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ABSTRACT

This dissertation develops two new parametric and nonparametric methods for esti-
mating risk-neutral measures (RNM) which embody important information about market
participants’ sentiments concerning prices of the underlying asset in the future, and inves-
tigates empirical performance of parametric RNM estimation methods.

The first essay, “Estimation of Risk Neutral Measures using the Generalized Two-
Factor Log-Stable Option Pricing Model”, constructs a simple representative agent model
to provide a theoretical framework for the log-stable option pricing model and then im-
plements a new parametric method for estimating the RNM using a generalized two-factor
log-stable option pricing model. Under the generalized two-factor log-stable uncertainty
assumption, the RNM for the log of price is a convolution of two exponentially tilted sta-
ble distributions. Since the RNM for generalized two-factor log-stable uncertainty is ex-
pressed in terms of its Fourier Transform, I introduce a simple extension of the Fast Fourier
Transform inversion procedure in order to reduce computational errors. The generalized
two-factor log-stable RNM has a very flexible parametric form for approximating other
probability distributions. Thus, this model provides a sufficiently accurate tool for estimat-
ing the RNM from observed option prices even if the log-stable assumption might not be
satisfied. I estimate the RNM using the S&P 500 index options and find that the general-
ized two-factor log-stable model gives better performance than the Black-Scholes model
(1973), the finite moment log-stable model (Carr and Wu, 2003), and the orthogonal log-

stable model (McCulloch, 2003) in fitting the observed option prices.
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The second essay, ‘“Parametric Risk Neutral Measure Estimation Methods: A Horse
Race”, implements 12 parametric RNM estimation methods by means of the closed-form
or characteristic function of RNM distributions and then compares the empirical perfor-
mance under three criteria—the root mean squared error (RMSE) for the goodness-of-fit,
likelihood ratio (LR) for the model selection, and the root mean integrated squared error
(RMISE) for the accuracy and stability of the estimated RNMs. The empirical results show
that the generalized two-factor log-stable model outperforms other alternative parametric
RNM estimation methods. Even though the jump diffusion model with stochastic volatili-
ties dominates other models in the RMSEs and the LR tests, it is vulnerable to over-fitting
problems due to a large number of parameters. Monte-Carlo experiments reveal that the
jump diffusion model with stochastic volatilities suffers from serious over-fitting problems
and also show that the generalized two-factor log-stable model outperforms the alternatives.

The third essay, “Nonparametric Estimation of Risk-Neutral Measures using Quartic
B-Spline CDFs with Power Tails”, proposes a new nonparametric (BSP) method which
overcomes the problems with the smoothed implied volatility smile (SML) method which
is the most widely used nonparametric technique for estimating RNMs. I model a RNM
cumulative distribution function (CDF) using quartic B-splines with power tails so that
the resulting RNM probability density function (PDF) has continuity C? and arbitrage-free
properties. Since the number of knots is selected optimally in constructing the quartic
B-spline RNM CDF, my method avoids both overfitting and oversmoothing. To improve
computational efficiency and accuracy I introduce a 3-step RNM estimation procedure that
transforms a nonlinear optimization problem into a convex quadratic program, which is ef-
ficiently solved by numerical optimization software. The Monte-Carlo experiments suggest
that the BSP method performs considerably better than the SML method as a technique for
estimating option implied RNMs. The BSP method always produces arbitrage-free RNM
estimators and almost perfectly recovers the actual RNM PDFs for all hypothetical distri-

butional assumptions.
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CHAPTER 1

INTRODUCTION

Investors and researchers have long used option prices to infer market expectations
about the volatilities and correlations of the underlying assets by recovering risk neutral
distributions from observed option prices. A European option is a contingent claim whose
value is dependent upon the investor’s risk preference and the statistical probability mea-
sure, the so-called frequency (probability) measure (FM), which governs the empirically
observable distribution of the underlying asset prices at the maturity of the option con-
tract. In a complete arbitrage-free market, the valuation of European options is equivalent
to computing the discounted value of expected payoff under the risk-adjusted probability
measure, the so-called risk-neutral measure (RNM), regardless of the investor’s risk pref-
erence. The RNM allows us to price any derivative of the particular underlying asset with
the same time to maturity by a present value of their expected payoffs at a risk free interest
rate. Inversely, the implied RNM may be extracted from the derivative prices by reversing
the process of obtaining prices from pricing models.

Since the RNM embodies important information about market participants’ sentiments
concerning prices of the underlying asset in the future, a number of methods have been
developed to estimate the RNM from observed option prices. Generally, these methods are
divided into two broad groups of parametric and nonparametric methods. The parametric
methods make particular assumptions on the form or family of the RNM and then typically

use a non-linear regression technique to estimate the parameters of the RNM which mini-



mizes sum of squared pricing errors. On the other hand, the nonparametric methods make
no strong assumptions about the RNM since they are flexible data-driven methods.

This dissertation implements a new parametric RNM estimation method by using the
generalized two-factor log-stable option pricing model; investigates the empirical perfor-
mance of parametric RNM estimation methods; and also proposes a new non-parametric
RNM estimation method by constructing a quartic B-spline RNM cumulative distribution
function with power tails.

In the first essay, “Estimation of Risk Neutral Measures using the Generalized Two-
Factor Log-Stable Option Pricing Model”, I construct a simple representative agent model
to provide a theoretical framework for the log-stable option pricing model and then im-
plement a new parametric method for estimating the RNM using a generalized two-factor
log-stable option pricing model.

The Generalized Central Limit Theorem (GCLT) provides support for stable distribu-
tions as a financial asset’s log return process since financial asset returns may be considered
as the multiplicatively cumulative outcome of many stochastic events. Furthermore, stable
distributions can easily accommodate heavy tails and skewness of asset returns, which are
commonly observed in the financial data. It is therefore reasonable to assume that log as-
set returns are governed by a stable distribution. In turn, asset prices themselves follow a
log-stable distribution.

I construct a simple representative agent model in an Arrow-Debreu world to provide
a theoretical framework for the log-stable option pricing model. I also introduce the gen-
eralized two-factor log-stable option pricing model by relaxing the orthogonal log-stable
assumption of McCulloch (2003). Since the RNM for generalized two-factor log-stable
uncertainty is expressed in terms of its Fourier Transform, I implement a simple extension
of the Fast Fourier Transform inversion procedure in order to reduce computational errors.
Under the generalized two-factor log-stable uncertainty assumption, the RNM for the log

of price is a convolution of two exponentially tilted stable distributions. The generalized



two-factor log-stable RNM has a very flexible parametric form for approximating other
probability distributions. Thus, this model provides a sufficiently accurate tool for estimat-
ing the RNM from observed option prices even if the log-stable assumption might not be
satisfied.

To illustrate the empirical performance of the generalized two-factor log-stable model, I
estimate the RNM from observed S&P 500 index option prices by using four option pricing
models: the BS log-normal model, the finite moment log-stable model, the orthogonal log-
stable model, and the generalized two-factor log-stable model. I evaluate the models on
the basis of the goodness-of-fit and find that the generalized two-factor log-stable model
outperforms the others.

In the second essay, “Parametric Risk Neutral Measure Estimation Methods: A Horse
Race”, I implement 12 parametric RNM estimation methods by means of the closed form
of RNM distributions or RNM characteristic functions and then compare the empirical
performance of the 12 parametric RNM estimation methods. First, the goodness-of-fits are
examined by means of the root mean squared errors (RMSE). Second, I perform likelihood
ratio (LR) tests for the nested and non-nested model selection. Finally, I conduct Monte-
Carol experiments to compare the accuracy and stability of the parametric RNM estimation
methods by focusing the root mean integrated squared error (RMISE) criterion.

The empirical results from the RMSEs and the LR tests show that the generalized two-
factor log-stable model and the jump diffusion model with stochastic volatilities dominate
other models. However, the jump diffusion model with stochastic volatilities has so many
free parameters that it is vulnerable to over-fitting problems, which create spurious oscilla-
tions due to sampling noises. The Monte-Carlo experiments reveal that the jump diffusion
model with stochastic volatilities suffers from serious over-fitting problems and also show
that the two-factor generalized model outperforms the alternatives.

In the final essay, “Nonparametric Estimation of Risk Neutral Measures using Quartic

B-Spline CDFs with Power Tails”, I propose a new nonparametric approach which over-



comes the drawbacks of the smoothed implied volatility smile (SML) method which is the
most widely used nonparametric technique for estimating RNMs. First, I model a probabil-
ity distribution outside the traded strike range as power tails, which may be estimated from
far-from-the-money option prices. With the power tails, the RNM has the nonnegative tail
probabilities and also reflects information about true tail probabilities. Second, the RNM
cumulative distribution function (CDF) is constructed by using quartic B-spline functions
with power tails so that the resulting RNM PDF has continuity C?. The advantage of con-
structing the RNM CDF with power tails is that the sum of RNM probabilities is guaranteed
to be unity. Lastly, by choosing an optimum number of knots, this method can avoid both
overfitting and oversmoothing. To select optimal tradeoftf between smoothness and fit, |
use a minimum number of knots which attains zero bid-ask pricing errors in constructing
the B-spline RNM CDF. This method is termed the B-spline RNM CDF with power tails
(BSP), which is nonparametric because any probability distribution is a possible solution.

This nonparametric method involves solving a highly nonlinear optimization problem
with a number of constraints due to the power tails. To improve computational efficiency
and accuracy I develop a 3-step estimation procedure that transforms a nonlinear optimiza-
tion problem into a convex quadratic program which can be efficiently solved by numerical
optimization software.

To compare the performance of the BSP method with the SML method for estimat-
ing option implied RNMs, I evaluate the two methods on the basis of the flexibility of
the estimated RNM and conduct Monte-Carlo experiments based on 12 hypothetical true
distributions. I find that the BSP method dominates the SML method as a technique for es-
timating option implied RNMs. The SML method violates the no-arbitrage constraints, and
it is significantly biased, particularly under the scenarios that the true RNM is a fat-tailed
distribution. In contrast, the BSP method always produces arbitrage-free RNM estimators,
and it almost perfectly recovers the actual RNM PDFs for all hypothetical distributional

assumptions.



CHAPTER 2

ESTIMATION OF RISK NEUTRAL MEASURES USING THE
GENERALIZED TWO-FACTOR LOG-STABLE OPTION PRICING
MODEL

2.1 Introduction

Derivative prices provide a valuable source of information for measuring market par-
ticipants’ perception of future development of underlying asset prices. Particularly, cross
section data on options, all of which expire at the same time but have different strike prices,
contain rich information about the underlying asset price distribution in the future. Call
(put) options are only valuable to the extent that there is a chance that the underlying as-
set will be worth more (less) than the strike price so that the option comes to be exercised.
Thus, the market prices of the options provide information about the probability that market
attaches to an asset being within a range of possible prices at maturity date.

The option values are determined by the investors’ risk preference and the statistical
probability distribution of the underlying asset price, the so-called Frequency (probability)
Measure (FM).! Alternatively, the value of option may be evaluated as a discounted ex-
pected value of the future payoffs of the option under the risk-adjusted distribution of the
underlying asset price, the so-called Risk-Neutral (probability) Measure (RNM), as in the
risk-neutral valuation of Ross (1976) and Cox and Ross (1976). The RNM allows us to

'The FM governs the empirically observable distribution of underlying asset prices. It is also called the
physical probability measure, the objective probability measure, or the real world probability measure.



price any derivative of the particular underlying asset with the same time to maturity by a
present value of their expected payoffs in an arbitrage-free market. Inversely, the implied
RNM may be extracted from the derivative prices by reversing the process of obtaining
prices from pricing models. In a complete arbitrage-free market, a unique RNM can be
recovered from a complete set of European option prices using the relationship proposed
in Ross (1976) and Breeden and Litzenberger (1978).

The famous Black-Scholes (BS) option pricing model (1973) provides a market’s ex-
ante estimate of the underlying asset’s price distribution at maturity under the log-normal
assumption. The lognormal assumption suggests that implied volatilities? should be con-
stant for all strike prices because only one volatility parameter governs the underlying
stochastic process on which all options are priced. However, practitioners and researchers
have noted that option prices tend to systematically violate the constant volatility assump-
tion in the BS model. Rubinstein (1985) documented the first such systematic violations
of BS model prices. The typical market volatilities implied from option prices often have
an asymmetric U-shaped structure with respect to strike prices, commonly referred to as
the “volatility smile” or “'volatility smirk.”® The observed deviations of implied volatilities
from the Black-Scholes assumption provide some information about the shape of the RNM
density function implied by option prices. The volatility smirk suggests that the log returns
of the underlying asset at maturity should have a skewed and leptokurtic distribution rather
than a normal distribution. Thus, it is necessary to make an alternative assumption for the
asset’s return distribution which is consistent with the implied volatility structure. To relax

the log-normal assumption of the BS model, many option pricing models have been de-

2 Among the parameters entering the Black-Scholes formula only the volatility cannot be observed. How-
ever, using an observed option price an implied volatility can be computed by inverting the option pricing
formula. Often the implied volatility is called the Black-Scholes implied volatility.

3Before 1987, the implied volatility of the US equity index options, as a function of strike for a certain
maturity, behaves like a symmetric smiled curve. The phenomenon is called the implied volatility smile.
After the market crash in 1987, the implied volatility as a function of strike price is skewed towards the left.
The phenomenon is regarded as implied volatility smirk.



veloped by introducing additional factors such as (i) the stochastic interest rate [Amin and
Jarrow (1992)]; (ii) the jump-diffusion [Bates (1991)]; (iii) the stochastic volatility [Heston
(1993)]; (iv) the stochastic volatility and stochastic interest rate [Bakshi and Chen (1997)];
(v) jump diffusion with the stochastic volatility [Bates (1996)].

However, the Generalized Central Limit Theorem (GCLT)* provides support for sta-
ble distributions as a financial asset’s log return process since financial asset returns may
be considered as the multiplicatively cumulative outcome of many stochastic events. Fur-
thermore, stable distributions can easily accommodate heavy tails and skewness of asset
returns, which are commonly observed in the financial data. It is therefore reasonable
to assume that log asset returns are governed by a stable distribution. In turn, asset prices
themselves follow a log-stable distribution. The normal or Gaussian distribution is the most
familiar member and the only one with finite variance of the stable class, but inappropriate
for modeling extreme events because the probability of a substantial change is considerably
smaller than the frequency observed in financial asset returns. In addition, observed asset
returns are often too skewed to be normal as mentioned above. Thus, the non-Gaussian
stable distributions are preferable for modeling log returns of financial assets.

In the early 1960s the asset pricing models driven by log-stable distributions had al-
ready been proposed by Fama (1963), and Mandelbrot and Taylor (1967) as an alternative
to the log-normal assumption, but the fact that expected payoffs on assets and call op-
tions are infinite under most log-stable distributions led both Paul Samuelson (as quoted by
Smith 1976) and Robert Merton (1976) to conjecture that assets and derivatives could not
be reasonably priced under these distributions, despite their attractive feature as limiting
distributions under the Generalized Central Limit Theorem. These concerns of Samuelson

and Merton come from the misunderstanding about the shape of the RNM. The RNM cor-

4According to the Generalized Central Limit Theorem, if the sum of a large number of identically and
independently distributed (IID) random variables has a non-degenerate limiting distribution after appropriate
scaling and shifting, the limiting distribution must be a member of the stable class. See Zolotarev (1986).



responding to a log-stable FM is not a simple location shift of the FM. Instead, the RNM in
general has a different shape with finite moments, and leads to reasonable asset and option
prices.

The option pricing model with log-stable distributions was first proposed by McCul-
loch (1978, 1985, 1987, 1996) using a utility maximization setting with the orthogonal
log-stable uncertainty assumption.’ Janicki et al. (1997), Popova and Ritchken (1998),
and Hurst et al. (1999) have developed option pricing models under the symmetric log-
stable assumption. Carr and Wu (2003) propose the finite moment log-stable (FMLS) op-
tion pricing model by making the very restrictive assumption that the RNM for log prices
have maximally negative skewness®, which is a parametric special case of the orthogonal
log-stable assumption. McCulloch (2003) reformulated the orthogonal log-stable option
pricing model in the RNM context and showed how the RNM can be derived from the
underlying distribution of marginal utilities in a simple representative agent model. The
orthogonal log-stable uncertainty assumption allows the RNM of log-stable returns to be
the convolution of two densities: one is a maximally negatively skewed stable density, and
the other is an exponentially tilted maximally positively skewed stable density. However,
the orthogonal assumption is too restrictive for the RNM to fit option prices observed in the
markets, which makes it inappropriate to estimate the RNM from observed option prices.

In this chapter, we construct the numeraire and asset choice model in an Arrow-Debreu
world to provide a theoretical framework for the log-stable option pricing model. We also
introduce the generalized two-factor log-stable option pricing model by relaxing the or-
thogonal assumption. The orthogonal assumption can be generalized by introducing two

factors which are independent maximally negatively skewed standard stable variates and

31t is assumed that the marginal utilities of numeraire and asset follow a log-stable distribution with
maximum negative skewness, respectively, and are also independently distributed so that it is called the
orthogonal log-stable uncertainty assumption.

®They assume the max-negative skewness in order to give the returns themselves finite moments. They
also incorporate max-negative skewness directly into the stable distribution describing the RNM of the un-
derlying asset without assumptions on the frequency measure (FM).



affect both the log marginal utility of numeraire and the log marginal utility of asset. This
assumption allows the log marginal utilities to be dependent upon each other and also pro-
vides a flexible RNM probability distribution function, which is the convolution of two
exponentially tilted stable distributions. Furthermore, since the generalized two-factor sta-
ble RNM is sufficiently flexible to fit observed option prices, the generalized two-factor
log-stable option pricing model provides a new parametric method for estimating the RNM
from a cross-section of option price data.

Since there are no known closed form expressions for general stable densities, we nu-
merically evaluate log-stable options from the characteristic function (CF) by modifying
the inverse Fourier Transform approach of Carr and Madan (1999). This chapter also in-
troduces a simple extension of the Fast Fourier Transform inversion procedure in order to
reduce computational errors.

To illustrate the empirical performance of the generalized two-factor log-stable model,
we estimate the RNM from observed S&P 500 index option prices. We then conduct model
specification tests and compare the fitting performance of four models: the BS log-normal
model, the finite moment log-stable model, the orthogonal log-stable model, and the gen-
eralized two-factor log-stable model. We evaluate the models on the basis of the goodness-
of-fit and find that the generalized two-factor log-stable model outperforms the others.

The rest of the chapter is organized as follows. Section 2.2 discusses the theoretical
relationship between option prices and the RNM. Section 2.3 presents a simple general
equilibrium model for the log-stable option pricing by constructing a numeraire and asset
choice problem in the Arrow-Debreu world. Section 2.4 introduces the generalized two-
factor log-stable option pricing model. In Section 2.5 we estimate the RNM from S&P 500

index option prices and compare the performance of the models. Section 2.6 concludes.



2.2 Option prices and the RNM

The fundamental building block in modern financial economic theory is a contingent
claim. The contingent claim is an asset or security whose return depends on the state of
nature at a point in the future. An option is such a contingent claim because the payoff of
the option depends on the price of the underlying asset at maturity date. The price of the
option therefore contains information about the market participants’ probability assessment
of the outcome of the underlying asset price at the future maturity date. This is the basic
idea behind the RNM estimation from option prices.

A particular simple and important example of the contingent claim is the Arrow-Debreu
security, which pays one unit in one specific state of nature and nothing in other state.
For each state, the prices of Arrow-Debreu securities, the so-called state-prices, are pro-
portional to the RNM probability densities for the realization of the state. In a contin-
uum of states the state prices thus are proportional with the continuous RNM probabil-
ity density function (PDF).” Since the state prices are determined by the combination of
investors’ preferences, budget constraints, information structures, and the imposition of
market-clearing conditions, i.e., general equilibrium, the RNM contains additional infor-
mation than the statistical probability measure (FM).

A number of estimation methods have been developed to back out the RNM from op-
tion prices based on seminal work by Ross (1976), Cox and Ross (1976), and Breeden
and Litzenberger (1978). Ross (1976) showed that a portfolio® of European call-options
can be used to construct synthetic Arrow-Debreu securities, thereby establishing a relation

between option prices and the RNM. By ruling out arbitrage possibilities, Cox and Ross

"By construction, the RNMs have a probability-like interpretation, which are nonnegative and integrating
to unity. For this reason the RNM density is sometimes called the risk-neutral probability density (RND).

8These portfolios are butterfly spreads that are composed of two long and two short call options. The
strike price of both short calls is halfway in between the strike prices of the two long call options. In the limit
as the difference between the strike prices goes to zero the butterfly spread’s payoff becomes a Dirac-Delta
function, e.g. Merton (1999).
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(1976) showed that options in general, independently of investors’ risk preferences, can be
priced as if investors were risk neutral.” Consider a general European call option whose
payoff is max(S s — K), where S is the value of an underlying asset on maturity date 7,
and K is the strike price. In a complete arbitrage-free market, the price of a European call
option C(K) can then be computed as the discounted value of the option’s expected payoft

under the RNM. Formally,

C(K) = e"TE?[max(Sy — K,0)]

et f OO(ST -K)r(S7)dSr, 2.1)
K

where r; is the risk free interest rate, r(S7) is the RNM PDF, and E€ is the conditional
expectation on time 0 information under the RNM. As shown by Breeden and Litzenberger

(1978), the RNM density r(S ;) can be isolated by differentiating (2.1) twice, yielding'®

L0*C(K
(Sy) = e’/T% L (2.2)

Equation (2.2) states that the RNM is proportional to the second derivative of the call
pricing function with respect to the strike price.

Since the RNM might embody important information about market participants’ ex-
pectations concerning prices of the underlying asset in the future, methods have been de-
veloped to estimate the RNM PDF from observed option prices. As pointed out in Chang
and Melick (1999), Equation (2.1) and (2.2) provide two different approaches for estimat-
ing the RNMs from observed option prices. The methods based on Equation (2.1) make

assumptions about the form or family of the RNM for evaluating the integral in (2.1) and

9However, it does not mean that agents are assumed to be risk neutral. We are not assuming that investors
are actually risk-neutral and risky assets are actually expected to earn the risk-free rate of return.

1By similar reasoning, the cumulative distribution function (CDF) can be obtained by differentiating a
single time. This technique is used by Neuhaus (1995).
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then typically use a non-linear optimization method to estimate the parameters of the RNM
that minimize pricing errors, which are differences between the predicted option prices and
the observed option prices. On the other hand, the methods based on Equation (2.2) use a
variety of means to generate the call option price function C(K) and then differentiate the
function (either numerically or analytically) to obtain the RNM PDF. Computing the RNM
by (2.2) requires call prices being available for continuous strike prices, but in reality just a
few discretely spaced strike prices are available. These methods therefore entail directly or
indirectly the construction of a continuous option pricing function from observed prices.
In this chapter, we follow the first approach to estimate the RNM by making a para-
metric assumption that the log marginal utilities of numeraire and asset are affected by two

independent standard stable variates.

2.3 State Prices, Pricing Kernels and the RNM

In this section, we construct a numeraire and asset choice model in the Arrow-Debreu
general equilibrium economy to provide a theoretical framework for the relationship be-

tween state prices, pricing kernels, and the RNM.

2.3.1 Numeraire and Asset Choice Model

The fundamental investment-selection problem for an individual is to determine the
optimal allocation of his/her wealth among the available investment opportunities. Under
the expected utility maximization paradigm, each individual’s consumption and investment
decision is characterized as if he/she determines the probabilities of possible asset pay-offs,
assigns a utility index to each possible consumption outcome, and chooses the consumption
and investment policy to maximize the expected value of the index.

Consider a representative agent model in the Arrow-Debreu world, in which only a

single consumption good N (numeraire) and a single underlying asset A exist. We assume
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that the utility function of the representative agent is random, given by:
U*(N,A)

with random marginal utility of consumption U}, and random marginal utility of asset U3},
where s is a state variable which represents a state of random utility function.!!

Let S7(s), which is affected by the state variable s, be the asset price at future time
T and introduce Arrow-Debreu securities which pay one unit of numeraire in specified
states, S 7(s) € [x, x + dx), and no payout in other states, S7(s) ¢ [x, x + dx), with uncon-
ditional payment of p(x)dx unit of numeraire to be made at present time 0. The price of
the Arrow-Debreu security p(x)dx is called the state price, which can be thought of as the
insurance premium that the agent is prepared to pay in order for him/her to enjoy one unit
of consumption if S 7(s) € [x, x + dx).

We assume that the representative agent receives one unit of both numeraire and asset as
endowment; makes forward contracts on the asset at the forward price F'; and buys/sells the
Arrow-Debreu securities prior to the realization of a state s of the random utility function.
The representative agent then buys/sells the asset, and consumes the numeraire after the
realization of a state s.

