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ABSTRACT 

 

Multi-mesh gear systems are used in a variety of industrial machinery, where noise, 

quality, and reliability lie in gear vibration. The complicated dynamic forces at the gear 

meshes are the source of vibration and result from parametric excitation and tooth contact 

nonlinearity. The primary goal of this work is to develop mathematical models for multi-

mesh gearsets with nonlinear, time-varying elements, to conduct numerical and analytical 

studies to understand parametric and nonlinear gear dynamic behaviors, such as 

parametric instabilities, frequency response, contact loss, and profile modification, and to 

provide guidelines for practical design and troubleshooting.   

First, a nonlinear analytical model considering dynamic load distribution between 

individual gear teeth is proposed, including the influence of variable mesh stiffnesses, 

profile modifications, and contact loss. This model captures the total and partial contact 

loss and yields better agreement than two existing models when compared against 

nonlinear gear dynamics from a validated finite element benchmark. Perturbation 

analysis finds approximate frequency response solutions for the system operating in the 

absence of contact loss due to the optimized system parameters. The closed-form solution 

is validated by numerical integration and provides guidance for optimizing mesh phasing, 

contact ratios, and profile modification magnitude and length. 
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Second, the nonlinear, parametrically excited dynamics of idler and counter-shaft 

gear systems are examined. The periodic steady state solutions are obtained using 

analytical and numerical approaches. With proper stipulations, the non-smooth tooth 

separation function that determines contact loss and the variable mesh stiffness are 

reformulated into a form suitable for perturbation. The closed-form solutions from 

perturbation analysis expose the impact of key parameters on the nonlinear response. The 

analysis for this strongly nonlinear system compares well to separate harmonic balance/ 

continuation and numerical integration solutions. The expressions in terms of 

fundamental design quantities have natural practical application. 

Finally, this work studies the influences of tooth friction on parametric instabilities 

and dynamic response of a single-mesh gear pair. A mechanism whereby tooth friction 

causes gear tooth bending is shown to significantly impact the dynamic response. A 

dynamic translational-rotational model is developed to consider this mechanism together 

with the other contributions of tooth friction and mesh stiffness fluctuation. An iterative 

integration method to analyze parametric instabilities is proposed and compared with an 

established numerical method. Perturbation analysis is conducted to find approximate 

solutions that predict and explain the numerical parametric instabilities. The effects of 

time-varying friction moments about the gear centers and friction-induced tooth bending 

are critical to parametric instabilities and dynamic response. The impacts of friction 

coefficient, bending effect, contact ratio, and modal damping on the stability boundaries 

are revealed. The friction bending effect on the nonlinear dynamic response is examined 

and validated by finite element results. 
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CHAPTER 1                                                                 

INTRODUCTION 

 

1.1   Motivation and Objectives 

High speed, multi-mesh gear systems have numerous applications in a variety of 

industrial machinery including helicopters, automotive transmissions, aircraft engines, 

etc. For example, multi-stage parallel-axis gears (Figure 1.1) transmit power from 

engines to drivelines in passenger vehicles and heavy duty trucks. Despite their 

compactness, high power density and efficiency, gear systems generate considerable 

vibration and noise that impact customer perceptions of quality, noise, and reliability. 

The sources of vibration are the complicated dynamic forces at the gear meshes, which 

come primarily from parametric excitations, geometric errors, and tooth micro-geometry 

design. Parametric excitation results from periodically-varying gear tooth flexibility 

(mesh stiffness). Geometric errors in the tooth surface and gear position deviations from 

the prototype result from manufacturing and assembly tolerance. The translational-
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rotational coupling between gears and bearings excites dynamic bearing forces as well as 

the axial and tilting motions of gears. Furthermore, the tilting motions caused by flexible 

bearings introduce gyroscopic effects that make the system stability depend on the gear 

spin speed. Two types of strong nonlinearities are identified for gear meshes. The first is 

tooth backlash that is intentionally introduced to allow tolerance, lubrication, and thermal 

expansion. It admits the contact loss and backside contact during gear vibrations. The 

second is sliding velocities of the mating tooth surfaces that fluctuate in both amplitude 

and direction. Most gear teeth, even well lubricated ones, are subject to complicated 

friction forces and moments that significantly impact the vibro-acoustic behavior [1].   

 
Figure 1.1: A typical multi-mesh gear system (finite element model). 

Most research has focused on the study of dynamic responses of a gear pair with 

single mesh [2-5]. Recently, considerable progress has been made in the modeling and 

analysis of planetary gears [6-9]. Studies on multi-mesh gear systems, however, are quite 

limited. Many complicated factors, such as the coupling between components, bearing 

interactions, contact loss, and sliding friction can dramatically impact system behavior 

but have not been fully investigated. They constitute the main obstacles in analytical 
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determination of the system frequency response. The static interaction between tooth 

surface deviations and tooth flexibility is included in the static transmission error (STE) 

by dynamic models in [10-12]. To accurately predict gear dynamic behavior, the dynamic 

interaction between tooth surface deviations and tooth flexibility should be considered. A 

new model is desired to examine the effect of friction on system vibration. The goal of 

this proposed research is to build accurate analytical models incorporating the above 

mentioned factors and to give closed-form, approximate solutions for the dynamic 

response. Especially, the analytical models aim to reveal the effects of the interaction 

between tooth surface deviations and tooth flexibility. The proposed research seeks to 

address problems of practical importance. Prediction of the dynamic behavior, and so the 

noise potential, in the design stage is crucial because changes are difficult to accomplish 

once prototypes are built.  

In summary, there are five main objectives in this study: 

1) Build analytical multi-mesh models to incorporate contact loss, periodically-

varying mesh stiffnesses, and surface deviations. Use these models to predict the diverse 

nonlinear dynamic behaviors under different operating conditions.  

2) Develop effective methods, both theoretical and numerical, to address the steady 

state nonlinear dynamic response problems arising from the above models. Study the 

influence of key design parameters on system dynamics.  

3) Capture new mechanisms (like friction-induced tooth bending vibration and 

dynamic load division between multiple gear tooth pairs) and investigate their influences 

on the gear dynamics.  
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4) Provide practical design guidance to designers of multi-mesh gear systems.  

5) Develop comprehensive simulation tools for the dynamic analysis of gear 

systems. 

1.2   Literature Review 

Extensive research has been conducted on single mesh and planetary (or epicyclica) 

gears. The studied topics include parametric instabilities, friction-induced instabilities, 

dynamic response, and bifurcations [13-20]. Many different mathematical models have 

been established, as reviewed by Blankenship and Singh [21], Ozguven and Houser [22], 

and Velex and Maatar [9]. Dynamic modeling and analysis of multi-mesh gear systems, 

however, only receive attention recently [11, 19, 23-26] and need to be further 

investigated. 

Experimental efforts have been made to identify the major sources of gear noise. 

Oswald et al. [27] test the noise radiation from the top of a gearbox. Jacobson et al. [28] 

measure the acoustic intensity of a simple gear transmission. These experiments disclose 

that noise energy concentrates on the spectral lines of mesh frequency and its harmonics, 

implying the gear mesh is the dominant noise source. Kahraman and Blankenship [29, 

30] conduct a number of experiments on a specially designed gear pair and capture 

several nonlinear phenomena subject to parametric excitation. The noise source is shown 

to be the gear tooth deflections (mesh stiffness) and geometric deviations that vary 

periodically at the mesh frequency (product of tooth number and gear rotation speed).  



 5 

 

Dynamic problems related to gear parametric excitations have been intensively 

examined [19, 20, 31-34]. The geometric errors on tooth surfaces, however, are excluded 

in most studies, and mesh stiffness variation is the only excitation source. Two types of 

dynamic models are established: linear time-varying (LTV) and nonlinear time-varying 

(NTV). LTV models are applied to study parametric instabilities, rotational vibrations, 

and bearing forces. Bollinger et al. [31, 33, 34] investigate parametric instability of 

single-pair gears using a Mathieu equation. Lin and Parker [19, 20] examine two-stage 

and planetary gears and obtain boundaries separating stable and unstable conditions. 

Vinayak and Singh [35] extend the multi-body dynamics strategy to include gear body 

elasticity as well as rigid body modes. Lin and Parker [36] analytically study the unique 

characteristics of natural frequencies and vibration modes of planetary gears.  

Parametric instabilities are bounded by tooth separations due to the clearance 

between gear teeth. The contact loss is a softening nonlinearity that causes complicated 

phenomena such as jump, period-doubling, bifurcation, and chaos. Numerical integration 

and harmonic balance methods are employed in previous studies to attack such strongly 

nonlinear problems. Parker et al. [5, 8] adopt a finite element/contact mechanics method 

to analyze dynamic responses of single mesh and planetary gears. The frequency 

responses of single mesh gears are compared with the experimental results in [29]. 

Kahraman and Singh [4] explore the interactions between time-varying mesh stiffness 

and contact loss nonlinearity of single-mesh gears. Al-shyyab and Kahraman [24] use 

harmonic balance and continuation methods to investigate subharmonic and chaotic 

motions of a multi-mesh gear train. Long subharmonic motions and period-doubling 
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phenomenon leading to chaotic behavior are observed. Theodossiades and Natisiavas 

[37] predict periodic steady state responses by using a piecewise linear technique and 

perturbation analysis. 

Gear tooth surface error is another important vibration source. It refers to any 

deviation from the perfect involute tooth shape, including manufacturing or assembly 

error and intentional tooth modifications. The gear error significantly affects the 

operating contact behaviors and is widely used by gear engineers (in the form of tooth 

modifications) to reduce gear vibrations and control undesirable corner contact. Harris 

and Gregory et. al [2, 3] first observe the influences of surface errors on dynamic 

transmission error (DTE). STE is frequently regarded as a design metric for the dynamic 

response of single-pair gears. Later, Kahraman and Blankenship [30, 38] conduct several 

experiments to study the effect of involute tip relief on the dynamic performance of a 

spur gear pair. Oswald and Townsend’s experiments [39] show that well designed tooth 

profile modification can significantly reduce dynamic loads in spur gears. Some effort 

has been made to seek efficient dynamic models including surface errors. STE are 

considered as displacement excitations to include the effect of tooth errors, but it is only 

applicable under certain circumstances [10-12, 16]. This treatment ignores the interaction 

between tooth errors and mesh stiffness that is prominent in most cases. Velex and 

Maatar [23] develop a mathematical model to investigate the contributions of tooth 

errors. The contact plane is discretized into a number of slices and a discrete normal 

deviation is used to simulate the tooth error, but this leads to complicated contact analysis 

and, in some cases, convergence problems. 
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Sliding friction has received less attention because the friction force is small 

compared to the normal load. Both analytical and experimental studies on the dynamic 

impact of sliding frictions are limited. Recent studies [40, 41] show that gears with 

minimized STE do not necessarily lead to the expected noise reduction. This implies that  

sliding friction could excite the dynamic bearing forces. The strong influence of tooth 

friction on the vibro-acoustic behavior has been demonstrated by Vaishya and Houser 

[42]. Relatively new models [43-47] have been established to study sliding friction. A 

Coulomb friction law is used. The load sharing between contacting gear tooth pairs and 

the reversal of sliding friction are discussed in these works. Nevertheless, estimation of 

the normal load, load sharing, or sliding velocity come mainly from quasi-static analysis. 

The conclusions from different works are not consistent [40, 42, 44, 45].  

1.3  Scope of Investigation 

The current research addresses analytical modeling and analysis of nonlinear, 

parametrically excited dynamics for multi-mesh gear systems. It aims to establish 

validated analytical models, examine the rich nonlinear dynamic behaviors occurring in 

practical multi-mesh gear systems, and consequently provide guidance for practical 

design by examining the impact of the design parameters on the system vibrations. The 

problems studied in this work are of practical importance in industrial power transmission 

use. The work helps to advance the understanding of the broader field of nonlinear 

dynamics in multi-mesh gear systems. 



 8 

 

Chapter 2 studies the dynamic effects of tooth profile modification on multi-mesh 

gearset vibration. An analytical nonlinear model is established to include the influence of 

variable mesh stiffnesses, profile modifications, and contact loss. The special feature of 

this model is to consider dynamic load distribution between individual gear teeth, which 

allows this model to capture the total and partial contact loss demonstrated by finite 

element analysis. The model is compared against two existing models by a validated 

finite element benchmark for nonlinear gear dynamics. These comparisons are made for 

different load, profile modification, and bearing deflection conditions. Approximate 

frequency response solutions are found by perturbation analysis for the system with the 

optimal system parameters that prevent contact loss. The closed-form solution is 

validated by numerical integration and used to examine influences on system vibration 

from mesh phasing, contact ratios, and profile modification magnitude and length. 

 Chapter 3 discusses the nonlinear, parametrically excited dynamics of idler 

gearsets. The two gear tooth meshes provide two interacting time-varying mesh 

stiffnesses (parametric excitations) and two tooth separations with the same period. The 

ratio of mesh stiffness variation to its mean value is a small parameter. The time of tooth 

separation is assumed to be a small fraction of the mesh period. The non-smooth 

separation function that determines contact loss and the variable mesh stiffness are 

reformulated into a form suitable for perturbation analysis that gives the periodic steady 

state solution branches and their stabilities near fundamental, secondary, and 

subharmonic resonances. The perturbation analysis for this strongly nonlinear system 

compares well to a harmonic balance/arclength continuation approach that provides 
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accurate semi-analytical solutions for both stable and unstable branches. The impacts of 

key parameters on the nonlinear response are investigated by the analytical closed-form 

expressions.  

Chapter 4 studies the nonlinear, parametrically excited dynamics of counter-shaft 

gear systems. A nonlinear dynamic model is established for counter-shaft gears to include 

parametric excitation and contact loss with two different periodicities. In a similar spirit 

to Chapter 3, the periodic steady state solutions for frequency response are obtained by 

perturbation analysis and compared against semi-analytical harmonic balance and 

numerical integration methods for fundamental, subharmonic and second harmonic 

resonances with varied system parameters. The interaction of the two meshes is found to  

depend on the relation of the two mesh periods. The dynamic influences of design 

parameters, such as shaft stiffness, mesh stiffness variation, contact ratio, and mesh 

phasing, are discussed via analytical and numerical solutions. 

Chapter 5 examines the influences of tooth friction on parametric instabilities and 

dynamic response of a single-mesh gear pair. A dynamic translational-rotational model is 

developed to consider a mechanism whereby tooth friction causes gear tooth bending 

together with the other contributions of tooth friction and mesh stiffness fluctuation. 

Parametric instabilities resulting from tooth friction and mesh stiffness are studies by 

iterative integration and perturbation methods. The proposed iterative method is 

compared with an established numerical method and validates perturbation solutions that 

expose the impacts of friction coefficient, bending effect, contact ratio, and modal 

damping on the stability boundaries. The friction bending effect on the nonlinear 
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dynamic response is examined and validated by finite element results. The included 

effects of time-varying friction moments about the gear centers and friction-induced tooth 

bending are critical to parametric instabilities and dynamic response.  

The contributions of the current research are summarized as follows. 

1. Established analytical multi-mesh models to incorporate contact loss, 

periodically-varying mesh stiffnesses, surface deviations, and sliding friction effects. The 

effectiveness and efficiency of the proposed models are compared against existing 

models. The proposed models are validated by finite element analysis and cast into forms 

suitable for theoretical and numerical analysis.  

2. Developed effective methods, both theoretical and numerical, to address the 

steady state dynamic response problems arising from the above models for two types of 

multi-mesh gear systems: idler and counter-shaft gears. Perturbation analysis yields 

closed-form solutions for the periodic steady state response, exposes the influence of key 

design parameters on system dynamics, and consequently provides design guidance for 

practical applications. 

3. Examined dynamic analysis of the system transmission error. The tooth surface 

deviation is incorporated with careful modeling, in addition to most other factors 

considered in former models. This research gives insight and more accurate prediction of 

the reduction of DTE through surface modifications.  

4. Investigated the impact of tooth friction and its bending effect on gear dynamics. 

The study includes not only the dynamic interactions between the normal load and the 

moments about the gear center from tooth friction forces but also the coupling interaction 
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from the gear tooth bending effect from friction forces. The analytical study and finite 

element analysis confirms that tooth friction bending effect affects parametric instability. 

5. Implemented the above analysis into industry application by devising a 

comprehensive dynamic simulation code. This brings the findings and methods of the 

analysis within reach of practicing engineers working on gear systems. Practical design 

advice to reduce noise and vibrations will also emerge. 
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CHAPTER 2                                                             

DYNAMIC MODELING AND ANALYSIS OF TOOTH 

PROFILE MODIFICATION FOR MULTI-MESH GEAR 

VIBRATION 

This chapter studies the dynamic effects of tooth profile modification on multi-

mesh gearset vibration. An analytical nonlinear model is established to include the 

influence of variable mesh stiffnesses, profile modifications, and contact loss. Dynamic 

load distribution between individual gear teeth is considered to capture the total and 

partial contact loss. Comparison and contrast on gear dynamics are made for the proposed 

model and two existing models against a validated finite element/contact mechanics 

benchmark. Perturbation analysis based on the proposed model finds approximate 

frequency response solutions for the system parameters preventing contact loss. The 
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closed-form solution is validated by numerical integration and provides guidance for 

optimizing mesh phasing, contact ratios, and profile modification magnitude and length.  

2.1   Introduction 

Large amplitude gear tooth forces and bearing loads are created at dynamic 

resonances, which are the root cause of gear durability and noise problems. This 

necessitates prediction of dynamic behavior at the design stage. Researchers have 

developed a variety of mathematical models to investigate gear vibration and noise [21-

23]. In practice there are numerous models because of the great variety of specific 

systems and applications. The nucleus of all models, however, is the modeling of the gear 

tooth contact actions.  

One category of tooth mesh model involves parametrically excited models with 

periodically-varying mesh stiffnesses and shape deviations of gear teeth [19, 20, 37, 48-

53]. These lumped-parameter models consider the gear bodies as rigid disks and the gear 

teeth as elastic elements with periodically varying stiffness due to the changing contact 

action and number of gear teeth in contact. The gear tooth elasticity is usually calculated 

by finite element (FE), boundary element, or continuous beam models at multiple points 

in a mesh cycle [23, 51, 54, 55]. The shape deviations of gear teeth occur because of 

manufacturing tolerances, wear, and deliberate profile modification to reduce abnormal 

tooth contact and vibrations. Many models, however, exclude the shape deviation by 

assuming perfect involute gear teeth. 

A second group of tooth mesh models consists of lumped-parameter models with 

external excitation from static transmission error (STE) that models the effects of gear 
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tooth elasticity and shape deviation. Constant mesh stiffness is usually assumed. This 

modeling idea is used in complex systems, where simplification is necessary, or systems 

with relatively small mesh stiffness variation [10, 11, 56]. The action of mesh stiffness 

parametric excitations can not be examined. The load sharing between individual gear 

pairs of teeth is assumed to be the same as the static state, which may not represent the 

dynamic state.  

A third category includes detailed computational models built by the FE method. 

The moving contact point along a gear tooth surface requires extremely refined meshes 

for commercial FE programs, and this typically precludes dynamic response analysis. 

Some specialized FE models have been developed to efficiently treat the gear tooth 

contact and permit dynamic response analysis [5, 8, 57, 58].  

Gear tooth profile modification is introduced to optimize contact patterns and 

stresses, compensate for manufacturing errors, and reduce gear dynamics. Micro-

geometry modification of the involute gear teeth dramatically affects static and dynamic 

performance of the gear system [48, 59]. The peak-peak value of STE is sensitive to gear 

load, the magnitude and length of profile modification, and contact ratio. The impact of 

tip relief on rotational vibration of a gear pair is investigated experimentally in [30]. 

Mathematical modeling and analysis of gear dynamics including tooth modification are 

found in [10, 23, 60].  

Despite a variety of existing models, what is the most effective and efficient 

lumped-parameter model with profile modifications for gear dynamics remains unsettled. 

In addition, the comparison and validation of analytical models for multi-mesh gearsets 
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are quite limited in the literature. For multi-mesh gearsets, the dynamic impact of profile 

modification is commonly correlated with STE for isolated individual meshes. In 

practice, however, the profile modifications of individual meshes interact with each other 

and with other parameters such as mesh stiffness variations and contact ratios. 

Furthermore, tooth contact patterns are strongly affected by profile modification and 

dynamic response. The total mesh stiffness from all tooth pairs nominally in contact is no 

longer sufficient to analyze dynamic mesh forces. Instead, the dynamic load distributions 

for individual tooth pairs are required. 

This work proposes a nonlinear, time-varying model of a multi-mesh idler system 

that analyzes dynamic forces of individual tooth pairs in terms of their variable mesh 

stiffnesses and profile modifications. Interactions between the multiple meshes are 

impacted by mesh phasing, that is, the phase difference between mesh stiffnesses or 

profile modifications for the multiple meshes. This model is compared against two 

existing models and a FE benchmark for different load, profile modifications, and bearing 

conditions. The proposed model agrees well with the benchmark for all selected 

conditions, in contrast to the two existing models, and it reveals the partial and total 

contact losses due to profile modifications. The approximation of optimal profile 

modification for vibration reduction is obtained by perturbation analysis and compared to 

numerical integration. The interactions of the two meshes with different magnitudes and 

lengths of profile modification, contact ratios, and mesh phasing are discussed. 
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2.2   Discussion of System and Parameters 

2.2.1  Physical System and Assumptions 

Idler gearsets as shown in Figure 2.1 are a basic sub-system in multi-mesh gear 

systems. Studies on this system can be extended to more complicated ones. The middle 

gear (idler) engages with the input gear (pinion) and the output gear (follower) that are 

connected to input and output devices.  
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Figure 2.1: Translational-rotational model of idler gearsets. 

The flexibilities of the gear blank and teeth are lumped into mesh stiffnesses that 

vary periodically over a tooth mesh cycle. The tooth shape deviation varies periodically 

as well. Contact loss and backside contact of the gear teeth due to gear backlash are 

considered. With these stipulations, three nonlinear models are established to simulate the 

spur idler gearset in Figure 2.1.  

The pinion, idler and follower are labeled as gears 1, 2 and 3, respectively. The 

mass, polar moment of inertia, and base circle radius of gear i  are im , iI , and ir . The 

resultant mesh stiffnesses of the two meshes are 1,2k . The bearing and coupling 
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stiffnesses are 
xik , 

yi
k , and 

sik , with 
2 0sk = . 

1T  and 
3T  are the constant external torques 

exerted on the pinion and follower. The three gear centers are not necessarily aligned; an 

orientation angle ψ  is defined between the pinion-idler and idler-follower center lines 

(Figure 2.1). The gear mesh contact ratios, operating pressure angles, and backlashes are 

1,2c , 1,2α , and 1,2b , respectively. To define gear vibratory translations ix  and iy , a fixed 

reference frame is established based on the line of action of the first mesh (pinion-idler) 

such that the pinion translation 1y  is decoupled from the remaining degrees of freedom 

(DOF). iθ  are vibratory angular displacements superimposed on the nominal rigid body 

rotations where the gear teeth have no elastic deflection and surface shape deviation. The 

parameters of an example idler system are listed in Table 2.1. 

GEAR I 1 2 3 MESH J 1 2 

( )ir m  0.04535 0.06564 0.11218 
nα
 

21.22º 21.02º 

( )im kg  2.2325 4.4380 16.9419 
nc

 
1.504 1.510 

2( - )iI kg m  0.002621 0.01091 0.1193 ˆ ( / )nk N m  2.9831 3.2108

( - / )sik N m rad

 

3389.6 0 11297.9 
nρ  ( )mµ  10 10 

, ( / )
xi yi

k k N m  1.27E8 1.4732E8 1.6637E8 
nς
 

0.504 0.510 

( - )iT N m  100 0 -247 
nε
 

0.35 0.4 

FACEWIDTH 0.0127 0.0127 0.0127 ( )radφ  0 

Table 2.1 Parameters of the example idler system 

2.2.2  Discussion of Individual Mesh Stiffness 

Mesh stiffness defines the compliance of the flexible gear teeth due to variations in 

the number of teeth in contact. In principle, the mesh stiffnesses 1,2k  fluctuate with the 

dynamic load. Although dynamic load deviates from the static load near resonances, the 
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effect on mesh stiffness is modest and not considered here. Quasi-static mesh stiffness 

fluctuations over a mesh cycle can be obtained by FE, boundary element, experiment, and 

analytical approximation.  
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Figure 2.2: Mesh stiffnesses of the pinion-idler mesh for system parameters in Table 2.1 

and no profile modifications. 

When there are nP  tooth pairs in contact for gear mesh n , the total mesh stiffness is 

,

1

nP

n n p

p

k k
=

=∑ , where ,n pk  are the mesh stiffnesses of tooth pair p . For instance, the mesh 

stiffnesses of two tooth pairs are calculated by FE static analysis and shown in Figure 2.2. 

The first pair engages from 0 (pitch point) to 0.78 in a mesh period. The stiffness slightly 

decreases during the recess. The second pair engages from 0.26 to 1, and the stiffness 

slightly increases during the approach. The two pairs of teeth share the load from 0.26 to 

0.78, known as double-tooth contact, where the load gradually switches from the first pair 
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to the second pair. Note that the first pair is also in contact from -0.74 to 0 in a previous 

mesh cycle (not shown in Figure 2.2), which is similar to the contact for the second pair 

from 0.26 to 1. In practice, the corner contact effect is significantly reduced by profile 

modification. Thus, this effect is neglected in the individual mesh stiffnesses, which have 

sharp changes at the beginning and end of contact as shown in Figure 2.2. 

2.2.3 Modeling of Tooth Profile Modifications 

Micro-scale profile modifications of the same order (µm) as transmission errors 

have negligible impact on the tooth surface curvature and the mesh stiffness of the tooth 

pair. On the other hand, profile modifications change the dynamic load distribution 

between multiple tooth pairs and provide variable displacement excitation for dynamic 

and static analyses. There are several methods to modify gear tooth surfaces, including 

crowning, tip relief, and root relief having linear or parabolic variations with roll angle. 

Without loss of generality, linear tip relief is applied in this study. Only two parameters 

are needed to define tip relief: the magnitude of the relief 
nρ  (at the tooth tip) and the 

modification length 
nς  that is the ratio of the roll angle difference between the starting 

point and tooth tip to the pitch angle ( 2π  divided by the number of gear teeth).  

Several key reference points along a gear tooth surface are defined for low contact 

ratio gears. Contact on the involute curve is bounded by the start of active profile (SAP) 

and the tip, i.e., the lowest and highest roll angles among all contact points. HPSTC is the 

highest point of single-tooth contact. LPSTC is the lowest point of single-tooth contact. 

For the first tooth pair in Figure 2.2 and Figure 2.3, the tip of the driving gear and the 
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SAP of the driven gear are in contact at 0.78. The HPSTC of the driver and the LPSTC of 

the driven gear are in contact at 0.26. 
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Figure 2.3: Gap constraints and no-load transmission error (NLTE) of the pinion-idler 

mesh along the line of action for system parameters and tooth modifications in Table 2.1. 

Tooth profile modifications are applied using gap constraints for the elastic 

elements (mesh stiffnesses) along the line of action. The gap of a tooth pair for an 

instantaneous position in a mesh cycle is the sum of the profile modification amounts at 

the two nominally contacting points. The elastic element is not engaged unless the 

relative motion of the mating gears along the line of action exceeds this gap. Figure 2.3 

shows gap functions of the pinion-idler mesh for the example system in Table 2.1 with 

1n ncς = −  and 10 n mρ µ= . Each gap function forms a saw-tooth shape. The gaps of the 

first and second pairs are due to the idler and pinion tooth modifications ranging from 

HPSTC to tip, which increase and decrease from 0.26 to 0.78, respectively. For the no-
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load condition, there is always a single tooth pair in contact because the tooth pair with 

the smaller gap takes over the contact. This is verified by the no-load transmission error 

(NLTE) calculated from FE that shows a triangular wave; the gear load switches from the 

first tooth pair to the second pair at the vertex. Above a certain load, the elastic deflection 

overcomes the gap and creates contact between multiple pairs. 

2.2.4 Mesh Interactions for Multiple Meshes 

One of the most important characteristics of multi-mesh gear systems is the mesh 

phasing φ  defined as the phase difference between the periodically-varying parameters 

(mesh stiffnesses and profile modifications) of the two meshes. Variations in these 

parameters have the same periodicity for the two gear meshes, but they are not 

necessarily in phase. There can be a time difference Tφ  between them, where T  is the 

mesh period and the time difference is between two corresponding points in the meshes 

(e.g., the pitch points). The mesh phasing is governed by gear geometry [61]. It strongly 

affects gear dynamics [62]. 

Expanded as Fourier series, the periodic total mesh stiffnesses for each mesh are  

 

1 1 1

1

( )

2 2 2

1

. .

. .
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s

s
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k k k e c c

ω

ω φ

∞

=

∞
−

=

 
= + + 

 

 
= + + 

 

∑

∑
 (2.1) 

where ω  is the mesh frequency, 
1sk  and 

2sk  are complex Fourier amplitudes that include 

contact ratio differences between the two meshes, and . .c c  denotes the complex 

conjugate of previous terms. 1sk  and 2sk  are calculated such that a reference point (e.g., 
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the pitch point) of the two meshes occur at the same instant; the mesh phasing φ  then 

accounts for the phase shift. The Fourier expansion can be applied to the mesh stiffness 

and profile modification of an individual tooth pair as well. 

2.3 Dynamic Models of Multiple Meshes 

A nonlinear, time-varying model (Model-1) is proposed to investigate gear 

dynamics with profile modifications. This model is compared with two existing models 

(Model-2 and Model-3). 

2.3.1 Time Varying Mesh Stiffness Model (Model-1) 

The resultant dynamic force at mesh n is calculated from the individual loads of 

each tooth pair as 

 
, , ,

1

( )
nP

n n p n p n n p

p

F h k S g
=

= −∑  (2.2) 

 1 1 2 1 2 2 2 3 2 3 2 3      ( ) cos ( )sinS u u x x S u u x x y yχ χ= + + − = − − − − − −  (2.3) 

 
, , ,( ) ( ) / 2n p n n p n n p nh sgn S g sgn S g b = − + − +   (2.4) 

where i i iu rθ=  and 1 2χ α α ψ= + + , the subscripts n  and p  are mesh number and tooth 

pair index, respectively, nP  is the smallest integer greater than the contact ratio for mesh 

n , nS  are mesh deflections, ,n n pS g−  are elastic mesh deflections, ,n pg  are the gap 

functions (for instance, 1,1g  is the gap constraint of the first tooth pair shown in Figure 

2.3), and { }, 1,0, 1n ph ∈ −  are tooth contact functions that determine drive-side contact (1), 

contact loss (0), or back-side contact (-1). Total contact loss is defined as all , 0n ph =  for 
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a given mesh n, i.e., all tooth pairs lose contact. Partial contact loss is when one (or more 

for high contact ratios) but not all tooth pairs nominally in contact lose contact.  

