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ABSTRACT

We study the evolution of conditional dispersal using a Lotka-Volterra reaction-
diffusion-advection model for two competing species in a nonhomogeneous, tempo-
rally constant environment. We assume that the two species are identical except
for their dispersal strategies. Both species employ random diffusion combined with
advection upward along resource gradients. We use a perturbation argument to un-
derstand the evolution of these rates. When the advection rates are small relative to
the diffusion rates, we find that stronger advection is preferred. However, when the
advection rates are large relative to the diffusion rates, we find that weaker advection
is preferred. We also studied the case where the two species have differing strategies,
one with a very strong biased movement relative to diffusion, and the other with a
more balanced approach. If the advection rate of the latter is small, the two species
can coexist. But if its advection rate increases sufficiently, the second species drives
the first to extinction. So we see in these results a preference against overly strong
advection and in favor of a more balanced strategy, suggesting the existence of an

optimal intermediate rate.
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CHAPTER 1
INTRODUCTION

In this paper we study the evolution of dispersal strategies via reaction-advection-
diffusion models. Our goal is to better understand how dispersal strategies will affect
the survival and extinction of the species. We will focus on conditional dispersal
strategies, that is, dispersal strategies that are dependent on the spatial heterogeneity
of the habitat.

Our approach in studying the evolution of dispersal will be to analyze the competition
between two species in a closed environment. Throughout this paper we will assume
that the two species are identical in all ecological aspects except for their dispersal
strategies. In particular, they compete for the same resources and have the same
intrinsic growth rates. The main goal is to determine which dispersal strategies can

confer a competitive advantage and thus will evolve.

1.1 Background

The most basic dispersal strategy is simply dispersal by random diffusion. We let
u=u(z,t) and v = v(z,t) be the densities of the two species at location x and time
t, and p, v > 0 be the respective diffusion rates of the species. The spatially varying

but time constant function m(x) accounts for the intrinsic growth rate of the species



at location x. Combining the diffusion with the classical Lotka-Volterra competition

kinetics, we get the following system.

ur = pAu+u(m—u—wv) in Q x (0,00),
vy =vAv+ov(m—u—v) in Qx(0,00), (1.1)
Ou/On =0v/On =0 on 00 x (0,00),

where A is the Laplace operator, €2 is a domain in RY with smooth boundary 02, n
is the outward unit normal vector on 0f2, and the boundary conditions mean that no
individuals cross the boundary.

Dockery et. al. [8] studied this system and showed that the slower diffuser is always
the winner. More precisely, let § = 6(z; 1) be a positive steady-state of the single

species system
0; = pAO +u(m—46) in Q x (0,00), (1.2)
20/0n =0 on 0 x (0,00).
If © < v, then the semi-trivial steady state (0(-;pu),0) is globally asymptotically
stable among all non-negative, non-identically zero initial data. They also showed
that for more than 2 species with respective diffusion rates d; < dy < ... < d,, the
semi-trivial steady state (0(-;d;),0,...,0) is the only locally asymptotically stable
semi-trivial steady state. In fact, all the other semi-trivial steady states are unstable
and there are no other non-trivial non-negative steady states. However, they could
not prove (and it is still not proven), that (6(+;d,),0,...,0) is globally asymptotically
stable. This difference is mainly due to the fact that competition models for two

species are monotone systems, while competition models for three or more species

are not monotone in general.



Random diffusion alone does not usually explain well the movement of animals. Even
the most simple species may exhibit some cognition of the local environment in their
search for food, water, shelter, etc. Since resources are usually not distributed uni-
formly across the habitat, we expect to see some biased movement of animals in
searching for resources, e.g., they may be able to track the gradient of resources to
some extent. We identified m(x) above as the intrinsic growth rate of the species,
but we can also view m as the indicator of the quality of the habitat (the more suit-
able the habitat, the higher the growth rate). Hence as individuals set off in search of
more food and better habitat, we expect to see movement upwards along the gradient
of m. Of course, we still expect and even desire some random movement. Without
any random diffusion the species will simply congregate at a local maximum for m
(depending on their initial location). If the random movement is strong enough,
however, some individuals may move away from the locally most desirable habitat to
find another desirable area, thus likely increasing the overall population size and the
survivability of the species.

Next we modify the system by allowing one species to move upward along the resource
gradient in search of a better habitat while the other moves only by random diffusion.

We come up with the following system:
ur =V - [pVu —auVm|+u(lm—u—v) in Q x (0,00),
vy =vAv+v(m—u—wv) in Qx(0,00), (1.3)
wVu—auVm]-n=Vv-n=0 on 00 x (0,00).

Here o > 0 measures the tendency of the species to move upward along the resource

gradient.



Cantrell et. al. [3] confirmed the results of Dockery et. al. [8] (with & = 0) that the
species with the slower diffusion rate has the advantage. They also showed that for
convex domains, if « is small (but not too small with respect to the difference of u
and v), the faster diffuser can be the winner.

If p = v and Q is convex, Cantrell et. al. [4] further showed that species u is always
the winner, i.e., the dispersal strategy with a little biased movement will evolve. As
shown in Cantrell et. al. [4], the assumption on the convexity of €2 is necessary.
Hence, it is rather interesting to see that the geometry of the habitat can play an
important role in the evolution of dispersal strategies.

An important result in Cantrell et. al. [4] is that for large values of «, the system
may produce a stable positive steady state, i.e., the two species can coexist for large
«. Hence, biased movement of species can provide a new mechanism of coexistence
of competing species.

So while a little advection is advantageous, too much advection opens an opportunity
for the second species to coexist with the first. Chen and Lou [5] further improved
the results for the coexistence of the species for large o and also showed that if m has
a unique local maximum, the population of u concentrates around this maximum for

large values of «;, a phenomenon which leaves other resources for species v to utilize.

1.2 The Mathematical Model

In this paper we want to look at the case where both species disperse both by random

diffusion and directed movement upward along the resource gradient. While the



dispersal rates may vary, we assume the species are identical in every other way.
The respective diffusion rates for the species are given by u,r > 0, and the rates of
advection by «, 5 > 0. We assume that the intrinsic growth rate m(x) varies in space
but is constant in time. Adding in no flux conditions on the boundary we obtain the

system

u =V - [pVu —auVm|+u(m—u—v) in Q x (0,00),
vy =V - [wVo—poVm|+ov(m—u—wv) in Qx(0,00), (1.4)
WVu —ouVm|-n=[vVv—FoVm]-n=0 on 00 x (0,00).

Throughout this paper we will always assume that m is twice continuously differ-
entiable, non-constant, and that fﬂm > 0. The first assumption is reasonable to
the biological context and needed for the approach used, the second simply says that
there really is spatial diversity, and the last as we will see is sufficient for the existence
of two semi-trivial equilibria of the system.

Our focus is on understanding the global dynamics of this system. As a major part of
this, we will study the existence and stability of non-negative and non-trivial steady

states of this model, that is, solutions (u,v) of

V- [uVu —auVm]+ulm—u—v)=0 in Q,
V- [wVu—poVm]+ov(m—u—v)=0 in (1.5)
(uVu —auVm|-n=[vVv—FvVm]-n=0 on 0S.

But to understand the two species system, we first need a little information about



the single species system. For one species with advection and diffusion and with no

flux across the boundary, we have the equations

V- [uVl —abdVm|+0(m —0) =0 in (2, (16)
(VO — afVm]-n=0 on 0. '

If the trivial solution 8§ = 0 is unstable, then there is a unique positive solution

= 0(x; a, p) of (1.6) which is globally attracting among all positive initial data [3].
Thus if # = 0 is unstable in the single species system (1.6), then the two species system
(1.5) has two semi-trivial equilibria, denoted by (6(z;«, 11),0) and (0,0(x; 3,v)). We
will see that the stability of (8(z;«, n),0) and (0,60(x; 3,v)) play important roles in

the dynamics of the system (1.4).

1.3 Main Results

In this paper we will establish several main results. The first two theorems deal
with the case where the species are very similar and the dispersal strategies are not
that much different. Biologically, one can envision that a mutation occurs and the
question is whether the mutant species, which is not much different from the original
species, can successfully establish itself in the habitat or not. Moreover, if invasion
occurs, will it coexist with the resident species or will it drive the resident species to

extinction?



Theorem 1.3.1. Suppose u = v, = [0,1], m is twice continuously differentiable
on [0,1], m, >0 on [0, 1].

(i) If 0 < B < v/maxgm, then there exists 6; > 0 such that for o € (8,5 +
01), (O(z;a,p),0) is globally asymptotically stable.

(ii) If B > v/mingm and m > 0 on [0,1], then there exists o > 0 such that for

a € (8,54 d2), (0,0(x;5,v)) is globally asymptotically stable.

The first part of this theorem extends the results of Cantrell et. al. [3]. When
the advection rates are small, the species with the stronger advection rate has the
advantage. But the second part tells us that when the advection rates are large, the
species with the weaker advection has the advantage and can even drive the other to
extinction. Therefore, evolution is against both small and large advection rates, and

some intermediate advection rate may give the optimal strategy.

Theorem 1.3.2. Suppose a = 3, Q = [0,1], m is twice continuously differentiable
on [0,1], m; >0 on [0, 1].

(i) If 0 < a < p/maxgm, then there exists d3 > 0 such that for v € (u,p +
93), (0(x;a, p),0) is globally asymptotically stable.

(i) If @ > max(p/ ming m, maxgm/ mingm,) and m > 0 on [0,1], then there exists

94 > 0 such that for v € (u, u+ d4), (0,0(x;B,v)) is globally asymptotically stable.

In the first part of this theorem, we see that for small advection rates, the slower
diffuser still has the advantage, the same as in the diffusion only system. But we
again see a reversal for the large advection case, where the slower diffuser no longer

has the advantage and in fact is always the loser in the competition. Therefore, the

7



direction of the evolution of diffusion rates depends crucially on the magnitude of the
advection rates.

