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In this thesis we develop efficient numerical methods for the approximation of matrix functionals of
the form F(A) := w! f(A)v, where A is a large symmetric or nonsymmetric matrix, w, v are given
vectors, and f is a function. Golub and Meurant describe a technique for computing upper and
lower bounds for matrix functionals F'(A) based on the connection between the Lanczos process,
orthogonal polynomials, and Gauss-type quadrature rules. Their technique considers the expression
F(A) as a Stieltjes integral. If the derivatives of the integrand f do not change sign on the convex
hull of the support of the measure, then Gauss-type quadrature rules can be applied to compute
upper and lower bounds for F'(A). However, when A is symmetric and derivatives of the integrand
f change sign in the convex hull of the spectrum of A, or when the matrix A is nonsymmetric, then
this approach is not guaranteed to yield upper and lower bounds.

We consider several extensions of the technique by Golub and Meurant for approximating matrix
functions of the form F(A). Let A € RV*N be a large symmetric matrix. Our first extension is based
on the use of pairs of Gauss, and suitable generalized Gauss—Radau or generalized Gauss—Lobatto
rules that yield upper and lower bounds for F(A) when some of the derivatives of f change sign on
the convex hull of the support of the measure. We also describe new methods to evaluate these
quadrature rules.

Our other extensions are concerned with the situation when the function f cannot be approxi-
mated accurately by a polynomial of small to moderate degree. Then Gauss-type rules may yield
poor approximations of the functional F'(A). This situation occurs, for instance, when the function
f has one or several singularities close to the support of the measure. This difficulty can be remedied
by using rational Gauss rules. We discuss two approaches related to this case. First, we develop a
technique to approximate matrix functionals of the form F(A) with A € RV*¥ a large nonsymmetric
matrix when the function f has a singularity at the origin. We derive Gauss—Laurent quadrature
rules that yield significantly more accurate approximations of F'(A) than Gauss-type rules with the

same number of nodes. Also, we develop associated anti-Gauss—Laurent quadrature rules. Pairs of



Gauss—Laurent and anti-Gauss—Laurent rules can be applied to compute upper and lower bounds
for F'(A) under suitable conditions. Second, we consider matrix functionals of the form F'(A), where
A € RV*N ig a large symmetric positive definite matrix, and f is a Stieltjes function. In this case,
upper and lower bounds can be computed using pairs of rational Gauss and Gauss—Radau rules
or, under suitable conditions, pairs of rational Gauss and anti-Gauss rules that are determined by

prescribed poles.
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CHAPTER 1

Introduction

The goal of this thesis is to study and propose efficient and inexpensive numerical methods to
approximate the value of matrix functionals of the form F(A) := w? f(A)v, where A is a large
symmetric or nonsymmetric matrix, w, v are given vectors, and f is a function. There are many
applications that require the evaluation of the expression F'(A). For instance, consider the system
of equations Ax = b, where A is a large sparse symmetric positive definite matrix and b is a given
vector. Let & be an approximation to the exact solution, . Furthermore, let r = b — AZ be the
residual vector. Then, the error e = & — & is given by e = A~!'r. The square of the norm of the
error is |e]|3 = »T A=2r, which is of the form F(A); see [42] for more details. Other applications
arise in Tikhonov regularization and network analysis; see, e.g., [4, 11, 15, 17, 54].

In this research, we describe and explain the connection between large symmetric or nonsymmetric
matrices, classical and rational Lanczos algorithms, orthogonal polynomials and rational functions,
and quadrature rules.

Golub and collaborators developed elegant and powerful iterative methods for computing upper
and lower bounds for F'(A) with w = v, utilizing the connection between the Lanczos procedure,
orthogonal polynomials, and Gauss-type quadrature rules. However, in some cases, this approach
is not guaranteed to provide upper and lower bounds. For instance, when A is symmetric and
the derivatives of the integrand f change sign in the convex hull of the spectrum of A, or when
the matrix A is nonsymmetric. Moreover, the quality of the upper and lower bounds obtained by
applying a few steps of the standard Lanczos procedure to A depends on how well the function f can
be approximated by a polynomial of small to moderate degree. However, when the integrand f has
one or several singularities close to the spectrum of A, the approximation of F'(A) by a polynomial
may not yield the desired accuracy with moderate computational effort. In this thesis, we introduce

numerical methods that deal with these issues.



This thesis is organized as follows. Chapter 2 provides the necessary mathematical background,
notation, definitions, and theorems that give the reader a good overview of the connections between
orthogonal polynomials and rational functions, quadrature rules, and the Lanczos algorithm.

In Chapter 3 we discuss generalized Gauss-type rules which are Gauss-type quadrature formulas
having nodes of arbitrary multiplicity at one or both end points of the interval of integration.
Moreover, we present a new computational method for computing upper and lower bounds for F(A),
where A € RV*N is a large symmetric matrix via pairs of Gauss, and generalized Gauss-Radau,
or generalized Gauss—Lobatto rules. The advantage of these rules is that they give upper and
lower bounds for F'(A) in some situations when pairs of Gauss and (standard) Gauss—Radau or
Gauss—Lobatto rules are not guaranteed to furnish upper and lower bounds. Generalized Gauss—
Radau rules are Gauss—Radau-type rules, in which the fixed node has multiplicity larger than one;
similarly, generalized Gauss—Lobatto rules are Gauss—Lobatto-type rules, in which at least one of
the fixed nodes has multiplicity larger than one. We evaluate these quadrature rules by modifying
the tridiagonal matrix computed by a few steps of the Lanczos process.

When the integrand f has one or several singularities at or close to the spectrum of A, then
Gauss-type quadrature rules with a small or moderate number of nodes will not yield accurate
approximations of the expression F'(A). Then it may be useful to approximate f by rational
functions with poles at or close to the singularities of f. In Chapters 4 and 5 , we present efficient
methods for computing error bounds (or estimates of bounds) for matrix functions of the form F'(A)
with a symmetric or nonsymmetric matrix A based on the rational Lanczos algorithm.

In Chapter 4 we assume that the singularity of the integrand f is at the origin. In this case,
we use rational Gauss quadrature rules for the approximation of matrix functionals of the form
F(A) with A € RV*N 3 large nonsymmetric matrix. These rules are exact for certain Laurent
polynomials, which are polynomials in  and ~!. They are referred to as Gauss-Laurent quadrature
rules. These rules can provide much higher accuracy than (standard) Gauss-type rules with the
same number of nodes. Gauss—Laurent quadrature rules can be determined by applying a few steps
of the nonsymmetric rational Lanczos process to the matrix A with initial vectors v and w. We also
define extended Krylov subspaces Ky, corresponding to Laurent polynomials. These spaces require
the evaluation of m — 1 matrix-vector products with A and A7, and require the solution of ¢ — 1

linear systems of equations with A4 and A”. For many matrices, the evaluation of matrix-vector



products with A and A can be carried out faster than the solution of systems of equations with A
and AT. This suggests that it may be beneficial to choose m larger than ¢ in K¢, In addition, we
introduce the associated anti-Gauss—Laurent quadrature rules, allowing one to compute estimates of
upper and lower bounds for the quadrature error in Gauss—Laurent rules.

Chapter 5 is concerned with the approximation of expressions of the form F(A), where A € RV*V
is a large symmetric positive definite matrix, and f is a Stieltjes function. This class of function
is defined in the complex plane except on the negative real axis. We therefore generalize the
discussion of Chapter 4 to the case where Laurent polynomials are replaced by rational functions
with prescribed poles on the negative real axis. In this chapter, we use rational Gauss rules that
are presented in [56]. These rules are based on orthogonal rational functions that satisfy short
recurrence relations and have a few prescribed poles. The number of terms in the recursion relations
depends both on the number of distinct poles and their order. We also define the associated rational
Gauss—Radau and rational anti-Gauss rules. Moreover, we describe how upper and lower bounds
or estimates of upper and lower bounds for F/(A) can be computed by pairs of rational Gauss and
Gauss—Radau quadrature rules, or by pairs of rational Gauss and anti-Gauss quadrature rules. The
computation of rational anti-Gauss rules requires one more step of the symmetric rational Lanczos
process. In order to reduce the computational cost, we introduce simplified rational anti-Gauss
quadrature rules that require to determine the same number of steps of the symmetric rational
Lanczos algorithm as the corresponding rational Gauss rule.

We conclude each chapter with numerical examples that illustrate the accuracy of the proposed
methods with the existing methods. All computations were carried out using MATLAB R2017b on

a 64-bit MacBook Pro personal computer with about 15 significant decimal digits.



CHAPTER 2

Background and Notation

In this chapter we provide basic concepts, properties, and algorithms that will be used throughout

this thesis.

2.1 Orthogonal Polynomials and Rational Functions

We first define orthogonality with the aid of the definition of an inner product for functions of a
real variable by using Riemann—Stieltjes integrals; see Golub and Meurant [29] and [64] for more

discussions on Riemann—Stieltjes integrals.

Definition 1. Let [a,b] C R be a finite interval. A partition o of [a,b] is a finite set of points of

[a,b] that satisfy

The norm of e is defined as

ol = 112%{3% —Ti 1}

A sequence ¢;, i =1,2,...,1, of real numbers is said to be a choice sequence for p if it satisfies
rio1 < ¢ <ux;,, for i=1,2,...L

Definition 2. Let [a,b] C R be a finite interval, and let f and X be real-valued functions defined on
[a,b]. Further, let p = {xg,21,...,21} be a partition of [a,b] and let ¢;,;i = 1,2,...,1 be a choice
sequence for p. Then the Riemann—Stieltjes sum of f and X\ is defined as

l

S((x4)i=o0,...1, (¢i)i=1,..1) = Zf(ci)()‘(xi) — Mxi-1)).

=1

If there is a number S € R such that for any € > 0 there exists a 6 > 0 satisfying

1S ((xi)i=0,...1, (¢i)i=1,..0) — S| < e,



whenever ||p|| < d, then S is called the Riemann—Stieltjes integral of f with respect to A on |a,b]

and is denoted by

1) = [ @) (21)
The function f is called the integrand and X\ is a nondecreasing function on |a,b] having finite limits
at +00 if a = —oo and/or b = +oo and with infinitely many points of increase. The set of all points

of increase of X\ is called the support ( or spectrum) of the measure d\, and the smallest closed

interval that contains these points is called the convex hull.

If \M(z) = x in (2.1), then the Riemann—Stieltjes integral reduces to the classical Riemann integral.

In many cases, the Riemann—Stieltjes integral (2.1) can be written as

b
/ f(z)w(x)dz, (2.2)

where w is a nonnegative integrable function on [a, b], called a weight function. The integral (2.2)
must be well defined if the interval [a,b] is infinite. This can be achieved by requiring that all

moments,
b
Wi = / w(x)dx, i=0,1,2,..., (2.3)
a

exist and be finite. See Golub and Meurant [29] for discussions on the existence of the Riemann—
Stieltjes integral.

Let P denotes the space of all real polynomials and let Py C P be the space of all polynomials of
degree at most d. A polynomial p € Py is said to be monic if its leading coefficient is equal to one,

that is

pa(z) = 2+ g1z egaz® 4L
Definition 3. We define an inner product associated with the measure d\ as
b
(1) = [ Fa)g@irw). (2.0

Let p and g € P. The polynomials p and q are said to be orthogonal with respect to the inner product

(2.4) if (p,q) = 0. The norm of p is defined as

ol = ([ verane)



Definition 4. A sequence of polynomials p;,i =0,1,2,..., are called monic orthogonal polynomials

with respect to the measure d\, if they are monic and
(pispj) =0, if i#j 4,5=0,1,2,...,
lpill >0, for ¢=0,1,2,....
By normalizing
ﬁi :pZ/HpZ” 57: - 0)1725”"
we obtain orthonormal polynomials, which satisfy
0, if i#7],

1, if i=j.

(i, Dj) = 0ij =
Definition 5. The inner product (2.4) is said to be positive-definite on P if |p|| > 0 for allp € P,
p # 0, and it is said to be positive-definite on Py if ||p|| > 0 for any p € Pg,p # 0

The following result provides a sufficient condition for guaranteeing the existence of orthogonal

polynomials; see Gautschi [22] for more details.

Theorem 1. If the inner product (2.4) is positive-definite on P, then there exists a unique infinite

sequence of monic orthogonal polynomials related to the measure d\.

Proof. The polynomials pj(x) can be generated by applying the Gram—Schmidt process to the basis

La,22,.... Let po(x) = 1, and for j = 1,2, ... recursively generate
Jj—1 i
i <x']7pi>
pj(@) =2’ = ) cpi(z), = - (2.5)
! Zz:% o ' {pi, pi)

By the positive definiteness of the inner product, (p;,p;) > 0. Thus, the polynomial p;(x) can be

uniquely defined, and it is orthogonal to all polynomials po(x),pi(z),...,pj—1(x).

This condition is sufficient but not necessary for a polynomial to be exist. The inner product is
enough to be different from zero, and it is not required to be positive. For instance, in Chapter 4,
the inner product is defined with respect to a complex-valued measure. In this case, the sequence of
orthogonal Laurent-polynomials can be generated, but the inner product is not positive definite.

The hypothesis of Theorem 1 is satisfied if A has infinitely many points of increase. Assume now

that X\ has exactly n > 1 points of increase on the interval [a,b]. Then the Gram—Schmidt process



can be applied as long as (p;, p;) > 01in (2.5), that is, for j < n. The last generated polynomial p,,(x)
has norm zero. Thus, p,(x) vanishes on the finite support of \. The Riemann-Stieltjes integral with
respect to the measure d\ where A has finitely many points of increase plays a significant role in the
approximation of matrix functions.

An important property of orthogonal polynomials is that they satisfy a three-term recurrence

relation. More details of three-term recurrence relations can be found in Golub and Meurant [29].

Theorem 2. Let {p;};, be a sequence of monic orthogonal polynomials. Then there are two

sequences of coefficients {o;};2, and {B;};2, such that

pj(r) = (v — aj-1) pj-1(z) — Bj—1pj—2(x), j=1,2,...,

p-1(r) =0, po(z) =1,
where
oy = BPLPI) gy
(Pj—1,Pj-1)
Pj—1,Pj—-1 .
ﬁj71:7<j / >, =2,3,....
<pjf27pj72>

Since p_1(z) = 0, the coefficient 5y does not have to be defined.
Polynomials can be viewed as rational functions whose poles are located at infinity. By fixing a

sequence of points {(1,(2, ..., } C (CU{o0})\{0}, where C denotes the complex plane, we define

() = H(l —x/(j).

Let Q, be the space of rational functions with poles at {(; };‘:1. Some of the poles can be repeated,

and they can be fixed at infinity. A function f belongs to €2, if and only if it is of the form

pn(z)
= n € Py.
f(x) @)’ P €
Now, define factors
x
Zi(x) = ———, j=1,2,...,
’ (I —=/¢)

and products

w0517 wj:Zj(x)wj—h .7:1727 .



Then, a basis for €, is given by
Q := span{vo(z), Y1 (z), ..., ¥n(z)},
Note that if (; = oo for all j, then
Zj(x) =z, ;=

Thus, the space 2, reduces to the space of polynomials.