Thus, the representative agent faces a consumption-asset choice problem as follow-
ings:!?

max EU(N,A)EfU(N(s),A(s))a)(s)ds
! Q

{N(5),A(5),B,G,0(0)}seq xef0,00

st. 1 = Ny+ fm p(x)(B + Q(x))dx
0

No+B+S7(s)(1 =A(s)) + (S7(s) = F) G + lg, (9efr+an@Q(x) = N(s), Vs,

"n the analysis of preference for flexibility (Kreps (1979), Dekel, Lipman and Rustichini’s (2001)) the
realization of the agent’s random utility function corresponds to the realization of his subjective (emotional)
state.

12For brevity the superscripts on the utility function U*(N, A) have been suppressed.
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where s is the state of the random utility function, s € €; N(s) is the consumption (nu-
meraire); A(s) is the amount of asset holding;!® S7(s) is the spot price of the asset; w(s)
is the density of the state variable s, which is conditional on time O information; N, is the
amount of numeraire holding before the realization of the state; B is the amount of bond
holding; 1g,(sefx.xrax 1S the payoff of the A — D security (1 if S7(s) € [x, x + dx), O oth-
erwise); p(x)dx is the state price of A — D security; Q(x) is the amount of A — D security
holding; F is the forward price of the asset; and G is the amount of forward contracts'* on
the asset. Asset prices, forward prices, state prices, pricing kernels, and the RNM can be
easily derived from the first order conditions for the representative agent problem.

The asset price S7 at future time 7 may be expressed as the ratio of the marginal
utilities:

Ua
Sr = —, 2.3
T U, (2.3)

where Uy is the random future marginal utility of the numeraire in which the asset is
priced, and U, is the random future marginal utility of the asset itself.

On the other hand, the forward price F' at present time 0, which is the numeraire price

to be paid at time T for a contract to deliver 1 unit of the asset at future time 7', may be

written as the ratio of the expected marginal utilities:

_ LUAw(S)dS _ EUA
fQ Unw(s)ds EUy

(2.4)

The state price p(x)dx, which is the unconditional payment of p(x)dx units of numeraire

to be made at time O for an Arrow-Debreu security which pays 1 if S7(s) € [x,x + dx),

BHere, we assume no dividend for the underlying asset. Even if we introduced the dividend, the results
would be same.

“The forward contract is an contract between two parties in which the buyer agrees to pay the seller
unconditional payment of F units of numeraire, in exchange for 1 unit of the asset at future time 7.
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otherwise 0, can be decomposed in the following way:
pdx = m(x)- f(x)dx, (2.5

where f(x)dx is the probability of S 7(s) € [x, x + dx), i.e., the FM probability, while m(x)
is the price that we would pay to enjoy 1 unit of numeraire at time 7" under the condition
that we know that future’s state is going to be S 7(s) € [x, x+dx).!> We call m(x) the pricing
kernel, which is a stochastic discount factor for the asset pricing formula.

Since the first order conditions imply that the state price is

p(x)dx

- Ls(setrran Un22ds
f px)dx- Jo lsrostssin Uni fx)dx
0

|, Un w(s)ds
1 EUnUA/Uy =
Ry EUy

%) f(x)dx,

where Ry (= e’7T)16 is the gross risk-free interest rate to time T, the pricing kernel m(x) is

taken to be:

p(x)dx _ i E(UnIUs/Uy = X)_

o = Tod TR, EUy

(2.6)

Equation (2.6) shows how the preferences define the pricing kernel, translating the state
changes into changes in the MRS between conditional and unconditional expected marginal

utilities'” of consumption of the representative agent.

13Tt is very important to note that although the agent defines m(x) as if she knew S 7, it will not be equal to
the price of the bond. This is because different states imply different effects on his/her utility.

161n the Arrow-Debreu economy, the bond price is determined by the sum of state prices:

1

— = T = f p(x)dx.
Ry 0

17Rig0rously, the unconditional expected marginal utility, EUy, is a conditional expectation based on
information at time 0. On the other hand, the conditional expected marginal utility, E(Uy|Us/Uy = X), is
a conditional expectation on time 0 information and the fact that the asset price is going to be x, S7(s) €
[x, x + dx).
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Consider a European call option that has state dependent cash flows max(x— K, 0) when
Sr(s) € [x, x+dx). The price of this call option C(K) may be determined by the state prices

and the possible cash flows:

C(K) = foo max(x — K, 0) p(x) dx. 2.7
0

Substituting (2.5) into (2.7), we have

C(K) fm m(x) max(x — K, 0) f(x)dx, (2.8)
0

E[m(x) max(x — K, 0)]

where E is the conditional expectation on time O information under the FM f(x). Equa-
tion (2.8) implies that the option price should equal the expected discounted value of the
option’s payoff, using the investor’s stochastic marginal utility to discount the payoff.

Let r(x) be the density of the RNM at time O for state-contingent claims at time 7. By

definition of the RNM,

C(K) Rif fm max(x — K, 0)r(x) dx (2.9)
0

1
= —E9%max(x - K,0)]
Ry

where E? is the conditional expectation on time 0 information under the RNM r(x). Com-

bining (2.6), (2.8) and (2.9), we finally get the RNM PDF:

1(x) = Rypx) = Rym(x) f(x)

E(Un|Uas/Uy = x)

= U f(x). (2.10)

Equation (2.10) states that the RNM is simply the FM, adjusted by the risk-free interest
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rate and the pricing kernel.
Further, combining (2.3), (2.4) and (2.10) yields the mean-forward price equality con-
dition (i.e., the mean of the risk neutral distribution should equal the currently observed

forward price of the underlying asset):

EU4

F = EU, = fo xr(x)dx. (2.11)

2.3.2  FM and RNM under Random Future Marginal Utilities

To derive the RNM from the FM and pricing kernels, we start from the joint distribu-
tions of the random future marginal utilities Uy and U, instead of assuming the random
utility function U*(N, A) explicitly.

Let g(Uy, Uy) be the joint PDF of Uy and U, conditional on information at present

time 0. Equation (2.3) implies that the FM cumulative distribution function (CDF) of S 7 is

F(x) = Pr(S7 <x) = Pr(Us < xUy)

00 xUpy
f f g(Uy. Uy) dUxdUy.
0 0

Therefore, the FM probability density function (PDF) for S is

() fo Uy ¢(Uy, Up) dUs

1 (o]
- f h(vy, vy + log x) dvy,
X J-c0

where h(vy,v4) = UyUy g(Uy, Uy) 1s the joint PDF of vy = log Uy and v4 = log Uy.
The FM, in terms of the PDF for log S 7, is then

¢(z) e f(€)

f h(vy, vy +2) dvy,
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where z = log x . Since

E(UnU4/Uy =x) = E(€™va = vy +logx)
f; e’ h(vy, vy +log x) dvy

[ hy, vy + log x) dvy
Equation (2.10) follows that

E(Un|Ua/Uy = x)
EUy

r(x)

J )

1

= XEUnx j:w e’y ]’Z(VN, vy + log X) dVN.

The RNM PDF for the log of price is then

4@ = ¢ re)

1 00
= E'_[]N N e’y h(VN, vy + 2) dvy. (212)

2.4 Generalized Two-Factor Log-Stable Option Pricing Model

To derive a generalized two-factor log-stable RNM PDF, we rely on basic properties of
stable distributions. In this section, we first present a brief review of the basic properties of

stable distributions, which are essential to construct the log-stable option pricing model.

2.4.1 Basic Properties of Stable Distributions

Stable distributions'® are a rich class of probability distributions that allow skewness
and heavy tails and have many interesting mathematical properties. According to the Gen-

eralized Central Limit Theorem, if the sum of a large number of 1.i.d. random variates has

8The stable distribution was developed by Paul Lévy, so it is also called the Lévy skew alpha-stable
distribution.
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a limiting distribution after appropriate shifting and scaling, the limiting distribution must
be a member of the stable class. A random variable X is stable if for X; and X, independent

copies of X and any positive constants a and b,
aX +bX, £ cX +d (2.13)

holds for some positive ¢ and some d € R , where the symbol < means equality in distribu-
tion, i.e., both expressions have the same probability law. Equation (2.13) implies that the
shape of the distribution is preserved up to scale and shift under addition.

Stable distributions S (x; @, 3, ¢, 0) are determined by four parameters: the characteristic
exponent @ € (0,2], the skewness parameter 8 € [—1, 1], the scale parameter ¢ € (0, c0),
and the location parameter 6 € (—oo, o). If X has a distribution S (x; @, 3, ¢, ), we write
X ~S(x;a,B,c,0) and use s(x; a, B, ¢, 0) for the corresponding densities.

The characteristic exponent governs the tail behavior and indicates the degree of lep-
tokurtosis. When a = 2, its maximum permissible value, the normal distribution results,
with variance 2¢?. For a < 2, the population variance is infinite. When @ > 1, the mean of
the distribution E(X) is 6. For @ < 1, the mean is undefined. The skewness parameter S is 0
when the distribution is symmetrical, positive when the distribution is skewed to the right,
and negative when the distribution is skewed to the left. As a approaches 2, g loses its
effect, and the distribution becomes symmetrical regardless of 8. The location parameter ¢
merely shifts the distribution left or right, and the scale parameter ¢ expands or contracts
the distribution about ¢ in proportion to c¢. Figure 2.1 depicts stable densities with differ-
ent parameter values. The left panel shows bell-shaped symmetric stable densities with
a = 1.3, 2. When a = 2, the normal density results as mentioned above. As « decreases,
three things occur to the density: the peak gets higher, the regions flanking the peak get
lower, and the tails get heavier. The right panel shows maximally skewed stable densities
with @ = 1.5 and g = -1, 1. The stable density is max-negatively skewed when g = —1,

and max-positively skewed when g = 1.
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Since there are no known closed form expressions for general stable densities'?, the
most concrete way to describe all possible stable distributions is through the characteristic
function (CF) or Fourier transform (FT).?° The log CF of the general stable distribution

S(x;a,B,c,0)1s

log ¢ fa p.cs(t) log E[¢X"]
iot — |ct]* [1 — iBsgn(?) tan (%)] , a#l

it + [ct| [1 + iB2sgn() logetl|, o =1,

where @ € (0,2] is the characteristic exponent, 5 € [—1, 1] is the skewness parameter,
¢ € (0, 00) is the scale parameter, and § € (—o0, 00) is the location parameter.>!
Two properties of stable distributions are important for deriving the generalized two-

factor log-stable RNM:

9There are only three cases where one can write down closed form expressions for the density: stable-
normal, Cauchy and Lévy distributions.

20For a random variable X with density function f(x), the characteristic function is defined by

00

cf(t) = E[¢™"] = f eXdx.

The function c f(f) completely determines the distribution of X.

2I'The sgn function is defined as

-1, t<0
sgn(t) = 0, t=0

1, t>0

20



Property 1: Convolution?

n

X = Zajxj X; ~ind. S(,Bj,c;,0;) =

j=1
X ~ j>:7<1 S (a, sgn(a;)Bj. lajlcj, a;6;)
~ S(a,ﬁ, ca 6)’

where

_ 2=t lajl*c}sgn(a;)B;
ﬁ - c )
1/a

n
c = Z|aj|“c‘; , and
j=1

n

5= > ap;

=1

Property 2: Two-sided Laplace transform

X ~ S(a,B,c,0), Acomplex with Re(1) >0 =

EoX — —0o0, a<?2, p<l1
exp (—/16 — A%” sec (%)) , B=1,
or equivalently,
EoX - 00, a<?2, p>-1

exp (/16 — A% sec (%)) , B=-1

22The convolution of f and g is written as f*g. If X and Y are two independent random variables with
probability distributions f and g, respectively, then the probability distribution of the sum z = X + Y is given
by the convolution:

(F9)2) = f F)g(e - 1.
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To describe the generalized two-factor log-stable RNM, it is also necessary to intro-
duce an exponentially tilted stable distribution.?* An exponentially tilted positively skewed

stable density with parameters «, ¢, 9, and 4 > 0 has density
ts.(x@,c,6,0) = ke Vs(x;a,+1,c¢,06),

where k is a normalizing constant to be determined. Its CF, using Property 2(Two-sided

Laplace transform) with @ # 1, is

clist(D) = k f e s(x; a, +1, ¢, 8)dx

(%Y

= kf e s(x;a, +1, ¢, 6)dx

(%)

kexp (—(/1 — 1) — (A — it)*c” sec (%)) .
Since for any CF, cf(0) = 1, we must have

k

na
exp (/16 + A%c" sec (7)) so that

logcfin(f) = idt+c"sec (?) (A7 = (A= if)?).

Similarly, an exponentially tilted negatively skewed stable density with parameters

@,c, 0, and A > 0 is expressed as follows:?*

ts_(x;a,c,0,A4) keVs(x;a, —1,c,0),

k

exp (—/16 + A%c" sec (%)) , and

logcf (f) = i6t+c®sec (%) A" = (A + if)?).

23Tilted stable distributions have already been used in the context of option pricing by Vinogaradov (2002),
and Createa and Howison (2003).

241t is not possible to tilt a stable distribution with 8 € (—1,1) in either direction, since then
f e s(a, B, ¢, 6)dx would be infinite for any value of A # 0.
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Figure 2.2 illustrates exponentially tilted positively skewed stable densities with differ-
ent tilting parameters 4 = 0, 0.5, and 1. As A increases, the upper tails get thinner. In
contrast, for the exponentially tilted negatively skewed stable densities, as A increases, the

lower tails get thinner.

2.4.2 Generalized Two-Factor Log-Stable RNM

The generalized two-factor log-stable option pricing formula is based on distributional
assumptions on the log marginal utilities of the asset v4(= log U,) and of the numeraire
vn(= log Uy). Let the two factors u; and u, be independent maximally negatively skewed
standard stable variates>, which affect both v, and vy with a scale matrix C and a location

vector D:

VA uj
= C +D
VN U
Cal Ca2 Ui 0 .
= + , u;j~ind.S(a,—-1,1,0), (2.14)
CN1 CN2 up 0

where V¢;; > 0,i =A,Nand j = 1, 2.26 By Property 1 (Convolution) of stable distributions,

both v4 and vy are also maximally negatively stable with different scale parameters c, and

2In order for the expectations in (15) to be finite, vy and v4 must both be maximally negatively skewed,
i.e., have B = —1. Therefore we have no choice but to make this assumption in order to evaluate log stable
options. Nevertheless, this restriction does not prevent log S 7 itself from having the general stable distribution
as in (2.16).

2The scale parameters c;; are not annualized. If annualized scale parameters are known, the scale param-
eters ¢;; can be calculated from the annualized one:

= l/a
cij = &V,

where ¢;; are the annualized scale parameters and T is the remaining time to maturity.
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cn, but the same exponent «:

Va Ca1lUy +CA2M2+(S~S(CZ,—1,CA,(S) and

VN ey + cnaur ~ S(a, —1, ¢y, 0),

where ¢4 = (¢, + ¢%,)"/* and ¢y = (¢}, + ¢%,)"/*. By Property 2 (Two-sided Laplace
transform) of stable distributions, the expected marginal utilities of numeraire and asset are

taken to be

EUy, = Ee* = ¢ 4(%)  and

EUy = Ee™ = e~vsee(%), (2.15)

Using the forward price equation (2.4), we have

F = EU, — ed+(c‘,{,—c§)sec(%)’

EUy
which is the finite mean of the generalized two-factor log-stable RNM distribution by the
mean-forward price equality condition (2.12).
Since v4 and vy are both stable with a same characteristic exponent @ , Property 1
implies that the FM for log S 7 also follows a stable distribution with the same exponent

a?’

2
IOgST = Vpg—Vy = Z(CAj_CNj)uj+6

=

i

2
* S (a/, sgn(cy; — caj)s lenj — cajl, 5j)
]:

i

S (@, B,¢,9), (2.16)

27Carr and Wu (2003) evaluate the option price under log-stable uncertainty, but only by making the very
restrictive assumption that log returns have maximally negative skewness, i.e § = —1, in order to give the
returns themselves finite moments. They incorporate maximum negative skewness directly into the stable
distribution describing the RNM of the underlying asset.
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where

2
B Zj:l sgn(cyj — cajlenj — cajl”
- ”

C(Y

2 1/a
c = [Z |CNj—CAj|a] )
=

(51 = 5, and52:0.

Finally, the RNM PDF (2.12) and model (2.14) imply that the RNM PDF for log S 7 is

1 00
q(z) = EUy [w e’Nh(vy, vy + 2)dvy
= 1 f €_ CNZ:QIII:EX; 2 uz_ﬂN(lllglAl @9 * S(uz; a’ - 1 ’ 1’ O)
EUy J_
S(Z; @, sgn(cyy — car)s lent — cail, 0 — (ena — CAz)Uz)du2~ (2.17)

The derivation of (2.17) may be found in Appendix A. The RNM PDF ¢(z) proves to be a

convolution of two exponentially tilted stable distributions:

CNJ'

) (2.18)

2
q(2) = * Ssgnieyj—cap |25 @ lenj — cajl, 6,
j=1 CNj — Caj

where #s(-) is the exponentially tilted stable density. Since the closed form expression of

stable distributions does not exist, the RNM PDF (2.18) can be described by its log CF:?8

logcf,(t) = idt+|cy1 —cail” sec (@)[ b ( UL S sgn(cyy — cAl)it) ]
2 CN1 — Cal CN1 — Cal
T lews = cal® sec(ﬂ)[ _m F ( — M| sen(ews —cAz)it) ](2.19)
2 Cno — Cad Cn2 — Ca2

The proof of (2.18) and the derivation of (2.19) are given in Appendix A.

The parameters of the two exponentially tilted stable distributions are determined by

ZUnless B = 0, the case @ = 1 require special treatment of both the CF and the location parameter.
Therefore, the RNM PDF equation may not apply in that special case. In practice, however, this does cause
problems because a = 1 is irrelevant for an asset return’s distribution.
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the relative magnitude of elements in the scale matrix C: The skewness parameter 3; is
determined by the sign of cy; — c4;; the scale parameter c¢; depends on the absolute value of
cnj — caj; and the tilting factor 4; is also affected by the relative magnitude of cy; and cy;.
The location parameter ¢ of the RNM can be solved from the mean-forward price equality

condition:

F = % — e&+(c}{,—c§)seo(%) — Soe(rf_d)T’ (2.20)

EUy
where S is the asset price at time 0, d is the dividend rate of asset, and S e 97 is the
implicit forward price. This condition always holds if there are no arbitrage opportunities.
Solving (2.20) for the location parameter ¢ of the RNM yields

5 = log(See )~ (e - cpsec( ).

Finally, the generalized two-factor log-stable RNM of log S 7 may be simply expressed as

a function of the five free parameters (@, cy1, Cy2, Ca1, Ca2):

q(z) = q(z;a,cni,cno,carscalSo, 1y, d, T),

where S is the asset price at time 0, 7 is the risk-free interest rate, d is the dividend rate
of asset, and 7 is the remaining time to maturity.

The generalized two-factor log-stable RNM has a very flexible parametric form with
five free parameters for approximating other probability distributions, so it provides a new
parametric method for estimating the RNM from a cross-section of option data. As shown
in (18), the generalized two-factor log-stable RNM ¢(z) has two additional tilting parame-
ters which control the shapes of upper and lower tail respectively. This model thus allows
a considerably accurate tool for estimating the RNM from the observed option prices even

if the log-stable assumption might not be satisfied.
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2.4.3 Special cases

The Black-Scholes log-normal Model (1973), the finite moment log-stable Model [Carr
and Wu (2003)] and the Orthogonal log-Stable Model [McCulloch (1978, 1985, 1987, and
2003) and Hales (1997)] may be considered as special cases of the generalized two-factor
log-stable model. In this section we describe these three models under the generalized

two-factor log-stable model framework.

a. Orthogonal Log-Stable Model

The orthogonal log-stable model of McCulloch (1978, 1985, 1987, 1996 and 2003) and

Hales (1997) assumes that v4 and vy are independent with

va ~ S(a,—1,c4,0)and

vy ~ ind.S(a,—1,cy,0).

The orthogonal assumption can be expressed as a diagonal scale matrix in terms of the
generalized two-factor framework:

VA ca O U )
= + , uj~ind. S(a,-1,1,0), j=1,2.

VN 0 CN u 0
By the convolution property of stable distributions, the FM PDF of the orthogonal log-
stable model, which is a convolution of max-positively stable density and max-negatively

skewed density, is also a stable distribution:

©(2) s(z1 s a,—1,c4,0)%8(20 : 0, 1,cp, 0)

s(z: a,B,c,0),

where 8 = CNC;QCA and ¢ = (¢, + ¢V,
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The generalized log-stable RNM equation (2.18) implies that the RNM of the orthog-

onal log-stable model is a convolution of the max-negatively skewed stable density and

|

exponentially tilted max-negatively skewed stable density:

CNj

q(z)

2
% 15| 2;5 @, sgn(en; — cap)s lenj — cajl, 6,
Jj=1 CNj — Caj

ts_(Z[;a’, Ca, 5’ 0)*ts+(z2; a,Cy, O’ 1)

S(Zl;a7 _17 Ca, 5)*ts+(Z2; a,Cn, 07 1)'

With the mean-forward price equality condition:

F = EU, = PHey—cDsec(F) _ S e 7

EUy

the location parameter of the RNM can be solved as:
6 =log(Soe" 7)) — Bc® sec (”7") .

Therefore, the orthogonal stable RNM of log S 7 is directly expressed as a function of the

three parameters («, 3, ¢) of the FM*:
q) = q(z;a,B,clSo, rs,d, T).

b. Finite Moment Log-Stable Model

The finite moment log-stable model of Carr and Wu (2003) assumes that the RNM is a
max-negatively skewed log-stable distribution, i.e., 5 = —1. When § = —1, the RNM and

FM have common density:

q(2) = ¢(2) = s(z;a, —1,c,log F + c” sec (7%))

. . % —c%
PThe free parameters (8, ¢) are equivalent to (ca, cy), since f = X4 and ¢ = (¢, + cj)” e,
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The finite moment assumption, 8 = —1, can be expressed as the following scale matrix
under the generalized two-factor framework:

V4 c O U 0
= + , uj~ind. S(a,-1,1,0), j=1,2.

VN 00 U 0
With the mean-forward price equality condition:

F = EU, — eé—c"sec(%) — Soe(rf—d)T’

EUy

the location parameter of the RNM can be solved as:
6 =1log(Soe" D7) + ¢ sec (%) )

Therefore, the finite moment log-stable RNM of log S 7 is simply expressed as a function

of the two free parameters (e, ¢):
q(2) = q(z; @, clSo, rp, d, T).

c¢. Black-Scholes Log-Normal Model

The Black-Scholes option pricing model (1973) assumes the log price follows a normal
distribution. When a = 2, a stable distribution results normal with mean ¢ and variance
0% = 2¢%. Therefore, the log-normal case can be considered as a special case of the general-
ized two-factor stable model. The log-normal assumption can be expressed as a generalized
form:

v c 0 u 0
Al _ | ca Py , uj~ind. S(ae=2,-1,1,0), j=1,2.

VN CN1 CN2 U 0
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We can pin down the location parameter from the mean-forward price equality condition:

0 = logF —(cy —c}y)sec (%)

2 2 2
Cyi —Ca1 T O ) 2

(en1 = ca1)* + szvz

log F — 1
= lo - —
er =3

Thus, the FM of log S 7 is

@(2) s(z;a =2,B,¢,0)

= ¢(z;6,0% = 2¢%)

_ ¢(Z.10gF_1( A=A+ )02 02)
2 \(ew _CA])2+612\/2

The RNM of log S 7 is

CN1

q(2)

ISsgn(cyi—car) (Zl; 2,lent = cail, 6, ) *15, (22;2,¢n32,0, 1)

CN1 — CAl

2
¢(z;logF - %,Uz),

where F = e"7~DT 5, and ¢(-) is the PDF of normal distributions.*® Accordingly, the Black-

Scholes log-normal RNM can be expressed as a function of only one free parameter o

Q(Z) = Q(Z’ 0-|S0’ r, da T)

3In the log-normal case, the RNM and FM therefore both have the same Gaussian shape in terms of log
price, with the same variance. They differ only in location, by the observable risk premium

2 _ 2,2 P
(1_ Chvi ~ a1 T v )0'_

22
(ent —ca)? + ¢35, ) 2

that is determined by the scale matrix, i.e., by the relative standard deviation of log Uy and log U4. This
comes about because a exponentially tilted normal distribution is just another normal back again, with same
variance but different mean.
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2.5 RNM Estimation from Option Market Prices

In this section, we estimate the conditional RNM from a cross-section of S&P 500
index option prices using the BS lognormal model, the finite moment log-stable model, the
orthogonal stable model, and the generalized two-factor stable model under the modified
least square criterion. We also conduct a simple likelihood ratio test for the model selection

among the competing nested models.

