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In this dissertation, we study the McCoy properties. The first part of this dissertation concerns
the effect on the condition of o-compatibility or o-semicompatibility to skew McCoy rings. We
first show that for any semicommutative right (or left) artinian ring which is o-semicompatible
with an epimorphism o, its Jacobson radical is o-skew McCoy. From this fact, we see that the
Jacobson radical of semicommutative artinian rings is always right McCoy. Also, we provide a
general sufficient condition for o-compatible semicommutative rings to be o-skew McCoy. We
also prove that o-compatible right duo rings are o-skew McCoy. Moreover, we show that for any
o-compatible regular ring, the properties of the o-skew McCoy and the right McCoy are equivalent.

In the second part of this dissertation, we consider skew Camillo rings. We prove that every
o-compatible 2-primal ring is o-skew Camillo. As a corollary, we get that o-compatible semicommu-
tative rings are o-skew Camillo. Also, we investigate the relationships between semicommutative,
matrix rings and linearly o-skew Camillo rings.

In the third part of this dissertation, we focus on the McCoy property in the setting of Ore
extensions. We show that the Jacobson radical of (o, §)-compatible right duo, local left (or right)
artinian rings is (o, d)-skew McCoy. We also prove that if the group ring K[Qs] (where K is a field
of characteristic 0 and Qg is the quaternion group with order 8) is (o, §)-compatible with a tracial
o-derivation §, then K[Qs] is (o, §)-skew McCoy if and only if there exists no solution in K for the

equation 1 + 22 +y% = 0.
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CHAPTER 1

Introduction

In 1942, N. H. McCoy showed that if a ring R is commutative and a polynomial f(z) € R[] is
a zero-divisor, then it has a nonzero annihilator in R [32, Theorem 2]. But, this result may fail
without the assumption of commutativity on R. For example [20], let R := M>(C) be the ring of

2 x 2 matrices over the field of complex numbers C and take

-1 0 0 1
fa) = - .
0 O 0 0

Then we can see that for any r € R, f(z)r = 0 implies r = 0. However, if we take
g(z) = + T,

then f(x)g(z) = 0. We note that M,(C) is not commutative. This example says that the condition
of commutativity in the McCoy Theorem is essential. Up to now, the McCoy theorem has been

generalized in many different ways. We first review those attempts.

1.1 Definitions and preliminaries

Throughout this dissertation, we regard R as an associative ring with identity.

Following Nielsen [34], a ring R is said to be right McCoy (resp., left McCoy) if for any two

polynomials f(x), g(z) € R[z]\{0} with f(z)g(x) =0,
there exists a nonzero element r € R such that f(x)r=0 (resp., rg(x) = 0).

If a ring R satisfies both right and left McCoy, then R is called McCoy. The McCoy rings have
been widely researched and the relationships with various rings have been discovered. We introduce
several classes of rings closely related to McCoy ring:

A ring R is called Armendariz [37] if for any two polynomials f(z) = Y.I*,a;z' and g(z) =

Z?:o bjx) € R[z] satisfying f(z)g(x) = 0, we have a;b; = 0 for any 0 < i < m and 0 < j < n;
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reduced if there exists no nonzero nilpotent element in R; reversible if ab = 0 implies ba = 0
for every a, b € R; semicommutative if ab = 0 implies aRb = 0 for every a, b € R; polynomial
semicommutative if R[x] is semicommutative.

Then we can see the following well-known implications between these classes of rings (see for

example [8]):

McCoy;
reversible —

semicommutative.

reduced = McCoy:
polynomial semicommutative —

semicommutative.

Armendariz = McCoy.

We denote an endomorphism of R by ¢ and a o-derivation of R by J, which is an additive map
d of R satisfying d6(ab) = d(a)b+ o(a)d(b). We also denote a skew polynomial ring with the usual
addition and multiplication defined by xr = o(r)x for all r € R as R[z;0]. According to [10], a ring

R is called o-skew McCoy if for any two polynomials f(z), g(z) € R[z;0]\{0} with f(z)g(x) =0,
there exists a nonzero element r € R such that f(x)r = 0. (1.1)

Also, a ring R is said to be linearly o-skew McCoy if we restrict degrees of both f(z) and g(z) not
to be greater than 1 in the equation (1.1). The study of o-skew McCoy rings has been extensively
done by many authors (for example, [1], [2], [3], [10], [12], [35], [36], [38], [40], [41], [42]).

We also denote an Ore extension with the usual addition and multiplication defined by zr =
o(r)x 4 d(r) for all r € R as R[z;0;0]. Following [16], a ring R is called (o, d)-skew McCoy if for

any two polynomials

fl@)=> aa' and g(x)=> bz’ € Rlz;o;0]\{0}
i=0 Jj=0

with f(z)g(x) = 0, there exists a nonzero element r € R such that a;z'r = 0 for all 0 < i < m.

In the property of (o, §)-skew McCoy, if § = Og (i.e., the zero mapping), then (o, §)-skew McCoy



becomes o-skew McCoy, and further if both 6 = 0r and o = Iy (i.e., the identity mapping), then
it becomes right McCoy.
On the other hand, many authors have considered an endomorphism ¢ with certain conditions.

We here review these endomorphisms: an endomorphism o of a ring R is said to be rigid [26] if
ac(a) =0 = a=0 foranyae€ R,

and a ring R is called o-rigid if there exists a rigid endomorphism ¢ of R. Also, a ring R is called

right (resp., left) o-reversible [9] if
ab=0 = bo(a) =0 (resp., o(b)a=0) foranya,b € R,

and R is called o-reversible if it satisfies both right and left o-reversible. A ring R is called o-
compatible ([5], [17]) if

ab=0 <= ao(b)=0 foranya,beR,
and is called &-compatible if
ab=0 = ad(b) =0 for any a, b€ R.

Furthermore, R is called (o, §)-compatible if it satisfies both o-compatible and §-compatible. Con-
sidering the property of a module homomorphism, i.e., o(ab) = ao(b), in general, this property
does not satisfy the condition that ac(b) = 0 = ab = 0. From the fact, we would like to give a
weaker condition than o-compatibility: Let o be an endomorphism of a ring R. Then we say that

R is o-semicompatible if
ab=0 = ao(b)=0 foranya,b€ R.
The following relations among these several endomorphism conditions are useful.
Proposition 1.1.1. Let ¢ be an endomorphism of a ring R.
(a) If R is o-semicompatible reversible and o is a monomorphism, then R is o-compatible.
(b) If R is o-semicompatible reduced and o is a monomorphism, then R is o-rigid.

(c¢) If R is reversible, then R is right o-reversible if and only if R is o-semicompatible.



Proof.  (a) Suppose ac(b) = 0 for a, b € R. But since R is reversible and o-semicompatible, we
have o(b)a = 0 and o(ba) = 0. Then by a monomorphism o, we get ba = 0, which implies

ab = 0.

(b) Let ac(a) = 0 for a € R. Since R is reduced, R is reversible. Thus o(a)a = 0. By o-
semicompatibility and a monomorphism o, o(a?) = 0, and hence a?> = 0. But since R is

reduced, a = 0.

(c) Assume R is right o-reversible and let ab = 0 for a, b € R. Then by reversibility, ba = 0.
Since R is right o-reversible, ao(b) = 0. Conversely, suppose R is o-semicompatible and let
ab = 0 for a, b € R. By reversibility, ba = 0, which implies bo(a) = 0 by o-semicompatibility.

O

However, we cannot guarantee that o-semicompatibility implies o-compatibility. It may fail even
in the case of commutative rings. For example, we can see that there exists a o-semicompatible

commutative ring which is not o-compatible.
Example 1.1.2. Take R := Zg[z] and define an endomorphism o of R by
o: f(x) = f(0). (1.2)
Clearly, R is commutative. But since Zg is reduced, it is Armendariz. Then we have
f(@)g(x) =0 = f(2)g9(0) =0 = [f(x)o(g(z)) =0,
which implies that R is o-semicompatible. However, R is not o-compatible. To see this, let
f(z)=2 and g(z)=3+=x.

Then f(z)o(g(x)) =0, but f(z)g(x) =2z # 0.

In this example, we note that Zg is cyclic. Thus, we may ask whether there exists a non-cyclic

example. In fact, the answer to this question is affirmative. To see this, take

R := (ZQ D ZQ)[CE}



Note that Zy @ Zo is non-cyclic commutative and reduced. If we define an endomorphism o of R as
in (1.2), we can see that R is o-semicompatible by the same method in Example 1.1.2. However,

R is not o-compatible. Indeed, take
f(x)=1(0,1)+ (0, 1)z and g(z)=(1,0)+ (0, 1)z.

Then
f(@)o(g(x)) = f(2)g(0) = ((0, 1) + (0, 1)z)(1, 0) = (0, 0),
but

f(@)g(x) = (0, Dz + (0, )z* # (0, 0).

Further, we can also see that there exists a ring which is o-semicompatible for some nontrivial

endomorphism o, but not o-compatible for any endomorphism ¢ other than the identity map.
Example 1.1.3. Let R := Zy[x] and I be the ideal generated by x?. Take
S:=R/I.
If we regard the elements of Za[z] as their images in the quotient ring S, then we have
S=10,1, z, z+ 1}.
For an endomorphism o of S, if we take
o(x):=1 or z+1,

then
1 (if o(x) :=1)

(r+1)2=1 (if o(z) =2 + 1),

which is a contradiction. Therefore, for an endomorphism o to be well-defined, we must assign

o(x) to one of the elements 0 and z. If o(x) = z, then o becomes the identity map. For the case of
o(x) =0, (1.3)

the endomorphism o is clearly not injective, which implies that there exists no monomorphism of

S other than the identity map. But since all endomorphisms satisfying the compatible condition



must be injective, we can say that there does not exist any endomorphism o of S, except for the
identity map, satisfying that S is o-compatible. However, if we take (1.3), we can see that S is

o-semicompatible. To see this, we must check that for any s1, so € .5,
s182 =0 = s10(s2) = 0.

