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ABSTRACT

Planar spiral waves are rotating waves that rotate with constant angular velocity and

behave like Archimedean spirals in their far field. Such spirals arise in many experiments

as well as in reaction- diffusion models. In this thesis, thepersistence of planar spiral

waves is investigated upon excising a small hole from the domain near the core region of

the spiral.

Before treating 2D patterns, we investigate the persistence of 1D pulses upon truncating

the real line to large but bounded intervals, supplemented by boundary conditions at their

end points. Under appropriate transversality assumptionson the boundary conditions, the

persistence of pulses is established and their stability with respect to the reaction-diffusion

system on the bounded interval is determined. It turns out that the stability properties of

the truncated pulses depends on the choice of boundary conditions. These results are then

applied to the front of the Nagumo equation and the fast pulseof the FitzHugh-Nagumo

equation.

In the second part of the thesis, we analyse the persistence of 2D spiral waves by pos-

ing the elliptic partial differential equation as an ill-posed dynamical system in which the

radius serves as the time- like variable. In this setting, the approach via Lyapunov-Schmidt

reduction and Lin’s method utilized in the one-dimensionalcase carries over to systems

posed on the plane. Upon establishing suitable a-priori estimates for the dynamics on the

center eigenspace, we prove the persistence of core-regionspirals that satisfy the boundary
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conditions, and afterwards match with far-field spirals to obtain a unique planar spiral that

obeys the boundary conditions.
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CHAPTER 1

INTRODUCTION

Historical Perspective

Spiral waves provide one of the most striking examples of pattern formation in non-

linear active media. In 1946, Wiener and Rosenblueth [59] proposed a simple model that

allows one to analyze various regimes of excitation propagation in a homogeneous neuron

network or in heart tissue. In the framework of their model, they described the phenomenon

of a spiral wave circulating around a hole in an excitable medium. In the late 1960’s, Zaikin

and Zhabotinsky [64] observed target patterns in the Belousov-Zhabotinsky (BZ) reaction

in a thin unstirred layer of reacting solution of ferroin andmalonic acid. This observation

was regarded as the first recorded spatio-temporal pattern formation in chemical systems.

Later Winfree [60] found self-sustained rotating spiral waves in thin layers of BZ reagent

(See [7] for more experiment results on the BZ reaction). Ever since, these examples of

pattern formation have fascinated researchers in applied mathematics, physics, chemistry,

cardiology, and several branches of biology. Spiral waves also appear in several other

chemical and biological systems, for instance, during the oxidation of carbon-monoxide on

platinum surfaces [38], during the aggregation stage of theslime modeDictyostelium dis-

coideum[32] or the intracellular calcium wave signaling in immatureXenopusoocytes [1].
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Spiral waves are mainly, though not exclusively [41], considered as spatio-temporal

patterns generated by reaction-diffusion systems in excitable media (For the study of de-

fects in the oscillatory media, see e.g. [51]). The completescheme in the application is

usually complicated, but qualitatively it can be broken down into much simpler building

blocks. For instance, the BZ reaction involves more than 20 intermediate stages, but it can

essentially be described by the following2-component model [58]:

∂u

∂t
= Du

∂2u

∂x2
+ u(1 − u) − v(u− a)

u+ a
,

∂v

∂t
= Du

∂2v

∂x2
− 1

τ
(v − bu).

Hereu, v represent the normalized concentration of the activator and inhibitor, anda≪ 1,

b andτ ≫ 1 are positive control parameters.

The Existence of Spiral Waves

The existence problem has been a long-standing issue in the study of spiral waves.

Cohen, Neu and Rosales [12] were the first to construct a spiral wave solution for reaction-

diffusion equations, and over the past three decades, Greenberg [19], Kopell and Howard [30],

Keener and Tyson [28], Karma [26], Sandstede and Scheel [46,47, 48, 49, 50, 52, 55], and

among others, have investigated the existence and stability of spiral waves in reaction-

diffusion systems. There are two approaches (Section 4, [16]) to this problem: One isthe

kinematic theory of spirals, that is, a direct geometric description of the spatio-temporal dy-

namics of the appearing sharp wave fronts; another one uses the mathematical description

derived from experimentally observed spirals. For example, in this thesis, we assume that

the spirals are rigidly rotating and of Archimedean shape. These features can be observed

in many spiral waves.
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Spiral Instabilities

One of the most interesting parts in the studies of pattern formation is the investigation

of different states and the transition from one to another indifferent parameter regimes. For

generic spiral waves, there are two types of transitions or instabilities that have been studied

intensively: Spirals may begin to meander or drift instead of rotating rigidly [62]; they

may also breakup either in the core or the farfield. These phenomena have been observed

both experimentally and numerically [2]. The following pictures are variant snapshots of

numerical simulation of the FitzHugh-Nagumo equation, by Sandstede and Scheel, based

on Barkley’s code EZSpiral.

Figure 1.1: Meandering (left) and drifting (right) of the tip motion: The transition are near
Hopf bifurcations of the original pattern. The drifting is aconsequence of the resonance
between the Hopf frequency and the frequency of the rigidly rotating spiral waves, see [52].
The superimposed spirals can be observed in the farfield for meandering cases.

Truncation Problem: Small Hole Near the Core

In this thesis, instead of investigating instabilities or bifurcations of spiral waves, we

are interested in the persistence of spiral waves.
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Figure 1.2: Farfield (left) and core (right) breakup: The instability is caused by the ab-
solute spectrum of the spiral wave. The wavetrains transport the local perturbation to the
farfield/core region. For the farfield (left), the parameters are in the regime of absolute
instability. The subcritical nature of the instability amplifies the compression and expan-
sion of the wavetrains until they collide and breakup, see [49, 50]. Thus, breakup can, to
some extent, be described by instabilities of the asymptotic one-dimensional wave trains
that then carry over to the full two-dimensional spiral. Thesimilar idea can be applied in
the studies on defects, see [51].

In early studies of spiral waves, it was realized that any spiraling pattern would neces-

sarily entail a phase singularity at its core (For example, see [61]). It has also been known

that the creation of spiral patterns does not require the presence of an inhomogeneity. For

example, as observed in BZ reactions [60, 65], spiral waves are created by breaking the

continuous front of an excitation wave, which does not require any impurities or gas bub-

bles. However, the presence of inhomogeneities will lead toa more complicated dynamics

of the spirals. For example, in the low-voltage defibrillation of heart tissue, the repeated

low-voltage perturbation with the same phase would direct the drift of spiraling pattern to

the boundary of the cardiac tissue, at which the spiral can beextinguished due to the non-

excitability of the boundary. Issues can now arise from the local inhomogeneities, which

can interact with the spiraling pattern, and might prevent the spiral to drift away.
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In this thesis, we consider two issues arising from the aboveconsideration, namely, the

existence of the spiral wave after excising a small hole nearthe core region, and the effect

of the boundary condition imposed at the boundaries of the hole upon the dynamic of the

spiral. The main result (Theorem 3.6.1) that we obtain is thefollowing:

Theorem 1.0.1.Consider the reaction-diffusion equation on the plane

ut = D∆u+ f(u), u = u(x, t), x ∈ R
2. (1.1)

Assume that there is a generic spiral wave solutionu∗ of (1.1) with temporal frequency

ω∗ 6= 0 and positive group velocitycg. (The group velocity describes the change of temporal

frequency with respect to the wave number, see (1.7) for the definition). Also, assume that

u∗ satisfies a certain transversality hypothesis (Hypothesis3.1). Then the spiral is robust

with respect to the Dirichlet or Neumann boundary conditionat r = ǫ for ǫ small enough.

More precisely, there existsǫ0 > 0 such that for all0 < ǫ < ǫ0, the following is true.

Consider the new domain

Ω := R
2\Bǫ(0)

with the boundary∂Ω = ∂Bǫ(0). Then there exist two families of spiral wavesuDir =

uDir(ǫ) and uNeu = uNeu(ǫ) on Ω with frequencyω = ω(ǫ) such thatu satisfies the

Dirichlet boundary condition

uDir|∂Ω = u∗(0)

or Neumann boundary condition

∂uNeu
∂n

|∂Ω = 0
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at r = ǫ. Moreover,uDir and uNeu depend smoothly onǫ. Furthermore, up to some

normalization (Hypothesis 3.4), we have the following expansion forω nearω∗:

ω = ω∗ +
ǫ

M · ln ǫ(u∗)r(0) +O(
ǫ

ln2 ǫ
), (Dirichlet condition);

ω = ω∗ +
ǫ

M
(u∗)r(0) +O(ǫ2), (Neumann condition).

HereM is an Melnikov-type integral with respect toω, which is assumed to be non-zero

(see Hypothesis 3.2).

Methodology: Lin’s Method

Instead of embarking directly on an analysis of the two-dimensional case, we first study

the corresponding one-dimensional situation to gain insight into the relevant issues. After-

wards, using radial dynamics we shall see that the main ideascarry over from the one-

dimensional to the two-dimensional situation, even thoughthe details will be far more

complicated.

The scheme we use to study the one-dimensional situation is calledLin’s method. In his

paper [33], X.-B. Lin demonstrated that a functional-analytic framework can be applied to

the problem of the bifurcation of periodic solutions near heteroclinic or homoclinic orbits

of the following autonomous equation:

ẋ = f(x, µ), x = x(t) ∈ R
n. (1.2)

Suppose that (1.2) possesses a homoclinic orbith(t) to a hyperbolic equilibriumpwhen

µ = 0 and the tangent spaces of stable and unstable manifold ofp have a one-dimensional

intersection alongh(t). Sincep is hyperbolic, the linearized equation

ẋ(t) = Dxf(h(t), 0)x (1.3)
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has an exponential dichotomy (see Definition 2.4.1) on[−L, 0], and [0, L], respectively.

That is, the phase space can be decomposed into invariant subspaces so that solutions in

these subspaces decay exponentially in forward or backwardtime.

Let Σ ∋ h(0) be a (n − 1)-dimensional hyperplane which is transverse toh′(0).

Since the tangent spaceTh(0)M
cu(p) of the center-unstable manifold and the tangent space

Th(0)M
cs(p) of the center-stable manifold ath(0) intersect along a one-dimensional sub-

space, there is a one-dimensional subspace∆ = (M cs(p)+M cu(p))⊥ of Σ, which is given

by span{ψ(0)}. Hereψ = ψ(t) is the unique, up to a scalar multiple, bounded nontrivial

solution of the adjoint variational equation to (1.3):

ẏ(t) = −(Dxf(h(t), 0))∗y(t). (1.4)

Suppose that we are interested in a2L-periodic solutionx(t) = x(L,µ)(t) of the equation

(1.2), such thatx(t) is nearh(t) for t ∈ [−L,L] with L ≫ 1 and satisfiesx(−L) = x(L).

With possible phase shift, we set (Figure 1.3)

x(0+) − x(0−) := lim
tց0

x(t) − lim
tր0

x(t) ∈ Σ.

The mismatchlimtց0 x(t)− limtր0 x(t) may not vanish due to the boundary condition

x(−L) = x(L). Therefore, if we consider thatx = x(µ,L) parametrized the stable manifold

for t ≥ 0 and the unstable manifold fort ≤ 0, with a discontinuity att = 0, then we

can varyµ to match, att = 0, two pieces of the solutionx(t), t ≥ 0 or t ≤ 0, for

all L large in the following heuristic sense: First, according tothe geometry ofΣ and

the existence of exponential dichotomies, we can decomposeΣ into mutually orthogonal

subspaces corresponding tob+, b− and∆, in which∆ is one-dimensional and the solution

in b+ (b−) decays exponentially in forward (backward) time (see Figure 1.4). Then we

can match in the directions other than∆ by solving forb+ andb− in terms ofµ and the

parameter provided by the boundary conditionx(L) = x(−L). Lastly, we match two

7



p

h(t)

h(0)

Σ

x(−L) = x(L)

x(t)

Figure 1.3: Lin’s method: seeking periodic solutionx(t) accompanying the homoclinic
solutionh(t).

solutions in the direction of∆ by adjustingµ. It turns out that the solvability of the last

matching is equivalent to the solvability of the following equation

Mµ = 〈ψ(−L), h(L)〉 − 〈ψ(L), q(−L)〉,

whose solvability is implied by the assumptionM :=
∫∞
−∞〈ψ(t), ∂µf(h(t), 0)〉dt 6= 0.

Throughout the above argument, the nonlinearity only contributes to the higher order

terms, for which we formulate our version more rigorously inLemma 2.6.1, 2.6.2 and 2.6.3,

Theorem 2.7.1 and 2.7.2.

In Lin’s method, the bifurcation function

G(L, µ) = 〈ψ(L), h(−L)〉 − 〈ψ(−L), h(L)〉 + µ

∫ ∞

−∞
〈ψ(t), Dµf(h(t), 0)〉dt+ h.o.t.

generalizes the bifurcation function

G(∞, µ) = µ

∫ ∞

−∞
〈ψ(t), Dµf(h(t), 0)〉dt+O(|µ|2).

for the homoclinic orbit.
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x(t), t > 0

h(t)

h(0)

Σ

x(0−)

x(0+)

b−

b+

∆

x(t), t < 0

Figure 1.4: Lin’s method: near the matching sectionΣ. Hereb+ andb− may be linearly
independent, despite the way they are depicted. We need to matchx(t), t > 0 andt < 0 at
t = 0 in the directions ofb−, b+ and∆.

Later Lin’s method was further developed by various authors, in the study of multiple

pulses, homoclinic bifurcations, see, for example, [8, 44,45, 43, 46, 53, 54], etc..

9



In Chapter 1, we consider the truncation problem of a homoclinic solutionh on R

to a solution on a large but finite interval[T−, T+], with −T−, T+ ≫ 1 and the boundary

conditions imposed atT± areseparated. We prove that the truncation boundary value prob-

lem is solvable (Theorem 2.7.1) if the boundary condition satisfies a certain transversality

assumption (Hypothesis 2.4). Furthermore, the truncationdestroys the translational invari-

ance, then an eigenvalueλ = λL ∼ 0 is created to replace the critical eigenvalueλ = 0. The

sign of the eigenvalue is determined by the leading order terms 1
M

(〈ψ(T−), P bc
− h

′(T−)〉 −

〈ψ(T+), P bc
− h

′(T+)〉), where

M =

∫ ∞

−∞
〈ψ(t), Dµf(h(t), 0)〉dt

is the Melnikov integral associated withµ (Theorem 2.7.2). Sinceψ andh′ decay expo-

nentially, the eigenvalueλL is actually exponentially small inL. For a finer estimate with

an exponentially weighted norm, see the super-convergenceresult in [43]. Afterward, we

also show the application of our method to the truncated boundary value problem of the

fast pulse for the FitzHugh-Nagumo equation and the front for the Nagumo equation.

Methodology: Radial Dynamics

The main idea is to reformulate the elliptic PDE’s that governs the existence and the

linear stability of the spiral wave as an ill-posed dynamical system in the radial direction.

The idea of posing elliptic problems as ill-posed dynamicalsystem can be traced back as

early as [29].

The spiral wave we consider isArchimedean, that is, asymptotically periodic along the

radial direction in the plane. More precisely, far away fromthe rotation center, along the

radial direction, the spiral wave converges to a one-dimensional wave trainu∞ with period

2π, wave numberk∞, and temporal frequencyω∞ (see (3.9)). Furthermore, consider the

10



formal limit r → ∞, we find that the wave train satisfies the travelling wave equation for

the one-dimensional reaction-diffusion equation. Therefore we refer the wave train to the

asymptotic wave trainof the spiral wave solution.

Spiral waves can then be captured as heteroclinic orbits connecting homogeneous steady

states at the core atr = 0 and the asymptotic wave trains atr = ∞. This viewpoint, which

we refer to asspatial dynamics, was first used in [55].

Now if the spiral wave is truncated near the core region, correspondingly we would

have a one-dimensional truncation problem (along the radial direction) for the travelling

wave.

Consider that the linearization of the reaction-diffusionequation at a spiral in a co-

rotating frame

ut = D∆u− ω∗∂ψu+ f ′(u∗(r, ψ))u := L∗u.

In spirit of relating the spiral wave with its asymptotic wave trainu∞, we consider the

one-dimensional reaction-diffusion equation

ut = Duxx + f(u), x ∈ R, u ∈ R
N . (1.5)

Upon using the co-moving coordinates(t, ξ = kx−ω), the spatial operator in the reaction-

diffusion equation (1.5) possesses the following linearization aboutu∞:

L := k2D∂ξξ + ω∂ξ + f ′(u∞(ξ)),

which we consider as an unbounded operator onL2(R,CN). Write the associated eigen-

value problemLu = λu as the ordinary differential equation

kuξ = v (1.6)

kvξ = −D−1[cv + f ′(u∞(ξ))u− λu].
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Note that the coefficients are2π-periodic. LetΦ(λ) be the associated period map,

mapping an initial value to the solution evaluated atξ = 2π. By Floquet theory (for

example, Theorem 6.1 in [21]), the ODE (1.6) has a bounded solution if and only if the

Evans function

E(λ, ν) := det[Φ(λ) − e2πν/k] = 0

for someν ∈ iR. Note thatE(0, 0) = 0.

We assume that

∂λE(0, 0) 6= 0,

which guarantees that the generalized kernel ofL is one-dimensional and spanned byu′∞.

The kernel of the formal adjoint operatorLad is spanned by a functionuad with 〈uad, u′∞〉 6=

0. Now apply Lyapunov-Schmidt reduction, then we obtain the reduced equationh(ω, k) =

0. The derivative∂ωh(ω∞, k∞) = 〈uad, u′∞〉 6= 0, then we can solveh(ω, k) = 0 for ω as a

function ofk by using the implicit function theorem and denote the solution byω(k).

The group velocitycg is defined by the derivative of the nonlinear dispersion relation

ω = ω(k) with respect to the wave numberk atk = k∞:

cg :=
∂ω

∂k
(k∞). (1.7)

Definition 1.0.1. We say that the spiral emits the wave train if the group velocity cg of the

asymptotic wave train is positive.

Then we restrict our studies to a generic class of Archimedean spiral waves. Define the

exponentially weighted spaces

L2
γ := {u ∈ L2

loc(R
2) : ‖u‖2

L2
γ

=

∫

R2

|eγ|x|u(x)|2 <∞},

with weightγ ∈ R in the radial directionr.
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Definition 1.0.2. An Archimedean spiral waveu∗ = u∗(r, ψ) is transverse if it emits a

spectrally stable wave train and the generalized kernel of the linearizationL∗ aboutu∗ in

L2
γ is one-dimensional for some smallγ > 0.

Then for reaction-diffusion systems with analytic kinetics, Sandstede and Scheel [49]

proved that transverse Archimedean spirals are robust withrespect to perturbations of the

diffusion coefficients and/or the reaction kinetics. Also they proved that if the kinetics de-

pends smoothly on a parameterµ, then transverse Archimedean spirals are also robust [47].

Approach for the Main Result

In Chapter 2, as we turn to the problem of truncation of the planar spiral wave in the

core region, extra complications appear. First, observe that the Laplacian on the plane

∆2 := ∂x1x1
+ ∂x2x2

= ∂rr +
1

r
∂r +

1

r2
∂ψψ

is singular atr = 0 in the polar coordinates. This motivates us to introduce a new time

scaleτ = ln r in order to perform a blow-up analysis nearr = 0 [47, 55].

Secondly, one extra feature we can observe for the rescaled linear equation is the pres-

ence of extra center directions: Taking the formal limitτ → −∞ in the equation

uτ = w

wτ = −∂ψψu− e2τD−1(ω∗∂ψu+ f ′(u∗(τ, ψ))u) (1.8)

−e2τD−1[(ω − ω∗)∂ψ(u∗ + u) + f(u∗ + u) − f(u) − f ′(u∗)u],

we have the asymptotic equation

Uτ = A−
∞U , (1.9)

where

A−
∞ =

(

0 1
−∂ψψ 0

)

13



which can be solved by using Fourier series inX0 = H1(S1,CN) × L2(S1,CN). Observe

that in the solution space, there is a2N-dimensional subspaceEc
− on which solutions do not

decay in either forward or backward time: OneN-dimensional subspaceEker
− (see Section

3.3.1) corresponds to steady states atτ = −∞ and itsN-dimensional orthogonal com-

plementEgker
− corresponds to the space of the linearly growing solutions of the linearized

equation. By applying standard perturbation tools (for example, the results in [40]), we

learn that the equation (1.8) exhibits similar dynamical behavior on the rayτ ∈ (−∞, s∗),

for any fixed constants∗. Thus, those corresponding{Ec
−(τ) : τ ∈ (−∞, s∗)} need to be

accounted near the core.

In order to prove the existence of the truncated core spiral,we consider the core spi-

ral, along with its derivative with respect toτ , as a solution of the variation-of-constants

formula:

U(τ) = Φc
−(τ, R∗)

(

wker−
wgker−

)

+ Φss
− (τ,−L)wss− + Φuu

− (τ, R∗)w
uu
− (1.10)

+

∫ τ

−L
[Φss

− (τ, s) + Φc
−(τ, s)]e2sG(U , s)ds+

∫ τ

R∗

Φuu
− (τ, s)e2sG(U , s)ds.

with appropriate boundary condition (for more details, seeSection 3.2.3)

U(−L) ∈ Ebc
− + d.

HereΦi
− are various evolution operators fori = ss, uu andc. The parameterswi− are taken

either atτ = −L or τ = R∗, i = ker, gker, ss anduu. Among them,(wker− , wgker− ) are

the center components taken atτ = R∗. Ebc
− is the boundary condition subspace andd

specified as a boundary condition parameter.

Observe that this fixed point equation (1.10) cannot be solved in (wker− , wgker− , wss− , w
uu
− , d)

by using the Implicit Function Theorem, for the right hand side of (1.10) is notC1-bounded

in the initial conditionwgker− corresponding to the linear growing solutions. The key to
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overcome this difficulty is to develop a-priori estimates ofwgker− in terms of the other pa-

rameters, exploiting transversality conditions which we assume to hold.

After obtaining the existence result of spiral waves in the core region, we would like

to match the core region spiral waves with the farfield spiral. During the matching, we

find that if we consider the temporal frequencyω as an extra parameter, then the other

parameterswker− ,wuu− andwss+ (a parameter provided by the farfield spiral) can be expressed

in terms ofω (Lemma 3.6.4). On the other hand, to match along the direction of the

bounded nontrivial solution of the adjoint equation, we need to adjustω. Thus, we see that

U = (u, uτ) is parametrized byω, and we also obtain the expansion ofω nearω∗ (Theorem

3.6.1).
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CHAPTER 2

TRUNCATION OF ONE-DIMENSIONAL PULSES

2.1 Motivation

Consider the following one-dimensionalreaction-diffusionequation

Ut = DUxx + cUx + F (U), x ∈ [T−, T+], U ∈ R
N , (2.1)

in which the nonlinearityF is at leastC2 andD is a diagonal matrix with positive entries.

TheN-dimensional vectorU may describe a set of chemical concentrations, depending on

time t ∈ R and the space variablex. The termcUx models advection of chemicals.

We are interested in stationary solutions to (2.1) of the form

U(x, t) = U∗(x), x ∈ [T−, T+].

Thus,U = U∗ satisfies

0 = Ut = D∂xxU + c∂xU + F (U), x ∈ [T−, T+], U(x) ∈ R
N . (2.2)

Suppose that there exists a stationary solution, then we arealso interested in the stability

of such a solution. Consider the linearization of the right hand side of (2.2) aroundU∗

L := D∂xx + c∂x + FU(U∗).

Then the spectral stability of the stationary solution is determined by the following eigen-

value problem

LU = λU (2.3)
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posed on the Banach spaceC0
unif([T−, T+],RN) of bounded, uniformly continuous func-

tions.

Note that the steady-state equation (2.2) and the eigenvalue problem (2.3) are both

ordinary differential equations (ODE’s), which can be rewritten as systems of first order

ODE’s. So the steady-state equation (2.2) reads

du

dx
:=
(

Ux
Vx

)

=

(

V
−D−1(cV + F (U))

)

=: f(u, c), (2.4)

whereu = (U, V ) ∈ R
2N , x ∈ R. On the other hand, for the eigenvalue problem (2.3), we

have
(

Ux
Vx

)

=

(

0 id
D−1(λ− ∂UF (U∗(x))) −cD−1

)

(

U
V

)

. (2.5)

Rewrite (2.5) to single out the coefficientλ. This yields
(

Ux
Vx

)

=

[(

0 id
D−1∂UF (U∗(x))) −cD−1

)

+ λB

]

(

U
V

)

, (2.6)

with

B =
(

0 0
D−1 0

)

.

We say thatλ is aneigenvalueof U∗ if (2.6) has a nontrivial bounded solution.

In the following sections of this chapter, we concentrate onthe ODE formulations (2.4)

and (2.6).

2.2 Set-up

Consider a system of ODE’s with a control parameterµ ∈ Rp:

du

dx
= f(u, µ), (u, µ) ∈ R

n × R
p, x ∈ R, (2.7)

wheref is at leastC2 such thatu ≡ 0 is an equilibrium for anyµ, that is,f(0, µ) = 0 for

all µ. For example, for the ODE’s derived from the reaction-diffusion system, we have that

n = 2N , whereN is the number of species and the parameterµ is given by the advection

parameterc ∈ R.
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In this chapter we consider the case that, forµ = 0, the system(2.7) admits apulse

h = h(x), which is a homoclinic orbit of (2.7) withlimx→±∞ h(x) = 0. We also assume

thath is stable for the PDE (2.1): Observe that due to the translation invariance,λ = 0 is

always an eigenvalue for pulses. The stability ofh means that the complement of{0} in

the spectrum of the linearization aroundh lies in the left half plane and is strictly bounded

away from the imaginary axis.

Assuming the existence ofh, we are interested, either for numerical computations or

theoretical interest [8, 53, 54, 43, 46, 49], in thetruncated boundary value problem: We

want to find a solution(u, µ) = (uT , µT ) of equation (2.7) on a large but bounded interval

[T−, T+], T− < 0 < T+ with |T−|, T+ ≫ 1, that approximatesh in some function space,

say,C1([T−, T+],Rn), and satisfies appropriate boundary conditions assigned atT− and

T+. We are also interested in determining the stability of the resultinguT on [T−, T+], as a

solution to the PDE (2.1) posed on[T−, T+].

