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ABSTRACT

Let (X;,Y;),1 < i < n, be a sample of size n from an absolutely continuous random
vector (X,Y"). Let X;.,, be the ith order statistic of the X -sample and Y}i.n) be its concomi-
tant. We study three problems related to the YJ;.,;’s in this dissertation. The first problem
is about the distribution of concomitants of order statistics (COS) in dependent samples.
We derive the finite-sample and asymptotic distribution of COS under a specific setting of
dependent samples where the X’s form an equally correlated multivariate normal sample.
This work extends the available results on the distribution theory of COS in the literature,
which usually assumes independent and identically distributed (i.i.d) or independent sam-
ples. The second problem we examine is about the distribution of order statistics of subsets
of concomitants from i.i.d samples. Specifically, we study the finite-sample and asymptotic
distributions of V.., and W,.,,_..,, where V.., is the sth order statistic of the concomitants
subset {Y};., ¢ =n —m +1,...,n}, and Wy,,_, is the tth order statistic of the concomi-
tants subset {Y[;.,,), 7 = 1,...,n —m}. We show that with appropriate normalization, both
Vs.m and Wy, converge in law to normal distributions with a rate of convergence of or-
der n~'/2. We propose a higher order expansion to the marginal distributions of these order
statistics that is substantially more accurate than the normal approximation even for mod-
erate sample sizes. Then we derive the finite-sample and asymptotic joint distribution of
(Veims Win—m). We apply these results and determine the probability of an event of interest
in commonly used selection procedures. We also apply the results to study the power of

i1



identifying the disease-susceptible gene in two-stage designs for gene-disease association
studies. The third problem we consider is about estimating the conditional mean of the
response variable (Y") given that the explanatory variable (.X) is at a specific quantile of its
distribution. We propose two estimators based on concomitants of order statistics. The first
one is a kernel smoothing estimator, and the second one can be thought of as a bootstrap
estimator. We study the asymptotic properties of these estimators and compare their finite

sample behavior using simulation.
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CHAPTER 1

OVERVIEW OF CONCOMITANTS OF ORDER STATISTICS

1.1 Introduction

Suppose (X;,Y;),i =1,...,n,is a random sample from a bivariate population (X,Y)
with cdf F'(x,y). If we order the sample by the X -variate, and obtain the order statistics,
Xin, -, Xnm, for the X sample, then the Y -variate associated with the rth order statistic
X, 1s called the concomitant of the rth order statistic, and is denoted by Y},.,,;. The term
concomitant of order statistics was first introduced by David (1973)".

Some generalizations to the above definition of concomitants of order statistics have
been proposed. Barnett et al. (1976) considered a situation in which there are ¢ vari-
ates associated with each X. They proposed to order the ¢ + 1 variate measurements
(X, Y14, ..., Yy) based on the X-values and associated with X,.,, will be the vector of
concomitants (Yifm), - -, Yoirn])-

To allow for the selection based on more than one characteristic, Egorov and Nevzorov
(1984), Reiss (1989), and Kaufmann and Reiss (1992) made a further generalization by
considering the ordering of more than a single X. These authors proposed to order vectors

'Independently, Bhattacharya (1974) use the term rth induced order statistic for what is defined here, but
the term concomitant of order statistic is more commonly used.



x;, 1 = 1,...,n, by the size of some real-valued function g(x;), resulting in the so-called
g-ordering:

xp <gx; if g(x) < gxj).

In particular, if g(x;) = x1;, then the vectors are ordered by the first component z1;, and
the other components become the concomitants.

So far the random vectors are assumed to be independent and identically distributed.
Eryilmaz (2005) generalized this by considering the concomitants of order statistics when-
ever (X1,Y1),...,(X,,Y,) are independent but otherwise arbitrarily distributed.

Concomitants of order statistics can arise in several applications. In selection pro-
cedures, items or subjects may be chosen on the basis of their X characteristic, and an
associated characteristic Y that is hard to measure or can be observed only later may be
of interest. For example, X may be the score of a candidate on a screening test, and Y
is the measure of the final performance of the candidate; or X could be the score based
on a particular search engine (like Google, Yahoo etc.), and Y is the score based on more
exhaustive search of the internet. After the selection based on X values, the resulting mea-
surements on the characteristic Y for the chosen subjects are actually the concomitants
associated with the top X order statistics. (Without loss of generality we assume large YV
values are desirable, and X and Y are positively correlated.) Under this setting, Yeo and
David (1984) considered the problem of choosing the best k& objects out of n candidates
on the basis of auxiliary measurements X, while the measurements of primary interest Y
are not available. The authors are interested in the probability that the m subjects with the
largest X -values consists of the £ objects with the largest Y -values.

Another application of concomitants of order statistics is in ranked-set sampling, first

introduced by Mclntyre (1952). It is a sampling scheme for situations where measurement



of the variable of primary interest for sampled items is expensive or time-consuming while
ranking of a set of items related to the variable of interest can be easily done. It can be
shown that for such situations ranked-set sampling can achieve efficiency and reduce cost
when compared to the simple random sampling. The original ranked-set sampling works
as follows. A set of k items is drawn from the population, and we rank the items either by
judgment or by actual measurement of some auxiliary variable X which is easy to measure.
The item ranked the smallest is measured for the variable of our interest Y. Then another set
of k items is drawn and ranked, and only the item ranked the second smallest is quantified.
The procedure replicates until the item ranked the largest in the kth set is quantified. This
completes a cycle of the sampling. The cycle is then repeated m times. The ranking
involved in the above scheme can always be regarded as based on an auxiliary X -variate,
representing a hypothetical (in the case of judgement ranking) or actual measurement. So
the Y'-value obtained in the 7th set is actually the concomitant associated with ith X order
statistic (David and Levine, 1972; Stokes, 1977). A comprehensive review of ranked set
sampling can be found in Wolfe (2004), and in Chen et al. (2004).

Concomitants of order statistics have also been used in estimation and hypotheses test-
ing problems. Spruill and Gastwirth (1982) have used concomitants to estimate the corre-
lation coefficient between two sensitive variables, data on which are kept separately, and
merge of the data is not possible due to confidentiality considerations. Another natural
application of concomitants of order statistics is in dealing with the estimation of parame-
ters for multivariate data sets that are subject to some form of type II censoring; examples
include Harrell and Sen (1979), Gomes (1981, 1984), and Gill et al. (1990). For a recent
comprehensive review of these applications see David and Nagaraja (1998) and Sections

9.8 and 11.7 of David and Nagaraja (2003).



For the remaining part of this chapter, we will review the basic finite-sample and asymp-
totic distribution theory of concomitants of order statistics and use bivariate normal distri-
bution to provide illustrative examples. Then the outline and organization of the dissertation

will be described.

1.2 Finite-Sample Distribution Theory

The finite-sample distribution theory for concomitants of order statistics has been in-
vestigated by several authors, for example by David (1973), David et al. (1977), Yang
(1977), Bhattacharya (1984), and recently by Balasubramanian and Beg (1998), Eryilmaz
(2005). Here we review some of the important results for the finite-sample distribution of

concomitants of order statistics.

1.2.1 Concomitants with Regression Models

If the population distribution, (X, Y"), is such that the following regression model for Y’
and X holds

Yi=m(X,)+e,i=1,...,n, (1.1)

where m(-) is the regression function, and ¢; is the error term which is assumed to be

independent of X;, then we have
Y’[r:n] = m<Xr:n) + Elr]

where ¢, 1s the ; associated with X,..,, which can be shown to be independent of X..,, and
have the same distribution as &;.

As discussed in David and Nagaraja (1998), one example of such a model is the linear
regression model. In that case X; and Y; have means pux, py, variances a§<, 032/, and are

4



linked by the linear relationship

g
Y = py + p—(X; — px) + &5, (1.2)
0x

where p is the correlation between X and Y. A special case is where the distribution of

(X,Y) is bivariate normal with mean (ux, py)", and variance-covariance matrix

o g(— POXxOy
pPOXTy 0% '
Then (1.2) will hold with ¢; being distributed as N (0, o3 (1 — p?)).

From (1.2) we have:
Oy
Yiin) = py + p—(Xim — pix) + €p)- (1.3)
ox
So it follows that forany r,s = 1,...,n,

E(Yv[rn}) = Uy + pOy Oy,
Var(Yi)) = 05 (p°Brrin + 1 — p),
COV(XT;n, Yv[s;n]) = pO'XO-Yﬁrs:nv

COV(}/[T:nb }/[Sin]) — pQU%ﬁrs:n, T 7£ S, (14)

where

Xr'n - Xr:n - Xs:n -
Qym =E (—“X> and  Ben = Cov ( X “X> . (L5)

ox
If we assume bivariate normality® for (X,Y’), we will have the relations between the

moments of Y|, and Y,.,, (Sondhauss, 1994):

“More generally, we only need to assume that the marginal distributions for X and Y are identical.



E(Y[v":n]) —py = p(E(Yy0) — py),
Var(Vi) — 0% = §(Var(Yi) — 03),

COV(YV[r:n]a Yv[s:n]) = PQCOV(Y;:m Ys:n)a r 7é S.

1.2.2 General Results

Without assuming the structural relation between X and Y as indicated by (1.1), Yang
(1977) studied the exact distribution of Y},..,;. It was shown that if the (X;,Y;)’s are assumed
to be i.i.d observations from some arbitrary absolutely continuous bivariate distribution
with cdf F'(z,y), then for 1 < ry < ... <r, < n, the joint density for (Y, ., - -, Yjruim))

is given by

¥ n(yl,---,yk
[r1: kinl

/ / / HfY|X (YnlZn) forpmryon (15 T )dTy - g (1.6)

© h=1

This follows directly from an important result regarding the conditional independence
of (Y1, - -, Yjnm)) given the values of (Xi.,,. .., X,.,), which is due to Bhattacharya

(1974). The result is given by the following proposition:

Proposition 1.2.1. The concomitants of order statistics, (Y[lm}, cee Y[nm]), are condition-
ally independent given X, = x1, ..., X, = x, with conditional cdf’s Fy | x (| X = x1.n), . .

Fyx(-|X = @y.,), respectively, where the x;.,’s are ordered x;’s such that 1, < ... <
xn:n-

It follows from Proposition 1.2.1 that forany £ < nwith1 < r; < ... <71y < n, the
Yiy,mp b = 1,..., k, are conditionally independent given X, ., = xp,h = 1,..., k, with

6



joint conditional pdf

By Proposition 1.2.1, we can obtain the following results for the moments of concomi-

tants of order statistics

E(ﬁrn]) = E[m(XTn)]v
Var(Yj.,)) = Var[m(X,.,)] + E[0*(X,n)],
CoV( Xy, Yien]) = CoV[ Xy, m(Xan )],

COV(}/[r:n]u Y[s:n]) = Cov[m(XTm), m(Xs:n)]u r 7é S (L.7)

where m(z) = E(Y|X = z) and 0*(z) = Var(Y|X = z).

Example 1.2.1. Suppose the distribution we are sampling from is bivariate normal given

T Ux 0§< POXx0Ty
(05 ) e

By (1.6), the pdf of the concomitant of rth order statistic Y},.,,) is given by:

by:

T Ny —py) /oy —plz —px)/ox | fx,.(2) .
fY[r;n](y) _/ ¢[ ﬂ ] gyﬂd

—00

where

Jxen (@) = 2 1)!(7:— Dox (m ;XMX)H [1 -? (SE ;XMXHMQS (x ;;X) ’

and ®(-) and ¢(-) are the cdf and pdf of the standard normal distribution, respectively.

Alternatively we can derive the same result as above for the pdf of YJ,.,,; using (1.3) by
noticing that the distribution of (Y., — p1y)/0y is a convolution of p(X,., — px)/ox and

N(0,1— p?).



Using similar arguments as in Bhattacharya (1984), we can generalize Proposition 1.2.1
by considering the case in which the (X;,Y;)’s are still independent but not necessarily

identically distributed, as stated in the Proposition below:

Proposition 1.2.2. Suppose the random vectors (X;,Y;),i = 1,...,n, are independent,

and (X;,Y;) has cdf F9(x, ). Then the concomitants of order statistics, (Yings -5 Yium))»

are conditionally independent given X1 = x1, ..., X,, = x, with conditional cdf’s
Fé?;w))(’xm),z = 1,...,n, respectively, where \(i,x) is defined to be the index in
{1,...,n} such that for the given vector x = (z1,...,x,), the ith smallest value (x;.,)

IS Tz (i,2), and F}(,l|)X(|x) is the conditional cdf of Y given X = x corresponding to distri-

bution F®)(x, ).

Proof. Let X,, = (X3,...,X,). As discussed in Bhattacharya (1984), the random per-
mutation, (A(1,X,,),...,A(n, X,)) of (1,...,n) will be determined only by X,,, and
we have Yy x,,) = Yjin- By the independence of (X;,Y;)’s, Y; will be independent of

{(Xi,Y:),i # j} for each j. So we have:

:P(Y)\(]yxn) S y)\(j,a:n),j = ]_7 . ,n|X/\(i’wn) = x)\(i,a:n)ai — ]_7 L ,TL)

=[]PMtn) < Urtiam) | Xtz = Tai.en)
=1

_ H FA(ian) (y)\(i,wn) |Im)
=1

which establishes the desired result. OJ
Remark 1.2.1. Notice that unlike Lemma 1.2.1, we cannot derive from Proposition 1.2.2
the result that forany £ < nwith1 < r; < ... <rp < n, the Yr,:n)’s are conditionally

independent given X,,., = x5, h = 1,..., k. One exception is that if the distributions

8



F®(x,y),i = 1,...,n are such that the conditional distributions ol

yix ([z) are all the

same, then the conditional independence of the Y -concomitants given the values of X
order statistics still holds, and the conditional distribution of (Y},,.nj, . . ., Yr.:n]) given the

values of order statistics (X, ., ..., Xy, ) is given by:

k
P(Ypw S4d =1 k| Xy =mi=1,... k) = [[Flulz), (1.9)

i=1
with F'(y|x) being the common conditional cdf of Y given X. The expression on the right
hand side of (1.9) is exactly the same as it would be in the 1.1.d case. One example for such
situation is as following. Suppose we have two applicant pools. Let X;,7 = 1,...,m, be
the scores of the screening test for the applicant pool 1, and X;,s = m + 1,...,m + n,
be the scores for the applicant pool 2. We assume that X; ~ N(uy,0%),i = 1,...,m,
and X; ~ N(u2,02),i =m+1,...,m + n. Let Y be the final score for the measure of

the applicant’s performance, and we assume for both pool 1 and pool 2, Y depends on the

initial score X through the following simple linear regression
Y;‘:ﬁg—l—ﬁlXi—F&;, izl,...,m+n, (110)

with ¢ ~ N(0,02). Even though the (X;,Y;)’s are not identically distributed, they share
the common conditional distribution of Y given the value of X, which is N (8, + Sz, 02).
As a result, the conditional distribution of the Y'-concomitants given the values of X order

statistics is the same as in the i.i.d case.

1.2.3 Multivariate Generalization

Now consider the multivariate case in which there are ¢ variates associated with each

X, and we have n independent sets of variates (X;, Y7;,..., Ys). As in the bivariate case

9



we order the sample based on X sample values, and associated with X,., is the vector
of concomitants (Yl[m], el Yg[,m]). This situation has applications in hydrology and has
been intensively studied by Song et al. (1992), Song and Deddens (1993), and Balakrishnan
(1993).

Let m;(z;) = E(Y;|X; = z;) and o;(z;) = Cov(Yj;, Yis|Xi = x;), we have the

following results for the moments of concomitants similar to (1.7):
E<Y}[T7ﬂ) = E[mj<Xr:n)]a
COV(Yj[r:n]a }/][sn}) = COV[mj (Xr:n), mj(Xs;n)] + E[O’jk(Xr;n)] (11 1)

Suppose that (X, Yy;,...,Yy),i = 1,...,n, is a random sample from a multivariate

normal distribution with mean vector

= (“X7”1a"'7#€)T

and variance-covariance matrix

0'2 EXY
Y = X
(EYX Xy
where

px = E(X;) and p;=E(Yj;),j=1,....¢
l l
Sxy = Zpx = {Cov(X;, Y)Y, = (04))

j:l 9

V4 l
By ={Cov(Yyj, Yir) }; oy = (05k); e -

Notice that forv =1,...,n

X; — px
Yij = 15 + pjojj + €ij

10



where p; = Corr(X;,Yi;), €, = (€1, - . .,€ie)" are independent of X;,i = 1,...,n, and are

1.1.d multivariate normal with mean vector 0 and variance-covariance matrix:

Yyix =Xy — 0';(22YX2XY~

So we have
Xr:n — UXx
Yjtrm) = H5 + £i05— — + Ejln]
X
where €,] = (£1p),...,&g)" are independent of X,,,,i = 1,...,n, and have the same

distribution as &;.

Thus it follows that

E(Y;[rn]) = Wj + P00,
COV(Y;’[r:n]a Yk[rn}) = pjpkajjakk’ﬁrr:n + ij(£) = Ok — pjpkgjjakk(l - ﬁr‘r:n)7

COV(Sfj[T:n]v Yk[s:n]) = pjpko-jjo-kkﬁrs:nu r # S,

where 0j,(x) = o1 — pjprojjork is the jkth element of the variance-covariance matrix

Yy |x, and ., and f3,.., are defined by (1.5).

1.2.4 Non-identical Distribution Case

Concomitants of order statistics for the situation in which the random vectors are in-
dependent but otherwise arbitrarily distributed are considered by Eryilmaz (2005). Let
(X;,Y:),i = 1,...,n, be independent random vectors with cdf’s F(z,y),i = 1,...,n,
respectively, the distribution of concomitant Y},.,,; can be expressed in terms of permanents

as in the following result due to Eryilmaz (2005).