Assume that all moments p; defined by (2.3) exist and pg = 1. Then, the orthonormal rational
functions {¢o, ¢1,...} can be generated by applying the Gram—Schmidt process with respect to the
inner product (2.4) and associated norm to the elements 1;,7 = 0,1,.... Since pop = 1 and 9y = 1,
it follows that ¢g = 1.

Orthogonal rational functions with prescribed poles can satisfy short recurrence relations,
similarly as orthogonal polynomials. The recursion relations are more complicated for orthogonal
rational functions than for orthogonal polynomials, because they depend on the number of distinct
poles and their ordering.

It is shown in [10] that the orthonormal rational functions ¢,, with real poles, satisfy the following

three-term recurrence relation

¢n(x) = <anZn + bn ZZn > an—l(‘r) + CnZZiQ(z)n—Q(w)y vn > 1;

n—1 n

p-1(z) =0, ¢o(z) =1,
for subtitle constants ay, b, and c¢,. In the case of complex poles, the same relation holds, if (,_o
is replaced with (,_o, where the bar denotes complex conjugation; see [69] for more details. In
Chapters 4 and 5, we discuss orthogonal rational functions with fixed poles that satisfy short

recurrence relations, analogous to the three-term recurrence relation for orthogonal polynomials.

2.2 Quadrature Rules

An n-point quadrature rule for the approximation of the integral (2.1) is of the form
b n
[ @dx@) = Y wif ) + En(5), (2.6
a ]:1

where x; and w; are the nodes and weights of the quadrature rule, respectively. The sum in the
right-hand side is an approximation of the integral on the left-hand side and the term &,(f) is the

quadrature error; see Golub and Meurant [29] and Gautschi [22] for discussions on quadrature rules.



Definition 6. The quadrature rule (2.6) is said to have degree of exactness d if
E.(p) =0, YpEP, (2.7)

It is said to have precise degree of exactness d if it has degree of exactness d but not d+ 1, that is if

(2.7) holds but &,(p) # 0 for some p € Pgy;.

It is well known that there exists a unique optimal choice of the nodes and weights that allow the
quadrature rule (2.6) to integrate exactly all polynomials of degree at most 2n — 1. The resulting
quadrature rule is called a Gauss quadrature rule. It was introduced by Gauss at the beginning of

the nineteenth century.

2.2.1 Gauss-Type Quadrature Rules
In this subsection, we will briefly review some properties of Gauss-type quadrature rules; see, e.g.,

Golub and Meurant [29] or Gautschi [22] for more discussions on Gauss rules.
Definition 7. The n-point Gauss quadrature rule is given by
Gn(f) = zn:wif(ﬂﬁi)a (2.8)
i=1
and is characterized by the property that
Z(f) = Gn(f), VS €Pon.

Assume that the integrand f is 2n continuous derivatives on [a,b]. Then the error in the Gauss

quadrature Tule (2.8) can be expressed as
- B f(2")(33G) b_n 9
En(f) = (T —-Gu)(f) = Ty il;[l(ﬂf — ;)" dA(z), (2.9)
for some x¢ € (a,b), where f™)(z) denotes the 2nth deriative; see, e.g., [22, 29] for a proof.

The following results illustrate the relation between orthogonal polynomials and Gauss quadrature.

Complete proofs can be found in [66].

Theorem 3. Let n € N. The nodes of the n-point Gauss quadrature rule x; are distinct and the

roots of the orthogonal polynomial p,, with respect to the measure dA.



Theorem 4. The weights of the n-point Gauss quadrature rule w; are the solution of the (nonsin-

gular) system of equations

1, ifk=0,

Zwipk(l‘i):
i=1 0, ifk=12,...,n—1.

The above two theorems present theoretical methods for the approximation of the Stieltjes
integral (2.1) using Gauss quadrature rules (2.8). In fact, the nodes and weights of the Gauss rule
can be more easily computed by other methods.

Let us assume that there is a family of orthonormal polynomials py(x), p1(x), ... with respect to

, 1=
0, i#j.

These polynomials satisfy the three-term recurrence relation

b
/ pi(@)p; (2)dA(z) =

Bipj(x) = (x — aj_1) pj—1(x) — Bj—1pj—2(t), j7=1,2,...,n,

(2.10)
p*l(x) = 07 pO(x) = 1’
if fab d)\ = 1. The three-term recurrence relation can be written in a matrix form as
2P (z) = TP (z) 4 Bnpn(z)en, (2.11)
where P(z) = [po(z),p1(x), ..., pn_1(z)]" and e, = [0,0,...,0,1]7. Moreover, the matrix
ap B 0
fr o1 B
T, = € R, (2.12)

Brn—2 Qpn—2 Bn-1

0 ﬁnf 1 CGn—1 |

is symmetric and tridiagonal (i.e. a Jacobi matrix), and it is determined by the first 2n — 1 nontrivial

recursion coefficients. Moreover, all the eigenvalues of T, are real and simple, since 5; # 0 for

10



Now, suppose that the z;, i = 1,2,...,n, are the roots of p,(x); that is, p,(z;) = 0. Then,
relation (2.11) reduces to

xZP(:L'z) = TnP(Z’i),

which shows that the z; are eigenvalues of T}, and P(z;) are corresponding eigenvectors. The proof

of the following theorem can be found in Golub and Meurant [29].

Theorem 5. The eigenvalues of the Jacobi matriz (2.12) are the nodes x; of the Gauss quadrature

rule (2.8) and the weights w; are the squares of the first elements of the normalized eigenvectors.

In addition to Gauss rules, there are related quadrature rules having a fixed number of nodes.
If there is a single node, xy, which is fixed at an endpoint of the interval of integration, the

corresponding (n + 1)-point quadrature rule

Gt (f) = wof (wo) + Y wif (), (2.13)
i=1

is known as a Gauss—Radau quadrature rule with —oo < g < a or b < zg < oo as a prescribed
node. This rule is exact for all polynomials of degree at most 2n. Moreover, if both of the endpoints,
—00 < x0,1 < aand b < 2 < 00, are prescribed nodes, then the (n + 2)-point quadrature rule
n
Gn1,1(f) = wof(xo,1) + wnsr f(wo,2) + Z w; f(24), (2.14)
i=1
is called a Gauss—Lobatto quadrature rule. It is exact for all polynomials of degree at most 2n + 1.
Similarly as for Gauss rules, we define reminder formulas for Gauss—Radau and Gauss—Lobatto
rules. Let int(a,b,zo) denote the convex hull of the set {a,b, zo}. If the integrand f has 2n + 1
continuous derivatives in int(a, b, zp). Then, the error in the Gauss-Radau quadrature rule (2.13)

can be expressed as

(2n+1) T b n
eualf) = @ = Gu)() = L5 00 [ [[e- w219

(2n+1)!

1=

[y

for some zgr € int(a,b,z9). Moreover, if the integrand f is 2n + 2 continuous derivatives in
int(a, b, xo,1,z02), the convex hull of the set {a,b, 1,202}, then the error in the Gauss-Lobatto

quadrature rule (2.14) can be expressed as

(2n42) (g ) b n
ura(9) 1= @~ Ga) () = L0 2 [y @) [[ (2w are), (216

|
(2n + 2)! pale
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for some zgy, € int(a, b, zo1,20,2).
When the derivatives of f are of known constant sign, the error formulas (2.9), (2.15) and (2.16)
are of known sign, and the quadrature rules (2.8) and (2.13) or (2.14) provide upper and lower

bounds for (2.1). For instance, when f™(zg) > 0 in (2.9), we have £, > 0 and, therefore,

Gn(f) <Z(f)-

If in addition, f®"*1(zgr) < 0 in (2.15), then an upper bound for Z(f) can be determined by the
application of an (n + 1)-point Gauss—Radau quadrature rule with a fixed node at zy < a; see, e.g.,
[29] for more details.

In 1996, Laurie introduced the (n + 1)-point anti-Gauss quadrature rule §n+1 that gives an error
of the same magnitude as the n-point Gauss quadrature rule and of opposite sign when applied to

polynomials of degree at most 2n + 1, that is,

(Z=Gn1) () = —(T = Gn)(p), Vp € Popyr. (2.17)

Therefore, for f € Py,11, pairs of the quadrature rules G, and §n+1 provide error bounds for the
exact value of the integral (2.1). Moreover, an average of the Gauss and anti-Gauss formulae may
yield more accurate results. The property (2.17) forms the basis for using pairs of Gauss and
anti-Gauss rules to compute approximate bounds for F'(A). It was first applied to matrix functions
in [12].

Gauss-type quadrature rules will only be an accurate approximation to the integral (2.1) if
the integrand f can be well approximated by polynomials of small to moderate degree. However,
when the integrand f has one or several singularities close to the interval of integration, Gauss-type
quadrature rules (2.8), (2.13) and (2.14) will not provide accurate approximations of the expression
(2.1). This difficulty can be remedied by using rational Gauss-type quadrature rules that are
discussed in Chapters 4 and 5.

Similarly as orthogonal polynomials are related to Gauss quadrature rules, orthogonal rational
functions are related to rational Gauss quadrature rules. The latter rules are exact for certain
rational functions with prescribed poles.

We briefly review some properties of rational Gauss quadrature rules. Given an integer k with
0<k<n,
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we define the k-dimensional space of rational functions

Qg = span{ﬁ,s: 1,2,...,850 = 1,2,...,(?},
k= Z§:1 55,
whose poles (; are real or complex numbers. They are chosen to be at or close to singularities of
the integrand f. The integers s; are the multiplicities of the prescribed poles.

Consider a quadrature rule
Gn(f) = @if (@), (2.18)
i=1

associated with the measure d\. The aim is to construct a formula (2.18) such that it satisfies

Gn(f) =Z(f), VI € Son, (2.19)

where

Sop 1= Pop_r—1 © Qy

is 2n-dimensional linear space. The following theorem shows how to construct the desired quadrature

rule. See Gautschi [22] for the proof and more discussions on rational Gauss rules.

Theorem 6. Let

d
w(x) =[] - ¢)¥,
j=1

be a polynomial of exact degree k. Assume that the measure d\/w admits an n-point (standard)

Gaussian quadrature formula

/ fa)

having distinct nodes x; contained in the support interval [a,b] of d\. Then,

(2) _

)

dA .
o > wif(wi), VfE€Po,
i=1

T = x;, and 0; = w(x;)w;,
yields the desired n-point rational Gauss rule (2.18) satisfying (2.19).

Analogously to the standard Gauss rules, the zeros of orthogonal rational functions are nodes

of rational Gauss rules. They can be computed as the eigenvalues of a symmetric banded matrix
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defined by the recursion relations. The square of the first components of the associated eigenvectors
of this matrix yield the weights of the rational Gauss quadrature rules; see, e.g., [42, 56] and Section

4.5 for more discussions.

2.3 The Lanczos Algorithm

In this section, we introduce the Lanczos algorithm for symmetric matrices as well as the nonsym-
metric Lanczos algorithm. These algorithms are used to approximate eigenvalues of large sparse
matrices, calculate quadrature formulas and estimate bilinear forms. Before we proceed, we define

Krylov subspace upon which the Lanczos algorithm is based.

RNXN

Definition 8. Given a matriz A € and initial vector v € RN, the nth Krylov subspace

K, (A,v) is spanned by n column vectors:
K, (A, v) = span{v, Av, ..., A" 1o} (2.20)

Krylov subspace methods are often used to compute an approximate solution to A= w, f(A)v,
or v f(A)v, for a given large matrix A, and function f. The superscript 7 denotes transposition.
Krylov subspaces have many properties that have proven their worth. A basis for a Krylov subspace
can be constructed by evaluating matrix—vector products with A. This feature is useful when the
matrix A is large and either sparse or structured, since then matrix—vector products with A can be
carried out inexpensively. Moreover, each vector & € K,, can be expressed in the form p(A)wv, for
some polynomial p of degree at most n — 1. Conversely, if p is a polynomial of degree at most n — 1,

then p(A)v € K,,. This yields an alternative characterization of K,:
K, (A,v) = {p(A)v, p a polynomial of degree < n — 1}. (2.21)

In the light of this observation, we may define an inner product on P,,_; via a given inner product

{-,-) on K, as follows
(p,q) = (p(A)v, q(A)v). (2.22)

We now turn to the Lanczos algorithm which is the most important application of Krylov

subspaces.
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2.3.1 The Symmetric Lanczos Algorithm
Given A € RV*N 5 symmetric matrix and an initial vector v € RY, the symmetric Lanczos

algorithm is defined by the following recursion Algorithm 1

Algorithm 1 Symmetric Lanczos algorithm
1: Input: Integer n, matrix A € RV vector v € RY.

2: Output: Orthogonal vectors {v;}7
3: Initialize: vy := 0; 5y = 0;v1 := v/||v|;
4: fori=1,2,...,ndo

5: Q1 1= ’U;TF(A’Ui — Bi—1vi-1);

6:  w; = Avi — 19 — Bi-1vi-1;

T Bi= s

8: Vi1 = ui/ B

9: end for

The core of Algorithm 1 is the relation

Bivig1 = (A — ai—1)v; — Bic1vi—1.

This three-term recurrence relation is reminiscent of the standard three-term recurrence relation of
orthonormal polynomials (2.10). It also tells us that the vectors v; form an orthonormal basis for

K, (A,v); i.e, they can be expressed as
v =pi-1(A)v, i=1,...,n,

for certain polynomials p; 1 of degree ¢ — 1. The orthogonality of the vectors v; translates into the
orthogonality of these polynomials with respect to the inner product (2.22). The Lanczos procedure
is analogously to the Stieltjes algorithm for computing a sequence of orthogonal polynomials with

respect to the inner product (2.22).

2.3.2 The Nonsymmetric Lanczos Algorithm
When the matrix A is not symmetric, the orthonormal vectors v; cannot be generated by a short
recurrence. To remedy this problem, Lanczos in 1950 introduced an algorithm for nonsymmetric

matrices. Its aim is to construct two biorthogonal sequences of vectors that form bases for the
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Krylov subspaces
K, (A,v) = span {'v, Av, ... ,A"‘l'v} ,

K, (AT,'w) = span {'w,AT'w, R (A"_l)Tw} ,
where AT denotes the transpose of A. Fortunately, these bases can be generated by short recur-
rences. The drawback is that the algorithm may break down. The standard Lanczos algorithm for
nonsymmetric matrices requires the use of both the matrix A and of its transpose. It is defined as

follows:

Algorithm 2 Nonsymmetric Lanczos algorithm

1: Input: Integer n, matrix A € RV*N  vectors v, w € RY such that w”v = 1.
2: Qutput: Biorthogonal vectors {v;}!~, {w;}1=, .
3: Initialize: v_1 = w_; = 0; vy = v;wy = w/(w’v);

4: fori=1,2,...,n—1do

a5 Q1 1= w;{l(A'Uiq — Yi—1Vi-2);

6: ri=Avi_1 — 0j_1Vi—1 — Vi—1Vi-2;

7: s:=ATw; 1 — a;_ w1 — Bim1w;_o;

8 Bii=rTs|Y%y = rTs/B;

9: v = 1/Biw; = 8/vi;

10: end for

Algorithm 2 may break down when some coeflicient §; vanishes. Breakdowns are classified into

two kinds:

(i) If T's = 0 because one of the involved vectors is zero, this situation is called lucky breakdown.
In this case, one may have to restart the algorithm with a pair of vectors that are biorthogonal

to the invariant subspace already found, cf. [48].