The component and matrix equations of motion are 

 

1 1 1 1 1 1 1 1 1 1 1 1

2 2 2 2 1 2 2 2 2 2 2 2 2 2 1 2 2

3 3 3 3 2 3 3 3 3 2 3 3 3 3 3 2 3

0     

cos 0    sin 0    0

cos 0    sin 0    

x s

x y

x y s

m x k x F I k r F T

m x k x F F m y k y F I r F r F

m x k x F m y k y F I k r F T

θ θ

χ χ θ

χ χ θ θ

+ + = + + =

+ − − = + + = + − =

+ + = + + = + − =

����

���� ��

���� ��

 (2.5) 
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1 1 2 2 2 3 3 3

, ,

[ , , , , , , , ]

b T

T

t t

x u x y u x y u

ω ω−

=

MU + CU +[K + K( U)]U E ( U) = F

U

�� �
 (2.6) 

where C  is the damping matrix calculated from a modal damping ratio ζ , bK  is the 

constant bearing stiffness matrix, K  is the time-varying mesh stiffness matrix, TF  is the 

external load vector, and 1E  includes excitations from mesh stiffnesses and profile 

modifications. The matrices for a purely rotational model are   
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where 
1 1/F T r=  is the nominal mesh force. Static analysis of (2.7) yields the analytical 

STE  

 , , , , ,

1 1

/
n nP P

n n p n p n p n p n p

p p

F h g k h kδ
= =

 
= + 
 

∑ ∑�  (2.8) 

This includes contributions from elastic deflections and profile modifications. Without 

profile modification ( , 0n pg = ), 1 =E 0  and all tooth pairs for a given mesh lose contact at 

the same time, implying 

 [ ], ,

1

, ( ) ( ) / 2
nP

n p n p n n n n n n

p

h k h k h sgn s sgn s b
=

= = + +∑  (2.9) 

Overall, Model-1 includes parametric excitation, profile modifications, dynamic 

load division among the individual gear teeth in mesh at each instant, and partial contact 

loss.  

2.3.2 Static Transmission Error Model (Model-2) 

Studies on single mesh gears [48, 59] show that the effect of profile modification on 

dynamic transmission error (DTE) is related to its effect on the STE. This correlation 

between STE and DTE suggests Model-2, in which the periodic STE are regarded as 

displacement excitations applied at the gear mesh. Because the fluctuation of tooth 

elasticity is included in the STE, only the average mesh stiffnesses ˆ
nk  are used. Multiple 

teeth in contact is treated as a single stiffness element with no division into individual 

tooth contributions. Let 
nδ  be the loaded STE of mesh n  with the mean value excluded. 
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Substitution of the dynamic mesh forces ˆ ( )n n n n nF h k s δ= −  into (2.5) gives the STE 

model in matrix form as  

 2
ˆ ,b Ttω−MU + CU +[K + K(U)]U E ( U) = F�� �  (2.10) 

where K̂  is obtained by replacing ,

1

nP

n n p

p

h k
=

∑  with ˆ
n nh k  in K  of (2.6). For a purely 

rotational model, 2 1 1 1 1 1 1 2 2 2 2 2 2[ , , ]Th k h k h k h kδ δ δ δ= − −E . 

Although Model-2 neglects parametric excitation, dynamic tooth load division 

between individual teeth and partial contact loss, it simplifies the problem and provides 

reasonable estimates of gear dynamics under certain conditions [10]. 

2.3.3 No-Load Transmission Error Model (Model-3) 

Model-3 incorporates the fluctuating mesh stiffnesses as parametric excitation. 

Profile modifications are modeled using the no-load STE nδ
�

 as a displacement excitation 

[63]. The dynamic mesh forces are ( )n n n n nF h k s δ= −
�

. The equation of motion is  

 
3

, ,
b T

t tω ω−MU + CU +[K + K( U)]U E ( U) = F�� � �  (2.11) 

where the matrix K�  is obtained by replacing ˆ
nk  with nk  in the K̂  of (2.10). For a purely 

rotational model, 3 1 1 1 1 1 1 2 2 2 2 2 2[ , , ]Th k h k h k h kδ δ δ δ= − −E
� � � �

. 

2.3.4 Finite Element Benchmark 

Conventional finite element can calculate tooth deflection, mesh stiffness, and 

stress with highly refined meshes, but it is impractical for dynamic analysis. The finite 

element formulation employed in this work, however, treats the tooth contact mechanics 
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with sufficient accuracy and computational efficiency that dynamic analyses are possible. 

A full gear mesh is used (Figure 2.4) rather than a gear with one or two representative 

teeth. Past efforts [5, 8, 55] show the fidelity and efficiency of this method for multi-

mesh gear systems. 

Pinion
Idler

Follower

 
Figure 2.4: Finite element model of the example idler gearset in Table 2.1. 

Numerical integration is used in the FE dynamic analysis. Steady state responses 

over a range of input speeds with a proper speed step, known as speed sweep, are 

obtained, from which the frequency response is calculated. Gradual switches between 

two speeds are necessary because abrupt speed changes cause numerical instability. 

Uniform acceleration (linear speed ramp) of the gears is enforced during the speed-

switching period.  

For accuracy of the solution and computational efficiency, the numerical 

parameters must be selected carefully. First, the speed step determines the mesh 
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frequency resolution. Small speed step gives high resolution with high computational 

consumption. The ramp rate affects the transition time in switching from one speed to 

another. A high ramp rate causes larger transient response for the next speed, but a low 

one extends the time needed to switch speeds. The time step controls the accuracy of 

numerical integration, maximum frequency in the response spectra, and computation cost. 

Multiple mesh frequency harmonics participate in the response at a given mesh frequency. 

The time step should be selected based on the highest significant harmonic. Finally, the 

span of integration time should allow the transient response to decay, which depends on 

damping, natural frequencies, and the initial conditions. The time spans are integer 

numbers of mesh periods to prevent leakage. 

Runge-Kutta integration is employed for numerical simulations with the analytical 

models. The discussion of speed step, time step, and integration time span are similar, but 

a ramp rate is no longer required. The initial condition of the current speed is the final 

condition of the previous speed instead. 

2.4 Evaluation of Analytical Models Against Finite Element 

The proposed model (Model-1) is benchmarked against FE and compared to the 

two existing models (Model-2 and Model-3). Comparisons are made for different 

torques, profile modifications, and bearing conditions using the example system in Table 

2.1. Realistic mesh stiffness functions (Figure 2.2) with smooth load transition between 

tooth pairs are used for the analytical models. Dynamic speed sweep analyses are 

conducted for increasing and decreasing speeds to find all stable solution branches. Root-
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mean-square (RMS) values of the steady state DTE 
1 1 2z u u= +  and 

2 2 3z u u= − −  are 

calculated near resonances. The mean values of DTE are subtracted prior to all RMS 

calculations 

2.4.1 Comparisons of Frequency Response 

2.4.1.1 Rigid bearing condition 

The example system in Table 2.1 is examined without profile modifications for 

three different input torques (50, 100, and 150 N-m) and rigid bearings (no translation).  
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Figure 2.5: Comparison of dynamic transmission error (with mean removed) from 

Model-1 and finite element for multiple torques, no tooth modification, and other system 

parameters in Table 2.1. 

The system natural frequencies for average mesh stiffnesses are 0 60f =  Hz (the 

“rigid body” mode, i.e., a mode with minimal mesh deflections), 1 1600f =  Hz (idler-
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follower mesh mode), and 
2 3230f =  Hz (pinion-idler mesh mode). 

1f  and 
2f  are 

referred to as the first and second natural frequencies.  
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Figure 2.6: Comparison of dynamic transmission error (with mean removed) from 

Model-2 and finite element for multiple torques, no tooth modification, and other system 

parameters in Table 2.1. 

Comparisons between Model-1 and FE are shown in Figure 2.5 with good 

agreement for all three torques. Fundamental resonances near 1f  and 2f  show strong 

nonlinearity with classical jump phenomena because of contact loss. The fundamental 

resonances of 
1f  and 

2f  have jump-down frequencies near 1.2 kHz and 2.5 kHz. The 

higher amplitude of 
1z  near 

2f  compared to 
1f  is due to the vibration mode. Jump-up 

and jump-down are associated with up-sweep and down-sweep, respectively, and result 

from the softening nonlinearity. Two stable branches exist in the range bounded by the 
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jump-up and jump-down frequencies. The peak amplitudes increase nearly linearly with 

torque, but the jump-up and jump-down frequencies are almost invariant, which is 

consistent with the perturbation analysis in [62]. Peaks around 2 / 2f ≈ 1.6 kHz are the 

second harmonic excitation resonances of the second mode; the 50 N-m torque peak is at 

1.5 kHz because the lower torque decreases the average mesh stiffness. Nonlinearity is 

not found near these peaks because of the low amplitude from higher harmonic 

excitation. The frequencies from FE are higher than from Model-1 because the dynamic 

mesh stiffness is slightly stiffer than the quasi-static mesh stiffness used in Model-1. 
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Figure 2.7: Comparison of dynamic transmission error (with mean removed) from 

Model-3 and finite element for multiple torques, no tooth modification, and other system 

parameters in Table 2.1. 

Figure 2.6 shows the comparison of Model-2 and the FE model. The agreement is 

poorer than for Model-1. The amplitude of fundamental resonance of the second mode is 
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much lower than FE. The RMS for off-resonant frequencies and the jump-up frequencies 

agree well with the benchmark though. The amplitude of the second harmonic resonance 

is much higher than for FE because the STE harmonics act as forced excitation compared 

to the parametric excitation of Model-1. The second harmonic resonance even shows 

nonlinear jumps from total tooth contact loss compared to the linear response of FE. The 

comparison of Model-3 and FE model in Figure 2.7 is poorer than Model-1 and similar to 

that of Model-2. The amplitudes of the fundamental resonances for Model-3 are even 

lower compared to FE than for Model-2.  
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Figure 2.8: Comparison of dynamic transmission error from Model-1 and AUTO for 

input torque 100 N-m, no tooth modification, and other system parameters in Table 2.1 

(  stable AUTO solution;  unstable AUTO solution; •  numerical up-sweep;○  

numerical down-sweep). 

More comparisons with Model-1 are made using the established nonlinear solver 

AUTO [64]. Figure 2.8 depicts peak values of DTE over a speed range. The numerical 
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integration results exactly match the stable solution branches of AUTO. The unstable 

solution branches of AUTO explain the jump phenomena in numerical integration. 

Bifurcations occur at the stability transition points associated with jump-up and jump-

down frequencies. The small hump below 1/f f = 2 from numerical integration results 

from primary parametric instability of the first mode superposed with fundamental 

resonance of the second mode because 2 12ω ω≈ . The instability boundaries of AUTO 

match well with the frequency span of the hump from numerical integration. 
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Figure 2.9: Comparison of dynamic transmission error (with mean removed) from the 

three analytical models and FE for modification A, input torque 100 N-m, and other 

system parameters in Table 2.1 (  FE;  Model-1;  Model-2;  Model-3). 

We now consider the analytical models with profile modification for two linear tip 

relief conditions A and B. The profile modifications both start at HPSTC but have 10 mµ  

and 25 mµ  relief magnitudes, respectively. Modification A reduces the peak-peak value 
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of STE for 100 -N m  input torque, and modification B increases it. The impact of profile 

modification A on DTE for the three models is compared with FE in Figure 2.9. No 

nonlinear jumps are observed. The predictions of the three analytical models agree well 

with the benchmark because of the absence of partial or total contact loss. The DTE 

amplitude is dramatically reduced at the fundamental and the second harmonic excitation 

resonances compared to that without profile modification. 
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Figure 2.10: Comparison of dynamic transmission error (with mean removed) from the 

three analytical models and FE with modification B, input torque 100 N-m, and other 

system parameters in Table 2.1 (  FE;  Model-1;  Model-2;  Model-3). 

The model comparisons with modification B are depicted in Figure 2.10. Model-1 

agrees well with FE. The shapes and the peak amplitudes of the solution branches of 

Model-2 and Model-3, however, match poorly with the benchmark, including significant 

qualitative differences. FE and Model-1 show peculiar sharp peaks around the 
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fundamental resonances. No jump phenomena occur despite the presence of partial 

contact loss as indicated in Figure 2.10. The frequencies of the resonance peaks drop 

from 1.6 kHz to 1.3 kHz and from 3.2 kHz to 2.7 kHz compared to the eigenvalue analysis 

because of the contact loss. These frequencies are higher than for the unmodified case of 

Figure 2.5 (1.2 kHz and 2.5 kHz) because the amount of contact loss (and so the reduction 

in average mesh stiffness over a response period) is reduced due to the profile 

modification. Although the peak-peak value of STE is increased by modification B, the 

amplitudes at the two fundamental resonances are reduced compared to those without 

modifications. The amplitude of the second harmonic excitation resonance ( 1.4f =  kHz) 

increases from 4.5 µm to 8 µm, however, due to the profile modification. Thus, static and 

dynamic transmission errors do not always increase or decrease together. 

Mode # Mode type lω  (Hz) 

1 Rigid body 69 

2 Coupled lateral-rotational  446 

3 Follower offline lateral 499 

4 Coupled lateral-rotational 640 

5 Coupled lateral-rotational 890 

6 Coupled lateral-rotational 1076 

7 Coupled lateral-rotational 2530 

8 Coupled lateral-rotational 3850 

Table 2.2: Natural frequencies for average mesh stiffnesses and bearing stiffness in Table 

2.1. 
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2.4.1.2 Compliant bearing condition 

The natural frequencies of Model-1 with compliant bearings are shown in Table 2.2. 

Mode 1 is the “rigid body” mode noted earlier. Mode 3 is decoupled follower translation 

along the off-line-of-action direction. The other modes involve coupled line-of-action-

translation and rotation motions. Modes 6 and 7 involve mostly line-of-action translations 

of the idler.  
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Figure 2.11: Comparison of idler line-of-action translation from Model-1 and FE with 

system parameters in Table 2.1 and input torque 100 N-m (  FE no profile 

modification;  Model-1 no profile modification;  FE profile modification A;  

Model-1 profile modification A). 

Figure 2.11 shows good comparisons between Model-1 and FE for steady state idler 

line-of-action translation with no profile modification and with profile modification A. 

The two resonances near 1.08 kHz and 1.26 kHz are the first harmonic exciting mode 6 

and the second harmonic exciting mode 7, respectively. The resonance amplitudes are 
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significantly reduced and nonlinearity disappears for profile modification A, compared to 

the case with no profile modification. Note that the amplitudes for off-resonant 

frequencies are also reduced by the profile modification. 

Summarizing, Model-1 provides good predictions of dynamic response for different 

torques, profile modifications, and bearing compliances. The peak amplitudes and 

frequency range with contact loss match well with FE. Although Model-2 and Model-3 

yield acceptable predictions for strictly linear response, they work poorly when nonlinear 

partial or total contact loss occur and for higher harmonic resonances. The profile 

modification has significantly different impact on various resonances, which cannot be 

inferred from the STE. 

2.4.2 Discussions on Nonlinear Dynamic Forces 

2.4.2.1 Absence of profile modification 

Mesh forces are a more challenging comparison with FE than DTE. As shown in 

Figure 2.5, mesh frequency 2490f =  Hz corresponds to the peak for the second mode 

resonance. The stable solution jumps down to the lower branch when mesh frequency is 

decreased to 2470 Hz. Figure 2.12 compares the Model-1 and FE resultant dynamic mesh 

forces (summation of the individual tooth pairs) for 2470 Hz and 2490 Hz without profile 

modification. The results agree well for both cases. No contact loss is observed for the 

lower branch frequency 2470 Hz, and the average mesh force is close to the static force 

1 1/ 2205F T r= =  N. Total contact loss at the first mesh occurs during 46% of a mesh 
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cycle at the upper branch frequency 2490 Hz; the peak magnitude of dynamic force is 

over three times the static force. 
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Figure 2.12: Dynamic mesh forces for mesh 1 for two mesh frequencies near jump-down 

for input torque 100 N-m, no tooth modification, and other system parameters in Table 

2.1 (  Model-1;  FE); (a) Mesh frequency 2470f =  Hz for lower branch; (b) 

Mesh frequency 2490f =  Hz for upper branch. 

2.4.2.2 Presence of profile modification 

We now consider the dynamic forces for profile modifications A and B. Figure 

2.13a with modification B shows that the peak mesh force of the second mode resonance 

peak (2750 Hz) reduces to 5.5 kN compared to 7.6 kN for the second mode resonance and 

unmodified gears in Figure 2.12b. The tooth pair separates when the DTE is less than the 

profile modification. In the nominal double tooth contact region, partial and total contact 

loss both occur. The second tooth pair is the first to lose contact; then, the first pair 
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separates also; finally, the second pair regains contact. The span of total contact loss in a 

period decreases to 25% compared to 46% in Figure 2.12b.  

The complicated tooth separation sequence for modification A and first mode 

resonance ( 1400f = Hz) are illustrated in Figure 2.13b for 50 -N m . Contact loss occurs 

when the torque changes from 100 -N m  (Figure 2.9) to 50 -N m , which is consistent 

with the well-known torque dependence of optimal profile modification. To better 

understand the separation, the figure includes the profile modification, DTE from Model-

1, and number of engaged tooth pairs in a mesh period obtained by FE simulation. In the 

nominal double-tooth contact region marked by the dashed butterfly shape, the FE 

analysis shows four contact conditions: I) total contact loss; II) the second tooth pair loses 

contact; III) no contact loss and all gear teeth remain in nominal contact status; and IV) 

the first tooth pair loses contact. Model-1 determines the contact status of a tooth pair by 

comparing dynamic mesh deflection (DTE) and profile modification as shown in (2.4): I) 

1 1,1 1,2s g g< <  such that 1,1 1,2 0h h= = ; II) 1,1 1 1,2g s g< <  such that 1,1 1h = , 1,2 0h = ; III) 

1,2 1,1 1g g s< <  such that 1,1 1,2 1h h= = ; IV)  1,2 1 1,1g s g< <  such that 1,1 0h = , 1,2 1h = . 

Contact conditions from these criteria applied to the Model-1 DTE and modification 

agree well with the number of engaged tooth pairs from FE in Figure 2.13b. Partial 

contact loss (patterns II and IV) occurs between individual gear teeth and causes the 

sharp nonlinear solution branches at 1.3f =  kHz and 2.7f =  kHz in Figure 2.10. Partial 

contact loss is not included in Model-2 and Model-3. 
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Figure 2.13: Profile modification, DTE from Model-1, and tooth contact from FE over 

one mesh cycle for system parameters in Table 2.1; (a) Mesh frequency 2750 Hz for 

torque 100 N-m and tooth modification B (  profile modification;  DTE;  Mesh 

force); (b) Mesh frequency 1400 Hz for 50 N-m torque and tooth modification A (  

profile modification;  DTE;  tooth number). 
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2.5 Analytical Study on Optimal Profile Modification 

2.5.1 Perturbation Analysis 

With optimized profile modifications, the amplitude of parametrically excited 

responses can be drastically decreased and tooth separation can be avoided. In other 

words, the system operates in the linear dynamics range. 

For the rotational model, there is one “rigid body” mode and two elastic modes. The 

two transmission errors 1,2z  describe the elastic motions of interest. The transformation 

between 
1 2 3[ , , ]Tu u u=u  and 

1 2[ , ]Tz z=x  is found from orthogonality of the “rigid body” 

mode to the elastic modes [65].  

The linear, time-varying governing equations of Model-1 are recast as 
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where ,

1

nP

n n p

p

k k
=

=∑  and , ,

1

nP

n n p n p

p

L k g
=

=∑  are known. This has the form of a forced, 

parametrically excited system. Fourier expansion gives 
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where 1, 2n =  is the mesh index, 
1 1 1

ˆ[max( ) min( )] /k k kε = −   is the stiffness variation 



 41 

 

ratio of 1k , ˆ
nL  is the mean value of nL , and (1)ns Oκ =  and (1)ns Oλ =  are known 

complex Fourier amplitudes because ,n pk  and ,n pg  are specified. The eigenvalue problem 

of (2.12) using the average mesh stiffnesses is ( )2 0m mω − =M K v  ( 1,2m = ). The modal 

matrix 
1 2[ ]=V v v  is such that T =V MV I . 

Substituting x = Vq  and pre-multiplying by TV , (2.12) is cast into the modal form 
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where nmv , nlv  are elements of V  and the modal damping is / 2ζ εµ= . 

In practice, 1ε � . The excitations ( nk  and nL ) are separated into unperturbed ( ˆ
nk  

and ˆ
nL ) and perturbed parts ( nsκ  and nsλ ). The dynamic responses are approximated by 

asymptotic power series, and t  is expanded into multiple time scales 
0

r

rt tε=  [66] 

 2

0 0 1 1 0 1( , ...) ( , ...) ( )m m mq u t t u t t Oε ε= + +  (2.15) 

Substitution of (2.15) into (2.12) yields the 0ε  and 1ε  order differential equations 
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The leading order solutions for (2.16) are 
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When the mesh frequency is near a natural frequency, i.e., mω ω εσ= +  (σ  is the 

detuning parameter), parametric instability occurs. Substituting this ω  into the right-

hand-side (RHS) of (2.17) yields 
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For 2 12ω ω≠ , elimination of secular terms causing unbounded, aperiodic response 

requires 
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where 
m

A  denotes the complex conjugate of mA . Substitution of i

m
A e

βα=  and 

1tβ σ γ= −  into (2.21) gives 
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2 ( ) 0i i

m mi i e e
t t

γ γα γ
ω α σα µω α α

∂ ∂
+ − + + Λ + Θ =

∂ ∂
 (2.22) 

Considering the steady state response with 
1 1/ / 0t tα γ∂ ∂ = ∂ ∂ = , (2.22) separates into 

real and imaginary parts as 

 

2

2

( 2 )cos ( )sin / 0

( )cos ( 2 )sin / 0

R m m I R

m I R m I

σω γ µω γ α

µω γ σω γ α

Θ − + − Θ + Λ =

+ Θ + Θ + + Λ =
 (2.23) 
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This gives the frequency response approximation for 
mω ω≈  as 

 

( ) ( ) ( ){

( ) }
( )

22 2 2 2 4 2 2 2

1/ 2
2

22 2 2 4

4 4 4

      8

4         

m m m R I m R m m I

R I m R m I m

m m m

ε
α ε ω ω ω ζ ω ω ω ω ζω

ζω ω ω ω

ε ω ω ω ζ ω

   = Λ Θ + − + + Λ − Λ Θ − + Θ  ∆

 − Λ Λ Θ − Θ − 

∆ = Θ − − −

(2.24) 

where RΛ , IΛ  and RΘ , IΘ  are real and imaginary parts of Λ  and Θ .  

The complex quantity Λ  includes the contributions of the first harmonics of the 

individual mesh stiffnesses and profile modifications, and Θ  includes only the second 

harmonics of the two mesh stiffnesses. Parametric instability analysis shows that, in the 

absence of profile modification ( 0nsλ = ), the second harmonics of mesh stiffness in Θ  

cause (theoretically) unbounded linear response when mω ω≈  [19, 20, 67]; the instability 

boundaries are 
2 2 2 21

/ 4
2

m m mω ω ε ω ζ ω= ± Θ − . In practice, large response for mesh 

frequencies in this range cause contact loss that bounds the associated nonlinear response. 

In the presence of profile modification, however, the response remains bounded even 

without contact loss; the frequency response has the character of a low-amplitude 

resonance as given by (2.24) and confirmed by numerical integration in results to follow. 

The amplitude of the resonant response depends on both Λ  and Θ , and tuning the profile 

modification included in Λ allows one to minimize the amplitude according to (2.21) and 

(2.24). If 
2 1n nκ κ�  (e.g., 1.5nc ≈ ), (2.24) simplifies to 

 

( )
2 2 2

  

4m m m

ε
α

ω ω ω ζ ω

Λ
=

− +
 (2.25) 
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Equations (2.25) and (2.21) show the interaction between mesh stiffness harmonics 
1nκ  

and profile modification harmonics 1nλ . Optimizing the modifications 1nλ  to minimize α  

for the mth mode depends on mesh phasing and contact ratio (which control 1nκ ) as well 

as the vibration modes. Equations (2.25) and (2.21) also show that profile modification 

can reduce or increase response amplitude, and the signs of quantities in Λ  are important 

in this regard.  

Similarly, the frequency response for resonance driven by the second-harmonic of 

mesh stiffness variation and profile modification ( / 2mω ω≈ ) has the same form as (2.24) 

except Λ  and Θ  in (2.21) become  

 
2 2 2 2

2

2 2 4

1 1 1 1

  nm nl n l nm n nm n

l n n n

v v C v vκ λ κ
= = = =

Λ = − Θ =∑∑ ∑ ∑  (2.26) 

For the case where 2 mω ω≈ , perturbation yields the frequency bounds for 

instability as 

 

2
2

2 2 4

1

1

1
2

2
m nm n m

nm

vω ω εκ ζ ω
ω =

= ± −∑  (2.27) 

and the linear system amplitude is unbounded in this mesh frequency range. The primary 

parametric instability boundaries depend only on the first harmonic of mesh stiffness, 

vibration modes, and modal damping. Unlike the instabilities captured in (2.21), (2.24) 

and (2.26), profile modifications have no influence on the primary instability boundaries 

and do not prevent the large amplitude response that initiates contact loss. The nonlinear 
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response resulting from the instability, however, is affected by profile modifications but 

not analyzed here. 

2.5.2 Optimal Profile Modifications 

2.5.2.1 Optimal profile modification for minimum static transmission error 

Considering each tooth pair carrying half the load during double-tooth contact, the 

mesh stiffnesses of double-tooth contact and single-tooth contact for mesh n are chosen 

as ˆ [1 (1 )]n n nk cε+ −  and ˆ [1 (2 )] / 2n n nk cε+ − , respectively, where 

ˆ[max( ) min( )] /n n n nk k kε = − . From (2.8), excluding corner contact and misalignment, the 

STE with minimal peak-peak value is obtained when HPSTC is the starting roll angle 

(i.e., 1n ncς = − ) and the  tip relief magnitudes satisfy 

 
2

ˆ [1 (1 )][1 (2 )]

n
n

n n n n n

F

k c c

ε
ρ

ε ε
=

+ − + −
 (2.28) 

The relief magnitude nρ  is twice the peak-peak value of the STE without profile 

modification, which is confirmed by FE analysis. Indeed, the magnitude that minimizes 

STE depends only on the parameters from its own single mesh (load, average mesh 

stiffness, mesh stiffness variation, and contact ratio). 

2.5.2.2 Numerical validation of perturbation analysis 

The perturbation solutions for dynamic response with optimal profile modification 

are compared to numerical integration of the nonlinear time-varying model. A profile 

modification for minimum STE is chosen from (2.28) with the default parameters in 

Table 2.1 and 1 100 -T N m=  (HPSTC as the starting roll angle, 1 10 mρ µ= , and 
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2 12 mρ µ= ). The first vibration mode is dominated by the second mesh motion with 

1 [ 0.30  0.55]T= − −v . The second mode is 2 [ 1.1  0.53]T= −v . 
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Figure 2.14: Comparison of DTE between perturbation and numerical simulation for 

1 1.4c = , 2 1.6c = , 0φ = , 1 10 mρ µ= , 2 12 mρ µ= , and gear 1 torque 100 N-m (  

perturbation;  numerical integration). 

Figure 2.14 shows that the perturbation frequency response agrees well with the 

numerical results near the two fundamental resonances. The linear resonant response 

from the numerical result of the nonlinear model indicates the selected profile 

modification reduces amplitude and eliminates contact loss. This also indicates that the 

perturbation solution captures the response due to optimized profile modification applied 

to this nonlinear, time-varying gear system. 
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2.5.2.3 Impact of profile modification magnitude 

The analytical expressions (2.24) and (2.25) show the interactions between profile 

modifications (
nρ  and 

nς ) and mesh stiffnesses (
nε , φ , and 

nc ). For rectangular wave 

mesh stiffness approximations and profile modifications starting from HPSTC, the 

complex Fourier amplitudes for nk  and nL  in (2.13) are 

 

1 1

2 2
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1 1 1 1
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is c is c

s s

is c is c

s s

k F L
s c e s c e

s s

k F L
s c e s c e

s s

π π

π φ π φ

ε
κ π λ π

π ε π

ε ε
κ π λ π

ε π ε π

− −
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+
= − = −

+
= − = −

�

�
 (2.29) 

where 
nB  is the STE of mesh n for average mesh stiffness. Substitution of (2.29) into Λ  

of (2.21) gives 

 
( )

1 2( 1) ( 1 )

1 2

2

1

ˆ sin ( 1)
    1,2

i c i c

nm n n

n nl l n n

l

e e

v k c
v C B n

π π φ

π
η

π

− − +

=

Λ = ∆ + ∆

−  
∆ = − + = 

 
∑

 (2.30) 

Λ  includes the mean and the first harmonic excitation of mesh stiffness and profile 

modification from each mesh. These excitations are coupled through the mesh phasing, 

contact ratio, and vibration modes.  
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Figure 2.15: Contour plot of the DTE amplitudes varying with the two tip relief 

magnitudes for 1ω ω= , 1 1.4c = , 2 1.6c = , 1n ncς = − , and 0φ =  (  analytical solution; 

 numerical integration) (a) 1z  (b) 2z .  
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The influence of the two relief magnitudes on the DTE amplitudes 
1z  and 

2z  at the 

first-mode fundamental resonance is studied in Figure 2.15. The analytical and numerical 

solutions agree well and show a set of elliptical contours formed by the two relief 

magnitudes. From (2.25) and (2.30), the analytical solution shows that the square of the 

amplitude is 

 
( )

( ) ( )

2 2 2 2
1 2 1 2 2 12 1 1 2 1 2 3 2 4 1 5 2 6

2 22 2 2 2

2 cos

4 4m m m m m m

c cπ φ χ ρ χ ρ ρ χ ρ χ ρ χ ρ χ
α

ω ω ω ζ ω ω ω ω ζ ω

∆ + ∆ + ∆ ∆ − + + + + + +
= =

− + − +
(2.31) 

where 1 6χ −  are real coefficients. When 
2

2

1 34χ χ χ< , (2.31) describes an ellipse in the 

1 2ρ ρ−  plane. The center and axes of the ellipse are independent of α . The elliptical 

contours have the same center and the same directions for the two axes whose orientation 

and magnitude depend on 
nc , 

nε , φ , 
nk , F , and modal properties. The response 

amplitude is most sensitive to relief magnitudes along the minor axis of the elliptical 

contours, and it is least sensitive to relief magnitudes along the major axis. The optimal 

profile modifications are bounded by an elliptical contour, e.g., the contour with 

amplitude 0.5 in Figure 2.15b. The two DTE for the same resonance have different 

modifications yielding the minimum DTE and different orientations for the elliptical 

axes, which means the modification optimized for one DTE can be non-optimal for the 

other DTE. 
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Figure 2.16: Contour plot of the response amplitude 2z  varying with two tip relief 

magnitudes for 1ω ω= , 1 1.4c = , 2 1.6c = , 1n ncς = − , and φ π= . 