Theorem 1.2.1. Let (X;,Y;),i = 1,...,n, be independent random vectors with cdf’s
Fi(xz,y),1 = 1,...,n, and marginals F,, Fy, respectively. Then the cdf of concomitant

11



Yy is given by

_Fxl(x) 1_FX1<I>

FXi—l('r) 1- FXz'71 (:E)
Z?:l IP(Y; < y|XZ = l‘) per FX¢+1 ($) I FXi+l (23) dFXi (ZE)

| Fx,(z)  1-Fx,(2)
r—1 n—r
(1.12)

where the permanent

_FXl(x> 1_FX1(5L‘)

FXifl (.%) 1 - FXi71<x)
per FX¢+1 (.%) I- FXiJrl (Z‘)

| Fx,(z) 1-Fx,(v)
r—1 n—r

is defined as in Vaughan and Venables (1972), i.e., for a square matrix A = {aij};szl, the

permanent is defined to be

per[A] =Y "] awe) (1.13)

o =1

where 0 = (0(1),...,0(n)) is a permutation of (1,...,n), and the summation in (1.13) is

over all possible permutations of (1,...,n).

Eryilmaz (2005) also derived the joint distribution of (Y{1.,], Y}n.)) for the non-identical
case. He used FGM type bivariate distribution and the Marshall and Olkin’s bivariate ex-

ponential distribution as illustrations.
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1.3 Asymptotic Distribution Theory

1.3.1 Marginal Distributions

We first consider the marginal limiting distribution for concomitant Yj,.,,;. Intuitively
the asymptotic distribution of Y},.,; depends on the growth pattern of r as n — oo, and
more importantly by the dependence structure of the bivariate cdf F'(x,y). Usually three
situations are considered for the growth pattern of r as n — oo: (i) the quantile case in
which r = [np], with 0 < p < 1; (ii) the extremal case in which either r or n — r is fixed;
(iii) the intermediate case in which r — oo, n — r — oo in such a way that  /n approaches
either O or 1.

A convenient way to model the dependence structure of (X,Y") is to assume that the
simple linear regression model (1.2) holds for the random vector (X,Y’). In this case
analytical results regarding the asymptotic distribution of the concomitant of order statistic
Y}.n) can be obtained as in David and Galambos (1974) and David (1994).

Recall that under the simple linear regression model (1.2), we can express Y/,.,,] as:
Oy
}/['r’:n] = [y + pa(Xrn - ,LLX) + €[r]- (114)

Without loss of generality, we might assume that uy = py = 0, and ox = oy = 1 in
(1.14).

From (1.14) and the fact that X, is independent of £}, we see that the asymptotic
distribution of Yj,.,) depends on that of X,.,, as well as the distribution of € in a linear
fashion. It is useful to differentiate between the following two cases regarding the limiting

behavior of X,..,,:
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(i) X,., converges in probability, i.e., there exists a sequence {a,, } such that

Xy — an =0,  asn — oo. (1.15)

In this case it follows directly from the Slutsky theorem that:

Yirin) — pan £ €, asn — oo. (1.16)

The condition (1.15) holds in the following cases:

(@) 7= [np], 0 < p < 1,asn — oo. In this case we have X, il F'(p) with the
assumption that the cdf F'y () is absolutely continuous and has positive density
at Fi'(p):

(b) » = n — k + 1 for some fixed k. In this case, a necessary and sufficient con-
dition for (1.15) to hold has been established by Hall (1979). In particular
if the marginal distribution of X is standard normal, then (1.15) holds with

a, = +/2logn; see David (1994) for a detailed discussion.

(i1) If X,., fails to converge in probability, and instead there exist constants a,, and b,, > 0

such that
Xr-n - Un
- I LW, asn— oo (1.17)
for some nondegenerate random variable IV. Here, if b,, — b as n — oo, then we
have
Yv[’r‘:n} — Pan

: —>pW+IE), as n — oo. (1.18)

So in this case with appropriate normalization, YJ,.,,; converges in distribution to the

convolution of pI¥ and €.
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In upper (lower) extreme case, i.e., 7 = n — k + 1 (r = k) for some fixed k, (1.17)
will hold with 1V being distributed as the kth lower (upper) record value from one of
the three extreme value distributions (Nagaraja and David, 1994). In the intermediate
case with /n approaching 1 as n — oo, if the distribution of X is bounded above,

(1.17) holds with W being normally distributed (Reiss, 1989, p109).

The limiting distribution of Y},.,,; will generally depend on the conditional distribution
of Y given X, and the marginal distribution of X, as suggested by the following theorem
for the extreme case (r = n — k + 1). The theorem is due to Galambos (1978), and is

extended in David (1994) and Sondhauss (1994).

Theorem 1.3.1. Let Fx(x) satisfy one of the von Mises conditions * and assume that the

sequences of constants a,, b, > 0, are such that as n — o0,
[Fx (an + byx)]" — G(x)
for all x. Further, suppose there exist constants A,, and B,, such that
Fy|x (A, + Bpyla, + byx) — H(y|z) (1.19)
uniformly for all x and y. Then
P(Viu-kiin) < An+ Bay) = [ H(ylo)dGop(a)
where G is the cdf of the kth lower record value from the extreme value cdf G.

Notice that if the joint distribution of (X,Y") is such thatas x — F' (1), Fy|x(y|z) —
H(y) for all y, then the condition (1.19) of Theorem 1.3.1 will hold with A4,, = 0, B,, = 1,
and it follows that P(Y},_11.,) < y) — H(y). Arnold et al. (1992, p221) provided an

example of bivariate exponential distribution for such a situation.

3see Resnick (1987, p62-64) for details of these conditions.
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Example 1.3.1. For the bivariate normal population given by (1.8), without loss of gener-
ality, we assume pux = py = 0, and ox = oy = 1. We want to derive the asymptotic
behavior of Y|,.,,) for both the quantile and extremal cases.

For the quantile case, i.e., r = [np] for some 0 < p < 1, by the fact that

X, £ d'(p) asn— oo,

we have

L —
Yr[rzn] - N(Pq) 1(p>7 1- p2>

as discussed above.
For the extremal case, i.e., r = n — k + 1 for some fixed integer £ and n — o0, as

discussed in David (1994) we have

XT"fl an — 07
with a,, = v/2logn. So it follows that
Yipn] — pv/2logn 5 N(0,1— %)  asn — oo (1.20)

We can also obtain (1.20) by using Theorem 1.3.1. First notice that the standard normal
cdf ® € D(A) and satisfies the associated von Mises condition (Resnick, 1987; David and

Nagaraja, 2003). The corresponding norming constants can be chosen as

1log(4mlogn) 1
a, = v/2logn —=———""*- and b, = ——
& 2 /2logn Vv2logn
where A is the Gumbel extreme value distribution. Let A, = pa, and B, = /1 — p.

Since the conditional distribution of Y given X = z is N(pz, 1 — p?), it follows that

Fyix (A, + Buyla, + byz) = @ (y — %bnx> — d(y)
—p
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uniformly for all z and y as n — oco. So we have

Yv[r:n} — pPan £>

V=

which is equivalent to (1.20).

N(0,1), asn — oo

1.3.2 Joint Distributions

The asymptotic distribution of a finite set of concomitants has also been studied by
several authors. Under the assumption that the random vector (X,Y") is distributed such
that Y — E(Y'|X) and X are independent (which is equivalent the assumption that the
general regression model given by (1.1) holds), David and Galambos (1974) showed that
for any fixed k and any choice 1 <71 < -+ <7% <, Y} 1), - - -, Y]y @re asymptotically
independent provided that Var[E(Y},,.,j| X;..n)] approaches 0 asn — oo foralli = 1,... k.

In the quantile case where r;/n — p;, 0 < p; < 1,fori = 1,...,k, Yang (1977) proved

the following theorem.

Theorem 1.3.2. Let (X;,Y;), i = 1,...,n, be n ii.d observations from an absolutely
continuous distribution with cdf F(z,y) and pdf f(z,y). Let 1 <1y < -+ <1 < nbe
sequences of integers such that as n — oo, r;/n — p;, 0 < p; < 1, fori =1,... k. Then

we have
k

i=1
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In the extremal case, assuming that the conditions of Theorem 1.3.1 hold, it follows
from the conditional independence of concomitants and the Bounded Convergence Theo-

rem that:

P(Yv[nn] < An + Bnyla e 7Yr[n—k+1:n} < An + Bnyk)

k
- HH(Z/i|$i)de(3717 e Th)

1> >T i=1
where G is the joint cdf of the first k£ lower record values from the extreme value distribu-

tion G' (Nagaraja, 1982; David, 1994).

1.4 Outline and Organization of the Dissertation

In Chapters 2 to 5 of this dissertation, we will study three separate topics related to the
concomitants of order statistics. Here we give a brief overview of these topics, and describe
the organization of the rest of the dissertation.

From the review of the distribution theory about concomitants of order statistics in this
chapter, we see that concomitants of order statistics were only studied under assumption of
i.i.d or independent samples in the literature. In Chapter 2, we derive the finite-sample and
asymptotic distribution of concomitants of order statistics for a special case of dependent
samples. The relevant results are illustrated with a simple example.

In Chapter 3 and 4, we study order statistics of concomitants of subsamples. Let V.,
be the sth order statistic of the concomitants subset {Y[i:n},z' =n—-m+1,...,n}, and
Wi.m—m be the tth order statistic of the concomitants subset {Y[jm] ,j=1,....,n—m}. In
Chapter 3, we study the distributions of V., and W.,,_,,, separately. Both the finite-sample
and asymptotic distribution (in the quantile case) are derived for V., and W;.,,_,,. The

rates of convergence in these distributions are also studied, and we propose a higher order
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approximation to these distributions with better performance even for moderate sample
sizes.

The joint distribution of Vj.,, and W.,,_,, 1s then studied in Chapter 4. We first derive
the finite-sample distribution of (V.,,, W;.,,_,,,) using a conditioning argument. Then the
asymptotic distribution of (Vj.,, Wi.,_) for both the quantile and extremal cases are ob-
tained. Finally the results are applied to study the probability of an event of interest in a
selection procedure. We also apply the results to study the power of identifying the disease-
susceptible gene in two-stage designs for gene-disease association studies as discussed in
Satagopan et al. (2002) and Satagopan et al. (2004).

In Chapter 5, we consider the problem of estimating the conditional mean of response
variable given that the explanatory variable is at specific quantiles of its distribution. This
is closely related to the usual bivariate regression problem, but differs from it in that the
evaluation point is itself an unknown parameter. We propose two estimators based on
concomitants of order statistics. The first class of estimators is a kernel smoothing estimator
generalized from Yang (1981), and the second estimator, motivated by Mausser (2001), can
be thought of as a “bootstrap” estimator. The asymptotic properties of these estimators are
studied, and we compare the finite sample behavior of these estimators based on Monte
Carlo studies.

In Chapter 6 we conclude with a summary of the results derived in previous chapters.

A general discussion on future work related to this dissertation is also provided.
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CHAPTER 2

CONCOMITANTS OF ORDER STATISTICS FOR DEPENDENT
SAMPLES

In this Chapter, we will study the concomitants of order statistics for dependent sam-
ples. In particular we consider the case in which the bivariate random vectors (X;,Y;),
i = 1,...,n, are observations from some common distribution with cdf F'(z,y), but no
longer mutually independent. Section 2.1 describes the basic settings under which the con-
comitants of order statistics are studied, and the finite-sample and asymptotic distributions

of concomitants are examined in Section 2.2 and 2.3.

2.1 Basic Setting
Suppose (X;,Y;),i =1,...,n, are a sequence of random vectors such that
Yi=m(X;)+e,i=1,...,n 2.1

where m is some smooth regression function; ¢;’s are i.i.d error terms with standard normal
distribution. Unlike the usual i.i.d assumption on the X;’s, we assume that they come from
some common distribution with cdf Fx(z), but have some form of dependence structure

among them. Specifically we assume that the X;’s are multivariate normal with mean
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vector 0, and variance-covariance matrix X where

1 p Py p
1 ...
s— |7 P 2.2)
p e o » p 1

The condition p > —1/(n — 1) is needed to ensure the positive definiteness of 33,
but we will assume that p > 0 in our discussion. Notice that the X;’s are identically
distributed as standard normal, and are equally correlated. As usual, we assume the error
terms ¢;’s are independent of the X;’s. Under this setting, the random vectors are no longer
i.i.d, but they follow the common distribution F'(x,y), and the random variates Y;’s are
conditionally independent given the values of X;’s. Using similar arguments as in the proof
of Proposition 1.2.2 we can establish the conditional independence of the Y concomitants
given the values of X;’s. The conditional independence of the Y concomitants given the
values of X order statistics will also hold since the (X, Y;)’s are identically distributed (see

Remark 1.2.1).

2.2 Finite-Sample Distribution of Y},

In this section we will derive the distribution of concomitants Y/;.,,; under the conditions
specified in Section 2.1.
From (2.1), we have

}/[r:n] = m(X’r‘:n> + Elr) (2.3)

where €[, is the error term associated with X...,,. Since the ¢;’s are independent of the X;’s,

e[, has the same distribution as ¢;’s, i.e., ;) ~ N(0,1). So we have
Vit X = ] ~ N(m(z), 1). 4
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The density for Y|,.,, can then be derived as

P @) = [ 6y = (@), @)da, @9

where f,..,,(+) is the density for the rth order statistic of the X sample values.
For equally correlated multivariate normal variates, as demonstrated in David and Na-

garaja (2003, p100-101), the X;’s can be represented as

X, = \/EZO + /1 - pZ“ fOI',O > 0, (26)
where Z;,7 = 0,...,n, are i.1.d standard normal variates. So the rth order statistic of X

sample can be expressed as

Xy = \/IBZO + I PZr:m (2.7)

where Z,., is the rth order statistic of (Z1, ..., Z,). Then the cdf for X,., can be derived

as

@S CREN o (2] o es
and the pdf for X,., is given by:
fxa () = 11_p / far (%> 6(2)dz, 2.9)
with
b (] (R (),
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Example 2.2.1. (Simple Linear Regression) Suppose the X; and Y;, ¢ = 1,...,n, are

linked through the following simple linear regression model:
Y, = BX; +ei

Then we have

D/[r:n]|XT:n = .T] ~ N(ﬂl’, 1)7

and the density for Y},.,,) is given by

P @) = [ 6y = B2) i, )

with fx . (z) given by (2.9).

2.3 Asymptotic Distribution of Y/,.,,

(2.11)

(2.12)

(2.13)

From (2.3), we see that the asymptotic distribution of Y|,.,,; will depend on the limiting

behavior of X,.,, as well as the regression function m. We consider two cases, namely the

quantile case and the extremal case, while deriving the asymptotic distribution of Y/,.,;.

2.3.1 The Quantile Case

In this case r/n — p as n — oo. By (2.7), and the fact that

T 2 & (p)

we have

Xyon 5 N(v/T=p® 7 (p), ).

(2.14)

(2.15)

With the assumption of continuity on the mean regression function m, the limiting

distribution of Y},.,] is just the convolution of m (X ™) and the standard normal distribution
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with X* ~ N(y/T— p®~(p), p), i.e.,
Vi) = m(X") + Z (2.16)

where
X* ~ N(y/1=p® ' (p),p)
and

Z ~ N(0,1).

The result given by (2.16) can be readily extended to derive the asymptotic distribution
of (Yrym]s - -5 Yjrpm))s Where 7,4 = 1,. .. k, are constants such thatas n — oo, r;/n — p;

with p; < - < pg.

Theorem 2.3.1. Suppose (X;,Y;), i = 1,...,n, are a sequence of random vectors such
that

Yi=m(X;)+eni=1,...,n, (2.17)

where m is some continuous regression function; <;’s are i.i.d error terms with standard
normal distribution, and are assumed to be independent of X;’s. Assume that the X;’s are
distributed as equally correlated multivariate normal with zero mean vector and correla-
tion p. Then for r;;i = 1,... k, such that asm — oo, r;/n — p; with) < p; < -+ <

pr < 1, we have

Yirwnls - Vi) = (m(X7) + Zu, oo ymUX5) + Ze) (2.18)
where (X3, ..., X;)" is a random vector defined to be:
(X5, XD = (VT = p@7 (p1) + VP Zo, - /T = 9@ (0i) + /5 Z0)"

with Zy being a standard normal variate; and Z;’s are i.i.d standard normal variates which
are assumed to be independent of the X’s.
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Proof. Note that by (2.1) we have
YVpwens - - o> Yirpen)) T = (0 X ) + Z1, - m(Xon) + Zi) T (2.19)
While by (2.7), and the fact that
Ty 5 & Np),  i=1,...k (2.20)
we have
(K ++ Xnn) 2 (VT = p@7(p1) + /P20, /T = @7 (1) + v/ Z0)"

Since m is assumed to be continuous, by Ferguson (1996, Theorem 6, p39), the desired

result follows readily. [

Example 2.3.1. (Simple Linear Regression, continued) With the simple linear regression
model as given by (2.11), for any r;,7 = 1,...,k, such that as n — oo, r;/n — p; with
0 <p1 <--- <pp <1, by Theorem 2.3.1 the limiting distribution for (Y}, ...}, . . . ,Y[,nk:n])
can be obtained. It follows that

L % %
Yoyl -+ Yirgen)) T = Ni(p", 25, (2.21)

where

T
= (BVT= 007 (), BT = p27 ()

and

X = 3%pdy + I
with J being the k£ x k matrix of 1’s, and I, being the k£ X k identity matrix. We see that
the limiting distribution of (Y[T,m], .. ,Y[rk:n]) is also an equally correlated multivariate
normal with common correlation 3%p/(1 + 3?p). This dependence structure is the same as

in a random effects model.
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2.3.2 The Extremal Case

Suppose » = n — k + 1 for some fixed k£ as n — oo. By the well-known fact that

Zrm — A/ 2logn L)

we have from (2.7) that

Xr:n —anp — N(O7 p) (222)
with a,, = 1/2(1 — p) logn.

