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ABSTRACT

This thesis is devoted to a study of the dynamics of two charge and three charge
systems in string theory. We analyze properties of two charge systems in various
duality frames and carry out perturbative addition of momentum to these systems.
This gives us a picture of microscopic origin of entropy of black holes, supporting
the Mathur conjecture. We extend the perturbative construction to provide a mi-
crostate for the two charge black ring by adding a small amount of momentum as the
third charge. We found it to be completely smooth and horizonless in accord with
the Mathur conjecture. We further study dynamics of supertubes in both the weak
coupling and the strong coupling regimes which suggests a way to distinguish bound
states from unbound states in string theory. We apply these results to supertubes
in KK monopole background. We construct metrics describing two charge solutions
in four dimensions by adding momentum to a system of N coincident KK mono-
pole solution. We find that adding momentum separates the monopoles and resolves
the associated Zx singularities. We also consider branes wrapping cycles in space-
times generated by two and three charge systems and analyze their supersymmetry

properties.
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CHAPTER 1

OVERVIEW

Our current knowledge of the basic structure of the physical universe is rooted
in the frameworks of quantum field theory and general relativity. Empirically, both
have been tremendously successful. The standard model of particle physics is an
SU(3) x SU(2) x U(1) gauge theory. It encapsulates our understanding of the strong
and electroweak forces and as of now is fully in accord with experiments. Gen-
eral relativity is a classical field theory for gravity which gives us our most com-
plete understanding of gravitational phenomena and cosmology. One of the deep-
est problems in theoretical physics is harmonizing general relativity with quantum
field theories, or in other words, finding a quantum theory of gravity. General rel-
ativity predicts its own destruction because in situations like black holes, smooth
initial data can evolve into singular field configurations. A theory of quantum grav-
ity is expected to solve such problems but a perturbative quantization of general
relativity yields a non-renormalizable theory. As an effective field theory it can
be useful in dealing with low energy phenomena but it fails to cope with strong
gravity phenomena like singularities of classical GR which were our main motiva-

tion for seeking a theory of quantum gravity. Something more drastic is needed.



The assumption of replacing point particles with higher dimensional objects such
as strings or branes leads us to string theory which is currently the most successful
theory of quantum gravity. In this chapter, we give a non technical overview of
the issues and topics discussed in this thesis. In the next chapter we give a more
detailed presentation of some of the background material needed to understand the

later chapters.

1.1 Black Holes and String theory

Colloquially, black holes are objects with such a strong gravitational field that
even light cannot escape from them. In general relativistic parlance, black holes have
an ‘event horizon’ which is a boundary beyond which no information about the inside
region may reach. Black holes are usually formed due to the gravitational collapse of a
sufficiently massive star. Surprisingly, when a collapsing star settles into a stationary
black hole state, its metric is uniquely determined by a few asymptotic charges like
mass and angular momentum. Existence of black holes is quite problematic for the
second law of thermodynamics in the rest of the universe because one can decrease
the entropy of the outside region by dropping objects in the black hole. One can
argue that the entropy is not lost but just hidden inside the black hole. But from
the point of view of the rest of the universe, the second law becomes observationally
unverifiable since we have no way of knowing how much entropy the black hole has
due to matter falling into it.

Bekenstein [1] provided a solution to this dilemma by assigning an entropy to the
black hole itself. Based on several ‘gedanken’ experiments, he determined that the

black hole entropy must be proportional to the area of the event horizon. Hawking



2] fixed the constant of proportionality by considering quantum field theory in the
curved classical spacetime of a black hole. The work of Bekenstein and Hawking
saved the second law of thermodynamics but it raised profound questions about black
holes, thermodynamics and quantum field theory. Hawking discovered that not only
do black holes have entropy but they also have a temperature and radiate like any
black body at that temperature. Black hole radiation was found to be thermal and
it leads to a loss of the mass of the black hole. So unless some new principle arises,
black holes can completely evaporate and leave just thermal radiation behind. By
its nature, black body radiation does not carry any information (except temperature,
which depends only on the total mass) about what went into making the black hole.
This, in simplified terms, is known as the information loss problem.

A related problem is that unlike any other thermodynamic system we have no
microscopic understanding of the Bekenstein-Hawking entropy of a black hole. We
do not know how to explain the entropy of black holes as arising due to a coarse
graining over some set of microstates. String theoy being our most well developed
theory of quantum gravity should shed some light on this profound puzzle. String
theory is an interacting relativistic theory of extended objects like strings and solitonic
membranes of different dimensionalities. The strength of interaction between objects
is governed by a dimensionless coupling constant g. There are also duality symmetries
which can convert one set of objects to other or change from a weak coupling regime
to a strong coupling regime of the theory. A crucial ingredient of string theory is
supersymmetry. In any supersymmetric theory, the mass (M) and charge (@) satisfy

an inequality of the form M > @ for some constant c. States that saturate this



bound are called BPS states and have the special property that their mass does not
receive any quantum corrections.

In string theory, we try to make black holes from strings and different types of
higher dimensional membranes. Strominger and Vafa [3], in their pioneering work
made classical sized black holes using three charged objects D1-D5-P. D1 and D5
branes are solitonic objects of one and five dimensions respectively while P refers to
momentum carried along their common direction. One problem is that we understand
the quantum structure of these objects at weak coupling only while black holes are
a strong coupling phenomena. In this situation BPS states come handy. Using them
one can make special types of black holes (extremal black holes) and count all possible
configurations with given values of charges at weak coupling. Now imagine increasing
the coupling. This increases gravity [4] and causes these states to become black
holes. Using uniqueness of black holes, we can relate the weak coupling and strong
coupling regimes. Since BPS states are protected by supersymmetry, the counting
that we did for weak coupling remains valid and logarithm of that gives the entropy
even at strong coupling. In one of the famous triumphs of string theory, we get a
perfect match between microscopic and macroscopic entropies. Agreement persists if
we have near-extremal black holes which are not fully protected by supersymmetry.
Calculations have been done for 5 and 4 dimensional black holes including other
charges like angular momenta. Small deviations from fully thermal spectrum (grey

body factors) have also been shown to match.



1.2 AdS/CFT and the Mathur Conjecture

As the work of Strominger and Vafa showed, string theory was on the right track
for a correct theory of quantum gravity. However it did not yield much information
about the microstates except their number. Motivated partially, by results on black
holes, Maldacena [5] conjectured a very profound duality between string theory on
product spaces AdS, x S?x M and conformal field theories on the conformal boundary
of this spacetime. Here AdS, refers to p dimensional anti-desitter space and S9
denotes ¢ dimensional sphere. We will usually take M = T* i.e four-torus. For our
special case of black holes in 4 or 5 dimensions, we have a duality between AdSs x S3
and some conformal field theory. This AdS3 x S? spacetime occurs as the near horizon
limit of black holes and the CFT is the low energy limit of a gauge theory living on the
branes making the black hole. Since the CF'T is a unitary field theory, there should
not be any information loss in black holes. In the CFT one can identify individual
states and their counting matches with the black hole entropy. But what if one insists
on using a gravitational description? How does one see states on the gravity side if
we only have one black hole metric? Based on an abstract argument one can already
see that the individual microstates must be horizonless. If microstates had a horizon
they will have entropy of their own. We want microstates to explain the entropy of
the black hole and not to have entropy of their own. If they do not have horizons
they must be non-singular if we do not want naked singularities.

For the two charge systems Mathur and Lunin [6] constructed a family of non-
singular horizonless metrics corresponding to states in the CFT which have same
asymptotic charges and look like naively constructed two charge metric for black holes

outside. But inside they all differ from each other and if we delineate a boundary after

bt



which the geometries start differing from each, we find that this boundary has [7],[8]
an area which gives the black hole entropy. So “coarse graining” over geometries leads
us to the entropy of the black hole. This is a very satisfying picture of the black hole
because entropy arises from coarse graining. It must be emphasised that the generic
states are expected to be quantum and probably no geometric description would be
possible. The idea is to associate a coherent state in the CF'T with an asymptotically
flat geometry which is smooth and free of horizons, carries the same conserved charges
as the black hole and hence constitutes a microstate of the black hole. The two charge
system is basically a toy model since it does not have a classically finite horizon. The
work of Strominger and Vafa was for three charge systems. It is reasonable to expect
the basic picture of black holes to remain unchanged when we go from two to three
charges. In chapter 3, we take the first step towards this goal by adding the third
charge perturbatively. In that case, we found a smooth perturbation which confirms
that the picture holds at least for some special states. After this work was done, the
Mathur conjecture was further confirmed when a complete non-perturbative three
charge geoemtry was constructed by Giusto, Mathur and Saxena [9] and were found
to be smooth and horizonless. Again, the conjecture does not say that all three charge

states will have a classical supergravity description.

1.3 Properties of microstate geometries

Given the importance of these smooth geometries, it is worth exploring their
properties further. In chapter 5, we study branes wrapping various cycles in these
spacetimes and study their supersymmetry properties. In chapter 6, we study the

dynamics of supertubes [10],[11] which are basically dualized versions of two charge



systems we have been talking about. At weak coupling, supertubes are described by
Dirac-Born-Infeld (DBI) action which is proportional to area of the brane. We study
fluctuations of these system both at weak coupling (where they are described by a
DBI action) and in the strong coupling supergravity limit. From this study we also
managed to obtain a conjecture to distinguish between bound states and unbound
states. In 5 and 6 dimensions, there has been a lot of recent progress recently and
there is now a general scheme [12] to write down solutions to minimal supergravity in
these dimensions. Most of these solutions do not correspond to bound states. Mathur
conjecture deals with bound states and hence it is of crucial importance to have a way

to distinguish between bound and unbound states, specially for three charge states.

1.4 Systems with KK monopole

Recently, there has been a lot of interest in systems containing the KK monopole.
It is a purely gravitational solution in string theory and one of its obvious attractions
is that it is a completely regular gravity solution. We will see in the next chapter
that the geometry of its non compact part is four dimensional. Hence it is used
as an ingredient in constructing black holes in four dimensions. In chapter 7, we
use it to construct [13] metrics for 2 charge system in four dimensions. Using a
solution generation technique, we add momentum to a system of N coincident KK
monopoles. Before adding momentum the system of N coincident KK monopoles has
Zn singularities. But the presence of momentum separates them and since each KK
monopole is smooth we get a smooth solution. We do get a singularity when we take
KK monopoles as continuously distributed. But this is due to the low number of

dimensions. We examine other properties of this system in chapter 7. In chapter 8§,



we study two charge supertubes moving in a KK monopole background and consider
their dynamics. We study this system in both weak coupling (DBI limit) and strong
coupling (supergravity) limit. We study the system in different duality frames and

with different vibration profiles.

1.5 Black Ring

For four dimensional black holes, classical general relativity is very restrictive and
under very general assumptions it is possible to prove certain uniqueness theorems.
These uniqueness theorems (see [14] for a review) severely restrict the possible types of
black holes, given a set of asymptotic charges and boundary conditions. For example,
for four dimensional Einstein-Maxwell theory, a stationary, asymptotically flat black
hole is specified by a limited number of parameters. Uniqueness theorems assert that
these parameters are precisely those that correspond to conserved charges namely,
the mass M and angular momentum J, and possibly the charges () associated to
local gauge symmetries. Hence, the only black hole solution of the four-dimensional
Einstein-Maxwell theory is the Kerr-Newman black hole. This result precludes the
possibility that a black hole possesses higher multipole moments (for example, a
mass quadrupole or a charge dipole) that are not completely fixed by the values
of the conserved charges. Physically, during the collapse phase (not described by
a stationary metric), a self-gravitating object loses all ‘hair’ and settles down to
a stationary solution described by the Kerr-Newman solution. Anything that can
be radiated is radiated away during the collapse process. Deviations from Kerr-
Newman solution drive the emission of gravitational radiation. Backreaction from

that radiation removes the deviations (the “balding” process). These conclusions



are based on perturbative analysis but are confirmed by numerical methods for large
deviations as well.

Although the higher dimensional version of the Schwarzschild solution was found
long ago [15], it was not until 1986 with the impetus provided by the development of
string theory, that the higher-dimensional version of the Kerr solution was constructed
by Myers and Perry (MP) [16]. Given that the Kerr black hole solution is unique in
four dimensions, it may have seemed natural to expect black hole uniqueness to hold
in higher dimensions as well.

Now we know that at least in five dimensions, and very likely in D > 5 dimensions,
this is not the case. A heuristic argument that suggests the possibility of black holes of
non-spherical topology is the following. Take a neutral black string in five dimensions,
constructed as the direct product of the Schwarzschild solution and a line, so the
geometry of the horizon is R x S2. Imagine bending this string to form a circle,
so the topology is now S! x S2. In principle this circular string tends to contract,
decreasing the radius of the S!, due to its tension and gravitational self-attraction.
However, we can make the string rotate along the S! and balance these forces against
the centrifugal repulsion. Then we end up with a neutral rotating black ring: a black
hole with an event horizon of topology S x S%. Ref. [17] obtained an explicit solution
of five-dimensional vacuum general relativity describing such an object. This was not
only an example of a non spherical horizon topology, but it also turned out to be a
counterexample to black hole uniqueness.

Our main interest here is in the supersymmetric black ring discivered in [175].
Since black rings also have an entropy, it is reasonable to ask if the Mathur conjecture

picture for black holes also extends to black rings. This would imply that one should



be able to find microstates for black rings. For two charges and one dipole moment,
black hole and black rings are the same. So one can ask if one can perturbatively
add momentum to one of two charge states to get a microstate for a black ring, as
was done for black holes in chapter 3. This is what we do in chapter 4 and we do
find a smooth perturbations in the black ring regime. This is very encouraging and
hopefully more examples can be found soon. The base state around which we perturb
has a lot of angular momentum and so one can question its ‘genericity’ for the case
of black holes. But since black rings have angular momentum bounded below, a
perturbative state represents a generic situation more closely than in case of black

holes.
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CHAPTER 2

PRELIMINARIES

In this chapter, we give some background information about issues relating to
black holes that we want to discuss in this thesis and how string theory gives us a

radically different picture of black holes.

2.1 Black Holes in classical and quantum gravity

In terms of Newtonian gravity, black holes are gravitationally collapsed objects
for which escape velocity from the surface becomes greater than the speed of light, so
that nothing can escape. In general relativity, the situation is more drastic. A black
hole is defined as a region of spacetime that can not communicate with the external
universe. The boundary of this region is called the event horizon. Under a fairly
reasonable set of assumptions like the validity of Einstein equations and the positiv-
ity of energy, it can be shown that a gravitational collapse will produce singularities.
Singularities ‘clothed’ by event horizon lead to black holes as opposed to ‘naked’ sin-
gularities. The conjecture that physically possible singularities in general relativity
are always hidden behind event horizon is called Cosmic censorship hypothesis. Even
though there is no general proof of it as of now, cosmic censorship is well supported

by calculations and numerical work. One might suppose that a realistic black hole
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which forms due to collapse of all kinds of matter configurations, with arbitrary mul-
tipole distributions,magnetic fields etc would be horrendously complicated objected.
Surprisingly, during the collapse phase (not described by a stationary metric) , a self-
gravitating object looses all ‘hair” and settles down to a stationary solution described
by a solution described by only three parameters : mass,charge and angular momen-
tum. This solution to vacuum Einstein equations, known as Kerr-Newman solution,
is stationary,axisymmetric,asymptotically flat and has a regular event horizon. Any-
thing that can be radiated is radiated away during collapse process. Deviations from
Kerr-Newman solution drive the emission of gravitational radiation. Backreaction
from that radiation removes the deviation (”balding” process). These conclusions
are based on perturbative analysis but are confirmed by numerical methods for large
deviations too.

If the black hole has no charge or angular momentum (known as Schwarzschild

black hole) then the metric is given by

ds* = —(1 — TTH)dtQ + (1 — TTH)_ldTZ +r2d€; (1.1)

Here rgy = 2GM and we have set ¢ = 1. There is a coordinate singularity at
the surface r = rp, called the event horizon, and it can be removed by using a
different set of coordinates. Curvature invariants like Ricci scalar are finite at the
horizon. Even though there is no real singularity there, the surface r = rg has
the special property of being a one way membrane. Things can go in but cannot
come out. One way to see this is that inside the horizon, the radial coordinate be-
comes time like (coefficient of dr? becomes negative) and singularity at r = 0 is
in our ‘future’ and we can not avoid hitting it. So once the radius of a collapsing
star has dropped below 7y, even light can not escape from its interior, hence the

12



name “black hole”. On the other hand, » = 0 is real singularity where curvature
invariants diverge. One point to keep in mind is that an object falling into a black
hole will not experience any particularly strong force as it crosses the horizon. At
the horizon radius r = rp, curvature scales as 1/M? and can be made arbitrarily
small by taking sufficiently large mass. However, one peculiarity of event horizon
is that for an asymptotic observer watching a falling object, it takes infinite time

to reach horizon due to infinite gravitational redshift between horizon and infinity.

In 1971, Hawking proved a theorem [46] which says that the area of a black hole
can never decrease with time. If two black holes merge then the area of the new
black hole is greater than the sum of the areas of the original black holes. The non-
decreasing property of area is reminiscent of entropy in thermodynamics. Another
thing to notice about the Schwarzschild metric is that parameter that appears in
the metric is total mass. In the general case of Kerr-Newman black hole the met-
ric contains three parameters; mass,charge and angular momentum. We know that
black holes are formed by gravitational collapse of some star which contained a huge
amount of matter and huge amount of information (like quantum numbers corre-
sponding to various particles, their motion etc). But the end result is an object
which only contains information about few parameters like mass,charge etc. So given
these parameters, black hole state is unique and hence entropy of a black hole is zero.
Black hole formation is a spontaneous process and hence from the outside observer’s
point of view, second law of thermodynamics is violated in such a collapse. Existence
of black holes conflicts with the second law of thermodynamics because one can de-

crease the entropy of outside universe by throwing things into black hole. One can
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try to salvage second law by including the entropy of infalling matter in the entropy
of outside universe even when it has crossed the horizon. But then the second law
becomes observationally unverifiable. One possible way out was suggested by Beken-
stein [47]who argued that if we assign an entropy to black hole which is proportional
to area then one can define a generalized second law which is valid in all situations.
Since area increases when anything falls in black hole, the net entropy of the universe
(Smatter + Sbiackhote) increases. Using several thought experiments, Bekenstein pro-
posed that entropy of a black hole is proportional to area. Using semi-classical quan-
tum gravity, Hawking [2]fixed the constant of proportionality and we have Sgy = ﬁ.
Here A is the area of the horizon of black hole. For a black hole of mass equal of

mass of earth, this implies that Sgy ~ 105 which is an extremely large entropy.

Hawking also found that black holes are not perfect sinks. They radiate like a
black body with temperature 7" = J-. Here r is the surface gravity of black hole,
which for Schwarzschild black hole is (4Mpy)~!. The emitted radiation, called Hawk-
ing radiation, is exactly thermal according to semi-classical calculations of Hawking.
So black holes emit radiation until they completely evaporate. This poses a problem
for quantum mechanical determinism because thermal radiation only carries infor-
mation about temperature and hence mass from above relation. All knowledge of
states which formed black hole is completely lost. So a black hole made from two
different sets of objects can evaporate to completely similar end product i. e hawk-
ing radiation which depends only on one parameter, namely mass of black hole (or

3 parameters in case of Kerr-Newman black hole). All thermodynamic systems in

physics have their entropies explainable in terms of coarse graining of microstates.
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If black holes behave similarly then we would expect N = e2# microstates, accord-
ing to Boltzmann formula. But as we saw above, black hole uniquenss gives only

one state and hence zero entropy. How can one explain such a huge discrepancy?

Hawking’s semi-classical calculation is based on treating matter quantum me-
chanically while keeping gravitational field classical (quantum field theory in curved
spaces). Hawking radiation is produced from the quantum fluctuations of the mat-
ter vacuum, in the presence of gravitational field of black hole. Near the horizon
particle-antiparticle pairs are produced due to vacuum fluctuations. In a black hole
background, one member of this pair can fall into the black hole, where it has a net
negative energy, while the other member can escape to infinity as real positive energy
radiation with thermal spectrum. One might question making such a semi-classical
approximation and think that strong quantum gravity effects will invalidate this ap-
proximation. But as we say earlier, the gravitational field (curvature) near horizon,
where these particle pairs are produced, is not large and can be made arbitrarily small
by increasing the mass. So quantum gravity effects as normally understood, should

not affect the conclusions of Hawking.

One may suppose that all the information about the e*2# microstates resides in a
planck sized region near the singularity (where all infalling matter disppears) and thus
the information about states is not visible classically. Infact, this lack of information
transfer between this region near singularity and macroscopic horizon (where pair
production takes place) manifests itself in thermaliy of hawking radiation and thus

in information problem. Our naive intuition about quantum gravity effects being
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confined in a planck sized region and locality are at the root of this problem. Thus
any putative quantum gravity theory, when applied to black holes, should throw light
on following issues

(a) It should be possible to resolve singularity at the centre of black hole.

(b) It should be possible to transfer information from interior region of the black
hole to the horizon.

(c) It should be possible to construct microstates which give black hole entropy
on coarse graining and it should give us some picture of how information is preserved.

String theory is currently the only framework rich enough to let us analyze black
holes and information loss problem in any convincing way. So we turn to a description

of string theory in the next section.

2.2 String Theory

At a perturbative level(weak coupling) string theory is best thought of as a theory
of interacting relativistic strings. We will see later that string theory contains objects
of higher dimensionality like D-branes, KK monopoles etc. But rightnow we concen-
trate on perturbative string theory. In superstring theory, particles are described as

vibrational modes of strings. We can have open as well as closed string theories. The

1

S where

energy per unit length of string, string tension, is parametrized as T =
string length Vo is usually set to be of order 1073 ¢m. A moving string traces a
worldsheet in spacetime and string theory is descibed by a worldsheet action whose
bosonic part is proportional to the area of the worldsheet. This 1 4+ 1 dimensional

field theory has majorana fermions and worldsheet supersymmetry. Interaction be-

tween strings is controlled by a dimensionless coupling constant g,. Even in weak
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coupling perturbation theory (g; < 1), quantization requires that theory be con-
formally invariant,supersymmetric and the number of spacetime dimensions be 10.
Since the spatial direction of the worldsheet has finite extent, each worldsheet field
can be regarded as a collection of infinte number of harmonic osciallators labelled by
the quantized momentum along this spatial direction. Different states of the string
are obtained by acting on the fock vacuum by these oscillators. This gives an infinte
tower of states. For low energy considerations, we are usually only interested in mass-
less fields. Massless sector of open string theory contains gauge fields while massless
sector of closed string theories contains graviton G, antisymmetric tensor B, and
scalar dilaton @ in their spectra. Bosonic part of action in a general back ground is
given by

1

4o

S

/ 4?0 ([v/99" G (X) + € B,)0. X0, X" + o/ \/gRP(X)) (2.2)

Here o/ = [?,with [, being string length. R is Ricci scalar for worldsheet. Gravi-
ton (G ), B-field(B,,) and dilaton () also act as background fields. Roughly,closed
strings describe gravity while open strings describe gauge fields. Action written above
is conformally invariant and it turns out that conformal invariance is crucial for the
consistency of string theory. In the presence of arbitrary background fields, confor-
mal invariance is broken at quantum level and consistency requires that § function
describing this violation is zero. The requirement of vanishing ([ function gives a
set of spacetime equations (order by order in o) which,at the lowest level, are just
supergravity equations of motion. Higher order terms provide string theoretic cor-
rections to low energy supergravity results. Depending on field content (bosonic and
fermionic) and boundary conditions for this 14 1 worldsheet theory, we can have five
consistent string theories in 10 dimensions. They are known as type IIA type IIB,
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type I, Fs X Fg heterotic and SO(32) heterotic. In this thesis, we will be interested in
type ITA and type IIB theories only. Low energy effective field theory limits of these

theories are known as type ITA and type IIB supergravities.
2.2.1 Spectrum and Solitons in type II theories

In type II theories, the worldsheet theory is a free field theory of closed strings
containing 8 scalar fields(representing 8 transverse coordinates of string) and 16
majorana-weyl fermions (8 with left handed chirality and 8 with right handed chiral-
ity). Scalars always have periodic boundary conditions but for fermions we have choice
between periodic (Ramond condition) and antiperiodic (Neveu-Schwarz condition).
Since we have two types of fermions (left handed and right handed) , there are four
possibilities : NS-NS (bosonic), RR(bosonic),NS-R(fermionic) and R-NS(fermionic).
Finally, consistency at 1-loop and desire to get rid of tachyon which occurs in the
spectrum, we impose GSO projection which keeps only states with even number of
left movers and even number of right movers. If the GSO projections on left and
right moving sectors are same then we get type IIB theory. Otherwise we get type
ITA theory. Since the two theories differ only in R sector, NS sector bosonic states are
same (G, By, ®) in both the theories. The RR sector massless states of type IIA
string theory consist of a vector and a rank three anti-symmetric tensor. Type IIB RR
massless sector consists of a scalar,a rank two antisymmetric tensor, and a rank four
antisymmetric tensor (with self dual field strength). Type ITA is non-chiral while type
IIB is chiral, both having N = 2 susy. Strings do not source these RR fields and from
perturbative string theory point of view, they appear a bit mysterious. But analysis

of low energy effective action for massless fieds gave us a window to non-perturbative
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aspects of string theory. Low energy equations for massless fields in these theories
are same as respective supergravity equations of motion. From these low energy
equations we see that in addition to strings, superstring theory also contains soliton

like objects of various internal dimensionalities called Dirichlet Branes (D-branes).

A Dirichlet p-brane(Dp-brane) is a p+1 dimensional hyperplane in 941 dimen-
sional space-time where open strings are allowed to end, even in theories where all
strings are closed in bulk spacetime[57]. D-brane is like a topological defect: when
a closed string touches it, it can open up and turn into open string whose ends are
free to move along the D-brane. Open string states with ends lying on D-branes
correspond to vibrational modes of D-branes. Excitations of open strings describe
gauge theories and hence D-branes naturally realize gauge theories on their world
volume. The massless spectrum of open strings living on a Dp-brane is that of a
maximally supersymmetric U(1) gauge theory in p + 1 dimensions. The 9 — p mass-
less scalar fields present in this supermultiplet are the expected Goldstone modes
associated with the transverse oscillations of the Dp-brane, while the photons and
fermions may be thought of as providing unique supersymmetric completion. If we
consider N parallel D-branes, then there are N? different species of open strings be-
cause they can begin and end on any D-branes. Open strings with end points on same
brane can become massless while open strings stretched between different branes will
have masses determined by the separation between two branes. Thus we have U(1)"
gauge symmetry. In the limit of coincident branes, all strings can become massless
and U(1)Y symmetry gets promoted to U(N). Separating the branes is then equiv-

alent to Higgsing the gauge theory and giving vacuum expectation values to scalar
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fields. The overall U(1) ~ U(N)/SU(N) (upto some Zy identifications which are not
important here) corresponds to overall position of branes and may be ignored when
considering dynamics on branes. Thus we have SU(N) gauge symmetry. Open string
perturbation theory for N Dp-branes is governed by g¢g,/N and is valid if g;N < 1.
As we mentioned earlier, there is another description of D branes as solitons of low
energy string effective action[52]. For large N, the stack of D branes behaves like a
massive object which acts as a source for gravity. These brane solutions occur as
solutions to supergravity field equations (which as we mentioned earlier, occur as low
energy limit of string equations). These are solitonic, in the sense that their tensions

are inversely proportional to string coupling 7}, ~ gl—},ﬂ. D-p brane metric is [52]

ds? = H™'2(r) (—dt2 + Zp:(d;ciY) + HY2(r) (dr* + r%(dQs—p)%)  (2.3)

3—p

Dilaton is given by e®* = H = . We have not shown RR fields which are not
important for arguments below. Here

L7

H(r)y=1+ e

(2.4)

L is related to radius of curvature of the spacetime. The gravity description of
D branes is valid when g,/N > 1. Thus we have a sort of complementarity between

gravity and gauge theory descriptions.
2.2.2 Finding supersymmetric solutions

D-branes and other solitonic objects are invariant under half of spacetime super-
symmetries. To see this, we briefly go over the concept of killing spinors. A Dirac
spinor in D dimensions has 2!P/? complex components where [D/2] denotes the in-
tegral part of D/2. For on-shell degrees of freedom, the number is halved because
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spinors satisfy Dirac equation. But spinors which occur in susy transformations and
hence in killing spinor equation are off-shell. In dimensions where Majorana con-
dition is possible , we can use this condition to take all components as real. This
reduces the real degrees of freedom by half. In ten dimensions, a Dirac spinor has
32 complex components. In type IIB theory, we have two such spinors since N = 2.
After Majorana condition, we have two spinors with 32 real components each. In
even dimensions, we can also have Weyl condition which allows us to consider spinors
with definite chirality and further cuts the degrees of freedom by half. If we choose
to have two spinors of opposite chirality then we get IIA theory. In type IIB theory,
we have spinors of same chirality. In general supergravity equations of motion are
pretty complicated second order equations. If we are interested in classical solutions
only then situation can be simplified as follows. Classical solutions have fermion fields
set to zero (fermions do not produce classical fields because of exclusion principle).
(Classical solutions are also the solutions of purely bosonic action that one obtains by
setting all fermionic fields to zero. Supersymmetry transformations convert a boson

into fermion and vice-versa. Schematically, for a susy variation with parameter e
0B ~¢elF |, 0F ~ O+ Be (2.5)

Here B denotes bosons and F' denotes fermions. Since fermions are already zero,
the variation of bosons is automatically zero. So we just need to make sure that
the variation of fermions is also zero since we do not want to generate fermionic
fields by susy transformations on purely bosonic fields. So we want d.F = 0. This
gives an equation which can be seen as equation for superisometry in superspace. In
analogy with GR, this is called Killing spinor equation. This gives a system of first
order equations. Usually this gives an ansatz(very constrained) which can be put in
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equations of motion to get the full solution. Killing spinor equation also gives us a

constraint on vacuum killing spinor and this constraint cuts the no. of components

by half.

2.2.3 Dualities

In the perturbative regime, there are 5 consistent string theories. But existence
of various dualities connects these theories and it was realized that all five string
theories in 10 dimensions are limits of a still imperfectly understood 11 dimesnional
theory,called M-theory. One thing that is known about M-theory is that its low
energy limit is 11-dimensional supergravity. We will be exclusively concerned with
type IIA and type IIB string theories in this report. Since string is an extended
object, it can do more things than point particles. If the background contains a
spatial circle St of radius R, then there can be momentum modes which have energy
proportional to 1/R as well as winding modes of strings with energy proportional to
R. T-duality is a symmetry which interchanges these two types of modes by taking

R —

ﬁ where T} is string tension and its a peculiar property of string theory that
the whole theory is invariant under this transformation. T-duality can also connect
a Dp brane to D(p — 1) and D(p + 1) branes but it takes one from ITA theory to IIB
theory and vice-versa. Type IIB theory has another symmetry called S-duality under
which string coupling g, — g—ls. S-duality converts strong coupling regime to weak
coupling regime and vice-versa. Under S-duality, fundamental string NS1 goes to

solitonic D1 brane. These dualities can be used to transform systems in string theory

to equivalent duality related systems which may be more tractable in that regime.
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In two charge, which will be our main interest, this trick of transforming to duality

related systems has led to significant advances in our understanding.

2.3 DMetrics corresponding to various branes

We will mostly interested in gravitational aspects of string theory. So construction
of metrics for various objects occuring in string theory is of paramount importance
to us. Since all one charge objects in string theory are connected by dualities, we
can start with any one of them and using dualities and dimensional reduction we can
write down metrics for others. We will be specially interested in KK monopole later
on, so we start with a brief description of it and then derive other objects from it via

dualities. Five dimensional metric for KK monopole at origin is

ds® = —dt* + H[ds + x;d2’)* + H ' [dr® + r*(d0? + sin® 0d¢?)] (3.6)
-1 _ QK = - w1
H —1+7, Vxxy=-VH (37)

Here x; with 7 = 1,2,3 are transverse coordinates and there is a NUT singularity
at r = 0 unless Qg = %N x Rg where N corresponds to number of KK monopoles.
Near r = 0, s circle shrinks to zero. For Nx = 1, it does so smoothly while Ng > 1,
there are Zy, singularities. We consider Ng = 1 case here.

Constant time slices of the above spacetime are Taub-Nut gravitational instanton.

Gauge field is clearly that of a monopole. Explicitly, in one chosen patch, it is given

by
QKT

r3

Ay =Qk(1 —cosb) B= (3.8)

and has a dirac string singularity unless period of s is equal to 2Q) k. The metric is
regular on the half axis § = 0 but has a singularity at § = 7 since the (1 —cos#) term
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in the metric means that a small loop about this axis does not shrink to zero length
at @ = m. By a change of coordinates s’ = s + 2Q k¢ the metric becomes regular at
6 = 7 but not a 6 = 0. Thus one needs two sets of coordinates to cover the space.
Since KK monopoles are 1/2 BPS objects in string theory, they can be put in static
equilibrium with each other. So multimonopole metric is just given by same metric

as above except
H'=1 —E 3.9
+ E 7oz (3.9)

If Q% = Qg = %RK for all 7 then all the Dirac strings can be made simultaneously
unobservable and we have a regular solution with N monopoles sitting at rest at
¥ = ¥;. It is a remarkable property of Kaluza-Klein monopoles that they do not
interact. From four dimensional point of view i. e in dimensionally reduced form, it

is because of exact cancellation between gravitational attraction and repulsion due to

scalar field. In four dimensional form, we have

2
| 9K g + _ar +4/1— Q2402 (3.10)
2r /1 _ QQ_K 2r

P = %m(l — %) 00 > 1 > Qr /2 (3.11)

If we consider a massive test particle and its interaction with KK monopole, we
see that it interacts both with gravitational field and scalar field. The test particle
can remain relatively at rest with respect to KK monopole since newtonian force is
exactly cancelled by interaction with scalar field.

In 11 dimensions, the metric for KK monopole is

ds® = —dt* + dy® + dz'dz; + H '[ds + Agdg)* + H[dr® + r*(d6* + sin® 0d¢?)] (3.12)
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H=1+—, Ay=Q(1—cosb) (3.13)

Q
r

Here i = 1,2,..5 and other fields are zero. From this 11 dimensional metric, we
can get two different objects in 10 dimensions. If we do not reduce along the compact

direction s then we get string theoretic KK monopole. For example, if we first make

the direction y compact and then reduce along it then we get the metric
ds® = —dt® + dz'dz; + H[ds + Ayd¢]> + H '[dr? + r*(d6* + sin® 0d¢®)]  (3.14)

with no dilaton or B-field. If instead we reduce along the compact direction s

which is non-trivially fibred with KK monopole then we get D6 brane. The metric is

ds* = —dt* + dw® + dz'dz; + H ' [dr? + r*(d6? + sin® 0d¢?)] (3.15)
Ay =Q(1 —cos?) (3.16)
e’ =H (3.17)

If we go to string frame then, with g5, = ¢ g0 we get

ds® = H'? (—dt* + dw® + dzd2") + H 2 [dr® + r?(d6® + sin® 0d¢®)]  (3.18)

e*® = 132 (3.19)

We take KK monopole metric in 10 dimensions and then do a T-duality along
compact direction s. Since there is no dilaton in ten dimensional metric string and

Einstein frames are same. Reducing along s we get e¢©" = H. Slnce intially the dilaton

was zero, new dilaton is ® = —1(C’. Using T-duality rules we get metric in string
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frame

ds® = —dt* + dzdz' + H'[ds® + dr? 4 7*(d6* + sin? 0d¢?)] (3.20)
B, = A, (3.21)
e = H (3.22)

We recognize this as NS5 brane. To go to Einstein frame, we multiply by e~®/2.

Metric for NS5 brane becomes
ds% = HY4(—dt* 4 dzid2') + H 34 dx;da? (3.23)

Metric for D5 brane is same as above metric (in Einstein frame) with sign of dilaton
changed. Two metrics are related by S-duality which in Einstein frame corresponds to
changing the sign of dilaton. To write string frame metric for D5 brane we multiply

®'/2

by e® /<. Notice the change in sign of dilaton. So we get

ds® = H'?(—dt® + dz?) + H*da} (3.24)

2.4 AdS/CFT correspondence

In previous section, we noticed that excitations of open strings describe gauge
theories and hence D-branes naturally realize gauge theories on their world volume.
The massless spectrum of open strings living on a Dp-brane is that of a maximally
supersymmetric U(1) gauge theory in p + 1 dimensions. The 9 — p massless scalar
fields present in this supermultiplet are the expected Goldstone modes associated
with the transverse oscillations of the Dp-brane, while the photons and fermions may
be thought of as providing unique supersymmetric completion. If we consider N par-

allel D-branes, then there are N? different species of open strings because they can
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begin and end on any D-branes. Open strings with end points on same brane can be-
come massless while open strings stretched between different branes will have masses
determined by the separation between two branes. Thus we have U(1)" gauge sym-
metry. In the limit of coincident branes, all strings can become massless and U(1)"
symmetry gets promoted to U(NN). Separating the branes is then equivalent to Hig-
gsing the gauge theory and giving vacuum expectation values to scalar fields. The
overall U(1) ~ U(N)/SU(N) (upto some Zy identifications which are not important
here) corresponds to overall position of branes and may be ignored when considering
dynamics on branes. Thus we have SU(N) gauge symmetry. Open string pertur-
bation theory for N Dp-branes is governed by g;N and is valid if g;N < 1. As we
mentioned earlier, there is another description of D branes as solitons of low energy
string effective action[52]. For large N, the stack of D branes behaves like a massive
object which acts as a source for gravity. These brane solutions occur as solutions to
supergravity field equations (which as we mentioned earlier, occur as low energy limit
of string equations). These are solitonic, in the sense that their tensions are inversely
proportional to string coupling 7}, ~ gsl—éﬂ.

D-p brane metric is [52]

ds® = H™Y2(r) (—dt2 + i(dxif) + HY2(r) (dr* 4+ r*(dQs-p)?) (4.25)

Dilaton is given by e* = H . We have not shown RR fields which are not

important for arguments below. Here

(4.26)
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L is related to radius of curvature of the spacetime. The gravity description of
D branes is valid when g;N > 1. Thus we have a sort of complementarity between
gravity and gauge theory descriptions. In some particular spacetimes, it is possible
to completely decouple two descriptions and then we have complete duality between
gauge theory and gravity descriptions. This is the basis of AdS-CFT correspondence.
To get to such duality, consider N coincident D3 branes. Using the metric above

for p = 3, supergravity description is given by[53]

LA B p . LA
ds® = (L =) 7V2(=dt® + ) (dn')?) + (L + =)V (dr® + 12d0%5) (4.27)
i=1
Near horizon limit of this geometry is » — 0 which gives (putting z = {j—j)
, L 2 RS 2 2 1092
d3* = 5 | —dt* + dz + ) (dat)? | + L2923 (4.28)
i=1

This geometry is the poincare patch part of AdSs x S°. After Euclidean con-
tinuation, we obtain the entire Euclidean AdS space. So roughly, the geometry can
be viewed as a semi-infinite throat of radius L which for r >> L opens up into flat
space. For gravity desciption to be valid, the curvature scale L >> [, where [ is
string length. To find a relationship between gravity side and gauge theory side para-
meters, we equate the AdM tension (mass per unit 3-volume)of the extremal classical

3 brane solution to N times the tension of a single D brane. This gives
L* ~ g, No” (4.29)

From this we can see that the range of validity for gravity description (L >> [;)
becomes g;N >> 1 as previously mentioned. From the low energy approximation of
open string theory on brane, we get g2,, ~ gs. Complete action for massless modes
for D3 branes is

S = Spuik + Sint + Strane (4.30)
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Here Sy is ten dimensional supergravity lagrangian plus higher derivative stringy
corrections.  Sprane 18 N = 4 super Yang Mills plus higher derivative corrections
like (aTr(F*)). The last term S;,; contains terms which come from interaction
between brane and bulk modes. For example, if in brane action we put background
metric then expanding around some fixed value (like flat space) we get interaction
terms. Maldacena[40] considered limit of o/ — 0 while keeping all the dimensionless
parameters like g, and N fixed. Gravitational constant x ~ g,a’> — 0. So Sjn — 0.
Also all the higher derivative terms in brane action vanish, leaving N' = 4 super Yang
Mills. Also supergravity in bulk becomes free. So in this limit we have free gravity
in bulk plus 4 dimensional gauge theory.

Now consider the complementary description of branes as solitons in supergravity.

Low energy limit o’ — 0 here corresponds to r — 0 as the ratio %; is kept fixed[40].

The fact that » — 0 corresponds to low energy limit can also be seen from the metric

LA B p . LA
ds® = (1+ =) V2(—dt? 4> "(da')?) + (1 + 74)1/2 (dr? + r2d2) (4.31)
i=1
Energy of an object at a position r, E, is related to energy relative to infinity by
the redshift factor as

L4
Eo = (1+ F)*”‘*ET (4.32)

Asr — 0, E — 0. As we saw earlier, geometry becomes AdS5x S® while asymptot-
ically flat space decouples (free gravity there). Now taking both the complementary
descriptions and neglecting free supergravity from both sides, we have a duality be-

tween type IIB string theory on AdSs x S® background and N = 4 super Yang Mills.
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In the AdSs x S° background, worldsheet action becomes

LQ
Sa =

el

/dza (\/Eg“bGu,,(X)aaX”&,X” + others) (4.33)

where G, is AdS5 x S® metric with L? set to 1. So the effective string coupling

4o’

is L2 = \/ﬁ. Here A = ¢g2,,N ~ g;N. One can consider Maldacena conjecture
with varying degrees of confidence. The strong form of conjecture says that for all

values of g, ~ ¢g%,; and N, full quantum type IIB string theory on AdSs x S° is fully

equivalent to A/ = 4 super Yang Mills theory. One can perform expansion in % on

SYM side and g5 expansion on string theory side. In a weaker form of conjecture, one
considers 't Hooft limit (fixed A, N — o0) on SYM side and takes the leading order
contribution which is equivalent to classical type IIB string theory on AdSs x S®. One
can also consider large A limit also, in addition to N — oo. In this limit, one gets
a still weaker form of conjecture. In this limit string theory reduces to classical type

IIB supergravity. Let us examine the validity of various approximations in detail. As

—-1/2

we saw above, the string expansion parameter(a’) becomes (~ A~7'/%. We can choose

units (L = 1 in units of string length) so that o/ = (g,N)~'/2. Then gravitational

coupling /Gy ~ gsa? = % Corrections due to massive string excitations, i. e o’

corrections will be of order O( \/glfN. This is also seen from the fact that the masses

of the string states are Mg ing ~ v/gsN and go to infinity as 't Hooft coupling goes
to infinity. The masses of Kaluza Klein states is of the order O(ﬁ) ~ 1. String

loop effects will be of order O(g?) ~ ﬁ for closed string theory.
2.4.1 The correspondence

The AdS/CFT correspondence states that there is an exact equivalence or duality
between between string theory on asymptotically AdS spacetimes (times a compact
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space) and a quantum field theory that ”"resides” on the conformal boundary of AdS
space. As we saw earlier, Maldacena originally formulated this as duality between
type IIB string theory on AdSs x S® and N' = 4 super-yang mills (SYM) in four
dimensions. On the string theory side,5 form flux through S® is integer N and equal
radii L of AdSs and S° and given by L* ~ Ng,a’2. On SYM side, we have gauge
coupling g%,, ~ g5 and gauge group SU(N). This conjecture is remarkable because
its correspondence is between a 10 dimensional theory of gravity and a 4-dimensional
theory without gravity at all. The correspondence is called holographic because all
the 10 dimensional degrees of freedom can somehow be encoded in a four dimensional
theory living at boundary of AdSs. It is also a weak-strong duality because when
string theory is weakly coupled we have a strongly coupled gauge theory and vice-

versa.

First thing we need to check is that the global symmetries on both sides match. We
first compare bosonic symmetries. On string theory side, we have SO(2,4) isometry
group of AdS5 and SO(6) isometry of S°. On SYM side we have SO(2,4) conformal
symmetry and SO(6) R symmetry. On both sides we have 32 supersymmetries. On
SYM side, we have 32 supersymmetries of superconformal algebra while string theory
on maximally symmetric background AdS5 x S° has 332 supersymmetries as in flat
space. Original D3 brane background had only 16 supersymmetries but decoupling

of flat space part leaves only near horizon limit of AdS5 x S°.
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The basic AdS/CFT dictionary is as follows [42] :

1. Gauge invariant operators of the boundary theory are in one-to-one correspon-
dence with bulk fields. For example, the bulk metric corresponds to the stress energy
tensor of the boundary theory.

2. The leading boundary behavior of the bulk field is identified with the source of the
dual operator.

3. The string partition function (a functional of fields parametrizing the boundary
behavior of the bulk fields) is identified with the generating functional of the CFT

correlation functions.

On the AdS side, we will decompose all ten dimensional fields onto Kaluza Klein
towers on S°, so effectively all fields are on AdSs, labelled by their dimension A.
Away from interaction region we assume that fields are free (except for gravitational

interaction). The free field (for simplicity, we consider scalar field)then satisfies

(O +mi)ga =0 (4.34)

with m4 = A(A — 4)(This equation will have two solutions A, and A_. We will
need only A,). Here O is laplacian in AdS metric and we will work with poincare
patch metric. The two independent solutions have following asymptotic behavior as
zg — 0

a(0,7) — 25 A% (@) + 65 (T)zp ™" (4.35)

The normalizable function A (#)determines the vacuum expectation values of
operators of associated dimensions and quantum numbers. The non-normalizable
solution ¢4 () represent the coupling of external sources to string theory and is called
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associated boundary field. In the example we are considering (compact manifold is
S%),only the bigger root A, occurs. In some other cases, other root A_ is also
important. The correspondence between correlators in SYM and dynamics in string

theory is given by

< exp (/ (bOAOA) >= Zstring(qﬁ(]A) (4.36)
boundary

Here <> denotes correlation function. Zg,ip, is the partition function for full
string theory which can be approximated by exp (—IS(QSOA)) where I is supergravity
action. Beyond supergravity, one would also need to include o’ corrections and loop
corrections. We do not know full spectrum of type IIB string theory on AdSs x S®
except in supergravity limit. To find the spectrum of type IIB supergravity compact-
ified on AdSs x S°[62], we expand fields in spherical harmonics on S®, plug them in
linearized supergravity equations of motion and then diagonalize them. These fields
have masses miL? = k(k +4). All these fields correspond to BPS operators on field
theory side (short representation of superconformal algebra). Thus these states have
their masses protected from quantum corrections. These Kaluza Klein modes have
masses of order one, as we mentioned previously. String theory also has additional

1

string states with masses of order ;-. Such states correspond to operators in field

theory with dimensions A ~ (g,N)/* for large N.
2.4.2 AdSs; x S? case

Uptill now, we have studied AdS/CFT correspondence for the case of duality
between string theory on AdSs x S° and N/ = 4 super yang-mills since it is easier
and better understood. But for black holes in 5 or 6 dimensions, we need to consider
string theory on AdSs x S% x M* where for us, M* = T*. To derive [83] this, we
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start with a set of V; D1 branes along a non-compact direction, and N5 D5 branes
wrapping M* and sharing the non-compact direction with the D1 branes. All the
branes are coincident in the transverse non-compact directions. The unbroken Lorentz
symmetry of this configuration is SO(1,1) x SO(4) where SO(1,1) corresponds to
boosts along the string and SO(4) is the group of rotations in the four noncompact
directions transverse to both the branes. This configuration also preserves N = (4, 4)
supersymmetries corresponding to left and right moving spinors. The corresponding

supergravity solution for this D1-D5 system is

1 1+ %
dsiaive = [_dtQ_'_dyz]_'_\/(l + Q_21>(1 + Q_Qf))dxldxz—i_ - é dZadZa
Ja+a+% S %
(4.37)

where the meaning of designation ‘naive’ would be clear in the next section. Here
(1, @5 are charges corresponding to Ni, N5 numbers of D1,D5 branes respectively.
Index 7 is over noncompact coordinates while a = 6,7, 8, 9 refers to torus coordiantes.

Taking the near horizon limit of this, we get

2 d 2
ds> = ——(—dt* + dy®) + /@1 Qs — + /1 Q5% + Oy dse (4.38)
1Qs r Qs
This is AdS; x S? x T* with radius
R* = Rst - Rgs = V@105 (4.39)

and constant volume for 7¢. The dual conformal field theory is the low energy
field theory living on the D1-D5 system which is some 1+ 1 dimensional theroy with

N = (4,4) supersymmetry. This CFT has a central charge

3R

_ 4.40
G (4.40)

CcC =
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where Gg{?) is three dimensional Newton’s constant. We view D1 branes as in-
stantons of the low energy SYM theory on D5 branes. These instantons live on 7%
and have SO(1,1) isometry along ¢,y directions. This instanton configuration has
moduli (parameters specifying a continuous family of classical instanton configura-
tions, having same energy). Small fluctuations of this configuration are described by
fluctuations of instanton moduli. So the low energy dynamics is given by a 1 + 1
dimensional sigma model whose target space is the instanton moduli space. Instan-
tons are described in the UV SYM theory as SU(Ns) gauge fields Agrso (€7, 24) with
self-dual field strengths satisfying F' = *4F. Here *, is hodge star on 7% and &2 are
moduli parametrizing the family of instantons. The dimension of moduli space for

N instantons in SU(N5) is 4 N1 Ni.
2.5 Supertubes

Supertubes are 1/4 supersymmetric bound states with D0 and N.S1 brane charges
as true charges, along with D2-brane as dipole charge. In flat space, Mateos and
Townsend [169] first constructed supertubes by using Dirac-Born-Infeld (DBI)!effective
action for D2 brane and turning on worldvolume electric and magnetic fields. Branes
corresponding to net charges, NS1 and DO, are represented as electric and magnetic
fluxes on D2 brane worldvolume or equivalently, these fields are due to ‘dissolved” N.S1
and DO branes in D2 brane worldvolume. D2-brane itself carries no net charge but
only a dipole charge. Crossed electric and magnetic fields generate Poynting angular
momentum which prevents the D2 brane from collapsing due to its tension. Another

"'We will refer various worldvolume actions as DBI even though for strings it would be Polyakov
or Nambu-Goto action.
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way to describe this is to say that NS1 and DO branes expand to 1/4 supersymmetric
D2 branes by the addition of angular momentum.

D2 supertube has world-volume coordinates 0¥, 0!, 2. We choose gauge such that

o=t , o=y, X'=X"0o? (5.41)
Here X* are arbitrary functions of o2. To stabilize the brane, we introduce gauge

field

F = Edo® A do* + Bdo' A do? (5.42)

Lagrangian is given by

L = —Ty\/—det]g + F] = —Ty\/B% + R2(1 — E?) (5.43)

Here g is induced metric and R? = X X, and prime denotes differentiation wrt

o%. We define electric displacement

2
I = 8_£ - hER (5.44)
OE  \/B%*+ R2(1 — E?)

In terms of this, we write hamiltonian density as

H=FEI-L= %\/(RQ + I12)(B? + R?) (5.45)

It can be shown that minimum value for H is obtained if 7,R? = IIB or E? = 1.
These conditions can also be established by supersymmetry analysis. There is no
condition on B. By the usual interpretation, fluxes above correspond to D2 brane
carrying both D0 and F1( along y direction) charges. We are assuming isometry

along y-direction. Charges are given by

Qo = % /daldUQB(UQ) (5.46)
0
1 [ T BR?
G=7 / = / VB + R(1— B2) (5.47)
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By dualities?, this D0-NS1 system can be related to NS1-P system, which is
given by a NS1 string wrapped n; times around a circle S* and carrying n, units
of momentum along S* direction. Initial supertubes were constructed with circular
cross-section but it was soon realized [170, 171] that supertubes exist for any arbitrary
profile. This fact is a bit obscure in D0-NS1 language but in the NS1-P duality
frame, it is just a string carrying a right moving wave with an arbitrary profile.
Supertubes can be dualized to D1-D5 system which corresponds to two charge black

holes when corresponding supergravity solution is constructed.
2.5.1 Mathur conjecture

In the DBI description of supertubes, backreaction of branes on spacetime is ne-
glected. Supergravity solution for two-charge supertube was constructed in [185] and
in different duality frames in [186, 188, 189]. It turns out that these correspond to sim-
plest of microstate solutions for 2-charge systems in 5-dimensions and is completely
smooth and horizon-free in D1-D5 duality frame. Based on AdS/CFEFT correspon-
dence for D1-D5 system and several other evidences, Mathur conjecture [150] is a
proposal to associate bound states in CFT to smooth,horizon-free geometries (when-
ever supergravity description is possible). It must be emphasised that generic states
are expected to be quantum and probably no geometric description would be possi-
ble. The idea is to associate coherent state in the CFT with an asymptotically flat
geometry which is smooth, free of horizons, carries the same conserved charges as
the black hole, and hence constitutes a microstate of the black hole. For the case
of 2-charge systems, all bosonic solutions were constructed by Mathur and Lunin

[150, 178]. Geometries with both bosonic and fermionic condensates were considered

2We refer to various systems by their true charges without refering to dipole charges explicitly.
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in [180] and relationship between gravity and CFT sides has been further explored
in [181, 182] recently. Our understanding of the 3-charge systems is less complete
but a few examples are known [187, 176, 177, 190, 191]. In four dimensions, smooth
solutions for 3 and 4-charges have appeared in the literature [173, 195]. Mathur con-
jecture emphasizes that microstates of black holes (which are described by smooth,
horizon-free geometries when classical supergravity description is possible) correspond
to bound states only.

Mathur conjecture can be motivated from AdS/CFT considerations. According
to AAS/CFT dictionary, for every CFT state there is a corresponding state in string
theory which is asymptotically AdS and which encodes the vev of gauge invariant
operator in that state. Since pure states in CF'T have no entropy, one does not expect
corresponding geometry to have horizon. But one should keep in mind the fact, that
CFT states are dual to states in full string theory and not in supergravity alone. Hence
not all CFT states may have supergravity (geometrical) interpretation. One can
distinguish between weak and strong forms of mathur conjecture. According to weak
form, black hole microstates are horizon-sized stringy configurations (corresponding
to states in CFT and hence with unitary scattering) but they can not be adequately
described by supergravity. A stronger version of the conjecture is that among the
typical microstates, we have some which are described by supergravity and these are
horizonless, smooth geometries. All these configurations (whether or not described by
supergravity) look like black holes (naive geometry) from far away and start to differ
from each other inside the would-be horizon. In the next section, we study Mathur

conjecture concretely for the case of two charge systems.
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2.5.2 Generating the ‘correct’ D1-D5 geometries

Consider IIB string theory compactified on T x S'. The D1-D5 system can be

mapped by a set of S, T dualities to the FP system

ns D5 branes along T* x S' — ns units of fundamental string winding along S* (F)

ny D1 branes along S' — n; units of momentum along S (P)

The naive metric of the FP bound state in string frame is

Q Q'

ds* = —(1+ T—Q)_l(dudv + ﬁd?ﬂ) + dx;dz; + dz,dz, (5.48)

where z;,i = 1...4 are the noncompact directions, z,,a = 1...4 are the T* coor-

dinates, and we have smeared all functions on 7. We will also use the definitions

u=t+y, v=t—y (5.49)

But in fact the bound state of the F and P charges corresponds to a fundamental
string ‘multiwound’ ns times around S!, with all the momentum P being carried
on this string as traveling waves. Since the F string has no longitudinal vibrations,
these waves necessarily cause the strands of the multiwound string to bend away and
separate from each other in the transverse directions. The possible configurations are
parametrized by the transverse displacement F (v); we let this vibration be only in
the noncompact directions x, x9, 3, x4. The resulting solution can be constructed
using the techniques of [22, 23, 25], and we find for the metric in string frame [189]?

ds* = H(—dudv + Kdv* 4 2A;dz;dv) + daide; + dz.dz,
By = —Gupu = %H, By =—Gy = —HA;, e?*=H"! (5.50)

3We can extend the construction to get additional states by letting the string vibrate along the
T* directions; these states were constructed in [86].
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where

o149 /L dv K@ /L dv(F(v))? 1__ 9 /L dvEy(v)
Lo g-Fo)P Lo |#-F)P L |
(L = 2mny R, the total length of the F string. *)

Undoing the S, T dualities we find the solutions describing the family of Ramond

ground states of the D1-D5 system [150]

H . . 1+ K
ds® = m[—(dt—Aidx’)2+(dy+Bidxl)2]+\/ Z daide;+/H(1 + K)dz,dz,

(5.52)
B K
2 _ g1+ K 2 _ i @ _ _
€ ( + )7 Otz 1_'_K7 Oty 1+K

A A:B: — A.B;
cP = o 0=y L 5.53
1y 1+K7 1) J 1—|—K ( )

where B;, C;; are given by

dB = — %, dA, dC = —%,dH ™" (5.54)

and #*, is the duality operation in the 4-d transverse space z ...z, using the flat
metric dr;dr;. The functions H~1, K, A; are the same as the functions in (2.4)

It may appear the the solution (2.5) will be singular at the points # = F(v), but
it was found in [150] that this singularity reflects all incoming waves in a simple way.
The explanation for this fact was pointed out in a nice calculation in [86] where it

was shown that the singularity (for generic F(v)) is a coordinate singularity; it is the

4Parameters like @, R are not the same for the FP and D1-D5 systems — they are related by
duality transforms. Here we have not used different symbols for the two systems to avoid cumbersome
notation and the context should clarify what the parameters mean. For full details on the relations
between parameters see [189, 150]).
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same coordinate singularity as the one encountered at the origin of a Kaluza-Klein
monopole [138].
The family of geometries (2.5) thus have the form pictured in Fig. 3.4. These

geometries are to be contrasted with the ‘naive’ geometry for the D1-D5 system

1 1+ 4
ds? . = —ddy? ) (1 + DA + D) dmdnity |~ s de
e \/(1+&)(1+&) r2 72 1+9%
2 2 r

(5.55)

The actual geometries (2.5) approximate this naive geometry everywhere except near
the ‘cap’.