The impact of tip relief magnitudes is re-examined with the mesh phasing changed 

from 0 to π  in Figure 2.16. The directions of the elliptical axes are rotated clockwise 

about 40 degrees due to the change of mesh phasing. The center of the contours is only 

slightly changed. 1,2 0∆ =  in (2.30) corresponds to the center point, and this is 

independent of mesh phasing. From (2.31) and as shown in Figure 2.16, however, mesh 

phasing affects the orientation of the major and minor axes of the elliptical contours. This 

is important as it changes the sensitivity to parameters, which dictates the robustness of 

the selected modification to uncertainties in model parameters. For instance, mesh 

phasing variation rotates the optimal elliptical zone so that the profile modification 

optimized for a previous mesh phasing can fall out of the optimal zone. This significant 



 51 

 

effect of mesh phase demonstrates the need to consider interactions between the two 

meshes in optimizing the modifications, as opposed to the common practice of 

optimizing modifications for each mesh individually based on static TE.  

2.5.2.4 Impact of contact ratio 

The impact of the contact ratios nc  on the amplitude of 2z  near 1ω  is depicted in 

Figure 2.17. The analytical and numerical solutions show peaks near 1 1.2c = , 2 1.25c =  

and 1 1.7c = , 2 1.75c = . Both solutions also indicate valleys for integer nc  and around 

1 2 1.5c c= = . According to (2.25), (2.30), the given system parameters, and the resulting 

vibration modes, the amplitude α  for 1ω ω≈  ( 1m = ) is determined by 

2 1

7

1 1
1 1

6
( )2 2

2 2

8.6 10 0.30( )ˆ sin ( 1)

2.0 10 0.55( )ˆ sin ( 1)
i c c

B
k c

B
k c e

π

η
π

π

η
π

π

−

−
−

× − +
−
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× − +
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                     (2.32) 
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Figure 2.17: Contour plot of 1z  amplitude varying with two contact ratios for 2ω ω= ,  

1 10ρ =  mµ , 2 12 mρ µ= , 1n ncς = − , and 0φ = (a) analytical solution (b) numerical 

integration. 
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The first term captures the interplay between mesh stiffness excitation (first term of 

the numerator) and profile modification 1η  (second term of the numerator) at the first 

mesh; the second term captures this for the second mesh. Note 1,2k̂ , 1,2B , and 1,2η  are 

always positive. For the current parameter set, the two numerators are positive, and, 

considering the complex exponential, the two terms in (2.32) are additive to Λ  for the 

entire 1 2c c−  plane except near the two corners 1 21, 2c c≈ ≈  and 1 22, 1c c≈ ≈  (where 

response amplitude is small for nearly integer contact ratios). Examining each numerator, 

the terms involving profile modification ( ) 0n nB η+ >  have opposite sign as the first 

terms from mesh stiffness excitation ˆ
nk . This analytically shows the counteraction of 

mesh stiffness excitations from profile modification. nη  in (2.29) is maximized for 

1 2 1.5c c= =  and, because the numerators remain positive, this maximizes the 

counteraction of mesh stiffness excitation and minimizes the response amplitude, thus 

explaining the valley in Figure 2.17. The amplitude of 2z  is more sensitive to 2c  because 

the second mesh strain energy dominates for this mode. For 1 2 1.25c c= =  and 

1 2 1.75c c= = , despite the counteraction from profile modification, the contributions of 

Θ  from the second harmonics of mesh stiffnesses are maximized, which correlates to 

the two peaks in the contour plots. The valleys near integer contact ratios are because 

0Λ = Θ =  for 1 2c c= = integer. 
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2.5.2.5 Impact of profile modification length 

The impact of modification length nς  on the amplitude of 2z  near 2ω  is depicted in 

Figure 2.18. A valley is shown around profile modification starting at HPSTC ( 1 0.4ς = , 

2 0.6ς = ). Two peaks occur near 
1 0ς = , 

2 0.7ς =  and 
1 0.55ς = , 

2 0.08ς = . Substitution 

of  
1 1.4c =  and 

2 1.6c =  into (2.30) with 
2ω ω≈  ( 2m = ), which governs response 

amplitude α  in (2.25), yields 

 
6 6

1 1 2 2 5
1 2

2.9 10 ( ) 1.8 10 0.50( )ˆ ˆ iB B
k k e

πη η

π π

− −× + + × + +
Λ = −  (2.33) 

Because of the vibration mode 2v , the contribution from mesh stiffness variation of the 

first mesh ( 2.9 × 10−6 ) has the same sign as the profile modification 
  
(B

1
+ η

1
) > 0  (and 

similarly for the second mesh stiffness variation and 
  
(B

2
+ η

2
) > 0 ). This means mesh 

stiffness and profile modification excitations do not counteract each other for the same 

mesh. On the other hand, the two terms in (2.33) have opposite sign, so the two meshes 

counteract each other (after accounting for the complex exponential). 0nη =  when there 

is no profile modification for mesh n , in which case the other mesh excitation dominates 

in (2.33) and the minimized counteraction from mesh n  to the other mesh yields the 

peaks in Figure 2.18. The profile modification near the valley achieves the best mesh 

counteraction. The results indicate the need to consider interactions between the profile 

modifications for the multiple meshes in multi-mesh gearsets. Note that the interaction 

between the two meshes (as in (2.33)) or between mesh stiffness and profile modification 
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excitations at the same mesh (as in (2.32)) is sharply affected by mesh phasing and 

contact ratios. 
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Figure 2.18: Contour plot of 2z  amplitude varying with two modification lengths for 

2ω ω= , 1 1.4c = , 2 1.6c = , 1 10 mρ µ= , 2 12 mρ µ= , and 0φ = . 
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CHAPTER 3                                                             

NONLINEAR DYNAMICS OF IDLER GEAR SYSTEMS 

 

This chapter exmaines the nonlinear, parametrically excited dynamics of idler 

gearsets having two interacting parametric excitation sources and two tooth separations. 

The ratio of mesh stiffness variation to its mean value and the time of tooth separation 

compared to mesh period are assumed to be small parameters. The non-smooth tooth 

separation function describing contact loss and the variable mesh stiffness are 

reformulated into a form suitable for perturbation analysis to obtain periodic steady state 

solutions near primary, secondary, and subharmonic resonances. The perturbation 

analysis for this strongly nonlinear system compares well to harmonic balance/arclength 

continuation and numerical integration solutions. The impact of key parameters on the 

nonlinear response is discussed using the analytical closed-form expressions.  

3.1   Introduction 

Multi-mesh gear systems are widely used in a variety of industrial machinery, 

where they can generate vibration that negatively impacts noise, product quality, and 
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reliability (gear tooth failure and bearing damage). The complicated dynamic forces at 

the gear meshes are the source of vibration. Parametric excitation results from the 

periodically-varying gear tooth flexibility (mesh stiffness). Tooth backlash is 

intentionally introduced to accommodate tolerances, lubrication, and thermal expansion. 

It admits the contact loss and backside contact that can occur during gear vibrations. 

Extensive research has focused on the study of single mesh gear pair dynamics [2-

5]. Recently, considerable progress has been made in the modeling and analysis of 

planetary (or epicyclic) gears [6-9]. Studies on multi-mesh gear systems, however, are 

limited. The studied topics on single mesh and planetary gears include parametric 

instabilities [19, 20], friction-induced vibration [18], dynamic response [13, 14], and 

bifurcations [15-17]. Many different mathematical models have been established, as 

reviewed by Blankenship and Singh [21], Ozguven and Houser [22], and Velex and 

Maatar [9]. Dynamic modeling and analysis of multi-mesh gear systems includes the 

works in [11, 19, 23-26, 68-70]. 

Parametrically excited gear dynamics problems have been examined, where mesh 

stiffness variation is the excitation source [19, 20, 31-33, 71]. Two types of dynamic 

models are established: linear time-varying (LTV) and nonlinear time-varying (NTV). 

LTV models identify operating conditions that cause parametric instabilities. The works 

[31, 33, 71] investigate parametric instability of a single pair of gears using a Mathieu 

equation. Lin and Parker [19, 20] examine two-stage systems and planetary gears and 

obtain boundaries separating stable and unstable conditions. 
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Under conditions of parametric instabilities, tooth separation can occur due to the 

clearance between gear teeth. The contact loss is a softening nonlinearity that causes 

phenomena such as jumps, period-doubling, and chaos [29]. Numerical integration and 

harmonic balance methods are employed in previous studies to attack such strongly 

nonlinear problems. The papers [5, 8, 72] adopt a finite element/contact mechanics 

method to analyze the nonlinear dynamic response of single-mesh and planetary gears. 

Kahraman and Singh [4] explore the interactions between time-varying mesh stiffness 

and contact loss nonlinearity of single-mesh gears. Al-shyyab and Kahraman [24] use 

harmonic balance and continuation methods to investigate subharmonic and chaotic 

motions of a multi-mesh gear train. Long subharmonic motions and period-doubling 

phenomenon leading to chaotic behavior are observed. Theodossiades and Natisiavas 

[37] predict periodic steady state responses by using a piecewise linear technique and 

perturbation analysis.  

The parametric excitation and contact loss lead to nonlinear, time-varying 

differential equations with multiple degrees of freedom. This typically necessitates 

numerical simulation. The computational results, however, provide limited physical 

understanding, and the conclusions are often valid for only a certain group of parameters. 

With appropriate assumptions, the present work seeks analytical approximations for the 

periodic steady state solutions. Perturbation yields closed-form expressions that expose 

the impact of key parameters on the nonlinear dynamic response. The expressions in 

terms of fundamental design quantities have natural practical applications. One of the 

most important distinctions in multi-mesh systems is the interaction between mesh 
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parameters such as the phasing between the multiple mesh stiffness fluctuations and 

contact ratios. The significance of the phase of mesh stiffnesses on dynamic responses 

has been discussed recently in [61, 72-74]. This work discusses the interplay of the 

phases with contact ratios, and their significant impact on nonlinear response for 

fundamental, secondary, and subharmonic resonances. The impact of system parameters 

on the instability and the amplitude of the nonlinear resonance are studied analytically 

and confirmed with numerical integration, harmonic balance, and finite element. 

3.2 Dynamic Model and Method 

3.2.1 Dynamic Model 

Lumped-parameter models such as that in Figure 3.1 for an idler gearset are used to 

study gear dynamics because the gear teeth are usually much more compliant than the 

gear bodies. By focusing on the tooth contact and bearing forces, lumped-parameter 

models capture the primary dynamics while providing computational efficiency and 

opportunity for analytical study, in contrast to finite element and comparable models. In 

this study, the dynamic model is confined to spur gear systems. To focus on the 

interactions between the two gear meshes, geometric errors, sliding friction, bearing 

compliance and gear tilting motions are not considered. Backside tooth contact is not 

normally observed in practice due to the gear preload and backlash and it is neglected. 
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Figure 3.1: Rotational vibration model of idler gearsets. 

In a purely rotational degree-of-freedom model, the angle between gear centerlines 

only affects the phase relation (mesh phase) between the two mesh excitations. To avoid 

an unnecessary system parameter, mesh phase is considered instead of the angle of gear 

centers, so without loss of generality the centers of the three gears are aligned. The 

pinion, idler, and gear are labeled as gears 1, 2, and 3, respectively, with rotations iθ  

( i =1, 2, 3). These motions are converted to linear displacements i i iu rθ=  along the line 

of action where ir  are the base radii. The equivalent masses are 2/i i im I r=  where iI  are 

the polar moments of inertia. The dynamic mesh forces are ( ) ( )j j j j jF H x k t x= , where 

j =1, 2 is the mesh index, ( )
j

k t  are the time-varying mesh stiffnesses, 
j

x  are the 

dynamic transmission errors ( 1 1 2x u u= +  and 2 2 3x u u= − − ), and 

( ) [1 ( )] / 2j j jH x sgn x= +  are the tooth separation functions that incorporate  contact loss. 

All teeth at a particular mesh are presumed to lose contact at the same time when a 

dynamic transmission error (DTE) is negative.  
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For idler gearsets, there is one rigid body mode and two elastic modes. Only the 

two transmission errors jx  are needed to describe the elastic motions of interest. The 

3 2×  matrix Q  in the transformation u = Qx  is found from the orthogonality of the rigid 

body mode to the elastic modes [65] where 
1 2 3[ , , ]

T
u u u=u  and 

1 2[ , ]
T

x x=x . The 

governing equation for the idler gearset in Figure 3.1 is formulated into 

 ( , )tωMx + K x x = F���  (3.1) 

 

2 3 3

1 33

1 1 2
1

2 3 1 1 3 1 1

3

1 3 1 2 3 2 2

1

1
; [ , ]

( ) ( ) ( ) 01
;

( ) 0 ( ) ( )

T

i

i

i

i

m m m

m m T T

m m m m

m m m m m H k t

m m m m m H k t
m

=

=

+ 
 = − = 
 − − − 

+   
= =   +   

∑

∑

Q F

x
Μ K

x

 (3.2) 

where ω�  is the mesh frequency, ,tωK( x)�  is the nonlinear, time-varying mesh stiffness 

matrix, and T  denotes the nominal mesh force. 

3.2.2 Harmonic Balance/Continuation Method 

Finite element analysis, piecewise linear techniques, Galerkin schemes, and direct 

numerical integration are common techniques to find the frequency response of nonlinear 

systems. Some of these cannot predict certain characteristics such as unstable or quasi-

periodic solutions. To provide numerical comparisons for the analytical approximation, 

this work combines the harmonic balance method with an arclength continuation path 

following technique [24, 64, 75]. Multiple solutions, even loops or knots, in the 

parameter space are possible, and the continuation method can trace these solutions.  
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The periodic steady state dynamic response 
j

x  is expanded in a Fourier series and 

discretized in the time domain as 

 ( ),1 ,2 ,2 1

1

( ) cos sin 1,2   1,2, ,
R

j z j j r z j r z

r

x t u u r t u r t j z Z+
=

= + Ω + Ω = =∑ � � �  (3.3) 

where Ω�  is the fundamental frequency of dynamic response, ,1 ,2 ,2 1{ , , , }T

j j j R j Ru u u +=u �  

are Fourier coefficients, and the response in one period 2 /rT π= Ω�  is discretized into Z 

points ( z
z rZ

t T= ). Aliasing is avoided by setting the discrete sampling frequency well 

above the Nyquist frequency, 2Z R� . The matrix form of (3.3) is 
j j j

x = L u  where 
j

L  

is the discrete inverse Fourier transform matrix and 1{ ( ) ( )}T

j j j Zx t x t=x � . Similarly, the 

periodic mesh stiffnesses are expanded in Fourier series and discretized in one mesh 

period 2 /mT π ω= �  as 

 ( ),1 ,2 ,2 1

1

( ) cos sin     1,2   1,2, ,
R

j z j j r z j r z

r

k t k k r t k r t j z Zω ω+
=

= + + = =∑ � � �  (3.4) 

where ,1 ,2 ,2 1{ , , , }T

j j j R j Rk k k +=κ �  are known Fourier coefficients of the mesh stiffnesses, 

i.e., 
j j j

k = L κ . The mesh period 
mT  is not necessarily the same as the response period 

rT .  

The global vectors 1 2

T T TX = [x x ]  and 1 2[ ]T T T=U u u  satisfy X = LU  or 

=U GX where ( )jdiag=L L  and the discrete Fourier transformation G  is the left 

inverse of L . Similarly, the discrete Fourier expansions of x�� , x� , M , C  and 
jH  are 

 2 1
2

,  ,  [ ],  [ ],  1 tanh( )ij Z ij Z j jm c ρ Ω Ω = = = + X = LAU X = LBU M I C I H x��� � � � �  (3.5) 
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where A  and B  are constant matrices [16, 64, 76] and 
ZI  is the identity matrix of 

dimension Z. The separation function is smoothed by a hyperbolic tangent function [64, 

77]. The value 200ρ =  in this study accurately approximates the sgn() function. 

Therefore, the nonlinear, time-varying matrix ( , )
j j

H kK  in (3.2) is discretized into  

 
[ ]( )

[ ]( )

1
1 1 1 12

1
2 2 2 22

1 tanh( ) ,

1 tanh( ) ,

diag

diag

ρ

ρ

 +
 =
 +
 

L u L κ 0
K

0 L u L κ

�  (3.6) 

where , TΨ Θ = Ψ Θ  denotes the inner product.  

Substituting these discretized matrices and vectors into (3.1) and applying the 

Fourier transformation G  yield a nonlinear algebraic equation in the frequency domain 

that can be solved by Newton-Raphson iteration. The residual form for iteration is 

 ( )( , )ℜ Ω = Ω Ω2U MA + CB U + GKU - f
��

� � � �  (3.7) 

where the matrices M
�

 and C
�

 satisfy LM = ML
�

�  and LC = CL
�
� . The load vector f  

includes the Fourier coefficients of F . Note that KU�  is a nonlinear function of U . The 

spectral vector solution U  is obtained when the norm of ℜ  is less than a specified 

tolerance. 

To follow periodic solution branches as the parameter Ω�  varies, the continuation 

method treats Ω�  as an unknown parameter. This expands the unknown vector to be 

{ }T T= Ωa U � . The Newton-Raphson iteration is 

 -1

1 ;p p p p

q q q q+

∂ℜ ∂ℜ 
ℜ =  ∂ ∂Ω 

a = a + J (a ) (a ) J
U �

 (3.8) 
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where J  denotes the Jacobian matrix of the residual, 1−J  denotes pseudo-inverse, and 

superscript p  and subscript q  are the frequency index and iteration number, 

respectively. The iteration reaches the steady state periodic solution pa  when 1

p p

q q+ −a a  

is less than a specified tolerance.  

The selection of initial guess affects the speed of convergence and solution itself. 

The continuation method is applied to get the first guess of the next iteration. The first 

guess of a new solution along the equilibrium path is given in terms of the previous 

solution pa  plus an arclength ds  ( 1

0

p p d+ = +a a s ). The direction of arclength is along the 

tangent plane of the current solution. Special care is taken to control the arclength step 

size [16, 64, 76]. Although the smoothed nonlinear function jH  is a better approximation 

of the true tooth separation function for higher values of ρ , higher ρ  can cause an ill-

conditioned Jacobian matrix.  

The Floquet-Liapunov theorem is applied to determine the stability of solution 

branches. The eigenvalues of the state transition (monodromy) matrix over one period 

determines the solution stability. If the magnitude of any eigenvalue is greater than unity, 

the solution is unstable; otherwise, it is stable. Hsu [78, 79] develops a method using a 

series of step functions to approximate the monodromy matrix of one period. Friedmann 

et al. [80] present a numerical integration method that is adopted in this study. 

The advantages of the harmonic balance method lie not only in the capture of 

unstable solution branches but also the computational efficiency. The disadvantages are 
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that it can diverge with an ill-conditioned Jacobian matrix and the computation cost 

increases significantly with the number of harmonics and discretized points. 

3.2.3 Perturbation Analysis 

Harmonic balance/continuation provides only numerical solutions. Multiple scale 

perturbation analysis is conducted in this study to give closed-form approximations that 

explicitly show the impact of key parameters on the nonlinear dynamic response.  

Two quantities are chosen to non-dimensionalize the governing equation (3.1): the 

first natural frequency 
1ω  and the mean value of the first mesh static transmission error 

(STE) 
1 1/x T k= . The dimensionless quantities are 

 2 2
1

1 1 1 1 1

, , , , ,
j

j

x k
t y c

x k

ωω
τ ω ω λ

ω ω ω

Ω
= = Ω = = = =

��
 (3.9) 

where the dimensionless DTE jy  represent the dynamic factors and jk  are the average 

mesh stiffnesses over one mesh cycle. The dimensionless governing equation is  

 ˆ ˆ ˆ( , )ωτMy + K y y = F��  (3.10) 

where 2

1 1
ˆ /x Tω=M M , 1

ˆ /x T=K K , ˆ /T=F F , and 1 2[ , ]Ty y=y . The eigenvalue 

problem of (3.10) for the case of average mesh stiffnesses is ( )2 ˆ ˆ
l lc − =M K s 0 . Due to the 

normalization, 
1 1c =  and 

2 1c c= > . The normalized modal matrix is 
1 2[ ]=S s s . 

Substituting y = Sq  and pre-multiplying by TS , (3.10) is recast into the modal form 

 
2 2

2

1 11

1
2 1, 2l l l jl jn j j n l l

n j

q c q s s H k q c F l
k = =

+ Γ + = =∑∑�� �  (3.11) 
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where jls (mode l , mesh j ), jns  are elements of S , the modal forces 
2

2

1

/l nl l

n

F s c
=

=∑  are 

independent of the nominal mesh force T , and modal damping Γ  is introduced. The 

mesh stiffnesses ( )jk t  vary periodically with gear tooth contact and are expanded as 

 

( ) ( )

( ) ( )

1 1 1

1 1

2 2 2

1 1

. . 1 . .

. . 1 . .

im im

m m

m m

im im

m m

m m

k k e c c k e c c

k k e c c k e c c

ωτ ωτ

ωτ ωτ

κ ε κ

η ε η

∞ ∞

= =

∞ ∞

= =

 
= + + = + + 

 

 
= + + = + + 

 

∑ ∑

∑ ∑

�

�

 (3.12) 

where 1

1

2

k

κ
ε =

�
, 

12

m
m

κ
κ

κ
=
�

�
, 1

2 12

m
m

k

k

η
η

κ
=

�

�
, and the abbreviation . .c c  denotes complex 

conjugate of previous terms.  

The ratio ε  of the first harmonic of mesh stiffness to mean mesh stiffness for the 

first mesh is adopted as the perturbation parameter and assumed to be small compared to 

unity. For low contact ratio gears, if the stiffness is presumed to double when single-tooth 

contact switches to double-tooth contact, then 
11/ε ς= , where 

1ς  is the first mesh contact 

ratio. Such doubling does not occur, however, and 
11/ε ς<  in practice. For high contact 

ratio spur gears or helical gears, ε  is much less. In practice, 0.5ε <  according to prior 

approximations [19, 38].  

A fixed phase relation exists between the contact actions (i.e., the mesh stiffness 

variations) of the two meshes in an idler gear system. If the only difference between the 

two mesh stiffness variations is a time shift t∆  while both variations have the same 

periodic waveform, the mesh phase is defined naturally as 2 / mt Tπ∆ . When the mesh 
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stiffness variations also differ in shape, which they likely will in practice from a 

difference in contact ratios, a reference condition is needed to define the mesh phase. 

Without loss of generality, the transition point where the number of teeth in contact 

switches to a lower number is selected as the reference condition. For instance, two 

simplified mesh stiffness functions (rectangular waves) are shown in Figure 3.2, and the 

mesh phase between the reference conditions is φ . The mesh phase is determined by the 

angle of gear centerlines and gear tooth geometry [61]. The complex Fourier coefficients 

of the mesh stiffnesses in Figure 3.2 are 

 

( )

( ) ( ) ( )

1 1

2 2

1
1

2
2

ˆsin

ˆsin

im im

m m

im im

m m

m e e
m

m e e
m

πς πς

πς φ πς φ

κ πς κ
π

η πς η
π

− −

− − − −

Λ
= − =

Λ
= − =

�

�

 (3.13) 

where 1 b aΛ = −  and 2Λ  are peak-peak values. The total phase difference between the 

Fourier coefficients 
mκ�  and 

mη�  of the two mesh stiffnesses are functions of the stiffness 

function shape (contact ratio) and the geometric relations between the two contacts that 

causes a time shift between the reference contact condition (captured by φ  in Figure 3.2). 

The selection of reference condition for mesh phase does not affect the phase difference 

between the two complex amplitudes. Although idealized rectangular wave mesh 

stiffness functions are used here, the conclusion holds for general mesh stiffness 

variations. 
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Figure 3.2: Mesh phase between the two meshes. 

Large vibration occurs when the varying mesh stiffnesses cause parametric 

instability in a particular mode, which can be predicted by the linear system. The ensuing 

large response triggers nonlinear contact loss that bounds the vibration. With this action, 

the unstable mode dominates the response, implying nearly harmonic response [5, 37, 72, 

81, 82]. Numerical experiments confirm this. Thus, the response has the form  

 cos( )        1, 2j j j jy y y jτ γ= + Ω − =�  (3.14) 

where 1cΩ ≈  or 2c . The relation between the response frequency Ω  and the mesh 

frequency ω  depends on the type of parametric instability.  
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Figure 3.3: Relation of separation function and dynamic response. 

Figure 3.3 sketches a dynamic transmission error jy  and tooth separation function 

jH  in a period. The separation angle 2 jθ  represents the time of separation during one 

period of response. In practice and from numerical simulations, the separation time is a 

small fraction of the response period, that is, / ( )j Oθ π ε= . With this stipulation, the 

periodic separation functions are reformulated into a form suitable for perturbation 

 ( ) ( )1 2

1 2

0 0

1 . . ;   1 . .in inin in

n n

n n

H h e e c c H g e e c c
γ γτ τε ε

∞ ∞
− −Ω Ω

= =

= + + = + +∑ ∑  (3.15) 

 

1 2
0 0

1 2

1 2

, ,

sin ( ) sin ( )
,     1,2,     0

sin sin
,     1, 2,     0

n n j

n n j

h g

n n
h g n if y

n n

n n
h g n if y

n n

θ θ

πε πε
π θ π θ

πε πε
θ θ

πε πε

= − = −

− −
= = = >

= − = − = <

��

��

 (3.16) 
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The separation angles 
j

θ  and phase angles 
j

γ  are implicit functions of the (unknown at 

this stage) amplitudes and mean values of the DTE. The unknown Fourier coefficients 

0h , 0g , nh  and ng  are (1)O .  

Substituting (3.12) and (3.15) into (3.11) yields the governing equations in a form 

suitable for perturbation analysis  

 2

1 1 2 2( ) 1,2l l l l l l l lq c q c q f q f q F lεµ ε+ + + + = =�� �  (3.17) 

 

( )

( )1 2

1 1 2 2

1

1 1 2 2

0

       . . 1, 2

M
im

lj l j m l j m

m

N
in in in

l j n l j n

n

f s s s s e

s s h e s s g e e c c j

ωτ

γ γ τ

κ λ η

λ

=

− − Ω

=

= +

+ + + =

∑

∑
 (3.18) 

where 2 / (1)Oµ ε= Γ =  is the reformulated modal damping. The functions ljf  involve 

the mesh stiffness parametric excitations and contact loss separation functions of both 

meshes.  

The dynamic responses are approximated by asymptotic power series in ε , and τ  

is expanded into multiple time scales 
0

n

nT Tε=  in the conventional way [66] 

 
2

1 0 0 1 1 0 1

2

2 0 0 1 1 0 1

( , ...) ( , ...) ( )

( , ...) ( , ...) ( )

q u T T u T T O

q v T T v T T O

ε ε

ε ε

= + +

= + +
 (3.19) 

Substitution of (2.15) into (3.17) yields the 0ε  and 1ε  order differential equations (where 

/n nD T= ∂ ∂ ) 

 
2

0 0 0 1

2 2 2

0 0 0 2

D u u F

D v c v c F

+ =

+ =
 (3.20) 
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2

0 1 1 0 1 0 0 0 11 0 12 0

2 2

0 1 1 0 1 0 0 0 21 0 22 0

2

2

D u u D D u D u f u f v

D v c v D D v cD v f u f v

µ

µ

+ = − − − −

+ = − − − −
 (3.21) 

From (3.20) , the leading order solutions are 

 
( )

( )

0

0

0 1 1 1

0 2 2 1

. .

. .

iT

icT

u F A T e c c

v F A T e c c

 = + + 

 = + + 

 (3.22) 

When the mesh frequency is close to a natural frequency 
rcω εσ= +  ( r =  1 or 2 

and σ  is the detuning parameter), fundamental resonance ( ωΩ = ) is excited. To avoid 

simultaneous parametric, or internal, resonances 2 2c c= ≠ . Substitution of (3.22) into 

(3.21) exposes the solvability conditions to prevent secular terms that cause unbounded, 

aperiodic response 

 2 2 2

1 0 2 02 ( ) 0l l l l l l lic A ic A s h s g A l rµ λ′ + + + = ≠  (3.23) 

 

1 2 1

1 2 1

2 2 22 2 2 2 2

1 0 2 0 1 2 2 2 2 2

1 11 1 12 2 1 1 2 21 1 22 2 1 1

2 ( ) ( ) ( )

( )( ) ( )( ) 0

i i i T

r r r r r r r r r

i i i T

r r

ic A ic s h s g A s h e s g e A e

s s F s F h e s s F s F g e e

γ γ σ

γ γ σ

µ λ κ λ η

κ λ η

− −

− −

′  + + + + + + + 

 + + + + + + = 

(3.24) 

where 1/l lA dA dT′ =  and 
r

A  denotes the complex conjugate of rA . From (3.23), 0lA =  

( l r≠ ). Substituting i

rA e βα=  into the leading order approximation of the two DTE 

1 0 2 0j j jy s u s v= +  gives  

 
1 1 2 2 02 cos( )j j j jr ry s F s F s c Tα β= + + +  (3.25) 

Comparing (3.14) and (3.25), the phase angles 0 1( )j rc T Tγ γ β σ β= = Ω − − = −  are 

identical for the two DTE. Substituting rA  and γ  into (3.24) casts the solvability 

condition in terms of real quantities as  
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4 4 1 2 3
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r r r
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c R c R R c R R

c c R R c R R R
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(3.26) 
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κ λ η
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 (3.27) 

The fixed points ( 0α γ′ ′= = ) of (3.26) give the steady state leading order response and 

the frequency response relation  
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 (3.28) 

The complicated closed-form expression in (3.28) yields limited analytical insight. This 

result includes contributions from the first and second harmonics of the mesh stiffnesses 

and separation functions. For non-integer contact ratios, however, 
1 2κ κ� , and 

1 2η η� . 

