain
along the horizontal axis. Figure 5.13a shows therasgopic response of this RVE for

different values o}, varying from 5.E-3 to 5.E-2. The macroscopicsgrand strain are
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evaluated using Eqgns. 5.52 and 5.53, respectilidlg.snap-back instability experienced
by the RVE is captured by the arc length algorithmpeyed in the X-VCFEM
formulation. As seen in Fig. 5.13a, larger valuexafiesive parametek (i.e., higher
cohesive energy) result in larger macroscopic rsteicumulation prior to snap-back
instability in the RVE. The onset of snap-back iadés that the material has become
unstable. In such situations, the HCDM model will bet applicable. Appearance of
snap-back instability implies limits for the valigifor HCDM based on physical response
of the micromechanical model.

Figure 5.13b shows the corresponding evolution ohatge state variabled with
increasing damage work\j). For all parametric variation o considered, it can be
observed that the’ reaches a peak value before decreasing with isiogaVy. A
decrease ink' implies loss of material stability rendering the DM model invalid.
Hence, for any selected value of cohesive energy tidsts a unique critical peak value
of damage function«_ ) beyond which the HCDM model becomes invalid. It sHdug
noted thatx, corresponds to the onset of snap-back instabilitmacroscopic response

of RVE. Hence, a criterion for the validity of the B®I can be established as:

k' (W) <«.(9) (5.57)

C
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wheregis the cohesive energy.

The relationship betweeki, and cohesive energyis graphically shown in Fig. 5.14.
It reveals that, increases rapidly with increasing cohesive enerdgrbestabilizing.
The relationship betweer, and g identifies the limit of validity of the HCDM for
microstructure with dispersed cracks.

Figure 5.15 shows representative RVE results forBhe, stiffness degradation for
increasing values af. The monotonic degradation in stiffness confirtmet the HCDM
model can be readily calibrated using the microraeatal response of the RVE.
Provided k¥ does not exceed the critical value the HCDM canssgbently be

implemented for a macro scale analysis of top daatage.

175



5.10 CONCLUSIONS

In this chapter a framework to investigate damag®ugion in top coat employing
assumed stress hybrid extended Voronoi cell finiltement (X-VCFEM) and
homogenization based continuum damage mechanics (HGddel is presented. It is
demonstrated that X-VCFEM can simulate micro-meatanesponse of a top coat RVE
containing a crack. The results show that the RVEee&pces snap back instability after
accumulating significant damage. Such instabilgyreadily handled by X-VCFEM,
however it renders the HCDM model invalid due to matemstability. Thus, a
sensitivity analysis is performed to identify aterion to determine validity of HCDM
model. It is found that there exists a criticalueabf damage state variable. j beyond
which material becomes unstable. The study alsdlésitas a relationship betwean
and the fracture energy of top coat. The top c®aesigned to be strain tolerant and it is
not trivial to determine its fracture energy actera Using the validity criterion given in
Egn. 5.57, the HCDM model can be calibrated for ayer of top coat fracture energy.

The framework proposed here is very appealing &irntinates the computational
cost involved in performing elaborate micro-meckahanalysis with numerous defects

and yet incorporates their effects at the macrdes¢dowever, identifying an accurate
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RVE and determining the cohesive parameters is nwialt In addition, the failure
predictions would be conservative since only theebrtd material instability can be
predicted and actual failure cannot be predictedpide these limitations the proposed
framework is a significant contribution towards TB&ldre modeling. With additional
experimental data this framework could be employedidtermine effects of top coat
microstructure on TBC failure. It can also be usedstablish top coat microstructure

design recommendations.
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Figure 5.1: A SEM image of the TBC microstructur8][8howing the diffused nature of
micro cracks in the top coat.
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Figure 5.2: (a) A mesh of Voronoi cell elements gatext by tessellation of the

heterogeneous miscrostructural domain. (b) A typut@alonoi cell element enriched by
wavelet functions.
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Figure 5.3: Schematic of a snap-back response vattk ropagation.
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Figure 5.4 Schematic showing parameters associatéd orack propagation within a

Voronoi cell.
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Figure 5.5 Schematic of a center cracked plate gégrsubjected to uniaxial tensiap.
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Figure 5.6 Ag,, normal stress contour plot of center cracked @atgected to uniaxial
tension after significant crack propagation.