It is important to note that we can perform dynamical experiments with these
different geometries that distinguish them from each other. In [150] the travel time
Atgygrq Was computed for a waveform to travel down and back up the ‘throat’ for a 1-
parameter family of such geometries. Different geometries in the family had different

lengths for the ‘throat’ and thus different Atg,g.,. For each geometry we found

Algygra = Atopr (5.56)

where Atcpr is the time taken for the corresponding excitation to travel once around
the ‘effective string’ in the CFT state dual to the given geometry. Furthermore, the
backreaction of the wave on the geometry was computed and shown to be small so
that the gravity computation made sense.

In [8] a ‘horizon’ surface was constructed to separate the region where the geome-
tries agreed with each other from the region where they differed, and it was observed

that the entropy of microstates agreed with the Bekenstein entropy that one would
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associate to this surface®

A
Smicro ~ el (5.57)

Such an agreement was also found for the 1-parameter family of ‘rotating D1-D5 sys-
tems’ where the states in the system were constrained to have an angular momentum

J. The horizon surfaces in these cases had the shape of a ‘doughnut’.
2.5.3 The geometry for |0)z

The geometry dual to the R sector state |0) g (which results from the spectral flow

of the NS vaccum |0) yg) is found by starting with the FP profile

Fiv) = acos(—), fa(v) = asin<LR), f2v) =0, fi(v)=0 (5.58)

TL5R N5
and constructing the corresponding D1-D5 solution. The geometry for this case had

arisen earlier in different studies in [19, 186, 188]. For simplicity we set

Qi=Qs=0Q (5.59)
which gives the D1-D5 solution
1 dr? 2a() )
ds® = —ﬁ(dt2 — dy®) + hf(d9* + o a2) ~ 0/ (cos® Odydip + sin® Odtde)
202 cos2 f 202 6in2 0
+  h[(r* + %) cos? 0dy? + (r® 4 a® — %) sin? 0d¢?] + dz.dz,
(5.60)
where
a:%, f=1r*+a®cos’0, hIl‘i‘% (5.61)

°In [199] the naive geometry for FP was considered, and it was argued that since the curvature
became order string scale below some r = r(, a ‘stretched horizon’ should be placed at ry. The area
A of this stretched horizon also satisfied % ~ Smicro- It is unclear, however, how this criterion
for a ‘horizon’ can be used for the duality related D1-D5 system, where the geometry for small r is
locally AdSs; x S® and the curvature is constant (and small). We, on the other hand have observed
that geometries for different microstates depart from each other for » < ro and placed the horizon
at this location; this gives the same horizon location for all systems related by duality.
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The dilaton and RR field are

20
2 _ 4 @___@Q | o® _ _Qacos
) LT T Qe
in% @ Qa?sin® 6 cos? 6
c® = _Lasm , 0(2):QCOS20—|—
v Q+/f v Q+ /[

(5.62)
2.6  Supersymmetric rings and Large radius limit

In this section, we analyze and study supersymmetric black rings. We derive
straight ring limit which will be useful in chapter 4. We also study some properties

like near horizon limit and relation to two charge Maldacena-Maoz geometry.
2.6.1 Supersymmetric Black ring metric

The five dimensional black ring metric, for 3 charges, Q)1,Q2,Q3 and 3 dipole

charges, q1,q2,q3 is given by

R2 duy? dax?
L (= D)de? + ——— + (1 — 2?)de’

2 _ 2y 2 -1
ds* = =Pt + P + I s | —

(6.63)
Here f~' = (H HyHs)'/3 and w = wgdp + wydip. Functions H; for i = 1,2, 3 are

not harmonic and are given by

. Q1 — g3 4293 , o 2

Hy =1+ SR (x —y) iR (x* —y?) (6.64)
. Q2 — @3¢ q3q1, o 2
Q3 — q1q2 4192 , o 2

Angular momentum one form components are given by, with ¢;Q; = ¢1Q1+¢Q2+

q3Q3 and q = q142q3,

o= (- Qi —aB+a+y)] (667
o= 3@t @+ )1+ y) - o - Dla@ - B+ (668)
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The coordinate x ranges in [—1, 1] while y has range [—oco, —1]. Angles ¢, have
usual range of [0, 27]. Asymptotic infinity lies at © — y — —1. The four dimensional

part of the metric, called base metric,

R? dy? 9 dx?
— 1)dy?
(x —y)? y2—1+(y R

2 _
ds; =

+ (1 — 2%)d¢? (6.69)

is actually flat metric, written in unusual coordinates. We want to consider the

large radius limit but keeping the charge densities constant. So we define, charge

densities Q, = ?—é and coordinates r = —g, x = cosf and n = RY. Now we take

R — oo limit. In these coordinates, the metric the flat part of the metric becomes

2 R? R%dr? R? dn?  sin?0d6?
ds; = o —

P ——— +sin®0d¢” ) (6.70
(cos€+§)2 R2—7“2)+(r2 )R2+ 20 + sin qS) ( )

Taking the limit R — oo we get
dsi = dr* + dn® + r*(d6® + sin® 0do?) (6.71)

This is flat metric in cylindrical coordinates. Notice that n has range —oo, 00

while r ranges from 0 to co. In this limit, the functions H; and w become

H1—>(1+&+%),w¢—>0 (6.72)
T
O+ @ta | Qg q
d — — | d 6.73
wydip = ( 2r * Ar2 - 8?“3) (6.73)

H, and Hj are given by permutations of charges in H;. We see that this metric
has only one angular momentum as compared to full black string metric which has
two. Also, since only non-trivial dependence in metric is on 7, we can have wave
equation factorising in this limit.

Now we have full five dimensional metric, with w,, = w as
dsz = —f2(r)(dt + wy(r)dn)® + f~'(r) (dr® + dn? + r*d6* + r*sin® d¢*)  (6.74)
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2.6.2 Near Horizon Limit

In this section, we try to take the near horizon limit. In the limit of small r, we

keep only the leading terms in 1/r. In this limit, metric functions are

H — (1+ f—fj) (6.75)
q
W — <%> (6.76)
In this limit, we have
2/3 2
F7 = (0 )0 = R P (6.77)
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where p = (q1¢2g3)"/3. We can write the metric as

ds* = f2[(f7° = w?)dn® — 2wdtdn — dt*] + [~ (dr® + r°dQ3) (6.78)

52 167
s

nearhorizon 4

p

jud

2 2
o P2+ Ean2  (6.79)

-3 2d2 2

dtdn — dt*| +

We saw when writing down the radial equation that the function f=3 — w? is less
singular than what one would naively expect. With &k, = L = 0, we can use the same

result to write

1 a a a, a
3 2 1 2 3 4
— — — —_— .

Since there is a prefactor of 74 in the near horizon limit, we see that only surviving

term is a4 when limit of » — 0 is taken. Let us denote the charge combination 1%—“24

as m* So we have

ds?

nearhorizon

4 2 2
_ %an + 4£dtdn + %d@% + %dﬂ (6.81)
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This looks almost like AdS; x S?. To show that this is so, we take the metric

dSreartorizon = Z—;dn2 + 4%dtdn + 4p—;dr2 (6.82)
and make following coordinate transformations
2 Tty r—y
7’:p,77:2\/}_),15:2\/]_9 (6.83)
From this we get
2 m* 2 P o PP
ds;carhorizon = 4—p5(dl" +dy)” + ];(dw —dy”) + ;dp (6.84)

This is of the same form as extremal three charge metric. Let us define T, =

#32\/13. Then with the coordinate transformations
L ortyi@ty)
— T (2 6.85
W4 27TT+€ ( )
4
T
wo=(z—y) - LT (6.86)
P
P?
z = e @ty) (6.87)
P
From these we get
0222
dw, = 27T )w, (de + dy) = F(dx + dy) (6.88)
2inT
dw_ = (dz — dy) + 2 ,j; tdp (6.89)
d d
dz =z (ﬂ - —p) (6.90)
2w,y P



From the above, we get

dwdw_ 2(d d 2rT. d
wedw- _ pAr 1Y) gy 2 g gy (6.91)
z p p
=2 dp* dw_dp
— = T2(d dy)? — ——L 6.92
22 pg +7T +( ‘/L‘—i— y) per ( )

Adding the above two, we see that ( noting that ’;—f = 47*T?)

4 2

m 2 P N AP 2
4—p5(d:v + dy)* + 21;(d:zc —dy*) + ;dp =2 (d2* + dw dw_) (6.93)

2.6.3 Reduction to four dimensions

Since we have the starting five dimensional metric in Einstein frame, we use KK

reduction ansatz to get to Eisntein frame in four dimensions.
ds? = e**Xds? + e*X(dn + A,dz")? (6.94)

Here f = (2 — d)a = (2 — 4)a. We are reducing from d + 1 to d dimensions.
The relation between « and ( is obtained by requiring that we get Einstein frame
metric in d dimension. Absolute value of o can be fixed by requiring the canonical

normalization for scalars. Writing the five dimensional metric as

ds® = f2[(f7° = wh)dn® — 2wdtdn — dt*] + f~"(dr? + r°d€3)

2
= (f_l — f2w2) (d?’] - %) - ﬁdtQ + f_l(er + 7’2ng) (695)

Comparing with the reduction ansatz, we get

625)( — f—l o f2w2 . = 62ax — (f—l o f2w2)_1/2 (696)
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This gives

dsj = *™ ——?ij??z;gdfz+-f1&h3-+72d93)

= _(ffB _ w2)—1/2dt2 + (f*S B w2)1/2(d7’2 + TQng) _ _Ff%dtQ + F%(drz i rdeg
(6.97)

fPw w w
I __f_l—f2w2__f_3—w2 F

(6.98)
Here F = =3 — w2,
2.6.4 Two charge Maldacena-Maoz from Black ring

We earlier presented the black ring metric in  and y coordinates. We now consider
another coordinate system which would be more suitable study the limit to near

region. For this we have (x,y) — (r,0) with

R*(1— 1
2= F-2) , cos? ) = e (6.99)
r—Yy r—y

Now 0 < p <ooand 0 <0 < 7. In these coordinates, the base metric becomes

dp?

dsi =YX
Sy (p2—|—R2

+df?) + (p* + R?)sin® 0dy)® + p* cos” Bdg? (6.100)

where ¥ = p? + R?cos? . Note that ¢ and 1) here are opposite to conventions in

previous papers. Other functions become

Q1 qpqzR?cos?0
H=1+-+—-—7— 101
1 + 5 2 (6.101)
2 02 2
p~ cos” 0 2R* cos 20
S Qi —q 1+ 22 102
W 52 PCQ q( T (6.102)



2 + R?)sin%0 2R? cos 20 R?sin? 0
Wy = b 223 [%‘Qz‘ —q (1 + T)} —(1+q2 +Q3)T (6.103)
i -1 ¢R? 2 2
A'=H; (dt +w) + S (sin” Odip — cos” 0do) (6.104)

Other functions Hy and Hj are given by obvious permutations of charges. In the
limit of two charges and one dipole moment only, say (01,002 and g3 , one angular

momentum w, becomes zero while rest of the functions become

. 2 o 26)
Hi:1+% , %:_qu% (6.105)
R? R?
A® = HyYdt +w) + %T(sinz Odyp — cos® Odg) = —qu cos® Od¢ (6.106)

Here we have made a gauge transformation to get rid of a constant term in AS3.

Lifting this to string frame metric in ten dimensions, we get

H
[—(dt + w)* + (dz + A%)?] + / HHadax} + /dezi (6.107)
1

ds? =

HH,

If we take maldacena-maoz in and reduce it along y direction, we get the same
metric as this after going to Einstein frame. To get the infinite ring metric for the
case of two charges and one dipole moment, we go back to the ring coordinates x and

y. For the case of two charges, we have following functions.

Q1

I
Hy =1+ S (x—y) (6.109)

One form components (related to angular momentum) and gauge field are given
by
1
wy =0, W¢I§Q3(1+Z/) ; A:;:—E(l‘irﬁ?) (6.110)
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To take the infinite ring limit, we again put y = —% and x = cosf. Again defining

the charge densities ?—é = Q;, n = Ry and taking the limit R — oco. We get

H=1+2 w=w=—2 (6.111)

So, in the infinte ring limit for two charge (and one dipole moment) ring, we get

the following five dimensional metric
ds? = —(H, Hy)*/3(dt — %dnf + (H Ho)3(dr? + di? + 12dQ2) (6.112)
Four dimensional Einstein metric, after reduction is
ds? = —F~Y24t* + FY2(dr?® + r2dQ2) (6.113)

where F' =1+ M The corresponding ten dimensional metric is

1 q3 q3(1 + cos0)do
ds* = —(dt — Zdn)? + (dz — 2
S =, | g 7 )
H.
v/ H Hy(dr? + dn? + r*(d6? + sin® 0d¢?)) + dezi (6.114)
1

To get the condition for the absence of closed time like curves, we look at the coef-
ficient of dn?. Since this was originally a periodic coordinate, we want the coefficient

of this to be positive for all values of r. So we want

(\/ﬁ 4% ) >0 (6.115)

1
- VHH 4
This gives ¢2 < (4Q,Q,). For v = 1 case in Maldacena-Maoz, we have equality
and ¢ = 4Q,Q,. This case gives regular solution. We see that A?ﬁ is not regular at

6 = 0 because in a local frame

| A% = /9?0 Ay Ay = %(1 + cos 0) (6.116)
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Here f(r) is some function of r. To cure this divergence, we make a gauge trans-

q3(1—cos 0)

5 This gives a coordiante transformation for y

formation such that A, =
such that 2/ = z — g3¢. We see that gauge field becomes regular after this gauge
transformation. But since z is a compact circle, this implies that one ¢ circle move-
ment must equal some numebr of z circle movements. So 27wqs = 2mn i R, and hence

g3 = nggR.. In our case v = 1, we have ngg = 1. Then small R, corresponds to

taking large R and that is what we have done.
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CHAPTER 3

CONSTRUCTING "HAIR’ FOR BLACK HOLES

3.1 Introduction

The Bekenstein-Hawking(BH) entropy of a black hole is

A

where A is the area of the horizon. If we are to interpret Black holes as normal
thermodynamic systems then it must be possible to find a statistical mechanical in-
terpretation of BH entropy. Statistical mechanics then suggests that the hole should

have e°

microstates and BH entropy arises due to coarse graining over these mi-
crostates. In their seminal work, Strominger and Vafa used string theory to match
the microscopic entropy of D1 — D5 — P system with macroscopic entropy calculated
in supergravity limit. But where are these states? In this chapter we suggest an

answer to this question, and support our conjecture by a calculation related to the

3-charge extremal hole.
3.1.1 Black hole ‘hair’

String theory computations with extremal and near extremal systems have shown

that D-brane states with the same charges and mass as the hole have precisely e
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states [3, 174]. If we increase the coupling g these states should give black holes [4].
At least for extremal holes supersymmetry tells us that we cannot gain or lose any
states when we change ¢ [198, 199]. We are thus forced to address the question: How
do the e configurations differ from each other in the gravity description?

Early attempts to find ‘hair’ on black holes were based on looking for small per-
turbations in the metric and other fields while demanding smoothness at the horizon.
One found no such perturbations — the energy in a small deformation of the black
hole solution would flow off to infinity or fall into the singularity, and the hole would
settle down to its unique metric again. But if we had found such hair at the horizon
we would be faced with an even more curious difficulty. We would have a set of ‘mi-
crostates’ as pictured in Fig.1(b), each looking like a black hole but differing slightly

from other members of the ensemble.

Singularity \

Horizon
@ (b)

Figure 3.1: (a) The usual picture of a black hole. (b) If the microstates represented small
deformations of (a) then each would itself have a horizon.

But if each microstate had a horizon as in the figure, then should’'nt we assign an
entropy ~ S to it? If we do, then we have e® configurations, with each configuration

having an entropy ~ S. This makes no sense — we wanted the microstates to explain
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the entropy, not have further entropy themselves. This implies that if we do find the
microstates in the gravity description, then they should turn out to have no horizons
themselves.

We face exactly the same problem if we conjecture that the configurations all look
like Fig.1(a) but differ from each other near the singularity; each configuration would
again have a horizon, and thus an entropy e of its own.

The idea of AdS/CFT duality [5] adds a further twist to the problem. If string
states at weak coupling become black holes at larger coupling, then one might think
that the strings/branes are somehow sitting at the center r = 0 of the black hole.
The low energy dynamics of the branes is a CFT. But the standard description of
AdS/CFT duality says that the CFT is represented by a geometry that is smooth at

r =0 (Fig.3.2). In particular there are no sources or singularities near r = 0.

Dual CFT

Smooth geometry
(global AdS)

Figure 3.2: The D1-D5 CFT is represented by a smooth geometry in the dual representa-
tion.

Putting all this together suggests the following requirements for black hole ‘hair’:

(a) There must be e° states of the hole.

(b) These individual states should have no horizon and no singularity.
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(c) ‘Coarse-graining’ over these states should give the notion of ‘entropy’ for the

black hole.

This appears to be rather an extreme change in our picture of the black hole,
particularly since (b) requires that the geometry of individual states differ significantly
from the standard black hole metric everywhere in the interior of the hole, and not
just within planck distance of the singularity.

Remarkably though, just such a picture of individual states was found for the 2-
charge extremal D1-D5 system in [150][8]. We take ns D5 branes wrapped on 7% x S*
bound to n; D1 branes wrapped on the S'. CFT considerations tell us that the
entropy is Spicro = Qﬁwm, so the extremal ground state is highly degenerate.
In the gravity description we should see the same number of configurations, except
that in a classical computation this degeneracy would show up as a continuous family
of geometries rather than discrete states. The naive metric that is usually written
down for the D1-D5 state is pictured in Fig.3.3 — it goes to flat space at infinity, and

heads to a singularity at » = 0. But a detailed analysis shows the following [150, 8]:

(a’) The actual classical geometry of the extremal D1-D5 system is found to be
given by a family of states parametrized by a vector function F (v); upon quantization

this family of geometries should yield the V2TV ghates expected from the entropy.

(b’)  Individual members of this family of states have no horizon and no singu-

larity — we picture this in Fig.3.4.

(') Suppose we define ‘coarse graining’ for a family of geometries in the following
way. We draw a surface to separate the region where the metrics are all essentially

similar from the region where they differ significantly from each other (indicated by
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the dashed line in Fig.3.5). The area A of this ‘horizon’ surface satisfies

Note that the properties a’,b’,c’ address directly the requirements a,b,c.

Flat Space

"Throat"

Figure 3.3: The naive geometry of the extremal D1-D5 system.

(1.2)

— ==

Figure 3.4: Actual geometries for different microstates of the extremal D1-D5 system.
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3.1.2 The three charge case

The 2-charge D1-D5 extremal system has a ‘horizon’ whose radius is small com-
pared to other length scales in the geometry, and the entropy of this system is de-
termined from the geometry only upto a factor of order unity (this is the reason for
the ~ sign in (1.2)). The 3-charge system which has D1, D5 and P charges (P is
momentum along S') has a horizon radius that is of the same order as other scales in
the geometry, and in the classical limit we get a Reissner-Nordstrom type black hole.
The D-brane state entropy Syicro exactly equals Sger, [3]. We would therefore like to
find individual geometries that describe different states of the 3-charge hole. In line
with what was said above, we expect a situation similar to that in Figs.3.3,3.4 — the
naive D1-D5-P geometry has a horizon at r = 0, but actual geometries end smoothly
(without horizon or singularity) before reaching r = 0.

If this description of the 3-charge hole were true then it would imply a simple
consequence: There should be smooth perturbations of the 2-charge (D1-D5) system
which add a small amount of the third (momentum) charge. Thus we should find

small perturbations ¥ around the 2-charge geometries with the following properties
(i) The perturbation has momentum p along the S, which implies
U~ erY, pel (1.3)
where y is the coordinate along S and R is the radius of this S*.

(ii) The perturbation takes the extremal 2-charge system to an extremal 3-charge
so the energy of the perturbation should equal the momentum charge of the pertur-

bation. This implies a ¢ dependence

(1.4)



Figure 3.5: Obtaining the ‘horizon’ by ‘coarse-graining’.

(iii) The perturbation must generate no singularity and no horizon, so it must

be regular everywhere, and vanishing at » — oo so as to be normalizable.

We start with a particular state of the 2-charge extremal system. We have a
bound state of D1 and D5 branes, wrapped on a T with volume (27)*V; and an S*
of radius R, sitting in asymptotically flat 4 + 1 transverse spacetime. This system
is in the Ramond (R) sector, which has many ground states. We pick the particular
one (we call it |0)g) which if spectral flowed to the NS sector yields the NS vacuum
|0) ys. The geometry for this 2-charge state is pictured in Fig.3.6. The radius of the

S3 in the region III is (Q1Q5)%. The parameter

€= @ (1.5)

characterizes, roughly speaking, the ratio “ﬁ%ﬁ“ for the ‘throat’ region III.

In the NS sector we can act with a chiral primary operator on |0)ygs. Let the
resulting state be called [1)) ys. The spectral flow of this state to the R sector gives
a state [¢)g; this will be an R ground state, and will have Ly = Ly = 57 We will
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construct the perturbation that will describe the CFT state

(T2)l)r (16)

This state has momentum charge Ly — Ly = 1. We proceed in the following steps:

(A) The regions III and IV are actually a part of global AdSs; x S? x T*, and
a coordinate change brings the metric here to the standard form [186, 188]. The
wavefunction W;,,.. for the state (1.6) in this region can be obtained by rotating a

chiral primary perturbation in global AdSs x S3.

(B) We construct the appropriate wavefunction W, in the regions I, 11, III by
solving the supergravity equations in this part of the geometry. We choose a solution

that decays at infinity.

(C) We find that at leading order €’ the solutions W;uuer, Wourer agree in the

overlap region III.

(D) We extend the computation to order e, €2, € and continue to find agreement
in the overlap region; this agreement appears to be highly nontrivial, and we take it

as evidence for the existence of the solution satisfying (i), (ii), (iii) above.

After this computation we conclude with some conjectures about the form of ‘hair’
for generic states of the 3-charge hole, and a discussion of the physics underlying the

new picture of the black hole interior that emerges from this structure of microstates.

3.2 The 2-charge system: review

In this section we review the results obtained earlier for the 2-charge D1-D5 system
and describe the particular D1-D5 background to which we will add the perturbation
carrying momentum charge P.
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O 0o

flat ““neck” “throat" *‘cap”
space

Figure 3.6: Different regimes of the starting 2-charge D1-D5 geometry.

3.2.1 Generating the ‘correct’ D1-D5 geometries

Consider IIB string theory compactified on T x S'. The D1-D5 system can be

mapped by a set of S, T dualities to the FP system

ns D5 branes along T* x S' — ns units of fundamental string winding along S* (F)

ny D1 branes along S' — n; units of momentum along S (P)

The naive metric of the FP bound state in string frame is

Q

r2

Q
S dv ) + dxidx; + dz,dz, (2.1)

ds* = —(1+ )" (dudv + =
r

where z;,7 = 1...4 are the noncompact directions, z,,a = 1...4 are the T* coor-

dinates, and we have smeared all functions on 7%. We will also use the definitions

u=t+y, v=t—y (2.2)

But in fact the bound state of the F and P charges corresponds to a fundamental
string ‘multiwound’ ns times around S!, with all the momentum P being carried
on this string as traveling waves. Since the F string has no longitudinal vibrations,
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these waves necessarily cause the strands of the multiwound string to bend away and
separate from each other in the transverse directions. The possible configurations are
parametrized by the transverse displacement F (v); we let this vibration be only in
the noncompact directions x, x9, 3, x4. The resulting solution can be constructed
using the techniques of [22, 23, 25], and we find for the metric in string frame [189]%7

ds* = H(—dudv + Kdv* 4 2A;dz;dv) + dxidx; + dz.dz,

1
Bvu = _Gvu = §H7 Bvi = _Gvi = _HAM 672q> = Hil (23>

where
L : 2
_1:1+9/ di} 7 K:Q/ (FEU)) L Q/ d’UFU
LJo |7~ F(v)P LJo |#—F)* 17— F(v)?
(2.4)
(L = 27ny R, the total length of the F string.®)
Undoing the S, T dualities we find the solutions describing the family of Ramond

ground states of the D1-D5 system [150]

H . . 1+ K
45 = \ [ = (e = Auda' Vo (dy + Buda' )+ L duide+/H( + K)dzadz,

(2.5)
B, K
2 = Hl+K), P =" D=
€ (I+K), G =175 Cy 1+ K
A A:B: — A.B:
(2) i (2) iDj jDi
Ciy 1+ K’ i Cij + 14+ K (2.6)

SWe can extend the construction to get additional states by letting the string vibrate along the
T* directions; these states were constructed in [86].

"The angular momentum bounds of [189] and metrics found in [186, 188, 189] were reproduced in
the duality related F-DO0 system through ‘supertubes’ [10]. While supertubes help us to understand
some features of the physics we still find that to construct metrics of general bound states of 2-
charges and to identify the metrics with their CFT dual states the best way is to start with the FP
system.

8Parameters like @), R are not the same for the FP and D1-D5 systems — they are related by
duality transforms. Here we have not used different symbols for the two systems to avoid cumbersome
notation and the context should clarify what the parameters mean. For full details on the relations
between parameters see [189, 150]).
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where B;, C;; are given by
dB = —%4dA, dC = —%,dH ™" (2.7)

and %4 is the duality operation in the 4-d transverse space x...x4 using the flat
metric dr;dr;. The functions H~1, K, A; are the same as the functions in (2.4)

It may appear the the solution (2.5) will be singular at the points # = F(v), but
it was found in [150] that this singularity reflects all incoming waves in a simple way.
The explanation for this fact was pointed out in a nice calculation in [86] where it
was shown that the singularity (for generic F(v)) is a coordinate singularity; it is the
same coordinate singularity as the one encountered at the origin of a Kaluza-Klein
monopole [138].

The family of geometries (2.5) thus have the form pictured in Fig.3.4. These

geometries are to be contrasted with the ‘naive’ geometry for the D1-D5 system

1 1+ %
ds? ... = [—dt2+dy2]—|—\/(1 + Q—Zl)(l + Q—;)d:vidxi—l— Lgdzadza
V@)% e L+

(2.8)

The actual geometries (2.5) approximate this naive geometry everywhere except near
the ‘cap’.

It is important to note that we can perform dynamical experiments with these
different geometries that distinguish them from each other. In [150] the travel time
Atgygrq Was computed for a waveform to travel down and back up the ‘throat’ for a 1-
parameter family of such geometries. Different geometries in the family had different

lengths for the ‘throat’ and thus different Aty,g.,. For each geometry we found

Atsugra = AtC’FT (29)
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where Atcpr is the time taken for the corresponding excitation to travel once around
the ‘effective string’ in the CFT state dual to the given geometry. Furthermore, the
backreaction of the wave on the geometry was computed and shown to be small so
that the gravity computation made sense.

In [8] a ‘horizon’ surface was constructed to separate the region where the geome-
tries agreed with each other from the region where they differed, and it was observed
that the entropy of microstates agreed with the Bekenstein entropy that one would
associate to this surface’

A

oro ~ —— 2.1
szcro 4G ( 0)

Such an agreement was also found for the 1-parameter family of ‘rotating D1-D5 sys-
tems’ where the states in the system were constrained to have an angular momentum

J. The horizon surfaces in these cases had the shape of a ‘doughnut’.
3.2.2 The geometry for |0)p

The geometry dual to the R sector state |0) g (which results from the spectral flow

of the NS vaccum |0) yg) is found by starting with the FP profile

Fi(v) = acos(—), fa(v) = asin<LR), f20) =0, fi(v)=0 (2.11)

n5R Ny
and constructing the corresponding D1-D5 solution. The geometry for this case had

arisen earlier in different studies in [19, 186, 188]. For simplicity we set

Q1=Q; =0 (2.12)

9In [199] the naive geometry for FP was considered, and it was argued that since the curvature
became order string scale below some r = r(, a ‘stretched horizon’ should be placed at ry. The area
A of this stretched horizon also satisfied % ~ Smicro- It is unclear, however, how this criterion
for a ‘horizon’ can be used for the duality related D1-D5 system, where the geometry for small r is
locally AdSs; x S® and the curvature is constant (and small). We, on the other hand have observed
that geometries for different microstates depart from each other for » < ro and placed the horizon
at this location; this gives the same horizon location for all systems related by duality.
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which gives the D1-D5 solution

1 dr? 2aQ)
2 _ 2 2 2 2 .2
ds® = _E(dt —dy°) + hf(do” + = +a2) T (cos” Odydyp + sin” Odtdo)
202 cos2 0 202gin2 0
+  h[(r* + %) cos? 0dy? + (r* 4 a® — %) sin? 0d¢?] + dz,dz,
(2.13)
where
a:%, f=r*+a*cos’0, hzl—i—% (2.14)
The dilaton and RR field are
20 _ 4 o@__ @ Lo _ Qacos’d
e+ Q+/f
.2 2 i 2
@2 _  Qasin0 @ 9 (QQa” sin” 0 cos”
Cy¢> = _T—i—f’ C@/J = QCOS 8 + Q n f (215)
To construct the 3-charge solution below we will assume that
=0 V@ (2.16)

which can be achieved by taking the compactification radius R to be large for fixed
values of o, g, n1,ns, Vy. In what follows we will ignore the 7% and write 6-d metrics
only. Since the dilaton ® and T* volume are constant in the above solution the 6-d

Einstein metric is the same as the 6-d string metric.
The ‘inner’ region
For

r<<+Q (2.17)

the geometry (2.13) becomes

dr?

r? 4+ a?

2 2 2
0
g5t = U ”QCOS ) (dt? — dy?) + O(d6? + )

— 2a(cos® Odydyp + sin” Odtde) + Q(cos? Odp* + sin” fd¢?)  (2.18)
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The change of coordinates

Py dns=0— <t (2.19)

wNS:w_éya Q

brings (2.8) to the form AdS; x S*

2

(r?+a®) o 17, d
Y+
g TV TEiae

We will call the region (2.7) the inner region of the complete geometry (2.13).

ds? = —

+ Q(d6? + cos® Odyp% g + sin® Oddys) (2.20)

The ‘outer’ region

The region

a<<r<oo (2.21)

is flat space (r — o0) going over to the ‘Poincare patch’ (with y — y + 27 R identifi-

cation)

7"2

Q +r?
We will call the region (2.21) the outer region of the geometry (2.13). The inner

ds® = —

(dt* —dy®) +(Q —|—r2)dr—?;2 +(Q+72)[db? +cos® Odip* 4-sin? 0dp?] (2.22)

and outer regions have a domain of overlap

a<<r<<+Q (2.23)

The spectral flow map

The coordinate transformation (2.9) taking (2.8) to (2.10) gives spectral flow [186,
188]. The fermions of the supergravity theory are periodic around the S! parametrized
by the coordinate y in (2.8), but the transformation (2.9) causes the S to rotate once
as we go around this S*, and the spin of the fermions under the rotation group of
this 5% makes them antiperiodic around y in the metric (2.10). Thus the metric (2.8)
gives the dual field theory in the R sector while the metric (2.10) describes the CFT
in the NS sector.
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3.3 The perturbation carrying momentum

3.3.1 The equations

The fields of IIB supergravity in 10-d give rise to a large number of fields after
reduction to 6-d. At the same time we get an enhancement of the symmetry group, as
various different fields combine into larger representations of the 6-d theory.!® In [29]
general 4b supergravities in 6-d were studied around AdSs x S3; their perturbation
equations however apply to the more general background that we will use. These
supergravities have the graviton gpsn, self-dual 2-form fields C%, 5,7 = 1...5, anti-
self-dual 2-forms Bj,y,r = 1...n and scalars ¢*.

Suppose we have a solution to the field equations with a nontrivial value for the

metric and one of the self-dual fields
gun = gun, Cuyy =Chn = Cun (3.1)

The choice Q1 = Q5 = Q has made the field C® in (2.15) self-dual, and gives us
such a background. (This choice simplifies the computations, but we expect that the
perturbation we are constructing will exist for general @1, @5 as well.)

Linear perturbations around the background (3.1) separate into different sets. The
anti-self-dual field B}, mixes only with the scalar ¢!". We set r = 1 using the SO(n)

symmetry of the theory and write

le\/[N = Byn, Funp =0uByp + OnBpy + OpBun, ¢11 =w (3.2)

10Tp the actual reduction of IIB from 10-d to 6-d we also get additional fields like A u = hay, where
a=1...41s aT* direction. We do not study these additional fields here.
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The field equations are’* (we write Hynp = Oy Cnp + OnCpar + 0pChrn)

1 _
Fapc + §€ABCDEFFDEF +wHype =0 (3.3)
;A 1 [TABC
W, A" — gH FABC =0 (34)

3.3.2 The (B,w) perturbation at leading order (O(c"))

In this subsection we construct the desired perturbation to leading order in the

inner and outer regions and observe their agreement at this order of approximation.

Inner region: The chiral primary |¢)ys

Consider the equations (3.3),(3.4) in the inner region. In the coordinates (2.10)
this region is seen to be just ‘global’ AdS3 x S3. We use a,b... to denote indices on
S3 and p,v... to denote indices on AdS;. We find the following solution for these

equations in global AdS; x S3
2l

_ o (1)

~ 1 ~
Ba = Bewd Y, B, = ﬁewéﬂB v (3.6)

where

—9 —21 %0t
L) ey 2L TenoNs 1 e7o
Vs = (Y )vs = —5 . s, B= 002+ a) (3.7)

In (2.14) the tensors €gp, g™ etc are defined using the metric on an S? with wunit
radius. This choice simplifies the presentation of spherical harmonics but results in

HOur 2-form fields are twice the 2-form fields in [29]. Our normalizations agree with those
conventionally used for the 10-D supergravity fields where the action is 71—12 [ F 2,
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the factor (radius of S3)~! = -1 in the definition of B,,. The tensors €,,5, g" etc.

a

are defined using the ¢, y,r part of the metric (2.10).'2
This solution represents a chiral primary of the dual CFT [129]. To see this note

the AdS/CFT relations giving charges and dimensions of bulk excitations

i - l
JéVS = i[asz + a¢NS]’ JiVS = 5[_8¢NS + 8¢NS] (38)

The solution (2.13)-(2.15) thus has

~NS:l hNSIl

j . NS =1, RN =1 (3.10)

which are the conditions for a chiral primary.

The coordinate transformation (2.9) brings us to the R sector. The scalar in these

1 (1 A 20+ 1 g2l
_ 1 - 21
w = WY(), YW =4/ —5 - sin 0 (3.11)

so that it has no t or y dependence. The components of Bsg similarly do not have

coordinates is

any t,y dependence.
The dimensions in the R sector are given by (the partial derivatives this time are

with respect to the R sector variables)

Ly = igau, Ly = z’QaU (3.12)
a a

12The spherical harmonics are representations of so(4) ~ su(2) x su(2); the upper labels in Y((llll))

give the j values in each su(2), and the lower indices give the js values. Thus [ = 0, %, 1,....
The subscript VS on Y indicates that the arguments are the sphere coordinates in the NS sector,
(0,%Ns,dns). When we write no such subscript it is to be assumed that the arguments of the
spherical harmonic are the R sector coordinates (8,1, $). More details about spherical harmonics

are given in Appendix A.
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so that we get for our perturbation

=
Il
=
Il

o

(3.13)

which is expected, since a chiral primary of the NS sector maps under spectral flow
to a ground state of the R sector.!?
Let the CFT state dual to the perturbation (2.13)-(2.15) be called [1)) yg, and let

|1)) g be its image under spectral flow to the Ramond sector.

Inner region: The state J; [¢)ys < J_,|U)r

Consider again the inner region in the NS sector coordinates (2.10). We now wish

to make the perturbation dual to the NS sector state

Jo [¥)ws (3.14)

Since the operator .J; in the NS sector is represented by just a simple rotation of the

S3, we can immediately write down the bulk wavefunction dual to the above CFT

state
—2i &1t
e © (1)
1
Bay = BeapedYh, B, = ﬁeWaAB v (3.16)
—21 %10t

O _ LD VIR gy i(—2 1) s tinh _ 1 e”@
YN = (}/(lfl,l)>NS = —T S1n 0 cos fe NS NS, B = Zlm
(3.17)
13The full spectral flow relations are h = hyg — jns + 510 J = JNs — 15 Spectral flow of the

background |0) x5 gives h0 = hQs — 51> = j?vs — 15, so for the perturbation the spectral flow
relations are just h = hys — jns,J = JNS-
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This perturbation has

jns=1—1, jns=1, hns=1 hyg=1 (3.18)
The spectral flow to the R sector coordinates should give

h=hys —jns=1 h=hys—jns=0 (3.19)

so that we have a state with nonzero Ly — Ly, which means that it is a state with
momentum. This can be seen explicitly by writing the solution (2.19)-(2.21) in the

R sector coordinates. Writing

YO = _7»5(2;"'1)642”1)%@ sin? ' fOcosf, u=t+y (3.20)
we get

- %(; J:%;)l 0 (3.21)

By, = %(TETQ;Y cot 00, (3.22)

Bgy = —%% tan 69,V " (3.23)

Byy = %(;_:_5:2 7 sin 6 cos 00,y ¥ (3.24)

By = _%cg(;;f;)l tan 00,Y® (3.25)

By = %% sin 6 cos 09, YV (3.26)

By = %Q(TBQ;—E;)Z cot 00, YV (3.27)

B,y = —%% sin 6 cos Ay YV (3.28)

By, = —%@%Y@ (3.29)

B, = Lﬂy(l) (3.30)



We see that all fields behave as ~ e~ with w = ||, so we have a BPS pertur-

bation adding a third charge (momentum P= —1) to the 2-charge D1-D5 background.

Outer region: Continuing the perturbation J~|¢)r

We now wish to ask if this solution in the inner region continues out to asymptotic
infinity, falling off in a way that makes it a normalizable perturbation. To do this
we solve the perturbation equations (3.3),(3.4) in the outer region (2.22). Requiring

decay at infinity, we find the solution

e z%u
— " y® 3.31
YT Qe 30
ey L gy Lo
Bab = Bﬁabca Y 5 B,UJ/ = WEHV)\a BY y B = ET (332)

where we have chosen the same spherical harmonic Y ) that appears in (3.20). Again

€aves 92 etc. refer to the metric of a unit S® (this gives the factor (radius of S3)~1 =

\/ﬁ in B, ), while €,,,, g"” etc. refer to the ¢, y, r part of the metric (2.22). Writing

explicit components, the above solution becomes

o i

w = WY@ (3.33)
Byy = %%jucotg&b}/m (3.34)
Bpy = —%%jutanﬁ&p}/(l) (3.35)
Byy = %%ﬁsin@cos@&ﬁf(l) (3.36)
Bu = _Q(Qir2)2€r2jiu e (337
B, = %ﬁe%w@ (3.38)
B, = r;‘fklﬁeiéuym (3.39)



Matching at leading order

We wish to see if the solutions in the inner and outer regions agree in the domain

of overlap a << r << @. In this region we have

70 \/_} <<1 (3.40)

We can match the solutions around any r in the range a << r << ). To help us
organize our perturbation expansion we choose this matching region to be around the

geometric mean of a, (), so that

2
[
NI

(3.41)

=S

al-

In this region the scalar w in the inner region (given by (3.21)) and in the outer

region (given by (3.33)) both reduce to the same function

,Z-g

YT o — Y+ (3.42)

so that we get the desired agreement at leading order. We can similarly compare
By, but note that since B,y is a tensor the components of By;n depend on the
coordinate frame. To see the order of a given component Bj,;y we should construct
the field strength F' = dB from this component and then look at the values of F' in

an orthonormal frame. For example

1

Buy = Figs = Fiur(9")2(9")2)(g")* ~ — (3.43)
Q§7n2l
Note that thr ~ \F’ so that the Fj;: in the above equation is of the same order as
wthr, and thus By, is a term which we will match at leading order.
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We then find that the components surviving at leading order reduce to the fol-

lowing forms for both the inner and outer solutions

1 7i%u
Bpy = 4—Z€Tcot98¢Y(l) (3.44)
T
1 7i%u
r
1 7i%u
Byy = ZleTsinecoseﬁgY(l) (3.46)
T
1 r2etan 0

Other components like By, which do not agree are seen to be higher order terms. We
will find agreement for these after we correct the inner and outer region computations

by higher order terms.
3.3.3 Nontriviality of the matching

Before proceeding to study the solutions and matching at higher orders in ¢, we
observe that the above match at leading order is itself nontrivial. The dimensional

reduction from 10-d to 6-d also gives some massless scalars in 6-d
Os =0 (3.48)

We show that for such a scalar we cannot get any solution that is regular everywhere
and decaying at infinity. For the scalar s we can find in the inner region AdSs; x S3

a solution analogous to (2.19) [31]
—i(2+2) 3t

€ )
(r2 + a2)i+1 Ys (3.49)

S =
where we have chosen the same spherical harmonic as in (2.19). Since the scalar

generates not a chiral primary but a supersymmetry descendent, we get instead of
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(2.22)

jns=1—1, jns=1, hys=1+1 hys=1+1 (3.50)

The solution (3.49) falls off towards the boundary of AdS, but in the complete geom-

etry (2.13) it will not be normalizable at infinity. Using R sector coordinates (which

are natural at r — oo) we find that the ¢,y dependence is e~y = e QBHY) Ay

large 7 we then find from the wave equation (3.48) the behavior [32]

e (BHY) cos[Qﬂ%T + const]Y'® (3.51)
r

S ~

wles| F

The reason for the slowness of the falloff at large r is the following. Since w > |A|, we
find that at large r not all the energy in the perturbation is tied to the S' momentum,
and the residual energy goes to radial motion; this causes the perturbation to leak
away to asymptotic infinity at late times. Normalizability at infinity is thus seen to
require

w =)l (3.52)

If we impose (3.52) on the solution for s, then we see that the solution regular at
r=01s

s~ (124 a*)'y® (3.53)

For the choice (3.52) there are two solutions in the outer region with radial depen-
dences

(i) s ~ =D (i5) 5~ 2 (3.54)

but the inner region solution matches onto the growing solution (ii) of the outer region,
and we again get no normalizable solution.!*

YFor w = |A| the scalar equation (3.48) can be exactly solved in terms of hypergeometric functions,
and the non-existence of a normalizable solution can be explicitly seen.
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Thus we see that it is quite nontrivial that for the (B, w) system of fields the
normalizable solutions of the inner and outer regions match up at leading order. We

will now proceed to check the matching to higher orders in e.

3.4 Matching at the next order (O(¢))

We wish to develop a general perturbation scheme that will correct our solution to
higher orders in €. It turns out that the inner region solution does not get corrected
in a nontrivial way at order e. In this section we first explain the general scheme,
then apply it to the outer region to get the O(€) corrections, and then explain how

to match these to the inner region solution so that the entire solution is established

to O(e).
3.4.1 The perturbation scheme

The ‘outer region’ of our geometry r >> a is described to leading order by the
metric (2.22). We must now take into account the corrections that arise because the
exact geometry (2.13) departs from this leading order form. In particular we get small
‘off-diagonal’ components g,,, in the metric and also small components like H,,,q, H,a

of Hypc. We develop a systematic way to handle these corrections so that we will

get the full solution as a series in e.
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We expand the background and perturbations as

gMN = Gun T Iun (4.1)
H = Hy+H (4.2)
F = K+ F (4.3)

k= %+ ¥ (4.4)
w o= wy+w (4.5)
Vi = Vi+ Vi (4.6)

The metric g9, is the metric (2.22) we had written earlier for the outer region. To get
gi;n we take the difference between the full metric (2.13) and the outer region metric
(2.22); since we are seeking only the order e corrections at this stage we keep terms of
order £, 5 in g and discard higher order corrections. Similarly we obtain H'. The
operation #q is defined using the metric ¢g°, and *; contains the corrections needed to
give the * operation in the full metric (upto the desired order of approximation). V3
is the Laplacian on the metric ¢° and V?# corrects this (to the desired accuracy) to
the Laplacian on the full metric.

To illustrate the general approximation scheme it is convenient to write the per-

turbation equation (3.3) in form language

F+*F+wH=0 (4.7)
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Inserting the expansions (4.1)-(4.6) in (4.7),(3.4) we get

Fo—l—*oFO—l—wQHO = 0
1_
ngo — gH(J)WNPFOMNP =0 (48)
Fi+*Fi+wHy = S

1~
Vow, — gHéMNPFlMNP = Su (4.9)

where S, and S are defined by

S = —UJ()Hl — *1F0

1 -
Sw = —v%wo—f-ng]‘/INPFQMNP (410)

Egs.(4.8) are just the leading order equations that give the leading order solution
found for the outer regions in the last section. Eqs.(4.9) give the first order correc-
tions. Note that the LHS of these equations have the same form as the leading order
equations, so we need to solve the same equations again but this time with source
terms S,.5,. These source terms can be explicitly calculated from the background

geometry and the leading order solution.
3.4.2 Expanding in spherical harmonics

Even though the problem does not have exact spherical symmetry, it is conve-
nient to decompose fields into spherical harmonics on S®. The breaking of spherical
symmetry is then manifested by the fact that higher order corrections to the leading

order solution contain spherical harmonics that differ from the harmonic chosen at
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leading order. We write

w = e ‘Quphyh (4.11)
By, = e ‘@'l yn (4.12)
B, = e 'a"pbyls (4.13)
By = € '@"blteg,0°Yh (4.14)

The Yt are normalized scalar spherical harmonics on the unit 3-sphere. Their
orders can be described by writing the rotation group of S* as so(4) = su(2) x

su(2). The Y'* are representations (I, 1) of su(2) x su(2), with { =0, 3,1,.... These

harmonics satisfy

VYN = —C(L)Y", (L) =4(1+1) (4.15)

Vi VY =0 (4.16)

The Ys are normalized vector spherical harmonics. They fall into two classes,
one with su(2) x su(2) representations (I,! + 1) and the other with (I +1,1). (Again

Z:O,%,l,....) We have

vYE = 0 (4.17)

VoY = VoY = ((Is)eancY ™ (4.18)

where

—2(1+1), Is=(I+1,1)

() :{ 2+1), Iy=(,1+1) (4.19)

More details on spherical harmonics are given in Appendix A.
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3.4.3 Outer region: Solving for the first order corrections

Returning to the field equations (4.9), we compute the sources S, finding
Q

Strg = 20 1 ) 7"2”1 9, Y1 tan fe~ "

ST f r2)? 2r211+1 [51“9 cos oo,y + 2 3)2 . ﬁi FHyts 2 9} g
Syrog = T30 5_2 )2 T21+1 dsY 11 cot fe Q"

S = (@ ETQ)Z 2r21l+1 {sin 0 cos 00,y " — (l . 3)22 -—:—_ii i 1)QY11 sin? 9} e lau

(4.20)

The source .S, is zero at this order.

We can decompose these sources into scalar and vector spherical harmonics
Spa = Y +1,0,Y" (4.21)

Substituting this decomposition in (4.9) we get the equations

T ~ L L
bﬁw - mﬁumyb{ = t,lw (4.22)
3
bty — O,bi; + C(Is) =3 CETEE b = 0 (4.23)
bls
b3} — Obry +C(I)=F = sy (424)
bl
ayb{i - 8rb{z —C(I3) 710t = Si?, (4.25)

a((Q+ )861) (Q+ )[242 —C(Ih)b'] = 0 (4.26)

T(Q+r2)ar( ar 1) (Q+T2) 1 (Q+T) [Q ([1)[)1} 0 (4'27)

Eq.(A.1) yields bI1 once we know b''; the source components t are listed in
Appendix B. Eqgs.(A.4),(A.7) allow the trivial solution
by =w; =0 (4.28)
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which we adopt, since other solutions would just amount to shifting the leading order
solution taken for b, w. Eq.(A.5) yields b, = 0. Eqns.(A.6), (4.25) are nontrivial and

yield the solution (u =t +y, v =1 —y)

~

| z 0
Do = bV =2 y, LD 4.29
e = Prta’ = \/(zz+1)(z+1)r%(@+r2)2 S (4:29)

_a 20 -1 Q 1 A2 — 1 i

ia 1 Q
biva — = y (Li+1)
1 R a

(4.31)

3.4.4 Matching at order ¢

The inner region solution to order ¢

Above we have applied the general scheme (4.9) to find the outer region solution
to order €. In general we would have to apply a similar scheme to correct the inner
region solution as well. But it turns out that the expansion in the inner region goes
in powers of €2. Since at this stage we are only matching terms of order €%, e' we
do not need to perform any extra computation for the inner region, and the solution
(3.21)-(3.30) is already correct to the desired order. But to effect the comparison with

the outer region we perform two manipulations on the inner region solution. First we

express the set By, = {Bu, Biy, Bt} and the set By, in terms of scalar and vector

harmonics
iae—i%u \/ZYZL(H_LZ) Y;L(U—H)
2Q(r* +a®)t | J2I+ 1)1 +1)  2v1+1

20 \[1(2i+1) @ A2(1+ 1)
b iqe— iU \/ZYa(l“’l) B y D .

2Q(r? + a?)! [\/(21 +1)(+1) 2Vi+1
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L1 [ 201 gy (20 — 1)9,Y W

20\ i(2l+1) 412(1+1) (4:32)
Next we perform a gauge transformation on B,y
Bun — By + VarAy — VA (4.33)
Choosing
A= 8l2(li+ Tomray e (4:34)
Ay = ‘gig(lz;% ar ey (4.35)

we remove the components proportional to 9,Y® in (4.32), while getting additional

terms in other components of B. In particular

1 ar ia 1 a ia
B, = Y De™io% n Y e 0" (4.36
t Hi+1) QM + a2y © Al + 1 ¢ (4.36)
i(202 + 1) ar Lien 28 41) a e
B, = yWemiob ~ yWe " (4.37
v 0l+1) Q2+ a2yt € i+ 1) gy e 480

We will see that with this gauge choice we will get a direct agreement of B,y between

the outer and inner regions.

The outer region solution to order ¢

We had solved the field equations to first order in € for the outer region in sub-

section (3.4.3) above. We list the complete solution thus obtained to order ¢
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e

e Q"

_ 0
YT Q)
1 e tan
Boy = ;=g cot00,Y"
1 e tau
Byy = T tan 00, Y "
1eta" |
Byy = T sm@cosﬁagY(l)
1 e iqn
- _ O]
Bty - 2(@—1—?2)2 202 Y
: 2
B, — __ia Q [(+2)r°+iQ] 1 v (D) i
2\ (Q +1r2)3 4l(l+1) 41Q
. 2
B, — ia (2l -1)Q[(l+2)r* +1Q] " 1 Y1) —igu
rAFL A\ (Q +r2)3  4l(l+1) 41Q)
g, _ Qe l g Yo 1A ey
w = Qe rp |@enaen a2\
ia 412 — 1
Y(l—l,l)
+ 4Q7“21 [3 a
B — iaQe'a" ! y LD _ v 12—l y (=10
e 2r2(Q 4 r?)? 2U+1)(+1) “ 2/1+1 2\ I12+1)“
fa_ JAE =1y o1 (4.38)

+ 4Qr2l [3 a

Comparing the inner and outer solutions at order ¢

In the region where we match solutions we have to substitute at the present order
of approximation
1 1 1 1

e T @em e 39

We then find agreement between the inner region solution (in the gauge discussed

above) and outer region solution (4.38).
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3.5 Matching at higher orders

We follow the same scheme to extend the computation to higher orders in e. At
each stage the sources S, .9, get contributions from all the terms found at preceeding
orders. The computations are straightforward though tedious, and most are done
using symbolic manipulation programs.

The solutions obtained for the inner region are listed in Appendix B. We have
given the solutions in the NS sector coordinates; they must be spectral flowed to the
R sector and gauge transformations performed to see directly the agreement with the
outer region solutions. As mentioned before the perturbation series in the NS sector
of the inner region proceeds in even powers of €, and the odd powers in € result from
the spectral flow (2.9).

The solutions obtained for the outer region are listed in Appendix C. These are
already in R sector coordinates. Note that at each order when we solve the equations
with sources we have to choose a homogeneous part to the solution as well, and these
parts have been chosen to give regularity everywhere as well as agreement between
the inner and outer regions.

We carry out the computation of the solution in each region to order O(e*). We
find complete agreement between the inner and outer region solutions upto the order
investigated. At each stage of the computation there is the possibility of finding that
some field is growing at infinity, and it is very nontrivial that this does not happen
for any field at any of the orders studied. Thus we expect that the exact solution

does exist and is likely to be expressible in closed form.
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At all the orders that we have investigated the scalar w can be seen to arise from
expansion of the solution

e*l%ﬂ,y(l)

= CEYEIGEYL f=r*+a*cos’0 (5.1)

Note that this expression involves just the combinations (r? + a?), f which appear in
the geometry (2.13). We do not have a similar compact expression for the B field; it is
plausible that the compact form would require us to express this 2-form field as part
2-form and part 6-form (the magnetic dual representation). We hope to investigate

this issue elsewhere.

3.6 Discussion

We have constructed regular, normalizable supergravity perturbations in the inner
and outer regions by a process of successive corrections, and observed that at each
order the solutions agree in the domain of overlap. This agreement is very nontrivial,
and we take this as evidence for the existence of an exact solution to the problem —i.e.
we expect that there exists a regular perturbation on the 2-charge D1-D5 geometry
(2.13) which carries one unit of momentum charge and adds one unit of energy (thus
yielding an extremal 3-charge solution). We now return to our initial discussion of
black hole interiors, and the significance of this solution in that context.

The usual picture of a black hole has a horizon, a singularity at the center, and
‘empty space’ in between. Abstract arguments given in the introduction suggested
a different picture where the interior was nontrivial and exhibited the degrees of
freedom contributing to the entropy. The 2-charge extremal system turned out to
look like this latter picture — its properties (a')-(¢’) listed in the introduction matched
the suggested properties (a)-(c). What about the 3-charge extremal hole? This latter
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Figure 3.7: (a) Naive geometry for the 3-charge extremal system. (b) Expected structure
for the system.