Neglecting the contribution of the second harmonics (
2 2 0κ η= ≈ ), the simplified 

solvability conditions are 

 

( )

( )

2

3

1 2 3

1 ˆ sin
2

1 ˆ ˆ ˆ cos
2

r

r

r

c R
c

R R R
c

α µ α γ ψ

γ σ α γ ψ
α

 ′ = − + +
 

 ′ = − + + +
 

 (3.29) 

where ψ  is the phase angle of the complex 
3R̂ . While 

1R̂  and 
2R̂  depend on the unknown 

amplitude α , 3R̂  depends only on known input quantities, including the mesh stiffness 
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variations and modal deflections. This is significant in subsequent analysis. Note that 
nh  

and ng  depend on the separation angle given by  

 

1 1 2 21

1 1 2 21
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− <   
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 (3.30) 

The fixed points ( 0α γ′ ′= = ) of (3.29) give the steady state leading order response 

and the frequency response relation 
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1 2 3
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r r r
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c c R R R c
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 = + = + + ± − Γ
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 (3.31) 
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 (3.32) 

The stability of the steady state solutions in (3.31) is determined by the real parts of the 

eigenvalues of the Jacobian matrix linearized from the solvability conditions (3.29).  

 Pinion Idler Gear 

Number of teeth 38 55 94 

Modulus (mm) 2.54 2.54 2.54 

Base radius (mm) 45.35 65.64 112.2 

Inertias 
i

I  ( 2
kg m⋅ ) 2.62e-3 3.27e-3 1.19e-2 

Default values for the variable parameters 

φ  0 Γ  0.04 

1ς  1.5 
2ς  1.5 

c  2.76   

Table 3.1: Parameters of the example idler gearset. 
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Figure 3.4: Frequency response near resonances for the system in Table 3.1 and one 

harmonic of FE mesh stiffnesses (a) Fundamental resonance 1ω ≈  (b) Subharmonic 

resonance 2ω ≈  (  stable perturbation solution;  unstable perturbation solution; 

 numerical integration;  unstable period-Tm solution). 



 75 

 

The nonlinear characteristics emerge qualitatively and quantitatively from (3.31). 

Figure 3.4a depicts the frequency response of (3.31) near the fundamental resonance 

1cω ≈  for the system in Table 3.1. The solution branch shows softening nonlinearity 

determined by the backbone curve ( ) ( )1 2 / 2r rc R R cω α α= + +  for cα α> , where cα  

corresponds to the response amplitude at the onset of contact loss. The softening 

nonlinearity is from the contact loss captured in 
1,2R  where the separation angles 

1θ  and 

2θ  depend on the amplitude. The frequencies 1cω  and 2cω  are the transition points from 

linearity to nonlinearity when the parametric instability causes tooth separation to arise. 

Stability analysis shows the middle solution between pω  and 1cω  is unstable while all 

others are stable, which causes jump phenomena at pω  and 1cω . The transition at 2cω  

gives rise to a kink in the frequency response curve. The condition 0
j

θ =  gives the 

transition amplitude and frequencies as 

 
2 2 2 411 1 12 2 21 1 22 2

1, 2 3

1 2

1
min( , ), 4

2 2 2
c c c r c r

r r c r

s F s F s F s F
c R c

s s c
α ω α

α

+ +
= = ± − Γ  (3.33) 

From (3.33), which mesh first loses contact is determined entirely by the modal forces 

and vibration modes. The transition frequencies are affected by these quantities as well as 

the modal damping and the interaction of the two mesh stiffness variations in 
3R .  

An especially important quantity is the peak amplitude at resonance. This and its 

associated frequency are 

 
3 1 2

2

3

,
2 2

r
p p r

r r

R R c R
c

c c R
α ω

Γ
= = + +

Γ
 (3.34) 
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A key point is that all of the factors that govern 
p

α  are known explicitly, so one of the 

most important quantities is given by a relatively simple closed-form expression. With 

pα  determined, all values needed to calculate pω  are known, but the influence of design 

parameters on this less important quantity are not as easily visible because of the 

dependence on 1R  and 2R  and so the Fourier coefficients of the separation functions.  

When the mesh frequency is nearly twice a natural frequency, 2 rcω εσ= + , a 

period- 2 mT  subharmonic resonance ( / 2ωΩ = ) is excited. Similar procedures yield the 

steady state frequency response relation 

 ( )
2 2 4

1 2 3

1 1
2 4r r

r r

c Q Q Q c
c c

ω α
α

= + + ± − Γ  (3.35) 
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κ λ η
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 (3.36) 

Figure 3.4b shows the frequency response (3.35) near the subharmonic resonance 

12cω ≈  for the system in Table 3.1. The softening nonlinearity is more severe than at 

fundamental resonance because the frequencies on the backbone curve satisfy 

( ) ( ) ( )1 2 1 2/( ) / 2r rQ Q c R R cα α α α+ > + . This means a wider range of excitation frequency 

where contact loss occurs. When there is no contact loss ( 1 2 0Q Q= = ), the two vertical 

period- 2 mT  solution branches bifurcate at the frequencies 
2 2 4

1, 2 3 4 /c c r r rc Q c cω = ± − Γ , 

which are the linear system primary parametric instability boundaries. When the 

excitation frequency reaches the boundaries, large period- 2 mT  response (theoretically 
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unbounded for the linear model) triggers the nonlinear tooth separation for 
cα α> . The 

contact loss suppresses the instability and yields the nonlinear period- 2 mT  solution 

branches that are two open curves similar to the resonance of a parametrically excited 

Duffing equation [66]. The frequency interval 2 1c cω ω−  is a key practical concern. 

Because 3Q  is a simple expression involving known quantities, the parameter 

dependence of 2 1c cω ω−  is clearly evident. 

Two types of resonance could be excited near the mesh frequency 

/ 2 / 2rcω εσ= Ω = + .  The first one (called second-harmonic excitation resonance) is 

like the prior fundamental resonance case except it is excited by the second harmonic of a 

mesh stiffness. The second is nonlinear super-harmonic resonance resulting from the first 

harmonic of a mesh stiffness. It is difficult to distinguish from numerical results which 

one contributes more to the resonant response. The differences can be studied by 

perturbation analysis, which yields the frequency response function of the second-

harmonic resonance as 

 
2

2 2 4

1 2 3

1
/ 2 4

4
r r

r

c R R R c
c

ω α α
α

 
= + + ± − Γ 

 
�  (3.37) 

 3 1 11 1 12 2 2 1 2 21 1 22 2 2 2( ) / ( ) /r rR s s F s F k s s F s F kκ λ η= + + +� � �  (3.38) 

This expression is identical to the fundamental resonance solution (3.31) except that 3R�  is 

a function of the second mesh stiffness harmonics 2κ�  and 2η�  that drive this resonance. 
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To obtain the frequency response of the super-harmonic resonance 

/ 2 / 2rcω εσ= Ω = + , a second order perturbation is conducted with mesh stiffnesses 

only including the first harmonic. Substituting (3.22) into (3.21) gives 1 2 0A A= =  

similar to (3.23) due to 2c ≠ . This implies 0 1 0 2,u F v F= = . From (3.21) the second 

order terms of (2.15) are 
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 (3.40) 

where 3A  and 4A  are unknown. With (3.39), analysis of the solvability conditions for the 

equations governing 2u  and 2v  yields the super-harmonic frequency response relation 

 
2 2 2 4

1

1
/ 2 4

2
r r

r

c R W c
c

ω α α
α

 = + ± − Γ
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 (3.41) 

 
1 11 1 12 2 1 1 2 21 1 22 2 1 2( ) / ( ) /

r r
W s s B s B k s s B s B kκ λ η= + + +� �  (3.42) 

Unlike the second-harmonic resonant response that is (1)O , the super-harmonic 

resonant response is ( )O ε . In general, the response of the second-harmonic excitation is 

dominant for / 2rcω εσ= + . On the other hand, by tuning system parameters such as 

mesh phase and contact ratio to reduce 
3R� , the second-harmonic excitation can be 

reduced, in which case the super-harmonic response dominates. 
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3.3 Results and Discussion 

The following sections compare frequency response predictions from the analytical 

expressions with numerical simulations. The impacts of system parameters on the 

dynamic response are investigated based on the closed-form expressions. The nominal 

parameters are in Table 3.1. The non-rectangular periodic mesh stiffnesses in Figure 3.5 

over a mesh cycle are obtained by static analysis using a specialized finite element model 

[5, 8]. They include tooth and gear body flexibility. The mesh stiffnesses are smooth and 

include corner contact effects. Adopting a common approximation, the rectangular-wave 

mesh stiffnesses in Figure 3.5 with the same average mesh stiffness, contact ratio and 

peak-peak value as the finite element mesh stiffnesses are examined in some 

circumstances. 
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Figure 3.5: Mesh stiffnesses from finite element analysis and rectangular waves (  FE 

mesh 1;  FE mesh 2;  rectangular wave mesh 1;  rectangular wave mesh 2). 
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3.3.1 Comparison of Numerical and Analytical Results 

The dynamic response of the idler gearset computed from perturbation, numerical 

integration, and harmonic balance methods are compared in Figure 3.6 using the finite 

element mesh stiffnesses and system parameters in Table 3.1. Root-mean-square (RMS) 

values of DTE 
j

y  are shown; in all results the mean values are subtracted prior to 

computing the RMS. Fundamental resonances of the two modes ( 1,cω ≈ ) and the 

subharmonic resonance ( 2ω ≈ ) of the first mode are pronounced. Contact loss occurs at 

the first mode. Stable branches of the harmonic balance solutions match numerical 

integration results exactly. Perturbation solutions are evaluated against two numerical 

integration results that take one and ten mesh stiffness harmonics, respectively. The 

major features of the fundamental resonance, such as the backbone curve, amplitude, and 

onset of nonlinearity, are captured by the perturbation analysis. The two solution 

branches of harmonic balance at the first mesh form a loop, which is not captured by the 

perturbation approximations. Considering higher order perturbation and more modes 

might improve the analysis at the cost of increased complexity. The subharmonic 

perturbation solution agrees well with the numerical results for identifying the vertical 

branches and the stable nonlinear branches. The subharmonic from harmonic balance 

shows closed solution branches with a jump phenomenon resonance peak, which is not 

captured by the perturbation at first order. The amplitude of jump-down, however, is 

proportional to the instability interval 
2 1c cω ω−  and can be qualitatively inferred from the 
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perturbation solution. The frequency range with contact loss at subharmonic is wider than 

at fundamental resonance.  

Another comparison (Figure 3.7) is made by adopting rectangular mesh stiffnesses 

that retain the mean and peak-peak values but change the contact ratios to 1.3, which 

affects the mesh stiffness harmonics. Two perturbation solutions are presented for 1ω ≈  

with one and two harmonics as given by (3.31) and (3.28), respectively. Both solutions 

agree well with ten-harmonic numerical and harmonic balance results. The two-harmonic 

solution provides only slightly better prediction than the one-harmonic perturbation, 

while its analytical expressions are much more complicated.  

In summary, the perturbation analysis effectively approximates the solutions near 

resonances where one mode is dominant. With careful selection of the number of 

harmonics and time steps, the harmonic balance method yields the complete solution 

branches with high accuracy. 
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Figure 3.6: Comparisons of DTE of the idler gear in Table 3.1 with FE mesh stiffnesses 

and the number of retained Fourier harmonics indicated (HB-harmonic balance, NI-

numerical integration) (a) The first mesh (b) The second mesh (dashed data are unstable). 



 83 

 

0 1 2 3 4
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

ω

y 1

Analytical 1 harmonic

ΗΒ 10 harmonics

ΝΙ 10 harmonics

(a)

 

0 1 2 3 4
0

0.5

1

1.5

2

2.5

ω

y 2

ΝΙ 10 harmonics

0.7 0.75 0.8 0.85 0.9 0.95 1 1.05

1.4

1.6

1.8

2

2.2

2.4

ΗΒ 10 harmonics

Αnalytical 2h

Αnalytical 1h

(b)

 
Figure 3.7: Comparisons of DTE of the idler gear in Table 3.1 (

1 2 1.3ς ς= = ) with 

rectangular mesh stiffnesses and the number of retained Fourier harmonics indicated (a) 

The first mesh (b) The second mesh (dashed data are unstable). 
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3.3.2 Onset of Tooth Separation (Nonlinearity) 

Prediction of the transition points between linearity and nonlinearity identifies the 

onset of tooth separation. At the transition points, the separation angle 0jθ = . From 

(3.33), the amplitude of response at the onset of nonlinearity is determined entirely by 

modal forces and modal deflections jrs . The two meshes usually separate at different 

stages. The mesh having maximum modal strain energy separates first. While this slows 

the rate of amplitude growth, the other mesh separates if the amplitude reaches the 

critical value. The transition frequencies of mesh j  separation at the fundamental 

resonance of mode r  are  

 

1
2 2 2

2 21 1
1 11 1 12 2 2 21 1 22 2

1 1 2 2 1 2

( ) ( )
jr

r r r r

j j

s
c s s F s F s s F s F c

s F s F k k

κ η
ω λ

  
 = ± + + + − Γ  +   

� �
 (3.43) 

All quantities in (3.43) are readily known. Figure 3.4a shows the fundamental resonance 

of mode 1 with the two meshes losing contact at different stages. The response of the 

second mesh is dominant in this first mode. When 210.69 /c sα =  the second mesh loses 

contact while the first mesh separates at 210.92 /c sα = . There is no tooth separation 

below the dashed line of the second mesh separation. The second mesh separates between 

the two dashed lines. Both meshes separate above the upper dashed line. The 

corresponding separation angles are shown in Figure 3.8. The maximum separation 

angles jθ  are less than 1.3, i.e., / 0.41jθ π < . The transition frequencies of the second 

mesh are 0.870ω =  and 1.130, which are symmetric about 1ω = . The transition 
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frequencies of the first mesh are 0.875ω =  and 1.073, where the second mesh already 

loses contact. These transition frequencies are not symmetric about 1ω =  due to contact 

loss of the second mesh.  

For contact loss at both meshes, the separation angle of the second mesh is bigger 

than the first mesh when 1ω ≈ . The situation is reversed when cω ≈ . The time spans of 

tooth separations for the two meshes either overlap (in-phase) or do not overlap (out-of-

phase). From (3.30), the phase of the tooth separation functions between the two meshes 

are decided by the vibration mode. For instance, at the first mode resonance ( 1ω ≈ ), the 

two separation functions are in-phase due to 11 21 0s s > . At the second mode resonance 

( cω ≈ ), the two separation functions are out-of-phase due to 12 22 0s s < . 
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Figure 3.8: Separation angles 1,2θ  near resonance 1ω ≈ for parameters in Table 3.1 and 

FE mesh stiffnesses (dash-dot and dotted data are unstable). 
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3.3.3 Subharmonic Resonance 

Figure 3.4b shows the nonlinear period- 2 mT  solutions from perturbation and 

numerical integration at the subharmonic resonance 12 2cω ≈ =  with FE mesh 

stiffnesses. The perturbation analysis gives two parallel vertical branches implying 

primary parametric instability boundaries at the frequencies 1, 2c cω . Two open curves 

(unstable dashed line and stable solid line) emerge after contact loss occurs. Numerical 

integration with fine frequency resolution converges to the two vertical perturbation 

solution branches. The system suffers from harmful sudden status changes at both sides 

of the resonant frequency. With increasing mesh frequency the numerical result first 

follows the linear period- mT  solution branch and jumps up at 1cω . It then follows the 

stable, nonlinear period- 2 mT  branch and jumps down to the period- mT  solution at 2cω . 

With decreasing frequency, the numerical result jumps up at 2cω , follows the stable, 

nonlinear period- 2 mT  solution past 1cω , and jumps down to the period- mT  branch at the 

resonance peak. The harmonic balance analysis reveals that the nonlinear solution 

branches are closed at the resonance peak, which is a bifurcation point causing jump-

down. First order perturbation does not capture the closure of the branches and resulting 

jump. The instability interval int 2 1c cω ω ω= −  , however, is found to be proportional to the 

peak amplitude of the jump-down. The perturbation solution naturally predicts 
1cω  and 

2cω . Thus, it provides qualitative understanding of the amplitude of subharmonic 

resonance, the most important factor affecting vibration and noise.  
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Figure 3.9: Damping effect on the subharmonic resonance 2ω ≈  with parameters in 

Table 3.1 and FE mesh stiffnesses (a) Numerical integration with increased frequency (b) 

Harmonic balance. 
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By tuning the instability interval 
intω , one can reduce or even eliminate the 

subharmonic resonance. For instance, the instability interval sensitivity with respect to 

damping is 

 
3

2 2 4 int
int 3

2 2 4

3

8
2 4 / ,

4

r
r r

r

d c
Q c c

d Q c

ω
ω

Γ
= − Γ = −

Γ − Γ
 (3.44) 

Equation (3.44) shows that the instability region, and correspondingly the amplitude of 

subharmonic resonance, are highly sensitive to the damping, and the instability 

disappears when 2

3 /(2 )rQ cΓ ≥ . Figure 3.9a depicts the effect of damping on 

subharmonic response for increasing frequency calculated by numerical integration. 

Damping substantially narrows the instability region and decreases the maximum stable 

amplitude. The resonance is eliminated when 3 / 2 0.062QΓ = = . Figure 3.9b confirms 

these details and adds the unstable branches using the harmonic balance method. When 

0.062Γ = , the period-2 mT  solution is an unstable loop, and the primary instability 

interval disappears.  

3.3.4 Interactions between Multiple Meshes 

A major difference between single mesh and multi-mesh systems is the interactions 

between the meshes. The key parameter is the phase difference between the two mesh 

stiffnesses. The mesh phase and contact ratios strongly affect the dynamic response 

amplitude and presence/absence of certain resonances. According to (3.31), (3.35), and 

(3.37), 3R , 
3R�  and 3Q  are considered as indicators of the resonant peak amplitudes. 

 For the fundamental resonance of the r -th mode, this indicator is 
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( )1 2

3 1 1 1 2 2 1 1 1 1 2 2
ˆ ˆ / ,     

i

r r j j jR s C s C e k C s F s F
φ π ς ς

κ η
+ −  = + = +  (3.45) 

where 1̂κ , 1̂η  are the magnitudes of 1κ� , 1η� , respectively. 
j

C  are the constant static 

transmission errors of mesh j  for average mesh stiffnesses. The 
j

C  are positive 

(compressed tooth) with proper external loads. Both mesh stiffness variations contribute 

to resonant excitation. The phase angle between the harmonics of two mesh stiffnesses 

includes the contact ratios and mesh phase. To isolate the effect of mesh phase, the two 

contact ratios and the amplitudes of the two mesh stiffness harmonics are assumed 

identical. With these stipulations, (3.45) simplifies to 

 ( )
1/ 2

2 2 2 2

3 1 1 1 1 2 1 2 2 2 1
ˆ 2 cos /r r r rR s C C C s s s C kκ φ= + +  (3.46) 

The periodicity of mesh phase φ  is 2π . The indicator is symmetric about π  so that only 

the range from 0 to π  is considered. The impact of mesh phase on peak amplitude 

depends on the vibration modes. For the idler system, 11 21 0s s >  for the first mode ( 1r = ), 

and 12 22 0s s <  for the second mode ( 2r = ). Therefore, if 0φ = , the first mode resonance 

is maximized while the second mode resonance is minimized due to the cancellation or 

addition of the two mesh variations. The effects are reversed if φ π= .  
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Figure 3.10: Influence of mesh phase on DTE calculated by numerical integration with 

parameters in Table 3.1 and FE mesh stiffnesses  (a) The first mesh; (b) The second 

mesh. 
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Figure 3.11: Influence of mesh phase on DTE with parameters in Table 3.1 

( 1 2 1.5ς ς= = ) and FE mesh stiffnesses (a) Harmonic balance results (dotted data is 

unstable); (b) Spectra of / 4φ π= . 

Similarly, the indicators of the subharmonic and second-harmonic resonance for 

equal contact ratios and mesh stiffness harmonics are 
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Unlike fundamental resonance, the influence of mesh phase on subharmonic resonance is 

independent of the sign of 1 2r rs s , which implies the peak amplitude of subharmonic 

decreases from 0φ =  to φ π=  regardless of the excited vibration mode. For the second-

harmonic resonance, / 2φ π=  minimizes the first mode resonance and maximizes the 

second mode resonance. When 0φ =  (or π ), the impact is reversed for both modes. 

The significant effects of mesh phase on dynamic response are shown in Figure 

3.10. The 2y  at the first mode fundamental resonance ( 1ω ≈ ) decreases monotonically 

with mesh phase because of the cancellation of the two excitations, as predicted. The 1y  

for / 4φ π=  at 1ω ≈ , however, is higher than the 1y  for 0φ =  due to the aperiodic 

solution evolving from a two-mode combination instability not captured by the single-

mode perturbation solution. As shown in Figure 3.11a, complicated solution loops occur 

for 0φ = , / 4π , and / 2π . When the mesh phase increases from 0 to / 4π , the solutions 

for 1ω ≈  change from period- mT  to period- 2 mT  and then to chaos. Chaos occurs from 

0.65ω =  to 0.84ω =  for / 4φ π=  as shown in Figure 3.11b where the peaks at 1ω ≈  

and 2.76ω ≈  indicate two-mode instability. The solution for 0.845ω =  is period- mT , 

and that for 0.840ω =  changes to period- 2 mT . A further slight change to 0.800ω =  

yields chaos, as shown by the broadband spectrum in Figure 3.11b and the Poincare maps 

in Figure 3.12. 
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Figure 3.12: Poincare map of / 4φ π=  and 0.800ω =  extracted from Figure 3.11b. 

Figure 3.10 and Figure 3.11a both show the amplitude of the second-mode 

fundamental resonance ( 2.76ω ≈ ) increases with mesh phase due to the addition of the 

two mesh excitations. The second-harmonic resonance at 0.5ω ≈  shows the highest 

amplitude at 0φ =  (and π ) and the lowest amplitude at / 2φ π= , while the one at 

1.38ω ≈  shows the highest amplitude at / 2φ π=  and the lowest amplitude at 0φ =  (and 

π ). The resonant amplitude indicators from perturbation (Figure 3.13a) predict amplitude 

changes with mesh phase variation as given by the numerical results. While the curves in 

Figure 3.13a are independent of Γ , subharmonic resonance occurs only when 3 2Q ≥ Γ . 

For the present system, 2 0.08Γ =  and subharmonic resonance occurs only for 0.4φ π< . 
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Consistent with this prediction, the subharmonic resonances ( 2ω ≈ ) in Figure 3.10 occur 

only when 0φ = and / 4π . The primary instability ( 2ω ≈ ) in Figure 3.11a emerge when 

0φ = and / 4π . 

In practice the two contact ratios are not the same and the difference of contact ratio 

interacts with mesh phase. Assuming identical amplitude of stiffness harmonics, the 

indicator of the peak amplitudes of the fundamental resonances are 

 ( ){ }
1/ 2

2 2 2 2

3 1 1 1 1 2 1 2 1 2 2 2 1
ˆ 2 cos /r r r rR s C C C s s s C kκ φ π ς ς= + + − +    (3.48) 

The range of mesh phase φ  increases to 2π . The critical mesh phases for the extrema of 

the fundamental resonance are ( )2 1ς ς π−  and ( )2 1 1ς ς π− + . Similar analysis of 
3R�  

yields the critical mesh phase for the extrema of the second-harmonic resonances as 

( )2 1ς ς π− , ( )2 1 1ς ς π− +  and ( )2 1 1/ 2ς ς π− ± . Figure 3.13b shows the influence of mesh 

phase with different contact ratios predicted by the perturbation analysis. The mesh 

phases leading to extrema of peak amplitudes are changed by the differing contact ratios. 

The impacts of mesh phase on the fundamental and subharmonic resonances are shifted 

by / 2π  compared to the case 
1 2 1.5ς ς= = . The impact of mesh phase on the second-

harmonic resonances is the same as the case 
1 2 1.5ς ς= =  because the difference of 

contact ratio causes a shift of π . 



 95 

 

0 0.2 0.4 0.6 0.8 1
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

φ/π 

ω=1/2+εσ 

ω=1+εσ

ω=c+εσ 

ω=c/2+εσ ω=2+εσ 

P
e
a
k 

a
m

p
lit

u
d
e
 in

d
ic

a
to

r
(a)

 

0 0.5 1 1.5 2
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

φ/π 

ω=1/2+εσ 

ω=1+εσ

ω=c+εσ 

ω=c/2+εσ ω=2+εσ 

P
e
a
k 

a
m

p
lit

u
d
e
 in

d
ic

a
to

r

(b)

 
Figure 3.13: Influence of mesh phase on DTE by perturbation analysis with parameters in 

Table 3.1 and FE mesh stiffnesses (a) 
1 2 1.5ς ς= = ; (b) 

1 1.2ς =  and 
2 1.7ς = .  
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Figure 3.14: Influence of the second mesh contact ratio on DTE with parameters in Table 

3.1 ( 0φ = ) and rectangular-wave mesh stiffnesses by perturbation (a) 0φ = ; (b) φ π= . 
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The different contact ratios not only contribute to the phase difference but also 

affect the amplitudes of the mesh stiffness harmonics. To set aside the complexity from 

corner contact the rectangular wave mesh stiffnesses are used here. Firstly, 0φ =  and 

1 1.5ς =  are fixed while 
2ς  varies between 1 and 2. In view of (3.13) and (3.45), the 

influence of 
2ς  on the fundamental resonance is 

 ( )
1/ 2

2 2 22 2
3 1 1 2 2 1 1 2 2 2

1 1

(2 )sin / 2r r r rR s C s C s C s C πς
 Λ Λ

= + + 
Λ Λ 

 (3.49) 

The indicator is symmetric about 
2 1.5ς = . For the first mode, 

2 2
2 2 1 1 2 2

1 1

(2 )r r rs C s C s C
Λ Λ

+
Λ Λ

 is positive. It is negative and the magnitude is less than 

2 2

1 1rs C  for the second mode. Thus, the first fundamental resonance is maximized at  

2 1.5ς =  and minimized at 
2 1ς =  or 2, while the second fundamental resonance is 

minimized at 
2 1.5ς =  and maximized at 

2 1ς =  or 2. Similar analysis can be applied to 

the second-harmonic and subharmonic resonances. The analytical prediction in Figure 

3.14a shows the sensitivity of contact ratio on the resonant indicators; these predictions 

have been validated against numerical results. Surprisingly, high contact ratio does not 

always reduce the resonant amplitude. For example, at the second fundamental 

resonance, the amplitude of contact ratio 2.0 is higher than contact ratio 1.5. This is 

because the two mesh variations cancel each other for 2 1.5ς = , while the second mesh 

variation is zero and no cancellation is provided for 2 2ς = . Subharmonic resonance 

occurs for the whole range of 
2ς  because 3 2Q > Γ . 
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For a second example, the mesh phase is set as π  and 
1 1.5ς = . The influence of 

2ς  

simplifies to 

 ( )
1/ 2

2 2 22 2
3 1 1 2 2 1 1 2 2 2

1 1

(2 )sin / 2r r r rR s C s C s C s C πς
 Λ Λ

= − − 
Λ Λ 

 (3.50) 

For the first mode, 2 2
2 2 1 1 2 2

1 1

(2 ) 0r r rs C s C s C
Λ Λ

− >
Λ Λ

 and its magnitude is less than 

2 2

1 1rs C . It is negative for the second mode. Therefore, the first fundamental resonance is 

cancelled by the two mesh excitations while the second fundamental resonance is 

strengthened by the two mesh excitations. As shown in Figure 3.14b, the first one is 

maximized at 2 1ς =  or 2 and minimized at 2 1.5ς = . Contrarily, the second one is 

minimized at  2 1ς =  or 2 and maximized at 2 1.5ς = . Similar analysis can be applied to 

the second-harmonic and subharmonic resonances. The sensitivity of the second-

harmonic resonance on 2ς  is the same as 0φ =  because the mesh phase π  leads to a 2π  

phase shift. Note the important fact that the subharmonic resonance disappears for the 

whole range of 
2ς  because 

3 2Q ≤ Γ . 

3.3.5 Torque Impact 

With the assumption that changes in the applied torque within a reasonable range 

do not change the mesh stiffness peak-peak value or the operating contact ratio, the 

dimensionless dynamic responses near resonances are 

 1 1 2 2 2 cos( )    1  2j j j jr ry s F s F s c r orα τ γ= + + − =  (3.51) 

where α  satisfies the frequency response expressions (3.31), (3.35), and (3.37), which 
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are independent of the external torque. Therefore, most dimensionless nonlinear 

characteristics, such as the transition frequencies, peak frequency, peak amplitude, and 

stability boundaries, are invariant for different torques. The physical dynamic responses 

1 1/j j jx x y Ty k= = , however, depend linearly on the external torque. This implies that the 

dimensional frequency response curves scale proportionally with torque. As an important 

and counter-intuitive consequence, contact loss persists even at high torques. 
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CHAPTER 4                                                                        

NONLINEAR DYNAMICS OF COUNTER-SHAFT 

GEARSETS 

This chapter studies the nonlinear, parametrically excited dynamics of counter-shaft 

gear systems. A nonlinear dynamic model is established for counter-shaft gears including 

parametric excitation and contact loss. The periodic steady state solutions are obtained by 

perturbation analysis and compared against a semi-analytical harmonic balance method 

as well as numerical integration for fundamental, subharmonic and second harmonic 

resonances with varied system parameters. The interaction of the two meshes is found to  

depend on the relation of the two mesh periods. The dynamic influences of design 

parameters, such as shaft stiffness, mesh stiffness variation, contact ratio, and mesh 

phasing, are discussed based on the closed-form solutions. 
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4.1 Introduction 

Prior research of gear dynamics yields a variety of mathematical gear models which 

are reviewed in [21-23]. Three different lumped-parameter models are evaluated against 

finite element (FE) analysis in [83]. A model with time-varying mesh stiffness is used in 

[62] to analytically study nonlinear idler gear dynamics. Interaction between the two 

meshes is found to be critical to nonlinear gear dynamics. Analytical models with 

periodically-varying mesh stiffnesses for two-stage (counter-shaft) gear systems are 

found in [19, 26, 49]. A model with periodic static transmission error (STE) excitation is 

adopted for two-stage helical gear systems in [11]. Only the mean value of mesh stiffness 

is considered in the stiffness matrix, and the mesh stiffness variation is implicitly 

included in the STE. Special finite element (FE) gear models combined with contact 

mechanics are developed and gain success on dynamic analysis in the past [5, 8, 55, 84]. 

