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ABSTRACT

OFORI-ATTA, WILLIAM, Ph.D., May 2024, Mathematics

Weak Diffusive Stability Induced by High-Order Spectral Degeneracies (104 pp.)

Director of Dissertation: Qiliang Wu
The Lyapunov stability of equilibria in dynamical systems is determined by the interplay
between the linearization and the nonlinear terms. In this work, we study the case when
the spectrum of the linearization is diffusively stable with high-order spectral degeneracy
at the origin. In particular, spatially periodic solutions called roll solutions at the zigzag
boundary of the Swift-Hohenberg equation (SHE), typically selected by patterns and
defects in numerical simulations, are shown to be nonlinearly stable. This also serves as
an example where linear decay weaker than classical diffusive decay, together with
quadratic nonlinearity, still gives nonlinear stability of spatially periodic patterns.

The study is conducted on two physical domains: the 2D plane, R?, and the cylinder,
T», X R. Linear analysis reveals that instead of the classical ! diffusive decay rate, small
localized perturbation of roll solutions with zigzag wavenumbers decay with slower
algebraic rates (t‘% for the 2D plane; 14 for the cylindrical domain) due to the high order
degeneracy of the translational mode at the origin of the Bloch-Fourier spaces. The
nonlinear stability proofs are based on decompositions of the neutral translational mode
and the faster decaying modes, and fixed-point arguments, demonstrating the irrelevancy

of the nonlinear terms.
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LisT or NOTATIONS

The following notations are used in this work.
e The one-dimensional torus of length « is given by T, = R/aZ.
e The standard inner product on R? is given by
2
Xy:= x;yj, forany x = (x1,x2),y = (v1,)2) € R?,
=1

e The standard inner product on the Hilbert space L*(T>,,) is given by

(u,v) = f u(&)v(&)d¢, for any u,v € L*(Ta,)
Tor

where ¥ denotes the complex conjugate of v.

e The standard inner products on £2, or the £’—{? pairing, is given by

1 1
u, vy = Zuj\_zj, forany u = {u;}jez € ¥, v = {vj}jez € ¢! with —+—=1,1 < p,g < 0

JeZ P 4

where ¥ denotes the complex conjugate of v.

e For p € [1, ), n € N, we define the discrete Sobolev space w™? := {g |||u||wn,p < 00}
where the Sobolev norm takes the form

n

lllyr 2= | 7| D 1wl ||

i=0 \ jeZ

while for p = 0o, n € N, we have w™* := {g |||u||wn,m < oo} where

llull,yo := max {sup Ijiujl).
=0, jez,

We note that w? = ¢P.

e For any u € L*(R?), we use the notations  « and % interchangeably for its Fourier
transform, and ¥ ~'u and # for its inverse Fourier transform; that is,

(Fu)(v) =uly) :=

f u(x)e”*"dx; (Fwy)(v) = uv) := f u(x)e™vdx.
RZ

(27T)2 R2
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e For u € L*(T,,), we use the notations ¥,u and u interchangeably for its Fourier
series; that is,

_ 1 -
(Faw)j =uj = — u(@)e " dé.

2r Ty,

e The convolution of two functions u, v : X — C is defined as

() = f u(x - HVET,
X

where we use the Lebesgue measure if X is Euclidean and the counting measure if X
is discrete. In addition, we denote

nofu

We denote the Euclidean norm in Euclidean spaces as | - |, the norm in a general Banach
space £ as || - ||2, and the norm of a linear operator from a Banach space 2" to % as

Il 2- % . For the case % = 2", the last norm notation simply becomes ||-|| »-. For

2 = LP(R?), LP(T,,), LP(T; x R), or £7, the second norm notation simply becomes || - || s
if there is no ambiguity. At last, we use the universal notation C for positive constants
throughout the paper.
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1 INTRODUCTION

1.1 Background and Stability of Patterns
1.1.1 Background of Patterns

Patterns appear in many different systems in the world, including biological,
chemical, and physical systems [4],[5],[6]. We can see patterns everywhere in nature,
ranging from cloud structures, dessert formation, fingerprints, animal skins, biological
tissues, and the counterpart patterns in the laboratory, ranging from fluid convection,
chemical reactions, lasers, liquid crystals, and many others. See figure 1.1 for some
examples of patterns. Our interest is understanding the rich structure of patterns, where
they come from, and how they evolve with time. Understanding patterns could help
predict earthquakes, forecast the weather, fight against infectious diseases that spread on
human bodies [19], and other non-equilibrium systems. Researchers in many different
academic disciplines have studied pattern formation systems for many decades [14],[15].
Still, it was not until Alan Turing’s work was published in 1952 that rigorous
mathematical analysis was introduced into the study of pattern formation [20]. Since that
time, numerous well-known mathematical pattern-forming systems, including the
Kuramoto-Sivashinsky equation, the Cahn-Hillard equation, the Ginzburg-Laudau
equation, the Swift-Hohenberg equation, the Bousinesseq equation, and many
reaction-diffusion models, to name a few, have been used to extensively study spatially
periodic patterns. The fact that pattern-forming systems in distinctly different settings can
be modeled by the same mathematical model, or by different mathematical models with,
say, the same modulated equation near interested patterns, demonstrates the universality
of patterns and their dynamics from the perspective of dynamical systems [30]. Given that
the patterns we witness in nature are generally resilient and enduring, it is only natural to

demand that solutions corresponding to the mathematical pattern formation system exist
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and exhibit similar dynamical qualities to their physical counterparts, which leads us to
study the stability of pattern solutions. Pattern-forming systems giving rise to spatially
periodic patterns, called roll solutions, typically accommodate a family of roll solutions
parameterized by a continuum of wave numbers. While the wave numbers on the zigzag
boundary have been shown to be selected by patterns and their defects in numerical
simulations [43], the nonlinear stability of these roll solutions on the zigzag boundary is

yet to be proved, and thus the topic of this research work.

Desert Icicle

Angelfish Precipitation

Figure 1.1: Examples of Patterns. Courtesy of Qiliang Wu

1.1.2 Stability of Patterns

In dynamical systems, structural stability and Lyapunov stability are the two
traditional conceptions of stability. An equilibrium point of a dynamical system is said to
be Lyapunov stable if small perturbations around the equilibrium remain small at all
times. An equilibrium point is asymptotically stable if it is Lyapunov stable and small
perturbations around the equilibrium go to zero as time goes to infinity. Asymptotic
stability often happens in dissipative systems. On the other hand, in dispersive systems,

the Lyapunov stability is generically not asymptotic. Instead, it’s called neutral or orbital
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stability due to the existence of conserved quantities of the systems. Extensive studies on
the stability of pattern-forming systems have been conducted in both directions in the past
half century with the development of two drastically different sets of toolboxes; see [44]
and the references therein. The other stability is structural stability; a dynamical structure,
say, an invariant manifold, for example, persists under sufficiently small perturbations to
the system. Much less attention has been paid to the study of structural stability in
pattern-forming systems; see [45-47] for recent progress.

In the context of smooth dissipative systems, we investigate how the connection of
weak linear stability and nonlinearity influences the nonlinear asymptotic stability. For

further illustration, consider the dynamical system

u, = F(u), (1.1.1)

where F is smooth and u, is an equilibrium such that F(u,) = 0. We then study the
Lyapunov stability of u, via the perturbed system w = u — u,,

w; = Lw + N(w),
(1.1.2)

w(0) = wo,

where

oF
L:= g(u*), Nw)=F(u, +w) - F(u,) — Lw.

If the spectrum of operator L denoted o-(L) lives in the complex plane C and has negative
real parts, then we say u, is spectrally stable. The equilibrium u, is said to be linearly

stable if w = 0 is stable in the linearized flow

w; = Lw,

Likewise, if w = 0 is stable in the whole nonlinear flow, then we say that u, is nonlinearly

stable. In the case when L is hyperbolic and satisfies certain extra condition(s), linear
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(in)-stability leads to nonlinear (in)-stability. More specifically, if L is of finite
dimensional, or, satisfies some regularity condition such as being sectorial [9], and every
member of the spectrum of L, denoted as o (L), admits negative real part (at least one
member of o(L) admits positive real part), then u, is asymptotically stable (unstable). In
the case when u, is asymptotically stable, the decay rate is exponential; that is, there exists
some ¢ > 0 such that

lim ||e“v(7)|| = 0,
t—0o0
where || - || is a proper norm varying from case to case.

Remark 1.1.1. Even when the linearized flow is Lyapunov unstable, nonlinear
stabilization can take place for C' (in the Frechet sense) discrete dynamical systems posed

on infinite-dimensional Hilbert space; see [41, 42] for details.

The nontrivial and most interesting case happens when the spectrum o(L) lies in the

left half of the complex plane and touches the imaginary axis; that is,
o(L)Cla+bi|la<0,beR}, o(L)niR #0.

The spectrum o (L) can land on the imaginary axis in countless ways: o(L) N'iR = {0} as
in the linear heat equation; o"(L) N iR = {+i} as in the Hopf bifurcation; o-(L) C iR as for
many dispersive systems. We focus on the simple but interesting case when the

neutral-stable spectrum o-(L) only touches the imaginary axis at the origin; that is,
o(LyCfla+bila<0,beR}, o(L)niR ={0}.

While previous studies emphasized how different types of nonlinear terms affect the
nonlinear dynamics of patterns, we instead focus on the effect of weakening in the linear

decay on the nonlinear dynamics of patterns; see [10] for the recent work in this direction.
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1.1.3 Heat Equation Stability Example: Relevancy and Irrelevancy of Nonlinear

Terms
To illustrate the ideas, we look at the nonlinear heat equation,
u, = Au + f(u), (1.1.3)

where u(t;x) € R with (7,x) € R* X R” and x = (xy, -, x,,), and f(0) = f’(0) = 0. The

equilibrium u = 0 is linearly stable. More specifically, we have that
0(Ax) = (=00,0],
and the linear heat equation u, = Ayu admits the Gaussian decay estimates
@t “BG= 511,00
0% u(t; s < Ct 2022 u(0; )l agrn)

where 1 < p <oand a = (g, ,a,) € N"is the multi-index of partial derivatives

q <
n

with || = Z a;. In particular, for p = co, ¢ = 1 and @ = 0, the decay estimate reduces to
i=1

ll(t; oy < C1 2105 )l oy (1.1.4)

/2 is called

which we refer to as the diffusive decay estimate and the algebraic decay rate ¢~
the diffusive decay rate.

The stability of the equilibrium # = 0 in the nonlinear case (1.1.3), however, depends
on the type of nonlinearity, f(u). Intuitively, assuming L' initial data, we can exploit the
Gaussian estimates (1.1.4) to determine whether the diffusion term Au or the nonlinear
term f(u) is dominant in terms of their temporal decay rates, leading to the classification
of nonlinear terms into relevant, irrelevant and critical [33],[34],[35],[36],[37]. More
explicitly, we have

(4] —k
1Asttllzo@ny ~ Y, f @@ ~ 175

where the latter estimate is derived based on the Gaussian estimates (1.1.4) on u and its

derivatives. The nonlinear term f is called irrelevant if k > n/2 + 1, relevant if
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k <n/2+ 1, and critical if k = n/2 + 1. We expect that, given any irrelevant nonlinear
term, the equilibrium « = 0 is nonlinearly stable with the same diffusive decay rate as the
linear case; any relevant nonlinear term makes the local nonlinear dynamics near the
equilibrium u = 0 different from its linear counterpart; the case for the critical one is
undetermined and typically needs to be handled on a case-by-case basis. For example, we

let f(u) = u™ and the application of Gaussian estimates leads to

mn

If @llzony = 10" oy = Neall ooy ~ 12,

which implies that f(u) = u™ is irrelevant if m > 1 + 2/n, relevant if m < 1 + 2/n and
critical if m = 1 + 2/n; see Table 1.1 for more examples. Indeed, Fujita showed in 1966
[33] that, if m < 1 + 2/n, then the solution u blows up in finite time; if m > 1 + 2/n, then
u = 0 is asymptotically stable with the decay rate /2. The critical case m = 1 + 2/n also

admits finite-time blow-up, according to the work by Hayakawa [34].

Classification Example Dynamics
Irrelevant (k > n/2 + 1) | f = ulu, |Vul*, u™(m > 1 +2/n) | ~ 72
Critical (k =n/2 + 1) f=+u'*?n Undetermined
Relevant (k < n/2 + 1) f=u"(m<1+2/n) Finite time blow up

Table 1.1: Classification of Nonlinear Terms : Irrelevant, Critical, and Relevant.

1.2 Spatially Periodic Patterns: Previous Results and Open Questions

Despite being non-rigorous, this intuitive classification of nonlinear terms still works
in the study of spatially periodic patterns, not directly but in a more subtle way, which
typically involves a proper change of coordinates based on a decomposition of the neutral

modes and stable modes. To fix ideas, we study the prototypical model of spatially
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periodic patterns—the isotropic Swift-Hohenberg Equation (SHE)
u = —(1 + A u + pu — (1.2.1)

where u(t, x) is a real-valued function defined on [0, c0) X R” and i € R is the bifurcation
parameter. The homogeneous equilibrium u = 0 is stable for 4 < 0 and unstable for i > 0.
For 0 < u < 1, the instability of the homogeneous equilibrium gives rise to a family of
even spatially periodic solutions, called roll solutions. More specifically, setting 1 > 0 for

the rest of the paper and denoting & := +/u, we have the following lemma from

[381,[39L,[1].

Lemma 1.2.1 (Existence of roll solutions). There exists 0 < &y < 1 such that for any
€ € (0, &) and the wave number k € (k™, k") with k* = V1 + g, the stationary rescaled
one-dimensional SHE,

—(1+ k28§)2u +&u—u =0,

admits a unique roll solution u,(&; k) which is 2r-periodic and even in & with u,(0; k) > 0;
see Figure 1.2. The roll solution has the property u,(& + m; k) = —u,(&; k) and the leading

order expansion
u,(&) = ay cos (€) + az cos (3¢) + o@), (1.2.2)

where

! j(‘)27r u,(€) cos (§)dé =a+a /512 + 0@,
a; =1 fozn u,(€) cos (3¢)dé = —a*/256 + O(@),

_ \/4[82 — (k2 - 17]
a = 3 .

Remark 1.2.2. We note that the symmetric property u,(& + m; k) = —u,(&; k) results from

a

the persistence of translation symmetry u(¢) — u(é + &y) and the reflection symmetry

u — —u in the construction of roll solutions via the Lyapunov-Schmidt reduction.
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The rotational and translational symmetries of the system (1.2.1) guarantee that
u,(k-x + ¢;k|)

forany ¢ € R,k = (k- ,k,) € R" with [k| = /3%, kl.2 € (k=,k*) is also a roll solution.

k= ke Kk, ke k*

t—3/4 t—l

0 1

Figure 1.2: Existence and Stability Results of Roll Solutions Shown in the Busse Balloon.

Eckhaus first discovered in 1965 that not all roll solutions are spectrally stable, due to
sideband instability induced by perturbations with a period close to, but not equal to the

period of roll solutions [23].
1.2.1 Stability Results in the Swift-Hohenberg Equation

In [1], a method for studying stability analysis of bifurcating spatially periodic
patterns under non-periodic perturbations was developed. In particular, they considered
the stability of the roll solution in the 2-dimensional Swift-Hohenberg equation. They
came up with a condition depending on the wave number and amplitude of the rolls which
is necessary and sufficient to establish stability. After 30 years of Eckhaus instability
results at the Eckhaus boundary in 1965 [23], the first nonlinear stability result of the roll
solutions was given by Guido Schneider. In [21], the nonlinear stability of the rolls

solution of the 1-dimensional Swift-Hohenberg equation at the Eckhaus boundary,
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e’ ’ve

ke (k;,k;) where k; =1 + \/% + O(u) was investigated under small non-periodic
perturbation. The challenge in showing stability for the roll solutions was because
linearization around the rolls possesses a continuous spectrum up to zero which has the
expansion

Ay k) = —apkyvi + 00),

where v, is the Fourier wave number and a;,(k) > 0 if and only if k € (k,, k). Using
renormalization theory, Guido Schneider in [21] showed that the nonlinear terms are
irrelevant; thereby, the nonlinear problem behaves asymptotically as the linearized one

under a diffusive regime. To be more specific, the perturbed solution w = u — u, was

shown to decay with a rate of one-half, that is,
_1
Wl oy ~ 172,

In [2], the nonlinear stability of roll solutions of the 2-dimensional Swift-Hohenberg
equation was investigated for k > k, where the zigzag boundary is given by
k,=1- % + O(*). This results from the roll solution undergoing secondary instability
due to transversal perturbation of roll solutions. The linearization around the roll solution

in Bloch wave representation has a continuous spectrum up to 0 with a locally parabolic

shape at the critical Bloch vector O and has the expansion
Av; k) = —ap(k)vi — axn(kyv; + O(vP),

where v := (v, v,) is the Fourier wave-number vector and a,,(k) > 0 if and only if £ > k,
withk, =1 — 5“1—22 + O(*). Using renormalization theory, Hannes Uecker proved in [2] that
the perturbations w = u — u, of a spectrally stable roll solution u., that is sufficiently small

in a suitable Banach space, converge diffusively to zero in infinite time with a decay rate

of one. That is

-1
Wl o @2y ~ 1.