3

hole has become a benchmark system for understanding black holes, and any lessons
deduced here likely extend to all holes in all dimensions.

The metric conventionally written for the D1-D5-P extremal system is

1
ds* = [—dudv + Q—2pd112]
r

Ja+9a+%)

Q Q (1+%)
+ \/(1 + T—;)(l + r—j)[dﬁ + r2dQ3) + @dzadza (6.1)

<

This is similar to the ‘naive’ metric (B.13) of the 2-charge D1-D5 extremal system,
except that the y circle stabilizes to a fixed radius as » — 0 instead of shrinking to
zero size (we picture the geometry (5.82) in Fig.3.7(a)). The geometry (5.82) has a
completion that it continues past the horizon at » = 0 to the ‘interior’ of the black
hole, where we have a timelike singularity — the metric is just a 4+1 analogue of the
extremal Reissner-Nordstrom black hole.

In a roughly similar manner one might have asked if the 2-charge metric continues
past the ‘horizon’ r = 0 to another region, but here we do know the answer — the naive
metric (B.13) is incorrect, and the actual geometries ‘cap off’ before reaching r = 0.
We are therefore led to ask if a similar situation holds for the 3-charge system, so that

the actual geometries ‘cap off” before reaching r = 0 as in Fig.3.7(b). We would then
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draw the ‘horizon’ as a surface which bounds the region where the geometries differ
from each other significantly; this surface is indicated by the dashed line in Fig.3.7(b).

Note that for the 3-charge system the area of this ‘horizon’ will give ezactly

A
E = sz'cro = 271'\/711715711) (62)

This is because in the naive metric (5.82) the cross sectional area of the throat sat-
urates to a constant A as r — 0, and it is this same value A that will be picked up
at the location of the dashed line in Fig.3.7(b). But from [3] we know that this area
A satisfies (6.2). (For the 2-charge case we could find A only upto a factor of order
unity, since the y circle of the cross section was shrinking with r, and the natural un-
certainty in the location of the ‘horizon surface’ leads to a corresponding uncertainty
in A.)

Thus for the 3-charge system the nontrivial issue is not horizon area (which we
see will work out anyway) but the nature of the geometry inside the horizon. The
computation of this paper has indicated that if we have one unit of P then at least
one extremal state

(W) = J4|0)r (6.3)

of the 3-charge system is described by a geometry like Fig.3.7(b) and not by Fig.3.7(a).
It may be argued though that the 2-charge extremal states and the state (6.3) are
not sufficiently like generic black hole states to enable us to conclude that Fig.3.7(b)
is the generic geometry of the 3-charge system. Here we give several arguments that

counter this possibility:

(a) Is the 2-charge system like a black hole? It is sometimes argued that the
2-charge extremal system is not really a black hole since the horizon area vanishes
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classically. We argue against this view. The microscopic entropy of the 2-charge
extremal system (S=2v/2m,/mins) arises by partitions of N = n;ns in a manner
similar to the entropy 27, /minsn, of the 3-charge extremal system which arises from
partitions of N = nynsn,. The ‘horizon’ that we have constructed for the 2-charge
system satisfies S =~ A/4G, so this ‘horizon’ area is ~ /nin; times (1,)?, and is thus
not small at all in planck units.

Why then do we think of this horizon as small? The 2-charge metric has factors
like ~ (1 4+ %), (1+ %) Assuming @); ~ @5 and n; ~ ns ~ n we find that the
geometry has a scale, the ‘charge radius’, which grows with n as r ~ Q% ~ n2. Since
the horizon is a 3-dimensional surface, and we have found S0 ~ n ~ %, the
horizon radius is r ~ n3. Suppose we take the classical limit n — oo and then scale
the metric so that the charge radius is order unity. In this limit the horizon radius
will vanish. For the 3-charge system, both the charge radius and the horizon radius
behave as r ~ n%, so the horizon radius remains nonzero in the analogous classical
limit.

But this behavior of classical limits does not imply that the 2-charge system has
an ignorable horizon — the horizon does give the correct entropy, and the presence of
the other, larger, length scale appears irrelevant to the physics inside this horizon.

The region r ~ Q% is far removed from the horizon region, and simply governs the

changeover from ‘throat geometry’ to ‘flat space’.

(b) Return time Atcpr: For the 2-charge system, the naive metric is (B.13). If we
throw a test particle down the throat of this naive metric, it does not return after any
finite time. In the dual CFT however an excitation absorbed by the ‘effective string’

can be re-emitted after a time Atcpr < co. How do we resolve this contradiction?
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One might think that nonperturbative effects cause the test particle to turn back
from some point in the throat of the naive geometry, but this cannot be the case
since the return time Atcpp is different for different states of the 2-charge system
(the length of the components of the effective string are different for different states).
The resolution of this puzzle was that the throats were capped; the cap was different
for different states [150], and we get (2.1).

The CFT for the 3-charge system is described by the same effective string; we just
have additional momentum excitations on the effective string. We would thus again
have some finite time Atcpr after which an excitation should be emitted back from
the system, and the requirement (2.1) then suggests that Fig.3.7(b) is the correct

picture for the general states of the 3-charge system, rather than Fig.3.7(a).

(c) Fractionation: We have argued that the interior of the horizon is not the
conventionally assumed ‘empty space with central singularity’. How can the classical
expectation be false over such large length scales? The key physical effect is ‘frac-
tionation’. If we excite a pair of left and right vibrations on a string of length L, the

minimum excitation threshold is AF = 2% + 27” = 4%. But if we have a bound state

Am
nlL

of n strings, then we get one long string of length nL, and the threshold drops to
[33]. If we start with 2-charges, ny D1 branes and ns D5 branes, then the excitations
of the third charge, momentum, come in even smaller units, and AE = nﬁlﬁ (34].
If we assume more generally that for the bound state of mutually supersymmetric
branes the excitations always fractionate in this way, then we find that the excita-
tions of the D1-D5-P hole are such that they extend to a radial distance that is just

the horizon scale [76]. For the 2-charge FP where we have explicitly constructed all

geometries this fractionation effect can be directly seen — because the momentum
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waves are fractionally moded on the multiply wound F string, the strands of the F
string separate and spread over a significant transverse area, which extends all the

way to the ‘horizon’.

(d) Other 3-charge states: The general perturbations around the 2-charge so-
lution that we have chosen decompose into two classes: The antisymmetric field +
scalar perturbations (which we have analyzed) and the metric + self-dual field per-
turbations. We have checked upto leading order () that the latter class gives a
regular solution as well. Further, the 2-charge solution that we started with may ap-
pear special (It has for instance angular momentum ™= in each su(2) factor, while
the generic 2-charge state has negligible net angular momentum) but we have also
checked that at leading order we get regular perturbations for all starting 2-charge
geometries. In principle all these computations could be carried out to higher orders
in €, but the technical complexities would be greater due to less symmetry in the
starting configuration.

One might think that if we increase the the momentum p then we might get a
horizon. For p = 1 we have seen that the perturbation is smooth, so there is no hint
of an incipient horizon. Suppose for some p = py a horizon just about forms; this
horizon will be of radius zero at p = pg, and larger at larger p. But what will be the
location of the horizon at p = pg? There is no special point in the starting 2-charge
geometries; they are just smoothly capped throats. It thus appears more likely that
adding momentum will just give more and more complicated configurations, but with

no special point which could play the role of a singularity.

(e) Nonextremal holes: Having found the above structure for extremal systems,

we expect a similar structure for near extremal and also neutral holes, with the
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difference that the branes in the extremal systems are replaced by a collection of
branes and anti-branes. Indeed, for the non-extremal D1-D5-P system it is known
that the entropy of holes arbitrarily far from extremality can be reproduced exactly
if we assume that the energy is optimally partitioned between branes and anti-branes
while reproducing the overall charges and mass [36].

In an interesting recent paper [120] it was argued that the ‘black ring’ solutions
carrying D1-D5-P charges (plus nonextremality) had pathologies like closed timelike
curves and thus it was not possible to add momentum by boosting to general rotating
D1-D5 states. It was observed however that it might be possible to add momentum
in other ways to get a 3-charge state. Our construction does take a D1-D5 state with
some angular momentum, and adds one unit of momentum. But looking at the form
of the perturbation it can be seen that the momentum was not obtained by a boost.

More generally, generating metrics by boosting a ‘naive’ nonextremal geometry
will not give the correct states of the system. In such a construction we start with a
nonextremal black hole or black ring geometry, where the metric in the interior of the
horizon is just the classically expected one (similar in spirit to Fig.1(a) for a black
hole). But we have argued that such an interior metric is not a correct description
for the region inside the horizon; this region we believe is very nontrivial, with details
that necessarily depend on the particular state which the system takes (out of the e
possible states).!® Instead one should start with one of the ‘correct’ states for system,
and then construct the possible deformations that add momentum.

150mne should not use the ‘correspondence principle’ [38] to obtain a qualitative understanding of
what might happen inside horizons. It was shown in [76] that at coupling g < g. the energy added
to a string goes to exciting vibrations, while at g > g. the energy goes to creating brane-antibrane
pairs. (Here g. is the coupling at the ‘correspondence point’ where the string turns to a black hole.)
It is these brane-antibrane pairs that have the small energy gaps and large phase space to ‘fill up’
the interior of the horizon.
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We can emphasize this point in another way, using just the 2-charge system.
Suppose we start with the naive metric for the nonextremal F string. This metric
will have cylindrical symmetry around the axis of the F string. We can boost and
add momentum, still keeping the cylindrical symmetry and getting F' and P charges.
We can then take the non-extremality to zero. This process will reproduce the naive
metric (2.1) of the extremal FP system. To get the correct metrics for extremal FP
starting from non-extremal FP we would have to start with one of the correct interior

states for the nonextremal FP system.

Clearly what we need next is a construction of the generic 3-charge configuration
(i.e. with the P charge not small). It is important that the solutions represent
true bound states rather than just multi-center brane solutions that are classically
supersymmetric. (Some families of metrics with 3 charges have been constructed
before (e.g. [160]) but we are not aware of any set that actually describes the bound
states that we wish to study.)!® Tt is possible that the generic state is not well
approximated by a classical configuration; what we do expect though on the basis of
all that was said above is that the region where the different states depart from each

other will be of the order the horizon size and not just a planck sized region near the

singularity.

16We thank D. Mateos and O. Lunin for discussions on this point.
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CHAPTER 4

CONSTRUCTING "HAIR’ FOR BLACK RINGS

4.1 Introduction

In chapter 3, we perturbatively added one unit of moemntum to a particular
microstate of 2 charge black holes in 4 + 1 dimensions. This gave us a perturbative
three charge system which was smooth and horizon-free, in accordance with Mathur
conjecture for black hole microstates. In 441 dimensions we can have not only black
holes but also black rings [120]. We would therefore like to construct microstates for
the ring. The goal of this chapter is to construct a simple 3-charge extremal state
for the ring, where we start with a ring carrying two charges D1,D5 and add a wave
carrying one unit of momentum P, the third charge.

There has been a lot of recent progress on black rings. The entropy for the ring
can be obtained by computing it for a short straight segment of a ring and multiplying
by the total length of the ring [121]. A subset of 3-charge rings can be obtained as
supertubes made out of branes [122].

We are interested in the gravity description of microstates. In [123, 9] dual geome-
tries were found for a discrete subset of CFT states. But even though these states
have a large angular momentum, they do not look like ‘rings’, since we cannot find
a sphere S? that will surround a ‘ring’ shaped interior. In [124, 125] a method was
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developed to find large families of 3-charge BPS states, in terms of the choice of loca-
tions of poles of certain harmonic functions appearing in the metric [126]. While the
CFT states for these geometries are not known, it was argued that these geometries
represented bound states because there is a nonzero flux on spheres S? linking the
poles. Assuming that this argument is correct we can make geometries that are like
rings, and that have no horizon and no singularity.

In the present paper we would like to construct a gravity description of microstates
in a case where we also know the dual CFT state. Thus in gravity terms our con-
struction will be more modest than the ones obtainable from [124, 125]; the third
charge will be only a small perturbation on our 2-charge ring. On the other hand
since we will know the microscopic origin of the state, we are assured that we have a
bound state and we can also develop some intuition for how CFT operations act in
the gravity picture.

In spirit our computation is similar to the computation in [123], where one unit
of momentum was added to a D1-D5 extremal state. We will again take the same
D1-D5 state, and add a unit of momentum using the same fields, but will be working
in a very different limit from the one used in [123]. In [123] we had chosen our moduli
so that the D1-D5 geometry had a large AdS type region, which went over to flat
space at infinity. This geometry is depicted in Fig.1(a). The wavefunction of the
quantum carrying the momentum is peaked in the AdS region, falling off at infinity
in a normalizable way. By contrast in the present paper we will take a limit of the
moduli so that the D1-D5 state looks like a thin ring, depicted in Fig.1(b). Consider
a short segment of this ring, which looks like a straight tube (Fig.1(c)). The bound

state wavefunction must now appear as a wavefunction localized in the vicinity of
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this tube, falling to zero away from this tube, and regular everywhere inside. We
find this wavefunction, thus obtaining a simple but explicit example of ‘hair’ for the
black ring. The fact that the wavefunction is regular everywhere suggests that no
horizon or singularity should form even for a non-infinitesimal deformation, so the

result suppor

E

(a) (b) (c)

Figure 4.1: (a) The D1-D5 geometry for large values of R,, the radius of S'; there is a
large AdS region (b) The geometry for small R,; the metric is close to flat outside a thin
ring (c) In the near ring limit we approximate the segment of the ring by a straight line
along z.

4.2 The CFT state

It is important for us that the state we construct in the gravity description be
known to be a BPS state in the dual CFT. In this section we review the discussion

of [123] where this state was described.

94



4.2.1 The 2-charge geometry

We start with the 2-charge D1-D5 system. We compactify IIB string theory as
Mgy — Myy x T* x S*. We wrap ns D5 branes on T x S, and n; D1 branes on S.
The system has a large class of BPS bound states, out of which we choose a simple
one that was first noted in [186, 188]. If we reduce the metric on T* we find that
the 6-d string metric is the same as the Einstein metric, so we will just call it the
‘metric’ below. The masses of the D1 and D5 branes are described by parameters

Q1, Qs which we will set to be equal

Q1=0Qs=0Q (2.1)

This will simplify our computations, but we expect that the state we construct will
exist for all Q1, Q5. With the choice (2.1) the dilaton is constant, and the volume of

the T? is also constant. The metric and gauge field for the solution are given by

ds* = —H Ydt* —dy?) + Hf(tjlir2 + d0_2> — 2@(0082 Odydp + sin® Odtde)
72 4 a? Hf
., a’Q?cos?d _ - a’Q?sin? 0y ., - -
+H <r2 + T ) cos? Odip? + H(?“2 +a? — sz> sin? 0d¢2.2)
_ Sy -
c® — — L gngy— Qe 2y Gagad
i T (P +a” + Q)dy A do
Qa cos® — Qasin?0 _
fp g = Sy A dg (2.3)
where
f=7+a*cos’d, H= +% (2.4)
Here
Q
= 2.9
7 (2.5)

where R, is the radius of the S L
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4.2.2 The ‘inner’ region

Suppose we take

a OV?
QL2 - R,

€ <<1 (2.6)

(This can be achieved by taking R, large holding all other moduli and the charges

fixed.) We can then look at the ‘inner region’ of this geometry

F<<Q (2.7)

The metric here is

72 + a® cos? 0 _ A2
L G >(dt2—dy2)+Q(d92+ f2+a2)

— 2a(cos® Odydyp + sin® Odtdg) + Q(cos® Odip? + sin® fdg®)  (2.8)

ds? =

The change of coordinates

Uns =1 — %ya Pns =P — %t (2.9)

brings (2.8) to the form AdS; x S®

*2_1__012) ,’72 _ =2
g — @) o T
S 3 +Q Y +Q772+a2

This AdS geometry is dual to a 141 dimensional CF'T. For this CFT we can construct

+ Q(dO? + cos® Odipy, g + sin® Oddrg) (2.10)

chiral primaries, which are described in the gravity picture by certain BPS configura-
tions. The CFT dual to the geometry (2.10) is in the Neveu-Schwarz (NS) sector. In
the original form (2.8) the geometry described the CET in the Ramond (R) sector,
and the coordinate change (2.9) gives the gravity description of the ‘spectral flow’
between the NS and R sectors [186, 188].

The simplest chiral primaries can be obtained by finding normalizable solutions
of the supergravity equations describing linear perturbations around AdS3 x S3. The
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supergravity fields in the 6-d theory separate into different sets (with no coupling at

the linear level between sets). One set described an antisymmetric 2-form B](é)N and

a scalar w. We write

H](\/INP = aMCJ(\%P—I—aNC(M—'—aPC]\?N? F](\;[O’NP aMBJ(\%P‘i‘aN M+8PB§\31N (2 11)

Then the field equations for the perturbation (B](\?N, w) are

F® 4 3F® 1w H® =0

1
Agw — 3H(3) MNPRG) (2.12)

Here the star operation *g, the laplacian Ag and index contractions in (2.12) are

defined with respect to the metric (4.100).
4.2.3 Constructing the chiral primary

We can solve the equations (2.12) in the ‘inner region’ geometry (2.10) and ob-
tain normalizable solutions. The solution giving a chiral primary is [129, 123] (the

coordinates on S® are a,b,... and on the AdS3 are p,v,...)

v (2.13)

BY = Bey, 0V, B2 =[——¢,,,0"B] V) (2.14)

where

S0 o [2wleons o 1e @
Yys = Yy Ins = — . sin 0, B= U ad) (2.15)

In (2.14) the tensors €u., g% etc are defined using the metric on an S? with unit radius.
The spherical harmonics Y are representations of the rotation group SO(4) =~ SU(2) x
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SU(2) of the sphere S3, and Y(gll;zl,) has quantum numbers (I, m) in the first SU(2) and
(I',m') in the second SU(2). These two SU(2) groups become the R symmetries of
the left and right movers respectively in the dual CFT. The perturbation (2.13-2.15)

gives a state in the CFT with R charges and dimensions given by
jns =1, hys =1, jns=1, hys=I (2.16)

(Unbarred and barred quantities denote left and right movers respectively.) The
quantities jyg, jns are the values of the azimuthal quantum numbers in the two
SU(2) groups. The subscript NS denotes that we are in the Neveu-Schwarz sector
of the CFT. If we spectral flow this perturbation to the Ramond sector then we will

get a perturbation with

h=h=0 (2.17)

which is expected, since a chiral primary of the NS sector maps under spectral flow
to a ground state of the R sector.”
Let the CFT state dual to the perturbation (2.13)-(2.15) be called [¢) yg, and let

|1)) g be its image under spectral flow to the Ramond sector.
4.2.4 The state J; |¢)nys < J||¥)r

Consider again the inner region in the NS sector coordinates (2.10). We now wish

to make the perturbation dual to the NS sector state

Jo [¥)ws (2.18)

Since the operator .J; in the NS sector is represented by just a simple rotation of the

S3, we can immediately write down the bulk wavefunction dual to the above CFT

"The full spectral flow relations are h = hys — jns + 55, J = jns — 13- Spectral flow of the
background [0)yg gives h' = h g — 55, 7° = jXs — 15, so for the perturbation the spectral flow
relations are just h = hys — jns,J = JNS-
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state

—9i 2y
€ 0
Winner = —Y

Q(r2 + a2t N°
2 e (1 1 .
T e B

(2041 _ _ .

Y]\(fgv = (Y(glili,l))NS = —% sin?~1 9 cos 961(*2l+1)¢>Ns+sz’

This perturbation has
jns =1—1, jns=1, hns=1 hys=1
The spectral flow to the R sector coordinates should give
h=hys—jns =1, h=hys—jns=0
This spectral flowed state can be written as

W) = J:1|@/)>R

(2.22)

(2.23)

(2.24)

This is a state with nonzero Lo— Lg, which means that it is a state carrying momentum

P along S*. It is a state in the R sector, which is the sector which we obtain for

the CFT if we wrap D1,D5 branes around the compact directions in our original

spacetime.

So far we have found the relevant fields only in the ‘inner’ region (2.8). But in

[123] the perturbation equations were also solved in the ‘outer’ region a < r < oo

and it was shown that the inner and outer region solutions agreed with each other
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to several orders in the small parameter e given in (2.6). This agreement was very
nontrivial, and indicated that there was an exact solution to the perturbation problem
that was smooth in the inner region and normalizable at spatial infinity. This exact
solution would be a state carrying three charges: D1, D5, and one unit of momentum
P. Since it is regular everywhere, we learn that it is possible for 3-charge microstate
to be nonsingular and horizon free, just like 2-charge microstates.

Even though the solution obtained in [123] was only found by matching inner and
outer region solutions to some order in ¢, it was possible to guess, from the results, a
closed form for the scalar w which would conceivably hold for all orders in e:

4 (t+y) 20-1p )
ZQ Yy -i2-1)6 it sin 0 C_osé’
(7% +a?)' (Q + f)

Wiyl = € (225)

We will see that this conjecture for w will help us in obtaining the perturbation

for the 3-charge ring.

4.3 The near ring limit

In the above section we took the limit (2.6) which sets R, >> \/T ; this gives
the geometry of Fig.1(a) which has a large AdS type region. Now we will take the
opposite limit

R, < VQ (3.26)

In this limit we get a geometry like that in Fig.1(b); we have flat space everywhere
except around a thin ‘ring’. This ring has radius a« = Q/R,. Note that we have a
large family of bound state D1-D5 geometries; these arise by duality from different
vibration profiles of the NS1-P system [8]. In the limit (3.26) all these become thin

tubes around the curves generated by the NS1-P profile. The near ring limit of any
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of these curves looks the same; thus for a local analysis of the perturbation equations
we may start with any ring, and we have chosen to start with the ‘round’ ring because
it is the simplest.

In the near ring limit the following coordinates are the natural ones: we take a
coordinate z to measure length along the ring, and we introduce spherical polar coor-
dinates , 6, ¢ in the 3-dimensional space transverse to the ring. (We leave unchanged
the coordinate along the compact directions S, 7%.) The coordinate change from

(7,0,%, p) to (1,0, ¢, 2) is described in the Appendix. The result is

2r(1 — 0 ~
= g T sy il cos ) , sin? @ =
a+rcosf

—— . U=¢, == (327

a+rcosf’

The only length scale of the near ring geometry is the parameter characterizing the

charge density along the ring

Q= % (3.28)
The y radius is given in terms of @) by
R, =2Q (3.29)
The near ring region is described by
r<a (3.30)
From (3.27) one finds, in this limit
7 ~ar(l —cosf), sin’f~1-— 2(1 +cosf), f=2ar
?*Qd—l—iyﬂa2 +do* = 2r(a +17“ cos ) [a2a_2r2 dr® + r2d82] ~ Cw%::dw (3:31)
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In this limit the metric and RR field become

2 _ gt Q)2 2 2
ds* = —H 7 (dt+ —dz) + Hdz*+dsqy
r

dsry = H ' (dy — Q1+ cos0)dg)? + H (dr® + r*df? + r*sin® Odp?)

CW::H*g@Am—wﬂﬁr@uﬂmmmAm—@) (3.32)

where

H-1+Y
r

(3.33)
4.3.1 The Taub-NUT space

The part of the metric denoted as ds2 is Taub-NUT (TN) space: it is smooth

due to the relation (3.29). The TN gauge field
A=—-Q(1+ cosf)do (3.34)

satisfies

dA =Qsinfdd Ndp, *3dA=—dH (3.35)
where %3 is the Hodge dual with respect to the flat R? spanned by 7, 6, ¢. A convenient
basis of 1-forms on TN is given by &, dr, df, d¢, with

1+ cos@ .
——dé, =55 (3.36)

5 — dij —
o Yy 2@

In terms of these forms the RR field strength can be written as

H® = Q@ A (dt — d2) (3.37)
with
20)? Hr?
0% = — dr N6+ ——do|=—-2Qd(H'6
72,2 |9 NG+ 0 o) Qd(H o) (3.38)
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We choose the orientations of the 6D and TN spaces so that
€yt = Ctzyroy = 1, Erggy = 1 (3.39)
(and thus ¢, = —1). Then H® is self-dual with respect to the 6-D metric
*xH® = H® (3.40)
and Q@ is self-dual with respect to the 4-dimensional TN metric
xQ® = Q® (3.41)

Q® is the unique closed and self-dual 2-form on TN.
4.3.2 The scalar w in the near-ring limit

We had noted in section (4.2.4) that the computations of [123] had suggested an
exact form for w, given in (2.25).

We would like to take the near ring limit of (2.25). Remember that in the geometry
(4.100) the ring is spanned by the coordinate ¢ and its length is 27a. From the ¢
dependence in (2.25) we see that the the wavelength of the perturbation wg,; in the

direction of the ring is

[N}

2ma T
20—-1 k

(3.42)

We will be interested in the regime in which this wavelength is much shorter than the
ring:
A<La (3.43)

This will enable us to take our limit in such a way that we see oscillations of the

wavefunction along the z direction even when we take a near-ring limit and see only

103



a short segment of the ring. Eqs.(3.42) and (3.43) imply
I>1 (3.44)

We can thus approximate 2/ — 1 =~ 2[ in the following. By applying the change of

coordinates (3.27) and taking the limits (3.30) and (3.44), we find

(1 + cos0) \/7
= — 4
cosf = \/ P NG cos (3.45)

and
sin?~19 ( sin? 0 )l —a1 <a — T>l
R |l==—=] =a .
(72 +a?)t  \72+a? atr
l kr\!
~ a2 <1 - 2£> ~a (1 — Tr) ~a ek (3.46)
a

where we have used (3.42) and the identity (1 + ea)'/¢ ~ e*. Up to an overall

normalization, the near ring limit of wg,; is then

w = e PHRZ) =iI=9) g b ek VT (3.47)
2 Q+r
where
a_ 1 (3.48)
p = == — .
Q 2Q

4.4 The perturbation equations

The perturbation we seek carries one unit of momentum along y and is BPS: this
fixes the ¢t and y dependence to be of the form e~?(+%)  We also allow for a generic
wave number k along the ring direction z; sometimes we will find it convenient to

write this wave number as k = £/(2@Q)). The perturbation fields then have the form

Bj(\gl)N o —zp(t+y) zsz (2) (T ‘9 ¢) W — e—z‘p(t+y) —ikz (7“ 0 ¢) (449)
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4.4.1 Reducing to equations on TN

In this subsection we reduce the equations (2.12) into a system of equations for a
set of p-forms on TN. Indices on TN are denoted by i, 7, . ... Here and in the following
d, A and x are the differential, scalar laplacian and Hodge dual on TN. The 2-form

B®@ reduces to a 2-form on TN denoted by B, two 1-forms a and b and a scalar ®:

i, BP=q;, BY=b, BY=0 (4.50)

@ _
Let f@ and f® be the field strengths of a and b:

£9 = 0y — 0y, fO = 0b; — Oyb, (4.51)

1

One has the identities

F(g) = f(a) — ZpBZ] s F(g) = fz(jb) - ZICBZ] s E(t:i) = anD - zkaz + Zpbz (452)

ijt % ijz

We will need the following relations

2
1
tt:_H Q tz:_Q 2z .
g T2 Y o 9 T H
gzz_gtzzl7 gtt_gtz: -1 (453)

By virtue of these relations we can rewrite the 6D laplacian, acting on w, as
Agw = Aw — (p* " + K g°* + 2pk ¢ )w = Aw — (p + k) (pg" + kg™ )w  (4.54)

We also find

H®iit — @iz — _@2)ij (4.55)
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Using (4.52), (4.54) and (4.55), it is easy to see that the equations (2.12) reduce

to the following system of equations:

Aw — (p+ k)(pg" + kg™ )w + QPI(f5) + £ —i(p+ k)Bij) =0 (4.56)
f@ —ipB — g= % (f® —ikB) — ¢ % (f@ —ipB) + wQ® =0 (4.57)
fO —ikB + g" % (f @ —ipB) + ¢ x (f® —ikB) —wQ® =0 (4.58)
d® — ika + ipb — xdB = 0 (4.59)
If we take the sum of eq. (4.57) and eq. (4.58), use (4.53), and define
K=f94+f® _ip+k)B (4.60)
we find

K =K (4.61)

i.e. K is a self-dual 2-form on TN. Applying d to eq. (4.59) leads to

dxdK

O _kf@ = —idxdB =
pf f i ik

(4.62)
Taking p times eq.(4.58) minus £ times eq.(4.57), and using again (4.53), gives
PO — K 4 x(pf® — k@) + (pg" + kg™) K — (p+ HwQ® =0 (463)
and thus, by virtue of (4.62) and (4.61),
AK + (p+ k) (pg" + kg*) K — (p+ k)*wQ® =0 (4.64)

where

AK =dxdx K +xdxdK = d dK + +d dK (4.65)

is the TN laplacian acting on the 2-form K. Eq.(4.56) can also be rewritten in form

language via the identity
QPR = 2% (xQP A K) =2 (Q? A K) (4.66)
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4.4.2 The equations to be solved

With all this, we have reduced the system (4.56-4.59) to a coupled system of

equations for a self-dual 2-form K and scalar w:

Aw = (p+ k) (pg" + kg™ )w + 2% (QP AK) =0 (4.67)

AK + (p+k)(pg" + kg™) K — (p+ k)*wQ® =0 (4.68)
Moreover, the definition of K (4.60) and eq.(4.59) imply the relations

K=f94 1" —i(p+k)B,

( i K = d® — ko + iph (4.69)
p

If K is known, these relations determine B, a, b and ®, up to gauge transformations.

4.5 Harmonics on Taub-NUT

We would like to solve the above equations by expanding functions on the Taub-
NUT space in harmonics on the (6, ¢, 7) space. At the core of the Taub-NUT (i.e. at
r ~ 0) this angular space has the geometry of a ‘round’ S®, but for larger r we get
a ‘squashed sphere’. Forms on the squashed sphere can be expanded in ‘monopole
spherical harmonics’, which have been widely studied; see for example [130]. We will
however find it more convenient to develop this expansion in our own notation, in a

way that relates it closely to the expansion used for the round sphere in [123].
4.5.1 Symmetries of Taub-NUT
Let us start with the metric on the round sphere
dss = df* + cos® Odip* + sin? fd¢? (5.70)

The symmetry group is SO(4) ~ SU(2) x SU(2). We write the elements of SU(2)
as e®”/a_with the antihermitian generators J, satisfying [J,, Jy] = —€qpe.. Writing
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Jr = Jy £iJy, we get [Js, Ji] = +£iJy, [J4,J_] = 2iJ5. For the first SU(2) the

generators are

1 -

To= 3 e~ "WH9(9; — i cot 00 + i tan 60)]
1 s ; ;
J = 5el(wﬂ’) [05 + i cot 005 — itan 981;]
1
J3 = _5[81/]""8&]

and for the second SU(2) they are

_ 1 i6g ; ;

J+ — aelw—@ [8@ — 7 cot 98& —1tan 081;]
, 1 s ; j

J. = 56*’@*@ [05 + i cot 005 + i tan 0]
- 1

J3 = 5[%—8@]

(5.71)

(5.72)

To relate these generators to Taub-NUT we write the metric (5.70) for the round

S3 in different coordinates. Thus define

This gives
o Lo L o9, . 2
dsgs = Zd@ + 2 5in Odo* + [dy - 5(1 + cos 0)d¢

The generators (2.27),(5.72) become

J, = %e—i(Zz}—dﬂ [20y — i(cot g + tan g)% — 7 cot gay]
J = %ei(2y¢>) (205 + i(cot g + tan g)&;) + i cot gay]
Js = —%8?;

J, = %e‘i‘b[%)g — i(cot g — tan g)% — i cot gay]

J. = %eid’[Qag + i(cot g — tan g)% + i cot gay]

Jz = —% [0 + 20,)
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In the Taub-NUT metric if we fix r then we get a 3-dimensional surface with

metric of the form
1 2
ds? = A(d6? + sin® 0d¢?) + 4B [dg — 5(1+cos 9)d¢] (5.77)

At the center of Taub-NUT we get A = B, and the metric becomes that of a round
S3. For larger r we have A # B, and this gives the squashed sphere. We can now
check that the vector fields (5.76) are Killing vectors of (5.77), for all A, B. But out of
the vector fields (5.75) only J3 is a Killing vector if A # B. Thus the SU(2) x SU(2)

symmetry of the round sphere is broken to U(1) x SU(2).
4.5.2 Harmonics on the squashed sphere

On the round sphere we can expand any form in spherical harmonics, which are
characterized by quantum numbers (j,m), (j/,m’) in the two SU(2) factors. On the
squashed sphere, we can use the same functions, in the following sense. We take the
map from the squashed S to the round S® which sends each point (6, ¢,7) on the
former to the point with the same coordinates on the latter. The harmonics on the
round S® then give harmonics on the squashed S? via the pullback under this map.
These pulled back harmonics can be used to expand any form on the squashed sphere,
though the harmonics are not orthogonal to each other as they were on the round
sphere.

The quantum numbers m and (j’,m’) correspond to symmetries of the squashed
sphere, and so are ‘good’ quantum numbers in the sense that we can restrict all terms
in an equation to have the same values of these numbers. On the other hand a form of
order p on the round S? was characterized by four quantum numbers, (j,m), (j/,m’).
In the latter case the quantum numbers uniquely specify the form. A form on the
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squashed sphere will therefore be a sum

Wim,j'm!) = Z C'j W(Gm), (5tm?) (5.78)
J

It turns out however that if w is a p-form then for its harmonics on the round sphere
we must have |j — j/| < p. This tells us that the sum in (5.78) will be a finite one,
and this makes the expansion in harmonics useful for the squashed sphere.

As an application of this approach consider the scalar w in (3.47): its angular

dependence is captured by the function

. 0 A ~
wy = 079 cos 5= e ™ cosf (5.79)

All scalars on S® have quantum numbers (j,m), (j,m'); i.e. j = j/. From the ¢
dependence of (5.79) we find that m = §,m’ = —3. The lowest j this can come
from is j = %, so we look at the scalar spherical harmonic on the round S given by
the quantum numbers (3,1), (3, —3). Such harmonics were given explicitly in [123],
and we find that indeed the function (5.79) is proportional to the required scalar
harmonic.

Now consider 1-forms. On the round 52, there are two kinds of 1-forms. The first
kind are obtained by just applying d to the scalar harmonics, so these have quantum
numbers (j,m), (j,m’). The second kind have j — j' = %1, so they come in two
varieties: with quantum numbers (j + 1,m), (j,m’), and (j,m), (j + 1,m’). Let us
examine these 1-forms for our problem.

Since m, j', m’ are good quantum numbers for the problem these must be the same

for the 1-forms as for the scalar w. Thus the first kind of 1-form must be

o7l 0 0
dwy = —e~1079) [5 sin §d6 + 14 cos i(d?j - d¢)] (5.80)
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For the second kind of 1-form we find only one set of quantum numbers that are con-
sistent with the given m, j',m': the set (2, 1), (3, —1). The corresponding harmonic

was constructed in [123]
Dy =e [sin 6 df — i cos 0(3 cos? 6 — 1)dy) — 3i cos 0 sin® Adg) (5.81)
In the coordinates (6,7, ¢) this is

. 1 .46 0 0 0
o = 709 [5 sin §d€ + i cos 5(3 cos? 5 1)d¢ — 2i cos idg) (5.82)

4.5.3 Decomposing along base and fiber

At this stage we may think of expanding the angular components of our 1-forms
using (5.80) and (5.82), and the dr component using the scalar harmonic wy. But
actually we can do better, by exploiting the spherical symmetry of the background in
the 7,60, ¢ space. The Taub-NUT has such a spherical symmetry, though any choice
of coordinates prevents this symmetry from being manifest.

Consider the squashed sphere at any r. This space can be regarded as a S* fiber
(parameterized by 7) over a S? base (parametrized by 0, ¢). We can geometrically
identify the fiber direction over any point, and thus also the 2-plane orthogonal to
the fiber. We can thus decompose any 1-form into two parts: w; = a+ (3. The part «
will have no component along the base; thus (v, a) = 0 for all v perpendicular to ;.
The part [ will have no component along the fiber; thus (9, ) = 0. We find that «

must be proportional to

1+ cosf

5 19 (5.83)

o=dy—
while (3 is just characterized by having no term proportional to dy.
Let us now apply this decomposition to our 1-form. The part o can be written

as o = fo where f is a function on the squashed sphere. This function must carry
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the quantum numbers (m/, j,m) = (%, %, —%) Since f is a scalar it must have j = j’
and so it must actually be proportional to the scalar harmonic that is the pullback
of (3,3), (3, —3), which is just wy. So we find that a = fy(r)wes. To find 3 we take
the linear combination of (5.80), (5.82) which has no component dy. A conveniently

normalized choice for this combination is

4 1 . 0
wi=-—3 [dwo - 5@1} — ¢ =9 gin §[d0 — isin 0dg) (5.84)

To summarize, our 1-form must have the form fo(r)wod + f1(r)ws.
4.5.4 Some relations on forms

A decomposition of the type wy = a + [ which we did for 1-forms can be done
for any p-form w on the squashed 3-sphere. The 3 dependence of our forms is e .

Using this fact we find

dw = —i6 Nw + Dw (5.85)
where
1 0
Duw = dow — i%d(ﬁ Aw (5.86)

is the covariant derivative of w and ds denotes the differential with respect to 6, ¢.

The square of D is proportional to the monopole field strength

D — <z'SH216 9 A d¢> Aw (5.87)
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If we denote by x5 the Hodge dual with respect to the S? metric,'® the monopole

harmonics wy and w; satisfy

*olW] = —IWq
1
Dwo = —5 w1
in 6
Dwp = i 22wy df A do
Dw, = —2D?*wy = —isin 0wy df A de (5.88)

4.5.5 The 2-form K

We can use the structure above to write a general ansatz for the 2-form K. Any

self-dual 2-form on TN can be written as
dr N @+ *(dr A @) (5.89)

where @ is a 1-form on TN. The form dr has all angular quantum numbers zero, so

the quantum numbers of the perturbation must be carried by w. But we have seen in

),

N[

section (4.5.3) that any such 1-form, with quantum numbers (m/, j,m) = (3,3, —
is of the form

O = fo(r)woed + f1(r)wr (5.90)
The 2-form K is self-dual, as a form on TN, and depends on ¢ and z as in (4.49): it

can thus be written as

K = e {2/ (K, 4 K,) (5.91)

where the K, K parts correspond to the first and second parts on the RHS of (5.90)

Ko = fo(r)woldr A& +x(dr A6)] = folr)we [de%Qd&]

2
Ky = fi(r)[dr Aw, +*(dr Aw))] = fu(r) [dr Aw, — iﬁQ & A wl} (5.92)
18Note that (x2)? = —1 on 1-forms. We have €g, = 1.
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Note that we have used only the scalar wy and the 1-form w; in our expansion,

and avoided a separate coefficient function for the 1-form dwq

4.6 The radial equations and their solution

The ansatz (6.136) reduces the unknowns to two functions of r: fo(r) and fi(r).

In this section we will derive the system of differential equations these functions have

to satisfy, and then see how they are solved.
4.6.1 Obtaining the radial equations
Let us start from eq. (4.67). We note that
QP ANK, =0

and that, by comparing (6.136) with (3.38),

(rH)*

Ky=— 0@
0 Jowo 2002
Thus
—i(t+kKz rd g
H(QO A K) = —emiltHra/CQ) f 0 (QQZ? £ (O A 0O)
An easy computation gives
0@ A 0@ = 2L G ndo A do n o
A = 75,2 sin@dr ANdf Ndp Ao
and
2 2
r

Using this in (6.95) we find

1

2) — _p—it+r2)/(2Q) -
*(Q /\K) = —¢€ foa)o (H’]“)2
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Using the expression for w in (3.47), it is also straightforward to compute (for example

with the help of Mathematica)

Aw— (p+ k) (pg" + kg™ )w = —e /@) o=rr/20) VT3 L 50 L (1 1 ]y

(Hr)*
(6.99)
Using (6.98) and (6.99), we see that equation (4.67) becomes
errl2Q) YT (B34 K)Q + (14 K)r] +2f5 =0 (6.100)

(Hr)?

Let us now turn to eq. (4.68). We first need to compute

AK, = *dxdK,+d*dK,

- —(VkaKaij—l-[Vk,Vi]Kajk—[Vk,vj]Kaik> dri A ded (6.101)

for a = 0,1. The covariant derivatives and index contractions in the second line of
(6.101) are done with the TN metric. A lengthy but straightforward computation,

that makes use of identities (5.88), leads to

AKy = —wo [dr A6 +«(dr A 6)] [ﬁo + 2% _riaer Iéi?;i;;mr 3 fo]
—% [dr A wy + *(dr A\ wy)] [é—or
AKy = —[dr Aw, +*(dr A wy) [ﬁl 2 ﬁgg o I;g;g::ffggr £39 ]
+i4Q [dr A 6 + x(dr A )] ( ;7{)3 (6.102)
The full wave operator is
A¢Ky = AK, + (p+ k) (pg" + kg™) Ko, a=0,1 (6.103)
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and we find

" / 4 4 3 1 2,2 3 4
NgKy = —wo[dr/\6+*(dr/\&)][_0+2£_(7" +4Qr° + 16Q°r* — 8Q°r + 3Q)

H Hr r(Hr)3
—(1+ k) 2Q) +;[1T— K)r ) (223)2] _ % [dr A wy + *(dr A\ wy)] ZI_(;"
" ! 4 4 3 8 2 9 16 3 3 4
AGKI = —[d?“/\wl —I—*(d’l“/\wl)] [ﬁl _|_2(£117C;§2 . (T + QT + f?([;r;; Q T+ Q
—(1+4 k) 2Q) +§T— K)r ) (2»7;)2] +4Q [dr A & + x(dr A )] (T“f?{)ga.mzl)

In (4.68) the first two terms constitute Ag; thus the last term will act as a ‘source

term’ for this Laplacian. The source term is
1 2
—(p+k)? wO? = % o i(t+r2)/(2Q) €m~/(2Q)(H7\/7_’)3 wo [dr NG +x(dr AG)] (6.105)
r

Collecting the terms proportional to wg [dr AG +*(dr Ad)] and to [dr Awy +*(dr Awy)]

in eq. (4.68), we find the following system of equations for fy and f;:

ﬁél N 2;"1_0; B (7«4 +4Qr3 + 17(?“(@]2;:;— 8Q°r +3Q" (14 r) 2Q) +1E117«_ /f)?") (28)2
—i4Q (;7{)3 _a 2@2 =1/ (2Q) % ) (6.106)
ﬁlﬂ N 2(}}332 B <r4 +4Qr? + 822;?; 16Q% +3Q* (14 ) 2Q +§T— /<:)7”> (28)2
% (éor) _0 (6.107)
4.6.2 Solving the radial equations
Eq. (6.100) can be readily solved for f;, giving:
o= e B4+ r)Q+ (1+r)r /r (6.108)

2 (Hr)?
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By substituting fy into (6.106) we can derive f;. With the help of Mathematica we

compute:
0 Syt AQrt +16Q%% — 8Q%r + 3Q* 20+ (1 —r)ry _fo
H * QE B < r(Hr)3 —(144) Hr ) (2Q)?

w2t (1 +R)? VY
. L (6.109)

and thus, from (6.106), we obtain

fi= —é eV (6.110)

Eq. (6.107) is a consistency condition for our previously determined values of f and

f1. By Mathematica we compute

v flQ rt +4Qr® + 8Q%r? + 16Q%r + 3Q* 2Q+ (1 —r)r\
7+ 2y F(Hr)? =) g
Db (B4 r)Q + (1 + K)r] Vr (6.111)

) (Hr)?

Substituting this in (6.107) and using (6.108), we see that (6.107) is satisfied.

To summarize, we have found the solution

w = e ipttkz) g—kr % Wo (6.112)
K = e—i(pt-l—kz) (KO + K1>
H 2
Ko = —e* Q(T‘/ET)Q[@Q 1) + K(Q + 1)]wo [dr N6+ % sin 0 A d¢]
ke VT 2Q .
K, = —ie* %C; dr/\wl—zﬁQa/\wl} (6.113)

Knowing K we can derive the values of a, b, B and ®. Before we do this we

discuss the gauge invariance of our problem.
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Gauge invariance

One can easily check, using the identities (4.52), that the following two gauge

transformations leave all the components of F'®) invariant:

B—=B+d\Y, a—a+ipA\V, b—b+ikA\W (6.114)

®—d+AY a—at+d?, b—b+dA” with AQ —ikA? +ipAl? =6.115)

Here A is a 1-form and A, A and /\1()0) are 0-forms on TN. The 2-form K is gauge

invariant.

Deriving the gauge fields

By making use of the transformation (6.115), we can set ® = 0. Then the second

equation in (4.69) implies

*dK
b— ra = (2Q)* 6.116
o = (20 (6.116)
One can compute
*d K 1 1 r
—i(pt+kz) dr 4+ —— <1 - _) ]
1—1—/{ \/? 8Q2w1—|—2 Q2rw0 r—|—4(Q+T)2 /{Q wo O
(6.117)
Then a solution of (6.116) for a and b is
— —i(pt+kz) —kr QT’ A
! M CEE
2
— —i(ptt+kz) —kr [ i d 6.118
e e\ gy wodr — (Q+ oE wo & ( )

By picking this solution we have fixed the gauge freedom implied by the transforma-
tion (6.114).

Substituting these values of a and b into the first equation in (4.69) we derive B

B = e ittk2) =kr /p: édr ANwy — %wo sin 0df A d¢o (6.119)
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4.7 Regularity of the solution

We show that the solution given in (6.112,4.27,6.119) is both regular and normal-

izable.
4.7.1 Normalizability

For k > 0 normalizability is guaranteed by the exponential fall off e=*". Note
however that waves with £ < 0 give rise to non-normalizable perturbations. This is
obvious for £ < 0. For & = 0 let us look, for example, at the scalar w: its large r
behavior is

1

w e Py (7.120)
T

and thus

lw* ~ 1/r (7.121)

Since the volume element of the space transverse to the ring grows as ~ r2dr for large
r, the norm of w is quadratically divergent at r — oo. This shows that for £ = 0 the
perturbation leaks out to the center of the ring (r ~ a) and does not stay confined to
the vicinity of the tube.!® For k& > 0 the wavefunction becomes confined closer to the
ring, and in the limit (3.30) we find a normalizable solution in the near ring limit.
The fact that positive and negative k behave differently is to be expected; the
2-charge background does not have the symmetry z «» —z. In the NS1-P picture the
geometry is created by a string carrying a wave, and the strands of the string carry
momentum along the ring, thus breaking the z <> —z symmetry. In [11] it was found
that there are ‘left-moving’ non-BPS perturbations that move in one direction along

19Tf we construct the exact wavefunction for the ring (instead of just constructing it for the near
ring limit) then we expect to have a solution normalizable at spatial infinity, since the state exists
in the dual CFT.

119



the ring, while ‘right-moving’ perturbations create time independent distortions of
the 2-charge geometry. For our present problem note that in wg,; (eq. (2.25)) we

have [ > 2, so we must have k& > 0, and negative values of k do not appear.? We

1
27
need to take large |k| to be able to use the ‘straight segment’ limit of the ring so the

case k = 0 is not relevant for our discussion, and we naturally find ourselves at large

positive k.
4.7.2 Regularity at 0 =0, «

Let us now consider the regularity of the solution. The fields w, a, b and B are
manifestly regular away from the points where our system of coordinates degenerates.
This degeneration happens at # = 0 or m and at r = 0. Around 6 = 0,7 it is
convenient to change to S® coordinates (5.73). From the expression of wg in (5.79) it is
apparent that wp is regular: indeed for 8 = 7 /2, where the 1 coordinate degenerates,
the coefficient of e~ vanishes. The second identity in (5.88) expresses w; as the
covariant derivative of wy, and thus w; is regular too. The 1-form along the fiber &

can be expressed in S? coordinates as
& = sin? 0 do + cos? 0 dyp (7.122)

which is also regular. Since the angular dependence of w, a, b and B is entirely
expressed in terms of wy, wy and &, this proves that our solution is regular at § = 0, 7.

20Spherical harmonics for the scalar have [ = 0, %, 1,..., but for | = 0 we get zero if we apply J;,

and so we cannot construct the required perturbation of section (4.2.4).
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4.7.3 Regularity at r =10

At r — 0 the TN space becomes flat R*: the change of coordinates that brings
the TN metric into explicitly flat form is (5.73) for the angular variables and

p2

S 7.123
=4 (7123)
for the radial coordinate. In these coordinates the » — 0 limit of w is
we pe ™ cosh = m — ixy (7.124)
where x;, with i = 1,...,4 are Cartesian coordinates®' in R*. This shows that w is

regular at » — 0. Similarly, the gauge fields a and B behave like

an~p’ e~ cos (sin? 0 do + cos® éd@[)) = (x1 —ix9) [x1dxy — xodxy + 23dT4 — T4dT3]
B~ —ip?e ™ sinf lidp A df + cos O(sin Odp + pcos Bdf) A (dp — dib)]

and are hence regular. Regularity of b is not manifest in the form in which it appears
in (4.27). This form was derived after making the arbitrary gauge choice ® = 0.
By using the transformation (6.115) we can change ® and b and write them in an
explicitly smooth form; since a was already shown to be smooth, we can take A =0

in (6.115) and leave it unchanged. If we choose

A r 7
2O = _pmilptthz) o—hr vr wo /\1()0) =- )\ (7.127)
2Q p
21 Explicitly, ; ) N )
T +ixy = pew cosl, x3+iry = pe’¢ sin 6 (7.125)
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in (6.115), then the fields ® and b are changed into

d = _e—i(pt+kz) e—kr ﬁ wo
2Q
b = e (PR o=k ik wo drr + 9 1)wyo (7.128)
BRI A |

At r — 0 both ® and b are now explicitly regular:

D ~ pe_“z cosf = T — 19
b~p e ™ cosf [ﬁp dp — p_2 (sin? 0 dop + cos? édz/?)]
2Q 2Q?

r1dry — xodxy + x3dTy — T4dT3

= (21 — ix2) [% > wda; — 207 } (7.129)
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4.8 Summary of the solution

We summarize here the full solution for w and BJ(\?N, in the gauge of section 4.7.3

where all fields are regular:

1/2
w = e ) Gié-k) (g 4 ekr = /
2 Q+r
1/2
B® _ gty gilo—kz) COSQQW i
tz 2 2@
3/2
2 -5 tty) i(p—kz 0 4w T
Byt = e ye( )COS§€ W
3/2
BY  _ _agtty) ile—kz) 63 0 ok Qr¥
" 27 (Q+r)
1/2 2
B® — ety pile—k2) g b ekr L : [ ¢ - J
& 2 2q L@+
2
BY = st gilo—kz) (o8 4 e~k p1/2 [762 — 1]
o 2 (@+r)?
B® = ik e 20 () gilé—h2) (g 0 e~k pl/2
1/2
B® _ e—%(t—i—y) ci(0=k2) gin Q o kT i
ré 9 2
1/2
B® = _je 2ty gile—k2) gipy 4 sin @ e " i
ré 2 2
] 0 3/2
Bé,i) = je It (ilok2) oo 3 sinf et (8.130)
or in form language
B® = ¢ 2ty gilo—kz) g=hr .1/2 {—L cos 4 dt N dz
20 ‘"2
r 0 2Q +r
+W cos 3 [dy — Q(1 4 cos 0)dg] A [dt -0 dz

: 7 L. 0 . v 0 .
+ik cosid?“/\dz—i—ism§dr/\[d@—zsm@dgb]—57" Cosismedﬁ/\d(ﬁ}
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4.9 Relation to D0-D6 bound states

We have added one unit of P to a D1-D5 bound state. For the moduli we have
used this is a ‘threshold bound’ state; i.e., the mass of the bound state is the mass of
the D1-D5 plus the mass of the P.

In [131] it was noted that a DO brane is repelled by a D6 brane,* but if a suitable
flux F' was turned on in the D6 worldvolume then the DO and D6 will form a bound
state. In this section we find a relation between our threshold bound state and the
condition in [131] which separates the domain of bound states from unbound states

in the DO-D6 system.
4.9.1 The near ring limit

Strictly speaking, we have a threshold bound state between the entire ring shaped
D1-D5 and the entire P wavefunction. The threshold nature of this state follows
from the general supersymmetry relation between D1,D5,P charges. But we have
seen that for large k the P wavefunction is confined to the vicinity of the ring, so
we expect to get threshold binding between a short straight segment of the ring (like
that in Fig.1(c)) and the wavefunction carrying P that we found in this short segment
approximation. We will take the further step of identifying the two ends of our ring
segment; this will enable us to perform a T-duality in the z direction.

Let us review the charges carried by this segment of the ring:

(a) We have the KK monopole charge that can be measured by a S? surrounding
the tube; the nontrivially fibered circle of this KK is the y circle, and the directions

22\ similar system was also studied in [132].
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T*, z are ‘homogeneous directions’, so they behave like directions along the ‘KK-
brane’.

(b) We have the ‘true charge’ D5 along 7% x S?.

(c) We have the ‘true charge’ D1 along the S*.

(d) We have ‘dipole momentum’ along the ring direction z; we call this P,.

(e) The ‘test quantum’ that we seek to bind to this background is a unit of P,

(momentum along S').

The dipole charges are created automatically by the binding of the true charges,
and so there are relations between the values of the true and dipole charges. To find
these relations it is convenient to dualize the D5-D1 charges to NS1-P. The near ring
limit of NS1-P was discussed in some detail in [11]; we reproduce some relevant details
here.

The NS1 string carries the momentum P through transverse oscillations, described
by a profile F(t —y). In Fig.2(a) we open up this multiwound NSI to exhibit this
vibration profile. Since the NS1 is wrapped many times on the S* we find that a short
segment of this oscillating string looks like Fig.2(b). We can see that the winding
along the direction y is due to the ‘winding charge’ of the NS1, while the slant along
the z direction is due to the ‘derivative of the transverse displacement’ Cfi—I; which we
take to point along the z direction.

For our present discussion we have compactified the z direction, so that we can

assign well defined ‘charges’ to all elements. We find the following charges in the

NS1-P frame:

(a) We have one unit of NS1,, winding charge of the NS1 in the z direction. This

is the dual of the KK dipole charge in the D1-D5 frame. Thus we write n{?”¢ = 1.
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(b)

(@)

Figure 4.2: (a) The NSI carrying a transverse oscillation profile in the covering space of
S'. (b) The strands of the NS1 as they appear in the actual space.

AR

true
ny "Ly

L,

Figure 4.3: The winding and momentum charges of a segment of the NS1; we have used a
multiple cover of the S' so that the NS1 looks like a diagonal line.
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(b) The ‘true’ D5 charge becomes winding along S'. We write this as n{™¢ units

of NS1,.

true

(c) The ‘true’ D1 charge becomes momentum along S'. We write this as n,

units of P,.
(d) We have momentum P, along the dipole direction (this has been unchanged
in the duality from D1-D5). The number of units of this momentum we call ngip"le.

(e) The quantum that we wish to bind to the background changes from P, to an

NS5 along S x T4,

Note that we must choose the compactification lengths of the y, z directions ju-
diciously so that we get integer values for all charges. This can be done by choosing
L., L, so that n{™¢, n" are integers. We will see below (eq. (9.133)) that this will

set ndP' to be integral. Note that n®?¢ — 1 so it is already integral.
4.9.2 Relations between true and dipole charges

Note on notation: In this section we will encounter three different duality
related systems: D1-D5, NS1-P, and a system where these true charges become D4
branes. We will not need to compute in the D1-D5 frame. For the NS1-P frame we
use unprimed symbols for all quantities (for example lengths are L., L, etc.). These
should not be confused with unprimed symbols used in earlier sections of this paper;
the computations here will not use results from those sections. For the frame using

D4 branes we use primes on all symbols (e.g. L, L’).