But the only case that sjs9 = 0 in S is s; = s9 = x. Thus, it suffices to show that zo(xz) = 0,

which is indeed true by our choice (1.3), Therefore, S is o-semicompatible.

From these examples above, the condition of o-semicompatibility may be a slightly more useful
than that of o-compatibility in the ring-theoretic aspect. Throughout this dissertation, we place a

emphasis on the roles of both o-semicompatibility and o-compatibility in the McCoy property.

1.2 Overview

The structure of this dissertation is as follows:

In Chapter 2, we focus on the relations between the o-skew McCoy condition and several types
of rings, for example, semicommutative, duo, reversible, and regular rings. We first note that the
Jacobson radical of a ring does not need to be right McCoy (see Example 2.1.1). However, we
get a positive result for semicommutative artinian rings. The first main theorem of Chapter 2 is a
generalization of this result to the o-skew McCoy property: more concretely, for a o-semicompatible
semicommutative right (or left) artinian ring R with an epimorphism o, the Jacobson radical J(R)
is o-skew McCoy [28]. Therefore, it follows that the Jacobson radical of semicommutative artinian
rings is right McCoy. On the other hand, it was shown [11, Theorem 8.2] that right duo rings are
right McCoy. By contrast, right duo rings need not be o-skew McCoy. However, as the second main
theorem of Chapter 2, we show that if R is o-compatible right duo, then R is o-skew McCoy [28].
The third main theorem of Chapter 2 concerns the connection between (von Neumann) regular
rings and o-skew McCoy rings. We here prove that for a g-compatible regular ring R, R is right
McCoy if and only if R is o-skew McCoy [28].

In Chapter 3, we study the property of (linearly) o-skew Camillo rings. We recall [8] that a
ring R is called right Camillo (resp., left Camillo) if for any two polynomials f(x), g(x) € R[z]\{0}
with f(x)g(x) = 0, there exists a nonzero element r € R such that f(z)r =0 or g(z)r = 0 (resp.,
rf(x) =0 or rg(z) =0), and R is called Camillo if it is both left and right Camillo. We say that



a ring R is o-skew Camillo if for any two polynomials f(x), g(x) € R[z;c]\{0} with f(z)g(x) =0,
there exists a nonzero element r € R such that f(x)r =0 or g(x)r = 0. (1.4)

Moreover, R is called linearly o-skew Camillo if we restrict degrees of both f(z) and g(z) not to be
greater than 1 in the equation (1.4). We recall that a ring R is called 2-primal if the prime radical

of R is the same as the set of nilpotent elements in R. Then it is well-known (see [8]) that
semicommutative = 2-primal = Camillo. (1.5)

The second implication was proven by V. Camillo and P. Nielsen [11, Theorem 9.2]. The main
theorem of Chapter 3 extends this theorem: o-compatible 2-primal rings are o-skew Camillo [29].
Also, we prove that o-semicompatible semicommutative rings are linearly o-skew Camillo [28] and
that matrix rings over a division ring are linearly o-skew Camillo for every endomorphism o [28].

Basically, Chapter 4 is based on [30]. In this chapter, we introduce a (o, §)-skew nil-McCoy
property, and then show that (o, d)-compatible right duo rings are (o, d)-skew nil-McCoy (see
Theorem 4.1.3). As an application of this result, the main theorem of Chapter 4 is that for any
(o, 0)-compatible right duo, local left (or right) artinian ring R, the Jacobson radical J(R) is (o, §)-
skew McCoy (see Theorem 4.2.2). Also, we introduce a notion of tracial o-derivation, and then
prove that if R is a (o, §)-compatible regular ring with a tracial o-derivation ¢, then R is reversible
if and only if R is (o, §)-skew McCoy (see Theorem 4.3.2). We also give an interesting corollary
about a group ring: if K is a field of characteristic 0 and the group ring K[Qs] (where Qs is
the quaternion group) is (o, §)-compatible with a tracial o-derivation d, then K[Qg] is (o, §)-skew
McCoy if and only if there exists no solution in K for the equation 1+ 22 + y2? = 0 (see Corollary
4.4.1).



1.3 Notations

In this dissertation, we write:

R an associative ring with identity
o an endomorphism of R
0 a o-derivation of R
R[z] the ring of polynomials over R
R[z;0] the ring of skew polynomials over R
R[z;0;6] an Ore extension over R
P(R) the prime radical of R
J(R) the Jacobson radical of R
N(R) the set of nilpotent elements in R
Nil*(R) the upper nilradical of R
coeff (f(x)) the set of all coefficients in f(x)
deg(f(z)) the degree of f(x)
M, (R) the ring of nxn matrices over R
R ® Ry the direct sum of two rings Ry and Rs

Zy, the ring of residue classes modulo n



CHAPTER 2

Skew McCoy rings

In this chapter, we study the o-skew McCoy property for semicommutative, duo, reversible, and
regular rings. Chapter 2 is basically based on [28], while Example 2.1.1 and Problem 2.1.8, Lemma
2.1.9, Corollary 2.1.10 can be found in [30] and [29], respectively. First, we show that if R is a
o-semicompatible semicommutative right (or left) artinian ring with an epimorphism o, then the
Jacobson radical J(R) is o-skew McCoy (see Theorem 2.1.6). From this result, we get that the
Jacobson radical of semicommutative artinian rings is right McCoy. Second, we prove that every
o-compatible right duo ring is o-skew McCoy (see Theorem 2.2.2). Lastly, we show that if R is a
o-compatible regular ring, then R is o-skew McCoy if and only if R is right McCoy (see Theorem
2.4.1).

2.1 Semicommutative rings

We recall that a ring R is said to be semicommutative if ab = 0 implies aRb = 0 for every a, b € R.
It was proven [18, Theorem 2.2] that if R is polynomial semicommutative, then R is right McCoy.
But in general, semicommutative rings are not right McCoy [34, Section 3|, and hence we do not
expect it to be o-skew McCoy. However, it was shown [16, Theorem 3.11] that o-compatible
semicommutative rings are linearly o-skew McCoy. We first observe the semicommutative rings
under the condition of o-semicompatibility.

On the other hand, we note that the Jacobson radical of a ring does not need to be right McCoy

as we can see in the following example.

Example 2.1.1. Let R := K[[z]] be the ring of formal power series over a field K. Note that the

Jacobson radical J(R) = the set of formal power series with zero constant term. If we take



then we note that

J(R) 0
J(S) =
R J(R)
Now, let
00 0 0 00 z 0
f(X) = + X and g¢g(X)= + X € J(9)[X]
10 1 —2 10 1 0
Then
00 0 0 0 0 z 0 0 0 0 0
f(X)g(X) = + + X
10 10 10 10 1 —2 10
0 0 z 0 5 0 0 0 0 0 0
+ X* = + X = ,
1 —=z 1 0 z 0 -z 0 0 0
a(z) 0
but we can see that if f(X)r =0, where r := € J(5), then
b(x) cfx)
0 0\ [a(@) O 0 0 0 0
10 b(x) c(x) a(x) 0 00
0 0\ [a) o0 0 0 00
1 -z b(z) c(x) a(x) —xzb(x) —xc(x) 00

which implies a(z) = b(z) = ¢(x) = 0, i.e., there does not exist any nonzero element r € J(S) such

that f(X)r = 0. Therefore, J(5) is not right McCoy.

Thus, we do not expect that the Jacobson radical of a ring is McCoy. However, the result is

affirmative for semicommutative artinian rings. To see this, we need the following lemmas.

Lemma 2.1.2. Let R be a o-semicompatible semicommutative ring and let f(x) = > it a;x’ and

9(z) = >0, bjx? € Rlx;o] satisfying f(x)g(z) = 0. Then

a;ic' (5™ =0 for all 0 <i<m. (2.1)

10



Proof. We apply the technique of the proofs in [34, Lemma 1] and [10, Lemma 8(2)]. When ¢ = 0,
clearly agbg = 0. Now, suppose by induction that aiai(béJrl) =0 for all i < k. From f(x)g(z) =0,

the coefficient of the term with degree k is 0, i.e.,
Z a;o’ (by_;) = 0. (2.2)

Also, we have a;0" (b](‘j ) = 0for all i < k, and then it follows from the condition of o-semicompatibility

that a;0%(b§) = 0 for all i < k. But since R is semicommutative, we get
a;iot (by_;)o®(bE) = 0 for all i < k.
Multiplying both sides of (2.2) by o*(bk) on the right, we get
Zajaj b )" (b)) = aro® (bo)o® (b)) = ara®™(bET!) = 0.
This completes the induction step, and hence we are done. O

Note that Lemma 2.1.2 may be false without the condition of o-semicompatibility. To see this,
take

R:=7Zy®Zo (2.3)
with the usual addition and multiplication, and take an endomorphism o of R defined by
o: (a,b) — (b,a) for each (a,b) € R. (2.4)
Then R is clearly commutative, and hence it is semicommutative. Now, if we let
f(z)=(1,0)+ (1,0)z and g(z)=(0,1)+ (1,0)z € Rz;0], (2.5)

then f(x)g(xz) =0, but
aro(bg) = (1,0) # (0,0).