(ii) If #Ts = 0 but r # 0 and s # 0, the algorithm is suffer from a serious breakdown. A way to

deal with this problem is to apply a look-ahead technique.

The breakdowns of this algorithm have been discussed by many authors; see [32, 33, 34, 71]. For
more details of the Lanczos process; see [22, 29, 62].
The symmetric rational Lanczos method reduces a large symmetric matrix A to a small one

by both evaluating of matrix-vector products with A and solving linear systems of equations with
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shifted matrices (A — (jI), where (; is a prescribed pole. Typically, these systems are solved by LU
(or Cholesky) factorization. Therefore, the symmetric rational Lanczos method is attractive to use
when the matrix A has a structure that allows the computation of its LU (or Cholesky) factorization
for a reasonable computational cost.

Let (;,i=1,2,...,n— 1, be poles. A rational Krylov subspace is defined by

n—1

Kn(A,v) = span{v, (A — GI) v, (A= GI) (A -G, [J(A=GI) o).

i=1
When all ; = oo, the rational Krylov space reduces to the standard Krylov subspace (2.20). Rational
Krylov subspaces with poles at zero and infinity only, form a special instance called extended Krylov
subspaces. These subspaces are built by applying positive and negative powers of A to the vector v,

and they are related to Laurent polynomials.

Definition 9. Let j, k be two nonnegative integers. Then the set of Laurent polynomials of numerator

degree at most k and denominator degree at most j is defined as

L} 1= span {x*j,xfjﬂ, AU N ,wkil,xk} , x € R\{0}.

Obviously, if j = 0, then Lo = Py.
An example of the extended Krylov subspace is given by:
Ky, n. (A, v) = span {A*”lﬂv, L AT, A, A%, A"”“*lv} i

The dimension of the subspace is equal to n, +n; — 1. Similarly to polynomial Krylov subspace

(2.21), the extended Krylov subspace can be defined by using Laurent polynomials,

an,nr (A,'U) = {¢(A)U RS Enl—l,nr—l}'

These subspaces result in rational approximation to the integral (2.1). Generating an orthonormal
basis for an extended Krylov subspace generally is more expensive than computing an orthonormal
basis for a standard Krylov. However, rational Krylov subspaces of small dimensions may give
higher accuracy than standard Krylov subspaces of the same dimensions. It also might be beneficial
to allow the numerator degree of the orthonormal Laurent polynomials to grow faster than the

denominator degree, because in the rational Lanczos method each increase in the numerator degree
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requires the evaluation of a matrix-vector product with A, while each increase of the denominator
degree demands the solution of a linear system of equations with A.

It is shown in [41] that the recursion formulas for this kind of rational Lanczos process can be
short. They depend on the measure defined by the symmetric matrix A, the initial vector v, and on
how frequently the denominator degree is increased.

Also the recursion relations for the rational Lanczos process that is determined by several finite
real or complex conjugate poles may be short. The number of terms in these recursion formulas
depends on the number of distinct poles and their ordering. Recursion relations for this kind of

orthonormal rational functions are introduced in [58].
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CHAPTER 3

Generalized Gauss—Radau and Gauss—Lobatto Rules

3.1 Overview

Many functionals of a large symmetric matrix of interest in science and engineering can be expressed
as a Stieltjes integral with a measure supported on the real axis. These functionals can be
approximated by quadrature rules. Golub and Meurant proposed a technique for computing upper
and lower error bounds for Stieltjes integrals with integrands whose derivatives do not change sign
on the convex hull of the support of the measure. This technique is based on evaluating pairs of
a Gauss quadrature rule and a suitably chosen Gauss—Radau or Gauss—Lobatto quadrature rule.
However, when derivatives of the integrand change sign on the convex hull of the support of the
measure, this technique is not guaranteed to give upper and lower error bounds for the functional.
We describe an extension of the technique by Golub and Meurant that yields upper and lower error
bounds for the functional in situations when only some derivatives of the integrand do not change
sign on the convex hull of the support of the measure. This extension is based on the use of pairs of
Gauss, and suitable generalized Gauss—Radau or Gauss—Lobatto rules. New methods to evaluate

generalized Gauss—Radau and Gauss—Lobatto rules also are described.

3.2 Introduction

The main focus of this chapter is to evaluate matrix functionals of the form
F(A) = vl f(A)v, (3.1)

where A € RV*N is a large symmetric matrix, v € RN, f is a function that is defined on the
convex hull of the spectrum of A. For notational simplicity, we will assume that ||v|| = 1. Here and
throughout this thesis || - || denotes the Euclidean vector norm.

Golub and Meurant [28, 29] describe a technique for computing upper and lower error bounds

for matrix functionals of the form (3.1) based on the connection between the Lanczos process,
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orthogonal polynomials, and Gauss-type quadrature rules. Their technique considers the expression
(3.1) as a Stieltjes integral with integrand f. This indicates that Gauss-type quadrature rules can
be applied to compute approximations of (3.1). Assuming that derivatives of the integrand f do
not change sign in the convex hull of the spectrum of A, Golub and Meurant [28, 29] observed that
pairs of Gauss, and suitable Gauss—Radau or Gauss—Lobatto rules, provide upper and lower bounds
for (3.1). This follows straightforwardly from the sign of the error formulas (2.9), (2.15), and (2.16).

When derivatives of the integrand f change sign in the convex hull of the spectrum of A, the
technique developed by Golub and Meurant [28, 29| is not guaranteed to provide upper and lower

error bounds for (3.1).

Example 3.2.1. Let A € R?209%290 he the symmetric Toeplitz matrix with first row [2/3,2/5, . .., 2/401].
Its largest and smallest eigenvalues are given by A = 0.19175 and A4, = 8.0626, respectively.

Consider the approximation of the functional

F(A) =T exp(—é)sin(é)v. (3.2)
4 4
and define the integrand
f(z) = exp(—%) sin(%). (3.3)

Some derivatives of this integrand change sign on the interval [Ayin, Amaz|. We illustrate in Example
3.5.1 of Section 3.5 that pairs of Gauss and Gauss—Radau rules, or pairs of Gauss and Gauss—Lobatto

rules, do not furnish upper and lower error bounds for (3.2).

We are interested in exploring whether the technique of Golub and Meurant can be extended to
give upper and lower error bounds for (3.1) also in situations when some derivatives of the integrand
f change sign in the convex hull of the spectrum of A. Specifically, we will show that pairs of
Gauss rules and suitably chosen generalized Gauss—Radau or generalized Gauss—Lobatto rules give
upper and lower error bounds for (3.1) in some situations when pairs of Gauss and (standard)
Gauss—Radau or Gauss—Lobatto rules are not guaranteed to furnish upper and lower bounds.

Generalized Gauss—Radau rules are Gauss—Radau-type rules, in which the fixed node has
multiplicity larger than one; similarly, generalized Gauss—Lobatto rules are Gauss—Lobatto-type rules,
in which at least one of the fixed nodes has multiplicity larger than one. Generalized Gauss—-Radau

and Gauss—Lobatto rules have received considerable attention; see, e.g., [21, 23, 24, 26, 27, 55, 70].
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Applications of these quadrature rules include the computation of spline approximations that
reproduce as many consecutive moments of the integrand f as possible; see Gautschi [22, Section
3.3] for details.

This chapter is organized as follows: Section 3.3 reviews generalized Gauss—Radau quadrature
rules, and describes a novel way to evaluate the quadrature rules. Generalized Gauss—Lobatto rules
are considered in Section 3.4, and a few computed examples are presented in Section 3.5.

We conclude this section by discussing how the matrix functional (3.1) is related to a Stieltjes

integral. The development follows Golub and Meurant [28, 29]. Introduce the spectral factorization
A= SAST, A = diag[\1, Ao, ..., AN, (3.4)

with the eigenvalues Ay < A < ... < Ay and S € RN*N an orthogonal matrix, whose columns are

eigenvectors. Then we define

f(A) = Sf(A)ST;

see, e.g., [30, 38] for discussions on the definition of matrix functions. Introduce the row vector

[V1,v2,...,vN] := v1S. Then the functional (3.1) can be written as
N
F(A) =v"SFM)STv=>" f(\)vi. (3.5)
j=1

The right-hand side can be expressed as a Stieltjes integral

b
(/) = / f(@)dA(z), (3.6)

where the distribution function A associated with the measure dA can be chosen to be piece-wise

constant and defined by

0, if x<a= M\,

Ma)= 13002, if A <a<hg, i=12...,N—1,

S v i b=Ay <

The m-point (standard) Gauss quadrature rule associated with the measure dA(z) is of the form

G (f) = wif (xs),
=1
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and is characterized by the property that

I(f) :gm(f)’ vaPQm—la

where Py, 1 denotes the set of polynomials of degree at most 2m —1. The nodes x; of the quadrature
rule are distinct and known to be the zeros of an mth degree orthogonal polynomial with respect to

the inner product
(f.9) == Z(f9)- (3.7)
We will approximate the integral (3.6), and therefore the functional (3.1), by Gauss-type
quadrature rules. Under suitable conditions, the sign of the quadrature error can be inferred from
the remainder terms of the quadrature rules used. While our discussion focuses on functionals of the
form (3.1), a generalization to functionals w’ f(A)v with w € RY different from v is straightforward
by using the identity

w’ f(A)v = 7 (w+v)" f(A)(w +v) — (w — )" f(A)(w —v)).

| =

3.3 Generalized Gauss—Radau Formulas

This section considers generalized Gauss—Radau rules of the form
m r—1
0) s
Gonr () = Y wif (i) + > wl” [P (o) (3:8)
i=1 j=0

for approximating the integral (3.6), where the z;, 1 <1i < m, are “free” distinct nodes in the open
interval (a,b), and xg is a prescribed node of multiplicity » > 2 outside this interval. We assume
that f and its required derivatives (see below) are defined in int(a, b, (), the convex hull of the set
{a,b,x0} where —oco < 29 < a or b < xg < co. Many properties of generalized Gauss—Radau rules
are discussed in [21, 22, 23, 24, 26, 27, 55, 70]. Here we recall that the nodes x1, z2,...,x,, are the
zeros of the mth degree orthogonal polynomial with respect to the measure (z — a)” d\(z). The

generalized Gauss—Radau quadrature rule satisfies

I(f) - gmﬂ’(f)a Vf € PQm—i—r—l; (39)

see, e.g., [22] for details.
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When the integrand f is 2m + r times continuously differentiable in int(a, b, (), the error in the
generalized Gauss—Radau quadrature rule (3.8) can be expressed as

f(2m+’l‘) (

J?GR) b r - 2
Empr(f) = (L = Gmyp)(f) = / (2 = 0)" ] | (& = 2i)"dA(2), (3.10)

l
(2m +r)! Faley

for some zgg € int(a, b, zg); see, e.g., [45] for a proof of (3.10). If the derivative f™*7) is of known
constant sign in int(a, b, zo), then we can tell the sign of &, (f). For instance, when fm+7)(z) <0
for x € int(a, b, z9), and o = a, the quadrature rule G, ,(f) furnishes an upper bound for Z(f).

Gautschi [21, 23, 24] describes several ways of computing the nodes and weights of generalized
Gauss—Radau rules (3.8). We will describe a new approach to evaluate these quadrature rules that
is convenient to use when the measure is implicitly defined by a sum (3.5). Our approach does not
require the explicit evaluation of the nodes and weights.

Application of m + r steps of the symmetric Lanczos process, which is described by Algorithm 1,

to the matrix A with initial unit vector v gives the Lanczos decomposition

AVerr = Vm+rTm+T + ﬁm+rvm+r+leg¢+ra (311)
where the matrix Vi1, = [v1,V2,...,Umir] € RN*(m+71) and vector vp,qr41 € RN satisfy v, = v,
VL Vitr = Imtr, |[Vmtrsa|l = 1, and VI, 4,41 = 0. Here and throughout this thesis
e;=1[0,...,0,1,0,..., 0] is the jth axis vector of suitable dimension, and I; stands for the identity

matrix of order j. Moreover, B+ € Ry and the matrix

ag B
B1 a1 B2
B2

e R(m—i—r) X (m+4r) )

Bm—H"— 1

ﬁm—l—r—l Omr—1

is symmetric and tridiagonal. The Lanczos procedure is a discrete analogue of the Stieltjes procedure
in the sense that the former is applied to a matrix and a vector; it requires the support of the
measure to be a finite discrete point set. Of course, continuous analogues of the Lanczos procedure
can be defined, in which case the matrix A is replaced by a symmetric operator. The Stieltjes

procedure is described, e.g., by Gautschi [22] and the (discrete) Lanczos procedure is discussed by

23



Golub and Meurant [28, 29]. Typically, 1 < m +r < N in computations. We tacitly assume that
m + r is small enough so that the decomposition (3.11) with the stated properties exists. This is the
generic situation. In the rare event that the Lanczos process breaks down before m + r steps have
been carried out, the computations simplify. We will not dwell on the ramification of breakdown.

The dominant computational effort required for the calculation of the decomposition (3.11) by
the Lanczos process is the evaluation of m + r matrix-vector products with the matrix A; see, e.g.,
[28, 29]. Each matrix-vector product evaluation with A requires O(cn) arithmetic floating-point
operations (flops), where ¢ is the average number of nonvanishing entries of A per row.

The relation (3.11) shows that the columns v; of V4, can be expressed as
V= pj,l(A)'v, ] = 1, 2, 3, cee (312)

for certain polynomials p;_1 € P;_1.

It follows from the orthonormality of the vectors v; and (3.12) that
b
pi1pit) = [ pia(@)pios (dAw) = o Spy1 (it ()T
a

0’ ]#k7
1, j=k

= v pj1(A)pr_1(A)v = v?vk =

Thus, the polynomials p; are orthonormal with respect to the inner product (3.7).
The decomposition (3.11) defines a recurrence relation for the columns v; of V4., which, in

view of (3.12), gives the following recurrence relation for the polynomials p;,

Bipi(z) = (v —ao)po(w), po(z) =1, (3.13)
Bipj(x) = (z—aj_1)pj—1(z) — Bj—1pj—2(x),  2<j<m+r,
where

ajflz(pjfl,l'pj,l). i=12....m+mr

and the 8; > 0 are determined by the requirements (pj,pj)l/2 =1 for all j.