The studies on counter-shaft gear systems (Figure 4.1) are much fewer than for 

single gear pair systems. The complexity of counter-shaft systems lies not only in the 

increased number of gear bodies but, more importantly, the interactions between the 

multiple gear meshes compared to single mesh gear systems. Parametric instability 

analyses are discussed in [19, 32]. The mesh phasing (phase between the fluctuating 

mesh stiffnesses of the two meshes) and contact ratio interaction are claimed to be 

influential to instability boundary when the ratio of the two mesh frequencies are close to 

an integer multiple. Dynamic coupling in two-stage gear systems are studied in [23, 49, 

85], where the impact of shaft flexibility between the two middle gears is focused. The 

work in [86] discusses coupled lateral-torsional vibration of a two-stage gear train system. 
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The analytical solution of linear response is obtained when the multiples of mesh 

frequency equals to natural frequency. It is concluded that adopting an adequate phase or 

contact ratio can avoid some resonances of the system. The nonlinear dynamics of idler 

and counter-shaft gearsets is investigated in [26]. Mesh phasing and contact ratio are 

found to impact gear dynamics for both types of gearsets. 

The past studies on counter-shaft gearsets rely primarily on numerical integration 

solutions. The numerical solutions, however, provide limited physical understanding, and 

the conclusions are often valid for a certain group of parameters. The harmonic balance 

method and perturbation analysis on a gear pair are discussed in [37, 87]. To get closed-

form expressions, only the first harmonic of mesh stiffness is included in the harmonic 

balance method. The piece-wise linear solution in the perturbation analysis leads to the 

semi-analytical solution. Complex nonlinear, time-varying problems of counter-shaft gear 

systems make analytical methods difficult. There is no readily useful closed-form 

solution available for counter-shaft gearsets to predict nonlinear dynamics and conduct 

parametric studies. Furthermore, the interactions between counter-shaft gear meshes and 

how to utilize the interactions for vibration reduction have not been explored.  

In this study, the nonlinear and time-varying analytical model includes key design 

parameters such as mesh stiffness variation, mesh phasing, and contact ratios. The 

dynamic model is compared to a finite element/contact mechanics benchmark. With 

appropriate assumptions, the present work seeks analytical approximations for the 

periodic steady state solutions. Perturbation yields closed-form expressions that connect 

the important design parameters to the characteristics of the nonlinear resonances (e.g., 
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bifurcation frequencies and peak amplitude). Based on these expressions, this work 

discusses the interplay between the two meshes with different mesh periods, mesh 

stiffness variations, and contact ratios, examining their impact on nonlinear response for 

fundamental, secondary, and subharmonic resonances. The effects of system parameters 

on the amplitude and characteristic features of the nonlinear resonances are studied 

analytically and confirmed with numerical integration, harmonic balance, and finite 

element solutions. The closed-form expressions provide guidelines for vibration 

reduction by tuning design parameters. 

 
Figure 4.1: Translational-rotational model of counter-shaft gear systems. 

4.2 Modeling and methodology 

A two-stage counter-shaft gearset is shown in Figure 4.1. The input gear (pinion) 

meshes with a middle gear coaxially connected with another middle gear that transmits 

power to the output gear. The two middle gears are either connected by a shaft or made 

from one part. The mesh frequencies of the two gear meshes are different. The fluctuating 
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stiffnesses of the tooth meshes as contact conditions change lead to parametric 

excitations, and clearances of the gear meshes create contact loss nonlinearity. 

4.2.1 Physical System Model and Assumptions 

4.2.1.1 Assumptions and nomenclature 

The number of gear teeth and base radii are 1 4z −  and 1 4r − , where gears 1, 2, 3, and 4 

are the pinion, the two middle gears, and the output gear, respectively. Only gear 

rotational vibrations 1 4ψ −  are considered. Mesh phasing is considered instead of the 

angular orientation of the gear centers, so the gear centers are aligned without loss of 

generality.  

Parametric excitation is introduced by the time-varying mesh stiffness 
j

k  (mesh 

index 1, 2j = ) that includes the flexibility of the gear bodies and teeth. The periodic 

mesh stiffness is calculated by a finite element/contact mechanics method, whose 

effectiveness and efficiency for multi-mesh gear dynamics are discussed in [5, 8, 55, 88]. 

The gear teeth separate (i.e., contact loss) when the mesh deflection is negative due to 

backlash. Backside tooth contact is not included because it is rare for systems with proper 

gear load and backlash. Gear tooth profile deviations are not included in this study. 

Constant external torques 1 4Q −  are applied to each gear with 2 3 0Q Q= = , in general. rk  

is the rotational stiffness of the middle shaft. Rotational stiffnesses of the input and 

output shafts are not considered, but they can readily be included if appropriate. To 

remove the rigid body mode, elastic motions are introduced as 

 
1 1 1 2 2 2 2 2 3 3 3 2 2 3     ( )      ( )x r r x r r x rψ ψ ψ ψ ψ ψ= + = − + = −  (4.1) 
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where 
1,2x  are dynamic transmission errors (DTE) and 

3x  is the relative rotation between 

the two middle gears. 

4.2.1.2 Mathematical model 

A three-DOF nonlinear dynamic model is derived in terms of the elastic motions as 

 ˆ ˆ ˆ( , )jtωMX + K X X = F�� �  (4.2) 

 1 2 3 1 1 2 2 2 3
ˆ ˆ=[ , , ] ; ( , , ); [1, / , 1]

T

sx x x Diag H k H k k F r r= = −X K F  (4.3) 

where K  is the stiffness matrix with contact loss nonlinearity and mesh stiffness 

parametric excitations; the tooth separation functions are ( )
1 0

0 0

j

j j

j

x
H x

x

≥
= 

<
; 1 1/F Q r=  

is the contact force of the first mesh; and the mesh frequency jω�  denotes passing 

frequency of gear teeth for mesh j . The two mesh frequencies satisfy 

2 1 3 2/ /z zω ω ρ= =� � .  

Letting jk  and K be the mean values of jk  and K , respectively, the eigenvalue 

problem of Eq. (4.2) is ( )2 ˆ
s sλ− =K Μ v 0� � . The modal matrix is [ ]1 2 3=V v v v	 	  

normalized such that T =V ΜV I . The average static transmission errors (STE) are 

1 1/x F k=  and 
2 2 3 2/( )x Fr r k= .  

Let jΓ  ( 1, 2j = ) be the peak-peak values of the mesh stiffnesses. The 

dimensionless mesh stiffness variations are /j j jkε = Γ . 1jε <  and this yields the small 

perturbation parameters. 0.5ε <  according to prior studies [19, 89].  
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The periodic mesh stiffnesses ( )
j

k t  are expanded as  

 

( ) ( )

( ) ( )

1 1

2 2

1 1 1 1 1

1 1

2 2 2 2 2

1 1

. . 1 . .

. . 1 . .

im t im t

m m

m m

im t im t

m m

m m

k k e c c k e c c

k k e c c k e c c

ω ω

ω ω

κ ε κ

κ ε ξκ

∞ ∞

= =

∞ ∞

= =

 
= + + = + + 

 

 
= + + = + + 

 

∑ ∑

∑ ∑

� �

� �

�

�

 (4.4) 

where 
1ε ε= , 

2 1/ (1)Oξ ε ε= = , 1
1

1

(1)m
m O

κ
κ = =

Γ

�
, 2

2

2

(1)m
m O

κ
κ = =

Γ

�
, and . .c c  denotes 

complex conjugate of previous terms. 

 

Figure 4.2:  Mesh phasing for two rectangular-wave mesh stiffnesses of counter-shaft 

gear systems. 

A phase relation exists between the same contact reference state for the two mesh 

stiffnesses of a counter-shaft gearset. Without loss of generality, consider two 

rectangular-wave mesh stiffness approximations as in Figure 4.2. The number of gear 

teeth in contact at mesh 1 changes from 1 1N +  to 1N  at the end of mesh period 1T , where 
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j
N  is the largest integer smaller than the contact ratio 

j
ς . The tooth number of the 

second mesh decreases from 2 1N +  to 2N  at an instant 2 /(2 )Tφ π  before the end of mesh 

period 2T , where φ  is the mesh phasing determined by the angle of gear centerlines and 

gear tooth geometry [61]. The selection of the reference state (e.g., reduction from 1jN +  

to jN  contacting teeth) does not affect the phase. For example, the pitch points could 

also be used. 

The complex Fourier coefficients of the mesh stiffnesses in Figure 4.2 are 

 

( )

( ) ( )

( )

( ) ( )

1 1

22

1
1 1 1 1

2
2 12 2

1
sin sin

1
sinsin

im im

m m

imim

mm

m e m e
m m

m em e
mm

πς πς

πς φπς φ

κ πς κ πς
π π

κ πςκ πς
ππ

− −

− −− −

Γ  
= − = −  

⇒ 
Γ   = −= −

 

�

�

 (4.5) 

where m  is the harmonic order. The total phase difference between the Fourier 

coefficients 1mκ�  and 2mκ�  includes the stiffness shape difference (as captured by the 

contact ratio) and the time difference for the same contact state (i.e., the mesh phasing).  

Gear resonance with nearly harmonic response [5, 8, 48, 55, 90] occurs when a 

mesh frequency or integer multiple of mesh frequency is close to a natural frequency or a 

particular multiple of natural frequency. The large amplitude response due to parametric 

instability causes nonlinear contact loss that bounds the vibration. In practice and from 

numerical simulations for most parametric resonances, one contact loss occurs in each 

response cycle. Thus, the tooth separation functions 
jH  are rectangular waves in a cycle. 

The separation times jq  (where jH =0) are assumed to be small fractions of the response 
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period ( 2 /jq π Ω�� , where Ω�  is fundamental frequency of response), and this is borne 

out in finite element simulations and numerical integration. Consequently, 

 ˆ1                     1,2j jH H jε= + =  (4.6) 

The tooth separation angles are defined as / 2j jqθ = Ω�  ( / 1jθ π < ). 

4.2.1.3 Dimensionless model formulation 

Two quantities are chosen to non-dimensionalize the equations: the first natural 

frequency 
1λ  and the average first mesh STE 

1x . The dimensionless quantities are 

 22
1

1 1 1 1 1

, , , , , , /( )        1,2,3
j s s

j s s s

x k
t y c Fc s

x k

ω λ
τ λ ω η

λ λ λ

Ω
= = Ω = = = = = =F F� �

� � �

��
� �  (4.7) 

The dimensionless governing equations in modal form (with the transformation y = Vu ) 

are  

 
3

2 2

1

     1,2,3s s s s s sp p s s

p

u c u c u f u c F sεµ ε
=

+ + + = =∑� � � � � � � �
�� � �  (4.8) 

 ( )1 2

1 1 1 2 2 2 1 1 1 2 2 2

1

ˆ ˆ. . ( ) ( )
M

im im

sp s p m s p m s p s p

m

f v v e v v e c c v v H v v H
ω τ ω τκ η κ η

=

= + + + +∑ u u� � � � �  (4.9) 

where 2 /µ ζ ε=  captures the small modal damping ζ  and sF�  is the component of 

T
V F� . The functions spf �  include the mesh stiffness parametric excitations and nonlinear 

tooth separation of the two meshes. 

4.2.2 Perturbation Analysis 

The method of multiple scales [66] is adopted to seek approximate analytical 

solutions for (4.8). The unknown dynamic responses 
s

u �  are approximated by asymptotic 
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power series ( )n

s
u �  in ε , and τ  is expanded into multiple time scales n

n
τ ε τ= . The 0ε  

and 1ε  order differential equations (where /n nD τ= ∂ ∂ ) are 

 2 (0) 2 (0) 2

0        1, 2,3s s s s sD u c u c F s+ = =� � � � �
�  (4.10) 

 
3

2 (1) 2 (1) (0) (0) (0)

0 0 1 0

1

2s s s s s s sp p

p

D u c u D D u c D u f uµ
=

+ = − − −∑� � � � � � �  (4.11) 

4.2.2.1 Frequency response of fundamental resonances 

Case 1: j scω ≈ , and zρ ≠  or 1/ z  ( z  is an integer) 

In this case, one of the two mesh frequencies is near a natural frequency. From 

(4.10), the leading order solutions for j scω εσΩ = = +  (σ  is the detuning) are 

 ( ) ( )0 0 1(0)

1 1. . . .       1,2,3sic i i

s s s s s s su F A e c c F B e c c B A e s
τ τ σττ τ Ω −   = + + = + + = =   
�

� � � � � � �
� (4.12) 

where the complex amplitude 1( )

1( )
i

sA e
β τα τ= . To avoid simultaneous parametric, or 

internal, resonances 2 12c c≠ , 3 22c c≠ , and 3 12c c≠ . 

Substitution of (4.12) into the right hand side of (4.11) yields the solvability 

conditions to prevent secular terms causing unbounded, aperiodic response 

 2 2 2

1 1 2 2

1

ˆ ˆ2 ( ) 0    s
s s s s s s

A
i c c A v H v H A s sµ η

τ

∂
+ + + = ≠

∂
�

� � � � � �
�  (4.13) 

 ( ) 1

3
2 2 2

1 1 2 2 1 1

11

ˆ ˆ2 ( ) /
is

s s s s s js jp p j j

p

A
ic ic v H v H A v v F k e k

στµ η κ
τ =

∂
+ + + = −

∂
∑  (4.14) 

where only the first harmonic of 
jk  is retained. While (4.13) is nonlinear because 

1,2Ĥ  

depend on 
sA� , 0sA =�  is an asymptotically stable fixed point. The steady state 
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( 0α β′ ′= = ) response of (4.14) yields 0sA ≠ . From y = Vu  and (4.12), the first order 

solutions for the DTE are 

 
3 3

(0)

0

1 1

2 cos( )  j jp p jp p js

p p

y v u v F v α τ γ
= =

= = + Ω −∑ ∑  (4.15) 

where 
1γ στ β= −  is the response phase. Vanishing of the DTE delineates tooth contact 

and tooth separation. Thus, the condition 0jy =  defines the period of tooth separation, 

and this yields the separation angles as 

 

( ) ( )

( ) ( )

3
1

1

3
1

1

cos / 2 0

cos / 2 0

jp p js js

p

j

jp p js js

p

v F v if v

v F v if v

π α

θ

α

−

=

−

=

  
− − >  

  
= 

 
− < 
 

∑

∑
 (4.16) 

jy  and ˆ
jH  are in phase and have the same periodicity, so the periodic ˆ

jH  in (4.6) are 

expanded as 

 

( )

( )

1

0

2

0

ˆ . .

ˆ . .

in in

n

n

in in

n

n

H h e e c c

H g e e c c

γ τ

γ τ

∞
− Ω

=

∞
− Ω

=

= +

= +

∑

∑
 (4.17) 

 

1 2
0 0

1 2

1 2

, ,

sin ( ) sin ( )
,     1, 2,    0

sin sin
,     1, 2,    0

n n js

n n js

h g

n n
h g n if v

n n

n n
h g n if v

n n

θ θ

πε πε
π θ π θ

πε πε
θ θ

πε πε

= − = −

− −
= = = >

= − = − = <

�

�

 (4.18) 

where the Fourier coefficients 0h , 0g , nh  and ng  are (1)O  and depend implicitly on the 

as yet undetermined amplitude.  
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Substitution of (4.17) and (4.18) into (4.14) for steady 
sA  ( 0α γ′ ′= = ) yields the 

solvability condition 

 

( )

( )

2

3

31 2

1
0 sin

2

cos
0

2 2 2

s

s

c R

RR R
c

α µα γ

γ
γ σ

α α

′  = = − + + Θ 

+ Θ
′ = = − − −

 (4.19) 

 ( ) ( )

( )

2 2

1 1 1 1 1 2 2 2 2

3 3

2 1 1 1 2 2 2

1 1

3

3 1

1

(sin cos ) / (sin cos ) /

sin / sin /

/

s s

s p p s p p

p p

js jp p j j

p

R v v

R v v F v v F

R v v F k

θ θ θ π η θ θ θ π

θ π η θ π

κ

= =

=

= − + − +

= +

=

∑ ∑

∑ �

 (4.20) 

After eliminating γ + Θ  ( Θ  is the phase angle of the comples 1jκ  in (4.4)) from 

(4.19) and using j scω εσ= +  and 2 /µ ζ ε= , the perturbation solutions for the frequency 

response are 

 
2 2 2 4

1 2 3

1
4 1, 2

2
j s s

s

c R R R c j
c

ω α ζ α
α
 = + + ± − =
  

 (4.21) 

1,2R  are functions of jθ  and determine the backbone curves of the softening nonlinearity 

solution branches. The solution branches with 0jθ =  (i.e., 1,2 0R = ) have no contact loss 

and represent linear, parametrically excited response. Nonlinear solutions emerge when 

tooth separation starts and one of the 0≠jθ .  

The initiation of contact loss is indicated by 0jy =  in (4.15), from which the 

amplitude at which contact loss occurs at mesh j is computed. The corresponding mesh 

frequency is given by (4.21) with ( )CL

jα α= . Thus, for the resonance 
j s

cω ≈  
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 (4.22) 

The maximum resonance amplitude occurs when the square root term in (4.21) vanishes, 

i.e.,                                                           

 ( )

3 /(2 )P

sR cα ζ=  (4.23) 

All quantities in (4.22) and (4.23) are known explicitly because 3R  depends on mesh 

stiffness variations and vibration modes.  

For zρ ≠  or 1/ z , the peak amplitude and contact loss initiation frequencies 

depend only on the mesh stiffness variation of the mesh driving the resonance (mesh j ). 

The other mesh stiffness excitation does not affect these features. This does not mean, 

however, that the system can be studied by two single mesh gear pairs because of three 

reasons. First, the DTE of the mesh not driving the resonance is strongly excited by the 

resonant mesh j , according to (4.15). Secondly, the mean and amplitude of the DTE of 

mesh j  in (4.15) are affected by vibration modes that are not captured in the single mesh 

pair systems. Finally the important backbone curves of the softening nonlinearity solution 

branches determined by 
1,2R  in (4.20) include tooth separations from both meshes. 

The steady state solutions are the equilibria for the solvability conditions (4.19). 

The stabilities are determined by the eigenvalues χ  of (4.19) linearized about the 

equilibria. The eigenvalues satisfy  
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 2 0χ µχ+ + Γ =  (4.24) 

where Λ  is a continuous function of α  and σ  whose projection on the α σ−  plane is 

the frequency response function. The solutions are unstable for 0Λ < , i.e., there exists a 

Re( ) 0χ > , and stable for 0Λ < . Thus, the roots of Λ  are bifurcation points, and one can 

prove that these roots are the points of the frequency response curve with vertical 

tangents in the α σ−  plane ( 0
d

d

σ

α
= ). Accordingly, 0Λ <  (unstable) between the two 

tangent points, and 0Λ >  (stable) otherwise. This results in jump or hysteresis 

phenomena at the bifurcation points.  

Case 2: j scω ≈ , and zρ =  or 1/ z  

When 
j scω εσ= + , the other mesh frequency satisfies /l j zω ω=  or 

l jzω ω= . The 

perturbation solutions from a procedure similar to that above are given by (4.21) with 
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 (4.25) 

where 1,2R  are given in (4.20) and 2z =  is considered later. The peak resonant amplitude 

and mesh frequencies at which contact loss starts are still given by (4.23) and (4.22).  

From (4.25), mesh interaction, as captured in the important quantity 3R , occurs if 

the non-resonant mesh frequency lω  satisfies /l j zω ω= . The first harmonic of mesh j  

and the thz  harmonic of the other ( thl ) mesh jointly drive the resonance; this alters the 

resonance peak shape, peak amplitude, and contact loss initiation frequencies through 
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3R . The two terms in 3R  for this case give the separate contributions from mesh j and 

mesh l excitations. Depending on the contact ratios and mesh phasing between complex-

valued 1jκ�  and lzκ�  as well as the vibration modes, these two mesh excitations can 

counteract or reinforce to each other to affect 3R . The coefficient weighting of these two 

terms is impacted heavily by the modal deflections of the two meshes. Although it is 

typical that 
1j lzκ κ>� � , the influence from the non-resonant mesh can be significant for 

resonance in modes where mesh l  dominates. 

4.2.2.2 Frequency response for subharmonic resonances 

Case 1: 2j scω ≈ , and zρ ≠  or 1/ z  

When 2
j s

cω εσ= + , subharmonic resonance with dominant response frequency 

/ 2j scωΩ = ≈  is excited. The amplitude-frequency relationship for these period 2 jT−  

solutions are 

 
( )

2 2 4

1 2 4

2

4 1

1 1
2 4
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c R R R c
c c

R v k
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κ
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= �

 (4.26) 

From (4.26), the two frequencies 
2 2 4

42 4 /j s s sc R c cω ζ= ± −  for no contact loss 

(
1 2 1 2 0R Rθ θ= = = = ) are the boundaries of primary parametric instability; they can be 

calculated from linear system analysis that predicts theoretically unbounded period- 2 jT  

response for mesh frequencies in this interval [19, 62]. Eqn. (4.26), however, gives the 

bounded nonlinear amplitude in this region as a result of contact loss. The instability 
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interval 
2 2 4

42 4 /s sR c cζ−  depends on mesh stiffness variation of mesh j , the vibration 

modes and damping; note that it is independent of the torque, so high loads do not reduce 

the mesh frequency range where large amplitude response occurs. Unlike the 

fundamental resonance, the two nonlinear solution branches do not converge to form a 

peak at this order of perturbation (occurs when square root in 4R  vanishes). 

Case 2: 2j scω ≈ , and zρ =  or 1/ z  

When 2j scω εσ= + , the other mesh frequency satisfies /l j zω ω=  or l jzω ω= . 

The frequency response solutions are given by (4.26) with 
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= >

� �

�
 (4.27) 

where even z in the first of (4.27) and z=2 in the second are discussed later. For 
l jzω ω=  

( 2z > ), there is no interaction from the non-resonant mesh. For /l j zω ω=  the two 

meshes interact for subharmonic resonance. The first harmonic of mesh j  and the th
z  

harmonic of the other ( th
l ) mesh jointly drive the resonance, and the two terms in 4R  

indicate the strength of contribution from these two resonant sources. The contact ratios 

and mesh phasing significantly affect if theses sources counteract or reinforce each other. 

The coefficient weightings have different character than for fundamental resonance in 

(4.25); the fundamental resonance coefficient depends on applied torque through pF , but 

the subharmonic resonance contribution from mesh l is independent of torque. 
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4.2.2.3 Frequency response for combined fundamental and subharmonic resonances 

For j sz cω ≈  and 2l scω ≈  (giving 2l jzω ω= ), mesh l parametrically excites a 

subharmonic resonance of the th
s  mode simultaneously with the fundamental resonance 

of the same mode from the th
z  harmonic of mesh j. The frequency response relations are 
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 (4.28) 

Compared to (4.25) and (4.27), combined fundamental and subharmonic resonances 

occurs in (4.28). There are three excitations driving the resonances in 5R  of (4.28): the 

th
z  harmonic of mesh j driving fundamental resonance; the th(2 )z  harmonic of mesh j 

and the st1  harmonic of mesh l jointly driving subharmonic resonance. Note that 5R  

depends on α  because of the combined effects. For linear (no contact loss) response with 

small amplitude ( 1/ 1α � ), the solution is dominated by the fundamental resonance 

component. Compared to discontinuous increase in the linear response of subharmonic 

resonance of (4.27), the amplitude of response in (4.28) increases continuously when 

mesh frequency gets close to the resonant frequency, and the ensuing amplitude leads to 

tooth separation and nonlinear solution. The nonlinear solution is dominated by the 

subharmonic component (1/ 1α � ), and 2 2

5 (2 ) 1/ /js j z j ls l lR v k v kκ κ≈ +� �  that is similar to that 

of (4.27). Thus, the two nonlinear solution branches do not converge to form a peak at 
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this order of perturbation. The contact loss initiation amplitude is the same as in (4.22), 

and ( )CL

jω  is changed according to (4.28). 

4.2.3 Harmonic Balance Method with Arc-Length Continuation 

To provide numerical comparisons for the perturbation solutions, the harmonic 

balance method combined with arc-length continuation is used to identify complete 

solution branches near the nonlinear resonances. This method is applicable to both weak 

and strong nonlinearities, although it can experience numerical convergence problems.  

The periodic solutions are expanded in Fourier series and the sinusoidal functions 

are discretized by N  points in a period 2 /T π= Ω . The unknown [ ]s=U u  is the Fourier 

coefficients of 
sy . G  is the discrete Fourier series transformation matrix; L  is the right 

inverse of G ; M
�

, C
�

, and f  are the discrete Fourier expansions of mass, damping 

matrix, and load vector; and K�  is the discretization of nonlinear, time-varying mesh 

stiffness matrix. Following [62], the dimensionless governing equation is formulated into 

the algebraic equation ready for the Newton-Raphson iteration followed as. 

 ( )( , )ℜ Ω = Ω Ω2U MA + CB U + GKLU - f
��

�  (4.29) 

For period pT−  ( p  is an integer) response, Ω  satisfies 
1 2 2 3/ /p z zω ωΩ = = , 

where 
3 2/z zρ = . This implies the response period is 

2pz  times the first mesh period and 

3pz  times the second mesh period. The number of harmonics of U  should be no less 

than 
2 3max( , )z z  to include both mesh frequencies. Smooth hyperbolic tangent functions 

1 tanh( ) / 2jy +   are used to approximate the tooth separation functions jH . The mesh 
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stiffnesses 
1,2k  are expanded by Fourier series in pT  time span and discretized into the 

vector 1,2κ . The elements for 1,2κ  are 
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 (4.30) 

where ,j ma  and ,j mb  are known Fourier coefficients. 

To follow periodic solution branches as Ω  varies, the continuation method expands 

the unknown vector to be { }T T= Ωa U . The Newton-Raphson iteration is 
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 (4.31) 

where . /  is the element-by-element dividing operation;  ,< • • >  is inner product; J  

denotes the Jacobian matrix of the residual ℜ  in (4.29); 1−J  is the pseudo-inverse; 

superscript p  and subscript q  are the frequency and iteration number. The iteration 

reaches the steady state periodic solution when 
1

p p

q q+ −a a  is less than a specified 

tolerance. 
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The continuation method is applied to get the first guess of the next iteration. The 

first guess of a new solution along the equilibrium path is given as 1

0

p p d+ = +a a s  ( ds  is 

an arclength). The direction of arclength is along the tangent plane of the current solution.  

4.3 Results and Discussion 

4.3.1 Evaluation of the Mathematical Model Against Finite Element Benchmark 

An example counter-shaft system is listed in Table 4.1.  

 Pinion Middle 1 Middle 2 Gear 

Number of teeth 51 72 19 73 

Modulus (mm) 1.405 1.405 2.2175 2.2175 

Face width (mm) 22.5 29 20 20 

Inertias zJ  ( 2kg m⋅ ) 0.01837 0.03531 0.00071 0.1740 

Contact ratio 1.60 1.70 

Mean mesh stiffness (N/m) 94.24 10×  93.45 10×  

Mesh phasing φ  0.257 

 Torque zT  ( N m⋅ ) 100 0 0 -258.4 

Table 4.1: Parameters of the example countershaft gearset for FE model validation. 

A FE model is built for this gearset to compare with the analytical model. The shaft 

connecting the middle gears is assumed rigid. The mesh stiffnesses used by the analytical 

model are obtained from static analysis of the FE model. Root-mean-square (RMS) 

values of DTE are shown in Figure 4.3; in all results the mean values are subtracted prior 

to computing the RMS. The RMS of DTE representing frequency response function 

agrees well with the analytical model solved by numerical integration. Nonlinear jump 

phenomena from contact loss occur in certain resonances. Different mesh stiffness, 

contact ratios, shaft stiffness, and mesh phasing are used in the following analysis. 
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Figure 4.3: Comparisons of RMS dynamic transmission errors between the analytical and 

finite element models for the counter-shaft gear system in Table 4.1 (○  FE dynamic 

transmission error of the first mesh; −  Analytical dynamic transmission error of the first 

mesh; �  FE dynamic transmission error of the second mesh; -*- Analytical dynamic 

transmission error of the second mesh).  

4.3.2 Comparisons of Analytical and Numerical Solutions 

The second example counter-shaft system is chosen for the analytical studies with 

rectangular mesh stiffnesses defined by jk , jε , jς , and φ . The default system 

parameters are 56.35 10rk = ×  N-m/rad, 8

1 2.98 10k = ×  N/m, 1.08η = , 
1,2ε =0.3, 

5.121 == ςς , 0φ = , 3 / 5ρ = , and ζ =0.04. The dimensionless natural frequencies 
s

c  

are 1, 2.34, and 3.29. The three modes have the dominant modal energy in 3y  (middle 

shaft), 2y  (mesh 2), and 1y  (mesh 1), respectively. Frequency response of the system is 

analyzed by perturbation, harmonic balance, and numerical integration methods. 
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4.3.2.1 Comparisons of frequency response for 3/ 5ρ =  

The RMS of 1y  calculated by the three methods are compared in Figure 4.4a. Two 

numerical methods (integration and harmonic balance) are in good agreement, 

benchmarking perturbation analysis. From (4.23) and 3R  in (4.20), the resonances at 

mode 3 (mesh 1 dominates) tends to be excited by mesh 1. As shown in frequency-

response of 1y  in Figure 4.4a and spectra in Figure 4.4b, the fundamental and 

subharmonic nonlinear resonances of mode 3 occur near 1 3 3.29cω = =  and 

1 32 6.58cω = = . The perturbation solution agrees well with numerical results at the 

fundamental resonance that shows classic jump phenomena at the bifurcation points.  

For fundamental resonance, minimum frequency component of the response is the 

least common factor of two mesh frequencies because the response frequency includes 

the components 1 2M Nω ω ω= ±  ( M , N  are arbitrary integers). The fundamental 

frequency is 1 2/ 5 / 3fω ω ω= =  in Figure 4.4b for ρ =3/5. If 2z  and 3z  ( 2 3/z zρ = ) have 

no common factors, fω  is the shaft frequency. For subharmonic resonance, the 

fundamental frequency is a half of the least common factor of two mesh frequencies. 

1 /10
f

ω ω=  is for the subharmonic resonance in Figure 4.4b, for example. The dominant 

spectral component is 3.29 that is a half of 1ω . 
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Figure 4.4: Comparison of RMS of the first mesh dynamic transmission error for  ρ=3/5 

and other parameters with default values of the second example system; (a) frequency 

response (  stable perturbation;  unstable perturbation;  harmonic balance; 

− −○  numerical integration); (b) waterfall plot from numerical integration. 
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At subharmonic resonance, the harmonic balance method gives almost the same 

solutions as perturbation for the two linear branches (orthogonal to the frequency axis), 

but it indicates presence of a resonance peak, a bifurcation point where stable upper 

branch and unstable lower branch meet. The perturbation solution branches, however, do 

not converge to the resonance peak. The numerical integration cannot capture the two 

linear solution branches. It shows jump phenomena (for both up sweep and down sweep) 

at the two frequency boundaries in (4.26) and jump-down phenomenon (only presence 

for down sweep) at the peak.  