22

Thirty years ago, similar and more general results were obtained in the
Ginzburg-Landau equation [7, 24]. Recently, we have had similar results in viscous
conservation laws [26, 27] and in reaction-diffusion systems [28, 29].

In 2018, Guillod et al. [10] proved the nonlinear stability of spatially periodic
solutions of the Ginzburg Landau equation at the Eckhaus boundary. Putting this result in
the same context as the previous ones, the continuation of the zero eigenvalue in [10] takes
the expansion

Avy) = —awv] + 00,

and the perturbation w = u — u, decays diffusively with decay rate 173 as time goes to
infinity; that is,

Iwllsqey ~ £73.
1.2.2 Nonlinear Stability of Periodic Solutions in Abstract System

This study by Guillod et al. [10] serves as an illustration of how weakening linear
stability and higher order nonlinearity can nevertheless result in the nonlinear stability of
spatially periodic patterns, which inevitably raises the following intriguing unanswered

questions.

e Does weakening of linear stability of spatially periodic patterns always lead to
nonlinear stability? If the answer is no, what is the threshold of the linear decay rate
after which nonlinear stability is no longer valid? Also if such a threshold of linear
decay rate exists, is it possible to explain the local dynamics of spatially periodic

patterns beyond the threshold?

o Is there a general formula demonstrating the relationship between the leading order
expansion of the 0 eigenvalue and the nonlinear decay rate in the context where the

weakening of linear stability of spatially periodic patterns still leads to nonlinear
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stability? More specifically, we recall the abstract dynamical system (1.1.1),
ut = F(l/l),

where u(t, x) : [0, 00) X R" — R is a real-valued function and F is smooth. Suppose
u, is a spatially periodic solution solving F(u,) = 0, and recall that the perturbation

w = u — u, yields the perturbed system (1.1.2)
w, = Lw+ N(w),

where L is a linear operator and N(w) represents nonlinear terms in w. If the
spectrum o (L) lies in the left half of the complex plane and touches the imaginary

axis only at the origin; that is,
ollL)yC{la+bila<0,beR}, o(L)NiR = {0},

and the continuation of the eigenvalue 0 in the Fourier space admits the expansion

n

/l(V) = - Z Cli(zml.)Vizmi + h.o.t,
i=1

where v is the Fourier wave-number vector and a;,,,) > O foralli = 1,--- ,n. We

want to investigate if the perturbation v decays algebraically with decay rate

1~ Zi=1 12mi a5 time goes to infinity; that is,

||W||L°°(]R") » t—Z?:l 1/2mi‘

1.3 Main Results: Nonlinear Stability of Zigzag-Rolls in SHE

In this dissertation, we do not claim to provide definitive solutions to the

aforementioned unanswered problems; instead, we add two examples where weaker linear

stability leads to nonlinear stability. We state the following results about the nonlinear

stability of zigzag-roll solutions of the Swift-Hohenberg equation defined on the plane and

the cylinder. We employ methods comparable to those in [10], [22], and [11].



24

Theorem 1.3.1. Forany 0 < u = &* < 1, u,(k,x,; k.) is nonlinearly stable in the
two-dimensional SHE (1.2.1). Specifically, there exists 6 > 0 such that for any initial

perturbation vo(x) := u(0,X) — u,(k,x; k;) € LA(R?), satisfying

[, 1l < 5

where v represents the Fourier transform of vo, the L*-norm of the perturbation
v(t,X) = u(t,X) — uy(k.x;; k;) goes to zero as time goes to infinity. In particular, there exists
C > 0 such that

| S

T+ , Yt>0.

||v(t, .)”L‘”(Rz) S

Conjecture 1.3.2. Forany 0 < u = &* < 1, the zigzag-rolls u,(k,x; k,) of the SHE (1.2.1)
defined on the cylindrical domain, T,, X R is nonlinearly stable. Specifically, there exists
a 6 > 0 such that for any initial perturbation wy(x) := u(0,x) — u,(k,x;k,) € L*(T», X R),
satisfying

Iwoll Lt (1o, 5y FIIWoll oo (T, xm) < O,

the L™ -norm of the perturbation w(t,X) = u(t,Xx) — u.(k,x; k;) goes to zero as time goes to

infinity. In particular, there exists a C > 0 such that

woll ot (my,xy +IWoll ey, xr)

Yt > 0.
1+ 07

Wl oo (Tpxr) < C

The rest of this dissertation is organized as follows. In Chapter 2, we will lay down
the foundations for the proofs of Theorem 1.3.1 and Conjecture 1.3.2 by discussing
spectral analysis and linear decay intuitions. The proof of Theorem 1.3.1 is done in

Chapter 3. In Chapter 4, we will discuss the steps to prove Conjecture 1.3.2.
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2  SPECTRAL ANALYSIS AND INTUITIVE DECAY ESTIMATION

To prove Theorem 1.3.1 and Conjecture 1.3.2, we first discuss the spectral properties
arising from linearization around the roll solutions in each case. We also provide intuitive

decay estimations based on the spectral properties in this chapter.
2.1 Perturbed SHE on the 2D Plane
Recalling the SHE given in (1.2.1), we fix
n=2 0<e<sg, ke k), x=((x,x), v=(U,"n),

and denote

K=k —1. (2.1.1)

We introduce the rescaling x; — kxi, and study the initial value problem of the rescaled

SHE,
2
u = — (1 +(1+ K)ail + 0)262) u+&u—u,
(2.1.2)
u(0,x) = u, + vy,
or equivalently, the perturbation equation of v := u — u,,, where u,, is a roll solution.
v =Ly + Ny(v),
(2.1.3)
V(07 X) = VO(X)a
where
Lyi=—(1+(1+08, + &) vev=3lv, N0)=3up? =, (2.14)

2.1.1 Spectral Analysis of the Linearized Operator £, on the 2D Plane

The linearized operator of the stationary SHE at the roll solution u,, is given by

£, H'RY) — [2(R?)
' ) (2.1.5)
v — —(1 + (1 +10%, +(9,2€2) v+ = 3.
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As a differential operator, L, has coeflicients that are 27-periodic in x; and constant in x;.
It is well-known that the spectral analysis of constant-coefficient differential operators can
be readily done via the Fourier transform, while the spectral analysis of
periodic-coeflicient differential operators can be achieved via the Bloch wave
decomposition [40]. To analyse the spectrum of £, we recall the notation T, = R/aZ,

and introduce the Bloch-Fourier transform

B: L[R2 L*(T, X R, L*(T,
R +— (T x (T20)) 2.16)

v — Bw,E) = Y Vvt + k,v)e®,

We note that the Bloch-Fourier transform 8 is an isomorphism [40] and the linearized
operator £, is block-diagonalized on the Bloch-Fourier space; that is, l?, =8BoL,0B!
admits the direct integral form
L= Lmd,
T]XR

where

L£,v): HYTy) —> LX(Ty,)
2.1.7)

1 I (1 + (1 + &) (0 + iv1)? — vg)2 v+ & =3 (E)v.

—_—

We now introduce a proposition about the spectrum of the linear operators L, L,

and £, (v).

Proposition 2.1.1 (Spectral stability). For any fixed € € (0, &), the operator L, admits

the following spectral properties.

(i) oLy =cLy= | ] e cr

veT xR

(ii) There exist k (1), k; (1) € (k™, k) so that 0(L,) € (—0c0,0] if and only if k € [k, k. ].

’
Uy
A
eigenfunction. Moreover, there exists vy > 0 such that the eigenpair (0, eg) admits

as its associated normalized

(iii) 0 is a simple eigenvalue ofz\p(O) with eq :=
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the unique analytic continuation (A(v), e(v; £)) for |v| < vy and e(v; &) normalized,

satisfying L,(v)e(v) = A)e(v) with
(e(v;-) —ep,e0) =0, e(v)—eg=0(v]), e()=e(v)+ivie(v), (2.1.8)

where e, (v) is an odd real-valued function and e;(v) is an even real-valued function.

Moreover, we have
AW, €2, k) = ax(€2, k)12 + apa(€, K)va® + apa(e2, kvt + O(V‘f + vg’), (2.1.9)

where

(a) ax,apn < 0ifand only if k € (k;, k),
(b) Fork =k, ax =-4+0@) <0, an =0, ayu =-1+0@@") <0;
(c) Fork =k, axy =0, ap, < 0.
Proof. Mielke [1] did the expansion of the eigenvalue A(v) up to the quadratic order, but

we need the expansion up to the quartic order. Our proof is built upon Mielke’s proof in

[1] and thus delegated to Appendix A. O
2.2 Perturbed SHE on the Cylindrical Domain

Recalling the SHE given in (1.2.1), we fix
(x, €Ty, xR, O0<e<g and ke k k).

We introduce the rescaling & := kx, and study the initial value problem of the rescaled

SHE,

u, = —(1 + k2(9§ + (93)2u + &%u—u’,
‘ 2.2.1)

u(0;€,y) = u, + wy,
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or equivalently, the perturbation equation of w := u — u,, where u, is a roll solution.

w, = Lw+ Nw),
(2.2.2)

W(O’ é:’ y) = WO(';‘:’ y)a

where
Lowi=—(1+RZ+&) w+w-3dw, N = -3un’ - w. (2.2.3)

2.2.1 Spectral Analysis of the Linearized Operator L. on the Cylindrical Domain
The linearized operator of the stationary SHE at the roll solution u, is given by

L. H4(T2ﬂ X R) — LZ(TZK X R)

5 (2.2.4)
w —> —(1+k2(9§+(9§) w+ &w — 3u’w.

As a differential operator, £, has coefficients that are 27r-periodic in £ and constant in y.

The spectral analysis of £, can be achieved via the Fourier transform in the y direction

due to the fact that & € T,,. We have

F: L[AT» xR) +—> L*(R, L*(T,))
(2.2.5)

w — Fw,y) = W&, v,), where v, € R.

We note that the Fourier transform ¥ is an isomorphism and the linearized operator L, is

diagonalized on the Fourier space; that is, Z,: := F o L, o ¥ ! has the direct integral form

7= f Z.v)dv,
R

where
L) H (T — LX(T5y)
’ ’ L (2.2.6)
wié) — - (1 + kzaé - v%) w+ &w = 3u(E)w.
We now introduce a proposition about the spectrum of the linear operators L., £, and

L)
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Proposition 2.2.1 (Spectral stability). For any fixed € € (0, &), the operator L, admits the

following spectral properties.

(i) (L) = (L) = U o(L.(»)) CR.

VzéR
(ii) There exist the zigzag wavenumber k.(g*) := k,(¢*) and the Eckhaus wavenumber

k(&%) so that 0(L,) C (—c0,0] if and only if k € [k, k] ].

(iii) O is a simple eigenvalue of L.(0) with ey := u., as its associated eigenfunction.
Moreover, there exists vy > 0 such that the eigenpair (0, ey) admits the unique
analytic continuation (A(vy), e(v1; &)) for |va| < vy, satisfying

L.(m)e(v2) = Av2)e(v2) with
(e(v2;-) — eo, €0) = 0. (2.2.7)
Moreover, we have
Ava, €, k) = ap(e®, kyva* + au(e, k' + 00%), (2.2.8)
where ay (2, k.(€%)) = 0, apu(e*, k.(e?) = =1 + O@*) < 0 forall 0 < &* < 1.
Proof. Recall that v = (v1,v,), we have from (2.1.7) that
Z,00 = —(1+ (1 + 0@ + inY =AY +& = 3u2().

Taking v = 0 in 2; we have

L£.(v) = £,(0,v).

Thus, the spectral properties of L, are the same as that of £,(0,v,). As a result, the proof
of this proposition is a direct consequence of the proof of Proposition 2.1.1 by taking

V1:O. O



2.3 Intuitive Decay Estimation

Let’s consider the perturbed SHE given in equations (2.1.3) and (2.2.2); that is

v =Ly + Ny(v)and w, = Low + N(w).

30

Propositions 2.1.1 and 2.2.1 provide the zero eigenvalue expansion in (2.1.9) and (2.2.8),

respectively. By utilizing these expansions and the fact that £, or L, is a generalized

Laplacian, we can draw the following intuitions about the decay estimations in the table

below.
Equation Bloch-Fourier Continuation of 1 =0 Decay
v, = 0% (Bv), = (-3) By A=
v, = Ly, _ lull = ~ 272
(Bv), = L,Bv A = —ayvi + 0O(r))
K € (K;,K})
v, = (6% + 65)\/ (Bv), = [(65 +ivy)? — v%] By A=—-vI—V3
vt = -va, — ||u||L00 ~ t_l
(BV); = LPBV A= —Clzol/% - Clon% + O(|V|4)
K € (K, K))
v = (2 + 3 | (Bv) = [ +iv)? =i By A= —y2 =y
v = Lo, _ il ~ 1734
(Bv), = L,Bv A = —ayvi — auvs + O(v] +15
K = K,
Wi = Ojw (Bw), = (~v)Bw 1= -4
w, = Low, _ [l o ~ 2717
(Bw); = L. Bw A= —Cl()4)/42L + O(Vg)
K =K,

Based on the table, we expect a 3 decay rate for the planar SHE and a = decay rate

for the SHE defined on the cylindrical domain.
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3  NONLINEAR STABILITY OF Z1GZAG-RoLLS oF PLANAR SHE

In this chapter, we shall discuss the proof of the nonlinear stability of zigzag-roll
solutions u,, on the plane R X R; that is Theorem 1.3.1. The chapter is organized as
follows. Section 3.1 introduces the discrete Bloch-Fourier space and the mode filter
decomposition. Here, the irrelevancy of nonlinear terms can be observed intuitively, as in
the case of the nonlinear scalar heat equation. The linear semigroup estimations and the
nonlinear irrelevancy are done in sections 3.1.3 and 3.1.4, respectively. The rigorous proof
of Theorem 1.3.1 is given in section 3.2 via a contraction mapping argument on the
variation of constants formula posed on a fine-tuned Banach space. For clarity and
conciseness, we relegate to the appendix C and D, the sectorial properties of £, in the

Bloch-Fourier space and the estimates of various secondary nonlinear terms respectively.
3.0.1 Nonlinear Terms Seem Relevant

From the analogies obtained in Table 2.3, we exploit the intuition we derive from the
heat equation to evaluate the temporal decay rates of both linear and nonlinear terms via

the linearized flow; that is,
~7/4 2 .3 -3/2
1LVl ~ 7%, N,z = 11 = 3upy® = vl ~ 1772,

which misleadingly indicates that the nonlinear terms are relevant. This false conclusion
results from applying our intuitive reasoning on v, the sum of both neutral and stable
modes, instead of the neutral modes. As a result, the remedy here is to study the system in
a refined coordinate system where the neutral and stable modes are properly separated via
the mode filter decomposition; see [10] for a similar analysis in the Ginzburg-Laudau

equation.
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3.1 Mode Filter Decomposition and Irrelevancy of Nonlinear Terms

In this section, we split the SHE into neutral and stable modes via a mode filter
decomposition in the discrete Bloch-Fourier space. Moreover, we also give refined linear
estimates and detailed expressions of nonlinear terms under such a decomposition, from
which the irrelevancy of nonlinear terms is followed via the intuitive counting of decay
rates analogous to the heat equation case. A rigorous proof of the nonlinear irrelevancy

will be given in section 3.1.4.
3.1.1 SHE in the Discrete Bloch-Fourier Space

In the Bloch-Fourier space, the SHE (2.1.3) in terms of the perturbation v takes the
form

V, = L%k, V= 3u, V2 - V3, (3.1.1)
where we introduced the notation V := By.

Remark 3.1.1. We exploit the fact that, for u € L*(Tay), vi,v2 € L2(R?),
B(uvy) = uB(,), Bvv,) = By, * B, (3.1.2)
where the function (uv)(x) = u(x;)vi(X); see Appendix B.1 for the proof.