The theorems above present some surprising results for two similar species with large
advection. The following theorems continue to explore the effects of large advection.
However, here we shall only assume that the first species has a large advection rate
relative to its rate of diffusion, we no longer assume that the second species has a

similar dispersal strategy.

Theorem 1.3.3. Suppose that fQ m(x) > 0 and that the set of critical points of m
has Lebesque measure zero. Then there exists a positive constant Ay = Ay (p, v, m, ),
independent of 3, such that if « > Ay and B/v < 1/ maxgm, the following hold:

(i) Both semi-trivial states (6(z; o, p),0) and (0,0(x; B,v)) are unstable.

(ii) The system (1.4) has at least one stable positive steady state.

(iii) For any positive steady state (U, V) of (1.4), ||U||lr2¢) — 0 as a — oo. If we
further assume that the function m has at least one isolated global mazximum, then

there exists some positive constant oy such that maxgU > &y for all o > A;.

This theorem for 3/v small extends the results of Cantrell et al [4] and Chen and
Lou [5] for the case § = 0. Next we turn to the case where 3/v is sufficiently larger.

But first we need an additional assumption on the function m.

(A1) The function m(z) satisfies d,m < 0 on 02, m has only one critical point in

, denoted by z¢, and z( satisfies 2o € Q with D*m(z,) < 0.

D?m(xy) denotes the Hessian matrix of the function m(z) at the point x = zg, and

8



D?m(zy) < 0 means that the matrix is negative definite. What this means in the
biological context is that there is a unique maximum for the habitability function

that is located inside the habitat.

Theorem 1.3.4. Suppose that m > 0 in 2 and assumption (A1) holds. There exists
an increasing function Ao(-) defined on [v/ mingm, oco) such that if a > Ay(5) and

B/v > 1/ mingm, then the steady state (0,6(x; B,v)) is globally asymptotically stable.

So we see that for small values of 3, large advection gives room for the second species
to coexist with the first. But if 3 is large enough, the second species can even drive
the first species (which has a much larger advection rate) to extinction. So while
some advection is good, too much advection can be harmful. This again suggests
that there might be some intermediate advection rate that is most beneficial.

The rest of the paper is organized as follows. In Chapter 2 we will discuss some
background results: define a strongly monotone system, introduce the single species
equation and establish some estimates on the solution, and lastly establish an im-
portant result on a 1-dimensional domain. In Chapter 3 we will address the local
stability of the semi-trivial steady states. In Chapter 4 we will turn our attention
to the existence and non-existence of positive steady states. Chapter 5 will combine
the previous results and discuss the global dynamics of the system. In Chapter 6 we

conclude with a discussion of the results established and some open problems.



CHAPTER 2

PRELIMINARY RESULTS

In this chapter we will cover some preliminary ideas and some technical results that

we will use later in establishing the main results of this thesis.

2.1 Monotone Dynamical Systems

First we want to show that (1.4) is a strongly monotone system and outline the results

that gives us.

Definition 2.1.1. We say that (1.4) is a strongly monotone system if
(1) uy(z,0) > us(x,0) and vy (z,0) < vy(x,0) for all x € Q, and
(2) (ul(x’ 0)7 U1($7 0)) 7_é (UQ(Iv 0), UQ(I’ O)),

then uy(z,t) > ug(w,t) and vy(z,t) < vo(w,t) for all v € Q and for all t > 0.

Theorem 2.1.2. The system (1.4) is a strongly monotone system.

10



Proof. We introduce the functions w := e~ (*/#™y_and z := e=(3/")™y Then (w, z)

satisfy

wy = pAw + aVwVm + w(m — el@/Pmy — eB/Mmz) in O x (0, 00),

(2.1)
2 = vAz + BV2Vm + z(m — el@/mmy — eBMmz)in Q x (0, 00),
with classical Neumann boundary conditions
0 0
8—: - 8—2 =0 on 99 x (0,00). (2.2)
We will show that with the partial ordering
(w1, 21) > (wa, 22) < w1 > wy and 27 < 2o, (2.3)

if (wi(2,0),21(x,0)) = (wa2(,0), 22(x, 0)) then (wi(,t), 21(x,t)) = (wa2(, 1), 22(, 1))
for all ¢ > 0. Further, if we assume that (ui(z,0),v1(z,0)) £ (uz(x,0),ve(z,0)),
which gives us that (wy(z,0), z1(z,0)) #Z (we(z,0), 22(z, 0)), the inequality is strict.
We introduce W := wy — wy and Z := z; — 29, and define
flz,w,2) = w(m — el@/Hmy — eB/rImy),
(2.4)

g(z,w, z) = z(m — e@/mmy — eB/vIm ),

Then (W, Z) satisty

11



Wi = pAW + aVWNVm + f(x,ws, 22) — f(x,w1,21) in Q% (0,00),

Zy =vAZ 4+ BNV ZVm + g(x,wy,21) — g(x,we, z5) in Q x (0,00), (2.5)

OW/on=0Z/0n=0 on 052 x (0,00).
We rewrite

f(x,wa, 20) — f(z,wy, 21) = f(x,we, 22) — f(x,wr, 22) + f(x,wr,20) — f(x,w1,21)

= fulx,w*, )W — f,(z,w1,2*)Z

g(z,wi,21) — g(x, w2, 22) = gz, w1, 21) — g(x, w1, 22) + g(z, w1, 22) — g(x, w2, 22)

= g.(x, w1, 2) 7 — gu(x,W**, 29)W
(2.6)

for some w*, w*™* € (wq, w;) and some z*, z2** € (21, 22).

This gives us a weakly coupled parabolic system (see Protter and Weinberger, Ch. 3

[16])

Wy = pAW + aVWVm + fi,(x, w*, 20)W — f(z,w1,2*)Z in Q x (0,00),

Zy =vAz+ V2Vm + g, (z,wy, 2) 7 — gz, w™, 22)W in Q x (0,00),

OW/on=0Z/0n=0 on 05 x (0,00).
(2.7)

12



We compute

fo(@wy, 2%) = —welPm < 0

(2.8)

Go (T, W**, 29) = —zpel@/WIm < (),
so by Theorem 13 [16], both W and Z are negative in Q x (0,00) or identically 0
everywhere. Since we assumed (wi(x,0), z1(x,0)) Z (wa(x,0), 25(x,0)), it must be
the former.
In addition, by Theorem 14 [16], if either W or Z are 0 on JQ2 x (0,00), then the
outward normal derivative must be positive at that point. But since we have Neumann
boundary conditions for both, this also cannot happen.
So we can conclude that (w;(z,t),z1(x,t)) > (wa(w,t), 20(z,t)) for all x € Q and
for all ¢ > 0, that is, (2.1)-(2.2) is a strongly monotone system. Since the system

(2.1)-(2.2) is equivalent to (1.4), (1.4) is also a strongly monotone system. O

Since (1.4) is a strongly monotone system, we have the following results (see, e.g.,

[10]):

1. If both semi-trivial steady states are unstable, then there is at least one stable

positive steady state.

2. If the system has no positive equilibria, then one of the semi-trivial equilibria

is unstable and the other is a global attractor.

13



2.2 Single-Species Equation

Next we look at the single-species equation
V- [uVl —adVm|+0(m —0) =0 in (2,
(2.9)
(VO —adVm]-n=0 on 0.

In this section we want to establish conditions for the existence of a unique positive
solution @ (= 6(x;a, i) to the single-species equation. We begin by introducing

w = e (@/Mmg  Then w satisfies

pAw + aVwVm +wlm — el@/Wmy] =0 in Q,

(2.10)
Ow/On =0 on S
We consider the eigenvalue problem
A +aVeVm + pm = Ay in Q,
(2.11)

Jp/On =0 on 0.

Lemma 2.2.1. If fQ m > 0, then the principal eigenvalue Ay of (2.11) is negative for

any >0, a > 0.

Proof. We choose the principal eigenfunction ¢ > 0. We multiply (2.11) by e(@/®m

divide by ¢ and integrate over {2 to obtain

V - [el@/m)myy
//L [6 (,0] —|—/me(°‘/ﬂ)m: —Al/e(a/u)m- (2-12)
Q ¥ Q ¢

14



We want to show that the LHS of (2.12) is positive. This will establish our result.

We first show that fQ me@/mm = (. We define

fla) :/Qme(a/“)m (2.13)

Then f(0) = [, m > 0 by our assumption. And we have

1
fl(a) = . /Q m2ele/mm > () (2.14)
Thus [, me@/mm = ( for all a > 0.

Next we show that the first integral is nonnegative. Using the divergence theorem

and the boundary conditions on ¢, we have
na [e(a/u)mv(p] B ue(a/u)m|v¢|2
/9 ¥ - /Q 2
This establishes the lemma. 0

>0 (2.15)

Theorem 2.2.2. If [, m > 0, then for any >0, o >0, (2.9) has a unique positive
solution 6 = 0(x; o, ).
Proof. First we establish the existence of a positive solution. As above we define
w = e~ (/W™ Then w satisfies

pAw + aVwVm + wim — e@Wmy] =0 in Q,

(2.16)

Ow/On =0 on .
Then @ is a supersolution to (2.16) for any constant @ > maxg[me(~*/*™]. Next we
find a subsolution w = ey where ¢ is the principal eigenfunction of (2.11). We also

normalize ¢ so that ||¢||cc = 1. To be a subsolution of (2.16), ep must satisfy
1A(ep) + aV (ep)Vm + ep[m — el®/MMep] > 0 (2.17)

15



Dividing the RHS of (2.17) by € and using (2.11), we get

A + p(—epel@m) = (=i — epel@/m)
> o=\ — eel@/mwm) (2.18)
> p(—\; — emaxg el@/Hm)

Thus if we choose 0 < € < —\;/(mazge®"™), then eyp is a subsolution to (2.16). If
necessary, we can choose € smaller or w larger to insure that w < w. Thus there exists
a solution w to (2.16) with w < w < w, and thus a positive solution = we®/M™ to
(2.9).