Introduce the vector

po(z)

p1()

| pm—l—’r—l(x) ]
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Then the recurrence relation (3.13) can be written in the form

rP(x) = TontrP(T) + Bintr Pmotr (T) €t (3.14)

which shows that the eigenvalues of T},4, are the zeros of the polynomial p,,+,. It can be shown
that the (m + r)-node (standard) Gauss quadrature rule associated with the measure dX in (3.6)
can be expressed as
Gmtr(f) = €1 f(Tmsr)er. (3.15)
Here we have used the fact that the vector v in (3.5) is of unit norm; see [29] for details. Note
that the Gauss rule (3.15) can be computed by evaluating the function f of the generally fairly
small matrix T;,,, without explicitly calculating the nodes and weights of the Gauss rule. Many
algorithms for evaluating functions of a small to moderately-sized matrix are described and analyzed
by Higham [38].
We now show how the generalized Gauss—Radau rule (3.8) can be evaluated without explicitly
computing its nodes and weights. Let 7g, w1, m9,... be orthonormal polynomials with respect to

the inner product

e = [ T@atee -~ zorar), (3.16)
where the measure d\ is the same as in (3.6). Thus,
L 1=y
(7% Wj)T =
0, i#J,
and m; € P;. Define the polynomial g, 4r(z) = T (x)(z — 2¢)". Then
m+r—1
TPmA-r— 1 Z dzpz + Sm—H"Qm—H"( ) (317)

for suitable coefficients d; and sy, .. The orthonormahty of the polynomials p; with respect to the

inner product (3.7) gives, for i =0,1,...,m+r —1,

b b
d; = / TPmsr—1(x)pi(z)dA(z) — sm+r/ Tm (2)pi(z)(x — 20)"dA ().
Now using the orthogonality of the polynomials p; with respect to the inner product (3.7) and the

orthogonality of the polynomials 7; with respect to the inner product (3.16) shows that d; = 0 for

0 <i < m. It follows that (3.17) simplifies to

m~+r—1
TPm+r— 1 Z dzpz +5m+TQm+7"( ) (3-18)
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We obtain analogously to (3.14) the relation

wp(@) = To . P(&) + SmtrGmsr(T) €mir, (3.19)

where the matrix TE,_ = e R™+7)x(m+1) is obtained from T}, by replacing the last row by the

m+r

vector
[07 s 707 d’m7 dm—&-l; s 7dm+’r‘—1]'

It follows from (3.14) that the nodes xg, z1,. .., %y of the quadrature rule (3.8) are eigenvalues

of TR

mer, and the vectors p(x;), ¢ = 0,1,...,m, are corresponding eigenvectors. We will show below

that the eigenvalue xg has algebraic multiplicity » and geometric multiplicity 1.
Let pl(-j ) denote the jth derivative of the polynomial p;. The nontrivial entries of the last row of
TR  can be determined by solving the linear system of equations

m+4r—1
:):Opgnlrr 1 (o) —i—]pgwr 1(z0) Z dzpl xo), j=1,...,r—1, (3.20)

which is obtained by differentiating (3.18) and using the fact that q(j) (xg) =0forj=0,1,...,7—1.

m—+r

We next verify that the Gauss—Radau rule (3.8) can be expressed as

gm,r(f) =€ f( m+r) (321)

This formula is analogous to (3.15). We show (3.21) by deriving the Jordan decomposition of the
matrix TF, ; see [61, Section 4] for details for more general situations. Differentiating equation

(3.19) j times yields

2pD(z) +jpU V(@) = T2, pD (@) + smir a0, (@) €mirs §=1,2,...,7 1,

where pU)(z) denotes j times component-wise differentiation of p(z) with respect to z. Dividing

the right-hand side and left-hand side by j! and setting x = xg gives

1

1 . 4
R — pl@ — (=1
(T = o) 529 (a0) = = yp ™ a0).
ie, p¥(x0)/(4"), j =1,...,7 — 1, are principal (generalized eigen-) vectors of T7§+r- Introduce the
(m+r) x (m+r) matrix
1
W = [p(xl)a e ,p(a:m), p(-’IJO), p(l) (x(])v SO (7“ — 1)'p(T b (xO)} (322)



We have derived the Jordan factorization

z1

Tm

T 1
TR, W =WA, A= °

i) 1

Zo

(3.23)

Thus, the matrix A € R"+7)X(m+7) hag a leading m x m diagonal block matrix and a trailing r x r

Jordan block associated with the eigenvalue xg.

Our proof of the representation (3.21) requires explicit formulas for the entries in the first column

of W1, Introduce the matrix U € RI™F7)X(m+) whose ith row is w! , where

ulzwlp(xl)7 i:1727"'am7

r—1
Umts = Z w! w® pF=9) (), s=1,2,...,r.
u=s—1
Denote the ith row of W by a;; = [a1,a2,...,@m4r], and the jth column of U by b; = [b1, be, .
We will show that

al b; = Gir(Pic1pj—1)-

Note that
ap = pi—1(xk), by =wrpj—1(xr), k=1,2,....m
and
1
I S < Pt @)
am+5 - (S . 1)‘171_1 ($0), bm+s - u:;_lu wu (’LL _|_ 1 o S)' 9 - 1727 7T
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It follows that

m—+r r
s— U ut+1—
Z arby = Zwkpz 1(tk)pj—1 (i +Z Z PE 1) <S _ 1>w£0) ijl( 1) (o)

k=1 s=1u=s—1

¢
¢
= Zwkpz 1(zk)pj—1(7k) + ngo) Z (q) 1(z0) py 1q) (z0)

m r—1
= Z w(pi—1pj—1)(2k) + Z wéo) (Pi—1pj-1)" (x0)
k=1 =0
= Gmr(Pj—1Pi-1)- (3.24)

In view of (3.9), we have for i +j —2 < 2m +r — 1 that
L, 1=y,
0, i

It now follows from (3.24) that the first m + 1 columns of the matrix U are the first m + 1 columns

Gmr(Pj—1pi-1) =

of W1, In particular,
Wley = [wi,wo, ..., wn, wéo), cey (r = 1)!w£()_)1]T. (3.25)

We obtain from (3.22) that

Wle, =[1,1,...,1,0,...,0]T. (3.26)

Finally, equations (3.23), (3.25), and (3.26) give

€1 f( m+r)el = er{Wf(A)W_lel = gmﬂ“(f)?

which shows (3.21).
We conclude that the generalized Gauss-Radau rule G, »(f) can be evaluated by using either
(3.8) or (3.21). Which one of these expressions is most convenient to compute depends on whether

software for computing the integrand f at the small matrix T

mr 1s available or easily can be written.

This is the case, for instance, for the exponential function, logarithm, square root, and rational
expressions. When the form (3.8) is used, the nodes and weights have to be evaluated. This can be
done with software written by Gautschi [25].

We note that if the moments p; defined by (2.3) are explicitly known, which is the case for many

classical positive measures on the real line, the modified moments
b .
I/Z‘:/ x'(x — zo)"dA\(z), 1=0,1,2,...,
a
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can be easily computed. Then the coefficients d; in (3.20) can be evaluated without solving linear
systems of equations.

Taking f(x) = (x — zo)" P(x), where P(x) € Py,,—1, in (3.8) we verify that the first sum on the
right-hand side in (3.8) is actually the (standard) m-point Gauss quadrature for the integral

~ b ~
Z(f) = / f(@)d\(z), d\z) = (x — z0)"dA\(z).

Thus the quadrature G, , f can be written in the form
Grnr () = o€ f(Tm)er + Y w” fO(xg),
§=0

where T, is the Jacobi matrix of dimension m x m associated with the modified positive measure
d\(z), and 7y = fab d\(x). This formula can be used for the computation of the generalized
Gauss—Radau quadrature when the measure d\(z) is explicitly known, but not in the case when

dA(zx) is implicitly defined by the matrix A and the vector v.

3.4 Generalized Gauss—Lobatto Formulas

This section discusses the application and computation of generalized Gauss—Lobatto rules

r—1 m s—1
() = D w0V F D (a01) + " wif (i) + 3wl £ (a9,) (3.27)
=0 i=1 =0

for the approximation of the functional (3.1) or, equivalently, of the Stieltjes integral (3.6). Here the
zi, 1 <i < m, are “free” distinct nodes in the open interval (a,b), —o0o < xp1 < a is a prescribed
node of multiplicity » > 1, and b < xp2 < 00 is a prescribed node of multiplicity s > 1. We assume
that max{r, s} > 2 to avoid discussing “standard” Gauss—Lobatto rules. The nodes x1, 2, ..., T

are the zeros of the mth degree orthogonal polynomial 7, with respect to the modified measure
(z —201)" (To,2 — x)° dA(2).

Many properties of generalized Gauss—Lobatto rules are discussed in [21, 22, 23, 24, 26, 27, 45, 55].

For instance, it is shown that

I(f) = gm,r,s(f)a vf € IP)2m-|—r—‘,-s—1- (328)

Moreover, let the integrand f be 2m + r + s times continuously differentiable in int(a, b, 29,1, Z0,2),

the convex hull of the set {a,b,x0,1,202}. Then analogously to (3.10), the error in the quadrature
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rule (3.27) can be expressed as

Emyrs(f) = (Z = Gm,r,s)(f)

f(2m+r+s)(

b m
= emir ff)L!) ' / (@ =201 = 202)° [ (@ — @) "dA(@),

where xqr, € int(a,b, w01, x02). If f7F7+5) is of constant sign in int(a, b, 20 1,%02), then the sign
of & rs(f) can be determined by choosing suitable multiplicities r and s.

We derive a formula analogous to (3.21) for the evaluation of Gy, ,s(f). Our derivation is
similar to the one for (3.21). We therefore only provide an outline. Application of m + r + s steps
of the symmetric Lanczos process to the matrix A with initial unit vector v gives the Lanczos

decomposition

T
Avm+r+s = m—i—r—l—sTm—i-r-‘,-s + /Bm+r+svm+r+s+16m+r+s- (329)

This decomposition is analogous to (3.11). Here we only note for future reference that the (m + r +

s) X (m 4+ r + s) matrix

ap P
fr o1 P
B2

Tgrgs =

/8m+r+sf 1

5m+r+s—1 Ompr4s—1

is symmetric and tridiagonal; we assume that m 4+ r + s is small enough so that the decomposition

(3.29) exists. Using (3.12) and defining

po(z)

p1()

L pm—l—r-{—s—l(w) ]

we can express (3.29) in the form

TP(x) = Tintrts P(T) + Bimtrts Pmtr+s(T) €mprts.
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Introduce the inner product

b
D = / F(@)9(2) (@ — 201) (202 — 2)°dA(x),

and let the polynomials g, 71, 72, ... be orthonormal polynomials with respect to this inner product,
ie.,
L i=y,
(7Ti7 7Tj)7‘ s =
0, i#7

and m; € P;. Define the polynomial

Gmtr+s(T) = Tm (2)( — 0,1)" (20,2 — 2)°.

Then
m—+r+s—1
xpm—l—r—l—s—l(x) = Z dzpz + Tm+r+st+r+s( ) (330)

for suitable coefficients d; and 7,4 p+s. Usmg the orthogonality property of the p;, we obtain

b b
di = / TPmtr+s—1(2)pi(2)dA(z) — Tm+r+s/ T (2)pi(x) (€ — 20,1)" (202 — )" dA(x),

fori=0,1,...,m+ 7+ s — 1. Using the orthonormality properties of the polynomials p; and 7,

gives that d; = 0 for 0 < i < m. Thus, the relation (3.30) simplifies to

m+r+s—1

xpm—i—r-i—s—l(x) = Z dzpz + Tm—l—'r—i—s‘]m-&-r—f—s( ) (331)
The coefficients dp,, dpma1, - - -, dmir—1 can be determined by solving the linear system of equations

m—+r—1

1 .
201Dy o1 (@01) + P 1 (20,0) Z dp (x01), j=1,....m 1, (3.32)
and the coefficients dp, 1y, dp4r41, - - - s dm+r+s—1 are similarly obtained by solving the linear system
of equations
m+r+s—1
j (-1 j .

090 o1 (302) + 05 ks a(m02) = > dpP(woa), j=1,...5-1.  (3.33)

i=m-r

We remark that the systems (3.32) and (3.33) are obtained from (3.31) by using the fact that
qﬁglrﬁ(xo’l) =0forj=0,1,...,r—1, and qﬁgzﬂnﬁ(xog) =0forj=0,1,...,s— 1.

Let the matrix T, € RO"F7+)x(m+7+5) he determined from Tynyr4s by replacing the last
row by

[07 s 707 dma dm+1a s adm+’r’+sfl}~
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This gives the relation

zp(z) = T#-ﬁ-r—&—s P(®) + Tmtrts Gmtr+s(T) €mepr- (3.34)
It follows from this expression that the nodes x1, 2, ..., Zm, Zo,1, o2 in the quadrature rule (3.27)
are eigenvalues of TT%LJFMS, and that p(z1),p(x2),...,p(Tm), P(z0,1), P(z02) are corresponding

eigenvectors. Differentiation of (3.34) gives
acp(])(x) +7J p(j_l)@:) - Trﬁ—&-r p(J)(x) T Tmtr+s qﬁ)ﬁ-r(x) emtr, J=1,2,...,r—1L

Dividing the above equation by j! and setting x = xg 1 gives

1

; 1
(Tfﬁ+r+s - x071[) ﬁ p(j)($071) =

(G —1)

Similarly, differentiating (3.34) component-wise and setting x = x 2 yields

pU ™V (xgy), 5=1,2,...,7r—1.

1 . 1 - .
(T’r%—l—r—i-s —z02l) P(j)(fﬁo,z) = = pY 1)(450,2), Jj=12,...,s— 1
j! (=1t

Hence, pU)(z01)/(j!), 1 < j < r, and p¥(202)/(j!), 1 < j < s, are principal vectors of Tk,
associated with the eigenvalues g1 and x 2, respectively.

We are in a position to discuss the Jordan decomposition of T,,4+r4s. Define the matrix

1 _
W = |p(x1),..., P(xm), P(x01), P (20,1); - -, = 1)'p(’" D(xo1),
1 _
p(ﬂfO,Q)’ p(l) (.’EOQ), vy mp(s b (.’EOQ) ’ (335)
and let ) )
1
Tm
To1 1
o1 1
A= Zo,1 1
o1 O
ZL‘(]’Q 1
1‘072 1
13072 1
i 70,2 |
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Thus, the matrix A € Rm+7+s)x(m+r+s) jg hidiagonal with a leading m x m principal diagonal
matrix, which is followed by a Jordan block associated with the eigenvalue xg; of order r, and

another Jordan block associated with the eigenvalue xg o of order s. We have the Jordan factorization
T L W=WA.

Similarly as at the end of Section 3.3, we need the first row of the matrix W and the first
column of W~ to define an expression for the quadrature rule (3.27) that does not require explicit

knowledge of the nodes and weights. It follows from (3.35) that the first row of W is of the form
[1,...,1,0,...,0,1,0,...,0];

the ones are in the positions where there is no derivative. To determine the first column of W1,

we define the matrix U, whose rows are uiT, i=1,2,...,m+r+ s, are defined as follows:
up = wgp(zg), k=1,2,...,m,
Umtk = uglu!wgo’l)m, k=1,2,...,n7
Umtr+k = ug:ll ul w&og) W, k=1,2,...,s.

Denote the ith row of W by al’ = [a1, ..., @mir+s), and the jth column of V by b; = [by, ..., byiris)?