The boundary conditions we use here areseparated boundary conditions, that is,uT

satisfies the boundary conditions if and only ifuT (T−) anduT (T+) belong to two sep-

arately prescribed closed subspaces, respectively. The subspaces should satisfy certain

transversality conditions, which will be stated later.

Note that (2.7) istranslation invariant. That is, leth̃(x) = h(x + x0) for any fixed

x0 ∈ R, thenh̃ also satisfies (2.7). Consider the linearization

v′ = fu(h(x), 0)v, x ∈ R. (2.8)

of the equation(2.7) abouth. Then we have the following characterization of the translation

invariance.

Lemma 2.2.1.h′(x) is a solution to the linearization (2.8).

18



Proof. Differentiate the equation (2.7) with respect tox, then we have

(h′)′ = fu(u, µ)|u=h,µ=0 · h′.

Suppose thath arises as a steady state of the reaction-diffusion equationon the real line.

Then Lemma 2.2.1 implies that(U, V ) = h′ is an eigenfunction for the eigenvalue problem

(2.6) with the eigenvalueλ = 0. Now upon the truncation ofR to [T−, T+], the translation

invariance of (2.7) is destroyed; therefore, the critical eigenvalueλ = 0 for the pulseh on

the real line is no longer an eigenvalue foruT . On the other hand, if(uT , µT ) is close to

(h, 0), we expect that there are discrete eigenvalues of the eigenvalue problem (2.6) near

λ = 0, for (u, µ) = (uT , µT ). The number of the eigenvalues nearλ = 0 should be equal to

the multiplicity of the eigenvalue0 for the pulseh. Therefore, more pictorially, the action

of truncation moves the eigenvalues at0 around and the stability/instability is determined

by whether any eigenvalue moves into the open right half plane, see Figure 2.2.

λ = 0

(a) (b)

λ < 0 λ > 0

(c)

Figure 2.1: A single critical eigenvalueλ = 0 for the pulseh is depicted in (a). A truncation
of the pulse to a large but finite interval with separated boundary conditions may move the
eigenvalue to the left-half plane (in (b)) or the right-halfplane (in (c)). In the latter case,
the pulse is destabilized.
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In comparison, suppose that, instead of affine separated boundary conditions, periodic

boundary conditions are applied [46]. Notice that the translation invariance is preserved in

this case: Consider that the solution is a solution of the reaction-diffusion equation, then

the translation invariance is implied by the periodicity atthe boundary points. Therefore,

there will still be an eigenvalue atλ = 0. If the solution with periodic boundary conditions

is extended to apulse trainon R [42, 16], then the resulting pulse train will have a small

circle containing0 as a part of the spectrum, and the tangency of the circle at0 would

determine the stability (Figure 2.2).

(a)

λ = 0

(d) (e)

Figure 2.2: A single critical eigenvalueλ = 0 for the pulseh is depicted in (a). A wave
train can be created by periodic extensions of a truncation of the pulse to a large but finite
interval with periodic boundary conditions. The single critical eigenvalue will turn into a
circle in (e)) and (f). In the latter case, the wave train is unstable.

2.3 Hypotheses

We now collect the assumptions under which we solve the truncated boundary value

problem.

First, in order to conduct a perturbation analysis, we require some information on the

spectrum of the linearizationfu(u, µ) about the asymptotic steady stateu = 0 andµ = 0.

We assume that
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Hypothesis 2.1.fu(0, 0) is hyperbolic.

That is, there areηs andηu > 0, such that

spec(fu(0, 0)) ⊂ {λ ∈ C : ℜλ < −ηs orℜλ > ηu}.

In other words, the spectrum offu(0, 0) is bounded away from the imaginary axis. Write

η := min{ηs, ηu}.

Denote the spectral projections associated with the stableand unstable eigenvalues of

fu(0, 0) by P s
0 andP u

0 , with corresponding generalized eigenspacesEs
0 andEu

0 , respec-

tively. Then hyperbolicity characterizes the dynamical behavior of the solutions to

du

dx
= fu(0, 0)u

in the following sense: Any solution with initial conditionin Es
0 exists and decays expo-

nentially with rateη in forward time, while any solution with initial condition inEu
0 exists

and decays exponentially with rateη in backward time.

Secondly, we require some transversality condition on the solution space of the equation

(2.7). In the phase space, the pulseh(x), x ∈ R, is a homoclinic orbit to(2.7) at µ = 0,

which is in the intersection of the stable and unstable manifolds of the equilibriumu = 0.

We assume that the stable and unstable manifold ofu = 0 intersect as transversally as

possible in the following sense:

Hypothesis 2.2.h′(x) is the only bounded solution to(2.8), up to constant multiples.

Geometrically, the hypothesis can be interpreted as that the intersection of the tangent

spaces ath(0) of the unstable and stable manifold atu = 0 is spanned by the vectorh′(0).

In particular,λ = 0 has geometric multiplicity one as an eigenvalue of (2.6).

Let

w′ = −fu(h(x), 0)∗w, x ∈ R (2.9)
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be the adjoint variational equationof (2.7), wherefu(h(x), 0)∗ is the (formal) adjoint op-

erator with respect to the standard scalar product onRn. By Hypothesis 2.2, the adjoint

variational equation(2.9) admits, up to constant multiples, exactly one bounded solution

ψ(x) which decays exponentially as|x| → ∞ (see, for example, [42]). Since the scalar

product between solutions of the variational equation (2.8) and its adjoint (2.9) is indepen-

dent ofx (see Appendix),ψ(x) is orthogonal to every solution of (2.8) that is bounded on

eitherR+ or R−. In other words,ψ(x) lies in the orthogonal complement of the tangent

spaces to stable and unstable manifolds at the homoclinic orbit h(x).

Thirdly, we introduce a more technical hypothesis: We assume that the following

Melnikov-type integral is non-vanishing:

Hypothesis 2.3.

M :=

∫ ∞

−∞
〈ψ(x), fµ(h(x), 0)〉dx 6= 0.

Lastly, we consider the boundary conditions. In the spirit of approximation, an intuitive

choice for the boundary condition would be that the solutionis contained in some linear

or nonlinear approximation of the invariant manifolds atu = 0, towards which the pulse

converges [8, 43]. In this thesis, we concentrate on separated boundary conditions atx =

T±, that is, we require that there are two specified closed linear subspacesEbc
− andEbc

+ of

Rn andP bc
± projections onto a complement ofEbc

± , with null spacesN (P bc
± ) = Ebc

± , such

that the boundary pointsuT (T±) satisfy:

uT (T−) ∈ Ebc
− , uT (T+) ∈ Ebc

+ , (2.10)

or in other words,

P bc
± uT (T±) = 0. (2.11)
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Observe that the number of the boundary conditions atT± is equal to the codimension of

Ebc
± .

We assume that

Hypothesis 2.4.Rn = Ebc
+ ⊕Eu

0 = Ebc
− ⊕Es

0.

Depending on the application, the choice of the complementsof the rangesR(P bc
± )

can be an important issue. However, by Hypothesis 2.4, thereis a canonical isomorphism

R(P bc
+ ) ∼= Eu

0 andR(P bc
− ) ∼= Es

0. Therefore, we can choose the range of the projections

R(P bc
+ ) = Eu

0 , R(P bc
− ) = Es

0. (2.12)

We fix these choices throughout the chapter. Also consequently, we have

dimEbc
− + dimEbc

+ = n.

uT (T−)

uT (T+)

Ebc
−

Ebc
+

Es
0

Eu
0

uT
h

Figure 2.3: A generic picture for the inhomogeneous boundary condition:uT (T−) ∈ Es
0,

anduT (T+) ∈ Eu
0 , in whichuT , accompanying the pulseh, is a solution to the truncated

boundary value problem. Compare this to [43], where the rangesEbc
− andEbc

+ are taken to
beEu

0 andEs
0, respectively.
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2.4 The Variational Equation and Exponential Dichotomies

In this section we study the non-autonomous variational equation

dv

dx
= fu(h(x), 0)v, x ∈ R, (2.13)

about the homoclinic orbith = h(x).

In connection with the variational equation we introduce the following concept:

Definition 2.4.1. (Exponential Dichotomy)Let J ⊆ R be an unbounded interval (J =

R−,R+,R ). The equation

dv

dx
= A(x)v, v(x) ∈ R

n, (2.14)

with evolution operatorsΦ(x, y), x, y ∈ J , is said to have an exponential dichotomy onJ

if there are projectionsP s(x), defined forx ∈ J and positive constantsηs, ηu andK with

the following properties:

(Stability) : Let Φs(x, y) := Φ(x, y)P s(y), then‖Φs(x, y)‖ ≤ Ke−η
s(x−y), for x, y ∈ J

andx ≥ y.

(Instability) : LetP u(x) := id−P s(x), andΦu(x, y) := Φ(x, y)P u(y), then‖Φu(y, x)‖ ≤

Ke−η
u(x−y), for x, y ∈ J andx ≥ y.

(Invariance) : The projectionsP s(x) are continuous inx ∈ J and commute with the

evolutions

P s(x)Φ(x, y) = Φ(x, y)P s(y).

The last property implies that

Φs(x, y)v0 ∈ R(P s(x)), x ≥ y, x, y ∈ J

Φu(x, y)v0 ∈ N (P s(x)), x ≤ y, x, y ∈ J
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That is, (2.14) has an exponential dichotomy onJ if we can decompose the phase space

into a direct sum oftwo subspaces:

R
n = R(P s(x0)) ⊕N (P s(x0)),

such that the set of initial conditionsu(x0) leading to solutionsu(x) that decayexponen-

tially in x for x > x0, with x, x0 ∈ J , is given by the rangeR(P s(x0)) of the projection

P s(x0); The set of initial conditionsu(x0) leading to solutionsu(x) that decayexponen-

tially in x for x < x0, with x, x0 ∈ J , is given by the kernelN (P s(x0)) of the projection

P s(x0).

Remark 2.4.1. Observe that a solution decaying in backward (forward) timein R+ (R−)

may not decay in backward (forward) time inR, so generically the existence of exponen-

tial dichotomies onJ = R− and J = R+ does not imply the existence of exponential

dichotomies onJ = R.

One of the main properties of exponential dichotomies is that they persist under small

perturbations of the equation. This property is often referred to as the robustness of expo-

nential dichotomies. Here we have a version of the robustness theorem, given by Coppel[13]:

Theorem 2.4.1.LetJ beR− or R+. Suppose thatA(·) ∈ C0(I,Cn×n) and the equation

dv

dx
= A(x)v, (2.15)

has an exponential dichotomy onJ with constantsK, ηs and ηu as in Definition 2.4.1.

There are positive constantsδ∗ andκ such that the following is true. IfB(·) ∈ C0(I,Cn×n)

such that

sup
x∈J,|x|≥M

|B(x)| < δ

κ

for someδ < δ∗ and someM ≥ 0, then a constant̃K > 0 exists such that the equation

dv

dx
= (A(x) +B(x))v, (2.16)
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has an exponential dichotomy onJ with constantsK̃, ηs − δ and ηu − δ. Moreover,

the projectionsP s(x) and evolutionΦs(t, s) associated with(2.16) are δ-close to those

associated with(2.15) for all t, s ∈ J with |s|, |t| > M .

Remark 2.4.2. If the perturbationB(x) in (2.16) converges to0, then the projections of

(2.16) converge to those of (2.15) in norm. ForJ = R+, if supξ |B(ξ)| is sufficiently small,

then the evolutions̃Φs(ξ, ζ) and Φ̃u(ξ, ζ) of (2.16) can be found as the unique solution of

the integral equation [40, 44, 42]

Φ̃s(ξ, ζ) − Φs(ξ, ζ) =

∫ ∞

ξ

Φu(ξ, τ)B(τ)Φ̃s(τ, ζ)dτ

−
∫ ξ

ζ

Φs(ξ, τ)B(τ)Φ̃s(τ, ζ)dτ +

∫ ζ

0

Φs(ξ, τ)B(τ)Φ̃u(τ, ζ)dτ, 0 ≤ ζ ≤ ξ

Φ̃u(ξ, ζ) − Φu(ξ, ζ) =

∫ ζ

ξ

Φu(ξ, τ)B(τ)Φ̃u(τ, ζ)dτ

−
∫ ξ

0

Φs(ξ, τ)B(τ)Φ̃u(τ, ζ)dτ +

∫ ∞

ζ

Φu(ξ, τ)B(τ)Φ̃s(τ, ζ)dτ, 0 ≤ ξ ≤ ζ

whereΦs(ξ, ζ) andΦu(ξ, ζ) are evolutions of (2.15). Therefore, in Lemma 2.4.1, the evo-

lutions of (2.16) converge to those of (2.15) ifξ andζ are uniformly large.

Proposition 2.4.1.The equation(2.13) has an exponential dichotomy onR
+ andR

−.

Proof. By Hypothesis 2.1, the asymptotic matrixfu(0, 0) is hyperbolic, thusdv
dx

= fu(0, 0)v

possesses an exponential dichotomy on bothJ = R− andJ = R+. Take

A(x) ≡ fu(0, 0), B(x) = f(h(x), 0) − f(0, 0).

Sincef is of C2 andh converges to0 asx → ±∞, B(x) converges to0 as |x| → ∞.

Then by Theorem 2.4.1, the equation (2.13) has exponential dichotomiesP s
+(x) on R+,

andP s
−(x) = id − P u

−(x) on R−, with the ratesηs − δ andηu − δ, respectively, for any

0 < δ ≪ 1.
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Remark 2.4.3. Exponential dichotomies are not unique. Suppose that thereexists an ex-

ponential dichotomy onR+. Then the rangeR(P s(x)) is uniquely determined, but not the

kernel. Define [44]

Γ : N (P s(0)) → R(P s(0))

to be a linear map and the new projection

P̃ s(x) := P s(x) − Φ(x, 0) ◦ Γ ◦ Φ(0, x)P u(x). (2.17)

ThenP̃ s(x) is also an exponential dichotomy onR+.

Due to the presence of bothR−- andR+-dichotomies for the equation (2.13), we con-

sider the decomposition of the tangent spaceTh(0)R
n, which is canonically alsoRn, with

respect to bothR−- andR+-dichotomies.

Write

Y c := span{h′(0)}.

By Hypothesis 2.2,Y c is the subspace of initial data that lead to bounded solutions of

(2.13) on R. Let Y s andY u be the orthogonal complements ofY c in the subspaces of

Th(0)R
n that consist of initial data that lead to solutions that decay in forward or backward

time, respectively. Letψ(x) be the unique, up to scalars, nontrivial bounded solution ofthe

adjoint variational equation (2.9). WriteY ⊥ := span{ψ(0)}. ThenY ⊥ ⊥ (Y u⊕Y s⊕Y c).

Therefore we have a decomposition of the tangent space ath(0) with respect to a chosen

exponential dichotomy:

R
n = Y c ⊕ Y s ⊕ Y u ⊕ Y ⊥, (2.18)

in which

R(P s
+(0)) = Y c ⊕ Y s, R(P u

+(0)) = Y u ⊕ Y ⊥,

R(P u
−(0)) = Y c ⊕ Y u, R(P s

−(0)) = Y s ⊕ Y ⊥. (2.19)
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Note that Remark 2.4.3 allows us to choose the rangesR(P u
+(0)) andR(P s

−(0)).

Geometrically, in the phase spaceRn of the equation (2.13), the ranges of the projec-

tionsP s
+(0) andP u

−(0) are the tangent spaces to stable and unstable manifolds of the origin

at the homoclinic orbith(0):

R(P s
+(0)) = Th(0)W

s(0), R(P u
−(0)) = Th(0)W

u(0),

Y c = Th(0)W
s(0) ∩ Th(0)W

u(0).

Remark 2.4.4. From now on, we use the subscript− and+ to indicate whetherx < 0 or

x > 0. SoΦu
+(t, s) andΦs

+(s, t) are the same asΦu(t, s) and Φs(s, t), respectively, but

only for s ≥ t ≥ 0, andΦu
−(t, s) andΦs

−(s, t) for Φu(t, s) andΦs(t, s) for t ≤ s ≤ 0.

2.5 Formulation of the Existence and Eigenvalue Problem

By the existence problem, we mean the following truncated boundary value problem:

u′ = f(u, µ), x ∈ [T−, T+], (2.20)

with

P bc
+ u(T+) = 0, P bc

− u(T−) = 0, (2.21)

for u ∈ C1([T−, T+],Rn).

Now suppose that we have a solution(uT , µT ) of (2.20), then the eigenvalue problem,

given by (2.6), is formulated as

v′ = (fu(uT , µT ) + λB)v, x ∈ [T−, T+], (2.22)

with the boundary conditions

P bc
+ v(T±) = 0, (2.23)

for v ∈ C1([T−, T+],Rn).
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In the following we concentrate first on the eigenvalue problem (2.22) and (2.23). (We

can use the same approach for the existence problem with obvious modifications which

are explained later.) The philosophy of solving such the truncated boundary value prob-

lem is as follows: We treat the truncated boundary value problem as two sub-problems

defined on[T−, 0] and[0, T+] respectively. On either[0, T+] or [T−, 0], with the existence

of exponential dichotomies, we can solve the the corresponding eigenvalue problem (2.22).

Afterwards, match the two pieces of solutions atx = 0. During the matching, the sign ofλ

will be brought out, which then determines the (in)stability of uT .

So we write the above eigenvalue problem (2.22) and (2.23) inthe equivalent form

v′− = (fu(uT , µT ) + λB)v−, x ∈ (T−, 0),

v′+ = (fu(uT , µT ) + λB)v+, x ∈ (0, T+),

v−(0) = v+(0), (2.24)

P bc
− v(T−) = 0,

P bc
+ v(T+) = 0.

Since(u′T , µT ) solves (2.22) and (2.23), write the perturbed solutionv± as

v±(x) = u′T (x) + w±(x). (2.25)

Considering that the solutionv± is the perturbation foru′T , instead ofh′, the original co-

ordinate system (2.18) should be modified accordingly. Define a projectionQ : R
n → R

n

by

R(Q) = span{u′T (0)}, N (Q) = Y s ⊕ Y u ⊕ Y ⊥.

Now if uT is δ-close to the homoclinic orbith(x), R(Q) is close to the spaceY c, which is

a complement toN (Q). HenceQ is well defined and its norm depends only onδ and not

onuT . Since(u′T , µT ) satisfies the equation (2.22) forλ = 0, the equivalent formulation of
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(2.22) forw± will be

(i) w′
± = fu(h(x), 0)w± + (fu(uT , µT ) − fu(h(x), 0) + λB)w± + λBu′T (x),

(ii) Qw±(0) = 0, (2.26)

(iii) w+(0) − w−(0) ∈ Y ⊥,

(iv) P bc
± w±(T±) = −P bc

± u
′(T±),

together with the condition

ξ := 〈ψ(0), w+(0) − w−(0)〉 = 0. (2.27)

Observe that(ii) − (iii) in (2.26), along with (2.27), is equivalent tov−(0) = v+(0).

As we suggest in(2.26)(i), the linear term is split into two parts: the principal part

fu(h(x), 0)w± and a perturbation term(fu(uT , µT ) − fu(h(x), 0) + λB)w±. Write

D± := −P bc
± u

′
T (T±), (2.28)

H(x) := fu(uT , µT ) − fu(h(x), 0) + λB, g(x) := λBu′T (x),

G±(w±, x) := H(x)w± + g(x).

Also letG := (G−, G+) andD := (D−, D+) ∈ R(P bc
− ) ⊕R(P bc

+ ) = Es
0 ⊕Eu

0 .

Note thatG defined in (2.28) isw±-dependent. We shall first consider the system:

(i) w′
± = fu(h(x), 0)w± +G±(x),

(ii) Qw±(0) = 0, (2.29)

(iii) w+(0) − w−(0) ∈ Y ⊥,

(iv) P bc
± w±(T±) = D±,

whereG± is an arbitrary but fixed function, independent ofw±. After we solvew± =

W (D,G) with G = G(x) for someW , we will substitute backG = G(w±, x) and solve

w± = W (D,G(w±, ·)) for w± using the Implicit Function Theorem.
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For the existence problem, with the substitutionv± = w± + h, we obtain the system

w′
± = f(w± + h, µ) − f(h, 0)

= fu(h, 0)w± + fµ(h, 0)µ+O(|w±|2 + |w±||µ| + |µ|2)).

Therefore,

D± = −P bc
± h(T±), G±(w±, x) = ∂µf(h, µ)|µ=0 · µ+ O(|w±|2 + |w±||µ| + |µ|2).

2.6 Solving the Reduced Problem

Define the spaces

Vw : = C0([T−, 0]),Rn) ⊕ C0([0, T+]),Rn),

Va : = Eu
0 ⊕Es

0,

Vb : = Y s ⊕ Y u.

We claim that the general solution of (i)-(ii) of (2.29) is given by the variation-of-

constant formula:

w+(x) = Φu
+(x, T+)a+ + Φs

+(x, 0)b+ +

∫ x

0

Φs
+(x, y)G+(y)dy

+

∫ x

T+

Φu
+(x, y)G+(y)dy, (2.30)

w−(x) = Φs
−(x, T−)a− + Φu

−(x, 0)b− +

∫ x

0

Φu
−(x, y)G−(y)dy

+

∫ x

T−

Φs
−(x, y)G−(y)dy.

where the elementsa = (a+, a−) ∈ Va andb = (b+, b−) ∈ Vb are arbitrary.
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Indeed, forw+, the right hand side of(i) in (2.29) is

l.h.s. = w′
+

= (Φu
+(x, T+)a+ + Φs

+(x, 0)b+)′

+

(
∫ x

0

Φs
+(x, y)G+(y)dy +

∫ x

T+

Φu
+(x, y)G+(y)dy

)′

= fu(h(x), 0)(Φu
+(x, T+)a+ + Φs

+(x, 0)b+) + P s
+(x)G+(x) + P u

+(x)G+(x)

+

∫ x

0

fu(h(x), 0)Φs
+(x, y)G+(y)dy +

∫ x

T+

fu(h(x), 0)Φu
+(x, y)G+(y)dy

= fu(h(x), 0)w+ +G+(x) = r.h.s.

Observe thatw+(0) ∈ Y u ⊕ Y s, thusQw+(0) = 0. Similarly forw−(x).

Since botha andb are free in (2.30), we can chooseb, in terms ofa andG, to meet

(2.29) (iii).

Lemma 2.6.1.Let the linear operator defined by the right hand side of(2.30) be

W1 : Va × Vb × Vw → Vw.

There are constantsC andL∗ > 0 such that the following is true for allT− andT+ with

|T−|, T+ > L∗. There is a linear operatorB1 : Va × Vw → Vb such thatw satisfies(2.29)

(i)-(iii) if and only if

b = (b+, b−) = B1(a,G), w = W1(a,B(a,G), G).

Furthermore, we have the estimates

|b+| ≤ C(e−η
s|T−||a−| + |G−|), |b−| ≤ C(e−η

uT+ |a+| + |G+|).

Write

L := min{|T−|, T+}, (2.31)
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then

|B1(a,G)| ≤ C(e−ηL|a| + |G|),

|W1(a, b, G)| ≤ C(|a| + |b| + |G|), (2.32)

|W1(a,B1(a,G), G)| ≤ C(|a| + |G|).

Proof. Evaluating atx = 0, we get

w+(0) − w−(0) = b+ − b− + Φu
+(0, T+)a+ − Φs

−(0, T−)a−

−
∫ T+

0

Φu
+(0, y)G+(y)dy −

∫ 0

T−

Φs
−(0, y)G−(y)dy, (2.33)

with Φs
+(0, 0)b+ = b+ andΦu

−(0, 0)b− = b−.

To solve(2.29) (iii), it is sufficient to solve

P (Y u, Y s ⊕ Y c ⊕ Y ⊥)(w+ − w−)(0) = 0,

P (Y s, Y c ⊕ Y u ⊕ Y ⊥)(w+ − w−)(0) = 0.

Now project(2.33) ontoY s ⊕ Y u. Note that since(b−, b+) ∈ Y s ⊕ Y u,

P (Y s, Y c ⊕ Y u ⊕ Y ⊥)b+ = b+, P (Y u, Y c ⊕ Y s ⊕ Y ⊥)b− = b−.

Thenw+(0) − w−(0) ∈ Y ⊥ holds if, and only if,

b+ = P (Y s, Y c ⊕ Y u ⊕ Y ⊥)

(

Φs
−(0, T−)a− +

∫ 0

T−

Φs
−(0, y)G−(y)dy

)

,

b− = P (Y u, Y c ⊕ Y s ⊕ Y ⊥)

(

Φu
+(0, T+)a+ +

∫ T+

0

Φu
+(0, y)G+(y)dy

)

. (2.34)

Observe that the right-hand side of the equations defines a bounded linear operatorB1 in

(a,G) which satisfies the desired estimate.

Next we solve (iv) in (2.29)

P bc
± w±(T±) = D±. (2.35)

As the componenta is free, we would like to choosea in terms ofG = G(x) andD such

that (2.35) is satisfied. We formulate our claim as the following
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Lemma 2.6.2.There are constantsC andL∗ > 0 such that the following is true for every

T− andT+ with |T−|, T+ > L∗. There are linear operators

A2 : R
n × Vw → Va, B2 : R

n × Vw → Vb, W2 : R
n × Vw → Vw.

such thatw satisfies (2.29) if, and only if,w is given by

a = A2(D,G)

b = B2(D,G) := B1(A2(D,G), G)

w = W2(D,G) := W1(A2(D,G), B2(D,G), G)

whereB1 andW1 are given in Lemma 2.6.1. Moreover,

a = (a+, a−) = A2(D,G) = (D+, D−) +R2(D,G), (2.36)

for a certain bounded operatorR2, and we have the estimates

|R2(D,G)| ≤ C(e−ηL|D| + |G|),

|B2(D,G)| ≤ C(e−ηL|D| + |G|), (2.37)

|W2(D,G)| ≤ C(|D| + |G|).