It is typically inevitable to go beyond the L? space to general L? space to perform
proper analysis on nonlinear terms. Noting that

p = P4 :f
M g2y fRZ V)P dv o Z

JEZL

Fon + jv)l? |dv = f IFB d,

T]XR
we readily see that it is more proper to work in the discrete Bloch-Fourier space
LP(T; x R, €P) than its continuous counterpart L”(T; X R, L?(T,,)) for p € [1, oo]. For

convenience, we introduce the discrete Bloch-Fourier transform 8B, := ¥,8; that is,

B,: [AH(R? +— L*(T, xR, £?)
(3.1.3)
v — Byw(v) = (FaBv)(V) = V(1 + j, v2)}jez,
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and the discrete version of Z\p, denoted as

Zji = Z\d(v)dv, where z;(v) =F,0 Z\p(v) o 7_~d—1;
Ty xR
that is,
Lv:  wr or
(3.1.4)
v={liz — Wiovle + (& - )y = 3Fauy) v,
where 1 ;(v; k) := —(1 — (1 + K)(j + v1)* — v3)* + «*. Introducing the notation

V) =8B = vy + j,v2)}jezs
the SHE with respect to the perturbation in the discrete Bloch-Fourier space takes the form
V,= LV -3y« V- V7. (3.15)

Before we introduce the mode filter decomposition, we first prove that the spectral

properties of z\d(v) are independent of the choice of p € [1, oo].

Proposition 3.1.2. Foranyv € Ty X R and p € [1, o], the closed operator
Z\d(v) : whP — €P is sectorial with compact resolvents. More specifically, the sectoriality
of Z;(v) is independent of the choice of v and p; that is, there exist C > 0, w € (n/2, 1)

and Ay € R, independent of v and p, such that

L) = D7 MMl < forany A € S (dg,w) := {1 € C | |arg(d — Ap)| < w, 4 # Ao}

e
Moreover, the spectrum of z\d(v) is independent of the choice of the underlying space €?

and thus denoted as O'(Z\d(l’)), consisting only of isolated eigenvalues with finite

multiplicities.

Proof. See Appendix C. O
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3.1.2 Mode Filter Decomposition

We introduce the notation X? := LP(T; x R, £?) and define an even smooth cut-off

function y : T; X R — [0, ) as

1, <1,
x(v) = (3.1.6)
0, vl =2,

as well as its rescaled version y(v) := x(%) for any € > 0. We recall from Proposition
2.1.1 that the eigenpair at v = 0 admits an analytic continuation for |[v| < ry, and introduce
the pseudo-eigenfunction

ec(v) := (1 = x,,(M)eo + xr, (Vev), (3.1.7)
where r| := ry/4, and the projection mapping

pP: X — Xr
(3.1.8)
Vo @2V, e

We readily see that P is a bounded projection but not commutative with Z\d; that is

P =P,  PL,+ L,P

Introducing Q := Id — P, X? := Rg(P) and X% := Rg (Id — P), we note the subspaces X
and X? are closed in X, and

X = X! (P X,
in the sense that X? = X? + X? and X? N X? = {0}. Introducing the neutral and stable

modes respectively,
a(t,v) := K{V(t,v), e, Vi(t,v) == QV(,v), (3.1.9)
where K(v) := [le:(W)I| ;" = ||ec(v)||222(Tz - We apply the mode filter decomposition

a
T, V:=| |, (3.1.10)

Vs
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which is an isomorphism from X? — LP(T; x R!) x X’ to the SHE and rewrite the SHE in

terms of the mode-filter coordinates W := (a, V)T ; that is,

where

with

W, = LW + Ny (W), (3.1.11)
Ly, Ly, N.(W)

me = s ]me(W) = >
Ly Ly Ny(W)

Lia = Ke., Lye.)a,
LiyVy = K(Vy, Li&o),
Lra:= (Eé - éLn)a,
LV = (z\d - éle)E,
N 1= K3ty * (agc + Vo)™ + (aec + V,)", &),

N, = =3u, * (ae; + Vi)'"? — (ae; + Vy)™ — Ne..

3.1.3 Linear Semigroup Estimates

We, for now, restrict ourselves to the initial value problem of the linearized flow of

(3.1.11); that is,

W, = meW,

W(0) = Wo = (ao, Vs )",

whose solution takes the form

W(t) = elr'w,. (3.1.12)

Introducing the notation

Lo [Mu M
M ="' =

M21 M22
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we study the temporal decay estimates of this semigroup and its physical derivatives on
general L? spaces. Our analysis is split into two subcases: when v is close to zero and

when v is away from zero. More specifically, we rewrite M as follows.
MZX%M+(1 —X%)M.
For |v| < 1, we denote Ly(v) := Z\d(v) |+ and have L,,; diagonal, that is,

A(v) 0
me(V) =
0 Li»)

and thus
M]] M]2 C/U 0

M21 M22 0 eLSt

Moreover, we have the following estimations for y 1 M.

Lemma 3.1.3. Forany 1 < p < g < oo, there exists a positive constant C such that the

cut-off analytic semigroup y n M11(t) admits the estimates
Y group x1

a 3

IV s Myl < C(1+ 1 THF45670) (3.1.13)
where v* = v{'v5* with @ = (@1, @) € N* and the space L stands for LP(T| X R).
Proof. We recall from (2.1.9) that, for [v| < rp = 4r; and € € (0, &),
AW) = =[4 + O@); - [1 + 0@y + O} +5),

from which we readily have that for [v| < r; and € € (0, &), there exist constants d; and

d,, independent of the choice of v and &, such that
/l(V) < —le% - dzvg.

As a result, we conclude that, forany 1 < p < g < oo,

® .3

> 4 &, ® 31 1
! Vg et gl < O+ TGl

Vixnye ‘a

<l
Ly

where 1 (=1 - 1
r P q
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Lemma 3.1.4. For any given p € [1, +o0], there exists positive constants C and A,
independent of the choice of p, such that the cut-off analytic semigroup y 1 M, (t) admits

the estimates

by 3 Mas(llpr,smxzy < Ce™. (3.1.14)

Proof. For any |v| < r;, we have M5, = e&', which also takes the form

1
My, = el = 2— C/U(/l - Ls)_ld/l,
1 Jr

where I is a sectorial curve in the left half of the complex plane so that o(Ly) stays to the
left of the I'. Moreover, we choose I" independent of v, and there exist 4; > 0 so that
sup{Re (1) | 1 € I'} < —A;. A proof similar to Proposition 3.1.2, thus omitted, shows that

there exists C > 0, independent of v and p, so that, for any 1 € T,

C

A=L) Mo < ——,
¢ ) o Ty

which concludes the proof. O

For v away from zero, that is [v| > r; /2 , we have the following estimations for

(1 =xpM.

Lemma 3.1.5. For any given p € [1, +o0], there exists positive constants C and A5,
independent of the choice of p such that the analytic semigroup (1 — n )M admits the
estimates

V(= x )Mifllprs < Cr e, (3.1.15)

fori,j=1,2and a = (a),a,) € N

Proof. The operator L, ¢(v) is conjugate with Z,(v); that is,

Loy (v) = T f ) LT b0,
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and thus

M) = et/ = T, (n)eHr T ).

Recalling that the maps 7, defined in (3.1.10) and its inverse are uniformly bounded with

respect to v and p, we are left to prove that
7 _o
I (1= x e Mo xeery < CEF ™2, (3.1.16)

To prove the inequality (3.1.16), we first infer from Proposition 3.1.2 that for [v| > 5 the

operator fd(v) is sectorial with
F(La(v)) C (=00, = 1), (3.1.17)

for some A, > 0, indepedent of p and v. As a result, a proof similar to the one of Lemma

n

5> there exists C > 0,

3.1.4, thus omitted, shows that, for any p € [1, co] and |v| >
independent of p and v,

e, < Ce™. (3.1.18)

Moreover, we have improved spectral estimates of Z\d(v) to absorb v* for |v| > 1. More
specifically, we recall that a(z\d(v)) = o'(z\p(v)) and for any 4 € a(fd(v)), there exists
k € 7Z such that

A=~V + (k+v)? - 11% + O@);

see (A.0.2) and its subsequent discussion for details. As a result, we readily see that, for
sufficiently large R > 1 and any |v| > R, there is a sharper spectral estimate than (3.1.17);
that is,

_ 1
O-(Ld(V)) c (_OO’ _E(Vg + 1)),

where we note that % can be replaced with any number in (0, 1) by adjusting the size of R.
Again, a proof similar to the one of Lemma 3.1.4, thus omitted, shows that, for any

p € [1,00] and |v| > R, there exists C > 0, independent of p and v,

- 14
el |, < Clv|%e 2021, (3.1.19)
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We now show that the estimate (3.1.16) is true by exploiting the estimates (3.1.18) and

p L ! i
<f (Ivla eLd‘V)’VH ) dv+f (] ) dv
LP(TxR,£P) %gMgR —ll¢ep VI>R p
(3.1.18) ot P !
< (|V|ae z||z||€p) dv + (] ) dv
d<pI<R V>R v

(3.1.19) - 14 ’
1 pt p a—5V +1)t
PPNV, o gy + fl | R(lvl ey, ) dv]
V(>

< C
~ arp
<Cer+ ety

(3.1.19); that is,

yeeLivry

V(1 = x ey

yeeLivny

P
LP(T xR, £r)

NP A pt p
<Ct +e ZPHK”LP(TIXR,W)’

(3.1.20)

where we take A, := min{zz, %} and conclude the proof. m|

Taking advantage of Lemmas 3.1.3, 3.1.4 and 3.1.5, we summarize linear estimates

results of the linear flow (3.1.12) in the proposition below.

Proposition 3.1.6. Forany 1 < p < g < oo, there exists positive constants C,A, and A3

independent of the choice of p, such that the linear solution W given in (3.1.12) admits the

estimates
_3¢1_1 _
ao (1+10)73570 e ||llagll,» +llaoll..
W, =M@ <C . (3.121a)
e—/lzt e—/l3t ’
N S
—0 Lp —0 Ly
4, 3.1 1 _® _
va], <c|a o E N Da + o2 fal, v, )| G120
— P

Proof. First, we estimate

M40+ M@oY,

y :H(X%Mu + (L= xp)Miag + (g Mo + (L= x M)V ||

2

<HX%IM11610HLP +H(1 —X%)MnaoHU} +H(1 —xpPMpVs ||

Vil

_3/1_1 _ _
<C((1 + 073G Dllagllye + e Mnaouu) +Ce

—O0llLr

Ollrr

3¢1_1 _
<C(1 + 17557 (laolly +llaoll) + Ce™™
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Next, we estimate

HM(f)mao + M)V,
—O0llzr

|lova Mo + (0 = x M0 + (g Mos + (1= xpM) Ve ||

< -xpmia| +|a-xpmmyy|| @ -xpnay|
<Ce™Mlagllys + Ce™ ||V ||+ Ce™|[Vy ||
<Ce™llaglly +Ce |V |
where A3 = min{4;, 4,}. The conclusion of the proposition follows from the above
estimations. O

3.1.4 Irrelevancy of Nonlinear Terms

We produce a bound on the slowest dangerous term which allows us to show
irrelevance of the nonlinearity with respect to the linear dynamics. Recalling the fact from

(3.1.9) that

Vi(t,v;€) = V(t,v; &) —a(t,v)e.(v; &),

we expand the nonlinear terms N, and N, from their definitions given in Equation (3.1.11);

that is,

N, =- 3K<up(aec + Vs)*z, e.) — K{(ae. + Vs)*3, ec),

=N, 1(a,a) = (.,z(g,&) = 4:,3(&!&)
= _3K<up(aec)*2a ec> _6K<up((aec) * Vs)a €c> _3K<up(vs)*2, ec> (3122)
=N, 4(a,a,a) =N, 5(a,a.Vy) 1=Ne(@,Vi,Vs) =Ne7 (Ve Ve, Vi)

_K<(aec)*3a ec) —3K<(Cl€c)*2 * Vx’ ec> _3K<(aec) * (Vs)*z’ ec) _K<(Vs)*39 ec>»

Ny = = 3it, = (e, + Vi)'* — (dge. + V) = N, e,
::Ns,l(a’ a) + NS,Z(a9 Vc) + NS,3(VS9 Vs)+ (31 23)

N&‘,4(a’ a, Cl) + Ns,S(a» a, Vv) + N‘Y,ﬁ(a’ VS’ Vv) + Ns,7(VSa Vs’ ‘/S)’
where each N, ; is a multilinear operator, and we define N, ; in a similar fashion and omit

the details.
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We now give intuitions on why the nonlinear terms are all irrelevant. We first note
that the linear flow of the V; component decays exponentially and the leading order
nonlinear term is N (a, a). As a result, we have that in the nonlinear flow (3.1.11), the

LY(T; xR, £') norm of V(#) has the same temporal decay as the L'(T; x R) norm of a*? as

On the other hand, the temporal decay rate of the L!(T; X R) norm of the linear terms in

t goes to +oo; that is,

%2

3
2

V), ~

LTy xR, 1) LY(TxR)

the neutral mode equation in (3.1.11) is 4 and thus any irrelevant nonlinear terms should

have a better temporal decay rate than that. Noting that

la(t, L, xr) ~ %,

LS N

we readily derive that all nonlinear terms in N, are irrelevant except for the first term

N, (a,a). The term N, (a, a) is potentially relevant since based on

*2 ~ 3, it seems that N, admits a weaker decay than the linear

Nc,l

~la

|L1(T]XR) LI(T|XR)

terms. But a careful analysis below reveals a refined structure of N, ;, providing extra
spatial derivative in the x; direction and thus rendering extra 2 decay, which in turn

shows that N, is also irrelevant. More specifically, we have

Nc,] = _3K<up(aec)*2’ec>

= _SKf up(aec)*ze_cd‘f

Ton

=—3Kf up(&e:(v; &) f a(v —=vye(v = v;&)a()e (v;é)dv|dé  (3.1.24)
Ton

veT | xR
=k (vy,y=)

= f -3K ( f up(éec(v;E)e.(v; e (v —v; §)d§) a(v = v)a(v)dv,

_ T
veT | xR
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where we note N, is a weighted convolution with kernel k; and we suppressed
t-dependence of a for conveniences. Leveraging the parities in the expansion (2.1.8) of the

eigenfunction e, we have the following refined estimate of the kernel k.

Lemma 3.1.7. There exist positive constants M, C > 0, independent of the choice of

v,v € T, X R, such that

kv, v.v -v)| < M, (3.1.25a)

v, 7.7 = )| < C (i =] +[71].) - (3.1.25b)
Proof. Recalling from (3.1.7) that

ec(v;€) = (1 = xr, (V)eo(§) + xr (Ve(v; &),

and the fact that k; = [

1>

’ uy(Oe(v; &)e.(v; Ee (v — v; £)d¢, we readily conclude that the
integrand of k; is uniformly bounded for £ € T, v,¥ € T; X R and thus there exists

M > 0 such that |k; (v, v,v — v)| < M. To show the second inequality, we exploit the
expansion of e(v) = e,(v) + ivie;(v) in (2.1.8) to rewrite e, in (3.1.7); that is,

=€y =e¢;

ec) = (1= xn, (Mo + xr, Me, ) +ivy Tner - (3.1.26)

where the real-valued functions e, and e; are respectively odd and even in ¢ for |[v| < ry.
Since ¢, and e, are odd, it follows that e, is odd. Also since ¢; is even, so is ¢;. Noting that
u, is even in ¢ and the integrand u,(£)e (v; £)e (v; E)e (v — v; €) is 2n-periodic in &, we

readily see that the odd part vanishes under the integration on 75, yielding

60779 = [0 3K @05 08 F 05 - 6] des

Tor

f i1 | ~3Ku,e:(v; £)8(v; )&, (v — v )| dé+

Ton

[ 1= [-3kuamom@ om0 - 7o) ags

Tor

[ wmon -0 -srwameaGone - 7o)

Ton
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where all the four terms in the brackets are uniformly bounded in ¢ € T,, and

Iv|,[v] € T; x R. As a result, there exists a positive constant C independent of v, v such that

|k1(V,7,7— V)l < C(|V1 —71| +|’171|).

As a result, we have

-2

Ney LI(T,xR) N”“ * (Vla)HL‘(’]I‘lx]R) ~re

which decays faster than the linear terms and is thus irrelevant.