2.5.1 OTM Option value functions
Let C(K) be the value, in units of numeraire to be delivered at time 0, of a European call
option which gives right to the holder to purchase 1 unit of the asset in question at time 7" at
strike price K. By the definition of the RNM, its value must be the discounted expectation
of its payoff under either r(x) or g(z):
C(K) = e f max(x — K, 0)r(x)dx
0
et f max(e* — K, 0)q(z)dz. (2.21)
Similarly, let P(K) be the value of a European put option which allows the owner to sell
one unit of the asset at time 7 at strike price K so that
P(K) = e/ f max(K — x, 0)r(x)dx
0

= 7T f max(K — e, 0)q(z)dz. (2.22)
Define the out-of-the-money (OTM) option value function by

P(K;0) forK < F
V(K;0) = , (2.23)
C(K;0) forK > F
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where 0 is the vector of the RNM parameters. Using the put-call parity?!, we can rewrite

(2.23) as:
V(K;0) = min(C(K;0), P(K;0)). (2.24)

The OTM option value function V(K) is continuous at F', and is also monotonic and convex
on either side of F' under the arbitrage-free condition. Figure 2.3 illustrates option value
functions using S&P 500 index options on Sep 13, 2006 (F=1,325.7). The left panel shows
the call option value function C(K) and the put option value function P(K). The right panel
shows the OTM option value function V(K) = min(C(K), P(K)).

Since there are no known closed form expressions for general stable densities, the op-
tion value function V(K) may be evaluated through the characteristic function (CF) or
Fourier transform (FT). With no loss of generality, we may measure the asset in units such
that F = 1. Modifying Carr and Madan (1999),?? the Fourier Transform of v(z) = V() is

then

ity [ﬁr@u—o—l

— ],tiQ (2.25)

where cf, is the CF of the RNM pdf g(z). When ¢ = 0, this formula takes the value 0/0,

but the limit may be evaluated by means of I’Hopital’s rule. In the case of the generalized

31In the absence of arbitrage opportunities, the following relationship holds for European option:
CK)+e""K = P(K)+e TSy,

so that C(K) = P(K) at K = F. The put-call parity implies that C(K), P(K), and V(K) are equivalent, so we
use V(K) instead of C(K) and P(K).

32Carr and Madan in fact base their (14) on a function which equals P(K) when K is less than the spot
price S and C(K) otherwise. This unnecessarily creates a small discontinuity which can only aggravate the
Fourier inversion. The present function V(K) avoids this problem, with the consequence that (2.25) is in fact
somewhat simpler than their (14).
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two-factor generalized log-stable model, this becomes

e—rT ch/(_l)

l

2 2
—r a a na a a
e T[(_Z(CN]' _CAJ')SeC(T))_FaZ Sgn(CNj_CAj)lch_CAjl SCC(T) .

J=1 J=1

Unfortunately, however, the function v(z) has a cusp at z = 0 corresponding to that in

¢,(0)

CNJ'

a-1
- sgn(ch - CAj)) ] .

CNj - CAJ'

V(K) at K = F, so that numerical inversion of (2.25) by means of the discrete inverse FFT
results in pronounced spurious oscillations in the vicinity of the cusp. The problem is that
the ultra-high frequencies required to fit the cusp and its vicinity are omitted from the dis-
crete Fourier inversion, which only integrates over a finite range of integration instead of the
entire real line. Increasing the range of integration progressively reduces these oscillations,
but never entirely eliminates them. However, the fact that increasing the range of integra-
tion does give improved results allows the FFT inversion results to be “Romberged” to give
satisfactory results, as follows: Start with a large number of points N = N;, with a log-price
step Az = ¢ 2r/N (or a round number in that vicinity if desired), and a frequency-domain
step At = 2n/(NAz). Then quadruple N to N, = 4Ny, and then again to N3 = 16N, halving
both step sizes each time, so as to double the range of integration each time, while obtain-
ing values for the original z grid. Each of the original N, z values now has 3 approximate
function values v;, v, and v; that are converging on the true value at an approximately
geometric rate as the grid fineness and range of integration are successively doubled. The
true value may then be approximated to a high degree of precision at each of these points

simply by extrapolating the geometric series implied by the three values to infinity:

Voo = V3 + (v3 — ),

P
l-p
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where p = (v3 —v;)/(v2 — vq). The residual error may then be conservatively estimated by
computing vy using Ny = N, /4, repeating the above procedure using vy, vi, and v,, and
assuming that the absolute discrepancy between the two results is an upper bound on the
error. It was found that for @ > 1.3, N; = 2!° usually gives a maximum estimated error
less than .0001 relative to F = 1, though occasionally N; = 2'* is necessary.> Put-call
parity may then be used to recover C(K) and/or P(K), as desired, from V(K) = v(log K).
The above procedure gives the value of v(z) at N; closely spaced values of z, and therefore
V(K) at N; closely spaced values of K. Unfortunately, however, these will ordinarily not
precisely include the desired exercise prices, and because of the convexity of V(K) on each
side of the cusp, linear interpolation may give an interpolation error in excess of the Fourier

inversion computational error. Nevertheless, cubic interpolation on C(K) and/or P(K) using

two points on each side of each desired exercise price gives very satisfactory results.

2.5.2 Modified Least Square Criterion

By using the OTM option value function (2.23), option pricing models can be expressed

as a non-linear regression with the parameters of the RNM:

% V(K,';6|S(),I"f,d,T)+Ei, i=1,....N

Vi(0) + €, (2.26)

where 0 is the vector of the RNM parameters, V; is an observed OTM option price, V;(0) is
the theoretical OTM option price, and ¢ is the pricing error of the OTM option with strike
price K;. Consequently, we may apply non-linear regression techniques to the model (2.26)

in order to estimate the parameters 0 of the RNM.

3For the financially less relevant values of @ < 1.3, the infinite first derivative of the imaginary part of
(2.25) at the origin causes additional computational problems. These problems become even worse for a < 1,
when the imaginary part becomes discontinuous at the origin.
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If we observe transaction prices for all options across strike prices at the same time,

the Non-linear Least Squares (NLS) criterion would be proper for estimating the RNM

parameters:
N
. _ . 2
min L(SSE) = 21 (V; = Vi(0))
= €€,
where € = [€, € --- ey]" is the vector of pricing errors.*

Unfortunately the transaction prices are recorded with substantial measurement errors
due to non-synchronous trading so that we instead use bid and ask quote prices. The bid-ask
average prices have been used as an alternative of the transaction prices in many studies.
The NLS criterion, however, does not fully exploit the additional information coming from
the individual bid and ask quote prices because it only utilizes the bid-ask average OTM
option prices. In our study we therefore use a modified least squares (MLS) criterion under
which the loss value (Modified SSE, MSSE) increases only when the theoretical prices fall
outside of the bid-ask price range. However, since multiple solutions are possible under the

MLS criterion, we add an arbitrary small ordinary least square term to guarantee a unique

solution:
N
min LOMSSE) = » [(Vi- Vi®) +(vi®) - V) + (7 - vi®) |

i=1

where V? is the OTM option bid price, V# is the OTM option ask price, V; = (V5 + V4)/2
is the OTM option bid-ask average price at strike price K;, X, = max(0, X), and A is a small

constant®. Figure 2.4 illustrates the loss functions based on the two criteria. The left panel

3*We cannot use the weighted least square criterion because the variance structure of pricing errors is not
known. To construct variance structure of pricing errors, it is necessary to consider different source of pricing
errors: non-synchronous trading, price discreteness, and the bid-ask bounce. Unfortunately, there is no simple
or generally accepted manner for modeling all of these effects.

35In our study, we set A = 0.01.
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shows the NLS loss function, and the right panel presents the MLS loss function.

2.5.3 Empirical results of the RNM estimation

a. Data

We have estimated the parametric risk-neutral density using the cross-section data on
the S&P 500 index options traded at the Chicago Board of Options Exchange (CBOE). The
transaction prices are recorded with substantial measurement errors due to non-synchronous
trading so that we use daily closing bid and ask price quotes. We have obtained 100 sets of
cross-section data on the S&P 500 index options which are transacted with 2 months to ma-
turity in 2006. We have filtered the data using the arbitrage violation conditions since the
existence of arbitrage possibilities can lead to negative risk-neutral probabilities. By check-
ing the monotonicity and convexity of the option pricing functions, we may eliminate op-
tion prices which violate the arbitrage-free condition. After eliminating the violating data,
we have 8,468 option price quotes.

Since risk-free interest rates for a time of maturity exactly matching the options’ time
to maturity generally can not be observed, we compute implicit risk-free interest rates from
the European put-call parity as suggested by Jackwerth and Rubinstein (1996). The esti-
mation of the RNM is conducted by using the four models separately for each cross section

data set.

b. Goodness-of-fit

In this section, we compare the goodness-of-fit of the RNM estimations of the four
option pricing models: the BS log-normal option pricing model (BS), the finite moment
log-stable option pricing model (FS), the orthogonal log-stable option pricing model (OS),
and the generalized two-factor log-stable option model (GS). If option prices are exact

and continuous, and if the pricing model holds exactly for every single option, the RNM
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parameters can be recovered with zero pricing errors between the estimated and observed
prices. However, model and market imperfections introduce pricing errors. In order to
compare these pricing errors, we first estimate the RNM by applying the four option pricing
models to S&P 500 index (European) options under the modified least square criterion
(MLS). Then, the four models are compared by examining the pricing errors associated
with each model in terms of the Modified Root Mean Squared Error (MRMSE), which

represents the average pricing error:

[ 1
MRMSE = ——MSSE,
N -k

where MS S E is the modified sum of squared errors, N is the number of strike prices, i.e.,
the number of observations, and & is the number of free parameters of the RNM.

The estimated RNM density functions for the four models are illustrated in Figure 2.5,
and the estimated average RNM parameters are reported in Table 2.1. Also, given the
RNM density from the each model, Equation (2.21) and (2.22) give predicted values for
the option prices. These model predictions and the actual bid-ask prices are plotted in the
upper panels in Figure 2.6 for an illustrative date. We calculate the volatility smiles from
the predicted prices and the actual bid-ask prices, and they are plotted in the lower panels in
Figure 2.6. Since the Black-Scholes option price is monotonically increasing in volatility,
deviations of estimated volatilities from actual implied volatilities are also related with
pricing errors of the option pricing model. Options with actual implied volatility above
(below) the estimated volatility are underpriced (overpriced) by the option pricing model.*®

The fitting performances of the four models are reported in Table 2.2 in terms of the
Modified Root Mean Squared Error (MRMSE). Table 2.2 shows that the GS model outper-

forms the BS, FS and OS model with respect to the goodness-of-fit for all data sets. Note

3This is based on the assumption that there is no mispricing in the observed option prices. If the model is
correctly specified and the observed option prices are mispriced, options with actual implied volatility above
(below) the estimated volatility are overpriced (underpriced).
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that the fitting performance of the FS and OS models are identical. This implies that there is
no additional improvement from introducing an additional parameter cy of the OS model
relative to the FS model. That is to say, the S&P 500 returns have maximally negative
skewness.

The BS model overprices options around the ATM price, while it underprices options
with relatively large or small exercise prices. The FS and OS models perform relatively
better around the ATM price, but exhibits pricing bias in both the upper and lower tails. On
the other hand, the GS model shows almost perfect goodness-of-fit for all exercise prices.
The first terms of the MSSE are almost zero for the GS model. This result indicates that
the theoretical option prices based on the estimated RNM could fall into the bid-ask option

price range across almost all strike prices.

c. Likelihood Ratio Test

Using the Kullback-Leibler Information Criterion (KLIC), Vuong (1989) proposed sim-
ple likelihood-ratio tests for the model selection among the competing models, which are
non-nested or nested. We assume that the pricing errors are i.i.d. normally distributed
with variance o2. Under such assumptions, minimizing the sum of squared pricing error
is equivalent to maximizing the log likelihood function. Thus, the NLS estimates can be
regarded as maximum likelihood estimates.’’

Consider two competing models F and G whose log density functions are given by,

respectively:

1 e:.
lo 20) = ——log(2nc2) - = and
g f(eoi: 0) 5 log (2707}) 207
1 ’
logg(e,sy) = -3 log (27r0'§) - ZTY-Z’

8

3Under the MLS criterion it is not possible to compute the LR statistics so that we use NLS criterion for
the model selection test.
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where eq; and e,; denote the pricing error on the ith option under the model F and G,
respectively, and @ and vy are the parameter vectors of F and G, respectively. Since the
maximum likelihood estimate for o is simply the mean squared pricing error: mse =

e"e/N, the log likelihood functions are given by, respectively:

N
. _ N eeTeg
Ly(e;0) = ;llog fleos: 0) = 1+10g(27r)+10g( S )] and
N T
N e, e
L,(e;y) = Z log g(eyi;y) = ) 1+10g(27r)+10g( YNY)]’

I
—_

where e and e, are the pricing error vectors for each model. Furthermore, the likelihood

ratio between the two models (F and G) is given by:

Li(80;0) — L&)

N égé é;é{
—— 1 |

> e [5) - ree [(

N é'é
3]

2 e;eY

If the model G is nested in the model F, any conditional density g(-;7y) is also a con-

LR(8.9)

ditional density f(-;0) for some 0 in ®. Based on the KLIC, we consider the following

hypotheses and definitions:®

i; 0 .
Hy : E [log J(e )] =0 : F and G are equivalent
gleyis )
Hy, : E [l AGE 0)] > 0 : Fis better than G.
gleyizy)

38Since G can never be better than F, H, does not include the case such that G is better than F.
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If G is nested in F and F is correctly specified, then

under Hy, : 2LR(0, ) 2, )(,2,_,1,

under H, : 2LR(@, ) 25 +00,

where p and ¢ are the number of parameters in models F and G, respectively.

The three stable type models (BS, FS, and OS) are nested in the GS model; the BS and
FS model are nested in the OS model; and the BS model is nested in the FS model. The LR
test statistics and the corresponding P-values between nested models are reported in Table
2.3. The test results indicate that the GS model is significantly better the BS, FS, and OS
models and the OS and FS model are significantly better the BS model. However, the OS
model and FS model are equivalent even though the OS model has an additional parameter

relative to the FS model.

2.6 Concluding Remarks

The generalized two-factor log-stable option pricing model is a highly integrated ap-
proach to evaluating contingent claims in the sense that it provides state prices, pricing
kernels, and the risk neutral measure explicitly. The RNM can be simply derived by adjust-
ing the FM for the state-contingent value of the numeraire. Under generalized two-factor
log-stable uncertainty the RNM is expressed as a convolution of two exponentially tilted
stable distributions, while the FM itself is a pure stable distribution. Furthermore, the gen-
eralized two-factor log-stable RNM has a very flexible parametric form for approximating
other probability distributions. Thus, this model also provides a considerably accurate tool
for estimating the RNM from the observed option prices even though the two-factor log-

stable assumption might not be satisfied.
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The empirical results of the RNM estimation from the S&P 500 index options shows
that the generalized two-factor log-stable model gives better performance than the Black-
Scholes log-normal model, the finite moment log-stable model and the orthogonal log-
stable model in fitting the observed option prices. Moreover, the distributional assumption
for the generalized stable model is consistent with the implied volatility structure, which
violates the lognormal assumption of the Black-Scholes model.

The Black-Scholes log-normal model, the finite moment log-stable model, and the or-
thogonal log-stable model are nested by the generalized two-factor log-stable model. In
order to verify the empirical performance of the generalized two-factor log-stable model, it
1s necessary to compare it with other parametric models which are not nested by it. Also,
we need to examine the stability or robustness of the RNM parameter through the Monte
Carlo experiment or the Bootstrap technique. Chapter 3 investigates these issues to verify

the empirical performance of the generalized two-factor log-stable option pricing model.*

3See Chapter 3.
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Figure 2.1: Illustrations of Stable Distributions with Different Parameter Values
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Figure 2.2: Exponentially Tilted Positively Skewed Stable Densities with Different Tilting
Factor Values
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Put & Call Option Price function
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Figure 2.3: Option Value Functions for S&P 500 Index Options on Sep 13, 2006
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Figure 2.5: Estimated RNM Densities for S&P 500 Index Options on Sep. 13, 2006

43



BS Model FS & OS Model GS Model
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Figure 2.6: Fitted Option Prices and Volatility Smiles for S&P 500 Index Options on Sep.
13, 2006
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BS FS 0s¢ GS?

o a Cc a CN Ca a CN1 CN2 CaAl CaA2

0.12 1.74 0.08 1.74 0 0.08 1.34 041 0.63 040 0.75

a Implied FM parameters of the OS model: @ = 1.74, 8 = —1, and ¢ = 0.08.
b Implied FM parameters of the GS model: @ = 1.34, 8 = —0.96, and ¢ = 0.12.
Note: The entries report the sample average of the estimated parameters. The sample contains

100 sets of cross-section data on S&P 500 index options with 2 months to maturity, which are
traded in 2006.

Table 2.1: Estimated RNM Parameters for S&P 500 Index Options

BS FS OS GS
MRMSE 150.848 3.480 3.480 0.013
(1st term) 148.716 3.334 3.334 0.004
(2nd term) 2.132 0.146 0.146 0.009

2 2
Note: The 1st term of MSSE is Y.V, [(Vﬁ - V,~(9))+ + (Vi) - v;‘)+ ]

_ 2
and the 2nd term is the ordinary least square term Zﬁ A (Vi - Vi(ﬁ)) .
The entries report the sample average of the test statistics and the corre-
sponding P-values. The sample contains 100 sets of cross-section data
on S&P 500 index options with 2 months to maturity, which are traded

in 2006.

Table 2.2: Goodness-of-fit of the Option Pricing Models

Model G
BS FS OS
2LR  P-value 2LR  P-value 2LR  P-value
FS 121.7  0.000 - -
Model F  OS 121.7  0.000 0.0 1.000 — -
GS 266.3  0.000 144.5 0.000 144.5 0.000

Note: The test statistic is asymptotically chi-square distributed with p — g degree of freedom.
The entries report the sample average of the test statistics and the corresponding P-values.
The sample contains 100 sets of cross-section data on S&P 500 index options with 2 months
to maturity, which are traded in 2006.

Table 2.3: Likelihood Ratio Tests for Nested Models
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CHAPTER 3

PARAMETRIC RISK-NEUTRAL MEASURE ESTIMATION
METHODS: A HORSE RACE

3.1 Introduction

A European option is a contingent claim whose value is dependent upon the investor’s
risk preference and the statistical probability measure, the so-called frequency (probabil-
ity) measure (FM), which governs the empirically observable distribution of the underly-
ing asset prices at the maturity of the option contract. In a complete arbitrage-free market,
the valuation of European options is equivalent to computing the discounted value of ex-
pected payoft under the risk-adjusted probability measure, the so-called risk-neutral mea-
sure (RNM), regardless of the investor’s risk preference. This risk-neutral pricing frame-
work implies that the probability measure used to price assets is adjusted so as to make the
expected return on a risky asset equal to the risk free interest rate.'

The RNM has been used for numerous applications. First, standard or complex deriva-
tive assets, with the same time-to-maturity, can be priced easily under RNMs [Longstaff
(1995) and Rosenberg (1998)]. Second, classical risk management tools, such as Value-
at-Risk (VaR), can be computed using RNMs [Ait-Sahalia and Lo (2000)]. Third, RNMs
can be used to assess the market sentiments about political and economic events [Campa

and Chang (1996), Melick and Thomas (1997), and Soderlind (2000)]. Fourth, RNMs can

"However, it does not mean that agents are assumed to be risk neutral. We are not assuming that investors
are actually risk-neutral and that risky assets are actually expected to earn the risk-free rate of return.
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also be used to estimate the implied risk aversion function from the joint observation of the
risk-neutral and the historical densities [Ait-Sahalia and Lo (2000), Jackwerth (2000), and
Rosenberg and Engle (2002)]. Finally, parameters of the underlying stochastic process can
be estimated using the RNM [Bates (1996)].

Recently, various methodologies have been developed to derive the risk-neutral distri-
bution of the future underlying asset price from the observed option prices. Generally, all
methods can be divided into parametric and nonparametric ones. The parametric methods
make particular assumptions on the form or family of the RNM and then typically use a
non-linear regression technique to estimate the parameters of the RNM which minimize
sum of squared pricing errors. On the other hand, the nonparametric methods make no
strong assumptions about the RNM since they are flexible data-driven methods. However,
the nonparametric approaches are so data-intensive that they usually lead to over-fitting
problems and are not effective in small samples. For surveys of existing methods, see May-
hew (1995), Jackwerth (1999), Bliss and Panigirtzoglou (2002), Markose and Alentorn
(2005) among others.

The celebrated Black-Scholes model (1973) evaluate the price of a European option on
the basis of the parametric assumption that the underlying asset price process is the geo-
metric Brownian motion, resulting in the terminal lognormal density as a FM. Girsanov’s
theorem? states that the RNM corresponding to the geometric Brownian motion is also log-
normal. However, it is common knowledge that the implied RNMs are not lognormal, as
exhibited by the so-called “volatility smirk™. The volatility smirk suggests that the underly-

ing asset prices on maturity should follow a left-skewed and leptokurtic distribution rather

The Girsanov’s theorem implies that the Black-Scholes model has the unique RNM, which is specified

by:
4 —
d—Q = S(f ! /JdW) .
dP 0 ag

where Q is the RNM, P is the FM, &(X) is the stochastic exponential of X with respect to W, W is the
Brownian motion under the FM.
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than a lognormal distribution.
Parametric estimations of the RNM with non-lognormality assumptions have been at-
tempted to accommodate skewness and excess kurtosis by many researchers. Parametric

RNM estimation methods can be classified into four categories:

e specific distributions—the lognormal distribution [Black and Scholes (1973)], the
Weibull distribution [Savickas (2002)], and the max-negatively skewed stable distri-

bution [Carr and Wu (2003)];

e mixture distributions—the mixture log-normals [Ritchey (1990), Melick and Thomas

(1997), Bahra (1997)] and the mixture of log-stables [Lee (2007)];

e generalized distributions—the generalized gamma distribution [Tunaru and Albota
(2005)], the generalized beta distribution [Rebonato (1999)], the orthogonal log-
stable distribution [McCulloch (1985, 1987, 1996, 2003)], the generalized two-factor
log-stable distribution [McCulloch and Lee (2008)]; and

e jump diffusion risk-neutral processes— the variance-gamma process [Madan and
Milne (1991) and Madan, Carr, and Chang (1998)], the poisson jump diffusion pro-
cess [Merton (1976), Naik and Lee (1990), and Bates (1991)], and the jump diffusion
process with stochastic volatilities [Bates (1996), Bakshi, Cao, and Chen (1997), and
Scott (1997)].

The value of a European option can be easily priced using a parametric option pricing
model if a closed form RNM distribution function exists and is known, but in many cases
a closed form RNM distributions are messy or unknown. However, even though a closed
form of a distribution function is unknown, once an analytical form for the characteristic
function exists, a European option can then be priced by efficient numerical procedures
such as the “Romberged” Inverse Fast Fourier Transform (IFFT) method developed by

Carr and Madan (1999) and McCulloch (2003).
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In this chapter, we investigate the empirical performance of 12 parametric RNM esti-
mation methods reviewed above using observed prices of cross section of S&P500 Index
options traded at Chicago Board Option Exchange (CBOE). First, the goodness-of-fits are
examined by means of the root mean squared errors (RMSE). Second, we perform like-
lihood ratio (LR) tests for nested and non-nested model selection. Finally, we conduct
Monte-Carlo experiments to compare the accuracy and stability of the parametric RNM es-
timation methods by focusing the root mean integrated squared errors (RMISE) criterion.

The empirical results from the RMSEs and the LR tests show that the generalized two-
factor log-stable model and the jump diffusion model with stochastic volatilities dominate
other models. However, the jump diffusion model with stochastic volatilities has so many
free parameters that it is vulnerable to over-fitting problems, which create spurious oscilla-
tions due to sampling noises. The over-fitting problems may be detected by Monte-Carlo
experiments. Our Monte-Carlo experiments reveal that the jump diffusion with stochastic
volatilities suffers from serious over-fitting problems and also show that the generalized
two-factor log-stable model outperforms the alternatives.

The rest of the chapter is organized as follows. Section 3.2 discusses the option pricing
approaches with the RNM. Section 3.3 presents 12 alternative parametric option pricing
models for estimating the RNM. Section 3.4 describes the RNM estimation techniques un-
der the non-linear regression framework. In Section 3.5, we conduct model selection tests
and Monte-Carlo experiments to compare the performance of the alternative parametric

models using S&P 500 index options. Section 3.6 concludes.

3.2 Option Pricing with the RNM

3.2.1 Closed Form Distribution Approach

By ruling out arbitrage possibilities, Cox and Ross (1976) showed that options can be

priced as if investors were risk neutral, regardless of investors’ risk preferences. Consider
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a general European call option whose terminal payoft is max(0, S+ — K), where S is the
underlying asset price at maturity, 7" is the time to maturity, and K is the strike price. In a
complete arbitrage-free market, the price of a European call option C(K) can then be com-

puted as the discounted value of the option’s expected payoff under the RNM. Formally,

C(K) = e"TE?[max(0,Ss — K)]

= 7 f oo(x—K)r(x)dx, (3.1)
K

where 7 is the risk free rate, E ¢ is the conditional expectation on time 0 information under
the RNM, and r(x) is the risk-neutral density of the underlying asset price at maturity.