Remark 2.6.1. The expression (2.36) only makes sense if(D−, D+) ∈ Es
0 ⊕ Eu

0 , which is

true due to our choices (2.12) of the ranges of the projectionsP bc
± .

Proof. Evaluate (2.30) atx = T±,

w+(T+) = a+ + (P u
+(T+) − P u

0 )a+ + Φs
+(T+, 0)b+

+

∫ T+

0

Φs
+(T+, y)G+(y)dy, (2.38)

w−(T−) = a− + (P s
−(T−) − P s

0 )a− + Φu
−(T−, 0)b−

+

∫ T−

0

Φu
−(T−, y)G−(y)dy, (2.39)

with P u
0 a+ = a+ andP s

0a− = a−. Hereb = (b+, b−) = B1(a,G).
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From Lemma 1.2 (ii) in [44], we obtain

|P u
+(T+) − P u

0 | ≤ Ce−η
uT+ , |P s

−(T−) − P s
0 | ≤ Ce−η

s|T−|,

and from Lemma 2.6.1,

|b| = |B1(a,G)| ≤ C(e−ηL|a| + |G|),

then from (2.35), we reach

D+ = P bc
+ D+ = P bc

+ (a+ +O(e−η
uT+a+) +O(e−η

sT+(e−ηLa− +G−)) +O(G−))

= P bc
+ ((1 +O(e−ηL))a+ +O(e−2ηL)a− +O(G−)), (2.40)

and

D− = P bc
−D− = P bc

− (a− +O(e−η
s|T−|a−) +O(e−η

u|T−|(e−ηLa+ +G+)) +O(G+))

= P bc
− ((1 +O(e−ηL))a− +O(e−2ηL)a+ +O(G+)).

For sake of convenience, we concentrate on the equation forD+. On Rn, the pro-

jection P bc
+ is not invertible due to the presence of the kernel. Recall that due to our

choice ofR(Ebc
+ ), the mapP bc

+ |Eu
0

= id|Eu
0
. Define the coefficient operatorK+ :=

P bc
+ ((1 + O(e−η

uL)) of a+ in (2.40) . ThenK+ is also an isomorphism for largeL, with

‖K−1‖ = 1 +O(e−ηL).

Thus we can invertK+:

a+ = D+ +O(e−ηL)D+ +O(e−2ηL)a− +O(G−) (2.41)

Similarly, we have

a− = D− +O(e−ηL)D− +O(e−2ηL)a+ +O(G+) (2.42)

Substitutea+ from (2.41) into (2.42), we have

(1 +O(e−2ηL))a− = D− +O(e−ηL)D+ +O(G).
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Then

a− = D− +O(e−ηL)D+ +O(e−2ηL)D− +O(1)G+ +O(e−2ηL)G−,

and

a+ = D+ +O(e−ηL)D− +O(e−2ηL)D+ +O(1)G− +O(e−2ηL)G+.

We conclude that

a = (a+, a−) = (D+, D−) +R2(D,G) =: A2(D,G), (2.43)

whereR2 is a bounded operator with

|R2(D,G)| ≤ C(e−ηL|D| + |G|).

The other two estimates forB2 andW2 follow from the estimates in Lemma 2.6.1.

Lastly, we need to solve (2.27) which reads

ξ := 〈ψ(0), w+(0) − w−(0)〉 = 0.

We give an expansion ofξ in terms ofD andG.

Lemma 2.6.3.There are constantsC andL∗ > 0 such that the following is true for allT−

andT+ with |T−|, T+ > L∗. Letw = W2(D,G) be given in Lemma 2.6.2. Then

ξ = 〈ψ(T+), D+〉 − 〈ψ(T−), D−〉 −
∫ T+

0

〈ψ(x), G+(x)〉dx

−
∫ 0

T−

〈ψ(x), G−(x)〉dx+R(D,G), (2.44)

with

|R(D,G)| ≤ Ce−ηL(e−ηL|D| + |G|).
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Proof. Observe thatξ is linear inD andG and, by the decomposition (2.18),〈ψ(0), b±〉 =

0. We obtain

〈ψ(0), w+(0) − w−(0)〉

= 〈ψ(0),Φu
+(0, T+)a+〉 − 〈ψ(0),Φs

−(0, T+)a−〉

−
∫ T+

0

〈ψ(0),Φu
+(0, x)G+(x)〉dx−

∫ 0

T−

〈ψ(0),Φs
−(0, x)G−(x)〉dx

= 〈ψ(T+), a+〉 − 〈ψ(T−), a−〉 −
∫ T+

0

〈ψ(x), G+(x)〉dx−
∫ 0

T−

〈ψ(x), G−(x)〉dx.

Here we use that the evolution operator of the adjoint variational equation is given by

((Φu,s
± (x, y))−1)∗, see Proposition A.1.1, (2) in Appendix A.1. Substitute (2.43) into the

last expression, then

ξ = 〈ψ(T+), D+〉 − 〈ψ(T−), D−〉 + R(D,G)

−
∫ T+

0

〈ψ(x), G+(x)〉dx−
∫ 0

T−

〈ψ(x), G−(x)〉dx

with |R(D,G)| ≤ Ce−ηL(e−ηL|D| + |G|). Here we use the fact that|ψ(x)| ≤ Ce−η|x|

which follows from Proposition A.1.1, (2) in Appendix A.1 and the fact thatfu(0, 0) is

hyperbolic.

2.7 Solving of the Existence and Eigenvalue Problems

The existence problem of the truncated boundary value problem had been investigated

by various authors, both numerically and analytically [8, 43, 53, 54, 43]. Recall that the

boundary projection operatorsP bc
+ andP bc

− in the following theorems are chosen subject to

(2.12).

Theorem 2.7.1.Assume that the hypotheses (2.1) - (2.4) are satisfied. Thereare constants

C > 0 andL∗ ≥ 0, such that the following is true. Defineδ := 1
L∗

. For all T− andT+ with

|T−|, T+ > L∗ andµ with |µ| < δ, there exists a solution(uT , µT ) of the equation (2.20)
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which satisfies the boundary conditions (2.21) and

sup
x∈(T−,T+)

|uT (x) − h(x)| < Cδ, |µT | < Cδ. (2.45)

Moreover, we have the estimates:

|uT (T−)| + |uT (T+)| + sup
x∈[T−,T+]

|uT (x) − h(x)| ≤ Ce−ηL, (2.46)

|µT | ≤ Ce−2ηL. (2.47)

In particular,

|P bc
+ h(T+)| + |P bc

− h(T−)| ≤ Ce−ηL. (2.48)

Remark 2.7.1. The uniqueness of the solution above can be obtained by imposing an ad-

ditional phase condition [43].

Proof. From Lemma 2.6.2, a substitution forG gives the following fixed point equation:

w = W2(D,G) = W2(D, ∂µ|µ=0f(h(x), µ) · µ+O(|w±|2 + |w±||µ| + |µ|2)),

in Vw, or equivalently,

w = W2(0, O((|w±|2 + |w±||µ|)) +W2(D, ∂µf(h, 0) · µ+O(|µ|2))

=: (W3(µ))(w) +W4(D,µ). (2.49)

Since|∂w(W3(µ))(0)| ≤ C|µ|, we can solve (2.49) forw:

w = (id −W3(µ))−1W4(D,µ) =: W5(D,µ),

for |µ| uniformly small. Then|W5| ≤ C(|D| + |µ|).

The expansion for the jumpξ in Lemma 2.6.3 gives the equation:

ξ = 〈ψ(T+), D+〉 − 〈ψ(T−), D−〉 −
∫ T+

T−

〈ψ(x), G±(x)〉dx+ R(D,G) = 0,

which we need to solve. For the existence problem, we have

D± = −P bc
± h(T±), G±(w±, x) = ∂µf(h(x), 0)·µ+O(|w±|2+|w±||µ|+|µ|2). (2.50)

38



It remains to solve

ξ = ξ(µ,G(µ,W5(D,µ)) = 0,

with

∂µξ|(µ,D)=(0,0) = −M + ∂GR(D,G)∂µG|(µ,D)=(0,0) = −M +O(e−ηL).

Therefore there existsL∗ > 0 such that for all|T−|, T+ > L∗ and|µ| < 1
L∗

, ∂µξ is non-

vanishing. By the Implicit Function Theorem, we can solveξ = 0 for µ = µ(D) in terms

of D . Thus, we obtain the existence, and the estimate (2.45) holds.

In order to establish the estimates (2.46) and (2.47), we need to use the exponentially

weighted norm onC0([T−, T+],Rn). This can be done as in [33, 43]. We omit the details.

In the following lemma, we will develop a finer estimate ofuT (T±) by giving an ex-

pansion ofuT (T±) up toO(e−2ηL).

Lemma 2.7.1.LetuT be the solution of the truncated boundary value problem in Theorem

2.7.1. Then

uT (T+) = (id − P bc
+ )h(T+) +O(e−2ηL),

uT (T−) = (id − P bc
− )h(T−) +O(e−2ηL).

Proof. Recall equations (2.38), (2.39) and Lemmata 2.6.1, 2.6.2,

uT (T+) − h(T+) = w+(T+)

= a+ +O(e−ηL)a+ +O(e−ηL(e−ηLa+ |G|)) +O(1)G

= D+ +O(e−ηL)D+ +O(1)G
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AsD andG are defined as in (2.50), we obtain that

uT (T+) = h(T+) − P bc
+ h(T+) +O(e−ηL)h(T+) +O(1)µ+O(|uT − h|2)

= (id − P bc
+ )h(T+) +O(e−2ηL).

In the last equation, we use the estimates (2.46) and (2.47).The proof foruT (T−) is similar.

Next, we consider the eigenvalue problem (2.22) with (2.23)for which we impose the

following assumption:

Hypothesis 2.5.

M̃ :=

∫ ∞

−∞
〈ψ(x), Bh′(x)〉dx 6= 0.

Recall that, for the eigenvalue problem,

D± = −P bc
± u

′
T (T±),

G±(w, x) = H(λ)w± + g

= (fu(uT , µT ) − fu(h(x), 0) + λB)w±(x) + λBu′T (x).

Theorem 2.7.2.Assume that the hypotheses (2.1) - (2.4) and (2.5) are satisfied. There are

constantsC, δ > 0 such that the following is true. Suppose that(uT , µT ) is the solution to

the truncated boundary value problem (2.20) with boundary condition (2.21), such that

sup
x∈(T−,T+)

|uT (x) − h(x)| < δ, |µT | < δ, L := min{|T−|, T+} >
1

δ
.

There exists bounded nontrivialv = v(λ) andλ , with |λ| < δ, which satisfy the equation

(2.22) and the boundary conditions (2.23) if, and only if,E(λ) = 0, where

E(λ) = 〈ψ(T−), P bc
− A(id − P bc

− )h(T−)〉 − 〈ψ(T+), P bc
+ A(id − P bc

+ )h(T+)〉

−λ
∫ ∞

−∞
〈ψ(x), Bh′(x)〉dx+ R̃(λ) (2.51)
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whereA := fu(0, 0) andR̃ satisfies the error estimate

|R̃(λ)| ≤ C(e−ηL|λ| + |λ|2 + e−3ηL)

Proof. From Lemma 2.6.2, we have the solution operatorW2 = W2(D,G) for w. Substi-

tutingG gives the following fixed point equation:

w = W2(D,G) = W2(D,H(λ)w + λBu′T (x)).

Thus,

w = W2(0, H(λ)w) +W2(D, g) =: (W3(λ))(w) +W2(D, λBu
′
T (x)).

Observe that|H(λ)| ≤ Cδ, for |uT − h|∞, |µT | and |λ| < δ, therefore|W3(λ)| ≤ Cδ.

SinceC is independent ofδ, chooseδ small enough and we can solve forω

w = (id −W3(λ))−1W2(D, λBu
′
T (x)) =: W4(D, λ) (2.52)

with the estimate

|W4(D, λ)| ≤ C(|D| + |λ|).

Substitute backw = W4(D, λ) into the expansion (2.44), we obtain

ξ = 〈ψ(T+), D+〉 − 〈ψ(T−), D−〉 − λ

∫ T+

T−

〈ψ(x), Bu′T (x)〉dx

−
∫ T+

T−

〈ψ(x), H(λ)W4(D, λ)(x)〉dx+ R̃(D, λ) (2.53)

where

R̃(D, λ) := R(D,G(D, λ)) = R(D,H(λ)W4(D, λ) + g). (2.54)

Comparing (2.53) with our desired result (2.51), we are interested in estimating the

term
∫ T+

T−

〈ψ(x), H(λ)W4(D, λ)(x)〉dx,

the differences

|
∫ T+

T−

〈ψ(x), Bu′T (x)〉dx−
∫ ∞

−∞
〈ψ(x), Bh′(x)〉dx|,
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and

|〈ψ(T+), P bc
+ (A(id−P bc

+ )h(T+)−u′(T+))〉|+ |〈ψ(T−), P bc
− (A(id−P bc

− )h(T−)−u′(T−))〉|.

We collect these estimates and the estimate forD in the following lemma.

Lemma 2.7.2.

(i) |D| ≤ Ce−ηL;

(ii)

∣

∣

∣

∣

∫ T+

T−

〈ψ(x), H(λ)W4(D, λ)(x)〉dx
∣

∣

∣

∣

≤ C(e−3ηL + e−ηL|λ| + |λ|2);

(iii)

∣

∣

∣

∣

∫ T+

T−

〈ψ(x), Bu′T (x)〉dx−
∫ ∞

−∞
〈ψ(x), Bh′(x)〉dx

∣

∣

∣

∣

≤ Ce−ηL

(iv) |〈ψ(T+), P bc
+ A(id − P bc

+ )h(T+) − P bc
+ u

′(T+)〉|

+|〈ψ(T−), P bc
− A(id − P bc

− )h(T−) − P bc
− u

′(T−)〉| ≤ Ce−3ηL.

Proof. (i) By (2.46) and (2.47), and sincef(0, 0) = 0,

|D±| = |P bc
± (u′T (T±))| ≤ C|f(uT (T±), µT )| ≤ C(|uT (T±)| + |µT |) ≤ Ce−ηL.

(ii) In
∫ T+

T−

〈ψ(x), H(λ)W4(D, λ)(x)〉dx, (2.55)

the first order term inλ is given by

λ ·
∫ T+

T−

〈ψ(x), ∂λ(H(λ)W4(D, λ))(x)|λ=0〉dx. (2.56)

Observe that

∂λ(H(λ)W4(D, λ))|λ=0 = B ·W4(D, 0)+ (fu(uT , µT )− fu(h(x), 0)) · ∂λW4(D, 0).

From (2.30), we see that the integral terms vanish forw = W1(a,B(a, 0), 0) so that,

by definition (2.52) ofW4, we have

|W4(D, 0)(x)| ≤ Ce−η
s(|T−|+x)|D|, x ∈ [T−, 0];

|W4(D, 0)(x)| ≤ Ce−η
u(T+−x)|D|, x ∈ [0, T+].
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Therefore
∣

∣

∣

∣

∫ T+

0

〈ψ(x), B ·W4(D, 0)(x)〉dx
∣

∣

∣

∣

≤ C

∫ T+

0

e−η
u(T+−x)e−ηx|D|dx ≤ Ce−ηL|D|.

(2.57)

and, similarly,

|
∫ 0

T−

〈ψ(x), B ·W4(D, 0)(x)〉dx| ≤ C

∫ 0

T−

e−η
s|T−−x|e−η|x||D|dx ≤ Ce−ηL|D|.

(2.58)

Sincef ∈ C2,

|fu(uT , µT ) − fu(h, 0)| (2.59)

≤ |fu(uT , µT ) − fu(uT , 0)| + |fu(uT , 0) − fu(h, 0)|

≤ C(|µT | + sup
x∈[T−,T+]

|uT (x) − h(x)|) ≤ Ce−ηL.

Also, |∂λW4(D, 0)| ≤ C. Therefore, (2.56) is bounded byCe−ηL|λ|. With a similar

argument, we find that the constant term inλ of (2.55) is
∫ T+

T−

〈ψ(x), H(0)W4(D, 0)(x)〉dx = O(e−2ηL)|D|.

Substitute Part (i)D± = −P bc
± u

′
T (T±) = O(e−ηL) and the estimates (2.57), (2.58),

(2.59) into (2.56), then we have (ii).

(iii)

|
∫ T+

T−

〈ψ(x), Bu′T (x)〉dx−
∫ ∞

−∞
〈ψ(x), Bh′(x)〉dx|

≤ |
∫ T−

−∞
〈ψ(x), Bh′(x)〉dx| + |

∫ ∞

T+

〈ψ(x), Bh′(x)〉dx|

+|
∫ T+

T−

〈ψ(x), B(u′T (x) − h′(x))〉dx|

≤ C(e−2ηL + sup
x∈[T−,T+]

|uT (x) − h(x)|) ≤ Ce−ηL.
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(iv) Sincef(0, 0) = 0,

u′T = f(uT , µT ) = fu(0, µ)uT +O(|uT |2) + fµ(0, µT )µT +O(|µT |2)

= fu(0, 0)uT +O(|µT ||uT | + |uT |2 + |µT |)

= AuT +O(e−2ηL).

By Lemma 2.7.1,

P bc
+ u

′
T (T+) = P bc

+ A(id − P bc
+ )h(T+) +O(e−2ηL),

P bc
− u

′
T (T−) = P bc

− A(id − P bc
− )h(T−) +O(e−2ηL).

Therefore,

|〈ψ(T+), P bc
+ A(id − P bc

+ )h(T+) − P bc
+ u

′(T+)〉|

+|〈ψ(T−), P bc
− A(id − P bc

− )h(T−) − P bc
− u

′(T−)〉| ≤ Ce−3ηL.

Since

|G(D, λ)| = |(fu(uT , µT ) − fu(h(x), 0) + λB)W4(D, λ) + λBu′T (x)|

≤ C((e−ηL + |λ|)2 + e−ηL|λ|) ≤ C(e−2ηL + e−ηL|λ| + |λ|2),

and

|R̃(D, λ)| ≤ C(e−ηL(e−ηL|D| + |G(D, λ)|)) ≤ C(e−3ηL + e−2ηL|λ| + e−ηL|λ|2),

we have

ξ = 〈ψ(T+),−P bc
+ A(id − P bc

+ )h(T+)〉 − 〈ψ(T−),−P bc
− A(id − P bc

− )h(T−)〉

+O(e−3ηL) − λ(

∫ ∞

−∞
〈ψ(x), Bh′(x)〉dx+O(e−ηL)) +O(|λ|2). (2.60)

Combining the error terms in (2.60), we have the result (2.51).
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Due to Theorem 2.7.2, with the Melnikov assumption, we have∂λξ(D, 0) 6= 0 for all

|D| uniformly small. Thus, we can invoke the Implicit Function Theorem to solve for

λ = λ(D).

2.8 Applications

In this section, we will apply the results to the eigenvalue problem associated with the

FitzHugh-Nagumo and the Nagumo equation. In both cases, we will investigate the given

pulseh and verify that the hypotheses 2.1 - 2.4 and 2.5 are satisfied.By Theorem 2.7.1,

there is then a unique truncated pulseuT on [T−, T+]. By Theorem 2.7.2, up to higher order

termsR̃(λ) = O(e−3ηL + e−ηL|λ|+ |λ|2), the persisting eigenvalue nearλ = 0 is given by

λ

∫ ∞

−∞
〈ψ(x), Bh′(x)〉dx = 〈ψ(T−), P bc

− A(id − P bc
− )h(T−)〉

−〈ψ(T+), P bc
+ A(id − P bc

+ )h(T+)〉. (2.61)

If the sign of the Melnikov-type integral̃M in Hypothesis 2.5 is determined, then the sign

of λ is determined by the term〈ψ(T−), P bc
− u

′(T−)〉−〈ψ(T+), P bc
+ u

′(T+)〉. The significance

of this is that we can investigate some local dynamic features of the equilibriumu = 0 of

the ODE (2.20), or equilibria for heteroclinic orbits, to study the dynamic behavior near the

steady stateuT of the PDE (2.1).

The following lemma will help to simplify the calculations.

Lemma 2.8.1.Suppose that the linear operatorA : Es
0⊕Eu

0 → Es
0⊕Eu

0 has the following

matrix representation

A =
( −As 0

0 Au

)

,

in whichRn = Es
0 ⊕Eu

0 . ThenP bc
± A(id − P bc

± ) have the following matrix representations:

P bc
+ A(id − P bc

+ ) =
(

0 0
B+A

s + AuB+ 0

)

P bc
− A(id − P bc

− ) =
(

0 −AsB− − B−A
u

0 0

)
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for some linear boundedB− : Eu
0
∼= R

k → Es
0
∼= R

n−k andB+ : Es
0
∼= R

n−k → Eu
0
∼= R

k

such that

Ebc
− = graphB− = {a+B−a; a ∈ Eu

0 }

Ebc
+ = graphB+ = {a+B+a; a ∈ Es

0}

Remark 2.8.1. From Lemma A.2.1 and Hypothesis 2.4, such aB+ andB− exist.

Proof. By the hypothesis 2.4,Rn = Ebc
+ ⊕ Eu

0 . TakingE = Ebc
+ andA = Eu

0 in Lemma

A.2.1, we obtain that

Ebc
+ = {as +B+a

s : as ∈ Es
0}, for some linear boundedB+ : Es

0 → Eu
0 .

SinceP bc
+ |Eu

0
= idEu

0
andP bc

+ |Ebc = 0, P bc
+ has the following representation

P bc
+ : Es

0 ⊕ Eu
0 → Es

0 ⊕Eu
0 , P bc

+ =
(

0 0
−B+ 1

)

.

Therefore,

P bc
+ A(id − P bc

+ ) =
(

0 0
−B+ 1

)( −As 0
0 Au

) [(

1 0
0 1

)

−
(

0 0
−B+ 1

)]

=
(

0 0
B+A

s Au
)(

1 0
B+ 0

)

=
(

0 0
B+A

s + AuB+ 0

)

Similarly, we have

P bc
− : Es

0 ⊕ Eu
0 → Es

0 ⊕Eu
0 , P bc

− =
(

1 −B−
0 0

)

,

and

P bc
− A(id − P bc

− ) =
(

0 −AsB− − B−A
u

0 0

)

,

for some linear boundedB− : Eu
0
∼= Rk → Es

0
∼= Rn−k.

2.8.1 Fronts of the Nagumo Equation

We consider theNagumo equation:

ut = uxx + u(1 − u)(u− a), x ∈ R. (2.62)
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For eacha ∈ (0, 1
2
), there exists a unique frontha(ξ), up tox-translations, with unique

speedc = ca, that connectsu = 0 to u = 1. Equation (2.62) is related to the FitzHugh-

Nagumo model for nerve action potentials. Hereu = 0 corresponds to the resting state and

u = 1 to the excited state of the nerve, and they are both stable.

More generally, we may consider thebistable Nagumo equationgiven by:

ut = uxx + f(u),

f(0) = f(1) = f(a) = 0, (2.63)

f < 0 on (0, a); f > 0 on (a, 1)

f ′(0), f ′(1) < 0; F (1) =

∫ 1

0

f(x)dx > 0.

Observe thatf(u) is cubic-like. Again, there is a unique front connecting thestable states

u = 0 andu = 1. Furthermore, we have a global stability result: one can prove, using the

comparison principle, that for a large class of initial data, solutions converge uniformly to

a translation of the front with an exponential rate [17].

The Nagumo equation (2.62) possesses the following travelling fronts connecting(0, 0)

and(1, 0):

(u, uξ) = ha(ξ) := (σ(ξ), σ′(ξ)), σ(ξ) =
e
ξ

√
2

e
ξ√
2 + 1

. (2.64)

with wave speedca =
√

2(1
2
−a). We have the following expansion of the homoclinic orbit

ha(ξ):

ha(ξ) =

{

(1, 0) + (1,−
√

2
2

)e
− ξ

√
2 +O(e

(− 1√
2
−ν)ξ

), ξ → ∞,

(1,
√

2
2

)e
ξ

√
2 +O(e

( 1√
2
+ν)ξ

), ξ → −∞.

Furthermore,ψ(ξ) = (σ′′(ξ),−σ′(ξ)) is a nontrivial bounded solution to the adjoint equa-

tion.

The eigenvalue problem associated with(2.62) is

Lu = uξξ − cauξ + fu(ha)u = λu,
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or, written as a system of ODEs,
( uξ
vξ

)

=

(

0 1
2(a+ 1)σ(ξ) − 3σ2(ξ) − a ca

)

( u
v
)

+ λ
(

0 0
1 0

)

( u
v
)

,

where the coefficient matrix is hyperbolic forλ = 0 whenξ → ±∞.

v

u

0 1

ψ = (σ′′,−σ′)

ha = (σ, σ′)

Eu
1 = span{(1,

√
2 −

√
2a)}

Es
0 = span{(1,−

√
2a)}

Eu
0 = span{(1,

√
2

2
)}

Es
1 = span{(1,−

√
2

2
)}

Figure 2.4: The front of the Nagumo equation. The eigenspaces can be calculated by
invoking phase space analysis at(0, 0) and(1, 0).

Theorem 2.8.1.Suppose that

Ebc
− ⊕Es

0 = R
2, Ebc

+ ⊕ Eu
1 = R

2,

where

Es
0 = span{(1,−

√
2)a}, Eu

1 = span{(1,
√

2 −
√

2a)}.

Then we have (Figure 2.5):

(1) If Ebc
− ⊂ I, Ebc

+ ⊂ III, then the truncated front is stable.

(2) If Ebc
− ⊂ II, Ebc

+ ⊂ IV , then the truncated front is unstable.
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In particular, if both boundary conditions are Dirichlet, then the truncated front is stable;

if both conditions are Neumann, then the truncated front is unstable.
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Figure 2.5: Regions forEbc
− (left) andEbc

+ (right)

Proof. In comparison to equation (2.61),

λ =
1

M̃

(

〈ψ(T−), P bc
− A−(id − P bc

− )ha(T−)〉 − 〈ψ(T+), P bc
+ A+(id − P bc

+ )ha(T+)〉
)

+ R̃(λ)

holds in the front case, in which

M̃ =

∫ ∞

−∞
〈ψ(x), Bh′a(x)〉dx, A− = fu((0, 0), 0), A+ = fu((1, 0), 0),

and

R̃(λ) = O(e−3ηL + e−ηL|λ| + |λ|2).