3.2 Proof of Theorem 1.3.1: Nonlinear Stability of Zigzag-Rolls of the Planar SHE

We now give a proof of Theorem 1.3.1 via a fixed point argument on the variation of
constants formula. More specifically, the solution to (3.1.11) with the initial condition

Wo = (ay, VSO)T satisfies the variation of constants formula,

=T (W)
=T2(W)
=T1(Wo)
e e t
W) = e/"Wy + f e IN,, (W(s))ds . 3:2.)
0

Our task is to show that 7 is a well-defined contraction mapping on a bounded closed set
in a proper Banach space, whose norm directly gives rise to the nonlinear weak diffusive

decay in Theorem 1.3.1.
3.2.1 The Space H

Based on our intuitive analysis of the irrelevancy of nonlinear terms in Section 2.3,

we introduce the Banach space

a(t,v)
H:=W(,v) = [[Wlg < +o0 ¢, (3.2.2)

Vi(t,v)
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in which we introduce the following norms

Wi :=llalla, + {|Vs (3.2.3)

H,’

lall, = sup(l +0**|lact, ||, + sup|lat, )|, + sup(l + *|iace,))|,.  (3.24)
>0 20 =0

Y

:= sup(1 + 62| V(. )|, + sup||Vst. )|, (3.2.5)
H, 120 — ! >0 " o

where”a(r, ‘)||p = ||a(t, )|| andH&(t, ')Hp =

[Vitt, )

LP(Ty xR) LP(T xR,¢P)

3.2.2 Linear Estimates of 7 in H
We first derive an upper bound of 771(W) in H.
Proposition 3.2.1. There exists a positive constant C such that

|71 (Wo)|ly, = |M@OW||, < C UWoll, +I1Woll) - (3.2.6)

I

where||[Woll; :=|laoll; + | and|[Wolls :=llaolle +|| Vs,

[ee)

Vs,

Proof. By the definition of the H-norm and the notation of the semigroup M(r), we have

ap
Vs,

=||M@na0 + M@V, || + [MOna0+ MOV, |

=/ =11

|77 (Wo)||y, =||M @)

H

+

[0e]

= sup(1 + || MO0+ M©)Y, ||

=0

+ sup||{M(D)nao + M(D)12Vs
120

=111 =1V

. suop(l + 1y ||M(t)1a0 + M)V, 1
>

sup(1 + ¢)°/* +

=0

Vi (M(t)uao + M(I)IZEO)
=V

sup||M(1)21a0 + M(©)22 Vs, ||
=0

Taking advantage of Proposition 3.1.6, we derive upper bounds of the terms I — V

respectively.
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(i) We exploit the estimates of M;; and M, in (3.1.21a) with p = 1 and g = oo, yielding

)

1< sup(l+1)} ((1 + 0% (laolly +laglls) + e

=0
1)'

(i) We exploit the estimates of M;; and M, in (3.1.21a) with p = g = oo, yielding

J

(i11)) We exploit the estimate (3.1.21b) with p = 1, g = oo and @ = (1, 0), yielding

ﬂo

V.

< C (laoll +Hlaolle +]Vs,

—Aot V
S
—0

11 < sup(||a0||oo +e
=0

V) < € {laolls 4|

111 = sup(l + £)7

>0

Vi (M(l‘)uao + M(f)u&o) 1

< Csup(1 +1)7F ((1 + D) llaolls + e laoll; + e

=0
1)'

(iv) We exploit the estimates of M,; and M5, in (3.1.21a) with p = 1 and p = oo

v

< C{laolls +laoly +|

Vso

respectively, yielding

3.1 -1
1V < sup(l + ) (el + eV, ) < € laoll +]| Vs, )
v < sup (e aolly + V|| ) < € flanll #||Veg|)-
Combining the above estimates concludes the proof. O

3.2.3 Nonlinear Estimates of 75 in H

We now show that 7,(W) is bounded in H. More specifically, we have the following

proposition.
Proposition 3.2.2. There exists C > 0 such that, for any W € H,

IT2W)|ly < C (WG +IWIG,) - 3.2.7)
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Moreover, T, is locally Lipschitz continuous in the sense that there exists C > 0 such that,

for any Wi, W, € H,
| T2(W1) = Ta(Wa)||yy < CIWy = Walla (IW g +IWalli +IWi 1 +IWal). (3.2.8)

Remark 3.2.3. We note that the estimate (3.2.7) is only a special case of the Lipschitz
continuity estimate (3.2.8) when Wy = W and W, = 0. The reason why we keep the
estimate (3.2.7) is two-fold. Firstly, we need to use (3.2.7) in our fixed point argument.
Secondly, it is more natural to prove (3.2.7) first and observe that the more general
estimate (3.2.8) is a natural consequence of the special estimate (3.2.7) by exploiting the

fundamental theorem of calculus.
Proof. To prove the estimate (3.2.7), we first recall that

‘ Lo WMy (t—s) Mp(t—s) || N(W(s))
T>(W) = f "IN, ((W(s))ds = f ds,
0 OAMy(t—5) Mayp(t—s)|| Ny(W(s))

where we already have the estimates on the semigroup M(¢) in Lemma 3.1.3-3.1.5 and
Proposition 3.1.6 and estimates on the nonlinear terms are yet to be given. We claim that
the L'(T; x R)-norm and L*(T; X R)-norm of nonlinear terms N, and N, admits the

following estimates

Nt ), SCU+072 (IWIR +IWIG), Nl < C+07F (Wl +IWIR,) ;

(3.2.9a)
[N, )|, SCA+ 072 (IWIR +IWIR). Nt ), < C+ 075 (IWIR +IWIR)-
(3.2.9b)

To prove (3.2.9a), we recall the expansion N, = Z;z 1 V¢ jin (3.1.22) and derive L'and L™
estimates of N, ; respectively. Due to the hidden refined structure of N.; as shown in

(3.1.25b), we derive in detail the estimates of N, ;, from which the estimates of the rest
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N, ; terms follow naturally. More specifically, using the notations N, ;(W(¢)) and N (z,v)

interchangeably, we have

|Nc,](t’ V)l = f kl(v,‘;’v_‘{;)a(tav_;‘)a(h‘;)d“;'
TlxR
3.1.25b
a1z )C(f v =) |v1a(z,%|d7) (3.2.10)
TlxR

=Clal * [vdl,

which, via the Young’s inequality for convolution and the definition of || - ||, , yields that

Nea (., <Cllate. ||, iate. )|, < €+ 0 ally, (1 + 0 Flally, = C + 0 laliy, ;

Nea(t )|, <Cllate. )|t ), < Cllall, (1 + 073 llally, = €A + 0 lally, -
(3.2.11)

For N.j, 2 < j < 7, recalling the definition of N ; in (3.1.22), similarly to N.;, we can
always rewrite N, ; in the form of weighted convolutions of a and V, with respect to

v € T| X R by taking integration with respect to & € T, first. Noting that all the weight
functions are uniformly bounded and that the product of 2r-periodic functions in &
corresponds to the zero Fourier mode of convolution in discrete £” spaces, we conclude

that

*(nj—kj) kj
Nyt ) <Clal™ v " +] (32.12)

N

foo b
where k; := min{1, n;}, the convolutions are with respect to v € T; X R and the
nonnegative integers m;, n; satisfies that m; + n; = 2 for j = 2,3; and m; + n; = 3 for

4 < j < 7. In combination with the Young’s inequality for convolution and the definition

of || - [lu,, (3.2.12) yields that

N, )|, <Cllate, )"

nj —Cmi+3n; mj+n;
Vie || < e+ i

n_,-+kj—l

vite )|

N..j(t, .)”m <C||a(t, )”Ef) V(@ _)”:k./Ha(z, .)“’1"1‘"‘1 (3.2.13)

<C(1 + t)_%(m/'_‘igj)_%(n_/-i-f]:j—l)||W||I;;j+nj ’



Wherezj := min{1, m;}. Noting that for j > 1,

3 3 9

g2 g

— 3 —
—m;j + = — —(mj—kj)+§(nj+kj—1)>

’

0| W

we conclude from the estimates (3.2.11) and (3.2.13) that (3.2.9a) is true.
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The proof of (3.2.9b) is similar to the one of (3.2.9a). We recall the expansion

N, = Z;zl N ;in (3.1.23) and derive L! and L™ estimates of N, ;j respectively. Based on

the above analysis of N., we readily see that, forany 1 < j < 7,t>0andv € T; X R,

IVt o <Clar™ =

N, jt.v)||, <Clal™ =

*Nj
E o0’

*(nj—kj) kj
—]¢! — |l g

which, via the Young’s inequality for convolution, yields that

IVt <Cllace. ]

N; j(t, ')”1 <Clfac, ')”Tj

kj

Vit || e et

nj —Cm+3n; i+n;
Vite, [ < e+ pGmmimw

nj+zj—l

1

gC(l + l’)_%(mj_zj)—%(nj+%j—l)”W”mj+nj

which in turns leads directly to (3.2.9b).

H b

We now prove (3.2.7). By the definition of the H norm, we have

IT2W)lg

N\

f’ M1 (t = S)N(W(s)) + Mio(t — s)N(W(s))
O\ M1 (2 = IN(W(5)) + Mn(t = s)N{(W(s))

f (M1 (t = S)N(W(s)) + Mio(t — s)N{(W(s))) ds
0

f (Mar(t = INAW(5)) + Man(t — $)N(W(s))) ds
0

)

H;

f Mt — NW(5)ds
0

f Mar(t — )N(W(5))ds
0

+
=,
f My (t — s)N(W(s))ds||  + f M (1 — s)N(W(s))ds
0 H. 0 H;

(3.2.14)

(3.2.15)

(3.2.16)
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Estimate of 1. We evaluate I. for small and large v respectively; that is,

f Mii(t = NW(s))ds
0

+
H,

=le

f Mar(t — )NW(5)ds
0

H;

=lep

+
H,

N

f X%Mn(f — §)N.(W(s))ds
0

=3

f(l = X1)My(t = s)N(W(s))ds
0

+ (3.2.17)

H

f(l = X1)My (1 = $)N(W(s))ds
0

2

H;

where we use the fact that y; My = 0. Moreover, recalling the definition of|[-||s, and||-[lu,,

we have

ZZA,‘A']

Z:BCJ

3
1., <sup(l +1)3
=0

i

:=Cc,1

Y M (f — S)NC(W(s))”1 ds +

sup Ly%Mll(r - s)NC(W(s))HOO ds +

=0

i

sup(1 + t)%
=0

i

=Ac2

Vieg Mt = 9NW ()| ds,

1., <sup(l + t)%

i

(1= )Myt = HNW(s))|| ds+

t=>0
=B.»
!
sup f (1= )y Myt = HNW(s)||_ds+
=0 Jo e

:=C(:,2

sup(1 + t)%

>0
::DL',3

fovt”w(l _X%)Mll(l‘ - S)NC(W(S))H1 ds,

1.3 <sup(l + t)%

f(:"(l — X )Mo (1 - S)NC(W(S))Hl ds+

t=>0
=Ec3
!
sup f (1= xg)Mai(t = NW(s)||_ds.
20 Jo &0

(3.2.18)
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In other words, we have

3 2
L < Z I, < Z (Ac+ Bej+ Cej) + Doy + Ec. (3.2.19)

j=1 j=1

We are left to estimate all the terms on the right-hand side of (3.2.19). Taking advantage

of the neutral mode estimate (3.1.13) and the estimate (3.2.9a) of N., we have

Ay =sup(l + 1)

=0

<sup(l + t)i[f
=0

| e S)NC(W(S))H ds
[,

ds)
(3.1.13), (3.2.92)

s /2 1
< C(IWIR +IWIR) sup(l + 1) (f (1+1-s5)73(1 + s)—ids+f (1+ s)_zds)
0 t/2

ds+

'X’l My (t - S)”

=0
C (Wl +1IWIG)

B, =sup - s)NC(W(s))HOO ds

=0

<S;1>10pfwvl Mn(t—S)H

(3.1.13), (3.2.9a)

< c(||W||%I+||W||%I)sup( f <1+s>—5/4ds]
0

=0

ds

<C (Wl +IWIR)

Ce —sup(l+t)4va1)(nM11(t—s)N (W(s))” ds

[211]
ds]

/2 t
sup(l + 1)3 (f (1+1-5)73(1 +s)-ids+f (1+1—5)2(1 + 5)2ds
0 /

ds+

=0

<sup(l + t)i[f Hw)(’l M (t - S)H

vixn My (- S)H
12

(3.1.13), (3.2.92) 5 3
< C(IWiR +HIWIR)-

=0 t/2

<C (IWlig +IWIEy)
(3.2.20)
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Similarly, taking advantage of the estimates (3.1.15) and (3.2.9a), we have

A 2—sup(1+t)4fH(l— Mt~ N, (W(s))H ds

=0

ds

<Csup(l +t)4f”(1 -

120
(3.1.15), (3.2.92)

< C (W15 +IIWI) sup(l + 1) e-42<f-s>(1+s)—2ds
H H 0

=0

C(||W||H+||W||H)sup(1+t)4 (e zf (1+5)2ds + (1 +1/2)2

=0

—ﬂz(t—s)ds]

1/2

<C (IWIlg +IWI);

Bey =sup XM (- S)NC(W(S))H ds
=20 JO
<Csup ~ XMt - s)H _ds
=0 JO

(3.1.15), (3.2.9a)

¢
< (HWHH +||W||H) sup (f e—/lz(t—s)(l + S)_‘S‘ds)
0

=0

=0

<C(||W||%I+||Wllil)sup(e f (1+s)3ds+(1+1/2)3 f —Mf—”ds)
t/2
<C (IWIlg +IWI);

C., =sup(l + )3

=0

<Csup(1+t)4f”v1(1 /\(ru)MU(t—s)H

120

il =g )Myt - s)M(W(s))H1 ds
0

(3.1.15), (3.2.9a)

!
< C (W14 +IIWI) sup(l + 1) e 20U=9(1 + 5)72ds
H H 0

=0
t

<C(||W||H+|IW||H)Sup(1+t)4 (e zf (1+s)2ds+ (1 +1/2)72 e—h(’—”ds]

=0 t/2

<C (IWlig +IWIEy)
(3.2.21)
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At last, taking advantage of the estimates (3.1.15) and (3.2.9a) again, we have

D3 =sup(l + 1)} f 0 = )Mt = 5N (W(s»H ds

=0

<Csup(1+t)2f”(1— rl)le(z—s)H ds

120

(3.1.15), (3.2.92)

< C(||W||%I+||W||%1)sup<1+t)3( f e-ﬂz<f-s>(1+s)—2ds)
0

=0

C(||W||H+||WIIH)sup(1+t)2(e f (1+5)72ds + (1 +1/2)7 M“”ds]

=0 t/2

<C (IWIlg +IWI);

E.3 =sup

=0

X1 )Mo (t — S)NC(W(S))H ds
0

<Csup f |0 -xpmc-9

120

ds

(3.1.15), (3.2.9a)

< C(HWHH +||W||H) sup (f —Ap(1— 5)(1 + S)_st)
0

=0

<C(||W||H+||W||H)SUP(6 2f (1+ ) 3ds+ (1 +1/2) 4f —M’—S)ds)
t/2

=0

<C (Wl +IW1)
(3.2.22)

Combining (3.2.19), (3.2.20), (3.2.21) and (3.2.22), we conclude that
< C (WG +IWIR).- (3.2.23)

Estimate of I; By employing similar arguments as in the proof of (3.2.23), we readily

exploit (3.1.14),(3.1.15) and (3.2.9b) to conclude that
C (W1 +IWIE,) (3.2.24)

We refer interested readers to Appendix D fora detailed proof.
Combining (3.2.16),(3.2.23) and (D.0.7), we conclude the proof of the estimate

(3.2.7) of TH(W).



53

To prove (3.2.8), we note that, similar to (3.2.16) for 7,(W), we have

|T2(W1) = T2(Wa)||,

=11,

<[ fo Mu<z—s)(Nc<W1>—NC<W2>)(s)ds + fo M21<z—s)(N(-(Wl)—NL-(Wz))(s)ds

+
H“] (3.2.25)

[ f Mot = (N = N Jrds| + f Mot = (W) = MW Js2ds ]
A 0 H,

The proof of estimates of /1. and /I are exactly the same as the ones for /. and I, except
for that we need to replace the estimates (3.2.9) of N.(W) and N,(W) with the ones of

N(W1) — Ne(W>) and Ny(Wy) — Ny(W>); that is,

N(W1) = Ne(Wo)||, <CL+ 0y FIWy = Wallyg (IWill +IWalleg +1Wa i+ Wally

Ne(W1) = Ne(Wo)|, SCQ+ D7 Wy = Wallgg (Wl +IWallg + Wil +IWalRy).

)
| ).