Next we show that this solution is unique. Assume there are two solutions 67,60y > 0

to (2.9) with 0; # 65. Then there exist positive solutions w; Z ws to (2.16) given by

w; = e~ (@/mmg,.

From above, we can choose ¢ < 1 and w > 1 so that we have a subsolution w
and supersolution w with ep = w < wy,wy < W in Q. Thus there exist solutions
wy(x), w*(x) > 0 of (2.16) such that w < w, < wy,wy < w* <w. That is, w* and w,

are maximal and minimal solutions, respectively (see, e.g., [15]). So then

MV . [e(a/u)me*] _|_ e(a/ru')mw*<m — e(o‘/ru)mw*) = 0 1n Q7

MV . [e(a/ﬂ)me*] -+ e(a/ﬂ)mw* (m — e(a/ﬂ)mw*) =0 1in Q7 (219)

Ow,/On = dw*/On =0 on 0N.

Multiplying the first equation in (2.19) by w* and the second by w,, then subtracting

16



the first from the second and integrating over €2, we get
,u/(w*V-[e(o‘/“)me*]—w*V-[e(o‘/“)me*])+/ /WMy w* (w, —w*) = 0 (2.20)
Q Q

Using the divergence theorem with the boundary conditions for w,(z) and w*(x) on

the first integral above, we see that

/(w*v (el — WV - [P ap,))

@ (2.21)

= / Yuw* - [e(a/u)mvw*] — / Vuw, [e(a/“)mvw*] -0
Q Q

Thus we have simply
/@mwmmwmm_wm:o (2.22)
Q

Since w, < w*, this implies that w, = w*. But this contradicts w; # wy. This

establishes the uniqueness of the positive solution for (2.16), and thus for (2.9). O

2.3 Estimates on Single-Species Solution
We continue by establishing some bounds on the positive solution 6 to (2.9).

Lemma 2.3.1. If m is a non-constant function, then

min (me_(a/“)m) < e~ @Pm@g () < max (me_(a/“)m) (2.23)

) Q
for every x € Q.
Proof. Let w = e~ (@/®™f(1). We see that w satisfies

pV - [el@mmgw] 4 el@/mmy [m — el@/mmy] =0 in Q,
(2.24)

Ow/dn =0 on 0.
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Or, equivalently, multiplying the above by e~ (¢/wm
pAw + aVm - Vw + w [m — el®/®my] =0 in €,
(2.25)
Jw/On =0 on oS
Let 79 € Q be a point such that w(xy) = maxgw. By the Hopf Boundary Lemma

[16], for both cases zy € 2 and zy € IS0, we have Vw(zo) = 0, and Aw(xy) < 0.

Hence, by (2.25) we get

max w = w(zg) < m(xe)e” @/HME) < max (me’(a/“)m) : (2.26)
Q Q

Next we show that the second inequality in (2.23) is strict. Let M; = maxg (me(@/#m)

and set wy(x) = My — w(z). Then w; satisfies
—pAw; —aVwy - Vm + e(o‘/“)m(Ml —w) [me’(a/“)m — M, + wl] =0 inQ. (2.27)

Multiplying this out and using the definition of M7, we get
—pAw; — aVw, - Vm + e Wmy (2M; — me=(@/Hm — )
(2.28)
= ela/mm \r [M1 _ me—(a/u)m] >0,

where the last inequality is not identically zero since m is a non-constant function.
Recall that w;/On = 0 on 99, and by (2.26), w; > 0 in Q. By the Strong Maximum
Principle [16], we have w; > 0 in Q. This establishes the second inequality in (2.23).
For the first inequality, the proof is trivial if m is non-positive somewhere in €2, hence
it suffices to consider the case when m > 0 in . Since the proof is almost identical

to that of the second inequality, we omit it. O
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Next we define

m* = maxm.
)

Lemma 2.3.2. Suppose that m is a non-constant function.
(i) If a/u < 1/ maxgm, then

0(z) < m*ele/mim@=—m’] (2.29)

for every x € Q.

(ii) If m > 0 in Q and a/p > 1/ mingm, then
0(z) > m*ele/mWim@-m’] (2.30)

for every x € Q.

Proof. By Lemma 2.3.1, we have

e~ /Mm@ (1) < max (me(@/1m) (2.31)
0

for every x € Q. Since
—(a ! —(a
(ye ( /u)y) = e (@/my(] — (a/p)y),
we see that ye™(*/MY is strictly increasing when y < p/o. Hence, if a/p < 1/m*,

max (me_(o‘/“)m) < mre”(@/mm” (2.32)
0

Combining this with (2.31) and multiplying by e®/*™ we get
(z) < m*el/mlm@-—m" (2.33)
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establishing part (i).
For the proof of part (ii), we note that (ye*(a/“)y)/ < 0 fory > pu/a. Thusif m > 0
in Q and a/p > 1/ mingm, then
m()e=(@/ImE) > s (o/um’ (2.34)

for every x € Q. So again using Lemma 2.3.1 and multiplying by e(®/®™ we get the
desired result. 0
By assumption (A1), there exist positive constants kg, 1, and kg such that

|\Vm(z)| > kolx— 0], Kol —x0|? > m* —m(z) > K|z —20]? Vo e Q. (2.35)

These properties, together with O9m < 0 on 02 enables us to prove the following.

Lemma 2.3.3. Suppose that assumption (A1) holds. There ezists a positive constant

K, independent of o, such that

0(z; a, p) < Kelo/mm@=—m’l Ve (2.36)

Proof. We define w = e~ (@/#=Dmg Then w satisfies

pAw + (a = 20)Vm - Vw — [(a — p)|Vm[* + pAm+60 —m]w =0 in €,

[Vw —wVm]-n=0 on 0.
(2.37)

Let z* = 2z*(a, 1) € Q be a point such that w(z*) = maxgw. Since dw/dn =
w Om/On < 0 on 052, we see that z* € Q. Hence, Vw(z*) = 0 and Aw(z*) < 0. It
then follows that

(o = @)[Vm(2")[* + pAm(2") + 0(2") < m(2"). (2.38)
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Hence,
(o = @) |Vm(z")]> <m* — pAm(z") < pllml| o (2.39)
and
0(z") <m(2") — pAm(z") < pllmcog).- (2.40)
It follows from (2.35) and (2.38) that

— K m re)
/‘62(042 1) () < 2pmllox@

(o= —m()] < " 2

Since w(z) < w(z*), we have
emolm@=mlg ) < malm(e)=m*)g ) lammlm(z)—m(=")]
— (") elm @) i m(=)
< ||mHCQ@)62\\m||oo+(fi2u/'”~3)Hmllc2(§) — K VYzeq.

This implies (2.36). O

Next we consider the following eigenvalue problem:

—Ap—aVm-Vo+cp=Na)p in €,
(2.41)
Ohp=0 on 99, ¢>0 on{,

where m € C?(Q) and ¢ € C(Q). The following result was established in Chen and
Lou [5]:

Theorem 2.3.4 ([5]). Assume that all critical points of m are non-degenerate. Let

M be the set of points of local mazimum of m. Then

O}Lrlgo Ma) = mnin c(x).
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2.4 One-Dimension Result

Finally in this chapter we show a result when 2 is a one-dimensional domain.

Let w € C?([0,1]) with w > 0 satisfy

p(Wey + ymgwy) + (me™ "™ — w)we’™ =0 on (0, 1),

(2.42)

where v and p are positive constants.

Lemma 2.4.1. Suppose that m > 0 and m, > 0 in [0,1], and v > 1/ mingm. Then

w(0) < m(0)e™ O w(1) > m(1)e™™N) | and w,(z) < 0 for all x € (0,1).

Proof. We first show that w(0) < m(0)e= ™. We argue by contradiction: Suppose
w(0) > m(0)e ™),

We define h(z) = w(x) — m(x)e ™) Thus h(0) > 0. And we note that h,(0) =
we(0) — my(0)e™™ (1 — ym(0)) > 0, since m, > 0 on [0, 1] and m(0) > 1/7.

Thus there exists § > 0 such that h(z) > 0 for 0 < < §. Then by (2.42) we have
Wey + ymazw, > 0 on (0,0). This tells us that (e7w,), = " (W + yMzw,) > 0 on
(0,6). Thus e @, (z) > Dy, (0) = 0 for all z € (0,6), so w, > 0 on (0,6).
Since w,(1) = 0, let * € (0, 1] be the smallest number such that w,(z*) = 0. Then
w, > 0 on (0,2*) and (me"™), < 0 on [0, 1], implying that h, > 0 on (0,z*), so
h(z*) > 0. But w,(z*) = 0, wy,(2*) < 0, contradicting (2.42).

Next we want to show that w(1) > m(1)e™?™M). Again we argue by contradiction

and assume that w(1) < m(1)e™™W).
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We define h(z) = w(z) — m(z)e™™@). Then h(1) < 0, and h,(1) = w,(1) —
my(1)e™ ™M (1 — 4ym(1)) > 0, thus h(z) <0 for 1 —§ < x < 1 for some & > 0.

By (2.42), wy, + ymzw, < 0 on (1 —46,1), so (e"w,), < 0 on (1 —9,1). Thus
@, (1) > ™, (1) = 0 for all z € (1 —6,1), so w, >0 on (1 —46,1).

Since w,(0) = 0, let Z € [0,1) be the largest such that w,(z) = 0. Then w, > 0 on
(,1) and (me= "), <0 on [0, 1], so h, > 0 on (z,1) and h(Z) < 0. But w,,(z) > 0,
contradicting (2.42).