To derive the asymptotic distribution of Y},.,;, we first need to examine the limiting
behavior of m(X,.,), which in turn depends on the mean regression function m. But as
demonstrated by the following Lemma, under appropriate assumptions on m, m(X,.,) is

asymptotically normal with appropriate normalization.

Lemma 2.3.1. Suppose X.,., is the rth order statistic of a random vector, (X1, ..., X,),
from the equally correlated multivariate normal distribution as given by (2.2). Now assume
that the mean regression function in (2.1) is differentiable up to lth order for some fixed

I > 1, and m"Y(z) is continuous and bounded away from zero in the following sense

0 < liminfm®(z) < limsupm®(z) < M

T—00 T—00

or

—M < liminf m®(z) < limsupm®(z) < 0

T—00 T—00

for some M > 0. Then as n — oo,

m(Xymn) — m(ay)
m/'(an)

£ N(0, p) (2.23)

where r = n — k + 1 for some fixed k as n — oo, and a,, = \/2(1 — p) logn.

26



Proof. Note by Taylor series expansion

m(Xpm) = m(an) +m'(a)(Xpm — ap) + - - -
(Kron = )
((—1)!

Xr:n - an)l

+m D (an) mt(x)! TR

where X is somewhere between X,., and a,,, and hence is a random quantity depending
on X,.,. It is obvious that X* tends to infinity as n — oo in probability.

So assuming m/(a,,) # 0, we have

m(X'r:n> — m(an) = (Xr;n - Gn) + )

m’(an) i

/

! m(]) (an) (Xr:n B a’n>j m(l) (X*) (XTZ” — a”>l
" -
S ma,) m(a,)
(2.24)

By the fact that m(®)(x) is continuous and bounded, we have m)(X*) is bounded in

probability. Also from (2.22) we know that

So it suffices to show that

(4)
M@)o asa— oo (2.25)
m’(z)
fory=2,...,0—1,and
m/(z) — oo, asx — oo. (2.26)

If 0 < liminf, o m?(z) < limsup,_ . m®(x) < M, then there exists some z( such

that for any « > z(, we have

Ol < m(l) (ZE) < 02

where 0 < ('} < (5 are some constants. So we have, for all x > x,

Ch(z — x0) + m Y (z0) < mY(z) < Colx — o) + mV (z)
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which implies

m" () = O(a),

for x > x¢. And for k = 2,...,] — 1, note that

e
—_

m=P) (z) = (x_.—'xo)zm(l—kﬂ) (o) +
7!

(x — 20)*

o m"(z*) (2.27)

I
=)

with 2* be some value between x and z. Thus it follows that m=%(z) = O(x*) for
x> x9, k=2,...,0 —1. So (2.25) and (2.26) easily follow. Similar arguments can be
used for the case —M < liminf, ., m®(z) < limsup, .., m"Y(z) < 0. So the Lemma

is proved. =

Remark 2.3.1. The assumptions we made about the mean regression function m(-) will
hold for the polynomials. In particular, if m(-) is a polynomial of degree s, then the as-

sumptions will hold with [ = s.

Then the limiting distribution of Y|, for the extremal case can be derived as the fol-

lowing Theorem.

Theorem 2.3.2. With the assumptions on m(-) as specified in Lemma 2.3.1, we have

Yo = mlon) 2, v ) (228)

m'(an)

asn — oo withr =n — k + 1 for some fixed k, and a,, = \/2(1 — p) logn.

Proof. By Lemma 2.3.1 we have

m(Xym) — m(ay)
m/(an)

£ N(0, p) (2.29)

and m’(x) — oo as  — oo under the assumptions on m(-). Then the desired results easily

follow from (2.3). L]
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Remark 2.3.2. Similar result will hold for the concomitant of upper intermediate order
statistic, i.e., Y[p.y), With 7 = n — k + 1, where & — oo, and k/n — 0asn — oo. By
the following fact about upper intermediate order statistics (see, for example, David and

Nagaraja, 2003, p312)

n

—k
Znpprm — P71 (" ) Lo, (2.30)

we see that (2.28) holds with a,, = =1 (2=£).

n

Example 2.3.2. (Simple Linear Regression, continued) With the simple linear regression
model as given by (2.11), the limiting distribution of Y[, _j1.,), with k being some fixed
integer, is normal and

Yipn] — Ban = N(0, 32p) 2.31)

with a,, = 1/2(1 — p) log n.
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CHAPTER 3

DISTRIBUTION OF A SINGLE ORDER STATISTIC OF SUBSETS
OF CONCOMITANTS OF ORDER STATISTICS

3.1 Introduction

In this chapter we will study the distributions of V., and W;.,_,, respectively, where
Vi.m 1s the sth order statistic of the subset {Y};.,), i =n—m+1,...,n}, and Wy,,_,, is the
tth order statistic of the subset {Y};.,;,j = 1,...,n — m} of concomitants.

Nagaraja and David (1994) discussed the finite-sample and asymptotic distributions of
Vsem With s = m, i.e., the maxima of the corresponding subset of concomitants. They
showed that the limiting distribution of V,,,.,, does not depend on the correlation between
X and Y. Here we obtain the corresponding results for general s and ¢.

Related to this work is the study by Chu et al. (1999), in which the authors investigated
the asymptotic distributions of W, ;. » = min(Y,..n), Yirnt1mls - - 5 Yisnml)s Venssum =
max(Yy, ), - - -, Yjs,m)» as well as some other functionals of W, ;. , and V;, . ., where
{rn} and {s,} are two integer sequences such that 0 < r, < s, < n, and 7,/n — p
for 0 < p < 1 asn — oo. The results were applied to study the problem of locating the

maximum of a nonparametric regression function as discussed in Chen et al. (1996).
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In Section 3.2, the finite sample distributions of V., and W;.,,_,,, are derived using con-
ditioning argument. In Section 3.3 the asymptotic distribution of V., for the quantile case,
i.e. the situation in which m = [npg|, s = [mp;], for 0 < p < 1, and n — oo, is obtained
under appropriate regularity conditions. We also establish the rate of convergence in the
distribution of V4., there, and propose a second order approximation to the distribution of
Vs.m. In Section 3.4 similar results for the asymptotic distribution of W;.,,_,, are derived
for the quantile case. For the extremal case where s and ¢ are kept fixed while n and m ap-
proach infinity, we defer the discussion until Chapter 4, and we will derive the asymptotic

joint distribution of (Vj.,,, Wy, ) there.

3.2 Finite-Sample Distributions of V., and W;.,, .,

To derive the finite-sample distributions of V., and W;.,_,, we need the following

lemma:

Lemma 3.2.1. Given X,,_,,., = x, V.,, behaves like the sth order statistic of a random
sample of size m from the cdf Fy(-|z); given X,,_mi1.n = &5 Win_m behaves like the tth

order statistic of a random sample of size n — m from the cdf F5(-|x).

Lemma 3.2.1 can be proved using Theorem 2 in Kaufmann and Reiss (1992). Here we

give another proof using the Markovian property of order statistics.
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Proof. First notice that the conditional joint density for (Yj,—pt1:n], - - - » Yjnin]) given Xy =

x 1s given by:

fyv[nfmjtl:n] ----- Y'[n:n]an,mm:x (y17 st 7ym)
= / T / fxf[nfmﬁ»l:n] ~~~~~ )/[n:n]|X’n—m:n:337Xn—m+1;n:U1 ..... Xn:n=Um (yl, 7ym)
X Xt X | Xn—mem=a (V15 - -+, U )dU1 . .. dUpy,

m
= / e / H fY|X:'U1 (yi)an7m+1:n ----- Xn:n‘anm:n:I(Ul? e 7Um)dvl e dvm
=1

Next recall that given X,, .., = @, (Xp—m+1m, - - -, Xnn) behave like the order statis-

tics of a random sample of size m from the cdf

Fx(t> — Fx(l')[
1— Fy(r) &4

G(t) =

(David and Nagaraja, 2003, p17). Hence given X, ... = @, Yp—pmtiin) (i = 1,...,m) has
the same distribution as the concomitant of ith order statistic of a random sample of size m

from the bivariate distribution (X*, Y*) with joint cdf G(x, y), such that

Fx(t) — Fx<l’)

GX*<t): 1—Fx(ZL‘)

I{t>m}; GY*\X*(Z/) = FY|X(ZJ) 3.1

Also notice that the mapping associated with taking order statistics is invariant to the

mapping associated with taking concomitants, i.e., if we define

¢((x17 yl)’ ceey (xmvym)) = Yi:m
and
V(T 91)5 s (T Ym)) = (1, y[lzm]>> co vy (Tman, y[m:m]))v

then

¢o w((xh yl)a R ($m7ym)) = ¢<(£L‘1, 3/1), ) (xmaym»
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So it follows that given X,,_ .., = x, Vi..,,, Which is the sth order statistic of (Y[n_mﬂm],
..,Y[,m]), behaves like the sth order statistic of a random sample of size m from the
marginal distribution of Y* derived from G(z,y) of (3.1), which is just Fy(-|x). Similar

argument can be used to derive the result on W;.,,_,,. ]

By Lemma 3.2.1, we can derive the cdf, Fy,  (v), of V., as follows:

Fy,,,(v) = / PV < 0| Xpin = 2)dFx,, .. (2) (3.2)
where
P(‘/:@m S U‘Xn—m:n == .Z') = Z (T) [Fl(v‘x)]l[l - Fl(vym)]m_i

and F, (-) is the cdf of the order statistic X,,_,.,.

Similarly the cdf of W;.,,_,, can be derived as:
Fwi (W) = / PWin-m < w|Xyomitn = 2)dFx, ... (2) (3.3)
where
P(Win-m < w|Xn-mi1m = ) = nf (n _Z m) [Fy(w]z))'[1 — Fy(wl|x)]" ™
=t

and F,_, ... () is the cdf of the order statistic X,,_,1 1.,

3.3 Asymptotic Distribution of V., in the Quantile Case

In this section we derive the asymptotic distribution of V., for the quantile case in
which s = [mp;], m = [npo] for some py and p; such that 0 < p; < 1,4 = 0,1, as n — oo.
The rate of convergence in the distribution of V.., is also established, and we propose an
improved approximation to the cdf of V., that works well even for moderate sample sizes.
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3.3.1 The Main Result

The main result regarding the asymptotic distribution of V., in the quantile case is

given by the following Theorem.

Theorem 3.3.1. Let (X;,Y;),i = 1,2,...,n, be a random sample from the absolutely
continuous bivariate distribution F(x,y), and we assume the joint density f(x,y) is con-
tinuous in both arguments. Suppose m = [npo] and s = [mp1], 0 < p; < 1,i = 0,1, as
n — oo. Let

zo = Fyx'(q0), (3.4)

with qo = 1 — py, and

a = F ' (p1|xo), (3.5)

and we assume that f(xo,a) > 0. Then we have

‘/s:m —a

where

by = {W\/ﬁ_;m)] , (3.7)

Zy and Zy are independent standard normal variables, and

v/Podo {\/P_Ofl(a\%)} 3F1_;(P1|$)

=0 3.8
fX(IO) v P141 x | (38)

91(wo) =

To prove Theorem 3.3.1 we need the following lemma.

Lemma 3.3.1. Let {F,}>2 ;| be a family of continuous cdfs. For each n, let X., be the sth

order statistic of a random sample of size n from the distribution F,. Suppose s = [npy]
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and n — oo, and f,(&,(po)) > 0 for each n, where &,(po) is the po-th quantile of the

distribution F,,. Then we have

\/E(Xs:n - fn(Po))fn(fn(po)) i
v/ Poqo

N(0,1).

Proof. By the representation of quantile as in Ghosh (1971, Theorem 1), we have:

Fn(fn(p(J)) — Po

fueape))

Xs:n = gn(pO) -

where F,(&,(po)) = LS i1 Iixu<en(po)} 18 the empirical cdf associated with the ran-

dom sample of size n from the distribution F;,, and R, is the remainder such that R, =

0,(1/ /).

So we have

V(X = &a(p0)) fa(€n(po)) = =V Fn(€n(po)) = po) + 0p(1).

And by Lindeberg’s double array central limit theorem we have

Va(Ey(En(po) = po) = N(0, pogo)-

Thus the desired result follows. O]

Proof of Theorem 3.3.1

e By the continuity of f(x,%), it can be proved that ' (p;|z) is differentiable with

respect to x at x( as follows:
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Let h(x) = F; '(py|z). This means

TP 12 £ (0, v)dudy

1 _ FX (Z‘) = D1,
or
h(z) poo

[ rwoude = pia - F(a)

So we have
d h(z) poo

%/ / fu,v)dudv = —p; fx(x). (3.9)

Notice that

h(x) 0o
— / f(u,v)dudv

SIS oo flugv)dudo — [ [ f(u,0)dudy

- i >
. SPCEA) 120 flu,v)dudo — [ [ f(u,v)dudo
- Al—>0 A
~ lim fh s fxoo f(u,v)dudv — f,f((;;rm f;JrA f(u,v)dudv
N A1—>0 A
h(z)
- im% f(u*,v)dv, whereu* € (z,2+ A)
h(z+A)
= /OO lim fh(m) (u’mdvdu - /h(m) f(z,v)dv
N z A—0 A oo !
> * h A)—h h(z)

_ / gn%)f(u,v)x[ (Z+ ) (w)]du_/ F(,v)do

where v* € (h(z),h(z + A))

N (ili% He +AA> " ) / fu, h(z d“—/ CC)f(:ic,v)alv.

So from (3.9)

S fl@,v)dv — prfx(x)

[ f(u, h(z))du (3.10)

B (z) =
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o Let Vn == (‘/:sm - a)/bna

Co = \/pOCIo/fX(ﬁo); Zy = \/ﬁfX(«rO)(Xn—m:n - Jfo)/\/poqm (3.11)

and

an(2) = Fy  (pi]ao + coz/V/n). (3.12)
Notice
P(V, <w)
—E[P(V, < v|Z,)]
:/P(Vn < v|Zy = 2)dFy, (2)

:/P(Vn S U|Xn—m:n = o+ CQZ/\/E)dFZn(Z)

:/p(VS”" - anlz) | “"(Zb) < Xy = T0 + 02/ /)AE, (2). (3.13)

e Note the following facts:

(i) Z, defined in (3.11) converges in distribution to N (0, 1). This follows from the
well-known fact about the limiting distribution of a central order statistic.
(i) V z € R, given X,, ., = o + co2/\/10

‘/s:m - (ln(Z)

; £ N(0,1).

This follows from Lemma 1 and the fact that conditional on X,,_,,., = o +
coz/v/n, Vs.m behaves the same as the sth order statistic of the random sample

of size m from the distribution Fi(-|zg + coz/\/n).
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(111)

an(2) —a _ Fy ' (pilwo + coz/v/n) — Fi ' (pilwo)

VP14q1

by, [\/%ﬁ(alxo)] -1

— g1(w9)2

as n — oo, where ' is the partial derivative of I !(pi|z) w.rt. z, u* €

(%o, To + coz/+/n), and g is given by (3.8).

Upon applying the Bounded Convergence Theorem to the expression (3.13), we con-

clude that

PV, <wv)— /q)(v — g1(x0)2)d®(2), asn — oc.

So (3.6) easily follows from the convolution formula.

Remark 3.3.1. Notice that (3.6) is equivalent to
V(Vam — a) 5 021 + i (20) 2
where

a=F{ ' (pilzo); b= %

/1 and Z, are independent standard normal variables, and

M) = Yo O i)y
fx(zo) ox 0
VPodo [° f(zo,v)dv — p1 fx (o)
Ix(20) f;; f(u,a)du
Vao(Fs(alzo) — Fi(alz))
VPofi(alzo) '
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Example 3.3.1. Suppose we are sampling from a standard bivariate normal distribution

(X,Y)~N((8>,([1) ’f)) (3.19)

Filylzo) = [1 Y (%)] 3(y) /o,

and a = F; ! (p;|x) satisfies the following equation:

given by

Note that

/ f1(3/‘550)dy —pipo =10 (3.20)

or is the unique solution to

(a) - / OO P (%) (y)dy = popy

which can be solved numerically using Newton-Raphson method.

Further b in (3.15) is given by

b— vP1q1 _ v P1d1Po 3.21)
\/%fl(a”xo) |:1 P ( wolpaQ):| gb(a) ‘ .
—P

From (3.10) we know that:

OF (py|z) | 2 fwe,v)dv — pifx (o)
Oz e f;; f(u,a)du

i) (%) ¢(z0) — p1é(20)

- ()] o
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So we have

_ /P OF(pilz)
hi(zg) = Fx (o) 5 [ (3.22)

e ® (72 o) = o)
ow0) [1—@ (ﬁ)] ¢(a)
)

v/ Podo <q) < azfixOQ —Pl)
— ’ . (3.24)

(3.23)

3.3.2 Rate of Convergence

We just showed that after appropriate normalization, V., will converge in law to the
normal distribution for the quantile case. Next we will explore its rate of convergence.
First we observe the following Lemma regarding the rate of convergence in the expec-

tation of a bounded continuous function of an order statistic in the quantile case.