No(W1) = N(Wo)||, SCA+ 072 Wy = Wally (IW g +IWalg +IWi Iy + Il

Ny(W) = Ny(Wo), SCL+ 073 Wy = Wallg (IWill +IWallg +1IWi Il +1Wall).
(3.2.26)

We are left to show that (3.2.26) is true, whose proof is again similar to the one of (3.2.9).
Therefore, we omit the details except for a brief discussion on the estimate of

N.1(W)) = N1 (W,) for clarity. Noting that
INc1(Wi(2,v) = N1 (Wa(,v))]

f kl (V’F{;’ v _F);)(al(h 14 _F);)al(t’;) - Clz(t, v _Fﬁ)a2(t’$))d’{;l
T xR

(3.1.25b)
< C(|a1| *|vi(ar — ap)| + lao| * [vi(ar — ar)| + viai] * [(a1 — ax)| + vias| x |(a — az)|)-

we readily conclude

Nei(Wi(®) = Nea(Wo(0)||, <C + 0 (lasll, +llazlle)llar — azlly, :

Nea(Wi(1) = Nox(Wa)|| . <CA + 073 (lanlly, +llaallg)llar — aally, »



54

Lastly, we point out that N.(W) and Ny¢(W) consist of quadratic and cubic terms in W, and

thus are smooth with respect to W, yielding

C

1
NC\S(WI) - Nc\s(WZ) = f N{\S(TWI + (1 - T)W2)(W1 - WZ)dT9
0

which in turn explains naturally the occurrence of the |W; — W,||g term in the estimate

(3.2.9). O
3.2.4 The Variation of Constant Formulation and the Contraction Mapping of 7

We aim to show that the map 7 is a well-defined contraction in some neighborhood
of 771(W,) in the Banach space H and thus has a fixed point, which corresponds to a
solution to the perturbed Swift-Hohenberg equation (2.1.3). Moreover, the H-norm
implies the nonlinear stability of the roll solution at the zigzag boundary. More

specifically, introducing the notation
B(W,R) :={VeH||V-W|g <R}, forany W e H,R > 0,
we have the following theorem.
Theorem 3.2.4. There exists 6 > 0 such that, given ||7](W0)||H < 0, the mapping

T B(T1(Wy),

[ T2(Wo)||) = B(T1(Wo),

[T (Wo) ;)
is a well-defined continuous contraction in the sense that

(i) T(W) € B(T1(Wo),

T1(Wo)||,y) for any W € B(T1(Wo),

T1(Wo)|yp):

(ii) ||[T(Wh) = T(Wa)||,y < $IW1 = Wallg for any Wy, W, € B(T1(Wo),

T1(Wo)|-

Proof. We firstly show that there exists 6; > 0 such that, if ||‘7’1(W0)||H < 81, then (7) holds.

To prove that, we recall the bound given in (3.2.7) and have that, for all W € H,

1T W) = Ti(Wo)|ly = [Ty < C (Wl +IWIEy) - (3.2.27)
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Restricting W € B(T1(Wo),||T1(Wo)||,p)- it follows that[|Wlg < 2|77 (Wo)||,;» which,

together with the above estimate (3.2.27) and|[77(Wo)|,; < 61, yields
7wy = 7wl <c (A7 Wol, + ST W JIT W,
<4C(61 + 26])|| T (W) |y
<7 W)y

where the last inequality is true as long as we take

(11
0<6; < mm{i, %} , (3.2.28)

which completes our search for ¢;.
We now show that there exists 0, > 0 such that, if ||T 1(W0)||H < 6,, then (ii) holds.

Similarly to the search of §; above, we have, for any Wy, W, € B(71(W,),

T1(Wo)|,p) with
|71 (Wo)||, < 62
|7 (W) = T (W)l =[[72(W1) = Ta(Wa)| |,
(3.2.8) 2 5
< C(IWillsr +IWallgr +IWillg +IWalli) W1 = Walln

<4C (6, + 263)||W) — Walln

1
<§||W1 - Wallu,
where the last inequality is true as long as we take
0< 68, < mi L1 (3.2.29)
<ming =, — ¢, 2.
2 2’ 16C

which completes our search for 6,. We note that the positive constants C in (3.2.28) and
(3.2.29) are the distinct constants from (3.2.7) and (3.2.8) respectively but bear the same
notation for conveniences.

Finally, we find that if we choose ¢ such that
0 = min (61,0,),

then both (i) and (ii) are true and this concludes the proof of Theorem 3.2.4 is proven. 0O
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We now give the proof of the main theorem.
Proof of Theorem 1.3.1. From Theorem 3.2.4 and the estimate (3.2.6) of 77, for any
Woll; +[[Wolles < 60 :=6/C,

where the positive constant C is the one in (3.2.6), we have that 7 is a contraction map,

which, by Banach’s fixed point theorem, gives rise to a unique fixed point

a(t,v)
W*(t s V) = € H,
Vs @)
which in turn solves the initial value problem of the perturbed Swift-Hohenberg equation
(3.1.11) with the initial condition W(0, v) = Wy(v). Moreover, recalling the mode filter

decomposition T, in (3.1.10) and the discrete Bloch-Fourier transform 8, in (3.1.3), we

have that
V%) 1= (87 0 TLIW.) (%) = 87 (4. &) + Vi (1,9)

solves the perturbed Swift-Hohenberg equation (2.1.3)

v =L,y + N,©),
W0, %) = vo(x) = (B;' 0 T;1Wo) (x) = B;! (ao(v)g(v) ¥ EO(V))-

As aresult, we also have
sy St Ve + Vi @ lwser ey
<C (M e, My + 1V 2 )
<C(1L+ 07 Wlly
<CA + 07| T Wo|,,
<C(+ 07" (IWolli + 11Wolle)

—3/4 (1 — —
<C(1+ D7 (W0l @) + IWoll=e2))

which concludes the proof. O
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4 NONLINEAR STABILITY OF Z1GZAG-RoLLs oF THE SHE

DEFINED ON THE CYLINDER

In this chapter, we shall discuss the steps needed to prove the nonlinear stability of
zigzag-roll solutions u.(¢) on the cylindrical domain, T, X R; that is Conjecture 1.3.2.
The chapter is organized as follows. In Section 4.1.1, we split the SHE into neutral and
faster modes using a phase modulation decomposition where the neutral mode is
represented by a spatial-temporal phase modulation function . The function ¥ satisfies
the linear diffusion equation given by , = — Ay, where A; = (')é. The central idea for
this decomposition relies on capturing the leading order dynamics of perturbations given
by the scheme u(#; &,y) = u.(€ + yY(t,y)) + w(t; & + ¥(t,y),y). The linear semigroup

estimations and the nonlinear irrelevancy are done in sections 4.1.2 and 4.1.3 respectively.
4.0.1 Nonlinear Terms Seem Relevant

From the analogies obtained in the Table in 2.3, we exploit the intuition we derive
from the heat equation to evaluate the temporal decay rates of both linear and nonlinear

terms via the linearized flow; that is,
_5 2 3 -1
LWl ~ 7%, [IN,Wlzs = || = 3upw”™ = Wl ~ 172,

which misleadingly indicates that the nonlinear terms are relevant. This false conclusion
results from the fact that we applied our intuitive reasoning on w, the sum of both neutral
and stable modes, instead of the neutral modes. As a result, the remedy here is to study the
system in a refined coordinate system where the neutral and stable modes are properly

separated via phase modulation decomposition.
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4.1 Phase Modulation and Irrelevancy of Nonlinear Terms

In this Section, we split the SHE into neutral and faster modes via a phase
modulation scheme in physical space. Under this phase modulation scheme, we derive the
detailed expressions of nonlinear terms, from which the irrelevancy of nonlinear terms is
intuitively interpreted but the rigorous proof of irrelevancy is given in the next Section.

There are well-known techniques for deriving the normal form of the perturbed
system where the neutral and stable modes are well separated in proving nonlinear
stability results. We will discuss some of the techniques. In [31] and [32], Johnson et al
introduced a phase modulation scheme for the splitting into neutral and stable modes. The
phase shift was a function that depended on both time and space and was a sum of
well-separated Gaussian waves propagating in opposite directions. In [11], the authors
used a mode filter technique for splitting into neutral and stable modes by using a smooth
cut-off function and a projection onto the pseudo-eigenfunction space.

The techniques discussed above have their advantages and disadvantages concerning
the normal form system that arises after the decomposition into neutral mode and stable
modes. In the mode filter decompositions, it is almost inevitable to work in the
Bloch-Fourier space, which is mostly good as there are good tools for decay analysis in
Fourier space compared to the physical space where phase decomposition is used. Also
for the mode filter decompositions, we often have a small number of nonlinear terms that
arise from the decompositions, as a result, analyzing them to show they are irrelevant is
not as daunting compared to the phase decompositions where we get a high number of
nonlinear terms, and often some quasilinear terms, which means a tool like maximal
regularity may be needed to show the irrelevancy of nonlinear terms. Nevertheless, the
phase decomposition gives us a much more zoomed-in separation of the modes than the
mode filter decomposition, where irrelevancy could be easily seen. In this work, we first

approached the problem using the mode filter technique as in [11], however we found out
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it is more advantageous to use the phase modulation technique because the mode filter was
not zoomed-in enough and many of the nonlinear terms were either seen as relevant or

critical in our analysis. We will discuss the phase modulation technique in Section 4.1.1.
4.1.1 Phase Modulation Decomposition

Our phase modulation scheme stems from the fact that any element sufficiently close

to the neutral ring,
{l/t*( + '70) | l// € TZﬂ'}’

can be uniquely parameterized by the phase i and the stable mode
w € L3 (Tor) = {u € L*(T0)| (u, 1)) = O}
More specifically, we have the following lemma.
Lemma 4.1.1. There exists 6 > 0 such that for any
u € Bs(u,) := {u € L*(Tan) | lu = ll 2z, < 6),
u admits the unique phase modulation decomposition

w(é) = u (& + ) +wE +y), (4.1.1)

where w € L2 (Tay), in the sense that there exists a small open neighborhood of the origin

in R X L2 (T,y), denoted as Q, such that the mapping

C . Q — Bé(u*)

W,w) = uE+yY) +w(E+ ),

4.1.2)

is a diffeomorphism.

Remark 4.1.2. The above result can be easily extended to the whole neutral ring, thanks
to the compactness of the ring. We only state and prove the result for a neighborhood of u.

since it is sufficient for our work.



Proof. We introduce the functional

H '+ RxLI(To) X L(Tar) — L*(T»,)
W, w,u) = u(E+ ) +w(E + ) —ué),
and solve
H,w,u) =0.

We first note that H(0, 0, u.) = 0. Moreover, introducing the notation

W=, w) € R x L2(T,) and Ho := 22 |yy_,.), we have that

Ho: RXLA(Ty) —  L*(Ta)
@v) > gui(é) + (),

is an isomorphism, which, together with the implicit function theorem, concludes the

proof.

Based on Lemma 4.1.1, we now introduce the nonlinear phase modulation scheme

u, &,y) = u (& +y(t,y) + wt,& + ¢(1,y),y).
where w(t, -, y) € L2(T,,). Defining
2:=E+y@y), ult,z,y) = u(t, &, y) = ult,z = y(t,y), y),
we obtain a modified scheme of (4.1.3) given as

u(t,z,y) = u.(2) + w(t,z,y), with (w(t,-,y),u,()) = 0.

Remark 4.1.3. For systems posted on the whole Euclidean space, the phase variable in

the phase modulation scheme [31],[32], typically depends on all spatial and temporal
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(4.1.3)

(4.1.4)

4.1.5)

directions and the remaining correction term is not perpendicular to the neutral mode. In

this sense, our scheme admits a simpler structure and provides a more explicit geometric

and physical interpretation.
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We now derive the SHE in terms of (¢, w) under the modified independent variables

(t; z,y). Noticing from (4.1.4) that

u, = ’ﬁt + wtﬁz’
uy =1, (4.1.6)
Uy =y + Y,

we rewrite the SHE in terms of u(t; z, y); that is,
2
Uy + it = — (1 + K202 + (B, + 9,0.)%) U + pist = i, (4.1.7)

which, plugging in the scheme (4.1.5), u(t, z, y) = u.(z) + w(t, z, y), becomes

=GW.w)

2
we U, +wy) == (1+ K202 + By + 0,0.7) (e +w) + s +w) = (. +w)*.
(4.1.8)

Exploiting the orthogonal condition (4.1.5), we further rewrite (4.1.8) in the following

form

= (. wa) (Gw.w).u)

4.1.9)

-1
we= G w) =+ wo,uil) (G w), i) (], + w).

We now sort out linear and nonlinear terms with respect to (¢, w) in (4.1.9). To do
that, recalling that u. is a stationary solution to the rescaled SHE (2.1.2) and independent

of y; that is,

~ (14 R) . +pu, - = 0, (4.1.10)



62
we first simply the expression of G in (4.1.8); that is,
G w) =6 w) = |~ (1 + 5% . + e, ~ |
= [— (1 + kfﬁ? + 85)2 (U, +w) + pu(u, +w) — (u, + w)3] — [— (1 + k56§)2 U, + uu, — ui +

[(1 +120% + 05)2 —(1+K202+ 0, + ;byaz)z)z] (it +w)

=Lw =N1(w)

=— (1 + kfﬁf + 63)2 w+ uw — 3ulw + (—3u*w2 - w3) +

=K

[( 1+ 232 +3) —(1+K + @, + wyaz)z)z](u* +w).
@4.1.11)

In order to further simply the expression of G, we would like to sort out the linear terms
and leading order nonlinear terms in ¥ in the differential operator K, where the leading
order is in the sense of its temporal decay rate. Noting that intuitively we have the

1/4 and any extra derivative in y gives

temporal decay rate for the phase modulation  as t~
rise to an extra £~/ decay, we have
=T =92

KW) =(1+ 88 + &) - |(1+ 88 + ) + (6,0 +20,0,0. + v25)

:—(jljz + +j22)
=~ (29251 + T2 - 5282 + T3)

- [2 (6002 + 20,8,0.) T + Yy + 4,,,0,0, + 4¢yya§az] +

(4.1.12)

[(—2)¢§6§(1 + kfﬁ?) N 2¢§0§8§ N (wi)yyag - 2(‘/’§)y6ya§ B j22] ‘
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As a result, noting that u.(z) is independent of y and K'(y)w admits only nonlinear terms

in (¥, w), we have

KW = |1y — 200, + K20 W | +
=Na ()

[—2 (u + 12uP) i} = 3ul iy — AUy, — 6 Yoy — uPyt|, (41.13)

=N31(Y,w)
=N3 (W) > =N3 2 (W)

/ \ 2 2 ’ :
KWyw = [—2wyy (wZ + k*wm) — 4y (wzy + k*wzzzy)] + h.o.t. ,

where N3, (i, w) := KW)w — N3 1(, w) is higher order in the sense that the temporal
decay rate of the L*-norm of N3, is faster than N3 ;. We now introduce the following

useful lemma.

Lemma 4.1.4. At the zigzag boundary k = k., we have that

.+ kKu” uly = 0. (4.1.14)

ERAE

Proof. We recall from Proposition 2.2.1 that (1(v,), e(v»; £)) is an eigenpair of Z: (v,); that
18,
L.(m)e(v2;€) = Avp)e(vy; 6), (4.1.15)

where A admits the Taylor expansion as given in (2.2.8); that is,
Avy) = a02v§ + 4104\/21 + O(vg).
Noting that Z(vz) admits the expansion
L.(72) = L0) + 231 + K7 — 3,
and introducing the expansion

e(vy; &) = eg + viey + O(v3),
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where ¢; = u,, we plug all the expansions of £.,Aand e into (4.1.15) and have the

following identity for all the terms of order O(v3),
L(0)e + 20 +Kiu!") = g,
whose inner product with u,, together with the fact that ag,(u, k.(1)) = 0, in turns yields

1
W, + k! ul)y = 5o, 1) = 0.

]
Taking advantage of (4.1.11)and (4.1.13), we have
3

G w) = Low + |~y = 200, + K Wy | + > N, (4.1.16)

i=1

which, together with (4.1.14), the parity of u. and u, € Ker (L,), yields

4 ’ 2 144 2 ’

(G, w), ) = ||l || Yryyy + 6| || ity + (NY + N3, i) (4.1.17)

Introducing the notations

—1 _
A = (93, A ==L lpe2 ), A= 2, +kuNo:,  Pw) = <u; + w,, u;> —|ufk 22 ,
(4.1.18)

we now plug (4.1.11),(4.1.13) and (4.1.17) into (4.1.9), yielding the SHE in its phase
modulation coordinates W := (¢, w)” form,

W, = LW + Npu(W), (4.1.19)
where

~A, 0 NY (W)
-Epm = s Npm(W) = s

Ay —Ap N™(W)
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with

NYW,w) = - P(w) 2Py + (NY + Nyl

2 -1
’ ’ ’ 144
Uy ||, Yyyyy + <u* +w,, u*> [6 u,

2 2 2,2 -2 2,2
= — PW)||Ue |, Yypyy + O SN "y + NY+ N3 w1~ + 6P W)l 1Yy, +

u,
PN + N, i),
3
N @w) = 3" Ni+ ypywe + 1, + wN.
i=1

Before studying the linear semigroup estimates, it is advantageous to work in the
discrete Fourier space. We recall the definitions of the Fourier transforms in 6, and

introduce the following

A= Foi=-Llpmay Aoi=2(i + KRl ok PO i= i, iy |7
(4.1.20)
The system (4.1.19) in the discrete Fourier space becomes
W, = LuW + Npm(W), (4.1.21)
where
_ U(t, v2) A0 [ NW
W(t, v,) = s me = i B ) Npm(W =1 b
w(t, v2) A —A N¥(W)
with

N, W) = = 1 |BPw) * vadr — 6l 13111152 (ivaih = ivath) = v3g — 6l IBPOw) * (ivath * iva) 5 v3U+
(N1 + Na, VI + POw) = (N + N, i),

—_— 3 —_— —_—

N @) = > Ni= Vi« W, + @, + ) « NV.
i=1

4.1.2 Linear Semigroup Estimates

We consider the initial value problem of the linearized flow of (4.1.21); that is,

Wt = £pm W,

W(0) = Wo = (o, wo)" »
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whose solution takes the form

W) = L' W, (4.1.22)
Denoting
My M _ g7t 0
M=|" TR e = o |, (4.1.23)
Mo My J(‘) e =) Ae=Misds e~ 7!

we state the following temporal decay estimates about the semigroup generated by the

operator M.