Sinceh′a = (σ′, σ′′) andψ is chosen to be(σ′′,−σ′), the Melnikov integral becomes
∫ ∞

−∞
〈ψ(ξ), Bh′a(ξ)〉dξ =

∫ ∞

−∞
−(σ′(ξ))2dξ < 0, B =

(

0 0
1 0

)

.
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ψ(T−)

Dir = v − axis

Neu = u− axis

Figure 2.6: Dirichlet boundary condition atT−: Observe that in comparison with Figure
2.5, in this picture, we rotate the coordinate system to obtain a better view. For large|T−|,
ha(T−) is almost parallel toEu

0 andψ(T−) toEs
0.

In the following we would like to prove the theorem in the caseof Dirichlet conditions

at both end points. The proof for the general case is almost identical.

In Figure 2.6, choose the orientations ofEu
0 andEs

0, such that inR2 = Es
0 ⊕ Eu

0 ,

〈(0, 1), ha(T−)〉 > 0, 〈(1, 0), ψ(T−)〉 > 0.

ThenDir = Ebc
− for the Dirichlet condition atT−, can be written as a graphspan{(1, B−)}

overEu
0 , withB− < 0; Similarly, in Figure 2.7, choose the orientations ofEs

1 andEu
1 , such

that inR2 = Es
1 ⊕ Es

1,

〈(1, 0),−ha(T+)〉 > 0 〈(0, 1), ψ(T+)〉 > 0.

ThenDir = Ebc
+ for the Dirichlet condition atT+, can be written as a graphspan{(1, B+)}

overEs
1, withB+ < 0.
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Figure 2.7: Dirichlet boundary condition atT+: Similar to Figure 2.6.

Since

A− =

(

− 1√
2

0

0
√

2a

)

, A− =

(

−
√

2a 0

0 1√
2

)

,

and

P bc
− A−(id − P bc

− ) =

(

0 −( 1√
2

+
√

2a)B−

0 0

)

,

P bc
+ A+(id − P bc

+ ) =

(

0 0

( 1√
2

+
√

2a)B+ 0

)

,

Therefore,

〈ψ(T−), P bc
− A−(id − P bc

− )ha(T−)〉 < 0 (2.65)

〈ψ(T+), P bc
+ A+(id − P bc

− )ha(T−)〉 > 0.

Therefore,λ < 0.

In general, ifEbc
− ⊂ I andEbc

+ ⊂ III, then (2.65) holds andλ < 0.
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For the Neumann boundary conditions we have

〈ψ(T−), P bc
− A−(id − P bc

− )h(T−)〉 > 0 (2.66)

〈ψ(T+), P bc
+ A+(id − P bc

− )h(T−)〉 < 0.

Thenλ > 0, which also holds for the general caseEbc
− ⊂ II andEbc

+ ⊂ IV .

2.8.2 Pulses of the FitzHugh-Nagumo Equation

Consider the FitzHugh-Nagumo equation (FHN) [37]:

ut = uxx + f(u) − w (2.67)

wt = δ(u− γw),

in which we assume thatf(u) = u(1 − u)(u− a), with a ∈ (0, 1
2
). Usuallyγ > 0 is small

and0 < δ ≪ 1. The FHN(2.67) is a simplified model of the Hodgkin-Huxley equation,

which was first used as a model for the propagation of electricsignals along the giant nerve

axon of squids. Instead ofspace-clampeddynamics [37], we consider the system with

spatial diffusion inu without externally applied current.

In the co-moving frame(ξ = x+ ct, t), wherec > 0, (2.67) becomes:

ut = uξξ − cuξ + f(u) − w, (2.68)

wt = −cuξ + δ(u− γw).

A travelling wave solution with speedc is a stationary solutionut = wt = 0 of (2.68). Let

· = d
dξ

, then a travelling wave is a bounded solutions of the following ODEs:

u̇ = v,

v̇ = cv − f(u) + w, (2.69)

ẇ = ǫ(u− γw)
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with 0 < ǫ := δ
c
≪ 1.

There are two types of pulse solutions we are interested in: slow and fast pulses. Slow

pulses are perturbed solutions of the fast orbits in the fastsystem. Fast pulses, on the

other hand, are perturbations of singular orbits consisting two pieces of slow manifolds and

the connections between them [31]. "Fast" (pulse) and "slow" (pulse) are referred to the

different time scales in the corresponding systems. For theexistence of such slow and fast

pulses parametrized by the propagation speedc, see [22]. Also see [31] for more references

and a brief survey. Typically, slow pulses are unstable, andfast pulses are exponentially

stable for smallγ > 0 and marginally stable forγ = 0 [63]. Therefore, we investigate the

truncated boundary value problem of the fast pulses.

u

w

v

a

0

1

w = f(u)

Figure 2.8: The fast pulse of the FitzHugh-Nagumo equation

Before stating our result, we discuss the spectral properties of the fast pulse. The lin-

earized stability of the fast pulse(u, w) of (2.68) is determined by the spectrum of the
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linear operator

L(ũ, w̃) =

(

ũξξ − cũξ + fu(u)ũ− w̃

−cw̃ξ + δ(ũ− γw̃)

)

.

The associated eigenvalue problem to(2.68) for λ near0 is given by:

V ′ =

(

0 1 0
−f ′(u) c 1
ǫ 0 −ǫγ

)∣

∣

∣

∣

∣

(u,v,w)(ξ)=h(ξ)

V + λBV := FUV + λBV,

B =

(

0 0 0
1 0 0
0 0 −1

c

)

whereh(ξ) = (u, v, w)(ξ) is the fast pulse solution. The spectrum of the asymptotic lin-

earization

V ′ = FU(0)V =

(

0 1 0
a c 1
ǫ 0 −ǫγ

)

V (2.70)

about the equilibrium(u, v, w) = (0, 0, 0) = 0 consists of three eigenvalues

ζss < ζs = O(ǫ) < 0 < ζu, ζu > |ζss| > |ζs|. (2.71)

Remark 2.8.2. Here we would like to emphasize that the set ofζ i, i = s, ss, u, as the

eigenvalues of the linearization about the equilibrium, isa local dynamic feature of the

travelling wave ODE, whileλ, as the eigenvalue of the linearization about the pulse, de-

scribes the stability/instability of the truncated pulse as a solution to the FitzHugh-Nagumo

PDE.

The parametersc anda can be expressed as follows:

c = ζss + ζs + ζu + ǫγ,

a = −(ζssζs + ζuζs + ζuζss + ǫγc)
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in terms of eigenvalues. Also we can find the eigenvectors

V s = τsṼ
s, Ṽ s :=

(

1
ζs

(ζss + ǫγ)(ζu + ǫγ)

)

,

V u = τuṼ
u, Ṽ u :=

(

1
ζu

(ζss + ǫγ)(ζs + ǫγ),

)

,

V ss = τssṼ
ss, Ṽ ss :=

(

1
ζss

(ζs + ǫγ)(ζu + ǫγ)

)

,

corresponding toζs, ζu andζss respectively, such that the pulse satisfies [11]:

h(ξ) =

{

V seζ
sξ +O(e(ζ

s−ν)ξ), ξ → ∞,

V ueζ
uξ +O(e(ζ

u+ν)ξ), ξ → −∞,
(2.72)

for someν > 0. Hereτi > 0, for i = u, s andss [31].

Furthermore, there are eigenvectors

W̃ s :=

( −cǫ+ ζsǫ
ǫ

(ζss + ǫγ)(ζu + ǫγ)

)

, W̃ u :=

( −cǫ+ ζuǫ
ǫ

(ζss + ǫγ)(ζs + ǫγ)

)

, (2.73)

to eigenvaluesζs andζu, respectively, for the transposeF ∗
U(0) of the matrixFU(0).

Lemma 2.8.2.For fixeda ∈ (0, 1
2
), there existsǫ∗ = ǫ∗(a) > 0 such that for all0 < ǫ < ǫ∗,

ζs < −ǫγ.

Proof. The characteristic polynomial of the asymptotic matrix in (2.70) is given by:

p(x) = −x3 + (c− ǫγ)x2 + (a + cǫγ)x+ aǫγ + ǫ.

Thenp(−ǫγ) = ǫ > 0. Choose0 < ǫ∗ ≪ a, such thatζss < −ǫγ, which implies

ζs < −ǫγ.

Observe that

〈Ṽ u, W̃ u〉 = (ζss + ǫγ)2(ζs + ǫγ)2 + ǫ(ζu − ζss − (ζs + ǫγ)) > 0.

〈Ṽ s, W̃ s〉 = (ζssζu)2 +O(ǫ) > 0.

On the other hand, chooseW u ∈ span{W̃ u}, such that

〈V u,W u〉 = 1, (2.74)
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ζsζss −ǫγ x

y

y = p(x)

ζu

(−ǫγ, ǫ)

Figure 2.9: The graph ofp

then there exists aW s ∈ span{W̃ s} with 〈W s, V s〉 > 0 so that the bounded nontrivial

solutionψ(ξ) to the adjoint variational equation satisfies [31]

ψ(ξ) =

{

W ue−ζ
uξ +O(e−(ζu+ν)ξ), ξ → ∞,

W se−ζ
sξ +O(e−(ζs−ν)ξ), ξ → −∞.

(2.75)

With this choice ofW u (and consequently ofW s), the Melnikov integral becomes [45]

M =

∫ ∞

−∞
〈ψ(ξ), Bh′(ξ)〉dξ =

∫ ∞

−∞
〈ψ(ξ), Fc(h(ξ), c)〉dξ > 0.

We summarize the existence and stability result of the truncated fast pulse in the fol-

lowing:

Theorem 2.8.2.Let the fast pulseh = h(ξ) be the stationary solution of the FHN equation

(2.67). Consider the following truncated boundary value problem

ut = uξξ − cuξ + f(u) − w

wt = δ(u− γw), ξ ∈ (T−, T+), (2.76)

(u, v, w)(t, T−) ∈ Ebc
− , (u, v, w)(t, T+) ∈ Ebc

+ .

in whichf(u) = u(1 − u)(u− a) anda ∈ (0, 1
2
). Assume that Hypothesis 2.4 is satisfied.

Then for any fixeda ∈ (0, 1
2
), there exists a positiveǫ∗ = ǫ∗(a) such that the following
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holds. For all0 < ǫ < ǫ∗, there existsL∗ = L∗(ǫ) ≫ 1 such that for any[T−, T+] with

T− < 0 < T+ and |T−|, T+ > L∗, there exists a stationary solution of (2.76) near the

fast pulseh. Moreover, the PDE stability of the truncated solution can be described as the

following: Let

V s := lim
ξ→∞

e−ζ
sξh(ξ), V u := lim

ξ→−∞
e−ζ

uξh(ξ),

and

W s := lim
ξ→−∞

eζ
sξψ(ξ), W u := lim

ξ→∞
eζ
uξψ(ξ),

with the normalization (2.74). Consider

I = I(T−, T+)

:= e(ζ
u−ζs)T−〈W s, P bc

− A(id − P bc
− )V u〉 − e−(ζu−ζs)T+〈W u, P bc

+ A(id − P bc
+ )V s〉.

Then ifI < 0, the truncated pulse is stable; ifI > 0, then the truncated pulse is unstable.

Proof. The proof directly follows from Theorem 2.7.1, 2.7.2 and theestimates (2.72) and

(2.75) forh andψ, respectively, asξ → ±∞.

Now we apply our result to Dirichlet and Neumann conditions.

Example 2.8.1.Suppose that the boundary conditions are as follows:

1. Dirichlet at both ends:

Ebc
− = v-axis= {(u, w) = (0, 0)}, Ebc

+ = (v, w)-plane= {u = 0}.

In the coordinates of〈Ṽ ss〉 ⊕ 〈Ṽ s〉 ⊕ 〈Ṽ u〉 = Es
0 ⊕Eu

0
∼= R3,

V ss =

( τss
0
0

)

, V s =

( 0
τs
0

)

V u =

( 0
0
τu

)

.

Recall that from Lemma A.2.1, there exists a bounded linear operatorB− : Eu
0 =

〈Ṽ u〉 → Es
0 = 〈Ṽ ss〉⊕〈Ṽ s〉,B− =

(

B1
−

B2
−

)

such that

(

0
v
0

)

∈ Ebc
− has coordinates
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u

w

Es
0

Eu
0

v

a

0

1

w = f(u)

Figure 2.10: A truncated pulseuT for the FitzHugh-Nagumo equation and in this special
case, the boundary pointsuT (T−) ∈ Es

0 anduT (T+) ∈ Eu
0 . For a generic picture, the

boundary points can move freely in the corresponding affine subspaces associated with
Ebc

± , respectively.

(

B1
−a

B2
−a
a

)

in Ṽ ss ⊕ Ṽ s ⊕ Ṽ u. Then

(

Ṽ ss Ṽ s Ṽ u
)

(

B1
−a

B2
−a
a

)

=

(

0
v
0

)

. (2.77)

Solving (2.77) yields
(

B1
−a

B2
−a
a

)

= v





(ζss − ζu)(ζs + ǫγ)(ζu + ζss + ǫγ)

(ζu − ζss)(ζs + ǫγ)
ζu − ζss



 .

Then

B− =

(

B1
−

B2
−

)

=

(

−(ζs + ǫγ)(ζu + ζss + ǫγ)
ζs + ǫγ

)

.

Similarly, there exists a bounded linear operatorB+ : Es
0 = 〈Ṽ ss〉 ⊕ 〈Ṽ s〉 → Eu

0 =

〈Ṽ u〉,B+ = ( B1
+ B2

+ ) such that

(

0
v
w

)

∈ Ebc
− has coordinates

( a1
a2

B1
+a1 +B2

+a2

)
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in Ṽ ss ⊕ Ṽ s ⊕ Ṽ u. Then
(

Ṽ ss Ṽ s Ṽ u
)

( a1
a2

B1
+a1 +B2

+a2

)

=

(

0
v
w

)

. (2.78)

Since

det
(

Ṽ ss Ṽ s Ṽ u
)

= (ζs − ζu)(ζs − ζss)(ζu − ζss) < 0,

( Ṽ ss Ṽ s Ṽ u ) is non-singular. Then for any(a1, a2), there is a unique pair(v, w)

that satisfies (2.78). Taking any pair(a1, a2) = (0, a2) with a2 6= 0 in (2.78) yields

B2
+ = −1 and taking any pair(a1, a2) = (a1, 0) with a1 6= 0 in (2.78) yieldsB1

+ =

−1. Therefore,

B+ = ( B1
+ B2

+ ) = ( −1 −1 ) .

Then in the coordinates of〈Ṽ ss〉 ⊕ 〈Ṽ s〉 ⊕ 〈Ṽ u〉 = Es
0 ⊕ Eu

0
∼= R3,

P bc
− A(id − P bc

− )V u =





0 0 (ζss − ζu)B1
−

0 0 (ζs − ζu)B2
−

0 0 0





( 0
0
τu

)

= τu

(

(ζu − ζss)(ζs + ǫγ)(ζu + ζss + ǫγ)

(ζs − ζu)(ζs + ǫγ)
0

)

P bc
+ A(id − P bc

+ )V s =

(

0 0 0
0 0 0

(ζu − ζss)B1
+ (ζu − ζs)B2

+ 0

)

( 0
τs
0

)

= τs

(

0
0

ζs − ζu

)

Since〈V i,W j〉 = 0 if i 6= j, i, j = s, ss or u and〈V i,W i〉 > 0, if i = s or u,

〈P bc
− A(id − P bc

− )V u,W s〉 =
τu
τs

(ζs − ζu)B2
−〈V s,W s〉

=
τu
τs

(ζs − ζu)(ζs + ǫγ)〈V s,W s〉 > 0

〈P bc
+ A(id − P bc

+ )V s,W u〉 =
τs
τu

(ζu − ζs)B2
+〈V u,W u〉

=
τs
τu

(ζs − ζu)〈V u,W u〉 < 0

Thus,I > 0 and the truncated pulse is unstable.

The calculations in the following examples are similar.
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2. Dirichlet atξ = T− and Neumann atT+:

Ebc
− = w-axis= {(u, v) = (0, 0)}, Ebc

+ = (u, w)-plane= {v = 0}.

A calculation shows that

B− =

(

B1
−

B2
−

)

=

(

−(ζu + ǫγ)(ζs + ζss + ǫγ)
ζu + ǫγ

)

,

and

B+ = ( B1
+ B2

+ ) =
(

− ζss

ζu
− ζs

ζu

)

.

Then

〈P bc
− A(id − P bc

− )V u,W s〉 =
τu
τs

(ζs − ζu)B2
−〈V s,W s〉

=
τu
τs

(ζs − ζu)(ζu + ǫγ)〈V s,W s〉 < 0,

〈P bc
+ A(id − P bc

+ )V s,W u〉 =
τs
τu

(ζu − ζs)B2
+〈V u,W u〉

= − τs
τu

(ζu − ζs)
ζs

ζu
〈V u,W u〉 > 0.

We conclude thatI < 0, and the truncated pulse is stable.

3. Neumann at both ends:

Ebc
− = {(u̇, ẇ) = (0, 0)} = {(u, v, w)|v = 0, u = γw},

Ebc
+ = (u, w)-plane= {v = 0}.

We have

B2
− =

γ(ζss + ǫγ)(ζu − ζs) − (ζu + ǫγ)(ζss − ζs)

γ(ζu − ζs) + (ζs − ζss)
,

and

B+ = ( B1
+ B2

+ ) =
(

− ζss

ζu
− ζs

ζu

)

.
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Then

〈P bc
− A(id − P bc

− )V u,W s〉 =
τu
τs

(ζs − ζu)B2
−〈V s,W s〉

=
τu
τs

(ζs − ζu)
γ(ζss + ǫγ)(ζu − ζs) − (ζu + ǫγ)(ζss − ζs)

γ(ζu − ζs) + (ζs − ζss)
〈V s,W s〉 < 0,

〈P bc
+ A(id − P bc

+ )V s,W u〉 =
τs
τu

(ζu − ζs)B2
+〈V u,W u〉

= − τs
τu

(ζu − ζs)
ζs

ζu
〈V u,W u〉 > 0,

for 0 < γ ≪ 1.

We conclude thatI < 0, and the truncated pulse is stable.

4. Dirichlet atξ = T− and Neumann atT+:

Ebc
− = v-axis= {(u, w) = (0, 0)}, Ebc

+ = (u, w)-plane= {v = 0}.

A calculation shows that

B− =

(

B1
−

B2
−

)

=

(

−(ζs + ǫγ)(ζu + ζss + ǫγ)

ζs + ǫγ

)

,

and

B+ = ( B1
+ B2

+ ) =
(

− ζss

ζu
− ζs

ζu

)

.

Then

〈P bc
− A(id − P bc

− )V u,W s〉 =
τu
τs

(ζs − ζu)B2
−〈V s,W s〉

=
τu
τs

(ζs − ζu)(ζs + ǫ)γ〈V s,W s〉 > 0,

〈P bc
+ A(id − P bc

+ )V s,W u〉 =
τs
τu

(ζu − ζs)B2
+〈V u,W u〉

= − τs
τu

(ζu − ζs)
ζs

ζu
〈V u,W u〉 > 0.

Therefore,

I = c1e
(ζu−ζs)T− − c2e

−(ζu−ζs)T+ , c1, c2 > 0.
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If we fixT+ and takeT− such that|T−| is large, then the truncated pulse will be sta-

bilized; On the other hand, if we fixT−, we can findT+ large such that the truncated

pulse is destabilized.
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CHAPTER 3

TRUNCATION OF SPIRAL WAVES

3.1 Introduction

In this chapter, we investigate planar spiral waves that arise in reaction-diffusion equa-

tions with generic kinetic. More precisely, we study the persistence of spiral waves upon

boring a small hole in the plane near the core region.

In polar coordinates(r, ϕ), a rigidly rotating spiral waveu∗(r, ϕ) is an equilibrium to

the governing reaction-diffusion equation

0 = ∆u+ ωuϕ + f(u),

in the co-rotating frame. We take the view thatu∗(r, ϕ) is a function of the angleϕ for each

fixed value of the radiusr. Our viewpoint therefore is to treatr as an evolution variable . In

particular, spiral waves converge to constant functions ofϕ asr → 0. On the other hand,

Archimedian spiral waves approach asymptotic wavetrains,with possible minor angular

modifications, asr → ∞. In this sense, Archimedian spiral waves can be regarded as

heteroclinic orbits in some function space of functions depending onϕ that connect an

equilibrium (constant function) in the core regionr = 0 to a periodic orbit (wave train) in

the far fieldr → ∞.

Observe that the Laplacian operator

∆2 := ∂x1x1
+ ∂x2x2

= ∂rr +
1

r
∂r +

1

r2
∂ψψ
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is singular atr = 0 in the polar coordinates. This motivates a new rescaled variables = ln r

in order to perform a blow-up analysis nearr = 0 [47, 55].

In this new radial time, there exist exponential dichotomies for the linear equation on

any ray(−∞, s∗], for each fixeds∗ ∈ R. In the farfield, the perturbation term is not

bounded, but upon some change of coordinates, we can also have exponential dichotomies

on the ray[R∗,+∞) for some largeR∗, see [47]. Then we can solve the linearized equa-

tions on the intervals = ln r ∈ [−L, lnR∗] andr ∈ [R∗,+∞), where the choice ofR∗

is subject to the existence of the exponential dichotomies in the farfield. After applying

the variation-of-constants formula, we can formally express the solution to the nonlinear

equation as a fixed-point equation on the rays(−∞, R∗] and[R∗,+∞), respectively.

One of the issues concerning the fixed-point equation is thaton the ray(−∞, R∗],

besides the exponentially decaying solutions, we also havetwo N-dimensional (overC)

subspaces, consisting of initial conditions that correspond to constant and logarithmically

growing solutions asr → 0, respectively. When the boundary conditions satisfy a cer-

tain transversality condition, we can solve for the component of the initial conditions cor-

responding to logarithmically growing solutions and obtain appropriate a-priori estimate

from which we can conclude that the general solution isC1-bounded near(u∗, ∂ru∗). Then

we can invoke the Implicit Function Theorem to establish theexistence result of the core

region spiral.

Once we have the existence of the core spiral and the farfield spiral, then the existence

problem is reduced to matching core region and farfield spiral. We shall see that the two

solutions can be matched atr = R∗ provided we adjust the temporal frequencyω appro-

priately.
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3.2 Set-up

Consider the reaction-diffusion equation on the plane

ut = D∆u+ f(u), x ∈ R
2, u ∈ R

N . (3.1)

HereD is a diagonal matrix with positive entries, andf is at leastC2.

Suppose that the reaction-diffusion equation (3.1) admitsa rigidly rotating wavesolu-

tion

u(r, ϕ, t) = u∗(r, ψ), ψ = ϕ− ω∗t

with nonzero temporal frequencyω∗. In the co-rotating frame(r, ψ), u∗(r, ψ) is an equilib-

rium of

ut = D∆u+ ω∂ψu+ f(u), x ∈ R
2, u ∈ R

N (3.2)

for ω = ω∗. That is,u∗(r, ψ) is a solution of the elliptic PDE

D∆u+ ω∂ψu+ f(u) = 0, x ∈ R
2, u ∈ R

N , (3.3)

for ω = ω∗.

In polar coordinates, the equation (3.3) becomes

D

(

∂rr +
1

r
∂r +

1

r2
∂ψψ

)

u+ ω∂ψu+ f(u) = 0. (3.4)

If we treatr as the time, then we can rewrite (3.4) as a system of ODE’s on a Banach space

of 2π-periodic functions inψ. More precisely, we obtain

ur = v (3.5)

vr = −1

r
v − 1

r2
∂ψψu−D−1[ω∂ψu+ f(u)]

defined on the Banach spaceX = H1(S1,CN) × L2(S1,CN) ∋ U = (u, v).
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We are interested in solutionsu of (3.4) nearu∗ for ω nearω∗. Thus, we writeu =

u∗ + ũ, so that̃u needs to satisfy

ũr = ṽ (3.6)

ṽr = −1

r
ṽ − 1

r2
∂ψψũ−D−1[ω∗∂ψũ+ f ′(u∗(r, ψ))ũ]

−D−1[(ω − ω∗)∂ψ(u∗ + ũ) + f(u∗ + ũ) − f(ũ) − f ′(u∗)ũ].

For convenience, we now drop the tilde, and consider

ur = v (3.7)

vr = −1

r
v − 1

r2
∂ψψu−D−1[ω∗∂ψu+ f ′(u∗(r, ψ))u]

−D−1[(ω − ω∗)∂ψ(u∗ + u) + f(u∗ + u) − f(u∗) − f ′(u∗)u].

Observe that

−D−1[(ω − ω∗)∂ψ(u∗ + u) + f(u∗ + u) − f(u∗) − f ′(u∗)u] = O(|ω − ω∗| + |u|2).

Therefore, we can treat equation (3.7) as a perturbation to

ur = v (3.8)

vr = −1

r
v − 1

r2
∂ψψu−D−1[ω∗∂ψu+ f ′(u∗(r, ψ))u],

which is the linearization of (3.5) aboutu∗. As in Chapter 1, we would like to study(3.7)

and(3.8) for r ∈ (0, R∗] andr ∈ [R∗,∞), which we refer to as thecoreandfarfieldregions

respectively. First, however, we explain our assumptions on u∗.

3.2.1 Main Hypotheses

We introduce the hypotheses on the underlying spiralu∗.

First, we only consider spiral waves that are rotating, Archimedian and transverse:

Definition 3.2.1. A rotating waveu∗(r, ϕ − ω∗t) is an Archimedean spiral wave if there

exists a smooth2π-periodic functionu∞(ϑ), a smooth functionθ(r) with θ′(r) → 0 as
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r → ∞, and a non-zero constantk∗ such that

|u∗(r, · − ω∗t) − u∞(k∗r + θ(r) + · − ω∗t)|C1(S1) → 0 as r → ∞. (3.9)

In other words, Archimedean spiral waves can be approximated asymptotically, along

the radial direction, by wave trains.