This contradicts (2.1).

Lemma 2.1.3. Let R be a o-semicompatible semicommutative ring. If f(z) = >, a;x’ and
0#g(x) =>1"1_ob; 27 € Rz; 0] such that f(z)g(z) = 0 and b # 0, then there exists a nonzero

element r € R such that f(z)r = 0.

11



Proof. From Lemma 2.1.2, we have a;0*(b5™) = 0 for all 0 < i < m. If we multiply by o (b ™)

for each 7, then we obtain aiai(berl) =0 for all 0 < ¢ < m. Therefore,
) (b Z a;o’ (g )zt = 0.

By the assumption bg”“ # 0, we are done. O

Note that NV(R) := the set of nilpotent elements in R and coeff (f(x)) := the set of all coefficients
of f(x).
Lemma 2.1.4. Let R be a o-semicompatible semicommutative ring. If f(x) € R|x; 0] is a left zero-

divisor with coeff (f(x)) € N(R) , then there erists a nonzero element r € R such that f(z)r = 0.

Proof. Suppose f(z) = > 1" a;z" and g(x) = > i—o bjx) € R[z;0]\{0} satisfying that f(z)g(z) =0
and a; € N(R) for every 0 < i < m. Without loss of generality, we assume by # 0. If bg‘“ # 0,
then from Lemma 2.1.3, the result follows.

Instead, we suppose bg”l = 0. Then there exists k € N satisfying b # 0 = bg“. Since
bE # 0, if f(x)bf = 0 then we are done. Let f(x)bf # 0. If j; is the smallest integer such that
a;, 091 (bk) # 0, then we get aj, bk # 0 by o-semicompatibility. By assumption, aj, € N(R), which
implies that there exists the smallest integer n; € N satisfying a?ll bE # 0 = a?lﬁlb’g. Since R is

semicommutative, we obtain aiai(anlblg) = aiai(ayl)ai(blg) =0 for all i < j;. Then we see

f n1 bk Z a;o n1 bk

i=J1

If we assume f(z)(a}; bf) = 0, we are done. Thus, assume f(a:)(a?llblg) # 0 and let jo € N be the
smallest integer such that aj2aj2(amb’0“) # 0. Note that jo > j;. Then we obtain aj2a77“1b’5 £ 0.

n1bk 75

Again, since aj, € N(R), we see that there exists the smallest integer ny € N satisfying a’’ IO

0= a?j“ a’’'by. We also get aiai(a?; aj! bE) = aiai(a?;)ai(anll bE) = 0 for all i < ja, which implies

ng n k; i
f(x) @y, Jllb Zal J2 J1 )x

1=j2

If f(z)(aj; ;Lllbk) = 0, we are done. Thus, we assume f(z)(a}’ ;Lllbk) # 0. Repeating the above

procedure a finite number of times, we obtain

ntntl'nlk_ ntntl niirk
f(@)(ajiali =y -+ -allbg) = 0, where ajfal’" ---ajlbs # 0 for some t € N.

This concludes the proof. O

12



Corollary 2.1.5. Let R be a semicommutative ring. Then for any two polynomials f(z), g(x) €
R[z]\{0} satisfying that f(z)g(x) = 0 and coeff(f(x)) € N(R), there exists a nonzero element

r € R such that f(z)r = 0.

Proof. 1t follows from Lemma 2.1.4 with ¢ to be the identity map. O

We now prove:

Theorem 2.1.6. Let R be a o-semicompatible semicommutative right (or left) artinian ring where
o is an epimorphism of R. Then the Jacobson radical J(R) is o-skew McCoy. In particular, the

Jacobson radical of semicommutative artinian rings is right McCoy.

Proof. Note that the Jacobson radical of right or left artinian rings is nilpotent and that every
surjective endomorphism preserves the Jacobson radical, i.e., o(J(R)) C J(R). Thus, we can see
that o is also an endomorphism of J(R). By the hereditary property of both semicommutativity and
o-semicompatibility, J(R) is also o-semicompatible and semicommutative. Then since all elements
of J(R) are nilpotent, J(R) is o-skew McCoy by Lemma 2.1.4. The second statement comes from

the first statement with the identity map o. O

Note that Nil*(R) := the upper nilradical of a ring R. Then we shall say that a ring R is J-
McCoy (resp., N-McCoy) if for any nonzero polynomials f(z), g(z) € J(R[z]) (resp., Nil*(R)[z])
with f(z)g(x) =0,

there exists a nonzero r € R such that f(z)r = 0.
On the other hand, it is known [4, Theorem 1] that there exists a nil ideal I of R such that
J(R[z]) = I[z], which implies
J(R[z]) C Nil*(R)[z]. (2.6)
Thus, we can see that

right McCoy = N-McCoy = J-McCoy.

Further, it is well-known that for any ring R satisfying the Kothe conjecture, J(R[x]) = Nil*(R)[x]

(see [4], [13], [25]). Hence, when R satisfies the Kéthe conjecture, we have
R is J-McCoy <= R is N-McCoy.
We then have:
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Corollary 2.1.7. Every semicommutative ring is J-McCoy.

Proof. Tt is immediate from (2.6) and Corollary 2.1.5. O

Next, we recall that in general, semicommutative rings are not right McCoy (see [34, Section
3]). Thus, we do not expect that o-compatible semicommutative rings are o-skew McCoy. Then

we may ask the following:

Problem 2.1.8. Find a general sufficient condition for o-compatible semicommutative rings to be

o-skew McCoy.
For an answer to Problem 2.1.8, we first observe:

Lemma 2.1.9. Let R be a o-compatible semicommutative ring and let f(z) = > a;z’ and
9(x) = >0 bjxl € R[z;o]\{0} with f(x)g(x) = 0. Suppose k is a positive integer less than or
equal ton+1. If for each j =0,1,..., k—1, b; € N(R) and b?j #0= b?j—H for some p; > 0, then

aby O B =0 for all 0 < i < m. (2.7)

Proof. We proceed by induction on i. If i = 0, then there are two cases to consider: in the case
of pg # 0, the equation (2.7) is clear from agby = 0 and the semicommutative condition of R, and
for the case of pg = 0, let [ € N be the smallest integer less than or equal to k satisfying b; # 0.
Then we have apb; = 0 from f(x)g(x) = 0. Thus, the equation (2.7) holds true because R is
semicommutative. Now, suppose that the equation (2.7) holds for all i < u. From f(z)g(z) = 0,
we can see that the coefficient of the term with degree u + k is 0, i.e.,

u+k
Z aiaz(bquk_i) =0.
i=0
If we multiply both sides by byb,*'b7** - - bE°, then we have
u+k ‘
0= aio’ (bupk—i) by 7 by - OF. (2.8)
i=0
On the other hand, by the inductive assumption together with the semicommutative condition, we

get

aib}ébik:ll bik_*; o bp? =0 for all i < u.
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By semicommutativity of R again,
;0" (bugro—i )OO ORE 2 -+ b0 = 0 for all § < u. (2.9)

Furthermore, from the assumption that b?j 120 for all 0 <j <k—1, we also have

;0" (bug—i )OO B =0 for all u +1 < i < u+k. (2.10)
Thus, by (2.9) and (2.10), we rewrite the equation (2.8):

aua“(bk)b}c‘b?_’ll bZ’“_’; -~ b =0,
which implies from o-compatibility of R that
R 0 =0,

This completes the proof. O

On the other hand, in Lemma 2.1.3, we showed that whenever R is o-semicompatible semi-
commutative, if f(z) = Y.I*,az’ and g(z) = > i=0 bjx? € R[z;0]\{0} with f(z)g(z) = 0 and
bt # 0, then there exists a nonzero element r € R such that f(x)r = 0. We now generalize
it under the o-compatible condition, which gives a general sufficient condition for o-compatible

semicommutative rings to be o-skew McCoy.

Corollary 2.1.10. Let R be a o-compatible semicommutative ring and let f(z) =", a;x’ and

g9(z) = >, bzl € R[z;0]\{0} with f(z)g(x) = 0. Suppose that bt #0 or
ORI Y b £ 0 for some k> 1 (2.11)

with bj € N(R) for each 0 < j < k—1 and b?j #0= b§j+1 for some p; > 0. Then there exists a

nonzero element r € R such that f(x)r = 0.

Proof. If b**! # 0, then it is obvious from Lemma 2.1.3. Assume that b]'"" = 0 and (2.11) is
satisfied. If we take 7 := by" 17" '6)* 2 - - bb°, then by Lemma 2.1.9 together with the condition

of semicommutativity, we have f(z)r = 0. O

15



2.2 Duo rings

We recall that a ring R is called right (resp., left) duo if every right (resp., left) ideal is two-sided.
This definition is equivalent to the property that for any r, s € R, there exists an element ' € R
(resp., s' € R) such that rs = sr’ (resp., rs = s'r). Note that right duo rings are right McCoy (see
[11, Theorem 8.2]). But, they need not to be o-skew McCoy. To see this, we put R, o, f(x), and
g(z) as in (2.3), (2.4), and (2.5), respectively. Then f(x)g(x) = 0, but there does not exist any
nonzero element r € R such that f(z)r = 0. However, under the condition of o-compatibility, right
duo rings are o-skew McCoy (see Theorem 2.2.2).

We first extend the result of [11, Lemma 5.4].