Although the analytical expression (4.26) cannot directly predict the peak amplitude, 

it correlates the peak amplitude with the instability interval width predicted in (4.26). 

Figure 4.5 shows the correlation between instability interval width and peak amplitude 

for the subharmonic resonance near 1 32cω = . The sensitivity of the subharmonic 

resonance on the contact ratio, mesh stiffness variation, and modal damping, are 

examined by harmonic balance method. The instability interval and peak amplitude have 

linear relation for contact ratio and mesh stiffness variation. A parabolic relation appears 

for modal damping. The peak amplitude and instability width decrease with increasing 

contact ratio, increasing modal damping, and decreasing mesh stiffness variation, 

respectively. The subharmonic resonance disappears at critical points (e.g., 0.225ε = ). 

As shown in Figure 4.5, the distance between two adjacent data points increases when 

approaching the critical points, i.e., the three parameters become more sensitive on peak 

amplitude and instability interval. 
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Figure 4.5: Correlation of peak amplitude and instability interval width for subharmonic 

resonance with 1 32cω = , 3/ 5ρ =  and other parameters having default values of the 

second example system except for: �  0.028 0.037ζ≤ ≤ , ε =0.35, * 0.225 0.350ε≤ ≤ , 

○  
11.50 1.75ς≤ ≤ . 

Figure 4.6 shows the comparison of 2y  RMS by the three methods. The two 

numerical methods (integration and harmonic balance) agrees well. Consistent with the 

vibration mode, the fundamental resonance of 2 2cω ≈  (near 1 2 / 3.9cω ρ= = ) dominates 

in 
2y  frequency response curve. The perturbation solution agrees well with numerical 

results at this resonance that shows classic jump phenomena. The other two nonlinear 

resonances (
1 3.29,  6.58ω = ) are fundamental and subharmonic of mode 3 excited by 

mesh 1. Although these resonances are purely excited by mesh 1, they show up in 
2y  

response because of the vibration mode. 
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Figure 4.6: Comparison of RMS of the second mesh dynamic transmission error for 

 ρ=3/5 and other parameters with default values of the second example system; (  

stable perturbation;  unstable perturbation;  harmonic balance; − −○  numerical 

integration). 

4.3.2.2 Comparisons of frequency response for 1/ 2ρ =  

Figure 4.7 shows the comparison of 
1y  RMS for perturbation and numerical 

integration methods. Nonlinear fundamental and subharmonic resonances are found near 

1 3.29ω =  and 1 6.58ω = , respectively. The comparison at the fundamental resonance is 

good. The fundamental resonance near 1 3.29ω =  is excited by the first harmonic ( 11κ� ) of 

mesh 1 and the second harmonic ( 22κ� ) of mesh 2. There is a combination of subharmonic 

( 11κ�  and 22κ� ) and fundamental ( 21κ� ) resonances at 1 6.58ω = . The perturbation prediction 

on linear solution branches (dominated by the fundamental component in (4.28)) and 

instability interval (defined by the two points where linear branches change to nonlinear 

branches) agrees well with numerical integration. As discussed in (4.28), the linear 
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solution branches are not parallel lines because of the fundamental resonance 

contribution from mesh 2. No jump down phenomenon occurs for up sweep in this case. 

The nonlinear solution branches of perturbation are still open and the resonant amplitude 

is correlated with the instability interval as similar to the discussion on Figure 4.4. 

Summarizing, the perturbation solution of frequency response is obtained for 

counter-shaft gearsets. The numerical comparisons show that the closed-form expressions 

are effective to predict the nonlinear resonances. The expressions include most design 

parameters such as mesh phasing, contact ratio, mesh stiffness variations, damping, and 

vibration modes. 

 
Figure 4.7: Comparison of RMS of the first mesh DTE for  ρ=1/2 and other parameters 

with default values of the second example system (  stable perturbation;  

unstable perturbation; ○  numerical integration sweep down; •  numerical integration 

sweep up). 
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Figure 4.8: Sensitivity of vibration modes to stiffness of the middle shaft for the counter-

shaft gear system in Table 4.1,  1λ ,   2λ , and  3λ . 

4.3.3 Dynamic Influences of Key Design Parameters 

4.3.3.1 Impact of coupling shaft stiffness on vibration modes 

The perturbation analysis shows that the shaft stiffness between the two middle 

gears is not explicitly included in the closed-form expressions. According to (4.3), the 

shaft stiffness, however, affects the vibration modes that explicitly participate in the 

perturbation solutions.  
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Figure 4.9: Mesh forces at fundamental resonances for default system parameters (  

first mesh;  second mesh); (a) resonance at 1 3cω ≈ ; (b) resonance at 2 2cω ≈ . 
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Figure 4.9 shows the sensitivity of vibration modes on the shaft stiffness for the 

example counter-shaft gear system in Table 4.1. The shaft stiffness has significant impact 

on vibration modes. A critical shaft stiffness (e.g., 61 10×  /N m rad− ) separates two 

limit cases. For shaft stiffness much lower than the critical value, the three modes have 

decoupled 
3y , 

2y , and 
1y , respectively. The two meshes act like two single mesh gear 

systems. For shaft stiffness much higher than the critical value, the modes change to two 

gear modes with two mesh deflection coupled and a shaft mode. For shaft stiffness 

around the critical value, coupled mesh motions and shaft rotations occur in all three 

modes. Thus, by tuning the shaft stiffness, one can change the mode properties and 

change the mesh interactions, if there is any. For instance, the shaft stiffness can affect 

/js lsv v  to increase or decrease the mesh interaction in 5R  from (4.28). 

4.3.3.2 Tooth separation 

From (4.22) and (4.23), nonlinear solution (i.e., contact loss) occurs when peak 

amplitude is greater than the contact loss initiation amplitude jα .  For the third mode 

fundamental resonance, only the first mesh loses the contact as depicted in Figure 4.9a 

because ( )1 3 2/ sR cα µ α< < , but the initiation amplitude of the second mesh is higher 

than the peak amplitude and contact loss is not activated for the second mesh. Contact 

loss occurs for each mesh cycle (mesh 1) and there are five contact losses for each period 

of response. For the second mode fundamental resonance, ( )2 3 1/ sR cα µ α< < , which 
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implies that only the second mesh loses contact as shown in Figure 4.9b. There are three 

contact losses for each response period.  

4.3.3.3 Impact of mesh stiffness variations on resonant peak amplitude 

To analytically study the second example system with, the rectangular mesh 

stiffnesses are defined by key analytical quantities as mean jk , variations jε , contact 

ratios 
j

ς , and mesh phasing φ .  The impact of these quantities on the resonance peak are 

given by combining (4.5), (4.20), and (4.25)-(4.28) as  
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where ( )
3

1

j jp p

p

w v F
=

=∑ , ( )
3

1

l lp p

p

w v F
=

=∑ , 1 0φ = , 2φ φ= , j scω ≈  in (4.32), 2j scω ≈  in 

(4.33), and 5 II
R  is the value at the bifurcation point. The peak amplitudes of 

fundamental and subharmonic resonances are determined by 3 /(2 )sR cζ , 

2 2 4

4 4 /s sR c cζ−  and 
2 2 4

5 4 /s sII
R c cζ− , respectively. For the first case in (4.32) and 

(4.33) and the case in (4.34), the quantities of two mesh stiffness excitations are coupled 

together through vibration modes. The square of peak amplitude has quadratic form of 

j
ε . The quantities are decoupled in the third case, and the peak amplitude of fundamental 

resonance is a linear function of jε ; the square of subharmonic peak amplitude is a 

parabolic function.  

The impact of mesh stiffness variations jε  on the peak amplitude of 2y  at the 

fundamental resonance 
2 2cω ≈  is examined on the second example system by numerical 

integration method. 
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Figure 4.10: Impact of two mesh stiffness variations on the amplitude of the fundamental 

resonance for 2 2cω ≈ , 1ς =1.7, 2ς =1.6, ζ =3%, and φ =π ; (a) ρ =3/5; (b) ρ =1/2. 
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Figure 4.10a shows sensitivity of the peak amplitude on 
j

ε  for 3 / 5ρ = . As 

predicted by case 2 of (4.32), the peak amplitude is linear function of 2ε  and not affected 

by 1ε . Figure 4.10b shows sensitivity of the peak amplitude on jε  for 1/ 2ρ = . From 

case 1 of (4.32), the first harmonics of both mesh stiffnesses contribute to the resonance. 

For the example system, 1 2 0w w > , 12 22 0v v < , and 13 23 0v v > . Mode 2 is dominated by the 

second mesh deflection, i.e., 12 22v v< . With 
1 1.7ς = , 

2 1.6ς = , and φ π= , case 1 of 

(4.32) is simplified as  

 ( ) ( )
2 2 2

3 22 2 2 12 1 1 12 22 1 2 1 20.29 0.21 0.48R v w v w v v w wε ε ε ε= + +  (4.35) 

The peak amplitude increases with 1,2ε . It is more sensitive to 2ε  than 1ε , i.e., the 

gradient along 2ε  axis is greater than the gradient along 1ε  axis in Figure 4.10b. Note 

that mesh phasing can change the interaction between two meshes. In two limit cases, 
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ε ε
πς πς π φ φ

π π

ε ε
πς πς π φ φ

π π

    
+ − − − =    
   

= 
    − − − − = −      

(4.36) 

where two mesh contributions are added together or cancel to each other. The sign of 

vibration modes also affects the mesh interaction. Similar discussion can be made to the 

fundamental resonance ( 1 3cω ≈ ) that is dominated by the first mesh deflection. The first 

harmonic of mesh 1 and the second harmonic of mesh 2 contribute to excite the 

resonance. The peak amplitude is more sensitive to 1ε  than 2ε  for case 1 of (4.32).  
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Figure 4.11: Impact of two mesh stiffness variations on the amplitude of the subharmonic 

resonance for 1 3cω ≈ , 1ς =1.7, 2ς =1.6, ζ =3%, and φ =π ; (a) ρ =3/5; (b) ρ =1/2. 
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The sensitivity of peak amplitude on 
j

ε  for subharmonic resonance in case 2 of 

(4.33) is shown in Figure 4.11a. The amplitude is only affected by 1ε . The subharmonic 

disappears when 1ε <0.25. The amplitude linearly dependent on 1ε  when 1 0.25ε ≥ . The 

critical 1ε  for presence of subharmonic satisfies 2

4 2 sR cζ=  that gives 

 
2

3
1 2 2

13 1

2
0.2459

sin ( )

c

v

πζ
ε

ς π
= =  (4.37) 

The sensitivity of peak amplitude on 
j

ε  for subharmonic resonance in (4.34) ( 1z = ) is 

shown in Figure 4.11b. The amplitude is affected by both 1ε  and 2ε , and more sensitive 

to 1ε . The critical 1ε  for the presence of subharmonic is decreased to 0.225 due to the 

impact of 2ε . The critical 2ε  is 0.25. Again two mesh contributions could be added 

together or cancel to each other depending on mesh phasing. The constructive or 

destructive effects, however, do not depend on the sign of vibration modes, unlike the 

fundamental resonance. 

4.3.3.4 Impact of Contact ratios on resonant peak amplitude 

From (4.32) and (4.33), contact ratio contributes to the amplitude and phase of 

mesh stiffness harmonics. In case 2 of (4.32) and (4.33), the amplitude of resonance 

( j scω ≈  or 2 sc ) varies with contact ratio j   in sinusoidal forms, and the amplitude is 

independent of the contact ratio of the other mesh. The variation is qualitatively 

consistent with the expression in case 2 of (4.32). Minimum amplitude occurs for 1jς =  

and 2. As an example of case 1 of (4.32), the amplitude of the resonance 
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(
1 3cω ≈ , 1/ 2ρ = ) varying with two contact ratios are shown in Figure 4.12. With 

1 2 0.3ε ε= =  and φ π= , case 1 of (4.32) is simplified as 

 ( ) ( ) ( ) ( ) ( )( )2 2 2

3 1 2 1 2 2 10.1sin 0.04sin 2 0.07sin sin 2 cos 2R πς πς πς πς π ς ς= + + − (4.38) 

 
Figure 4.12: Impact of two contact ratios on the amplitude of the fundamental resonance 

for 
1 3cω ≈ , ρ =1/2, 

1 2ε ε= =0.3, ζ =3%, and φ =π . 

The amplitude is affected by both contact ratios but more sensitive to 1ς  than 2ς . 

The amplitude changes with 
1ς  in a similar way as ( )1sin πς  (it is, however, not in an 

exact sinusoidal form due to impact of the other modes and higher harmonics), but it is 

modulated by the impact of 2ς  in a similar way as ( )2sin 2πς . For 1 1ς =  or 2, 

( )
2 2

3 20.04sin 2R πς= . The amplitude in Figure 4.12 shows ( )2sin 2πς  wave form with 

maximum at 
2 1.25ς =  and 1.75 and minimum at 

2 1ς =  and 2. For 
1 1.2ς = , 
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4.3.3.5 Impact of mesh phasing on resonant peak amplitude 

One key parameter reflecting the interaction of multi-meshes is mesh phasing. For 

the first two cases in (4.32) and (4.33), mesh interactions occur. Figure 4.13 shows the 

impact of mesh phasing on the amplitudes of different resonances for 1/ 2ρ =  by 

numerical integration. The amplitude is dictated by 3R  in case 1 of (4.32). The phase 

angle ( )2 12 2πς πς φ− −  controls the interaction of the two mesh stiffness variations. By 

tuning mesh phasing φ , one can reduce or increase the amplitude of certain resonance. 

The waterfall plot of dynamic response 2y  shows that the mesh phasing has different 

impact on resonances. For the example system, the amplitude of mode 1 is minimized at 

0.75φ π=  ( 11 21 0v v <  and ( )2 1cos 2 2 1πς πς φ− − = ) while the amplitude of mode 2 is 

maximized at 0.75φ π=  (
12 22 0v v > ).  

On the other hand, two meshes do not interact to each other for case 2 in (4.32) and 

(4.33). For example, mesh phasing (non-dimensionlized by 2π ) has no effect at the 

dynamic response for the example system with 3 / 5ρ = .  
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Figure 4.13: Impact of mesh phasing on the amplitude of response for ρ =1/2, 

1 2ε ε= =0.3, 1 1.7ς = , 2ς =1.6, and ζ =3%. 
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CHAPTER 5  

IMPACT OF TOOTH FRICTION AND ITS BENDING 

EFFECT ON GEAR DYNAMICS 

This chapter examines the influences of tooth friction on parametric instabilities 

and dynamic response of a single-mesh gear pair. A dynamic translational-rotational 

model is developed to consider a gear tooth bending effect from tooth friction together 

with other previously known contributions of tooth friction and mesh stiffness 

fluctuation. An iterative integration method and perturbation analysis examine parametric 

instabilities arising from these factors. The included effects of time-varying friction 

moments about the gear centers and friction-induced tooth bending are critical to 

parametric instabilities and dynamic response. The impacts of friction coefficient, 
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bending effect, contact ratio, and modal damping on the stability boundaries and the 

nonlinear dynamic response are discussed. 

5.1 Introduction 

In the various treatments of the gear mesh characteristics in the numerous 

mathematical gear models found in the literature [21, 22, 91], most models neglect the 

dynamic contribution of tooth friction compared with mesh forces normal to the tooth 

surface. Parametric excitation from variable mesh stiffness and geometric deviations of 

tooth surfaces are usually treated as the dominant sources of gear vibration [10, 13, 19, 

29]. Recently, tooth friction was demonstrated as an important factor in gear dynamics. 

Velex and Cahouet [92] analyze tooth friction in spur and helical gear dynamics. The 

comparison between simulated and measured bearing forces reveals the potentially 

significant contribution of tooth friction to gear vibration. The importance of tooth 

friction to structure-borne vibration of helical gear systems and to vibration reduction of 

gears with minimal static transmission error is discussed in [40, 41]. Vaishya and Houser 

[42] demonstrate the powerful influence of tooth friction on the vibro-acoustic 

performance of gears.  

Due to the involute shape of gear teeth, the mesh contact undergoes rolling and 

sliding, resulting in sliding friction force normal to the line of action. Variable friction 

coefficients are applied in studies of gear wear and power efficiency. The coefficient of 

friction is a function of sliding velocity, surface roughness, lubrication film, contact load, 

temperature, etc. Theoretical friction coefficients are derived from elasto-hydrodynamic 
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lubrication and tribology theory [93-95]. The experimental works in [42, 92, 96], 

however, show that a constant friction coefficient is acceptable for dynamic analysis. The 

measured dynamic friction loads show friction coefficients of approximately 0.04 to 0.06 

[96]. Benedict and Kelley’s empirical equation shows the coefficient of friction varies 

between 0.03 to 0.1 [97]. The value of 0.1 and even values as high as 0.2 are commonly 

used in gear dynamics [18, 43, 44, 47, 92]. 

The effects of tooth friction include moments about the gear centers from friction 

forces perpendicular to the line of action (affecting gear rotations), excitation of off-line-

of-action gear translations, nonlinear dependence of friction on the sliding velocity, and 

energy dissipation. Iida et al. [98] examine time-varying tooth friction using a simplified 

dynamic model with friction as excitation and damping. Hochmann [99] focuses on the 

periodic external excitation from tooth friction while assuming constant mesh stiffness. 

Gunda and Singh [43] and Vaishya and Singh [18, 47] present dynamic rotational 

models. The sliding mechanism is formulated based on dynamic mesh force, and the 

friction term appears with time-varying parameters. Parametric excitation also results 

from variable mesh stiffness that causes instability and severe vibrations at certain mesh 

frequencies [19, 20, 31-33, 71]. Vaishya and Singh [18] apply Floquet theory to their 

dynamic rotational model to study parametric instabilities from variable mesh stiffness 

and tooth friction.  

Previous works focus on models having only rotational degrees of freedom, where 

the only contributions from tooth friction are moments about the gear centers. Friction 

force, however, also affects gear tooth bending [100], which has not been previously 
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examined for gear dynamics. This paper develops and analyzes a dynamic translational-

rotational model admitting this additional contribution of tooth friction (bending effect) 

as well as gear translations. The model includes this friction bending effect combined 

with time-varying friction force orthogonal to the line of action, time-varying mesh 

stiffness, and contact loss nonlinearity. The friction bending effect is shown to be 

important for instability and dynamic response of gear mesh deflections. Parametric 

instabilities and quasi-periodic response due to friction and modal interactions are 

studied. An iterative numerical method based on Floquet-Liapunov theory and Peano-

Baker series is proposed for stability analysis. This method is evaluated against a well-

known numerical method. Furthermore, perturbation analysis is conducted to find 

approximate solutions that predict and explain the numerical parametric instabilities. The 

predicted instabilities occur in practical gears as resonance-like vibration near the mesh 

frequency and particular multiples of mesh frequency that are close to natural frequencies 

in combination. The large response triggers tooth separation nonlinearity that bounds the 

vibration. The effects of time-varying friction moment and friction bending effect are 

found to be critical for combination instabilities and certain single-mode instabilities. The 

impacts of friction coefficient, bending effect, contact ratio, and modal damping on 

stability boundaries are revealed. Finally, the bending effect of tooth friction on nonlinear 

dynamic response is discussed and validated by finite element (FE) results. 
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5.2 Tooth Bending Effect of Friction Force 

The elastic deflection of a pair of loaded gear teeth consists of deflection of the 

tooth as a cantilever beam, gear body flexibility, and Hertzian contact compression. The 

normal contact force and tangential friction force both contribute to tooth bending. Tooth 

bending deflection for mesh force along the line of action is studied as a non-uniform 

cantilever beam in [100]. Extending that derivation to include friction perpendicular to 

the line of action gives the total deflection of a pair of loaded gear teeth as 

 1, 1,

cos sin sin cos1 1c c s c c c s c
i i

r r

g g g g
W N f

EI k EI k

ϕ ϕ ϕ ϕ   − −
= + + +   
   

 (4.39) 

where 
1,iN  and 

1,if  are contact and friction forces of tooth pair i , respectively; 
cϕ  is the 

pressure angle at the current mesh position; EI  denotes tooth bending rigidity; cg  and 

sg  are tooth geometric factors based on parameters defined in [100]; and rk  is the 

effective rotational stiffness of the gear flank as reduced from [100], which is assumed 

the same for both forces. Although the compliance for 1,iN  is softer than that for 1,if , 

they are of the same order.  

To demonstrate the significance of the friction bending effect, a pilot study static 

analysis is conducted on a pair of spur gears in Figure 5.1a. Gear 1 is loaded with torque 

1T  and gear 2 is fixed. The equilibrium conditions yield the resultant contact and friction 

forces 
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where 1,2r  denotes gear base radii; z  is the number of tooth pairs in contact; iv , iµ  and il  

are sliding velocities, friction coefficients and friction force moment arms (Figure 5.1b), 

respectively; and 1, 1/i iN Nα =  are load sharing factors between the z  tooth pairs. The 

contact force of tooth pair i is 1i Nα  and the friction force is 1i i Nµ α  according to 

Coulomb friction.  

The friction moments about the gear centers depend on the position of the contact 

points. The moment arms of friction forces 1,if  in Figure 5.1a are shown in Figure 5.2a. 

The difference between the two moment arms is a base pitch and 
0 1 tanrρ ϕ= , 

1 0 12 rρ ρ πγ= − , and 
2 0 12 ( 1)c rρ ρ π= + − , where ϕ  is the pressure angle at the pitch 

point and c  is the contact ratio. γ  denotes the position in a mesh period where double-

tooth contact starts. 
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Figure 5.1: (a) Mesh forces. A and B are contact positions of the two tooth pairs; (b) 

Dynamic model of two gears with tooth friction. 

Contact force variations results from the friction force. These variations relative to 

the frictionless condition are 
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( ) / ,     ( )
z z

i i i i i i i

i i

T
N N N sgn v l r f N sgn v

r
µ α µ α

= =

∆ = − = ∆ = −∑ ∑  (4.41) 

where 1N  is greater than the nominal contact force 1 1/T r  when contact occurs in the 

approach region ( ( ) 1isgn v = ) where the sliding makes gear 1 approach gear 2. On the 

other hand, 
1N  is smaller than the nominal force when contact occurs in the recess region 

( ( ) 1isgn v = − ) where the sliding acts to separate gear 1 from gear 2. In practice, 
1/ 1il r <  

implying 1 1N f∆ < ∆ . From (4.39) and (4.41), mesh deflection variation due to tooth 

friction is 1 1/ /m fbW N k f k∆ = ∆ + ∆ , where mk and fbk  are the mesh stiffness and friction 

bending stiffness, respectively, which are reciprocals of the compliances in (4.39). W∆  

includes the impact of friction moments and the bending effect of friction forces. Note 

that the traditional analytical mesh deflection variation is 1 / mW N k∆ = ∆ , which only 

considers the moments of friction forces. 

 Pinion Gear 

Number of teeth 38 55 

Modulus (mm) 2.54 2.54 

Base radius (mm) 45.35 65.64 

Inertias 
i

I  ( 2kg m⋅ ) 2.62e-3 3.27e-3 

Mesh parameters 2.98 8 N/mk e= , 1 100T Nm= , 

1.4c =  0.6α = , 0.28γ =   

Table 5.1: Parameters of example gears. 
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Figure 5.2: (a) Moment arms of two friction forces; (b) Mesh stiffnesses of gear tooth 

pairs including friction bending effect (  the first tooth pair;  the second pair). 
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A specialized finite element (FE) program is used to benchmark the analytical 

model. The FE model uses detailed contact analysis including Coulomb friction and 

careful tracking of the tooth contact kinematics. Its main features and validation against 

nonlinear gear vibration experiments are outlined in [5, 8, 88].  

Variations of mesh deflection of the gear pair in Table 5.1 and 1 2 0.1µ µ µ= = =  

obtained by FE and analytical predictions are shown in Figure 5.3. Significant differences 

emerge from the friction bending effect. For a contact ratio less than two, there is a pair 

of gear teeth engaged from mesh period 0 (pitch point) to 0.84. Another gear pair starts 

contact from 0.1 to 1. For single-tooth contact in the recess region (mesh period ∈(0 0.1]), 

1 1 1 1 1/ 0N l N rµ∆ = − <  such that 2W mµ∆ ≈ −  when the friction bending effect is 

neglected. The bending effect of friction force 1 1 1 0f Nµ∆ = > , however, increases the 

mesh deflection by about 0.5 mµ . Combining the effects of friction force moment and 

bending, 1.5W mµ∆ ≈ − . The mesh deflection variation from the friction bending effect 

is 25% of the variation from the friction moment alone. For single-tooth contact in the 

approach region (mesh period ∈ (0.84 1]), 1 2 2 1 1/ 0N l r Nµ∆ = >  such that, without the 

friction bending effect, 1.75W mµ∆ ≈ , which has smaller magnitude than in the recess 

region due to 1 2l l>  (Figure 5.2a). The bending effect of friction force 1 2 1 0f Nµ∆ = − <  

decreases the mesh deflection by about 0.5 mµ , similar to the recess region because 1f∆  

is the same for the recess and approach regions. Combining the effects of friction force 

moment and bending, 1.25W mµ∆ ≈ . The mesh deflection variation from the friction 
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bending effect is 28% of the variation from friction moment. Thus, the effect of friction 

force moment and bending are significant for mesh defection in the single-tooth contact 

region.  Note that pure rolling occurs at the pitch point (mesh period=0) such that 

1 1 0N f∆ = ∆ =  and 0W∆ = . The mesh deflection and friction force are discontinuous at 

the pitch point due to the discontinuity of sliding velocity direction. For the double-tooth 

region (mesh period ∈ (0.1 0.84]), ( )1 2 2 2 1 1 1 1 1/ 0N l l r Nµ α µ α∆ = − ≈  and 0W∆ ≈ . In 

addition, ( )1 1 1 2 2 1 0f Nµ α µ α∆ = − ≈  due to the cancellation from two tooth pairs. Thus, 

the effect of friction force is negligible in this area. This may not be the case in dynamic 

analysis, however. 

Summarizing, the contribution of tooth bending caused by friction to static mesh 

deflection is comparable to that from the friction force moment. The static analysis 

example shows that friction moments lower the STE in the recess region of single-tooth 

contact and increase the STE in the approach region of single-tooth contact. The friction 

bending effect, however, counteracts the STE variations arising from the friction moment 

in the static case. Thus, the combined effect of friction moment and friction bending on 

the STE variation (relative to the frictionless case) is destructive and so the individual 

effects are less evident in measured STE. As will be shown, the combined effect in the 

dynamic case is more complex, however, and can be destructive or constructive 

depending on the modal properties. The interaction between this friction bending effect 

and other time-varying parameters is important to the stability and dynamic response. 
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Figure 5.3: Mesh deflection variation comparisons for gears in Table 5.1 and 

1 100T =  N-

m ( : FE µ =0.1; : analytical result with friction bending and µ =0.1; : 

analytical result without friction bending and µ =0.1). 

5.3 Mathematical Model 

5.3.1 Modeling of Friction Bending Effect 

For involute gear teeth, variation of mesh stiffness and tooth friction are the only 

excitations in this work. In contrast to existing gear models that treat gear meshes as one 

elastic element even when multiple tooth pairs are in contact, this study models each 

tooth pair as a separate elastic element, and they are connected in parallel. Although the 

number of tooth pairs in contact varies as the gears roll, by assigning zero mesh stiffness 

for the tooth pair out of contact there are always ( )Z ceil c=  pairs of teeth in contact 
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during a mesh period, where c  is the contact ratio and ( )ceil c  gives the smallest integer 

greater than c .  

Mesh stiffness usually reflects the linear relation between normal load and mesh 

deflection. As discussed above, however, the bending effect of friction forces gives rise 

to pronounced impact on mesh deflection. In other words, applying the same normal load, 

the mesh deflections are different for friction and frictionless conditions. This 

contribution from friction bending can be included in an effective mesh stiffness. 

Substituting (4.40) into (4.39) and isolating 1,/ iW N , the mesh stiffness of tooth pair i  

including the effect of friction bending is 

 

1

1,

1 ( ) 1 ( )

sin cos /
, ( ) 1

cos sin /

i i i i i i i

i

c c s c r
i i

c c s c r
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k k sgn v k sgn v
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g g EI k
sgn v

g g EI k

βµ βµ

ϕ ϕ
β βµ

ϕ ϕ

−
   = = − ≈ +   

− +
=

− +

� �� �

� � �

 (4.42) 

where β�  is the ratio of compliances of the two forces in (4.39), 
ik�  is the mesh stiffness 

without friction, and ik  is the effective mesh stiffness with friction. β�  is less than 1 and 

varies periodically over a mesh cycle. The mean value of β�  is used in this study.  

From (4.42), the effective mesh stiffness is affected by the compliance ratio, 

friction coefficient and dynamic sliding velocity from nominal gear speed and gear 

vibration. The effect of the vibratory velocity, however, is negligible compared to the 

nominal velocity 
1 1 1, 2,(tan tan )

i i i
v r ϕ ϕ= Ω − , where 

1Ω  is the nominal rotation speed of 

the input gear and ,z iϕ  is the pressure angle of tooth i of gear z [18, 47]. Low contact ratio 
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gears ( 2c < ) are considered in this study such that 2Z = . For the mesh cycle shown in 

Figure 5.2, the pitch point is at zero, and the tooth pair in contact from mesh period 0 to 

1c γ− + , defined as the first tooth pair, is in the recess region ( 1( ) 0sgn v < ). The second 

tooth pair engages from γ  to 1 and it is in the approach region ( 2( ) 0sgn v > ).  

Defining k  as the mean value of frictionless mesh stiffness and ε  as the ratio of 

peak-peak to mean value of the mesh stiffness, the frictionless mesh stiffnesses are 

1 [1 (1 )]k k cε= + −�  and 2 0k =� for segment 1 (indicated in Figure 5.2b), and 1 0k =�  

2 [1 (1 )]k k cε= + −�  for segment 3. In segment 2, two tooth pairs share the gear load such 

that 1k�  decreases linearly from [1 (2 )]k cα ε+ −  to (1 ) [1 (2 )]k cα ε− + −  and 2k�  increases 

from (1 ) [1 (2 )]k cα ε− + −  to [1 (2 )]k cα ε+ − , where α is the load sharing factor at mesh 

period γ . α  is approximated by the ratio of the static load of tooth pair 1 to the resultant 

tooth load, which is calculated by FE analysis. Note that 
1 2 [1 (1 )]k k k cε+ = + −� �  for 

single-tooth contact and 1 2 [1 (2 )]k k k cε+ = + −� �  for double-tooth contact.  