Remark 3.2.1. Note that the conditionθ′(r) → 0 asr → ∞ on the derivative of angular

modification implies thatθ(r)
r

→ 0 as r → ∞. One typical example isθ(r) = ln r: We

allow θ to be slowly growing but slower than the radius.

Recall that an Archimedean spiral waveu∗ = u∗(r, ψ) is transverse if it emits a spec-

trally stable wave train (see (1.7) and 1.0.1) and the generalized kernel of the linearization

L∗ aboutu∗ in L2
γ is one-dimensional for some smallγ > 0.

If we regard the spiral waveu∗ as a heteroclinic orbit connecting the steady stateu∗(0)

at the rotation center and the wave trains at the farfield, then (u∗, ∂ru∗) is contained in

the intersection of the center-stable manifoldM cs
+ (ω∗) of wave trains in the farfield and

the center-unstable manifoldM cu
− (ω∗) of the asymptotic steady states at the core. Due to

the rotational invariance of the spiral wave, the intersection of the tangent spaces of the

manifolds contains the subspace spanned by(∂ψu∗, ∂ψ∂ru∗) due to the following lemma:

Lemma 3.2.1.Suppose thatu∗(r, ψ) satisfies(3.4) with ω = ω∗, then∂ψu∗(r, ψ) satisfies

D(∂rr +
1

r
∂r +

1

r2
∂ψψ)u+ ω∗∂ψu+ f ′(u∗)u = 0.

Proof. Differentiate (3.4) with respect toψ.

Therefore(∂ψu∗, ∂ψ∂ru∗) satisfies(3.8). Now we would like to have the intersection of

M cs
+ (ω∗) andM cs

+ (ω∗) as transverse as possible by requiring that the intersection is spanned

by (∂ψu∗, ∂ψ∂ru∗):
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Hypothesis 3.1.The subspace of bounded solutions to the variational equation (3.8) is

spanned by(∂ψu∗, ∂ψ∂ru∗).

One useful consequence of Hypothesis 3.1 is related to the adjoint variational equation.

Similar to the one-dimensional case, due to the invariance of the inner product(A.1.1)(1),

bounded solutions of the adjoint equation are orthogonal toevery solution of the variational

equation that is bounded as eitherr → 0 or r → +∞. Therefore, bounded solution of the

adjoint variational equation must lie in the orthogonal complement of the tangent space of

the unstable manifold at the core and the stable manifold of the farfield.

We also assume that the Melnikov integral associated withG̃ is non-vanishing. That is,

Hypothesis 3.2.M :=
∫ +∞
−∞ 〈ψ(τ), DωG̃(U∗, ω∗)(τ)〉dτ 6= 0,

in which

G̃(U , ω)(τ) =

{

e2τG(U−, ω), U− = (u, uτ),−L ≤ τ = log r ≤ logR∗

G(U+, ω), U+ = (u, ur), τ = r > R∗
,

and

G(U , ω) =

(

0
−D−1[(ω − ω∗)∂ψ(u∗ + u) + f(u∗ + u) − f(u∗) − f ′(u∗)u]

)

.

3.2.2 Main Result

With the assumptions in Section 3.2.1, our main result is stated as the following:

Theorem 3.2.1.Suppose that there is a spiral wave solutionu∗ of (3.1) with temporal

frequencyω∗ 6= 0 and positive group velocitycg. Assume thatu∗ satisfies Hypotheses

3.1 and 3.2. Then the spiral is robust with respect to the Dirichlet or Neumann boundary

condition atr = ǫ for ǫ small enough. More precisely, there existsǫ0 > 0 such that for all

0 < ǫ < ǫ0, the following is true.
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Consider the new domain

Ω := R
2\Bǫ(0)

with the boundary∂Ω = ∂Bǫ(0). Then there exist two families of spiral wavesuDir =

uDir(ǫ) and uNeu = uNeu(ǫ) on Ω with frequencyω = ω(ǫ) such thatu satisfies the

Dirichlet boundary condition

uDir|∂Ω = u∗(0)

or Neumann boundary condition

∂uNeu
∂n

|∂Ω = 0

at r = ǫ. Moreover,uDir anduNeu depend smoothly onǫ. Furthermore, up to some normal-

ization (Hypothesis 3.4, which will be explained later), wehave the following expansion for

ω nearω∗:

ω = ω∗ +
ǫ

M · ln ǫ(u∗)r(0) +O(
ǫ

ln2 ǫ
), (Dirichlet condition);

ω = ω∗ +
ǫ

M
(u∗)r(0) +O(ǫ2), (Neumann condition).

HereM is the Melnikov integral with respect toω, which is assumed to be non-zero by

Hypothesis 3.2.

The proof is divided into two parts: First, we prove that there exist a unique core region

spiral subject to the boundary condition. By Proposition 7.2 in [47], there exists a farfield

spiral. Then we match the farfield spiral with the core regionspiral at someτ = R∗. The

group velocity assumption is only needed for the farfield spiral. Also in the proof, we

see that the Dirichlet boundary conditions can be generalized to arbitrary (T1) boundary

conditions.
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3.2.3 Boundary Conditions

Recall thatu∗ is the presumed spiral wave solution, whileũ = u∗ + u is a perturbed

solution, corresponding to another equilibrium of the reaction-diffusion equation nearu∗

whereu ∈ H1(S1,CN) is an appropriate, small perturbation.

For the truncated boundary value problem, we need to impose boundary condition oñu

at the circler = r0. For example,

ũ(r0) = d̃ (Dirichlet boundary condition),

∂rũ(r0) = d̃, (Neumann boundary condition),

or

(αũ+ ∂rũ)(r0) = d̃ α ∈ R, α 6= 0 (Robin boundary condition).

Then consider

Ũ := (ũ, ũr) = U∗ + U = (u+ u∗, ur + ∂ru∗).

Correspondingly, the boundary condition forŨ is an affine boundary condition atr = r0.

That is,

Ũ(r0) = U∗(r0) + U(r0) ∈ Ebc
− + d̃.

HereEbc
− is a closed linear subspace ofX = H1(S1,CN) × L2(S1,CN) andd̃ =

(

d̃1

0

)

in the orthogonal complement(Ebc
− )⊥ is fixed.

For example, by Dirichlet or Neumann condition, we mean the following:

(Dirichlet) : Ũ(r)|r=r0 ∈ Ebc
− +

(

d̃1

0

)

, whereEbc
− = {

(

0
ξ

)

: ξ ∈ L2(S1,CN)};

(Neumann) : Ũ(r)|r=r0 ∈ Ebc
− , whereEbc

− = {
(

ξ
0

)

: ξ ∈ H1(S1,CN)}.

Note that since the boundary condition is for the perturbed solution Ũ , and with respect

to the original radial timer, we need to translate the boundary condition forŨ at r = r0
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into the boundary condition for the perturbationU at τ = ln r0 =: −L in the logarithmic

rescaled time. In this section, write

ũ(r) = ũ(eτ ) =: ũ(τ).

Similarly,u(r) =: u(τ) andu∗(r) =: u∗(τ). Observe that if̃U(r0) ∈ Ebc
− + d̃, then inτ , we

have
(

ũ(r0)

ũr(r0)

)

=

(

ũ(−L)

eLũτ (−L)

)

∈ Ebc
− + d̃.

That is,
(

ũ(−L)

ũτ (−L)

)

∈ Ebc
− +

(

d̃1

0

)

.

Therefore, withu = ũ− u∗,
(

u(−L)

uτ (−L)

)

∈ Ebc
− +

(

d̃1

0

)

−
(

u∗(−L)

(u∗)τ (−L)

)

. (3.10)

In short, we have
(

u(−L)

uτ (−L)

)

∈ Ebc
− + d. (3.11)

where

d =
(

d1

d2

)

:=

(

d̃1 − u∗(r0)

−e−L∂ru∗(r0)

)

. (3.12)

In the last equality, we use that

(u∗)τ (−L) = ∂ru∗(r0) ·
dr

dτ
= e−L∂ru∗(r0).

In case of Dirichlet and Neumann conditions, we choose differentd’s as in the follow-

ings:

(Dirichlet)’ :

U(−L) ∈ Ebc
− + d,

with

d =

(

d̃1 − u∗(r0),
0

)

, Ebc
− = {

(

0
ξ

)

, ξ ∈ L2(S1,CN)}.
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(Neumann)’ :

U(−L) ∈ Ebc
− + d,

with

d =

(

0
−e−L∂ru∗(r0))

)

, Ebc
− = {

(

ξ
0

)

, ξ ∈ H1(S1,CN)}.

Motivated by Dirichlet conditions, we consider the following transversality assumption:

(T1): Ebc
− ⊕Ess

− ⊕ Eker
− = X.

Remark 3.2.2. Although we need to solve the boundary condition at−L, we still assume

the transversality of the boundary space and the corresponding asymptotic subspaces at

τ = −∞. The reason for this is two-fold: Firstly, it is easier to verify this transversality

assumption since we have the explicit expression for the asymptotic subspaces; secondly,

these conditions allow us to solve for any largeL.

Lemma 3.2.2.The Dirichlet condition satisfies the assumption (T1).

Proof. Foru =
∑

k uke
ikψ ∈ H1(S1,CN), ∂ψu =

∑

k kuke
ikψ ∈ L2(S1,CN).

X ∋
( u
v
)

=

( ∑

k uke
ikψ

∑

k vke
ikψ

)

=

(

0
∑

k(vk + kuk)e
ikψ

)

+

(

∑

k 6=0 uke
ikψ

∑

k 6=0 −kukeikψ

)

+
( u0

0

)

∈ Ebc
− ⊕Ess

− ⊕Eker
−

Remark 3.2.3. Neumann boundary conditions do not satisfy(T1), due to the fact that

Eker
− ∩ Ebc

− = Eker
− . (3.13)

Recall that the linear boundary value spaceEbc
− ⊂ X is closed. Thus, the graph lemma

(Lemma A.2.1) gives an equivalent formulation for boundaryconditions that satisfy the
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transversality assumption(T1):

Ebc
− = graphW = {vcu− +Wvcu− ; vcu− = euu− + egker− ∈ Euu

− ⊕ Egker
− }.

On the other hand, Neumann boundary conditions satisfy the following modified transver-

sality assumption:

(T2): Ebc
− ⊕Ess

− ⊕ Egker
− = X.

Lemma 3.2.3.Neumann conditions satisfy (T2).

Proof.

X ∋
( u
v
)

=

( ∑

k uke
ikψ

∑

k vke
ikψ

)

=

[

( u0

0

)

+

(
∑

k 6=0(uk + 1
k
vk)e

ikψ

0

)]

+

(

∑

k 6=0 − 1
k
vke

ikψ

∑

k 6=0 vke
ikψ

)

+
(

0
v0

)

∈ Ebc
− ⊕Ess

− ⊕Egker
−

For sake of convenience, we introduce the following

Definition 3.2.2. A boundary condition isT1 if it satisfies the transversality assumption

(T1).

3.3 In the Core Region

In this section, we study equation (3.7) in the core area. Consider the logarithmic time

s = ln r, or r = es, thenr → 0 corresponds tos → −∞. Thus we obtain the following

system which is equivalent to(3.7) in the core region−∞ < s ≤ s∗:

us =: w

ws = −∂ψψu− e2sD−1(ω∗∂ψu+ f ′(u∗(τ, ψ))u) (3.14)

−e2sD−1[(ω − ω∗)∂ψ(u∗ + u) + f(u∗ + u) − f(u) − f ′(u∗)u]
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where

us = esur =: w

ws = (esv)s = esv + e2svr

Thus, the linearized equation(3.8) becomes

us = w (3.15)

ws = −∂ψψu− e2sD−1(ω∗∂ψu+ f ′(u∗(e
s, ψ))u).

Remark 3.3.1. For sake of consistency, instead of using(u(r), v(r)) and(u(s), w(s)) for

different time scales, we use(u, v) for (u(τ), uτ(τ)), with the spatial timeτ as defined as

in [55]:

τ =
{

log r r ≤ r̄,
r r ≥ 2r̄

and any smooth interpolation forτ ∈ (r̄, 2r̄).

We can write the linear equation(3.15) as an abstract differential equation onX =

H1(S1,CN) × L2(S1,CN) in the more compact form:

Uτ = Acore(τ)U , U =
( u
v

)

, (3.16)

which can also be written as

Uτ = A−
∞U + e2τ

(

0 0

−D−1(ω∗∂ψ + f ′(u∗(e
τ , ψ)))u 0

)

U , (3.17)

where

A−
∞ =

(

0 1

−∂ψψ 0

)

.

Observe that the principal part has constant coefficients, and that the principal equation

Uτ = A−
∞U , U =

( u
v

)

, (3.18)

coincides with the asymptotic equation obtained by formally taking τ = −∞. Since

∂ψ|H1(S1,CN ) : H1(S1,CN) → L2(S1,CN) is bounded, the perturbation term decays to

0 exponentially in norm.
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3.3.1 Exponential Dichotomies

First, we solve the asymptotic equation (3.18) inX by using Fourier series. Write

u =
∑

uke
ikψ. The equation foruk is

(uk)ττ = k2uk.

which has the solutionsuk,1 = ekτ , uk,2 = e−kτ for k 6= 0 andu0,1 = 1 andu0,2 = τ for

k = 0. Therefore we can decomposeX into the strong stable, strong unstable and center

subspaces:

Ess
− = span{(ueikψ,−kueikψ); k 6= 0, u ∈ C

N} =:
∑

k 6=0

Ess
k ,

Euu
− = span{(ueikψ, kueikψ); k 6= 0, u ∈ C

N} =:
∑

k 6=0

Euu
k , (3.19)

Ec
− = span{(u, v) ∈ C

N × C
N} =: Eker

− ⊕ Egker
− ,

with

Eker
− = {(u, 0); u ∈ C

N}, Egker
− = {(0, v); v ∈ C

N}. (3.20)

Then solutions of (3.18) with initial conditions inEss
− exist and decay exponentially with

rate1 in forward time; solutions with initial conditions inEuu
− exist and decay exponentially

with rate1 in backward time. Lastly, solutions with the initial conditions inEc
− are given

by (u + τv, v). For v 6= 0, they grow linearly while they are constant inτ for v = 0.

In conclusion, the asymptotic linear equation admits an infinite-dimensional strong stable

subspaceEss
− , an infinite-dimensional strong unstable subspaceEuu

− and a2N-dimensional

center subspaceEc
−.

We return to the variational equation (3.16) and introduce the following definition of

exponential dichotomy, which is similar to Definition 2.4.1 in the previous chapter.
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Definition 3.3.1. [48] Let J beR
+, R

− or R andX a Banach space. A non-autonomous

linear equation

d

dτ
U = A(τ)U , U(·) ∈ X,

is said to have an exponential dichotomy onJ if there exist positive constantsK, η and a

strongly continuous family of projectionsP s : J → L(X) such that the following is true:

• Stability: There exist operatorsΦs
−(s, σ) defined fors ≥ σ with s, σ ∈ J and

differentiable in(s, σ) for s > σ, such thatΦs
−(s, σ)U0 is a solution of(3.14) for

eachU0 ∈ X, which decays exponentially in forward time:

|Φs
−(s, σ)U0|X ≤ Ke−η|s−σ||U0|X , σ ≤ s, s, σ ∈ J.

• Instability: There exist operatorsΦu
−(s, σ) for s ≤ σ with s, σ ∈ J and differentiable

in (s, σ) for s < σ, such thatΦu(s, σ)U0 is a solution of(3.14) for eachU0 ∈ X,

which decays exponentially in backward time:

|Φu
−(s, σ)U0|X ≤ Ke−η|s−σ||U0|X , s ≤ σ, s, σ ∈ J.

• Compatibility: Φi(σ, σ) = P i(σ) for i = u, s for all σ ∈ J , and projections are

bounded in norm uniformly inσ.

• Invariance: The solutionsΦs(s, σ)U0 andΦu(s, σ)U0 satisfy

Φs(s, σ)U0 ∈ R(P s(s)) for all s ≥ σ, s, σ ∈ J ;

Φu(s, σ)U0 ∈ N (P s(s)) for all s ≤ σ, s, σ ∈ J.

Note that the asymptotic equation (3.18) has an exponentialdichotomy, since the pro-

jections onto the subspaces defined in (3.19) are bounded by Lemma A.3.2. The following

theorem states that solutions of the perturbed linear equation (3.17) behave in a similar

fashion as those of the asymptotic equation (3.18).
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Theorem 3.3.1.[47] For any fixeds∗ ∈ R, the following is true. There exist a constant

C > 0 and strongly continuous familiesP uu
− (s), P ss

− (s) andP c
−(s) of complementary pro-

jections, all defined for−∞ < s < s∗, as well as linear evolution operatorΦss
− (s, σ),

Φuu
− (σ, s) and Φc

−(s, σ) of equation (3.17) which are strongly continuous in(s, σ) for

−∞ < σ ≤ s ≤ s∗ and strongly differentiable in(s, σ) for −∞ < σ < s < s∗ such

that the following is true :

• Compatibility:Φi
−(σ, σ) = P i

−(σ) for all σ andi = uu, ss andc, and the projections

are bounded in norm ins uniformly.

• Stability: For anyU0 ∈ X, Φuu
− (s, σ)U0 is a solution of(3.14) which decays expo-

nentially in backward time:

|Φuu
− (s, σ)U0|X ≤ Ce−|s−σ||U0|X , s ≤ σ ≤ s∗.

• Instability: For anyU0 ∈ X, Φss
− (s, σ)U0 is a solution of(3.14) which decays expo-

nentially in forward time:

|Φss
− (s, σ)U0|X ≤ Ce−|s−σ||U0|X , σ ≤ s ≤ s∗.

• Central directions: The range of the center projectionP c
−(s) is finite-dimensional,

anddim(R(P c
−(s)) = 2N . For anyU0 ∈ R(P c

−(s)), Φc
−(s, σ)U0 is a solution that

grows at most linearly.

|Φc
−(s, σ)U0|X ≤ C(1 + |s− σ|)|U0|X , s, σ ≤ s∗.

Moreover, we can decompose

P c
−(s) = P ker

− (s) + P gker
− (s),

‖P ker
− (s)‖ + ‖P gker

− (s)‖ ≤ C(|s| + 1).
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For anyU0 ∈ X, letuker− = P ker
− (σ)U0 andugker− = P gker

− (σ)U0, then

|Φc
−(s, σ)uker− − P ker

−∞u
ker
− |X ≤ O(e−2min{|s|,|σ|})|uker− |X ,

|Φc
−(s, σ)ugker− − eA

c
−∞(s−σ)P gker

−∞ ugker− |X ≤ O(|s− σ|e−2min{|s|,|σ|})|ugker− |X .

Proof. For the proof, please see [47].

In Theorem3.3.1, for any fixedσ the error terms for the evolutionΦc
−(s, σ) of the cen-

ter components are of orderO(uker− ) andO(|s|ugker− ), respectively. The following lemma

shows that the error term actually decay exponentially whenboths andσ are large.

Lemma 3.3.1.Consider a non-autonomous linear system

d

dt
U = (A+B(t))U (3.21)

defined on a Banach spaceX, where the linear operatorA : X → X satisfies

ℜ(spec(A)) ⊆ (−∞,−1 + δ) ∪ {0} ∪ (1 − δ,∞)

for some positiveδ ≪ 1 and has the following decomposition

A = A|Ess ⊕ A|Ec ⊕ A|Euu,

in whichX = Ess⊕Ec⊕Euu is the spectral decomposition with respect toA withEss,Ec

andEuu the stable, center, and unstable generalized eigenspaces,respectively, andB(t) is

a small perturbation that decays exponentially, that is,

‖B(t)‖ ≤ Ce−2|t|,

uniformly for t large. Then there existL∗ > 0 and0 < ǫ ≪ 1, such that for anyL ≥ L∗

andt ≤ s ≤ −L, the following is true: There exists a unique evolutionΦc
−(t, s) of (3.21)

on the center subspace with

Φc
−(t, s) = eA

c(t−s) +O(e(2−ǫ)t+ǫs + et+s) = eA
c(t−s) +O(e−L). (3.22)
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Proof. The proof is an application of Banach fixed point theorem. Write (3.21) as

d

dt
U = AU +B(t)U .

Φc
−(t, s) can be obtained as a solution to

Φc
−(t, s) = eA

c(t−s) +

∫ t

s

eA
uu(t−τ)B(τ)Φc

−(τ, s), s)dτ + (3.23)
∫ t

−∞
e(A

c+Ass)(t−τ)B(τ)Φc
−(τ, s), s)dτ.

We claim that the sum of two integral terms defines a contraction inΦc
−(t, s) for t ≤ s

andt ands uniformly large. First, we choose a constant0 < ǫ≪ 1 such that

|eAc(t−s)|X ≤ Ceǫ|t−s|, t ≤ s ≤ −L∗.

Then we introduce the following norm forΦc
−(·, s):

‖Φc
−(·, s)‖ǫ = sup

t≤s≤−L∗

eǫ(t−s)|Φc
−(t, s)|X .

The estimates of the two integral terms yield

‖
∫ ·

s

eA
uu(·−τ)B(τ)Φc

−(τ, s)dτ‖ǫ

= sup
t≤s≤−L∗

eǫ(t−s)|
∫ t

s

eA
uu(t−τ)B(τ)Φc

−(τ, s)dτ |X

= sup
t≤s≤−L∗

|
∫ t

s

eA
uu(t−τ)B(τ)eǫ(t−τ)eǫ(τ−s)Φc

−(τ, s)dτ |X

≤ sup
t≤s≤−L∗

|
∫ t

s

eA
uu(t−τ)B(τ)eǫ(t−τ)dτ | · sup

t≤s≤−L∗

sup
t≤τ≤s

eǫ(τ−s)|Φc
−(τ, s)|X

≤ sup
t≤s≤−L∗

C|
∫ t

s

et−se2τeǫ(t−τ)dτ | · ‖Φc
−(·, s)‖ǫ

≤ sup
t≤s≤−L∗

C(e3t−s − e(1+ǫ)t+(1−ǫ)s)‖Φc
−(·, s)‖ǫ

≤ Ce−2L∗‖Φc
−(·, s)‖ǫ,
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in whichC is independent ofL∗, and writeAcs := Ac|Ec ⊕Ass|Ess,

‖
∫ −∞

·
eA

cs(·−τ)B(τ)Φc
−(τ, s)dτ‖ǫ

= sup
t≤s≤−L∗

eǫ(t−s)|
∫ −∞

t

eA
cs(t−τ)B(τ)Φc

−(τ, s)dτ |X

= sup
t≤s≤−L∗

|
∫ −∞

t

eA
cs(t−τ)B(τ)eǫ(t−τ)eǫ(τ−s)Φc

−(τ, s)dτ |X

≤ sup
t≤s≤−L∗

|
∫ −∞

t

eA
cs(t−τ)eǫ(t−τ)B(τ)dτ | · sup

t≤s≤−L∗

sup
t≤τ≤s

eǫ(τ−s)|Φc
−(τ, s)|X

≤ sup
t≤s≤−L∗

C|
∫ −∞

t

e2τdτ | · ‖Φc
−(·, s)‖ǫ

≤ sup
t≤s≤−L∗

Ce2t‖Φc
−(·, s)‖ǫ

≤ Ce−2L∗‖Φc
−(·, s)‖ǫ,

in whichC is independent ofL∗.

ChooseL∗ ≫ 1 such thatCe−2L∗ < κ
2
, for 0 < κ < 1. Hence the right hand side of the

equation(3.23) defines a uniform contraction on(C0((−∞,−L∗), X), ‖ · ‖ǫ). By Banach

fixed point theorem, there exists a unique solutionΦc
−(·, s) which satisfies (3.23).

Therefore, fort ≤ s ≤ −L∗,

|Φc
−(t, s)|X ≤ (1 − κ)|eAc(t−s)|X ≤ Ceǫ|t−s|.

Then
∣

∣

∣

∣

∫ t

s

eA
uu(t−τ)B(τ)Φc

−(τ, s)dτ

∣

∣

∣

∣

X

≤ C

∣

∣

∣

∣

∫ t

s

e−(τ−t)e2τeǫ(s−τ)dτ

∣

∣

∣

∣

X

= Cet+ǫs
∫ t

s

e(1−ǫ)τdτ = C(e(2−ǫ)t+ǫs + et+s),

and
∣

∣

∣

∣

∫ −∞

t

eA
cs(t−τ)B(τ)Φc

−(τ, s)dτ

∣

∣

∣

∣

X

≤ C

∫ −∞

t

eǫ(t−τ)e2τeǫ(τ−s)dτ ≤ Ce2t−ǫ(s−t),

which yield the estimate (3.22).
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3.4 Exponential Dichotomies in the Farfield Region

In this section, we briefly describe the problem of existenceof exponential dichotomies

in the farfield and the related result given in [47]. Recall that in the farfield the governing

equation is

ur = v (3.24)

vr = −1

r
v − 1

r2
∂ψψu−D−1[ω∗∂ψu+ f ′(u∗(r, ψ))u]

−D−1[(ω − ω∗)∂ψ(u∗ + u) + f(u∗ + u) − f(u) − f ′(u∗)u]

and the linearization of the governing equation (3.24) is:

ur = v (3.25)

vr = −1

r
v − 1

r2
∂ψψu−D−1[ω∗∂ψu+ f ′(u∗(r, ψ))u].

Casting(3.25) in the Archimedean coordinates(r, ϑ), we have

ur = −(k∗ + θ′(r))∂ϑu+ v (3.26)

vr = −(k∗ + θ′(r))∂ϑv −
1

r
v − 1

r2
∂ϑϑu+D−1(ω∗∂ϑu+ f ′(u∗(r, ϑ− k∗r − θ(r))u)

on the Banach spaceX = H1(S1,CN) × L2(S1,CN) ∋ U = (u, v).