Lemma 2.2.1. Let R be a o-semicompatible semicommutative ring and let f(x) = > " a;x’ and

9(x) =271, bjx? € R[z; o] such that f(z)g(z) = 0. Then
a%“bi =0 foreach0<i<n.
Proof. 1t is similar to the proof in Lemma 2.1.2. O
We now prove:

Theorem 2.2.2. g-compatible right duo rings are o-skew McCoy.

Proof. We apply the method of the proofs in [11, Theorem 8.2] and [34, Theorem 2]. Let R be a o-
compatible right duo ring and let f(z) = >2i"; a;z" and 0 # g(x) = >_7_(bja’ € R[z; 0] satisfying

f(z)g(z) = 0 and a,, # 0. Without loss of generality, assume by # 0. We denote
I4(z) = the right ideal generated by the set {a, 0"(a) : a € coeff(g(x)) and n € N}.

We proceed by induction on the degree of f(x) to show that there exists a nonzero element r € I ()
such that f(x)r = 0. If deg(f(z))=0, then we have f(x)bp = 0. We now suppose by induction
that for any polynomial p(z) € R[z; 0] with deg(p(z)) = k for all k& < m, if there exists a nonzero
polynomial g(z) € R[z;o] such that p(x)q(z) = 0, then there exists a nonzero element r € I ()

such that p(z)r = 0. We divide the proof into two cases:

Case 1 (apg(z) = 0): We have agly(,) = 0 because R is o-semicompatible. Take
fi(z) == Zaimi_l
i=1
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and

g1(x) == a(bo) + o(b1)x + o (bo)x? + -+ + o(by)x"

Note that g1 (z) # 0 by a monomorphism of o. We observe
0= f(z)g(x) = (1@ + azz® + - + ama™)g(x) = fi(z)zg(z) = fi(2)g1(x)z,

which implies f1(x)gi(x) = 0. Since we also have deg(f1(z)) < deg(f(z)), by induction, there exists
a nonzero element 1 € I (,) such that fi(z)r = 0. But since I ;) C Iy, it follows that 7 € I,
and f(x)r = 0 by o-semicompatibility.

Case 2 (apg(x) # 0): Let j be the smallest integer satisfying apb; # 0. Then from Lemma 2.2.1,
there exists k£ > 1 such that algbj #0= a]§+1bj. But since R is right duo, there exists s; € R
such that afb; = b;js;. We take gi(z) := g(x)s;. Then we can see that gi(z) # 0 because R is
o-compatible and that f(x)g1(x) = 0. Similarly, if we assume agg;(x) = 0, then we see aglg, () = 0.

Take

m

fi(z) == Z a;xt !

i=1
and

g1(z) == a(bos1) + o(bro(s1))z + 0(5202(81))$2 + -+ o(bpo"(s1))x".

We observe
0= f(x)gi(z) = fi(x)zgi(z) = fi(z)g)(2)z,

which implies f1(z)g](xz) = 0. From the fact that deg(f1) < deg(f) and ¢} # 0, by induction, there
exists a nonzero element r1 € Ig’l(:c) such that fi(z)r; = 0. We also have Ig;(z) - Ig(x), so that 1 €
Iy(z) and f(x)ry = 0, and hence the result follows. Instead, let aggi(x) # 0 and let j; be the smallest
integer such that ag(bj, 071 (s1)) # 0. Note that j < j; because we have ag(b;s1) = 0. From Lemma
2.2.1, we again obtain a nonzero integer nq > 1 such that a2 (bj, 071 (s1)) # 0 = ag* 1 (bj, 091 (s1)),
and then it follows from the right duo property that there exists so € R such that ag'(bj, 071 (s1)) =
(bj 071 (s1))s2. Put ga(z) := g1(z)s2, and then fgo = 0. If we repeat the above procedure a finite
number of times, we obtain apg:(x) = 0, where g¢(x) := g(x)(s1s2---s¢) for some ¢t € N, which
implies that there exists a nonzero element r; € Iy, such that f(z)r; = 0. This completes the

proof. O
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2.3 Reversible rings
Now, we focus on the o-skew McCoy property for reversible rings. We first recall [16, Theorem 3.6]

that

every o-compatible reversible ring is o-skew McCoy. (2.12)

Then we can strengthen (2.12) using o-semicompatibility with a monomorphism ¢ in place of
o-compatibility.
Lemma 2.3.1. Let R be a o-semicompatible reversible ring where o is a monomorphism of R.

Then R is o-skew McCoy.

Proof. We claim that such rings are o-compatible. To see this, let a, b € R such that ac(b) = 0.
Since R is reversible, o(b)a = 0, which implies from o-semicompatibility that o(ba) = 0. Also,
since o is a monomorphism, we have ba=0, and hence ab = 0. Therefore, by (2.12), R is o-skew

McCoy. O

Example 2.3.2. (a) Let R be a domain and ¢ be a monomorphism of R. Then we can see that

R is o-semicompatible reversible. Therefore, by Lemma 2.3.1, R is o-skew McCoy.

(b) Let R be a reduced ring and take

a b
S = ra,beR
0 a
Define an endomorphism o of S by
a b a —b
o —
0 a 0 a

Then S is reversible by [24, Proposition 1.6]). Also, we see that ¢ is a monomorphism of S.

Indeed,
a b a —b
o e O f— — O,
0 a 0 a

which implies a = b = 0. Further, we have S is o-semicompatible. To see this, if we let

a b c d ac =0,
=0, then (2.13)

0 a 0 ¢ ad + bec = 0.
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Then from (2.13), a(ad + bc) = 0. But since R is reduced, it is semicommutative. Thus,
abc = 0 by ac = 0. Then aad = 0, which implies (ad)? = 0, and hence ad = 0 because R is

reduced. Also, we have bc = 0 by (2.13). Therefore, we obtain

Thus, by Lemma 2.3.1, S is o-skew McCoy.

(¢) Lemma 2.3.1 may fail if the condition of o-semicompatibility is omitted. To see this, we take
R and o as in (2.3) and (2.4), respectively. Then we can see that o is an automorphism and

R is reduced, but not o-skew McCoy.
Then we can recapture the result of [10, Theorem 9].

Corollary 2.3.3. Let R be a right o-reversible and reversible ring where o is a monomorphism of

R. Then R is o-skew McCoy.

Proof. Tt is enough to show that if R is right o-reversible and reversible, then R is o-semicompatible.
Indeed, assume R is right o-reversible and reversible. Suppose a, b € R such that ab = 0. Since
R is reversible, ba = 0. Then we have ac(b) = 0 by right o-reversibility, which implies that R is

o-semicompatible. Thus, from Lemma 2.3.1, R is o-skew McCoy. O

2.4 Regular rings
We recall that a ring R is called (von Neumann) regular [21] if for any element a € R, there exists
an element b € R satisfying a = aba. Then it was shown [27, Theorem 20] that if R is a regular

ring, then

R is right McCoy <= R is reduced. (2.14)

We now generalize (2.14) with the o-skew McCoy property and show that whenever a ring is

o-compatible regular, the notions of the o-skew McCoy and the right McCoy are equivalent.

Theorem 2.4.1. If R is a o-compatible reqular ring, then R is right McCoy if and only if R is

o-skew McCoy.
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Proof. From (2.14), it is enough to prove that
R is reduced <= R is o-skew McCoy.

Let R be reduced, which implies R is reversible. From the fact that o-compatibility implies o-

semicompatibility with a monomorphism o, we have that R is o-skew McCoy by Lemma 2.3.1.
Conversely, suppose R is o-skew McCoy. Assume to the contrary that R is not reduced. Let

a € R\{0} satisfying a? = 0. Since R is regular, there exists an element b € R such that a = aba.

Put ¢ := bab, then aca = a, cac = ¢, and ¢ # 0. If we let
f(x)=0(a) — (1 —ca)r and g(z)=ac+ o(c)z,
then we have f(z) # 0 # g(z) and
f(z)g(z) = o(a)ac+ (o(a)o(c) — (1 — ca)o(ac))z — (1 — ca)o?(c)x>.
We observe the following with the condition of o-compatibility:
(i) o(a)ac = 0 from the fact that o(a?) = 0 implies o(a)a = 0.

(ii) o(a)o(c) — (1 — ca)o(ac) = o(ac) — o(ac) + cac(ac) = c(ao(a))o(c) = 0 from the fact that

a? = 0 implies ac(a) = 0.
(iii) (1 — ca)o?(c) = 0 from the fact that (1 — ca)c = 0.

Therefore, we get f(x)g(x) = 0. But since R is o-skew McCoy, there exists a nonzero element

r € R satisfying f(x)r = 0. Then

which implies

(2.15)
(1 =ca)o(r)=0.
Then by o-compatibility, we get ac(r) = 0 from o(a)r = 0. Thus, from (2.15), o(r) = caoc(r) = 0,

and hence we obtain r = 0, which is a contradiction. Therefore, R is reduced. ]
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Example 2.4.2. Let S = Z,(t) be the field of fractions of the polynomial ring Z,[t], where p is a

prime, and let ¢ be the Frobenius endomorphism of S defined by ¢(s) = sP. Take
R:=5&S8
and define an endomorphism o of R by

o: (a,b) = (¢(a), ¢(b)).

Clearly, R is commutative, which implies R is right McCoy. Also, we can easily see that R is

o-compatible regular. Therefore, by Theorem 2.4.1, R is o-skew McCoy.

On the other hand, we observe the right linearly McCoy property. It was shown [23, Proposition
2.14] that if R is a regular ring, then R is right linearly McCoy if and only if R is reduced. We
show that if R is a o-compatible regular ring, then R is linearly o-skew McCoy if and only if R
is reduced. To do so, we first extend [22, Lemma 3.4], which asserts that if R is a right linearly

McCoy ring and a € R with a® = 0, then 1 — ra cannot be a left zero-divisor for all r € R.