Finally, we show that w,(z) < 0 for all # € (0, 1). Since w(0) < m(0)e™™® and
w,(0) = 0, from (2.42) we get that w,,(0) < 0. Thus w,(x) < 0 for all x in some
interval (0,4). Now suppose there exists z € (0,1) such that w,(x) = 0. Let 2* be
the smallest such that w,(z*) = 0. We consider two different cases.

In case 1, we assume w(z*) < m(x*)e™™"), But this immediately contradicts (2.42)
since wy,(x*) > 0.

For case 2, assume w(z*) > m(z*)e” ™). Since w,(z*) = 0 and (me™™), |p—a< 0,
h(z) = w(z) — m(z)e™™® > 0 for all #* < v < z* + §. Again we have to consider
two cases: whether h(x) remains positive or is somewhere 0 on (z*,1).

So suppose h(xz) > 0 for all z € (z*,1). By (2.42), wy, + ymzw, > 0 on (z*,1), so
(e w,), > 0 on [z*,1]. But w,(2*) = w,(1) = 0, giving us a contradiction.

Finally we assume h(z) = 0 for some z € (2*,1). Let Z be the smallest of these.
Then h(z) > 0 on (2*, %), 80 Wy + ymyw, > 0 on (z*, ), and thus (€7 w,), > 0 on
(x*, Z).

But h.(Z) = w.(T) — m(Z)e "™ (1 — ym(z)) < 0, giving us w,(Z) < 0 since
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(me=7™), is always negative. Thus we have 0 = w,(z*) < w,(z)) < 0, which is a
contradiction.

Thus it must be that w,(z) <0 for all z € (0, 1). O

Lemma 2.4.2. Suppose that m, > 0 in [0,1] and v < 1/ maxgm. Then w(0) >

m(0)e™™O w(1) < m(1)e™™N | and w,(z) > 0 for all v € (0,1).

Proof. Since m, > 0 in [0, 1] and v < 1/ maxgm, we have (me="") = e 7m/(1 —
ym) > 0 in [0,1]. The rest of the proof is almost identical to that of Lemma 2.4.1,

so we omit it. O
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CHAPTER 3
STABILITY OF SEMI-TRIVIAL STEADY STATES

From Theorem 2.2.2, if [, m > 0 (an assumption we will make throughout this paper),
then we see that the system (1.4) has two semi-trivial steady states, (6(z;a, p),0)
and (0,0(x; B,v)) for every p,v > 0, o, 3 > 0. For simplicity we will often use 6 for
both 6(z;a, ) and O(x; 5,v). In all cases, the context should make it clear which
is intended. In this chapter we look at the linearized stability of both semi-trivial
steady states. In addition to being necessary for the proof of the main results in this
paper, the stability of semi-trivial steady states is also of interest as it is related to

the invasion of species when they are rare.

3.1 Eigenvalue Problem

The following fact will be used in the analysis of the stability or instability of the

semi-trivial steady states.
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Lemma 3.1.1. The steady state (0(-; a, p),0) is stable/unstable if and only if the fol-
lowing eigenvalue problem, for (Ay,1) € Rx C2(Q), has a positive/negative eigenvalue

)\1.’

V- (Ve —BeVm) +[m —0(;a, 1)l = =M in Q,

(3.1)
(vVo — BeVm)-n=0 on 09, ©>0on Q.
Proof. The full system for the eigenvalue problem is
Lip = =V (uVp—apVm)—[m—0(;a, p)le=2Ap in Q,
Lo = =V (VY= YpVm) —[m —20(;a,p)|p = M) —0(; o, p)p  in €

with no-flux boundary conditions.

Suppose the steady state (6(+; «, u), 0) is unstable. Then there is a non-trivial solution
(A, ¢,1) with Re(A) < 0. Consider two cases: (i) ¢ # 0; (ii) ¢ = 0.

In case (i), we conclude that £; has an eigenvalue with negative real parts. Hence its
principal eigenvalue \; is negative and (3.1) admits a solution.

Case (ii) does not happen since the principle eigenvalue of £, is positive. To see this,
let (A7) be an principal eigen pair of L5. So then ¢ > 0. Multiplying the equation

of Ly by fe=*™/# and using the equation satisfied by § = (-; «, i), we can derive
A / e = — / e MOV - [PV (7 H)] + (m — 20)0gpe " H
Q Q
= —/ e~/ N - [0/ (7MY 4 (m — 26)Gape ek
Q
= / 02e= /i) > 0,
Q
Hence, the principal eigenvalue of L, is positive.
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Next, suppose the steady state (6(-;«, p),0) is stable. Then (3.1) cannot have a
solution with A\; < 0. Indeed, suppose it has a solution with A; < 0. Then since the
principal eigenvalue of L is positive, there is a unique solution ¥ of (Lo— A1) = —6¢.
This implies that the full linearized problem has a non-trivial solution (\, ¢, ) with

= A\; < 0. But this contradicts the assumption that the steady state (0(-; «, i), 0)

is (linearly) stable. O

Lemma 3.1.2. The steady state (0, 0(-; 3,v)) is stable/unstable if and only if the fol-

lowing eigenvalue problem, for (A\y,1) € Rx C%(Q), has a positive/negative eigenvalue

)\1.’
V- (uVe —apVm) +[m —0(; 5,v)lp = —hp in Q,
(3.2)
uVeo —apVm)-n=0 on 09, ©>0on Q.
Proof. The proof is identical to that of Lemma 3.1.1, and thus is omitted. ([l

3.2 Stability of (6(z;a,n),0)

By Lemma 3.1.1 above, for the stability of the semi-trivial steady state (0(x; «, p), 0),

it suffices to consider the smallest eigenvalue, denoted as A1, of the eigenvalue problem

V-V = BYVm] +[m — 005 o, p)l = =My in Q,
(3.3)

(Vo — pypVm)-n=0 on 09,
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3.2.1 Stability of (6(x;«,1),0) for large «

In this section we will show that for « large enough, (6(x; o, i), 0) is always unstable.

Lemma 3.2.1. For any 8 >0, [, me®")m > [ m.

Proof. Define F(f) := [, me®/*)™. Since
ar 1 / m2eBm <
s v Jo ’
we see that F/(8) > F(0) = [, m for every 3 > 0. O

The following result was established in [4]:

Lemma 3.2.2. Suppose that the set of critical points of m has measure zero. Then

lim [ 6%(x;a,pu)de = 0. (3.4)

a—00 Q

We are now ready to show that for any fixed 3, (0, 0) is unstable for « large enough.

Theorem 3.2.1. Suppose that me > 0 and the set of critical points of m has
measure zero. For any n > 0, there exists a positive constant A3 = A3z(n) such that

for every 5 € [0,n] and o > Az(n), (0,0) is unstable.

Proof. Let 1) > 0 denote the eigenfunction corresponding to A; uniquely determined

by maxg ¢ = 1. We consider the following equivalent form of (3.3):

vV - [eBImg (= BIIma)) 4 (m — 0)yp = —\jab. (3.5)
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Dividing (3.5) by e~(¥/*)™y and integrating over €, we have

vV - [eP/Imy (e (B/Imy))] (8/v)m (B/v)m.
_ 0 — )\ .
/Q +/Q(m Je / (3.6)

e (B/V)mw Q

Using the divergence theorem and the boundary condition for v, we obtain

vV - B/v) my/(e (B/v) m,(p Ve(ﬁ/u)m i
/Q = <ﬂ/v>(mz/» : ‘/QW"V(@ Gy = 0. (37)

Hence,

a / LB / (m — 0)el#m _ / me8/m / peB1v)m
Q

/ melB/vm _ o(B/vm” / 0

z/m—e(”/”m /9
Q Q
>,

> = m

>3/

provided that o« > A3 = A3(n), where the last inequality follows from the fact that

(3.8)

limg,— oo fQ 0 = 0. Therefore, A\; < 0 provided that a > As. O

3.2.2 Stability of (0(x;«, u),0) for (o, pn) = (5,v)

Finally we consider the stability of (6(z;«, pu),0) for (o, n) =~ (5,v), i.e., when the
two species are nearly identical in their dispersal strategies.
For any oy > 0 and pp > 0, we define 0y = 6(z; ap, p1o) > 0 as the unique positive

solution of
V- [Moveo — aOQOVm] + (m — 90)90 = O,

(3.9)

[NOVQO — aOHOVm] -n =0.
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If (v, 3) is very close to (g, a0) (ie. (v,5) = (a0 + efs + O(), o + 1 + (),
then after suitable scaling, ¥ = 0y + €ip; + O(€?). By plugging into (3.3), we see that

Yy is determined by

V- oV + 11 Vg — aghy Vim — 516,V m| + (m — 6p) 1 — w16y = — 16,

[,ungl + 1/1V90 — a0w1Vm — 6190Vm} -n=0.
(3.10)

If (11, ) is also very close to (ug, ) (i.e. (i, ) = (ap+eay +O(€?), po+epr +0(€2))),

then u = 0y + eu; + O(€?), where u; is determined by

V - [moVur + 11 Vg — agui Vim — a16,Vm] + (m — 0g)uy — Gouy = 0,
(3.11)

[oVuy + 1 Vly — apu1 Vi — aq6yVm] - n = 0.

Lemma 3.2.2.