Since the Archimedean spiralu∗ is approximated by the radial wave trainu∞ = u∞(ϑ)

in the farfield, we are interested in comparing solutions of (3.24) with solutions of the

asymptotic equation

ur = v (3.27)

vr = −D−1[ω∗∂ψu+ f ′(u∞(k∗r + ψ))u].
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for the wave trainu∞ with U = (u, v) ∈ H
1

2 (S1,CN) × L2(S1,CN). Again, we introduce

the Archimedean coordinateϑ = k∗r + θ(r) + ψ, then the equation (3.27) becomes

ur = −k∗∂ϑu+ v (3.28)

vr = −k∗∂ϑv −D−1[ω∗∂ψu+ f ′(u∞(ϑ))u].

Then we have the following theorem from [47]:

Theorem 3.4.1.Assume that the asymptotic equation (3.28) has an exponential dichotomy.

For everyǫ > 0, there is anR > 0 such that the equation (3.26) has an exponential

dichotomy on[R,∞) so that the projections of (3.28) and (3.26) areǫ-close in norm for

r ≥ R.

3.5 The Nonlinear Equation in the Core Region

3.5.1 Reduction

We now turn to the nonlinear equation:

Uτ = Acore(τ)U + e2τG(U(τ), ω), U = (u, v) ∈ H1(S1,CN) × L2(S1,CN) (3.29)

in the core region, where

Acore(τ) =

(

0 1
−∂ψψ −D−1e2τ (ω∗∂ψ + f ′(u∗(r, ψ))) 0

)

and

G(U , ω) =

(

0
−D−1[(ω − ω∗)∂ψ(u∗ + u) + f(u∗ + u) − f(u∗) − f ′(u∗)u]

)

In order to solve the nonlinear equation, we describe its solutions via the variation-

of-constants formula. Theorem 3.4.1 states that the farfield exponential dichotomies can

only exist for someR∗ ≫ 1. On the other hand, exponential dichotomies exist in the

core region(−∞, R∗] for anyR∗ ∈ R, therefore we have the decomposition ofX =
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H1(S1,CN) × L2(S1,CN) nearU∗(R∗) as:

X = Y c
− ⊕ Y u

− ⊕ Y s
− = Y ker

− ⊕ Y gker
− ⊕ Y u

− ⊕ Y s
− (3.30)

HereY u
− , Y s

−, Y ker
− andY gker

− are subspaces of the tangent spaceTU∗(R∗)X, consisting of

initial conditions that lead to exponentially decaying solutions in backward time, exponen-

tially decaying solutions in forward time, almost constantsolutions and linearly growing

solutions overτ ∈ (−∞, R∗], respectively. Moreover,Y u
− , Y s

−, Y ker
− andY gker

− are given

by the ranges of projectionsP uu
− , P ss

− (R∗), P ker
− andP gker

− of a core region exponential

dichotomy, respectively. We prescribe the strong unstablecomponentwuu− and both center

componentswker− andwgker− at τ = R∗ and the strong stable componentwss− at τ = −L.

In conclusion, we consider the variation-of-constants formula over the interval[−L,R∗]:

U(τ) = Φc
−(τ, R∗)

(

wker−

wgker−

)

+ Φss
− (τ,−L)wss− + Φuu

− (τ, R∗)w
uu
− (3.31)

+

∫ τ

−L
[Φss

− (τ, s) + Φc
−(τ, s)]e2sG(U(s), s)ds+

∫ τ

R∗

Φuu
− (τ, s)e2sG(U(s), s)ds.

with

wss− ∈ Ess
− , wuu− ∈ Y u

− ,

(

wker−

wgker−

)

∈ Y ker
− ⊕ Y gker

− .

Observe that the variation-of-constants formula (3.31) isa fixed-point equation. The ob-

stacle that prevents us from applying the Implicit FunctionTheorem is the presence of the

parameterwgker− , whose evolution gives linearly growing solution with respect toL.

In order to resolve this difficulty, we assume temporarily that the nonlinearity

G(U(τ), ω, τ) depends only onτ , i.e. G(U(τ), ω, τ) = G(τ) whereG ∈ C0([−L,R∗], X)

so that

‖G‖∞ := sup
τ∈[−L,R∗]

‖G(τ)‖X <∞. (3.32)

Equation (3.31) then gives solutions toUτ = Acore(τ)U + G(τ). EvaluatingU at τ = −L

and substituting into the boundary condition imposed atτ = −L, we can solve for both
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wss− andwgker− in terms ofwker− , wuu− , G. Upon solving, we shall see thatU is uniformly

bounded inwker− , wuu− , G andd. Now if G(U , τ) is C1-small with respect toU at U = 0,

then we can substitute backG(U , τ) and invoke the Implicit Function Theorem to solve the

full nonlinear equation.

3.5.2 Solving Boundary Condition

Under the assumption (3.32) , the general solution (3.31) for the perturbation reads:

U(τ) = Φc
−(τ, R∗)

(

wker−

wgker−

)

+ Φss
− (τ,−L)wss− + Φuu

− (τ, R∗)w
uu
− (3.33)

+

∫ τ

−L
[Φss

− (τ, s) + Φc
−(τ, s)]e2sG(s)ds+

∫ τ

R∗

Φuu
− (τ, s)e2sG(s)ds.

Takingτ = −L in the variation-of-constants equation(3.33), we obtain

U(−L) = Φc
−(−L,R∗)

(

wker−

wgker−

)

+ P ss
− (−L)wss− + Φuu

− (−L,R∗)w
uu
−

+

∫ −L

R∗

Φuu
− (−L, s)e2sG(s)ds.

We expandΦc
−(−L,R∗) in terms ofL: Consider that the evolutionΦc

−(−L∗, R∗) is an

isomorphismΥ betweenC2N ’s given by

Υ : Ec
−(R∗) → Ec

−(−L∗),

(

wker−

wgker−

)

7→
(

˜wker−
˜

wgker−

)

= Φc
−(−L,R∗)

(

wker−

wgker−

)

withE(g)ker
− (s) := Rg(P

(g)ker
− (s)),Ec

−(s) := Rg(P c
−(s)), andEc

−(s) = Eker
− (s)⊕Egker

− (s).

SinceΥ is an isomorphism, choose the coordinates inRg(P c
−(−L∗)) such that we have

the following matrix representation ofΥ:
(

˜wker−
˜

wgker−

)

=
(

γ11 0
0 γ22

)

(

wker−

wgker−

)

(3.34)

with bothγ11 andγ22 invertible. From Lemma 3.3.1, we have

Φc
−(−L,−L∗)

(

˜wker−
˜

wgker−

)

= eA
c
∞(−L+L∗)

(

˜wker−
˜

wgker−

)

+

(

˜wker−
˜

wgker−

)

O(e−L),
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for all L ≥ L∗. Then

Φc
−(−L,R∗)

(

wker−

wgker−

)

= Φc
−(−L,−L∗) ◦ Φc

−(−L∗, R∗)

(

wker−

wgker−

)

=

(

γ11w
ker
− + (−L+ L∗)γ22w

gker
−

γ22w
gker
−

)

+

(

wker−

wgker−

)

O(e−L)

Observe that settingt = s = −L in (3.22) yieldsP c
−(−L) = P c

− +O(e−L), L ≥ L∗. Thus,
(

γ11w
ker
− + (−L+ L∗)γ22w

gker
−

γ22w
gker
−

)

= P c
−

(

γ11w
ker
− + (−L+ L∗)γ22w

gker
−

γ22w
gker
−

)

+O(e−L).

Therefore, up to exponentially small terms,Φc
−(−L,R∗)

(

wker−

wgker−

)

is in Ec
− = Eker

− ⊕

Egker
− .

In conclusion, we have

U(−L) = Φuu
− (−L,R∗)w

uu
− + P ss

− (−L)wss− +

∫ −L

R∗

Φuu
− (−L, τ)e2τG(τ)dτ (3.35)

+

(

γ11w
ker
− + (−L+ L∗)γ22w

gker
−

γ22w
gker
−

)

+

(

wker−

wgker−

)

O(e−L)

Remark 3.5.1. We emphasize that the components of
(

γ11w
ker
− + (−L+ L∗)γ22w

gker
−

γ22w
gker
−

)

are inEker
− ⊕Egker

− .

Theorem 3.5.1.Let the linear operator defined on the right hand side of(3.35) be

L̃(wker− , wgker− , wss− , w
uu
− ,G)(−L).

There are constantsC andL∗ > 0 such that the following is true for everyL ≥ L∗. There

are linear operatorsW gker(wker− , wuu− ,G, d) andW ss(wker− , wuu− ,G, d) such that

wgker− = W gker(wker− , wuu− ,G, d),

wss− = W ss(wker− , wuu− ,G, d),

if and only if

L(wker− , wuu− ,G, d) := L̃(wker− ,W gker(wker− , wuu− ,G, d),W ss(wker− , wuu− ,G, d), wuu− ,G)
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satisfies eitherT1 boundary condition or Neumann boundary condition. Furthermore, we

have the estimate

|W gker(wker− , wuu− ,G, d)| ≤ C

L
(|wker− | + e−L|wuu− | + e−L‖G‖∞ + |d|), (3.36)

|W ss(wker− , wuu− ,G, d)| ≤ C(e−L|wker− | + e−L|wuu− | + e−L‖G‖∞ + |d|). (3.37)

for T1 boundary conditions. For Neumann boundary conditions,

|W gker(wker− , wuu− ,G)| ≤ Ce−L(|wker− | + |wuu− | + ‖G‖∞ + |∂ru∗(r0)|), (3.38)

|W ss(wker− , wuu− ,G)| ≤ Ce−L(|wker− | + |wuu− | + ‖G‖∞ + |∂ru∗(r0)|). (3.39)

Moreover, in both cases, ifU satisfies eitherT1 or Neumann boundary condition and the

variation-of-constants formula forG = G(τ), then we have the estimate

‖U‖∞ := sup
τ∈[−L,R∗]

‖U(τ)‖Xτ = ‖L(wker− , wuu− ,G, d)‖∞ ≤ C(|wker− |+|wuu− |+‖G‖∞+|d|)).

(3.40)

Proof. We prove the theorem forT1 boundary conditions first. Any element that satisfies

the boundary condition is of the formd+ ebc− , with

ebc− = euu + eker + ess + egker ∈ Euu
− ⊕ Eker

− ⊕ Ess
− ⊕ Egker

− .

By Lemma A.2.1, we have

ess + eker = W (euu + egker)

for some linear boundedW . Therefore,

d+ ebc = (P uu
− d+ euu) + (P ss

− d+ ess) + (P gker
− d+ egker) + (P ker

− d+ eker)

= (P uu
− d+ euu) + (P ss

− d+ P ss
− W (euu + egker)) (3.41)

+(P gker
− d+ egker) + (P ker

− d+ P ker
− W (euu + egker)).
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On the other hand,

U(−L) = Φuu
− (−L,R∗)w

uu
− + P ss

− (−L)wss− +

∫ −L

R∗

Φuu
− (−L, τ)e2τG(τ)dτ (3.42)

+

(

γ11w
ker
− + (−L+ L∗)γ22w

gker
−

γ22w
gker
−

)

+

(

wker−

wgker−

)

O(e−L).

We have the following estimates for the summands in the aboveexpression:

P ss
− (−L)wss− = wss− + (P ss

− (−L) − P ss
− )wss− = (1 +O(e−2L))wss− , (3.43)

where we refer to Corollary2 in [40] for the second equality;

Φuu
− (−L,R∗)w

uu
− = O(e−L)wuu− ; (3.44)

‖
∫ −L

R∗

Φuu
− (−L, τ)e2τG(τ)dτ‖ ≤ C

∫ −L

R∗

e−L+τdτ · ‖G‖∞ ≤ Ce−L‖G‖∞. (3.45)

Comparing the strong unstable component in(3.41) and(3.42), we obtain

euu = O(e−L)wuu− +O(e−L)G +O(e−2L)wss− +

(

wker−

wgker−

)

O(e−L) − P uu
− d, (3.46)

Similarly,

ess = P ss
− W (euu + egker) (3.47)

= O(e−3L)wuu− +O(e−3L)G + (1 +O(e−2L))wss− +

(

wker−

wgker−

)

O(e−L) − P ss
− d

egker = O(e−3L)wuu− +O(e−3L)G +O(e−2L)wss− + γ22w
gker
− idEgker−

(3.48)

+

(

wker−

wgker−

)

O(e−L) − P gker
− d.

eker = P ker
− W (euu + egker) (3.49)

= O(e−3L)wuu− +O(e−3L)G +O(e−2L)wss− + γ22w
gker
− idEgker−

+

[γ11w
ker
− + (−L+ L∗)γ22w

gker
− ]idEker−

+

(

wker−

wgker−

)

O(e−L) − P ker
− d.

In the following, we would like to substitute (3.46) and (3.48) into (3.49) and solve for

wgker− in terms ofwker− , wuu− , G andd.
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Define the linear operatorTL : Egker
− ∼= C

N → X by

TLw
gker
− := (−(L− L∗)γ22idEker−

+ P ker
− Wγ22idEgker−

+O(e−L))wgker− . (3.50)

Lemma 3.5.1.There are constants̃L > L∗ andC > 0 such thatTL is invertible for any

L ≥ L̃, and the inverse is uniformly bounded with‖T−1
L ‖ ≤ C

L
.

Proof. Write

TL = L

[

−
(

1 − L∗
L

)

γ22idEker−
+

1

L
P ker
− Wγ22idEgker−

+O

(

1

L
e−L
)]

.

SinceidEker−
is invertible, so isidEker−

(1 + O( 1
L
)) + O( 1

L
)for largeL. ThenTL is an iso-

morphism and‖T−1
L ‖ = 1

L
(idEker−

(1 + O( 1
L
)) + O( 1

L
))−1 = O( 1

L
) uniformly for large

L.

Therefore,

wgker− = T−1
L (γ11w

ker
− +O(e−L)R2(w

ker
− , wuu− ,G) − P ker

− d) (3.51)

=: W gker(wker− , wuu− ,G, d)

with

|wgker− | ≤ C

L
(|wker− | + e−L|wuu− | + e−L‖G‖∞ + |d|). (3.52)

Solving (3.47) for the strong stable componentwss− yields

wss− = (1 +O(e−2L))(P ss
− d+ P ss

− W (euu + egker) +O(e−3L)wuu− +O(e−L)G

+O(e−L)wker− +O(e−L)W gker(wker− , wuu− ,G, d)) (3.53)

= (1 +O(e−2L))((P ss
− − P ss

− WP uu
− )d+O(e−L)d+O(e−L)R4(w

ker
− , wuu− ,G)).

=: W ss(wker− , wuu− ,G, d)

with

|wss− | ≤ C(e−L|wker− | + e−L|wuu− | + e−L‖G‖∞ + |d|). (3.54)

Then we have the desired estimates (3.36) and (3.37).
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Thus, we obtain the following

U(τ) = Φc
−(τ, R∗)

(

wker−
W gker(wker− , wuu− ,G(τ), d)

)

+Φss
− (τ,−L)W ss(wker− , wuu− ,G(τ), d) +

∫ τ

R∗

Φuu
− (τ, s)e2sG(s)ds

+

∫ τ

−L
[Φss

− (τ, s) + Φc
−(τ, s)]e2sG(s)ds+ Φuu

− (τ, R∗)w
uu
− ,

in which

|Φc
−(τ, R∗)

(

0
W gker(wker− , wuu− ,G, d)

)

| (3.55)

≤ (‖eAc−∞(τ−R∗)P gker
− ‖ +O(e−L)|W gker(wker− , wuu− ,G, d)|

≤ |
(

1 τ −R∗
0 1

)

(

0

P gker
− W gker(wker− , wuu− ,G, d)

)

|

+O(e−L)|W gker(wker− , wuu− ,G, d)|

≤ CL|P gker
− W gker(wker− , wuu− ,G, d)|H1 + |W gker(wker− , wuu− ,G, d)|L2

≤ C(|wker− | + e−L|wuu− | + e−L‖G‖∞ + |d|),

and

‖Φss
− (τ,−L)W ss(wker− , wuu− ,G(τ), d)‖ (3.56)

≤ C(e−L|wker− | + e−L|wuu− | + e−L‖G‖∞ + |d|)

≤ C(|wker− | + |wuu− | + ‖G‖∞ + |d|).

Therefore, (3.40) follows from the estimates (3.43)-(3.45) , (3.55) and (3.56).

This finishes the proof forT1 boundary conditions. Next, we turn to Neumann bound-

ary conditions. The only difference for Neumann boundary conditions lies in the evaluation

of thewgker− component. Since the Neumann condition satisfies the transversality condition
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(T2), we have:

d+ ebc− = (P uu
− d+ euu) + (P ss

− d+ ess) + (P gker
− d+ vgker) + (P ker

− d+ eker)

= (P uu
− d+ euu) + (P ss

− d+ P ss
− W (vuu + eker)) (3.57)

+(P ker
− d+ eker) + (P gker

− d+ P gker
− W (vuu + eker)),

whered =

(

0
e−L(∂ru∗(r0))

)

. Comparing the components of (3.42) and (3.57), we

obtain similar expressions as for Dirichlet conditions. Observe that in the case of Neumann

conditions, the graph ofW corresponds touτ (−L) = 0 and therefore,W |Eker−
= 0. Hence,

we have

(γ22idEgker−
+R3O(e−L))wgker− = P gker

− d+ P gker
− W (Φuu

− (−L,R∗)w
uu
−

+

∫ −L

R∗

Φuu
− (−L, τ)e2τG(τ)dτ − P uu

− d− R4(w
ker
− )O(e−L) +R5(w

uu
− ,G)O(e−3L)

with R3, R4 andR5 bounded uniformly inL andR4 andR5 linear. ForL large, we can

solve forwgker− :

wgker− = (γ22idEgker−
+O(e−L))−1{O(e−L)∂ru∗(r0) +O(e−L)wuu−

+O(e−L)G +O(e−L)wker− }

=: W gker(wker− , wuu− ,G)

with

‖W gker‖ ≤ Ce−L(|wker− | + |wuu− | + ‖G‖∞ + |∂ru∗(0)|),

and

wss− = (1 +O(e−2L)){O(e−L)∂ru∗(r0) +O(e−L)wuu− +O(e−L)G + O(e−L)wker− }

=: W ss(wker− , wuu− ,G),

with

‖W ss‖ ≤ Ce−L(|wker− | + |wuu− | + ‖G‖∞ + |∂ru∗(0)|).
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That concludes the proof of Theorem 3.5.1.

3.5.3 The Substitution

Let V− beC0([−L,R∗], X) equipped with sup-norm

‖U‖∞ = sup
τ∈[−L,R∗]

‖U(τ)‖.

Now we return to the original full nonlinear equation(3.31) onV− together with the bound-

ary condition, that is, we substituteG = G(U , ω) for G in U = L(wker− , wuu− ,G, d). Thus,

we consider the following fixed point equation:

U = L(wker− , wuu− ,G(U , ω), d)

onV− with parameters(wker− , wuu− , ω, d). Explicitly, we have

U(τ) = Φc
−(τ, R∗)

(

wker−
W gker(wker− , wuu− ,G(U , ω)(τ), d)

)

+ Φuu
− (τ, R∗)w

uu
−

+Φss
− (τ,−L)W ss(wker− , wuu− ,G(U , ω)(τ), d) +

∫ τ

R∗

Φuu
− (τ, s)e2sG(U , ω)(s)ds

+

∫ τ

−L
[Φss

− (τ, s) + Φc
−(τ, s)]e2sG(U , ω)(s)ds. (3.58)

in whichG : V− × R → V− and

G(U , ω) =

(

0
−D−1[(ω − ω∗)∂ψ(u∗ + u) + f(u∗ + u) − f(u∗) − f ′(u∗)u]

)

.

In order to invoke the Implicit Function Theorem, see, e.g. [10], we needC1-smallness

of G(U , ω) with respect toU . We formulate this property as the following

Lemma 3.5.2.G is continuously differentiable and, for anyǫ > 0, there existsδ > 0 such

that, for anyU andω with ‖U‖∞ + |ω − ω∗| < δ, we have

‖G(·, ω)‖C1 = ‖G(·, ω)‖∞ + ‖DUG(·, ω)‖∞ < ǫ.

Proof. Write

G(U , ω) = (ω − ω∗)

(

0
−D−1∂ψu∗

)

+ N1(ω)U + N2(U),
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in which

N1(ω)U = (ω − ω∗)

(

0
−D−1∂ψu

)

,

N2(U) =

(

0
−D−1(f(u∗ + u) − f(u∗) − f ′(u∗)u)

)

.

We claim that the linear operatorN1(ω) is bounded and hence continuous:

‖N1(ω)‖∞ = sup
‖U‖<δ

‖N1(ω)U‖ = sup
τ∈[−L,R∗]

|(N1(ω)U)(τ)|X

= sup
τ∈[−L,R∗]

| −D−1(ω − ω∗)∂ψu|L2

≤ |D−1||ω − ω∗| sup
τ∈[−L,R∗]

(|u|2L2 + |∂ψu|2L2)
1

2

≤ C|ω − ω∗|‖U‖∞.

For anyW =
(

w1
w2

)

∈ V−\0, define

TW :=
(

0
(f ′(u∗ + u) − f ′(u∗))w1

)

.

Then

‖G(U + W, ω) − G(U , ω) − (N1(ω) + T )W‖ · |W|−1

≤ |D−1| sup
τ∈[−L,R∗]

|f(u∗ + u+ w1) − f ′(u∗ + u)w1 − f(u∗ + u)|L2|W|−1

≤ |D−1| sup
τ∈[−L,R∗]

sup
ξ∈[0,1]

|f ′(u∗ + u+ ξw1) − f ′(u∗ + u)|L2 → 0, asW → 0.

Therefore,DUG(·, ω) = N1(ω) + T . In particular,DUG(0, ω) = N1(ω). Similarly, define

M(U) : R → V− by

M(U)ω =

(

0
−D−1ω∂ψ(u+ u∗)

)

.

We have that

‖M(U)‖ ≤ C|∂ψ(u+ u∗)|L2 < C̃ <∞,

with

G(U , ω + ω̂) − G(U , ω) −M(U)ω̂ ≡ 0.
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Therefore,DωG(U , ·) = M(U). ThereforeG is continuously differentiable. Observe that

G(U , ω) = O(|ω − ω∗|) +O(|u|2), DUG(U , ω) = O(|ω − ω∗| + ‖U‖∞),

the second part of the lemma follows.

Theorem 3.5.2.There existδ, ρ > 0, such that for anyL > 1
δ
, (wker, wuu− ) ∈ Y ker

− ⊕ Y u
− ,

ω ∈ R andd ∈ (Ebc
− )⊥ with |wker− |+|wuu− |+|ω−ω∗|+|d| < δ, there exists a unique solution

U = F(wker− , wuu− , ω, d;L) ∈ Bρ(0) of the nonlinear equation(3.58) which satisfies (T1)

or Neumann boundary condition. Moreover,F depends smoothly on(wker, wuu− , ω, d) with

‖F‖∞ ≤ C(|wker− | + |wuu− | + |ω − ω∗| + |d|). (3.59)

Proof. Write the fixed point equation as

L̂(U , wker− , wuu− , ω, d) = U − L(wker− , wuu− ,G(U , ω), d) = 0,

in which

L̂ : C0([−L,R∗), X) × (Y ker
− × Y u

− × R × (Ebc
− )⊥) → C0([−L,R∗), X),

and

L : Y ker
− × Y u

− × C0([−L,R∗), X) × (Ebc
− )⊥ → C0([−L,R∗), X)

defined as

L(wker− , wuu− ,G, d) := L̃(wker− ,W gker(wker− , wuu− ,G, d),W ss(wker− , wuu− ,G, d), wuu− ,G).

First, observe that̂L(0, 0, 0, 0, ω∗, 0) = 0. Then we need to prove that̂L is C1-

bounded in(wker− , wuu− ,U , ω, d) near(U , wker− , wuu− , ω, d) = (0, 0, 0, 0, ω∗, 0) for L large:

From Theorem 3.5.1 and Lemma 3.5.2, there exists aδ > 0, such that for allL > 1
δ

and
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|wker− | + |wuu− | + |ω − ω∗| + ‖U‖∞ + |d| < δ,

‖L̂(U , wker− , wuu− , ω, d)|∞

≤ ‖U‖∞ + ‖L(wker− , wuu− ,G, d)|∞

≤ ‖U‖∞ + C(|wker− + |wuu− | + ‖G‖∞ + |d|) ≤ C((|wker− + |wuu− | + ‖G(·, ω)‖∞ + |d|)

≤ ‖U‖∞ + C(|wker− | + |wuu− | + |ω − ω∗| + |d| + ‖U‖2
∞ + |ω − ω|2)

≤ C(|wker− | + |wuu− | + ‖U‖∞ + |ω − ω∗| + |d|)

Secondly, we claim thatDU L̂(wker− , wuu− ,U , ω, d) has a bounded inverse near

(wker− , wuu− ,U , ω, d) = (0, 0, 0, 0, ω∗, 0): For anyǫ > 0, by Theorem 3.5.1, there exist

constantsC, δ > 0 such that

‖DGL(wker− , wuu− ,G, d)‖ < C, G = G(τ) ∈ C0([−L,R∗], X), (3.60)

and‖G(·, ω)‖C1 < ǫ, for |wker− | + |wuu− | + ‖U‖∞ + |ω − ω∗| + |d| < δ. In particular,

G(·, ω) ∈ C0([−L,R∗], X). Then by Lemma 3.5.2,

‖DUL(wker− , wuu− ,G(U , ω), d)‖∞ ≤ ‖DGL(wker− , wuu− ,G, d)‖∞ · ‖DUG(U , ω)‖∞

< Cǫ

for |wker− |+ |wuu− |+ ‖U‖∞ + |ω−ω∗|+ |d| < δ. Then in particular,DU L̂(0, 0, 0, ω∗, 0) has

a bounded inverse. Hence we can then apply the Implicit Function Theorem to solve forU

in terms ofwker− , wuu, ω andd and obtain the estimate (3.59).