In the arbitrage-free market, the expected price at maturity under the RNM should equal
the forward price of the underlying asset with the same time to maturity, i.e. the RNM must

satisfy the so-called mean-forward price equality condition:
E°%x) = f xr(x)dx = Soe” 7, (3.2)
0

where S is the underlying asset price at time 0, d is the annual dividend rate of the under-
lying asset, and S ge"/~)7 is the implicit forward price.
Imposing a no-arbitrage condition (3.2) on (3.1), the call option price may be decom-

posed into two parts:

CK) = &7 f xr(x)dx — Ke ™™ f r(x) dx
K K

= Soe T, — Ke /1, (3.3)
where
K
fo xr(x)dx
I, = 1-= and 3.4)
fo xr(x)dx
K
1, = 1—f r(x)dx. 3.5
0
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In a similar manner the price of a European put option P(K) can be decomposed as:

K
P(K) = e T f (K — x)r(x) dx
0

K K
s f xr(x)dx + Ke T f r(x)dx
0 0

—Soe [l = ;] + Ke T[1 = I,].

The option price may be also evaluated in terms of the RNM for the log of price, whose

density is:

q(z) = er(e),

where z = log S 7. Accordingly, I1; and II, can be also expressed in terms of g(z) as:

k
q(2)d
n, = 1-% and (3.6)
Lmezq(z)dz
k
I, = 1—f q(z) dz, (3.7)
0

where k = log K.

The first term in (3.3) is the present value of expected the underlying asset upon optimal
exercise, and the second term is the present value of the expected strike-price payment.
Furthermore, ¢ “"TI; can be seen as a delta (A) of the option which measures sensitivity
to the underlying asset price, while II, can be interpreted as a risk-neutral probability of
finishing in-the-money, i.e., Pr(S; > K).?

If the closed form cumulative distribution function (CDF) of the RNM is known, the
option prices can be computed by simply evaluating I1; and II, under the distributional

assumptions for the RNM.

3The I; and I, can be interpreted as a cumulative funtions of the strike price K. As K — 0, I1; — 1, and
when K — oo, II; — 0. In a similar manner as K — 0, II, — 1, and when K — 00,11, — 0.

51



3.2.2 Characteristic Function Approach

If the CDF of the RNM is messy or unknown, it is computationally inefficient or impos-
sible to evaluate I1; and I1, directly from the CDF. However, even though the closed form
of the distribution function is unknown, once we have the closed form of the characteristic
function, there exist fast numerical procedures for evaluating I1; and II,.

The characteristic function(CF) or Fourier Transform (FT) of density of z = log S is

defined by:

E[e"™]

f e"“q(2)dz

The risk neutral probabilities, IT; and Il,, are numerically recovered by inverting the

cfq(ut)

characteristic function, which is known analytically:*

1 1 00 [ —iuk — 7

m, = —+—f Re| =Dl (3.8)
2 o iuc f,(—i)
1 1 00 [ —iuk

M, = —+—f Re qu(u)]du, (3.9)
2 mJy | iu

where k = log K.
The Fast Fourier Transform (FFT) algorithm allows us to invert the characteristic func-

tions with considerable computational speed advantages.’ Unfortunately, as Carr and Madan

4See Heston(1993), Bates(1996), Bakshi and chen(1997), and Scott(1997) for more details.

>The Fast Fourier Transform(FFT) is one of the most fundamental advances in scientific computing,
which allows to compute quickly the discrete Fourier transform (DFT) and its inverse. The FFT is an efficient
algorithm for computing the DFT:

N
X(ky = e RUDEDNG) fork=1,...,N,
=1

The FFT makes pricing methods that use FFT much faster than other methods by reducing the number of
multiplications from an order of N2 to an order of N log, N in the DFT. See Carr and Madan (1999) for more
detail.
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(1999) pointed out, the FFT cannot be used to evaluate the two probabilities II; and II, in
(3.8) and (3.9), since the integrand is singular at u = 0. To take advantage of the com-
putational power of the FFT, Carr and Madan (1999) developed a new technique, which
is designed to use the FFT in the inversion of the FT of the out-of-the-money (OTM) op-
tion prices. However, OTM option price function creates a small discontinuity at the spot
price S which can only aggravate the Fourier inversion. To avoid this problem McCulloch

(2003) defines the OTM option price function V(K) based on the forward price F:

- P(K) forK < F
V(K) = Fvk) = (3.10)
C(K) forK>F

where k = log(K/F) and v(k) = V(K)/(S ¢e"7=9T).
With no loss of generality, we may measure the underlying asset in units such that

F = S0e"9T = 1. Let ¢,(u) denote the FT of v(k):°

f e"”i‘v(fc)dfc

o017 [cmu - 1]

iu—u?

by (1)

e—rj T qu l)

, u=0.

®When u = 0, ¢, (1) takes the value 0/0, but the limit may be evaluated by means of I’Hdpital’s rule:

d(cfg(u—1)—1)/du
d(iu — u?)/du ]

lirr(l)qﬁv(u) = T lim[

u—0
o ChD
—
If the RNM CF cf,(u) takes the form of e/®™ it is more useful to use the following expression:

dlogcfy(u)
. —_ du =1
limgy(u) = e T2 lu=i
u—0 1
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The prices of OTM options are obtained by inverting this Fourier transform:

V(K) = Fvk)

| Y S
S oe"t _d)TZ— f e "¢, (u)du.
T J-co

We evaluate the OTM option prices by means of the “Romberged” FFT algorithm’ devel-
oped by McCulloch (2003) to improve the accuracy of numerical inversion.
Finally, the put-call parity condition® allows the call and put option prices to be com-

puted across strike prices as:

C(K)

Iiger) (V(K) + Soe™" = Ke'") + Iig=p) V(K)  and

P(K) Lixer) V(K) + Igspy (V(K) —See T + Kefrfr)’

where [} is the indicator function.

3.3 Parametric Distributions for the RNM

3.3.1 Specific Distributions
a. Black Scholes Log-Normal (BS) Model

The classic Black-Scholes (1973) model assumes that the price of the underlying asset
follows a geometric Brownian motion (GBM) with a constant drift x and volatility o. The

Black-Scholes GBM assumption implies the risk neutral distribution for S 7 is lognormal:

logSr = z~ N(a,p), whereﬁ:aﬁ.

7Since increasing the range of integration results in a higher degree of precision, the "Romberged” FFT
gives more satisfactory results. For details on the Romberg-FFT see McCulloch (2003).

81n the absence of arbitrage opportunities, the following relationship holds for European option:

CK)+e"TK = PK)+eS,.
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The risk neutral density function for log S 7 is given by:

1 _(z—a)2
q(z) = e .

BV2r

By (3.6) and (3.7), the risk neutral probabilities I1; and I1, are:

o, - @(M) and
B
mn, - q)(—k+a),
B

where ®(+) is the cumulative distribution function for a standard normal variable.

Using the mean-forward price equality condition (3.2):
EQ(ST) — e(t+ﬁ2/2 — Soe(rf_d)T,
we have:
1,
a = logSy+ (I’f—d)—za' T,

so that the Black Scholes lognormal (BS) model has one free parameter—the volatility

parameter S:

q(z) = bs(z;p),

where bs(-) denotes the risk neutral density of the BS model.

b. Weibull (WB) Model

Savickas (2002) values a European option under the assumption that the risk neutral

distribution for the terminal underlying asset price S r is a Weibull distribution:

ST = X ~ Welbull(Ol,ﬁ)’
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where @ > 0 is the scale parameter, and S > 0 is the peakedness parameter of the dis-

tribuiton. The risk neutral density function for S 7 is given by:

(g) (i)ﬁ_l e (2Y, forallx>0
r(x) =
0, forallx<O.

By (3.4) and (3.5), the risk neutral probabilities I1; and I1, are:

1- 1(1 + l/ﬁ,(g)ﬁ) and

H2 = e_(g)ﬁ R

IT,

where

b
I'(a,b) = f u'e™du (Incomplete gamma function),
0

I'a) = f u'e™du (Gamma function), and
0
I'(a,b . )
I(a,b) l(f(la)) (Regularized Incomplete gamma function).

Using the mean-forward price equality condition (3.2):
E9S;) = of(1+1/8) = Sger 97,

we have:

Sy =T

ra+1/p)’

so that the Weibull (WB) model has one free parameter—the peakedness parameter 3:
r(x) = wb(x;p),

where wb(-) denotes the risk neutral density of the WB model.
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c. Finite Moment Log-Stable (FS) Model

Carr and Wu (2003) are able to price options under log-stable uncertainty, but only by

making the very restrictive assumption that log prices have maximally negative skewness:’

logS;y = z ~ S(a,—1,cTV,6),

where a € (0, 2] is the peakedness parameter, ¢ € (0, 00) is the scale parameter, and 6 €

(—00, 00) is the location parameter. The risk neutral density function for log S 7 is given by:

9 = s(za,-1,eT""5), (3.11)

where s(-) is the stable density function.'®

Under the risk neutral density (3.11), the characteristic function of log S 7 is given by:

cfs(u) = exp [iu (log So+ (rp—d)T + " sec (7%) T) — % sec (?) (iu)“T]

Using the mean-forward price equality condition (3.2):
E2S,) = & sec(B)T _ S e T
we have:
0 = logSo+(rp—d)T +c" sec(%)T,

so that the finite moment log-stable (FS) model has two free parameters—the peakedness

They assume the max-negative skewness in order to give the returns themselves finite moments. They
also incorporate max-negative skewness directly into the stable distribution describing the RNM of the un-
derlying asset without assumptions on the frequency measure (FM).

10Since there are no known closed form expressions for stable density, the most concrete way to describe
all possible stable distributions is through the characteristic function.
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parameter « and the scale parameters c:

qiz) = f[fs(za,0),

where fs(-) denotes the risk neutral density of the FS model.

3.3.2 Mixture Distributions
a. Mixture of Two Log-Normal (DN) Model

Ritchey (1990), Melick and Thomas (1997), and Bahra (1997) assume that the risk-

neutral distribution is a mixture of univariate log-normals:

N(ay,B1) withpr. w
logSr = z~
N(ay,,) withpr. 1 - w.

The resulting risk neutral density function for log S 7 is given by:

q(2) = wdza,p)+ (1 - wd(z; a,B)
1 _(2—011)2 _M
- W4 (l - )

wﬁl @e +( w)ﬁ2me

where 8; = o VT.
By (3.6) and (3.7), the risk neutral probabilities I1; and I1, are:

we+112; [1 L (—k_((;l:ﬁ%) )] + (1 — w)e™t1/2%8 [1 L (—k_([;;;ﬂ%))]
I, = ; . and
wea1+]/2,81 + (1 _ w)ea2+]/2ﬂz

—k +
I,

wa

)+(1—w)c1>(_k+“2),

1 2

where ®(+) is the cumulative distribution function for a standard normal variate.
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Using the mean-forward price equality condition (3.2):
EQ(S T) = weal_'—%ﬁ% + (1 j— w)602+%ﬁ22 — Soe(rf_d)T’
we have:
a = log ; (Soe(rf_d)T - we”*%ﬁ?) - lﬁ22
l-w fmer

so that the mixture of two lognormal (DN) model has four free parameters—the location

parameter a, the volatility parameters 8, and ,, and the weight parameter w:

q(z) = dn(z;ay,pB, B w),

where dn(-) denotes the risk neutral density of the DN model.

b. Mixture of Two Log-Stable (DS) Model

Similarly to the mixture of lognormals, we may construct the FM of log S, with a
weighted sum of two maximally skewed log-stables: one is a maximally negatively skewed
one and the other is a maximally positively skewed one. The RNM of the max-negatively
skewed log-stable distribution is the FM itself. On the other hand, the RNM of the max-
positively skewed log-stable distribution is an exponentially tilted positively skewed stable
distribution. Consequently, the resulting RNM is the weighted sum of the max-negatively
skewed log-stable distribution and the exponentially tilted positively skewed log-stable dis-

tribution:

S(CL’],—I,ClTl/al,(gl) withpr.w
logSry = z~
TS (a3, c;TV%,8,,1) withpr. 1 —w,
where S () is a stable distribution, and 7'S ,(-) is an exponentially tilted positively skewed

stable distribution, a;, @, € (0,2] are the peakedness parameters, c;,c, € (0, ) are the

scale parameters, and 0y, 0, € (—o0, ) are the location parameters.
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The risk neutral density function for log S r is given by:

q@) = wqi(2)+ (1 —w)qs(2)
= ws(z;ar, -1, o TV, 01) + (1 —w)ts,(z; an, TV 55, 1)

ws(z;ay,—1,¢,TV, 8))

+(1 = W) 2T () g2 570 iy, 1, €, TV, 65), (3.12)

where s(-) is a stable density function, and ¢s, () is an exponentially tilted positively skewed
stable density.

Under the risk neutral density (3.12), the characteristic function of log S 7 is given by:

cfq(u)

wcfg, (u) + (1 — w)cfy,(u)

= a)eiml_clal sec(“3H) @)™ T +(1- w)eiuéz+c 2 sec( 32 )(1-(1-iu)*2)T
Using the mean-forward price equality condition (3.2):
E°St) = (1-w)e™ " see("2)T 4 edi=ar" see(FF)T = S ge =T

we have:

1 a na |
0y = 10g [m (Soe(rf—d)T — wedr sec(z)):| — 0, sec (%) ,

so that the mixture of two-logstable (DS) model has six free parameters—the peakedness
parameters @; and a,, the scale parameters c¢; and c¢;, the location parameter §;, and the

weight parameter w:
q@) = ds(zay,a,01,02,61,0),

where ds(-) denotes the risk neutral density of the DS model.
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3.3.3 Generalized Distributions

a. Generalized Gamma (GG) Model

Tunaru and Albota (2005) propose the use of the generalized gamma distribution (GG)

for the risk neutral distribution of the terminal underlying asset price S 7:
Sr = x~GG(a,B, p),

where @ > 0 is the scale parameter, S is the peakedness parameter, and p > 0 is the index
parameter of the distribution. The generalized gamma distribution nests several distribu-
tions: when p = 1, the Weibull distribution results; when § = 1, the gamma distribution
results; when 8 = p = 1, the exponential distribution results; and when 8 — 0 we arrive at
the log-normal distribution.

The risk neutral density function for S 7 is given by:

1 (@)(z)ﬁ”“ e(3Y, forallx>0

I(p) Vo J\a
r(x) =

0, forall x<O.

By (3.4) and (3.5), the risk neutral probabilities, I1; and II,, are:

m = 1-I(p+1/8.(K/a})  and

M, = 1-1I(p,(K/aY)

where
b
I'(a,b) = f u'e™du (Incomplete gamma function),
0

I'a) = f ule™du (Gamma function), and
0

I'(a,b)

I(a,b) @)

(Regularized Incomplete gamma function).
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Using the mean-forward price equality condition (3.2):

I'(p +1/B)

EC(S
(S7) )

— S Oe(rf_d)T

we have:

I'(p) (rp=d)T
o+ 1p

so that the generalized gamma (GG) model has two free parameters—the peakedness pa-

rameter S and the index parameter p:

1(x) = gg(x:f5, p),
where gg(-) denotes the risk neutral density of the GG model.

b. Generalized Beta (GB) Model

Bookstaber and McDonald (1987) develop a new generalized distribution, called the
Generalized Beta Distribution of the Second Kind (GB2), which accommodates a fat-tail
property and permits skewness as well. Rebonato (1999) valued the call option based on
the assumption that the risk neutral distribution of the terminal underlying asset price S 7 is

a GB2 distribution:
St = x~GB2a,B,p,q),

where @ > 0 is the scale parameter, S is the peakedness parameter, and p > 0 and ¢ > 0O

control the shape and skewness. The GB model nests the GG model since the generalized

gamma is a limiting case of the GB2 distribution.'!

""When g — oo, the generalized gamma distribution results:

lim GB2(x;@ = aq'?,8,p.q) = GG(x;a.B,p)

g—o0
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The risk neutral density function for S 7 is given by:

IB‘ xﬁp— 1
PP B(p.g)[1+(x/a)p ]

forall x >0
r(x) =
0, forallx<O,

where

I~ w! .
B(p,q) = m = \fo mdu (Beta function)

1
u+1’

1
f wP i —w) ldw, w=
0

By (3.4) and (3.5), the risk neutral probabilities I1; and I1, are:

1 1 1
ISP R

th 1B T+ Ky

1
I, = I(P’q,m),

where
B b b . .
I(p,q.,2) Bp.q.2) (Regularized Incomplete Beta function) and,
B(p. q)
Z
B(p,q.2) = f wP'(1 =w)"'dw  (Incomplete Beta function).
0

Using the mean-forward price equality condition (3.2):

B p + 17 q— 1
B(p,q)
we have:
o B(p,q) So e(rf—d)T’

#o+ )

so that the GB model has three free parameters—the peakedness parameter (3, the shape
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and skewness parameters p and g:

r(x) = gb(x;B,p,q),

where gb(-) denotes the risk neutral density of the GB model.

c. Orthogonal Log-Stable Model (OS)

1'2 in the

McCulloch (2003) reformulates his orthogonal stable option pricing mode
RNM context. The orthogonal log-stable uncertainty assumption implies that the risk neu-
tral probability distribution of log S 7 is simply a convolution'® of max-negatively skewed

stable distribution and exponentially tiled positively skewed stable distribution:
logST = Z"VS(G,’,_I,CATI/Q,(S)*TS+(Q’,CNT1/&,O, 1)

where S () is a stable distribution, and 7'S ,(-) is an exponentially tilted positively skewed
stable distribution, @ € (0, 2] is the peakedness parameter, ca,cy € (0, 00) are the scale
parameters for the asset and numeraire, respectively, and ¢ is the location parameter.

The risk neutral density function for the log S 7 is given by:

q(2) s(zl;a,—l,cAT]/“,6)>kts+ (ZZ;a/,cNT”“,O,l) (3.13)

= Mt (zl; a,—1,c,T", 6) xe 2y (Zz; a,+1,ceyT", O) ,

12The option pricing model with stable distribution was first proposed by McCulloch (1978, 1987, 1996)
using a utility maximization setting under the assumption that the marginal utilities of numeraire and asset
follow a log-stable distribution with maximum negative skewness, respectively, and are also independently
distributed.

3The convolution of f and g is written f * g. If X and Y are two independent random variables with
probability distributions f and g, respectively, then the probability distribution of the sum z = X + Y is given
by the convolution:

(f+9k) = f f(Dg(z — v)dr.
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where s(-) is a stable density function, and #s, () is an exponentially tilted positively skewed
stable density.
Under the risk neutral density (3.13), the characteristic function of the log price z =

log S 7 is given by:

cfu) = exp [iu (log So+(ry — d)T = (e — c,%) sec (%) T)

e, sec (%) ()T + ¢, sec (?) (1= (1 = iu)) T] .
Using the mean-forward price equality condition (3.2):
EQ(ST) — e5+(cN0—cA")sec(%)T _ Soe(rf—d)T,
we have:

§ = logSo+ (rf — )T — (cn® — ¢4 sec(%) T,

so that the orthogonal log-stable (OS) model has three free parameters—the peakedness

parameter a and the scale parameters c4 and cy:

q(z) = os(z;a,ca,cy),

where 0s(-) denotes the risk neutral density of the OS model.'*

d. Generalized Two-Factor Log-Stable Model (GS)

McCulloch and Lee (2008) estimate the RNM using the generalized two-factor log-

stable option pricing model which allows the interdependency between the marginal utili-

14 Alternatively, the RNM of the OS model may be expressed using a different parameterization:

qz) = os(za,p,0),

where 8 = (¢}, — ¢$)/c® and ¢ = (¢§ + ¢V,
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tlS

ties of numeraire and asset.”> The generalized two-factor log-stable model also provides a

flexible RNM probability distribution function as a convolution of two exponentially tilted

)

where *3: ,TS is the convolution of the two tilted maximally skewed stable distributions,

stable distributions:

logSy = TS TV, 5, | — N
ogoyr = Z~* sen(cyj—ca;) (1/,|CNj—CAj| »0j,

CNj = Caj

a € (0,2] is the peakedness parameter, ¢;; > 0,i = A, N, j = 1,2, are the elements of the
scale matrix, and 0;, 0, are the elements of location vector with 6, = 0. The risk neutral

density function for log S 7 is given by:

CNj

), (3.14)

2 . 1
q(z) = *i_10Ssgn(enj—ca)) (Zj, a, |CNj - CAj|T /a, 0,
CNj — Caj

where £s(-) 1s an exponentially tilted positively skewed stable density if sgn(cy; — ca;) = 1
or an exponentailly tilted negatively skewed stable density if sgn(cy; — ca;) = —1.

Under the risk neutral density (3.14), the characteristic function of log S 7 is given by:
Z o
cfy(u) = exp {iu( logSo+ (rp—d)T - Z(CN(; —Ca7)sec (7) T)

N Z|CN, cal? sec( )[ a—(

Using the mean-forward price equality condition (3.2):

CNj CNj

- Sgl’l(CNj - CAj)ibt) ] T}

CNJ—CA] CNj_CAj

EQ(ST) = 651+(Z?=1(CN]"1’_CAJ-“’))SCC(%)T — Soe(rf_d)T,

we have:

@
0 = lOgS0+(rf_d)T_(Z(CN/ CAJ )SCC (T)T,

5The orthogonal assumption can be generalized by introducing two factors which are independent max-
negatively skewed standard stable variates and contribute to both the log marginal utilities of numeraire and
asset.
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so that the generalized two-factor log-stable (GS) model has five free parameters—the

peakedness parameter « and the scale parameters ¢;;, i = A,N, j = 1,2:

q(z) = gs(z;a,cal,Ca2,CNI, CN2)s

where gs(-) denotes the risk neutral density of the GS model.

3.3.4 Jump Diffusion Risk Neutral Processes
a. Variance-Gamma Model (VG)

Madan and Milne (1991), and Madan, Carr, and Chang (1998) assume that the log price
obeys the variance-gamma (VG) process, under which the log price follows a pure jump
Lévy process. The VG process is obtained by evaluating arithmetic Brownian motion with
drift 8 and volatility o at a random time given by a gamma process having a mean rate per

unit time of 1 and a variance rate of @. The resulting risk-neutral process for S 7 is:
St — Soe(rf—d)t+yt+X,(0',,B,a) t>0
where

X (o,B,v) = b(y(t;1,v);B8,0) (Variance Gamma Process),

b(t;,0)

Bt +oW(t) (Brownian Motion with drift), and

v(t; 1, @) (Gamma process with unit mean rate).

Accordingly, the risk neutral process of log S 7 is given by

logS7 =z = logSo+ (rp—d+pwT +X(T;0,B,a).
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Madan, Carr, and Chang (1998) provide a closed form risk neutral density for log S 7:'¢

oo 1 _(z-logso—(rf—dm)r—/sg)z gt/a—l e—g/a
q(zx) = f e 207 ———dg, (3.15)
0 Oo+27g a'I(t/a)

where g = y(t + h; u, @) — y(t; u, @). The additional two parameters « and S relative to the
geometric Brownian motion control over skewness and kurtosis respectively.
Under the risk neutral density (3.15), the characteristic function of the log price z =

log S 7 is given by:
1 -T/a
cfy(u) = ¢(logSo+(ry=d o) [1 - (i,Bu - Eazuz) ax]
Using the mean-forward price equality condition (3.2):

1 -T/a
E9(Sy) = Soelr T [1 _ (/3 + 50_2) a] = Ser T,
we have:
1 1
- i)
a 2
so that the variance-gamma (VG) model has three free parameters—the peakedness param-

eter a, the skewness parameter 3, and the scale parameter o

q2) = vgza.B,0),

where vg(-) denotes the risk neutral density of the VG model.

b. Poisson Jump Diffusion (JD) Model

Option pricing models with jumps have been developed by Merton (1976), Naik and

Lee (1990), and Bates (1991). The jump processes are Poisson jump processes in which the

1®Madan, Carr, and Chang (1998) derive the closed form solution, but it is slow because it requires compu-
tation of modified Bessel functions. Therefore, the characteristic function approach is computationally more
efficient for the VG model than the closed form distribution approach.
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occurrence of a jump is determined by a Poisson process, and if a jump occurs, the size of
the jump for the log of the underlying asset price is assumed to have a normal distribution.
The resulting risk-neutral process for S 7 is:

as,

< = (G = d) = As) dt + odW; + Jidg,, (3.16)
t

where W} is a standard Brownian motion; J, is the percentage jump size (conditional on no
jump occuring) with log(1 + J;) ~ N(log(1 + ;) — 1/20'3, 0'3); g; 1s a Poisson jump counter
with intensity 4, i.e., Pr[dq, = 1] = Adt, Pr[dg, = 0] = 1 — Adt. Skewness in the terminal
risk-neutral distribution is controlled by the mean jump yu,;, whereas the amount of kurtosis
is regulated by the magnitude (u; and 1) and variability (o ;) of the jump component.

Under the risk neutral process (3.16), the characteristic function of log S 7 is given by:

1
cfqu) = exp [iu (log So+ (rp—d)T — Au,T - 50'2)

_%MZO_ZT + /l (eiu(log(1+ﬂj)—1/20'3)_1/2”20'3 — 1) T:| .