Let us ignore for now the charge (e) in the above list and look at the other
charges which together give the background geometry of the ring. These charges are

depicted in Fig.3. We have a NS1 moving in a direction perpendicular to itself with
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some velocity v, ; this gives all the four charges (a)—(d) above. We have denoted the
lengths of the y, z directions by L,, L..

We will now derive the relations between the true charges and the dipole charges.
The first relation comes from the fact that the momentum carried by the NS1 is in a
direction perpendicular to the NS1. Indeed if the momentum had a component along
along the NS1 then there would be oscillations along the NS1 and a corresponding
entropy. The entire NS1-P bound state does has an entropy, which is manifested in
different possible shapes for the entire ring. But we are now zooming in on a short
segment of the ring, and so by definition should have no entropy visible in oscillations
of this segment.

The NS1 winds in a direction given by the vector
W = L%z + Ll = L2 + L,nt™"e) (9.131)

The momentum vector is

- 27rng“’°le . 27rnff“e A
B L (9.132)
Lz Ly
Requiring W - P = 0 gives
ndipolendz‘pole + plrueptrue — = ndipole = _ptrueptrue (9 133)
1 » vy =Y (e '

The second condition comes from the fact that the waveform F (t—y) moves along
the y direction at the speed of light v = 1. This implies that the velocity of the NS1

in the direction normal to itself is

L
V] = CoSQ = z 9.134
- ST L 9139
The mass of the NS1 is
M= T\/ (L.)2 + (nireeL,)? (9.135)
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where T' = 1/27a/ is the tension of the NS1. The momentum of the NS1 is in the

direction normal to itself, and has magnitude

. 27Tndipole 9 27T7”ltrue 9
Pl = ($) ( P ) 9.136
B \/ ) (S (9.130)

Y

Setting |P| = M? we get

\/1 vi

2mng PN 2mnlruey 2 L,
Ll = T\J(Lo)? + (0L i 9.137
\/( Lz ) + < Ly ) ( ) + (nl y) ntlrueLy ( )
Using (9.133) gives
2mng PO 2 2mnlruen2  (2m)n e
2 = (L2 4 (el )2 0.138
\/( 1) (o) =L Ve L) (9.138)

We thus find that that (9.137) is equivalent to

27Tntrue
[TnﬁmeLy][ - ]:[TLZ]Q (9.139)
Yy

which tells us that

[Mass of true NS1 charge] x [Mass of true P charge] = [Mass of NS1 dipole charge]?

(9.140)
In this form the condition is valid in all duality frames, with only the names of the
charges changing under the dualities.

To summarize we have two relations between the true and dipole charges. The
relation (9.133) comes from requiring that there be no entropy in the ring segment
after we have zoomed into a sufficiently small region of the ring. The other condition
(9.140) is related to the supersymmetry of the charges distributed along the ring. The
supersymmetry is assured by the fact that the entire waveform moves in one direction
with the speed of light. Different parts of the NS1 have different slopes and different
velocities v, , but for a profile of the form F (t — y) the slope and velocity are always
correlated in such a way that the different parts are mutually BPS.
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4.9.3 Dualizing to D6-DO0

We now wish to perform dualities that will map the dipole charge of the ring (KK
in the case of D1-D5, NS1 in the case of NS1-P) to a D6 brane charge. The quantum
carrying one unit of P, will be converted to a DO. Since we have found the relations
between true and dipole charges in the NS1-P frame let us start with NS1-P and

perform the required dualities:

NS1, D1, D312 D319 D6,y1234
NS1, D1, - D312 D312 D4y934
P, Sl R | 2B NSy, || D, | B D
P, P, NS1, D1, D23,
N 55,1234 Db5y1934 D334 D334 DO
The true charges n} ™ n;”‘e have become D4 branes which can be described by fluxes
in the D6:
/ /
i " 27 /., or = Y
. 1 L)L
pirve = sy _ L / po_tibap (9.142)
21 J19 2

where L, are the lengths of cycles after the dualities. The minus sign in the expression

true

for n,

arises from the orientation of the D6: the positive orientation is (zy1234)
while the ny4 is oriented as (y2z34). The presence of the above components of F' also

induces a D2 charge

11 LI L\ L .
n@ 1 / FAF="2072p oo (280, (9.143)
2(27)2 Jopno (27)2

dipole — n§34), we observe that (4.104) is equivalent to

Since under the dualities n
(9.133). In other words the relation (9.133) translates in the D6 duality frame to the
statement that the D2 charge comes entirely from the fluxes needed to induce the

required D4 charges; there is no ‘additional’ D2 charge.
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4.9.4 The condition of [131]

Consider a D6 brane along the directions (zy1234). Suppose that there is a back-
ground NS-NS 2-form turned on; by a suitable change of coordinates we can bring

this to a form where the nonzero components are by = B.,, by = Bia, b3 = B3s. Write

2mivg 1 + iba

- ~1,2,3 9.144
1—ib, 7 (9.144)

The threshold value of B, beyond which a DO will bind to the D6, is given by [131]
1
V1 + vo + V3 = 5 (9145)
In terms of the b, this condition becomes
blbg —+ blbg —+ bzbg = 1 (9146)
We can replace the B field with a field strength on the D6:
by — 2md'F, (9.147)

We take o/ = 1 in the following. In our case we have by = 0 and by = 27 F},,
by = 27w F}5. One has the freedom to change the orientation in each of the 2-planes
(z,9), (1,2), (3,4): this flips the sign of v, and b,, and thus the sign of each of the
terms in (9.146) is actually arbitrary. Taking this into account the threshold condition
of [131] for our case is

(27)3| FLy Fio| = 1 (9.148)
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4.9.5 Checking the threshold condition

Let us now see if the condition (9.148) is satisfied by our ring segment. From

(9.142) we find that

(2 ) rue rue
(27T)2FZyF12 = —mnl‘i 77/; (9149)

Under the dualities (9.141) the moduli change as follows (primed quantities refer to

D6 frame, unprimed to the NS1-P frame, and L; = 27 R;)

R, 1 g g
= R, R, =
g g \/ R,R\R; B3Ry’ ° Ry JR.R,RiR, ' Rs\/R.R,RiR,

z4U1 402 ]3 ]3 132 Iizli
/ Y
R, = RRRyR , ,/ = ,/—@Rz L150)

Thus
(27.‘.)4nt17‘uentrue (27.‘.)2nt17‘uentrue
21)2F,, Flo = — P — _ P 9.151
(2m)" FeyFiz [.L 1L, 12 (9.151)

If we now use the relation (9.139) we find
(27)2F,, F1g = —1 (9.152)

We thus see that the charges carried by our ring satisfy the condition (9.148) noted

n [131].
4.9.6 Depth of the tachyon potential

Let us see what we have learned. The 2-charge system has true charges and dipole
charges, and these satisfy the relations (9.133),(9.140). The system can be mapped
to a D6 brane carrying fluxes, and the fluxes have a value which puts the system at
the boundary of the domain where a D0 brane will bind to the D6.

In the D1-D5 picture the analogue of the DO is the P charge. In section (4.9.1) we
listed the charges carried by the 2-charge D1-D5 system and the charge P carried by
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the wavefunction we are trying to construct. But there is one more charge carried by
the wavefunction, which comes from the momentum of this wavefunction along the
z direction. In the wavefunction this momentum arises from the factor e=%**. So we
would label this charge as an additional amount of P,, carried by the quantum that
we are trying to bind to the 2-charge D1-D5 ring segment.

In the D6 duality frame this additional P, becomes a D23,. Thus the quantum
that we are trying to bind to the D6 is not just a DO, but a ‘D0 plus some D23,’. We

now draw some conclusions about the D0-D6 bound state from our construction of

the wavefunction (8.130).

The case k=0

Since k is a free parameter, we can try to set k = 0. This would correspond to
letting the test quantum be just the DO (not bound to any D234), and asking if at the
threshold value of fluxes (9.148) we get a good bound state with the D6. But from
the discussion of section (4.7.1) we see that the wavefunction is not normalizable for
the case k£ = 0, so there is no bound state in this case. We therefore conclude that
for a D6 wrapped on a torus T° carrying fluxes at the threshold value (9.148) we
do not get a bound state with the DO. As argued in [131] we would of course get a
bound state for larger values of F' and no bound state for smaller F', but our explicit
construction of the wavefunction (in the dual D1-D5 case) tells us the situation at

the threshold value of F'.

The case k£ >0

In this case the test quantum to be bound has some D234 branes along with the

DO0. The mass of a ‘D0 plus some D23, is obviously more than the mass of just the
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DO0. But after we bind the ‘D0 plus some D23, to the D6 carrying fluxes, the final
mass of the bound state is independent of the mass of the D23, branes coming with
the DO, since in the D1-D5 frame the energy of the wavefunction is given by e '2a
for all values of k.

This observation tells us the binding energy of the D234 branes in the situation
where we have a D6 carrying fluxes equal to their ‘threshold’ value (9.148). The
binding energy AFE must be equal to the mass M, of the D234 in order that these

branes do not show up in the final result for the mass of the composite:
AFE = M, (9.153)

Note that the DO is repelled by a D6, is neutral with respect to the D4’s in the DG,
and is attracted by the D2 charge in the D6. At the ‘threshold’ value of fluxes it
becomes neutral with respect to the ‘D6-D4-D4-D2’ bound state created by the D6
with fluxes. By contrast the D23, is neutral with respect to the D6, is attracted to
the D4’s in the D6, and is neutral with respect to the D2 in the D6. Thus we expect
a binding energy AFE for the D234, and our construction of the wavefunction tells
us that this energy is (9.153). In CFT terms we get a tachyon in the open string
spectrum between the D234 and the D6 with fluxes. For the threshold value of these

fluxes the depth of the tachyon potential must equal the mass of the D234.

4.10 Discussion

We have constructed a simple case of ‘3-charge hair’ for the BPS black ring, by
starting with a D1-D5 ring and adding a perturbation carrying one unit of P. A
normalizable perturbation carrying this P was expected to exist because there was a
corresponding state in the dual CFT. After constructing the perturbation we observe
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that it is smooth everywhere, so the result supports a ‘fuzzball’ picture for black ring
microstates.

A similar perturbation was constructed (up to several orders in a small parameter)
for the 3-charge black hole in [123], and solutions dual to specific CFT states carrying
nonperturbative amounts of P were found in [9]. But these solutions carried a large
amount of angular momentum. Thus it may be said that they did not give generic
microstates for the 3-charge hole. By contrast, the black ring is supposed to carry
a sizable amount of angular momentum, which gives it the ‘ring shape’. Thus even
though we have only one unit of P in our present construction, the hair we have
constructed might be considered a good indicator of the nature of generic states of
the ring.

In [133] ‘ring-like’ 2-charge states were considered, and it was observed that the
area of a ‘horizon’ drawn around such states has an area satisfying a Bekenstein type
relation A/4G ~ /nins — J ~ S where S is the entropy of these states and J is the
angular momentum of the ring. (Such 2-charge systems have been further studied
recently [134, 135, 136, 137].) In the present chapter we have taken the simplest of the
2-charge ring states and added one unit of P. We have made the wavefunction only
in the near ring limit, where the segment of the ring looked like a straight line. But
we will get a similar near ring limit from any sufficiently smooth microstate out of
the collection used in [133], so our wavefunction adding P should describe the nature
of P excitations for any of these 2-charge microstates.

A large class of 3-charge BPS solutions for the black hole and black ring were found
in [124, 125]. While the explicit examples studied there had axial symmetry (and thus

a nontrivial amount of rotation) one may be able to construct nonrotating solutions by
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extending such techniques. Thus this approach may lead to generic nonperturbative
hair for the black hole as well as for the black ring. It would therefore be very
interesting to identify microstates in this approach. In the perturbative construction
of the present paper we have excited the NS-NS 2-form gauge field, which was not
excited in the solutions of [124, 125]. It would be interesting to find an extension of

the solutions of [124, 125] which give nonperturbative hair involving this gauge field.
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CHAPTER 5

BRANES WRAPPING BLACK HOLES

5.1 Introduction

In this chapter, we start exploring the microstate geometries by considering probe
branes in them. Only for certain situations will the brane be in a supersymmetric
configuration with the background. The dynamics of stable extended branes in back-
grounds containing fluxes have played an important role in exploring non-perturbative
aspects of string theory. A particularly important class of such objects are dielectric
branes which are extended objects formed by a collection of lower dimensional ex-
tended objects moving in a transverse dimension via Myers’ effect [102]. Dielectric
branes wrap contractible cycles in the space-time and therefore do not carry any net
charge appropriate to its dimensionality, but has nonvanishing higher multipole mo-
ments. In a class of backgrounds (e.g. AdS space-times or their plane wave limits and
certain D-brane backgrounds) the energy due to the tension of the dielectric brane
is completely cancelled by the effect of the background flux, so that its dispersion
relation is that of a massless particle, which is why they are called giant gravitons
[103]-[106] . The energetics of such branes are usually determined by a classical
analysis : however these branes are BPS states which renders the classical results
exact.
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Recently a different class of extended brane configurations have been found in
the near-horizon geometry of four dimensional extremal black holes [107]-[109] con-
structed e.g. from intersecting D4 branes and some additional DO charge. The
near-horizon geometry is AdSs; x S? x K where K is a suitable six dimensional inter-
nal space (e.g. Calabi-Yau). These are branes of various dimensionalities wrapping
non-contractible cycles of the compact directions. The branes which are wrapped on
cycles in K have a net charge in the full geometry and are similar to giant gravitons
- the tension of the brane is cancelled and one is left with the dynamics of gravitons.
More interestingly, there are BPS D2 branes wrapped on the S? with a worldvol-
ume flux providing a D0 brane charge, and posessing momentum along K. These
branes do not have net D2 charges in the full geometry - they only contribute a net
DO charge. The ground state is static in global time, located at a radial coordinate
determined by the DO charge. These configurations preserve half of the enhanced su-
persymmetries of the near-horizon geometry, but do not preserve any supersymmetry
of the full geometry.

In [109] it has been argued that such brane configurations provide a natural un-
derstanding of the entropy of the black hole background. The presence of a magnetic
type flux in the compact direction means that such a static brane carries a nonzero
momentum and is in fact in the lowest Landau level. This means that the ground
state is degenerate. It turns out that this degeneracy is independent of the DO charge
qo of the background. The idea then is to “construct” a black hole by starting from
the set of D4 branes and then add DO charges. However the DO charge appear as
these D2 branes which wrap the S?, and each such D2 has a ground state degeneracy.

The problem then reduces to a partitioning problem of distributing a given D0 charge
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N among D2 branes - the various possible ways of doing this give rise to the entropy
of the final black hole. This argument has been extended to “small” black holes in
[110].

In this chapter, we show that such brane configurations are quite generic not
only in near-horizon geometries of black holes, but in the full asymptotically flat
geometries of certain black hole microstates. While these are supersymmetric states
in near-horizon regions of black holes and near-cap regions of microstates, they break
all the supersymmetries of the asymptotically flat backgrounds. We find that in all
cases they have a universal dispersion relation characteristic of threshold bound states
: the total energy is just the sum of the energies due to various brane charges. In
near-horizon regions this simple dispersion relation follows from supersymmetry and
conformal algebras. However, we have not been able to find a good reason why the
same dispersion relation holds in the full microstate geometries.

One key feature of the examples which we provide is that the background does
not have to posess the same kind of charge as the brane itself. This feature could be
relevant for the proposal of [109], though we have reservations about this proposal as
it stands.

In section (5.2) we consider generic AdS,, x S™ x M space-times with a brane
wrapped around S™ and moving along a AdS direction with momentum P and derive

the universal dispersion relation
E=P+ M, (1.1)

where M,, denotes the mass of the brane.
Specific examples of solutions of M theory and Type ITA string theory which lead
to AdS,, x S™ x M spacetimes are described in section (5.3). Our main example
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involves five dimensional black strings in M theory compactified on T (in section
(5.3.1)) and their dimensional reduction to four dimensional black holes in IIA theory
(in section (5.3.4)). In section (5.3.2) it is argued that the dispersion relation (1.1)
follows from the underlying conformal algebra. This is explicitly shown for AdSs,
but the considerations should generalize to other AdS,,. These branes are static in
global time. In Poincare time, they correspond to branes coming out of the horizon
upto a maximum distance and eventually returning back to the horizon. However, we
find that for AdS; (section (5.3.3)) and for AdSy (section (5.3.4), the relation (1.1)
is valid both in global and Poincare coordinates. Furthermore in AdS3 the Poincare
momentum is equal to the global momentum P. We argue that the equality of global
and Poincare energies and momenta signifies that the brane is in a highest weight
state of the conformal algebra.

The second class of backgrounds where we find such brane configurations with
identical dispersion relations are geometries which represent microstate of 2-charge
and 3-charge systems. In the examples of section (5.3) the existence of these brane
configurations appears to be special to near-horizon limits. This is because they are
states of lowest value of the global AdS energy and not of the Poincare energy and
it is the latter which coincides with the energy defined in the full asymptotically
flat geometry. In contrast, the microstate geometries are asymptotically flat and go
over to a global patch of AdS in the interior. The time in the asymptotic region
continues to the global time of the interior AdS. Consequently, the notion of energy
is unambigious.

In sections (5.4) and (5.5) we find that the lowest energy states of such branes

are indeed static configurations with dispersion relations given by (1.1). Section (5.4)
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deals with a T-dualized version of the 2-charge microstate geometry with D3 branes
wrapping the S®. We show, in section (5.4.3) that the energy has an interesting
implication for the conformal field theory dual. In section (5.4.4) we determine the
spectrum of vibrations of the brane and find a remarkably simple equispaced ex-
citation spectrum with spacing determined only by the AdS scale - reminiscent of
the spectrum of giant gravitons found in [105]. Section (5.5) deals with analogous
treatments of a special 3-charge microstate geometry.

In section (5.6) we calculate the field produced by such a probe brane in the 2-
charge microstate geometry and show that this leads to a constant field strength in
the asymptotic region, pretty much like a domain wall.

In section (5.7) we examine the supersymmetry properties of these brane config-
urations. Section (5.7.1) deals with the case of D2 branes in the background of 4d
black holes, which is the background of section (5.3.4). We show that in the near
horizon limit this D2 brane preserves half of the supersymmetries. We calculate the
topological charge on the brane and show that the supersymmetry algebra leads to
our simple dispersion relation. It is then explicitly shown that the brane does not
preserve any supersymmetry of the full black hole geometry. In section (5.7.2) we
investigate the question in the 2 charge microstate geometry and show that while
the near-cap limit (which is again AdSs x S®) the brane preserves supersymmetry, it
breaks all the supersymmetries of the full background.

In an appendix we examine the validity of the near-horizon approximation our
brane trajectories for the case of 4D black holes and show that the approximation is
indeed valid when the energy due to DO charge of the D2 brane is smaller than the

D2 brane mass.
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5.2 Spherical branes AdS x S x M space-times

The simplest space-times in which these brane configurations occur are of the form
AdS,, x 8™ x M, where M is some internal manifold.

Let us first consider branes in M-theory backgrounds. The metric is given by
ds* = R*[— cosh? x dr? + dx? + sinh® x dQ?,_,] + R2dQ2 + g;;dy'dy’ (2.2)

where R, R are length scales, gij is the metric on M and dQIQ, denotes the line element

on a unit SP. We will choose coordinates (6, ¢) on S™ 2 leading to a metric
dQ2,_, = db7 +sin® 0 df; + sin® Oy sin® 0 dO3 + - - - +sin? 0, 3 ---sin® 0, dp* (2.3)

The background could have m-form and n form gauge field stengths which will not
be relevant for our purposes.

In addition, the background contains (n + 1)-form gauge potentials (n = 2 or
n = 5) of the form

ATTD = Ai(y") dw, A dy' (2.4)

where dw,, denotes the volume form on the sphere. We will see explicit examples of
these geometries later.

Consider the motion of a n-brane which is wrapped on the S™, rotating in the S™2
contained in the AdS,, and in general moving along both y and y°. The bosonic part

of the brane action is of the form
S = —in / d"e Vdet G+ py, / P[A®HD)] (2.5)

where G denotes the induced metric, the symbol P stands for pullback to the world-

volume and p, is the tension of the n-brane.
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Let us fix a static gauge where the worldvolume time is chosen to be the target
space time and the worldvolume angles are chosen to the angles on S™. The remaining
worldvolume fields are x, 3%, 0, . When these fields are independent of the angles
on the worldvolume, the dynamics is that of a point particle. The Hamiltonian can

be easily seen to be

2 Az

H = cosh X\/MEL + =+ + g4 (P — M, A;)(P; — My Aj) (2.6)

R?  R2sinh?y

where M, is the mass of the brane
M, = i, R"Q, (2.7)

2, being the volume of unit S™. A denotes the conserved angular momentum on
Sm72
2 2 2
p92 p93 e pr
sin?f;  sin®#; sin® 6, sin®@y - - -sin?#6,,_s

Consider the lowest energy state for some given |A|. In the internal space this means
that P, = M, A;. (This can be considered to be the description of the lowest Landau
level in the classical limit). In AdS this has a fixed value of the global coordinate

X = Xo determined by minimizing the hamiltonian :

Al

sinh? o = R L (2.9)
The motion on the S™~! contained in AdS,, is along an orbit with
g, =0 ek:g k=1---(m—3) (2.10)
The ground state energy is
Egiobal = 1Al + M, (2.11)

R
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Finally it is easy to check that in this state
p=1 (2.12)

While the above formulae have been given for M-branes, they apply equally well for
D5 branes in AdSs x S° backgrounds of Type IIB string theory. This in fact provides
the simplest example of such configurations. We will give a general explanation below
for the simple form (2.11) of the energy E.

5.3 Extremal Black Strings in M theory and Black Holes in
String Theory

In this section we will provide some concrete examples where branes in AdS x S x

M appear.
5.3.1 5D Black Strings and 4D Black Holes

A specific example of interest is the geometry of an extremal black string in
M-theory copmpactified on T whose coordinates are denoted by y' - --4°. The back-
ground is produced by three sets of M5 branes which are wrapped on the directions
yy3yty® o, vyt y?y® y® and yyty?y® y* and carrying momentum gy along y. The

numbers n; and charges p; of the M5 branes are related as
1=1,2,3 (3.13)

where T, T®) | T6) are the volumes of the 2-tori (1,2), (3,4) and (5,6).

The metric and gauge fields produced by this system of branes is
ds? = K\ [—dtQ dy? + 2 (dt — dy)?] + B3 dr? 1 (d6? + sin? 0 dg?)]
r
"‘ h_1/3 Z HZ dsgw(i) (314)

i=1,2,3
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5d6— 6d5 3d4_ 4d3 1d2_ le
A(B):Slngdedqs[pgyyny—l—pryny—l—plyy y-ay

] (3.15)

where we have defined

h— Hy, Hy Hs, H_1+& i=1,2,3, H0_1+@ (3.16)

dsgp(i) is the flat metric on the 2-torus of volume 7.

Near-horizon limit with ¢y =0

When ¢y = 0 the near-horizon limit is given by AdSs x S? x T. This may be seen

by re-defining coordinates
Y= t=\T r=4\u? (3.17)

where we have defined
)\ = (pl pg p3)1/3 (318)

Then for r < p; and gy = 0 the metric (3.14) becomes

2

ds? = (2\)? [d

u?

b (—dT? + da?) + 4(d02—|—s1n 0 d¢?) ] T D mdsho(3.19)

=1,2,3

which is AdS; x S? x T in Poincare coordinates.

One can further continue the metric to global AdS3 using the transformations

- cosh x sinT sinh x cos ¢
= xr =
cosh y cos7 — sinh x sing’ cosh y cosT — sinh x sin ¢
u = cosh y cos T — sinh y sin ¢ (3.20)

The resulting metric is

1
ds* = (2))? [d)( — sinh? y dr? + cosh x? dy? —|—4(d92+sm 0 do?) ] X Z pi dsa(3.21)

=1,2,3
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We can now consider a M2 brane wrapped around the S? and apply the general
results in equations (2.5)-(2.11). For some given momentum P, in the ¢ direction,

the lowest value of the global energy is given by

E,s = P, + 8mus\? (3.22)
which corresponds to a brane which is static in global time.
Near-horizon limit with ¢q # 0

The near-horizon geometry for gy # 0 is again AdSs x S? x T%. For r < qqg, p; we

have, from (3.14)

du/2
2 _ 2 2 2 2
ds® = N[p(=dT"™ + da") + (dT" — dz')* + F]
(3.23)
1
+ AX(d6? + sin® 0 d¢?) +5 > pidsy (3.24)
1=1,2,3
where we have defined
A3 A3
y= ()22 =217 =g (3.25)
do do
With a further change of coordinates ([111])
— ;o — 2 ! [
T—z=¢e"" T+z=T 42"+ = u:‘/;_e—@—x)/? (3.26)
u

the metric reduces to the standard form of the Poincare metric on AdS; x S? x T
—2

d _
ds? = (zA)Q[a_I; +a? (—dT? + dz?) + (de2 +sin% 0 d¢?) } T D pidsto(327)

i=1,2,3
which is identical to the metric (3.19). As before, one can pass to the global AdS;

using the formulae above.
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Thus we see that whether the background has momentum in the y direction or
not the near-horizon geometry has the local form AdSs; x S? x M, so the dynamics

of the M2 brane will be similar in the two cases.
5.3.2 An explanation of the dispersion relation

For branes moving in flat space, we expect that the total energy E arises from
the ‘rest energy’ M and the momentum P by a relation of the type E = M2 + P2,
But for the branes studied here we get a linear relation of the type £ = P+ M. The
momentum P causes a shift in radial position of the brane, where the redshift factor
is different, and in the end we end up with this simple energy law.

As we will see in a later section the brane configuration considered above is a BPS
state which preserves half of the supersymmetries of the background. The dispersion
relation then follows from the supersymmetry algebra.

It turns out that there is a simple derivation of this linear relation for branes in
AdS spacetime based on the bosonic part of the conformal algebra. We will present
this for the case of AdS; x S™. We suspect that similar considerations would hold for
arbitrary AdS,,.

A n-brane wrapped on S™ becomes a point massive particle in AdS3. Its lagrangian

L OXFOX,
or 07

L=—m] (3.28)

where m is the mass of the brane and 7 denotes the worldline parameter. The
lagrangian is invariant under the SL(2, R) x SL(2, R) isometries of the background.

Denoting the global AdSs coordinates by 7, x, ¢ and defining z =7+ ¢, Z=7— ¢
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the generators are

Ly = 10,
. _;. cosh2y 1 1
L_ - ¥ z 85 —8
! e [sinh 2x sinh 2y * 2 il
. .. .cosh2y 1 i
L, = iz ), — 0z — =0 3.29
! e [sinh 2x sinh 2y 2 ] ( )
and
_Z() == Z 85
- - cosh 2y 1 [
L, = ie* . — 0, + =0
! re [sinh 2x sinh 2y * 2 il
_ - h2 1 '
L = i [S212X 9, — ~d,] (3.30)

sinh 2y i sinh2y =~ 2

We have the algebra

(Lo, L1] = Ly, [Lo,Ln] ==Ly, [L1, L] =2Lg (3.31)
(Lo, La] = Ly, [Lo, L] = =Ly, [L1, L] =2Lo (3.32)

The conserved quantities corresponding to these isometries are given by the replace-
ment

—id, — P, (3.33)

in (3.29),(3.30). The global coordinate energy Egopu and momentum P, of the brane

are related to the conserved charges under translations of ¢, ¢
Eglobal = _P’T P = Pcp (334)

Denote the parameter on the worldline of the particle by 7. The kind of solution

we have been considering is of the form

X=Xo, t=7, ¢=T7 (3.35)
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This is a geodesic in AdS3. The isometries of AdS3 will move this to other geodesics.

The key property of our solution is that
Z =T — ¢ = constant (3.36)

By a choice of the zero of 7 we can choose this trajectory to be along z = 0. On
this trajectory the isometry L; — L_; = —0, leads to a shift of the radial coordinate
X. Therefore applying this isometry transformation we will get a new solution to the

equations of motion of the form
X=Xot+t€eT=T, =7 (3.37)

the meomenta conjugate to z, z are

1 1 ! 1
P, = §(PT +P,) = §(P — Egiobat), Pz = §(PT —P,) = _§(Eglobal +P) (3.38)

while the isometry Q = L; — L_; is given by

7 .. .cosh 2y 1 1
s — P.+-P, = P;—— P.——P,] (3.39
sinh 2y sinh 2y +2 e [sth)( sinh 2y 2 i )

cosh 2y 1

Q="

where we have used (3.33).

We now observe that
{P.,Q} =0 (3.40)

so P — Egopq does not change under the shift. We thus see that for our family of

solutions given by (3.37) we will have

Ejiobar = P + constant (3.41)

To fix the constant we can go to the geodesic at x = 0 which has P = 0. Then we
just get the energy of the brane wrapped on the S™, sitting at the center of AdSs,
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Calling this energy M,,, we get
Egiopa = P+ M, (3.42)

giving the simple additive relation between the mass and momentum contributions

to the energy.
5.3.3 Poincare coordinate energies and momenta

The brane discussed above is static in global coordinates and would therefore
correspond to a moving brane in Poincare time. In this subsection we discuss some
properties of dynamical quantities in Poincare coordinates for branes in AdS3 x S™.
The coordinate transformations are given in equations (3.20).

A trajectory x = xo, ¢ = 7 becomes the following trajectory in Poincare coordi-

nates
r = tanhyo (14 7T tanh o)
(3.43)
h
- COR Xo (3.44)
\/T2(1 + tanh® xq) + 27 tanh yo + 1
Thus the brane pops out of the horizon u = 0 at T' = —o0, goes out to a maximum
distance e, and returns back to the horizon at T = —oo. At the same time the

coordinate x increases monotonically with 7. The total elapsed proper time is finite.

The value of u,,,, can be calculated from the above trajectory and one gets

Umaz = \/cosh 2xg (3.45)

The Poincare energy is given by

M, M, u?
Poincare — |gT7;| ) = (346)
\/|gTT| = Gz " — Guull \/u2(1 — 2) — 12
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Using the value of x in (2.9) one finds that

L
EPoincare = Mn COSh2 X0 = % + Mn = Eglobal (347)

In an analogous way one can verify that the momentum in global coordinates, P,,

equals the momentum in Poincare coordinates, P,:

u? i

P, = M, = M, cosh® x, tanh® xo = P, (3.48)
V- i2) - L

where we have used the fact that, for the above trajectory & = tanh?® y,.

The trajectory x = xo,¢ = 7 clearly does not have the smallest possible value of
Epincare. The lowest value of Epyincare 1S in fact zero and corresponds to the brane
being pushed to the horizon u = 0.

The equality of global and Poincare energies can be understood from the symme-
tries of AdS. The generators of the SL(2, R) x SL(2, R) isometries of the background
have been given in global coordinates in equation (3.29) and (3.30). The generators

in Poincare coordinates are given in terms of w =T +x and w =T — x by

H*l - Zaw
Hy = i|wd, - 30,
2
1
H = i[w28w—wu8u——28w} (3.49)
U
and analogous ones with H; — H; and w — .
The relation between the two sets of generators is
L+ L_ Li—L_
H0:%> Hﬂ:Lo:Fi% (3.50)

Since the global energy Fyop and the global momentum P, are equal to the Poincare

energy Epoincare and the Poincare momentum P, we must have

Eglobal = LO + LO - EPoincare - H—l + Fl—l s Pcp = _LO + I/O = Pa} = _H—l + H_C:ﬁf)l)
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which implies

L1 - L*l = Z/l - E,l = O (352)

The relations (3.52) may be readily verified for the trajectory under question by
calculating the corresponding Noether charges. Computation of these charges require
some care : since the transformations involve time, we cannot compute the charges
starting from the static gauge lagrangian. Rather we should compute this before we
choose the worldvolume time equal to the target space time. However we can choose
the worldvolume angles equal to the target space angles as before. This partially

gauge fixed lagrangian is given by

M, [ -
L=-=" V22 4 2c0sh 222 - (29)? (3.53)

where the dot denotes derivative with respect to the worldvolume time 7. The Noether
charges corresponding to the SL(2, R) x SL(2, R) generators (3.29) and (3.30) are

obtained by the substitutions

The momenta P,, P; and P, for a given configuration are given by

po_ M, %+ cosh 2y z

’ 2 /22 4+ 22+ 2cosh2y 2z — (2))2
P M, Z + cosh 2y 2

’ 2 /2 + 2 + 2cosh 2y £ % — (2X)2

9y
P, = M, : AS— (3.55)
V32 + 22 + 2cosh 2y 2 2 — (2)2
For our configuration with x = xg, 2 =27, 2 =0 we find
M, M,

P, = 5 P, = — cosh2xo, P, =0 (3.56)
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and thus the Noether charges evaluate to?3

M,
Ly = —P.=—
2
.. cosh 2y 1 i
L, = —e” P, — P.+-P =0
! ‘ [sinhQX sinh 2y * 2 i
. h 2 1 '
L = —# [ Xp .~ p_lp]=0
sinh 2y sinh 2y 2
— M,,
Ly = —FP:= - cosh 2y
_ . -cosh 2y 1 i M, .
L, = —e*” s — P, +—-P,] = — sinh2
! ‘ [sinh 2x sinh 2y - 2 i g DX
_ .. cosh 2y 1 i M, .
Ly = —e” s — ., — —P,] = — sinh 2 3.57
! ‘ [sinh 2x sinh 2 2 d PR ( )

From the expressions above we verify that L1 — L_y = 0 and L; — L_; = 0, which
explains the equality of E, P between the global and Poincare systems. We also note
that the charges satisfy the constraints
- - M?
Li—LWL,=L~L,L = - (3.58)
Further, note that L; = L_; = 0, so the configuration is a highest weight state of one
of the SL(2, R) aglebras. This gives Ly = 2=, which yields E = P + M, the linear

relation observed for the energy of the brane.

5.3.4 Reduction to ITA Black Holes

The geometry (3.14)-(3.16) can be reduced to ITA theory by a Kaluza Klein re-

duction along the y direction. Using the standard relation
ds?, = e_des%O teT [dy — A, dz")? (3.59)

where ds¥, is the string metric, ® is the dilaton and A, is the RR 1-form gauge

field, it is straightforward to see that we get a 4-charge extremal black hole in four

23Note that, for xg # 0, our configuartion is not symmetric under exchange of z and z: this is
obviously because we have chosen » = 1. Another solution can be obtained with the choice ¢ = —1.
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dimensions

H
ds® = —(Hoh)™'*dt* + (Hoh)"?[dr® + 1*d$5] + (S2)'2 ) | Hids,
(3.60)
AD = (1—i) dt
Ho
(3.61)
5d6— 6d5 3d4_ 4d3 1d2_ le
A® = sing dode [py LY 2y v, v 2y v, v 2y Y
(3.62)
H3
et = = (3.63)

The near-horizon limit of this IIA metric depends on whether or not ¢q is non-
vanishing. For ¢y = 0 this has a null singularity at » = 0. Note that this limiting
metric is not the dimensional reduction of the metric (3.19).

For gy # 0 the geometry is AdSy; x S? x T°. This may be seen by looking at the

above formulae for r < qg, p;- The resulting metric, 1-form potential and dilaton are
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given by

r? R? )
ds? = — 7 dt? + %dﬂ + R2, ,(d6? + sin” 0dp?)
(3.64)
[qop [qop
[ ((dyh)? + (dy)?) + | = ((dy®)? + (dy*)?)
b2ps3 P3pP1
(3.65)
qop
+ \/ﬂ((dzﬁf + (dy°)?)
P1p2
(3.66)
AD = - ar
qo0
(3.67)
57,6 _ 6d5 3d4— 4d3 1d2_ le
4B sin0d9d¢[p3ydy 2y Yo, LY 2y v, YW 23/ y]
(3.68)
e? = Ri(;A (3.69)
where
Rira = (QOP1P2P3P4)1/ 4 (3-70)

If we replace the internal torus with a Calabi-Yau manifold, this is the background
which is used in [107]- [109].

Equation (3.69) is the metric in Poincare coordinates. The coordinate transfor-

mations
Rra 1
r cosh x cos T + sinh y
(3.71)
. RyrracoshysinT (3.72)

cosh x cos T + sinh y
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can be used to continue this metric to global coordinates

ds® = R2,,(—cosh® x dr? + dx?) + R%,,(d6* + sin® 0dp?)

+/ ]ZZ—];;«dyl)Q +(dy?)?) + ,/ ]ZZ—];«cW + (dy*)?)
(3.74)
qoP3 5N\ 2 612
L (@) (3.75)

and one can choose a gauge in which the 1-form potential becomes

(3.73)

[1 — sinh x|dr (3.76)

In the ITA language the M2 brane becomes a D2 brane and the momentum along

the y direction becomes a DO charge because of the presence of a worldvolume gauge

field

o
2

O/

sin 0df A do (3.77)

The contribution to the DO brane charge to the mass of this brane in string metric is

MO = 47T/L2f (378)

where 115 is the D2 brane tension. The global hamiltonian may be written down using

standard methods

(P — dmpg Ay)?

H = cosh x[(M; + My)* e7** + P + p

]2 + My e ®[1 —sinh x] (3.79)

where in writing down the last term we have used the explicit form of the dilaton in
(3.69). (Here A® = A; cosf dfdedy’.) We have also denoted the mass of the D2
brane by M,

My = AT R, 4 1o (3.80)
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A static solution is obtained at a value of xy = x¢ given by

M,
tanh yo = S — (3.81)
/M3 + Mg
and the value of the energy is
E = (My+ My)e™® (3.82)

which is what we expect from the dimensional reduction of the M theory result.
Note that the magnitude of the energy depends on the gauge choice for AM.
We have intentionally chosen a gauge which leads to an energy which is identical
to the M-theory result. A gauge transformation on A translates to a coordinate
transformation in the M theory which redefines the coorinate y and therefore changes
the Killing vector along which dimensional reduction is performed to obtain the ITA

theory. For example instead of the choice in (3.69) we could have chosen

A= gy (3.83)
qo0

which is related to the original potential by a gauge transformation. From (3.59) it
is easy to see that this corresponds to a coordinate transformation on y, y — y + t.
Thus this gauge potential would arise from a KK reduction of the 11 dimensional
metric along y + ¢ rather than y. In this situation we do not of course expect the
energy as calculated in ITA to agree with the energy as calculated in M theory.

The expression for the hamiltonian, (3.79) is not a sum of positive terms and it is
not evident that the static solution has the lowest energy. However it is not hard to
see that this is indeed the ground state, using the trick of [106]. It is convenient to

use coordinates p = sinh y so that the metric of the AdS part becomes

ds* = —(1 + p*) dr? +

3.84
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The expression for the energy is

/M2 M2 —®
E_ 2+ O|g7'7'|e _i_MOef‘i’(l

= —p) (3.85)
\/|g7'7'| - gpp(an)2
This equation may be now re-written as
(97p)* +2U(p) = 0 (3.86)
where
M2 M2 1 2\3

((Ee® — Mo) + Mop)

The relativistic dynamics of the D2 brane is thus identical to the non-relativistic
dynamics of a particle of unit mass moving in a potential U(p). The energy of this
analog non-reltivistic problem is zero.

A solution to this non-relativistic problem will exist only if U(p) = 0 for some real

p. From (3.87) we see that this happens when
M3p? — 2My(Ee® — My) p — (Ee® — My)* + (M3 + MZ) =0 (3.88)
This has a real solution only if
E > (My+ My)e™® (3.89)

which establishes the lower bound on the energy. When the energy saturates this

bound the solution is static.

Poincare energies

The Poincare energies and momenta for this D2 brane are again equal to the global
energies and momenta. The transformations are given in (3.72). The trajectory is

then given by
u R, P

SR 1 )] (3.90)

sinh xo =

2 2
u R4
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This is again a trajectory which comes out of the horizon and returns to it in finite

proper time. The maximum value of v now turns out to be
Umaz = RIIA eXo (391)

The value of the Poincare energy for this trajectory is

M -
EPoincare - Juc + Moe_q)[l -

\/gtt grr a T RIIA

r

] = (My+ M) e ® (3.92)

which is again ezactly equal to the global energy Egiopqi-
Just as in the subsection (5.3.3), the equality of Poincare and global energies has
a group theoretic significance. In terms of light cone coordinates ¢t =t + Blia the

generators of the SL(2, R) conformal isometries of AdSy are

0 0 0 0 0 0
h=L ,=—+4+—, d=Ly=t,—+t_.—, k=L, =12 — +t* 3.93
Yo T 0= g, T +at++‘at,( )

and the transformation to global coordinates is given by

1 1
e =1t —(7 % 3.94
o= tan [ ) (399
The global hamiltonian H is then
H _9_ h+Ek (3.95)
global — o7 - .

Since the configurations we discussed have H g5 = h these must have k = 0. k is the
generator of conformal boosts and the standard SL(2, R) algebra obeyed by L., Ly
then implies that this state is a highest weight state.

The computations of these conserved charges follow the procedure of subsection

(5.3.3). The partially gauge fixed action (for lowest Landau level orbits on the T%)

ArpaRY;
do

S =-

| W Ei P VO 0P - f00] 396)
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The conserved charges in the static gauge are 4.

_ 47TNQR%IA[ A _
qov V1—12

/1

(3.97)
A R2; 4 At Avd
d = — + + ft
w v e
(3.98)
47TMQR%IA A . 1 s 2 I 2
ko= tod — = (t — L —t .
Bl = (P ) - SR (399

Substituting the trajectory (3.90) we find that k& evaluates to zero.

Validity of the near-horizon approximation

The branes we discussed so far were shown to be stable and static in global time
in the near horizon geometry of the 4d extremal black hole. From the point of view of
black hole physics these would be of interest only if they exist in the full asymptotically
flat geometry. In the full geometry, the near-horizon region is a Poincare patch of AdS
and we have seen that in Poincare coordinates the brane comes out of the horizon and
goes back into it. This is what one would expect in the full geometry as well. However
we have to check whether the approximation of restriction to the near-horizon limit is
self-consistent. In the Appendix, this is done for four dimensional black hole geometry
of section (5.3.4). We find that the brane remains in the near-horizon region so long

as My < Ms, but goes out of this region otherwise
5.3.5 Examples in Type IIB String Theory

Another example is provided by extremal black strings in Type IIB string theory

compactified on T* formed by two sets of D3 branes intersecting along a line together

24Note that the lagrangian is not invariant under special conformal transformations, though the
action is - this results in an additional contribution to the Noether charge
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with some momentum along the intersection, and its dimensional reduction to five
dimensional black holes. The physics is identical to black strings in M theory and
their reduction to four dimensional black holes considered above. The calculations

are identical and will not be repeated here.

5.4 D3 branes in 2-charge microstate geometries

We have examined branes in AdS,, x S™ spaces, and computed their energy. But
we can make a symmetry transformation in the AdS, and change what we call F.
If on the other hand we had an asymptotically flat spacetime then we might get a
physically unique definition of energy. Note also that the goal of [109] was to study
black hole states. Black holes have asymptotically flat geometries, and we measure the
energy of different excitations using the time at infinity. So it would be helpful if we
could study branes in spacetimes which have the global AdS,, x S™ structure in some
region (we will wrap the test branes on the S™) but which go over to asymptotically
flat spacetime at large .

Interestingly, such geometries are given by microstates of the 2-charge system.
In [186, 188] it was found that metrics carrying D1 and D5 charges and a certain
amount of rotation had the above mentioned property: they were asymptotically flat
at large r but were AdSs x S® x T% in the small r region. The point to note is that the
geometries were not just locally AdSs x S* in the small r region; rather the small r
region had the shape of a ‘cap’ which looked like the region r < r¢ of global AdS3 x S3.

In detail, we take type IIB string theory, compactified on T* x S'. We wrap D1
branes on the S! and we wrap D5 branes on S' x T%. Let the S! be parametrized

by y, with 0 < y < 27 R, and the T be parametrized by coordinates y*,y?, y°, y*
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with a overall volume V. For our present purposes we will do two T-dualities, in the
directions y',9?, so that the system is composed of two sets of D3 branes. These
branes extend along y', 4% vy and along y3,y*, v respectively. This does not change
the nature of the geometry that we have described above.

We can now consider a D3 brane wrapped over the S, and let it move in the
direction y. This situation with the D3 brane is very similar to the case of the M2
brane that we had studied above, and we expect to get similar results on the energy
. But now we can extend our analysis to a spacetime which is asymptotically flat, so
we can identify the charges which correspond to the energy E (conjugate to time ¢ at
infinity) and the momentum P (conjugate to the variable y).

We can extend the analysis to a class of geometries that carry three charges: the
two D3 brane charges as above as well as momentum P along S!. The geometries for
specific microstates of this system were constructed in [114], and these again have an
AdS type region at small r and go over to flat space at infinity.

In each of the above cases we find, somewhat surprisingly, that we again get a
relation of the form F = P + Constant. This might suggest that there is again an
underlying symmetry that rotates orbits of the wrapped brane, but we have not been

able to identify such a symmetry.
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5.4.1 The 2-charge microstate geometry

The string frame metric is given by

dr?
2 g-1/32 2 9
a5t = —h7 (= ) b (g )

2.2 cos2 ) 2 72gin2 f
+ h<7"2 + QIQQC;Q;,Q o8 ) cos® O dip? + h<7"2 +a?y? — QIQQZQ;Q S ) sin’ @ d¢?

2G’YVQ1Q2 Cosge(wdy_Qa’Y\/QlQQ

sin? 0 do dt

B hf hf
+ \/% (dy; + dy3) + \/g (dy3 + dy3)

h = \/<1+@)<1+@>, f=r*+a*~v*cos’ 0 (4.100)

f f

while the dilaton field vanishes. There is a 4-form potential given by

@ _ [__& QP +d® + Q)
A [f+Q1thdy 0
Vs 2y p gy — LIV

[+ f+Q

cos® O dy A do

sin? 0 dy A d¢] Adyt A dg2101)

However the experience of the previous sections show that the only role of this is to
put a probe D3 brane in a Lowest Landau level orbit on the 7#. We will therefore
ignore this in the following discussion.

This geomtery reduces to the asymptotically flat space-time M1® x T* in the large

r limit. In the limit 7%, a® < v/Q1Q5 the metric becomes

dr? r? r? + a?~?
ds? = +/ ( + dy? — T LT g
i €16 r?+a?y? (Q1Q: Y Q:1Q )

+ VQiQ2(df? + cos® 0 dy” + sin” 0 dg") + \/% (dyi + dy3) + \/g (dys (4 103)
1 2

where 1" and ¢’ are “NS sector coordinates”

w’:w—é%@?y, ‘f’/:‘b—éli@f (4.103)

163



For v = 1, this is precisely global Ads x S® x T* as may be seen by making the

coordinate transformations to

t
r=—2 w= @97 r = a7y sinhy (4.104)

V@102 VQ1Q

For v = 1/k, with k integer greater than 1, the “near horizon” geometry is an orbifod
space of the type (Ads x S®)/Z, x T*.

The geometry therefore smoothly interpolates between global AdS (or an orbifold
of it) and flat space. The key fact about this geometry is that in the small r region ¢ is
the global time in AdS3, while in the large r region the same ¢ is the usual Minkowski
time in the asymptoically flat space-time. This is in contrast to the geometry of three
charge black holes in five dimensions where the Minkowski time of the asymptotic re-
gion becomes the Poincare time of the near-horizon region. Therefore we can address

the question of wrapped D3 branes in the full geometry.
5.4.2 D3 branes in 2-charge microstate geometry

In the geometry described above, consider a D3 brane wrapping the angular S3
and carrying momentum P along the circle y. This brane couples to the background
F®) flux, which extends in the S® directions as well as two of the directions of T,
and hence behaves like a charged particle moving in a magnetic field on T This
system represents thus a five dimensional analogue of the S? wrapped D2 brane in a
4d black hole, studied in section 2.

Choosing t, 6, 1 and ¢ as worldvolume coordinates, the square root of the deter-

minant of the metric induced on the D3 brane can be written in the form

—detP(g) = sinf cosO+/(r2 + a24?2) Fy — r2 Fy 2 (4.105)
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where we have defined

Fi=r(f+Qi+ Q) +Q1Q2, Fo=(r"+a*7")(f + Q1+ Q) +QiQ> (4.106)

It is then straightforward to compute the D3 brane Lagrangian

L= —pus(2m)? /d9 sinf cosf+/(r2 + a2~2) Fy — 12 Fy 2 (4.107)

the momentum conjugate to y

2F y
P = u3 (27)? /d@ sin @ cos 6 L 29 (4.108)
\/(7’2 +a?~?) Fy —r?2 Fy 2
and the energy of the D3 brane
2, 2.2
F
E = j3 (27)? /de sin 6§ cos r+ay) B (4.109)
V(2 +a2y?) B — 12 Fyy?

Though the 6 integrals could be explicitly computed, we find it more convenient
to perform integrations only after having minimized the energy.

The location at which the D3 brane stabilizes can be found by either minimizing
E with respect to r? keeping P fixed or minimizing L with respect to r? keeping 3
fixed. The second way is the most convenient and yelds the following, surprinsingly

simple, result:

oL
52 = 0= 0:2((0" + @) Fi] = 0[P F]y” = 0 (4.110)

Lo PUAQA Q)+ QO+ (@) 4 Q)
(r?+a?y?)(f + Q1+ @Q2) + Q1Q2 +r*(f +r2 + 0?7 + Q1 + Q2)

The location at which the D3 brane sits is then found by putting y = 1 in the
expression (4.108) for P and solving with respect to r. Note that for § = 1 the square

root which appears in the expression for P and E simplifies
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The expressions for the momentum and energy of the D3 at its stable point are then

ps (2m)?
ayvVQ1Q)2

= 1o ()" r? [Ql@z + (r* 4+ a*?) <r2 + 12

2avv@1Q2

2 2
E = s (27) df sin 6 cos 6 (r* + a*>+*) Fy

ay V@102
2 2.2
= % (r* 4+ a*~?%) [Q1Q2 +r? (7”2 + % + Q1+ Q2>] (4.112)

P = df sin @ cos O r’F,

2

i+ Q)]

From the expressions above we see that the dispersion relation of the D3 brane is

E=P+21°us\/Q1Qoa v (4.113)

Remarkably, this is identical to the formula we would have obtained if we performed
the analysis in the AdS limit. This may be easily seen from the general formulae
of section (5.2) and noting that the standard AdS coordinates are related to the
coordinates r,t,y by the equations in (4.104) and that the AdS scale is given by
(@Q1Q2)"".

We would like to emphasize that the definition of energy is completely unam-
bigious in this geometry because of the presence of an asymptotically flat region.
Furthermore from general grounds we know that if we simply added pure momentum
to the 2-charge microstate geometry the additional ADM energy is simply equal to
the momentum. This is what happens if we take the formal limit p3 = 0 in (4.113)
which shows we have taken the zero of the energy correctly.

Even though the dispersion relation is the same as in the AdS limit, the location of
the brane obtained by solving the first equation of (4.112) has a modified dependence
on the momentum P. We would like to determine the range of parameters for which
this location lies in the AdS region. We have not obtained the general solution of the
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Figure 5.1: The ratio A plotted as a function of y. The curves have b = 0.1,0.15,0.2
starting from top to bottom

equation. However to get an idea we examine the solution for Q; = Qo = \?. The
quantity A will become the scale of the AdS in the appropriate region. In this case it

is useful to express this equation in terms of the following quantities

P
A=——— y
2m2ay A% i3

r
— b= — 4.114
3 S ( )
Note that A is the ratio of the contributions to the from the momentum and the D3
brane (as in (4.113). The AdS region of the solution corresponds to y,b < 1.

The first equation of (4.112) then becomes

A= (6>2 1+ (> + 03 (y* + %b2+2)] (4.115)

Figure (5.1) shows a plot of A versus y for various values of b. The brane location
moves further away from the center of AdS as we increase the ratio A, and for a given
value of A, the brane location r = rq is larger for larger values of a. This shows that
for small values of b there is a large range of values of A for which the brane sits in

the AdS region of small y.
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5.4.3 CFT Duals

In order to gain some insight on the dual CFT significance of the D3 brane con-
figuarion discussed here, let us rewrite the expression above in terms of microscopic
quantities. If R is the radius of the y circle, V = L; Ly L3 L, is the volume of T, g
the string coupling and n; and n, are the numbers of D3 branes wrapped on y!, 42,y

and y3,y*, y, one has

_ V@10 1y = 1 0, = (2m)2ga” . Q0 = (2m)2ga” .
R ) 3 (27'{')3 a/29 b 1 L3 L4 1 ) 2 Ll _[/2 2
(4.116)
and thus
Q:1Q2 47T30/39 1 nyny
E=P+2npy; =2 =p — 4.117
T TR TV Rk (4.117)

While the significance of this result is not clear to us, it s interesting that the
powers of the charges are integral, so we get a quantity *4** that counts the number of
‘component strings’ in the CFT microstate (see [115] for a discussion of the microstate
in terms of component strings). Further the energy comes in units of % which is the

natural qantum of energy in the CF'T which lives on a circle of radius R.
5.4.4 Vibration modes

Let us look at the D3 brane cosidered above, and restrict attention to the small r
region where the geometry is AdSs x S3. We have found the energy E of the brane
in a specific configuration (which minimised F for a given P), but we can now ask
for the properties of small vibratons of the brane around this configuration. We will
only consider oscillations in the AdSs directions, so that, in a static gauge, we can

write

X = Xo + €0x(7,0;), y5 :yT—I—eéy‘r’(T,Qi), yi :yé,i =1...,4 (4.118)
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where we have denoted coordinates on S® by 6;, i = 1,...,3 and the metric on a S?
of unit radius by g5 .

We will compute the action of the D3 brane up to quadratic order in e. Having
suppressed oscillations in the 7% directions, only the DBI term contributes. The term

of first order in € is

sinh xq

- ——— [(* — 1) cosh x ) + 9 sinh xo O, 6pf]119)
V/cosh? xo — 92 sinh? yo

S| = e,ug)\4 /d7d30i\/g_3

The term proportional to dy vanishes for 5> = 1, while the coefficient of 9,09° is
a constant and thus this term does not contribute to the equations of motion. Re-
stricting to 92 = 1, and performing the change of coordinates p = sinh , the term of

second order in € is

J0:6p0;0p 1 (0i6p)?
— 2 /\4/dd30/_g—3’ 0P 1
SQ € U3 T [ g3|:2 p(2)+1 ng‘l—l
95 1
+5 00(05 + 1) 00y 050y — 5 pG (P + 1) (940Y°)* — 2 po Ip 8&@@-120)

If one expands the perturbations ép and §y° as
Sp(1,0;) = 6pe ™7 Y(0;), 6y°(,0;) = 05° e T Vi (6;) (4.121)

where Y] are spherical harmonics on S3

\/—19_3 95 (950, 1(0:,) = —Qivi(6:), Q =1(1+2) (4.122)

the equations of motion derived from the action (4.120) become

(g + 1) (—Q+w?) —2iwp Y
( 0 Q’iwpo ! p% (pg _'_01) (_Ql " w2) > = ( 5@5 > (4123)

The vibration frequencies are then

W=Q+2+2/Q+1=11+2)+2+2(1+1) (4.124)
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or equivalently

w=I1l+2 and w=I (4.125)

Note that w denotes the conjugate of the dimensionless coordinate 7. This is related
to the physical energies by a suitable factor of the AdS scale. We therefore see that
the frequencies are universal. They depend only on the AdS scale of the background
and not on the value of the momentum P of the brane. This is similar to what

happens for giant gravitons [105].