181



1.2

——Incremental Loading
——Reloading from origin

Macroscopic Stress

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
Macroscopic Strain

Figure 5.7: A comparison of the macroscopic stréssrsresponse of an elastic center
cracked plate using complete reloading and incréahdéoading with crack update. The
stress and strain are normaliz8tf*=147 MPa and™*=1.E-5.
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Figure 5.8: The mechanical response of a centekedaplate with irreversible cohesive
elements using incremental loading with crack upmlatEhe stress and strain are
normalized witho™*=186 MPa and™*=3.E-5
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Figure 5.9: A schematic showing a plate with two iredincracks contained in two
Voronoi cells and subjected to uniaxial tensile l@ahg vertical direction. The initial
crack geometry is depicted with the solid line amel subsequent trajectory is illustrated
with dashed lines.
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Figure 5.10: The macroscopic response from uniakiatiing of the plate with two
inclined cracks shown in Fig. 5.9
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Figure 5.11 Rate independent irreversible tracsigparation cohesive law
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Figure 5.12: An RVE schematic showing the crack ttajgcwith an inclined crack
subjected to unit tensile strain along horizontaisaThe initial crack geometry is
depicted with solid line and the subsequent trajgatoillustrated with dashed line.
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Figure 5.13 a) the macroscopic response of the RWiH, b) the relationship between
damage state variablg)(and damage work for increasing valuegof
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Figure 5.14: A plot showing the relationship betwemm ¢ritical value of damage state
variable &;) and cohesive energy associated with the cohesive eglements.
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Figure 5.15: A plot showing the degradation of theaseé stiffnes<,,,, of the top coat
RVE for increasing damage work.
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CHAPTER 6

CONCLUSIONS AND FUTURE STUDIES

In this dissertation, various failure mechanisnmgpomsible for catastrophic failure of

TBCs due to delaminations along susceptible intedaof constituent layers are

investigated using finite element models. Failucenarios have been established by

experimental observations found in the open litgmatIn the context of linear elastic

TBCs, failure is preceded by a competition betwagrkling instability and delamination

extension. On the other hand, TBCs experiencingifgignt bond coat creep incur top

coat cracks that propagate to the interface andecdalamination. With an emphasis on

determining critical geometric and material pararet two separate finite element

models are developed to characterize the experathgobserved failure scenarios.

The first investigation is aimed at using a fingeement model to characterize

competing interfacial delamination failure modesg( buckling instability and strain

energy driven interfacial crack propagation) irelin elastic thermal barrier coatings. The
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solution of a linear elastic eigen-value problenedaines the onset of the buckling

instability with a pre-existing delamination betwetre bond coat and the TGO. The

virtual crack extension method is employed to ststhain energy release rate driven

interfacial delamination at wavy interfaces. Theenats and geometries in the study are

chosen to be representative of TBC materials ih applications. Extensive sensitivity

analyses are conducted to identify the criticaligteparameters affecting the onset of

buckling and extension of interfacial delaminati@s, well as to develop parametric

relations that enhance the understanding of thesghamisms. These novel parametric

relations with extended range of application aredeséd with existing relations in the

literature. In addition, the parametric formalisfttoe competing failure mechanisms for

a 3-layer coating system is the first of its kind.