3.6 Matching

In this section, we denote the two perturbed solutions in thecore region and the farfield,

by U∗ + U− andU∗ + U+. HereU = U+ for τ ≥ R∗ andU = U− for τ ≤ R∗. Our goal is

to match these solutions atτ = R∗.
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We organize this section as follows: In Section 3.6.1 and 3.6.2, we set up an appropriate

coordinate system atτ = R∗ in which we can matchU− andU+ nearU∗(R∗) in Section

3.6.3.

3.6.1 Exponential Dichotomies and Fredholm Properties

In the previous sections, we have that the existence of exponential dichotomies on the

ray (−∞, R∗] for someR∗ ≫ 1. In this section, we prove certain Fredholm properties

implied by exponential dichotomies.

Due to Hypothesis 3.1, whenω = ω∗, the tangent spaceTU(R∗)M
cs
+ (u∗, ω) of the local

center-stable manifoldM cs
+ (u∗, ω) of the wave trains and the tangent space of the local

center-unstable manifoldM cu
− (u∗, ω) of the asymptotic states atU∗(R∗) intersect along a

one-dimensional subspace generated by∂ψU∗(R∗). (From now on, we include the angu-

lar velocityω as an extra parameter.) Denote the one-dimensional subspace by I. From

the following lemma, we conclude that the complement of the sum TU(R∗)M
cs
+ (u∗, ω∗) +

TU(R∗)M
cu
− (u∗, ω∗) is one-dimensional and given by the unique nontrivial bounded solution

of the adjoint variational equation.

Lemma 3.6.1. ( [47]) The map

ι : Rg(P ss
− (R∗) + P gker

− (R∗)) × Rg(P uu
+ (R∗)) → X, (u, v) 7→ u+ v,

is Fredholm, and its index is0.

Proof. The tool we shall use here is a bordering lemma ( e.g., Lemma 3.5 in [51]). Note

that the map is defined differently from the mapιspiral in [47], in which the domain ofι

contains different center directions. From [47],

ιspiral : Rg(P ss
− (R∗) + P ker

− (R∗)) × Rg(P uu
+ (R∗)) → X, (u, v) 7→ u+ v,

is Fredholm with index0.
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Define

ι̃ : Rg(P ss
− (R∗) + P c

−(R∗)) ×Rg(P uu
+ (R∗)) → X, (u, v) 7→ u+ v.

This is an enlarged map by attaching the other center directionRg(P gker
− (R∗)) to the map

ιspiral. From the bordering lemma,ι̃ is Fredholm with indexN .

On the other hand,̃ι can be obtained by attachingRg(P ker
− (R∗)) to the mapι. Observe

thatRg(P ker
− (R∗)) is transverse to bothRg(P ss

− (R∗)) andRg(P gker
− (R∗)). Suppose that

dim(Rg(P ker
− (R∗) ∩Rg(P uu

+ (R∗)) = k,

then

dim coker(ι) − (N − k) = dim coker(ι̃), dim ker(ι) + k = dim ker(ι̃).

Thus we conclude thatι is Fredholm with index0.

3.6.2 Frames of Matching

In order to match, we decompose the tangent space ofX atU∗(R∗) into subspaces and

match in each subspace.

From the decomposition (3.30),

X = Y ker
− ⊕ Y u

− ⊕ (Y gker
− ⊕ Y s

−),

Also atω = ω∗, the tangent space ofM cu
− atU∗(R∗) is given by

TU∗(R∗)M
cu
− (u∗, ω∗) = Y ker

− ⊕ I ⊕ Y u
− .

From the farfield, we have

X = Xu
+ ⊕Xs

+,

in which Xs
+ andXu

+ are the subspaces of initial conditions that lead to exponentially

decaying solutions in forward and backward time, respectively. The tangent space of

M cs
+ (u∗, ω∗) is given by [47]

TU∗(R∗)M
cs
+ (u∗, ω∗) = I ⊕Xs

+.
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Combining these two frames together, we have the following decomposition:

X = I ⊕ Y ker
− ⊕ Y u

− ⊕Xs
+ ⊕ Z.

in which Z is spanned by the unique (up to a scalar) nontrivial bounded solution of the

adjoint variational equation. The transversality ofY ker
− (or Y uu

− ) with Xs
+ comes from Hy-

pothesis3.1, since otherwise the variational equation about the spiralu∗ admits a second

linearly independent bounded nontrivial solution in addition to ∂ψU(R∗). We know from

the Fredholm property in the last section thatdimZ = 1.

Definition 3.6.1. Define

P+ : X → Y ker
− ⊕ Y u

− ⊕ Z

be the orthogonal projection ontoY ker
− ⊕ Y u

− ⊕ Z with kernelXs
+ and

P− : X → Xs
+ ⊕ Z

be the orthogonal projection ontoXs
+ ⊕ Z with kernelY ker

− ⊕ Y u
− .

3.6.3 Matching

To matchU− andU+ atR∗ means to find solution(wker− , wuu− , wss+ , ω, d) of the following

equation:

H(wker− , wuu− , wss+ , ω, d) = 0,

whereH : (Y ker
− ⊕ Y u

− ⊕Xs
+) × R × (Ebc

− )⊥ → X/I,

(wker− , wuu− , wss+ , ω, d)
H7→











P (Y ker
− , Xs

+ ⊕ Z ⊕ Y u
− ⊕ I)(U−(R∗) − U+(R∗))

P (Y u
− , X

s
+ ⊕ Z ⊕ Y ker

− ⊕ I)(U−(R∗) − U+(R∗))

P (Xs
+, Y

ker
− ⊕ Z ⊕ Y u

− ⊕ I)(U−(R∗) − U+(R∗))

P (Z,Xs
+ ⊕ Y ker

− ⊕ Y u
− ⊕ I)(U−(R∗) − U+(R∗))











.

(3.61)

For sake of convenience, write the projections in (3.61) asPi, i = 1, 2, 3 and4 in a sequen-

tial order. Note that we do not need to match in theI-direction. Indeed, since the reaction-

diffusion equation onR2\Bǫ(0) is equivariant with respect to rotations inS1. Due to the
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S
1-symmetry of the underlying PDE with respect to rotations,u(r, θ+ψ) is a solution if and

only if u(r, ψ) is. Therefore, we can always match in the direction ofI = span{∂ψU∗(R∗)}

generated byS1 by rotatingU−(R∗) andU+(R∗) appropriately.

From [47], we have the following variation-of-constants formula forU+:

U+(r) = Φss
+ (r, R∗)w

ss
+ + (ω − ω∗)

∫ r

R∗

Φss
+ (r, τ)

(

0
−D−1∂ψ(u∗ + u)

)

dτ

+(ω − ω∗)

∫ r

∞
Φuu

+ (r, τ)

(

0
−D−1∂ψ(u∗ + u)

)

dτ (3.62)

+

∫ r

R∗

Φss
+ (r, τ)N2(U+(τ))dτ +

∫ r

∞
Φuu

+ (r, τ)N2(U+(τ))dτ,

whereN2(U) = O(|U|2). Observe that (3.62) is parameterized byω andwss+ and the

estimate

‖U+‖∞ ≤ C(|wss+ | + |ω − ω∗|)

holds forU+.

Evaluating both variation-of-constants formulae (3.58) and (3.62) atR∗, we have

U−(R∗) =

(

wker−

wgker−

)

+ wuu− + Φss
− (R∗,−L)wss−

+(ω − ω∗)

∫ R∗

−L
[Φss

− (R∗, τ) + Φc
−(R∗, τ)]e

2τ

(

0
−D−1∂ψ(u∗ + u)

)

dτ

+

∫ R∗

−L
[Φss

− (R∗, τ) + Φc
−(R∗, τ)]e

2τN2(U−(τ))dτ (3.63)

and

U+(R∗) = wss+ + (ω − ω∗)

∫ R∗

∞
Φuu

+ (R∗, τ)

(

0
−D−1∂ψ(u∗ + u)

)

dτ

+

∫ R∗

∞
Φuu

+ (R∗, τ)N2(U+)dτ. (3.64)

Recall that in Hypothesis 3.1, we assume thatM cu(u∗, ω) intersectsM cs
+ (u∗, ω) trans-

versely atω = ω∗. We claim in the following lemma that

M bc
− (wker− , wuu− , ω∗, d)(L) := U∗ + U−(wker, wuu− , ω∗, d)(L)
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is ofO( 1
L
) orO(e−L)-close toM cu

− (u∗, ω∗) at τ = R∗, depending on whether (T1) or (T2)

are met. The distance is given byP−U−(R∗) (see Definition (3.6.1)).

Lemma 3.6.2.There existsL∗ such that for allL > L∗,

‖P−U−(R∗)‖ ≤ C

L
(|wker− | + e−L|wuu− | + |d|)

for T1 boundary conditions, and

‖P−U−(R∗)‖ ≤ Ce−L(|wker− | + |wuu− | + |d|)

for Neumann boundary conditions.

Proof. Recall that from (3.63),

U−(R∗) =

(

wker−

wgker−

)

+ wuu− + Φss
− (R∗,−L)wss−

+(ω − ω∗)

∫ R∗

−L
[Φss

− (R∗, τ) + Φc
−(R∗, τ)]e

2τ

(

0
−D−1∂ψ(u∗ + u)

)

dτ

+

∫ R∗

−L
[Φss

− (R∗, τ) + Φc
−(R∗, τ)]e

2τN2(U−(τ))dτ

The estimate for the integral gives

|
∫ R∗

−L
[Φss

− (R∗, τ) + Φc
−(R∗, τ)]e

2τN2(U−(τ))dτ |X

≤ C

∫ R∗

−L
(eτ−R∗ + eǫ(R∗−τ))e2τdτ · ‖N2(U−)‖∞

≤ C(|wker− | + |wuu− | + |ω − ω∗| + |d|)2.

with 0 < ǫ≪ 1.

Settingω = ω∗, we see that the relevant linear part ofP−U−(R∗) is given by

|wgker− + Φss
− (R∗,−L)wss− |X

≤ C

L
(|wker− | + e−L|wuu− | + e−L‖F(wker− , wuu− , ω, d)‖2

∞ + |d|)

+Ce−L(
C

L
|wker− | + e−L|wuu− | + e−L‖F(wker− , wuu− , ω, d)‖2

∞ + |d|)

≤ C

L
(|wker− | + e−L|wuu− | + |d| + (|wker− | + |wuu− | + |d|)2)
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for T1 boundary conditions; and

|wgker− + Φss
− (R∗,−L)wss− |X

≤ Ce−L(|wker− | + |wuu− | + ‖F(wker− , wuu− , ω∗, d)‖2
∞ + |d|)

+Ce−2L(|wker− | + |wuu− | + e−L‖F(wker− , wuu− , ω∗, d)‖2
∞ + |d|)

≤ Ce−L(|wker− | + |wuu− | + |d| + (|wker− | + |wuu− | + |d|)2)

for Neumann conditions. Also we have similar estimate for the derivatives with respect to

wker− andwuu− .

Define

G̃(U , ω)(τ) =

{

e2τG(U−, ω), U− = (u, uτ),−L ≤ τ = log r ≤ logR∗

G(U+, ω), U+ = (u, ur), τ = r > R∗
. (3.65)

in which

G(U , ω) =

(

0
−D−1[(ω − ω∗)∂ψ(u∗ + u) + f(u∗ + u) − f(u∗) − f ′(u∗)u]

)

.

Lemma 3.6.3.There exist(Bker
− , Buu

− , Bss
+ ) ∈ Y ker

− ⊕ Y u
− ⊕ Xs

+, Css
+ : (Ebc

− )⊥ → X and

operatorsRker, Ruu andRss such that

Pi(U−(R∗) − U+(R∗)) = 0, i = 1, 2, 3

is equivalent to

wker− = (ω − ω∗)B
ker
− + Rker(w

ker
− , wuu− , wss+ , d, ω − ω∗),

wuu− = (ω − ω∗)B
uu
− + Ruu(w

ker
− , wuu− , wss+ , d, ω − ω∗), (3.66)

wss+ = (ω − ω∗)B
ss
+ + Css

+ d+ Rss(w
ker
− , wuu− , wss+ , d, ω − ω∗),

where

Ri = O(|wker− |2 + |wuu− |2 + |wss+ |2 + |ω − ω∗|2 + |d|2), i = ker, uu, ss.
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In addition,Css
+ satisfies the following estimate:

‖Css
+ ‖ ≤ C

L
, for T1 boundary conditions;

‖Css
+ ‖ ≤ Ce−L, for Neumann conditions.

Proof. Let

P1(U−(R∗) − U+(R∗) = 0,

then we reach

0 = wker− + (ω − ω∗)

∫ R∗

−L
Φker

− (R∗, τ)e
2τ

(

0
−D−1∂ψ(u∗ + u)

)

dτ

−(ω − ω∗)P1

∫ R∗

∞
Φuu

+ (R∗, τ)

(

0
−D−1∂ψ(u∗ + u)

)

dτ

+

∫ R∗

−L
Φker

− (R∗, τ)e
2τN2(U−(τ))dτ − P1

∫ R∗

∞
Φuu

+ (R∗, τ)N2(U+(τ))dτ,

which yields

wker− = −(ω − ω∗)B
ker
− +Rker(w

ker
− , wuu− , wss+ , d, ω − ω∗), (3.67)

in which

Bker
− := P1

(
∫ R∗

−L
Φ(R∗, τ)e

2τ

(

0
−D−1∂ψu∗

)

dτ

−
∫ R∗

∞
Φ(R∗, τ)

(

0
−D−1∂ψu∗

)

dτ

)

= P1

∫ ∞

−L
Φ(R∗, τ)DωG̃(U∗, ω∗)dτ,

and

Rker(w
ker
− , wuu− , wss+ , d, ω − ω∗)

:= −(ω − ω∗)

(
∫ R∗

−L
Φker

− (R∗, τ)e
2τ

(

0
−D−1∂ψu

)

dτ

−P1

∫ R∗

∞
Φuu

+ (R∗, τ)

(

0
−D−1∂ψu

)

dτ

)

−
∫ R∗

−L
Φker

− (R∗, τ)e
2τN2(U−(τ))dτ + P1

∫ R∗

∞
Φuu

+ (R∗, τ)N2(U+(τ))dτ,
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where

P1 = P (Y ker
− , Xs

+ ⊕ Z ⊕ Y u
− ⊕ I),

Φ(R∗, τ) =

{

Φ+(R∗, τ) = (Φss
+ + Φuu

+ )(R∗, τ), τ ≥ R∗
Φ−(R∗, τ) = (Φss

− + Φuu
− + Φker

− + Φgker
− )(R∗, τ), τ ≤ R∗

.

Since

‖
(

0
−D−1∂ψu

)

‖X ≤ |D−1|‖U‖X ,

and

e2τ‖Φker
− (R∗, τ)‖L(X), ‖Φuu

− (R∗, τ)‖L(X) = O(eτ), asτ → −∞,

|Rker(w
ker
− , wuu− , wss+ , d, ω − ω∗)| ≤ C(|ω − ω∗|‖U‖∞ + ‖N2(U)‖∞)

≤ C(‖U‖2
∞ + |ω − ω∗|2|) ≤ C(|wker− |2 + |wuu− |2 + +|wss+ |2 + |ω − ω∗|2 + |d|2).

Similarly,P2(U−(R∗) − U+(R∗) = 0 yields

0 = wuu− − (ω − ω∗)P2

∫ R∗

∞
Φuu

+ (R∗, τ)

(

0
−D−1∂ψ(u∗ + u)

)

dτ

+P2

∫ R∗

∞
Φuu

+ (R∗, τ)N2(U+)dτ.

Then

wuu− = (ω − ω∗)B
uu
− +Ruu(w

ker
− , wuu− , wss+ , d, ω − ω∗),

with

Buu
− := P2

∫ R∗

∞
Φ(R∗, τ)e

2τ

(

0
−D−1∂ψu∗

)

dτP2

∫ ∞

∞
Φ(R∗, τ)DωG̃(U∗, ω∗)dτ,

and

Ruu(w
ker
− , wuu− , wss+ , d, ω − ω∗)

:= (ω − ω∗)

∫ R∗

∞
Φuu

+ (R∗, τ)

(

0
−D−1∂ψu

)

dτ − P2

∫ R∗

∞
Φuu

+ (R∗, τ)N2(U+(τ))dτ,

where

P2 = P (Y u
− , X

s
+ ⊕ Z ⊕ Y ker

− ⊕ I),

Φ(R∗, τ) =

{

Φ+(R∗, τ) = (Φss
+ + Φuu

+ )(R∗, τ), τ ≥ R∗
Φ−(R∗, τ) = (Φss

− + Φuu
− + Φker

− + Φgker
− )(R∗, τ), τ ≤ R∗

,
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Since

‖
(

0
−D−1∂ψu

)

‖X ≤ |D−1|‖U‖X ,

and

‖Φuu
+ (R∗, τ)‖L(X) = O(e−τ ), asτ → ∞,

|Ruu(w
ker
− , wuu− , wss+ , d, ω − ω∗)| ≤ C(|ω − ω∗|‖U‖∞ + ‖N2(U)‖∞)

≤ C(‖U‖2
∞ + |ω − ω∗|2|) ≤ C(|wker− |2 + |wuu− |2 + +|wss+ |2 + |ω − ω∗|2 + |d|2).

Lastly,P3(U−(R∗) − U+(R∗) = 0 yields

0 = wss+ − P3(Φ
ss
− (R∗,−L)wss− + wgker− )

−(ω − ω∗)P3

∫ R∗

−L
[Φss

− (R∗, τ) + Φgker
− (R∗, τ)]e

2τ

(

0
−D−1∂ψ(u∗ + u)

)

dτ

−P3

∫ R∗

−L
[Φss

− (R∗, τ) + Φgker
− (R∗, τ)]e

2τN2(U+)dτ.

Then

wss+ = P3(Φ
ss
− (R∗,−L)wss− + wgker− )

+ (ω − ω∗)P3

∫ R∗

−L
[Φss

− (R∗, τ) + Φgker
− (R∗, τ)]e

2τ

(

0
−D−1∂ψ(u∗ + u)

)

dτ

+P3

∫ R∗

−L
[Φss

− (R∗, τ) + Φgker
− (R∗, τ)]e

2τN2(U+)dτ

= P3(Φ
ss
− (R∗,−L)W ss(wker− , wuu− , ω, d) +W gker(wker− , wuu− , ω, d))

+ (ω − ω∗)P3

∫ R∗

−L
[Φss

− (R∗, τ) + Φgker
− (R∗, τ)]e

2τ

(

0
−D−1∂ψu∗

)

dτ

+ P3

∫ R∗

−L
[Φss

− (R∗, τ) + Φgker
− (R∗, τ)]e

2τ

(

0
−D−1∂ψu

)

dτ

+ P3

∫ R∗

−L
[Φss

− (R∗, τ) + Φgker
− (R∗, τ)]e

2τN2(U+)dτ
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Define

Bss
+ (ω − ω∗) := P3[W

gker(Bker
− (ω − ω∗), B

uu
− (ω − ω∗), ω − ω∗, 0)

+ Φss
− (R∗,−L)W ss(Bker

− (u∗)(ω − ω∗), B
uu
− (ω − ω∗), ω − ω∗, 0)]

+ (ω − ω∗) · P3

∫ R∗

−L
[Φss

− (R∗, τ) + Φgker
− (R∗, τ)]e

2τ

(

0
−D−1∂ψu∗

)

dτ,

Rss(w
ker
− , wuu− , wss+ , d, ω − ω∗)

= P3

∫ R∗

−L
[Φss

− (R∗, τ) + Φgker
− (R∗, τ)]e

2τ

(

0
−D−1∂ψu

)

dτ

+ P3

∫ R∗

−L
[Φss

− (R∗, τ) + Φgker
− (R∗, τ)]e

2τN2(U+)dτ

and

Css
+ d := P3(W

gker(0, 0, 0, d) + Φss
− (R∗,−L)W ss

− (0, 0, 0, d)).

Since

‖
(

0
−D−1∂ψu

)

‖X ≤ |D−1|‖U‖X ,

and

‖Φss
− (R∗, τ)‖L(X), e

2τ‖Φgker
− (R∗, τ)‖L(X) = O(e−τ ), asτ → −∞,

|Rss(w
ker
− , wuu− , wss+ , d, ω − ω∗)| ≤ C(|ω − ω∗|‖U‖∞ + ‖N2(U)‖∞)

≤ C(‖U‖2
∞ + |ω − ω∗|2|) ≤ C(|wker− |2 + |wuu− |2 + +|wss+ |2 + |ω − ω∗|2 + |d|2).

The estimate ofCss
+ follows from the estimates ofW gker andW ss in Theorem 3.5.1.

We now assert that we can solve can (3.66) forwker− , wuu− andwss+ .

Lemma 3.6.4.There existsδ > 0 such that for anyL > 1/δ and any(ω, d) with |d|+ |ω−

ω∗| < δ, there exists a unique solution(wker− , wuu− , wss+ ) of (3.66), that depends smoothly on
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(ω, d) and

wker− = (ω − ω∗)B̃
ker
− (ω − ω∗, d) +O(|d|2),

wuu− = (ω − ω∗)B̃
uu
− (ω − ω∗, d) +O(|d|2),

wss+ = (ω − ω∗)B̃
ss
+ (ω − ω∗, d) + C̃ss

+ d+O(|d|2),

Proof. Apply the Implicit Function Theorem to equation (3.66).

The following lemmata (Lemma 3.6.5, 3.6.2 and 3.6.6) are formatching inZ.

Lemma 3.6.5.For any fixed nontrivial bounded solutionψ of the adjoint variational equa-

tion, there existψ− ∈ R2N ∼= Ec
− andL∗ ≥ 0 such that for anyL ≥ L∗,

ψ(−L) = ψ− +O(e−L).

Proof. Recall that from Lemma 3.3.1, for anywker
− ∈ Eker

− (−L), there exists a unique

wker− (−L∗) ∈ Eker
− (−L∗) such that

(

w
ker
−
0

)

= Φc(−L,−L∗)

(

wker− (−L∗)

0

)

+O(e−L) =

(

wker− (−L∗)

0

)

+O(e−L);

and for anywgker
− ∈ Egker

− (−L), there exists a uniquewgker− (−L∗) ∈ Egker
− (−L∗) such that

(

0

w
gker
−

)

= Φc(−L,−L∗)

(

0

wgker− (−L∗)

)

+O(e−L)

=

(

(−L+ L∗)w
gker
− (−L∗)

wgker− (−L∗)

)

+O(e−L).

Therefore,

〈ψ(−L∗),

(

w
ker
−
0

)

〉 = 〈ψ(−L∗),

(

wker− (−L∗)

0

)

+O(e−L)〉

= 〈ψ(R∗),Φ
c(R∗,−L∗)w

ker
− (−L∗)〉 + 〈ψ(−L∗), O(e−L)〉 = O(e−L)

with ψ(R∗) ⊥ Y ker
− at τ = R∗. Also,

〈ψ(−L),

(

w
ker
−
0

)

〉 = 〈ψ(−L∗),

(

wker− (−L∗)

0

)

〉.
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Then

〈ψ(−L∗),

(

w
ker
−
0

)

〉 = 〈ψ(−L),

(

w
ker
−
0

)

〉 +O(e−L) = O(e−L).

Similarly,

〈ψ(−L∗),

(

0

w
gker
−

)

〉 = 〈ψ(−L∗),

(

(−L+ L∗)w
gker
− (−L∗)

wgker− (−L∗)

)

+O(e−L)〉

= 〈ψ(−L∗),

(

0

wgker− (−L∗)

)

+O(e−L)〉

On the other hand,

〈ψ(−L),

(

0

w
gker
−

)

〉 = 〈ψ(−L∗),

(

0

wgker− (−L∗)

)

〉.

Then

〈ψ(−L∗),

(

0

w
gker
−

)

〉 = 〈ψ(−L),

(

0

w
gker
−

)

〉 +O(e−L).

In conclusion, we have

P c
−(−L)ψ(−L) = P c

−(−L)ψ(−L∗) +O(e−L) = P gker
− (−L)ψ(−L∗) +O(e−L).

For anywss
− ∈ Ess

− (−L) with ‖wss
− ‖X = 1,

〈P h
−(−L)ψ(−L),wss

− 〉 = 〈ψ(−L),wss
− 〉 (3.68)

= 〈ψ(R∗), φ
ss
− (R∗,−L)wss

− 〉 = O(e−L)‖ψ(R∗)‖ = O(e−L).

For anyw
uu
− ∈ Euu

− (−L), there exists̃wuu
− ∈ Y u

− such thatwuu
− = Φuu

− (−L,R∗)w̃
uu
− .

Therefore,

〈P h
−(−L)ψ(−L),wuu

− 〉 = 〈ψ(R∗), w̃
uu
− 〉 = 0. (3.69)

From (3.68) and (3.69), we conclude thatP h
−(−L)ψ(−L) = O(e−L).
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Defineψ− := P gker
− ψ(−L∗), then by Lemma 3.3.1,

ψ(−L) = P gker
− (−L)ψ(−L) + P h

−(−L)ψ(−L)

= [(P gker
− +O(e−L))ψ(−L∗) +O(e−L)] + P h

−(−L)ψ(−L)

= P gker
− ψ(−L∗) +O(e−L)

= ψ− +O(e−L)

Recall that from Definition 3.6.1,

〈ψ(R∗),U−(R∗)〉 = 〈ψ(R∗), P−(U−(R∗)〉.

whenω = ω∗. Therefore, as a by-product, Lemma 3.6.2 gives an estimate of 〈ψ(R∗),U−(R∗)〉

with ω = ω∗. For ω nearω∗, we derive a more precise expansion for the mismatch

〈ψ(R∗),U−(R∗) − U+(R∗)〉.

We assume that the Melnikov integral associated withG̃ is non-vanishing. That is,

Hypothesis 3.3.M :=
∫ +∞
−∞ 〈ψ(τ), DωG̃(U∗, ω∗)(τ)〉dτ 6= 0.

The Melnikov integralM is the jump ofM cu
− (u∗, ω) andM cs

+ (u∗, ω) in the direction of

the unique bounded solutionψ of the adjoint atτ = R∗, which describes the transversality

of the intersection ofM cu
− (u∗, ω) andM cs

+ (u∗, ω) with respect toω.