Lemma 4.1.5. For any given 1 < p < g < oo, there exists C > 0 such that the analytic

semigroup My, admits the estimate

VM@l < Ct (E 5)_ : (4.1.24)

NI
INES

where k € N and g — p stands for L1(R) — LP(R).
Proof. For any given 1 < p < g < oo, we apply Holders inequality to v’éMUt;o; that is,
V4T -4 7
Ve ™" Woll, < IVhe™ 1 oll,
Lk~
=1 4 lgollg
_l(L_l)_K —
< Cr 1\ ol
where r is the constant such that % = } + }1.
From Proposition 2.3 in [11], we have that the operator ?l\z is sectorial and its
spectrum lives strictly in the left half plane bounded away from the imaginary axis. That

is, the spectrum of 321\2 is contained in the interval (0, —d) for some d > 0. As a result, we

have the following lemma.

Lemma 4.1.6. For any fixed p € [1, +o0], there exist C,d > 0 such that the analytic

semigroup My, = €™ admits the estimate

IMoall,—, < Ce™ (4.1.25)
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where p stands for L7(R, 7).

Proof. The proof is a direct consequence of Lemma 3.1.4 where v, = 0.

O
Lemma 4.1.7. For any fixed 1 < p < g < oo, there exist a C > 0 such that My, admits
the estimate
H(3-1)-4
IMars Dl , < Ct *\7 )2, (4.1.26)
where k € N and g — p stands for L1(R) — L' (R, ().

Proof. The estimation of the L(R, /) norm of M, is

IMaroll, =

[ —_ —_— —_ —
fe_%(’_s)ﬂﬁ_ﬂ”tpods
0 p
t —_ —_— —_ —
gf He—ﬂz(z—s)ﬂﬁ—ﬂlsdm” ds
0 p
t —_— — —_—
—Ar (- —As T
< f e, | Fe Mgl ds
0

(4.1.25) ! N — o —
e [ etrnTme T s
0

4.1.24 !
0 f St (3
0

t

_1 o~
) 2”‘/’0”qu
7 2 _if1_1)_1 t | Y
:C”l//O”q f e s 4(p q) zds+f e~ 4=9) (P q) 2ds
" 2
g e
<Clolly | e”* .

_1(1_;)_1 —
<Ct 2\ 12 lgoll-

O
4.1.3 Irrelevancy of Nonlinear Terms

We provide intuitive details on why the nonlinear terms N¥ and N in (4.1.21) are

irrelevant with respect to the linear flow. We first recall the linear flow of (4.1.21) and
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suppress the nonlinear terms; that is

Wl‘ = -Eme’
W(0) = Wy = (o, o),

and the estimates (4.1.5) and (4.1.7) of Lemmas 4.1.5 and 4.1.7 respectively, we have the

following linear decay estimates for W= (://\, w) for p = 1 and g = oo; that is
K7 k —FAt 7 -k
Iy, Il w) = lvae 1tlﬁOHLl(JRa) < Cram4|lyollz=m),

G L (4.1.27)
Vé (f e—ﬂz(t—s)ﬂ3e—ﬂlsw0ds) < Cl_Z_Z”lﬁo”Lm(R)-
0

LIR,(Y)

k/\
Iaw(z, ')HLl(R,{’D =

We now consider the full system (4.1.21),
Wi = LonW + Npw(W),

or equivalently,

—

Ui = vl + N0, 1)
W, = oW + Aze My + NY (i, ).
Based on the estimates in (4.1.27), the linear flow has the following temporal decay
estimations in the L*(R) — L'(R) and L™(R, ) — L'(R, ¢) norm respectively as t goes
to +o00,
- _3
Il - Vglﬁ”L'(R) ~ 14,
1= Fow + Fse gl ~ 177,

More specifically, we have

ot % )
—

/l//\t = _Vél/ﬂ\ +m(/lﬁ\,@

4.1.2
O(f%) ( 8)

w o= —FAw + Ase Mo + NV (i, W).
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We can classify the nonlinear terms N and N in (4.1.28) as irrelevant as long as they
have faster temporal decay rates than their linear flow counterparts.
Recalling the nonlinear terms in (4.1.21) and plugging in the linear estimations of v

and w in (4.1.27), we have the following temporal decay estimations of the nonlinear terms
or?) O(f%)

N, W) ==l |BPw) + vag + =6l 131152 (ivaih = ivaip) vy — 6l IBP(w) # (ivalh + ivath) + v3g +

=0(f%)
(N1 + Na ]I + Pw) = (Ny + Na ),

oY )
—_— o) o 2)

3 —_—— P —
/\w’\ _ A'_ 47—~ - — /\l//
NO @) = ) Ni= v =, + i, + W) + N,
i=1

(4.1.29)
where
—_— — — T~ _2
Pow) =Gl + jw, )™ ||u,”
_3
ot 2)
Ny ==3u +w” - w™;
oY O(f%) O(t’%)

7 [ 20+ 2D (v )~ (08030 930 — (i) 130 -
_1
O(; 4) 0(172)

(67705 )= (s8] 07

3
ot 2)

N; = [—2v§$ « (W, + k2% ) — divayy * (ivaw, + kfiv@w)] +h.o.t.
The temporal decay of the higher order terms denoted 4.0.¢, has faster temporal decay
rates than 3/2 in K@. Refer to the analysis in (4.1.13) for further details. From above, we
readily see that the leading order nonlinear term in N¥ in (4.1.29) has a faster temporal

decay rate than the linear temporal decay rate of £73; that is

o .
[N+ Na o), ~ st o e,
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Similarly, the leading order nonlinear term of N¥ in (4.1.29) is the N> term
2 (LZ’ + kfﬁ ) % 1oy * ivoi has a faster decay temporal rate than the linear temporal decay

rate of t‘%; that is

“2 (LZ’ + kfuff)) * (ivza* iVﬁZ) (t,-) ~1t' ast— +oo.
_— - LI(R,!)
More specifically, we have
5 _3
oG 1) o 2)
—_—— —
—_— 4/\ —_— —_—
Y= vy + NY (g, w)
5 (4.1.30)
o %) ou
W, = A + Aze o + NV, W),

as such, we conclude that the nonlinear terms in the phase modulation coordinate (/l//\, w)
are irrelevant. This means the dynamics of the system (4.1.21) follow the linear flow and

consequently give a decay rate of =

Remark 4.1.8. We are left to formally prove the nonlinear irrelevancy and the i decay
rate by constructing a well-defined contraction map on a suitable Banach space which,

via Banach fixed point theorem, gives rise to the nonlinear stability results we covet. This
could be done in the physical space by following the analysis in [31] or in Fourier space

by following the analysis in Section 3.2 of Chapter 3. We shall leave this for future work.
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APPENDIX A: Proor or ProrosiTION 2.1.1

To prove this proposition, we first note from (1.2.2) in Lemma 1.2.1 that
u,(& + my k) = —u,(&; k), and thus it is more convenient to work on the discrete group 7,
which gives a refined block diagonalization than 277Z. More specifically, we

block-diagonalize L, via the Bloch-Fourier transform onto T, X R; that is,

B,: LX(R? +— L*(T, x R, L*(T,))
v Bv(v,6) = e VO + k va)e
yielding
L,,:=8B,0L,08;' = L,,(»dv,

ToxR

where the Block-Fourier operators Z\p,z(v; g%,k) : HY(T,) — L*(T,) is given by
L2 ,0U = ~(1 + (1 + K@ + iv1)? = v3)?U + €U - 312U,

where Z;Q and 2:\,, are the same operators defined on different domains, and their
wave-number vector v also lives in different spaces. More specifically, we have the
following lemma, which concludes the proof of part (i) and paves the foundation for the

proof of the rest parts.

Lemma A.0.1. The operators L, fp and Z;z admit the following spectral property,

o L)=cl)= | ) cGon=cl= | ] oLk (A0D)

veT | xR veT, xR

Moreover, L,(v) is isomorphic to the direct sum of L,,(v) and L,,(v + e;), where

€ = (1,0)

Proof. The spectral property (A.0.1) is a direct consequence of the self-adjointness of L,
and the fact that the Bloch-Fourier transform of a periodic-coefficient differential operator

is block diagonal; see [40] for details. We also note that for any given
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v =(v1,») € Ty x R and u;(€), ur(é) € H*(T,),
L,00) (w1 + €€uy) = Loy + €L, 5(v + e,

which, introduces the isomorphism
M: LXT,) xLX T, — L*Ts)
(1, u) > uy +euy,
can be rewritten as

_ L, 0
Mo Tmyom=| :

0 ZLo.v+e)

and we thus conclude the proof. m|

In order to investigate spectral properties of Z\p,z(v), we first prove the following

symmetric property.

Lemma A.0.2. (4, e(§)) is an eigenpair of Z\p,z(v; g%, k) if and only if (A, e(=£)) is an

eigenpair of L,>(—v1, v2; €%, K).

Proof. DenotingE:: —¢ and e(§) 1= e(—¢£), we have

(Zpat-viovas e 02) @ [~ (1+ (1 + 00 + ()2 = ) +6° - 3uf,(§)]?(§)

_ |- (1 + (1 + K)(=0g + iv))* = v§)2 +& - 3u§(§)]'e‘(§)

_ |- (1+ (1 +0)@F +ivy)* - v§)2 +&% - 3u§(§)] e(@)

(Lo K>e) @ = 1e@) = 1©).

O

Taking advantage of the symmetric properties from Lemma A.0.2 and that .Z;Z(v) is

even in v,, we restrict our analysis to the region v € [0, 1] X [0, o), which is a quarter of
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7> x R. Recalling that u,(¢) = O(a), where a = +/4(g* — «*)/3, and introducing the

leading-order constant-coeflicient operator
N ) i= L2 6) = (1 + (1 + K)(0: + iv1)? =2 + i,
We NOW View f\p,z(v) as a small perturbation of N(v; ) with the estimate
Lo 0 - Nik) = £ = € = 3ul = 0@),
or, more specifically, to fix ideas, there exists & < min{gy, 1} such that, for any « < € < gy,
T 2 9 2
NL,2(v; e k) = Nv; Ol 2 < 27 < 6&°. (A.0.2)

It is straightforward to see that the spectrum of N'(v; k) : H*(T,) — L*(T,) consists only
of eigenvalues

a3 k) i= —(1 = (1 + )+ v1)* = v3)* + &5,
with corresponding eigenfunctions ¢, := ", n € 27Z. Moreover, for any |«| < 1/2,

v € [0, 1] X [0, 00), we have

3
Mmax(V; K) 1= mg%{/utn(v; K)} = max{uo(v; ), u2(v; )} pa(vi k) < T forn # 0,-2.
ne
(A.0.3)

As a result, we identify the set where unstable modes stem from; that is,
Uy:={ve T xRV +v3 =1, or (v =2)* +v3 = 1. (A.0.4)

In other words, if v is bounded away from U, and ¢ is sufficiently small, then the
spectrum of f,,\z sits strictly in (—oo, 0). More specifically, to fix ideas, we fix ry € (0, 1)

and introduce the set
Sy = {v € [0. 11X R| P} +v3 = 1 > 10, (v = 2)* +v3 = 1| > ro}.. (A.0.5)
Forany v € §,, and k < &€ < ry/5, we have

Mmax < _gr()- (AO6)
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Combining (A.0.2), (A.0.3) and (A.0.6), we conclude that, for any v € S, and

K < &< & :=min{ry/5, &1},

TV < 2w eVIEL <~ 0wy A0.7
o ( p,2 ) é:\ (_gr()'i_ & )” ||L2(O,7r) X _fll ||L2(0,7r)' ( V. )
We are now left to study the spectrum of Z\M(v; g, k) forve Q:=([0,1] X R)\S,,. To

this end, we distinguish the two subregions
Q :={reQln> VR, Q={reQ|n< V.

Based on estimates (A.0.3) and (A.0.6), we note that f;z admits respectively one small
eigenvalue and two small eigenvalues in region €2, and €2,, and we only need to keep track
of these small eigenvalues since all other eigenvalues are stable modes with strictly
negative real parts. According to [1], the set of (g, k) when Z\p,z is spectrally stable when

v € Q, is a subset for its counterpart when v € €, and thus we skip the discussion of the
subregion Q, and refer interested readers to [1] for more details. We now restrict
ourselves to the subdomain €,, where both neutral modes admit small eigenvalues. We

apply the Lyapunov-Schmidt reduction to reduce the eigenvalue problem
F(U, v, k) 1= (Lpa(v;6%,6) — DU =0,

to a two-dimensional problem in the subspace spanned by the neutral modes,
U, := span{ey, ¢_»}. More specifically, noting that L*(T,) = Uy P U, we let P be the

orthogonal projection from L?*(T,) onto Uy, Q := Id — P and introduce the decomposition
U=Uy+ Uy, whereU,:=PU, U;:=(1d-P)U,
under which, the eigenvalue problem can be rewritten as

PF(Uy+ U+, A;v,€%,4) =0,
(A.0.8)

QF Uy + U+, 2;v,8%,1) = 0.
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We can apply an implicit-function-theorem argument and the compactness of €2, to solve
the second equation in (A.0.8) for UOL in terms of v € €, and small A, U, &, and k. More
specifically, we have QF(0,0;v, &, k) = 0 and

OQF
oU

(0,0;v,6%, 1) = ON(¥; k) |z +O(@)

which, based on the spectral estimate (A.0.3), is invertible. As a result, for
1A, 1Uoll 2T,y < 1,

Uy = V(4;v, &, 0U,,
where
VU := (N - A+ -k =30u) ' BQurU) = (N(v; ) +& — > =)' 30u) + O(@*).