Lemma 2.4.3. Let R be a o-compatible linearly o-skew McCoy ring. Then for any a € R with

a’? =0, 1 — ra cannot be a left zero-divisor for all r € R.

Proof. We apply the method of the proof in [22, Lemma 3.4]. Assume to the contrary that 1 —ra
is a left zero-divisor for some r € R. Then there exists a nonzero k € R such that (1 —ra)k = 0.
Take

f(z) =o(a)+ (1 —ra)x and g(z) = ak — o(k)z.
Then f(z) # 0 # g(x) and
f(@)g(z) = o(a)ak + (—o(a)o(k) + (1 — ra)o(ak))z + (—(1 — ra)o?(k))z>.
Since R is o-compatible, we have
(i) o(a)ak = 0 because 0 = o(a2k) = o(a)o(ak), and hence o(a)ak = 0.
(i) —o(a)o(k) + (1 —ra)o(ak) = —rac(ak) = 0 because ao(ak) = 0.
(iii) (1 —ra)o?(k) = 0 because (1 —ra)k = 0.
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Thus, we have f(z)g(xz) = 0. Since R is linearly o-skew McCoy, there exists 0 # s € R such that
f(z)s = 0. Then

f(@x)s=(o(a)+ (1 —ra)r)s =0oc(a)s+ (1 —ra)o(s)z =0,
which implies o(s) = 0, and thus s = 0, which is a contradiction. Therefore, the result follows. [
We then have:

Corollary 2.4.4. Let R be a o-compatible reqular ring. Then R is linearly o-skew McCoy if and

only if R is reduced.

Proof. Suppose R is linearly o-skew McCoy. Assume to the contrary that there exists 0 # a € R
such that a? = 0. Since R is regular, there exists b € R such that aba = a. If we take ¢ := bab, then
we have aca = a and cac = ¢. Thus, we get ¢ # 0 and (1 — ca)e = 0, which contradicts Lemma

2.4.3. Conversely, it is immediate from Theorem 2.4.1 via (2.14). O
Corollary 2.4.5. Let R be a o-compatible regular ring. Then the following are equivalent:

(i) R is right McCoy;

(ii) R is linearly o-skew McCoy;
(i1i) R is o-skew McCoy.

Proof. Tt is immediate from Theorem 2.4.1 and Corollary 2.4.4 together with (2.14). O
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CHAPTER 3

Skew Camillo rings

In this chapter, we consider the skew Camillo property. To do so, we first remind of the following
definitions: a ring R is called right Camillo (resp., left Camillo) [8] if for any two polynomials
f(z), g(z) € R[z]\{0} with f(z)g(x) = 0, there exists a nonzero element r € R such that f(zx)r =0
or g(x)r =0 (resp., rf(z) =0 or rg(z) = 0).

We say that a ring R is o-skew Camillo if for any two polynomials f(z), g(z) € Rlz;0o]\{0}
with f(z)g(x) = 0,

there exists a nonzero element r € R such that f(x)r =0 or g(x)r = 0. (3.1)

Moreover, R is said to be linearly o-skew Camillo if we restrict degrees of both f(z) and g(z) not
to be greater than 1 in the equation (3.1).

We also recall that a ring R is called 2-primal if P(R) = N(R). Then it was shown [11, Theorem
9.2] that

R is 2-primal = R is Camillo. (3.2)

Chapter 3 is essentially based on [29], while Section 3.2 can be found in [28]. First, we show
that if R is o-compatible 2-primal, then R is o-skew Camillo (see Theorem 3.1.3), which extends
the result of (3.2). By the result, we get that o-compatible semicommutative rings are o-skew
Camillo, which generalizes a result by P. Nielsen [34, Theorem 4]. Second, we prove that if R is o-
semicompatible semicommutative, then R is linearly o-skew Camillo (see Theorem 3.2.1) and that
if R is a matrix ring over a division ring, then R is linearly o-skew Camillo for any endomorphism

o (see Theorem 3.2.3).

23



3.1 2-primal rings
We first recall that a ring R is called o-skew Armendariz [19] if for any two polynomials f(x) =
Yitgair’ and g(x) = Y77 o bja! € Rlx; o] satistying f(z)g(z) = 0,

aio'(b;) =0 forall 0 <i <m and 0 < j <n.

Then in order to prove that every o-compatible 2-primal ring is o-skew Camillo, we need the

following lemmas.

Lemma 3.1.1. Let R be a o-semicompatible reduced ring with a monomorphism o. Then R 1is

o-skew Armendariz.

Proof. We use an idea of the proof in [7, Lemma 1]. Since f(x)g(z) = 0, we have
apbg = 0,

apby + a1o(by) = 0,

agbsy + CL10’(b1) + a202(b0) =0, (3'3)

aobman + a10(bman_1) + a20?(bman_2) + - + aminc™ ™ (bg) = 0,

where a; = 0 for all £ > m and by = 0 for all £ > n. Since R is reduced, R is reversible, which
implies from agby = 0 that bpag = 0. If we multiply the second equation of (3.3) by by on the left,
we obtain bpaio(bg) = 0, so that bpaio(bpar) = 0. From the reversible condition, o(byaq)bpa; = 0.
Then (bpa1)? = 0 by o-semicompatibility with a monomorphism ¢. Since R is reduced, bpa; = 0,
and thus a;by = 0. Then by o-semicompatibility, we get ajo(bp) = 0. Again, multiplying the third
equation of (3.3) by by on the left, we also get byaza?(bg) = 0, and hence aza?(by) = 0 by the same
way. If we repeat this process, we have a;o%(bg) = 0 for all 0 < i < m +n. Then the equation (3.3)
reduces to:

apb1 = 0,

apbo + ala(bl) =0,

apbs + ajo(ba) + 020'2(1)1) =0, (3.4)

aobmyn + ala(bernfl) +- 4+ am+n710m+n_1(b1) =0.
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By repeating the procedure from the equation (3.3) in the equation (3.4) with b; instead of by, we
also have a;0"(b1) = 0 for all 0 < i < m +n — 1. Continuing this argument, we obtain a;o"(b;) = 0

forall0 <i<mand 0<j<n. ]

In [6, Proposition 2.1], it was shown that if R is a ring and N(R) is an ideal, then f(z)g(z) €
N(R)[z] implies ab € N(R) for all a € coeff (f(x)) and b € coeff(g(x)). We now apply the ideas of

this result to extend it.

Lemma 3.1.2. Let R be a o-compatible ring and N(R) be an ideal. Then for any f(z) = > 1w, a;a’

and g(z) = Yo bja’ € Rlz; o],
f(x)g(x) € N(R)[z;0] = a;o’(b;) € N(R) for all 0<i<m and0<j<n.

Proof. Suppose f(x)g(z) € N(R)[z;0]. Let R := R/N(R) and & be an endomorphism of R defined
by
g:r+ N(R) — o(r) + N(R).

Clearly, R is reduced and f(x)g(x) = 0, where f and g are the corresponding polynomials in R[x; 7).
We claim that & is a monomorphism and R is G-semicompatible. To see this, let &(r + N(R)) =
N(R). Then o(r) € N(R), which implies » € N(R) by a monomorphism o. Hence, 7 is a

monomorphism. To show &-semicompatibility, we first claim that
ab € N(R) = ao(b) € N(R). (3.5)

Indeed, if (ab)! = 0 for some t > 1, then by o-compatibility, we have ac(b(ab)™!) = 0 and
ac(b)o((ab)=1) = 0, and thus ac(b)(ab)’~! = 0. Continuing this process, we obtain (ac(b))! = 0,
which shows (3.5). We now assume (a+ N (R))(b+N(R)) = N(R). Then since ab € N(R), we have
ac(b) € N(R) by (3.5). Then (a + N(R))(c(b) + N(R)) = N(R), which implies (a + N(R))a(b+
N(R)) = N(R). Therefore, R is 5-semicompatible.

Now, if we apply Lemma 3.1.1 with R and &, then we see a;0%(b;) € N(R) for all 0 < i < m

and 0 < j <n. O
We are ready to prove the following:

Theorem 3.1.3. o-compatible 2-primal rings are o-skew Camillo.
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Proof. Let R be a og-compatible 2-primal ring. Suppose

Zalx and g(z Zb ) € R[z;o]\{0} with f(z)g(z) = 0.

5=0
From the 2-primal condition, we have P(R) = N(R), so that N(R) is an ideal. Note that f(x)g(x) =
0 € N(R)[z;0]. Thus, by Lemma 3.1.2, we get a;0'(b;) € N(R) for all 0 <i<mand 0<j <n.
We claim that
a;o(b;) € N(R) for all i, j. (3.6)

To see this, since (a;0%(b;))! = 0 for some t > 1, by o-compatibility, we see

(@i (b))! = 0 = a0 (by s (b,))~") = 0
= aio(bj)o((aio’ (b;))' ™) =0
= a;0(b;)(a;0'(b;)) 1 = 0.
Repeating this argument, we obtain (a;0(b;))" = 0, which proves (3.6). Therefore, a;o(b;) € P(R)

for all ¢, j. Take
S :={a;o(b;) |0<i<mand 0<j<n}C P(R). (3.7)

Case 1 (S = {0}): Choose a nonzero coefficient bs of g(z) for some 0 < s < n. Then by
a monomorphism o, o(bs) # 0. From the fact that S = {0} and R is o-compatible, we get

a;ot(bs) = 0 for all 0 < i < m, which implies

Case 2 (S # {0}): Note that P(R) is locally nilpotent, which implies S is nilpotent. Thus,
there exists k > 1 satisfying S¥ # {0} = S¥*1. If we take r € S*\{0} satisfying b;r = 0 for all

0 < j <n, then by o-compatibility, we have b;o?(r) = 0 for each j. Thus,

x)r = Z bjol (r)z? = 0.
=0

Instead, suppose ber # 0 for some 0 < ¢ < n. Since S¥*! = {0}, a;o(b.)r = 0 for all 0 < i < m.