We will show that

al'b; = Gmrs(Di—1pj—1)-

Note that, in view of (3.28),

L, i =7,

b
Gmr.s(Di1Dj—1) :/ Pi—1(x)pj—1(x)dA(r) =
a 0, i # J,
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fori4+7—2<2m+r+s—1. We have

ap = pi—1(xr), by =wrpj—1(rr), k=1,2,...,m,

1 k-1
Am+k = mp§_1 )($0,1)7 k=1,2,...,m,

r—1 ) (u+1fk)<m )
[ (0D Pi=1 0V p—192, ...
SRRV e e
L (k-1)

Umtr4+k = ml)i_ («TO,Q), k=1,2,...,s,

(u+1—k)<

Z‘Sl P T02)
0,2) Pj—1 0,2
bm+7«+k = u! w,& )

| ’ ) 9
S (U+ 1-— k)

After some computations similar to those at the end of Section 3.3, we obtain

m+r+s m r—1
> apbe =) wilpi-1pi-1)(zk) + Zwéo’l) (pi-1pj—1)"9 (z0,1)
k=1 k=1 =0

s—1
+ Z w;SO’Q) (pic1pj—1) " (202) = Gmarrs(Dj_1Di1)-
h—0

It follows similarly as in Section 3.3 that

T
Wle, = [wl, W,y ..., Win, w(()o’l), cey(r— 1)!w7(,(ﬂ), w(()O’Z), vy (s — 1)!wg(ﬁ)
We finally obtain the desired representation of the quadrature rule,
el f(Tiris)er = el W)W er = Guus(f)- (3.36)

Similarly as at the end of Section 3.3, we conclude that the generalized Gauss-Lobatto rule G, , s(f)
can be evaluated by using either (3.27) or (3.36). Which one of these expressions is most conveinet

to use depends on the integrand.

3.5 Computed Examples

In this section, we present three examples to illustrate the performance of the generalized Gauss—
Radau and generalized Gauss—Lobatto quadrature rules. The examples show pairs of a Gauss rule
and a generalized Gauss—Radau or generalized Gauss—Lobatto rule to provide upper and lower error
bounds for the expression (3.1) in situations when pairs of Gauss rules and standard Gauss—Radau

or standard Gauss—Lobatto rules do not.
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Example 3.5.1. This example continues the discussion of Example 3.2.1. Thus, we would like to
determine an approximation of the functional (3.2) with the matrix A and vector v defined as in
Example 3.2.1. The exact value is F'(A) ~ 0.1183.

We first consider the approximation of (3.2) by pairs of a Gauss rule and a standard or generalized
Gauss—Radau rule with a fixed node g = A\in, and by pairs of a Gauss rule and standard or
generalized Gauss-Lobatto rule with fixed nodes xg 1 = Apmin and zg2 = Anae. We observe that the
derivatives f(2™+7) and f7m+7+5) of the integrand (3.3) change sign on the interval [Amin, Amaz]
when m = 2k and r = s = 1. This implies that pairs of the Gauss rule G,,(f) and the standard
Gauss—Radau rule G, 1(f) defined by (2.13), or pairs of the Gauss rule G,,,(f) and the standard
Gauss—Lobatto rule G, 1,1(f) defined by (2.14), are not guaranteed to bracket the value F'(A).
Indeed, for m = 2 we have F(A) — Gy 1(f) = —2.991-107% and F(A) — Gpn11(f) = —1.021 - 1076.
Table 1 shows that F/(A) — G, (f) also is negative. Thus, the value F'(A) is not bracketed by G, 1(f)
and Gp,1,1(f). We conclude that the technique described in [28, 29] for bounding F'(A) based on
evaluating pairs of Gauss and (standard) Gauss—Radau or Gauss—Lobatto quadrature rules fails to
yield upper and lower bounds for the expression (3.2). These quadrature rules therefore are not
useful for assessing the errors in Gy, 1(f) or G 1,1(f).

The derivatives f(49) in (2.9), when ¢ is odd, are of negative sign in the interval [Amins Amagz]. This
yields errors of negative sign and therefore the quadrature rule provides an upper bound for Z(f). In
addition, the derivatives f (4()’ when /£ is even, are of positive sign in the interval [Apin, Amaz]. In this
case, we have a positive error and the quadrature rule furnishes a lower bound for Z(f). However,
note that the derivatives f(4e+1) and f (46+2) change sign in the interval [Amin, Amaz]. Therefore,
pairs of a Gauss rule and a (standard) Gauss-Radau or Gauss-Lobatto rule are not guaranteed to
give upper and lower bounds for (3.2).

The above discussion suggests that pairs of suitable Gauss and generalized Gauss—Radau or
generalized Gauss—Lobatto rules may be used to bracket (3.2). Let r = 4 and xg = A\, for the
generalized Gauss-Radau rules G, ,(f), and let r = 2, s = 2, 91 = Ain, and xo2 = A\pag, for
the generalized Gauss—Lobatto rules G, s(f). Then pairs of Gauss rules and these generalized

Gauss-Radau or generalized Gauss—Lobatto rules bracket (3.2). This is illustrated by Table 1.
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Errors m =2 m=4 m =06

F(A) —Gnf | —1.900-1073 | 2.112-1077 | —1.653-10"13
F(A) = Gy f 3.312-107° | —1.143-1071° | 2.636-10"16

F(A) = Gmyrsf | 1.050-107% | —4.096-107'1 | 5.134-10716

Table 1: Example 3.5.1: Errors for computed approximations of F(A) := vT exp(—%) sin(%)v, Aa
symmetric Toeplitz matrix, r =4 in G, and r = s = 2 in Gy, 5.

Example 3.5.2. We consider the approximation of the functional
F(A) :=vT exp(A)(cos(A) — sin(A))v, (3.37)

where A = %(B + 37”.7 ) € R290%200 with B € R290%200 3 symmetric Toeplitz matrix with first row
[1,1/2,...,1/200]. The vector v has normally distributed entries with zero mean and is normalized

to be of unit norm. The exact value is F'(A) ~ 0.7343. In this example, the extreme eigenvalues of

A are A\ = 0.28878 and Ajpqe = 1.7141. Consider the integrand

f(x) := exp(x)(cos(x) — sin(x)).

We compute approximations of (3.37) by pairs of Gauss rules and standard or generalized Gauss—
Radau rules with a fixed node xy = A,.in, and by pairs of Gauss rules and standard or generalized
Gauss—Lobatto rules with fixed nodes xo,1 = A\pin and zo2 = Anaa-

The derivatives fm+7) and f(m+7+5) of the integrand change sign on the interval [Amin, Amaz)
when m = 2k+1 and r = s = 1. This indicates that pairs of Gauss rules G,,(f) and standard Gauss—
Radau rules G, 1(f), or pairs of Gauss rules G,,(f) and standard Gauss-Lobatto rules G, 11(f), are
not guaranteed to bracket (3.37). For instance, we find for m = 5 that F(A)—Gp, 1(f) = —6.452:10713
and F(A) — Gm11(f) = —6.246 - 10711, Comparison with results of Tables 2 shows that the pairs of
rules {Gm (f), Gm,1(f)} and {Gn(f),Gm1,1(f)} do not bracket the value (3.37).

Note that the derivatives f(4¢+2) are positive in the interval [Amins Amaz] when £ is odd. This
shows that the errors are positive, and then the quadrature rule yields a lower bound for Z(f).

44+2) are negative in the interval [Amin, Amaz] When £ is even. Hence, we

Moreover, the derivatives f(
have negative errors and the quadrature rule yields an upper bound for Z(f). We therefore can

determine upper and lower bounds for (3.37) by suitable pairs of Gauss and generalized Gauss—Radau
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or generalized Gauss—Lobatto rules. Let r = 4 and xg = A\ for the generalized Gauss—Radau rules
Gmr(f), and let r =2, s =2, 201 = A\pin, and xg 2 = A\pae for the generalized Gauss-Lobatto rules
Gm.rs(f). Table 2 shows pairs of Gauss rules and these generalized Gauss—Radau or generalized

Gauss—Lobatto rules to bracket (3.37).

Errors m=3 m=2>5

F(A) - Gnf 3.862-107° | —1.331-10710
F(A) = Gn,f | —1.735-1078 1.054-10714
F(A) = Gumyrsf | —3.993-107° 4.662 - 10715

Table 2: Example 3.5.2: Errors for computed approximations of F(A) := v’ exp(A)(cos(A) —
sin(A))v, A a symmetric Toeplitz matrix, r =4 in Gy, », and r = s = 2 in Gy, 1.

Example 3.5.3. We would like to compute an approximation of the functional

F(A) =T exp(—j;l)cos(j;l)v, (3.38)

where A € R?2114%2114 i the symmetric adjacency matrix for the Yeast network; see [44, 67]. This
matrix is available at [6]. We let the vector v have normally distributed entries with zero mean
and to be of unit norm. The extreme eigenvalues of A are A\, = —7.5159 and A0 = 7.5412.

Introduce the integrand

f(z) = exp(—%) cos(%). (3.39)

We consider the approximation of (3.38) by pairs of Gauss rules and standard or generalized Gauss—
Radau rules with a fixed node xg = Apin, and by pairs of Gauss rules and standard or generalized
Gauss—Lobatto rules with fixed nodes xo,1 = Apin and xo2 = Apnaz. We observe that the derivatives
f@mr) and f2mAr+s) of the integrand (3.39) change sign on the interval [Anin, Amaz] when m = 2k
and r = s = 1. Therefore, pairs of Gauss rules G,,(f) and standard Gauss-Radau rules G, 1(f),
or pairs of Gauss rules G,,(f) and standard Gauss-Lobatto rules G, 1.1(f), are not guaranteed to
bracket the value (3.38). For instance, we obtain for m = 4 that F(A) — Gp1(f) = 2.672- 1078 and
F(A) = Gma1(f) =1.499 - 107%. Comparison with results of Table 3 shows that the pairs of rules
{Gm(f):Gma(f)} and {Gn(f),Gm,1,1(f)} do not bracket (3.38).
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However, note that the derivatives f(40) () are of a negative sign in the interval [Amin, Amaz)
when £ is odd, and of a positive sign when /¢ is even. This observation allows us to compute upper
and lower bounds for (3.38) by suitable pairs of Gauss and generalized Gauss—Radau or generalized
Gauss—Lobatto rules. Let r =4 and xg = Ay for the generalized Gauss—Radau rules Gy, ,(f), and
let r =2, s =2, 291 = Amin, and 292 = Anqq for the generalized Gauss—Lobatto rules G, , s(f).
Table 3 and shows that pairs of Gauss rules and these generalized Gauss—Radau or generalized

Gauss-Lobatto rules bracket (3.38).

Errors m =2 m=4 m==6

F(A)—Gnf | —1.600-1073 2.555-1077 | —1.083-10~1
F(A) = G, f 2.621-107° | —7.180-10~'° | 6.106-10~%
F(A) = Gumrsf | 2310-107% | —4.266-107 | 2.220.1071¢

Table 3: Example 3.5.3: Errors for computed approximations of F(A) := v’ exp(;;‘) cos(?)v, Aa
symmetric adjacency matrix for the Yeast network, r =4 in G, », and r = s = 2 in Gy, 5.
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CHAPTER 4

Gauss—Laurent-Type Quadrature Rules

4.1 Overview

In this chapter, we derive Gauss—Laurent quadrature rules for the approximation of matrix functionals
of the form w?’ f(A)v, and also develop associated anti-Gauss-Laurent quadrature rules that allow
us to estimate the quadrature error of the Gauss—Laurent rule. Computed examples illustrate the

performance of the quadrature rules described.

4.2 Introduction

We are concerned with the approximation of matrix functionals of the form
F(A) :=wl f(A)w (4.1)

by quadrature rules. Here v,w € RY with vTw =1, and A € RV*V is a large nonsingular matrix,
which may be nonsymmetric.

Assume for the moment that the matrix A has the spectral factorization
A= SAS™ (4.2)

where S € CN*V is nonsingular and A = diag[A1, A2, ..., Ax] € CV*N. We remark that the

computation of the quadrature rules does not require this factorization. Substituting (4.2) into (4.1)

gives
N
F(A) =w"SF(M)S o =" f(N)vv), (4.3)
j=1
where [v1,v2,...,vn] == wlS and [V}, v, ..., V] == (S7*w)T. The right-hand side of (4.3) can be

expressed as a Stieltjes integral

Iuwzjfumwa, (4.4)
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where dw is a complex-valued measure with support at the eigenvalues A1, Ag, ..., Any in the complex
plane. It follows from w’v = 1 that [dw(z) =1. A discussion on the situation when A does not
have N linearly independent eigenvectors is provided by Pozza et al. [60, 61].

It is the purpose of the present chapter to derive Gauss—Laurent-type quadrature rules for the
approximation of the integral (4.4) or, equivalently, of the functional (4.1). These rules are exact for
certain Laurent polynomials, which are polynomials in z and 1/z. Gauss-Laurent quadrature rules
for the approximation of (4.1) can be computed by applying a few steps of the nonsymmetric rational
Lanczos process to the matrix A with initial vectors v and w. Associated anti-Gauss-Laurent
rules also are developed. The latter rules allow us to compute estimates for the quadrature error
in Gauss—Laurent rules. Specifically, pairs of Gauss—Laurent and associated anti-Gauss—Laurent
quadrature rules allow the computation of estimates of upper and lower bounds for the quadrature
error in Gauss—Laurent rules. With this we mean that a pair of a Gauss—Laurent rule and an
associated anti-Gauss—Laurent rule for many integrands f, matrices A, and vectors v and w, provide
upper and lower bounds for the integral (4.4), and therefore of the functional (4.1). However, they
do not provide upper and lower bounds for all integrands and it is difficult to assess a priori if the
computed quantities are upper and lower bounds. We therefore refer to the computed quantities as
estimates of upper and lower bounds.

Anti-Gauss rules for the estimation of the error in (standard) Gauss quadrature rules for the
approximation of integrals with a nonnegative measure with support on (part of) the real axis were
proposed in a seminal paper by Laurie [49]. An extension to the estimation of functionals of the
form (4.1) by Gauss-type quadrature rules is described in [12]. Further extensions and modifications
of Gauss and anti-Gauss rules are described in [1, 2, 16, 57]. However, none of these extensions and
modifications are concerned with Gauss—Laurent and anti-Gauss—Laurent quadrature rules. The
reason for our interest in Gauss—Laurent-type quadrature rules is that they may provide much higher
accuracy than Gauss rules with the same number of nodes if the integrand has a singularity close to
the support of the measure that determines the quadrature rules. Applications of Gauss—Laurent
quadrature rules to the approximation of functionals (4.1) with a symmetric matrix A are described
in [8, 40]. However, Gauss—Laurent quadrature rules and associated anti-Gauss—Laurent quadrature
rules for the approximation of functionals (4.1) with a nonsymmetric matrix A have not been

developed until now. We remark that the present chapter, as well as the references mentioned in this
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paragraph, generalize and modify an approach described by Golub and Meurant [29] for computing
upper and lower bounds for functionals (4.1) with a symmetric matrix A € RV*" and an integrand
f with derivatives that do not change sign on the convex hull of the spectrum of A.