By substituting Ug = V(4;v, &%, k)U, into the first equation in (A.0.8), we now
analyze the reduced two-dimensional problem PF(U, + VU, A; v, €%, k) = 0, which takes

the following explicit form,
(N:K) = D) U + (&7 = &)Uy = 3P U)) = 3P (12VU) = 0. (A.0.9)

We now convert the two-dimensional problem (A.0.9) into its matrix form with respect to

the basis

. 1 . 1
(U1 = e cosé = (g0 + 62). U 1= e siné = (o — d0)f: (A.0.10)

that is, introducing Uy = ¢,U; + c,U, with ¢ := (¢y, ¢;)T and the matrix

(PFUVULDUD gy (PFUAVULDUD 2
o2 U2

M v, &, k) = L2(Tx) 12(Tx)
&y, ) (PFUI+VULDU) 2(p,)  (PFU2+VULDUD 2y |
2 2
[CAT [TAT

the two-dimensional problem (A.0.9) becomes

Mc = 0. (A.0.11)
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Taking advantage of the expression (A.0.9) and the fact that [|U\lI7, . , = IUalI7, ) = 5

We split the matrix M into three parts; that is, M = M° + M' + M?, where, M* = (mﬁj)zxz
fork =0,1,2, with
m; = 2)€ Ui(N(v;k) = ) U; dé,
mj ;= 2)( l7,-(82 — —3M12,)Ujd§,
: .=
m?; = 2f U (-3u}) VU, d¢.
4 T” —
A.0.1 Computing M°

We compute the matrix coefficients of MO,
m, = 2]( U; (N(v; k) — ) U; dé.
T,
Noting that

1 1
Nv;k) =) U, = 3 Nv; ) = ) (¢o + ¢2) = 3 [(o(V; k) = Do + (U_o(V; k) = D), ]

1 1
Nv;k) =AU, = % NW; ) = ) (o — ¢-2) = % [(o(v: k) = Dpo — (p—2(V; k) — D]

we derive the expression for the entries; that is,

1
my, = 5 J(r (o + ¢2) [(uo(Vs k) — Do + (U2 (Vs k) — D)p_o] dé
_ B3 + pa(vik)
B 2
— 1
m?,z = i =% J(T‘ (o + ¢2) [(o(V; k) — Do — (U_2(V; k) — D)p_2] dé

_ Ho(vs k) = po(v5 6)
2i ’

1
md, = 5 ]€ (o — 2) [(uo(Vs k) — Do — (U2 (V; k) — D)p_o] dé

_ Ho(vs k) + po(vik)
2

4,

A.
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Denoting p := (uo(v; «) + u_»(v;«))/2 and B := (uo(v; k) — u—»(v; k))/2, we have the
matrix
Y G
B p-A4
A.0.2 Computing M'

We compute the matrix coefficients of M I
! = zf U (s - - 3u2) U e,
. .-
which admit the following expressions,

my, = % ﬁ (@0 + ) (6% = & = 3u}) (¢ + p-2)dé
=2 -K*-6 J(T i, cos*(&)dé,
mi,=ml, = % ﬁ @0+ 0) (6 = & = 3u;) (o — p-2) dé
=0,
mo=3 =0 = 302) e~ 0
=2 -K*-6 Jg i, sin’(€)d¢.

To obtain more explicit expressions of the integrals in m; , and m) ,, we recall from

Lemma 1.2.1 that

u, = a cos(é) + az cos(3¢) + 0@),

where

Au— (2= 1°] \/4@2 - %)

a; =a+a’ /512+0@), az = —-a’/256+0@"), a= \/ 3 3
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As a result, we plug the expansion of u,, into the integrals in m, , and m; ,, yielding

J( uf) cosz(f)df = J[ (a% cosz(f) + 2a,a;3 cos(é) cos(3€) + o@ )) cosz(f)df
T

T
3, 1
= gal + Za1613 +0@),
)( i sin*(£)dé = J[ (af cos?(€) + 2a,a3 cos(é) cos(3¢) + 0@ )) sin*(&)dé
Tx T
1, 1
= gal - Za1a3 + O(El-s)
We now conclude that
M- 82—K2—%a%—%a1a3+0(d5) 0
0 & — K- %af + %a1a3 +0@)
(A.0.12)
~ -3a* - d" + 0@) 0
0 102461 +O(~5)

A.0.3 Computing M?

We compute the matrix coeflicients of M?,

— — -1
m; =2 )(; Ui (-3u3) VU d¢ = 2 )g Ui(-3) (N + 82 =k = 1) (3000U))) dé.
Recalling the expansion of ), we readily conclude that u; = a* cos*(é) + O(a*) and thus

derive the following leading order expansion of m? g

— -1
mfj = -18a* )( (U,- cosz(f)) (N(v; K)+ & — i - /l) (Q (U.,- cosz(f))) dé + 0@).
T
For convenience of computation, we now rewrite U; cos*(€) in terms of ¢,. More

specifically, noting that cos’(£) = 1¢o + (¢ + ¢_»), we have
Uy cos'€) = 560+ 9 gty + (0 + 9] = 3 (64 + 362+ 300+ 92),
T, cos’(é) = 2 (4302 + 3¢o + ¢—2),
Us cos*(é) = —(¢0 gt %0+ 7 (¢2 +¢-2)] = (¢0+¢2 —¢2—¢-),
Uscos’(§) = g (¢4 + 62— do — ¢-2)
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which, together with the fact that N (v; k)¢, = us(v)¢,, gives the explicit expressions of

iy = —Z—a; (81 + 302+ 300 + 9 2) (NO5 0 + 8 =2 = A) (94 + ¢2) dé + O@)
- 932;4 [(,uz(v )48 =1 =)+ (k) + 8 = - /1)_1] +0@)
- —9—“4 5 600 =07 + (v = )| + 0@,

9274

Mo = g J, @+ 302+ 300+ 6 (N0 + 87 -8 - 2) (82— ¢-0) dé + O@)

= 224 [(,uz(y K) + & — i — /l)_l 3 (u_4(v; D48 - i /l)_l] + 0@

9a4

-2 [(,lz(v K= = (a0 - D)7+ 0@,

9~4
m3, = a )((¢4+¢2—¢0— 2)(N(v K)+ & —K —/1) (¢_4 + o) dE + O@)

2621 [(ﬂz(v K) + & — K —/1) —(/1_4(v;/<)+g —K _/1) ]+O(aﬁ)
4
9a 37 [ (2050 =07 = a0 = )71+ 0@),
9 4 i
my, = 3% (¢4+¢2—¢0—¢ 2)(N(v K +& -k - ) 1(¢2—¢_4)d§+0(&6)

_ 93612 (,ttz(v K) +& — k- /l)_l 4 (/,1_4(1/; )+ — K2 — /1)—1] + 0@
9 4

= _i [(,uz(v K) =)+ (u_a(vik) — ]+O(d6)

Denoting
9a* . |
Ne = ——%5 [(ﬂz(v K)—A) £ (u4(v;6) =) ]

‘We conclude that

i o@).
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A.0.4 Determinant of M

We now summarize the above computation and conclude the leading order expansion

of the matrix M,

p+my +n, -4 —iB+n)

M= +0@®), (A.0.13)

1(B+1n-) p+m§’2+n+—/l
from which we now derive the leading order Taylor’s expansion of the two small

eigenvalues with respect to v at v = e; = (1, 0) in the subdomain €.

For the convenience of computation, we introduce the notations

2(Vs K) + (=5 K) n(Vs K) = (=5 K)
Hne(V; K) = £ 2’” 5 Mno(ViK) = £ 2# .

We also introduce the shift

vy=v+e,.

Noting that u,(—v; k) = u_,(v; k) and
mn(V+e ) = (1= (L + )+ 1+v) =) + & = (7 1),

we rewrite p, 8 and 7. in terms of v and A; that is,

P =(o(v; k) + uo(v;k))/2 = (i (V; k) + 1 (Vi €)) /2 = pt1(V; &)
32#1,201/% + /~11,02V§ + /11,401/11 + /«11,221/%‘/% + u1,04v‘2‘,
B =(uo(vi k) = u2(v;k))/2 = (1 (Vi &) — 1 (Vi €))/2 = 11,,(Vi &)
=H110v1 t+ ,111,301/? + ,L11,12V1V%,
9a*
32
9q*
32

(A.0.14)

1 == =5 [(2050 - 07" & (a5 - )]

[(M(V; K) — ﬂ)_l + (137 k) — ﬂ)_l]

[

(o)
. n _ J k| n
= D el = )| ) e 5 |
n=0

n=0\ jk



85

where

9

Map = —3—2'674 |30 £ )™

and u; j and 7., j are respectively the Taylor coefficients of u; and ., at v = 0.
We first investigate the two small eigenvalues when v = 0. Noting that

P =0 = t100 = U10;6) =0, Bl = t1,(0;4) = 0.

9a* _
N- ko = 0, 1 oo = = (30300 = 1) :

From the translation symmetry, it’s straightforward to see that (0, e~ u,) 18 an eigenpair of
the operator Z;z(el : €2, k); that is, one of the small eigenvalues, denoted as Ay, is zero.
Moreover, recalling that {U,, U,} defined in (A.0.10) is given as the shifted basis of the

center space and noting that
e u,Upy=0,  (e*u),Uy))#0,

we conclude that 0 is always an eigenvalue of M(0; 0, &2, k) with e, := (0, 1)T as its
eigenvector. As a result, we readily see that the second column of M(0; 0, €2, k) is always
trivial. In addition, from the symmetry of the system, we conclude that the off-diagonal

elements of M are always complex conjugate to each other, which yields

-3 +0@) 0
0 0

M(0;0, &%, k) =

To derive the expansion of the other small eigenvalue, denoted as A, we now have the

following expansion

3=2 4, —4

—2a-— A+ 0@ +a*l1)) 0
M(;0,6%,0) = ° ,
0 -1+ 0@*)

where we use the parity argument to show that the off-diagonal elements are zero. We now

conclude that

3
/ls,z = —Eaz + O(Zf) <0,
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when |¢| and |«| are sufficiently small.
As a result, we conclude that O is a simple eigenvalue of Z;z(el ; €2, k) and the
spectral stability problem boils down to the continuation of the eigenvalue zero of

L,7(er; g%, k) with respect to the small wave-number vector perturbation v, which can be

derived by plugging in the scheme
A51(8,6,7) = axn(&, Vi” + an(&, K)v2° + an(e”, k7" + O, (A.0.15)

into the determinant of M. We note that in the leading order expansion of A;; we single
the ¥, term out of the O(|v|*) terms since later we will focus on the the zigzag boundary
case where ag, = 0 and the O(|[v|*) term becomes dominant. Recalling the leading order
expansion of M in (A.0.13) and 7.. in (A.0.14), we derive the expansion of the determinant

of M in terms of A; that is,
det(M) = Ny + Nid + N, 2> + O(2), (A.0.16)
where the coeflicients N; admits the following expressions,

2
No = (e +miy +n.0) (e + myy +140) = (110 +1-0) + O@),
Ny == (1=101) (2t1e + 2000 + miy +mby) = 2121 (110 + 1-0) + O@),
2
Ny =na (21e + 2nag +miy +mby) + (1=m01) =202 (110 +1-0) - 7%, + O@).
Taking advantage of 7., in terms of @ in (A.0.14), m{’l and miz in terms of @ in (A.0.12),

we could further simplify the above expansions of N;’s by only keeping terms up to O(a*)

in the expansions, yielding

3 3
No =7, + (—5612 - ﬁa“ + 277+,0)/~11,e — W1, = 2n-opt1, + O@),
3_ 3 _
Ny =- 2(1 - 77+,1)/11,e + 5612 + ﬁéﬁ = 2140 = 20— 1110 + O@), (A.0.17)

Na =1 =204y + 21, oft1e = 20-opt1,0 + O@).
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Moreover, we recall the expansion of y; ., (1 o, 7+, in terms of v in (A.0.14) and derive the
expansions of N;, i = 1,2, 3, in terms of v; that is,
No = AVi* + B + Cv + Ol + ol + @),
Ny =D+ Ev> + Fi> + O(0 + @), (A.0.18)
N> =G + O(Wf + @),

where the coeflicients admits the following expressions,

3 3
A= (—552 - ﬁéﬁ + 277+,o,oo)ﬂ1,20 — K7 10 — 277-0,10H1.10;

3 3
B = (__2{2 - —a'+ 277+,o,00)/l1,02’

2 256
2 3, 3,
C= Mg + 2n10.02M1,02 + _Ea - ﬁa + 2174.0,00 | 141,045
3 3 _ (A.0.19)
D=- (_Eaz - ﬁd‘ + 277+,0,00) ,

E = =2(1 = 14,1,00)11.20 — 24020 — 27— 1,1011,10>
F ==2(1 = n4.1,00)11.02 — 2140025
G =1-2n.,0.

A.0.5 Coefficients of the Expansion of 1

We plug the scheme (A.0.15) into (A.0.16) and obtain
0=No+ N (61201712 + 61021722 + 61041724) + Nz(azoﬂz + 61021722 + 0041754)2 +O(v°), (A.0.20)

where, collecting up to leading order terms of v; 2 95 and ;" in (A.0.20) via expansions

in (A.0.18), yields

O(ﬂz) A+ Dayy + 0(21-5) =0 = a)y = —1%(55),
O;Y): B+ Dagp +0@) =0 = ap, = —B+TO(ZP),

-CD? + FBD - GB* + O(@)

0({/54) :C+ Fay + Day, + Gaéz + 0(21'5) =0 = ap=- B
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We find by plugging the expressions of A, B, C, D, E, F and G found in (A.0.19) that,

:“%,10 +21_0.10M1.10 + O@)
Ao = H120 — ( ;

3= ~4
—Ea - ﬁa + 27]_,.’0’00)

Aoy = M1,02 + 0(673)
.U%,oz + 214.0,0211,02 2(1 - 77+,1,oo)ll%,02 + 2171.0,0211,02 (I- 2'7+,1,00)/1%,02

3= 3 ~4 3= 3 ~4 3= 3 ~4
3@ = 5@ + 21 000) (-3@ - 2@ + 2n1.000) (=30 = 5@ + 2n.00)

Qo4 = M1,04 + (

where a lengthy but straightforward calculation shows the exact expressions of u; j and

1+, jx Which are respectively the Taylor coefficients of u; and 7., at v = 0 as

Hi20 = —2(1 + K)(2 + 3k),
Hi02 = =2k,

Hios = —1,

Hi10 = —4k(1 + k),

9a*

1000 = 71662 — (8 + 96)2)°
27a*(1 + k)(8 + 9«)
nN-010 = — s
4(e2 — (8 + 9k)2)?
_27@ (1 + K8 + %)
10 = T 2 — 8+ 9R)
9@ B+ %)
002 = TR 8+ 9k
9a*(1 + &) (32(26 +27K) + (8 + 9K)2(46 + 45K))
4020 = = 8(s2 — (8 + 9x)2)° ’
9g*
N+1,00 =

T 16(£2 — (8 + 9x)2)2

We then readily compute the Eckhaus boundary by setting a,p = 0, yielding

+ _
K =+

+ h.o.t.,

&l
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where ap(k;) = =2k, + h.o.t > 0 and ap(k)) = =2k} + h.o.t. < 0. In addition, ay, < O for
K € (k;, k7). On the other hand, the zigzag boundary is given by ag, = 0, yielding the

e’ e

implicit scheme

KZ = 063)’
which is sufficient to show that
az = -4+ 0@), ap(k;) = -1 +0(@") < 0,

which in turns concludes the proof of (2.1.9).
Recalling that O is a simple eigenvalue of Z\p,z(el ; €%, k) and that
fp(v) = Z;z(v) @ f;z(v + ;) as shown in Lemma (A.0.1), we conclude that O is a

simple eigenvalue of Z\p(O). It is straightforward to see that Z\p(ﬂ)u; = 0 and conclude that

p

(0, ep) is an eigenpair of 2;7,(0), where we recall that ¢ := T
u pll2

. Introducing the

eigen-problem functional
F(l,e,v): RXILX(Typ)xT; xR — L*(T,,)
(/19 e, v) — z;(V)e - /le,

we readily see that
F(0,e0,0) =0, 8..0)F(0,e0,0) = (—eo, L(0)) is invertible.

As a result, we conclude from the implicit function theorem that there exists ry > 0 such
that for all |v| < ry, the eigenpair (0, ey) admits a unique analytic continuation

(A(W), e(v; &) with e(v; €) — ey = O(Jv]) and {e(v; -) — ey, e0) = 0. We are left to show the
parity properties in (2.1.8). We readily see from their Taylor’s expansions that the

eigen-pair takes the following forms

AW) = 4,(v) + i 4,(v), e(v;e) =e (v;e) +ivie(v; €), (A.0.21)
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where A,\;(v) and e,;(v) are all real-valued and even in v, and v, respectively. Noting that

Alv) € 0'(2;()’)) C R, we conclude that 2;(v) = 0 and
A(=v1,v2) = A1, v2) = 4(v),
which, together with Lemma A.0.2 and the uniqueness of the eigen-pair, leads to

e(—vy,v2; =€) = e(vy, v ).
We rewrite this equality in terms of the real and imaginary formulation of e in (A.0.21),
yielding
e,(v1,va; =&) — iviei(vi, va; =§) = e,(vi,v2; ) + iviei(vi, va; §),
that is;
e:(vi,va:8) = e,(vi,va; =€), ei(vi,v2; &) = —ei(vi, va; &),

which concludes the proof of the proposition.
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APPENDIX B: PROPERTIES OF THE BLOCH TRANSFORM

B.1 Proof of Remark 3.1.2

Proof. Letv,,v, € L>(R?), we will first show that B(v;v,) = Bv, * Bv,. By the definition

of the inverse Fourier transform, we have

Vivy = ( f ﬂ(v)ei""’dv) ( f \Tz(v)ei"'vdv)
RZ RZ
= ( f ﬂ(v—}‘)ei"'("‘%dv) ( f (v ei"'@dv)
R2 R2
:f (f ﬂ(v—?)fz}(ﬁ)d?) e™dy
R2 \JR?