Then from o-compatibility, we get a;0?(b.r) = 0 for each i. Hence,

Zal br:c =0.

We completes the proof. O
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We recall that

an ideal P is prime if for any elements a, b € R, aRb C P implies a € P or b € P,

a prime ideal P is completely prime if for any elements a, b € R, ab € P implies a € P or b € P.

Then we would like to remark the following:

Remark 3.1.4. We claim that if R is a o-compatible 2-primal ring and f(z) = > 1" a;z' and g(z) =

> i=0 bjx) € R[z;0]\{0} with f(z)g(z) = 0, then for any minimal prime ideal P, we get
{ag, -+, am} C Por {o(by), -, o(bn)} C P. (3.8)

Indeed, assume to the contrary that there exists a minimal prime ideal P satisfying a; ¢ P and
o(bs) ¢ P for some 0 <t <mand 0 < s < n. From (3.6), a;o(b;) € N(R) for all ¢, j. Then we
have a;o(bs) € N(R) = P(R), and hence a;o(bs) € P, which is a contradiction to the fact that all
minimal prime ideals of R are completely prime if and only if R is 2-primal [39, Proposition 1.11].
Therefore, the result of (3.8) follows (see [11, the proof of Theorem 9.2]).

However, we do not guarantee that (3.8) holds for P(R) in place of P. If (3.8) holds for P(R),
then we can prove Theorem 3.1.3 in a little different way. The outline of the different proof is
as follows. If we suppose that S := {ag, -, am} C P(R), then clearly S # {0}. But since S is
nilpotent, there exists ¢ > 1 such that S* # 0 = S**!. Choose s € S*\{0}. Then from the fact
that S = 0 and R is o-compatible, a;0(s) = 0 for all i. Therefore, f(z)s = >, a;0'(s)z’ = 0.
Instead, suppose {o(by), -, o(bn)} € P(R). Then similarly, we have g(x)s’ = 0 for some s’ €

R\{0}.

On the other hand, by Theorem 3.1.3 and (1.5), we see that every o-compatible semicommu-
tative ring is o-skew Camillo, which generalizes [34, Theorem 4]|. However, since semicommutative
rings need not to be right McCoy (see [34, Section 3]), we can conclude that in general, o-compatible

semicommutative rings are not o-skew McCoy.

3.2 Linearly skew Camillo rings

According to [16, Theorem 3.11], o-compatible semicommutative rings are linearly o-skew McCoy.
But if the condition of o-compatibility is weakened to that of o-semicompatibility, it is not obvious

whether this result is true.
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However, we can see that such rings are linearly o-skew Camillo as shown in the following

theorem.

Theorem 3.2.1. If R is a o-semicompatible semicommutative ring, then R is linearly o-skew

Camillo.

Proof. Let f(x) = ao+ aix and g(x) = by + b1z € R[z;0]\{0} with f(x)g(x) = 0. Suppose by = 0.
Then 0 = f(x)g(x) = f(z)bix, which implies f(z)b; = 0. But from g(z) # 0, we have b; # 0, and
hence we are done. Now, let by # 0. In this case, if bg # 0, then by Lemma 2.1.3, there exists
r € R\{0} such that f(z)r = 0. Instead, we assume b3 = 0.

Case 1 (bio(by) = 0): Then we have g(x)by = 0.

Case 2 (byo(bg) # 0): Put g1(z) := g(z)bp = bio(bp)x. Then since f(z)gi(x) = 0, we have
f(x)(bro(bg)) = 0. Therefore, the result follows. O

However, it is not clear whether Theorem 3.2.1 can be strengthened to “o-skew Camillo” instead
of “linearly o-skew Camillo”. But we can see a weakened version. To do that, we give the following
definition: a ring R is weakly o-skew Camillo if for any left zero-divisor f(z) € R[x;o]\{0}, there
exists a nonzero g(zr) € r.annpy,.,(f(z)) satisfying f(z)r = 0 or g(z)r = 0 for some r € R\{0},
where r.annpg(,.;)(f(z)) := the set of right annihilators of f(r) in R[z;0].

We then have:
Theorem 3.2.2. Fvery o-semicompatible semicommutative ring is weakly o-skew Camillo.

Proof. Let f(x) = 1" a’ and g(z) = 37 bja? € Rlx;0]\{0} with f(z)g(x) = 0. Without loss
of generality, assume that g(z) is a nonzero polynomial of minimal degree such that f(z)g(x) = 0.
Note that by # 0. If we suppose bg”“ # 0, then from Lemma 2.1.3, there exists a nonzero r € R
such that f(z)r = 0. Now, let b*t? = 0. Then there exists k > 1 satisfying bk # 0 = bISH. If

deg(g(x)) = 0, then g(z)bk = 0. Thus, let deg(g(z)) > 1. If we take

g1(z) = g(x)bf and ga(x) = g1(x)/x,

then clearly we have 0 = f(z)g1(z) = f(z)g2(z)z, and hence f(z)ga(z) = 0. But the case of
g2(z) # 0 leads to a contradiction by minimality of g. Thus, we can see go(x) = 0, which implies

g(x)bs = 0. This completes the proof. O
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On the other hand, it was proven [8, Corollary 3.7] that if R is a matrix ring over a division
ring, then R is linearly Camillo. We recall ([8], [14]) that a ring R is called right eversible if every
right zero-divisor of R is a left zero-divisor. Then the proof of [8, Corollary 3.7] is basically proving
that right eversible rings are linearly right Camillo (see [8, Proposition 3.6]). We can further show

by adopting the method of the proof in [8, Proposition 3.6].

Theorem 3.2.3. Fvery matriz ring over a division ring is linearly o-skew Camillo for all endo-

morphism o.

Proof. Since matrix rings over a division ring are right eversible, it is enough to show that right
eversible rings are linearly o-skew Camillo. To see this, we assume R is right eversible. Let
f(z) = ap + a1z and g(x) = by + biz € R[z;0]\{0} satisfying f(x)g(z) = 0. We observe the
following two cases.

Case 1 (ap = 0): From f(z)g(x) = 0, we have ay0(by) = 0 and aj0(b;) = 0, which implies that
f(z)bp = 0 and f(z)by = 0. But since g(x) # 0, we see by # 0 or by # 0. Therefore, the result
follows.

Case 2 (ag # 0): Note that by is a right zero-divisor from apby = 0. Then by assumption, there
exists a nonzero r € R such that bgr = 0. If byo(r) = 0, then g(x)r = (bo+bix)r = bor+bio(r)xr = 0.

Instead, let byo(r) # 0. Observe

0= f(z)g(x)r = f(z)(bo + brz)r = f(x)(bor + bro(r)x) = f(z)(bro(r)z),

which implies f(x)(bio(r)) = 0. This completes the proof. O
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CHAPTER 4

McCoy property on Ore extensions

In this chapter, we consider the McCoy property from the aspect of the Ore extensions. Basically,
Chapter 4 is based on [30]. First, we provide a notion of (¢, §)-skew nil-McCoy property, and then
show that if R is a (o, §)-compatible right duo ring, then R is (o, 6)-skew nil-McCoy (see Theorem
4.1.3). Second, we prove that for a (o, §)-compatible right duo, local left (or right) artinian ring
R, the Jacobson radical J(R) is (o, 0)-skew McCoy (see Theorem 4.2.2). Third, we show that
whenever R is a (o, d)-compatible regular ring with a tracial o-derivation d, R is reversible if and
only if R is (o, ¢)-skew McCoy (see Theorem 4.3.2). Lastly, we prove that when K is a field of
characteristic 0 and the group ring K[Qsg] is (o, d)-compatible with a tracial o-derivation J§, K[Qs]
is (o, 6)-skew McCoy if and only if K contains no solution to the equation 1 + z? + 32 = 0 (see

Corollary 4.4.1).

4.1 (o, 0)-skew nil-McCoy rings

We recall the result of ([16, Theorem 3.6)): for a (o, §)-compatible ring R,
R is reversible = R is (o, ¢)-skew McCoy. (4.1)

We do not know whether the implication (4.1) holds for the “right duo condition” instead of the
“reversible condition”. But we can give a weakened version of this. To do that, we first introduce

a new notion.

Definition 4.1.1. A ring R is called (o, §)-skew nil-McCoy if for any nonzero two polynomials

f(z) = Zaia:i and g(z) = Z b;jx! € Rlx;0;0] with a; € N(R) for all0 <i <m,
i=0 j=0

f(z)g(x) = 0 implies there exists an element r € R\{0} such that a;x'r =0 for all i.
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Lemma 4.1.2. If R is a (o, §)-compatible ring, then for every ri, ro € R,

, rizlo(re) = 0,
rz'ry =0 = for eachi=0,1,2,....

r1z'6(ry) = 0.