—/\1 / e_(C“O/”O)mQS == / V(e—(ao/#o)mgo) . [(,U,l — V1>V€0 + (51 - al)QOVm]. (312)
Q Q

Proof. We begin by multiplying (3.10) by e~(@0/#)mg; and integrating over €. Using

the divergence theorem and the boundary conditions on 1, we get

- / V(ef(ao/yo)me[ﬁ . [/Lovwl + V1V90 - a(ﬂme - ﬁ190Vm]
@ (3.13)

+ / e_(O‘O/“O)mQO[(m — 00)y — urf) = =\ / 6—(ao/uo)m9(2)‘
Q Q
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Next we multiply (3.11) by e~(@0/#0)™q); and integrate over €. Again using the diver-

gence theorem and the boundary conditions on 6y, we have

— / V(e (@0/momay Y (1o Vil — afo V] + / e~ @o/mImay (m — )0y = 0. (3.14)
Q Q
Evaluating V(e~(@/r0)mg,) we see that

- / V(e @o/mlmyy . [15V iy — agyhs Vi)
Q

(3.15)
_ _/ —(a0/po)m (#OVQO — aOHOVm) (V'@Dl - _¢1vm)
Q
and similarly,
_ / v<€—(a0/uo)m¢1) [0Vl — g Vm]
Q (3.16)
_ _/ —(a0/po)m (le — _w1Vm)(,uOV(90 — aoeon)
Q
So subtracting (3.14) from (3.13), we are left with
— A / e~ (ao/momys —
O (3.17)

- / V (e~ @0/mm ) [, VO — $16,V'm)] + / e (eo/mo)my, g2
Q Q

Multiplying (3.11) by e~(@0/#)mg; and integrating over 2 we get
/ e~ (@0/mo)my, 03
Q
= —/ v<€7(a0/u0)m90) . [,uOVul — a0u1Vm + u1V90 — a190Vm] (318)
Q
+ / 6_(a0/#0)m00(m — 00)u1
Q
Multiplying the first equation in (3.9) by e~(@0/#0)™y; and integrating over 2 we get

— / V(G_(QO/MO)mul) . [Moveo — Oéo@ovm} + / 6_(0‘0/“0)mu1(m — 90)90 = 0. (319)
Q Q
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Again we expand V (e~ (@0/m0)mg, to get

— / V(e (@/moImy . [116Vuy — aguy V)
0

=— / e~ (@o/mom (g, — M—QOVm)(,roul — apu Vm).
Q

And similarly,

- / V(B_(QO/MO)mul) : [,uoveo — aOQOVm]
Q

= — / e ~(a0/po)m (,uOVul — a0u1Vm)(V90 — M—QOVm)
Q

Using these results and subtracting (3.19) from (3.18) we obtain

/ —(a0/po)m oy 92 /V(e(ao/#o)mgo) 1 VOy — a16yVm).
Q Q

(3.20)

(3.21)

(3.22)

Substituting this result into (3.17) and combining terms, we obtain the desired result,

—)\1 / 6_(a0/u0)m0(2) = / V(e_(o‘o/“(’)m%) . [(,ul — Vl)veo + (ﬁl - al)HOVm]. (323)
Q Q

O

While we cannot make broad conclusions from this information, there is an identity

linking the two parts of the integral on the right. This does give us some insight into

the sign of this integral.
Identity 3.2.3.

V (e~ (@o/mo)mgyy . 76y — %(V(e—(ao/uo)mgo) - Vm)by
— ao/uo)m‘v( (ao/po)mg )’
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It immediately follows from the above identity that

/ Ve —(ao/mo)m g 0) - Vo — —2 /(v(e—(ao/#o)mgo) -V'm)bg

Q (3.25)

/ (a0/ o) 7 (e /m0)mg )2 > (.
Q

This tells us that whenever the second integral on the LHS is positive, the first must

be also. And if the first integral is negative, the second integral must also be negative.

3.3 Stability of (0,0(x;3,v))

In this section we consider the stability of (0,6(xz;3,v)). We first establish the fol-

lowing preliminary result.

3.3.1 Stability of (0,6(z;3,v)) for large «

Lemma 3.3.1. Suppose that m is a non-constant function and me > 0. There

exists a positive constant A5 = As(p, v, m, Q) such that if 0 < f < v/ maxgm and

/ /WM (m — 9) > 0.
Q

Proof. Define O, = {z € Q : m(x) < ||0||w} and Q_ = {z € Q : m(z) > |0}

a > As, we have

Then

/ @/ m) =10l (1, _ ) — / e/ mm=10l1) (1, _ ) 4 / /1) m=10l120) (1, _ ).
Q Q4 _
(3.26)

33



By part (i) of Lemma 2.3.2, ||0||oc < ||m||co provided that /v < 1/ maxgm. Hence,

/ /)10 (1 _ 9)‘ < / @/ m=10l) g
o Q4

(3.27)
< [ m 6] < 2lmlcls.
Q4

Set

i —116]2).
Ogﬁgryr}glaxﬁm(méxm 10]]s0)

e=1
By part (i) of Lemma 2.3.2 and the continuity of f(x; 3, ) with respect to 3, we have
e > 0.

Let zo be a point such that m(zy) = maxgm. By part (i) of Lemma 2.3.2, 2y €
Q_. Again by the continuity of 0(x;,v) with respect to 3, we can choose § > 0,

independent of /3, such that for every € [0, v/ maxgm],
m(z) = [|0]|sc > 3(maxm — [|0]|o) > e, if |z — x| <. (3.28)
Q

Then
/ (/=101 (1, _ )

/ (@/m)m=101<) (1, _ )
{zeQ:|z—1z0|<6} (329)

> / co/me
{zeQ:|z—z0|<8}

=c- ez e Q: |z — x| <0} — o0

v

V

as a — oo. Therefore,

/ e@/m=101) (1, — ) > (3.30)
Q
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provided that o > Aj, where A5 is some positive constant independent of o and .

Hence,
/ M (m —9) > 0 (3.31)
Q
for @« > As and (/v < 1/ maxgm. O

The next two lemmas are the main results of this section.

Lemma 3.3.2. Suppose that m is a non-constant function and me >0. Ifa>Aj
and 0 < 5 < v/maxgm, then (0,0(z; 3,v)) is unstable.
Proof. We want to show that the principal eigenvalue, denoted by Aq, for the problem
V- [uVe —apVm|+ p(m —0) = —A¢ in
(3.32)
(uVo —apVm)-n=0 on OS2
is negative. We choose the corresponding principal eigenfunction ¢ > 0 with maxg ¢ =
1 and set 1) = e~ (*/W™y Then ¢ > 0 satisfies
pV - [e/mmgap] 4 e/ mma(m — 0) = —Ajel@/Mmy in Q,
(3.33)
Vi-n=0 on 0.

We divide (3.33) by % and integrate over {2 to get

(a/um |74 2
i / #+ / el (g ) = ), / o(a/im.
Q w Q Q

The first integral in the left hand side is clearly non-negative and the integral on the
right hand side is positive. By Lemma 3.3.1, the second integral in the left hand side

is positive for a > A; and 0 < /v < 1/ maxgm, thus we have A\; < 0. O
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In strong contrast to Lemma 3.3.2 for the case when §/v < 1/ maxgm, we have the

following result.

Lemma 3.3.3. Suppose that (Al) holds. For any number n > 1/mingm, there
exists some positive constant Ag = Ag(i, v,m,Q,n) such that for a« > Ng and B/v €

[1/ mingm,n], (0,6(z;B,v)) is stable.

Proof. We argue by contradiction. If not, suppose that there exists some n >
1/ mingm, sequences {«;, §;}2, with a; — oo and §;/v € [1/mingm,n| such that
the principal eigenvalue, denoted by \;, for
V- [V — aioVm] + olm — 0( 8;,v)] = —Ap  in Q,
(3.34)
(uVo — a;oVm)-n=0 on 0N
is non-positive for large . We choose the corresponding principal eigenfunction ; > 0

and set ¢; = e~ (ai/ “)mgoi. Then v; > 0 satisfies

pAY; + N - Vmo+im — 0(+; 8, v)] = —=\by in €,
(3.35)

Vi,-n=0 on 0N.

Passing to a subsequence if necessary, we may assume that 5; — [ for some /v >
1/ mingm. By assumption (A1), M = {zo}. From part (ii) of Lemma 2.3.2 (with

a, o being replaced by (3, v, respectively), we have —m(zq) + 0(zo; 3,v) > 0. Set

e = Ym(zo) + B(zo; 5.)] > 0,
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Let \;(e) denote the principal eigenvalue of the eigenvalue problem
HAG + 0,V - Vm 4 flm — 0( B.v) + | = —Xp in O,
(3.36)
Vi-n=0 on 0.
Since 0(-; 6;,v) — 0(;5,v) in L™, for sufficiently large i we have 0(;3;,v) >
0(-;3,v) — e in Q. By the comparison principle for principal eigenvalues we have
Ai > \i(e) for large i. This together with assumption A; < 0 imply that A;(e) < 0 for

large i. However, by Theorem 2.3.4 in Chapter 2 we have

lim \;(¢) = min[—m(z) + 0(z; B,v) — €] = —m(xy) + O(x0; 5,v) — € > 0,

1—00 rzeM

where the last inequality follows from the definition of €. This contradiction finishes

the proof. O

3.3.2 Stability of (0,6(z;3,v)) for (a,p) ~ (B,v)

As with (6(z; a, 1), 0) above, we consider the stability of (0,6(z;3,v)) for (a,u) ~

(8,v).
Again if (u, ) is very close to (ug, ap), then ¢ = 0y + ey + O(€?). From (3.5), ¢,

satisfies

V- [HOV% + 111 VO — app1 Vim — aleovm] + (m - 90)901 —v10p = =16y,

oV + 11 Voy — app1 Vim — an6yVm] - n = 0.
(3.37)
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And if (v, ) is also very close to (ug, ), then v = 0y + ev; + O(€?), where v, is

determined by

V- [/Lovvl + V1V90 — aOUIVm — 6190Vm] + (m — ‘90)’(]1 — 801)1 = O,
(3.38)

[M()V'Ul + V1V90 — a0v1Vm — ﬁﬁOVm] -n =0.

Lemma 3.3.1.

—)\1 / 67(a0/uo)m98 = / V(Bi(ao/uo)meo) : [(1/1 — /L1>V90 + (Oél - ﬂl)GOVm] (339)
Q Q

Proof. The proof is symmetrical to that of Lemma 3.2.2 above, and so is omitted.
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CHAPTER 4
POSITIVE STEADY STATES

After looking at the local stability of the semi-trivial steady states in the last chap-
ter, in this chapter we turn our attention to positive steady states, particularly the
existence or non-existence of positive steady states. This will help us in determining

whether we might have coexistence or competitive exclusion.