5.5 D3 branes in 3-charge microstates

By applying a spectral flow to the two charge microstate of the previous subsec-
tions one obtains a geometry dual to a three charge microstate. This is described, in

the string frame, by the following metric and dilaton [114]

ds* = —l(dtQ —dy?) + il (dt — dy)* + hf ( & " d62>
A hf 2 + (11 + 72)%n
2 —~2)n cos?d
+ (7 () - @2 01 h2;22) ) o 0
2 _ ~2)psin? 6y .
- h<r2 + 72 (m +72)n+ A (fylhz;;)n )Sm2 6ag’
2,2
X Qp (1 }—:_f%) " (C082 dvy) + sin® 9d¢)2
2
_ @ (11 cos® Odip + 2 sin? de) (dt — dy)
2 H 1
_ WVOQ )N (02 ay 4 sin? 0dg) dy + | T (dy? + dyl) + \ 77 (s
hf H, i
H
20 1
_H 12
) (5.127)
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where

_ Q0>
77 01Qs + Q1Q, + 0:Q,
f=7r"+(n+)n(n sin®0 + 7 cos®6)

H1:1+%, H2:1+%, h=/H H, (5.128)

For the solution obtained by spectral flow from the 2-charge microstate geometry,

the parameters v; and 7, take the values

ne
R

1
v =—an, ’yQZCL(n‘f——), a = (5'129)

k
where R is the y radius and n and k are integers. Geometries corresponding to other
values of 7; and v, can be obtained by S and 7' dualities.

In this geometry, consider a D3 brane wrapping the angular S® and rotating along

y. The determinant of the induced metric in static gauge can be cast the the form

—detP(g) = —sinfcosf\/co+7c1 + 92 ¢ (5.130)

where ¢, ¢; and ¢y are functions of r and # that can be computed using Mathematica.
As we did not manage to bring these functions to reasonably simple form, we do
not give their explicit expressions here. We can however proceed with the help of

Mathematica and verify that the r-derivative of the Lagrangian

L= —ps3(2n)? /d@ sinf cosf \/co + 1 + 92 o (5.131)

at fixed ¢y vanishes for § = 1 (note that in this case the invariance under y — —y
is broken by the momentum carried by the background metric (5.126) and § = —1
is not a local minimum). For this value of ¢ the determinant of the induced metric
simplifies to

—detP(g) = —sinfcos (v +72) 1/ Q1Q2 (5.132)
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Following the same steps as in the previous subsection, one can compute the

energy and momentum conjugate to y at the stable point y = 1:

27)2 2
E = s (2m) df sin 8 cos G+
(1 4 72) 1 VQ1Q2
27)? 2
P = - s (2m) do sin 6 cosf =24 (5.133)

(71 +72) 1 VQ1Q2

Neither E or P have particuarly good looking expressions, but their difference is

simply given by

VvV a
E=P+21%u3/Q:1Q2 (1 +72)n =P +27% i3 % n (5.134)

where in the last equality we have used the values (5.129) for v, and s.
We thus conclude that the dispersion relation of the D3 brane in the three charge

geometry differs from that in the two charge geometry only by a factor of 7.

5.6 The field produced by the wrapped brane

In this section we look at the gauge field produced by the D3 brane that we wrap
on the S3, in the asymptotically flat 2-charge microstate geometry. If we think of the
brane as a small perturbation of strength ¢ on the background, then the field strength
produced by the brane is also of order ¢, and the energy carried by this field is O(e?).
But we find that the field strength goes to a constant at large r, so that its overall
energy would diverge. The brane wrapped on the S? appears to behave like a domain
wall in the spacetime, making the field nonzero on the outside everywhere.

The action for the 4-form RR field A® sourced by the D3 brane is

1
S=3 / FO A<FO) 4y, / dr dydt df d d dV 5(r — o) [Af), + Algs,] (6.135)
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(dV = dy* A ... Ady* is the volume form on T*). We have assumed the brane to be
smeared along y and the torus directions y* and, in writing the source term, we have
taken into account that the brane moves with velocity ¥ = 1 along y.

We will make the following ansatz for A®

AW — ¥

Sob At N dO N dp N dip + A dt A df A d A dy

+ AW dy/\d@/\dgb/\d1/1+Ay9wdy/\d9/\dt/\d¢ (6.136)

Yo

(At the same order in ps, the gauge field also has components A Ly where p, v =
t,y,1v,¢ and y!, y? are directions in 7%: these components arise from the fact that
the background metric is perturbed by the D3 brane together with the fact that
the unperturbed background has non-zero values of Afﬁ,)ylyg. Since the equations of
motion do not mix the components Afﬁj)ylyg with the ones contained in the ansatz
(6.136), we can consistently ignore these extra components in the following).

Ona has

F® =drn9,AW (6.137)

The star operation in a geometry with t¢ and y1) mixings is given by

*(dr Ndt NdONdo A dy) = =g g™ g% (g% g% — ¢g'%g"?) (¢¥Y dy — g¥¥ dip) A dV
*(dr NdtAdONdo A dy) = /—g9" g% (g7 g%" — ¢ g") (¢¥Y dy — g*¥ dip) A dV
*(dr Ndy NdO Ado A dip) = —/—gg"" g% (g% g?" — gV g¥¥) (g% dt — g®' do) A dV

*(dr Ndy AdO A dt A dp) = —/—g g™ g% (g g?" — gvgv") (g% dt — g™ do)(6.438)
The equations of motion are

dx FO 4 1y 6(r —ro) dr A (dy — dt) ANdV =0 (6.139)
25We are using the orientation Etyrody = 1.
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which yeld

0.1V=99" 9" (9"9* — 9'°9") ("0, Alghy, + 90, Alg),)] + 12 6(r = ) = 0
OV =g 9" ¢ (g™ — ¢'¢') (g At;l) + g¥v9, At@dnﬂ)] 0
0, [vV/=g4" g% (g g" — g g"*) (¢°%0, A s+ 9%0, Ayew)] + p20(r —rg) =0

[\/_grr 00 (gyyg¢¢ _ gngyw) ( o Ay@tw + g¢ta Aylz)dﬂﬂ)] 0 (6140)

Alv=399" 9" (¢"9%° — "°¢") (¢*V0 At;l()b¢ +g"0 Atﬁaﬁy)] =0
[\/— i 00 ( it ¢¢ gt¢gt¢) ( o, Agg(z,y + gwyarAzE(;%w)] =0

D/ =g 97" 5" (6" g"* — " %) (4D, A(4 w+g¢taA‘(§)¢w)] 0 (6.141)

Their solution is

At Gyy + b+ Gyy

090 T /=g g7 g% (gtg9% — gt gto)
At Gyy + bx gy

09y =g g g% (gt g9% — gtogto)
Ct Yoo + dt ot
0o =g g g (guughv — gui g
Ct ot + dt gu
/=g g g (gg — gvgeY)

(6.142)

where a4, b4, c4 and dy are r and 0 independent constants: the subscript 4+ applies

to the region r > ry while the subscript — applies to r < rq. Because of the delta

function source we have ay —a_ = —puo, by —b_ =0,¢cy —c_ = —po, dy —d_ = 0.
In order to fix the values of these constants let us impose regularity of the field

strength. It will be convenient to work in “NS-sector coordinates”

¢ =6-

V=9 -

(6.143)

a
0.0, o0
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Consider first regularity at @ = 0,7/2. One has

gt (gt g _ gt gt¥y = _ 7 cosb
V=997 gm g —9eT) = —hE g

/ grr 99( yygw/T/Jl —g"yg ) W (6144)

cos 6

Moreover gy ~ sin? 6, gug ~ sin® 0, gy ~ cos? 0, g, ~ cos? @ while g and g, go
to some finite non-zero values as § — 0, 7/2. We thus see that the term proportional
to by in F, (t9)¢>y is singular for # = /2 and the term proportional to dy in Fr(ygw)
singular at # = 0. Therefore we have to take by = d4 = 0.

Consider now the behaviour around f = 0 (i.e. 7 = 0 and 6 = 7/2), where the

metric goes to

Q

ds? dr? r? d (
VQ1Q2 r? + 02 Q:1Q2 Q
4 sin? 9d¢’2(1 42

m) + d6? + cos® O di)” (6.145)
162

a(r’+ad®) ., /
cos? O dy dy + 4 ————= sin® O dt d¢
V@1Q2

7o)
Then we have

sin 6 cos 0
Fr(fa)(b/w N —a- Q1@ ———

Fr(fe)wy ~ —2a_ar sinf cosd

a? infcosfr
FO o~ @0 (1525}
rangry % 0= 102 {1+ Q1Qx/  r?+a?
Fsgw' A~ 2c_ar sinf cosd (6.146)

Regularity at f = 0 then requires a_ = 0 (and thus ¢, = —pusy), while c_ is left

arbitrary.
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Let us now consider the behaviour of the field strength at asymptotic infinity:

Gyry AV’ + gyry dy
V=997 g% (g"g?® — g'¢g'?)
9o/ ¢ do' + o't dt A dQ,D,
V=997 g% (g7g"" — gvrg¥)
—ayr®sinf cosOdr Adt AdO A dp A di

FO = a, drANdtAdOAdY N

+ cpdr ANdyNdo A

Q

+ cpr®sinf cos@dr Ady AdO A dp A dip

(6.147)

The formula above shows that, asymptotically, the field strength is constant in local
orthonomal coordinates.

We have the freedom to choose the constant c_ to have any value that we want; this
freedom corresponds to adding a smooth magnetic field everywhere to the background.
A simple choice of ¢_ would be the one that makes ¢, = 0, so that this magnetic field

vanishes at infinity. Then we get

Gy AV + gyry dy

FO = —pydr Adt AdOAdg A T P (g g )
_ oo cost 9:08 O dr A dt A do A do A [hZ f (7’2 n QlQQh‘;;COSQ 9) o'
tgg U Qi Q) dy] forr >y
FO = —podr AdyAdoAdy A 90 A9+ oy dt

V=99 g% (gtg¥"V" — gv¥' gv¥')

a? sin® 6
dr Ady A dO A dy' A [h2f<r2+a2 . %)mp’
a

J0:0, (r*+a®) (f + Q1+ Q2) dt] , forr < rg (6.148)

r sin @ cos0
r2 4+ a?

+

= —M2

For any choice of c_ we find the the stress tensor of the field goes to a constant
rather than vanish at infinity. We can thus generate a uniform cosmological type

contribution in the spacetime dimensionally reduced on the y direction. The only
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way to cancel this contribution would be to have a D3 brane in the ‘throat’ of the
microstate geometry, or in the throat of a different microstate geometry located at
some other spacetime point. We have to be aware that the energy computed from
the DBI action in the above sections does not iclude this (possibly divergent) field

contribution.

5.7 Supersymmetry properties of the branes

The simple expressions for the energies as a sum of the contribution from indi-
vidual charges signifies a threshold bound state. As is usual in such situations, this
usually follows from supersymmetry and BPS bounds. In this section we will examine

the supersymmetry properties of these brane configurations.
5.7.1 Supersymmetry of the D2 brane

In this section we will examine the supersymmetry properties for the case of D2

branes in ITA theory. The considerations can be easily generalized to the M-branes.

Killing spinors of the near-horizon background

We work in global coordinates. The metric, dilaton, RR 1-form, and RR 3-forms
of the near-horizon background were given in (3.63). We use m,n... =7, x,6,¢,1,...,6

as the ten-dimensional curved space indices, a,b... = 7, \, 0, ¢, 1,...,6 (or sometimes,

equivalently, a,b... = 0, ...,9) as the tangent space indices. The Clifford algebra is
{r*,1°} =2 (7.149)

with 7% having signature (—,+, ..., +), and the gamma matrices ['*’s are 32 by 32

real matrices (I'" being antisymmetric, and I'X, ..., G being symmetric). 1% = 192

and (Fm)2 = 1. We use 32-component real spinors y, and define 3 = y?T'%.
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The local supersymmetry variation of the dilatino, parameterized by a 32-component

real spinor e, is

14 (3 1
oX = ge (Q‘Fﬁ)l““bl“‘f’ + 4'F;bjdr“bcd> ¢ (7.150)

and the gravitino variation is

1,/1 1
Sy = [am F w4 Ze? (Q,F;b)rabr I + 4'F;bgdrabcdrm)} e (7.151)

where I'? = —T10 = _7X09123456  Plygging in the expressions of the RR field strength,

we get

1 1 1
o\ = ENE, 5¢m - |:am + Zwmabrab + EMPW] € (7152)

where the matrices N and M are given by

(note the only nonvanishing fwmaI™’s are jw '™ = —%FW and fweq* =

cosfp %0. also note that 04123156 — <F9¢12) <F9¢34) <Fé‘£56) .) Next we solve d\ = 0
and 01, = 0 to find the Killing spinors.

Let’s divide the 32-dimensional vector space of € into eight subspaces of simulta-
neous eigenvectors of %912 19931 and 19956 Jabeled as (£++) (with the £’s denotes
the +1 eigenvalues of these three matrices, respectively). Each of these subspaces is

four-dimensional by itself. It is easy to see that, 6\ = 0 if and only if
e=¢€;+e (7.154)

with ey € (+++) and e € (— — —).
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Plugging the above expression for € into 01, and integrating, we then get the

explicit expression of the eight Killing spinors of AdS, x S% x T, four of them being
_lyrX lopf oL 0 1090 Lopx _1.p# 0 G lopdd
€= |e 2X "e2 sin e +e e —cos [Me2 oy, (7.155)
with @4 being an arbitrary constant 32-component real spinor in the four-dimensional
(+ + +) subspace, i.e. Féa’ﬁ@o = @, Fé&‘l@o = &y, and I‘%SGQ)O = ®; and the other
four being
€2 = {6_%XF§<6%TF+ cos ge_%‘ﬂwgé + e e e gip gfée_%qsrlié} P, (7.156)
with ®f being another arbitrary constant 32-component real spinor in the four-
dimensional (4 + +) subspace. A general Killing spinor is given by € = €; + €.

Supersymmetric D2 configuration

Next we show that the D2 trajectory considered in Subsection 5.3.4 preserves half

of the background supersymmetries. Recall that the trajectory is

T:XO’ 9:X1’ ¢:X2a X = Xo, Y1 :07"'7y6 =0 (7157)

for which the x projection matrix as given in [116] evaluates to

—1

I' =
cosh xg

(1 + sinh XOW@) [?09 (7.158)
The supersymmetries preserved by the D2 brane are the Killing spinors € that satisfy
(1-T)e=0 (7.159)

After some manipulation, one finds that there are four supersymmetries preserved,
with two of the corresponding Killing spinors given by eqn. (7.155) constrained by
(1+ I’ﬂ%)cbo = 0, and the other two given by eqn. (7.156) constrained by (1 +
Fﬂ%)@{) = (. Note that these projection conditions turn out to be independent of the
DO charge (i.e., independent of the value of yj).
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Topological charge of the brane

In [117] p-forms constructed from background Killing spinors are integrated over
probe branes’ spatial worldvolumes to give topological charges in M-theory. [118]
generalize this to IIA theory, whose approach we shall now apply to the above D2
brane. We shall find a central charge Cpy = Mse™® + Mye~? in the superalgebra,
which equals the D2’s global energy and shows that the D2 indeed saturates a BPS
bound.

After being sandwiched between €¢I and e (where ¢ is a Killing spinor, and is
treated as a commuting rather than anti-commuting variable), the superalgebra with

the probe brane can be written as

(Qe)* = / XK, p" £ / wp2 (7.160)
where the integrals are over the spatial worldvolume of the brane, K is a one-form

defined as a bilinear of €
K =¢€l4e e” (7.161)

(e* being the vielbein one-form) and wps is a closed two-form also constructed from
bilinears of e. The choice of wps is background-specific?®, and we shall take the one

used in [118] to consider supertubes
Wpe = fi (e*‘bQ LK -A® § R A AD - 27To/F) (7.162)

with the - denoting the inner product of ¢-forms with p-forms (p < q) (o, - 5,) =

at....aq—p

(1/p|> ablmbpﬁh...bpal...aq_p ) and
1 -
Q= 5L are e®, K = e,I"% ¢ (7.163)

26For a string probe, there is a general expression for the closed one-form Wstring, see [118] for
details.
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Note that our choice for the contribution of the worldvolume field strength to wpo
differs from that of [118] by a minus sign. Due to €’s being a Killing spinor, K turns
out to be a Killing vector, and K,Q, K satisfy the following differential relations
(which are obtained by plugging our background into equations (3.18) and (3.19) of

[118])

dK =0, d(e®Q)=KAF®+K.F% (7.164)
Using these relations one finds
dwpy = K - FW 4+ d (K - A®)) = LxgA® (7.165)

Hence wpy will be closed if A®) is invariant under the Lie derivative £, and now we
turn our attention to K.

One readily sees that K; = 0, since € only has components in (+++) and (———)
while I'! takes (+ + +) to (— + +) and (— — —) to (+ — —), and orthogonality of
the subspaces then gives €’ T7le = 0. Similiarly, K, ..., K; all vanish.

After some algebra, one finds
Ky = TT™e = cosT (@{{Pf*@o + @'gr%g) +sinT (@g TP, + @’grwg)(?.mb‘)
K; = Te = 20TT exp (—qsr@é) ) (7.167)

K

— T = 2c0s /T T exp (¢F‘£é> By + sin 0 (@g D700, — @’grfé%g()?.ms)
Now let’s pick out a unique Killing spinor by further imposing the projection and

normalization conditions

A
2 )

A

ey ==, &P, = 5 (7.169)
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where A is some positive normalization number whose value shall be determined soon.
Note that this Killing spinor is preserved by the D2 (see subsection 5.7.1). For this

Killing spinor, one immediately finds

Ky =0, K3 =0, K;=0,and, K; =ele = Acosh y (7.170)
ie. K = =22 which is the Killing vector generating global time translation. For
R Ot

this K LxA® vanishes, and we then find wp, is indeed closed. (Actually, the story
here is quite trivial: since A®), F® don’t have any 7-component, K - A®) K . F®
both vanish. )

Having established the closedness of wps, we now integrate it over the spatial
worldvolume of the D2. Since AM ~ dr and K - A®) vanishes, only the e~®Q term
and the worldvolume flux term contributes to the integral

/2 Wpy = ,ug/ L <6T1ﬁé‘£e> R?*sin0df A do — ,u227ra’/ F
S S

2 o 52
3

R
= —AmuyA— — My = —AMye® — M, (7.171)

do
where in the second line we've used the fact that €ZT7%%¢ evaluates to —A for the
particular Killing spinor we’ve chosen. Since [d*xK,p* = K™P, = —%PT = —-AF
(recall that the physical energy is F = P,/R), and the particular € is perserved by

the D2, the supersymmetry algegra (7.160) becomes
— AE = F (—AMye™® — M) (7.172)

which upon taking the lower sign on the r.h.s. gives

My

E = Cpy = Mye™®
D2 o€ +A

(7.173)
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From this we see that we should take the normalization number A to be e® = L,
which results in Cpy = Mye™® + Mye~®. This is the same as the global energy we

computed earlier for this D2 trajectory and shows this D2 saturates the BPS bound.

Supersymmetry of D2 in the full black hole geometry

In this subsection, we show that the D2 considered above does not preserve any
of the supersymmetries of the full black hole geometry (except in the x¢ — oo limit
where it is effectively a bunch of DO branes), and is thus not really a stable con-
figuration in the full geometry. First let’s work out the Killing spinors of the full
geometry.

Recall that the metric of the full geometry is given by

—1 | HoH
d82 = mdtz + HOH1H2H3 (dTQ + TQng) + HZH; (dy% + dyg)

HyH, , ., , 9 HoHs , ., 9
d d d d 174
7, (s i) ] g (dys o+ dy) (7.174)

_|_

where Hy = 1+ %, H; =1+ 2,i =1,2,3. The nonvanishing components of the RR

four-form and two-form field strengths are given by

4 dHl . 4 dHQ . 4 ng )
F0(¢)12 =7 r?sin 6, F9(¢2))4 — _WTQ sin ), F0(¢%6 _ _Wrz sin 0
1 dH
FY = 7.175
rt (Ho)?2 dr (7.175)

And the dilaton is

H HyH\ ~*
& = (W) (7.176)

Note that the dilaton is no longer constant once we go beyond the near-horizon region.

Now the local supersymmetry variation of the dilatino is given by

1 1 3 1
oA = [érmamcb 5" (ﬁFéf)F“bF“’ - a1415,‘,*2;“”“1)] ¢ (7.177)
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which after plugging in the expression of the RR fields becomes

3
1 _ 1 dH; 3 dH . —3dHy _5:3585e0
o\ = 3 (HoH,HyHj) 1/4 { — <§ —_ _ __0> "+ [ 0104123456

i1 Hz dr HQ dr H() dr
1 dHl 0415 1 dH2 PV 1 dH3 N AER
T P12 __F6’¢34 o __F9¢56 18
+( H, dr H, dr H, dr )

Now we divide the 32-component spinor € into sixteen subspaces labeled by (s1s953w)
with s1,s9,83 = £1 being eigenvalues of F%m, Fé“gg‘i, F%?’é, and w = 41 being

eigenvalue of I'". It is then easy to see that, 6\ = 0 if and only if
€= €444 -+ [SH—. (7179)

where the subscripts denote the subspace the spinors belong to. This gives us the
four Killing spinors of the full black hole geometry, and we shall denote them as
€fu- The concrete coordinate-dependence of €4, can be worked out by requiring the
vanishing of the gravitino variation, however we don’t need this detailed knowledge
for the analysis below.

Now let’s look at the kappa-projection matrix I" given in eqn. (7.158) in the

near-horizon region. Note that
POSTIOT70% — PX[OSI20931 0056 (7.180)

and that 'Y is the same as I'" because both are tangent-indiced gamma matrices. We
see that I' commutes with F‘%ié, r %3‘1, 1956 Hence requiring the supersymmetry of

the full geometry to be preserved by D2, i.e.,
Fefull = €full (7181)
is equivalent to requiring

F€+++_ = €444, a,nd FE___+ =€___4 (7182)
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which is immediately seen to be impossible to satisfy for any finite value of y, because

—1

Peppqo = 7%, +tanhxo € qq—
cosh xo
I
le. _, =—T"%¢___, +tanhyoe___, (7.183)
cosh xo

(where the identity (7.180) has been used) and we see that the first terms on the right
hand sides have the wrong eigenvalue under I'" (because 0% anticommutes with .
This proves our claim that, for finite o the D2 brane doesn’t preserve any of the four
usual supersymmetries of the full geometry (the four supersymmetries preserved by
the D2 as shown in subsection 5.7.1 have to be formed out of linear combinations of
the usual supersymmetries of the full geometry and the conformal supersymmetries
that are present only in the near-horizon region). What about the case xo — 007
In this case, the first terms on the right hand sides of eqn. (7.183) vanish, and the
second terms become €, and e___ respectively, giving exactly what is needed
for I'epyy = €puy. This comes as no surprise since in the infinite y, limit the D2 has
an infinite DO charge and is effectively just a bunch of DO branes, which is known to

preserve all the four usual supersymmetries of the full black hole geometry.
5.7.2 Supersymmetry of D3 branes in Microstate geometry

In this subsection we examine supersymmetry properties of D3 brane in the 2
charge microstate geometry discussed in section (5.4). Analogously to the D2 case
considered above, we shall find that the D3 brane preserves half of the supersymme-
tries of the near-hoziron geometry, but doesn’t preserve any of the supersymmetries
of the full asymptotically flat geometry.

As in the above IIA case, we use m,n... = t,y,r,0,0,0,y",y% v, y* to denote

curved space indices, and a,b... = 0,1, ...,9 to denote tangent space indices. I', are
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ten dimensional Gamma matrices, which we will decompose into direct products of
6-d Gamma matrices denoted as fa and 4-d Gamma matrices denoted as I',. The
analysis in the near-horizon region AdSs; x S® x T* is similar to the D2 case, hence
instead of giving all the details here we will simply quote the near-horizon results
when needed without proof.

Let us consider the D3 brane at its stable point § = —1. (In Section 5.4 the choice
of y = +1 was made. This difference in choices does not affect the conclusion of the
analysis below, because they just correspond to conjugate Killing spinors preserved
by the D3 brane). As shown in Section 5.4, for § = —1 the determinant of the
metric induced on the brane simplifies to /=g = a/Q1Qasinfcosh. Then the
kappa symmetry condition (after getting rid of antisymmetrization and combinatorial

factors) becomes
V0V YeE = —tay/ Q1Qasin b cos 6 (7.184)

where 7; are the pull backs on the brane worldvolume of the space time Gamma

matrices. Using the vielbeins for the six dimensional 2-charge microstate metric

66:%<dt+%sin29d¢) , el :%@y—%c

2 = nf 2y, & =/hfdf | e =VhrcosOdy | €® = \/h(r? + a?) sin 0d¢7.136)

7"2+2

052 9d¢(>7.185)

the induced gamma matices are found to be

Yo =€3Ts , Yo = €55 + 3T , 7 = efTg + ey Ty, vy = eply +eyly  (7.187)

i

, We can then rewrite

Setting y = —1 in the expression for v; and using using e? =e

the kappa symmetry matrix in terms of constant Gamma matrices and vielbeins as

7t0¢¢£ = 6?62 (ewe(bf P 6w6¢r P )(1 Fﬁi) + (€i€2fof3f4f5 — eqlpegfﬁfé)(l + f@i) f
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Now let’s look at a Killing spinor for the asymptotically flat metric generated by
the background D3 branes. We know that it will be of the form £ = g(x)&, (see, e.g.,
[119]). Here g(x) is some spacetime dependent part which will cancel from both sides
of kappa symmetry matrix as it doesn’t depend on gamma matrices (unlike the near
horizon case). The constant part £, satisfies projection conditions corresponding to
two orthogonal sets of D3 branes. Our D3 branes are along directions y67 and y89,

hence
o+ iTg18560 = 0, & + ilgig9€0 = 0 (7.189)
We decompose the constant spinor & as fj(\% ® S(TO4) . This gives three constraints
Exts+ Taiams = 0, &) + Teréqd =0, &) + Tggé) = 0 (7.190)

The second and third constraints can be seen to be satisfied as in the near horizon
case by using an explicit representation of gamma matrices. For now we concentrate
on the M6 part. Using the first constraint in (7.190), we see that the term containg
(1 +f61)§ in the kappa symmetry matrix gives zero. Plugging in the values of vielbeins,

we get, from the remaining term,

1 ~ - -
ﬁ(v 24+ a2cosflss + rsinfls;) (1 — yg) ](\2)6 = —51(\2)6 (7.191)

It is apparent that the kappa symmetry condition cannot be satisfied for r # 0. For
r = 0 we get a projection condition on 51(\2)6 that can be easily seen to be inconsistent
with the first of the constraints in (7.190). We conclude that the D3 brane is not
supersymmetric in the full asymptotically flat geometry for any value of r.

Let’s ask why the supersymmetry of the D3 brane is broken in full 2-charge
microstate geometry. We have seen that the Killing spinors of the full six dimen-
sional background geometry of D3 — D3 system satisfy the projection condition
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(I + f(ﬁ) ](\9[)6 = 0. In the near horizon region, the geometry neatly separates into
AdS and sphere parts, hence we can write gamma matrices for AdS part and they

act on the AdS part of Killing spinor. So we have

T3 = —) (7.192)

ads

In the near horizon region we have two types of supersymmetries. In addition to
ordinary supersymmetries, there are also the superconformal supersymmetries. Only
ordinary supersymmetries continue to the far, i.e., asymptotically flat region. Now we
want to see if the projection condition (7.192) is compatible with the kappa symmetry
condition for D3 brane wrapping the sphere in the near horizon region. The condition

one finds in the near-horizon region is, with £© = ¢,
FOEO = —€p (7193)

The condition to be continuable to the far region is that it be in an eigenvector of
ff)i = f@ i.e
PQEQ = —€p (7194)

In three dimensions, I'gj 5 are just Pauli matrices which don’t commute. Hence
it is not possible for them to have simultaneous eigenvectors. As a result, the two
conditions (7.193) and (7.194) are not compatible and hence Killing spinors in the far

region that are preserved by this D3 brane do not exist.
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5.8 Discussion

In [109] the 4-charge black hole was considered. The charges were D4-D4-D4-DO.
It was argued that the DO branes swell up into D2 branes which wrap the horizon,
and which occupies a Landau level on the torus. The different ways to partition the
DO branes into such groups gave the entropy of the hole.

We must however ask if the energy of the DO branes remains the same when we
try to make them form a D2 brane; since we are looking at the states of an extremal
hole we do not have any ‘extra’ energy to make the D2 brane. It is not clear to us
how this would work in general, since in the limit where we have a very small D0
charge the mass of the D2 brane would seem to be just the area of the horizon times
the tension, and this is much more than the mass of the DO branes attached to it.
In fact in the work of [109] the global energy which follows from the supersymmetry
algebra turned out to be equal to the mass of the D2 brane with no contribution to
the DO charge! This is what would follow in our treatment if we chose a gauge for the
1-form potential of the background to be A®Y = Rj}—é’“ sinh y dr rather than (3.76).
As we have noted, there is always an ambiguity in calculating energies from brane
actions.

The situation would be clearer if we had an asymptotically flat space-time. With
this in mind we have looked at 2-charge microstates which have a similar structure to
the system of [109], but where the AdS space inside goes over to asymptotically flat
space at large r. We find that the mass of the D34P system (which is analogous to
the D2+D0 system) is given by the sum of two contributions: the energy carried by
P and an energy coming from the tension of the D3. It is interesting that the energy

is given by such a simple relation, because this configuration is not supersymmetric
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in the full asymptotically flat geometry. This suggests that there is some hidden
symmetry in this 2-charge background, but we do not have any clear understanding
of this as yet. But this also raises a puzzle about the relation of this computation
with that of [109], since the mass of the D3+P system is more than the mass of the
P charge alone.

We also computed the gauge field produced by the D3 brane wrapped on the
S3 in the full asymptotically flat geometry, and found that the field strength went
to a nonzero constant at infinity. This suggests a divergent total energy for the
field produced by the brane, or alternatively, that the D3 branes and anti-branes
wrapped in this way are ‘confined’ and cannot be separated to large distances without
generating a uniform energy density in the intervening spacetime. Note that the
energy ' = P + M computed using the DBI action ignores this field energy. The
field energy is quadratic in the test brane charge, and would be ignored in a linear

analysis if it were finite.
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CHAPTER 6

DYNAMICS OF SUPERTUBES

6.1 Introduction

In chapter 2, we saw that a supersymmetric brane in Type II string theory is a
1/2 BPS object. The bound state of N identical branes (wrapped on a torus) can be
mapped by duality to a massless quantum with momentum P = N/R on a circle of
radius R. Thus the bound state has degeneracy 256, regardless of V.

The situation is very different for 1/4 BPS states. Such states can be made in
many duality related ways: NS1-P, NS1-D0, D0-D4, D1-D5 etc. If the two charges
are ny, ny then the degeneracy of the bound state is Exp[27v/2y/ning) [198, 199]. In
the classical limit ny, ny — oo this degeneracy manifests itself as a continuous family
of solutions. Examples are the 2-charge D1-D5 solutions found in [150] and the
supertubes constructed in [10, 67, 68]. These 2-charge states are important because
they give the simplest example of a black hole type entropy [199].

In this chapter we address the question: What is the low energy dynamics of
such 1/4 BPS states? We will perform some calculations to arrive at a conjecture
for the answer. The behavior of the system can depend on whether the coupling is

small or large, and whether we have bound states or unbound states. For this reason
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we first give an overview of possible dynamical behaviors, and then summarize our

computations and conclusions.
6.1.1 Possibilities for low energy dynamics

In the following it will be assumed that all compactifications are toroidal, and
all branes are wrapped on these compact directions in a way that preserves 1/4

supersymmetry.

(a) ‘Drift’ on moduli space: A DO brane can be placed at rest near a D4 brane;
there is no force between the branes. Thus we have a moduli space of possibilities
for the relative separation. If we give the branes a small relative velocity v then we
get a ~ v? force, and the resulting motion can be described by ‘motion on moduli
space’ [69]. More generally, we can make 3-charge black holes that are 1/8 BPS and
their slow motion will be described by motion on a moduli space [70, 71]. For later
use we make the required limits explicit: The velocity v is O(e), the time over which
we follow the motion is O(1/¢), and the distance in moduli space over which the

configuration ‘drifts’ is O(1)

1
ve~e, At~—, Az~ (e = 0) (1.1)
€

Note that the different branes or black holes involved here are not bound to each

other.

(b) Oscillations: Consider branes carrying just one charge, and let these be NS1
for concreteness. Then the force between branes is ~ v*. So for the relative motion
between such branes we again get ‘drift’ on moduli space except that the moduli

space is flat [72]. But we can also focus on just one brane and study its low energy
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excitations. These will be vibration modes along the brane, with the amplitude for
each harmonic behaving like a harmonic oscillator. Calling the amplitude for a given
harmonic A,, = x we note that x will have the time evolution = = Z cos(wt + ¢).

Setting T = € for a small deformation, the analogue of (1.1) is

ve~e, At~1, Az~ (e —0) (1.2)

where we have assumed that we are not looking at a zero mode w = 0. For the zero

mode we will have the behavior

x =m0+ vt (1.3)

and we get ‘drift” over configuration space with characteristics given by (1.1).

(¢) ‘Quasi-oscillations’:  Consider a charged particle free to move in the x — y
plane in a uniform magnetic field F,, = B. The particle can be placed at rest at any
position on the plane, and it has the same energy at all these points. Thus far its
behavior looks like that of a system with a zero mode. But if we give the particle
a small velocity then it describes a small circle near its original position, instead of

‘drifting’ along the plane. The motion is described by
ve~e, At~1, Ax~e (e = 0) (1.4)
Thus even though we may have a continuous family of energetically degenerate con-

figurations, this does not mean that the dynamics will be a ‘drift” along this space.

(d) Gravitational radiation: ~ We are going to give our system a small energy
above extremality. But the system is coupled to Type II supergravity, and there are

massless quanta in this theory. Thus any energy we place on our branes can leave

193



the branes and become radiation flowing off to infinity. There will of course always
be some radiation from any motion in the system, but the relevant issue here is the
time scale over which energy is lost to radiation. If the time scale relevant to the
dynamics is At then as ¢ — 0 we have to ask what fraction of the energy is lost to
radiation in time At. If the fraction is O(1), then the system is strongly coupled to
the radiation field and cannot be studied by itself while ignoring the radiation. If on
the other hand the fraction of energy lost to radiation goes to zero as € — 0 then the

radiation field decouples and radiation can be ignored in the dynamics.

(e) Excitations trapped near the brane:  In the D1-D5 system we can take a limit
of parameters such that the geometry has a deep ‘throat’ region. In [189, 150] it
was found that excitations of the supergravity field can be trapped for long times in
this throat; equivalently, we can make standing waves that leak energy only slowly
to the radiation modes outside the throat [133]. These are oscillation modes of the
supergravity fields and thus could have been listed under (b) above. We list them
separately to emphasize that the fields excited need not be the ones making the
original brane state; thus the excitation is not in general a collective mode of the

initial fields.
6.1.2 Results and conjectures

Consider first the D1-D5 bound state geometries found in [150]. These geometries
are flat space at infinity, they have a locally AdSs x S x T* ‘throat’, and this throat
ends smoothly in a ‘cap’. The geometry of the cap changes from configuration to

configuration, and is parametrized by a function F (v). All the geometries have the
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same mass and charges, are 1/4 BPS, and yield (upon quantization) different bound
states of the D1-D5 system.

What happens if we take one of these geometries and add a small energy? The
bound state of D1-D5 branes has a nontrivial transverse size, so one may say that the
brane charges have separated away from each other in forming the bound state. If the
charges indeed behave like separate charges then we would expect ‘drift on moduli
space’ dynamics, (type (a) in our list). Or does the bound state fragment into a few
unbound states, which then drift away from each other? This is in principle possible,
since the D1-D5 system is threshold bound. Do we stay within the class of bound
geometries of [150] but have ‘drift on moduli space’ (1.1) between different bound
state configurations (i.c. drift on the space F(v))? Or do we have one of the other
possibilities (b)-(e)?

Now consider the opposite limit of coupling: Take a supertube in flat space. The
supertube carries NS1-DO0 charges, and develops a D2 ‘dipole’ charge. This D2 brane
can take on a family of possible profiles in space, giving a continuous family of 1/4
BPS configurations. What happens if we take a supertube in any given configuration
and add a small amount of energy? Is there a ‘drift’ among the family of allowed
configurations, or some other kind of behavior?

In [75] the ‘round supertube’ was considered, and the low energy behavior yielded
excitations with time dependence ~ e~*! Can we conclude that there is no ‘drift’
among supertube configurations? Any drift can occur only between states that have
the same values of conserved quantities. The round supertube has the maximal

possible angular momentum J for its charges, and is the only configuration with

this J. So ‘drifting’ is not an allowed behavior if we give a small excitation to this
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particular supertube, and we must look at the generic supertube to know if periodic

behavior is the norm.
We now list our computations and results:

(i) First we consider the 2-charge systems in flat space (i.e., we set g = 0). It
turns out that the simplest system to analyze is NS1-P; which is given by a NS1
string wrapped n; times around a circle S', carrying n, units of momentum along the
S1. The added excitation creates further vibrations on the NS1. But this is just a
state of the free string, and can be exactly solved (the classical solution is all we need
for our purpose). Taking the limit ny,n, — oco we extract the dynamical behavior
of the supertube formed by NS1-P charges. In this way we get not only the small
perturbations but arbitrary excitations of the supertube.

We then dualize from NS1-P to DO-NS1 which gives us the traditional supertube.
This supertube can be described by a DBI action of a D2 brane carrying fluxes.
We verify that the solution found through the NS1-P system solves the dynamical
equations for the D2, both at the linear perturbation level and at the nonlinear level.

Even before doing the calculation it is easy to see that there is no ‘drift’ over
configurations in the NS1-P dynamics. The BPS string carries a right moving wave,
and the excitation just adds a left moving perturbation. Since right and left movers
can be separated, the perturbation travels around the string and the string returns
to its initial configuration after a time At ~ 1. But this behavior of the ‘supertube’
is not an oscillation of type (b); rather it turns out to be a ‘quasi-oscillation’ of
type (c). This can be seen from the fact that even though we move the initial tube
configuration towards another configuration of the same energy, the resulting motion

is periodic rather than a ‘drift” which would result from a zero mode (1.3).
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(ii) Our goal is to move towards larger values of the coupling g. At g = 0 the
gravitational effect of the supertube does not manifest itself at any distance from
the supertube. Now imagine increasing g, till the gravitational field is significant
over distances ~ () from the supertube. Let the radius of the curve describing the

supertube profile be ~ a. We focus on the domain
Q<Ka (1.5)

Then we can look at a small segment of the supertube which looks like a straight line.
But this segment is described by a geometry, and we look for small perturbations of
the geometry. We solve the linearized supergravity equations around this ‘straight
line supertube’ and note that the resulting periods of the solutions agree with (i)
above.

We note however that far from the supertube the gravity solution will be a pertur-
bation on free space with some frequency satisfying w? > 0. The only such solutions
are traveling waves. For small Q)/a we find that the amplitude of the solution when
it reaches the approximately flat part of spacetime is small. Thus we expect that the

radiation into modes of type (d) will be suppressed by a power of @)/a.

(iii) Now imagine increasing g to the point where

Q~a (1.6)

In this situation we see no reason why the part of the wavefunction leaking into the
radiation zone should be suppressed. Thus we expect that the excitation will not
be confined to the vicinity of the branes, but will be a gravitational wave that will
flow off to infinity over a time of order the crossing time across the diameter of the
supertube.
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(iv) We increase the coupling further so that

Q>a (1.7)

Now the geometry has a deep ‘throat’ and as mentioned above we find excitations
which stay trapped in this throat for long times, with only a slow leakage to radiation
at infinity. What is the relation between these excitations and those found in (ii)? We
argue that these two kinds of excitations are different, and represent the excitations
in two different phases of the 2-charge system. These two phases were identified by
looking at microscopic degrees of freedom as a function of g in [76, 77], and what we

see here appears to be a gravity manifestation of the transition.

(v) All the above computations were for bound states of the 2-charge system. But
we have seen above that if have unbound states — two different 2-charge black holes
for example — then we get ‘drift’ modes of type (a). It looks reasonable to assume
that in any coupling domain if we have two or more different bound states then the
relative motion of these components will be a ‘drift’. For example at ¢ = 0 we can
have two supertubes that will move at constant velocity past each other.

It is intriguing to conjecture that this represents a basic difference between bound
and unbound states: Bound states have no ‘drift’ modes and unbound states do have
one or more such modes. The importance of this conjecture is that 3-charge systems
are very similar to 2-charge ones, so we would extend the conjecture to the 3-charge
case as well. While all bound states can be explicitly constructed for the 2-charge
case, we only know a few 3-charge bound states [9]. There is a way to construct all
3-charge supersymmetric solutions [12] but the construction does not tell us which

of these solutions are bound states. Since these bound states are the microstates of
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the 3-charge extremal black hole, it is very important to be able to select the bound
states out of all the possible supersymmetric solutions. The above conjecture says
that those states are bound which do not have any ‘drift’ type modes of excitations,
and the others are unbound. If this conjecture is true, then we have in principle a

way to identify all 3-charge black hole states.

Note: ~ We will use the term ‘supertube’ or just ‘tube’ for 2-charge bound states
in all duality frames, and at all values of the coupling. The supertube made from
DO,NS1 charges carries a D2 dipole charge, and we will call this the DO-NS1 supertube
or the D2 supertube. When we use charges NS1,P we will call the object the NS1-P

supertube.

6.2 The NS1-P bound state in flat space

We will find that the most useful representation of the 2-charge system will be
NS1-P. We compactify a circle S* with radius R,; let X' = y be the coordinate along
this S'. The elementary string (NS1) is wrapped on this S with winding number n;,
and n,, units of momentum run along the S'. We are interested in the bound state of
these charges. This corresponds to the NS1 being a single ‘multiwound’ string with
wrapping number n;, and the momentum is carried on this NS1 by its transverse
oscillations.?

Consider first the BPS states of this system. Then all the excitations carry mo-
mentum in one direction; we set this to be the positive y direction and call these

excitations ‘right moving’. In Fig.6.1(a) we open up the multiwound string to its

2"The momentum can also be carried by the fermionic superpartners of these oscillation degrees
of freedom, but we will not focus on the fermions in what follows. For a discussion of fermion modes
in the 2-charge system see for example [78] .
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covering space where we can see the transverse oscillation profile. As explained in
[79] these oscillations cause the ny strands to separate from each other and the bound
state acquires a transverse ‘size’. For the generic state of this 2-charge system the
radius of the state is ~ v/a’ and the surface area of this region gives the entropy of

the state by a Bekenstein type relation [§]

A

E ~ sz‘cro = 271'\/5\/”1”5 (21)

To understand the generic state better it is useful to look at configurations that
have a much larger transverse size, and later take the limit where we approach the
generic state. The relevant limit is explained in [80]. In this limit the wavelength of
the vibration on the multiwound string is much larger than the radius of the S*, so
locally the strands of the NS1 look like Fig.6.1(b). In the classical limit nyn, — oo
these strands will form a continuous ‘strip’, which will be described by (i) the profile
of the strip in the space transverse to the S* and (ii) the ‘slope’ of the strands at any
point along the profile.?®

An S-duality gives NS1-P — D1-P, and a further T-duality along y gives D1-P —
DO-NS1. But note that locally the string is slanted, and the T-duality also generates
a local D2 charge. Thus we get a ‘supertube’®® where the D0-NS1 have formed a D2
[10]. There is of course no net D2 charge; rather the D2 is a ‘dipole’ charge. Note
also that the slope of the NS1 in the starting NS1-P configuration implies that the
momentum is partly along the direction of the ‘strip’. Since we do no dualities in the
strip direction we will end up with momentum being carried along the D2 supertube.

28Note that the separation between successive strands is determined by the slope, since the radius
of the S! is fixed at R,,.

291n [81] the same dualities were performed in the reverse order.
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(b)

(a)

Figure 6.1: (a) The NSI carrying a transverse oscillation profile in the covering space of
S1. (b) The strands of the NS1 as they appear in the actual space.

In this BPS configuration the D2 supertube is stationary. If we add some extra
energy to the tube (while keeping its true (i.e. non-dipole) charges fixed) then we
will get the dynamics of the supertube. But we can study the dynamics in the NS1-P
picture and dualize to the D2 supertube at the end if we wish. In the NS1-P picture
we just have to study a free, classical string. Here the left and right movers decouple
and the problem can be solved exactly. Let us review this solution and extract the

dynamics of the ‘supertube’ in the limit of large charges.
6.2.1 The classical string solution

The string dynamics in flat space is described by the Nambu-Goto action

oXroX
Sna = —T\/— det| Oy aX:] (2.2)
where
1
T = 2.
2ra! ( 3>
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We can get an equivalent dynamics by introducing an auxiliary metric on the world

sheet (this gives the Polyakov action)

T 8X 0X
S L gb 2.4
"o / oy o ! 24)
The variation of g, gives
oXroX, 1 0XMoX, 4
a “=0 2.
ox® Oxb o Jab axe ox“ (25)

SO gap must be proportional to the induced metric. Substituting this gq in (2.4) we
get back (2.2), thus showing that the two actions are classically equivalent.

The X* equations give
aXH ab

o [\/_axbg

=0 (2.6)
Note that the solution for the X* does not depend on the conformal factor of gg.
We choose coordinates x° = 7, x! = & on the world sheet so that g, = €*1,, for
some p. Writing
X=X = (2.7)
we have

9++=0, g-—=0 (2.8)

Since the induced metric must be proportional to g,, we get

0X"0X, _, 0X"0X,

=0, 2.9
oxt Ox* ox~ Ox~ (29)

Thus in these coordinates we get a solution if the X, are harmonic functions
X'a=0 (2.10)

and they satisfy (2.9). The equations (2.10) imply that the coordinates X* can be
expanded as
XH = XE(C) + X2 () (2.11)
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We can use the residual diffeomorphism symmetry to set the harmonic function
X0 30

X'=a+br=a+b=(x"+x") (2.12)

Let the coordinate along the S* be called y. We can solve the constraints to express

the terms involving y in terms of the other variables. We find

%z . . b2 A A
a+y+ = Zl:\/z — 8+X3_3+X_ﬁ_, 3,3/, = :i:\/z — 3,XZ_(97XZ_ (213)

where X% i = 1...8 are the spatial directions transverse to the S'. The parameter b
should be chosen in such a way that the coordinate y winds n,, times around a circle
of length R, when 6 — & + 2m. There is no winding around any other direction.
We also use a reference frame in which the string has no momentum in any direction
transverse to the S1. We let 0 < & < 27. Then the target space coordinates can be

expanded as

/
any

y = ——T+n,R,6+ Z(cn et 4 dnei"XJr)
Ry n#0
X' = > (dem™ +dem") (2.14)
n#0
Define
b A A b2 . .
S+ == Z — 8+X18+X_Z|_ 5 Sf == Z — anZ_anZ_ (215)

From the energy and winding required of the configuration we find that the choice of

signs in (2.13) should be

Oryy =954, Oy =-5_ (2.16)

30Note that it is more conventional to set a light cone coordinate X to be linear in 7. Using a
light cone coordinate allows the constraints (2.9) to be solved without square roots, but for us this
is not important since we will not need to quantize the string.
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After an interval
AT =1 (2.17)
all the X* return to their original values. This can be seen by noting that & is only

a parameter that labels world sheet points, so the actual configuration of the system

does not depend on the origin we choose for 6. Thus consider the change
(t=7,06) — (F=7+m 6+ (2.18)

From (2.14) we see that the X* are periodic with period 7 = m. The coordinate y
does not return to its original value, but in the classical limit that we have taken to
get the ‘supertube’ we have smeared over this direction and so the value of y is not
involved in describing the configuration of the supertube. But the slope of the NS1

at a point in the supertube is relevant, and is given by

_0X" 0y
=151/ (50) (2.19)
But
dy . in(7—6) . in(7+6)
%~ nw Ry + nz;éo [(—in)cpe + (in)d,e™ )] (2.20)

We see that dy/0¢ is periodic under (2.18) and thus so is (2.19).

From (2.12) we see that when 7 changes by the above period then

AX = bAF = brr (2.21)

>

and the supertube configuration returns to itself. But

b=o'P'=d'E (2.22)

where F is the energy of the configuration. We therefore find that the motion of the

supertube is periodic in the target space time coordinate with period

At = AX° = o/7E (2.23)
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For the NS1-P system the dipole charge is NS1 — this arises from the fact that the NS1
slants as shown in Fig.6.1(b) and so there is a local NS1 charge along the direction
of the supertube. The tension of the NS1 is 7" = 1/(27a’). This is thus the mass of

the dipole charge per unit length

1
= 2.24
= o (224)
We then see that (4.101) can be recast as
1 FE
At = —— 2.25
2 (2.25)

This form for the period will be of use to us later, because we will find that it holds

in other duality frames as well.
6.2.2 The linearized perturbation

We can solve the NS1-P system exactly and we have thus obtained the exact
dynamics of the supertube in flat space. For some purposes it will be useful to look
at the small perturbations to the stationary tube configurations. We now study these
small perturbations, starting in a slightly different way from the above analysis.

Consider first the string in a BPS configuration: The wave on the string is purely
right moving. We know that in this case the waveform travels with the speed of light
in the positive y direction. Let us check that this is a solution of our string equations.

This time we know the solution in the static gauge on the worldsheet:
t=07, y=>bo (2.26)

Writing ¢+ = 746 and noting that a right moving wave is a function of £~ we expect

the following to be a solution
T+ =&
, y=b :
2 2
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In these worldsheet coordinates the induced metric is
ds?* = —b? det de™ + (XVXY) (de)? (2.28)

so it does not satisfy (2.8). (Here prime denotes differentiation with respect to 7).

However we can change to new coordinates on the worldsheet

(€)= (" = f(£).€) (2.29)
with
(€)= XTXOE) X;)(f_) (2.30)

This brings the metric to the conformally flat form
ds? = —b? d¢~ det (2.31)

Moreover, rewriting (2.27) in terms of (£7,€7)

e ) ET - +f(E)

t =b X'=X"(¢ 2.32
Sy LI, €)@

one sees that the configuration is of the form
Xt =2 (E7) + 2" (&) (2.33)

so that the X* are harmonic in the coordinates (£t, 7). Thus the coordinates (€7,£7)
are conformal coordinates for the problem and we have verified that (2.27) is a solution
of the equations of motion.

We now proceed to adding a small right moving perturbation, which was our goal.

Consider the perturbed configuration

f & +£2+ L —§2+ fE)
X'= X&) +a'(€") (2.34)
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where z* is assumed small. Then the induced metric on the worldsheet is
ds? = —(b? — 2X7 2y de~ dEr + O(2')? (dEH)? (2.35)

so that it is conformally flat to first order in the perturbation. The target space
coordinates X* in (2.34) are clearly of the form (2.33) so they are harmonic, and we

have found a solution of the string equations of motion.
6.2.3 Summary

We can get a general solution of the NS1-P system by taking arbitrary harmonic
functions X* in (2.14) and determining X°, y by (2.12), (2.13). Taking the classical
limit where the strands of the string forms a continuum gives the arbitrary motion of
the supertube, and the period of this motion is given by (2.25). The conformal gauge
coordinate ¢ that is used on the string is not very intuitive, since it is determined by
the state of the string. We next looked at the linearized perturbation to a BPS state,
and this time we started with an intuitively simple coordinate on the string — the
static gauge coordinate ¢ proportional to the spacetime coordinate y. We found the
explicit map (2.16) to the conformal gauge coordinates. The solution to the linearized
problem was then given by an arbitrary choice of the ' in (2.34).

We will now see that these solutions reproduce the behavior of the D2 brane
supertube at the exact and linearized levels respectively. The NS1-P system is the
easiest way to solve the problem, since it exhibits the separation of the dynamics into

a left and a right mover; this separation is not obvious in the other duality frames.
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6.3 Perturbations of the D0-NS1 supertube

In this section we will consider the more conventional definition of the supertube:
The true charges are DO-NS1 and the dipole charge is a D2. The dynamics is given by
the DBI action of the D2 with worldvolume fields corresponding to the true charges.
In [75] perturbations were considered around the ‘round supertube’ which has as its
profile a circle in the (X;, X5) plane. This supertube has the maximum possible
angular momentum J for its charges. So if we add a small perturbation to it we
know that we will not get a ‘drift’ through a set of supertube configurations — J is
conserved and there are no other configurations with this value of J. So even though
periodic excitations were found for this supertube we cannot conclude from this that
small perturbations to the generic supertube will also be periodic. Thus we wish to
extend the computation of [75] to the generic supertube. We will write the equations
of motion for the generic case, but instead of solving them directly we will note that
we have already solved the problem in NS1-P language and we will just dualize the
solution there and check that it solves the equations for the D0-NS1 supertube.3!

We work in flat space with a compact S! of length Ey = 27?]%},, parametrized by
the coordinate y. We have already obtained the general motion of the supertube in
the NS1-P description, and below will verify that this solves the general D2 supertube
equations as well. But first we check the behavior of small perturbations, and for this
purpose we model our presentation as close to that of [75] as possible. Thus we let
the supertube lie along a closed curve v in the (X, X,) plane, but v need not be a
circle as in [75]. The worldvolume of the D2 will be v x S*.

31The fact that for given charges there is a range of possible configurations around a generic
supertube was also noted in [82].
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Let R and o be the radial and angular coordinates in the (X, X3) plane. We
will denote by Z, all the coordinates other than ¢, X, X5, y. We will also sometimes
use the notation X! = {X;, Xy, Z,}. We fix a gauge in which the world volume
coordinates on the D2 brane are ¢, o, y. Thus the angular coordinate in the supertube
plane serves as the parameter along the supertube curve v. On the D2 world volume

we have a gauge field, for which we adopt the gauge
Ay=0 (3.1)
Thus the gauge field has the form
A=A,do+ A, dy (3.2)
The D2-brane Lagrangian density is given by usual Born-Infeld term:
L=-Ty+/—det(g+ F) (3.3)

where T; is the D2 brane tension, ¢ is the metric induced on the D2 world volume
and F is the field strength of A. There are no background fields, so there is no
Chern-Simons term in the action.

We want to consider fluctuations around a static configuration described by the

curve

R=R(o0), Z,=0 (3.4)

and field strength
F=FEdtNdy+ B(o)dy Ado (3.5)

2

It is known [10] that this configuration? satisfies the equations of motion and is

supersymmetric for arbitrary R(c), B(o) if E* = 1 and sign B(o) = £1. Without

32Since the configuration is independent of ¢, y, the Bianchi identity requires that E be a constant.
There is no restriction on B and it is an arbitrary function of o.

209



any loss of generality, we will take E = 1 and sign B(¢) = 1 in what follows. The

electric field E induces a NSI integer charge given by

1 1 oL

where T is the NS1 tension. The magnetic field B induces a D0 integer charge equal
to
T

ng = — [ dydo B(o) (3.7)
1o

where Tj is the D0 brane mass.
We want to study fluctuations around the configuration described above. So we
expand the Lagrangian up to quadratic order. We will assume that the fluctuations

do not depend on y. We parametrize the D2-brane world volume as

R=R(o)+1r(o,t), Z,=24(0,1) (3.8)

and the field strength as

F = EdtNdy+ BdyAdo+ 0a, dt N\ do

= (E+ da,)dt Ndy + (B(o) — 0,a,) dy A do + da, dt A do (3.9)

where lower case quantities denote the fluctuations. The metric induced on the D2

brane world volume is

ds* = —dt* + (9, R do + 0,7 do + Oyr dt)* + (R(0) + 1) do* + dy* + (9p 24 do + 0,2, dt)?

(3.10)
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The Lagrangian density £ for the system is given by

— — = /—det(¢g+ F)
= { -0 X*10,X]* + (0, X - 9,X)* + (1 — E*)|0,X]* + B*(1 — |0, X]?)
—2EB(9,X - 9,X) — (Oya,)? } /2
= {—R*[(0,R)* + |0:24|*] — (8:R)*|052a|® — (05 R)*|0s2a|* + 20, RO, R 01240524
+(1 — EY[R?* + (0,R)? + |0,24)"] + B*[1 — (O,R)? — 0,247
—2EB[0; RO, R + 0:24 0s2a) + (0120 05 2a)? — |05 2a|?|0s2a|?