Lemma 3.3.2. Suppose X,., is the rth order statistic of a random sample of size n from a
distribution with cdf and pdf, F(z) and f(z) respectively, and assume r/n —p = O(n™1)
asn — oo. Let F' have m + 1 bounded derivatives in a neighborhood of £, = F~'(p) for

m > 1and f(§,) > 0. Define

Op

with o, = \/p(1 — p). Then for any bounded and continuous function H defined on the

real line, we have

E(H(Z,)) — E(H(Z)) (3.26)
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and

[E(H(Z,)) — E(H(Z))| = O(n™"?), (3.27)
where Z is a standard normal random variable.

Proof. The convergence of the expectation given by (3.26) will follow from the well-known

fact that Z,, AN (0,1), and the assumption that H is a bounded and continuous function.
To prove (3.27), let f,, be the pdf of Z,,. With the assumption that " have m+1 bounded

derivatives in a neighborhood of £, = F~!(p) for m > 1 and f(§,) > 0, according to a

result in Reiss (1989, p147-148), we have

< Cn ™2 (3.28)

sup
BeB

P(Z, € B) — / dG(2)

B

for some constant C,,, (not depending on n), where B is the Borel field on R, and
m—1
Gu(2) = @(2) + 6(2) Y _n~728;,(2) (3.29)
i=1

with S; ,(2) being a polynomial of degree less than or equal to 3; — 1, and having coeffi-

cients uniformly bounded over n. Moreover,
|fa(2) = a(2)] < D™ ™2(2)(1 + |2|™™) (3.30)

for all z € [—logn,logn], where D,, is some constant not depending on n, and ¢,,(z) =
G(2).
Notice
logn
E(H(Z,)) = /1ognH(Z)fn(Z)dZ +E(H(Z,)I(|Z,] > logn)), (3.31)
and by (3.30) we have
log n

[ neeione <

—logn —logn
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It is easy to verify that

/ N H(2)ga(2)dz = / N H()6(2)dz + 0112, (3.33)

—logn —logn
Plugging (3.32) and (3.33) into (3.31) we have:

E(H(Z)) - EH(2)I(|Z| > logn)) + E(H(Z,)I(|Z,| > logn)) + O(n=1/?)
< E(H(Z,))
< E(H(2))—-EHZ)I(|Z] >1logn)) +E(H(Z,)I(|Z,| > logn)) + O(n~/?).

(3.34)

And by (3.28) and the fact that H is bounded we have
E(H(Z,)1(|Z,| > logn)) — B(H(Z)I(|Z] > logn)) = O(n"/?) (3.35)
which finishes the proof. [

Remark 3.3.2. The assumption that F' have m + 1 bounded derivatives in a neighborhood
of &, = F~!(p) for m > 1 is needed for establishing (3.28) and (3.30). For our purpose

this assumption only needs to hold for m = 2.

Now we have the following result regarding the rate of convergence for the asymptotic

distribution of V.,,.

Theorem 3.3.2. Along with the assumptions of Theorem 3.3.1 and Lemma 3.3.2, we as-
sume that F*(pi1|x), as a function of x, has second order derivative and the derivative is

bounded in a neighborhood of o = Fx'(po). Then we have

Ve — @ )
Pll2m— % )| —— || <Om 2. 3.36
( b —”) ( 1—|—g%(xo))‘_ (=) (5-36)

Proof. As in the proof of Theorem 3.3.1, let V,, and Z,, be the normalized V., and X,,_,,.»,

sup
v

respectively; that is,

Vn = Ma and ZTL = M(anm:n - .1'0) (337)

by, Opo
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with zy = F);l(l — po) and oy, = \/po(1 — po)-

From the proof of Theorem 3.3.1, we know that

P(V, <v)=E [P (—V’” _ba"(Z”>

n

+ gn(Z,) < v%)} (3.38)

where a,,(z) is given in (3.12), and ¢, (2) = (a,(2) — a) /b, approaches g; (zo)z as n — oo.

Also notice that

_ F (pilzo + coz/v/m) — F7 (1| o)

gn(2) b,
Vnpofilalzo) | coz 0 1 (coz\> 0*
= et @l +5 (2 ) G i)l

2

= gi(w0)z + %M@), (3.39)

where u* is some value within (xg, 29 + ¢pz/y/n), M(z) is some constant free of n. This is
because of the assumption that F, *(p|z), as a function of z, has second order derivative
and the derivative is bounded in a neighborhood of zy = Fi;*(po). So for any z € R, g,,(2)
1/2.

converges to g1(xo)z at a rate of order n~

By (3.28) we have for any z € R

sup ’P <V;%nan(z) + gn(2) <wlZ, = Z> — ®(v— gu(2))] <O(n7YV?).  (3.40)

v

So

sup [P(V, < v) — E[®(v — gu(Z,))]] < O(n™'/?). (3.41)

While

[E{®[v— g.(Z)]} —E{P[v— g1(z0) Z]}|
<EA{®[v—gn(Zn)]} — E{® [v — g1(20) Zs]}|
+E{®[v—g1(x0)Z,]} —E{®[v — g1(x0)Z]}], (3.42)
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by (3.39) we have
[B[®(0 = ga(Z0))] = E[®(v = g1(20) Z0)]| < O(n™Y/?), (3.43)

and (3.27) of Lemma 3.3.2 implies that

|E[®(v — g1(20)Zn)] — E[®(v — g1(20)Z)]| < O(n~Y?). (3.44)

So we have
|E[®(0 = gn(Zn))] — E[®(v — g1(20) Z)]| < O(n™"?) (3.45)
and the desired result follows. O

Example 3.3.2. Suppose the population distribution is bivariate standard normal with cor-

relation p. From Theorem 3.3.1 we know that for sufficiently large n, V., is approximately
N (a, (8 + h(20)) /n)

with a, b and hq(z) given by (3.20), (3.21) and (3.24), respectively.

Figure 3.1 shows the histograms for the 1000 simulated sample values of V., and the
density curves of the corresponding normal distributions for different values of p, with
n = 400, po = 0.2, and p; = 0.3, that is, m = 100, s = 30. From the plots we observe
that the histograms of V., samples come very close to the corresponding normal density
curves.

Next we study numerically the accuracy of the normal approximation to the distribu-
tion of V.,,. We first estimate the cdf of the normalized V.,,, namely /n(V,.,, — a), by
Monte Carlo simulations with 160000 trials. Then we compute the difference between the

estimated cdf and the cdf provided by the normal approximation N (0, (b* + h3(xz))/n)
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Figure 3.1: Histograms of Simulated V., vs. the Corresponding Normal Density Curves
for p =0.2,0.4,0.6,0.8.

for range of values within three standard deviations around the mean. We carry out these
calculations for sample sizes n = 100, 400, 900, 1600, 2500 and 10000, and we set p = 0.4,
po = 0.5, and p; = 0.3. Figure 3.2 gives the estimated true cdf for Vi, along with the
cdf by normal approximation for different sample sizes. From Figure 3.2 we observe that
the normal approximation always underestimates the true cdf of V., in our sample cases.
But this is not true in general. Limited simulation studies show that in some sample cases,
the normal approximation overestimate the true cdf of V.,,. Figure 3.3 gives the plots of
the difference between the simulated cdf and the approximation provided by the associated
normal cdf vs. different values of V., for different sample sizes. We observe that the
normal approximation achieves better performance at the two tails than in the center of the

distribution, and overall the approximation is fairly good for a sample of size 400.
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Figure 3.2: Estimated True cdf vs. the cdf by the Normal Approximation of V.., for the
Standard Bivariate Normal Population when p = 0.4, pg = 0.5 and p; = 0.3 (m = 0.5n,
s =0.15n).
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Figure 3.3: Absolute Errors of the Normal Approximation to the Distribution of V., for the
Standard Bivariate Normal Population when p = 0.4, po = 0.5 and p; = 0.3 (m = 0.5n,
s = 0.15n).

To examine the rate of convergence for the distribution of Vi.,,, we plot the negative
logarithm of the maximum absolute errors for the normal approximation over the range of
evaluated values vs. the logarithm of the corresponding sample sizes. Note that the slope
of the fitted regression line in this plot will give us an idea about the rate of convergence in
the distribution of V.,,. Figure 3.4 gives the resulting plot based on the simulated data with
p = 0.4, py = 0.5, and p; = 0.3. We observe that the points in the plot fall compactly along
a straight line with a slope of 1, suggesting that the rate of convergence of the distribution
of V..., is n~'/2 which is consistent with the result of Theorem 3.3.2.

To explore the effects of parameters p, py, and p; on the accuracy of the normal ap-

proximation, we look at the maximum absolute differences between the estimated cdf of
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Plot of Negative Logarithm of the Maximum Absolute Error against the Logarithm of Sample Sizes
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Figure 3.4: Maximum Absolute Errors of the Normal Approximation to the Distribution of
Vs.m vs. the Sample Sizes when p = 0.4, po = 0.5 and p; = 0.3 (m = 0.5n, s = 0.15n).

normalized V5., and the value provided by the normal approximation for different parame-
ter values. Figure 3.5 gives the relevant graphs, where larger discrepancies are represented
by lighter shades. From Figure 3.5 we observe that the patterns of the level plots for differ-
ent values of p are roughly the same, indicating that the effect of correlation on the normal
approximation is minimal. We also see that the approximation is much improved for values

of pg and p; close to 0.5 when compared to those for extreme py and p; values.

3.3.3 Improving the Normal Approximation

If we have additional information on the joint distribution F'(x,y), we can improve

upon the normal approximation to the distribution of V., given in Section 3.3.2. The idea
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Figure 3.5: Maximum Absolute Errors of the Normal Approximation for the cdf of V.,
for Different py, p1, and p

is similar to the Edgeworth expansions for the asymptotic distribution of sample mean; see,
for example, Ferguson (1996, p31-32).

We will first give a motivational numerical example of a higher order expansion for the
cdf of a sample quantile. Then the specific expression for a higher order expansion to the

distribution of V.,,, will be derived.
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For the sample quantile, we have the following well-known property resulting in the

normal approximation to the distribution of sample quantile

7. — @aw —g) £ N(0,1), (3.46)

p
where 0, = \/p(1 —p), &, = Fx'(p), and [np] denotes the largest integer not exceeding
np. Here we assume the distribution of X is continuous, and the density fx is positive over

a neighborhood of §,. Let Z,, = \/nfx (&) (Xjnp):n — &p)/0p. Then by (3.46), we have
P(Z, < 2) ~ ®(z), (3.47)

and the effect of the above approximation is governed by the rate of convergence in (3.46),

which is of order n~1/2

. Using aresult in Reiss (1989, p147-148), we can improve upon the
above normal approximation by adding an extra term to achieve higher order rate of conver-

gence. In particular with the assumption that the density fx has bounded third derivative

in a neighborhood of &, we have

¢(2)

sup ‘P(Zn <z)—(P(z) + N Sia(2)|=0m" (3.48)
where
Sin(2) = (27;; L g;{:zgﬁ) SRR el | pi; S (3.49)

So one can consider a better approximation to the distribution given by:

¢(2)
NG

Example 3.3.3. We will use a simple example to demonstrate the improvement in the ap-

P(Z, <z)=®(z2) + S1a(2) == Gu(2). (3.50)

proximation achieved by (3.50) over the normal approximation. Suppose X1, ..., Xy, are
i.i.d observations from the standard exponential distribution with density exp(—z),z >

0. We consider approximating the distribution of the 40% sample percentile, namely
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Xy.10. Figure 3.6 gives the plot of the cdf for the normalized X,.19 given by (X410 —
0.3297)/0.2154, along with the normal approximation ®(x), and the approximation G,,(x)
given by (3.50), and Figure 3.7 gives the scatter plot of the absolute errors of normal ap-
proximation and the approximation by (3.50). We observe that even for a small sample
size like 10, there is a significant improvement in the accuracy of the second order ap-
proximation given by (3.50) over the normal approximation in most cases, except for the
neighborhoods where the exact cdf intersects with the cdf given by the normal approxima-

tion.

Example 3.3.4. We repeat the above calculations for the standard normal population. Fig-
ure 3.8 and Figure 3.9 give the corresponding results. We observe that for the standard
normal population the higher order approximation (&, is much better than the normal ap-
proximation for almost all the regions except for the upper tail where both approximations
are very close to the true cdf. Further, the normal approximation appears to underestimate

the cdf of X4;10.

In both cases, we note that approximation provided by G, is amazingly close to the
actual cdf in the center part of the distribution of X,.,,.

Note that the G,, approximation given by (3.50) is not necessarily a valid cdf as it can
be easily verified that the derivative of (G, is not necessarily non-negative over R. The

derivative of (¢, can be expressed as:

G (2) = 6(2) (1 + %(—AZ?’ b (24— B)z)> , (3:51)

where

A — 2p—1 0, f%(&)
3oy, 2fx(&)*
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Figure 3.6: Normal Approximation and (,, Approximation to the cdf of X,.,, for the Stan-
dard Exponential Parent when n = 10 and r = 4.
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Figure 3.7: Absolute Errors of the Normal Approximation and G,, Approximation to the
cdf of X,., for the Standard Exponential Parent when n = 10 and r = 4.
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Figure 3.8: Normal Approximation and (,, Approximation to the cdf of X,., for the Stan-
dard Normal Parent when n = 10 and r = 4.
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Figure 3.9: Absolute Errors of the Normal Approximation and (,, Approximation to the
cdf of X,.,, for the Standard Normal Parent when n = 10 and r = 4.
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and

np—npl  pH1
Op 30,

B = 0.

So when A > 0, for example, when the population distribution is standard normal, and
p < 0.5, the derivative G, can be negative for large enough 2. But for p not very close to 0,
with a moderate sample size n, the term 1/,/n(—Az3 + (2A — B)z) will be dominated by
1 for z € [—3, 3]. As aresult, G,, will be monotonically increasing in the range of [—3, 3],
which covers the range of values we are usually interested in, as demonstrated by Figure
3.6 and Figure 3.8.

Next we will derive similar result for approximating the distribution of V.. With a
minor adjustment of the arguments used in the proof of Lemma 3.3.2 we have the following

result for approximating the expectation of functions of sample quantiles:

Lemma 3.3.3. Suppose the assumptions in Lemma 3.3.2 hold. Let H be a bounded and

continuous function defined on R, and define Z,, as

Zn = @(Xr:n - fp) (352)

p

with 0, = \/p(1 — p). Then we have

‘E(H(Zn))—/RH(z)dGn(z) =0(n™) (3.53)

where G, is defined in (3.50).

Then using similar arguments as in the proof of Theorem 3.3.2, we can establish the

following result:

Theorem 3.3.3. With the assumptions of Theorem 3.3.1 and Lemma 3.3.3, and we assume

that F ' (p1|x), as a function of x, has third order derivative and the derivative is bounded
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in a neighborhood of vy = Fy*(po). Suppose m = [npo] and s = [mp,]. Then,

P (Vm —a_ U) _ / Gin(v — g1(20)2)dGon(2)| < O(n™) (3.54)
R

P b
where

Gual) = 0(:) + U2 (407 4 ) (355

with
A, = 21?310; 1 (;p}f(ﬂg)) B, = P ;pl[mpﬂ N p; ;1 (3.56)

and
Gon(2) = ®(2) + ﬁ’: (Aoz* + By) (3.57)

with
Ay = 200 — 1 04 fx(20) By = nqo — [nqo] n qo + 1. (3.58)

30(10 2fX (3:0)2 ’ OTqo 30!]0

By Theorem 3.3.3 the second order approximation to the distribution of V., is then

given by:

P <)

~ [ 20— glaz)o)s + [ Plv - j;,_f“)z) (A2 + By)o(2)d=

(v — gi1(w0)2)
n /R Jr A (240 — Bo)2lolz)d

:®< ) / 0= 0 0)2) (4,22 4 py)o(z)d
1 "‘91 xO npg

(v — g1(w0)2)
\/ﬁ
=H,(v). (3.59)

+ [~ Aoz + (240 — Bo)z]é(2)dz

%\

Similar to the (,, approximation given by (3.50) for the cdf of the sample quantile
X,.n, the approximation H,(v) in (3.59) is not necessarily a legitimate cdf. But based on
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simulation studies on the bivariate normal distribution, we observe that the approximation
by (3.59) is monotonically increasing in v for values between -3 and 3 when p, and p;
are not very close to 0. Since the last two terms there are of order o(n~'/2), H,(v) will

eventually be a monotonically function for all v.

Example 3.3.5. We now illustrate the improvement in the accuracy achieved by the ap-
proximation given by (3.59) with the standard bivariate normal distribution with correlation
p = 0.5. Figure 3.10 gives the cdf of normalized V., with n = 50, m = 20, s = 6, along
with cdfs by the normal approximation and the approximation by (3.59). Figure 3.11 gives
the plot of the absolute errors of normal approximation and the approximation by (3.59)
to the distribution of normalized V.,,. Again we observe significant improvement in the
approximation achieved by (3.59), and the higher order approximation given by (3.59) is

uniformly better than the normal approximation.

3.4 Asymptotic Distribution of /;.,, ,, in the Quantile Case

In this section we will derive the asymptotic distribution of W;.,,_,, in the quantile case,
i.e., for the case where t = [(n — m)ps], m = [npy| for py and p, such that 0 < p; < 1,71 =
0,2, and n — oo.

From Lemma 3.2.1 we know that given X,,_,,,11., = ©, W}, behaves the same as the
tth order statistic of a random sample of size n — m from the distribution with cdf Fy(-|z).
So the arguments used in Section 3.3 can be used to establish the limiting distribution of
Wi.n—m 1n the quantile case, as well as the rate of convergence to the resulting limiting

distribution.
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Figure 3.10: Normal Approximation and the Approximation given by (3.59) to the Distri-
bution of Normalized V., for the Bivariate Normal Population when n = 50, m = 20, s =
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Figure 3.11: Absolute Errors of the Normal Approximation and Approximation by (3.59)
to the Distribution of Normalized V., with n = 50,m = 20,s = 6 for the Bivariate
Normal Population.
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First we have the following result regarding the asymptotic distribution of W;.,,_,, in

the quantile case.