The risk neutral procss (3.16) implies that the JD model has four free parameters—the
volatility parameter o, the mean jump parameter u,, the jump volatility parameter o, and

the jump intensity parameter A:

Q(Z) = Jd(Z, ag, /L /J]’ O-J)’

where jd(-) is the risk neutral density of the JD model.

c. Jump Diffusion Model with Stochastic Volatilities (JS)

Bates (1996), Scott (1997), Bakshi, Cao, and Chen (1997) develop closed form solu-
tions for a jump-diffusion model with stochastic volatilities by using the Fourier inversion
formula. Under the risk neutral measure, the price of the underlying asset S, follows a

geometric jump diffusion process with the instantaneous conditional variance V;, following
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a mean reverting square root process. The resulting risk-neutral process for S 7 is:

ds

S—’ = ((ry = d) = duydt + \V.dW* + J.dg, (3.17)
t

dV, = k(& - Vdt+ o, VAW, (3.18)

where V, is the diffusion component of return variance(conditional on no jump occurring);
W; and W, are a standard Brownian motion, respectively, with Cov,[dW;,dW}] = pdt; J,
is the percentage jump size (conditional on no jump occuring) with log(1 + J;) ~ N(log(1 +
uy) = 1/20%,0%); g, is a Poisson jump counter with intensity 4, i.e., Pr{dg, = 1] = Ad,
Pr[dg; = 0] = 1 - Adt; k, 9, and o, are respectively the speed of adjustment, long-run mean
and variation coefficient of the diffusion volatility V,. These parametric assumptions offer
a sufficiently versatile RNM structure that can accommodate most of the desired features.
For instance, skewness in the distribution is controlled by either the correlation p or the
mean jump u;, whereas the amount of kurtosis is regulated by either the volatility diffusion
parameter o, or the magnitude and variability of the jump component.

Under the risk neutral process (3.17) and (3.18), the characteristic function of the log

price z = log S 7 is given by:

cfw) = expliu(logSo+ (ry = d)T - 4, T)

+/1 [eiu(log(l+/U)—1/20'3)—1/2L120'3 _ 1] T _ C(M)V[ _ D(u)},

where
W = e
b = S fatog1- =)
n o= &P+
K = k—iuo,p
E = iu+u
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The jump diffusion model with stochastic volatilities (JS) has eight free parameters—the
mean jump /,, the jump variance o, the volatility diffusion parameter o, the correlation p,
intensity A, the speed of adjustment «, the long-run mean ¢}, and the instantaneous variance

V.17
q(Z) = ]S(Z’ /luu.l, gy, o-vapa K, ﬂa Vt)v
where js(-) denotes the risk neutral density of the JS model.

3.3.5 RNM Distribution Tree

In this section, we discuss interrelationships between the 12 alternative RNM models.

Some RNM models can be seen as a special case or limiting case of other models.

(1) The GS model nests the OS, FS, BS models:

85(2; a,cat,ca0 = 0,cn1 =0, CN2)
= os(z@.B = (¢ — 5 c" ¢ = (chy + c5)'):
os(z;a,ﬂ =-1,c, 6) = fs(z;a/, c); and

fs(z;a =2.c= \/02/2,6) = bs(z; 0')
(2) The GB model nests the GG, WB, BS models:'?

lim gb(x; a= aql/ﬂ,ﬂ,p, q) = gg(x; a, B, p);

g
C}i_)rfolo gg(x;a/ = (*B)"Pq7 P, B, p = (Bu + 1)/0'2,82) = bs( log x;,u,O'); and
B£—0

gg(x; a,B,p= l) = wb(x; a/,,B)

7The level of the instantaneous variance V, is a state variable. However, since V, is unobservable, we treat
V; as another free parameter in the RNM estimation.

18The scale parameter « can be fixed by mean-forward price equality condition.
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(3) The VG model nests the BS models:

;311_1:161) vg(z; a, 3, 0') = bs(z; 0')

(4) The DS model nests the DN, FS, BS models:

ds(z;a/l =2,ay =2,¢1 = |03/2,00 = J03/2, 0,61 = a + ¢ sec(nr /2) + 0'%/2)

= dn(z;0'1 = (20%)1/2, = (2c§)1/2,w, a)
ds(z;ozl,ozz,cl,cz,w =1,0, =logF + ¢ sec(noz/Z)) = fs(z;aq,cl)

dn(z;al,az,w =1l,a; =logF — 0'%/2) = bs(z; 0')
(5) The JS model nests the JD, BS models:

js(z;/l,,uj,o'J,ﬂ:O,Kzo,av:O,p:0,Vt:0'2) = jd(z;/l,/lj,O',,O');and

jd(z;/l:O,,uJ:O,O'J:O,U) = bs(z;a).

Figure 3.1 illustrates a visual summary of some limiting and special cases of the RNM
models and their interrelationships. Greater flexibility for fitting observed option prices
can be obtained as we introduce additional parameters and move up the RNM distribu-
tional tree. The computation involved in estimating additional parameters can generally be
accommodated by recent advances in computational capability and numerical procedures.
However, it is necessary to test whether the extra computations significantly improve the
fitting performance. The hypothesis that there are no additional improvements involving
nested distributions can be tested by using likelihood ratio (LR) tests based on asymptotic

chi-square distributions as in Vuong (1989).
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3.4 Estimation of the Parametric RNM

Since the OTM options are generally more liquid than the in-the-money (ITM) options,
we estimate the RNM parameter vector 0 from each cross-section of the OTM option prices
with the different strike prices K; and the same time to maturity 7. The theoretical OTM

option prices are defined as in (3.10):

{P(Kl-;ﬂ) forK<F, i=1,...,N

V(Ki;0) =
C(K;;0) forK > F,
where

C(K;0) = €77 f (x — K)r(x;0)dx, and
K;
K;

P(K;;0) = T f (K; — x)r(x; 0)dx,
0

and 0 is the RNM parameter vector.
The put price function P(K; @) is monotone increasing, the call price function C(K; 0)
is monotone decreasing, and P(F;0) = C(F;0) for any RNM by put-call parity, so that

OTM option prices can be defined alternatively as:

V(K;;0) = min [C(K;;0), P(K;,0)], i=1,...,N.

For each cross-section of options with the same time to maturity 7', parametric option pric-

ing models may be expressed as a non-linear regression with unknown RNM parameters:

Vi = V(K;0)+¢, i=1,...,N, (3.19)

where V; is the OTM option market price associated with the strike price K;, € is the pricing
error associated with the OTM option whose strike price is K;. Consequently, we can apply

non-linear regression techniques to the model (3.19) for estimating the vector of RNM pa-
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rameters 0. The RNM parameters may be estimated by using a nonlinear generalized least
squares (NL-GLS) methodology developed by Engle and Mustafa (1992) to take into ac-
count the heteroskedasticity of the OTM prices across strike prices. However, it is difficult
to estimate the structure of the heteroskedasticity with small cross-section sample data.
Therefore, the vector of RNM parameters has been estimated by the nonlinear ordinary
least squares (NL-OLS) in many researches—Bakshi, Cao, and Chen (1997), Bondarenko
(2003), Carr and Wu (2003), Tunaru and Albota (2005), and Bu and Hadri (2007):!°

N
1 — e— . 2
min L(SSE) = ;(Vl V(K;; 0))
= €€

where € is the vector of pricing errors.
Under the assumption that the pricing errors are i.i.d. normally distributed with variance
o2, the NL-OLS estimates are equivalent to maximum likelihood estimates (MLE):

max L(€;0)

0cO

N
D log f(&:0)
i=1

.
21 10g@n) + log(%)],

—L_¢=€/27") and the maximum likelihood estimate for o>
2ro

is the mean squared pricing error, mse = €' €/N.

where f is the normal density (=

9The NL-OLS criterion with the bid-ask average prices does not fully exploit the information contained
in the bid and ask price quotes because it can not utilize the bid-ask price range. McCulloch and Lee (2008)
modified the NL-OLS criterion by setting the loss function which increases only when the theoretical prices
fall outside of the bid-ask price range. Also this modified NL-OLS criterion contains an arbitrary small OLS
term to guarantee a unique solution:

min L= Z[ VE Vi) (Vi(®) - VA + AV, - V(@) .

0cO

where VI.B and VI.A are bid and ask OTM option price quotes respectively, 4 is an arbitrary small number, and
X, = max(0, X). However, in this paper we use the simple NL-OLS criterion since the modified NL-OLS
criterion can not be applied to the model specification tests such as a likelihood ratio test.
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3.5 Empirical Results

3.5.1 Data

We have estimated the parametric risk-neutral density using the cross-section data on
the S&P 500 index options traded at the Chicago Board of Options Exchange (CBOE). The
transaction prices are recorded with substantial measurement errors due to non-synchronous
trading so that we use daily closing bid and ask price quotes. We have obtained 100 sets
of cross-section data on the S&P 500 index options which are transacted with 2 months to
maturity in 2006. We have filtered the data using the arbitrage violation conditions since
the existence of arbitrage possibilities can lead to negative risk-neutral probabilities. By
checking the monotonicity and convexity of the option pricing functions, we may elimi-
nate option prices which violate the arbitrage-free condition. After eliminating the violated

data, we have 8,468 option price quotes.

3.5.2 Goodness of Fit

The goodness-of-fit of the parametric RNM estimation methods are compared by exam-
ining the pricing errors associated with each model on the basis of the Root Mean Squared

Errors (RMSE):
1 N 1/2
RMSE = (— Vi— V(K:: 0 2) .
N; (K 9))

To take the number of free parameters into account, we may also compare the adjusted

RMSE:
1 N ) 1/2
Adj. RMSE = (— V.- V(K:: 0 ) .
i N_k;( (K;; 6))

Table 3.1 reports the RMSE and the adjusted RMSE for each model. Among the 12 al-

ternative parametric models, the JS model shows the smallest RMSE. The JS model seems
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to perform slightly better than the GS model, but the JS model has so many free-parameters
that it may suffer from over-fitting problems in the RNM estimation. The over-fitting prob-

lems may be detected by Monte-Carlo experiments.

3.5.3 Likelihood Ratio Test

Using the Kullback-Leibler Information Criterion (KLIC), Vuong (1989) proposed sim-
ple likelihood-ratio tests for the model selection among the competing models, which are
non-nested or nested. We assume that the pricing errors are 1.i.d normally distributed with
variance o2 as in Carr and Wu (2003). Under such assumptions, minimizing the sum of
squared pricing errors is equivalent to maximizing the log likelihood function. The NL-
OLS estimates can therefore be regarded as maximum likelihood estimates.

Consider two competing models F and G whose log density function are given by,

respectively:
1 es;
log f(eoi; 0) = ) log (27T0'§) - ? and
I
1 e
log g(eyisy) = ) log (27r0'§) - T‘Y_z’
8

where eg; and e,; denote the pricing error on the ith option under the model F and G,
respectively, and @ and vy are the parameter vectors of F and G, respectively. Since the
maximum likelihood estimate for o is simply the mean squared pricing error: mse =

e'e/N, the log likelihood functions are given by, respectively:

EN N e e
Li(ep;0) = log f(eq;; 0) = ) 1 +log(27) + log( 3\]9)] and
i=1
al T
N ele
Lleyy) = ; log g(eyi; ¥) = ) 1 + log(27) + log (—;VY)]

where eg and e, are the pricing error vectors for each model. Furthermore, the likelihood
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ratio between the two models (F and G) is given by:

LR(8,9) = L@:0) - L@:7)

N €5 €, e
N —log [
> e e

I
|
| =
|oe—
[~
o
0Q
—_
o> >
|
o> o>
< <=}
S~—
]

Using the likelihood ratio, we can conduct a test on the model selection between alter-
native models which are nested or non-nested. We set the hypotheses by letting model F
be the GS model and letting model G be the 11 alternative models: BS, WB, FS, DN, DL,
GG, GB, OS, VG, JD, and JS.

a. Test for Non-nested Models

Given the competing non-nested models F and G, the Vuong’s likelihood ratio test
selects the model that is closest to the true model. Based on the KLIC, we consider the

following hypotheses and definitions:

[ i 0)] .
H, Ello J(eo:9) =0: F and G are equivalent
| T gleyisy) |
[ i 0)] .
Hy : Ello M > 0 : F is better than G
' geyisy) |
[ i;0)] .
H, E |log AT < 0 : Fis worse than G.
gleyisy) |

The test statistic for non-nested model selection can be constructed based on the likelihood
ratio:

£=N"LR®.9)/0,

where @ is the variance estimate of (log f —log g):
- A 12
13 eo; | [1 2o; 0
o = —Z[logf(fe A)] B —Zlogf(fe A)
N & 8@y %) N 8@y y)

i=1
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with

log

f(oss é) _ 1 log(éeTée) _ N[ ég)i éii ]

g@yis ) 2 eje, 2ege, 2ee,

If F and G are non-nested and f(eg;; 0) # g(e,;; ), then

under Hy : ¢ L N, 1),

A a.s

under Hy : ¢ — +oo,

under H, : 5 —co.
The likelihood ratio LR can be adjusted for differences in number of free parameters in

each model:
1
LRy=LR-(p—¢q), or LRs=LR- E(p —q)logN,

where p and g are the number of parameters in models F and G, respectively. These adjust-
ments correspond to Akaike (1973) and Schwarz (1978) information criteria, respectively,
and the resulting statistics £, and Zs have the same asymptotic properties as ¢ since both
N~2(p —g) and N™'23(p — ¢) log N are 0,(1).

As depicted in Figure 3.1, the GS model does not nest the WB, VG, DN, DS, GG,
GB, JD, and JS models, so the LR test for non-nested models can be applied to the model
selection between the GS model and other non-nested models. We compute the the statistics
{A’, ¢ 4, and ¢ s by letting model F be the GS model and letting model G be the WB, VG, DN,
DS, GG, GB, JD, and JS models, which are reported in Table 3.2. Similarly to the RMSE
criterion, the model selection tests show that the GS model significantly outperforms other

non-nested models except for the JS model. The three LR test statistics between the GS

model and JS model indicate that neither model significantly outperforms the other.
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b. Test for Nested Models

If the model G is nested in the model F, any conditional density g(-;7y) is also a condi-
tional density f(-; @) for some 0 in @. The null hypothesis in the nested model selection is
the same as Hj in the non-nested model selection. However, the alternative hypothesis H,

is H; since H, can never occur becasue G can never be better than F:

i; 0 .
Hy : E [log f(e )] =0 : F and G are equivalent
gleyisy)
i; 0 .
Hy : E [log ACILY > 0 : F is better than G.
geyisy)

If G is nested in F and F is correctly specified, then

under H) : 2LR(8,9) L)(f,_q,

under HS : 2LR(0,%) =5 +co.

As illustrated in Figure 3.1, the three stable type models (BS, FS, and OS) are nested
in the GS model. The LR test statistics P-values between the GS model and other nested
models are reported in Table 3.3. The test results indicate that the GS model is significantly

better the BS, FS, and OS models.

3.5.4 Monte-Carlo Experiments

We perform Monte-Carlo experiments to compare the capability to recover the simu-
lated actual RNM and to detect the over-fitting problem due to a large number of param-
eters. The accuracy and stability of RNM estimators can be also measured by means of
the Monte-Carlo experiment under the root mean integrated squared errors (RMISE) crite-

rion as in Bondarenko (2003). If f(x) is an estimator of risk neutral density r(x), then the
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(normalized) RMISE for the density estimator is defined as:?°

1
RMISE®) = o (EUE) — r(ol )"

1/2
- ||r<x)||( U () = 1)) dx]) '

Similarly to the MSE for the point estimator, the RMISE may be decomposed as:

RMISE?(#) = RISB?(%) + RIV3(§),

where
1/2
RISB(?) = ( f (E[}(x)] - 1(x)) dx) ,
()|l
1 o , 1/2
RIV(?) = o ( fo E[(r(x)—E[r(x)])]dx) ,

| - || is the L, norm, RISB is the (normalized) root integrated squared bias, and RIV is
the (normalized) root integrated variance. Intuitively, RMISE is a measure of the overall
quality of the estimator, RISB is a measure of the accuracy, and RIV is a measure of the
stability. This decomposition allows us to study the relative contributions of the bias (RISB)

and variability (RIV) to RMISE of different models.?!

20In view of Fubini’s Theorem, RMISE is the same as RIMSE. If the expectation integration can be inter-
changed with the outer integration, then the root integrated mean squared error:

1 00 1/2
RIMSE[f] = TEES] ( f E[(f(x)—r(x))2 dx])
1/2
_ _ 2
B |r(x)||( U (70 = 1) dx])
= RMISE[f(x)]

is nothing but the root mean integrated squared error.

21 Alternatively, we can apply some of the most useful distance measures include: (i) The L; norm or the
Integrated Absolute Error (IAE): TAE[f] = fom |P(x) — r(x)|dx; (ii) the L, norm or the Integrated Squared

Error (ISE): ISE[7] = fooo (#(x) — r(x))* dx; (iii) The Lo, norm or Sup Absolute Error (SAE): SAE[7] =
SUP ic(0 00 [7(X) = K(X)]; (iv) the Kullback-Leibler measure (KL): KL[#] = [ r(x)log (%3 )dx; and (v) the

-~ 1
Hellinger distance (H): H[7] = (fo (f’l/f’(x) - r””(x))p dx) /p.
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Monte-Carlo experiments are conducted based on the following 12 scenarios:

Scenario i: i model is true RNM model,

where i=BS, WB, FS, DN, DS, GG, GB, OS, GS, VG, JD, and JS. For each scenario, we
calibrate the actual RNM based on assumed true parametric RNM estimation method using
the closing prices on April 17, 2006 of the S&P 500 options with the maturity date on Jun
17, 2006. The resulting actual RNM density r(x) for each scenario is depicted as a dotted
line in Figure 3.2 through 3.13, respectively. To generate 200 simulated cross-sections of
OTM option prices V; for each scenario, the theoretical prices computed from the actual
r(x) are perturbed independently by random noises uniformly distributed on the maximum
bid-ask range permitted by the CBOE. For each simulated cross-section, the RNM density
is estimated with the 12 different parametric estimation methods. The estimated RNMs
with the 12 parametric models for each scenario are depicted in Figure 3.2 through 3.13
and the associated RMISE statistics are also reported in Table 3.5 through 3.16. Under the
scenarios that fat-tailed distributions—such as FS, OS, and GS models are true RNMs, the
estimated JS RNMs reveal the over-fitting problems, which create spurious oscillations due
to sampling noise. The over-fitting problem of the JS model can be found in Figure 3.3,
3.4,3.7,3.9,3.10, and 3.13. Panel A of Table 3.4 reports the average RMISE statistics for
all scenarios. Since the RMISE tend to be small under the scenario that the nested model
is true RNM model, we also compute the average RMISE of the scenarios for non-nested
models, which reported in Panel B of Table 3.4. Panel A of Table 3.4 indicates that the
GS model outperforms other alternative models on the basis of RMISE criterion. Further,
Panel B of Table 3.4 implies that even if our comparison is restricted to the non-nested

models, the GS model shows the best performance among alternative models.
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3.6 Concluding Remarks

The risk-neutral measure of the future asset prices can be estimated from the currently
observed cross-section of option prices with the same time-to-maturity. The estimated
RNM of the asset prices provides valuable information about the market’s expectations on
the future movement of asset prices.

We have implemented 12 parametric RNM estimation methods by means of the closed
form of RNM distributions or RNM characteristic functions. We then compared the em-
pirical performance of the 12 parametric RNM estimation methods under three criteria—
the root mean squared error (RMSE) for the goodness-of-fit, likelihood ratio (LR) for the
model selection, and the root mean integrated squared error (RMISE) for the accuracy and
stability of the estimated RNMs.

The empirical results show that the two-factor generalized log-stable model outper-
forms other alternative parametric RNM estimation methods. The RMSEs and the LR tests
indicate that the two-factor generalized log-stable model and the jump diffusion model
with stochastic volatilities dominates other models. However, the jump diffusion model
with stochastic volatilities is vulnerable to over-fitting problems due to a large number
of parameters. Our Monte-Carlo experiments reveal that the jump diffusion model with
stochastic volatilities suffers from the serious over-fitting problems and also show that the

generalized two-factor log-stable model outperforms the alternatives.
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Figure 3.1: RNM Distribution Tree.
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BS WB FS VG DN DS
RMSE 2.135 0.687 0.513 0.276 0.305 0.120
Adj.  2.188 0.704 0.532 0.290 0.325 0.132
GG GB OS GS JD IS
RMSE 0.380 0.342 0.513 0.098 0.246 0.076
Adj.  0.395 0360 0.539 0.106 0.263 0.086

Note: RMSEs are computed for each set of cross-section data on S&P
500 index options by minimizing the sum of squared pricing errors. The
entries report the sample average of the RMSEs and adjusted RMSEs.
The sample contains 100 sets of cross-section data on S&P 500 index

options with 2 months to maturity, which are traded in 2006.

Table 3.1: Root Mean Squared Errors (RMSE)
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LR Statistics P-values
Models 2 EA 25 2 214 25
WB 125 119 11.3]0.000 0.000 0.000
VG 69 66 6.3]0.000 0.000 0.000
DN 76 74 7.3 10.000 0.000 0.000
DS 1.9 21 23]0.026 0.017 0.011
GG 96 9.1 87 ]0.000 0.000 0.000
GB 85 81 79 0.000 0.000 0.000
JD 6.5 63 6.2]0.000 0.000 0.000
JS -1.2 -04 03 ]0.881 0.654 0.391

Note: Three likelihood ratio statistics ({A”, 2A, and 25) are computed by
letting model F be the GS model and letting model G be the WB, VG,
DN, DS, GG, GB, JD, and JS models. All three tests are asymptotically
normally distributed with zero mean and unit variance. The entries re-
port the sample average of the test statistics and the corresponding P-
values. The sample contains 100 sets of cross-section data on S&P 500
index options with 2 months to maturity, which are traded in 2006.

Table 3.2: Likelihood Ratio Tests for Non-Nested Models

BS FS oS
2LR  P-value 2LR P-value 2LR P-value
266.3 0.000 1445 0.000 144.5 0.000

Note: The likelihood ratio statistics (2LR) are computed by letting
model F be the GS model and letting model G be the BS, FS, and OS
models. The test statistic is asymptotically chi-square distributed with
p — g degree of freedom. The entries report the sample average of the
test statistics and the corresponding P-values. The sample contains 100
sets of cross-section data on S&P 500 index options with 2 months to
maturity, which are traded in 2006.

Table 3.3: Likelihood Ratio Tests for Nested Models
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A. Average RMISE of all scenarios

BS WB FS VG DN DS
RMISE 0.2187 0.1004 0.0812 0.0856 0.0598 0.0379
RISB  0.2186 0.1002 0.0809 0.0832 0.0588 0.0354
RIV ~ 0.0012 0.0014 0.0020 0.0108 0.0063 0.0095
GG GB OS GS JD JS
RMISE 0.0793 0.0530 0.0791 0.0314 0.0451 0.1045
RISB  0.0788 0.0514 0.0785 0.0299 0.0434 0.0358
RIV ~ 0.0027 0.0080 0.0022 0.0061 0.0086 0.0927

B. Average RMISE of scenarios for non-nested models

BS WB FS VG DN DS
RMISE 0.2385 0.1093 0.0971 0.1014 0.0707 0.0518
RISB  0.2385 0.1093 0.0970 0.0995 0.0704 0.0507
RIV ~ 0.0012 0.0014 0.0020 0.0118 0.0065 0.0101
GG GB oS GS JD JS
RMISE 0.1031 0.0678 0.1045 0.0448 0.0529 0.1218
RISB  0.1031 0.0675 0.1045 0.0441 0.0518 0.0384
RIV ~ 0.0028 0.0060 0.0020 0.0069 0.0092 0.1105

Note: Panel A reports the average RMISE statistics for all 12 scenarios,
and Panel B reports the average RMISE of the scenarios for non-nested
models. The 12 scenarios are that i model is true RNM model, i=BS,
WB, FS, DN, DS, GG, GB, OS, GS, VG, JD, and JS.