4.1 Coexistence and Concentration for Large «

Theorem 4.1.1. Suppose that me > 0 and the set of critical points of m has
measure zero. Then there exists a positive constant Ay = A7 (u, v, m, Q) such that if
a> A7 and 0 < B < v/maxgm, then the system (1.4) has at least one stable positive

steady state.

Proof. From Lemmas 3.2.1 and 3.3.2, we have that the two semi-trivial equilibria are
unstable. This fact along with monotone system theory guarantees the existence of
at least one stable positive steady state [14, 11, 7]. O
Next we show that as o — 00, the population of u concentrates in isolated locations.

Let (U, V') denote any positive steady state of (1.4). By the comparison principle, we
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have U(x) < (x; a, ). Hence it follows that ||U|[r2() — 0 as @ — oo by Lemma

3.2.2. But we will show that ||U||(q) is uniformly bounded away from 0 for large a.

Lemma 4.1.1. Suppose [,m > 0 and m has an isolated global mazimum. Then

there exists 09 > 0 independent of a such that for sufficiently large a,, Ay < —0y.

Proof. By the variational characterization of principal eigenvalues,

\ >, Nfg e(a/u)m|vw‘2 . fﬂ(m . Q)e(a/“)mwQ
= in
' Y#£0, YeC(Q) fQ ele/m)ma))2

(4.1)

(Note: Here and in the remainder of this section, 0 = 0(z; 3, v)).
Since m has an isolated global maximum at xg, by Lemma 2.3.2 we can choose R; > 0
and 6 > 0 such that m(x) — 6(x) > 0 for all © € Bg, (o). Further we can choose Ry

with Ry < R;/2 such that

min m > max m. (4.2)
Br, (z0) Br, (z0)\Br, /2(z0)

For simplicity, let M; = MAaXpp (20)\Bg, /2(x0) s My = mimBR2 (wo) M, and Br(xo) = Br

for any R. Then we choose ¢ € C*(Q) such that

=1 in BR1/2 N Q,
¥ € [07 1] n (BR1\BR1/2) ne, (43)
=0 otherwise.

with V|~ < C;. Then

n [ o —p Lol Ty
Q (Bry \BRry /2)NS

<c | elo/im (4.4
(Bry\BRr,/2)NQ

< C’ge(a/“)Ml,
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and

/ ele/mmy? > / elo/1me? > / elo/mm? > Cpelo/e, (4.5)
(9] BRl/QmQ

BRQQQ
So
Mfg e(a/u)m‘v¢\2 Cge(c‘/“)M1 _ % (a/p)(M1—Ma) _,
o ete/mmay2 Cse@/wMx (g
as o — Q0.

By our choice of Ry,
fﬂ(m — 0)el/mma)? B fBleQ(m — §)elo/mmy2
fQ e(a/u)mwz fBRl . e(a/,u)mwQ

i (4.7)
5fBR1mQ el ma2 s
> fBR g ela/mmap?
Thus we have
C )
M\ < ée(a/“)(Ml_MQ) —5< -3 (4.8)
for sufficiently large «, which completes the proof. 0

Lemma 4.1.2. Suppose that m has an isolated global maximum. For a > 1,

Ul Lo > 0o, where 0y is given in Lemma 4.1.1.

Proof. By the comparison principle, for any positive steady state (U, V') of (1.4), we
have V' < 0(x; 5,v) (= 6). Thus
V- [uVU —aUVm]|+U(m -6 —-U) <0. (4.9)
Again by the comparison principle, U > u* where u* satisfies
V- [puVu* —au*Vm] +u*(m -0 —u*) =0 in Q,
(4.10)

(uVu* — au*Vm)-n=0 on 0.
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Next we show that |[u*||z~(q) > do > 0. Consider the principal eigenfunction ¢ > 0

with [|¢||z~ =1 of

V- [uVe —apVm|+ p(m —0) = —A¢ in €,

(4.11)
(uVe —apeVm)-n=0 on 09Q.
By direct calculation, for any § € (0, —\],
V- [uV(d¢) = a(dp)Vm] + (3p)(m — 0 — d)
(4.12)
= (0p)[=M = o9 = (0p) (=M = 6) = 0.
By the comparison principle, u* > §¢ in Q. Hence, choosing § = —\;, we have
U>u* > dp=—M\, which implies that
max U > —A\;maxy = —\; > o, (4.13)
Q Q
where the last inequality follows from Lemma 4.1.1. This completes the proof. U

4.2 Non-existence of Positive Steady States for Large «

Next we look at some conditions under which we can state with certainty that no
positive steady states exist. For this section we will always assume that m > 0 in
2 and that assumption (A1) holds. We will show that for 8 > v/mingm and «
large enough, (1.4) has no positive steady states. We will argue by contradiction. Let

(U;, V;) denote any positive steady state of (1.4) for (a, 8) = (v, 5;).
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Lemma 4.2.1. Suppose that a; — oo and ; — B € [0,00). Then V; — 0(z;3,v) in
CH(Q).

Proof. From Lemma 2.3.3, we see that for any p > 1, ||U;||» — 0 as i — oco. By
standard elliptic regularity [9], V; — 6(z; 3,v) in W?P(Q) weakly for any p > 1. By
the Sobolev embedding theorem [9], V; — 6(x; 8,v) in CL. O

Lemma 4.2.2. Given any n > 1/mingm, there exists a positive constant Ag =
As(p, v,m, Q) such that if « > Ag and B/v € [1/ mingm,n|, the system (1.4) has

no positive steady state.

Proof. We argue by contradiction. Suppose that there exist sequences {ay, 3;}32,
with a; — oo and ;/v € [1/ mingm,n| such that system (1.4) with («, 8) = (o, 5;)
has a positive steady state, denoted as (U;, V;), for every i. Without loss of generality,
assume that p =1 and §; — § € [v/ mingm, 00). Set W; = e=*™U;. Then W; > 0

satisfies
V- [e VW] + e*™(m — U; — Vi))W; =0 in €,

(4.14)
0,W; =0 on 0f).
Given any € € (0,1), let A;(¢) be the principal eigenvalue of the eigenvalue problem
V- [e*™V ] + e*™[m — (1 — €)f(x; 5, v)] = —Ae®™p in ),
(4.15)

Onp =0 on 0.
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Denote the eigenfunction corresponding to \;(€) by ¢;, which is uniquely determined
by ¢; > 0 in Q and Jo@?dx = 1. Multiplying (4.14) by ¢; and (4.15) by W,

subtracting the first equation from the second, and integrating over €2, we have

/Qe"‘im[Ui + Vi — (1= e)f(z; B, v)] de = —\;(e) /Q e“ MW (4.16)

Now we fix € € (0,1). Since V; — 6(z;3,v) uniformly in Q (Lemma 4.2.1), there

exists 7* such that for ¢ > 7*,
Vi—(1—=¢€)0(z;8,v) > 50(x; 3,v) >0 in Q.

Hence, for ¢ > 7%,

Ai(€) < 0. (4.17)

By assumption (A1), we see that M = {z(}. Hence, by Theorem 2.3.4 we have

lim \;(e) = min[—m(x) + (1 — €)0(z; 5,v)] = —m(xo) + (1 — €)0(xo; B, V).

1—00 zeM

This along with (4.17) implies that
m(zg) > (1 — €)f(zo; B, V).

Letting € — 0, we have
m(zo) = 0(zo; B, v).

However, this is a contradiction since by Lemma 2.3.2 we know that 6(zo; 3,v) >

m(zo) for B/v > 1/ mingm.
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4.3 Non-existence of Positive Steady States for a ~ 3

Finally we show that under a certain condition, for « close to 3, the system (1.4) has
no internal positive steady states. Thus if fQ m > 0, the only equilibria are the two

semi-trivial steady states.

Theorem 4.3.1. The system (1.5) has no internal equilibria, provided that
(1 — 1) / V(e (@0/momgy .70 — (ay — 3) / OV (e~ (@0/moImg) . 7m £ 0 (4.18)
Q Q
Before proving the theorem, we want to establish a couple lemmas which we will use
in the proof.

Lemma 4.3.2.

/ [el@/m _ e (B/m] g (o=(a/mmyy . 7 (=(B8/r)my)
Q

(4.19)
_ / (=M _ o=@/ mm Yy — gy — )
Q
Proof. We rewrite the equations as
pV - [el/mmg (e=(@/mmy)] 4 u(m —u—v) =0 in Q,
vV - [eBImy (e=Bm)] £ o(m —u—v) =0 in Q, (4.20)

V(e_(a/ﬂ)mu) n = V(e_(ﬁ/y)m'l}) N = O on 89

We multiply the first equation in (4.20) by e~B/VImy and integrate over ) using the

divergence theorem and the boundary condition. From this we get

45



u/ el mmg (g=(@/mmy) 7 (e~ (B/VImy) = / e~ By (im — u —v). (4.21)
Q Q

Similarly, multiplying the second equation in (4.20) by e~(®/#)™y and integrating over

) we have

y / eBIImy (=(@/mimyy 7 (o= (B/V)myy) = / e~ @/myy(m —u—v).  (4.22)
Q Q

Subtracting (4.22) from (4.21) gives us the desired result. O

Lemma 4.3.3. Using the parametrization

.

ft = pio + epn + O(e?),

v =+ evy + O(e?),
(4.23)

a = ay + ea; + O(e?),

B =g+ efr + O(e?),

\

pele/m _ e Brm _ ao/mome(yy oy, 4 O1HO T Qo = Pupto + Q) (4.24)
Ho

and

e~ (BIIm _ o~(afim _ gloo/nom o V30 00k _ Pito — SOy £ O(D)] (4.25)
Ho Ho
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Proof. We use the Taylor expansion around € = 0, giving us

ap + eay + O(e?)
o + €1+ O(c2)
Q1fo — Qofhy

= (o + ep1 + O(€2)) exp[(a/ o) m + eTm + O(€%)]

m]

pe ™ = (g + e + O(e?)) exp]

= 0O g+ g1+ O()) exple == m + O()] - (4:26)
0

o —
_ e(ao/uo)m(uo + €y + 0(62))[1 + GMm + 0(62)]

Mo

(07 —
0

Similarly,

pelBIvm — glao/moimyy 4 St — oo O(e?)] (4.27)
Ho

Subtracting (4.27) from (4.26) gives us the first equation.