This chapter is organized as follows. Section 4.3 reviews the approach described in [16] for
approximating the functional (4.1) by first carrying out a few steps of the nonsymmetric Lanczos
process, which is described by Algorithm 2, to the matrix A with initial vectors v and w, and
then using the computed quantities to define a Gauss quadrature rule for the approximation of
(4.4). Associated Krylov subspaces are defined. These spaces are determined by the matrix A,
its transpose, and the vectors v and w. Section 4.4 introduces extended Krylov subspaces, i.e.,
Krylov subspaces that are determined by the matrix A, its transpose, their inverses, as well as by
the vectors v and w. We remark that recursion formulas for extended Krylov subspaces that are
determined by a symmetric matrix are discussed by Mach et al. [50] and recursion formulas for
rational Krylov subspaces that are determined by a symmetric matrix A and inverses of shifted
matrices, (A — o;1)!, for suitable scalars o; are considered by Mach et al. [51]. Applications and
recursion formulas for rational Krylov subspaces of the latter kind also can be found in [39, 59].
Recently, Van Buggenhout et al. [68] discussed the recursion relations for biorthogonal bases for
rational Krylov subspaces determined by A, AT, as well as by inverses of shifted matrices (A — ol )t
and (AT — oil )~! for suitable scalars o; and o%. Section 4.4 presents an alternate derivation of these
recursion formulas for the case when o; = 03- = 0 for all j. Our derivation extends the approach
described in [42] to nonsymmetric matrices. Section 4.5 discusses the application of the recursions
of Section 4.4 to the computation of Gauss—Laurent and anti-Gauss—Laurent quadrature rules. The
former rules are Gauss-type quadrature rules that are exact for specified positive and negative
powers of z.

A nice introduction to rational Gauss rules is provided by Gautschi [22, Section 3.1.4]. More

recent discussion of rational Gauss rules can be found in [14, 56]. Applications of rational Gauss

quadrature to model reduction are described by Barkouki et al. [5] and Gallivan et al. [20].

4.3 Gauss Quadrature Rules

This section describes the application of the nonsymmetric Lanczos process to the nonsymmetric

matrix A € RV*N to compute Gauss quadrature rules for the approximation of the functional
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(4.1). Further details and extensions can be found in [2, 12, 16]. Let the vectors v,w € R" satisfy

T

w* v = 1. Then application of 1 < m < N steps of the nonsymmetric Lanczos process to A with

initial vectors v and w gives the Lanczos decompositions

AV, = Vme%—ymvme%,

(4.5)
ATW,, = WpTL + Brwpel,
where the matrices V;, = [vg, v1,...,Vm_1] € RV*™ and W,,, = [wo, w1, ..., w,_1] € RV with
vo := v and wy := w satisfy
WLV, = ILn, (4.6)
and the columns of V,,, and W, form bases for the Krylov subspaces
Kn(A,v) = span{v, Av,..., A" v},
(4.7)
K (AT, w) = span{w, ATw,..., (AT)" lw}.
Moreover, the vectors v, w.,, € RY satisfy Vn{wm =0, WnTlvm = 0, and w%vm = 1, and

B, ¥m € Ry. The matrix

) M 0

B a1 7
T = € R"™™,

ﬁm—Z Um—2 TYm—1

| 0 Bm-1 Qm-1
is nonsymmetric and tridiagonal. We assume that m is chosen small enough so that the decomposi-
tions (4.5) with the stated properties exist.

It follows from the recursion relations (4.5) that the jth columns of V;,, and W,,, can be expressed

as

vj_1 =pj—1(A)v, w1 =g_1(AT)w, J=12,....m, (4.8)

where p;_1 and ¢j_1 are polynomials of degree j — 1.

Introduce the bilinear form
(4,p) := (q(AT)w)" (p(A)v) = w" Fg(A)p(A)S~'v = /Q(Z)p(Z)dW(Z)’ (4.9)
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where dw is the measure in (4.4). It follows from (4.6) that the families of polynomials {po, p1,p2, ... }
and {qo,q1,q2,... } defined by (4.8) are biorthogonal with respect to the bilinear form (4.9). We
have

L k=,

0 k#Jj,

where the last equality follows from (4.6). Using the orthogonality, we can show that

(qe—1,pj-1) = (qu(AT)w)T(pj—l(A)U) = wckr’Uj =

Gn(f) = €1 f(Tn)ex (4.10)
is a Gauss quadrature rule for the approximation of (4.1), i.e.,
Gn(f) =w" f(A)v  Vf €Pop,

where Py,,—1 denotes the set of all polynomials of degree at most 2m — 1; see, e.g., [2, 12, 16] for
proofs.

Assume for the moment that the matrix 7}, has m distinct eigenvalues. Then substituting the
spectral factorization of T}, into (4.10) shows that G,,(f) is a quadrature rule with m nodes, which
may be complex-valued. The situation when 7, does not have a spectral factorization with m
linearly independent eigenvectors is discussed by Pozza et al. [60, 61].

The application of a Gauss rule (4.10) to approximate the functional (4.1) is appropriate when
the function f can be approximated well by a polynomial of small to moderate degree. However, if
this is not the case, then Gauss rules (4.10) with a moderate number of nodes, m, may yield a poor
approximation of the functional (4.1). It is sometimes possible to circumvent this difficulty by using
rational Gauss rules. The following section discusses rational Gauss rules with one pole in the finite

complex plane for the approximation of (4.1).

4.4 Recursion Relations for Extended Krylov Subspaces

When the function f in (4.1) has a singularity close to the support of the measure dw in (4.4),
rational Gauss quadrature rules with a pole at or close to the singularity may yield approximations of
(4.1) of higher accuracy than a Gauss rule (4.10) with the same number of nodes. This is illustrated
in Section 4.6.

We will assume that the singularity of f close to the support of the measure is at the origin.

Rational Gauss rules that are exact for as many positive and negative powers of z as possible are
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commonly referred to as Gauss—Laurent quadrature rules. Similarly as Gauss rules are related to the

Krylov subspaces (4.7), Gauss—Laurent quadrature rules are related to extended Krylov subspaces

Kem(A,v) = span{A~ly, ... A7 v v, Av, ..., A" ), (4.11)

Ko (AT, w) = span{(AT) " w, ... (AT 'w,w, ATw, ..., (AT)" w}.

Generically, the subspaces Ky, (A4, v) and Ky, (AT, w) are of dimension m + £ — 1; if £ = 1, then
the spaces (4.11) simplify to the standard Krylov subspaces (4.7).

The computation of Gauss—Laurent quadrature rules for the approximation of (4.1) in the case
when the matrix A is symmetric is discussed in [8, 40, 42], and several other applications of extended
Krylov subspaces are described by Heyouni, Jbilou, Knizhnerman, and Simoncini [37, 47]. Our
contribution differs from these works in that we use the pair of extended Krylov subspaces (4.11)
and develop short recursion relations for biorthogonal bases. A different approach to the derivation
of such recursion relations has recently been proposed by Van Buggenout et al. [68].

The remainder of this section discusses the generation of biorthogonal bases for pairs of nested

Krylov subspaces

Kl,i-i-l(A? U) C K2727;+1(A, ’U) cC...C Kmei_;,_l(A, ’U) C RN,
(4.12)

KLZ'_H(AT, UJ) C K2722‘+1(AT, w) cC...C Km’mi_;,_l(AT, w) C RN,

where ¢ is a positive integer. These recursions generalize those reported in [42] for a symmetric
matrix A. Schweitzer [63] recently described recursion relations for the situation when i = 1.
Each increase in the denominator degree requires the solution of linear systems of equations with
the matrices A and AT, while each increase in the numerator degree demands the evaluation of
matrix-vector products with the matrices A or AT, which typically is cheaper than the solution of
systems of equations. This makes it possible to compute rational Gauss—Laurent rules corresponding
to i > 1 faster than Gauss—Laurent rules with the same number of nodes corresponding to i = 1.
Mustrative examples are presented in Section 4.6. Computed examples for the situation when A is

symmetric can be found in [41, 42].
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4.4.1 Recursions Relations for Extended Krylov Subspaces
In this subsection, we will use biorthogonal sequences of Laurent polynomials to generate bases for

the Krylov subspaces (4.12) corresponding to the orderings
v, Av, ..., Alv, A" o, ATy, A%, A7 20, A%y
w, ATw, ... (AT)w, (AT)tw, (A7) aw, ..., (AT)?w, (AT) 2w, (AT)2H g, ...,
where the last powers of A and AT are required to be positive.
Introduce the space of Laurent polynomials

m—+1 1

Lpyim = span{z~ ™, 2z~ o1 2L sz} z € R\{0}.

There are two sequences of monic biorthogonal Laurent polynomials

G0, D1y Dis D1, Dit 1y o P24y P2, D24 15+ -+, Pt 15+ -+, Pimns
¢0:¢17- . 'wi7¢—17¢i+17 ce 7w2i7¢—27¢2i+17 cee 7w—m+17 e 7¢im7

(4.13)

of the forms
j—1

Z] + Z ijng, ] = 1)2737"' )
l=—|(5—-1)/i
2+ Z cj,gzg, j=-1,-2,-3,...,
l=j+1

and
k—1

Fr > ded k=1,2,3,...,

T

Fr Y die, k=-1,-2,-3,...,
l=k+1

with ¢o(z) = 9o(z) = 1. Thus,

(05, vk) =0,  j#k,
where the bilinear form is given by (4.9). We assume here that ¢ and m are small enough so that
the Laurent polynomials (4.13) indeed form biorthogonal bases for the space Ly, im.

The vectors

v; = ¢;(A)v, j=-m+1,-m+2,...,im, (4.14)

and

w; = j(AN)w, j=—m+1,—-m+2,...,im, (4.15)
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form biorthogonal bases for the extended Krylov subspaces Ky, jm+1(A,v) and Ky, im+1 (AT w),
respectively, with vg = v and wg = w. Hence, the determination of biorthogonal bases for these
extended Krylov subspaces is equivalent to the generation of biorthogonal bases for the space
Ln—1,im of Laurent polynomials.

Define for the nonsingular matrix M € RV*¥ the bilinear form
[mvy]M = wTMy7 T,y c RN?

which is needed in the following proposition. The proposition specifies some conditions that are

required to compute the trailing and leading coefficients of {@im, Yim} and {¢p_p,, Y }.

Proposition 7. Let the matriz A be such that

[wim7 'vim]A—l 75 07 [w—ma 'v—m]A ?é 0.

Then the trailing coefficients Cim,—m+1, dim,—m+1 Of Gim, Vim, respectively, and the leading coefficients

Comyims A—mim Of @—m,V_m, respectively, are nonvanishing.

Proof. We first show that the coefficient cim, —m+1 s nonzero. Consider the Laurent polynomials

2L pim and Vi, By the properties of the inner product (4.9), we obtain

(Z_IQbim,T/)im) = [Wim, Vim]a-1 # 0.

On the other hand,

(Z_ld)ima ¢zm) = (Cim,—m—l—lz_m + ¢, ¢zm)>
where ¢ € Ly—1,im—1. Hence,
(Zilgi)imv 1/}7,m) = cim,—m-‘,—l(zima szm)

It follows that cim,—m+1 # 0. In the same manner, we can show that diy,, —m+1 7 0.
We now apply this argument again to show that c_y, im is a nonvanishing. Consider the Laurent

polynomials z¢p_, and Y_,,. Using the definition of the bilinear form (4.9), we have

(26 orm) = [0 V] # 0.

Further,

(Zgb*m’ 1/Lm) = (C*m,imzim—‘rl + (107 w*m%
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where ¢ € Ly,—1,im- Hence,

(Z¢—ma w—m) = c—m,im(zierla 1/1—m)7
and therefore c_pm im # 0. Analogously, we can show that d_., jm # 0.

Suppose that biorthogonal bases of Laurent polynomials

{00, 01,. .., bi, 01, Biv1, .o P20, -2, 2041, -+, Pim }
{w(]vd}la CIEIR 7¢i7¢—17¢i+17 cee 7¢2ia Q;Z)—Za ¢27L+17 cee 71/]7/771}
for £,,—1,im are available. The next subsections describe how to extend these bases to biorthogonal

bases for the space L, j(m+1)-

4.4.2 Computation of ¢_,, and 9_,,
The evaluation of ¢_,,, and 1_,, correspond to determining biorthogonal bases for £, jm+; for j = 0.

Consider the Laurent polynomials
Cim,—m+1¢—m(z) - z_1¢im(z)a dim,—m—i—lw—m(z) - Z_lwim(z) S Em—l,im- (4-16)

By Proposition 7 the coefficients ¢y, —m+1 and dip,—m+1 of @i and 4y, respectively, are nonvan-

ishing. Therefore,

m
Cim,—m+1¢—m(z) - Z71¢im(z) = - Z aim,kék(z)y
k=—m-+1
m
dim,fm+1wfm(z) - Z_lwim(z) = - Z bim,k@bk(z)’
k=—m+1
with the Fourier coefficients given by
—1. —1,.
(2~ Gim, Vi) p= EYmbe) g im,

im,k — 71 N me )
(i (&r,r) ’ (k> r)

Since Gim, Yim L Lm—1,im—1 and

Z_1¢k(2), Z_lwk(z) € Emfl,imfla k=—-m+ 27 cee 7Z(m - 1)a
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it follows that the only nonvanishing Fourier coefficients are related to the previous sets of ¢ + 1

Laurent polynomials, {¢_ 41, .., 0im} and {_pi1, ..., Yim}. We therefore obtain

Cim—mi10-m(2) = 27 Gim(2) = Gimim®im(2) — Gimim—1Gim—1(2) — ...
— Qi i(m—1)41Pi(m—1)+1(2) = Cim,—m+10—m+1(2),
dim,—m+10-m(2) = 2 im(2) = bimim®im(2) = bim im—1Vim—1(2) — . ..
_bim,i(m71)+1¢i(mfl)+1(Z) - bim,—m—&-ll/}—m—i-l(z)-
This yields the (i + 2)-term recursion formulas

5—m'v—m = (Ail - sz,zmln)vzm - Cim,im—l'vim—l — ...

_Cim,i(m71)+1vi(mfl)+1 — Gim,—m+1V—m+1,
(4.17)

Y—mW—m = ((AT)il - nzm,zmIn)wzm — Mim,im—1Wim—-1 — - - -

“Nim,i(m—1)+1Wi(m—1)+1 — Mim,—m+1W—m+1

with (j 1, = wl A~ v; and ;== vI (AT )w;.