Theorem 3.4.1. Let (X;,Y;),i = 1,2,...,n, be a random sample from the absolutely

continuous bivariate distribution F(x,y), and we assume the joint density f(x,y) is con-

tinuous in both arguments. Suppose m = [npo| andt = [(n — m)ps], 0 < p; < 1,1 = 0,2,

and n — oo. Let

zo = Fx'(qo),
with qo = 1 — pg, and

¢ = Fy ' (p2lo),
and assume that f(xg,c) > 0. Then

W'n—m -
t'd—c £> Zl + gg(ZEo)ZQ

where

Zy and Zy are independent standard normal variables, and

ga(0) = v/Pogo [\/%f2(0|$0)] OFy " (p2|7)

~ fx(wo) VD2G2 oz

Remark 3.4.1. (3.62) is equivalent to

ﬁ(Wt:n—m - C) £> le + hQ(xO)ZQ

with

vV P292

d=_V&ete

Vo fa(clzo)
58
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(3.61)

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)



and

_ v/Podo '3F2_1(p1|$)

ho(zo) = Fx (o) D7 [
~ VPodo  Pafx (o) — [5. fl@o,v)dv
 fx(@o) [ flu,c)du
_ AlFs(cla) = Fy(elm) e

Vo.f2(c|zo)
Example 3.4.1. With the bivariate normal population given by (3.19), the expressions for

¢, d, and hy are given below:

(i) ¢ = Fy'(p2|zo) is the value satisfying the following equation:

/ f(u,v)dudv — pypo =0 (3.68)
—o00 J g

with xq = <I>_1(1 — po). Equation (3.68) can be solved numerically using Newton-

Raphson method.
(i1)
VP22 V/P2G200
d= = : 3.69
Vaofa(clwo) ( ) o (0.69)
(ii1)
f ~1
h2($0) = Poto ’ 8F2 <p2|m)|x:m0 (3.70)

fx (o) Ox
26(r0) — @ 22 g(ay)

ﬁ;o_j)o.p @(\ﬂ;li\/)_w)) 3.71)

b))

o e(m)eo
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For the rate of convergence of the distribution of W.,,_,,, we have the following result:

sup |P <M < w) S —— | T (3.73)
w dy, 1+ g3(20)
or equivalently
w
sup [P (Vi(Wepon — ) <w) =@ | ——nuo || < O(n~?). (3.74
P [P {/0inom =0 < 0) ( d2+h3<xo>> =0 )

And the second order approximation to the distribution of W,.,,_,, is given by:

()

z/CI)(w g2(0)z) dz+/ o — g2(0) )(A2z2+Bg)¢(z)dz
R

P (w — ga(0)2)
n /R T A +(2Ao—Bo)z]¢(z)dz

o ngw g2(70)2) 52 Nz
_q>< Nz m) / (A222 + By)o(2)d

d(w —
* /R - \/g%(%) )[—AOZ?’ + (240 — Bo)z]o(2)d= (3.75)
where
— 2p2 —1 Upzfé(clx()) . . (n - m)p2 — [(n — m)pQ] P+ 1
Ay = 30p, 2fo(c|xo)? ; By = T, + 30, (3.76)

and Ay, By are given by (3.58).

Remark 3.4.2. A comparison of (3.59) and (3.75) reveals the common role played by the
features of fx at z( through A, By, and the symmetric roles played by the conditional cdfs

Fy and F; through gy, Ay, By, and go, Ay, Bs, respectively.
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CHAPTER 4

JOINT DISTRIBUTION OF ORDER STATISTICS OF SUBSETS OF
CONCOMITANTS OF ORDER STATISTICS

In Chapter 3, we studied the marginal distributions of V., and W,.,,_,,, separately. Here
we will focus on the joint distribution of (Vj.,,, Wi.,_, ). Joshi and Nagaraja (1995) studied
the joint distribution of (Vi.,,, W) for the special case of s = m and t = n — m. We
extend their results by considering general s and ¢. Some interesting applications are also
provided for our results.

In Section 4.1, we obtain the joint distribution of (V.,, Wi.n—pm) for the finite sam-
ple case using a conditioning argument. In Section 4.2 the asymptotic distribution of
(Vsom, Wen—m) is obtained for the quantile case under appropriate regularity conditions.
The asymptotic distribution of (V.,,, Wy.,—p) in the extremal case is derived in Section
4.3. In Section 4.4 we apply the results to approximate the probability that at least ¢ of
{Yiin) : m —m + 1 < i < n} are among the top k of all the Y sample values for the
bivariate normal population. The results are also used to study the power of identifying
the disease-susceptible gene in two-stage designs for gene-disease association studies as

discussed in Satagopan et al. (2002) and Satagopan et al. (2004).
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4.1 Finite-Sample Joint Distribution of V., and W;.,,_,,

The finite sample distribution of (Vj.,,, Wy.,,_,,) can be derived using conditioning ar-
gument similar to that used in deriving the marginal distributions of Vi.,, and W;.,,_.,
in Section 3.2. We have the following lemma regarding the conditional distribution of

(Ve Wen—m) given the value of X, .,

Lemma 4.1.1. Given X,,_,,., = x, Vs, behaves like the sth order statistic of a random
sample of size m from the cdf Fi(-|z); Wi behaves the same as the tth order statistic
of the sample consisting of n — m independent observations, of which n — m — 1 are from
the cdf F5(-|x) and the remaining one is from the cdf F3(-|z). Moreover, Vy.,, and Wy,

are conditionally independent given the value of X,,_.n.
Remark 4.1.1.

e The results of Lemma 4.1.1 can be proved using exactly the same arguments as those

used in the proof of Lemma 3.2.1. So the proof will be omitted here.

e Lemma 3.2.1 deals with the conditional behavior of V., and W,.,,_,, separately for
different conditioning events (i.e., given the values of X, ,,., and X,,_,,11.,, T€-
spectively). In contrast, Lemma 4.1.1 considers the joint behavior of (Vi., W)
conditional on the value of X,,_,,.,, which is very important in deriving the joint

distribution of (Vi.pn, Wi )-
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Using Lemma 4.1.1, the joint cdf of (Vj.,,, Wi ) can be derived as follows:

FVs:m,Wt:nf'm (v7 w)
:/P(%m S v, Wt:n—m S w|Xt:n—m - I)dFXn,m;n (I)

:/P(‘/sm < U’Xt:nfm = 'x)P(Wt:nfm < w’Xt:nfm = .ﬁl?)dFXn_mm(l’)

with
P(Vem < 0| Xy =) = Z (T) [Fl(v|x)]l[1 — Fl(v|x)]m—i7
and

P<Wt:n—m < len—m+1:n = ZE)

n—m—1

=3 (T e Rl

- 1
1=t

+ <” 1 1) [Fy(w]2)] 7L — Fa(w]x)]" ™™ Fyx (w|z).

Note that the conditional distribution of W;.,,_,, given X,,_,,., = x is that of an order

statistic when there is a single outlier (Arnold and Balakrishnan, 1989, p109).

4.2 Asymptotic Distribution of (V.,,, W;.,,_,,,) in the Quantile Case

4.2.1 Main Results

To derive the asymptotic joint distribution of (Vj.,,, Wy.,,_,,,) for the quantile case, we
first need the following lemma about the limiting distribution of a central order statistic for

a random sample with a single outlier.

Lemma 4.2.1. Let X4, ..., X,,_1 be a random sample from an absolutely continuous dis-

tribution with cdf Fx(z), and Y be an independent random variable with cdf Fy (y). Let
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W.,,, be the mth order statistic of (X1,...,X,-1,Y), 1 <m <n. Ifm = [np|asn — oo,

then we have
(W —20) 5 N (0, L)
where

g=1-p; x0=Fx'(p).

Proof. Let X,,.,—1 be the mth order statistic of X sample values. Then we have:

V(X1 — @0) 5 N (0, ﬁ) .

If we can show that

\/ﬁle - Xm:nfll 5’ 0

then the desired result will follow from the Slutsky’s Theorem.

Notice

|Wm - Xm:n—1|

- |X’IT'L71:TL71 - Xm:n71| I{YSmelznfl} _'_ ‘Y - anfl‘ [{X'mfl:n71SY<Xm:n71}

< 2 |Xm—1:n—1 - Xm:n—1’

It suffices to show that
\/E(Xm:nfl - melznfl) £> O
By Bloch and Gastwirth (1968) we have

(TL - 1)fX($O)(Xm:n—1 - Xm—l:n—l) £> N(L 1)

so the desired result follows. O]
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Then the main results regarding the joint limiting distribution of (V.,,, Wi, ) in the

quantile case can be summarized by the following theorem:

Theorem 4.2.1. Let (V.,, Wi.n_m) be defined as before. Suppose m = [npg), s = [mp1),
andt = [(n —m)ps), 0 < p; < 1,i = 0,1,2, as n — oo. Assume that the joint density
f(z,y) is continuous in both arguments, and is positive over the entire support set. Then
Fy,.,, win (@4 byv,c+dyw) — /@(v — g1(x0)2) - P(w — go(m0)2)dP(2)
— EB{0(v - 1(20)7) - D(w — gal0)2)}
where xq, a, b, ¢, d,, g1, and g, are defined as in (3.4), (3.5), (3.7), (3.61), (3.63), (3.8),
and (3.64), respectively, and Z is a standard normal random variable.

Proof. Notice

Fyv., Wi (@4 bpv, ¢+ dyw)

= P(Vom <a+ b0, Wiy, < c+dyw)

= /P(VS:m < a+ b, Wepm < c+ dyw|Z, = 2)Fz, (dz)
(where Z,, is defined as in Theorem 3.3.1)

PV < a+b,0|Z, = 2)PWip—m < c+ dyw|Z, = 2)Fz, (dz)

|
—

(since V., and Wy, _,, are conditionally independent).

From the proof of Theorem 3.3.1, we have for any z € R,

P(Vem < a+byv|Z, = 2) = ®(v — g1(x0)2).
Using the same arguments as in the proof of Theorem 3.3.1, combined with the result

given by Lemma 4.2.1, we can easily establish that

P(Wt:nfm <c+ dnw’Zn = Z) - (I)<w - 92(‘7:0)2)
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asn — 00.
So the desired result easily follows from a convergence result in Royden (1968, Propo-

sition 18). L]

Remark 4.2.1. Notice the results of Theorem 4.2.1 can also be expressed as:

<Vs:m —a Wt:n—m -

c
) , p ) 5 (91(x0)Z1 + Z2, g2(x0) Z1 + Z3)

or

\/ﬁ(‘/s:m —a, VVt:n—m - C) ﬁ) (bZQ + hl(wO)Zla dZ3 + h2($0)Z1) (41)

where 7, Z5, and Z5 are i.i.d standard normal random variables, b, d, h, and h, are defined

as in (3.15), (3.66), (3.18) and (3.67) respectively. So we have

a5 (0) [y Aez]). o

4.2.2 Rate of Convergence

From the proof of Theorem 4.2.1 we know that

P(‘/sm S a+ an, Wt:nfm S c+ dnw)

=E (P(Van < a + 0,0 Z,)P(Wipom < e+ dyw|Z,)) . 4.3)
Similar arguments as in the proof of Theorem 3.3.2 can establish that for any z € R:
|P(V:9m <a-+ an‘Zn = z) — (I)(U — 91($0)2)| < O(nfl/Q)

and
P(Winom < ¢+ dyw|Z, = 2) — ®(w — ga(x0)2)| < O(n?)
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which in turn implies that

|E (P(‘/;m S a—+ an|Zn)P(Wt:n—m S c+ dnw|Zn>)

—E{P(v — g1(x0)Zy) - P(w — ga(x0) Zn) }| < O(n_1/2). 4.4)
So it follows from Lemma 3.3.2 that:

|P(V;m S a—+ bnva Wt:n—m S c+ dnw>

—E{®(v— g1(20)Z) - ®(w — ga(0)Z)}| < O(n~Y?), (4.5)
or equivalently
‘P (\/ﬁ(Vsm —a) v, vVn(Wiyp_m —c) < w) — F (v, w)‘ < O(n_l/Q) (4.6)

where F'(z,y) is the cdf of a bivariate normal distribution given in (4.2). So similar to
those in the marginal distributions, the rate of convergence in the joint distribution of
(Vaems Win—m) is also of order n=1/2,

Example 4.2.1 (Bivariate Normal Distribution). As done in Chapter 3, here we want to
examine the rate of convergence in the distribution of (Vj.,,, W;.,,_,,,) numerically for the
standard bivariate normal distribution. Using Monte Carlo simulations we estimate the
cdf of the joint distribution of normalized (Vj.,,,, Wy.,,_p,) for a grid bounded by 2 standard
deviations around their means respectively. We also calculate the Normal approximation as
given by (4.2). Then we calculate the maximum absolute error of the normal approximation
over the entire grid. We carry out these calculations for n = 100, 400, 900, 1600, 2500 and
10000, and we set p = 0.4, py = 0.5, p1 = po = 0.3. Figure 4.1 gives the scatter plot
of the negative logarithm of the maximum absolute errors vs. the logarithm of sample

sizes. Very similar to the Figure 3.4, the points in the plot is very close to a straight line
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with slope approximately 0.5, suggesting that the rate of convergence in the distribution of

(Ve Win—m) 18 of order \/n as implied by (4.6).

45
1

4.0

~log.sup.error

35

3.0

Figure 4.1: Plot of the Logarithm of the Maximum Absolute Errors of the Normal Ap-
proximation to the Distribution of (Vi.,,, W) vs. the Logarithm of Sample Sizes with
p=04,py=0.5,p =p =03 (m=0.5n,s =0.15n and t = 0.15n).

4.3 Asymptotic Distribution of (V.,,, W}.,,_,,,) in the Extremal Case

In this section we will study the asymptotic distribution of (V,,,_s1.m, Wa—m—t+1:n—m)
when s and ¢ are fixed as n and m approach infinity. The development follows that of
Joshi and Nagaraja (1995). The main result regarding the joint limiting distribution of

(Vin—s+1:m, Wa—m—t+1.n—m) is given by the following theorem:

Theorem 4.3.1. Let m = [npy), as n — oo, with 0 < pg < 1, while s and t are kept fixed.
Let Vi si1.m and Wy i1 1.n—m be defined as before. Assume:
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(i) The marginal density of X, fx, is continuous at xo = F)Zl(qo), where qo = 1 — py,

and fx(xg) > 0;

(ii) the density of the conditional distribution of Y given X = x, f3(y|z), is continuous

at xq for all real y;
(iii) there exist constants a,,, b, > 0, and c,,, d, > 0, such that as n — oo
[Fl (an + bny|$0>]n - Gl (y)

[Fo(cn + dnylzo)]" — Ga(y)

for all real y, where G and G5 are some nondegenerate cdf’s;
(iv) for all real c and y we have:
P(rg < X <z9+c¢/v/n,Y > a, +byy) = o(1/n)
P(zg < X <zo+c/vVn,Y > ¢, +dyy) = o(1/n).
Then we have
Fv oo Wi tstmem (O Dp, € + dpw) — G 5(0) G (W)

where

[y

Gralo) = [Gr (0 Y
Caa(w0) = [Ca(w)® S

j=

[—Po log Gl(”)]i

7l

I
- o

[—qo log Ga(w)}?
;1

[e=]

Proof. Notice

vafs+1:7’n7Wn7mft+1:nfm (an + bnva CTL + dnw>
= E[hi(an + bpv, Xy ) ha(cn + dpv, X))
= E[hi(an + byv, 9 + coZn/v/n)ha(cn + dnv, 1o + c0Zn/ /)]
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where ¢y and Z,, are defined in (3.11) and

hl(U, JI) - P<Vm—s+1:m S U‘Xn—m:n — .T)

h2(w7$) = P<Wn7m7t+1:n7m < w‘anm:n = Q?)

In view of the arguments presented in the proof of Result 2 in Nagaraja and David (1994),

it is enough to show for all real z:
hi(ay, + by, 2o + coz//n) — Gis(v)

ha(cn + dpw, xo + COZ/\/E) — Go(w)

Note

hi(an + by, 2o + coz/+/n)

- P(Vm—s+1:m S an + an|Xn—m:n =Ty + COZ/\/E)

= > (e - e

where F\"(2) = Fy(an + buv|zo + coz/y/1).
While by assumption (ii) and (iii), it can be shown that

m[l — F{" ()] ~ pon[l — F{" (2)] = —polog Gy ()

4.7)

(4.8)

4.9)
(4.10)

(4.11)

(4.12)

Applying Poisson approximation to Binomial probabilities, from (4.11) and (4.12), we ob-

tain (4.7).
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For (4.8), note

ha(cn + dpw, 2o + coz/v/n)

:P(Wn—m—t+1:n—m S Cp + dnw|Xn—m:n =T+ COZ/\/E)

n—m—1

= 2 C‘?‘ﬁw@wwu—ﬂwdww+j
F (LI @ - B

F3(cp + dpw|zo + coz/v/n)

where F\")(2) = Fy(cn + dnw|zo + coz/\/10).

From the proof of Theorem 1 in Joshi and Nagaraja (1995), we know that

F3(c, + dyw|zg + coz/v/n) — 1, asn — oo
Similarly we can prove that

(n—m—1)[1 - F”(2)] — —qolog Ga(w)

(4.13)

and hence (4.8) follows from the application of the Poisson approximation to the Binomial

cdf in (4.13).

Remark 4.3.1.