Again using the above parametrization and the Taylor expansion, we get

Qiflg — @
ef(a/l‘)m — exp[_(ao/uo)m _ GMW@ + 0(62)]
o 0 (4.28)
— eloo/moim(y _ (O T, 4 ()
Ho

and

e—B/v)m _ e(ao/#o)m(l . 661,“0 —2 Oéonm i 0(62)) (4.29)

Ho
Subtracting (4.28) from (4.29) gives us the second equation. O

Lemma 4.3.4. Let (U, V) be any positive steady state of (1.5). Then for (a, 3, p,v)

parameterized as above, (U, V) — (s, (1 — $)8y) as € — 0 for s € [0, 1].
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Proof. Let (U, V') be any positive equilibrium of (1.5). As ¢ — 0, then (U, V) will

approach some limit (4, v), with @, 0 > 0, where (u,0) satisfy

V- [1oVi — apiiVm] + a(m — i —9) =0 in Q,

—0)=0 in

>

V- [uo Vo — apdVm] + o(m —

(oVi — apuVm| - n = [1oVo — pdVm] -n=0 on 0.

Adding the equations we see that u + v satisfies

V- V(i +9) — ag(t + 9)Vm] + (4 + 0)(m — (

>
_l_
>
I
o
=
e

oV (i +0) —ag(t+0)Vm]-n=0 on ON.

(4.30)

(4.31)

Thus either @ + v = 6y or u + © = 0. We exclude the possibility & + v = 0. Set

w = e (@/WmI] Then w satisfies

uv - [e(o‘/“)me] + we(o‘/“)m(m —U-V)=0

in Q and Ow/0,, = 0 on 0N2. Dividing the above equation by w and integrating in €2,

similarly as before we find that

/ e(a/”)m(m -U-V)<o.
Q

Since (U,V) — (u,v) = (0,0), passing to the limit in the above equation we have

/ e/, < 0.
Q

which is a contradiction.

Hence, 4 + v = 4. Since both 4, > 0, this gives the desired result.
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Lemma 4.3.5. If (U,V) — (0,6y) as € — 0, then U/||U||co — 6o/||60]]co0-

Proof. We begin by dividing (1.5) by ||U]|« to get

U U U
V- [uV -«
1Ulle Ul

1U1]so

U U
— n = Q.
[MVHUHOO aHUHOOVm] n=0 on 0

As e — 0, then U/||U||oc — 2z where z satisfies

V(o Vz — apzVm] + z(m — 6y) =0

[oVz —apzVm|-n=0 on 0N.

Vm]+ ——m-U-V)=0

in €,

(4.32)

in (),

(4.33)

So we get that z = k6 for some constant k£ > 0. Since [|z]|cc = 1, k = 1/||0p]| 0, 1-€.

z:HO/HQOHOO O
Lemma 4.3.6. If (U,V) — (60,0) as € — 0, then V/||V||c — 00/]|00||o-
Proof. The proof is similar to Lemma 4.3.5 above, and thus is omitted. (|

We are now ready to prove the theorem.

Proof of Theorem 4.53.1. Assume there is an internal equilibrium (U, V). As shown

in the preceding lemmas, there are three possibilities. As e — 0,

L. (U, V) = (sby, (1 —s)b) for s € (0,1),

2. (U, V) —(0,6y) and U/||U||c0 — 60/]|60]|c0, OF
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3. (U, V) = (60,0) and V/[[V]lsc = 00/|00]|c-

We will address each of these three possibilities and see that they quickly merge.
First, suppose that (U, V) — (sby, (1 — s)6) for s € (0,1) as € — 0. Then we can

parameterize (U, V') = (s6y + O(€), (1 — s5)0y + O(€)) where 0, satisfies

oV - [eleo/nomyg (e=(ao/molmg )] 4 Oy(m — 0y) =0 in €,
(4.34)
V(e (@o/momgyy.p =0 on 09.
We use the results from Lemma 4.3.3 along with this parametrization and that of

(o, B, p, v) above, plug into (4.19), and combine the first-order terms in € to get

/ pla0/mo)m |:,U/1 B Qfo — Oéolh/; Biio + vy m} ‘V(ef(ao/uo)meoﬂz
Q 0

- / ¢~ (@0/no)m [%Mo —2040M1 _ Bt —2&0V1}m93(m —0)
Q Ho Ho

(4.35)

Now if (U, V) — (0,6y) as ¢ — 0, we parameterize (U/||U]|x, V) = (60/]|00|loc +
O(€),0p + O(€)). Then we first divide (4.19) by ||U||« before using the results from
Lemma 4.3.3. Then plugging in this parametrization and that of («, 3, u, ) and

combining first-order terms in € we get

/ c(@o/noym [M 4 Qo Qo — Bifio 4 o m]v(e—(ao/uo)m 0o ) V(e (eo/mIme, )
0 o 160100

2
_ / ef(ao/,uo)m[al,uo —2040M1 _ B o —2060V1]m ‘90 (m _ 90)
Q Ho Ho ||‘90||oo

(4.36)
Multiplying by [|6y||o gets us back to (4.35).
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Lastly, if (U,V) — (600,0) as ¢ — 0, then we parameterize (U, V/||V||sx) = (60 +
O(€),00/||00||0o + O(€)), divide (4.19) by ||V]|«, and proceed as above.
Once we have (4.35), we multiply (4.34) by e~ (®0/k0)mgom integrate over €2, and use

the divergence theorem to get

/Q ¢=(@0/HMGR (1 — G0Vm = —pio /Q e~@0/h0)m [0 k) (¢~(ao/mo)mg )

= Mo/ (@0/10) mY (e~ (a0/mo)my o) - v(e—(ao/uo)mgom)
Q

= g [ g ety
Q

l/%V(‘WWmG)Vm
Q
(4.37)

Using this result with (4.35), we now have

(,ul _ 7/1)/ (co/po) m|v( (@o/po)m g )|
0

aq g — aopty — Bipto + aory / (a0 /p0)m m‘v( (@0/no)mg )|
Ho Q
Q1 fto — Qofty — Piplo + ol [/ (ao/po)m |V (e~ (@0 m)m g ) 2
Q

+

/% “WWW)Vﬂ "
4.38

Thus

wrwn/<WWMV(aWan
Q

_ aiplo — opr — Bipho + gy / 0 V( (@0/10) mg ) Vm (4 39)
Ho Q

_ [041 — B+ M] / 0oV (e~ (0/m)mg ) . Tm,
Ho Q
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Bringing the last integral over to the LHS we get

(Ml _ Vl)[/ (ao/uo)m|v( (ao/po) ™0, |2+ _/90 —(a0/no)mg ) Vm]
. (4.40)
— (a1 = 3) [ V(e mmgy) - Tm
Q
Finally, using the fact that
e(ao/uo)m|v(e*(ao/#o)m90)‘2 _9 V( (@o/po)m ) ) Vm
= V(e (@0/po)mg o) - [e (a0/p0) "y (e~ (ao/po) m0y) + —06’ng]
Ho
= V(e—(ao/uo)mgo) . [e(ao/uo)m(e—(ao/uo)mv% + 906—(a0/uo)m( _ %)vm)
Ho

Ho

= V(e—(ao/uo)mgo) -V,
(4.41)

we end up with

(11 — 1) / V (e~ (eo/mlmgey .0y — (oy — () / oV (e~ (C0/mIme ) . Tm = 0, (4.42)
Q Q

a contradiction to the assumption (4.18). O
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CHAPTER 5
GLOBAL DYNAMICS

After considering the existence and local stability of positive equilibria, in this chapter
we turn our focus to the global dynamics of the system. Again we will look at two
different situations, when one species has a large advection rate and when the two

species have nearly identical dispersal strategies.

5.1 Global Dynamics for Large «

Theorem 5.1.1. Suppose that m > 0 in Q and assumption (A1) holds. Given any
number n > 1/mingm, there exists some positive constant Ag = As(u,v,m,Q,n)
such that if « > Ag and /v € [1/ mingm,n], (0,0(x; 3,v)) is globally asymptotically

stable.

Proof. From Theorem 2.1.2, (1.4) is a strongly monotone system. From Lemma 3.2.1,
we know that (0(x; a, i), 0) is locally unstable and by Lemma 3.3.3, (0, 6(z; 5,v)) is
locally stable. Lemma 4.2.2 tells us that the system has no positive steady states.
Thus, by the monotone system theory [10, 12, 17], (0,0(z; 3,v)) is globally asymp-

totically stable.
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5.2 1-Dimensional Dynamics with («, ) = (5, v)

Here we consider the special case where the species have very similar dispersal strate-
gies ((a, p) = (B,v)), the habitat is one-dimensional (2 = [0, 1]), and the quality of
resources is strictly increasing along the habitat (i.e., m, > 0 on [0, 1]).

We first consider the case where 4 = v and o ~ 3. We perturb («, ) slightly,
letting (a, 3) = (ap + ey + O(€?), g + €81 + O(€?)). So both species have the same
diffusion rate, both are a little smart, and species u is a little smarter than species
v (i.e.,, oy > (1). We find different results when the advection is large and when the

advection is small.

Theorem 5.2.1. Suppose = v and a; > (1. Let Q = [0, 1], m be twice continuously
differentiable on [0, 1], m, >0 on [0,1].