This first investigation concludes with a study bé tcompeting mechanisms as the

delamination extends over an undulation. It is destrated that the buckling instability

is the leading failure mechanism at flat interfaaed at the locations of minimum cross-

section in a wavy interface. However, in the vicimfywaviness, crack extension can

become a dominant mode of failure. The probabditya particular mechanism taking

precedence over the other depends on various gaoraetl material parameters and the
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nature of the loading. A comparative study of tihedpcted critical buckling stress with
critical delamination stress can identify the doamth mechanism. Although this study
illustrates the competition between the failure na@idms in detail, the validity is
limited to the linear elastic TBCs.

The second investigation focuses on top coat dratition and propagation using a
thermo-elastic finite element model with bond caaep. Cracking is assumed to initiate
when the maximum principal stress exceeds the repstnress of the top coat. The
contribution of geometric parameters to crack atitin is estimated, and a multi-
dimensional parametric space is represented aduzed-order 2-D parametric domain
map for crack initiation in terms of the relevamtrameters. The reduced-order domain
map is constructed by collecting the critical pagéens into 2 unique variabléisat span
the 2-D domain. This domain classifies the desigitsms “fail”, “safe,” and “sub-safe”
for crack initiation. An extended sensitivity anatysestimates the contribution of
geometric and material parameters and forms a basierive a parametric relation to

estimate maximum principal stress. The derivedtimadelineates the parametric

combinations that are susceptible to damage.
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Subsequent to the construction of domain map goaggagation simulations using a

hysteretic cohesive zone model are performed faarpatric combinations which initiate

cracks away from the interface. These analyses ededhat parametric combinations

that initiate top coat cracks also assist in pragiag and eventual delamination of the

TGO and top coat interface. The materials and gedsetr the study are chosen to be

representative of TBC materials in real application

This investigation of crack initiation and propdgatconcludes with a finite element

simulation of a representative failure scenarionseethe literature. The geometry is

obtained from an SEM image and the simulation isdcated with nominal material

properties from the literature. The crack trajegtoredicted by simulations is found to be

in excellent agreement with crack trajectory obsgrwvethe SEM image. Although the

present study characterizes the top coat damadatevoand propagation in detail, the

validity is limited to damage initiating in an ide&d, defect free isotropic top coat.

The final part of this dissertation proposes a ningéramework to incorporate the

effects of top coat microstructure on TBC failufée framework involves simulation of

multiple propagating cohesive cracks in the topt co&rostructure using an assumed

stress hybrid element method. The results of theiseo-mechanical simulations can be
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used to calibrate a homogenization based contindamage mechanics (HCDM) model

to incorporate the effects of top coat microstreaitdiaws.. A sensitivity study provides

the range of validity for the HCDM model.

The research presented in this dissertation hagotigly investigated the failure

mechanisms and the parameters critical for faiafré BCs. Reduced-order models for

buckling instability and delamination are developknt elastic defect free TBCs.

Parametric models and relations are developed dbnehting safe design regimes for

TBCs demonstrating failure due to creep under cyblermal loading. These models can

be easily incorporated into TBC design practicespeeially with respect to structural

integrity. However, these models are limited by thssumption that the TBC

microstructure is initially defect free. The propdsHCDM frame work can be easily

implemented in conjunction with experimental studiesdentify representative volume

elements for top coat, calibrate the model, andliptdailure due to defects in top coat

microstructure.

There are several TBC failure mechanisms that hatebeen addressed in this

dissertation. Among the most actively researchedhar@ems are those induced by

calcium-magnesium-alumino-silicate (CMAS) [86] deiios on the exposed surfaces of
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top coat and foreign object damage (FOD) [87]. Initamidto the stresses due to thermal
loads, several other damage inducing loads have fre@osed. Primary among these are
bond coat martensitic transformation strain [88] &GO growth strains [12]. The finite
element (FE) models presented in this dissertatemm be easily enhanced to include
loads resulting from transformation or growth stsaés well as to address other failure
mechanisms resulting from CMAS or FOD. The parameiaitire of the FE models will

enable identification of critical parameters foyaelected failure mechanism.
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