4.4.3 Computation of ¢;,4+1 and Y41

We determine biorthogonal bases for Ly, im+; for j = 1. Regard the Laurent polynomials

C—m,im(z)im—i-l(z) - Z¢_m<2), d—m,imwim—&—l(z) - zw—m(z> S Em,im'

Analogously to the case j = 0, we express the Laurent polynomials (4.16) in terms of their Fourier

expansions with Fourier coefficients

(Z¢—ma 1/%) (Zw—nu ¢k>

A mp ="~ bmrk=-—"1T"-", k=—-m,...,im.
(¢, Vi) (O, Vi)
Note that ¢_y,, Yy L Ly—1,im and
2¢0(2), 20(2) € Lon—1im,  k=-m+1,....im—1

Therefore ¢imt1 and Yim41 satisfy

C—m,im¢im+1(z) = Z(Z)—m(z) - a—m,—md)—m(z) - a—m,im¢im(z)7
dfm,imwim+1(z) = wam(z) - bfm,fmwfm(z) - bfm,zmwzm(z)
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This gives the three-term recursion formulas

5im+1vim+1 = (A - Oéfm,fmln)vfm — O—m,imUim, (418)

Yim+1Wim+1 = (AT - /B—m,—mIn)w—m - B—m,imwim7
with a;j, == w{Avj and Bj := v%AT'wj.
4.4.4 Computation of ¢;p10 and Ym0

We would like to determine biorthogonal bases for £, jm+2. Consider the functions

Gim+2(2) — 20im+1(2),  Vimi2(2) — 2¥imy1(2) € Lonimr1-

The Fourier expansions of ¢jn,+2(2) — 2¢im+1(2) has the coefficients

(2Gim+1, Vr) b

e T

and the Fourier coefficients of ¥y, +2(2) — 21im+1(2) are given by

—-m, ..., 7m+ 1,

b1 = (2%im+1, Pk
el (x> x)

In view of that ¢im+1, Yim+1 L »Cm,im and

k=—-m,...,im+ 1.

201 (2), 201(2) € L, im, k=-m+1,...,im—1,
it follows that ¢;m12 and i, 12 satisfy

Gim+2(2) = 20im+1(2) — Gim+1,im+1Pim+1(2)
—@im+1,—mP—m(2) — Gim+1,imPim (%),
Yim+2(2) = 2Vim+1(2) = bim+1,im+1Vim+1(2)

_bim-i-l,—md]—m(z) - bim+1,im¢im('z)7
which yields the four-term recursion formula

dim+2Vim+2 = (A — Qim+1,im+11n)Vim+1

—Oim41,—mU—m — Qim4+1,imUVim,

(4.19)

(AT
Yim+2Wimt+2 = (A" = Bimstim+1dn) Wim41

_6im+1,—mw—m - /Bim-l—l,imwim-
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4.4.5 Computation of ¢;,1; and );,1; for j =3,4,...,i
We describe how to determine the remaining biorthogonal bases elements for the subspace L, im+j
for 3 < j <. They can be computed with the aid of the nonsymmetric Lanczos recursions. We

have

SimtjVim+; = (A= Qimtj—1im+j—11n)Vimyj—1
—Qimtj—1,im+j—2Vim+5—2,
(4.20)
YimtiWim+j = (AT = Bimtj—1imtj—1In)Wim+j—1
—Bim+j—1im+j—2Wim+j—2-

This completes the computation of the biorthogonal bases for L, (41

4.4.6 Algorithm and Biorthogonal Projection
The following algorithm summarizes the computation of the biorthogonal bases for the extended
Krylov subspaces Ky +1,im+1(A, v) and KmH,imH(AT, w). The algorithm is based on the recurrence
relations for the biorthogonal bases for L£,,—1 im derived in the previous subsections. Further details
on the correspondence of the biorthogonal bases for Ky, 1 im+1(A4,v) and Km+1’im+1(AT, w), and
for L,,—1,im can be found after the algorithm.

It is known that the nonsymmetric Lanczos algorithm may suffer from breakdown. This occurs

T

when the inner products r”'s or #7'5 in Algorithm 3 vanish, so that a coefficient §; or ; become

zero. We will assume that m is small enough so that breakdown does not occur.
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Algorithm 3 Biorthogonalization process for Ky, 11 im+1(A4,v) and Km+17im+1(AT, w),Part 1.

1: Input: m, i, v,w € RY such that (v,w) = 1, functions for evaluating matrix-vector products
and solve linear systems of equations with A, AT € RV*NV.

2: Output: biorthogonal bases {vj}%™ and {w}i™

3: Initialization: v_; := 0; w_1 := 0; vg := v; wp := w/(wlv);

4: for k=0,1,...,m—1do

5: = Av_g;
6: S = AT'w_k;
. S A .
7 Q_f ik = W, T, T i=T — Ok ikVik
) e a T e o e
8: B—kyik = V;,8; 8 := 8 — B_p ik Wik;
9: e D aa. e .
: Ok =W_ T, T =T O kUL
10: Si1=8—Q_f_W_g;
1T o|1/2. . i
1 Sgepr =T s|Y% vy =1 /i
T ) — .
120 Yikg1 =7 8/0ik15 Wik := S/ Vikt1;
13: = A'Uik—i—l;
14: S = AT’wik+1;
. . B . Ay
15: ikt 1,k = Wy T T I=T — Ok41,ik Uik
2T e o .
16: Bik+1,ik = V185 8 1= 8 — Bikt1,ikWik;
) ‘ S L ‘ )
17: Qjft1,—k = WL, T, T 1= T — Qg4 1,—kV—k;
) . S A , )
18: Bik+1,—k = V_;,8; 8 1= 8 — Bijt1,_kW_k;
oo T e .
19: Qik41,ik+1 = Wi T3 T =T — ikt 1ik+1Vik+1;
20: S 1= 8 — Qik41,ik+1Wik+1;
1T al1/2. o )
21 Sppgo o= [PT8[Y2 vipin i= 1 Oipa;
T . ._ .
22: Yikt2 =T 8/0iky2; Wiky2 1= 8/ Viky2;

23: for j=3,...,7do

24: ri= A'Uz’k:—i-j—l;
AT )
25: s:=A Wik+j—13
e T R .
26: Qiktj—1,ik+5—2 = Wiy i o T 1= T — Qiktj—1 ik+j—2Vik+j—2
2T e )
27 Bik4j—1,ik+j—2 = Vikqj_25 S =8— Bik4j—1,ik+j—2Wikt5j—2;
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Algorithm 3 Biorthogonalization process for Ky, 11 im+1(A4,v) and Km+17im+1(AT, w),Part 2.

28: Qiftj—1ik+j—1 = wﬁﬂ-_lr; T =T — Qifyj—1,ik+j—1Vik4+j—15
29: 8 1= 8 — Qik4j—1,ik+j—1Wik+4j—1;

30: Siktj i= [rTs|1/2; v, ikt =T/ Ok

31 Yik4j = T’TS/5ik+j; Wik+j = 8/Vik+

32: end for

33: 7= Ailvi(k_;'_l);

34: ERES A_T’wi(k+1);

35 Gilha1),—k = WL T = T — Gpi1),—kV—k;

36 Mighr1)—k = VL8 8= 8 — Migyn) pW_pi

37: for j=0,...,7—1do

38 Gilke1) i 1) 3= Wiy 575 = T = Gtk ) ik 1) 5 ViCh41)
39: Ni(k+1),i(k+1)—j = UZ-T(kH)_jé; 8 1= 8 = Mi(ka1)i(k+1)—j Wi(k+1)—5
40: end for

a1: 6y = [PTEIYZ v () = POy

42: V—(k41) = P 8/0_(k41)iW—(k41) = 8/7—(kt1);

43: end for

The biorthogonal bases for the subspaces K, im+1(A,v) and Km,imH(AT,w) determine the

matrices
Vm(z’+1)+1 = [v0,V1,. -, Vi, V-1, ., Vppily e, Vimy U] € RNXm(z'+1)+17
Vinti+n)+2 = [Vin(i+1)+1, Vim+1] € RN x(m(i+1)+2)
Wm(i+1)+1 = [wo,wi,..., Wi, W_1,...,W_yi1,..., Wiy, W_p] € RNXm(i+1)+l,
W12 = Win(is1)41, Wimg1) € RVXMEFDH2),

Equations (4.17), (4.18), (4.19), and (4.20) can be used to construct the matrix

~

Hypis1y41 = [hjx] € RMEFDF2xmEEDHL “gyich that

AVm(H—I) = Vm(i+l)+2ﬁm(i+1)+1
AT Win(it141 = Wm(i+1)+2Hg;(z'+1)+1-

The leading submatrix H,y,(i11)+1 € R(AD+D)x (m(i+1)+1) of ﬁm(i-‘,—l)—i—l satisfies
Hyip1y41 = WvZ;(i-i-l)—i-lAVm(z—l—l) (4.21)
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This matrix is analogous to the matrix 7, in the nonsymmetric Lanczos decomposition (4.5). It is
pentadiagonal and its non-zero entries can be computed column-wise for the columns (i + 1)k + 7,

0<j5<i,0<k<m-—1. We examine the columns corresponding to different values of j.

4.4.6.1 The Case j =1
The columns of AV, 41)41 and ATWm(Z»H)H in this case correspond to Av_j;, and ATw_y, respec-

tively. Equation (4.18) yields

Av_ . = a_pipVik + 0k _pV_k + Oik+1Vik+1,

ATw_ = Bopiwik + Bk —kW—k + Yikt1Wikt1-
Hence, the only nontrivial entries of the ((i + 1)k + 1)** column of Hpp(i41)4+1 are

Rliv 1)k, (irD)k+1 = Q—kiks Pkt 1,(i4 D) k+1 = Ok —ks
Bt t)ks2,(i41)kt1 = Oikt1-
4.4.6.2 The Case j =2
The columns of AV,(;11)42 and ATWm(iH)H in this case correspond to Av,1 and ATw;yq,

respectively. Equation (4.19) gives

AVipt1 = Qikt1,ikVik + Qik1,—kV—k + Qikt 1ik1Vik41 T Oik+2Vik42-

ATwi oy = Birricwin + Biks1,—kW—k + Bikt ikt 1Wik+1 + Vikr2Wikt2-
It follows that the only nontrivial entries of the ((i + 1)k + 2)* column of Hoiy1)41 are

h(it 1)k, (i41) k2 = Qikt1,ik Rt 1)k 1,4 1)kt2 = Qik+1,—k>
Rlit1)ka2,(i+ 1)k4+2 = Qik+1ik+1s  RGg1)k43,(i+1)k+2 = Oik+2,
where
Qift1,—k = (Avipy1, w_g)
= (Vips1, ATw_y)
= (Vikt1, B—k,ikWik + B, —kW_i + Vik 1 Wik+1)

= Yik+1-
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4.4.6.3 The Cases j =3,4,...,1

The columns of AV}, (;41)4; and ATWm(i+1)+j in these cases correspond to Av;j;_1 and AT'wikﬂ-,l,

respectively. Equation (4.20) yields

AVipj1 = Qikgj—1,iktj—2Vik+j—2 T Qiktj—1,iktj—1Vik+j—1 + OiktjVik+j>
T
At Wikt i1 = Biktj-1,ik+j—2Wikyj—2 + Biktj—1,ik+j—1Wik4j—1 + Yik+j Wikt -
The only nontrivial entries of the ((i + 1)k + j)* columns, for j = 3,...,4, are

Pt )kt =1, 1)ktg = Viktj—10  P(t1)ktg (i+1)k+j = Qiktj—1,ik+j—1,
R(it1) k41, (i41)k+j = Oiktj-
4.4.6.4 The Case j =0
The ((i4+1)k)™ columns of AV (ig1)41 and ATWm(iH)H correspond to Av;, and AT wyy,, respectively.
The expressions for Av;;, and AT w;;, can be obtained by multiplying the first and second equations in
(4.17) by A and AT respectively, and making the appropriate substitutions for Av_,,y1,..., Av_,,
and ATw_,,41,...,ATw_,,. Then, we simplify the resulting expressions using the facts that i)

Gik,ik 7 0 and ii) w;f'l;A_lvr =0, r=—-k+1,...,0,...,tk — 2. Hence,

Avig = hp1)k—1,(+DkVik—1 + D)k, (i41)kVik T
h(is 1)kt 1)Y=k T+ Blit 1) kr2,(i41)kVik+15
Alwy, = h5+1)k—1,(i+1)k'wik—1 + h%;—i-l)k,(i—&-l)kwik +
h6+1)k+1,(i+1)kw*k + h{i+1)k+2,(i+1)kvik+17

where

Ry 1) k—1,(i+ 1)k = YViks

s ' [y Yo
(+1)k+1,(+1)k — Cik,ik ’
_ =0 kSikt1
Ptk i+1)k = gkk :

The diagonal element is given by

1 — Gikyik—10ik — Q—k ik0—k

hiivi)k,(i+1)k = Cir
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Example 4.4.1. Let m = 3 and i = 3. Then the matrix Hy3 is of the form

(0o 0 0 0O 0 0 0 0 0 0 0 0 ]
0y 1172 0 0O 0 0 0O 0O 0 0O 0 0
0 & asa7s 0 0 0 O O 0 0 0 0
0 0 03 has ags a3 0 0 0O 0 0 0 0
0 0 0 hsaar 1w O O O O 0 0 0
0 0 O hea 6 assns O O 0 0 0 0
0 0 0 0 0 & ass % O 0 0 0 0
00 0 0 0 0 0 J hss asg arg 0 0 0
00 0 0 0 0 0 hgsasonr 0 0 0
00 0 0 0 0 0 hos 6 arr 0 0
00 0 0 0 0 0 0 0 J ass 7 0
0 0 0 0 0 0 0 0 0 0 & hioo asg
0 0 0 0 0 0 0 0 0 0 0 hspaos_s

Let Goy(ip1)41 € RMEADFD)x(mE+D+1) denote the projection of A™! onto Ky 1.im+1(A,v) to

Km+17im+1(AT, w), that is

Gm(it1)+1 = an;(i+1)+1‘4_lvm(i+1)+l' (4.22)
The matrix Gy (j41)41 is a rank-one modification of Hn_lb )4 and banded. Its non-vanishing entries

form (i + 2) x (i + 2) blocks along the diagonal such that any two consecutive blocks overlap in one
diagonal element; see [42] for a proof of this structure in the case when A is symmetric. This proof

carries over to the present situation with obvious modifications.

4.5 Application to Rational Gauss Quadrature

This section discusses Gauss—Laurent quadrature rules for the approximation of functionals (4.1)
based on quantities computed by Algorithm 3. Rational Gauss rules were first considered by
Gonchar and Lépez Lagomasino [31], and have subsequently received considerable attention; see,

e.g., Gautschi [22, Section 3.1.4] as well as [14, 56| for discussions and references. An application of
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Gauss—Laurent rules to the computation of upper and lower bounds for certain symmetric matrix
functionals is described in [41, 42]. We consider the case i > 1 in (4.12).
Application of 7 steps of Algorithm 3 to the matrix A with initial vector v and w, such that

vTw = 1, yields the decompositions

AVe = V;Hr + (hri12V—m + hrgo s Vims1)el (4.23)
AW = VoG v [gritr—i€r—iy e Grilr—1€r—1, G107 (4.24)
ATWo =W H 1 4 (hryr 10— + hrroWimy1 )€r (4.25)
AW, =W, GT + w_m[gr—iri1€0—is- s Gr—1r+1€r—1, Grrt1€7)
where 7 = m(i + 1), and the columns of V;, W, € RN*™+D form biorthogonal bases for

Kinim+1(A,v) and Ky, imi1 (AT, w), respectively. The matrices H,, G, € R™EFDxmi+D) oo
erally are nonsymmetric and pentadiagonal. The following example illustrates the structure of these

matrices.