(1) If ap < p/maxgm, then (0(x; o, u),0) is globally asymptotically stable.

(ii) If m > 0 on [0,1] and o > pu/mingm, then (0,0(x; 3,v)) is globally asymptoti-

cally stable.

Proof. (i) First we show that (0(x;«,p),0) is locally stable. By Lemma 3.2.2, we

have that the principal eigenvalue A\; of (3.1) is given by

_Al/e—(ao/#o)mggz (51_a1)/ (c=(@o/mo)mg ) . Gom, (5.1)
Q Q

From Lemma 2.4.2, with w = e~ (®0/H0)™gy and v = /o, we see that (e~ (@0/#Img) >
0. Since 6y > 0 and m, > 0 by assumption, the principal eigenvalue A; of (3.1) is

positive. Thus by Lemma 3.1.1, (6(z; a, i), 0) is locally asymptotically stable.
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Similarly, from Lemmas 2.4.2 and 3.3.1, the principal eigenvalue of (3.2) is negative,
so (0,6(z; B,v)) is unstable.

Since there are no positive steady states by Theorem 4.3.1 (note that (4.18) is satis-
fied), from the monotone system theory we can conclude that (6(z; o, ), 0) is globally
asymptotically stable for all positive initial data.

(ii)) With the same identifications as above, this time by Lemma 2.4.1 we have
(e~(@o/ro)mp) < 0. We still have 6y > 0 and m, > 0, so the principal eigenvalue of
(3.1) is negative. Thus by Lemma 3.1.1, (6(z; a, i), 0) is unstable.

By Lemma 3.3.1, the principal eigenvalue of A (3.2) is given by

Y / e=(eo/mImg2 _ (o, — 3)) / (e~ (@o/m0mg ) . Gom, (5.2)
Q Q

So the principal eigenvalue of (3.2) is positive, thus by Lemma 3.1.2, (0,0(x; 5,v)) is
locally asymptotically stable.

Again, Theorem 4.3.1 assures that we do not have any positive steady states, so by the
monotone system theory we can conclude that (0, 0(x; 3, 1)) is globally asymptotically
stable. U
So for small advection rates relative to the rate of diffusion, we find that the smarter

species survives. But if the advection rate is too large, the smarter species loses.

Next we consider the case where o = ( and p ~ v. We parameterize (u,v) =
(po + €pr + O(€2), g + vy + O(€2)). Again we consider the two subcases with small

and large advection rates.

Theorem 5.2.2. Suppose a = 3 and p; < vy. Let Q = [0,1], m be twice continu-

ously differentiable on [0,1], m, >0 on [0, 1].
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(i) If o < po/ maxgm, then (6(x; o, p1),0) is globally asymptotically stable.
(ii) If m > 0 on [0, 1] and o > max(py/ ming m, maxgm/ ming m, ), then (0,0(x; 3,v))

15 globally asymptotically stable.

Proof. (i) Since a; = fy, from Lemma 3.2.2, we now have that the principal eigenvalue

Ap of (3.1) is given by

—\i / e~@o/mlmg2 — (1 1) / V (e~ (@0/mlmg )y . 76, (5.3)
Q Q

In Lemma 2.4.2, we again identify w = e~ (@0/r0)mg, 5o that 6y = we®/#0)™  So then
(60), = el@o/Hom (. + () po)mew) > 0 since w,, w, and m, are all positive. Thus
A1 > 0, so by Lemma 3.1.1 (6(z; a, i), 0) is locally asymptotically stable.

Likewise, from Lemma 3.3.1, the principal eigenvalue of (3.2) is negative, so (0, 0(x; 3, v))
is unstable.

And again by Theorem 4.3.1, since there are no positive steady states, monotone
system theory tells us that (6(x; «, 1), 0) is globally asymptotically stable.

(ii) By Lemma 2.4.1 we have that (e~(@0/H0)mg,) < 0. We want to show that (6), >
0. We argue by contradiction. Let z* € [0,1] be the least such that (6y).(z*) < 0.
Since (0p),(0) > 0 and (6p).(1) > 0, by the continuity of (6p)., =* € (0,1) and

(0p)z(x*) = 0. Integrating (3.9) over [0, z*] we get
aby(x / Oo(m — bp) < / Oom < maxm (90 (5.4)
Since 6y is increasing on [0, z*], we have

0o(z") minm, < O (2" 5.5
ol g = vggyom S0l 59
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From this, since 0y(z*) > 0 and ming ;3 m, > 0, we get a < maxy ;) m/ ming 1 Mg,
contradicting our choice of .

Thus (6p), > 0 on [0, 1], so the principle eigenvalue of (3.1) is negative, therefore
(0(x; ary 1), 0) is unstable.

From Lemma 3.3.1, the principal eigenvalue A; of (3.2) is given by

nY / e~ (@o/uomg2 _ (1 _ 1) / V(e Co/momgy) . g, (5.6)
Q Q

So we see that the principal eigenvalue of (3.2) is positive, and thus by Lemma 3.1.2,
(0,0(x; 8,v)) is locally asymptotically stable.
Theorem 4.3.1 shows that there are no positive steady states, so the monotone system

theory tells us that (0(z;a, i), 0) is globally asymptotically stable. OJ
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CHAPTER 6
DISCUSSIONS AND OPEN PROBLEMS

6.1 Discussion

In this paper we show some interesting results and insights into the best dispersal
strategy for a species. We see in the case where both species have similar dispersal
strategies, («, u) = (3, v), that the size of the advection rate relative to the diffusion
rate is important. When the rate of advection is small relative to the rate of diffusion
(a/pp < 1/ maxgm), we see that the results of Dockery et. al. [8] and Cantrell et. al.
[3] are extended. When advection rates are equal, evolution favors slower diffusion.
When diffusion rates are equal, evoultion favors stronger advection.

The situation is reversed however if the rate of advection is larger relative to the rate
of diffusion (a/p > 1/ mingm > 0). Then faster diffusion is preferred when advection
rates are equal and weaker advection is preferred when diffusion rates are equal.

So we see that if o/p is small enough, then an advantage is gained if advection
increases and diffusion decreases, that is if oo/ increases. While if o/ is already large
enough, then the species fares better if advection decreases and diffusion increases,
that is if o/p decreases.

The conclusion of Cantrell et. al. [3] that the faster diffuser can win if the advection
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rate is large enough (but not too large) can be strengthened. We have shown that
too large of an advection rate is a disadvantage to the species. So for small advection
rates, not only does an increase in advection allow for an increase in diffusion, but
if the advection rate increases enough, the diffusion rate must increase. If advection
becomes too strong relative to diffusion, then the species will be wiped out by its
competitor.

To put it in the biological context, searching for and following better environments
is a beneficial strategy for survival. But this must be balanced with an appropriate
amount of random movement to ensure that the species is exposed to new oppor-
tunities and does not become too focused on the immediate environment. While
individual members of a species may suffer by wandering into a less friendly environ-
ment, the gain and colonization of new habitat from such exploration is good for the
species as a whole.

Returning to the mathematics, we see that for 5/v < a/p < 1/ maxgm, (0(x; o, 1), 0)
is the global attractor. But for a/u > (/v > 1/mingm > 0, (0,0(x;3,v)) is
the global attractor. So for 1/maxgm < (/v < a/p < 1/mingm, both semi-
trivial steady states must change stability at least once. This strongly suggests that
there is one strategy that is optimal, i.e. for fixed u, there is an advection rate
a* € [p/ maxgm, i/ mingm| such that for 8/v # o*/u, (6(x;a*, u1),0) is globally
asymptotically stable. One thing that is uncertain is what if 5/v = o*/p but § # o*?
Are all dispersal strategies with this ratio equal or is one better than the others?
This argument for an optimal rate is further strengthened by Identity 3.2.3 and

Lemma 3.2.2. For a given domain ) and resource function m, if @ and p are such
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that stronger advection is preferred, then slower diffusion must also be preferred, i.e.
larger o/ is favored. And if faster diffusion is preferred, weaker advection must also
be preferred, i.e. the preference is for smaller ai/p. However the converse is not true.
A large enough decrease in diffusion allows for weaker advection.

When the species have dissimilar dispersal strategies and « is large relative to u, we
again see that advection must be balanced with diffusion. When one species reacts
strongly to the availability of resources and the quality of the environment with little
random movement, a less intelligent species that relies almost entirely on random
movement for dispersal can actually coexist. But as the second species gets smarter
(0 increases), the second species can not only invade but even drive the first species
to extinction. But by the same token, if the second species gets too smart without
increasing diffusion, it will be driven to extinction. So a large increase in advection
must be accompanied by an increase in diffusion. As a species gets smarter, it must
increase its efforts to explore new areas to avoid becoming overconcentrated in a few

locations.

6.2 Open Problems

The results we obtained were for («, u) = (3, v) and for « large. Do the same results
hold if the diffusion or advection rates are not so close or not so far apart? Specifically

we ask the following questions:

1.LIfO0 < 0 < a < p/mazgm, p = v, is (6(-;a, u),0) globally asymptotically

stable?

60



o> B> p/mingm, = v, andm > 0,is (0, 6(-; 8, v)) globally asymptotically

stable?

0 < afp < 1/maxgm, a = (3, is (0(-; a, p),0) globally asymptotically stable

for any v > p?

. If @ > max(p/ ming m, maxgm/ mingm,), « = f and v > u, is (0,0(x; 8, v))

globally asymptotically stable?

. Is there a unique r such that if o/u = r and /v # r, then (0(-;a, p),0) is

globally asymptotically stable?

In addition, we have the following conjectures which we proved for a one-
dimensional domain with m, > 0. Do these hold in general for higher-dimensional

domains and more general m?
s fQ V(e (@o/mmgy) . vl < 0 for o > 17

s fQ(V(e_(ao/“O)mﬁo) -Vm)by < 0 for a > 17
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