—(Bhao)?}'? (3.11)

We wish to find the equations of motion up to linear order in the perturbation.

To do this we expand £ up to second order in 7, ay, a,:

£_ 10wy e (3.12)
15
We find
LY =_B (3.13)
W R* + (0,R)? _
LY = |0,a, + T Qay + 0, RO (3.14)

We see that at first order in the perturbation the Lagrangian reduces to a total

derivative in ¢ and t; this verifies the fact that our starting configuration satisfies the
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equations of motion. The term quadratic in the perturbation is

17 R+ (9,R)’+ B

@ — -3 = (Or)* — 20, O,
59 V24 B2 R R
_ 9 R+ (ang) + &,R at'l" atay _ 48‘7; 807“ atay — 4% r&tay
R+ (0,R)? + B2) (R? + (9, R)? R? + (0, R)*
- E QR B (R Q) (oo QR
Y Y2 4 32 2
- ROV AE 5 = 20120y, — 122 (3.15)

From this Lagrangian we find the following equations of motion for the linearized

perturbation:
R%*+ (0,R)* + B? R?+ (0,R)* + B? O, R
- Ofr + 2007 + ( - Ofay + 2000, ) =
R O, R
—2§ 8tay -+ 280-< B ) 8tay =0

R+ (0,R)* + B? R% + (0,R)?

< +( B) + a?ay‘f‘Qataaay)%
R*+ (0,R)?+ B2 _, R R R+ (9,R)?
B atr—|—28taa7“> B +2§ 6,57“—1—80(T> (7tay =0

R? + (0,R)* + B?
OB 99,0, = 0

2
Ora, =

(3.16)

We have an additional equation coming from the variation of A;; this is the Gauss

law which says

0,E, = 0,0,a, =0 (3.17)

The last equation in (2.9) and (3.17) together say that we can add an electric field
along the o direction but this field will be constant in both ¢ and t. We will henceforth
set this additional E to zero, and thus a, = 0 for the rest of the calculation.

Note that only time derivatives of fields occur in the equations; there are no terms

where the fields appear without such time derivatives. Thus any time independent
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perturbation is a solution to the equations. This tells us that we can make arbitrary

time independent deformations of the supertube, reproducing the known fact that

the supertube has a family of time independent solutions.

The DO and NS1 integer charges of the perturbed configuration are

o = 22 [ dydo (B(o) — 0ya,) = 22 / dydo B(o)
Ty Ty
5 R% + (0,R)? R
ng = - da[ 5 +2—=r
R?>+ (0,R)*)(R?+ (0,R)* + B?
B QR+ QR B
B3
LB 0, R) 1 B ouR

B2

R+ (0,R)?

0, R Or + 2% 0,1

(3.18)

We see that the DO charge is unchanged by the perturbation. This charge in fact

is a topological invariant of the gauge field configuration. For the NS1 charge we can

check conservation by explicitly computing the time derivative and verifying that it

vanishes.

The angular momentum in the (X, X,) plane is

J = /dO' dy (HQXl — Hle)

where

From the Lagrangian (4.82) we find

i = —

L

Expanding J up to first order in the perturbation we get

I (atxl- (9,X)2 + B% — 0, X, [(9,X0,X) — EB]
2

R (R® + (0,R)? + B?)

J =T, (27R,) /da [RQ + 2R+ 52

213

(3.19)

(3.20)

(3.21)

(3.22)



6.3.1 Using the NS1-P solution: Linear perturbation

The equations (2.9) for the perturbations to the D2 brane look complicated, but
we will obtain the solution by dualizing the NS1-P solution found above. Recall
that we have split the spatial coordinates transverse to the S' (i.e. the X) as X =
{X1, X5, Z,}. To arrive at the D2 supertube in the (X3, X3) plane we assume that
the right moving wave on the NS1 has its transverse oscillations only in the (X7, X5)
plane. This solution is then perturbed by a small left-moving wave. Recall that we
had defined static gauge coordinates 7,6 (2.13) on the world sheet and then obtained
the conformal coordinates £t,&~. We will find it convenient to use as independent
variables 7 and £~. This is because from (2.13) we see that 7 directly gives the target
space time ¢, and £~ is the variable in terms of which we have the basic right moving

wave X(£7) that gives the unperturbed solution. Thus we have

: (XD)? + (X9)*

r=¢r—fE) =26 (&), [f= ® (3.23)
For the NS1-P solution the target space coordinates are given by
t = bf
y = be=b(F—-¢)
Xi(€7,7) = X&) +m(€h), i=1.2
Z(§7,7) = z(E) (3.24)

where x;, z, are small perturbations.

We perform an S-duality to go from NS1-P to D1-P, and then a T-duality along
S1 to get the DO-NS1 supertube. The S! coordinate y goes, under these changes, to
the component A, of the gauge field on the D2. In the normalization of the gauge
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field A used in the action (3.3) we just get

y — Ay (3.25)

so from (3.24) we have

Ay =t—bE™ (3.26)

In this solution derived by duality from NS1-P the natural coordinates on the D2
are (7,£7,y).>® But when we wrote the DBI action for the D2 the natural coordinates

were (t,0,y), where o was the angle in the (X, X5) plane

tano =

(3.27)

The coordinates ¢t and 7 are related by a constant, so there is no difficulty in replacing
the t by 7 in converting the NS1-P solution to a D0-NS1 supertube solution. But
the change £~ — o is more complicated, and will necessitate the algebra steps below.

Inverting (3.27) gives
§ =& (0,7) (3.28)

so we see that the change &~ — o depends on time as well, if the supertube is

oscillating. The variables describing the supertube configuration will be

R(0,7) = \JXHE (0.7),7) + X3(E(0,7),7)

Ay(O', 7:) = t— bgi(aa 71)

Za(0,7) = Zu(§ (0,7),7) (3.29)
which should satisfy the equations for the DO-NS1 supertube.

33In these coordinates we can see that the electric field is E = 0tAy = 1, as expected for the
stationary supertube configurations.
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First consider the unperturbed configuration. Here the transformation (3.28) does

not depend on 7. For the variables of the unperturbed configuration we write

X = X(€ (), X=X/ (o), i=12 (3.30)

where the prime denotes a derivative with respect to the argument £~. The function

¢ (o) will be the solution of the equation

(£~
tano = 72<§_ ) (3.31)
X1(67)
and the stationary configuration will be given by
R(o) = \/m
B(o) = —0,A,=0b08,& (o) (3.32)
From the above definitions we can derive the identities
B b
IZE B O 5
_ B _ _ _
IR = — (X1X] + XoX)) (3.33)

bR

Using these identities one can prove a relation that will be important in the following

R*+ (0,R)?*=DB*f (3.34)
where f' = f'(€(0)). Now consider the small perturbation on the supertube. We

will keep all quantities to linear order in the x;, z,. Inverting the relation (3.27) gives

us
o X1 - X
R R o e ¢ (3.35)
where
fi= (27— & = f(E) i=1,2 (3.36)



Using (3.35), the first identity in (3.33), and performing an expansion to first order

in z;, we find the perturbation around the static configuration

r(o,7) = R(o,7) — R(0) = —=

= I COSO + Ty sino + % (1 sino — Ty cos o)

ay(o,7) = _béi = _% (51)?2 - 572)?1)
B, . i
= % (Z1 sino — &9 coso)
2(0,7) = 227 —6 —f(&)) = Z (3.37)

We would like to check that the functions r, a, and z, defined above satisfy the
equations of motion (2.9). For this purpose, some useful identities are
B

(4P, 0z =—2 0+ )2 (338)

We can simplify some expressions appearing in the equations of motion (2.9)

R%*+ (0,R)* + B? 4 O, R
all = )+ OPr 4 20,0,r = 3 [—5:'1 sino + T, coso + & (T} coso + T4 sino)
A _
+an <a‘7—;> (¥} sino — &y cos o)
52 R\2 1 32 B
R (8‘;_5) + dta, + 20,0,a, = _4ﬁ (] coso + T4 sino)
4_ (B
—E(%(E) (Z} sino — &5 coso)

) RV2 4 B2
s (a“lf) e+ 2002 = 0 (3.39)

The last identity proves that the equations for z, are satisfied. For the equations

involving 7 and a, some more work is needed. The Lh.s. of the first equation in (2.9)
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is equal to

%(f’l sino — Ty €os o) [—1 +3U<8%R>— (%(%) aJBR + %(g — c%(aU_R))]
+%(f'1 cos o + Ty sino) [&,RR - % aURR] (3.40)

which, after some algebra, is seen to vanish. The Lh.s. of the second equation in (2.9)

18

1 s 2y s PG o (B) ARGy ()

b S L B B R
RO,R 1B <R2+(8UR)2>}
B R 2R B2
4 . BR?*+ (0,R)?* (0,R)?* R
+E(x’1 cos o + Th sino) [_E 52 + ¥ + E] (3.41)

which also vanishes.

We thus find that the expressions (3.37), with z;, z, arbitrary functions of their

arguments, satisfy the equations (2.9).
6.3.2 Period of oscillation

We would like to determine the period of the oscillations of the solution (3.37).
The world sheet coordinate ¢ has a period 27. The time dependence of the solution
(3.37) is contained in functions z;(27 — &~ — f(£7)) and z,(27 — & — f(£7)). The
quantity (X’)2(¢7) which appears in the definition of f(£~) will be the sum of a

constant term, R2, plus terms periodic in E ~:

(XVE) =R+ (a,e™ +cc) (3.42)
n#0

which implies that f has the form

2 _
f(&) = };—2 E+ ) (bae™ +ecc) (3.43)
n#0
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The functions z;, z, are functions of the coordinate £~ along the supertube. This
supertube is a closed loop, so all functions on it are periodic under the shift (7,£7) —

(7,6~ + 27). This implies

2

v (27— & — fE)) =m (27— & — pE) —2m(1+ %)) (3.44)
where we have used (3.43) to get the change in f(£7).

We have a similar relation for z,(27 — £~ — f(£7)). Thus the period of the oscil-

lations is given by
v + R?

At = bAT =
T=T—y

(3.45)

This form of the period is similar to that found in [75]; it reduces to the period found
there when the radius R is a constant.

To arrive at our more general form (2.25) we write

.
E 4 f(E) = / dx(1+ £/ () (3.46)

So the change in £~ 4 f(£7) when £~ increases by 27 can be written as f027r dx(1+
f'(x)). We then find that the argument of w;, 2, are unchanged when (7,£7) —

(7 + AT, & + 27) with

2
2AT — / (1+ f(£7))dé =0 (3.47)
0
Using the identity (3.34) we write the above as
e R?*+ (0,R)*\ -
AT = = 14+ ———— ) d¢ A
T=3 /0 ( + I ) § (3.48)

Now using the fact that B = b9,£~, At = bAT and changing variables from &~

to o we get

At = %/do (B + w> (3.49)
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Now we express (3.49) in terms of the NS1 and DO charges (we can use the

unperturbed values of these quantities), using

T2 R2 + (aUR)Q T2 _
_ 12 \Jo 1t)” -2 B .
m = do 5 , Mo T dydo (3.50)
We get
1 [ noT; TL
At == [Lodotmily (3.51)
2 T5L,

where I~/y = 27TRy is the length of y circle in the DO-NS1 duality frame.
Note that nOTO—I—anEy is the mass of the BPS state and since we have added only
an infinitesimal perturbation it is to leading order the energy E of the configuration.

Further T5L, is the mass of the D2 dipole charge per unit length of the supertube

curve . Thus we see that the period again has the form (2.25)

1 E
At =-— 3.52
2 (3.52)

6.3.3 Using the NS1-P solution: Exact dynamics

Now consider the exact NS1-P solution (i.e. not perturbative around a BPS
configuration). We again perform the required dualities to transform this solution
into a solution of the D2 supertube. We will use as world-volume coordinates for the

D2 brane (7,6,y). Then the D2 solution is given by

X' = X0+ X200), Ay =y (XD +y-(x0)

E = af-Ay = 3+y+ + afy, = S+ — S,

B= —6&14?/ = —8+y+ + 8_y_ = —(S+ + S_) (353)
In this subsection X* denotes all coordinates other than ¢ and y. We wish to prove

that (3.53) satisfies the dynamical equations of the D2 brane. The DBI lagrangian
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density is given by

L
= — _\/—det(g+ F
7 et(g + F)

= —[—(0:X)*(0;X)* + (0: X0 X)* + (b* — E*)(0;X)* + B*(b* — (0:X)?)

—2EB(0: X0, X)]/? (3.54)

The equations of motion are

o [0:X1(0:X)? + BY] = 0, X[(0:X0,X) ~ EB]
i C
%Xi[(an)Q + E? — b2] — C%XZ[(E);X(%X) — EB]]
L

+ 05|

—(B.55)

" [E(a&X)2 + f(afxa&)()} o [B[(afxﬂ - 522 + E(afxa&X)] 0

To verify that these equations are satisfied by the configuration (3.53) we need fol-

lowing identities:

4
£ [b_ +4(0, X0 )2 (0-X_)? + 4(0, X, 0-X_)?
T 2
1/2
(25,5 — 2(0, X10-X_) — (0, X1)? — (0_X_)?] — 8S+S_(8+X+6_X_)]
2
= % +28,5_ —2(0,X,0_X_) (3.56)
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2
(8&X)2 —|— B2 == —[(8{-X)2 —|— E2 - bQ] == % + 254,5, — 2(8+X+87X7)

(0:X0,X)—EB = 0
E(0:;X)? + B(0:X0;X) = 28.[(0_X_)? — (0. X,0_X_)]

— 25 [(0:X4)* = (0, X} 0-X )]

— (S, —S5.) [b; 129,85 — 2(a+X+a_X_)}
b2
:
~ 25 [—% (0 X% + (04 X,0-X )]

(S, +5) [% 25,5 — 2@)@&&)} (3.57)

Bl(8:X)? — 1] + E(0: X0, X) = 254 (a,X,)Q—(8+X+8,X,)]

Then the equations (3.55),(3.56) become

X' — 02X =40,0_X"'=0

87‘—(34_ - S_) - (%(S+ + S_) — 28_S+ - 28+S_ = O (358)
which are seen to be satisfied due the harmonic nature of the fields X¢, v.

6.3.4 ‘Quasi-oscillations’

In the introduction we termed the periodic behavior of the supertube a ‘quasi-
oscillation’. In a regular ‘oscillation’ there is an equilibrium point; if we displace the
system from this point then there is a force tending to restore the system to the
equilibrium point. But in the supertube we can displace a stationary configuration to
a nearby stationary configuration, and the system does not try to return to the first
configuration. The only time we have such a behavior for a usual oscillatory system

is when we have a ‘zero mode’ (1.3). Such zero modes allow a ‘drift’ in which we give
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the system a small initial velocity and then we have an evolution like (1.1). But the
supertube does not have this behavior either; there is no ‘drift’.3*
Now consider a different system, a particle with charge e and mass m placed in

a uniform magnetic field F,, = B. With the gauge potential A, = = we have the

lagrangian
L= S + ()" + e 5= T@) + (5)7] + eag (3.50)
The equations of motion are
= %y i = —%55 (3.60)

Since each term in the equation has at least one time derivative, any constant position
T = Xg, Yy = Yo is a solution. But if we perturb the particle slightly then the particle
does not drift over this space of configurations in the manner (1.1); instead it describes
a circle with characteristics (1.4). So while this motion is periodic the physics is not
that of usual oscillations, and we call it a ‘quasi-oscillation’.

Now we wish to show that the motion of the supertube is also a ‘quasi-oscillation’.
We will take a simple configuration of the D2 brane to illustrate the point. Let the
D2 brane extend along the z — y plane and oscillate in one transverse direction z.
We will restrict to motions which are invariant in y and thus described by a field
x = z(t,z). We will also turn on a (y-independent) world volume gauge field, for

which we choose the A; = 0 gauge:

A=A,(tz)dz+ Ayt 2)dy (3.61)

F=A.dtNdz+Aydt Ndy+ Al dz Ndy= A.dt Ndz+ Edt Ady — Bdz Ndy

31By contrast, ‘giant gravitons’ have usual vibration modes [84]. The giant graviton in AdSs x S3
has a zero mode corresponding to changing the radius of the giant graviton, and we find a ‘drift’
over the values of this radius. In [133] giant gravitons were studied for AdS3 and it was argued that
they give unbound states where one brane is separated from the rest [133, 85].
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Using ¢, z and y as world volume coordinates, the DBI lagrangian density is

T£ = —/—det(g + F) = =[1 =i® + 2" + B*(1 — i®) — E*(1 +2") = 2EB i’ — A2)'/?

2

(3.62)

In order to have a qualitative understanding of the dynamics induced by this la-
grangian, let us expand it around a classical stationary solution with z = 0, £ = 1,
B = B and A, = 0. We denote by a,(t, z) the fluctuation of the gauge field A, so
that

E=1+a,, B=B-d, (3.63)

As the gauge field A, decouples from all other fields we will set it to zero. Keeping

terms up to second order in x and a,, we find the quadratic lagrangian density to be

Ay

L® =_B
B

+ a; +1+BQ$2+3‘:3:’+L<1+—32
v 2B B2\ 2B

@2+ aya,)  (3.64)
The terms of first order in a, are total derivatives (with respect to ¢ and z) and do

not contribute to the action. The fields  and a, are decoupled, at this order, and

both have a lagrangian of the form

1+ B?% . :
LY = === +é¢ (3.65)

(with ¢ = x or a,). As we can see the lagrangian (3.65) has no potential terms
(terms independent of (b) and we find that any time independent configuration solves
the equations of motion. There is however a magnetic-type interaction (¢¢’ ), which
is responsible for the fact that all time dependent solutions are oscillatory. Indeed,

the equations of motion for ¢ are

1+B2. .
¥ d+¢ =0 (3.66)
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whose solution is
B
— k
14 B?

L w=2 (3.67)

One can make the analogy between the interaction q5¢’ and the toy problem of a
particle in a magnetic field more precise by discretizing the z direction on a lattice of

spacing a. Then we have

(2)
/ dz L¢

T (G )

n

~ay (% 3+ OnOnst ¢’+) (3.68)

Q

n

where in the second line we have discarded a total time-derivative and m = (1+B?)/B.
The term ¢, ¢ns1 is just like the term gy in (3.59) induced by a constant magnetic

field where the variables ¢,,, ¢,1+1 play the role of x,y.
6.3.5 Summary

We have obtained the full dynamics of the D2 supertube, by mapping the problem
to a free string which can be exactly solved. In the D2 language it is not obvious
that the problem separates into a ‘right mover” and a ‘left mover’, but (3.53) exhibits
such a break up. This breakup needs a world sheet coordinate & that is a conformal
coordinate on the string world sheet, and is thus not an obvious coordinate in the D2
language. The D2 has a natural parametrization in terms of the angular coordinate
on the spacetime plane (X;, X3), and the difficulties we encountered in mapping the

NS1-P solution to the D2 supertube all arose from the change of parametrization.

6.4 The thin tube limit of the gravity solution

So far we have ignored gravity in our discussion of the supertube, so we were at
vanishing coupling ¢ = 0. If we slightly increase g then the gravitational field of
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Figure 6.2: (a) The supertube at g — 0, described by a worldsheet action. (b) The ‘thin
tube’ at weak coupling. (c) The ‘thick tube’ reached at larger coupling. (d) At still larger
coupling we get a ‘deep throat’ geometry; the strands of the NS1 generating the geometry
run along the dotted curve.

the supertube will extend to some distance off the tube, but for small enough ¢ this
distance will be much less than the radius of the supertube. We will call this the
‘thin tube limit’, and we picture it in Fig.6.2(b).

We expect that in this thin tube the dynamics should not be too different from
that found at ¢ — 0, and we will find that such is the case; we will find periodic
excitations with frequency agreeing with that found from the free string computation
and the D2 brane DBI action. But by doing the problem in a gravity description we
move from the worldsheet theory to a spacetime one, which will help us to understand

what happens when we increase the coupling still further.
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Let us recall the 2-charge BPS geometries made in the NS1-P duality frame [150].
Start with type IIB string theory and take the compactification Mgy, — My xSt xT.
As before the coordinate along S! is y and the coordinates z,,a = 1...4 are the
coordinates on 7. The S! has length L, = 27 R, and the 7% has volume (27)*V.
The four noncompact spatial directions are called z;,7 = 1...4. We also write u =
t+y,v=1%—y.

The NS1 is wrapped n; times around the S', and carries n, units of momentum
along the S'. This momentum is carried by transverse traveling waves; we assume
that the polarization of the wave is in the four noncompact directions and is described

by a function F(v). Then the string frame metric, B-field and dilaton are

dsgm.ng = H '[—dudv+ K dv* + 2A; dv dZ;] + dz;d%; 4+ dzedz,
H1 -1
B = Tdu/\dquH_lAidv/\d@
2 — gt (4'1>

with

B @ Lr dv
= ”LT/O 5 (7 — Fi(0)
@[ SEE)
ho= LT/O WS @ = F(0)

R O P ()
s = M s e 42)

Here Ly = 27 n; R, is the total length of the multiply wound string.

The points on the NS1 spread out over a region in the noncompact directions with
size of order ~ |F(v)|. On the other hand the gravitational field of the NS1-P system

is characterized by the length scales (Q;)Y2, (Q,)"/? where

Q=7 [ Sy (43)

i
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In terms of microscopic quantities we have

920/3 B 920/4

v T VR

Q1 = n, (4.4)

Thus when we keep other parameters fixed and take g very small then the gravitational
field of the supertube gets confined to a small neighborhood of the supertube and we
get a ‘thin tube’ like that pictured in Fig.6.2(b). If we increase g large then we pass
to a ‘thick tube’ like Fig.6.2(c) and then to the ‘deep throat’ geometry of Fig.6.2(d).
We can thus say that Fig.6.2(a) is ‘weak coupling’ and Fig.6.2(d) is ‘strong coupling’
but note that for ‘strong coupling’ ¢ itself does not need to be large since the charges
ni,n, are large in (4.4). Thus to be more correct we should say that Fig.2(d) is
obtained for large ‘effective’ coupling.

In this section we will consider the ‘weak coupling’ case so that we have a ‘thin
tube’. Then to study the nontrivial part of the metric we have to go close to a point
on the tube, so the tube looks essentially like an infinite straight line. Let z be a
coordinate along this line (not to be confused with z,, which are coordinates on T%)
and r the radial coordinate for the three-space perpendicular to the ring. The NS1-P
profile was described by a function F (v); let v = vy correspond to the point z = 0
along the ring and choose the orientation of the z line such that z increases when y
increases. Then we have

s —|Folw=r0), S (@ — F(v)? = 22+ (4.5)
Since we are looking at distances r from the ring which are much smaller than the
size of the ring we have

r < | F(v)| (4.6)
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We can thus make the following approximations

) ~© d ) 1
H ~ 1+ @1 / z :1+L—
vo)| /- "

Ly |F(wo)| J== =75 Lo |Fw)]
Q1|F(U0)|W1 Qlﬂ']_
K ~ IZWOIT2 g o - 47
LT T ’ LT T ( )
Define the charge densities
N O | E(ve)| 7
I L (4.9
L [ F(vo)| T
Then we get the geometry (in the string frame)
52 ing H7'[=2dt dv + K dv? + 2A dv dz] + d2? + dx;dz; + dzedz,
B = (H'=1)dtAdv+ H ' AdvAdz
e’* = H! (4.9)
H=1+Q2 K:1+K:1+9? A:lgﬁﬁ (4.10)
r r r

Here we use z;, 1 = 1,2, 3, to denote the three spatial noncompact directions trans-
verse to the tube.

We are looking for a perturbation of (4.9) corresponding to a deformation of the
string profile. The profile could be deformed either in the non-compact x; directions
or in the T* directions. We consider deformations in one of the directions of the T*;
this maintains symmetry around the tube in the noncompact directions and is thus
easier to work with. We thus consider deforming the string profile in one of the 7
directions, denoted @. We will also smear the perturbed metric on 7%, so that our

fields will be independent on z,.
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The BPS geometry (4.9) carries a wave of a definite chirality: let us call it right
moving. If the deformation we add also corresponds to a right moving wave, the
resulting geometry can be generated by Garfinkle-Vachaspati transform [13, 86]. This

will alter the metric and B-field as follows:

ds?

string

— dS2ying T 2 AV dz,, B — B+ A® Adz, (4.11)

where

AW = A® = H~1q, dv (4.12)

and a, is a harmonic function on R? x S}, whose form will be given in section (6.4.2).
If we also add a left moving deformation, thus breaking the BPS nature of the system,
we do not have a way to generate the solution. Note, however, that the unperturbed
system has a symmetry under

Zg — —RXg (413)

and the perturbation will be odd under such transformation. We thus expect that
only the components of the metric and B-field which are odd under (4.13) will be
modified at first order in the perturbation. We can thus still write the perturbation
in the form (4.11), with A" and A® some gauge fields on RGY x S} x Sy, not
necessarily given by (4.12).

To find the equations of motion for AM and A® we look at the theory dimen-
sionally reduced on T, using the results of [111]. At first order in the perturbation
the dimensionally reduced metric gg is simply given by the six-dimensional part of

the unperturbed metric (4.9). The part of the action involving the gauge fields is

Sa= [vEme® [ ()

2 1

F2H2 _
1 (F®)

o H? (4.14)
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where all the index contractions are done with gs. F'™) and F® are the usual field
strengths of A® and A® while the field strength H of the dimensionally reduced

B-field B includes the following Chern-Simons couplings:
~ ~ 1
H,uxn = 0,Bux — 5(«4&1) Fy(i) + .Aff) F,/(/l\)) + cyc. perm.
~ 1
By, = B, + §(Af}) AP — A Ay (4.15)

Using B, AM and A® as independent fields, we find that the linearized equations of

motion for the gauge fields are
_ 1 I y _ 2 1 ”
V(e 2 FQ)) + ¢ HUAED =0, V(e FOY+ ¢ T HM L FL) = 0(4.16)
These can be rewritten as decoupled equations as

AL = AW + A (4.17)

1
VHe " F )+ 56% H"\F, =0 (4.18)

Our task is to find the solutions of these equations representing non-BPS oscillations

of the two charge system (4.9).
6.4.1 Solution in the ‘infinite wavelength limit’

The geometry (4.1) has a singularity at the curve Z = F(v), which is the location
of the strands of the oscillating NS1. Since we wish to add perturbations to this
geometry, we must understand what boundary conditions to impose at this curve.
The wavelength of the oscillations will be of order the length of the tube. Since the
tube is ‘thin” and we look close to the tube, locally the tube will look like a straight
line even after the perturbing wave is added. The wave can ‘tilt” the tube, and give
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it a velocity. So in this subsection we write the metric for a straight tube which has
been rotated and boosted by infinitesimal parameters «, 3. In the next subsection
we will require that close to the axis of the tube (where the singularity lies) all fields
match onto such a rotated and boosted straight tube solution.

We will consider oscillations of the supertube in one of the T directions. Since
we smear on the T* directions, the solution will remain independent of the torus
coordinates z, but we will get components in the metric and B field which reflect
the ‘tilt’ of the supertube. We are using the NS1-P description. The unperturbed
configuration looks, locally, like a NS1 that is a slanted line in the y — z plane, where
z is the coordinate along the tube. The perturbation tilts the tube towards a T
direction z;. We will find it convenient to start with the NS1 along y, first add the
tilt and boost corresponding to the perturbation, and then add the non-infinitesimal
tilt in the y — 2z plane (and the corresponding boost).

We start from the one charge system

ds2ying = H7'[—(dE")? + (df")?] + (d2")? + dosda; + dZdZ) + Y dzdz,
a#a
B = —(H'-1)dt"ndy"
e’ = H! (4.19)

and perform the following operations: An infinitesimal boost in the direction z2, with

parameter 3
t"=t-2p, ZH=zZ-tp, =y, =7 (4.20)

and an infinitesimal rotation in the (7, ZL) plane, with parameter a:

~/ Y

J=0+Za, Zy=Z-ga, V=1, Z=:2 (4.21)
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These operations give

ds?,, = H' [—df? i — 20 (H — 1) djdss — 206 (H — 1) di dz,
+ dZ? 4 drgdr; + dizdE, + Z dz,dz,
B = —(H'—=1)dtndj +ﬁ;a1 (H—1)djANdZ +aH ' (H—1)dt NdZ,
e’* = H! (4.22)

We can read off from (4.22) the gauge fields A*:
At =(a-B)H'(H-1)do, A =—(a+p)H '(H-1)du (4.23)

(@ =t+ 7 and & = ¢t — §). The part of the perturbation proportional to a — 3
represents a right moving wave, in which case only the A™ gauge field is excited. The
reverse happens for the left moving perturbation, proportional to a + 3.

We would now like to add a finite amount of momentum @), to the system (4.22).
This momentum is carried by a right moving wave moving with the speed of light
in the positive y direction, with polarization in the direction z. The result will give
us a geometry representing a small perturbation of the system (4.9). We can reach
the desired configuration from (4.22) by performing a boost in the direction Z with

parameter B

t=tcoshB—2 sinh3, Z=2 coshB—tsinhf3, §=1v, Za=2z2 (4.24)
followed by a rotation in the (y’, 2’) plane, with parameter a:
Yy =ycosa+zsina 2 =zcosa—ysina, t'=t, 2=z (4.25)

The parameters @, 3 are related. This is because the segment of string under
consideration is supposed to be a short piece of the string in a state like that in

233



R

Figure 6.3: A short segment of the NS1 moving at the speed of light in the y direction.
This yields a velocity v for the segment in the direction perpendicular to itself.

Fig.6.1(a), where the traveling wave is moving in the positive y direction with the
speed of light. We depict this segment in Fig.6.3. We can ask how fast the string
segment must be moving in a direction perpendicular to itself to yield dy/dt = 1, and
we find

v) = —tanh 8 = sina (4.26)
This implies

1

Ccos &

sinh 3 = —tana, coshf = (4.27)
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The final configuration is given by

A3, = H' [—th dv + [1 4 sinh® 3 (H — 1)] dv® — 2sinh § (H — 1) dvdz

a cos’a — 3 sin? @

+ 2(H-1) < dvdzz; — (a+ ) cosadt dz;

Cos &
— (a+p) sinadz dz@>] + d2* + dridz; + dzadzg + Z dz,dz,
a#a
B = (H'—1)dtdv— H ' (H —1) sinh Bdv A dz
2

=~ 27
- OH(H - 1) a — 3 cos® &

<a o dv A dzz + (o + ) cosadt A dz;

COSs (&

+ (a+pB)sinadz A dza>

e** = H! (4.28)
We note that, for a = 3 = 0, we obtain the system (4.9) with3

Qp = Q1 sinh?j3 (4.29)

The perturbation is proportional to o and 3 and is encoded in the gauge fields

At=(@-pHrY Af =0, Af=0

.
A =@ D 4 S

r r
A7 = 2G+p)H Y %QP (4.30)
where we have redefined
. s a=0B = _
a—pf=—-—, a+pf=(a+p) cosa (4.31)
cos &

and we have used (4.29) and (4.27). We see that, as before, A" comes from right
moving perturbations, proportional to & — 3, and A~ comes from left moving pertur-
bations, proportional to & + B )

35With our conventions @ > 0 and 3 < 0. Thus \/Q_p = —/Q; sinh S.
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6.4.2 Solution for A"

Let us look for a solution of (4.18), in the A™ sector, which matches the config-
uration (4.30) when k& — 0. We learned from (4.30) that A* receives contributions
only from the BPS (right moving) part of the wave and that, at least in the long
wavelength limit, only the component A is non-vanishing. One can thus look for a

solution of the form

Af=H'at, A/ =0, Af=0, A =0 (4.32)

v v )

Equation (4.18) implies the following conditions for a; (here A = 9;0; is the ordinary

Laplacian in the 3-dimensional space of the x;)

A=t: 0% =0 (4.33)
A=v: Aaf+0a —24080.af =0 (4.34)
A=z: 00a =0 (4.35)
A=i: 00l =0 (4.36)

It is thus clear that a t-independent a; satisfying
Naf +0%af =0 (4.37)

solves the linearized equations of motion. The general solution of (4.37), with mo-

mentum

(4.38)

along z, is

al =e + c.c. (4.39)



Without loss of generality let us set n to be positive. To have a converging field at

large  one should take ¢; = 0. Matching with (4.30) fixes c_:

c.=(a—-p)Q (4.40)
so that
Af=(@a—-p)H % ek 4 ce, (4.41)

The above result is consistent with the form of A" derived by Garfinkle-Vachaspati
transform: Consider a string carrying a right moving wave described by the profile
F;(v) in the non-compact directions Z; and f;(v) in the T* direction z;. After smearing

over z,, Garfinkle-Vachaspati transform predicts a gauge field

Af = AP + AP

(% v

AV = AP = —H! ol / 7 o > (f”(”) (4.42)
0 i

LT A\T; — E(U))Q
Eq. (4.42) is analogous to the relation (4.2) for A;, applied to the case in which the
profile extends in the T* directions. Let us take the near ring limit of (4.42) for a

profile f; of the form

fav) = Eae™ ™+ ce, (4.43)

Around some point vy on the ring we write
2= —|F(wo)| (v —w0), 0= —|F(vo)|vo (4.44)
so that we can write
falv) =& etk (=+20)/|F (o) +ce. =& e ETH) e (4.45)
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and

falv) = —ita | Fug) | ke* ) 4 e (4.46)

In the near ring limit one can approximate

) &k: ) +00 ik z
Al =~ 2H_1%elkz°/ dz—— tcc.

Lt o 72 4 22
- M) a k ik zo—kr
— ot leng ¢ — +ee (4.47)
T

Using (4.8) to relate Q; and @Q; we see that (4.47) coincides with (4.41), with
(& — ) = 2i & |F(vo)| k (4.48)

The time-independent solution (4.41) represents the response of the system to a
BPS right moving wave. Since the A" part of the gauge field should only be sensitive
to BPS deformations, we expect that equation (4.18) for A™ should not admit time-
dependent solutions consistent with the boundary condition (4.30). In an appendix

we prove this fact for the more general A1 ansatz.
6.4.3 Solution for A~

We now look at the A~ sector, where we expect to find the time-dependent con-
figurations corresponding to left moving non-BPS perturbations.

Consider an ansatz of the form

A =H'a,, A, =H'a;,, A =H'a;, A =0 (4.49)

v v 3

By spherical symmetry A, only has a radial component A~ and we chose our gauge
to set A- = 0. (Such a gauge can have difficulties at » = 0 but we can consider it

as an ansatz and see later that we obtain a good solution.) The equations for a;,
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a; and a;, obtained by using the ansatz (4.49) in (4.18) and using the background

(4.9), are (we list the equations in the order A\ = t,v, z,1)

Na; + Hdra, +0.(0.a; — da;) + Ay (d.a; — da;) =0 (4.50)

Aa; +0%a; — [(HK — A?) 0a; — 2A0,0.a; ]

(4.51)

Aa; + H0.a; + (HK — A%) 0,(0,a; — 0yay ) — AD.(0.a; — dya)

(4.52)
H d,0ia; — 0.0;a7 + [(HK — A?) 9,0;a; — Ad.0;,a7 — Ad,dia]
+H Y 0,H [0.a; + A0 + 0.a7) — (HK — A?) dya; ]
—0;A(0.a; — Oa;) —20;H dya, =0 (4.53)

Inspired by the limiting solution (4.30), we make the following ansatz for a;, a; and

a,:

a, = (Q1— Q) ™ f(r)

a; = =2Q1 " f(r), ar = —20/Q1Q, " T f(r) (4.54)

Substituting this ansatz in eq. (4.50) we find an equation for f(r):

w@Qr f

r

2¢/Q1Q, k+(Q1+Q,) w] = 0
(4.55)

—2Q1 A f—w? (Q1—Qp) f+2k (kQi1+w /@Q1Qy) f—
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This equation can be simplified by taking

= |khz

(4.56)

after which we get

w@lf

r

24/ Q1Qp k+(Q1+Qp) w] =0
(4.57)

—2Q1 ['—w? (Q1—Qp) f+2k (kQ1+w /Q1Q,) f—

According to the boundary condition (4.30), we want f to go to a constant when
r — 0; this is only possible if the 1/r term in (4.57) vanishes and this determines the

frequency of oscillation to be

. 2\/ QlQp
w=—k 010, (4.58)

Using this value of w back in (4.57) we find that f satisfies

" — k2 f =0 (4.59)
with
_ 2
P g (D 4.60
Caren (4.60)
and thus
f=cy etllr o eIkl (4.61)

In order to have a converging solution for large r one needs ¢, = 0 and to match with

:30) one needs ¢ = &+ (. To summarize we fin
4.30 d v+ 3. T find
7 1 ik 2—i e 1My
A, =(a+p)H ' (Q—Q,)er* ! . (4.62)
57 1 omivs €7 57 1 omivs €7
A = 2@+ 0)H Qe — AL = 2@+ 0)H " \/Q:1Qpe™ ™™ —

It is a lengthy but straightforward exercise to verify that (4.62) solves the remain-
ing equations (4.51-4.53).
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6.4.4 Period of the oscillations

The speed of the left-moving wave on the supertube is

© _ g V@GO (4.63)

= — [ A

‘k ‘ B Ql + Qp
The direction 2z used above is the coordinate along the supertube. So even though

z looked like an infinite direction in the ‘near tube’ limit, this direction is actually

a closed curve with a length L,. The time for the wave to travel around this closed

curve is
L: g L. 1 L=
O R N A IO CYp
o v 0 2,/Q1Q, 2/ Qp (3
We have
QNT 1 QNT
_ -, - 4.65
with
1 d
= — = (4.66)
A
This gives
1 [E .
At = = dz(n=" +mn)
2 Jo
1 [k dy dy,dz
= = dz[=Z 1+ 27 (222
2/0 Z[dz * dz(dy) ]

1 1 .

= —(Tni L))+ —(T | |F|*d
S TmLy) + 5 (@ [ 1FPay)
1

= ﬁ(MN51 + Mp) (4.67)

where Mg is the mass contributed by the NS1 charge and Mp is the mass of the
momentum charge. We see that this period At agrees with the period (2.25) found

from the NS1-P system at g = 0.
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We offer an intuitive explanation for the time period (2.25). We have

Ql —2 @

XL = 2 4.68
== (3 (4.68)
Thus we can write (4.63) as
dy
v=2—"%_— 4.69
1+ (9)? (469

Consider a segment of the NS1 before the perturbation is added. In section (6.4.1)
we had seen, (with the help of Fig.6.3) that because this segment represents a wave
traveling in the y direction with dy/dt = 1, the velocity of this segment perpendicular
to itself was
v =sina = . (4.70)
L+ ()
So we have a segment of a NS1, moving at a certain velocity transverse to itself. Go
to the rest frame of this segment. Then any small perturbation on the segment will
move to the right or to the left with speed unity. Consider the perturbation going
left.
Now return to the original reference frame, and look at this perturbation on the
segment. The distances along the segment are not affected by the change of frame
(since the boost is perpendicular to the segment) but there is a time dilation by a

factor v = 1/4/1 —v?. This means that the perturbation will be seen to be moving

along the strand at a speed

dy
1+ (52)?

We are interested in the motion of the perturbation in the z direction, so we look at

the z component of this velocity
v, =vpsina = % (4.72)
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What we actually observe as the wave on the supertube is a deformation moving
along the tube, so we wish to measure the progress of the waveform as a function of
the coordinate z. A given point on our NS1 segment moves in the direction of the
velocity v, so it moves towards smaller z values at a speed

dy

v, =v, cosa = —4E_— 4.73
- 1+ (&2 (473)

Thus if we measure the speed of the left moving perturbation with respect to a a

frame where z is fixed then we find the velocity

pert dz
v =vp,+v,=2—%F— 4.74
L L, 1 (dy)Q ( )

which agrees with (4.69).

Similarly if we look at the right moving perturbation then we find
VP = v v, =0 (4.75)

This agrees with the fact that if we add a further right moving wave to the NS1
then we just get another BPS tube configuration, which is stationary and so does not

change with time.

6.5 Coupling to radiation modes

The perturbations of the ‘thin’ tube in the ‘infinite line limit’ is seen to fall off
exponentially with the distance from the tube axis. Note however that if we take the
longest wavelengths on the supertube, then the term eIk is not really significant.
For such modes |k| ~ 1/a where a is the radius of the tube. So e M 1 for r < a,
and for r 2 a we cannot use the infinite line limit of the thin tube anyway. If however

we look at higher wavenumbers on the tube then |k| ~ n/a and then the factor e IkIr
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is indeed significant in describing the fall off of the perturbation away from the tube
axis.

We now wish to look at the behavior of the perturbation far from the entire
supertube, i.e. for distances 7 > a. Here we use the symbol 7 for the radial coordinate
in the 4 dimensional noncompact space, to distinguish it from the radial distance r
from the tube axis that we used in the last section when looking at the ‘infinite line
limit’. For 7 > a we get flat space. Suppose we were studying a scalar field U = 0

in the supertube geometry. We can write

U =e “RFE) YD, p,v) (5.76)

If w? < 0 then we get solutions ~ e*!“*; these are not allowed because they will not

conserve energy. For w? > 0, we get the behavior (see Appendix (F.1))

R=TEC I T i h o) (5.77)

73/2

This solution describes traveling waves that carry flux to and from spatial infinity.
Thus if we start with an excitation localized near the supertube then the part of its
wavefunction that extends to large 7 will lead to the energy of excitation flowing off
to infinity as radiation.

Let us see how significant this effect is for the ‘thin tube’. Let us set Q1,Q, to
be of the same order. From (4.62) we see that the magnitude of the perturbation

behaves as

A~ H‘l% ~ %1@1 (5.78)

Thus if the perturbation is order unity at the ring axis then at distances r 2 a we

will have

A< (5.79)

~Y
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But the thin tube limit is precisely the one where the ratio ()1 /a is small, so the part
of the wavefunction reaching large r is small. Thus the rate of leakage of energy to
the radiation field is small, and the excitations on the ‘thin tube’ will be long lived.
This is of course consistent with the fact that in the limit ¢ — 0 we can describe the
system by just the free string action or the D2 brane DBI action, and here there is
no leakage of energy off the supertube to infinity.

As we keep increasing g we go from the ‘thin’ tube of Fig.6.2(b) to the ‘thick
tube’ of Fig.6.2(c). Now @1/a ~ 1 and the strength of the perturbation reaching the
radiation zone is not small. We thus expect that the energy of excitation will flow
off to infinity in a time of order the oscillation time of the mode. Thus we expect
that the oscillations of the supertube become ‘broad resonances’ and cease to be well
defined oscillations as we go from Fig.6.2(a) to Fig.6.2(c).

In the above discussion we referred to the excitation as a scalar field, but this is
just a toy model; what we have is a 1-form field in 5+1 spacetime. In Appendix (F.1)
we solve the field equations for this 1-form field at infinity, and find again a fall off at
infinity that gives a non-zero flux of energy. We also find the next correction in 1/7,
and show how a series expansion in 1/7 may be obtained in general. These corrections
do not change the fact that the leading order term carries flux out to infinity. It is
important that the first correction to flat space is a potential ~ 1/7% and not ~ 1/7;
this avoids the appearance of a logarithmic correction at infinity.

It is to be noted that such series solutions in 1/7 are asymptotic expansions rather
than series with a nonzero radius of convergence [88], so these arguments are not a
rigorous proof for the absence of infinitely long lived oscillations. The wave equations

for a given w are similar in structure to the Schrodinger equation (in 441 dimensions)
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with a potential V' falling to zero at infinity
~R"+V(F,w)R = w*R (5.80)

Note that because w? > 0 our wavefunction would be like a positive energy eigenstate
of the Schrodinger equation; i.e. we need an energy eigenvalue embedded in the
continuum spectrum. For the Schrodinger equation there are several results that
exclude such eigenvalues on general grounds [89]. The required results come from
two kinds of theorems. First we need to know that there is no ‘potential well with
infinitely high walls’ near the origin; if there was such a well then we can have a
positive energy eigenstate which has no ‘tail” outside the well. Next, given that there
1s a tail outside the well we need to know that the potential falls off to zero fast
enough and does not ‘oscillate’ too much; such oscillations of the potential can cause
the wavefunction to be back-scattered towards the origin repeatedly and die off too
fast to carry a nonzero flux at infinity. We cannot directly apply these results to
our problem because our equations are not exactly the Schrodinger equation, but the
potential like terms in our equations do not appear to be of the kind that will prevent
flux leakage to infinity.

To summarize, we conjecture that as we increase g to go from Fig.6.2 (a) to
Fig.6.2(c) the periodic oscillations present at g — 0 merge into the continuum spec-
trum of bulk supergravity. Thus for g > 0 the energy of excitation placed on the
supertube eventually leaks off to infinity, with the rate of leakage increasing as we go

from the ‘thin tube’ to the ‘thick tube’.
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6.6 Long lived excitations at large coupling

Let us increase the coupling still further. Then the supertube geometry becomes
like that pictured in Fig.6.2(d) [186, 188, 150]. The metric is flat space at infinity,
then we have a ‘neck’ region, this leads to a deep ‘throat’ which ends in a ‘cap’ near
r = 0. Supergravity quanta can be trapped in the ‘throat’ bouncing between the cap
and the neck for long times before escaping to infinity. We first consider the gravity
description, then a microscopic computation, and finally suggest a relation between

the two.
6.6.1 The geometry at large effective coupling

Consider an NS1 wrapped n; times on the S' with radius R,, and give it the

Yo

transverse vibration profile

(t=y) Xy = asin (t=y) (6.1)

X1 = acos )
any any

Thus the string describes a ‘uniform helix with one turn’ in the covering space of the
S1. At weak coupling ¢ — 0 we get a ring with radius a in flat space, while at strong
coupling we get a geometry like Fig.6.2(d) with the circle (4.77) sinking deep into the
throat (the dotted line in the figure).

In [150] the computations were done in the D1-D5 duality frame, so let us start
with that frame and dualize back to NS1-P later. We will denote quantities in the
D1-D5 frame by primes. The time for a supergravity quantum to make one trip down
the throat and back up is

Atpse = WR'y (6.2)
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where R, is the radius of S 1in the D1-D5 frame. When the quantum reaches the
neck there is a probability P that it would escape to infinity, and a probability 1 — P
that it would reflect back down the throat for another cycle. For low energy quanta

in the [-th spherical harmonic this probability P is given by [92, 189]

N N, 14
42 Q) Q5w I+1 1 2
b= (=) o) (6:3)

where W' is the energy of the quantum. We see that the escape probability is highest
for the s-wave, so we set [ = 0. Then the expected time after which the trapped

quantum will escape is

Atesca}oe = P(TlAtosc (64>

The low energy quanta in the throat have w’ ~ 27/ At [150, 133] so for our estimate

we set

Ww=—= (6.5)

We then find

Atescape _ 1 _R;;f _ 1 [(Q&Qé)%]zl
Atose @2 QQs  (2r)? o

where o/ = (Q(Q})"/?/R, is the radius obtained from a after the dualities to the

(6.6)

o=

D1-D5 frame [150]. In this frame the cap-+throat region has the geometry of global

AdSs x S x T*. The curvature radius of the AdSs and S® is (Q}Q%)"/*. The ratio

(1Q)) 6.7

gives the number of AdS radii that we can go outwards from r = 0 before reaching
the ‘neck’ region.?® Thus 3 is a measure of the depth of the throat compared to its

diameter.

36This can be seen from the metric for the profile (4.77) [186, 188, 80].
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While all lengths in the noncompact directions are scaled under the dualities, the

ratio of such lengths is unchanged. Thus in the NS1-P duality frame

g (@@p)1 (6.8)
a
We note that
o~ B (6.9)

Thus when the throat becomes deep the quanta trapped in the throat become long
lived excitations of the system.

For completeness let us also start from the other limit, where the coupling is weak
and we have a thin long tube as in Fig.6.2(b). The radius of the ring described by
(4.77) is a. The gravitational effect of NS1,P charges extends to distances Q1, @,

from the ring. In the definitions (4.8) we put in the profile (4.77), and find

_ @ _
Q=5 =g (6.10)

If we take for the ‘thickness’ of the ring the length scale |/Q1(), then from (6.10) we

find
QQ)  (@Q)

a 2a2 2

(6.11)

so we see again that the ring ‘thickness’ becomes comparable to the ring radius when
B ~ 1. For < 1 we have a ‘thin ring’ and for § > 1 we have a ‘deep throat’.
Instead of using \/m as a measure of the ring thickness we can say that the
ring is thin when
aZ @, az @ (6.12)
This can be encoded in the requirement

a > QlQp
~ Ql + Qp
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From the first equality in (4.64) we get an expression for At, which we equate to the

expression found in (2.25), to get

lL Ql"‘@p

2 : V QlQp

where L, = 2ma is the length of the ring and M7y is its total mass. Using this and

= At = na' My (6.14)

(6.10) we can rewrite (6.13) as

1/2 _ (@1@p)"?

o' My 2, (Q1Q,) 5

(6.15)

Expressing the macroscopic parameters in terms of the microscopic charges and mod-

uli®”
213 2 .14
- g a"ny ~ g-an,
Ql = , Qp = s a = \/nlnpa, (616)
Vv VRZ
we find that the ring is ‘thin’ when
2 13
o/ My > L2 (6.17)
VR,

This version of the criterion for ring thickness will be of use below.
6.6.2 The phase transition in the microscopic picture

We now turn to the microscopic description of the system. Consider first the BPS
bound state in the D1-D5 duality frame. Suppose we add a little bit of energy to
take the system slightly above extremality. From the work on near-extremal states
(174, 92, 150, 77] we know that the energy will go to exciting vibrations that run up

and down the components of the effective string

D1-D5 + AE — D1-D5 + PP (6.18)

37TThe expression for a is obtained by using the profile (4.77) in (4.3) and use the expressions (4.4).
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where we call the excitations PP since they carry momentum charge in the positive
and negative S! directions. For the geometry made by starting with the NS1-P profile
(4.77) we have no ‘fractionation’; i.e. the effective string formed in the D1-D5 bound
state has nins ‘singly wound’ circles [150]. Thus the minimum energy needed to

excite the system is the energy of one left and one right mover on the effective string

1 1 2
D1D5
Y

Y Y

(6.19)

The charges D1-D5-P can be permuted into each other, so we can map D1-D5 to

P-D1, and then the dual of (6.18) is
P—-Dl + AE — P—D1 + D5D5 (6.20)

A further S duality brings the system to the NS1-P system that we are studying, and
then we get

P-NS1 + AE — P—NS1 + NS5NSH (6.21)

This may look strange, since it says that if we excite an oscillating string the energy
of excitations goes to creating pairs of NS5 branes; we are more used to the fact that
energy added to a string just creates more oscillations of the string. Dualizing (6.19)

gives for the excitation (6.21) the minimum energy threshold

VR,

AENSlP = 2mNS5 = 2—2 3
g o

NS5NTE (6.22)

Thus at small g these excitations are indeed heavy and should not occur. For com-
parison, we find the minimum energy required to excite oscillations on the NS1-P

system. For small g we use the spectrum of the free string which gives

4 Ryny  n, ., 4
- = —N. 6.23
o Ry) +o/ B ( )




The lowest excitation is given by 6Ny = 0Ny = 1. This gives

21

AENSE =AM == — (6.24)
o MT

oscillations

where My is the total mass of the BPS NS1-P state.
We now observe that oscillations on the NS1-P system are lighter than NS5 exci-

tations only when

1 _ VR,
O/MT ~

(6.25)

720/
Thus for very small g the lightest excitation on the NS1-P system is an oscillation of
the string. But above a certain g the NS5N S5 pairs are lighter and so will be the

preferred excitation when we add energy to the system.
6.6.3 Comparing the gravity and microscopic pictures

We now observe that the conditions (6.17) and (6.25) are the same. Thus we see
that when the ring is thin then in the corresponding microscopic picture we have ‘2-
charge excitations’; i.e. the third charge NS5 is not excited and the string giving the
NS1-P state just gets additional excitations which may be interpreted as pairs of NS1
and P charges. But when we increase the coupling beyond the point where the ring
becomes ‘thick’ and the geometry is better described as a throat, then the dual CFT
has ‘3-charge excitations’ which are pairs of NS5 branes. When g is small and the
ring is thin then the oscillations of the supertube are long lived because they couple
only weakly to the radiation modes of the gravity field. When the tube becomes very
thick then the oscillation modes are again long lived — we get 3 > 1 and by (6.9) this
implies a very slow leakage of energy to infinity.

Thus we see that the modes at small and large coupling should not be seen as
the ‘same’ modes; rather the ‘2-charge modes’ at weak coupling disappear at larger
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g because of coupling to the radiation field, and at still larger g the ‘3-charge modes’
appear. For these latter modes one might say that the gravitational field of the system
has ‘“trapped’ the excitations of the metric from the region 7 < (Q1)2, (Q,)"?, so

that these modes have in some sense been extracted from the radiation field.

6.7 A conjecture on identifying bound states for the 3-charge
extremal system

Consider a DO brane placed near a D4 brane. The force between the branes
vanishes. But now give the DO a small velocity in the space transverse to the D4.
The force between the branes goes as ~ v2, and the motion of the DO can be described
as a geodesic on the moduli space of its static configurations [69]. This moduli space
would be flat if we took a D0-DO system (which is 1/2 BPS) but for the D0-D4 case
(which is 1/4 BPS) the metric is a nonflat hyperkahler metric.

We can look at more complicated systems, for example 3-charge black holes in
4+1 spacetime. Now the system is 1/8 BPS. The positions of the black holes give
coordinates on moduli space, and the metric on moduli space was computed in [70].
If we set to zero one of the three charges then we get a 1/4 BPS system.

It is easy to distinguish ‘motion on moduli space’ from the kinds of oscillatory
behavior that we have encountered in the dynamics of supertubes. As mentioned
in the introduction, when we have motion on moduli space we take the limit of the
velocity going to zero, and over a long time At the system configuration changes by
order unity. Using Az as a general symbol for the change in the configuration® we

38For example x could be the separation of two black hole centers.
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have for ‘drift on moduli space’

1
v~e, At~ - Ax o~ (e —0) (7.1)

€

On the other hand for the periodic behavior that we have found for both the weak

coupling and strong coupling dynamics of bound states, we have
ve~e At~1l, Az ~e (e —0) (7.2)

Note that for the motion (1.1) the energy lost to radiation during the motion vanishes
as € — 0, so the dynamics (1.1) is unlike any of the cases that we have discussed for
the bound state.

While the moduli space metric in [70] was found for spherically symmetric black
holes (‘naive geometries’ in the language of [150]) we expect that a similar ‘drifting’
motion would occur even if we took two ‘actual’ geometries of the 2-charge system and
gave them a small relative velocity with respect to each other.®® Thus such unbound
systems would have a dynamical mode not present for the bound states.

For the bound state 3-charge geometries that have been constructed [9] the struc-
ture is very similar to the structure of 2-charge geometries. It is therefore reasonable
to conjecture that 3-charge geometries will have a similar behavior: Unbound systems
will have ‘drift’ modes like (1.1) while bound systems will have no such modes. If
true, this conjecture could be very useful for the following reason. It is known how
to write down the class of all 3-charge supersymmetric geometries [12, 94, 95]. But
we do not know which of these are bound states. On the other hand the microstates
of the 3-charge black hole [96] are bound states of three charges. If we can select

39The motion of the centers of the two states could be accompanied by a slow change in the
internal configurations of the states.
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the bound state geometries from the unbound ones by some criterion then we would
have a path to understanding all the microstates of the 3-charge black hole. This is
important because the 3-charge hole has a classical horizon and our results on this
hole should extend to all holes.