Proof. We proceed by induction on i. If i = 0, it is clear by (o, §)-compatibility. Now, suppose

r1zFry = 0 for some k € N. Observe

0 =ra" (ary) = ria" (o (ro)z + 6(r2)),
which implies 712510 (re)=0 and r12*¥~15(r2)=0. Then from r12*~1o(r9)=0, we have by induction
that
rla:k*laQ(rg) =0
and
rzF 16 (o () = 0.
Therefore,
raFo(ry) = mat L (zo(ry)) = ra* 1 (o%(re)x 4 6(o(r9))) = 0.

Similarly, we can see r1z¥6(r9) = 0 by r12*~1§(r2)=0. This completes the proof. O]

We now prove:
Theorem 4.1.3. (o, §)-compatible right duo rings are (o, 0)-skew nil-McCoy.

Proof. We adopt an idea of the proofs in [11, Theorem 8.2] (or [34, Theorem 2| and [28, Theorem

2.8]). Let
f(z) = Zaixi and g(x) = ijxj € R[z;0;0]\{0}
i=0 3=0

with f(z)g(z) =0, a;m # 0, and a; € N(R) for all i = 0,--- , m. Without loss of generality, assume
b, # 0. We write I,y := the right ideal generated by the set of all coefficients in g(z) and the

values of any finite number of o and J at each coefficient of g(x), i.e.,
{b, ot (82 (ot - (58 (B))---)) : b€ coeff(g), ti e NU{O}, I € N}.

We will use induction on deg(f) to get the result. If deg(f) = 0, then clearly, f(x)b, = 0, and

hence we are done.
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Now, we suppose that if u(x) = Zé:o u;r € R[w;0;0]\{0} with deg(u(x))=k for any k < m

and all u;’s are nilpotent, then for any nonzero polynomial v(x) € R[z;0; 4],
u(z)v(z) = 0= 3r € I,;)\{0} such that wiz'r = 0 for all i.
We split the proof into two cases:

Case 1 (apg(z) = 0): If we take

1

fl(l‘) =a1+asx+ -+ apx™ " and

91(x) := 6(bo) + (o(bo) + 6(b1))x + (o(b1) + 6(bg))a> + - --
(0 (bp—1) + 6(bn))a" + o (bp)a™ T,
then we have fi(x)g1(z) = 0 by the fact that
0= f(x)g(z) = (a2 + - + ama™)g(x) = (a1 + agx + - - - + apmz™ zg(x)
= [i(@)zg(z) = fi(x)gi(x).
Note that fi(z) # 0 # g1(x) because b, # 0 implies o(b,) # 0, and that deg(f1) < deg(f) and
coeff(fi) € N(R). Thus, it follows from the inductive assumption that there exists a nonzero

7 € Iy (z) such that a;x'~'r = 0 for all i = 1,..., m. Therefore, by Lemma 4.1.2, we obtain

a;x" " o(r) = 0 and a;z'~15(r) = 0 for all i, which implies that
aix'r = aix Har) = a2 (o(r)x +0(r)) =0 foralli=1,..., m.

But from agg(x) = 0, we obtain a;z’r = 0 for all i = 0, --- , m. Also, we see r € Iy () C Iy(z), and

therefore we are done.

Case 2 (apg(x) # 0): Let j be the minimal index satisfying apb; # 0. By ag € N(R), there exists
t > 1 such that a} = 0, so that ahb; = 0. Choose k > 1 such that afb; # 0 = ait'b;. Then since R
is right duo, we can see that there exists s; € R such that algbj =b;s1 (#0). Let kq be the largest
index satisfying bg,s1 # 0. Then we see 0 = by, 1151 = bk, 4251 = --- = bps1, and hence we have

Fitls) = by, 400¥12s) = - = b,2"s1 by (0, 6)-compatibility. Set

0= by 417
g2(x) == (bo + b1z + - -+ + b, 2™)s1.

We observe that f(z)g2(z) = 0 and the leading coefficient of go(x) is by, o*1(s1). But since R is
o-compatible and by, s1 # 0, we have by, 0¥ (s1) # 0, which implies ga(z) # 0. Again, we consider

two cases.
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We first suppose agga(z) = 0. If we take gh(z) := zg2(x), then we have fi(z)gh(x) = 0 and
gh(z) # 0 since gh(x) = x(bosy + - - + br, 0" (s1)2*1), so that the leading coefficient of gh(x) is
o(bg,0*1(s1)) # 0 by o-compatibility. But since deg (f1) < deg (f) and coeff(f1) € N(R), by the
inductive assumption, there exists a nonzero r; € I, g, () satisfying a;z'~'ry =0foralli =1, ..., m.
Using the same method as in Case 1, we can get a;z’r; = 0 for alli = 0, ..., m. Further, we observe
€ Igé(w) C Igy(z) € Iy(z), and hence we are done.

Next, we suppose agga(z) # 0. If j; is the minimal index satisfying agb;, #7151 # 0, then we
have j; > j since agbjs; = algﬂbj = 0, so that agbj:vjsl = 0 by (o, 0)-compatibility. Note that
agbj,; 51 # 0 and agbjlsl = 0. Thus, there exists ¥; > 1 such that agllbjlsl #0= alg/ﬁlbjlsl. By
the right duo condition, there exists sy € R satisfying alg/l(bjlsl) = (bj,51)s2 (# 0). Choose the
largest index ko such that bg,s1s2 # 0. Thus, 0 = by, 415152 = bg,4+25152 = -+ = by, 5152. Since R

is (0, 0)-compatible, we see 0 = by, 1127215189 = by, 4002 25159 = -+ = by, 2¥1 5159. Take
93(x) := (bo + by + - - - + b, ™) 5159,

Similarly, we have by,o*2(s1s2) # 0 from by,s152 # 0, and hence g3(z) # 0 and f(z)gs(x) = 0.

Continuing this process a finite number of times, we obtain p € N satisfying

apgp(x) =0, where g,(x):=g(z)sis2---sp_1.

Hence, we can see that there exists a nonzero r,_1 € Iy such that aixirp,l = 0 for all 1 =

0, ..., m. This concludes the proof. O

Note that the condition of Theorem 4.1.3 is essential as we can see in the following examples.
Example 4.1.4. (a) Let R be an integral domain. Take

a b
S = ca,beR
0 a

Then S is right duo because S is commutative. Define an endomorphism o of S by
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and define a o-derivation § of S by

a b c d ac =0,
=0, and then (4.2)

0 a 0 c ad 4 bc = 0.

Since R is a domain and ac =0, a = 0 or ¢ = 0. If a = 0, we have bc = 0 by (4.2), and hence
—ad + bec = 0. For the case of ¢ = 0, we have ad = 0 from (4.2), and thus —ad + bc = 0.

Therefore, we get

The converse of the o-compatible condition is similar. However, S is not §-compatible. To

0 1 0 1 00
see this, = , but
0 0 00 00
0 1 0 1 0 1 -1 0 0 -1 0 0
(5 = = #
0 0 0 0 0 0 0 -1 0 0 00

0 1 0 1 11 01
f(z) = + z and g(x)= + x € S[x;0;9].
0 0 0 0 01 0 0
We observe that € N(S) and
0 0
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+
I 1
[a) o
[am—

Q
e ) [a)
[a) o
[a) =

N~ —

&

(]

0
0 1 0 1 -1 0
= +
0 0 00 0 -1
0 1 1 -1 01 -1 0 01 0 -1 )
+ + T+ x
0 0 0 1 00 0 -1 00 0 0
0 0
00
but there does not exist any nonzero element s € S such that x | s = 0. Therefore,
00

S is not (o, §)-skew nil-McCoy.

Let R be the free algebra generated by the two noncommuting indeterminates a, b and I be

the ideal generated by a? and b%. Take
S:=R/I®R/I.

Note that the right ideal generated by (a, b) of S contains no element (b, a)(a, b) = (ba, ab),

which implies that S is not right duo. Let ¢ be an endomorphism of S defined by
o: (a, b) — (b, a)
and let § = 0g. Then S is not o-compatible. Indeed, (a, b)(a, b) = (0, 0), but

(av b)O’ ((CL, b)) = (CL, b)(b7 CL) # (03 O)'
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On the other hand, if we take
f(x)=(a,b)+ (a, b)x and g(z) = (—a, —b) + (b, a)x € S[x;0;],
then we have
f(@)g(x) = (a, b)(—a, =b) + (a, b)é((—a, —b))
+[(a, b)(b, a) + (a, b)o((—a, =b)) + (a, b)5((b, a))] = + [(a, b)o((b, a))]
= [(ab, ba) + (a, b)(=b, —a)] = + [(a, b)(a, b)] 2

= (0’ O)a

but there exists no nonzero element s € S such that (a, b)s = 0 = ((a, b)x) s, which implies

that S is not (o, §)-skew nil-McCoy.

4.2 (o0, 0)-skew McCoy property on Jacobson radicals

Next, we focus upon the (o, d)-skew McCoy property of the Jacobson radical. We first note that

a o-derivation ¢ of a ring R does not need to preserve N(R). To see this, if we take S and ¢ as

01 01
in Example 4.1.4-(a), then we can see that € N(S), but § ¢ N(S). However,

0 0 0 0
the result is positive under the (o, §)-compatible condition:

Lemma 4.2.1. Let R be a (o, §)-compatible ring. Then
d(N(R)) C N(R).