Table 3.4: Root Mean Integrated Squared Errors (RMISE)

BS WB FS VG DN DS
RMISE 0.0012 0.2462 0.0015 0.0046 0.0041 0.0076
RISB 0.0001 0.2462 0.0007 0.0030 0.0005 0.0042
RIV ~ 0.0011 0.0014 0.0014 0.0035 0.0040 0.0064
GG GB oS GS JD JS
RMISE 0.0175 0.0043 0.0019 0.0032 0.0037 0.0072
RISB  0.0175 0.0036 0.0008 0.0011 0.0016 0.0029
RIV ~ 0.0012 0.0023 0.0018 0.0030 0.0034 0.0065

Table 3.5: Root Mean Integrated Squared Errors (RMISE) under the Scenario that the True
RNM is the Black Scholes Log-Normal (BS) Model
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BS WB FS VG DN DS
RMISE 0.2367 0.0016 0.1206 0.0367 0.0876 0.0691
RISB  0.2367 0.0001 0.1206 0.0272 0.0872 0.0680
RIV ~ 0.0013 0.0016 0.0022 0.0246 0.0090 0.0124
GG GB oS GS JD JS
RMISE 0.0029 0.0814 0.1206 0.0234 0.0529 0.0318
RISB 0.0001 0.0714 0.1205 0.0231 0.0516 0.0079
RIV ~ 0.0029 0.0390 0.0022 0.0039 0.0116 0.0308

Table 3.6: Root Mean Integrated Squared Errors (RMISE) under the Scenario that the True
RNM is the Weibull (WB) Model

BS WB FS VG DN DS
RMISE 0.1789 0.1113 0.0022 0.1563 0.0797 0.0133
RISB  0.1789 0.1113 0.0001 0.1559 0.0796 0.0041
RIV ~ 0.0012 0.0015 0.0022 0.0102 0.0043 0.0127
GG GB oS GS IJD JS
RMISE 0.1049 0.0921 0.0029 0.0042 0.0635 0.4265
RISB 0.1049 0.0917 0.0008 0.0016 0.0633 0.1044
RIV ~ 0.0029 0.0084 0.0028 0.0039 0.0048 0.4136

Table 3.7: Root Mean Integrated Squared Errors (RMISE) under the Scenario that the True
RNM is the Finite Moment Log-Stable (FS) Model

BS WB FS VG DN DS
RMISE 0.2510 0.1248 0.0897 0.1272 0.0065 0.0127
RISB  0.2510 0.1248 0.0897 0.1269 0.0016 0.0102
RIV ~ 0.0011 0.0014 0.0021 0.0090 0.0063 0.0075
GG GB oS GS ID JS
RMISE 0.1262 0.0755 0.0897 0.0714 0.0160 0.0506
RISB 0.1261 0.0754 0.0897 0.0711 0.0133 0.0497
RIV ~ 0.0029 0.0033 0.0021 0.0067 0.0089 0.0091

Table 3.8: Root Mean Integrated Squared Errors (RMISE) under the Scenario that the True
RNM is the Mixture of Log-Normal (DN) Model
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BS WB FS VG DN DS
RMISE 0.2453 0.0935 0.0854 0.1007 0.0491 0.0067
RISB  0.2453 0.0935 0.0853 0.1002 0.0488 0.0008
RIV ~ 0.0011 0.0013 0.0019 0.0090 0.0054 0.0066
GG GB oS GS JD JS
RMISE 0.0953 0.0464 0.0853 0.0351 0.0343 0.0539
RISB  0.0953 0.0463 0.0853 0.0341 0.0332 0.0432
RIV ~ 0.0026 0.0034 0.0019 0.0079 0.0086 0.0323

Table 3.9: Root Mean Integrated Squared Errors (RMISE) under the Scenario that the True
RNM is the Mixture of Log-Stable (DS) Model

BS WB FS VG DN DS
RMISE 0.2476 0.0126 0.1257 0.0385 0.0930 0.0732
RISB 0.2476 0.0126 0.1257 0.0318 0.0926 0.0723
RIV ~ 0.0012 0.0015 0.0021 0.0217 0.0090 0.0116

GG GB oS GS ID JS
RMISE 0.0029 0.0050 0.1257 0.0250 0.0577 0.0707
RISB  0.0003 0.0024 0.1257 0.0240 0.0565 0.0120
RIV ~ 0.0029 0.0044 0.0021 0.0070 0.0116 0.0697

Table 3.10: Root Mean Integrated Squared Errors (RMISE) under the Scenario that the
True RNM is the Generalized Gamma (GG) Model

BS WB FS VG DN DS
RMISE 0.2672 0.1000 0.1179 0.0538 0.0643 0.0470
RISB  0.2672 0.1000 0.1179 0.0532 0.0638 0.0458
RIV ~ 0.0011 0.0014 0.0018 0.0076 0.0082 0.0108
GG GB oS GS JD JS
RMISE 0.0982 0.0025 0.1179 0.0381 0.0442 0.0149
RISB  0.0982 0.0000 0.1179 0.0375 0.0426 0.0031
RIV ~ 0.0026 0.0025 0.0018 0.0071 0.0118 0.0146

Table 3.11: Root Mean Integrated Squared Errors (RMISE) under the Scenario that the
True RNM is the Generalized Beta (GB) Model
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BS WB FS VG DN DS
RMISE 0.1859 0.1318 0.0302 0.1785 0.0746 0.0219
RISB  0.1859 0.1318 0.0302 0.1782 0.0745 0.0210
RIV ~ 0.0012 0.0014 0.0020 0.0101 0.0044 0.0062
GG GB oS GS JD JS
RMISE 0.1196 0.0931 0.0036 0.0054 0.0604 0.3282
RISB 0.1196 0.0916 0.0005 0.0027 0.0603 0.0656
RIV ~ 0.0027 0.0163 0.0036 0.0047 0.0042 0.3215

Table 3.12: Root Mean Integrated Squared Errors (RMISE) under the Scenario that the
True RNM is the Orthogonal Log-Stable (OS) Model

BS WB FS VG DN DS
RMISE 0.2368 0.0655 0.0772 0.1000 0.0717 0.0404
RISB  0.2368 0.0655 0.0772 0.0997 0.0716 0.0394
RIV ~ 0.0012 0.0014 0.0020 0.0080 0.0043 0.0089
GG GB oS GS IJD JS
RMISE 0.0671 0.0508 0.0772 0.0063 0.0609 0.0855
RISB 0.0670 0.0505 0.0771 0.0003 0.0604 0.0397
RIV ~ 0.0028 0.0050 0.0021 0.0063 0.0073 0.0757

Table 3.13: Root Mean Integrated Squared Errors (RMISE) under the Scenario that the
True RNM is the Two-Factor Generalized Log-Stable (GS) Model

BS WB FS VG DN DS
RMISE 0.2891 0.1342 0.1575 0.0082 0.0926 0.0919
RISB  0.2891 0.1342 0.1574 0.0011 0.0919 0.0909
RIV ~ 0.0013 0.0015 0.0021 0.0081 0.0115 0.0137
GG GB oS GS JD JS
RMISE 0.1320 0.0537 0.1574 0.0799 0.0657 0.0338
RISB 0.1320 0.0536 0.1574 0.0796 0.0640 0.0196
RIV ~ 0.0029 0.0028 0.0021 0.0077 0.0150 0.0275

Table 3.14: Root Mean Integrated Squared Errors (RMISE) under the Scenario that the
True RNM is the Variance-Gamma (VG) Model
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BS WB FS VG DN DS
RMISE 0.2461 0.1143 0.0825 0.1210 0.0127 0.0170
RISB 0.2461 0.1143 0.0825 0.1207 0.0117 0.0149
RIV ~ 0.0012 0.0014 0.0020 0.0091 0.0049 0.0082

GG GB oS GS JD JS
RMISE 0.1162 0.0722 0.0825 0.0619 0.0089 0.0404
RISB 0.1162 0.0720 0.0825 0.0615 0.0010 0.0395
RIV ~ 0.0027 0.0053 0.0020 0.0073 0.0088 0.0086

Table 3.15: Root Mean Integrated Squared Errors (RMISE) under the Scenario that the
True RNM is the Jump Diffusion (JD) Model

BS WB FS VG DN DS
RMISE 0.2387 0.0684 0.0840 0.1013 0.0821 0.0538
RISB  0.2387 0.0684 0.0840 0.1009 0.0820 0.0530
RIV ~ 0.0012 0.0015 0.0020 0.0083 0.0044 0.0092
GG GB oS GS JD JS
RMISE 0.0686 0.0588 0.0840 0.0233 0.0735 0.1108
RISB 0.0686 0.0587 0.0840 0.0221 0.0730 0.0419
RIV ~ 0.0028 0.0031 0.0020 0.0072 0.0078 0.1026

Table 3.16: Root Mean Integrated Squared Errors (RMISE) under the Scenario that the
True RNM is the Jump Diffusion Model with Stochastic Volatility (JS)
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CHAPTER 4

NONPARAMETRIC ESTIMATION OF RISK NEUTRAL MEASURES
USING QUARTIC B-SPLINE CDFs WITH POWER TAILS

4.1 Introduction

Investors and researchers have long used option prices to infer market expectations
about the volatilities and correlations of the underlying assets by recovering risk neutral
distributions from observed option prices. Option prices are computed as a present value
of its expected payoffs under the risk neutral (probability) measure (RNM). The RNM
can be estimated from a set of European option prices using the relationship proposed
in Ross (1976) and Breeden and Litzenberger (1978). Since the RNM embodies important
information about market participants’ sentiments concerning prices of the underlying asset
in the future, a number of methods have been developed to estimate the RNM from the
observed option prices. Generally, these methods are divided into two broad groups of
parametric and nonparametric methods.

The parametric methods make particular assumptions on the form or family of the RNM
and then typically use a non-linear regression technique to estimate the parameters of the
RNM which minimizes sum of squared pricing errors. On the other hand, the nonparamet-
ric methods make no strong assumptions about the RNM since they are flexible data-driven
methods. However, the nonparametric approaches are so data-intensive that they usually
lead to over-fitting problems and are not effective in small samples.

The nonparametric methods can be again divided in three groups: kernel methods
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[Ait-Sahalia and Lo (1998), Ait-Sahalia and Duarte (2000)], maximum-entropy methods
[Buchen and Kelly (1996), Stutzer (1996)], and curve fitting methods [Shimko (1993), Bliss
and Panigirtzoglou (2002)]. The kernel methods construct a kernel estimator of the option
pricing function without specifying a parametric form. Second, the maximum-entropy
methods find a non-parametric probability distribution that matches the information con-
tent, while at the same time satisfying certain constraints, such as pricing observed options
correctly. Finally, the curve fitting methods fit the implied volatilities or the risk neutral
density with some flexible function such as spline functions or polynomial functions.

The most widely used nonparametric technique for estimating RNMs is the smoothed
implied volatility smile (SML) method which has been discerned as a standard method by
users such as central banks and market participants. The SML method was originally de-
veloped by Shimko (1993), and it explicitly utilizes the results of Breeden and Litzenberger
(1978) on the call option pricing function. Shimko (1993) proposes that the observed op-
tion prices first be converted to implied volatilities using the Black-Scholes option pricing
formula. A continuous smoothing function is then fitted to implied volatilities against the
strike prices. The implied volatility function could then be fitted and the continuum of
fitted implied volatilities converted back to a continuum of fitted option prices. The RNM
probability density function (PDF) can be obtained by applying the results of Breeden and
Litzenberger (1978) on the call option pricing function. The advantage of this method is
that the implied volatilities are much more similar in magnitude across strike prices than
option prices are. Bliss and Panigirtzoglou (2002) follow Malz (1997) in smoothing in
implied volatility/delta space and Campa, Chang and Reider (1998) in using a natural cu-
bic spline to approximate the function. Recently, Bu and Hadry (2007) improve the SML
method by providing an analytic expression for the RNM estimator.

The SML method has some problems in estimating the RNM. First, the natural spline
is restricted to become linear outside the range of observed option prices. As Bliss and

Panigirtzoglou (2002) point out, this restriction can lead to negative tail probabilities if the
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slope of the polynomial is negative at the extreme knot points.! Further, the estimated tail
probabilities have no information about true ones since they are not estimated by observed
option prices. Second, the SML method cannot guarantee the resulting RNM PDF to be
integrated to unity. The negative probabilities or probabilities not integrating to unity seri-
ously violate no-arbitrage constraints. Lastly, problems with the SML method include the
difficulty of selecting the optimal tradeoff between smoothness and fit since the shape of
RNM PDFs is very sensitive to the smoothing parameter. The SML method is typically un-
able to avoid both overfitting and oversmoothing. To effectively eliminate noise in data, this
method requires substantial smoothing, which considerably distorts the genuine features of
the estimated function.

This chapter proposes a new nonparametric approach which overcomes the drawbacks
of the SML method. First, we model the probability distribution outside the traded strike
range using power tails, which may be estimated from the far-from-the-money option
prices. With the power tails, the RNM has nonnegative tail probabilities and also reflects
information about true tail probabilities. Second, the RNM cumulative distribution func-
tion (CDF) is constructed by using quartic B-spline functions with power tails so that the
resulting RNM PDF has continuity C2. The use of B-splines also improves computational
efficiency and reduces the number of spline parameters since every spline function can be
represented as a linear combination of B-splines. The advantage of constructing the RNM
CDF with power tails is that the integral of RNM probabilities is guaranteed to be unity.
Lastly, by choosing an optimum number of knots, our method can avoid both overfitting
and oversmoothing. A small number of knots may result in a function space which is not

flexible enough to capture the true RNM CDF, but one the other hand a large number may

ITo ensure the non-negativity of the estimated PDF, Monterio, Tiitlincii, and Vicente (2005) estimate the
cubic spline RNM PDF using the semi-definite programming (SDP) formulation, but they just truncate the
tails of PDF without estimating them from option prices. Fengler (2005) propose an algorithm for estimating
the implied volatility smile under suitable linear inequality constraints, ensuring non-negativity of the RNM
pdf, but this algorithm does not guarantee the resulting RNM PDF to be integrated to unity.
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lead to serious overfitting. To select optimal tradeoft between smoothness and fit, we use
the minimum number of knots which attains zero bid-ask pricing errors in constructing the
B-spline RNM CDF. The method is termed the B-spline RNM CDF with power tails (BSP),
which is nonparametric because any probability distribution is a possible solution.

Our nonparametric method involves solving a highly nonlinear optimization problem
with a number of constraints due to the power tails. It is computationally difficult and
inaccurate to estimate the B-spline part of the CDF and the power tails simultaneously.
To improve computational efficiency and accuracy we develop a 3-step RNM estimation
technique: (i) estimating the power tail parameters; (ii) selecting the optimum number of
the knots; and (iii) estimating the B-spline control points. The 3-step estimation procedure
transforms a nonlinear optimization problem into a convex quadratic program which is
efficiently solved by numerical optimization software.

To compare the performance of the BSP method with the SML method for estimat-
ing option implied RNMs, we evaluate the two methods on the basis of the flexibility of
the estimated RNM and conduct Monte-Carlo experiments based on 12 hypothetical true
distributions. We find that the BSP method dominates the SML method as a technique
for estimating the option-implied RNM. The SML method violates the no-arbitrage con-
strains, and it is significantly biased, particularly under the scenarios that the true RNM is
a fat-tailed distribution. In contrast, the BSP method always produces arbitrage-free RNM
estimators, and it almost perfectly recovers the actual RNM PDFs for all hypothetical dis-
tributional assumptions.

The rest of the chapter is organized as follows. Section 4.2 briefly reviews the smoothed
implied volatility smile (SML) method. Section 4.3 constructs the quartic B-spline RNM
CDF with power tails. Section 4.4 introduces the 3-step RNM estimation procedure with
the quartic B-spline RNM CDF with power tails. In Section 4.5, we compare the flexibility

of BSP and SML and conduct Monte-Carlo experiments. Section 4.6 concludes.
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4.2 Smoothed Implied Volatility Smile (SML) method

The smoothed implied volatility smile method explicitly utilizes the results of Breeden
and Litzenberger (1978) on the call option pricing function. Breeden and Litzenberger
showed that the RNM PDF of the price of underlying asset at maturity date is related to
call (or put) prices through

0*C(K)

0K? s,

R(Sp) =

where R(x) is the RNM CDF, § 7 is the underlying asset price at maturity date, rs is the risk
free interest rate, T is the time to maturity, K is the strike price, and C(K) is the call pricing
function. Thus, if we observed the call pricing function we could differentiate twice to
obtain the RNM PDF. However, we only observe option prices for relatively few discretely
spaced strikes.

Shimko (1993) proposes interpolating in the implied volatility domain instead of the
call price domain since it is technically difficult to fit accurately the shape of the latter
and small fitted price errors tend to have large effects on the resulting RNM PDFs, par-
ticularly in the tails. Shimko chooses to use a simple quadratic polynomial smoothing
function within the span of available strikes and with lognormal tails outside the span of
available strikes. Malz (1997) modifies Shimko’s technique by fitting the implied volatility
against the Black-Scholes option delta (6 = dC/dS ) rather than the strike price, but follows
Shimko in using a low-order polynomial as the smoothing function. Campa, Chang and
Reider (1998) introduce the use of a smoothing spline” for fitting implied volatility curves.
They apply this to smoothing the implied volatility/strike function. Use of a natural spline,
rather than a low-order polynomial, permits the user to control the smoothness of the fitted

function.

2The curve fitting method based on spline functions was first used by McCulloch (1971, 1975) in financial
economics for modeling the term structure of interest rates.
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In this paper we use the smoothed implied volatility smile (SML) method developed
by Bliss and Panigirtzoglou (2002). This method follows Malz (1997) in smoothing in
implied volatility/delta space and Campa et al. (1998) in using a smoothing cubic spline
to approximate the function. The RNM PDF can be obtained by a five-step estimation

procedure.

Step 1 Converting call option prices C(K;) into implied volatilities ok, using the inverse

Black-Scholes formula?
ok = BS(C(K); Ki, S s rr,d,T)

where BS~!(-) is the inverse Black-Scholes formula; ok, and C(K;) are the implied
volatility and the price of European call option, respectively, associated with the
strike price K;; S is the underlying asset price at time O; r is the risk-free interest

rate; d is the dividend rate; and T is the maturity date.

Step 2 Converting implied volatility/strike space into implied volatility/delta space

InSo—InK;+(r—d+0%/2)T
O'A\/T

5 = T

1V(6;)) = ok,

i

where ¢; is the delta associated with the strike price K;*; o4 is the at-the-money

volatility’; IV(8;) is the implied volatility associated with &;; and @(-) is the standard

3The use of the Black-Scholes formula to transfer between the call price and implied volatility domains
does not require that the Black-Scholes model is ture. Black-Scholes formula is used as a translation de-
vice that allows us to interpolate implied volatilities rather than the observed option prices themselves for a
computational convenience.

“It should be recalled that 0 < §; < e”, where d is the dividend rate of the underlying asset.

>Transforming each strike into a delta using the at-the-money implied volatility has the advantage that the
ordering of deltas is always the same as that of the strikes. Panigirtzoglou and Skiadopoulos (2004) pointed
out that using the implied volatilities that corresponds to each strike could change the ordering in the delta
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normal CDF.

Step 3 Approximating the implied volatility smile using smoothing cubic spline functions

N odT
min ; wi (IV(5) = £(6:;©))* + w fo f7(6:©)%ds,

where O is the matrix of polynomial parameters of the cubic spline; f(®) is the
cubic spline function; f(d;,®) is the fitted implied volatility at ¢; given the spline
parameters ®; w; is the relative weights to each observation®; w is the smoothing
parameter, which multiplies a measure of the degree of curvature in the function—the

integral of the squared second derivative of the function over its range.’

Step 4 Converting the implied volatility smile into a option pricing function in price/strike

space

InSo—InK+(r—d+03/2)T

5Ky = ¢ To

(K) e T
oK) = f(6(K);0)

C(K) = BS(K:0(K),So,r,d,,T)

where o (K) is the fitted implied volatility smile; C(K) is the fitted call pricing func-

tion; and BS (+) is the Black-Scholes formula.

space, in cases where steep volatility skews are observed. This would result in generating volatility smiles
with artificially created kinks.

®Bliss and Panigirtzoglou (2002) discussed different types of weighting schemes and how the weighting
can account for different sources of pricing errors.

"The objective function suggests that the degree of freedom for the estimation is also related to the smooth-
ing parameter. In particular, the maximum degree of freedom is achieved when w = 1, which amounts to
fitting a straight line to the data; whereas, when w = 0, the cubic spline provides an exact fit to the data.
Fisher et al. (1995) gives a rigorous definition of the effective number of parameter of the regression.
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Step S Computing the RNM PDF using numerical methods

L PC(x)
ox?

R(x)=e
where R’(x) is the RNM PDF.

4.3 Quartic B-Spline RNM CDF with Power Tails

4.3.1 Uniform Quartic B-Spline

A spline is a piecewise polynomial function. A spline § : [a,b] — R consists of

polynomical pieces P; : [x;, x;+1) — R, where
a=x;<---<x,=b.

The given n points x; are called knots. The vector x = (xy,-- -, x,,) is called knot vector for
the spline. A spline on [a, b] is of degree m if its first m — 1 derivatives exist on each interior
knot and the highest degree of the polynomials defining the spline function is m.

A B-spline is a spline function that has minimal support with respect to a given order,
smoothness, and domain partition. Every spline function of a given degree, smoothness and
domain partition, can be represented as a linear combination of B-splines of which same
order and smoothness, and over that same partition. A B-spline basis function of degree
m 1s a piecewise polynomial whose pieces are defined over the spans between knots. Each
piece is a polynomial of degree m. The pieces meet with continuity of all derivatives below
the m™ and with (possible) discontinuities of the m" derivative. The function is identically

zero outside a range of m + 1 spans, and positive within its non-zero domain.
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The i B-spline basis of degree m for n knots x; with x; < x, < ... < x, can be

constructed using the Cox-de Boor recursion formula:

Bi,O(x) = I[xi,xi+1)(x)’ (41)
Bin(®) = =B )+ — T B () 4.2)
Xitm — Xi Xivm+1 — Xi+1

where I, . ,)(x) = 1 for x € [x;, Xi11), L0, (%) = 0 for x ¢ [x;, xi+1), Bim(x) > O for x €
[xi, Xism+1], and B;,,(x) = O for x ¢ [x;, Xism+1]- When the knots are equidistant, we say
the B-spline is uniform otherwise we call it non-uniform. In our study, we use a uniform
quartic B-spline basis to construct the risk-neutral CDF.

A quartic spline is a spline of degree 4 with C* continuity. The quartic spline can be

constructed as a linear combination of 4" degree B-spline basis functions:

n-5

f) = Z ciBis(x), x € [xs,x,-4].

i=1
The coefficients c; are called the control points.® The uniform quartic B-spline basis func-
tion is illustrated in Figure 4.1.

Consider a uniform knot vector x = (xy,--- , x,) with (x;;; —x;) = hforalli=1,...,n—

1. Since knots are equidistant,

b B ) 4.3
7 J (4.3)
In order to simplify notations, let
X — X;
i = , 4.4
z ; 4.4)
X — Xjpj
ivj = Tﬂ 4.5)

8The control points form a sequence which is known as the control polygon which is often visualized by
joining them in sequence by straight lines. This set of straight lines is in fact the B-spline curve of order
1-defined by that set of control points.
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By combining (4.3) and (4.5),

li+j = Zi—J (4.6)

By means of (4.4) and (4.2), we can rewrite the Cox-de Boor formula (4.1) and (4.2):

Bio(x)

I[xi,x,'+1)(x)7 (47)

Zi m+1-— i
—Bi-1(x) + ———Bis 1 m-1(X). (4.8)
m m

Bi,m(x)

Finally, we may construct the basis of a uniform quartic B-spline recursively by using (4.7)

and (4.8):
g
B,-,4(X) = ﬁ I[Xi,xi+1)('x)
—4z% + 2027 — 3027 + 20z - 5
+ 24 I[x,-H,tz)(x)
61? - 601? + 210Zi2 —300z; + 155
+ 24 I[xi+2,xi+3)(x)
—4z} + 60z — 33027 + 780z; — 655
+ 24 I[xi+3sxi+4)(x)
(5 -2z
+ 24 I[xi+4,xi+5)(x)'
where z; = ==, and h = x;41 — X;.

h

4.3.2  Constructing a Quartic B-spline RNM CDF with Power Tails

Consider N traded strike price sequence K; < K, < --- < Ky. We construct a RNM
CDF by means of the quartic B-spline for the traded strike range [K;, Ky], and then extrap-
olate beyond the traded strike range by grafting power tails onto each of the endpoints of
the RNM CDF. To ensure a smooth transition from the traded strike range of the distribu-
tion to the tails, we impose end point constraints for continuity up to the second derivative.

To guarantee non-negativity of the RNM PDF, we also restrict the slope of the RNM CDF
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to be non-negative at all the knots within the traded strike range [K;, Ky]. Thus, the quartic

B-spline CDF with power tails is described as:

R(.X) = R(-xa Cla-~~7cn—59p17p2’/ll’/12)
n—>5

i=1

S.t.

(i) Level continuity constraints

n-5
D cBia(K))  (leftend)

=

le]/ll

[

n—

1-poKy" = Z ¢iBia(Ky) (right end)
i=1

(i1) 1st derivative continuity constraints

W

n—

o1 K ¢:B)(Ki)  (left end)

i=

o —

P Kyt = Y eBU)(Ky)  (right end)

i=

—_

(i11) 2nd derivative continuity constraints
n-5
Pl = DK = > eBR(K)  (leftend)
i=1
-5

02 o(dy + DK = ;B (Ky)  (right end)

(iv) Non-negative probability constraints

n-5

D caBl(x) = 0, j=6,...,n-5.
i=1
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4.9)

(4.10)

4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)



where x = (xy,---,x,) is a uniform knot vector with xs = K; and x,.4 = Ky, and BY
denotes the j”* derivative of the B-spline basis.
Once we have the Quartic B-spline RNM CDF with power tails R(x), the RNM PDF

can be derived as a first derivative of R(x):

n-5
R'(0) = prix " g ey (0) + )~ eiBLOO) I, kg () + poax 2 gy () (4.17)
i=1

where

3

B0 = (o)

—4zl.3 + 1521.2 —15z;+ 5

+ o ) I[)CH],)CHz)(x)
6z — 4577 + 105z; — 75

+ 6h ) I[Xi+2,xi+3)(x)
—4z) + 4577 — 165z + 195

+ 3 ) Ixs300)(X)
7 — 15722 + 75z, — 125

+ |- —~eh )1 Leivaniies) (X)

with z; = ==, h = x;;1 — x;. The quartic B-spline RNM CDF and PDF with power tails are

illustrated in Figure 4.2.