To summarize, it seems a reasonable conjecture that out of the class of all super-
symmetric 3-charge geometries the bound states are those that have no ‘drift” modes
(1.1). It would be interesting to look for ‘drift’” modes for the 3-charge geometries
constructed recently in [97, 124]; here the CFT dual is not known so we do not
know a priori if the configuration is a bound state. The same applies for geometries
made by adding KK-monopole charge to BPS systems carrying a smaller number of
charges [99]. It would also be useful to extend these considerations to the suggested
construction of 3-charge supertubes and their geometries [100, 101].

In the introduction we have also asked the question: Can the bound state break
up into two or more unbound states under a small perturbation? Since the bound
state is only threshold bound, such a breakup is allowed on energetic grounds. But
for the 2-charge system we see that bound states are not ‘close’ to unbound states.
The bound states are described by a simple closed curve traced out by the locations
T = ﬁ(v) for 0 < v < Lp. A superposition of two such bound states has two such
simple closed curves. The curve can break up into two curves if it self-intersects,
but in a generic state the curve is not self-intersecting. If we add a little energy
to a 2-charge bound state then we have seen that the configuration does not ‘drift’
through the space of bound states, so the curve will not drift to a curve with a self-

intersection and then split. Thus we expect that generic bound states are stable to
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small perturbations; energy added to them causes small oscillations for a while and

the energy is eventually lost to infinity as radiation.

6.8 Discussion

Let us summarize our arguments and conjectures. If we have two BPS objects
with 1/4 susy then they feel no force at rest, but their low energy dynamics is a slow
relative motion described by geodesics on a moduli space. If we look at just one 1/4
BPS bound state then it has a large degeneracy, which in the classical limit manifests
itself as a continuous family of time-independent solutions. If we add a small energy
to the BPS bound state, then what is the evolution of the system?

Based on the behavior of unbound objects one might think that there will again
be a ‘drift’ over the family of configurations, described by some metric on the moduli
space of configurations. But we have argued that this is not what we should expect.
We first looked at the 1/4 BPS configurations at zero coupling, where we get ‘super-
tubes’ described by a DBI action. We saw that the best way to get the dynamics
of such 1/4 BPS objects is to use the NS1-P picture, which is a ‘multiwound string
carrying a traveling wave’. For this zero coupling limit we found that instead of a
‘drift’ over configurations’ we get oscillatory behavior. These oscillations are not de-
scribed by a collection of simple harmonic oscillators. Rather they are like the motion
of a charged particle in a magnetic field where each term in the equation of motion
has at least one time derivative, and there is a continuous family of equilibrium con-
figurations. We found a simple expression (2.25) for the period of oscillations with
arbitrary amplitude, which reduced to the period found in [75] for the case of small

oscillations of the round supertube.
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If we increase the coupling a little then we get a gravity description of the su-
pertube, but with gravitational field of the tube extending only to distances small
compared to the circumference of the tube. Thus we get a ‘thin’ long tube. Zooming
in to a point of the tube we see an essentially straight segment, and we studied the
perturbations to this geometry. We found excitations that agree in frequency with
those found from the zero coupling analysis.

We noted that the part of the excitation that leaks out to spatial infinity will have
the form of a traveling wave. As we increase the coupling the amplitude of the wave
reaching this region becomes larger. Thus there will be an energy flux leaking out
to infinity, and the excitation will not remain concentrated near the supertube. But
as we increase the coupling still further we find that the geometry develops a deep
‘throat’ and we get a new kind of long lived excitation: Supergravity modes can be
trapped in this throat for long times, only slowly leaking their energy to infinity.

We argued that the different kinds of excitations found at weak and strong cou-
pling reflect the phase transition that had been noted earlier from the study of black
holes [76, 77]. At weak coupling the excitations on such a system creates pairs of
the charges already present in the BPS state. But at larger coupling the excitation
energy goes to creating pairs of a third kind of charge. The value of g where this
transition occurs was found to have the same dependence on V., R, n; as the value of g
where the supertube stops being ‘thin’; i.e. where the gravitational effect of the tube
starts extending to distances comparable to the radius of the tube.

We have noted that bound states do not exhibit a ‘drift’ over a moduli space of
configurations, while unbound states do. If 3-charge systems behave qualitatively in

the same way as 2-charge ones then this fact can be used to distinguish bound states
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from unbound ones for the class of 1/8 BPS states; such bound states would give

microstates of the 3-charge extremal hole.
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CHAPTER 7

BOUND STATES OF KK MONOPOLE AND
MOMENTUM

7.1 Introduction

In previous chapters, we have expressed two charge systems in several duality
frames like D1 — D5 and NS1— P. In this chapter, we consider two charge system of
KK monopole carrying momentum wave. This would correspond to a simple system
of 2-charges in 4-dimensions and would be the first example of such a metric. As
discussed in the introduction, Kaluza-Klein(KK) monopole solution has attracted
considerable attention since it was first proposed by Gross and Perry in [138]. Tt is a
purely gravitational solution in string theory and one of its obvious attractions is that
it is a completely regular solution in string theory. Recently, there has been much
interest in studying solutions containing KK monopole [173, 195, 190]. Also, as recent
work shows, it can be used to connect black rings in five dimensions to black holes
in four dimensions [184, 175]. Studies of black rings in Taub-NUT space [173, 190]
led to supersymmetric solutions carrying angular momentum in four dimensional
asymptotically flat space [175]. KK monopoles also occur in 4-dimensional string

theoretic black holes.
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Note that our solution cannot be obtained by setting one of the charges in the
known three charge solultion to zero and U-dualizing. For example, setting D5 charge
to zero in D1-D5-KK solution of [190], we get D1-KK which can be U-dualized to KK-
P. When we try to put one charge to zero in the geometry of [190], one finds that it
reduces to the ‘naive’ 2-charge geometry and on dualization, it gives the naive KK-P
geometry. Here, by ‘naive’ we mean geometries obtained by applying the harmonic-
superposition rule. The black-ring structure of the geometry is destroyed when one
of the charges (other than the KK monopole) is set to zero. This raises the question
whether this geometry has all three charges bound and whether this 3-charge system
is ‘symmetric’ between the charges. One of the motivation for the present work is to
understand, in a simplified setting, if the solution constructed in [190] is a true bound
state or not. Our construction of KK-P is manifestly bound and if it can be related
by dualities to the solution of Bena and Kraus (with one charge set to zero) then, at
least in this simplified setting, we can be confident that this is a bound state.

Note that in this system we add momentum along one of the isometry directions,
different from KK monopole fibre direction. Hence this system is still supersymmetric
and is not dual to DO — D6 system as studied in [157] which was non-supersymmetric
and would correspond to momentum along fibre direction.

Since all two charge systems are related by string dualities, one may ask the reason
for constructing KK-P ab initio when it can obtained by dualities from F1-P. We will
also construct it by dualities from F1-P solution constructed in [150] in section 2. The
reason we also obtain it using Garfinkle-Vachaspati transformation is that it gives us
unsmeared solutions which carry ¢ and y dependence, y being the direction of wave.

We show complete smoothness of this N-monopole solution carrying momentum.
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When we try to get a solution independent of ¢,y by smearing then we will see
that singularities develop which are similar to singularities in solution obtained via
dualities. Since number of KK monopoles is always discrete (even classically), we
know that singularities are an artifact of smearing and discrete solution is always
smooth (even classically). One particular feature of these solutions is that orbifold
singularities of multiple KK monopoles are also resolved and they are completely

smooth.
7.1.1 Outline of the chapter

The plan for present chapter is as follows.

In »1, we add momentum to KK monopole by the method of Garfinkle-Vachaspati

(GV) transform.

e In X2, we concentrate on the smoothness of N monopoles solution. Specifically,
we consider the case of two monopole solution with momentum. We demon-
strate how KK monopoles get separated by the addition of momentum and

discuss the regularity of solution.

e In X3, we get the same solution as above by performing dualities on general

two charge solutions constructed in [150].
e In >4, we perform T-duality to convert this to KK-F1 solution.

e In X5, we consider the KK-D1-D5 metric obtained by Bena and Kraus in the
near-horizon limit and try to see if it is duality symmetric. It turns out that it

is not. This is not surprising as Buscher duality rules used are valid only at the
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supergravity level and as mentioned earlier and discussed in [190], more refined

duality rules will be required.

e We give our T-duality conventions and a discussion of Garfinkle-Vachaspati

(GV) transform in two appendices.

7.2 Adding momentum to KK monopoles by GV transfor-
mation

In this section, we take the metric of a single KK monopole and add momentum
to it along one of isometry directions (not the fibre direction) using the procedure of
Garfinkle and Vachaspati. Using the linearity of various harmonic functions appearing
in metric, we can superpose harmonic functions to get multi-monopole metric with

momentum.
7.2.1 KK monopole metric

Ten dimensional metric for KK monopole at origin is

9
ds® = —dt* +dy* + Z dz'dz; + H[ds +x;d2’1? + H ' [dr® +r*(d0? + sin® 0d¢?)] (2.1)

1=6

H' =14 9% G- —VH (2.2)
T

Here y is compact with radius Rs while z; with j = 1,2, 3 are transverse coordinates
while z; with i = 6,7,8,9 are coordinates for torus T¢. Here Qi = %NKRK where
Ny corresponds to number of KK monopoles. Near r = 0, s circle shrinks to zero.
For Nx =1, it does so smoothly while Ng > 1, there are Zy,. singularities. First we

consider just Nx = 1 case. Introducing the null coordinates u =t +y and v =1 —y,
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above metric reads
9 . .
ds® = —dudv + Y dz'dz; + H[ds + x;da’)* + H'[dr® 4+ r*(d6” + sin® 0d?)] (2.3)
i=6
We want to add momentum to this using Garfinkle-Vachaspati (GV) transform method

158, 159).
7.2.2 Applying the GV transform

Given a space-time with metric g, satisfying the Einstein equations and a null,
killing and hypersurface orthogonal vector field k, i.e. satistying the following prop-
erties

1
kuku =0, ku;u + kv;u =0, ku;v - §(kuA,V - kVA:M) (2'4>

for some scalar function A is some scalar function, one can construct a new exact

solution of the equations of motion by defining
G = G + € Pk ke, (2.5)

The new metric g;,, describes a gravitational wave on the background of the original
metric provided the matter fields if any. satisfy some conditions [160] and the function
® satisfies

V2o =0, k'0,® =0 (2.6)

Some more details about Garfinkle-Vachaspati transform are given in appendix. Note

that all this is in Einstein frame but it can be rephrased in string frame very easily.

In our case, there are no matter fields and the dilaton is zero so there is no difference
9

between the string and Einstein frames. We take (z-)" as our null, killing vector.

Since gy, = 0, it is obviously null and since the metric coefficients do not depend on
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u, it is also killing. One can also check that this vector field is hypersurface orthogonal
for a constant A which may be absorbed in ®. Applying the transform we get
9 3
ds® = —(dudv + T (v, £)dv®) + Y _dz'dz; + Hl{ds + x;da’)> + H'[> da?)]  (2.7)
i=6 j=1
where T'(v, Z) satisfies the three dimensional Laplace equation. General solution for
T is

T(0,8) = 3 3 (o) + b)Y, (23)

>0 m=-—1

Here Y}, are the usual spherical harmonics in three dimensions. Constant terms can
be removed by a change of coordinates. To see this, we consider T'(v,Z) = g(v)Yom.
We can go to a new set of coordinates du’ = du — g(v)Yomdv and other coordinates

t 10 a regular (at origin) and asymptotically flat solution

remaining same. If we wan
(after dimensional reduction along the fibre) then the only surviving term is 7'(v, ¥) =

f (v)-Z. This is apparently not asymptotically flat but can be made so by the following

coordinate transformations

v o= (2.9)
i = o —F (2.10)
u = u —2Fz, +2EF, —/ F2(v)dv (2.11)
Here f| (v) = —2F and dot refers to derivative with respect to v. Making this

change of coordinates, the terms in metric change as follows

dudv = du'dv’ — 2F,dzdv’ + F*(v')dv'™ (2.12)
dujdr; = dadx’; + F2(v")dv'? — 2F,dadv’ (2.13)

40We are excluding vibrations along the fibre direction. One could include such excitations but
making the corresponding solution asymptotically flat turns out to be difficult. Perhaps a formalism
different than GV transform might be better suited for that purpose
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So the final metric is
. . 9
ds®> = —du'dv’ + 2F;(1 — H Y)dzidv' — F*(1 — H ')dv™ + Z dz'dz;
i=6

3
+H[ds + Xjda, — X;Fydv]® + H'[Y da?)] (2.14)

J=1

Removing the primes,we write the above metric in the form of chiral-null model as
ds* = —dudv + dzidz; + H™'da’ + H(ds + Vyda? 4+ Bdv)® 4+ 2A;dx;dv + Kdv? (2.15)

Here we have introduced the notation

-1 Rk L o=
H'=14+——=* B=—x-Fv 2.16
e 1 Fv) (2.16)
|7 — F(v)]? T — F(v)[?

=— 2 (23 = F3(v))
e (71 — F1(v))? + (22 — F3(v))? ( |7 — F;(’U)‘ ) (2.18)
X2 = QK(x; — Fi(v)) o ((ﬁi — F3(U))> (2.19)

We have written harmonic functions above for the case of single KK monopole.
But because of linearity, we can superpose the harmonic functions to get the metric
for the multi-monopole solution, with each monopole carrying it’s wave profile F® (v)

and having a charge Q) = %—i Functions appearing in the metric then become

H'=1 YK 2.20
(p)| *'(ﬁ)|2 Q(p) F(p)
Klzo)=Y £ __ 4, =-) £ 2.21
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Besides the above functions, there are ¥ and x;F; with

B QY (x5 — F3”) (x5 — F)
Xi=—Y ZF \ o7 (2.22)
1 2 2

T (21— B + (@ F— FO)
(p) . F(p) . F(p)

XQ — Z Q[(()(:L‘l 1 ) ( ) ($3 _’3 ) (223)
+ (01— )2+ (g — FYP2 \ |5~ FO)

7.3 Smoothness of solutions

To show smoothness, we concentrate on simple case of two monopoles. So in this
section, we consider the simple case of two monopoles carrying waves. Normally (i.e
without momentum), one would expect the system of two monopoles two have orbifold
type Zy singularities. But since momentum is expected to separate the monopoles,
this solution would be smooth, without any singularities. As we saw earlier, the

metric for a single monopole carrying a wave is

4
ds® = —dudv+ 2F;(1 — H Ydadv — F*(1 — H Ydo? + Z dz'dz;
=1
) 3
+H[ds + x;dr; — x;Fydv]® + H'[Y  da?)] (3.1)
j=1

After the change of coordinates, we have

H'=1+ # (3.2)
|7 — F(v)]
For a single monopole, Qx = RTK. For two monopoles, we take profile function with

F(v) with range from 0 to 47 Rs where Rj is the radius of y circle. From 0 to 27 Rj it
gives profile function F}(v) for the first monopole while from 27 R5 to 47 R5 it gives
profile function Fy(v) for second monopole. For two monopoles, harmonic functions

need to be superposed. So we have

(3.3)



Add Momentum

Figure 7.1: Monopole-strings i.e KK monopoles reduced on T (a) 2 coincident
monopole-strings(b) 2 single monopole-string separated in transverse directions.

Since V x X = —VHis a linear equation, the function y also gets superposed and
X =x"+x? (3.4)

Profile functions F; and F, are given in terms of a single profile function in the

covering space F'(v) which goes from 0 to 47 R such that

FW(v) = F(v) for v = [0, 27 R] (3.5)
F@(v) = F(v —27xR) for v = [27R, 47 R] (3.6)
FO(v=27R) = F® (v = 0) (3.7)

Notice that since one monopole goes right after the other Qi is same for both
parts of the harmonic function and equal to Qi for single KK monopole. To check
the regularity of the two monopole solution, we make the following observations.

Apparent singularities are at the locations z = F(I(v) and x = F®(v). We can go
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near any one of them and it is like a single KK monopole (containing terms which do
not contain dv or dv?) and hence smooth. Notice that it is important that poles are
not at the same location to avoid conical defects. Locally, we can make a coordinate

transformation

u' =u+ f(z;,v) sothat du’ = du + 0;fdz" + 0, fdv (3.8)

—dudv + 2A;dx'dv + Kdv* = dv(—du + 24;dx" + Kdv) = —du'dv (3.9)

by suitably choosing f(z;,v). Since such a coordinate transformation can always
by locally done, we will only see single KK monopole which is smooth. Basically,
momentum separates a monopole with N-unit of charge into N monopoles of unit
charge, each of which is smooth. If we go near any one, we see only that monopole.
For the same reason of monopole separation due to momentum, N-monopoles with

momentum are also smooth.

7.4 Continuous distribution of monopoles

In this section, we get t,y independent solution by smearing over v which corre-
sponds to metric for multiple KK monopoles distributed continuously. But since we
have a three dimensional base space, smearing over v gives elliptic function. To see
this we use three dimensional spherical polar coordinates

T, =T7sinfcosd , x5 = rsinfsing , x3 =7 cosf (4.1)
and following profile function

F) = Fcos(wv + a) , Fy = Fsin(wv + «) (4.2)

This is the profile function used for simplest metric for D1-D5 system. It is possible
that choosing different profile function may lead to regular behavior. But the point
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is that for D1-D5 system, all metrics (for generic profile functions) were regular while

that will not be the case here. The smeared harmonic function would be

2
d d
H- _1+%/ e :1+/ o (4.3)
T |7 = F| 0 \/f2+F2—2Ffsinﬁcos(wv+oz—gz5)
Using the periodicity of the integral, this reduces to
d
H'=1+—-= / b (4.4)
\/r2 + F? — 2FFsinf cos 3
To do the integral, we switch from 7, 0 to coordinates r, 6 which are defined by
72 =12+ F?sin®0 |, Fcosf=rcosf , #sin’f = (r? + F?)sin?0 (4.5)
Using these, we write
g
H'=1 4.6
Tor 2m \/T’2+F2/ 1+F28in20 __ 2Fsinfcos 3 ( )
r2+F? Vr2+F?
Writing p = %, we get
- Qx  K(p)
Hl=14+22 7 4.7
T \r?4 F? (4.7)
where K(p) is elliptic integral of the first kind and
2m
d
_ / b (4.8)
0 /1+p?2—2pcosp
K(p) diverges when p =1 i.e
r? + F? = F?sin?0 or r? + F?cos’0 =0 (4.9)

which is the same place where there is an apparent singularity in the geometry of
[186, 188]. It is known that elliptic integral K (p) diverges logarithmically as p — 1.
One can, of course, add a suitable harmonic counterterm to cancel the singularity but
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then the solution will not be asymptotically flat. Integral for function K appearing

in the metric is very similar and it gives

_ QgF*’K(p)
T2 + F?

Similarly, components of A; are given by

K (4.10)

Ay = QQTKW? + F? (M) (4.11)

with other components zero. This is in untilde coordinates. Expressions for functions
X1, X2 can be obtained by solving the equation vV x X = —VH"'. In the next

section, we would connect the above functions to functions obtained by dualizing

D1-Db system.
7.4.1 Singularities

Due to the presence of elliptic functions and their attendant singularities the solu-
tion above, in the smeared case, is not smooth. In section 2, we saw that solution with
two KK-monopoles with momentum added is smooth. The calculation goes through
for N-monopole case. This is similar to case of fundamental string and momentum
system [150] where adding momentum leads to separation of previously coincident
strings. One can ask, what causes singularities to develop in the case when a con-
tinuum of KK monopoles carry momentum. The reason is that harmonic functions
like H~! corresponding to three-dimensional transverse space go like 1/r and one
further integration (for smearing) effectively converts them into harmonic functions
in a two-dimensional transverse space 4! which are known to diverge logarithmically.

Elliptic integral K (p), for example, also diverges logarithmically as p goes to 1.

410One may guess that if we had allowed vibrations along fibre direction, harmonic functions would
be different and smoothness would be maintained even after smearing
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Physically also, we can see that smeared case which corresponds to a continuous
distribution of KK monopoles is expected to have troubles. Normally, we can consider
continuous distribution of sources like branes, fundamental string etc in constructing
metrics in supergravity approximation. Discreteness emerges when we use quanti-
zation conditions from our knowledge of string theory sources and BPS condition.
KK monopole solution is different because here discreteness is inbuilt as smoothness
of single KK monopole forces definite periodicity for compact direction and gives
QR = %NkRK. So considering a continuous distribution of KK monopoles can give
singularities even in cases where where situation is smooth for large but discrete dis-
tribution of KK monopoles. Even though continuous solution is not smooth, it is still

less singular than ‘naive’ KK-P solution. ‘Naive’ solution is

ds* = —dt* +dy* + é(dt +dy)? +dspa+ H[ds+xjdx’ >+ H ' [dr? +r?(d6® +sin® 0d¢*)]

(4.12)
In smeared solution, we have logarithmic singularity due to elliptic integrals occurring
in solution. We note that those singularities are milder than what we get in ‘naive’

solution.

7.5 Connecting F-P to KK-P via dualities

In this section, we connect KK-P metric found above to 2-charge metrics con-
structed in [8] by doing various dualities. This will also help in interpreting various

quantities appearing in the metric. We start with F1-P metric, written in the form
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of chiral null model. Introducing the null coordinates u = ¢t +y and v =t — y, the

metric reads

ds’ = H (—dudv + Kdv? + 2Aidxidv) + dx;dz; + dz;dz; (5.1)
H-1
By = —g, By =HA;, e =H"' =1+ L (5.2)
2 17— FJ?
3t 2
Koo) = AEL oy @R (5.3)
7 — FJ? 7 — FJ?

Here y is compact with radius R5 while x; with 7 = 1,2, 3,4 are transverse coordinates
while z; with ¢ = 6,7,8,9 are coordinates for torus 7*. Summation over repeated
indices is implied. We have written harmonic functions above for the case of single
string. But because of the linearity of chiral null model, we can superpose the har-
monic functions to the metric for the multi-wound string, with each strand carrying

its wave profile. Functions appearing in the metric then become

=1+ Z Q(p (5.4)

|7~
ﬁ>‘2 Q(p) FA(p)
- |£L‘ — F) |2
Here we have smeared along torus directions so that nothing depends on these
coordinates and these are isometry directions along which T-duality can be performed.

To go from fundamental string carrying momentum (FP) system to KK-P system we

perform following chain of dualities

S T6789
) —

F(y)P(y) > D1(y)P(y D5(y6789)P(y) = NS5(y6789)P(y) = KK (4y6789)P(y)

In the above we start with type IIB theory and metric above is in string frame.
In the final step we will need to smear along x4 direction so that harmonic functions
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becomes 3 dimensional harmonic functions for KK monopole. Direction x4 = s which
is now compact becomes non-trivially fibred with other non-compact directions to
give KK monopole metric. To perform S-duality we first need to go to Einstein frame
and there the effect of S-duality is to reverse the sign of dilaton and B-field going
to RR field. For NS fields the net effect in string frame is that dilaton changes sign
and metric gets multiplied by e=® = H~/2. Also B-field becomes RR field. Now we
apply four T-dualities along z; directions for ¢ = 6,7,8,9. Since there is no B-field
here, only change is in the metric along torus directions. In the absence of B-field,

RR field only picks up extra indices. So we have following fields for D5-P system.

ds* = HY? (—dudv + Kdv* + 2A,dzdv) + H Y2 dvida; + dz;dz; (5.6)

(H—-1)
5

e ?* =H" | Cugmo = — Chierso = HA; (5.7)

We need to dualize this 6 form field to 2 form field using this metric. First we

write down field strengths corresponding to above RR fields.

1
Guverzoi = OuCuersei + (_1)6av06789iu + .+ (—1)63i0uv6789 = _éaiH (5.8)
Guictssj = OuCiersgj + (—1)63i06789jv + .+ (—1)Gajovz‘6789 = 0;(HA;) — 0i(HA,))

(5.9)

Here we have used the fact that direction w and torus directions are isometries.

To dualize this we use
€M1 Bp+1V1..-V9—p
Gyl...ug,
9-p)V—g ’

and we normalize € by e/*6789 — 1 For our metric we have v/—¢ = vV H. Also, in

GHL - Hp+1 —

(5.10)

terms of lightcone coordinates, our epsilon tensor is normalized as e®“W/*i6789 — _9
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Using these, we get dual 3-form field strengths.

. (I kluv6T89i MY, H
Gk = WGUU(WSQ@’ = NG (5.11)
Gukl — g MvioTes —26H1 [aj (HAZ) B 81 (HAJ)] (5 12)

Gvi j =
TWH 0780 vH

we have also reduced ten dimensional epsilon symbol to epsilon tensor in four flat

Euclidean dimensions. Now we can use metric to lower the indices. We get

EmnpiaiH

o —EmmpiO' H ™! (5.13)

Gmnp = gmjgnk:glpijl =

van = guvgmkganUkl + gngmk;ganjkl = 6mnijaiAAj (514)

where we have flat Euclidean metric in four dimensional space. After this we

perform an S-duality to get to NS5-P system.

ds®> = (—dudv + Kdv?® + 2Aidxl-dv) + H 'da;dx; + dz;dz; (5.15)

e = H! (5.16)

Under S-duality, RR field go to NS-NS B-field. To go to KK monopole we apply
a T-duality along a direction perpendicular to NS5. Let us choose that to be 2% =
s. Rightnow, x* is not an isometry direction since H, A; and K depend on z*.
To remedy this we smear along z* direction. Smearing converts four dimensional
harmonic functions into three dimensional harmonic functions. Now we do T-duality
using the Buscher T-duality rules given in the appendix. We can write the T-dual

metric in general as

GGy sdxtdz” n (ds + Bys)?
GSS GSS

ds? = ds” —

(5.17)
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where ds”? is the original metric minus the G, part. Then metric in generic form for

KK — P (since we do not completely know the values of B-field yet) is
ds® = —dudv+dz;dz;+H ™ 'da; + H(ds+ Bsdat)? +2A;dx;dv+ (K — HA2)dv* (5.18)

After duality we also have B, = HG . Since KK-P is a purely gravitational solution
we do not want any B-field. So we must dualize in a direction in which F ; is zero. So
G,s = 0 and A; = 0. Since we have smeared along x4 = s direction, any derivatives

along s give zero. For field strengths of NS5 — P, we had
Giji = —€ijmd'H™' | Guij = €iju0" Al (5.19)

Consider | = s case first. Since we have smeared along s, we get G;;; = 0 and hence
B® = B;; becomes pure gauge after smearing and can be set to zero. So to have non-
zero field strength, we must have one s index. Suppose ¢ = s. Then using isometry

along s, we have
Gsjk = 0sBji + Ok Bsj + 0; Bis = OkX; — 05Xk (5.20)

where x; = B,; is a three dimensional vector field. We see that

-

Vxy=-VH! (5.21)

where V is three-dimensional gradient. From other components of field strength, we
get
Guij = OuBij + 0;Byi + 0iBjy, = €50 A’ (5.22)
Since A® = 0 and derivative with respect to s gives zero, we have, for 3-dimensional
indices 1, j
Goij = 0uByj + 0; By + 0;Bj,, = (dC');; = 0 (5.23)
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where first term is zero because as we saw earlier, B;; with both indices on 3-dim.
space are zero (upto gauge transformations). Here B;, = C; is a three dimensional
vector field which is again gauge equivalent to zero as can be seen above. So one of

the indices 7, j must be s to get no-zero right hand side. Then we get
Gvis = avBis + asti + aist = azB - 81))(1 = 6isklakf4l = _eiklakAl (524)

where By, = B is a three dimensional scalar which satisfies above equation. So KK-P

metric is
ds* = —dudv + dzdz; + H_ldx? + H(ds + x;d2’ + Bdv)? + 2A;dx;dv + Kdv? (5.25)

Here i = 1,2, 3 and all harmonic functions are in three dimensions. z; for ¢ = 6,..9
are torus coordinates. Using Garfinkle-Vachaspati transform, we got B = —y - F.
Let us check that it satisfies the equation for B written above. By using the rules of

three dimensional vector calculus we have

— —

V(T-F) = (V)T V) P+ Ex (VX0 + XX (VX F) = (F-V)T+Ex (VxT) (5.26)

where we have used that F only depends on v. Comparing this with equation for B,

we see that it is same when we realize that

—

Vx¥=-VH' A =01-HMYE

Only non-trivial step is to show that

To see this we write



where we have used the fact that derivatives with respect to observation point
x; and source F; can be interchanged at the cost of a minus sign. One can reduce
the expression for B to a quadrature but it is not easy to carry out the integration

explicitly. For completeness, we give the formal expression below.

QK /1 /271’ 1
b Ok ; 5.27
5 T COS ; gag 0 a(T2 + F2g2 — 2Fgrsin900804)3/2 ( )

7.6 Properties of solution
In this section, we discuss some properties of the new solutions.

1. Smoothness: As we mentioned earlier, N-monopole solutions are smooth. 7,
singularities associated with coincident KK monopoles are lifted by adding mo-
mentum carrying gravitational wave. System behaves as Nk single monopoles
and is smooth. But as we saw earlier, smeared solution has singularities. From
the analysis of two monopole case, the reason is apparent. When we consider
continuum of KK monopoles, any two monopoles come arbitrarily close to each
other and separation due to momentum is not enough to prevent singularities.
Even though logarithmic singularity encountered is quite mild, it is not remov-

able by coordinate identification, as was possible in single KK monopole case.

2. KK electric charge: In the metric
ds? = —dudv—kdzidzi—i—H_ldx?—I—H(ds—i—xjdxj+de)2+2Ajdxjdv+Kd2)2 (6.1)

we have term B which corresponds to momentum along fibre direction s even
though we started with no profile-function component along the fibre. On di-

mensional reduction, this gives a KK electric field, in addition, to magnetic field
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due to KK monopole. Adding momentum to KK monopoles has caused this
electric field. To see its origin from other duality related systems, note that
B = By, where B, is the component of B-field in the fibre direction. Physi-
cally, the angular momentum present in 5-dimensional metric (NS5-P) becomes
momentum along fibre direction and manifests itself as electric field in reduced

theory.

7.7 Comparison to recent works

7.7.1 Work of Bena-Kraus

Recently, Bena and Kraus [190] constructed a metric for D1-D5-KK system which,
according to them, corresponds to a microstate. These solutions are smooth and
are related to similar studies of black rings with Taub-NUT space as the base space
[190, 175]. In these metrics, KK monopole charge is separated from D1 and D5 charges
and is treated differently from the other two charges. In this section, we want to check
whether Bena-Kraus metric for D1-D5-KK is symmetric under permutation of charges
by duality. For simplicity, we consider near horizon limit of Bena-Kraus(BK) metric
and perform dualities to permute the charges. BK metric and gauge field (after

correcting the typos), in the near horizon limit, is

ds® =

\/Z11—Z5 [—(dt + k)* + (dy — k — 8)*] + \/Z1 ZsdsT i + \/?dsﬂ (7.1)
Y —-r- Qx B I? Qk
S ( b — —d¢) = ~3v0r (( r)di + —Rd¢) (7.2)

dst o = Zi(dr® + r?d6* 4 r? sin® 0d¢?) + Z—(Rde + Qk cosfdp)?  (7.3)
K
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Here we have used the notation

_ — B 2
S =Vr2+ R2+2Rrcosd , R= fi (7.4)
4Qk
Ze= 7= P o100/Q0; (75)
RR two form field is given by
1 . 2 - dv) do dy do
0(2):—(T—Rdt/\d - (R+a [dt/\ L D) —dy A (— — ==
O ( ) Y 4( ) (QK RK) Y (QK RK)
(R + a)l*
T A d 7.6
105 R YA de (7.6)

Here we have used the notation a = ¥ —r. Bena-Kraus notation Zx is our H~'. Their
Ry is our s coordinate. Correspondingly, periodicity of ¢ is 27 while period of s was

o _ Q

27 Ry Dilaton is given by e? Or Fields given above are for D1,D5,6789 K K789

1
5

system.
7.7.2 Dualities

We can perform an S-duality to go to F1-NS5-KK system and then perform a
T-duality along the fibre direction ¥ permute the charges of KK monopole and NS5
brane. Since dualities map near horizon region of one metric to near horizon region of
other metric, we expect an interchange of KK and 5-brane charges. After S-duality,

we get the following metric for F1-NS5-KK system.

Z
[—(dt + k)* + (dy — k — $)*]| + /Z1Zsds i + 4/ idﬁﬂ (7.7)
NS-NS two form field is given by

o_ X (,_n& P dy 49y ___}
B Ql((r R)dt A dy 4(R+a) th(QK+RK) dy A ( )
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B (R + a)l*
4Qk Rx

2. Details of final T-duality are given in the appendix.

dip A d¢> (7.8)

Dilaton is given by e?® =

o

Metric, after T-duality, is given by

QSQK 2 192 1 2 2Q5QK QK 2 2
ds* = dr*+r*df _ i)+ 2 (ot R Rta)dpdip——dt*+—=-
BB R R g (Rradgdy—p ity
4R+ a)Qk Qs (R + )
R+ a)dtdy + —— <K + ————diy(dy —dt) (7.9
gy ot iy SR [Thaoqay — oty — i) (79
Dilaton is given by e2® = Q . Non-zero components of B-field are given by
R—« R + «
B,=———+— , B =— (7.10)
"UARVQIQs T T ARVQI0s
, _ Rka B YX+r—R (7.11)

woar T 2Q)

Since metric after T-duality is not of same form, we see that this metric naively
does not look like a bound state. For a bound state, one would expect just a permu-
tation of charges under duality like done above. But since we performed a T-duality
along fibre direction to permute NS5 and KK6 using Buscher rules which as shown
in [163] are insufficient to give correct answer. So the situation remains open. The
question which we want to discuss is whether the solution constructed in [190] has
KK monopole bound to other two charges or it just acts as a background. Since KK
monopole is much heavier than other two components, D1 and D5 branes, it may
look as if acting as background for other two and difference might not be apparent
at supergravity level. But still one would think that in the S-dual system F1-NS5-

KK where at least NS5 and KK both have masses going like 1/¢g% (actual masses
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will depend on compactification radii) , it should be possible to permute these two
charges. Analysis similar to [163] could be done for 3-charge system to completely fix

this issue. We intend to look further in this matter in a future publication.

7.8 T-duality to KK-F1

We now convert KK-P system to KK-F1 by T-dualizing along the w direction
where v =t —w and u = t +w. We are in ITA supergravity since we can connect this
to D1-D5 by S-duality followed by T-duality along a perpendicular direction. Writing

the metric as

ds* = —(dt* —dw?®)+2C;dx;(dt —dw) + K (dt —dw)*+ H[ds+ Ajdx; — A; Fydt+ A, Fdw]?

—l—H’ldxjd:cj + dzdz (8.12)

where we have written C; = (1 — H"Y)E, and K = —(1 — H~")F?. From now on
we will leave the trivial torus coordinates z; in what follows. It is easier to write the

T-dual metric using

G Gopdxtdx” n (dw + B,,dat)?
wa wa

ds? = ds” — (8.13)
Since there is no B-field in KK-P, we get

ds* = —dt* + 2C;dwdt + Kdt* + H[ds + Ajdx; — A;Fjdt]* + H ' dwjdx; + dzdz

+dw2 — [(K + H(AF)?)dt + H(A Fy)ds)? — (HAAE — C)(HA; A F, — C))da'da’
14+ K + H(AE)?

(8.14)

281



7.9 Conclusion

We summarize our results and look at possible directions for future work.
7.9.1 Results

We have found gravity solutions describing multiple KK monopoles carrying mo-
mentum by applying the solution-generating transform of Garfinkle and Vachaspati
and also by using various string dualities on the known two charge solutions. The sec-
ond method only yields smeared solution which are logarithmically singular. One im-
portant feature of these solutions is that adding momentum to multiple KK monopoles
leads to the separation of previously coincident KK monopoles. Hence orbifold type
singularities of coincident KK monopoles are resolved and the solution is smooth.
One can also superpose a continuum of KK monopoles carrying momentum and re-
place the summation by an integral. Doing this, one gets stationary solutions (no t
dependence) with isometry along y(compact coordinate along which the wave is trav-
elling). The continuous case however, turns out to be singular. Singularity occurs at
the same location where it occurs in the solution obtained by applying dualities. In
the case with y-isometry, we also dualized it to a KK-F1 system.

Our reasons for studying these geometries were, in part, motivated by recent work
of Bena and Kraus [173, 190] in which they constructed a smooth solution carrying
D1, D5 and KK charges. This solution is supposed to represent one of the microstates
of this system. But in these solutions, KK monopole is separated from D1 and D5
branes and acts more like a background in which the D1-D5 bound states live. One
effect of this is that the system does not appear to be duality symmetric i.e one can not

permute the charges by performing various string dualities. We performed a specific
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duality sequence (in the near horizon limit, for simplicity) to permute the charges and
found that the solution is not symmetric. But since we used only Buscher T-duality
rules, our result does not conclusively show the unboundedness of the geometry and
it is possible that duality rules going beyond supergravity will restore the symmetry.
Our KK-F1 geometry is also different from the two charge geometries one would get
from Bena-Kraus geometries by setting one charge to zero.

Study of two charge systems with KK monopole is far from over. We have con-
structed time-dependent KK-P geometries which are perfectly smooth and it would
be interesting to study them further. On the microscopic side, one can perform DBI
analysis on KK-brane [164] . First thing that needs to be checked is that brane-side
gives same value for conserved quantities like angular momentum as the gravity side.
It is expected that on the microscopic side, system would be dual to usual supertubes.
One can also do perturbation analysis on brane-side and gravity side as done in [165].
Perturbation calculation for other two charge systems were also done in [172] and
yielded results in agreement with microscopic expectations. Microscopic side of KK-
branes is not very well understood, as far as we know. So calculations on gravity side
should give us information about microscopic side and vice-versa. We will carry out
some of these computations in the next chapter. It would also be interesting to ex-
plore further the connection between these solutions and black rings in KK monopole
backgrounds as found in [175] as that might suggest ways to add the third charge to

these two-charge systems.
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CHAPTER 8

PERTURBATIONS OF SUPERTUBES IN KK
MONOPOLE BACKGROUND

8.1 Introduction

In this chapter, we continue our study of systems with KK monopole. Our aim
is to further explore the question of boundedness of the metrics constructed by Bena
and Kraus. In Chapter 4, [172] we studied adding perturbations to BPS supertubes
(both in D0-NS1 and NS1-P duality frames) and found classical solutions at both
linear and non-linear levels (in the NS1-P language these are just vibrations of fun-
damental string and it’s trivial to write down the full solution). Based on several
evidences, we formulated a conjecture which allows us to distinguish bound states
from unbound states. The conjecture says that bound states are characterized by
the absence of ‘drift’ modes where by ‘drift’ modes, we mean slow motion on moduli
space of configurations. So when we have motion on moduli space we take the limit of
the velocity going to zero, and over a long time At the system configuration changes
by order unity. Using Ax as a general symbol for the change in the configuration we

have for ‘drift” on moduli space’

1
v~e, At~ - Ax o~ (e —0) (1.1)
€
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On the other hand for the periodic behavior of bound states, we have

ve~e, At~1, Ax~e (e —0) (1.2)

If the geometries of Bena and Kraus are really one of the microstates for 3 charge
black holes in four dimensions then they must be bound states of the corresponding
charges.Mathur conjecture emphasizes that microstates of black holes (which are de-
scribed by smooth, horizon-free geometries when classical supergravity description is
possible) correspond to bound states only.

Unlike the case of supertubes*?where system was obviously bound, in the systems
with KK monopole it is not a priori obvious that we are considering bound states.
Since we have a conjectured test which can distinguish, at least in principle, bound
states from unbound ones, we would like to apply it to some of the systems with KK
monopole. This involves solving perturbation equations in KK monopole background.
Due to non-trivial background, non-linear perturbation equations, even at DBI level,
are quite difficult to solve and hence we would restrict ourselves to linearized per-
turbations. Thus our considerations are geared to analyze some of these systems,
especially one corresponding to geometry given in [173] and to study it’s bounded-
ness properties using conjecture of [172]. We found that there are no ‘drift’” modes
at the DBI level and system shows ‘quasi-oscillations’ as discussed in [172]. On the
gravity side, we construct near ring limit of the geometry and we were able to show
that near ring limit is identical to near ring limit of 2-charge systems considered [172]
except for the periodicity of the ring circle. Then we consider torus perturbations as
in [172] and find that results agree with DBI analysis.

42In D0-NS1 language, both charges were induced in a single higher brane D2 or in the NS1-P
language these are just vibrations of fundamental string.
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8.1.1 Outline of this chapter

Plan for the present chapter is as follows.

e In X2, we set up equations which describe motion of classical string in a general
curved background and then apply them for the KK monopole background. We
linearize about BPS solution of a fundamental string carrying a right moving

wave and write down perturbation equations.

e In X3, we write the string profile corresponding to metric of Bena and Kraus
(BK) [173]. In our system of 3-charges in four dimensions different geometries
correspond to different profile functions [197] of a one dimensional string, as
was also the case for 2-charge systems. Here we will work in NS1 — P duality

frame. Then we solve perturbation equations for this profile.

e In ¥4, we discuss the construction of D0-N S1 supertube in KK monopole back-

ground. Then we study perturbations to this.

e In X5, we study a profile different from BK profile in both NS1-P language

and D0O-NS1 language.

e In X6, we study the supergravity side of the system. We take near ring limit
of BK geometry and show how the perturbation analysis can be reduced to one
done in a previous paper [172] and consequently time-period of torus vibrations

also matches with the one considered in [172].

e In X7, we conclude with a discussion of our results and directions for future

investigations.
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8.2 Oscillating string in KK monopole background

In this section, we consider Polyakov string in KK monopole background. We first
set up equations of motion and constraint equations in a general background. Our
action is

T,
S=-3 / dodr/§gas(0,7)G ap(X)0* X107 X P (2.3)

Here o, 7 are worldsheet coordinates and «, 3 are worldsheet indices. Index A
for spacetime coordinates X4 goes from 0,..9. For worldsheet metric g,s we have

g = —det(g,p). Varying the action with respect to coordinates X*, we get

5 0 = Ou[/9Gap0* X "]

SXA (04Gcp)0a X 0°XP (2.4)

1
2
In the conformal gauge on worldsheet, we have g.5 = €*/1,5. So we get
1
04 [(0°XP)G aB) — 5(8AGCD)(8QX08°‘XD) =0 (2.5)
Contracting with GA*, we get

0,0° XY + GAP[(0cG 45)0* X 0, X B — %(8AG0D80‘X08(XXD] =0 (2.6)

In [194] (see also the references given there), general string equations of motion

in curved background were given in a slightly different form. To match with those,

we write the combination of derivatives as christoffel symbols. Writing
1
(0cG45)0* X 0, X5 = 5 [0cG ap + 0pG Ac)0* X 0, X5
and recognising the combination of derivatives as christoffel symbols, we get

0,0 X" + TE,0°X90,XP =0 (2.7)
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Constraint equations are given by

08 1
(Sg—aﬁ = lap = GAB[ﬁaXAE?ﬁXB - égagc%XAmXB] =0 (28)
If we choose lightcone variables ¥ = 7 4 & then g, = g__ = 0 and we get
0.0_ XA +T4.,0,XB0_XY =0 (2.9)
Gap0: X0, X8 =0 (2.10)

Oy denotes derivative with respect to £* in previous equation.
Ten dimensional metric for KK monopole at origin is

9
ds? = _dt2+dy2+z dz'dz;+V[ds+ x;da’]? + V7 Hdr? +r3(df® +sin® 6d¢?)] (2.11)

1=6

Q

V4:1+7, Vxy=-VV! (2.12)

Here y is compact with radius Rs while z; with j = 1,2, 3 are transverse coordinates
while z; with i = 6,7,8,9 are coordinates for torus T¢. Here QQ = %N x Rg where
Ny corresponds to number of KK monopoles. Near r = 0, s circle shrinks to zero.
For Ng = 1, it does so smoothly while N > 1, there are Zy, singularities. Here
we just consider Nx = 1 case. General problem of classical string propagation in
KK monopole background is quite difficult to solve and so we will restrict ourselves
to considering linearized perturbations about a given string configuration satisfying
equations of motion. Our base configuration (about which we want to perturb) is
fundamental string wrapped along y-circle and carrying a right moving wave or in
other words, supertube in NS1-P duality frame. We know that in this case the

waveform travels with the speed of light in the y direction. Let us check that this is
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a solution of our string equations. This time we know the solution in the static gauge

on the worldsheet:

t=0b7, y==06 (2.13)

Writing £+ = 746 and noting that a right moving wave is a function of £~ we expect

the following to be a solution

e —¢&
2

& +&
2

t=">

. y=>h XM= gH(ET) (2.14)

We see that this satisfies equation of motion. But it doesn’t satisfy constraint

equations i.e the induced metric on worldsheet is not conformal to flat metric.

ds? = —b*dETdE™ + G (a2 (dE)? (2.15)

where primes denote differentiation wrt. £~. However, as done in [172], we change

coordinates to

(€M) =(E" = f(£).&) (2.16)
with
(€)= L‘”ZQWV (2.17)

Here prime now denotes derivative with respect to ¢~ and index p denotes direc-
tions along taub-nut part of KK monopole. In terms of these new coordinates, we

have a conformally flat metric on the worldsheet.
ds® = —b*d¢™ det (2.18)

So configuration

EF+E 4 f(€) EF =6+ (&)

t:b =
2 Y y 2 )

at =at(E) (2.19)
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satisfies the equations of motion. For ¢,y coordinates, there is separation between
left and right movers and hence equation of motion is trivially satisfied. We will
take vibrations along torus coordinates to be zero in the base configuration. For
coordinates along taub-nut, christoffel symbols are non-zero but since d x*(£~) = 0,
equations of motion are satisfied. This is to be expected since KK monopole is an
exact background for string theory. Now we consider linearized perturbations about

this configuration
XH = x#(f*) + GY“(era gi) y Rj = GZj(era gi) (220)

where € is a small parameter. We will neglect terms of higher order in € in what
follows. In a curved spacetime, left and right movers are mixed and hence Y* depends

on both £*. Expanding eqn. 2.9 to first order in e perturbation equation will be
04 0_Y* + T 0, Y0 a" =0 (2.21)

Here christoffel symbols are calculated using zeroth order background metric eval-
uated for the base configuration and hence it depends only on £~. Hence we have

following first order equation after first integration.
O YH+ T, YY0 af = h*(E7) (2.22)

For directions z;, christoffel symbols are zero and hence perturbations are of the

form
2= Z2_(€) + Z4(¢Y) (2.23)

Before trying to solve the equation 2.22 | let us try to see the form of constraint

equations 2.10 for these solutions. First Constraint equation becomes

b2 b2 . .
0=Gapd, X0, XP = -Tt7T G0, YO Y + G0, 270, 7 (2.24)
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and second non-trivial one becomes

2 2

Ve L e + 26,0, 270, 2

X490 _XPB =
Gapd o T T

+G 0 X' X" =0 (2.25)

We see that upto first order in ¢, first constraint is satisfied. Now we manipulate
order € terms in second equation a bit to get the constraint on h* implied by the second

equation. We first expand all the terms into base quantities and perturbations.

GuO-XP0_X" = (G + €hy) (2™ + eY'") (2" + eY™") (2.26)

Here G, is the four dimensional taub-nut part of base metric evaluated for base
configuration z# and hy,, is the linearized perturbation in metric. Prime denotes
derivative with respect to £~. Putting this in constraint equation and considering

terms upto order € only, we get
—O*f(€7) + Gua™z” + e[h,a s + 2G,,2"Y"] =0 (2.27)

At zeroth order in €, terms vanish by the definition of f(£7). To further massage

first order terms, we put Y'* from the equation of motion in the constraint equation.

(hwa™x" + 2G ,a™ (=T, Y P2'" + b (£7)] =0 (2.28)
Here we have set
(7)) + Gata =0 (2.29)
giving f/(¢7). Putting the definition of christoffel symbols , we get
ZGW:E'”(FZJY’) %) = x’ﬂx’aypéuﬁ”"‘(apéw + 0,Gop — 0aGpp) = 227V P0,G
(2.30)
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Putting this in eqn. 2.28 we get
"2 (b — Y?0,G 0) + 2G b 2™ = 0 (2.31)
This gives constraint on h” as first term automatically vanishes. Thus
Guh’a™ =0 (2.32)
is the final form of constraint equation which we will use later.

8.3 Perturbations for BK string profile

Now we have set up our equations of motion and constraint equations. So we
can use these to find linearized perturbations for given base configurations. Our
interest is in systems which correspond to supertubes in KK monopole background.
Geometries constructed in [173, 190, 175] correspond to such situations. In [197], it
is shown that geometry corresponding to Bena-Kraus (BK) metric is generated by
considering a particular string profile in KK monopole background and other string
profiles give different geometries, generalizing those of [150] ( where general geometries
correspond to string profile in four dimensional flat space) to the case of 3-charges
in four dimensions. Since we finally want to consider supergravity perturbations in
Bena-Kraus geometry, it would be necesary to consider same string profile (which
generates BK geometry in supergravity limit) as our base configuration about which
we add perturbations. So in this section, we determine the profile corresponding to
BK geometry in coordinates appropriate for KK monopole background. Since taub-
nut space becomes flat space for small distances, we can find the profile corresponding
to BK metric by considering the profile near the center of KK monopole. For this
we need conversion between flat space coordinates and taub-nut coordinates. Since
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we have cosf as the gauge field for taub-nut instead of usual 1 — cosf, we give the

calculation for our case. Taub-nut metric is

1
ds® = —(dz + cos Odop 241V (dr? + r2df? + r?sin® 0d¢2
1%

(3.33)

Here V =1 + % and 0 < # < w. The periodicities of angular coordinates are

0¢ = 21 and 0z = 2n R where () = %NKRK. Here Ry is the asymptotic radius of

z-circle and Ny is the number of monopoles. For r << @), we have

d
ds* ~ Q(L + rdf* + rsin® 0d¢?) + 0 (dz + Acos 0dep)?
Now we make change of variables by defining
-0
p=2/Qr , 0= 3
Now metric becomes
Y sy PP 2
ds®* = dp? + p*df* + Z sin® 20d¢? + — 4Q2 (dz + Q cos 20dp)?
2
— dp? + prd@® + ° d(b 4P dz n Q’J—Qcos 20dpdz
Inserting 1 = sin%0 4 cos? 0, we get
2 _ g 2l 0089 smzéi e

We define following combinations

2¢3zédz+¢ , 2¢:$dz—¢

In terms of these quantities, we have flat metric
ds? = dp* + p*[d6? + cos? Odi)? + sin® Adp?]
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(3.36)

(3.37)

(3.38)

(3.39)
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In this flat space metric, cartesian coordinates are defined by
T, = psinécosgg, To = psinésinq@ , Ty = pcosécoszﬁ , Ty = pcosésin@/; (3.41)

BK metric for 3-charges in 4 dimensions is analogous to supertube metric [185,
192, 188, 189] for 2-charges in 5 dimensions. Near the centre of KK monopole, we
know that KK monopole metric reduces to flat space as we saw above. There string
profile of BK metric must be same as string profile of supertube metric. As show in

[189, 178], we have circular profile function
Fi =acoswv , Fy=asinwv (3.42)

for geometry corresponding to simplest supertube. Here v =t — y.We see that we

have following coordinates for profile function in polar coordinates
~ T ~
p=a , 925 , O =wv (3.43)

The value of ¢ is indeterminate. To simplify things we take ¢ = wv. In terms of
taub-nut coordinates these values translate to

2

:@ , 0=7m , ¢=0, z=2Quwv (3.44)

r

Here w = % for the state we are considering, n being the number of times string
Y

winds around y-circle of radius R,,.
8.3.1 Perturbations of BK profile

In section 2, we determined the equation of motion 2.22 and constraint equation
2.32 for a general base configuration given by profile #(£7) in taub-nut directions.

In this subsection, we apply these for the case of BK profile in NS1-P duality frame.
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From section 2, equation of motion for perturbations Y4 are
—A _
O YA 4Ty YB0 2% = () (3.45)
In the flat directions z;, solution is like in flat space i.e

Z,=Z.(6) + Z4(6") (3.46)

SHEHfe) o E )

t= )
2 2

(3.47)

where
—b2f'(§_) + @,Wx’%;’” =0 (3.48)

gives f/(¢7). In the taub-nut directions, we will only consider perturbations along r
and z. Since there are coordinate singularities at # = m, we can work at m — ¢ and
then take %3 limit § — 0. In what follows, we will set z = Ry to simplify some

calculations. We will need following components of connection in what follows

. = . Q = QTR2
Pt =g - T T Tag 319

We consider the case where base configuration has non-constant radius. We consider
taub-nut directions as perturbations in other directions ( whose connection compo-

nents vanish ) are same as above. Base configuration in this case is

r=RE), O=m , ¢=0, v=—-E& =af (3.50)

We consider perturbations only along 7, directions. Then

0.X"=a , 0.X =R = d]fzf_> (3.51)

43Since these coordinates have singularities at # = 7, we should change to other coordinate patch
to cover the point § = 7 (in that patch § = 0 will have problem). In other coordinate system, similar
conclusions follow and hence we will not worry about these spurious singularities any further
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Putting these in

O_ YA 4+ Tp VB0 2% = hA(€7) (3.52)

we get following two equations for the perturbations

O_Y"+T,Y'R +T,,aY" =n(&) (3.53)

DYV +To,aY" + T, RYY = h¥(¢") (3.54)

Apart from equation of motion, we also have constraint equation 2.32 which give

following relation between A" and h?.
Goh"R + Gyyh?a =0 (3.55)

Putting the values of appropriate connection components, we get

p_ QR . QRe o
-y 2R(Q+r)Y 2(Q+R)3Y = (&) (3:56)
P Q T / . —
oY +72R(Q+R)(ay + R'YY) = h¥(¢7) (3.57)

Multiplying the first equation by vV, dividing the second by vV and using

expression 8.3 for V', we can write the two equations as

Q P
O-(VVYT) - Q(QQ+ R)? (\Yrv> = (VVI)(E) (3.58)
Y, Qa o (Y (-
o (W) T30+ R)2(\/VY )= (W) &) (3.59)

Defining new dependent and independent variables

YT =VVY' | YY= 5—; (3.60)
- Qa de-
-5/ QT RE)? (3:61)
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we get
O_(Y") =YY =G(€) (3.62)
D_(Y¥) 4+ Y™ = G¥(€) (3.63)
where d_ denotes derivative with respect to £ and new arbitrary functions G”, G¥
are now expressed as functions of €. Since we will be needing it later also, let us solve

equations of motion in a general form. We can express the above coupled first order

inhomogeneous equations as matrix equation
Y =AY + G (3.64)
where A is a 2 x 2 matrix

A= ( Y (1) ) (3.65)

Solution to matrix equations like 3.64 is found by diagonalizing the matrix A. If

Aj are eigenvalues and S‘; are eigenvectors, with j = 1,2 then solution is given by
V= S e SN, [ G (3.66)
J J

Here G = S~'G and S = [S7 Ss] is the matrix of eigenvectors as column vectors.

For our case, we get

( )};; ) — 01(§+) ( i )€i§~+62(§+) ( _1@ ) e—if
+et ( i ) / e EGT(E)dE + e ( _12' ) / eCGY(§)dE (3.67)
Solution can then be combined to schematically write down
V7 4+iV% = B(eN)e ™ + Gy (8) (3.68)
V7 — VY = AEN)e + Go(E) (3.69)
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8.4 DO-F1 supertube in KKM background

In previous section, we found perturbed solution corresponding to oscillating string
in KK monopole background. We know that this system is dual to usual D0 — NS1
supertube. In this section, we study supertube in D0 — NS1 duality frame. Since we
are in a non-trivial background (KK monopole), it is not clear how to do dualities
required to go from NSI1-P to DO-NS1 frame as done in [172]. So we perform
calculation of linearized perturbation separately in this duality frame. Static case of
DO0-NS1 supertube was considered in [196]. Here we will review their construction
for the case of round supertube. In the next subsection we will add perturbations to
it.