Lemma 3.6.6.The mismatch in theZ-direction is given by

ξ := 〈ψ(R∗),U−(R∗) − U+(R∗)〉

= 〈ψ(R∗), w
gker
− 〉 + 〈ψ(R∗),Φ(R∗,−L)wss− 〉 + (M +O(e−L))(ω − ω∗)

+RZ(ω − ω∗, d)

in which the remainderRZ satisfies the following estimate:

‖RZ‖ = O(|ω − ω∗|2 + |d|2).
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Proof. We collect the principal term ofω − ω∗ in (U−(R∗) − U+(R∗)) as the following

Jl = (ω − ω∗)

∫ R∗

−L
[Φss

− (R∗, τ) + Φc
−(R∗, τ)]e

2τ

(

0
−D−1∂ψu∗

)

dτ

−(ω − ω∗)

∫ R∗

+∞
Φuu

+ (R∗, τ)

(

0
−D−1∂ψu∗

)

dτ,

The higher order termJnl given in the following arises from the dependence ofwgker− , wss−

andu onω − ω∗:

Jnl := ((ω − ω∗)

∫ R∗

−L
[Φss

− (R∗, τ) + Φc
−(R∗, τ)]e

2τ

(

0
−D−1∂ψu

)

dτ

+

∫ R∗

−L
[Φss

− (R∗, τ) + Φc
−(R∗, τ)]e

2τN2(U−(τ))dτ)

−((ω − ω∗)

∫ R∗

+∞
Φuu

+ (R∗, τ)

(

0
−D−1∂ψu

)

dτ

+

∫ R∗

∞
Φuu

+ (R∗, τ)N2(U+(τ))dτ)

We projectJl on the direction ofZ, which yields

(ω − ω∗)〈ψ(R∗),

∫ R∗

−L
[Φss

− (R∗, τ) + Φc
−(R∗, τ)]e

2τ

(

0
−D−1∂ψu∗

)

dτ

−
∫ R∗

+∞
Φuu

+ (R∗, τ)

(

0
−D−1∂ψu∗

)

dτ〉

= (ω − ω∗)

∫ R∗

−L
〈ψ(R∗), [Φ

ss
− (R∗, τ) + Φc

−(R∗, τ)]e
2τ

(

0
−D−1∂ψu∗

)

〉dτ

−(ω − ω∗)

∫ R∗

+∞
〈ψ(R∗),Φ

uu
+ (R∗, τ)

(

0
−D−1∂ψu∗

)

〉dτ

= (ω − ω∗)

∫ R∗

−L
〈[Φss

− (R∗, τ) + Φgker
− (R∗, τ)]

∗ψ(R∗), e
2τ

(

0
−D−1∂ψu∗

)

〉dτ

−(ω − ω∗)

∫ R∗

+∞
〈Φuu

+ (R∗, τ)
∗ψ(R∗),

(

0
−D−1∂ψu∗

)

〉dτ

= (ω − ω∗)(

∫ R∗

−L
〈ψ(τ), e2τ

(

0
−D−1∂ψu∗

)

〉dτ −
∫ R∗

+∞
〈ψ(τ),

(

0
−D−1∂ψu∗

)

〉dτ)

= (ω − ω∗)

∫ +∞

−L
〈ψ(τ), DωG̃(U(ω), ω)|ω=ω∗,U=0(τ)〉dτ.
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Observe that

|
∫ −L

−∞
〈ψ(τ), DωG̃(U , ω)|ω=ω∗,U=0(τ)〉dτ

≤ ‖ψ‖∞ ·
∫ −L

−∞
e2τ‖DωG(U , ω)|ω=ω∗,U=0‖∞dτ (3.70)

= O(e−L)‖DωG̃(U(ω), ω)|ω=ω∗,U=0‖∞. (3.71)

Next, we would like to projectJnl along the direction ofZ: From Theorem 3.5.2 and

Lemma 3.6.3,

|〈ψ(R∗), (ω − ω∗)

∫ R∗

∞
Φuu

+ (R∗, τ)

(

0
−D−1∂ψu

)

dτ〉|

≤ C|ω − ω∗|‖ψ(R∗)‖(|wss+ | + |ω − ω∗| + |d|)
∫ R∗

∞
eR∗−τdτ

≤ C(|ω − ω∗|2 + |wss+ |2 + |d|2)

≤ C(|ω − ω∗|2 + |d|2);

|〈ψ(R∗), (ω − ω∗)

∫ R∗

−L
[Φss

− (R∗, τ) + Φc
−(R∗, τ)]e

2τ

(

0
−D−1∂ψu

)

dτ〉|

≤ C|ω − ω∗|‖ψ(R∗)‖(|wker− | + |wuu− | + |ω − ω∗| + |d|)
∫ R∗

−L
[eτ−R∗ + (τ −R∗)e

2τ ]dτ

≤ C(|ω − ω∗|2 + |wker− |2 + |wuu+ |2 + |d|2)

≤ C(|ω − ω∗|2 + |d|2);

|〈ψ(R∗),

∫ R∗

∞
Φuu

+ (R∗, τ)N2(U+(τ))dτ〉|

≤ C‖ψ(R∗)‖(|wss+ |2 + |ω − ω∗|2 + |d|2)
∫ R∗

∞
eR∗−τdτ

≤ C(|ω − ω∗|2 + |wss+ |2 + |d|2)

≤ C(|ω − ω∗|2 + |d|2);
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|〈ψ(R∗),

∫ R∗

−L
[Φss

− (R∗, τ) + Φc
−(R∗, τ)]e

2τN2(U−(τ))dτ〉|

≤ C‖ψ(R∗)‖(|wker− |2 + |wuu− |2 + |ω − ω∗|2 + |d|2)
∫ R∗

−L
[eτ−R∗ + (τ −R∗)e

2τ ]dτ

≤ C(|ω − ω∗|2 + |wker− |2 + |wuu+ |2 + |d|2)

≤ C(|ω − ω∗|2 + |d|2).

In conclusion, we have

ξ = 〈ψ(R∗),U−(R∗) − U+(R∗)〉

= 〈ψ(R∗), w
gker
− 〉 + 〈ψ(R∗),Φ

ss
− (R∗,−L)wss− 〉

+(M +O(e−L))(ω − ω∗) + 〈ψ(R∗), Jnl〉

= 〈ψ(R∗), w
gker
− 〉 + 〈ψ(R∗),Φ

ss
− (R∗,−L)wss− 〉

+(M +O(e−L))(ω − ω∗) + RZ(ω − ω∗, d)

with

‖RZ‖ = O(|ω − ω∗|2 + |d|2).

Before we state our main result, we consider a generic assumption which we will use

for the derivation of theω-expansion: We assume that

Hypothesis 3.4.ψ− 6= 0.

Sinceψ− ∈ {0} × RN ⊂ Ec
−,

〈P gker
− ψ,

(

0
γ22P

ker
− idEc−

)

〉 6= 0.

with the inner product taken inEc
−. Therefore, if Hypothesis 3.4 is satisfied, then we can

always normalizeψ such that

〈ψ,
(

0
γ22P

ker
− idEc−

)

〉 = 1. (3.72)
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Then we state our main result as the following:

Theorem 3.6.1 (T1 and Neumann boundary conditions).Assume that Hypotheses 3.1,

3.2 and 3.4 are satisfied. There existsδ1, δ2 > 0, such that for anyL > 1/δ1 and any

(wker− , wuu− , wss+ , ω) with |wker− | + |wuu− | + |wss+ | + |ω − ω∗| < δ1, then there exists a unique

solution

U = U(wker− (d), wuu− (d), wss+ (d), ω(d), d) ∈ Bδ2(0) ⊂ H1(S1,CN) × L2(S1,CN)

of the truncated boundary value problem in which the boundary condition reads

U(−L) ∈ Ebc
− + d (3.73)

where either

d =
(

d1

0

)

:=

(

u∗(0) − u∗(e
−L)

0

)

(T1 condition), (3.74)

or

d =
(

0
d2

)

:=

(

0
−e−L(u∗)r(e

−L))

)

(Neumann condition) (3.75)

at−L. Moreover,(wker− , wuu− , w
ss
+ , ω) depends smoothly ond and

|wker− | + |wuu− | + |wss+ | + |ω − ω∗| ≤
Ce−L

L
|∂ru∗(0)|, (T1 condition);

|wker− | + |wuu− | + |wss+ | + |ω − ω∗| ≤ Ce−L|∂ru∗(0)|. (Neumann condition).

Furthermore, using the normalization (3.72), thenω has the expansion

ω = ω∗ +
1

M

u∗(0) − u∗(e
−L)

L
+ R, (T1 condition),

nearω∗ whereR = O( e
−L

L2 )|∂ru∗(0)| +O( e
−2L

L
)|∂ru∗(0))|2, and

ω = ω∗ +
1

M
e−L∂ru∗(e

−L) + R, (Neumann condition).

whereR = O(e−2L))|∂ru∗(e−2L)|.
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Proof. From Lemma 3.6.3, we can solvewker− ,wuu− andwss+ in terms ofω−ω∗ andd. Next,

we need to investigate the expressionξ := 〈ψ(R∗),U−(R∗)−U+(R∗)〉 provided in Lemma

3.6.6 in the case of Dirichlet and Neumann conditions.

First, we consider the case of Dirichlet conditions. RecallthatTL defined in (3.50) is

linear,

〈ψ(R∗), w
gker
− 〉

= 〈ψ(−L),Φc
−(−L,R∗)w

gker
− 〉

= 〈ψ(−L),

(

(−L+ L∗)γ22w
gker
−

γ22w
gker
−

)

+O(e−L)wgker− 〉

= 〈ψ(−L),

(

0

γ22w
gker
−

)

〉 + (−L+ L∗)〈ψ(−L),

(

γ22w
gker
−

0

)

〉 +O(e−L)wgker−

= 〈ψ(−L),

(

0

γ22w
gker
−

)

〉 +O(Le−L)wgker +O(e−L)wgker−

= 〈ψ(−L),

(

0
γ22T

−1
L (γ11w

ker
− − P ker

− d+O(e−L)R2(w
ker
− , wuu− , ω − ω∗, d)

)

〉

+O(Le−L)wgker−

= 〈ψ(−L),

(

0
γ22T

−1
L (γ11w

ker
− )

)

〉 − 〈ψ(−L),

(

0
γ22T

−1
L P ker

− d

)

〉

+O(e−L)〈ψ(−L),

(

0
R2(w

ker
− , wuu− , ω − ω∗, d)

)

〉 +O(e−L)(|ω − ω∗| + |d|)

From Lemma 3.6.3,wker− = (ω − ω∗)B
ker
− + Rker(w

ker
− , wuu− , wss+ , ω − ω∗, d). Then

〈ψ(−L),

(

0
γ22T

−1
L (γ11w

ker
− )

)

〉

= 〈ψ− +O(e−L),

(

0
1
L
(1 +O( 1

L
))γ22[γ11(ω − ω∗)B

ker
− + Rker]

)

〉

=
1

L
(ω − ω∗)〈ψ−,

(

0
γ22γ11B

ker
−

)

〉 + Rψ,1(ω − ω∗, d)

in whichRker = Rker(w
ker
− , wuu− , wss+ , ω − ω∗, d) and the higher order terms

Rψ,1(ω − ω∗, d) = O(
1

L2
)(ω − ω∗)〈ψ−,

(

0
γ22γ11B

ker
−

)

〉 +O(
|ω − ω∗|2 + |d|2

L
)

+O(
e−L

L
)(ω − ω∗)〈idEc−,

(

0
γ22γ11B

ker
−

)

〉.
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Similarly,

〈ψ(−L),

(

0
γ22T

−1
L P ker

− d

)

〉 =
1

L
〈ψ−,

(

0
γ22P

ker
− d

)

〉 + Rψ,2(d),

in which the higher order term

Rψ,2(d) = O(
1

L2
)〈ψ−,

(

0
γ22P

ker
− d

)

〉.

On the other hand, from Theorem 3.5.1, we have

|〈ψ(R∗),Φ
ss
− (R∗,−L)wss− 〉| ≤ Ce−L(e−L|wker− | + e−L|wuu− | + e−L‖G‖∞ + |d|)

≤ Ce−L(e−L|wker− | + e−L|wuu− | + e−L(|ω − ω∗| + |wker− |2 + |wuu− |2 + |ω − ω∗|2

+|d|2) + |d|)

≤ C(e−2L|ω − ω∗| + e−L|d| + e−2L|ω − ω∗|2 + e−2L|d|2)

Therefore, settingξ = 0 yields

0 =

(

M +O(e−L) +
1

L
〈ψ−,

(

0
γ22γ11B

ker
−

)

〉
)

(ω − ω∗) −
1

L
〈ψ−,

(

0
γ22P

ker
− d

)

〉

+R̃Z(ω − ω∗, d).

with

R̃Z(ω − ω∗, d) = O(
1

L2
)(|ω − ω∗| + |d|) +O(

1

L
)(|ω − ω∗|2 + |d|2).

Then withd =
(

d1

0

)

:=

(

u∗(0) − u∗(e
−L)

0

)

, we reach

ω = ω∗ +
1

L

〈

ψ−,





0

γ22P
ker
−

(

u∗(0) − u∗(e
−L)

0

)





〉

M +O( 1
L
)

+O(
1

L2
)(|ω − ω∗| + |d|) +O(

1

L
)(|ω − ω∗|2 + |d|2).

= ω +

〈

ψ−,

(

0
γ22P

ker
− idEc−

)〉

M · L (u∗(0) − u∗(e
−L)) (3.76)

+O(
1

L2
)(|ω − ω∗| + |d|) +O(

1

L
)(|ω − ω∗|2 + |d|2)

= ω +
u∗(0) − u∗(e

−L)

M · L +O(
1

L2
)(|ω − ω∗| + |d|) +O(

1

L
)(|ω − ω∗|2 + |d|2)
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For Neumann conditions, with the identical argument exceptthe estimate forwgker− and

wss− , we have that

|ω − ω∗| ≤ Ce−L|∂ru∗(e−L)| ≤ Ce−L|∂ru∗(0)|. (3.77)

Then the estimates forwker− , wuu− andwss+ follow from Lemma 3.6.1 and (3.77).
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APPENDIX A

SUPPLEMENTARY NOTES

A.1 Adjoint equation

Suppose that(X, 〈·, ·〉) is a Hilbert space and consider onX the linear equation

d

dt
V = A(t)V, V ∈ X, (A-1)

in whichA(t) is closed and densely defined. Then there is a unique maximal operatorA(t)∗

adjoint toA(t), see [27]. Define the adjoint variational equation with respect to the inner

product to be

d

dt
W = −(A(t))∗W, W ∈ X. (A-2)

Suppose that(A − 1) and(A − 2) possess evolution operatorsΦ(s, t) andΨ(s, t) respec-

tively.

We collect useful properties about the adjoint equation in the following proposition.

Proposition A.1.1. (1) Suppose thatV (t) andW (t) satisfy(A−1) and(A−2) respec-

tively. Then〈W (t), V (t)〉 is constant with respect tot.

(2) Ψ(t, s) = (Φ(s, t))∗.

Proof. For (1), we have

d

dt
〈W (t), V (t)〉 = 〈Ẇ (t), V (t)〉 + 〈W (t)V̇ (t)〉 = 〈−A(t)∗W (t), V (t)〉 + 〈W (t), A(t)V (t)〉

= 〈W (t),−A(t)V (t)〉 + 〈W (t), A(t)V (t)〉 = 0.
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For (2), by definition,Φ(t, s) ◦ Φ(s, t) = id. Differentiating yields

(DtΦ(t, s)) ◦ Φ(s, t) + Φ(t, s) ◦DtΦ(s, t) = 0

A(t)Φ(t, s) ◦ Φ(s, t) + Φ(t, s) ◦DtΦ(s, t) = 0

DtΦ(s, t) = −Φ(s, t)A(t)

Taking adjoint on both side, we reachDt(Φ(s, t))∗ = −A(t)∗(Φ(s, t))∗. By the uniqueness,

we have(2).

A.2 A Graph Lemma

Lemma A.2.1. Suppose that(X, 〈·, ·〉) is a Hilbert space, andE,A ⊂ X are closed linear

subspaces. ThenE satisfies

X = E ⊕A

if and only ifE can be written as a graph over the orthogonal complementA⊥ of A, that

is, if there exists a linear and bounded operator

W : A⊥ → A

such thatE = graphW = {a⊥ +Wa⊥; a ∈ A⊥}.

Proof. SinceX = A⊕A⊥, for anye ∈ E ⊂ X, there exists a unique pair(a, a⊥) ∈ A⊕A⊥

such that

e = a+ a⊥. (A-3)

Suppose thatX = E ⊕ A, then

a⊥ = ẽ+ ã (A-4)
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for a unique pair(ẽ, ã) ∈ E ⊕ A. Comparing (A-3) and (A-4) yields̃e = e, andã = −a.

Define the projectionP : X → A onA alongA⊥ byPa⊥ := −a. Therefore,

e = a⊥ + a = a⊥ − Pa⊥ =: a⊥ +Wa⊥.

The boundedness ofP is given as an application of the closed graph theorem (see, e.g. [27]).

Conversely, ifE = graphW = {a⊥ + Wa⊥; a ∈ A⊥} with W : A⊥ → A bounded,

then

X ∈ x = a+ a⊥ = (a−Wa⊥) + (a⊥ +Wa⊥) ∈ A⊕E.

On the other hand, ifx = ã+ ẽ = ã+ (â⊥ +Wâ⊥), for somee ∈ E, ã ∈ A andâ⊥ ∈ A⊥,

then

a− ã−Wâ⊥ = â⊥ − a⊥ ∈ A ∩ A⊥ = {0}.

Thenâ⊥ = a⊥ ande = ẽ. Thus,X = E ⊕A.

A.3 Operator A−
∞

Lemma A.3.1. The equation

Us = A−
∞U , U = (u, w) (A-5)

is closed onX = H1(S,CN )×L2(S,CN) and with dense domainH2(S1,CN)×H1(S1,CN).

Proof. Us ∈ TUX ∼= X, the tangent space ofX atU . Then we havew ∈ H1(S1,CN) and

−∂ψψu ∈ L2(S1,CN). Also the boundedness of∂ψu is from the integration by parts and

the fact thatS1 has no boundary:

〈∂ψu, ∂ψu〉L2(S1,CN ) = −〈u, ∂ψψu〉L2(S1,CN ) <∞.

Henceu ∈ H2(S1,CN) ×H1(S1,CN).
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Suppose that{xn} is a sequence inX andxn → x in X; also{A−
∞xn} is a Cauchy

sequence inX. That is,{xn} is A−
∞-convergent tox. By definition, we need to prove that

x ∈ D(A−
∞), the domain of the operatorA−

∞ andA−
∞x = limA−

∞xn.

x ∈ D(A−
∞): First, since{A−

∞xn} is Cauchy inX, it converges to somey in X. Write

xn =
(

xn,1
xn,2

)

, x =
( x1x2

)

andy =
( y1y2

)

in X, we have

‖A−
∞xn − y‖2

X = ‖ − ∂ψψxn,1 − y2‖2
L2 + ‖xn,2 − y1‖2

H1 → 0.

Secondly, we also have thatxn → x in X, that gives

‖xn − x‖2
X = ‖xn,1 − x1‖2

H1 + ‖xn,2 − x2‖2
L2 → 0

Combining the above two facts, we have thatxn,1 converges inH2 andxn,2 converges in

H1. That is,xn converges toz ∈ H2 ×H1. Now

‖x− z‖X ≤ ‖xn − x‖X + ‖xn − z‖X ≤ ‖xn − x‖X + ‖xn − z‖H2×H1 → 0.

Sox = z.

A−
∞x = limA−

∞xn :

A−
∞xn =

(

0 1−∂ψψ 0

)(

xn,1
xn,2

)

=
( xn,2

−∂ψψxn,1
)

→
(

x2
∂ψψx1

)

= A−
∞x.

Note that the convergence in the previous expression is inH1 × L2 and is due to the fact

thatxn → x in H2 ×H1.

Lemma A.3.2. The asymptotic spectral projectionsP uu
− andP ss

− are bounded.

Proof. In order to study the (un)stable projectionsP ss
− (P uu

− ) and the center projectionP c
−,

we first study the behavior of the projections onto a single mode.

Let us first introduce some notation. Let

P uu
k : X = H1 × L2 → Euu

k ⊂ Ek ⊂ X

to be theunstable projection onto the k-th mode inX0 with the null space to be the com-

plement of thek-th mode. Here the norm inX0 is inherited fromX and the null space is
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(Euu
k )⊥ in X. Then

P uu
− = ⊕k 6=0P

uu
k |Ek.

andP uu
k mapsEk to Euu

k ⊂ Ek. Similarly for P ss
k ; also letEk to be the k-th mode ofX,

i.e.Ek = span{(ueikψ, veikψ) ∈ X; u, v ∈ CN}.

For (ukeikψ, veikψ) ∈ X, k 6= 0, the affine subspace{(ueikψ, (−k(u− uk) + vk)e
ikψ);

u, v ∈ CN} is parallel toEss
k and passing through the point(uke

ikψ, vke
ikψ). It intersects

Euu
k at 1

2
((uk + 1

k
vk)e

ikψ, (kuk + vk)e
ikψ). Hence we have the following:

P uu
k |Ek : (uke

ikψ, vke
ikψ) 7→ 1

2
((uk +

1

k
vk)e

ikψ, (kuk + vk)e
ikψ).

with the norm‖(ukeikψ, vkeikψ)‖k = ((1 + |k|2)|uk|2 + |vk|2)
1

2 . Now since the projection

P uu
− is the direct sum ofP uu

k , P uu
k |Em is zero fork 6= m. Hence we can suppress the

restriction toEk if no confusion caused.

‖P uu
k ‖ = sup

‖(ukeikψ,vkeikψ)‖X≤1

‖P uu
k (uke

ikψ, vke
ikψ)‖k (A-6)

= sup
((1+|k|2)|uk|2+|vk|2)≤1

1

2
((1 + |k|2)|uk +

1

k
vk|2 + |kuk + vk|2)

1

2

The term(1 + |k|2)|uk + 1
k
vk|2 ≤ (1 + |k|2)( 1

1+|k|2 + 1
k
)2 and|kuk + vk| ≤ |k|

1+|k|2 + 1.

HenceP uu
k is bounded for fixedk.

Now let us consider the norm ofP uu
− . For(u, v) ∈ X\Ec

−, write

(u, v) = (
∑

k 6=0

uke
ikψ,

∑

k 6=0

vke
ikψ),

then

‖P uu
− ‖ := sup

‖(u,v)‖X≤1

‖P uu
− (u, v)‖k

≤ sup
‖(u,v)‖X≤1

(
∑

k 6=0

‖P uu
k (uke

ikψ, vke
ikψ)‖2

k)
1

2

= sup
‖(u,v)‖X≤1

1

2

∑

k 6=0

((1 + |k|2)|uk +
1

k
vk|2 + |kuk + vk|2).
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Recall that‖(u, v)‖X ≤ 1 implies that
∑

k((1 + |k|2)|uk|2 + |vk|2) ≤ 1. Write

∑

k 6=0

((1 + |k|2)|uk +
1

k
vk|2 + |kuk + vk|2)

≤ 2
∑

k 6=0

((1 + |k|2)(|uk|2 +
1

k2
|vk|2) + |k|2|uk|2 + |vk|2)

≤ 6
∑

k 6=0

((1 + |k|2)|uk|2 + |vk|2) ≤ 6.

HenceP uu
− is bounded as well.

A.4 Equivariance of the reaction-diffusion equation

Consider the Euclidean symmetry groupSE(2) = S1 ×R2 [15] with the multiplication

·

(θ̃, ã) · (θ, a) = (θ̃ + θ, ã+ e−iθ̃a), θ̃, θ ∈ S
1 ∼= R/Z, ã, a ∈ R

2 ∼= C.

Observe that(SE(2), ·) is a non-abelian group with

(θ, a)−1 = (−θ,−e−iθa).

Recall the reaction-diffusion equation on the plane

ut = D∆u+ f(u), x ∈ R
2, u ∈ R

N . (A-7)

Suppose thatu = u(x, t) satisfies (A-7), then consider

((θ, a) ◦ u)(x, t) := ũ(x, t) = u(e−iθ(x− a), t), (θ, a) ∈ S
1 × R

2 ∼= SE(2). (A-8)

For sake of convenience, we would like to reformulate (A-7) as an ODE in some ap-

propriate Banach space of functions:

∂

∂t
U = FU := D∆U + f(U) (A-9)

for U = U(t) = u(·, t).

Lemma A.4.1. Equation (A-9) is equivariant under the action of the Euclidean symmetry

groupSE(2) = S1 × R2.

120



Proof. We can verify that(A− 9) is SE(2)-equivariant, that is,

(θ, a) ◦ FU = F((θ, a) ◦ U) (θ, a) ∈ SE(2). (A-10)

It is sufficient to verify(A− 10) for the generators: translations(0, a) and rotations(θ, 0)

due to the linearity of the groupSE(2). For the Laplacian, the equivariance is implied by

the translation and rotation invariance of the Laplacian:

∆((0, a) ◦ U)(x) = ∆(U(x− a)) = (∆U)(x− a) = ((0, a) ◦ ∆U)(x)

∆((θ, 0) ◦ U)(x) = ∆(U(e−iθx)) = tr(D2(U(e−iθx)))

= tr((e−iθ)−1 ·D2U · (e−iθ))(x)

= tr((e−iθ)T ·D2U · (e−iθ))(x)

= (tr(D2U))(e−iθx)

= (∆U)(e−iθx) = ((θ, 0) ◦ ∆U)(x)

The equivariance off is implied by the fact thatf is not explicitly depending onx.

Then ifU solves (A-9), then

∂t((θ, a) ◦ U) = (θ, a) ◦ ∂tU = (θ, a) ◦ FU = F((θ, a) ◦ U).

Therefore,(θ, a) ◦ U solves (A-9). Then the result follows.
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