4.4  Option pricing with a B-Spline RNM CDF

By ruling out arbitrage possibilities, Cox and Ross (1976) showed that options can be
priced as if investors’ were risk neutral, regardless of investors risk preferences. Consider a
European call option whose terminal payoft is max(0, S — K), where S 7 is the underlying
asset price at maturity, 7 is the time to maturity, and K is the strike price. In a complete

arbitrage-free market, the price of a European call option C(K) can then be computed as
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the discounted value of the option’s expected payoff under the RNM. Formally,

C(K)

e T foo(x - K)R'(x)dx
K

e 1T [ f ) xR (x)dx + KR(K) - K|, (4.18)
K

where r; is the risk free rate, R’(x) is the risk-neutral density of the underlying asset price
at maturity.

In a similar manner the price of a European put option P(K) can be calculated as:

K
P(K) = e T f (K — x)R'(x)dx
0

K
et [— f xR (x)dx + KR(K) (4.19)
0

In the arbitrage-free market, the expected price at maturity under the RNM should equal
the forward price of the underlying asset with the same time to maturity, i.e. the RNM must

satisfy the so-called the mean-forward price equality condition:
E%x) = f xR (x)dx = Soe"™7, (4.20)
0

where S is the underlying asset price at time 0; d is the annual dividend rate of the under-
lying asset; Se"7~)7T is the implicit forward price; and E¢ is the conditional expectation
on time 0 information under the RNM.

By applying the B-spline RNM (4.9) and (4.17) to call and put price functions (4.18)

and (4.19), call and put option prices under the B-Spline RNM CDF with power tails are
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written as:

C(K'c 0)
Ky /l /1
= T le B(])(x)dx + /{jl 11 K/l1+1 /{22_21 K;,Am /1110_1F 1K41+1 _ K} Tio.x(K)
T R P2y a4
+ e ZC KBL4(K)+f x B (x)dx |+ 2 _1I(N2 — K| Ik, x,1(K) 4.21)
=1 K
+ e—rfT p2 K—/lz+1 I(KN 0O]([{)
=1
P(K;c,0)
A
e—rfT pl 1 K/11+1 I[OKl)(K)
A +1
n-5 K /l
v e ZQ‘(KB,A(K)—IK xBE,Q(x)dx)+ /lpllJrllelH} Tk, k1 (K) (4.22)
Li=1 1
[ n-5 1 2
+oe ‘ZCIKBM(K)— p k- £ K bp_lK—h“JrK Iigyet(K)

where ¢ = [¢;...c,5]" and 0 = [p; p, 4; A;]". The derivation of the call and put pricing

functions (4.22) and (4.22) is given in Appendix B.

4.5 Estimation of the RNM CDF

4.5.1 Optimization Problem

Since out-of-the-money (OTM) options are generally more liquid than in-the-money
(ITM) options, we estimate the RNM CDF R(x) from each cross-section of the OTM option
prices with the different strike prices K; and the same time to maturity 7. The OTM option

prices are defined as:

P(K) forK;<F, i=1,....N
V(K) = {

C(Kl) for Ki > F,
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where P(K;) and C(K;) are the traded put and call option prices, respectively, associated
with strike price K;. By put-call parity, the OTM option prices can be alternatively defined
as:

V(K:) = min[C(K;), P(K})], i=1,...,N.

Similarly, under the quartic B-spline RNM CDF with power tails R(x; 0, ¢), the OTM option

model prices are defined as:
V(K;;¢,0) = min[C(K;;¢,0), P(K;;¢,0)], i=1,...,N.

The vector of tail parameters @ and control points ¢ can be simply estimated by the least
squares criterion, i.e., minimizing the sum of squared pricing errors (SSE) given a number

of knots n:
N
1 = ) - . 2
min - LSSE) = ;(V(K,) V(Ki;c,0)).

However, since the least squares criterion can not reduce rapid local variations of the esti-
mated RNM PDF, a roughness penalty is introduced in the loss function to prevent wiggly
RNM PDFs. The roughness penalty for the RNM PDF is defined as the integrated squared
third derivative of the RNM CDF:

Kn
f [R”(x; ¢, 0)]2 dx.
K

The resulting optimization problem is solved by minimizing the penalized SSE subject to
the constraints of satisfying the quartic B-spline RNM CDF conditions (4.10)-(4.16) and

mean-forward price equality condition (4.20):

Ky

N
min L, = Z(V(K,.)—V(K,.;c,e))2+w f [R”(x;¢,0)]° dx (4.23)
i=1 K

c,0
1

s.t. (4.10)-(4.16) and (4.20)
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where w denotes a smoothing parameter.” The smoothing parameter represents the rate
of exchange between pricing error and roughness of the RNM PDF.

The optimization problem (4.23) has two computational difficulties in estimating the
RNM. The loss function in (4.23) is highly nonlinear due to the tail parameters 0. It is
computationally inefficient and inaccurate to estimate @ and ¢ simultaneously with a num-
ber of constraints. Another problem is the choice of the optimum number of the knots. A
small number of knots may result in a function space which is not flexible enough to cap-
ture the true RNM CDF. A large number may lead to serious overfitting. In order to avoid

these problems, we develop a 3-step estimation procedure:

Step 1 : Estimating the tail parameters 0.
Step2 : Selecting the optimum number of the knots 7.

Step 3 : Estimating the control points c.

4.5.2 3-Step Estimation Procedure
a. Estimation of Power tail parameters

Since deep out-of-the-money option prices are almost determined by the shape of the
RNM CDF tails, the power tail parameters can be pinned down by the observed deep OTM
option prices. The left power tail parameters are estimated from the deep OTM put option
prices. Under the left power tail of RNM CDF, p,x", the deep OTM put prices can be

expressed as:

K
P(K) = e"fo (K — x)pr i x ' dx
0

e—rfT pl K/11+1
A+ 1

We set the smoothness penalty parameter w equal to 10~ which minimizes the RMISE of SML under
the log-normal RNM PDF.
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Consider two deep observed OTM put option prices P, and P, with strikes K; and K;:

P = e—tﬂ%]{f'“ (4.24)
1

P _ —rfT pl K/l|+] 425

2= e A4 +1 2 (4.25)

Solving (4.24) and (4.25) for A, and p; then gives

X log(P>/P1)
log(K>/K/)

. @ DP
P ¢ K

1

Similarly, the left tail of the RNM CDF, 1 — p,x™, can be estimated by deep OTM call

option prices. The deep OTM call option prices are expressed as a function of right tail

parameters:

C(K) = e_r-’Tf (x — K) poox™ 2 dx
K

KNZ
Cn.y = T2 gt (4.26)
N-1 — /12_1 N-1 .
Cy = e—ffT%Kl;ﬂz“ (4.27)

Solving (4.26) and (4.27) for A, and p, then gives

1 log(Cn/Cn-1)
log(Ky/Ky-1)
R o

P2 K—/l§+l
N

119



b. Selection of the Number of Knots

With the estimated tail parameter vector 0, the OTM option pricing function can be

described only by the control points vector, ¢:
V(K;; ¢|0%) = min[C(K;; ¢|07), P(K;;¢|09)], i=1,...,N,

where 0" = [p] p; 4] A5]" is the RNM tail parameter vector which are pinned down in the
first step. In order to estimate the control points vector, the number of knots, n, must be
selected. A small number of knots may result in underfitting, but one the other hand a large
number may lead to serious overfitting. To select optimal tradeoff between smoothness and
fit, we choose the minimum number of knots, which attains zero bid-ask pricing errors, in
constructing the B-spline RNM CDF.

Define the bid-ask pricing errors as:
ei = (V= V(K cl0") +(V(Ki; 0 - V),

where V? is the bid-quote OTM option price; V# is the ask-quote OTM option price asso-
ciated with the strike price K;; and x, = max(0, x). If all the estimated OTM prices fell

within the bid-ask price range, the sum of squared bid-ask pricing errors would be zero:

min e'e = 0, (4.28)
ceR"3
where e = [e},--- ,ey]" is the bid-ask pricing error vector. To construct the B-spline RNM

CDF, we choose the minimum number of knots n* satisfying the zero bid-ask pricing error

condition (4.28):
n'=argmin n
s.t. (4.28) with (4.10)-(4.16), and (4.20).
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c. Estimation of the control points of B-Splines

Once the tail parameter vector 8 and the optimum number of knots n* are determined
by the step 1 and 2, the nonlinear optimization problem (4.23) is expressed as a convex
quadratic program which is efficiently solved by numerical optimization software. The

optimization problem

ceR* -5 K\

N Ky
min L, = Z(V(K,-)—V(K,-;cm*))2 + w f [R"(x;¢|0)]*dx  (4.29)
i=1

s.t. (4.10)-(4.16) and (4.20)

is equivalent to the following quadratic program:

1
géip Ec’Qc+F’c (4.30)
¢ n*-5
S.t
(i) End points conditions
1 11 11 1 0 0 0 0 00 24p: K
-1 -3 310 0 0 0 00 6hp UK
* )k * 72
1 -1 -1 10 0.0 0 00 2020 (A — DK
0 0 000 0 1 11 11 1 24(1 - 1Ky ?)
0 0 000 0 -1 -3 31 6hp; UKy
% )% % —/13—2
0 0 000 0 1 -1 -1 1] | 212054502 + DK

(i1) Mean-forward price equality condition

Ky Ky % Yk % )k
P A A+l P A A +1
B (x)d f BY (0dele = §oenT — L1 gtivt - Pota oty
|:\le * 1’4()6) * K * n_5’4(X) g 0 /F{ +1 ! /13_1 N
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(ii1) Non-negativity conditions

O -1 -3 3 1 0 O0O0...0
0O 0 -1 -3 3 1 00 ... 0
c>0
0 O 0 -1 -3 31 00O
(0 ... 0 0 0 -1 -33 10
where
Q = G'G+wD'RD
F = -G™W,
with
P(Kl)-l-e_rfT%KfTH
A L
P(K,) + ¢ 95K,
W = ,
e el
CKpe) = e (5K = Ky
C(Ky) — e (ﬁg—fiK&”z” - KN)
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M,

7
Hp+1

L H,

K:Bia(Ky) + [ xB')(x)dx

| KiBn—5,4(Ki) + j;(II(N -XBS_)SA()C) dx

Ki
KBy 4(K;) - le xB)(x) dx

Mi = e_rfT
K;
| KB, 54(K;) — le XBS_)5,4(X) dx
h h
L2 0 0...0
h  2h h
§ 3 ¢ O 0
h
R - |0
0 0 L0
Do h 2h h
. 6 3 6
0 0 . 0o % 4
BO(xs) -+ BY (xs)
D = : : : ,
B(li)‘,(x(n—ﬁt) T B£,3_)574(-xn—4)
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BY(x) = (%)I[x;,xm)(x)

n _42; S)I[xl.+1,x,-+2)(x)

+ 6Z’h;315) Iz i) ()

+ y) Lisi s 00 (X)

+ &]1;35) Ty x5 (X)),
zi = =, and h = x;;1 — x;. The derivation of the quadratic program (4.30) is given in
Appendix C.
4.6 Results

4.6.1 Recovering the RNM PDF

In this section we compare our Quartic B-spline RNM CDF (BSP) method and the
SML method with respect to their flexibility in recovering hypothetical actual RNM PDFs.
A good RNM estimation technique should be able to recover the true RNMs whatever
the complexity of their shape. Therefore, to compare the ability to recover a wide range
of different shape of PDFs, the following 12 parametric PDFs are assumed to be a actual

RNM PDF.
1. Log-Normal Distribution (LN)
2. Log-Stable Distribution (LS)
3. Double Log-Normal Distribution (DN)

4. Double Log-Stable Distribution (DS)
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5. Generalized Two-Factor Log-stable Distribution (GS)
6. Weibull Distribution (WB)
7. Generalized Gamma Distribution (GG)
8. Generalized Beta Distribution (GB)
9. Finite Moment Log-stable Distribution (FS)
10. Variance Gamma Distribution (VG)
11. Poisson Jump Diffusion Process (JD)
12. Jump Diffusion Process with Stochastic Volatility (VG)

The closed form PDFs (or characteristic functions) for the 12 distributions are given in
Chapter 3.

First, 12 cross-sections of OTM option prices are generated from each hypothetical
actual RNM PDFE. The OTM option prices V(K;), i = 1,2,..., N are calculated at equally
spaced strike prices K; < ... < Ky with K;;; — K; = AK'? for each hypothetical actual

RNM PDF by using the call and put option price functions:

CK) = e f w(x—K»p(x)dx,
K;
K;

PK) = e T f (K; — x) p(x)dx, and
0

V(K) = min[C(K)), P(K))],

where ry is the risk-free interest rate, T is the time to maturity, and p(x) is the actual RNM

PDF. The parameters of the hypothetical actual distributions are chosen to approximate

19Tn our experiment we generate the OTM option prices V(K;) for 25 strikes K; in interval [1100, 1800].
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a typical cross-section of OTM option prices on the S&P 500 index with 2 months to
maturity.

With the generated OTM option prices, we then recover the actual RNM PDF using the
BSP method and SML method, respectively. Finally, we measure the closeness between
the actual distribution P and the recovered distribution Q by means of Kullback-Leibler

Information Criterion (KLIC) divergence:'!

Dyu(PIIQ) = f p(0)log P gy
0 q(x)

where p(x) and g(x) denotes the PDFs of the actual distribution P and the recovered distri-
bution Q, respectively.

The recovered RNM PDFs are plotted against each actual RNM PDFs for the BSP
method in Figure 4.3, and for the SML method in Figure 4.4. These figures suggest that the
BSP method is more flexible than the SML method in recovering the actual distributions.
The BSP method almost perfectly recovers the actual RNM PDFs for all hypothetical dis-
tributional assumptions. In contrast, the SML method is significantly biased and gives neg-
ative probability, particularly for some fat-tailed distributions such as stable distributions:
LS, DS, and GS. The KLIC divergence between the actual and recovered RNM PDFs for
each method are reported in Table 4.1. The KLIC divergence of the BSP method is much
less than those of the SML method except for the cases in which the actual RNM PDF is
log-normal or double log-normal. The SML method recovers the log-normal distributions
relatively well since the biases due to the linear extrapolation property of the natural spline

are very small for thin-tailed distributions such as LN and DN.

"'"The Kullback-Leibler divergence is a measure of the difference between two probability distributions:
from a “true” probability distribution to an arbitrary probability distribution. Although it is often intuited as
a distance metric, the KL divergence is not a true metric since it is not symmetric (hence ’divergence’ rather
than ’distance’).
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4.6.2 Monte Carlo Experiments

In the previous section we only compare the accuracy of the two methods using the
theoretical OTM option prices which are generated with no pricing errors from the 12
different hypothetical actual RNM PDFs. However, stability to pricing errors is also desir-
able properties of a good RNM estimation method. Therefore, in this section we perform
Monte-Carlo experiments to compare both accuracy and stability of the two methods in the
RNM estimation. To test the robustness of alternative methods to pricing errors embedded
in OTM option prices, we add noise ¢; to the theoretical prices computed in the previous
section. Pricing errors ¢ are introduced to model observational errors that arise from market
imperfections such as non-synchronicity, bid-ask spread, and discreteness, etc.

As pointed out by Andersson and Lomakka (2005), the option pricing errors exhibit
dependence and heteroskedasticity over the range of strike prices. To take into account
the dependency and heteroskedastic characteristics in the pricing error structures, we spec-
ify the pricing errors as a random walk process bounded by the maximum bid-ask spread

permitted by the exchange, which is a function of the option prices:
€, = max [mln (Ei—l + fl', O.SSI') ) —O.SSZ'] ) i= 1, ce ,N, € — O,

where &; is independently and uniformly distributed on [—.5s;, 0.55s;], and s; is the maximum
bid-ask spread which depends on the strike K;.!? In the experiment, the actual RNM PDFs
are modeled by the 12 parametric distributions as in the previous section. Parameters of

these distributions are chosen to fit a randomly selected cross-section from the S&P 500

12The maximum bid-ask spread permitted by the exchange is linked to the option quotes. For instance, the
CBOE rules state that the maximum bid-ask spread is 1/4 for options with bid quote below $2, 3/8 for bid
quotes between $2 and $5, 1/2 for bid quotes between $5 and $10, ... ,and so on.

si = M(K)

The function M(-) is constructed to represent such rules. See Bondarenko (2003) for details on the construc-
tion of M(-).
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index options dataset. For given an actual RNM PDF, we simulate 500 cross-sections of
OTM option prices with pricing errors for each scenario and apply the two methods to
estimate the corresponding RNM PDFs.

We measure accuracy and stability of RNM estimators by means of the root mean inte-
grated squared errors (RMISE) criterion as in Bondarenko (2003). Let p(x) be the estimator
of risk neutral density p(x), then the (normalized) RMISE for the density estimator is de-
fined as:

1 1/2
— (ETIB(x) = 2
||p(x)”( [IB(x) — p()I])

1 * ) 1/2
) ||p(—x)||(E [ fo (B(x) - p(x)) dx]) .

Simliarly to the MSE for the point estimator, the RMISE may be decomposed as:

RMISE(p)

RMISE2(p) = RISB(p) + RIV(p),

where
R 1 o) . 5 1/2
RISB(p) = Pl ( fo (E[p(x)] = p(x)) dX) ,
1 00 172
RIVG) = ( fo E[(ﬁ(x)—E[f)(X)])2]dX) :

| - || is the L, norm, RISB is the (normalized) root integrated squared bias, and RIV is
the (normalized) root integrated variance. Intuitively, RMISE is a measure of the overall
quality of the estimator, RISB is a measure of the accuracy, and RIV is a measure of the
stability. This decomposition allows us to study the relative contributions of the bias (RISB)
and the variability (RIV) to RMISE of different models.

Monte-Carlo experiments are conducted based on the following 12 scenarios:

Scenario i: i distribution is the true RNM PDEF,
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where i=LN, LS, DN, DS, DS, GS, WB, GG, GB, FS, JD, and JS. The resulting true RNM
PDFs p(x) for each scenario are depicted by the dashed lines in Figure 4.5 and Figure 4.6,
respectively. For each scenario, the estimated 500 RNM PDFs from the two method are
plotted against the true RNM PDFs in Figure 4.5 and Figure 4.6, respectively. It can be
seen that the SML is significantly biased, particularly on the left tail of the distribution.
The associated RMISE statistics for the 12 scenarios are also presented in Table 4.2. The
results for the BSP method are displayed on the left panel. Examining the RMISE statistics
from the two methods, we find that the BSP provides lower RMISE than the SML does in
most scenarios except for LN and DN. Particularly, under the scenarios that the true RNM
is fat-tailed distribution such as LS, DS, FS, and GS, the SML method reveals large biases
from the true RNM PDFs. This result indicates better overall quality of the BSP as a RNM
estimator. Examining the RISB and the RIV reveals that the large bias from the true RNM

PDF is the main cause of the relatively poor performance of the SML method.

4.7 Concluding Remarks

In this chapter, we propose a new nonparametric RNM estimation method which over-
comes the problems with the smoothed implied volatility smile (SML) method. In our new
approach, we model a RNM CDF using quartic B-splines with power tails. With the power
tails, the estimated RNM has nonnegative tail probabilities and also reflects information
about true tail probabilities. Since the RNM CDFs are constructed using quartic B-spline
functions, the resulting RNM PDFs have continuity C2. The use of B-spline also improves
computational efficiency and reduces the number of spline parameters. The advantage of
constructing the RNM CDF with power tails is that the sum of RNM probabilities is guar-
anteed to be unity. We also choose the optimum number of knots so that our method avoids

both overfitting and oversmoothing.
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Our nonparametric approach involves solving a highly nonlinear optimization problem
with a number of constraints due to the power tails. It is computationally difficult and in-
accurate to estimate the B-spline part of the CDF and the power tails simultaneously. To
improve computational efficiency and accuracy we develop a 3-step RNM estimation tech-
nique: (i) estimate the power tail parameters; (ii) select the optimum number of the knots;
and (iii) estimate the B-spline control points. The 3-step estimation procedure transforms a
nonlinear optimization problem into a convex quadratic programming which is efficiently
solved by numerical optimization software.

The Monte-Carlo experiments suggest that the BSP method performs considerably bet-
ter than the SML method as a technique for estimating option implied RNM. The SML
method violates the no-arbitrage constrains, and is also significantly biased, particularly
under the scenarios that the ture RNM is a fat-tailed distribution. In contrast, the BSP
method always produces arbitrage-free RNM estimators, and almost perfectly recovers the

actual RNM PDFs for all hypothetical distributional assumptions.
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Figure 4.1: Uniform Quartic B-Spline Basis Function, where x; = 0 and Ax = 1
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Actual RNM | BSP Method | SML Method
LN 0.0006 0.0000
LS 0.0013 0.0305
DN 0.0001 0.0000
DS 0.0013 0.0073
GS 0.0000 0.0042

WB 0.0002 0.0019
GG 0.0000 0.0020
GB 0.0000 0.0020
FS 0.0013 0.0305
VG 0.0004 0.0050
JD 0.0000 0.0016
IS 0.0000 0.0019
AVG 0.0004 0.0072

Note: The KLIC divergences are computed based on 12 sets of cross-
section of the OTM option prices from the 12 hypothetical actual RNM
PDF for each method.

Table 4.1: Kullback-Leibler Information Criterion (KLIC) Divergence
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BSP Method SML Method
Scenario | RMISE RISB RIV | RMISE RISB RIV
LN 0.0229 0.0091 0.0210 | 0.0194 0.0024 0.0192
LS 0.0200 0.0068 0.0188 | 0.0466 0.0459 0.0082
DN 0.0213 0.0114 0.0180 | 0.0192 0.0162 0.0102
DS 0.0233  0.0149 0.0180 | 0.0502 0.0495 0.0087
GS 0.0253 0.0116 0.0225 | 0.0373 0.0363 0.0087
WB 0.0189 0.0048 0.0183 | 0.0350 0.0333 0.0105
GG 0.0304 0.0204 0.0226 | 0.0422 0.0410 0.0101
GB 0.0309 0.0207 0.0229 | 0.0419 0.0407 0.0099
FS 0.0199 0.0068 0.0187 | 0.0465 0.0458 0.0081
VG 0.1214 0.1202 0.0175 | 0.1593 0.1591 0.0087
ID 0.0223 0.0138 0.0176 | 0.0440 0.0430 0.0096
JS 0.0229 0.0134 0.0185 | 0.0379 0.0368 0.0090
AVG 0.0316 0.0211 0.0195 | 0.0483 0.0458 0.0101

Note: The RMISE is decomposed as RMISE?(p) = RISB?(p)+RIVZ(p).
The RMISEs are computed based on 500 simulated sets of cross-section
data on S&P 500 index options with 2 months to maturity under the 12
scenarios for each method

Table 4.2: Root Mean Integrated Squared Errors (RMISE)
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CHAPTER 5

CONCLUSION

The risk-neutral measure of the future asset prices can be estimated from the currently
observed cross-section of option prices with the same time-to-maturity. The estimated
RNM of the asset prices provides valuable information about the market’s expectations on
the future movement of asset prices.

This dissertation develops two new parametric and nonparametric methods for esti-
mating risk-neutral measures, and investigates empirical performance of parametric RNM
estimation methods.

The generalized two-factor log-stable option pricing model in Chapter 2 is a highly
integrated approach to evaluating contingent claims in the sense that it provides the state
prices, the pricing kernel, and the risk neutral measure explicitly. The RNM can be simply
derived by adjusting the FM for the state-contingent value of the numeraire. Under gen-
eralized two-factor log-stable uncertainty the RNM is expressed as a convolution of two
exponentially tilted stable distributions, while the FM itself is a pure stable distribution.
Furthermore, the generalized two-factor log-stable RNM has a very flexible parametric
form for approximating other probability distributions. Thus, this model also provides a
considerably accurate tool for estimating the RNM from the observed option prices even
though the generalized two-factor log-stable assumption might not be satisfied.

The empirical results of the RNM estimation from the S&P 500 index options shows

that the generalized two-factor log-stable model gives better performance than the Black-
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Scholes log-normal model, the finite moment log-stable model and the orthogonal log-
stable model in fitting the observed option prices. Moreover, the distributional assumption
for the generalized stable model is consistent with the implied volatility structure, which
violates the lognormal assumption of the Black-Scholes model.