0 ~1 2

D2 supertube has world-volume coordinates ¢°, 0", 0 = 0. We embed supertube

in such a way that

o=t , o=y, X'=X"0o? (4.70)

Here X* are arbitrary functions of o. To stabilize the brane against contraction

due to brane-tension, we introduce gauge field
F = Edo° A do* + B(o?)do* Ado® = Edt A dy + B(o)dy A do (4.71)

For D2-brane of tension 75, Lagrangian is given by

L = —Ty\/—det]g + F] = —Ty\/B? + R2(1 — E?) (4.72)

Here g is induced metric and R?* = G, X’* X" and prime denotes differentiation
wrt 0. Background metric G, for KK monopole is given by 2.11. We define electric

displacement as
oL TyER?

TO0E /Bt R(-BY) (473)
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In terms of this, we write hamiltonian density as

H=FI—-L= %¢(R?+H2)(B2+RQ) (4.74)

It is easy to see that minimum value for H is obtained if T, R? = IIB or E? = 1.
These conditions agree with what one gets from supersymmetry analysis. As in flat
space, B(o) is an arbitrary function of o. By the usual interpretation, fluxes above
correspond to D2 brane carrying both D0 and F'1( along y direction) charges. We

are assuming isometry along y-direction. Charges are given by

T:
Qo= = / dydo B(o) (4.75)

Ty

1 ER?
dol1l(o 4.76
O = Tl/ / VB R B (4.76)
Round supertube in KK is given by
a2

o=t , o=y , RO:@’ O=m , ¢=0, z=2Qwo (4.77)

We have chosen parameters in such a way as to facilitate comparison with N S1-
P duality frame. In terms of flat space (or near the center of KK monopole), this
corresponds to a circular profile in say, (X;, X3) plane. We are not perturbing along

torus directions. For this configuration
2 2
R® = X’”X/'L =G,.(2Qw) (4.78)

So the supersymmetry condition gives a relationship between all three charges and

the compactification radius. Now consider perturbation of this configuration.
8.4.1 Perturbations in D0O-F1 picture

Let R and o be the radial and angular coordinates in the (X3, Xy) plane. We
choose the gauge A; = 0 for the worldvolume gauge field. Thus the gauge field has
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the form

A= Aydo + Aydy (4.79)

F = Edt Ndy + Bdy N\ do + da,dt A do (4.80)

We want to study fluctuations around the configuration given by 4.77,4.79 with £ = 1

and b = B(0). Lagrangian is given by
L= —Ty\/—detlg + F] (4.81)

Putting values from 4.77,4.79, we get

L= —TQ\/(l — E)X”? — X2X?2 4+ (X - X")2 — a2 + B%(1 — X?) —2EBX - X'
(4.82)

We perturbed as
R=Ry+er(ot) , E=1+et, , B=b—eca, ,Z=a0+ez (4.83)
where lower case quantities denote fluctuations. Field strength becomes
F = (1+eay)dt Ady + (b — eay)dy A do + dyapdt A do (4.84)

We have put perturbations along 6, ¢ directions to be zero. Putting these in La-

grangian and expanding upto second order

L
= =LO 4 L™ 4 21 (4.85)
2
we find
LO = —p (4.86)
1 [a?a abz
L<1>:—(—y+—+ba> 4.87



We see that first order perturbation is a total derivative. This follows from the
fact that our unperturbed configuration satisfies equations of motion. Term second

order in € is given by

2 2 2( 2 2 2 2 2
@ a+ Wb, af(af +Wb%) ., (af + Tob7) _ 1. o
L® = TR + T a, + 07 24+ Vorr' + 7022' + b2—voaya;
Qa? . a2+ Vb)) . . aQ . 2«
—O—WT% + Wayz -+ WT'Z -+ mayz' (488)
From this , we get following equations of motion
2 Vi b2
(3iii0f+2%@f—é§%u+%%)zo (4.89)
0
al@® +Veb?)\ .. «a. 200 . .« a?Q .
(W £+ g a]+ maa(z + 5 ay) + eR 0 (4.90)
(@®+Vob*)\ .. «a. 2, .« aQ .
(T [Z + Zay] + 7080(2 + an) + WT =0 (491)

We see that second and third equations are same. If we define z = 2 + $a, then

we have following equations

o 4+ Vpb?\ . . a@
(f) T+ 2‘/080—7“ — WQ? =0 (492)
2 v bQ
(ﬁi%£—>f+2%&¢+%§fzo (4.93)

We notice that as in the case of supertube in flat space, we only have time deriv-
atives of field in the equations of motion. Thus any time independent perturbation is
a solution, confirming that supertube in KK monopole background also has a family

of time independent solutions. Solution to above equations is given by
r=c1(£7) cosao + co(E1) sinao (4.94)

=k [c1(§F)sinao — c2(€1) cosao] (4.95)
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where

2t a? a@)

€+:——U——U , k:—‘/o , Q:W (496)

We see that here perturbations along z direction add with the gauge field and
only a combination occurs in equations of motion. This occurs because as in NS1-P
duality frame, we have only two independent degrees of freedom. It’s important to
note that frequencies of oscillation agree in both the duality frames, as one expects.
Motion is periodic and as in flat space case, we did not find ‘drift’ modes. So according

to conjecture of [172], this would correspond to bound state
8.4.2 Period of oscillation

We had earlier defined static gauge coordinates 7 and & in equation 2.13 and then
obtained conformal coordinates £1,£™ from them using equations 2.16,2.17 respec-
tively. For finding the period of oscillation, it would be convenient to take 7 and £~
as our basic variables. Relationship between target space time ¢ and 7 is just by a
simple multiplicative factor b while £~ gives the parametrization of unperturbed base

configuration. So in terms of these, we have
Er=Er—fE)=2F—¢& — f(&) (4.97)

The time dependence of the solution (4.95) is contained in functions like A(27 —

¢ — f(§7)) and similarly for torus directions Z;(27 — &~ — f(£7)). We write

-
£t f(E) = /O dx(1+ F'(x) (4.98)

So the change in £~ + f(£) when £~ increases by 27 can be written as f027r dx(1+

f'(x)). We then find that the argument of A, 7, are unchanged when (7,£7) —
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(7 + A7, £ 4 27) with

2AT — /O ’ (1+ f(£7))dé =0 (4.99)

Using expression for f/({7) as given in 2.29, we get

1 [ Gtz -
AT = — 14 =) de 4.1
T 2/0 ( + 7 ) 3 (4.100)

For torus directions, situation is similar to flat space case. In case of only torus

vibrations, we get back flat space result

1 (MD0+MNS1) (4.101)

At ==
2 Mp,

8.5 Profile in 3-d part of KK

Uptill now, we have considered BK profile only. In this section, we consider a
different profile which seems natural for KK monopole background. We consider
unperturbed profile with z = X5 = 0 and perturbations only along X;, X, directions
only, with X1, X5 being arbitrary functions. First consider the perturbations in N.S1-
P language. Again we use equations of motion 2.22 and constraint equation 2.32 as

derived in section 2 previously**.
OY' + T Y 0 a* = () (5.102)
Relevant christoffel connections in this case are

4 1 . 4 .
i* = 577 [0V + (8kV)6% — (OV)6" 6] (5.103)

In other directions, christoffel symbols are zero and hence perturbation equations

are trivial as shown in section 2. Here we concentrate on fluctuations along three

44We will denote directions along three dimensional part of taub-nut (i.e excluding fibre direction)
by latin letters
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dimensional part of taub-nut which is conformal to flat space. We put relevant con-
nection coefficients in perturbation equation for taub-nut directions and get
| k. — ‘ k. .
O-Y'+ o @V)O_X"Y + (9,V)YIO_X — (81V)5”5jk8_XkY]] = hi(¢™) (5.104)
Writing S = InV and

wh =2 JO-SEyi _ JYYT Ve X =0V (5.105)
we get
O_w' + %[@S)wia_f" — ,56%6,,0_ X wi) = Hi(¢7) (5.106)
Here H' = v/Vh' . In terms of vector notation, this can be written as
—— 4+ W x B=H() (5.107)
where B = 0_X x VS. We first consider a circular profile
X, =Rcos( ., X,=Rsiné™ (5.108)

Then we get following equations

dw™ Q

& Tavpe” — ) (5.109)
ddﬁ@) - %w“) = H'(¢7) (5.110)
Solution to these equations is
wV +iw® = Cy(gF)e ™ + W () (5.111)
wb —iw® = Cy(eh)e s + G (e7) (5.112)
Here a = % and G, Gy are arbitrary functions. Now we consider the case when

in base configuration has non-constant radius.

X, =R )cosé™  ,  Xo=R(£)siné™ (5.113)
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Now putting this in
o + %[(ajS)wJaT —9,5)815,,0 X ] = Hi(e) (5.114)

we get same equations

dw® Q

T mw@) = H'(¢) (5.115)
dd“;(f) - %w“) = H'(¢) (5.116)

Only change is that R = R({™). Terms containing derivatives of R cancel. We

can change the independent variable to £ = £(¢7) such that

d  dé d 2VR d§
ETEE 5 ! (5.117)

Then the equation becomes like constant coefficient case. New variable fN is given by

x Q df_
§=3 /762 R (5.118)
Solution is
w® 4 iw® = Cy (M) + GV (E) (5.119)
w® — i@ = Cy(eM)e + GO (E) (5.120)

Again G, G5 are arbitrary functions.
8.5.1 DO0-F1-KK picture

Now we consider same profile in D0O-NS1 duality frame. In polar coordinates, we
have

R=R+er , E=1+¢1, , B=DB-—ed (5.121)

Y
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We have put X3 = 0 or § = 7. Putting these in Lagrangian 4.82 and as in previous

section, expanding upto second order in €, we get

~T. P V2R
WesE (fQ(VozRQ +VB) + @GR + -55)
20,a VoR _
+ 20 L UReVy + 2Qr)a, + 2BV07'«r’> (5.122)
From this we get following equations of motion
VR + VB
0 O V8,8, — %(2\/03 Q) =0 (5.123)
VPR +V,R'B’ . 2V0R _
. = dy + = 040y a, + B(QVOR -Q)=0 (5.124)
Simplifying, we get
Voik + B 2R
Wit £ 8 51 99,0,,r 2Ha, (1— Q_) =0 (5.125)
B 2R
ViR + B 2§¢ Q
0 T G+ 20,0, 21— —)=0 5.126
iy + 200,y + (1= 7o) (5.126)

As in flat space case, we see that only time derivatives of the perturbations r and
a, occur. Hence any static deformation is a solution. Solution to above equations

can be written as

r=c1(£7) cos(l — a)o + co(E7) sin(1 — a)o (5.127)
a, = % (c1(€7) cos(l — a)o + c2(€7) sin(1 — a)o) (5.128)
Here a = 2(;%.

8.6 Near ring limit of Bena-Kraus metric

Till now we have considered, DBI description of supertubes in KK monopole back-
ground. In this description, string coupling g, is zero and backreaction of supertube
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on geometry is not considered. Now we increase g; so that we have a gravitational
description (supergravity). A metric for 3-charge system D1-D5-K K was given by
Bena and Kraus in [173] and generalized to include more dipole charges in [190, 175].
Since this description, corresponds to supertube in KK monopole background, we

consider perturbations in this system. The type IIB string frame solution is [173]

1 Zy
ds?, = o [—(dt +k)? + (dy — k — 5)*] +\/Z1Z5dsy + 4 /st%4 (6.129)
7
eq): “1 , F(3):dZ_1 dt + k) A dy—S—k’ —*4dZ5 (6130)
Zs !

where #,4 is taken with respect to the metric ds% and

1
dst. = Zy (dr® + r2d6* 4 r* sin? 0dp*) + —— (R dyp + Q cos 0de)* (6.131)

Zk
., Q ., @i =y
Zx=1+—" Zis=1+-", Y =Vr2+ R2+2Rrcosf  (6.132)
T

From singularity analysis, bena-kraus derived following periodicity condition also

2 Q1Q5ZK ~
yey+2rR, , Ry=—— """ | 7 =1+

- (6.133)

=[O

One forms s and k have following components

\/ Q1Q5ZKRK ry ]

Sy = — Yo—1r 4+ — 6.134

v 7Ty { Q7| ( )
\/Q1QsZ Y- =7 |

Sp = —%K R— (ZZ—Z cos 6 (6.135)
\/ @1Q ZxRikQ 2R

, = Y TR {Z—T’—R—T—R (6.136)
QRZ e Zxry Q |
Q1Q5ZkQ Y- 1

hy = — Y LRI [E—T—R—I—if—i_Rcos@ (6.137)
QRZKE K _

(6.138)
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Chrages are quantized according to

1 (27)*ga® Ny

ga/ Nj
Q 9 KAVK Ql 2RK‘/21 )

Qs R

(6.139)

These coordinates are centred at KK monopole. It would be much more arduous
task to consider perturbations in full geometry above. So as in [172], we take near
ring or thin tube limit of the above geometry. To take the near ring limit, it’s better

to use coordinates centred on ring. We define new coordinates by

R+ 1rcosf

p=%, ¢o=0¢ , =19 , coselzT (6.140)
Another way to write is
psinf, =rsinf , r? = p?+ R* — 2Rpcosf, (6.141)
It’s easy to see that for this change of coordinates
dr® + r?df* + r?sin? 0 = dp® + p*df? + p? sin® 0, d¢* (6.142)

We want to take the limit R — oo keeping p, 0, fixed. It’s easy to see that under
this limit
r~R | cosl——1, Zx—1, Zx—1 (6.143)

Now Zy5 =1+ % and ds?% becomes

(Ridip — Qdo)? + dp* + p*db? + p? sin® 0, d¢* (6.144)
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Defining z = Rt — Q¢, we see that this is a metric for R? x S'. One forms

becomes
ky = —@ (6.145)
kg = V0@ (6.146)
Sy = \/Ql—%RK - \/Ql—g"’RK (6.147)
Sp = WQ — v/ Q1Qs5 cos 6y (6.148)
Now combining them, we get
k= kyd + kydp = — @(me — Qd¢) (6.149)
k+s=(ky+sp)dp + (ky + 55)dd = —@dw — /Q1Q5 cos 81de (6.150)
Defining z = Rgv — Q¢, we have
k= —@dz , —(k+s) = @dz +/Q1Q5(1 —cosf)dp  (6.151)
In terms of these quantities, the metric becomes
ds?, = %25 —(dt — @dﬁ + (dy + @dz + 1/ Q1Q5(1 — cos 6;)do)?
V2, Z5ds3 + \/;5 s (6.152)

Define y = y + VQlQ z and then we see that it is same as near ring limit of

Maldacena-Maoz

1 Vi -
dsiy = NVA —(dt — QplQ‘r)alz)2 + (dj + /Q1Qs(1 — cos 0;)de)?
N 21 Zsdste + N Z1 ZsdsTs (6.153)
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KK monopole structure fixes periodicity of 3.

R, = 2V (6.154)

n

Now we write down the RR field. We have

F® = d[Z7H(dt 4+ k) A (dy — s — k)] — *4dZs5 (6.155)
Since
dZs = —Q—;dp (6.156)
P
we have

*4dZ5 = —%\/ﬂgppep(gld)zd@l A d¢ Ndz = —Q5 sin €1d91 N d(b Ndz (6157)

where we have put €,9,4. = 1 as in KK monopole space. Since four dimensional

base space is R* x S we have used flat metric. Writing

o=dy+\/@Q1Q5(1 —cosbt)) , do=+/Q1Q5sinbdb, A dop (6.158)

we can write

k4d75 = —d(Qs0 N dz) (6.159)
So F® = dC® where
1 \/
c® = - |(dt - Q;Qf)) Ao |+ Qso Adz (6.160)
1

We see that only effect of KK monopole on supertube geometry is that of com-
pactifying R* to R® x S! with radius of S* determined in terms of KK monopole
charges. One can easily dualize this to 'thin tube’ limit of NS1-P system. So the
results of [172] involving near ring limit can be taken over for this system. In [172],
we only considered fluctuations along torus directions when considering near ring or
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‘thin tube’ limit of N.S1-P geometry. In our case here, period of oscillation on gravity
side will be same as period calculated in [172]. In terms of masses, gravity calculation

gave
1

At =
2TNs1

(Mys1 + Mp) (6.161)

This is same as equation 4.101 from DBI analysis after one does the dualities. For
fluctuations in torus directions in DBI limit, there is no difference between flat back-
ground and KK monopole background except that RZ for supertube would be cal-
culated using KK monopole metric. So period of oscillations match. Fluctuations
along taub-nut directions are difficult to solve and we postpone that work to a future

publication.

8.7 Results and discussion

We studied supertubes in various profiles moving in a KK monopole background.
At the DBI level, profile which corresponds to Bena-Kraus metric in gravity limit was
analyzed in both NS1-P and D0-NS1 duality frames. We considered perturbations
of supertube with this profile and found that motion of supertube in KK monopole
background is not a drifting motion but more like quasi-oscillations as considered in
[172]. This can be taken as evidence for the bound state nature of system corre-
sponding to BK profile. But since conjecture of [172] was based on flat background
geometry (at DBI level), one should be cautious in considering this as definitive for
the bound state nature of the system.

Near ring or thin tube limit of D1-D5-K K turned out to be identical to near ring
limit of D1-D5 supertube alone, only change occuring in the periodicity of the ring

circle. In our present case of D1-D5-K K, the periodicity of the ring is determined
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by the monopole charge while with just D1-D5, it could be arbitrary. Calculations of
period of oscillation at DBI level, for torus directions, match with the gravity analysis.
Both are very similar to D1-D5 supertube case dealt in [172]. Only difference comes
from the fact that in D1-D5-K K case, radius of supertube is calculated using KK
monopole metric rather than flat metric.

Substantial difference from flat space case occurs when one considers form of
fluctuation and not just the periodicity. In KK monopole background, even at linear
level, there is no separation of dependences on £ and £~ and thus left-movers and
right-movers are invariably mixed. This effect is due to curvature of background. We
also analyzed, at DBI level, perturbations which have profile functions different from
BK profile even though in these cases no gravity description is known and so can not
be compared with DBI analysis.

It would be interesting to analyze K K-P system constructed in [193] and discussed
in previous chapter using the linearized perturbation formalism as developed in the
present chapter. Since we know that K K-P is a bound state, it can give us insight
about how the conjecture of [172] works in presence of KK monopoles. One can
also work with other three charge systems which do not contain KK monopole like

D1-D5-P system constructed in [176, 177] and are known to be bound states.
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APPENDIX A

T-DUALITY FORMULAE

In this thesis, we perform T dualities following the notation of [168]. Let us
summarize the relevant formulae. We call the T-duality direction s. For NS-NS

fields, one has

1 ’ €2<I> B G
Gl — 2d — G/ — s B/ — us
58 GSS ’ c Gss ’ He GSS ’ Hs GSS
G SGVS - B sBus B SGVS - G sBus
G;w =G — ’ oo = , B;,w =B, — = a. - . (A1)
while for the RR potentials we have:
e e (A2
" B sGias

Oy = Ot 4 nCl D G m(n — )T )

GSS
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APPENDIX B

GARFINKLE-VACHASPATI TRANSFORM

Wave-generating transform found by Garfinkle and Vachaspati belongs to the
class of generalized Kerr-Schild transformations. If one has a vector field £k, which

has following properties
1
kuku =0, k,u;l/ + ku;u =0, ku;ll = 5(1{:#"47” - kVA,H) (B1>

where A is some scalar function and covariant derivatives are with respect to some

base metric g,,. Then one has a new metric
9 = Guv + ek, k, (B.2)

which describes a gravitational wave travelling on the original metric provided matter

fields satisfy some conditions and the function ® satisfies
V=0, k"9, =0 (B.3)

Nullity of the vector field allows us to ‘linearize’ the Einstein equations. By employing
additional conditions (killing, hypersurface-orthogonality) on the vector field, Garfin-
kle and Vachaspati found that Einstein equations reduce to simple harmonicity of a
scalar function and some conditions on the matter field. Authors of [160] discuss con-
ditions on matter fields in the context of low energy effective action in string theory.
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Consider the action

5= ["ay=g <R M ACI IS fp(¢)Fé+1)> (5.4)

Here we have included a set of scalar fields ¢, with arbitrary (non-derivative) couplings
h.(¢) and f,(¢). Degree of p-forms appearing depends on whether we are in type IIA
or type IIB theory. Since we want the vector field k to yield an invariance of the full

solution, we impose the following conditions on the matter fields
Li¢a = k"0, = 0 (B.5)
Ly Fpay = (dig, + iy d) Fpp) = digFipi) = 0 (B.6)

where Lj; denotes Lie-derivative with respect to vector field k and i, denotes
interior product. In the second equation, we have used the identity L, = diy + ind
and also the Bianchi identity dF},, ;) = 0 for forms. We also require a transversality
condition

ikF(p+1) =kA 9(p,1) (B?)

where p — 1 form 6,_1) necessarily satisfies 1,6(,_1) since ziF (p+1) = 0. This transver-
sality condition ensures that the operation of raising and lowering the indices does not
change the p+1 form field strength. With these conditions, the matter field equations
of motion remain unchanged. Hence if the set (g, ¢, 4,) is a solution to supergravity
equations then so is (¢, ¢q, A,). Note are that all this is in Einstein frame but it can
be rephrased in string frame very easily. Only change is that if Einstein and string
metrics are related by

9o = € 9, (B.8)

then Laplacian condition above becomes

BTG5 0,8) = 0 (B.9)
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Our null, killing vector is (%)a. Since nothing depends on u,v and it is a light-like
direction, it is obvious that this is null and killing. Since there is no mixing between
u,v and other terms, this is also hypersurface orthogonal with e = H~!. To see
this we explicitly check hypersurface-orthogonality condition. We have k* = 1 and

ky = guk™ = guy as the only non-zero component. We use this in the hypersurface

orthogonality condition
1
Ok — T kx = 5 (ku0u A = .0, A) (B.10)

Now we consider various cases. We use the fact that nothing depends on u or v. We

have following connection components which we will need.
1 1
FZI/ = 0 ) FZV = aaV ]'ng’lﬂ) ) F;)U = aaz lnguv (Bl].)

For p = u, we see that hypersurface orthogonality condition is trivially satisfied as
all the terms vanish on both sides. For y = 7, we only have non-zero terms for v = v
and in that case

—%@ In gk, = %kzv(?uA (B.12)
This gives e = g"¥ = (gu) ! From the other case p = v, we get the same value for

A and hence equations are consistent. With this value, we get

1
GuvdVGupdV = Gupdv?® (B.13)

uv

ek, k,datdx” =

So new metric is
ds® = —(dudv + Tdv*) + H 'dx;dx; + H(ds + Vidx?)? (B.14)

We need to solve Laplace equation in the Taub-NUT geometry. Since derivatives with

respect to u or v and along torus directions are zero, we have only Laplace equation

1
vV ITN

@(\/gTNgijajT) =0 (B15)
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For Taub-NUT metric, we have

H
V grN = H_1T2 sin 0 y gTT =H ) 906 = ﬁ ) (B16>

oo M e HQueosd e por, HQEco?0
r2sin?6 ’ r2sin’ @ ’ r2

g (B.17)

Using these, we write down Laplace equation for 71" as

H™%r? 4+ Q3 cot® 0
Hr2

o1 , 1 :
O,(Hr?sin QﬁaTT) + Op(H7r? sin QW%T) + O,(Hr?sin 0( 0sT)

1 HQ cosb

+ 3;(H717“2 Sin 9mT> — 28¢85(H71T2 sin 9 T) = O (B18)

r2sin? 6
Dividing by \/g7n, we get

1., 1/ 1 .. 1
ﬁar(r 6TT) + — (@ag(SIII QagT) + 51—2

72 n-6

(QKOT + 95T — 2Q cos 08¢88T))

1
+ E(H*%ﬂ2 — Q%) =0 (B.19)

If we assume that ;7 = 0 then we simply get three dimensional Laplace equation
whose solution is given in the main part of the paper.

We will also need a theorem proved in [160] which says that the scalar curva-
ture invariants of metrics g,,, and g, in Garfinkle-Vachaspati transform are exactly

identical.
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APPENDIX C

SPHERICAL HARMONICS ON S?

In this Appendix we list the explicit forms of the various spherical harmonics
encountered in the solutions presented in chapter 3. The metric on the unit 3-sphere
is

ds* = db? + cos? Odr)? + sin® Odp? (A.1)
The harmonics will be orthonormal
/ dQ (Yhyy'h o= ghh

/ dQ (YEyyhe = §lb (A.2)

In order to simplify notation we have used the following abbreviations
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P
Il
S
—~
=
w
~—

YO =y, (A4)
Y+ = Y(gl_ﬂéﬂ) (A.5)
Y = Y;(lztli,lz)) (A.6)
yn =yt (A7)
Y;l(l—l,l) = Ya((lz_—lf,lz)) (A.8)

Ya(l+2,l+1) = Ya((lltzf,l;)rl) (A.9)
y(rie =y (i) (A.10)

C.1 Scalar Harmonics

The scalar harmonics we use are (in explicit form)

R 2 4 1 219
Y(l) _ T+€—Sin2l0 (All)
T
U220+ 1 - -
yh — _ge_’(%_l)wwsin%_l90089 (A.12)
T
A0+ D20+ 3) . -
y+D \/( +2)( + )6—1(25_1)¢+W((l_1)+(l+1)c0829)sin21_19C089
T

(A.13)

C.2 Vector Harmonics

The vector harmonics are given by
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o—i2l=1)o+iv ¢ 2-2 g

yHh = - NES] (2% =1 +1) + (I — 1)(20 + 1) cos 26) (A.14)
Yzém’l) _ Z_ei<2l4:¢>+iw SinQi/ll_'iL(;OS 0 (202 +30— 1) + (I + 1)(20 + 1) cos 26) (A.15)
yHHD - _ie_i@;ww Smt;;iiose (217 = 51— 1) + (2% + 31 + 1) cos 20) (A.16)
yHD _6—1(21;)¢+w 4l(525i 1) sin? 26 ((1 — 1) + L cos 20) (A.17)
Yw(z,zﬂ) _ Z_ei(2l4:¢>+iw 4l(l2143 1) sin2-1 9 cos @ (1+ (I + 1) cos20) (A.18)
quz,zﬂ) _ Z_ei(2l4:¢>+iw 4l(523_—: 1) sin? 10 cos O (1 +2) + (I + 1) cos 20) (A.19)

e—i(2l—1)¢+its

v = V2 Tsin™ 20 (A.20)
m
—i(21—1)pit)
Yw(l_l’l) Y i 5 V20 = 1sin? ' cosb (A.21)
m
(1) o—i2l-1)d+it
Y, 7 = —i27\/2l — Isin? ! cosd (A.22)
m

—i2l-D¢+iy [ 3
YQ(H'Q’Z'H) _ _6 5 s Sin21—2 0 [(l . 1)(2[2 1+ 1)
T

2(403 — 1 20  (I—-1)(1+1)(21 40

N ( + 3) cos N ( J(I+1)(20 + 3) cos (A.23)
3 3
—i(21—1)¢-+irp 972 1
Yw(l”’lﬂ) = \/ 5 sin? ' g cos @ —l( Ftsi-1)
A [+2 2

1 I+1)(1+2)(20+3

+§(l+1)(412+81—3) cos 260 + (L+ 1 +6 (2 + )COS4(9} (A.24)

Y(l+2,l+1) _ iefi(2l71)¢+i1/) 3 Sinﬂfl 0 cos 8 (2[3 o 3l2 + 3l + 4)
¢ 4 Vii2 2

(14 1)(1+2)(2 + 3)
6

1
+§(4l3 — 131 —9) cos 26 + cos 40] (A.25)

320



APPENDIX D

SOLUTION — INNER REGION

In this appendix, we give the solution for the inner region for calculations in
chapter 3.The supergravity equations are expressed in terms of the fields B,y and
w. It is convenient to divide the By/y into three classes — By, B, and B, where
By is an antisymmetric tensor on S*, B, is a vector on S® and B, is a scalar on S°.
At a given order €", the corrections to By, and B, at that order can be expressed in

terms of a single scalar field b and the antisymmetric tensor ¢,

Bab = €abC€_2il%taCb (Bl)
B, = éwm (e71@%) + e e, (B.2)

Here €4, is the usual Levi-Civita tensor on the unit S? (with €gyy = V/9), while €,
is the Levi-Civita tensor density on the ¢,y,r part of the metric (2.10); thus &,, = 1.
Below we will give the values of b and ¢,, at each order in the perturbation. The
1-forms By, By, and B,, will be given explicitly. To avoid cumbersome notation we
do not put labels on the fields indicating the order of perturbation; rather we list the
order of all fields in the subsection heading.

In this Appendix the solutions are in the NS sector coordinates. In order to
compare with the outside we need to spectral flow these to the R sector using the
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coordinate transformation

Uns = — %y, s = — %t (B.3)

The perturbation expansion in the NS sector coordinates has only even powers of e.
The spectral flow (B.3) to R sector coordinates generates odd powers in €. Thus the
O(€%) NS sector computation gives O(€°), O(e!) in the R coordinates.

The solution to a given order €” is given by the sum of the corrections at all orders

<n.

D.1 Leading Order (O(c’) — O(e%), O(eh))

11
_ 0
b= LT ey (B4)
1 Lo
_ () —2il&t
YOS gy ()
Bu = Byu=B. =0 (B.6)
tw = 0 (B.7)
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D.2 Second Order (O(e?) — O(e?), O(€®))

a? (38l —1)—2l(l+1)cos?07 _
b = Y, B.
Q(r? + a?)! { AU(1+ 1)? } N§ (B.8)
2 202
w o 1 <+ a® cos QY]@@@*%%I& (B.9)

Q(r? + a?)! Q
la ! 2 2,2 I+1,
Ba = Q2 + ) [(\/(l NN 1)> (20 + 1)a® + (I + 1)*7] (VD) g

1 1 2 2 2 Li+1
" (2(l+1)2 (l+1)> (814 D)a + (14 1)%r°] () s

1 20—1 ) ) . o
gy 2 y (=1.0) 2il &t .
(4[ 120 + 1)) [a + 2Ir ] (Y, Ins| e R (B.10)

ia l 1
B, = — 2y (+10) . 20y (LI+1)
! Q*(r* + a?)! [(\/(H 1)(20 + 1)) ¥ s N (Yo )ws

1 201 2 2 (1-1,0) —2il %t
(4[ \/ 1(20 + 1)) [a + 2ir ] (Y, Ins|e e (B.11)

B = a> P T(y(lJrl,l)) + l(l - 1) r(y(l,lJrl))
QM2+ a2 (+1pEi+1)) e Y T g ni) e
1 [20—1\1 e
) (m/m) Lot 2] <Yé“’”>zvs] e e (B.12)
r? 2L+ 1D)a* + (I +1)*r\ 0 l l 141
ty, = Y. 2 y D
v S Pt @) ( (ESIE ) VO @)
(B.13)
P ar (12 +20 —1)a® — (I = 1)(21 — 1)r? 0
o Q?(r? 4 a?)+! 201+ 1)? NS
a3r ) l (I41)
—1 \/ Y, B.14
ZQQ(T’2 +a2)F (14 1)2\ (20 +3) 9 ( )
by = 1 ar (=1 vy (B.15)

Q*(r2 + a2l 201+ 1) N
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APPENDIX E

SOLUTION - OUTER REGION

As was done for the inner region in previous appendix, we divide the field By
into three classes — By, B, and B,,. At a given order €”, the corrections to By,
and B, at that order can be expressed in terms of a single scalar field b and the

antisymmetric tensor ¢,

Bab = e_i%“eabcacb
r - 9,
BP«V = (Weuy,\ﬁ’\b—l—tw) e @ (Cl)

Again €4, is the Levi-Civita tensor on the unit S® while € 1s the Levi-Civita tensor
density on the t,y,r part of the metric (2.22); thus é,, = 1. We give b,t,, at each

order. We also write

—1
w = €

Q=
e
!
—~
a
[\
S~—

w

We will give b,,,w at each order.

na s
The solution to a given order €” is given by the sum of the corrections at all orders

<n.

324



E.1 Leading Order (O(c))

11
b __Y(l)
4 r2
1
— y®
w TQ[(Q_,[_TQ)

E.2 First Order (O(c!))

b =w=0

) _ i_a l Q y (+10)
ooV @+ DI+ 1) Q)2 e
m 1 20—-1 Q

ia 472 —1

Y(l*l,l)
T\ @a @ reE e Taga\ T E e
(z I+1)
l (I+1)r2( Q + 12)?

tty - O

. Q (1 +2)r* +1Q) ! 0)
tyy =1a (7“2”1(62 +r2)3 414 1) B 4ZQ7~21+1) Y

B 21 -1DQ [(1+2)r* +1Q)] 1 0
tyr =1a (T2l+1(Q + T2)3 4l(l + 1) =+ 4lQT21+1) Yl
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E.3 Second Order (O(e?))

- a2< 1 N 20Q + 12 ((31—1)—2l(l+1)cos29))Y(l) (C.14)

2\ 4r2 T (Q+r2)2 8I(1 +1)2
a® l cos? 0
= 7 )\ yO C.15
‘ r”(@+r2>< & (Q+r2)) (1)
2
= Igylg — a 9 212 1 2 1 4
b =b2Y! 2O 1) (20°Q* + 31(1 + 1)Qr* + I(1 + 1)r?)
(14+1,0)
VI +1)5 201 +1)2 202\ 1(21 + 1)
bua = bya =0 (C.17)
ty, = — « [1(1+ 1)(20 + 3)Q?
YT A1+ 1)2r2(Q + 1r2)5
+1(60° + 91 + )Q%r? + (61° + 4% + 1 + 3)Qr* + (21° — 1 + 1)r] YV
+ ) \/ ! [(1+1)Q* + (Bl + 1)Qr* +2(1+ 1)r*] Y
2r2 (1 +1)2(Q +72)° \ 21 + 3
(C.18)
tye =0, t,;=0 (C.19)
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E.4 Third Order (O(€%))

b = =b,=0 (C.20)
— ( ia®Q 31(20 + 1)) y(+2041)
ua 2(Q + r2)3r2(] + 1)(20 + 3) [+2 “
. ia*Q {(l ~DRQ+r*) 2 } Y (LD
2Q +r2)2r2 (1 +1)2 4Q*(1+ 1) (20+3)(Q+7?) ‘

ia’ l
T1Q(Q 1 r2)ra \/(l +1)5(20 + 1) (4% + 20 + 4)Q*2 + (6% — 3)Qr+
(27 = D)r® +20(Q +r*) (1 4+ 1)°Q* — 21Qr* — Ir*) ] Y.+

ia® | 21—1 1 .2
o\ @ (_4(Q PP (+1)(Q* +4Qr* +21)) + 0

7’2

TR G- D@ B (2 + 1 - 1))) y =1

a

(C.21)

(i 120+ 1) 1 -
” 2Q+r)¥ 2\ 1+1) @+3)(1+1)) "

: ( T+ 1;?51 s P DQF (D + 27+ 143)) rﬂ) v

n iQag 1 4] Y1)
2Q 422 204+ 3)\| 1+ 1)(1+2) ) °

(C.22)

_ <m3c2(2l —1)(1Q + (1 +3)r?) ia® .
B r2H1(Q + r2)4 (1 + 1)2 4r23Q(Q + r2)3l

23 s 12 -1)(+3)Q*? !
[(z+1)(@+r) 121 — 1O + o Dyo

ia’Q (IQ + (1 +3)r?) (20 -1) ! I+1
+ 20241 () + r2)4 ((l 02+ 2)\ 2 +3) ) y (+1) (C.23)

Lyr
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b ia’Q (1Q + (I + 3)r?) ia® "
rt T r25+1 Q—H” 4l l—i—l) 4T21+3Q(Q—|—r2)3

—3)Q%? =3+ HQr' = (I +1)r°) :
[ 0+ 1)@+ o) DY()
ia®Q (1Q + (1 + 3)r?) 1 l 1
* < 2 Q1 2 (T +2)\ @19 ) vt e
tty = 0 (C.25)
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APPENDIX F

ANALYSIS OF THE A" EQUATIONS

In this appendix we look at the field equations (4.18) for the field AT. We have
found the expected time-independent solutions in section (6.4.2). We will now con-
sider a general ansatz for the solution and argue that there are no time dependent
solutions for this field, if we demand consistency with the long wavelength limit (4.30).

Let us write

Af=H''at, Af=daf, Af=af, A =a (A1)

v v 3 3

Since we have spherical symmetry in the space spanned by the coordinates i all fields
will be functions only of the radial coordinate r in this space; further, the A} can
have only the component Af. Putting this ansatz into (4.18) we obtain the coupled

system of equations (we list the equations in the order A = ¢, v, z,1)

Naf + 0fat — 0,0,af + 0.(0.a — Oral) + Ady(0.a) — dial) =0 (A.2)

Aaf +d%ar — [(HK — A%) d%at — 2A9,0,a]]
+H[Oy(HEK — A%)dsaf — 20;A 0,0} — [0i(HK — A*)dya} — 20,A0.a]] =0
(A.3)

329



Aat 4 0,0.a7 — 0.0;a) + (HK — A?) 0,(d.af — dyal)

—A0,(0.a — daf) =0 (A4)

Oi0iay — 0.0;aF + O2a; — 9;(0ia] — dja) + ;A (0za — dal)
+[(HK — A?) 0,0,a — A8.0;af — Ad,0;a7]
—[(HK — A%)d?a} — 2A0,0,a]] = 0 (A.5)

We look for a gauge field A1 having the same 2 and ¢ dependence as A~. We

write

aj — eikz—iwt fv(r)a a:— — eikz—iwt ft(r)

aJr — eisz'iwt fz(r), aJr — ieisziwt arA (A6>

z T

where the notation we have used for a; will be helpful in what follows.

Consider first equations (A.2) and (A.4):

Afy—fo—wAA—(kfi+wf)(k—wA) =0

Afo+wkfo+kAAN+(kfi+wf)[kA+w(HK —A)] =0 (A7)
Taking k times the first equation plus w times the second we get
Akfitwf)—[k —2wkA—W*(HK - A)](kfi+wf,)=0 (A.8)

We note that the coefficient k? — 2wk A — w?(HK — A?) has the form ¢ + d/r. If

d # 0 then by an argument similar to that leading to (4.58) we find that there is no
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solution with the required behavior at r = 0. Setting d = 0 tells us that we need to

have the same relation between w and k that we have seen before (4.58)

2\/ QlQp

w=—k——-—

Ql‘l’Qp

Using (A.9) one finds

R =20k A - (HK - A%) = I (781 - %)2 =
1 p

and thus

A(kft+wfz)_l;:2(kft+wfz)zo

The solution of the above equation that converges at infinity is

€7|]%|T

k ft +w fz =c
Let us now look at equation (A.3). Using (A.9) and (A.12) we find

[(HK — A% d%a} — 2A8,0.a]] = - f,
_Ql + Qp é a

€7|]~€|7‘
r2 k T( r )

[0;(HK — A®)0yaf — 20;A0,a}] =0

Then equation (A.3) becomes

We find that unless

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)

(A.15)

fo will be too singular to agree with (4.30) at small 7. The vanishing of ¢ also makes

(A.12) agree with (4.30) at small 7.
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From (A.14) and using the short distance limit implied by (4.30) we get

€_|I;"|r

(A.16)

Consider now the last equation (A.5) (for ¢ = r, the only non-trivial component).
The fact that ¢ = 0 implies

d.af — dyat =0 (A.17)

Moreover one has

(HK — A%) 0,00 — A0,0,af — Ad,0,at] = —iw O, f,

(HK — A®)d%a) — 240,0.a]] = —iw?0, A (A.18)

Equation (A.5) then gives
]{32
o, f, + (1—5) O,(f; —wA) =0 (A.19)
Equation (A.2) also simplifies to

AN(fi—wA)—w’f,=0 (A.20)

We see that (A.19) implies (A.20). But at this stage we would like to compare the
solution we have found with the limits required by (4.30). First consider the case
Q1 = Q. Then w = k and (A.19) is not compatible with (A.16). Now consider

Q1 # Qp. Eq. (A.19) implies

w2

m fv —|—COHSt. (A.21)

Ji—wA=
This is again incompatible with the limit (4.30), according to which f; —w A should
vanish for small r. We conclude that there are no time-dependent solutions for A™

consistent with the limit (4.30).
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F.1 Asymptotic behavior of the perturbation

In this part we will study the behavior of perturbations on the 2-charge geometries

near spatial infinity. We wish to see how fields fall off with 7, and in particular to

check that they carry energy flux off to infinity. We will first look at a scalar field to

get an idea of the behaviors involved, and then address the 1-form gauge field that is

actually excited in our problem.

Consider first the case in which the perturbation is represented by a minimally

coupled scalar W. We take the metric (4.1) and look at its large 7 limit. We denote by

7, 0, ¢, 1 the spherical coordinates in the 4 noncompact dimensions z; (i = 1,...,4).

The 5D Einstein metric is
ds® = —h= Y3 dt? + K3 (dF* 4 7 db* + 72 sin® 0 dp* + 7 cos® 6 dy)?)

with

)0 R)

We set momentum along the S* to zero and expand in angular harmonics
U =R YD0O,0¢,0)
where YU the [-th scalar spherical harmonic. The wave equation for W
Ov =0

implies

WS T APER

772 774 T2

|
g@;(rgaﬂ_\’,) -+ w2 ( R=0

We can understand the behavior of R at large 7 as follows. If we define

R

R = 3/2

=3l
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the equation for R is

(Q1+Qp)w _l(l+2>_3/4 QlQp R —

72

PR+ R+ 0 (B.7)

At leading order in 1/7 the terms proportional to 1/72 and 1/7#* can be neglected and

we have the solution

_ o o T+€iWF—|—T_ e—iw?
R=rye“" +r_e™" = R= —
73/2

(B.8)

which corresponds to traveling waves carrying a nonzero flux. When the terms of
higher order in 1/7 are included, (B.7) can be recursively solved as a formal power
series in 1/7:

G ® ()

RS (145 e S (14 ) (B.9)

n=1

The coefficients rﬁ? ) in this expansion are determined by the recursion relation

n

The rf ) are finite for any value of w and any n. However, since at large n one has
Til ) __i(n—1)

0 T,

(B.11)

the series (B.9) has zero radius of convergence. Equations like (B.5) lead instead
to asymptotic series in 1/r [88], and we expect that the above expansion is to be
interpreted as an asymptotic series, which accurately describes the behavior of R
at sufficiently large 7. From (B.9) we can still conclude that the perturbation R
radiates a finite amount of flux at infinity. Note that, in order to avoid logarithms in
the expansion (B.9), it is crucial that the next to leading corrections to the equation
(B.7) are of order 1/
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We find a similar situation for the case in which the perturbation is represented
by a vector on the six dimensional space R®Y x S'. As we showed in section (6.4)

the perturbation on the 2-charge system is a vector field with wave equation
_ L _ v
V(e FEmy £ 3¢ W HMAFL =0 (B.12)

The gauge fields Aj and A represent respectively BPS and non-BPS perturbations.
Since we are interested in time-dependent, non-BPS, perturbations, we will only look
at the equation for A in this section. For the metric, dilaton and B-field appearing

in (B.12) we will take the large 7 limits

ds* = H'[—dt* +dy* + K (dt — dy)?] + di* + 72 d6* + 7* sin® 0 dp* + 7> cos® O di)?

B = —(H*'=1)dtAdy, **=H" (B.13)
with
I Ql > Qp
H:1+§, KZE (B.14)

The spherical symmetry of the background (B.13) allows us to expand the vector
field components into spherical harmonics: Denoting by Y® and Y the scalar and

vector spherical harmonics on S2, we can write

F= IR YV, 6,0), AL =V R(7) 02Y (0, 0,0)+R(7) YO (0, 6, 0)]
(B.15)
with I = t,y,7 and o = 0,¢,v. We will need the following spherical harmonic

identities

Ov® =—11+2)y®0, OvOW=02-1+1)YVY=—0)YH, v°Y® «B.16)

[e7

where “primed” quantities refer to the metric on an S® of unit radius. (We use a
notation in which [ = 0,1, ... for the scalar harmonics and [ = 1, 2, ... for the vector
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harmonics). The components with A = « in (B.12) give

1 c(l)+2

= Oy [fg” Oy(e ™t Rv)] i e WIR, =0
1 . .
= Or [fg” (e’“"t Ry — 0y(e ™! Rs)>] =0 (B.17)
and the components with A = I give
a [ 3 giL g1t (aL(eﬂ'wt Ry) —9y(e 'R ))] (B.18)
RS W2 (e, — oy R,)) - 7% % (5" Rig) — Biele ™ R))) =0

with €™ = 1. As expected from group theory considerations, the component R,
decouples from all others, while R, and R; satisfy a coupled system of differential
equations. We want to show that, in spite of these mixings, R,, Rs and R; admit an
1/7 expansion analogous to (B.9). Putting in the explicit value of gr; in (B.17) and
(B.18) and using the gauge

A =0 (B.19)

we obtain the following system of equations

(1 + Ql :; Q_p QlQp) Rv o C(l)7+ 2 Rv =0 (BQO)

R 72

%ar(T@,Rv) + w2

%&(F&Rs)—l— (14 LG QQP)RS—%@@R)—M@?(H@) —0

7a2 7a4 7a2
(B.21)
l(l:2> (ORs = Re) +w?(1+ Ql:r@p pr) Re
—iw %’ (1 + @) O,R, + 2iw ?1 R, =0 (B.22)
e UT2) Ay, @
SR = SRy i (1+5)R,
) o |
= (1+ %) Q@ +Qy) (Re = =R, ) =0 (B.23)
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T—138(7“38R -2 p, +of(1+ Ql:;Qp pr) R,
(1 n @) Q1 — Q) (m Ri+ afRy) =0 (B.24)

(Eq. (B.22) is the I = 7 component of (B.18); egs. (B.23) and (B.24) are linear
combinations of the I = ¢,y components of (B.18).)

Eq. (B.20) for R, is analogous to eq. (B.7): it thus admits an analogous asymptotic

expansion, of the form
n)
v ) (B.25)

—iw T oo (

e T

Ry R 1oy —1/2 < T Z ) T 7o, 71/2 <1 + Z 7
n=1

When expressed in local orthonormal coordinates, the contribution of R, to A~ is of

the type
+iwT

A>

Y
«Q 773/2

(14+0(F 1)) (B.26)

and thus it again gives rise to a wave carrying finite flux at infinity.

The remaining egs. (B.21-B.24) are four relations for the three unknowns R, R
and R,: this is so because we have used gauge invariance to eliminate one unknown,
R;:. It then must be that only three of the four eqs. (B.21-B.24) are linearly indepen-
dent, and indeed one can check that eq. (B.23), for example, follows from (B.21) and
(B.22). We are thus left to solve the coupled system of equations (B.21), (B.22) and
(B.24). We can do this by using the following strategy: solve eq. (B.22) for R and
substitute into (B.21) and (B.24), which can then be solved for R and R, iteratively

in 1/7. To make the behavior at large 7 more transparent we also write R, and R,

as
R, R
Rs: 771/2, Ry: 773—/y2 (B27>
We find
W+2) R, 1 (1425 | Q o
R === 2 00 b (B R+ iR 0R, ) O (B2S)
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and

@@ 1/ap, | M+2)
T wer
8g7~2y 12 ﬁy I W Q1 +Qp) — (1 +2) —3/4 yos

T

2
PR+ Ry + 2

T

PR+ O0F 3 =0

p> y+O@F ) =0 (B.29)
In (B.28) and (B.29) we have organized the powers of 1/7 by assuming that R,
7N€y and their 7-derivatives are of order : By looking at (B.29), we see that this
assumption is actually implied by the equations themselves. Note also that the next

to leading corrections in (B.29) are of oder 1/7%. We can thus conclude that R, and

R, have the form

iwrF (1) —iwrF © ,.(n)
(& 7057_’_ (& TS,—
Rs ~ 7l/2 ZO n + 7l/2 Z() n
eiw 7o > r("j_ e—iw 7o X r(")
~ Y, Y,—
Ry ~ 773/2 Z n + 773/2 Z n (B30>
n=0 n=0

Analogously to the case of the scalar perturbation, the coefficients Tgnj)[ and r;ni)r for

n > 1 are recursively determined from rﬂ and Té?i, and are finite for any value of w

and any finite n. Substituting in (B.28) we have the solution for R;

wr X (n) —iwrP X (n)
Ny e Tr + e Ty~
Ri ~ 7 E p + 7 E p (B.31)

where ré"i) are determined in terms of ri"i) and ré"i (the leading coefficients ré?j)[ vanish

for [ = 0).

The components R, and R, give rise to nonvanishing energy flux at infinity while
R does not contribute to the flux at leading order. Note that because R is zero
if both R, and R, vanish, it is not possible to have a solution in which only R; is

excited, and thus all solutions carry some flux at infinity.

338



APPENDIX G

COORDINATES FOR THE RING

In this appendix we explain the geometric meaning of the coordinates (3.27) useful
in describing the ring, and also obtain the near ring limit used in our analysis. The
coordinates we define are constructed on the lines of the coordinates used in [120],
and are related to them by a simple transformation.

The D1-D5 geometry (4.100) can be generated by starting with an NS1-P system
where the NS1 describes one turn of a uniform helix. Let this helix lie in the z; —
o plane of the noncompact 4-dimensional space x1,x9,x3, 4. We introduce polar

coordinates in this space

r1 = T sinf cos ¢, Ty = Tsinfsin ¢

x5 = 7 cos 0 cos 1, x4 = Fcosfsiny (A.1)

Then the coordinates 7, § appearing in (4.100) are related to 7, 0 by [150]

PV r @l wsi—-——20 G5 G-y (A2
V2 + a?sin?0

In these coordinates the ring is easy to see; the center of the ‘tube’ runs along the
circle at 7 = a,0 =7 /2. We will start by defining our ring coordinates with the help
of these variables, and later convert to the coordinates (7, 8, ¢, 1)).
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G.1 New Coordinates

In this section, we want to define coordinates near the ring such that the direction

along the ring becomes a linear coordinate
z=agp (A.3)

We now wish to choose coordinates in the 3-dimensional space perpendicular to the
ring. Choose a point P = (a cos QNﬁ, asin &, 0,0) on the ring. Close to the ring we would
like these to be spherical polar coordinates r, 0, ¢ centered at P, with the direction
6 = 0 pointing towards the center of the ring. Close to the ring the coordinate r
should measure distance from the ring, but when r ~ a we will see the diametrically
opposite point P’ = (—acos b, —asin (5,(),0) on the ring, and should use a radial
coordinate that vanishes at P’. Consider all points that have azimuthal coordinate

® = ¢ and for these points define

=—(—+—) (A.4)

2a T pr rp

1 1 rp rpr
r

where rp, rp measure distances from the points P, P’ respectively

rp = \/f2—|—a2—2afsin6’~, rpr = V2 + a2 + 2a7 sin (A.5)

If we approach the point P we have rp — 0, and

1 1 rp 1
o ~ — A6
: (A.6)

- % Tp Tp
So we see that r ~ rp near P, and similarly r =~ rp/ near P’.
Note that
r3r2, = (a® + 72)? — 47%a% sin? 0 = (a® — 72)? + 47%a® cos® 0 (A.7)
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Thus

> = 7| < rprp (A.8)

with equality only for points on the ring diameter passing through P, P’. Thus we

can define
2 =2
cosf = (o =) (A.9)
TrpTpr
Near P we have
rpRT, rpoa2a, a®—7 = (a+7)(a—7)~2a(a—7) (A.10)

Close to P we have

P = (e ad) + (ad + o) ~ \fad 4 a3 (A.11)

where we have kept terms up to linear order in the displacement from P. Thus a — 7
measures the distance d from the P along the diameter through P (with d positive

for points inside the ring). We then see that

cos ) ~ _d (A.12)
r

and thus 6 is the desired polar coordinate near P. Finally note that the x3 — x4 plane
is perpendicular to the ring and also to the diameter through P, so we define the

azimuthal angle

¢ =tan"! = =) (A.13)
T3
Using (A.1) we write the ring coordinates in terms of the coordinates (7, 8, ¢, 1)
=2 2 29 2 20 — 2 _ _
- ( r* 4 a” cos )7 cos@za cos r c—ad p= (A14)

72 + a2 + a2 sin?
The inverse of these relations gives (3.27)

Cosin?l=—0—'  f=¢, $== (Al5)

o, a’r(1—cosf)
r = y
a+rcost a

a+rcosf
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APPENDIX H

TRAJECTORIES IN FULL BLACK HOLE
BACKGROUND

Consider the motion of a brane in the full four dimensional black hole geometry
which has an energy (as measured in terms of the time in the asymptotically flat
region) which is given by £ = (M, + Mo)q%, i.e. the same energy which we found
in the near-horizon approximation. We will verify that this brane comes out of the
horizon and goes back and examine the parameter space for which the brane remains
in the near-hroizon region. In this analysis we will set the motion along the T to
zero from the beginning, so that we will deal with the four dimensional part of the
geometry.

The black hole solution is described in terms of harmonic functions

Ho(r):1+q7° Hi(r)zl—i—% (i=1,---3) (A1)
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The (four dimensional part) string metric, dilaton and the 1-form RR fields are given

by
2__dt2 N2 [dr2 4 r2d02
ds® = [H(r)]2+[H( )] [dr® + r=dQs]
(A.2)
1
A = Ho(r)
(A.3)
® Ho(r)
e = H(r) (A.4)
where we have defined
H(r) = (HyHy HyHs) (A.5)

The lagrangian for a D2 brane which is wrapped on the S? at some value of r then

becomes
—2 2( )2 My
S = —p(r)V/[H(r)] =2 = [H(r)2(r)? + (A.6)
Hy(r)
where we have defined
H(r
u(r) = dmpa AL S+ 7 (A7)
Ho(r)
and the other quantities have been defined above.
The expression for the energy is
H(r)] ™2 M,
po__MOHEGE M s

H.1 Behavior of the Potential

Following the strategy of section (2.2) we will cast the problem as that of a non-

relativistic particle in some potential with the non-relativistic energy equal to zero.
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The equation of motion may be written using (A.8) as

SOV W) =0 (A.9)
where
1 I 2 (r)
O = o) ) T B E - R 1

The potential W (r) behaves as —r* for small r and +r? for large r and has a sin-
gle minimum. For any F the brane therefore starts from the horizon, goes upto
a maximum distance r = 1 given by the point W(ry) = 0 and turns back to the
horizon.

The near-horizon region has r < qp, p; and we want to examine whether 7y lies
in this region. The general problem is difficult to analyze. However we get some

indication by looking at the simpler case where
Qo =P1=P2=DP3=( (A.11)
so that Ho(r) = Hy(r) = Hs(r) = H3(r) = H(r). In this case
12(r) :M§(1+2)4+M§ (A.12)

where Ms is the D2 mass of the previous subsections.

In terms of the dimensionless distance

r
y=- A.13
. (A.13)
the potential W (r) becomes
4 21 +y)2 —eE(1+y) —2aey
W(y) = 5 3y( ) ( )2 (A.14)
2(1+y) (e(1+y) + ay)
where we have defined
E M,
= — = — Al
€ VA a 7 (A.15)
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We want to examine only the special trajectory with E = M,. The function W(y)

for E = M, is shown in Figure (H.1) for various values of the ratio a = My/M,

0. 003
0. 002
0. 001

-0. 001
-0.002

Figure H.1: The potential W (y) as a function of y for E = M,. The curves have

3 = 0,1,6 starting from the top

The trajectory will proceed to the zero of W(y) at y = yo(a) # 0. The function
W (y) is plotted against y for various values of « in Figure (H.1). It is clear that the
value of gy, increases as « increases and becomes greater than unity for sufficiently
large . Thus the D2 brane goes beyond the near-horizon region for large enough

« and strictly speaking the near-horizon approxiomation can be trusted only when

My < M,.
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