]

e Assumption (ii) requires the continuity of the function f3(y|z) as a function of x at

the value x for all real y, which can be guaranteed by the continuity of the joint pdf

f(z,y) at zo; see Joshi and Nagaraja (1995);

e Assumption (iii) implies that the distributions F; and F5 are in the domain of attrac-

tion of G and G, respectively, i.e., F; € D(G4) and Fy € D(G5). Notice that the

71



tail behavior of F} and F5, are much messier than that of Fy. So it is usually hard
to verify this assumption. However if we can verify that Fyy € D(G) as n — oo
such that [Fy (a, + b,y)]™ — G(y) for some non-degenerate distribution G, and F;

is tail-equivalent to Fy in the sense that there exists a finite positive (31, such that

1 - F
1im—Y<y)

y—oo 1 — Fy(y|zo) =5

then by Resnick (1987), we have:
[Fl (an + bny|x0)]n - Gl (y)

with G1(y) = G(a+ by), where a and b are some constants depending on GG. Further
it can be shown that the tail-equivalence of F; and Fy combined with the assumption
that 3; > po implies the tail-equivalence of F; and Fy. So we have a similar result

for F5; see Joshi and Nagaraja (1995) for details.

e For assumption (iv) to hold, as discussed in Joshi and Nagaraja (1995), a sufficient

condition is that:
ALF (2, 0 + buy) = o(1/V/7)
and
ALF(z, ¢+ dyy) = o(1/v/n)
hold uniformly in z in the neighborhood of x, where A, F(x,y) is the first partial

derivative of F'(x,y) with respect to x.

Example 4.3.1 (Bivariate Normal Distribution). For the bivariate normal distribution given

by (3.19), it can be shown that (Nagaraja and David, 1994):

lim 1 — Fy(y) ~ o
y—oo 1 — Fy(y|zo)
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So F} and Fy are tail-equivalent, and by the well-known fact that [Fy (a,, + b,y)]" — A(y)

as n — oo with

1 log(4mlogn)
n=121 - 4.14
“ e 2 \/2logn 14)
1
b, = —— 4.15
Vv2logn (415)

where A(y) = exp{—e~¥} is the Gumbel extreme value cdf, we have

[Py (an + bay)]™ — A(logpo + y) = exp{—e¥/po}

Notice 3; = pg, so F» and Fy are not tail-equivalent. But as in the proof of Theorem 3

of Joshi and Nagaraja (1995), we do have I, € D(A) with

log(4rlogn)] , (43/2) + log(qup/6)
n = 0121 — —0 4.16
Cn = PTo+ cen Vv2logn v2logn (4.16)
d, = 6b, (4.17)

where 0 = /1 — p2.
As verified in Joshi and Nagaraja (1995), the assumption (iv) of Theorem 4.3.1 also

holds. So by Theorem 4.3.1, we have

FV'rnferlzm7Wn7m7t+1:n7'm (an + bn'U, Cn + dnw)

s—1 t—1
—v —w €
— exp{—[e™" + qe |} >
1=0

—iv

J—jw
qoe’

7! !
= 7

as n — oo, where a,, b,, ¢, and d,, are given by (4.14), (4.15), (4.16), and (4.17), respec-

tively.

4.4 Applications
4.4.1 Selection Through an Associated Characteristic
In selection procedures, items or subjects may be chosen on the basis of their X char-

acteristic, and an associated characteristic Y that is hard to measure or that can be observed
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only later, may be of interest. For example, X may be the score of a candidate on a screen-
ing test, and Y is the measure of the final performance of the candidate; or X could be the
score assigned by a particular search engine (like Google, Yahoo etc.), and Y is the score
assigned by the user based on his needs.

Yeo and David (1984) considered the problem of choosing the best k£ objects out of a
group of n on the basis of auxiliary measurements X;, while the measurements of primary
interest, Y;, are not available. They were interested in the probability that the & subjects
with the largest Y -values are among the m subjects with the largest X -values.

Here we consider a more general situation. Define the event of our interest, £, to be
“at least s of {Yjim) : m —m + 1 < i < n}are among {Yin,n —k+1 <1 <n}” ie,
of the m objects with largest X -values, at least s are included in the set of £ objects with
largest Y -values, where s < k& < m. Notice with s = k, the problem reduces to that of
Yeo and David (1984). Next we will derive an expression for the probability of the event

E using the results in previous sections.

Expression for the Probability of the Event of Interest

Notice that the event £ can be expressed in terms of the order statistics of subsets of

concomitants as

E = {mes+1:m > anmfk+s:n7m}a

and so we have

P(E) = P(Vm—s-f—l:m > Wn—m—k+s:n—m)

P(mes+1:m > anmkars:nfm‘anm:n = .Z')fn,m;n(l')dl'

/
/

[ / PW—m—ktsmn—m < V| Xn—mm =) fvp, 10 (0)dV| fro—pn(2)de,
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where

P(Wn—m—k+s:n—m < U‘Xn—m:n — $)

n—m—1

:’i=n;k . (n ) T B 1) [Fy(v]z)]™[1 — Fy(v|z)]" ™

+ ( PR )[Fz(le)]"_m_k+s_l[1 — Fy(v]a))" " Fy(v]),

n—-—m-—=k+s—1

m! m—s s—1
Frea8) = o B )] L = Fi(olo)}* ),
and
n! n—m-—1 m
o) = e B (@) 1 = P (o))" (o)
Let
O1(z,v) =P(X <z,Y <wv);  by(z,v)=P(X <z,Y >v);
O3(x,v) =P(X > 2,V <wv);  Oyz,v)=P(X >z, >v);
and

glz,v) = / " Fey(uv)du = (1 — Fy(2)) fu(o]a)

) = [ fov(ewdo = fu(@)Fola).

Then P(F) can be expressed as
n—m—1

n!
Z i!(n—m—i—1)!(m—s)!(s—1)!><

i=n—m—k+s

/ / 61 (2, 0)03 ™ (i, )00 (i, )05 (2, 0) g (2, 0) f () dvddn

n!
(n—m—kts—Dl(m—s)ls_1

/ / 0, 0)08 (, 0) 05, 0)0 (., v)g , v) i, o)

+
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Remark 4.4.1.

o If X and Y are independent, (Yi.n),- -, Yjn—mm)) and (Yjn—mi1im),- - -, Yinn)) be-

come two independent random samples from the distribution Fy-. So we have
P(E) = P(Um—8+1im > U;:fmkars:nfm)

where U,,,_ s 1., 18 the (m— s+ 1)st order statistic of a random sample of size m from

the standard uniform distribution, and U;;_,, .. ...,

is the (n — m — k + s)th order
statistic of a random sample of size n — m from the standard uniform distribution.

This probability can be readily computed as:

P(E) =P(Up—ss1m > U

n—m—k+s:n—m)

:[(;D]_l % (z’+mi—s+1> <n—i—81111+3_1>

i=n—m—k+s

LG

Notice (4.19) is just a special case of the probability addressed by Olkin and Stephens
(1993) in which these authors studied the probability that exactly t of the selected
subsample of size s are in the top £ of the entire list for independent but nonidenti-

cally distributed normal populations.

e Intuitively, the probability P(E) will only depend on the dependence structure be-
tween X and Y arising from the distribution F'(x,y). Actually as shown in the
following theorem, the probability P(F) depends on the cdf F(z,y) only through
the associated copula function, which can be thought of as the intrinsic measure of

dependence between X and Y.

Theorem 4.4.1. Suppose (X;,Y;),i = 1,...,n, is a random sample from the ab-
solutely continuous bivariate distribution F(x,y). The probability that at least s of
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{Yi,n —m+1 < i < n}are among {Y;,n — k + 1 < i < n} depends on the

F(x,y) only through the copula function associated with F.

Proof. Let Cr(z,y) be the copula function associated with F, i.e.,
F(I,y) :CF<FX(x)7FY(y)) vxayeR
where Fy and Fy are the marginal distributions for X and Y, respectively.

Note
P(E) =P(atleast s of {Yj,n —m+1<i<n}

are among {Y(;),n —k+1 <i < n})
=P(at least s of {Fy(Y})),n —m+1<i<n}

are among {Fy (Y(;)),n —k+1<1i<n})
It can be easily shown that the joint cdf for (Fx (X)), Fy(Y)) is just the copula func-

tion C'r(x,y) associated with F'. So we have:
d * * * *
(Fx (X1), Fy (Y1), - -5 (Fx (Xn), Fy (Ya))) = (X3, Y1), ., (X5, Y)0)

where (X/,Y*),i = 1,...,n is a random sample from the distribution with cdf C'r

(the copula function associated with F’) and support [0, 1] x [0, 1].
Also notice that
(Fx (X)), Fy(Y), - (Fx (X)), Fy (Vi) < ((X(*l)’ [T])a SRR (X(*n)’ [Z]))-
Thus P(E) can be expressed as
P(E) =P(atleast s of {Y,n —m +1<i<n}
are among {Yg),n —k+1<i<n}),

which depends only on C'r. So the desired result follows. U
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A Large Sample Approximation

We see that the formula (4.18) for the desired probability P(FE) is quite complicated,
especially the double integrals involved. And it is not practical to apply the formula to
calculate P(F) for large values of n. But we can use the results of Theorem 4.2.1 to obtain

a large sample approximation to that probability. By Theorem 4.2.1, we have:

Vs:m —a W:nfm —C L
( b , — p ) = (g1(x0)Z1 + Za, g2(x0) Z1 + Z3)
where a, b,, ¢, d,, x9, g1 and g, are defined the same as in Theorem 4.2.1; Z;, Z, and Z3

are 1.1.d standard normal variables.

So for sufficiently large n, we have:

approx a h(wo)+b° hi(z0)h2(zo)
(‘/s:ma Wt:n7m> ~ BVN [C:| 5 hl(:coglhz(:to) h%(z(?)-l—dZ

where hl(ZL‘Q) = \/ﬁbngl(l'o), b= \/ﬁbn, hg(l’o) = \/ﬁdngg(l‘g), and d = \/ﬁdn Thus it

follows that

P(Ven — Wenom > 0) (4.20)

_ vn(c—a)
e (\/ hi(xo) + 02 + h3(xo) + d? — 2h1($o)h2(xo)> ' #2h

Q

By (4.21) a large sample approximation to the probability of our interest P(E) can be

readily written as:

P(E) = P(mes+1:m > anmkars:nfm)

V(¢ —a)

~1—-®
V(@) + B + B3 () + @ — 20 () ha(ido)

, (4.22)

where 7, a, I~), ¢and d are, respectively, the x(, a, b, ¢ and d defined in Theorem 4.2.1,

obtained by setting py = [m/n|,p1 = [(m—s+1)/m|,and py = [(n—m—k+s)/(n—m)].
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Case 1 Case 2
P (n = 800, m = 100,k = 30 and s = 20) | (n = 500, m = 50, £ = 20 and s = 10)

Simulation Approximation Simulation Approximation
0.4 0.001 0.001 0.068 0.083
0.6 0.187 0.190 0.592 0.629
0.8 0.985 0.983 0.996 0.996

Table 4.1: The Desired Probability P(F) for the Standard Bivariate Normal Distribution

Example 4.4.1 (Bivariate Normal Distribution). Suppose the distribution we are sampling

from is bivariate normal given by:

(X,Y) ~ N, ((g) <; f))

We will consider the following two cases: Case 1: n = 800, m = 100, k = 30
and s = 20; Case 2: n = 500, m = 50, £k = 20 and s = 10. For each case, we
calculate the P(FE) with p being 0.4, 0.6 and 0.8. We calculate the “Exact” values for
P(F) by crude Monte Carlo estimation, as well as the large sample approximation using
formula (4.22). The results are given in Table 4.1. We observe that the large sample
approximations for Case 1 work fairly well for different values of p; while in Case 2 we
do see significant discrepancies between the large sample approximations and exact values

for P(F), especially when the correlation between X and Y is small.

4.4.2 Power of Two-Stage Designs for Gene-Disease Association Stud-
ies

In gene-disease association studies with a large number of candidate markers, genotyp-

ing all the markers on all samples would be inefficient in resource utilization. Satagopan

et al. (2002) and Satagopan et al. (2004) proposed a two-stage design which is shown to be
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more cost effective, while providing power* closer to that of one-stage designs. In their de-
sign all markers are evaluated on a fraction of available subjects at the first stage, and only
the most promising markers selected at stage one are evaluated on the remaining subjects.

Suppose there are m candidate markers, and n available subjects in the sample. The
two-stage design proposed by Satagopan et al. (2002) and Satagopan et al. (2004) works in
the following way. At stage one, all the m markers are evaluated using only n; (n; < n)
subjects, and let X; be the resulting test statistic (for example the chi-square test statistic
based on a 2 x 2 table) for marker ;. We rank the m markers based on the test statistics
X, and select the top k£ markers to go on to the second stage. In stage two, we evalu-
ate the £ markers using the remaining n, (n; + ny = n) subjects, and construct the test
statistics Y; based on the outcomes of both stages. Notice that at stage two we only ob-
tain the test statistics for the markers with highest X values, which can be expressed as
(}/[m,ml:m], cely Y[m;m]). The setting is similar to the usual selection problems, but one big
difference is that the random vectors (X, Y;) are from one of the two bivariate distributions:
one is corresponding to the disease-susceptibility markers, and the other corresponding to
the null markers.

In Satagopan et al. (2002) and Satagopan et al. (2004), the power function for the pro-
posed two-stage design is derived using a conditioning argument, and the authors are inter-
ested in the problem of how to optimally choose &k and n; such that the two-stage design
has a large gain in cost reduction while keeping the power close to that of the one-stage
design involving the same number of subjects. Here we will derive an expression for the
power of the two-stage design using concomitants of order statistics, as well as the results
we obtained in the previous section.

“Here we define the power to be the probability that the true gene is selected at the end of the study.
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As argued in Satagopan et al. (2002) and Satagopan et al. (2004), the test statistic for
association computed from 7 independent subjects has an asymptotic normal distribution,
N (np,no?), where p and o2 are asymptotic mean and variance respectively. The asymp-
totic mean ;. will be zero if there is no association. Without loss of generality we can
assume that ¢ = 1 by appropriate scaling of the statistic.

Let X* be the test statistic from n; subjects obtained in stage 1 and let Y* be the
test statistic from the combined n(= n; + ny) subjects from stages 1 and 2 for the true
gene. Similarly let X; and Y; be the corresponding test statistics for null gene i, ¢ =
1,...,m — 1. If we assume that the gene outcomes are independent within a subject, then

we have (X*,Y™*) and (X}, Y;)’s are independently distributed as
(X5 V)" ~ N ((np,np)", )
(X, Y ~ N ((0,0)7, %)

3 — <n1 n1>
n n

The event of our interest, I, is that the true gene is selected at the end of the study, and

where

can be expressed as:
E={X">Xpn tm-1,Y" >max(Ym-1,t=m—k+1,...,m—1)}

where X.,,_1 is the ith order statistic of X;,7=1,...,m — 1, and Y};.;;,_1] 1s the concomi-

tant associated with X;.,,,_1. So the power, P*, can be derived as following:

P = P{X"> X pm-1,Y" > Vi_1h1} (4.23)

= //P(Xm—k:m—l <z, Vk—l:k—l < ?/)dF*($,y) (424)
xJy
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where V),_1.,_1 is the maximum of concomitants subset (Y[i;m—u, i=m—k+1,...,m—1),
and F™*(x,y) is the cdf for bivariate normal (X*, Y™*).

Notice the integrand, P(X,, .m-1 < 2, Vi_1.5-1 < ¥), in (4.24) can be expressed as

P(Xo—kim—1 < &, Vic1—1 < Y) (4.25)
= / P(Vk—lzk—l < y|Xm—k:m—1 = u)fm—k:m—l(u)du (426)
= / [Fy (y|u))* " frmtim—1 (u)du (4.27)

where f,,_r.m—1(u) is the pdf of the order statistic X,,, _x.m_1; F1(+|u) is the cdf of Y given
X > u. In deriving (4.27), we use the fact that given X, x.,,_1 = u, Vi_1.._1 behaves the
same as the maximum of a random sample of size k& — 1 from the distribution Fi(-|u) as

stated in Lemma 3.2.1.
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CHAPTER 5

ESTIMATION OF THE REGRESSION FUNCTION AT A
SELECTED QUANTILE OF THE EXPLANATORY VARIABLE

5.1 Introduction

Suppose (X;,Y;), i = 1,...,n, are i.i.d observations from some bivariate cdf F'(x,y).
We want to estimate E[Y|X = Fy'(p)] for a given p, i.e., we want to estimate the condi-
tional expectation of Y given X is at its given population quantile. This can be classified as
aregression problem. But unlike the usual regression problem, the evaluation point F'y Y(p)
is itself an unknown parameter. Such kind of problem can arise from the sensitivity analy-
sis of Value-at-Risk (VaR), a popular risk measure based on the quantile of profit-and-loss
distribution (Gourieroux et al., 2000; Mausser, 2001).

VaR is a popular and synthetic measure of risk widely used by financial institutions.
It quantifies the risk of financial institutions’ portfolios using the lower quantile of the
distribution of the loss-and-profit of portfolios for a given time frame. For example, a 95%
1-week VaR of a given portfolio is just the 5% quantile of the loss-and-profit distribution
of the portfolio over one week, and can be interpreted as the level of 1-week losses for the

portfolio which will only be exceeded on average once every 20 weeks. The resulting VaR
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measure can be utilized by financial institutions to set up the capital reserve for losses of
portfolios. For more detailed introduction please refer to Jorion (1997).