The quasi-static frictional mesh stiffnesses shown in Figure 5.2b are found by 

substituting the above 
ik�  into (4.42). The mesh stiffnesses normalized by k  are 

 

[ ]

[ ] [ ]

1 1 2

1 2 3 2 3 2

2 3

1 2

Segment 1:  / (1 ) 1 (1 ) ,    0

Segment 2: /  varies linearly from  to , /  varies linearly from  to 

                  (1 ) 1 (2 ) , (1 )(1 ) 1 (2 )

Segment 3: 0,    /

k k c k

k k k k

c c

k k

κ β ε

κ κ κ κ

κ α β ε κ α β ε

= = − + − =

= − + − = − + + −

= [ ]4 (1 ) 1 (1 )k cκ β ε= = + + −

(4.43) 
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where β βµ= �  is the friction bending factor. The frictional mesh stiffnesses in segments 

1 and 3 are reduced and increased by β , respectively, due to the friction bending effect. 

The mesh stiffnesses of high contact ratio gears ( 2c > ) can be treated in a similar way. 

5.3.2 Dynamic Model of Gear Pair with Tooth Friction 

Referring to Figure 5.1a, the dynamic normal forces ,z iN  and friction forces ,z if  act 

at the mesh positions A and B. Elasticity of each tooth pair is captured by the variable 

mesh stiffnesses 1,2k  in Figure 5.1b. To visually emphasize the parallel connection of 

stiffnesses for the individual tooth pairs, each elastic mesh element is artificially shifted 

slightly in the x  direction. The normal forces and mesh stiffnesses, however, are actually 

collinear along the line of action. The gear translations are constrained by bearings with 

lateral stiffnesses xzk  and yzk . 1,2J  are polar moments of inertia. 1,2θ  are vibratory gear 

rotations. 1T  and 2T  are the input torque and load, respectively. The 6-DOF equations of 

motion can be derived by Newtonian or Lagrangian methods. Dynamic transmission error 

(DTE) 
1 1 2 2u r rθ θ= +  is introduced to remove the rigid body mode. The governing 

equations in matrix form are 
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[ ]

[ ]( )

[ ] [ ]

2 2

1 1 2 2 1 2 2 1 1 2

1 1 2 2 1 1

1

1
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, , , , , /( )

, , , , , / ,0,0,0,0

0 00 0

0 0 0 00 0

0 0,0 0 0 0 0

0 0 0 00 0

0 00 0 0 0 0

e e

T T
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x
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x

m m
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k k kL L L
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k k k k

kL L L
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µ µ µ

µ µ µ

= = +

= =

−− 
 − − 
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 

− 
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Mx + Cx + L(x) + K(x) x = F

M

X F

L K

�� �

( )( )

[ ]

2

1 2

1

1

1 1 1, 2,

1
1 2 1 22

1

/ 1 / ( )

( )

(tan tan )

( ) ( )

m y

Z

m i i i i i

i

Z

i i i

i

i i i i

i i i

Z

m i i

i

k

L l r D l r sgn v k

L sgn v k

v v r

sgn u y y g sgn u y y g B

k k

µ

µ η η

µ

ϕ ϕ

=

=

=

 
 
 
 
 
 
 + 

 = + − − Γ 

= Γ

≈ = Ω −

Γ = + − − + + − − +

= Γ

∑

∑

∑

  (4.44) 

where mL  and Lµ  include the contributions of tooth friction on rotations and off-line-of-

action translations, respectively; 2 2 2

1 2 2 1 1 2/( )r J r J r Jη = + ; 
1 1,tani il r ϕ=  are moment arms 

of the friction force 1,if  with respect to the center of gear 1; ( )1 2 tanD r r ϕ= +  is the 

length of the line of action; B  is the gear backlash; the tooth separation function 

{ }1,0, 1iΓ ∈ −  determines the existence of drive-side contact (+1), contact loss (0) or 

backside contact (-1); and ig  is the tooth surface deviation, which is taken as zero in this 

study. The constant matrix C  is determined from a modal damping ratio ζ  whose 

fluctuation has no significant impact on parametric excitation [101]. 
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The governing equation (4.44) is a group of nonlinear, time-varying (NTV) 

differential equations. Parametric excitations are included in L  and K from the time-

varying friction moment arms il  and mesh stiffnesses ik  modified by the friction bending 

effect. 

 Substitution of k  for mk  in K  yields K . The eigenvalue problem for the linear 

time-invariant form of (4.44) averaged over a mesh cycle is 2

n n nφ ω φ=K M  where 

/(2 )n nf ω π=  are natural frequencies. The normalized vibration modes are  

 
1 3 5

4 2 5 4

[ ,0, ,0, ]   1,2,3

[0, ,0,0,0] , [0,0,0, ,0]

T

n n n n

T T

n n

nφ φ φ φ

φ φ φ φ

= =

= =
 (4.45) 

where nrφ  are elements of the thn  vibration mode. Rotational modes ( 1, 2,3n = ) have 

coupled motions of u , 1y , and 2y . Translational modes ( 4,5n = ) only have off-line-of-

action translations 
1x  and 

2x . 

To examine the parametric instabilities, we take 1iΓ =  (contact loss occurs only 

after onset of large vibration). Equation (4.44) becomes a linear, time-varying (LTV) 

model with periodic, piecewise linear parametric excitations in a mesh period T . The 

mesh stiffnesses and moment arms vary in each of three segments in a period (Figure 5.2). 

Combining (4.43) and (4.44),  the time-varying elements of L  and K are as follows.  

For segment 1 ( 0 1t t t≤ <  where 0 0t =  and 1t Tγ= ) 

 

[ ]
[ ]

1 1

2

1 0 1 1,0 1,1

(1 ) 1 (1 )

0 (1 ) 1 (1 )

  

m

m

k k k c k

k L c k

l r t L L L t

µ

κ β ε

µ β ε

ρ

= = − + −

= ⇒ = − + −

= + Ω = +

 (4.46) 
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For segment 2 (
1 2t t t≤ <  where 

2 ( 1)t c Tγ= + − )  

 

( )
( )

1 2 1 2 3

2 3 1 3 2 1

2

1 1 1 1 2,0 1 2,1 1 2,2

( )

( ) 2( )

( ) ( ) ( )

m

m

k k t t w k k

k k t t w L k t t w

l t t r L L t t L t t L

µ

κ κ κ

κ µ κ κ µ

ρ

= − − = +

= + − ⇒ = − + −

= + − Ω = + − + −

 (4.47) 

For segment 3 ( 2 3t t t≤ <  where 3t T= )  

 

[ ]
[ ]

1

2 4

1 2 2 1 3,0 2 3,1

0 (1 ) 1 (1 )

(1 ) 1 (1 )

( ) ( )

m

m

k k c k

k k L c k

l t t r L L t t L

µ

β ε

κ µ β ε

ρ

= = + + −

= ⇒ = + + −

= + − Ω = + −

 (4.48) 

where 2 3 3 2( ) /( )w t tκ κ= − − , Ω  is the mesh frequency, 1,p qL +  (segment index p =0,1,2) 

are coefficients that emerge from simplication of mL  (see Appendix A), and 0,1,2ρ  are 

defined previously in Figure 5.2b. 

Substitution of (4.46)-(4.48) into (4.44) yields different matrices L  and K  for each 

segment. These matrices, however, have the common form 

 
( ) ( )

( ) ( )

2

2
for 0

a p b p c

a p b p c

t t t t
t T

t t t t

= + − + −
≤ <

= + − + −

L L L L

K K K K

 (4.49) 

where , ,a b cL  result from substitution of 1,p qL +  and Lµ  into L . , ,a b cK  result from 

substitution of mk  into K . , ,a b cL  and , ,a b cK  are different for each segment due to 

variations of mesh stiffnesses and moment arms. For the rectangular shape mesh 

stiffnesses used in this work, 
, 0b c =K  for all segments, but that is not true for general 

stiffness variations. Note L  and K are periodic operators with period T .  

With substitution of (4.49), (4.44) is recast into homogeneous state-space form as 



 157 

 

 

( )
2

( ) for 0 ,     

, ( ) ( )T

a p b p c

t t T

t t t t

≤ <

 
= = + − + − 

− + − 
-1 -1

y = G y

0 I
y = [x, x] G G G G

M K L M C

�

�
 (4.50) 

where ( ) ( )t T t+ =G G . 

5.4 Parametric Instability 

5.4.1 Calculation of the State Transition Matrix 

According to Floquet-Liapunov theory [Richards, 1983 #27], the fundamental 

matrix ( )tΠ  comprised of a complete set of fundamental solutions for (4.50) satisfies 

0( )( ) ( ) t t
t t e

−= Q
Π P , where ( )tP  is a periodic function with period T , Q  is a complex 

constant matrix, and 0t  is the initial time. After one period T ,  

 0( )( ) ( ) ( )t T t Tt T t T e t e
+ −+ = + =Q Q

Π P Π  (4.51) 

where 1

0 0 0 0( ) ( ) ( , )Te t t T t T t−= + = +Q
Π Π Φ  is the state transition matrix or monodromy 

matrix. The stability of fundamental solutions is determined by the eigenvalues 
iλ  of the 

state transition matrix: 1iλ <  indicates stable solutions; 1iλ >  indicates unstable; and 

iλ = 1/1 m  for integer m  means period- mT  solutions.  

As discussed above, the LTV model is expressed as three polynomial matrix forms 

associated with the three segments of one period defined previously. The state transition 

matrix of the system is obtained by the state transition matrices of the three segments 

 
1 2 1 2( ,0) ( ,0) ( , ) ( , )T t t t T t=Φ Φ Φ Φ  (4.52) 

where 1

1 1( , ) ( ) ( )p p p pt t t t−
+ +=Φ Π Π . The state transition matrix for any segment with 
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1p p
t t t +≤ <  is expanded using Peano-Baker series [102, 103] as 

 

1 1 1

1 1 2

1 0 0 1 2 2 1

1 2 3 3 2 1

( , ) ( ) ( ) ( )

( ) ( ) ( )

p p

p p p

p

p p p

t t

p p p p p
t t t

t

p p p
t t t

t t t d t t d d

t t t d d d

τ

τ τ

τ τ τ τ τ τ

τ τ τ τ τ τ

+ +

+

+ = + − + − − +

− − − +

∫ ∫ ∫

∫ ∫ ∫

Φ I G G G

G G G �

 (4.53) 

Let i i ptτ τ= −�  such that, 

 
1 1

1
0

( ) ( ) ( , ) ( ,0)
i i p

p

t t t

i p i i i p p p
t

t d d t t hτ τ τ τ
− − −

+− = ⇒ =∫ ∫G G Φ Φ� �  (4.54) 

where 
1p p p

h t t+= − . Evaluation of the integrals in (4.53) and the polynomial form of G  

gives a recursive sequence for calculation of the state transition matrix as 
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h
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+

=
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 (4.55) 

where nT  denotes the sequence of terms in (4.53). 
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For comparison, a numerical integration method [78-80] is applied. The time span 

ph  is discretized into m  divisions, where i∆  is the time step of division i ( 1i it t t +< ≤ ) 

and iC  is the mean value of G  over a mesh cycle. Thus, 

 

( ) ( )

( )

2
1 1
2 !

1

3 3
2 1 1

0 1 2 0 1 2

( ,0)

1

2 3i

m
k

I p i i i i i ik

i

i i i i
i

i i

h I

t t t t
dτ τ τ

=

+ +

∆

 = + ∆ + ∆ + + ∆ +
 

+ −
= + + = + +

∆ ∆

∏

∫

Φ C C C

C G G G G G G

� �

 (4.56) 

The numerical integration method applies for arbitrary functions G . The recursive 

process applies only to G  having polynomial forms.  

To validate the recursive process and compare performance against numerical 

integration, an example system is selected as 

 [ ]( ) 0 ( 1)x a t nT b x nT t n T+ − + = ≤ < +��  (4.57) 

The stiffness term is a periodic sawtooth function. The fundamental and state transition 

matrices are [104] 

 
( ) ( )
( ) ( )

3/ 2
1/3 1/3

2 /3 2/ 3

2( )
( ) ,

3( ) ( )

at bJ at bJ at b
t

aat b J at b J

σ σ
σ

σ σ
−

−

 + + +
= = 

+ − +  
Π  (4.58) 

 1( ,0) (0) ( )B p ph h
−=Φ Π Π  (4.59) 
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Figure 5.4: (a) Comparison of Peano-Baker series solution with analytical solution; (b) 

Comparison of the integration method with analytical solution (a=-1,b=-1). 
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The relative error of the recursive process with respect to the analytical solution is 

examined in Figure 5.4a. There is a critical value cn  for a given ph  above which the error 

is insensitive to n  and the error is extremely small. The errors in the integration method 

shown in Figure 5.4b are higher than for the recursive process for comparable 

computation. Computation for the recursive process is slightly less than the integration 

method given 20n = , 200m = , and 0.5
p

h = .  

The recursive and numerical integration methods use Peano-Baker and exponential 

series expansions, respectively. Both have truncation errors. The truncation error of 

exponential series is smaller than Peano-Baker series for the same number of terms. The 

integration method, however, has additional discretization error. On the other hand, the 

computational demands of the recursive process increase significantly with the number of 

terms. In this study, the recursive process is more efficient than the integration method 

because a smaller number of terms provides the required accuracy. Overall, the recursive 

process has better accuracy and requires less computation than numerical integration for 

systems expanded as polynomial forms. 

5.4.2 Perturbation Approximation 

This study only considers small ratios of mesh stiffness variation to mean stiffness 

( 1ε � ), small damping ( 1ζ � ), and small coefficient of friction ( 1µ � ). The nonlinear, 

time-varying terms in (4.44) for gear pairs with 2c <  are linearized in these quantities as 
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2 1 2 1

2 2 2 1 2 1 2 1 1 1
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/
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L k k L L g k k
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L k r l r D l k r l r D l L

r r

µ µ µ

ε ε

µ ε

ε η η η η ε
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= − = ⇒ = −

   = + − − − + − − =   

� �

� �

�

 (4.60) 

where  /g µ ε=  denotes the ratio of friction to mesh stiffness variation. K� , Lµ
� , L� , and 

g  are (1)O . These time-varying functions are expanded in Fourier series as 

 

1

1

1

. .

. .

. .

is t

s

s

is t

s

s

is t

s

s

L g e c c

L g e c c

K e c c

µ χ

∞
Ω

=

∞
Ω

=

∞
Ω

=

= Λ +

= +

= Θ +

∑

∑

∑
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 (4.61) 

where 
sΛ , 

sχ  and 
sΘ  are known complex Fourier amplitudes. The symbol . .c c  

represents the complex conjugate of preceding terms. 

The associated operators are ε=L L�  and ε= +K K K� , where L� , K�  are obtained 

from substitution of mL ,  Lµ  and mk  into L  and K . Let [ ]nφ=φφφφ  be the modal matrix 

from (4.45). Applying the modal transformation x = uφφφφ , (4.44) is recast into modal 

coordinates as 

 ( )
5

2

1

2 0 1,2,3,4,5T T

n n n n n n r n r r

r

u u u u nεςω ω ε φ φ φ φ
=

+ + + + = =∑ L K� ��� �  (4.62) 

where / (1)Oς ζ ε= = . Using (4.45), T

n rφ φL�  and T

n rφ φK�  are 
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 (4.63) 

where nrD ∈
  is asymmetric and nr rnE E= ∈
  is symmetric. nrE  is the product of the 

mesh deflections in modes n  and r . 
nrD   is the product of rotational transmission error 

in mode n  and mesh deflection in mode r . Substitution of (4.63) into (4.62) yields 

 ( )
3

2

1

2 0 1,2,3n n n n n nr nr r

r

u u u D L E K u nεςω ω ε
=

+ + + + = =∑ � ��� �  (4.64) 

 
3

2

1

2 0 4,5n n n n n nr r

r

u u u D L u nµεςω ω ε
=

+ + − = =∑ ��� �  (4.65) 

Observing the upper limit of the sum in (4.64), the rotation modes 1, 2 and 3 are 

coupled together in (4.64) through time-varying friction moments and mesh stiffness. 

Strong interactions between these modes may lead to combination instabilities. These 

rotation modes are decoupled from the translation modes 4 and 5 in (4.64). The 

translation modes, however, are impacted by rotation modes in (4.65), although no 

coupling exists between the two translation modes.  

Applying the method of multiple scales, the solutions of (4.64) and (4.65) are 

expressed as 

 ,0 ,1( , ) ( , ) 1,2,3,4,5n n nu u t u t nτ ε τ= + + =�  (4.66) 



 164 

 

where tτ ε= . Substituting (4.66) into (4.64) and (4.65) and separating terms with the 

same power in ε  yields 

 2

,0 ,0 0 1,2,3,4,5n n nu u nω+ = =��  (4.67) 

 ( )
2 3

,0 ,02

,1 ,1 ,0
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∂ ∂
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∂ ∂ ∂
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∑ ���  (4.69) 

The general solutions of (4.67) are 

 ,0 ( ) . . 1,2,3, 4,5ni t

n nu A e c c n
ωτ= + =  (4.70) 

Substituting (4.61) and (4.70) into (4.68) yields  
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∂
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 (4.71) 

where an overbar means the complex conjugate. 

By letting p qs ω ω εσΩ = + +  ( , 3p q ≤ ), where σ  is a detuning parameter, two-

mode ( p q≠ ) combination instabilities or single-mode ( p q= ) instabilities of rotation 

modes are examined. Elimination of secular terms leading to unbounded response in 

(4.71) requires 

 ( )22 2 0
p i

p p p pq s pq s q

A
i i A D g E A e

στω ςω
τ

∂
+ + Λ + Θ =

∂
 (4.72) 

 ( )22 2 0
q i

q q q qp s qp s p

A
i i A D g E A e

στω ςω
τ

∂
+ + Λ + Θ =

∂
 (4.73) 
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The solutions of (4.72) and (4.73) are 

 ( )i

p p q qA a e A a e
λτ λ σ τ+= =  (4.74) 

where 
p

a , 
q

a  are complex constants and λ  are roots of the characteristic equation 

obtained from (4.72) and (4.73) such that 
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( )( )

1/ 2
2 2 21

( ) ( ) 2 ( )
2
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p q p q p q

pq s pq s qp s qp s

p q

i i

D g E D g E

λ ς ω ω σ ς ω ω σ ςσ ω ω

ω ω

 = − + + ± − − + − + Ψ 

Ψ = Λ + Θ Λ + Θ
 (4.75) 

The real parts of λ  determine the stability of the solutions. Note Ψ  is complex in 

general. 

Combination instabilities of the difference type are examined by letting 

( )p q p qs ω ω εσ ω ωΩ = − + >  where , 3p q ≤ . The λ  analogous to (4.75) are 

 { }1/ 2
2 2 21

( ) ( ) 2 ( )
2

p q p q p q
i iλ ς ω ω σ ς ω ω σ ςσ ω ω = − + + ± − − + − − Ψ   (4.76) 

The interaction between rotation modes 1, 2 and 3 in (4.45) and translation modes 4 

and 5 is examined by letting p qs ω ω εσΩ = + +  ( 4p < , 4q ≥ ). The solvability 

conditions for (4.71) are 

 22 2 0
p

p p p

A
i i Aω ςω

τ

∂
+ =

∂
 (4.77) 

 22 2 0
q i

q q q qp s p

A
i i A gD A e

στω ςω χ
τ

∂
+ − =

∂
 (4.78) 

The nontrivial solutions of (4.77) and (4.78) are 

 
( )pp

ii

p p q qA a e A a e
ςω σ τςω τ +−

= =  (4.79) 
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These solutions are always bounded, so there are no combination instabilities 

between a rotation mode and a translation mode. The same is true for combination 

instabilities between two translation modes, including for p q= . As a result, the 

following results address interactions between rotation modes 1, 2 and 3. 

5.5 Results and Discussion 

A single mesh gear pair with the nominal parameters 81.95 10k = ×  /N m , 0.6α = , 

0.28γ = , 1.5c = , 0.001ζ = , 0.1µ = , and 0.5β µ=  is examined from this point, where 

0.1µ =  is consistent with past studies on gear dynamics [47, 92, 105]. The dimensionless 

natural frequencies of the rotation modes are 1f =1.55, 2f =2.09, and 3f =5.70. The 

natural frequencies of the translation modes are 4f =1.85 and 5f =2.34. 

5.5.1 Parametric Instability from Variable Mesh Stiffness 

Without friction ( 0gµ = = ), the only parametric excitation is from the mesh 

stiffness. From (4.75) and (4.76) in the absence of damping ( 0ζ = ),  

 

( )

( )

2

2

22

1
for

2

1
for

2

/( ) 0
pq

p q

p q

s p q

i s

i s

E

λ σ σ ω ω εσ

λ σ σ ω ω εσ

ω ω

= ± Ψ − Ω = + +

= ± −Ψ − Ω = − +

Ψ = Θ >

 (4.80) 

The response for mesh frequencies near sum type instability regions is bounded 

( Re( ) 0λ < ) when 2σ ≥ Ψ  and unbounded ( Re( ) 0λ > ) when 2σ < Ψ . Thus, the 
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instability boundaries are 
pq s

p q

p q

E
s ω ω ε

ω ω

Θ
Ω = + ± . From (4.76), difference type 

instabilities do not occur because Re( ) 0λ =  for them.  
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Figure 5.5: Instability boundaries for changing ε  and 0µ = , 0.6α = , 0β = , 1.5c = ,  

0ζ = , 0.28γ =  (*: recursive process; : perturbation). 
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Figure 5.6: Dynamic response for mesh frequencies near the instability boundaries for 

0.1ε =  and other parameters as in Figure 5.5; (a) 11.2mf = ; (b) 11.6mf = ; (c) 

11.1mf = ; (d) 11.7mf = ; (e) 7.25mf = ; (f) 7.79mf = . 

The primary ( 1s = ) instability intervals for single-mode and sum type instabilities 

are shown in Figure 5.5 for perturbation analysis and the recursive process. These 

methods agree well even up to 0.3ε = . The largest parametric instability region occurs 

when mesh frequency is in the boundary of 3 33 1 32 /Eω ε ωΩ = ± Θ  because of the 

maximum mesh strain energy in mode 3, i.e.,
33E  is large. The two-mode instabilities 

1, 3p q= =  and 2, 3p q= =  have much smaller instability regions because  13 33E E�  

and 23 33E E� . With fixed 0.1ε = , the instability interval for primary single-mode 
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instability is from 
mf =11.2 to 

mf =11.6, where / 2mf π= Ω . Figure 5.6 shows linear 

dynamic responses excited by six mesh frequencies near the instability interval obtained 

by numerical integration. The amplitudes increase exponentially for mf = 11.2 and 

mf = 11.6 in Figure 5.6a and Figure 5.6b. On the other hand, Figure 5.6c and Figure 5.6d 

show stable amplitudes for mf = 11.1 and mf = 11.7. The unstable responses at mf =7.25 

and mf =7.79 for sum type instabilities are shown in Figure 5.6e and Figure 5.6f, 

respectively. Therefore, the instability boundary predictions by the recursive process and 

perturbation approximation agree well with numerical simulation. 

5.5.2Effect of Tooth Friction on Parametric Instab 

With friction and damping, the real parts of λ  in (4.75) and (4.76) is derived as 
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= 

− − Ψ Ω = − +

 (4.81) 

The stability boundaries ( Re( ) 0λ = ) are determined as ( ) ( )
1

2
2 2 22 2 p qA B A ς ω ω+ + = + . 

Manipulating this yields the boundaries of combination instability with friction as  
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(4.82) 

where p qω ω>  and 
s

Θ  is the complex conjugate of sΘ .  

The effects of mesh stiffness variations and friction bending effect are incorporated 

in sε Θ . The effects of friction moments are included in sµ Λ . The difference type 

instabilities, which are absent for 0µ = , arise when 0µ ≠ . Each instability region occurs 

as a backbone (e.g., 
( )

8

p q I

p q

ω ω

ζω ω

− Ψ
 for sum type instability) and a symmetric deviation 

(the terms after ±  in (4.82)). The backbones are linear functions of µ  and ε  whose 

slopes are determined by modal properties, mesh stiffness variations, and sliding friction. 

For the same two modes and the same s , the backbone slopes for the sum and difference 

type instabilities have equal magnitude and opposite sign. The backbone slopes for the 

sum type are negative; they are positive for the difference type. The deviations can be 

approximated as linear functions of µ  and ε  with Taylor expansion of the square roots.  
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Figure 5.7: Instability boundaries for changing µ  and 0.6α = , 0β = , 0.3ε = , 1.5c = , 

0.001ζ = , 0.28γ =  (*: recursive process; : perturbation); (a) 
mf  from 1.7 to 4.5; (b) 

mf  from 5 to 12. 
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Figure 5.7 shows the instability boundaries varying with µ  while the friction 

bending 0β = . Mesh frequency mf  varies from 1.7 to 12 covering most combination and 

single-mode instabilities. The perturbation solutions agree well with numerical solutions. 

For a combination instability to occur, the corresponding quantity inside the square root 

of (4.82) (call it ∆ ) must be positive. This quantity ∆ , which also governs the width of 

the instability region, depends on strength of parametric excitation, friction, modal mesh 

strain energy (as captured by pqE  and pqD ), natural frequency, and damping. For fixed 

system parameters, the modal mesh strain energy dictates existence and width of a 

possible instability. For instance, sum type instability for modes 1, 2 does not occur 

because 51.6 10 0−∆ = − × < . Sum type instabilities involving modes 1, 3 and modes 2, 3 

are present because 0.0014∆ =  and 0.0009∆ = , respectively, a result of the larger modal 

mesh strain energy in mode 3. The instability intervals for modes 1, 3 are larger than for 

modes 2, 3 for the same type of instability (sum or difference) because mode 1 has 

stronger mesh strain energy than mode 2. Note that in the absence of damping 0∆ >  and 

instability always occurs. In essence, there is a critical mesh strain energy required to 

overcome the damping and create instability. 

The sum type instability intervals (i.e., deviations) are larger than the difference 

type for the same two modes, as proved in Appendix B. The sum type instability occurs 

even when 0µ =  and is more sensitive to µ  and ε  than the difference type. The widths 

of the two-mode instability boundaries (sum and difference types) increase almost 

linearly with µ . 
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For single-mode instabilities ( p q= ), 0IΨ =  and the instability boundaries 

simplify to 
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Figure 5.8: Effect of friction bending ratio β  on mesh stiffness Fourier harmonics sΘ  for 

0.6α = , 0.3ε = , 1.5c = , 0.28γ =   ( : 1s =○ , : 2s◊ = , *: 3s = , : 4s∆ = , : 5s =� , 

: 6s∇ = ). 
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Figure 5.9: Instability boundaries for changing β  and 0.6α = , 0.1µ = , 1.5c = , 

0.3ε = , 0.001ζ = , 0.28γ =  (*: recursive process; : perturbation); (a) mf  from 1.7 to 

4.5; (b) mf  from 5 to 12. 
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2

2 2 22 / 4
p pp s pp s p p

s E Dω ε µ ω ζ ωΩ = ± Θ + Λ −  (4.83) 

The backbones vanish, in contrast to the two-mode instabilities. The instability intervals 

depend on sεΘ  (mesh stiffness variation and friction bending) and sµΛ  (friction 

moments). In practice, ε µ> , pp ppE D> , and s sΘ > Λ  due to the moment arm of 

friction il  being less than the base radius. Thus, 
pp s pp sE Dε µΘ Λ�  and the single-

mode instabilities are sensitive to the friction bending effect and mesh stiffness variations 

while less sensitive to friction moments as evident in Figure 5.7. Because 

33 11 22E E E>� , primary instabilities of modes 1 and 3 emerge in Figure 5.7, and the 

interval of mode 3 is much larger than that of mode 1. Higher order instabilities 

( 1, 2, ,6s = � ) also exist for mode 3. The intervals for odd order ( 1,3,5s = ) are larger 

than for even order ( 2, 4,6s = ) because, for rectangular wave mesh stiffness, odd 

harmonics have higher magnitudes than even harmonics (Figure 5.8).  

5.5.3 Effect of Friction Bending on Parametric Instability 

The effects of friction bending ratio β  on the mesh stiffness harmonics sΘ  are 

shown in Figure 5.8. Given 0.3ε = , 1.5c = , 0.6α =  and 0.26γ = , the odd order 

harmonics are not sensitive to β  while the even order harmonics are. As a result, the 

instability intervals with odd s are insensitive to β  while those with even s are sensitive 

to β . As illustrated in Figure 5.9, the intervals with 1,3,5s =  are almost independent of 

β . The instabilities with 2,4,6s = , such as, 
32msf f≈ ( 2, 4,6s = ) and 

3 1msf f f≈ −  

( 2s = ), however, change with β . The single-mode instabilities for 3p q= =  exist even 
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for 2,4,6s =  because the third mode has the maximum mesh strain energy even though 

the 
2,4,6Θ  are much smaller than 1Θ  . For 3p q= = , the single-mode instability 

intervals with 2,4,6s =  are increased by the bending ratio β , while the intervals for 

4,6s =  are much smaller than for 2s =  (note different scales in two graphs) because 

4 6 2Θ < Θ < Θ  in Figure 5.8.  

5.5.4 Effect of Contact Ratio on Parametric Instability 

The contact ratio c  affects both sΛ  and sΘ  (i.e., the harmonics of parametric 

excitation included in Ψ  of (4.82)), so the impact of contact ratio on instability 

boundaries changes with tooth friction. Figure 5.10 shows the effect of contact ratio on 

single-mode and two-mode sum type instabilities with tooth friction and bending effect. 

The sum type instability boundaries without tooth friction are  

 
2

2 2 2 2
( )

4
2

p q

p q pq s p q

p q

E
ω ω

ω ω ε ζ ω ω
ω ω

+
Ω = + ± Θ −�  (4.84) 

where the harmonics of frictionless mesh stiffness are 

 [ ]sin ( 1) cos ( 1 2 ) sin ( 1 2 )s

k
s c s c i s c

s
π π γ π γ

π
Θ = − − + + − +�  (4.85) 

Without tooth friction, the instability boundaries for varying contact ratio have sinusoidal 

profiles symmetric about 1.5c =  as sin ( 1) /( )s k s c sπ πΘ = −� , and the number of waves 

for each profile depends on s .  