= f 7 % 1 (v)e™*rdy
RZ

——

= Vi W,

which, combined with the definition of the Bloch transform of v,v,, yields

Ba)) = Y ) + kel = 3@« ) + b vo)e

keZ kel
- Z Z f Vv + k=i = j,va — w)va(wy + J, wr)dw | e ¢ el
kez \ jez Y TixR

fT]XR

:f By - w)(Bvy)(w)dw
Ty xR

D e + jwy)e [Z N+ k—w) — j,va - wz)eié(kj)]l do

JEL keZ

= (Bv; * Bn)(v).



Next, we will show that B(uv,) = uBv, for any u € L*(T»,), v; € L>(R?). By

definition of the Fourier transform, we have

uw(v) =

(27)? [RZ ”(XI)VI(X)e_iX.VdX

1 f . :
= () ue”My(x)e”™"dx
2m? Jg JEZ: s
1 o
— —ix-(v—jer)
=== ) U f vi(x)e dx
(27) JZZ: R

= Y uiir = j) = @+ V).

JEZ

Now by the definition of Bloch transform of uvy,

Buv)v) = D @) + k, v)e™

keZ

= Z [Z uivi(vi + k- j, Vz)ei(kﬁj)f]

keZ \ jeZ
= Z u.,-eijg Z \//\1(1/1 +k— j, vz)ei(k_j)‘f
JEZ keZ

=uBv;)(»).

92
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APPENDIX C: PRrROOF OF PROPOSITION 3.1.2: SECTORIALITY OF THE

LINEARIZED OPERATOR L ; IN DISCRETE BLOCH-FOURIER SPACE

We recall p;(v: ) = =(1 = (j + v1)* = v3)> + £* as in (3.1.4), denote s := —3u7, and

rewrite the operator in the form

Ly=Lo+H,
where
Ly: w* — er
u {(/Jj(V; K) + & — Kz) U} jez,
and

H: & — (*

u — hxu
We only need to show that the proposition holds for Ly and adding H does not alter these
properties. The closedness of L, follows from the fact that the w*” norm and the graph

norm of L, are equivalent. Noting that L is a multiplication operator, we have the

spectrum of L, independent of p; that is,
o (L) = {uj(v; ) + € — K} jez,
and, for any A € p(Ly) = C\o(Ly),

Lo = D7l < for any p € [1, +].

dist(2, o(Ly))’

In addition, (Lo — A)~"' : £» — w*? is bounded and the inclusion w*? < ¢£7 is compact, so
the resolvent of L is always compact and thus the spectrum of L, only consists of
eigenvalues. Denoting f,., := sup max{u;(v; k) + &2 —«*) and fixing w € (n/2, ), we

veT xR JEZ
introduce the sector

S(/Jmax’ w) = {/l eC | |al"g(/l - ,umax)l <w,A# ,umax} s
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and readily derive that, for any A € S (41, W),

(Lo — D) Ml < for any p € [1, +o0].

(Sin w)|/1 - ,umax| ’
As a result, we conclude that all properties in the proposition hold for L.
On the other hand, we note that H : {¥ — ¢ is bounded, uniformly with respect to

p € [1, c0]; that is,
|, <[l foranyue e, p et ol

Choosing _
2|\l
sinw’

/10 = Mmax +

we have that, for any A € S (1, w) :={1€ C | |arg(d — Ap)| < w, A # Ao} T S (WUpmax, W),

- _ —~ 1 1
IH (Lo = D)7 ller < WHN e lI(Lo = 7 oo < Al 7 =5, foranypé€[l,+co,
e

and thus Z; — A is invertible with compact resolvent whose operator norm admits the

following estimate.

2

| _ -l _ -l -1 -
I e = WLo=2)" (14 HLo = 07) Tl € s

for any p € [1, +o0].

We are left to show that the spectrum of Z, : £ — (P, denoted for now as O'(Z;, p), is
independent of the choice of p. For any p,q € [1, ], if A, € O'(ZZ;, p), then A is an
eigenvalue for Z\d : ¢ — (? and admits an eigenvector u_ € Z)(Z\d) = w*P C ¢9. Moreover,

given any A € S (4, w), we have
u, = (A = )Ly~ V7 'u, € wh,

and thus A, € O'(Z\d, q) with u_ as its eigenfunction. As a result, we have
O'(Z\d, p) € O'(Z\d, q), for any p, g € [1, co]; that is, equivalently, a'(z\d, p) = O'(Z;, q), for

any p, q € [1, oo], which concludes the proof.
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APPENDIX D: ESTIMATES OF [

In the proof of the estimate (3.2.7) of 7,(W) in Propsition 3.2.2, we exploited the

estimate (3.2.16); that is,

[T>(W)|,, < fo M1t — s)N(W(s))ds|| + fo My (t = s)N(W(s)ds|| [+

fMIZ(t_S)Ns(W(S))dS + szz(t—S)Ns(W(S))ds ;
0 0

H,
where we discuss the derivation of the estimate (3.2.23) of /. in details. We give the

estimates of /, in this section.

Estimate of I; We evaluate I; for small and large v respectively; that is,

Iy = f My (t — s)Ns(W(s))ds||  + f M (t — s)N{(W(s))ds
0 H, 0 H;
Z=IS’] :=[s,2
< f(l —)(%)Mlz(t — $)N;(W(s))ds| + f}("zl My (t — s)Ny(W(s))ds|| + (D.0.1)
0 H, 0 H,

=I3

f(l = X1)Mnx(t = )Ny(W(s))ds
0
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where we use the fact that X M, = 0. Moreover, recalling the definition of||-||g, and |||, ,

we have

::Ax,l ::B'M

1, <sup(l + 1)} f (1= x )Myt = N, W(s)|| ds+ sup f (1= )Mt = N, W(s)||_ds +
0 0

=0 =0
:=Cs,]

P !
sup(l + 1)} f (1= xg)Mis(t = IN(W(5))|| ds,
=0 0

::As,Z
; !
I,» <sup(l + 1)} f H,\/LIMZQ(I—S)NS(W(S))H ds +
=0 o !l ?2 1
=B

e Moot = INW ()| ds+

::Csl

!
sup f
=20 JO

sup(l + 1)} fo [Hvl/\/rlezz(t ~ IN(W(5))| ds,

t=0

::DJ',3

!
Iy <sup(l + 1)} f (1= x3)Mn(t = INW(5))|| ds+
0

>0

!
sup f
=20 JO

In other words, we have

=E3

(1= x3)Man(t = HN,W(s))|_ds.

(D.0.2)
3 2
I< Y 1< ) (A + Boj+ Coj) + Doz + Ey. (D.0.3)
=1 =1
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We are left to estimate all the terms in the right hand side of (D.0.3). Taking

advantage of the neutral mode estimate (3.1.15) and the estimate (3.2.9b) of N, we have

Ay =sup(l + 1)} fo tH(l —x)Mialt = HN,W(s)|| ds

=0

!
<Csup(l + 1) fo 0 =Mt - s)HLML1||NS(W(s))||1ds

120

(3.1.15), (3.2.9b) ;
< C(IWIR +HIWIR) sup(1 +t)i(f 0 4 S)_;ds)
0

=0

20 2

Ayt /2 4
<c(||W||%I+||Wlli1)sup(1+t)i(e—% f (1+s5)3ds+(1+1/2)73 f e_/lz(t_s)ds)
0 t

<C (Wl +IWIR);

!

B =sup f
=0 Jo

!

< sup f
=0 Jo

(3.1.15), (3.2.9b) t |
< (1w +wi) Sup( [ s)-ids)
0

=0

(1= ) Mir(t = IN(W(s)||_ds

(=M =) [N ds

Ayt /2 4
<C (Wl +IWIE;) sup (e-% f (1+5)3ds + (1 +1/2)" f e_’w‘s)ds)
0 t

20 2

<C (Wl +IWIR);

!
C,y =sup(l + )} f Vil = )Mot = HNW(s)|| ds
0

=0

!
<Csup(l + t)if
0

=0

n(t =y )Mo= 9| | IV ds

(3.1.15), (3.2.9b) t
< C(IWIR +IWIR) sup(t + 1) ( f 9] 4 s)-%ds)
0

=0

e 1/2 t
<c(||W||%I+||Wllil)sup(1+z)i(e—% f (1+s5)3ds+(1+1/2)? f e‘/lz(t_"')ds)
0

=0 t/2

<C (Wl +IW1Ry),
(D.0.4)
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Similarly, taking advantage of the estimates (3.1.14) and (3.2.9b), we have

A 2—sup(l+t)4fHXr1 Mot — $)N, (W(s))H ds

=0

<Csup(1+t)4f”/yr|M22(t—s)H ds

=0
(3.1.14), (3.2.9b)

< C(IWIB +IWIE) sup(1 + 0 | [ e 421 + 5)73ds
H H ;

=0

C(||W||H+||W||H)sup<1+t)4(e ¥ f (1 + ) ds+ (1 +1/2)73 f e-m-s)ds]
/

=0 t/2
C (IWIis +1WIly)

B, =sup

=0

<StgoprX Moy (t — S)H

(3.1.14), (3.2.9b)

< C(”W”H +||W||H) sup (f G s)(l 4 S)_st)
0

=0

t LY%Mzz(t - s)NS(W(s))HOO ds

ds

=0

<C(||W||i1+||W||§1)sup(e zf (1+s5) ids + (1 +1/2) 4f ‘/“(H)ds)
t/2
<C (i +||W||%) :

C,» =sup(l + )3

=0

<Csup(l + t)4 f HV])(’I M (1 - S)H

=0

vixy Mot — )N (W(s))H ds

(3.1.14), (3.2.9b)

< C(WIE W) sup(L + 0| | eI + 5)73ds
H H ;

=0

C(||W||H+|IWIIH)sup(1+t)4 (e 2f (1+s) zds+(1+t/2)—*f e_/“(’_S)ds)
/

=0 t/2

<C (Wl +IWIlg).
(D.0.5)
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At last, taking advantage of the estimates (3.1.15) and (3.2.9b) again, we have

Dy3 =sup(l + 1)} f 0 = x )Mot = )N, (W(s))H ds

=0

<Csup(1+t)sz(1— " )Mzz(z—s)H ds

t=>0

(3.1.15), (3.2.9b)

< C (W15 +IIWI ) sup(l + 1) e 20-9(] 4 5y 3ds
H H ;

=0

C(||W||H+||W||H)SUP(1+t)2(e zf (1+5)3ds+ (1 +1/2) zf e—ﬂﬂ’—”ds]
/

=0 t/2

C (IWIis +1WIly)

E,s =sup X%)Mzz(f—S)Ns(W(S))H ds
=0 JO
<Csup (1 Xr])Mzz(z—s)H _ds
=0 0

(3.1.14), (3.2.9b)

/
< C ||VV||2 +||W||3 sup e—/lz(t—s)(l 4 S)_%ds
H H )

=0

c(||W||H+||WIIH)sup(e zf (1+5)3ds+ (1 +1/2) 4f M"”ds)
t/2

=0

<C (Wl +IW1) -
(D.0.6)

Combining (D.0.3), (D.0.4), (D.0.5) and (D.0.6), we conclude that

< C(IWlig +IWIE). (D.0.7)



100

APPENDIX E: MAXIMAL REGULARITY ESTIMATES

In this section, we develop the tools of maximal regularity to find optimal bounds for
the N(W) terms involving the quasilinear term y,,,.

We consider the IVP problem

Mz(l’)’) = ﬂlu(l’y) + f(t’y)a
(E.0.1)
u(0,y) = uo.

where A, = 8?, (t,y) € [0,00) X R and u € R. The solution to this problem is given by the

variation of constant formula

!
us(t,y) = e Mug + f e f(s, y)ds, (E.0.2)
0

where the nonlinear convolutional solution is given by

t
u(t,y) = f eI f(s, y)ds, (E.0.3)
0
We have the following maximal regularity results about the solution u.

Lemma E.0.1. Consider the IVP problem (E.0.1), for any r € (1,00)andt > 0, if

fel ((0, 1), W“(R)) and u(t,y) is given as in (E.0.3), then there exist a C > 0 such that

||ﬂ] M” < CllfllL'((O,t),W4’2(R))' (E.O4)

L’((O,t),LZ(IR{))
Proof. It suffices to show that A; has maximal L? regularity property, and conclude from
Proposition 2.4 in Monniaux [12] that it will be true for L" for any r € (1, c0). We note that

the operator A; is a generalized Laplacian and its spectrum is given by
o(Ay) = (=0,0].
There exists an M > 0 such that the resolvent operator

M
IR(A, A)Il < R
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for some A in the resolvent set. The operator (A; is a densely defined since its domain
W42(R) is dense in L*(R). closed operator. Moreover, A, is a closed operator since its
graph norm is norm equivalent to W*?(IR) norm. From the above properties of A}, we
infer from the Hille-Yosida semigroup theorem to conclude that —A; generates a bounded
analytic semigroup.

Let f € LZ((O, 0, Lz(R)) and u(t,y) be given by the convolutional term in (E.0.3).

Then we have
!
Au(t,y) = f A9 £, y)ds. (E.0.5)
0

We extend the integral in (E.0.5) to R by letting
ft,y)=0 ifr <0,

I(t) = A ift >0,

H)y=0 ifr<O0.

With this extension, (E.0.5) becomes

Au(t,y) = fl(t - 5)f(s,y)ds. (E.0.6)
R
We take the Fourier transform in ¢ and have for any 4 € R

35&550=»[6”Wﬂﬂdnwdt
R

(E£.6) f f e—it/ll(t_ $)f (s, y)dsdt
R JR

:j:[fMWMU@wmm
R JR

_(f e"“e‘ﬂl’dt) (f e—isﬁﬂlf(S,y)ds)
0 R

=(id + A A @A)

Since —A; generates a bounded analytic semigroup, we have

sup ||(id + A A | < oo.
AeR
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Hence

Al < Cliflle-
We infer from Plancherel’s theorem that

A ullz2 < Cllflze.

This proves that A has maximal regularity for LZ((O, 0, W“(R)) and hence maximal

regularity for L'((0, 1), W*3(R)).

O
Lemma E.0.2. Foranyroe Randr € (1, 00), If
!
u(t,y) = f e £(5 y)ds forallt > 1,
t—1
then there exists C > 0 such that
f 1+ t)’“llﬂlullzz(R)dt < Cf (1+ t)’OIIfIIZZ(R)dt holds . (E.0.7)
1 0

Proof. Suppose u is as given in (E.0.7). Then forf € [n,n+ 1) and n > 1,

! —1
ey = ([ = ) siss
n— n—1

t—n+1 t—n
%]ﬁ ‘f Je I f (s 4 n =1, y)ds, (E.0.8)
0 0

ul(t9 )’) - I/tz(t, y)

We claim applying the estimate (E.0.4) in Lemma E.O.1 to (E.0.8) gives

n+1 n+1
[ 1 gar<c [ ameeya (E0.9)
n n—1

To show this claim, we take advantage of the fact the solution u,(z, y) in (E.0.8) can be

written in terms of convolution as

u(t,y) = G #1y fu-1(0)
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where

fio1(®) = f(t+n—1,y) and G(f) := e M,
With this form of u,(¢,y) , we have
n+1 n+1 .
f A ][5, dt = f [ AG #1y fu)t =+ 1y}, dt

n+1
< f A 51y fy)t =+ 1)

-1

i=t-n-1

2
f 124G $11m1y )2
0
(E.0.4) 2 s
e f ot G
0
n+1
_c f T
n—1

This proves the claim is true for u;.

Next we look at u;(#, y) which is given in (E.0.8) as
—n
uy(t,y) = f e M=) (g 4 — 1, y)ds.
0
We let h(s,y) = e f(s + n— 1,y) and write
[—n
u(t,y) = f e p(s, y)ds.
0
We rewrite the solution in the convolutional form

up(t,y) = G #,, h(t — n,y), where G(f) := e~ 1™,
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With this form of u,(¢, y), we have

n+1 n+1
f A |l dt =f lAG .y h)(E — n, Y| dt

1
= f AG #riny (T Y 2dT
0

(E.04

) 1
e f (e
0
n+1
_ f e f(t =+ n— 1, ds
" n+1
<C f 1 = 1, adr

n+1
<c [ o

-1
This proves the claim is true for u, and hence u.

Now if we multiply both sides of the claim in (E.0.9) by n"® ~ (1 + #)" and sum over
all n > 1, we get the results we desire

a0 < c [ a0 e

1 0
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