Recently there has been growing interest in studying the sensitivity of VaR with respect
to a change of the portfolio positions, see for example, Gourieroux et al. (2000), Mausser
(2001), and references therein. Suppose a portfolio is made up of n financial assets whose
positions are given by a;, ¢ = 1, ..., n. Then the value of the portfolio at time ¢ is given by
Vi(a) = > | aip;s with p;; being the price of financial asset ¢ at time ¢. Then the level «

VaR of the portfolio at time ¢ is a constant, VaR,(a, «), that satisfies the condition
P.(Viy1(a) — Vi(a) + VaRi(a, o) < 0) = a, 5.1

where P, refers to the conditional distribution of future asset prices p;;+; given all the
information at time ¢. Notice by (5.1), —VaR,(a, «) is just the lower « quantile of the
distribution of the portfolio’s loss-and-profit (V;;1(a) — V;(a)). The sensitivity of VaR is

represented by the partial derivative of VaR with respect to portfolio allocations a, that is

8VaRt(a,oz). 5.2)
da
Gorieroux et al. (2000) showed that the partial derivative of (5.2) is given by:
0VaR,(a, a
% = —E[yt1la’y1 = —VaRy(a, a)] (5.3)

where y;+1 = pt+1 — P Notice that the right-hand side of (5.3) is just the conditional
expectation of price change given that the portfolio is at loss of the level equal to VaR at
time ¢. Upon taking the loss-and-profit of the portfolio as the random variable X, and the
price change, y; ++1, as the random variable Y, it follows that the sensitivity of level o VaR
with respect to the financial asset 7 is just E(Y|X = F'(a)). So the problem of estimating
the sensitivity of VaR reduces to the problem of estimation of the regression function given
that the predictor is at a specified population quantile.
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Since the problem can be thought of as a regression problem, a natural way to proceed
is given by the following 2-step procedure:

Step 1: Obtain an estimator, ép, of the X population quantile §, = F5'(p) based on the
X sample. This can be done by using the sample quantile, or other quantile estimators pro-
posed in the literature, for example, the Harrell-Davis estimator (Harrell and Davis, 1982),
the Kaigh-Lachenbruch estimator (Kaigh and Lachenbruch, 1982), and the kernel quantile
estimators (Yang, 1981; Sheather and Marron, 1990). Parrish (1990), and Dielman et al.
(1994) compared the performance of different versions of quantile estimators by simulation
studies.

Step 2: After we obtain the quantile estimator fp, we can plug it in to estimate the con-
ditional mean of Y~ given X is &, to yield the estimator, 772(&,), for the quantity E[Y |X =
F'(p)]. To estimate the conditional mean function m(-), we can use the nonparametric re-
gression methods suggested in the literature, for example, the kernel regression estimators
(Nadaraya, 1964; Watson, 1964; Priestley and Chao, 1972; Gasser and Miiller, 1979), near-
est neighbor regression estimator (Benedetti, 1977; Stone, 1977), or the kernel-weighted
local regression estimator proposed more recently (Fan, 1992, 1993; Ruppert and Wand,
1994). See monographs Miiller and Muller (1988), Hérdle (1990), and Fan and Gijbels
(1996) for general introductions of these nonparametric regression methods.

The above 2-step procedure essentially combines the quantile estimation and the non-
parametric regression estimation to yield the estimator of E[Y'|X = Fy'(p)]. Instead of
using the above two-step procedure, we will consider two other types of estimators based
on the concomitants of order statistics. This is the main purpose of this Chapter.

The first class of estimators is a kernel-type estimator, firstly proposed and studied by

Yang (1981). Here we formalize the idea behind the estimator proposed by Yang (1981),
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and make extension to allow for other versions of kernel-type estimator based on concomi-
tants of order statistics.

The second estimator is based on Mausser (2001), who studied the sensitivity of VaR
for a portfolio with respect to its constituent positions. We generalize the estimator of the
marginal VaR to have it being an estimator of E[Y'|X = F5'(p)], and we argue that the
resulting estimator is essentially a bootstrap estimator of E(m(Xj.,,)) with & = [(n + 1)p),
and m(z) being the mean regression function E(Y|X = z), which in turn converges to
E[Y|X = F'(p)] asn — oo.

In Section 5.2 and 5.3, the above two types of estimators are examined in detail, and
their asymptotic properties are also studied. In Section 5.4 finite sample properties of these

estimators are compared using Monte Carlo simulations.

5.2 Kernel-Type Estimators Based on Concomitants of Order Statis-
tics

5.2.1 Motivation

Yang (1981) proposed the following class of L-estimators based on concomitants of

order statistics for estimating E(Y|X = Fy'(p)):

My =0y h'K (’/Z_p> Yiim) (5.4)
i=1 "

where K is some kernel function. Yang studied the estimator (5.4) as a linear combina-
tion of concomitants of order statistics, rather than a kernel smoothing estimator. But as
we argue in the following, (5.4) can be thought of as a kernel smoothing estimator, where
smoothing takes place in the transformed space F'y (X ), rather than the original X space.
By doing this, other versions of kernel-type estimators can also be made available for esti-
mating E(Y|X = F''(p)).
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To elaborate, we can think in the following way. Notice the quantity of our interest can

be expressed as:

E(Y|X = Fy'(p)) = E(Y[Fx(X) = p). (5.5)

With the assumption that X is continuous, F'x(X) will be a uniform random variable
in (0,1). So we can estimate the desired quantity using the transformed data (U;,Y;),
with U; = Fx(X;), ¢ = 1,...,n. The problem with the above argument is that the cdf
Fx(-) is unknown, but we can estimate it with the empirical cdf. So finally our problem
becomes estimating E(Y|Fx(X) = p) using the “data” (U},Y;), with U} = F,(X;),
t = 1,...,n. After ordering the variate U}, our transformed data can also be expressed as
(i/n,Yjim)),? = 1,...,n, which corresponds to the so-called equally-spaced fixed design
(Chu and Marron, 1991).

It can be easily seen that the estimator given by (5.4) can be derived by applying the
Priestley-Chao kernel smoothing estimator (Priestley and Chao, 1972) to the transformed
data. We can also apply the Gasser-Muller (Gasser and Miiller, 1979) estimator to the
transformed data to yield the following kernel-type estimator:

n i+1/2
~ o n -1 p - t
May =Y [// hi'K (—hn > dt

i=1

5.2.2 Asymptotic Properties of the Kernel-type Estimators

In this subsection we will study the asymptotic properties of the kernel-type estimators
based on concomitants of order statistics discussed above.
Treating the estimator My given by (5.4) as a linear combination of concomitants of

order statistics, Yang (1981) established several important results regarding the asymptotic
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properties of the estimator using Hajek’s projection lemma (Hajek, 1968). Here we list
these results without proofs.
Yang (1981) proved that under mild regularity assumptions the estimator My is mean

square consistent as given by the following proposition (Yang, 1981, Corollary 1):
Proposition 5.2.1. Suppose the following conditions are satisfied:
e E(Y?) < oo;

o the mean regression function m(x) is a right continuous function of bounded varia-

tion in any finite interval;

o the kernel function K satisfies a Lipschitz condition in the sense that there exists
a constant M such that |K(x1) — K(z2)] < M |z — 3] for all x1 and x5; and

[tK(t)| — 0as [t| — ooy
e h(n) — 0, and n*/*h(n) — oo as n — oo.
Then for any py at which m(&,) = BE(Y|X = Fx'(p)) as a function of p is continuous,

lim E[My —m(&,))* = 0. (5.7)

n—oo

With additional assumptions, Yang (1981) proved that the following result (Corollary 2

of Yang, 1981)) regarding the convergence rate of the bias of My

Proposition 5.2.2. Suppose the assumptions of Proposition 5.2.1 hold, and the following

assumptions are also satisfied:
° ffooo tK(t)dt =0

o [ ?|K(t)|dt < o0 and [P K (t)| — 0 as |t| — oo;
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o K"(z) exists, satisfies a Lipschitz condition, and [ |K"(t)|dt < oo, tK"(t) — 0

as |t| — oo,
e The second derivative of g(p) = m(Fx'(p)) exists and is continuous at py.

Then we have

n—oo 2

i [E(y) = m(g)/h(n)? = S22 [ 2R yar 58)

Next we will show that under mild assumptions My and Mgy, are asymptotically

equivalent. So the asymptotic properties of My will also hold for M.
Theorem 5.2.1. Suppose the following assumptions hold:
o E(Y?) < oo;
e m(x) is right continuous function of bounded variation in any finite interval;

e the support of the kernel function K is compact in the sense that K(x) = 0 for

|z| > a where a is some finite positive real number;

e K satisfies a Lipschitz condition, i.e., there exists some constants M > 0 such that

|K(x1) — K(22)| < M |z — xo| for all xy and x5 in the support of K.

Then for sequence a,, such that a,, — oo and a,,/(h(n)n) — 0 asn — oo, we have

~ n 1
E[My - MGM]2 =0 (—2) . (59)

nh(n)%a?
Proof. Note that

MY_MGM
n -1 i/n—p -1 H,IL/Q t—p
= Ty |eh0) K () - b0 [k K () | Vi (510)

n




where

To(u) = ay, [K (%) - n/uil K (th(_—nz)’) dt] . (5.11)

1
2n?

u+i t_p . Up — P

So by the assumption on K we have

There exists an interior point u, in (u + 5-,u — 5-) such that

lu—u,|  a,M

()l S anM == < ey

(5.13)

Hence by the assumption on a,,, we have .J,,(u) — 0 uniformly in n and p as n — oo.
Let S, =n~' Y"1, Ju(i/n)Y}iy. Then from Theorem 1 of Yang (1981) and Remark 2

therein, we have

lim n*?E(S,) = 0, (5.14)
and
7}1_{20 nVar(S,,) = 0. (5.15)
And notice
E[My — Mau)? = [anh(n)] 72 (Var(S,,) + [E(S,)]?), (5.16)
so the desired result follows. 0

5.2.3 Adjustment for the Boundary Effect

Sometimes we are interested in the conditional mean of Y evaluated at the upper tail of
the X distribution, which means that the p in E(Y'|X = F;'(p)) is very close to 0 or 1, say
0.05, as in the case of the estimation of Marginal VaR’s. Then the kernel-type estimators
given by (5.4) or (5.6) will be subject to larger bias due to the so-called boundary effect.
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See Gasser and Miiller (1979) and Rice (1984b) for more detailed discussions of boundary
effects for the kernel smoothing method). Here we will use the method suggested by Rice
(1984b) to modify the kernel estimators to reduce their boundary biases.

Suppose p is within a bandwidth of the lower boundary 0, i.e. p = 7h for some 7 < 1
with h being the chosen bandwidth. According to Rice’s method (see also Section 4.4 of
Hardle, 1990), the following estimator based on linear combination of two kernel smooth-

ing estimators with different bandwidths can be used to reduce the boundary bias

n(p) = (1 = R)rir(p) + Rittan-(p) (5.17)
where
- wi (1, 7)/wk (0, 7)
R = awg (1, 7/a) Jwk(0,7/a) — wk (1, 7)/wk (0, T) (5.18)
with

wi (k,T) = / uFK(u)du, k=0,1.

-1

Here K is the symmetric kernel function with support on [—1, 1]; 772, - (+) and 724, - (+) are
the kernel estimators using the kernel K. (-) = K(-)/wgk (0, 7) with bandwidth / and ah,
respectively. For the constant «, Rice recommends choosing o = 2 — 7.

Remarks:

1. When 7 > 1, we have wi (0,7) = 1 and wk(1,7) = 0. Then R will be equal to 0,
and the estimator given by (5.17) will reduce to the estimator given by (5.4) or (5.6),

implying that no adjustment is needed for the interior point.

2. As pointed out by Hardle (1990), the modified kernel estimator can also be obtained

by using the so-called “boundary kernel” given by

K.(u)=(1—-R)K(u) — (R/a)K(u/a). (5.19)
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3. For p near the upper boundary 1, i.e., p = 1 — 7h for some 7 < 1, the modification

is totally analogous, and the resulting estimator will still be given by (5.17), but with

1
wi(k,7) = / uP K (u)du, k=0,1.

T

5.2.4 Choice of Kernel and Bandwidth

As in all kernel smoothing methods, the problem of choosing appropriate kernel func-
tion and bandwidth is to be addressed before applying the estimator given by (5.4) or (5.6).
Here we will discuss this issue very briefly without going further into the theoretical details.
In the next section, we will examine this issue empirically with simulation studies.

It has been established in both theoretical and empirical settings that the choice of ker-
nel functions in kernel smoothing methods is much less important than the choice of band-
width, since one can always make the difference between two kernel smoothing estimates
using two different kernels almost negligible by appropriately rescaling the bandwidths. A
detailed discussion of this fact is available in Marron and Nolan (1988). So more emphasis
has been placed on the issue of bandwidth selection in the kernel smoothing literature. In
our discussion we will also focus on the bandwidth selection only, and choose the com-

monly used Epanechnikov kernel given by
3 2
K(u) = Z(l —u)(Jul <1) (5.20)

in the empirical studies in the next section.
As noted above, the choice of bandwidth is of great importance in the kernel smoothing
estimators My and MGM. Both the bias and the variance of these estimators will depend

on the bandwidth, which can be demonstrated as follows. From Proposition 5.2.2, we
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know that the asymptotic bias of the estimator My is O(h?), which implies that the smaller
the bandwidth h,,, the smaller the bias of this estimator. As shown in Yang (1981), the
asymptotic variance of My is o(n~th-?). This implies that the smaller the bandwidth h,,,
the larger the variance of the estimator My So the choice of bandwidth turns out to be
a balance of the trade-off between the bias and variance, which is common to smoothing
parameter selection in all kernel smoothing methods.

As pointed out in Yang (1981), one possible approach to the problem is to choose the
bandwidth h,, that minimizes the MSE, E(My — E(Y|X = Fy;'(p))% of My. But that
will be a difficult task in practice even when the distribution of X is known (Yang, 1981).
Since the estimators My and MG M, as we argued in Subsection 5.2.1, are essentially ker-
nel smoothing regression estimators, we might borrow the existing methods of bandwidth
selection for the kernel smoothing regression in the literature.

Various methods for choosing the smoothing parameter h,, in the setting of kernel
smoothing regression have been proposed in the literature. Among them are Rice (1984a),
Hirdle et al. (1988), Vieu (1991), Brockmann et al. (1993), and Herrmann (1997). Her-
rmann (2000) gave an overview and a comparison of important and popular bandwidth
selection methods in the context of kernel regression.

Since our primary interest is to estimate the conditional expectation of Y evaluated
at a specified population quantile of X, rather than the whole regression function, more
appropriate is the local bandwidth selection method to our problem. Other justification for
using local bandwidth selection method are available in Vieu (1991) and Brockmann et
al. (1993). As a result, we suggest to use the local adaptive bandwidth selection method
proposed by Brockmann et al. (1993) for choosing h,, in the estimators My and MGM.

The method is essentially a local modification of the global iterative plug-in bandwidth

93



selection method proposed by Gasser et al. (1991). It consists of the following iterative
scheme (see Brockmann et al. (1993), for more details of this local bandwidth selection

method), where we take M = [ K?(t)dt, and po = [ K (t)t*dt.
1. Let }Al() =n"L

2. Iterate

- < &2M [ o(t)dt

nu3 fv(t)n%”(t; h;_yni/10

1/5
))%) for i=1,...,8. (5.21)

where v is a weight function that is assumed to be twice continuously differentiable
in the support [9, 1 — §] for some § > 0; 62 is the estimator of o proposed by Gasser
et al. (1986), and 773”( -) is the estimator of the second derivative of the regression

function suggested by Gasser and Mueller (1984).

3. Iterate

1/5
~ AQM
hi(p) = : L B— for i=9,10.
P [ (= phit(p)) (m (s By (p)n)19)) 2

(5.22)

4. Let h(p) = hio(p) be the estimator for the optimal local bandwidth.

5.3 A Bootstrap Estimator Based on Concomitants of Order Statistics

5.3.1 Introduction to the Estimator

To estimate the marginal level p VaR of a position in a portfolio, which is defined to
be the partial derivative of level p VaR with respect to the given position, Mausser (2001)

proposed the following estimator:
Mup = wijiun), (5.23)
i=1
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where

1

_ (n+1)p—1 (n+1)(1—p)—1
w; = y (1—-y) dy
ﬁ«n+1mmn+1X1—m>4;Wn

=L {(n+Dp,(n+ 1)1 =p)} — Licym{(n+Dp,(n+1)(1—p)}  (5.24)

with I, (a, b) being the incomplete beta function.

Since the marginal VaR of a position is just the conditional expected loss of the position
given that the portfolio is at a loss of the VaR level as shown in Gorieroux et al. (2000),
we might think of (5.23) as an estimator of the conditional mean of the response variable
(which is the loss of the specific position here) evaluated at a given quantile of the predictor
variable (which is the loss-and-profit of the portfolio here).

The motivation for (5.23) to be an estimator of E(Y|X = Fy'(p)) is rather vague. But
as argued below, we can think of the estimator given by (5.23) as a “Bootstrap” estimator
of E(Yji.)) = E(m(Xy.)) with & = [(n 4 1)p]|, and m(x) being the regression function
E(Y|X = x).

Notice

(Xk n))
o
/m i @MMM“M—H@W*MM@
Bk, — k 1) /m(F;(“))“k_l(l ~ )"t du. (5.25)

Now if we substitute Fiy'(-) by the sample quantile function, Fix'(-), which is defined to
be
Fxt(p) = inf{z|F,(z) > p} (5.26)
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with F,(x) = > I(X; < x)/n being the sample cdf, we get the following estimator of
E(Yigm) for k = [(n 4+ 1)p):
i wim(Xi.n) (5.27)
i=1
Finally if we approximate m(X;.,) by Y};.,, then the estimator given by (5.27) will
reduce to the proposed “bootstrap” estimator given by (5.23). As a result, the estimator
M up given by (5.23) can be thought of as a bootstrap estimator of E(Y[;m]) with k =
[(n+ 1)p].
Notice X, = £x (p) as m — oo with k = [(n + 1)p|. So under appropriate conditions
on the regression function m, we will have E(Yj.,)) — m(&x(p)), for example m is a
bounded function which is continuous at {x(p), or more generally m is continuous and

m(Xy.,) is uniformly integrable, see more detailed discussions in Vaart (1998, Section

2.5).