In Chapter 2, I implement 12 parametric RNM estimation methods by means of the
closed form of RNM distributions or RNM characteristic functions. I then compared
the empirical performance of the 12 parametric RNM estimation methods under three
criteria—the root mean squared error (RMSE) for the goodness-of-fit, likelihood ratio (LR)
for the model selection, and the root mean integrated squared error (RMISE) for the accu-
racy and stability of the estimated RNMs.

The empirical results show that the generalized two-factor log-stable model in Chapter
2 outperforms other alternative parametric RNM estimation methods. The RMSEs and the
LR tests indicate that the generalized two-factor log-stable model and the jump diffusion
model with stochastic volatilities dominate other models. However, the jump diffusion
model with stochastic volatilities model is vulnerable to over-fitting problems due to a
large number of parameters. Our Monte-Carlo experiments reveal that the jump diffusion
with stochastic volatilities suffers from serious over-fitting problems and also show that the
generalized two-factor log-stable model outperforms the alternatives.

In Chapter 4, I propose a new nonparametric RNM estimation method which over-
comes the problems with the smoothed implied volatility smile (SML) method which is the
most widely used nonparametric technique for estimating RNMs. In this new approach, I
model the RNM CDF using quartic B-spline with power tails. With the power tails, the es-
timated RNM has nonnegative tail probabilities and also reflects information about true tail
probabilities. Since the RNM CDFs are constructed using quartic B-spline functions, the
resulting RNM PDFs have continuity C2. The use of B-spline also improves computational
efficiency and reduces the number of spline parameters. The advantage of constructing the

RNM CDF with power tails is that the sum of RNM probabilities is guaranteed to be unity.
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We also choose the optimum number of knots so that our method avoids both overfitting
and oversmoothing.

Our nonparametric approach involves solving a highly nonlinear optimization problem
with a number of constraints due to the power tails. It is computationally difficult and in-
accurate to estimate the B-spline part of the CDF and the power tails simultaneously. To
improve computational efficiency and accuracy we develop a 3-step RNM estimation tech-
nique: (1) estimate the power tail parameters; (i1) select the optimum number of the knots;
and (ii1) estimate the B-spline control points. The 3-step estimation procedure transforms a
nonlinear optimization problem into a convex quadratic programming which is efficiently
solved by numerical optimization software.

The Monte-Carlo experiments suggest that the BSP method performs considerably bet-
ter than the SML method as a technique for estimating option implied RNM. The SML
method violates the no-arbitrage constrains, and is also significantly biased, particularly
under the scenarios that the true RNM is a fat-tailed distribution. In contrast, the BSP
method always produces arbitrage-free RNM estimators, and almost perfectly recovers the

actual RNM PDFs for all hypothetical distributional assumptions.
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APPENDIX A

DERIVATION OF THE GENERALIZED TWO-FACTOR LOG-STABLE

RNM

A.1 Derivation of (2.18)

The joint distribution of vy and v4 can be expressed as

h(vy, vy +2)

1
= Su,u, (U, uz),
leniCas — cnacail

h(Vn,va)

where fy, v, (11, uy) is the joint distribution of two factors u; and u,.

Since

z = logSr = va—vy

= —(cn1 —canuy — (Cna — Can)tr + 6

and

1

Cn2 — CaA2 1
u = - U — Z+
CN1 — CAl CN1 — CAl CN1 — CAl
CN2 — CA2 1
= - 2= (z—0),
CN1 — CAl CN1 — CAl
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the log marginal utility of numerarie vy can be written as follows:

Cn2 — CaA2
VN = Cn1 (— Uy — (z— 5)) + CnolUp
CN1 — CAl CN1 — Cal
CN2CN1 — CN2CAL — CNICN2 + CN1CA2 CN1
= u | — (Z - 6)
CN1 — CAl Cn1 — Cal
CN2CA1 — CN1CA2 CN1
= - Uy — (z—09) (A4)
CN1 — Cal CN1 — CAl
By substituting (A.1), (A.2) and (A.4) into (2.12), we have
(o)
— VN
q(z) = e h(vy, vy + 2)dvy
EUy J_
1 o0 _N2CALTENICAD ) NI (s
= e CN17CAl 27 entcar < .
EUN —00
1 leni1Cas — cnacail
Suiu2(uy, uz) duy
len1Cas — cnacail CN1 — Cal
1 1 foo _CN2GALZENICA2 ) NL (g
= e CN1=CAL EN1=CAL .
leyi —call EUn J_oo
Z—=0+ (cn2 — cax)up
fU1U2 (— , Uy dl/tz. (AS)
CN1 — CAl

By using (A.3), the joint distribution of #; and u, can be expressed as:

2= 0+ (en2 — cad)itr
fU|U2 - %)
CN1 — €Al
-0+ —
g s(ug;a/,—l,l,O)s(—Z (en2 =iz 110
CN1 — Cal

lent — carls(uas @, —1,1,0) s(z; @, sgnlent — car)s leyt — cail, 8 + (eya — caz)un)

(A.6)
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Plugging (A.6) into (A.5), we finally have the stable RNM pdf:

1 00 _N2CALTENICAD ) NI (s
(Z) = f e CN1=CA 27 en1—cal . S(”Z; a,-1,1, O)
1 EUy J_.,
S(Z; a,sgn(cyr — car), leyt — cail, 0 — (en2 — CAz)Mz)duz- (A7)

A.2 Proof of (2.19) and Derivation of (2.20)

The generalized two-factor log-stable RNM is a convolution of two exponentially tilted

stable distributions:

CNj

|

2
(I(Z) = ,>_k1 tssgn(ch—cAj) (ZJ; a, |CN] - CAj|9 6]9
J= CNj — Caj

Proof.

From (A.7), the CF of the generalized two-factor log-stable RNM is written as:

cf,(t) = f e q(z)dz
_ EIIJ e_c'sz;x[i:/X}vAZ ”2+('NEIY}’A1 6S(I/£2; a, _1’ 1, O) . (A8)
N J-00

< C1\’7'—z't)z
f e (‘Nl’f/“ s(z; @, sgn(cny — cars lent = cail, 6 = (ena — can)uz)dz dus.
—00
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Using the properties of sign function, we have:

CN1 .
1. — (— - lt)z
CN1 — Cal

¢
= —sgn(ent — CAI)( M

—sgn(cyy — cAl)it) 4 (A.9)
CN1 — CAl

II. (— EN2CAL T~ CNICA2 + sgn(cyr — car)(ena — CAz)( sl —sgn(cy — CAl)if)) Uy
CN1 — CAl CN1 — CAl
= (cn2 —(cn2 — ca2)) Un (A.10)

I11. —sgn(cy; — cAl)( _n
CN1 — CAl

—sgn(cyy — CAl)if)5

a
CN1 . T CN1

—( ——| —sgn(cy; — cAl)zt) lenr — cap|® sec (—) +—9

CN1 — Cal 2 CN1 = Cal

a

. CN1 . b (0

= 0it — ( —sgn(cyy — CAl)ll) lenr — cap|® sec (—) (A.11)
CN1 — Cal 2

By using (A.9), the inner integration term in (A.8) may be written as:

(o]
f —sgn(cy1—cal )(
e
—00

s(z; @, sgn(eny — car)s leyt — carl, 6 — (ena — can)un)dz

°N1
EN17€Al1

—Sgl’l(cN] —CAl)if)Z

¢ .
= exp [ —sgn(cyy — CA])( M —sgn(cyy — CAl)lf) (0 = (cn2 — cax)un)
CN1 — CAl
- ( — M| sen(ew - CA])il) ew = el see () | (A.12)
CN1 — Cal 2
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By using (A.10), (A.11), and (A.12), the CF of the RNM may be expressed as:

1 6it—( N1 _Sgn(CNl_CAl)it)a|CNl_CAl|a sec( %)
¢ — CN1CAl :
<l = gy-e
f eV (en2=(ena—ca)inuy s(uy; a,—1,1,0) dus,. (A.13)

Let

W = (Cna — Ca2)Uin, (A-14)
so that

d 1

) R — (A.15)

dwl lens — canl

With (A.14) and (A.15), the integral term of (A.13) is written as:

f ecN2—(ena—(ena=car)itiu s(ur;a,—1,1,0) du,

— f e(fNr(chsz*fAz _”)Ws (;w; a,-1,1, ()) ; dw

CN2 — CA2 lenz — canl

o0

|

CN2

. ¢ a y[(07
— sgn(cN2 - CAz)lt) |CN2 — CA2| Sec (7)] (A16)

CN2 — CaA2

By Property 2 of stable distributions, the expected marginal utility of numeraire is

EUy = EéeV = exp(ég—c%sec(%))

= exp (—(c(,f,l ety sec (%)) (A17)
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By substituting (A.16), and (A.17) into (A.13), the CF of the RNM is taken to be

b1(0% c @ c ¢
cfy(t) = exp {iét + ey — carl® sec (—)[ SR L . ( M sgn(cyy — cAl)it) ]
2 CN1 — Cal CN1 — CAlL
« T CN2 ¢ CN2 . ¢
+ |cna — canl® sec (7)[ - ( —sgn(cyn — cAz)zt) ] }
CN2 — CA2 Cn2 — CaA2
Finally, the log CF of the RNM is
IOg Cf;](t) = i0t+ |CN1 — CA1|a sec (H)[ L — ( L — Sgl’l(CNl - CAl)it) ]
2 CN1 — Cal CN1 — Cal

&%) N2

N na
+|CN2 —CA2| sec 7

- ( - Sgl’l(CNz - CAz)it) ] .

CN2 — CaA2 CN2 — CA2

(A.18)

An exponentially tilted stable distribution

CNj

|

Zz
s(x; a,sgn(cyj — caj)sleyj— CAj|,5j)

tSSgH(CNj—CAj) (Z; a, |ch - CAj|a 5]',
CN]' - cAj

CNJ
CNJ'—CA]'

k e_Sgn(CNj_CAj)

has the CF:

CNj
CNj=CAj

—it)z
) s (Z; a,sgn(cy; — caj)s lenj — cajl, 5]') dz

—it) 5,-—(

00
k f e—(SgH(CNj—CAj)

k e_(Sgn(CNj_CAj)

Cﬁs,j(t)

CNj
CNj=CAj

L'Nj
CNj=CAj

@
—sgn(ch—cAj)it) |CNj—CAj|” SCC(%)
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Since

CNi CN; Ta
Cfts,j(o) = k eXp| — Sgn(ch - cAj) ! (5] - ! |CN]' - CAjla sec (—)] = 1,
CNj — C4j CNj— C4j 2
we must have
c c ¢ T
Nj N
k = exp [sgn(ch —Caj) ! 0+ ! lenj — cajl” sec (—)],
CNj — C4j CNj — C4j 2
hence
ﬂ'a C a C a
. Nj Nj .
Cfrs,j(t) = exp {ldjt + |enj — cajl” sec (—)[ — = | - ( ! —sgn(cyj — CAj)ll) ] }
2 CNj_CAj CNj_CAj
Finally, the log CF of the tilted stable distribution is
ﬂa C a C a
. Nj Nj .
log Cﬁs,j(t) = ldj[ + |CNJ' - CAl‘la N (—) — | |- sgn(CNj - CAj)lt .
’ 2 ch_CAj CNJ'—CAJ'

(A.19)
Combining (A.18) and (A.19), we have
2
logcf,() = ) logefi (o).
=1

Since the log CF of the convolution of two densities is the sum of their respective log
CFs, the generalized RNM ¢(z) is such a convolution of two exponentially tilted stable
densities. O
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APPENDIX B

DERIVATION OF THE OPTION PRICING FUNCTION UNDER THE
B-SPLINE RNM CDF WITH POWER TAILS

I. The case K < K;

C(K;c,0)

= e_rfo xR'(x)dx—Ke_rfo R'(x)dx
K K

= T fooxR'(x)dx— K( —R(K))]
| Jk

-
= T f pl/llxdldx + f Z c,Bm(x)dx + f pg/lzx_’lzdx - K(l —leA‘)
K i=

| VK Ky
5

_ e_rfT ,01/11 K/11+1 K/11+1 + fKan CB(I)( )d + /l K_/12+1 K(l —le/h)
/11 + 1 K i=1 -1 N

[ n-5

K|
= T Zc,.f NxB(”(x)dx+ o1 LI gty P2y Koy PLguel _g
= K A+ 1 A — 1 A+ 1

(B.1)

P(K;c,0)
K K
= —e_rfo xR’(x)dx+Ke_rfo R’ (x)dx
0 0

K
= _eT [f xR'(x)dx + KR(K)]
0

K
= —e_rfT [f pl/l])(,'/l1 dx+ K (le/h):|
0

A
T | P14 Y L P1 KA+l B2
¢ [ A+ 1 pr ¢ A+ 1 (5:2)
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II. The case K; > K > Ky

C(K;c,0)

e_rfo xR'(x)dx—Ke_rfo R'(x)dx
K K

e T f ) xR (x)dx — Ke™'T (1 = R(K))
K

Ky n-5 1
e T f X Z cl-B§4)(x) dx +e"T f
i=1
5

00

n-5
,oz/lzx_ﬁ2 dx — Ke™ /T (1 - Z cl-Bl-,4(K)]
i=1

K Ky
KN n- pz/lz n-5
et fK X cl-Bf.’léf(x) dx +e"T - K;,ﬂz“ Ke™'T [1 - Z CiBi,4(K))
i=1 i=1
n-5 Ky pz/lz n->5
ety ¢ X B(l)(x) dx +e T g K_AZJrl Ke /T [1 - c,Bi,4(K))
i=1 K 27 i=1
n-5 Ky 0 1 n-5
e’ Z Ci nglzt)(x) dx + T 1 2 21 K_Aﬁ1 Ke /T 4 7T [ CIKB,-,4(K))
i=1 K ’ 2 i=1
n-5 Ky /l
T [ ci (KB[A(K) + f x B} (x) dx ) /lp ~ 11{;”2“ K} (B.3)
i=1 K
P(K;c,0)
K K
—e 1T f xR (x)dx + Ke T f R'(x)dx
0 0
K K, K n-5
—e T f xR (x)dx + Ke"TR(K) — ™1 f plxllxﬁ' dx—e T f X cl-BEL)(x) dx
0 0 K : ’

n-5
+Ke Ty ¢iBi4(K)
i=1

U\

n—

A
_ T P14 /11+1 —rfT B(l) d +K -r¢T B: (K
e /11+1 fK ;cl (x)dx + Ke ¢iB;4(K)

:~
LII'—‘

_ 1T pl/ll i+l —rfT (1) -reT R.
K Z f xB)(x)dx + Ke ) " iBa(K)

n-5

—rf pl/ll A1+1

e ¢ (KB[ (K) - f xB(.l)(x)dx)— K™ (B.4)
[Z A K i A +1 !

i=1
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II1. The case Ky < K

P(K;c,0)

K K
—e T f xR (x)dx + Ke™'T f R'(x)dx
0 0

K
—e T f xR (x)dx + Ke”"TR(K)
0

K Ky 15 K
—e " f o1y x" dx — e T f X Z c,-Bl(.L)(x) dx — e T f P2 ox 2 dx
0 Ko S Ky

+Ke 1T (l - sz_lz)
—ro pl/ll K/11+1 —ro f B(l) d +e —rfT p2/12 K—/12+1 K—/12+]
1+l Z (x) dx Lol ( )

+e T (K -0 K_b“)

n->5

A K |
_oiT P14 B il oy T 2: f B(l) dx+eT P22 Kt _ K—/12+1
A+11 ¢ - ¢ *Biq(x)dx /12—1( )

+e T (K _sz—/lZH)

—rT>_n_ P P2 — o+l — L+l B il
e’ ZciKBiA(K) /hHKl +Az—1(K K )+(K 0:K z)

PR A P2y P2
BT =N GKBa(K) — DL gl - P22 pebort 02 gl L gl (B S
¢ ZAC O Ty L T (B-5)
C(K;c,0)
e_’fo xR (x)dx — Ke_’fo R'(x)dx
K K
e T f xR (x)dx — Ke™"T (1 - R(K))
K
e T f prox 2 dx — Ke T (1 - —sz_’lz))
K
—rfT p2/12 K—/12+1 _ K—/12+1
e [—/12 _ P2 )
e—rfT p2 K—/12+] (B.6)

A =1
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Combining (B.1), (B.3), and (B.5) yields the call price function:

C(K'c 9)

K A A
-riT B(l) dx + P14 K/l|+l P22 K_42+1 P1 _PL gt _ gl K
e c,f X (x) Ll 51 111 (0.5 (K)

K 0242
+ e’ ZC (KBL4(K)+f XBE,ILL)()C)dX)Jr 1 1K1://12+1_K Tk, k1 (K)
=1

K 2=

+ e—rfT /lzpi IK—/12+1 I(KN oo](K)

Similarly, combining (B.2), (B.4), and (B.6) yields the put price function:

P(K;c,0)

7 P14
e T /1 1 11 K/ll+l I[OKl)(K)
1+

-5

K
—rT ) o1 a4
+ e Z Ci (KBLA(K) - fK )CB[.A(.X) d.X) + /ll n 1K11+ ] I[K],KN](K)

1

L i=1
-5

+ e —ZC,KB,4(K) —

Py KA+ _ p2o K—/12+1 P2

L= KK
A +1 ! -1 -1

I(KN oo](K)
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APPENDIX C

DERIVATION OF THE QUADRATIC PROGRAM FOR B-SPLINE RNM
ESTIMATION

C.1 Loss function

N
i=1

Ky
(V(K) - V(K;;¢0) + wf [R”(x;¢|0")]" dx

K

Ky
€€+ a)f [R”(x;¢|0%)]" dx
K

where

e = V-V|o*
vy | | P& |
P(K,)
V = =
C(Kp+1)
| V(Ky) | | C(Ky) |
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Vieor =

| vikaey || Pk ey
P(K,;¢l0")

_ C(Kp.1;¢l07)

VKN || CKyield) |

C.1.1 Sum of Squared Errors (SSE)

Using the option price functions (4.22) and (4.22), we have

T = Kn (1) p;/l; —-A+1
C(K;;cl0) = e Ci KiBj,4(Kj)+f xB () dx)+ —=K*
=1 Ki ’ -1
. IS R P i
P(K;;c|0") = e cj|KBja(K) - x B, (x)dx| + T+ 1K1 ’
Ki 1

Ul
—_

LJj

whence

Ve =

N T PR i
CMI e /1’1‘+1K1
D T P i
M, —e AT+1K1

/ T (P2 =Bt
CHp+1 + e (/13—1KN Kp+1

’ —rT p;/l; — A3+l _
cHy +e (_/IZ—IKN Ky
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where

Ki
KiB14(K;) = [ x B} j(x) dx

K;
| KiBn—5,4(Ki) - j;(l xBfll_)5’4

(x)dx

K:Bia(K) + [ x B} (x) dx

Hi = e_rT :
| KiBn—5,4(Ki) + j;jNXB;l_)iz‘_(x) dx
Let
TP A+ 1 [
P(K)) +e T%Kﬁ M,
LT P A+
P(Ky) + e 1K M
W = and G = ,
C(K,u)) — e T[22 _ H
p+l 517N p+l p+l
7 [ P A5+ ,
C(Ky) - e T(jg—_leN i —KN) _ | H |
then

e = V-V|0
= W-Gec
€e = (W=Ge)"(W-Go)

= ¢G'Gc-2W'Gec+W'W.
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C.1.2 Roughness penalty

Ky Ky 2
f [R”(x;¢|0")]* dx = | BO)| dx

K

>~

1
Ky

¢ BP(0)B®(x)Te dx (C.2)

=

where
B})(x)
BS)(x)

BY(x) = :

B (%)

3
i BE;—)5,4(X) ]
Since

' Xi+1
f ¢BYxBY()Tcdx = v, -V,

h

i (yf T YiYi+ +%‘2+1)’

where y; = R"”(x;;¢/0") = ¢'B®(x;),
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the equation (C.2) can be written as a matrix form:

Ky n=->5 Xit1
f ¢ BP(0)BP(x) ¢ dx Z [ f ¢ BP0)BP(x) "¢ dx]
K Xi

1 i=5

n->5
= Z [g ()/,2 TYiYie1 T 71'2+1)]

i=5

= ¢'D"RDc. (C.3)
where
[ h
Lok 0 ...0
A 2h  h
s 3 0 . 0
h
R - | ¢
h b
0 0 ¢ 0
ho2h ok
6 3 6
hoh
| 00 0§ 3|
B(13,z)t(x5) 323_)5’4(365)
D = : : ,
! B(li)‘—(x(n—“) Bfl3_)5’4(xn—4)

By combining (C.1) and (C.3),

L,

N Ky
D (VK) = V(K cl6)) + w f [R"(x;¢l0")] dx
i=1

K

¢ [G'G+wD'RD]c-2W'Gc+ W'W.
Thus, the optimization problem (4.30) is equivalent to the following quadratic program:

1
min L, = ECTQC+FC,

ceR"* -5
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where

G'G + wD'RD,

(=)
|

F = -W'G.

C.2  Constratints for the B-spline RNM CDF with Power Tails

C.2.1 End Points Conditons

By differentiating the B-spline basis function at knot points, the knot values of the B-

spline basis function up to the 2nd derivative are given by:

1 —_— .
11
% X=X
Bjs(x) = N (C4)
74 X = )Cj+3
24 - Aj+4

o X = Xj+l
(1) 2h J+2
B (x) = (C.5)

3, X = X3

e X T Xj+4

1 —
X=X

1 — .
Tz YT X2

B2 (x) (C.6)

—55 X = Xj43

e X T X

158



By using the knot values of the B-spline basis (C.4), (C.5), and (C.6), the RNM can be

written as:

R(x;)

R'(x))

R//(xj)

n-5
¢iBia(x;)
i=1
Cj—aBj 44(x)) + ¢j3Bj34(x)) + cj2Bj24(x)) + ¢jo1 Bj_14(x))

Cjq t 116‘]'_3 + 116‘]'_2 +Cj-1

oy (C.7)
n-5
1
c,-BEA)(xj)
i=1
1 1 1 1
Cj—4B§'_)4’4(xj) + Cj—3BE-_)3’4(xj) + Cj—ZBi-_)zA(xj) + Cj—lBE_)lA(xj)
—Cj_4 — 3Cj_3 + 3Cj_2 +Cj1 (C 8)
6h '
n-5
2
Z CiBEA)(xj)
i=1
2 2 2 2
cj—4B§‘_)4,4(xj) + Cj—SBS'_)3,4(xj) + Cj—ZBi‘_)zA(xj) + cj—lBE'_)1,4(xj)
Ci_g —Cj_3 —Cj_p +Ci_q
J J J J (Cg)

2h?

With the knot values of the RNM (C.7), (C.8), and (C.9), the end point conditions

(4.10)-(4.15) can be expressed as:

c;+11cy, + 11C3 + Cy

= p K"
24 pl 1
—c1— 3¢y +3c3+ ¢y P
= LK
6h Pra Ly
cir—Ccy—c3+c _
1 22h2 = g - DK
Chg + 11c,_7 + 11c_6 + €15 _
24 = 1-paKy"
—Cp—g — 3Cp—7 + 3Cp_g + Cns -1
= LK
6h P22 N
n—-8 — Cn—7 — Cp—6 + Cy— Ny —
e 72h26 0T s —p2 (A + DK 2
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The end point conditions (4.10)-(4.15) can then be written as a matrix form:

C.2.2 Non-negative probability condition

1 11 11 1
-1 -3 31
I -1 -1 1
0 0 0O
0O 0 0O
0 0 00O

o o o o o o

o o o o o o

0 O
0 O
0 O
1 11

-3
1 -1

o
o o O

C1

(6}

Cn—6

L cn_s .

240, xél
6hp1 A, xg -1
2001 (4; = Dxg' ™
241 - pox;,"?)
6hp2/12x,?2_1

| 21202 ( Ay + D, 272 ]

By using (C.8), the non-negative probability condition (4.16) can be expressed as:

R,()Cj)

n

i=

—Cj_4 — 3Cj_3 + 36']'_2 +Cjg

5

1
(1) (1) (1) (1)

Cj-aB 4 4(xj) + ;3B 5 (X)) + ¢j2 B (X)) + ¢ B 4 (X))

(1
CiBi,4 ()Cj)

6h

>0,

j=6,...,n-5. (C.10)

The equation (C.10) can then be written as a matrix form:

0
0

-1
0

-3
-1

3
-3

0
0

1
3

-1
0

0 00
1 00
-3 31
-1 -3 3
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C.2.3 Mean-Forward Price Equaility Condition

The mean-forward price equality condition (4.20) is given by:

§%T = E9ux)

f xR’ (x)dx
0
K] KN n—5 00
fo o ixMdx + f X Z ciBEL)(x) dx + f P2 X" dx

Kn

00

X B§’14)(x) dx + f P2 Ao x™ 2 dx

Ky

1
RS
P_
o~
=
~
Q
=
+
gl
O

o 1 N P A _
- L S [ eBlwa Z2ge e

The equation (C.11) can then be written as a matrix form:

C1
&)
Ky Ky /1 /l
xB(l)(x)dx...f x B (x)dx] : = SoeT - LT gt _ 272 g
[fzq A k oA 0 L +10! L—1"N
Cn-6
Cn-5
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