The instability boundaries with friction shown in Figure 5.10 are calculated by the 

perturbation and numerical recursive methods. The boundaries do not have sinusoidal 
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profiles. The two-mode instabilities are determined by the complicated functions of 
RΨ  

and IΨ  in (4.82) that are affected by the contact ratio c , friction moment µ , and friction 

bending β . The boundaries of two-mode instabilities are sensitive to µ , and the 

boundaries of single-mode instabilities for even s  are sensitive to β . The sum type 

instability boundaries shown in Figure 5.10 are no longer symmetric about 1.5c = . The 

contact ratio having maximum boundary width is shifted to lower c  due to tooth friction. 

The instability intervals with tooth friction are greater than those without friction because 

of the increased excitation. The secondary instability ( 2s = ) at 
3f  occurs even for 1c =  

due to the sensitivity to friction bending. The influence of contact ratio on the primary 

instability at 32 f  is minimal because that instability is insensitive to friction moment and 

bending effect as shown previously. The profile of the primary instability in Figure 5.10 

is almost a symmetric sinusoidal profile even with friction.  

Note that 1 1c γ− + ≤  is required according to Figure 5.2. The analytical and 

numerical results for 2 1.85c γ≥ − =  with the selected 0.15γ =  have no physical 

meaning. 
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Figure 5.10: Influence of contact ratio on parametric instability boundaries for 0.6α = , 

0.1µ = , 0.05β = , 0.3ε = , 0.001ζ = , 0.05γ =  (  perturbation 0µ = ;  

perturbation 0.1µ = ; * numerical 0.1µ = ). 
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Figure 5.11: Impact of modal damping on instability boundaries for 0.6α = , 0.1µ = , 

0.05β = , 0.28γ = , 1.5c = , 0.3ε =  (  perturbation; * numerical method). 

5.5.5 Effect of Modal Damping on Parametric Instability 

From (4.82) and (4.83), the instability boundaries decrease with an increase in 

modal damping. Different types of instabilities have different critical damping where the 

unstable interval vanishes. Figure 5.11 shows the influence of damping on single-mode 

and two-mode combination instabilities. The perturbation and numerical solutions agree 

well. The primary single-mode instability has the biggest critical damping due to the 

strongest mesh strain energy in mode 3. The other instabilities decrease more rapidly than 

for the primary single-mode. The 
1 3f f+  combination instability has greater critical 

modal damping compared to the 
2 3f f+  combination due to the higher mesh strain 
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energy of mode 1 than mode 2. The critical modal damping depends on tooth friction, 

mesh stiffness variation, and contact ratio. 

5.5.6Influence of Tooth Friction on Dynamic Response 

The parameters of two practical gears listed in Table 5.1 are used to generate finite 

element gear models. For comparison purposes, the realistic mesh stiffness variations 

over a mesh cycle calculated from the finite element model are used as the frictionless 

mesh stiffness in the analytical model. The mesh parameters are k =2.98e8 N/m,  

1 100T =  N-m, 0.1µ = , 1.4c = , and 0.02ζ = . The friction bending effect is inherently 

included in the finite element analysis. The bending factor β  used in the analytical 

model is estimated from (4) where the deflection and load are calculated from FE static 

analysis. 

The parametric instabilities for two-mode and single-mode combinations result in 

exponentially growing dynamic response, which eventually triggers nonlinear contact 

loss. The nonlinearity suppresses the growth of the amplitude and usually yields a steady 

periodic response. To study the sensitivity of nonlinear response on tooth friction and 

validate the proposed analytical model, numerical simulations of the nonlinear analytical 

model in (4.44) and the finite element model are compared in Figure 5.12a. Figure 5.12b 

shows the spectral details. Decreasing speed sweep analyses are conducted to cover the 

frequency range that includes the fundamental resonance of rotational mode 1 at 

1 1835f =  Hz and higher harmonic resonances of rotational mode 3 at 3 6924f =  Hz. The 

RMS values of the dynamic transmission error u  are calculated by 
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 ( )
1/ 2

2

0

1 nT

u u dt
nT

 
−  

∫  (4.86) 

where u  is the mean value of u . The analytical models with and without friction 

bending effect agree well with the finite element model in Figure 5.12a for the 

resonances at 1731 Hz and 1835 Hz where the fourth harmonic excites mode 3 (Figure 

5.12b) and the first harmonic excites mode 1, respectively. Tooth friction has negligible 

effect on these two single-mode resonances and in the off-resonant frequency ranges.  

The finite element results reveal that tooth friction significantly excites the 

resonance at 2308 Hz where the third harmonic ( 3s = ) excites mode 3 as shown in 

Figure 5.12b. The analytical model with friction bending effect shows a similar strong 

influence of tooth friction on this resonance. The analytical result for 0.1µ =  and 0β = , 

which ignores the friction bending effect, cannot capture the strong impact of tooth 

friction on this resonance. This implies that the friction bending effect plays a key role in 

exciting this higher harmonic resonance. These findings confirm the conclusions from the 

stability analysis. 
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Figure 5.12: Speed sweep analysis for 0.6α = , 0.28γ = , 1.4c = , 0.28ε = , 0.02ζ = ; 

(a) RMS comparisons ( : FE 0µ = ; : analytical 0µ = ; : FE 0.1µ = ; : analytical 

0.1µ = , 0.05β = ; *: analytical 0.1µ = , 0β = ); (b) FE Campbell diagram 0.1µ = . 
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CHAPTER 6                                                             

SUMMARY AND FUTURE WORK  

 

6.1   Summary 

This work investigates, via analytical and numerical methods, nonlinear, 

parametrically excited dynamics for multi-mesh gear systems. The main results are 

summarized for each specific topic. 

6.1.1 Dynamic Modeling and Analysis of Tooth Profile Modification for Multi-Mesh 

Gear 

An analytical model of a multi-mesh spur gear train has been developed to study 

nonlinear gear dynamics due to time-varying mesh stiffness, profile modification, and 

contact loss. Dynamic response predictions of the proposed model are compared against 

two existing models and a FE benchmark across a range of frequencies. The main 

conclusions are: 
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1) The proposed model (Model-1) best agrees with the FE benchmark for dynamic 

predictions regardless of different loads, profile modifications, and bearings. The 

other models give poor predictions near gear speeds where a harmonic of mesh 

frequency drives resonance and resonances with the occurrence of contact loss.  

2) The most important difference between Model-1 and the other two models are that 

Model-1 uses a dynamic contact analysis that admits contact loss between 

individual gear teeth when multiple tooth pairs are normally in contact (partial 

contact loss). Additionally, Model-1 includes the practical parametric excitation 

from changing mesh stiffnesses.  

3) Optimized profile modification counteracts the mesh stiffness parametric resonance 

near fundamental frequency resonance ( mω ω≈ ), leading to linear response with 

low amplitude instead of the theoretically unbounded response and associated 

contact loss of parametric resonance without profile modification. Profile 

modification does not affect the parametric instability boundary for 2 mω ω≈ , 

although it would affect the resulting nonlinear response.  

4) Perturbation analysis of the linear time-varying model shows that profile 

modification for minimal STE depends only on the load and mesh stiffness of the 

single mesh. The optimal profile modification for minimal DTE is determined by 

mesh stiffness variations, contact ratios, mesh phasing, and the vibration modes. 

The profile modification for minimal STE does not necessarily lead to minimum 

DTE. Analytical and numerical results demonstrate that interactions between the 



 185 

 

two meshes (through mesh phase and contact ratios, as two examples) must be 

considered in optimizing modifications for minimum DTE. 

5) Mesh interaction studies on optimal profile modification for minimizing DTE 

shows: The mean and the first harmonic excitations of mesh stiffnesses and profile 

modifications of the two meshes are critical to the response amplitude; The DTE 

amplitudes as a function of two profile modification magnitudes form elliptical 

contours about the optimal profile modification; Mesh phasing affects the 

orientation and length of the elliptical axes and therefore the sensitivity of response 

to modifications that deviate from optimal; The contact ratios and modification 

lengths of the two meshes and the mesh phase interact with each other to affect 

dynamic response. 

6.1.2 Nonlinear Dynamics of Idler Gear Systems 

Parametric resonances and strong nonlinearity of idler gearsets are studied by 

perturbation analysis, and closed-form solutions for the frequency responses are given. 

The perturbation solutions are validated by numerical integration and harmonic balance 

method at fundamental, subharmonic and second-harmonic resonances. The maximum 

amplitudes and transition frequencies (onset of contact loss) are given as simple 

analytical expressions in terms of the harmonics of the mesh stiffnesses, mesh phase, 

contact ratios, modal damping and the vibration modes. The interactions among these 

parameters are important and unique to multi-mesh systems. The analytical solutions in 

terms of fundamental design quantities provide guidance to optimize these parameters for 

the reduction of vibration and noise. Main points include: 
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1) Parametric excitations from different meshes can cancel or add depending on the 

mesh phase. Mesh phase applies different effects (reduction or increase) on the 

same type of resonance for different modes, or on different types of resonance for 

the same mode. As an exception, the impact of mesh phase on the subharmonic 

resonance is independent of the mode. 

2) Contact ratio not only interacts with mesh phase but affects the stiffness harmonics. 

Particular combinations of contact ratios can sharply reduce certain resonant 

amplitudes but increase other resonant amplitudes. High contact ratios are not 

always preferable in multi-mesh system because of the interaction between modes 

and mesh phase. 

3) Dual-sided jump phenomenon and a wide range of resonant frequency occur at 

subharmonic resonances. The perturbation solution predicts the instability interval, 

indicating the existence of the subharmonic resonance and qualitatively showing the 

peak amplitude. The instability interval is highly sensitive to system parameters 

compared to other resonances. 

4) The multiple meshes usually exhibit contact loss at different stages. The mesh 

contact losses can be either in-phase or out-phase depending on the vibration modes; 

which of these occurs determined analytically. 

5)  The second-harmonic excitation typically dominates when the mesh frequency is 

half of a natural frequency. Super-harmonic response dominates when the second-

harmonic excitation of mesh stiffness is minimized. 
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6) The external torque does not qualitatively change the nonlinear behavior of the 

resonances. The amplitude of the response increases linearly with torque. Contact 

loss is not suppressed by high torque. 

6.1.3 Nonlinear Dynamics of Counter-Shaft Gear Systems 

Asymptotic solutions for frequency response of counter-shaft gear systems are 

found by perturbation method. The perturbation solutions are compared against 

numerical integration and semi-analytical harmonic balance method at fundamental, 

subharmonic and second harmonic resonances with varied system parameters. Some 

useful findings are 

1) The perturbation solutions agree well with numerical results for nonlinear 

resonances except for subharmonic resonance peak. The analytical closed-form 

expressions capture nonlinear characteristics (peak amplitude, contact loss initiation, 

softening, and stability) and connect physical parameters to these features.  

2) The interaction between two mesh stiffness excitations highly depends on the ratio 

of two mesh frequencies. No mesh interaction occurs when the ratio is not an 

integer or a reciprocal of an integer. Otherwise, mesh interaction is bound to happen, 

and how mesh interacts depends on the ratio, vibration modes, contact ratio, mesh 

stiffness variations, and mesh phasing. 

3) Without mesh interaction, resonance peak amplitude linearly depends on the mesh 

stiffness variation, and is a function similar to sinusoidal form of the contact ratio. 

With mesh interaction, peak amplitude bilinearly depends on the two mesh stiffness 

variations, and is a function similar to sinusoidal forms for the two contact ratios. 
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Mesh phasing can change constructive/destructive action between the two mesh 

excitations. 

4) For subharmonic resonance, the instability interval width is well correlated with the 

peak amplitude. The linear period-2 solution can be two branches orthogonal to 

frequency axis or two branches with finite slopes depending on how two meshes 

interact. Unlike fundamental resonance, the impact of mesh phasing is independent 

of the sign of the mode elements for subharmonic resonance. 

6.1.4 Impact of Tooth Friction and Its Bending Effect on Gear Dynamics 

A translational-rotational model with parametric excitations from variable mesh 

stiffness, tooth sliding friction moments, and a heretofore unexamined friction bending 

effect is established for a single-mesh gear pair. A numerical recursive method based on 

Floquet theory and a perturbation analysis examine the associated parametric instabilities 

and show strong agreement. The analytical expressions for instability boundaries reveal 

how key parameters impact the instabilities. The nonlinear responses from the analytical 

model and a FE benchmark also agree even when contact loss occurs.  

1) Combination instabilities between a rotation mode and a translation mode or two 

translation modes cannot occur. Sum type and single mode instabilities can occur 

for both frictional and frictionless conditions. Difference type instabilities occur 

only when friction is present. 

2) Two-mode combination instabilities are sensitive to the friction moment and 

bending effect. Single-mode instabilities are insensitive to the friction moment but 



 189 

 

sensitive to the friction bending effect. The instability interval widths depend nearly 

linearly on mesh stiffness variations. 

3) For the same type of instabilities, the instability intervals for different modes 

depend on the total mesh strain energy of the mode or the modes in combination. 

The mesh strain energy needs to be over a critical value to cause the instability. The 

sum type instability intervals are larger than for the difference type. 

4) The effects of contact ratio on the instability intervals of two-mode combination 

and single-mode instabilities are altered significantly by the friction moments and 

the friction bending effect, respectively. The tooth friction destroys symmetry of the 

instability boundaries for varying contact ratio. The friction bending can cause 

instability even for integer contact ratios. 

5) The proposed analytical model agrees with a FE benchmark for nonlinear response 

due to parametric instabilities, while the model without considering friction bending 

fails to predict the strong influence of tooth friction on certain parametric 

instabilities. The nonlinear dynamic analyses confirm that the friction bending 

effect can significantly alter the vibration. 

6.2   Future Work 

This study has been focusing on dynamic modeling and nonlinear dynamics 

analysis on mesh stiffness variations, and their interactions with profile modifications and 

tooth sliding frictions. On one hand, the study identifies some interesting problems that 

need further investigation, such as the aperiodic response in Figure 3.10 and nonlinear 

loop-like solution branch. On the other hand, this study builds solid foundation for 
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expanding the model with new important features such as interactions between profile 

modifications and tooth sliding frictions, bearing nonlinearity, gyroscopic effects, and 

combination instability response excluded in the study.  

6.2.1 Interactions between profile modifications and tooth frictions 

Profile modifications are introduced to compensate mesh stiffness variations and 

reduce DTE for desired torques. Conversely, tooth sliding frictions might cause 

parametric instabilities that increase transmission errors as well as translations. In other 

words, there are interactions between dynamic effects of profile modifications and tooth 

frictions. It is found that profile tip relieves influence power losses due to tooth frictions 

because they modify normal loads and, consequently, the friction forces in the 

engagement and recess zones where sliding velocities are most important [106]. The 

effect of the profile modification on the dynamic transmission error has been analytically 

examined under the influence of frictional effects in [107]. The tip relief introduces an 

amplification in the off-line-of-action motions and forces due to an out of phase 

relationship between the normal load and friction forces. Three main questions remain 

open, and they are: How much can tooth frictions change the design of optimal profile 

modifications for maximum reduction of DTE? How do tooth frictions change profile 

modification designs? How to use profile modification to reduce dynamic responses 

induced by tooth friction instabilities?  

Analytical models for profile modifications and tooth frictions, respectively, are 

established in this work. Combining these models, a new model including both effects is 

 , , , ,t t tω ω ω + − b m TMU + CU + K + K ( U) L( , U U) U E( U U) = F�� � � �  (6.1) 
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 where 
bK  the constant bearing stiffness matrix; 

mK  includes mesh stiffness variations 

and contact loss; L  includes tooth sliding frictions; E includes profile modifications and 

tooth frictions; U  comprises three degree-of-freedom (rotation about center axis and in-

plane translations) for each gear body. An example for a gear pair in Figure 5.1 is  
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where all symbols are defined similar as (4.44).  

Eqn. (6.1) are nonlinear, time-variant differential equations. Numerical methods, 

such as Numerical integration, harmonic balance, and AUTO package, can be applied to 

study response, forces, bifurcation, and frequency-amplitude relations. Finite element 

model can be considered to benchmark the analytical model. The realistic mesh 

stiffnesses and load sharing calculated from FE can be feed into the analytical model. The 

profile modifications obtained from (2.29) achieve minimum DTE for frictionless 

conditions and use in the frictional condition as well. The following analysis can be 

considered: 

• Compare nonlinear response, normal forces, and friction forces with “optimal” 

profile modifications for frictionless case and frictional case. 

• Examine the dynamic impact of  tooth friction with optimal profile modification 

applied and compare this with no modification case 

6.2.2 Nonlinear gear dynamics considering nonlinear bearing dynamics 

Bearings are usually used in gear systems to overcome the speed difference 

between a rotating gear or shaft and its surrounding structure. A common ball bearing 

consists of a number of rolling elements and two rings (aka races), the inner and the outer 

ring. Ball bearings can be important generators of noise and vibrations in applications. 
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Due to the rotation of the lubricated contacts, the stiffness in the bearing is time 

dependent and generates parametric excitations. Clearance between rollers and raceways 

considering tolerance and thermal expansion leads to nonlinearity. Furthermore, 

vibrations are generated by geometrical imperfections on the individual bearing 

components. The imperfections are caused by irregularities during the manufacturing 

process, and although their amplitudes are on the nanometer scale, they can still produce 

significant vibrations in the application. The bearing flexibility excites gear translations 

that are coupled with gear rotations, and the vibration is passed from gears to surrounding 

structures via bearings, generating structure borne noises. Thus, bearing dynamics is 

potentially important for gear vibration and noise problems. Simplified linear bearing 

models, however, are mostly used in gear dynamics studies [5, 8, 20, 108, 109]. Constant 

resultant bearing stiffness is applied along each axis of the reference frame, and the 

bearing stiffness affects only the translational vibration modes in most gear dynamics 

studies. Contact outside the line of action and a time-varying working pressure angle 

resulting from bearing deflections is examined in [110].  

More complex bearing models are established in studies of rotor dynamics and 

bearing dynamics. Nonlinear dynamics of rotor-bearing systems are investigated in [111], 

where a nonlinear bearing pedestal model is assumed which has a cubic nonlinear spring 

and linear damping characteristics. Dynamic models considering each roller elasticity and 

geometry between roller and raceways are found in[112-114]. The mathematical 

formulations account for tangential motions of rolling elements as well as inner and outer 

races with sources of nonlinearity such as Hertzian contact force and internal radial 
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clearance resulting transition from no contact to contact state between rolling elements 

and races. With these detailed bearing models as a foundation, a bearing model with a 

balance in effectiveness and efficiency is proposed to study influence of bearing 

nonlinearity and parametric excitation on gear dynamics.  
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Figure 6.1: Schematic graph of a ball bearing model. 

Figure 6.1 shows a ball bearing schematics. The contact load is assumed to be 

normal to the surfaces and only yields elastic deformation. The dimensions of the contact 

area are small compared to the radii of curvature of the contacting bodies. The 

deformations in the contact area are small compared to the dimensions of the contact area. 

Only pure roll is considered for rollers. The angular positions of rollers change with the 

carrier’s rotation. Roll radial motion, cage rotation, and race rotation and translations are 

of the interest. Figure 6.2 shows a dynamic model for two gears and a bearing. Roller 

contacts and tooth contact are modeled as elastic elements. The contacts of roller-outer 
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race and roller-inner race are two separated elastic elements. The engagement of tooth 

contact is decided by mesh deflection, and the engagement of roller contacts controlled 

by the distance (defined as mutual approach) between the roller center and the center of 

the race. The inner and outer races are considered as rigid bodies connected to the gear 

and external structure, respectively. From pure roll condition, the carrier rotation satisfies 

 1
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R
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 (6.4) 

where cω  and 1ω  are frequency of the carrier and driving gear; bR  and cR  are radii of the 

ball and the carrier; and α  is the pressure angle of ball contact. Similar to mesh 

frequency, the ball pass frequency is ( )1bp cZω ω ω= −  where Z  is the number of balls. 
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Figure 6.2: Dynamic model of two gears and a bearing. 
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The stiffness of two roller contacts can be approximated by Hertzain theory as 
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for EHL condition
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where F  is the contact force; δ  is the mutual approach, i.e., elastic deformation; ε  is the 

Ellipticity ratio; ξ  and η  are the elliptic integrals of the first and second kind; R  is the 

curvature of radius; E′  is the modulus of elasticity; hκ  is the coefficient of EHL contact; 

and 
0h  is the lubrication film thickness. 
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Figure 6.3: Calculation of mutual approaches. 

Figure 6.3 depicts the analysis of mutual approach. From the geometry, the mutual 

approach is determined 
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where oδ  and iδ  are mutual approaches of outer race-roller and inner race-roller contact; 

rcR  is the radial clearance; and cdtθ ω= ∫  is the angular position of roller. 

Geometrical imperfections of bearings include waviness, roller diameter variation, 

carrier runout. The imperfections are modulated by ball pass frequency. Waviness cause 

variations in the contact loads. The wavelengths are much larger than the dimensions of 

the Hertzian contact areas, and the number of waves per circumference is denoted by the 

wave number. The waviness expanded by Fourier series as 
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The matrix form of equation of motion is  

 ( , , ) ( )m bp tω ωMX + K X X = F��  (6.8) 

where [ ]1 1 1 2 2{ }, , , , ,
T

iu x y y= Θ ΘX  and ( )tF  includes bearing and gear tooth 

imperfections. (6.8) are nonlinear, time-varying differential equations including time-

varying mesh stiffness, time-varying bearing stiffness, tooth separation, and bearing 

radial clearance and Hertzian contact nonlinearities. The following analysis is considered: 

• Study the influences of bearing parametric excitation and nonlinearity on gear 

dynamics; identify the bigger impact factor. 
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• Examine rich nonlinear dynamics induced by bearing nonlinearities and the 

possible interaction between gear nonlinearity and bearing nonlinearities.  

• Explore how to optimize bearing and gear parameters to reduce vibration and 

provide design guidance. 

6.2.3 Investigation on aperiodic dynamic response for idler gear systems 

The study in Figure 3.12 of Chapter 3 identifies aperieodic dynamic response when 

the mesh phase increases from 0 to / 4π , the solutions for 1ω ≈  change from period- mT  

to period- 2 mT  and then to chaos. Chaos occurs from 0.65ω =  to 0.84ω =  for / 4φ π=  

as shown in Figure 3.11b. The solution for 0.845ω =  is period- mT , and that for 

0.840ω =  changes to period- 2 mT . A further slight change to 0.800ω =  yields chaos, as 

shown by the broadband spectrum in Figure 3.11b and the Poincare maps in Figure 3.12. 

A further study is needed to understand the parameters surrounding the onset of chaotic 

response and provide insight as to the character of chaotic behavior. 

Investigators have used the term “strange attractor” to indicate bounded, non-

periodic chaotic solutions of deterministic, nonlinear differential equations. According to 

Melnikov chaotic criterion [115], the strange attractor is related with the intersection of 

the stable and unstable orbits in the phase space. The nonlinear behavior of Duffing’s 

equation is experimentally and numerically studied in [116, 117]. A boundary was 

determined at which chaotic motion was first observed. It was found that the predicted 

chaos boundary from Melnikov force value was a good indicator of transient chaotic 

motion. Sustained chaotic motion occurs for significantly higher values of the forcing 
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amplitude than that predicted by Melnikov criterion. This discrepancy is explained in 

[118] by harmonic balance and continuation method, through which stable and unstable 

solutions are found to be coexist for sustained chaos. Period-doubling cascade leads to 

the chaos. A criterion to predict bifurcation of homoclinic orbits in strongly nonlinear 

self-excited one-degree-of-freedom oscillator is presented in [119]. The Lindstedt–

Poincaré perturbation method is combined formally with the Jacobian elliptic functions to 

determine an approximation of the limit cycles near homoclinicity. This criterion leads to 

the same results, formally and to leading order, as the standard Melnikov technique.  

 
Figure 6.4: Homoclinic bifurcation according to Melnikov method. 

The classical Melnikov method to predict a bifurcation in Figure 6.4 is based on the 

splitting function. To define this function one consider a one-dimensional local cross-

section Σ  to the stable manifold s
W . Define a coordinate ζ  along Σ  such that 0ζ =  

corresponds to the point of intersection with sW . The splitting function  uβ ζ=  denotes 
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the ζ  value of the intersection of uW  with Σ  (see Figure 1). Therefore, the condition for 

the homoclinic bifurcation is given by  

 0uβ ζ= =  (6.9) 

The solutions of (3.1) can be written in the form of a period mT−  solution. Using 

the harmonic balance and continuation method is discussed in Chapter 3, the solution of 

the equation of motion can be represented by the coefficients of the Fourier series as a 

function of the applied load, mesh frequency, and other system parameters. The above 

techniques yield both stable and unstable solution branches. The stability of the solutions 

is determined through the application of Floquet theory. Through these, one can trace 

bifurcation and period doubling cascade. The following analysis is considered: 

• Apply harmonic balance and continuation method to study bifurcation and period 

doubling cascade and identify the route to chaos for the behavior in Figure 3.12 . 

• Explore the application of Melnikov criterion and Lindstedt–Poincaré 

perturbation method to find the chaos prediction criterion for the phenomenon in 

Figure 3.12, and compare these with harmonic balance results. 

6.2.4 Gyroscopic effect on gear dynamics 

High speed rotating machinery such as turbomachinery, disk drives, rotor dynamics, 

and geared transmissions are employed extensively in industry for power generation and 

transmission. Dynamic response and stability for coupled disk-spindle systems has 

attracted much attention in previous research. Flowers and Wu investigate coupled disk-

spindle dynamics for turbomachinery applications [120]. Parker investigates an elastic 
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disk-spindle system with a rigid clamp by using the extended operator formulation [121]. 

Shen and Ku study the vibration of multiple elastic disks mounted on a rigid spindle 

supported by flexible bearings [122]. A rotating body on flexible bearings is a gyroscopic 

system. These systems exhibit rich eigenvalue and stability behavior including critical 

speeds, divergence, and flutter [123]. Huseyin [124, 125] and Parker [126] employ a 

perturbation method to predict the stability behaviors. The eigenvalue problem is 

reformulated in terms of 2λ  and 2ν , where λ  is the eigenvalue and ν  is the gyroscopic 

speed parameter. Concerning the dynamic response of the coupled vibration of geared 

rotor systems, Choi and Mau [12] investigate the lateral-torsional vibration of a geared 

rotor-bearing system using the transfer matrix method. For continuous systems, the 

presence of the skew-symmetric gyroscopic operator prevents analytical solution of the 

eigenvalue problem except for simple cases such as uniform rotating disks and axially 

moving strings.  
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Figure 6.5  Geared disk-spindle gyroscopic continua 
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For typical problems of rotor-bearing systems, the lateral and rotational vibrations 

can be treated separately. For the geared rotor systems, however, past studies show that 

the coupling between translation and rotation should not be neglected [12]. Most gear 

models treating the parametric excitation and nonlinearity problems only deal with rigid 

shafts and gear bodies [22]. Few researchers address geared disk-spindle systems. The 

conjugate contact occurs along the common tangential line of two gear base circles, as 

illustrated by Figure 6.5. The contact actions couple the gear and shaft translation and 

rotation. The flexible bearings and mass eccentricity give rise to tilting and rocking 

motions that are further coupled with the translation motions. The flexibility of mating 

gear teeth and surface errors are the primary sources of rotational excitations. 

A dynamic model for a planetary gearset and flexible bearings is 

 2Ω ΩMx + Gx + (K - K)x = F��� �  (6.10) 

where Ω  is the speed of the spinning shaft, M  and K  are symmetric, G  is the skew 

symmetric gyroscopic matrix, and x  is an unknown vector including two transverse and 

two tilting motions of the rigid body. The roots of the characteristic equation satisfy 

2 2det 0iω ω Ω =- M + G + K - K� . They appear in pairs kω , kω− , k=1,2, …, N because of 

the symmetry of M  and K  and the skew-symmetry of G . It follows that the 

characteristic polynomial expansion will be a function of 2ω . The system is stable if and 

only if all 2

kω  are real and negative, i.e., all 
kω  are purely imaginary. 

The objective of this part is to extend this model to a planetary gear-shaft system 

and study the gear mesh problem with gyroscopic effects. The shaft is assumed to be a 
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uniform Euler-Bernoulli beam and the gears are rigid bodies. The mesh action is modeled 

as a lumped spring. Eventually, a hybrid continuous-discrete model with nonlinearity, 

time-varying stiffness, and gyroscopic effects will be established. The system stability 

will be studied. One can use perturbation methods to investigate the gyroscopic effect on 

the stability, bifurcations, and critical speeds. Dynamic analysis will be conducted by 

using numerical simulations or the method of transfer matrix, and design guidance will be 

given for practical applications. 
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 Appendix A Tooth Friction Excitation Coefficents                                                                 
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Appendix B Proof of A Sum Type Instability                                                                  

Examination of (4.82) shows that proving the deviation of a sum type instability is 

larger than for the difference type is achieved by showing 0RΨ ≥ . To begin, consider the 

first component equation of the EVP 2

p p pφ ω φ=K M , which gives the following relations 

betweens the modal deflections  

 ( )
2 2

2

3 5 1 1 1 3 5 1 0
e p e p

p p p p p p p p

J k J

k k

ω ω
φ φ φ φ φ φ φ φ

−
− = ⇒ + − = >  (B.1) 

From (4.45), (4.63), and (B.1),  

 ( )( )
2

1 1 1 3 5 1 3 5 1 1 0
e p q

pq qp p q p p p q q q p q

J
D D

k

ω ω
φ φ φ φ φ φ φ φ φ φ

 
= + − + − = > 

 
 (B.2) 

This implies pqD  and qpD  have the same sign. The following is for positive pqD  and qpD , 

with straightforward modification for negative values. From ( )
2

0pq qpD D− ≥ ,,  

 2pq qp pq qpD D D D+ ≥  (B.3) 

The Fourier coefficients in (4.61) are expressed in real and imaginary parts as 

 ( )Re
s R I

s s R R I I

s R I

i

i

Λ = Λ + Λ 
⇒ Λ Θ = Λ Θ + Λ Θ

Θ = Θ + Θ 
 (B.4) 

From (4.82), (B.3), and (B.4), 
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 ( )1 2

1
R R R

p qω ω
Ψ = Ψ + Ψ  (B.5) 

 
( )

( )

2
2 2 2 2 2

1

2
2 2 2 2 2

2

( ) 0

( ) 0

R pq R pq qp R pq pq qp R R pq R pq qp R

R pq I pq qp I pq pq qp I I pq I pq qp I

E D D E D D E D D

E D D E D D E D D

ε µ µε ε µ

ε µ µε ε µ

Ψ = Θ + Λ + + Λ Θ ≥ Θ + Λ ≥

Ψ = Θ + Λ + + Λ Θ ≥ Θ + Λ ≥

 (B.6) 

Combination of (B.5) and (B.6) yields 0RΨ ≥ . 
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