5.3.2 Asymptotic Equivalence of the Bootstrap Estimator and the Kernel-
type Estimators
In this subsection we will show that in large samples the estimator Myp is essentially
the same as the kernel-type estimator Mg for appropriate choice of kernel function K.

We need the following Lemma due to Sheather and Marron (1990).

Lemma 5.3.1. Let ¢ =1 — pwhere 0 < p < 1, and m = n + O(1). Then as n — oo,

2pq

F(Tlp + mQ) np—1

_ pYma—l o -1/2 .
Tnp)Dma)® (L~ )™~ [2rpa/n] = exp] (5.28)

in the sense that

['(np + mq)

Flnp gy P+ /)20l g = (pa/m) P2yl (pa/m)' " = 6(y) + O™ 7%),

(5.29)
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where ¢(+) is the pdf of the standard normal distribution.

Remark 5.3.1. Note that the result of Lemma 5.3.1 is directly related to the convergence of
the pdf of a central order statistic from the standard uniform distribution, see Reiss (1989,

Section 4.7) for more discussions about expansions of densities of central order statistics.

Then we have the following Theorem regarding the asymptotical equivalence of Muyp

and MGM-

Theorem 5.3.1. The estimator M gp is asymptotically equivalent to the estimator MGM

with K being the standard normal density and h(n) = [pq/(n + 1)]/2.

Proof. Let h(n) = [pq/(n +1)]*/2. Notice by Lemma 5.3.1 we can express the weights w;

in the estimator Mg p as:

L (n+1)p—1(1 . )(n+1 1d
w; = u U u
5((” +Dp, (n+1)(1 = p)) Ji-1)m

= { (27h?) 2 exp {—M} + O(nl/Z)] du

(z 1)/n 2h%

_ / 1, ( - )du+0( a2y (530)

So we have

u—p ~1/2

:MGM + O(n—1/2) (5.31)

where Mg, is the kernel estimator given by (5.6) using the gaussian kernel and bandwidth

h. = [pq/(n + 1)]'/2. This proves the theorem. O
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5.4 Numerical Examples

In this section we will study the finite sample behavior of the estimators discussed in
Section 5.2 and 5.3 using simulations. The following three data generating processes are

used for the simulation studies, where € and X are independent.
(1) A random sample of size n is simulated from the model
Y =X+ Xsin(rX) +¢ (5.32)
with e ~ N(0,0.25), X ~ N(0,1).
(i) A random sample of size n is simulated from the model
Y =X+ Xsin(nX) +¢ (5.33)
withe ~ N(0,1), X ~ N(0,1).
(iii)) A random sample of size n is simulated from the model
Y =X+ Xsin(rX) +¢ (5.34)
with e ~ N(0,0.25), X ~ 0.25N(—1.5,1.5%) + 0.75N (0, 1).

All these three data generating processes share the same mean regression function, but
they differ from each other in terms of the magnitude of the noise inherent in the observed
data, and the distribution of the covariate X . In particular, the data generating process (ii)
has larger error term variance than processes (i) and (iii), implying greater noise in the
observed data for process (ii); the distribution of covariate X in process (ii1) is a mixture of

N(—1.5,1.5%) and N (0, 1) which has heavier left tails than the standard normal in (i) and

(11).
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5.4.1 Comparison of the Estimators by MSE

For each data generating process, we simulate random samples of size n = 100, 200, 400
and 900 respectively, and then calculate the estimators My, ]\7[G M, and M up of E(Y|X =
¢x(p)) forp =0.1,...,0.9. For the kernel smoothing estimators Megar and My p, we used
the R function “lokerns” to calculate the data adaptive bandwidth. The MSE’s of these
estimators for each data generating process are estimated based on 10,000 simulations.

Figure 5.1 gives the estimated MSE’s of the three estimators for the data generating
process (i). We observe that these three estimators perform essentially the same in terms
of the MSSE, especially for the two kernel smoothing estimators of which we see very little
difference. But as the sample size increases, the kernel smoothing estimators perform a
little better than the bootstrap estimator M up- Also in the plots, we see that all these
estimators have worse performance near the boundary region than in the interior region.

To examine the performance of these estimators more closely, we also compare the
biases and standard deviations of these estimators.’ Figure 5.2 and 5.3 give the biases and
standard deviations of the three estimators for data generating process (i), respectively, and
Figure 5.4 gives the plot of the ratio of the square of the bias to the MSE for these three
estimators. Very similar to the plots for the MSE, we observe no significant difference
between these three estimators in terms of the bias and standard deviation. Also for all
these three estimators, the bias is dominated by the variance in terms of the contribution
to the MSE, and the improvement in the bias is larger than that for the variance with the
increase of sample size.

31t is well-known that the MSE can be decomposed into the variance and the square of the bias. By
examining the bias and standard deviation we can know more about the contributions of these two parts to
the MSE.
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Figure 5.1: MSE of the Estimators of E(Y|X = ¢x(p)) for the Data Generating Process
(1): (a) n = 100; (b) n = 200; (c) n = 400; (d) n = 900
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Figure 5.2: Bias of the Estimators of E(Y'|X = {x(p)) for the Data Generating Process
(1): (a) n = 100; (b) n = 200; (c) n = 400; (d) n = 900
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Figure 5.3: Standard Deviation of the Estimators of E(Y | X = {x(p)) for the Data Gener-
ating Process (1): (a) n = 100; (b) n = 200; (c) n = 400; (d) n = 900

Figure 5.4: The Ratio of the Square of the Bias to the MSE for the Estimators of E(Y|X =
¢x(p)) for the Data Generating Process (i): (a) n = 100; (b) n = 200; (c) n = 400; (d)

n =900
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The plots of MSE, bias, standard deviation and the ratio of the square of the bias to
the MSE of the three estimators for the data generating process (ii), which produces more
noisy data than the process (1), are given in Figure 5.5, 5.6, 5.7 and 5.8, respectively. From
the plots we see again that the two kernel smoothing estimators are almost the same in
the performance. For small sample size n = 100, the bootstrap estimator Myp performs
a little bit better than the two kernel smoothing estimators. But with the increase of the
sample size, the two kernel smoothing estimators outperform the bootstrap estimator, and
the discrepancy increases as the sample size increases. Similar to what we observe in data
generating process (i), the variance dominates the bias in terms of contribution to the MSE,

especially for the bootstrap estimator.
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Figure 5.5: MSE of the Estimators of E(Y|X = &x(p)) for the Data Generating Process
(i1): (a) n = 100; (b) n = 200; (¢) n = 400; (d) n = 900
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Figure 5.8: The Ratio of the Square of the Bias to the MSE for the Estimators of E(Y|X =
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n = 900

Figure 5.9, 5.10, 5.11 and 5.12 present the estimated MSE, bias, standard deviation
and the ratio of the square of the bias to the MSE of the three estimators for the data
generating process (iii), in which the distribution of the covariate X has heavier left tails.
We observe that the bootstrap estimator Muyp performs a little better than the other two
kernel smoothing estimators for the sample size 100. But with the increase of sample size,
the difference between these estimators diminishes. Again we observe that for all the three
estimators the variance dominates the bias in its contribution to the MSE, and with the

increase of sample size, the bias decreases much faster than the standard deviation.
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5.4.2 Bandwidth Selection

In Section 5.2.4, we suggested the use of the local adaptive bandwidth selection method
proposed by Brockmann et al. (1993) for the choice of bandwidth in the kernel smoothing
estimators My and MG - Here we will study the performance of this data-driven iterative

bandwidth selection method numerically.
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Figure 5.13: MSE’s of the Estimator Mgy, of E(Y|X = £x(p)) with p = 0.4 for different
bandwidth values: (a) n = 100; (b) n = 200; (¢c) n = 400; (d) n = 900. Solid (dashed)
vertical line locates the estimated (actual) optimal bandwidth.

Figure 5.13 gives the estimated MSE’s of the estimator Mgy of the quantity E(Y|X =
¢x(p)) with p = 0.4 for different bandwidth values based on 1000 simulations. The data

are generated according to the process (i) given by (5.32), and we do these simulations for
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sample sizes n = 100, 200, 400 and 900. In these plots, the solid lines give the estimated
optimal bandwidth values by the local adaptive method, and the dashed lines give the ac-
tual optimal bandwidths based on our simulations. We observe that the estimated optimal
bandwidths by the local adaptive method are very close to the actual optimal bandwidths,
suggesting good performance of the local adaptive bandwidth selection method for the ker-
nel smoothing estimators My and M. We carry out these simulations for p = 0.8, which
is close to the upper boundary 1. Figure 5.14 gives the corresponding results. Again we
see that the estimated optimal bandwidths are close to the actual optimal bandwidths based

on simulations.
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Figure 5.14: MSE’s of the Estimator, Mgy, of E(Y|X = &x(p)) with p = 0.8 for different
bandwidth values: (a) n = 100; (b) n = 200; (c) n = 400; (d) n = 900. Solid (dashed)
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5.4.3 Boundary Adjustment

As pointed out in Subsection 5.2.3, the kernel smoothing estimators My and Mg, are
subject to larger bias at the lower or upper boundaries, which can also be seen in Figure 5.1.
We suggested the use of the jackknife estimator proposed by Rice (1984b) to reduce the
boundary bias. In this subsection we will examine this boundary adjustment numerically.

We consider the lower boundary behavior of these estimators. In particular, we estimate
the MSE’s of the estimator M), for E(Y|X = £x(0.05)) with and without boundary ad-
justment given by (5.17). The simulated data is generated according to the data generating
process (i), and we choose the bandwidth to be 0.1 for the estimator MG a. The MSE’s are
estimated based on 1000 simulations. The MSE of the estimator M p 1s also estimated.

Table 5.4.3 gives the results for different sample sizes.

~

Meau Mg
n  without adjustment with adjustment M HD
100 1.592 1.557 0.551
200 1.441 1.416 0.205
400 1.394 1.373 0.069
900 1.332 1.311 0.022

Table 5.1: MSE’s of the Estimators for E(Y|X = x(p)) with p = 0.05

From Table 5.4.3 we observe that there is some improvement for the estimator Mey
with the boundary adjustment as given by (5.17). But the gain in the MSE is not very sig-
nificant. Also we notice that the bootstrap estimator Mpyp gives much better performance

than the kernel smoothing estimator even with the boundary adjustment.
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CHAPTER 6

SUMMARY AND FUTURE WORK

In the previous chapters we have studied several topics related to concomitants of order
statistics. Here we summarize our findings, and discuss some future work related to these
studies.

In Chapter 2 we studied the finite sample and asymptotic distributions of concomitants
of order statistics for dependent samples. This extends the available results on the distri-
bution theory of concomitants of order statistics in the literature, which usually assumed
i.i.d or independent samples. In deriving these distributions, we model the dependence
structure in X sample values by an equally correlated multivariate normal model, and the
dependence of Y on X through the usual general regression model. A possible application
of these results is to quantify theoretically the inferential biases associated with induced
ordering in the F-tests of financial asset pricing models.®

In Chapters 3 and 4, we studied the distribution of order statistics of concomitants
subsets associated with higher and lower order statistics, namely V., and W;.,_,, in our
notation. The motivation for studying these order statistics stems from an event of interest
in selection procedures.

%See Lo and Mckinlay (1990) for more details about the problem of data-snooping when the data used for
testing the financial asset pricing model is obtained with induced ordering.
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In Chapter 3, the marginal distribution of these order statistics are studied. Using condi-
tioning argument, we first derived the finite-sample distribution of V.., and W;.,,_,,,, which
turns out to be quite complicated for practical applications. Then a large sample approxi-
mation to these distribution is considered. Under appropriate assumptions, we established
that the limiting distributions for V.,, and W.,,_,, are both normal in the quantile case. The
rates of convergence in these distributions are also derived, and are shown to be of order
n~1/2. Based on the results from Reiss (1989), we propose a higher order expansion to the
cdfs of these order statistics, which achieves much better performance than the normal ap-
proximation even for moderate sample size. The results are illustrated with some numerical
examples.

In Chapter 4 we extended the results in Chapter 3 by deriving the joint distribution of
(Ve Wen—m). With some minor adjustment to the arguments used in Chapter 3, we first
derived the finite-sample joint distribution of (V.,,, Wi.,—m); then we derived the asymp-
totic distribution of these order statistics in the quantile case, which turns out to be mul-
tivariate normal. Similar to the case of the marginal distribution, the rate of convergence

in the joint distribution is shown to be of order n~'/?

. Using arguments similar to those in
Joshi and Nagaraja (1995), we derived the asymptotic joint distribution of (Vy.n, Wipn—m)
in the extremal case under appropriate conditions. Unlike in the quantile case, V., and
Wi.n—m are asymptotically independent. We illustrated these results with a bivariate nor-
mal example.

We then discussed two applications of the results about the joint distribution of (Vj.,,
Win—m)- The first application is about calculating the probability of an event of interest

in selection procedures, which is essentially a generalization of the problem discussed in

Yeo and David (1984). Although it is quite difficult to calculate the exact probability of the
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event of interest, we provide a simple formula for approximating the desired probability
based on the asymptotic joint distribution of (V.,,, Wi,y ). The approximation is studied
with some numerical examples. The other application is about calculating the power of a
two-stage design for gene-disease association studies proposed by Satagopan et al. (2002)
and Satagopan et al. (2004). We demonstrated that the desired (asymptotic) power function
can be compactly expressed using order statistics of concomitant-subsets.

Along this line of research on order statistics of concomitant-subsets, there are two pos-
sible areas of work to consider in the future. Although we derived a higher order approxi-
mation to the marginal distribution of V., and W;.,,_,,, the corresponding approximation
to the joint distribution has not been derived yet. While this would be very helpful to ap-
proximating probabilities involved in selection procedure problems as discussed in Section
4.4.1. We have seen from the numerical examples that the normal approximation to the
desired probability is not satisfactory even for sample size n = 500 in some cases.

Another challenging task is to derive the rate of convergence in the distribution of or-
der statistics of concomitant-subsets in the extremal case, which in turn determines how
useful the corresponding asymptotic distribution would be in applications. Deriving the
rate of convergence in the distribution of extremal order statistics is itself a very difficult
task, which is shown to depend on the second-order behavior of the population distribution
(Smith, 1982; Haan, 2006). Establishing the rate of convergence in the distribution of order
statistics of concomitant-subsets in the extremal case is much more complicated since we
need to deal with the much messier distributions F} (+|xo) and Fs(-|zo).

Motivated by the problem of estimating the marginal VaR of a position in a portfolio
in financial risk management applications, we studied the problem of estimating the condi-

tional mean of Y variable given that the X variable is at specific quantiles of its distribution
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in Chapter 5. The problem is very similar to the usual bivariate regression except that the
evaluation point for the explanatory variable, its population quantile, is itself unknown. A
natural approach to the problem is to use a 2-step procedure: the population quantile of X
is first estimated; then the conditional mean of Y is estimated at the estimated X quantile.
But here we propose two estimators based on the concomitants of order statistics, which
circumvent the step for estimating the population quantile of X.

The first class of estimators, generalized from Yang (1981), can be thought of as a kernel
smoothing estimator applied to the transformed data. We studied the asymptotic properties
of these kernel smoothing estimators. It is shown that under mild conditions, these esti-
mators are mean square consistent. The issues of bandwidth selection and boundary effect
adjustment for these kernel smoothing estimators are also discussed. We recommended to
use the local adaptive bandwidth selection method proposed by Brockmann et al. (1993)
from the consideration that our primary interest is to estimate the conditional expectation of
Y evaluated at a specified population quantile of X rather than the whole regression func-
tion. Simulation studies showed that this data-driven adaptive bandwidth selection method
performs well for these kernel smoothing estimators in identifying the optimal bandwidth.
To alleviate the boundary effect for these kernel smoothing estimators, we suggest the use
of the method proposed by Rice (1984b). While simulation studies showed that the im-
provement in the MSE by adopting the given boundary adjustment is not very significant.
One possible reason is that by applying the empirical cdf on the X values, the resulting
transformed data are no longer independent. So the expansion of MSE in deriving the
adjustment by Rice (1984b) do not directly carry over to our case. More rigorous study
of how the MSE of our kernel smoothing estimator behaves in boundary regions is thus

needed for finding more appropriate boundary adjustment.
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The second estimator is motivated by Mausser (2001). We argued that the estimator can
be thought of as a bootstrap estimator of a quantity which in turn approaches the parameter
of our interest as the sample size goes to infinity. Under mild conditions we established
that the estimator is asymptotically equivalent to the kernel smoothing estimators discussed
above. So the nice asymptotic properties of the kernel smoothing estimators carry over to
the bootstrap estimator.

The finite-sample behavior of the above two estimators were studied by simulations.
We observed that although most of the time the performance of these estimators is very
close to each other, the kernel smoothing estimator performs a little better than the boot-
strap estimator for noisy data, while the bootstrap estimator performs better than the kernel
smoothing estimator when the distribution of X is heavy-tailed. We also noticed that with
the increase of sample size, the bias of these estimators diminishes much faster than the
variance. Simulation studies also showed that in the boundary region the bootstrap estima-
tor performs much better than the kernel smoothing estimators, even those with boundary

adjustment.
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