Proof. Let a € N(R). Then a™ = 0 for some n € N. We claim that §(a)” = 0. Indeed, since a™ = 0,
we see

0=46(a") = 6(a)a™ ' +o(a)s(a™ ). (4.3)

But by the fact that R is (o, §)-compatible and 0 = o(a") = o(a)o(a"'), we have o(a)a™ ! = 0,

which implies o(a)§(a” 1) = 0. Then from (4.3), we get
S(a)a™t =o0.
Again, since R is (o, §)-compatible, we observe
0=d(a)8(a™) = 6(a) <5(a)a"_2 v 0(a)5(a”_2)> (4.4)
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and
5(a)a™ =0 = d(a)o(@ ) =0 = d(a)o(a)o(@?) =0 = d(a)o(a)d(a™?) =0.

Therefore, we obtain 6(a)2a™ 2 = 0 from (4.4). Repeating this argument, we can see d(a)" = 0,

and hence we are done. O
We then prove:

Theorem 4.2.2. Let R be a right duo, local left (or right) artinian ring which is (o, §)-compatible.
Then the Jacobson radical J(R) is (o, 6)-skew McCoy.

Proof. We recall that for any left or right artinian ring R, the Jacobson radical J(R) is nilpotent.
Now, we first show that

o(J(R)) C J(R) and 4(J(R)) C J(R). (4.5)
To see this, we note that right duo rings are 2-primal, i.e., P(R) = N(R) (see [31]). Since, in general,
P(R) C J(R) and J(R) C N(R) from the fact that J(R) is nilpotent, we have J(R) = N(R). But
since o preserves nilpotent elements, we get o(J(R)) C J(R). Also, by Lemma 4.2.1, the second

inclusion of (4.5) is obvious. This shows (4.5). Note that
J(R) is (o, §)-compatible (4.6)
from the heredity of (o, §)-compatibility. Next, we show that
J(R) is right duo. (4.7)

To see this, let a, b € J(R)\{0}. Since R is right duo, we have ab = bd for some d € R. It is
enough to prove that d € J(R). Then we assume to the contrary that d ¢ J(R). But since R
is local, we see that J(R) is the set of non-units of R, which implies d is a unit. On the other
hand, since J(R) is nilpotent, there exists n > 1 such that a” = 0. Then from ab = bd, we observe
0= a"b = a""!(bd) = --- = bd™. But since d is a unit, we obtain b = 0, which is a contradiction.
This shows (4.7). Therefore, since every element of J(R) is nilpotent, we conclude that J(R) is
(0, 0)-skew McCoy by Theorem 4.1.3 together with (4.5), (4.6) and (4.7). O

Corollary 4.2.3. Let R be a (o, §)-compatible reversible left (or right) artinian ring. Then J(R)
is (o, §)-skew McCoy.
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Proof. Since the reversible condition is hereditary, J(R) is also reversible. Note that every reversible
ring is 2-primal. Then by the same argument as in the proof of Theorem 4.2.2 together with the

assertion (4.1), the result follows. O

With a ring R and a derivation § of R, we denote a differential polynomial ring with the usual
addition and multiplication defined by xr = rz + d(r) for every r € R by R[x;d]. We shall say that

a ring R is called d-differential McCoy if for any nonzero two polynomials

f(z) = Zaixi and g(x) = ijxj € R[z; 9],
i=0 Jj=0

f(x)g(z) = 0 implies there exists a nonzero element r € R such that a;z'r = 0 for all 0 < i < m.

‘We then have:

Corollary 4.2.4. Let R be a §-compatible local left (or right) artinian ring with a derivation 0 of
R. Then J(R) is §-differential McCoy whenever R is right duo or reversible.

Proof. Tt is immediate from Theorem 4.2.2 and Corollary 4.2.3. O

4.3 Tracial o-derivations

By Theorem 2.4.1 via [27, Theorem 20], it is known that if for a o-compatible regular ring R,
R is reversible <= R is o-skew McCoy. (4.8)

In spite of that, we cannot guarantee that when R is a (o, d)-compatible regular ring, R is reversible
if and only if R is (o, §)-skew McCoy. But we may get the result under some constraints. To do so,
we introduce a new notion: a o-derivation ¢ of R is called tracial if § sends commutators to zero,
ie.,

0(ab) = §(ba) for all a,b € R.

Clearly, if R is commutative, then every o-derivation of R is a tracial o-derivation. However, it
is not trivial whether there exists a tracial o-derivation on a noncommutative ring. The following

example shows that there exists such a derivation.
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Example 4.3.1. Let R be a commutative ring and T5(R) be an upper triangular matrix ring whose

elements are in R, i.e.,

a b 0 c—a
1) —
0 c 0 0
We claim that ¢ is tracial. To see this,
5 a b d e 5 ad ae+bf 0 c¢f —ad
0 ¢ 0 f 0 cf 0 0
and
5 d e a b 5 da db+ec 0 fe—da
0 f 0 ¢ 0 fc 0 0

But since R is commutative, the result follows.

We now generalize the result of (4.8) with a tracial o-derivation 0:

Theorem 4.3.2. Let R be a (o, §)-compatible regular ring with a tracial o-derivation §. Then
R is reversible <= R is (o, 0)-skew McCoy.

Proof. (=): By (4.1), this holds without the regularity condition.

(«<): It is similar to the proof of Theorem 2.4.1. Suppose R is (o, §)-skew McCoy. Assume to the
contrary that R is not reversible, which implies R is not reduced. Thus, there exists a nonzero
a € R such that a®> = 0. Since R is regular, there exists a nonzero ¢ € R such that a = aca and

¢ = cac. Then by the same method as in Theorem 2.4.1, we take
f®)=0(a)— (1 —ca)r and g(z)=ac+ o(c)z.
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Then a direct calculation gives f(z) # 0 # g(z) and
f(@)g(@) =(o(a)ac - (1 - ca)d(ac)
+ (J(a)a(c) — (1 —ca)o(ac) — (1 — ca)é(a(c)))x (4.9)
— (1 - ca)o(c)z?.
Observe:

(i) Since a? = 0, and hence o(a)? = 0, it follows from o-compatibility that o(a)a = 0 and

ac(a) =0. Then o(a)ac = 0 and cac(ac) = 0;

(ii) Note that (1 —ca)ca = 0. Since R is (o, d)-compatible, we have (1 — ca)d(ca) = 0. But since

J is tracial, we have (1 — ca)d(ac) = 0;

(iii) Since (1 — ca)c = 0, we have (1 — ca)o’(c) =0 (i = 0, 1,...) by o-compatibility, and hence
(1 —ca)d(o(c)) = 0 by d-compatibility.
Combining (4.9) with the above arguments (i), (ii), and (iii), we get f(z)g(z) = 0. Since R is

(0, §)-skew McCoy, there exists 0 # r € R such that

(4.10)
(1 —ca)xr =0.

Since o(a)r = 0, we have ac(r) = 0 by o-compatibility. Also, from the second equation of (4.10),
(1 = ca)o(r) = 0. Thus, o(r) = cac(r) = 0, so that » = 0, a contradiction. Therefore, R is

reversible. This completes the proof. O

4.4 An application to group rings

Now, we conclude with an application of Theorem 4.3.2 to the group ring. Then we consider the
group ring with a field and the quaternion group @s. To do so, we write the group ring with a
group G and a ring R as R[G]. On the other hand, it was proven [15, Theorem 3.1] that when K

is a field of characteristic different from 2,
K|Qs] is reversible <= the equation 1 + x? + y? = 0 contains no solution in K. (4.11)

Then we may wonder about the following question: when does the group ring K|[Qs] have the

McCoy property, more concretely, the (o, §)-skew McCoy property?
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With the aid of Theorem 4.3.2, we can give an answer to this question:

Corollary 4.4.1. Let K be a field of characteristic 0. If K[Qs] is (o, §)-compatible with a tracial
o-derivation §, then the following are equivalent:
(i) K[Qs] is (o, 0)-skew McCoy;

(ii) the equation 1 + 2? + y* = 0 contains no solution in K.

Proof. Note that if a € Qg, then the order of a € {1, 2, 4}. Since K is a field of characteristic 0,
we have 11k, 21k, and 4 - 1 are nonzero, and thus they are units in K. Hence, there exist

s1, S2, s4 € K satisfying
(1-1g)s1 =1g, (2-1g)s2 =1k, (4-1g)sy = 1.

Then for any r € K, we have
1-(s1r)=(1-1g)s1r =,
2-(sor) = (2 1g)sor =,

4. (sqr)=(4-1g)sqr =1

But s;r (i = 1, 2, 4) is the unique element such that i - (s;7) = r since the equation i -t = r for
some t € K implies

t= 1Kt = (l . Si)t = Si(i-t) = S;T.

Therefore, we conclude that
K is uniquely divisible by the orders of elements in Qs. (4.12)

On the other hand, it is known ([33, Theorem 2]) that for a locally finite group G and a commutative
regular ring R which is uniquely divisible by the order of each element in G, the group ring R[G] is
regular. Thus, since Qg is clearly a locally finite group and we have the assertion (4.12), we obtain

K|[Qg] is regular. Therefore, the result follows from Theorem 4.3.2 together with (4.11). O

Corollary 4.4.2. If K is a field of characteristic 0, then K[Qg] is right McCoy if and only if the

equation 1 + x? + y? = 0 contains no solution in K.
Proof. 1t follows from Corollary 4.4.1 with ¢ = [ and § = Og. O]
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Example 4.4.3. Let Q be the field of rational numbers. Then the characteristic of Q is clearly 0.
Moreover, there does not exist any solution in Q for the equation 1 + 22 4+ 32 = 0. Thus, it follows
from Corollary 4.4.2 that Q[Qs] is right McCoy. However, if C is the field of complex numbers,
then C[Qg] is not right McCoy because the equation 1 + 2 + 32 = 0 has a solution (z =0, y = i)
in C.
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