Example 4.5.1. The matrices H: and G in the decompositions (4.23) and (4.24) fori =3, m = 3,

and T = 12 may have nonvanishing entries in the positions marked by “«”:
KX T EEEEES T
* K ok * ok ok K ok
k ok ok Xk %k 3k ok ok
X ok k% * ok ok K ok
* K ok koK ok K ok kK kX
k %k ok ok k ok ok ok ok
Hiz = %k % ’ Gz = % % k% %
* K ok % X K ok K ok
k ok ok k ok ko sk ok ok ok ok
k ok ok ok * % ok ok
* K ok * ok k%
* %k k ok ok ok
We would like to establish that
TrAw=elf(H VfeL ; 4.26
w” f(A)v = e f(H:)el [ € Lom—22im+1, (4.26)

where A € RV*N is nonsingular and w, v € R satisfy w’v = 1. The right-hand side expression is
a Gauss—Laurent quadrature rule for the approximation of the left-hand side. The quadrature rule
on the right-hand side has 7 nodes, which are the eigenvalues of H,. In order to show (4.26), we
first need some auxiliary results on the properties of the matrices H, and G. Analogous results for
different spaces of Laurent polynomials have been shown by Schweitzer [63]. Related results for

symmetric matrices can be found in [42].
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Lemma 8. Let A € RV*N be nonsingular, let w,v € RY satisfy wv = 1, and let the matrices H,
and G be defined by (4.21) and (4.22), respectively, with the matrices V., W, computed by Algorithm
3. Assume that T :=m(i+ 1) > 1. Then
wlp(A)v = el'p(H,)ey, p € Poiman, (4.27)
wlg(A Yo = el q(G,)e, q € Popyiq. (4.28)
Proof. We first show (4.27) and note that it suffices to show (4.27) for monomials p(z) = 27,
j=0,1,...,2im+ 1. For j =1, we obtain from (4.23), using Vye; = v, that
Av=AV,e1 =V, H.eq,

T

re1 = 0. For increasing values of j, we obtain

where the second term vanishes because e
Alv = A'V,e; = V,Hle, + z,el Hi ey, (4.29)
where
Zr = hT+1,vam + hT+2,‘rvim+1-

Due to the structure of H., the second term on the right-hand side of (4.29) vanishes, and for
7 <im we get

Alv =V, Hley, j=0,1,...,im. (4.30)

Similarly, from (4.25) we have

(ATYw =W, (H )l ey, j=0,1,...,im. (4.31)

Combining (4.30) and (4.31) gives
,wTA2im+1,U _ ((AT)zmw)TA(Azm,v)
— (W (HT)mey)TA(V, Himey)
— T H2imtle,

The same conclusion can be drawn for lower powers of A. This shows (4.27). We can prove (4.28)

in the same manner.
Next we will show a relation between positive powers of GG, and negative powers of H..
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Lemma 9. Let the assumptions of Lemma 8 be satisfied, and assume that H; is nonsingular. Then
el'p(G)er = elp(H Ve, D € Poyy_o. (4.32)
Proof. Multiplying (4.24) by WT A from the left, we get
[=H.Gr + Wl Av_p[gri1r—i€r—is -y Grilr—1€r—1, Gri1r€r] -

This implies that
HTG7-€1 = e.

We obtain by induction that

H;Gz—el = H-?-_l(l - WgA'U—m[gT—&—l,T—ieT—ia s 7gT+1,TeT,]T)Gj_lel

T

for j=0,1,...,m — 1. Observing that only the first (2j — 2) + i entries of Gi e may be nonzero,

the above equation gives
HiGle;=HI"'G' le; =e;, j=0,1,...,m—1.
Multiplying by HI from the left shows that
Glei=H7e;, j=0,1,...,m—1. (4.33)

Similarly, we obtain

(GTY ey = (H) er, j=0,1,....,m—1. (4.34)
Using (4.33) and (4.34) together gives
el G 2e) = el H-2m2¢,.
A similar argument holds for lower powers of G,. This shows (4.32).
We are now in a position to show that (4.26) holds.

Theorem 10. The right-hand side of (4.26) is a Gauss—Laurent quadrature rule for the expression

on the left-hand side.
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Proof. Let f € Lom—22im+1. Then f(A) = p(A) + q(A™Y) for some polynomials p € Pajm+1 and

q € Pyy_o. We obtain from Lemma 8 that
w’ f(A)v = w'p(A)v + w'q(A™" v = el p(H:)er + ef ¢(Gr)er.
Applying Lemma 9 gives

wl f(A)v = el p(H:)e1 + el q(H:  er = ef f(H)e.

T

This shows (4.26).

It is shown in [42] that for suitable integrands, appropriate pairs of Gauss—Laurent and Gauss—
Laurent—Radau quadrature rules can be applied to determine upper and lower bounds for the
functional (4.1) when the matrix A is symmetric. However, this approach is not guaranteed
to furnish upper and lower bounds when the matrix A is nonsymmetric. We will show that in
this situation, estimates of error bounds can be determined by evaluating appropriate pairs of
Gauss—Laurent and anti-Gauss—Laurent quadrature rules.

Laurie [49] introduced the (standard) (m + 1)-point anti-Gauss quadrature rule that gives an
error of the same magnitude and of opposite sign as the (standard) m-point Gauss quadrature rule.
The evaluation of the standard (m + 1)-point anti-Gauss quadrature rule requires the computation
of m + 1 steps of the (standard) Lanczos process; see, e.g., [1, 2, 12] for details. We will show that
anti-Gauss—Laurent rules can be computed in an analogous fashion.

Let
T+1

Gria(f) =D F(N)757

Jj=1

be the (7 + 1)-point anti-Gauss—Laurent rule associated with the measure dw in (4.4). This rule is

determined by the requirement that
(Z—Gr1)(f) = —(T-G-)(f) Vf € Lom—22im+3, (4.35)
where G, (f) is characterized by
G-(f)=Z(f),  Vf € Lom—22im+1- (4.36)
Relation (4.35) shows that G,1 is the (7 + 1)-point Gauss-Laurent rule for the functional
T(f) = (2T — G-)(f).
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Introduce, analogously to (4.14) and (4.15), the vectors

{)]' = ng(A)’U,
ﬂ’j = ij(AT)wa

j=—m+1,—-m+2,...,im+ 1,

where <f;j and 1/;]- are two families of biorthogonal Laurent polynomials with respect to the bilinear

form

{p,a} = T (pa),
ie., {QBZ,%} = 0 for all ¢ # j and {gz;j,@zj} = 1 for all j. The biorthogonal bases Vyy; =

[ﬁj];”;f}n 41 and Wyy1 = [@j];”;f}n L1 ERY *(m+1) for the extended Krylov subspaces Ky, im+2(A, v)

and Kmvimng(AT, w), respectively, with ©9 = v and Wy = w satisfy the decompositions
AVir = VegiHegr + hryori10imasel

T 5T 7 - T
AWy = WepHy oy + heyrpoWimg2€r 1,

where 7 = m(i+1) and the matrix H, 1 = [h;;,] € RTTDX(7+1) ig 4 nonsymmetric and pentadigonal.

It follows from (4.35) and (4.36) that

{¢7¢} = [d)v 1/}] = I(¢¢)7 V(Z)”(/J S £2m—2,2i’m—i—1-

These equalities show that

hj,k:hj,ka j,k‘zl,Q,...,T

Therefore, ¢~5j = ¢j and 1;]- =g forj=-m+1,-m+2,...,im.
It follows from the structure of H, and relations (4.23) and (4.25), in view of (4.14) and (4.15),

that the Laurent polynomials

¢T(Z) = h7+1,7¢7m(z)+h7+2,7¢im+1(2)a

¢T(Z) = hf‘r,T-&-lw—m(z)+h7','r+27/)im+1(z)u

for i = 1 can be computed with four-term recursion formulas

¢T(Z) = (Z - hT,T)d)im(Z) - hT—l,T¢—m+1(z) - hT—27T¢im—1(z))

¢r(2) - (Z - hT,T)wim(Z) - hT,T—lw—m-f—l(Z) - hT,T—Qwim—l(z)a
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which can be written as

(ET(Z) = (Z - ﬁT,T)(Z)im(Z) - BT—l,Tﬁg—m—i—l(z) - BT—2,T¢~)im—1(z)>

¢r(2) = (Z - BT,T)TEim(Z) - hT,T—llz—m—i—l(Z) - hT,T—Q'l;im—l(z)-

For i > 1, QET and zZT can be determined with three-term recursion formulas

(bT(Z) - (Z - hT,T)¢im(Z) - hT—l,T¢im—l(z)a
¢T<z) = (Z - hT,T)z/}im(z) - hT,T—1¢im—1(z>a

o ~

¢T<z) = (Z - BT,T)éim(z) - iLT—l,T(z)im—l(z):

Ur(2) = (2= her)Vim(2) = hrr1Pim—1(2).

For all ¢ > 1, we can determine Laurent polynomials gzubTH and 7ZT+1 € Lmnm—1,im+2 that are

biorthogonal to £,,—1im+1 with three-term recursion formulas

Pri1(2) = (2= )pr(2) = Frdim(2),
7]’7——%-1(2) = (z— 05)7;7(2) - STwzm(Z)

where
ST:YT = {J’TﬂZT} = 21(&7-1;7-) - gT((Z)ﬂZT) = 21(@57157) = 2[‘5771/37] = 25777'

We may choose 6, = V20, and 7, = V27;. Tt follows that the nonsymmetric pentadigonal matrix

associated with the anti-Gauss-Laurent rule G, is given by

_ H, 2y,

Hyq = € RTx(T+1),
V26, «

where the last diagonal coefficient can be determined by from o = (zJ)T, 1[17) This coefficient can be
evaluated by carrying out one additional “standard step” of Algorithm 3 that uses the three-term

recurrence relation, i.e., we evaluate

r = Avy, — h‘r,T'vim — YimUim—1;

. T .
s = A Wim — hT,Twim — (5imwim—17
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and then compute

T . ._ . ._
5 Yim+1 (=710 8/0im41; Vimt1 = T/0im+1;  Wim+1 = S/ Vim+1-

Sim1 = |7 8|

Finally,

ey .
hT+1,T+1 == wim+1Avim+1a

Analogously to formula (4.26), the anti-Gauss—Laurent quadrature rule can be evaluated accord-
ing to

Gri1(f) = ef f(Hrin)er Vf € Lom—22im+3-

We are now in a position to provide sufficient conditions for G,(f) and G,.1(f) to bracket
Z(f). Assume that we can carry out N steps of the Algorithm 3 without breakdown. This yields
biorthogonal bases {v;, w; ;V: 61 of RV and associated sequences of Laurent polynomials {05, ;V: 61

defined by (4.14) and (4.15) that satisfy (4.9).

Theorem 11. Consider the expansion of the integrand

N-1

f(z) =) 050i(2), z€NA), (4.37)

§j=0
in terms of the Laurent polynomials ¢, and assume that the coefficients o; in (4.37) are such that
2im+3 N-1 N-1 .
> 036 (6)| Zmax{ | Y 0G| D> 0iGria(e)] ¢ (4.38)

F=2im+2 j=2im+4 j=2im+4

Then the quadrature rules G-(f) and Gr41(f) bracket Z(f).

Proof. Since

I(f) = 00Z(¢0), Z(¢j) =0, Vj>0

we have, in view of (4.35) and (4.36), that

N—1 2im+1 N—1
Gr(f) = 0iG-(d5) = Y 0;G:(8)+ > 0;G-(;) (4.39)
Jj=0 j=0 j=2im+2
N—-1
=Z(f) + 02im+2G-(D2im+2) + 02im+3Gr (P2im+3) + Z oG- (0;).
j=2im44
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i N-1 2im+3 N—-1 )
Grr(f) =Y 05Gr1() = Y 0iT=G)( b))+ Y 0Gr11(05) (4.40)
=0 =0 j=2im+4
N-1 i
=TI(f) — 02im+2G+ (d2im+2) — 02im+3G+ (P2im+3) + Z 0iGri1(0;).
J=2im+4

combining (4.39) and (4.40) show (4.38).

Theorem 11 shows that if the coefficients o; decay sufficiently rapidly with increasing j, then
rational Gauss and anti-Gauss rules provide quadrature errors that are of opposite sign and of
roughly the same magnitude. The following example illustrates the structure of the matrix ﬁTH

for the cases i = 1,2, 3.

Example 4.5.2. The matriz ﬁTH may have nonvanishing entries in the positions marked by “«”:

C ok % -
ok k%
kK
H; = oKE KX for i=1,m=3,7=6
ko k¥
ko Kk k%
x %
Cx % ;
* k¥
Ok K K
H; = KK for i=2,m=27=6
X % * %
k0 k¥
* Ok
s ;
k %k 3k
* k%
* ok ok ok
X %k 3k
~ * ok k%
His = * %k % for i=3,m=3,7=12
k %k 3k ok
* k%
* ok kK
k %k 3k
* k%
* %
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4.6 Computed Examples

In this section, we illustrate the performance of the Gauss—Laurent and associated anti-Gauss—
Laurent rules when applied to several functionals (4.1).

The purpose of these examples is to compare the performance of the standard Gauss and Gauss—
Laurent rules for the case ¢ = 3. The last example illustrates the performance of these quadrature
rules for ¢ = 1,2, and 3. Also, we show that pairs of Gauss—Laurent and anti-Gauss—Laurent
quadrature rules provide upper and lower bounds for certain functionals (4.1). We compare the
approximations obtained by the quadrature rules and the values computed by explicitly evaluating
the functional (4.1). We choose 7 = 0 mod 4 and 7 = 0 mod 3 to ensure that the matrix H;,
defined by (4.23) is of the appropriate dimensions for ¢ = 1,2,3. The table column headings
el f(Te1, el f(H)ey, and e f(H)e, refer to standard Gauss, Gauss-Laurent and anti-Gauss—

Laurent quadrature rules, respectively.

Figure 1: Example 4.6.1: Spectrum of matrix A in C. The eigenvalues are marked by “o0”. The
horizontal axis shows the real parts of the eigenvalues, the vertical axis the imaginary parts.

Example 4.6.1. We would like to determine approximations of the functional
F(A) := wl exp(—A) A~ Y20,

where A € R200%200 jg 5 real nonsymmetric Toeplitz matrix with first row and column [1,1/2, . ..,1/200]
and [1,1,...,1]T, respectively. The vectors v and w have normally distributed random entries
with zero mean and are scaled so that w”v = 1. Figure 1 shows the eigenvalues of A. The largest
magnitude is real-valued and about 45.8; the eigenvalues with the largest imaginary parts (in
magnitude) are approximately 17.8 + 16.8i, where i = v/—1 is the imaginary unit. The eigenvalue

of smallest magnitude is real and about 0.195.
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We evaluate (4.1) as w” exp(—A)A~'/2v, where the vector A~1/?v is calculated by first comput-
ing the matrix square root and then solving a linear system of equations. The exact value of F'(A) is
approximately 0.9990. We report this value to allow a reader to estimate the relative approximation
error from Table 4.

The Gauss—Laurent rule is evaluated as
el exp(—H,)GY ey,

where Gy 261 is the first column of the inverse of the square root of the matrix H. It is determined
by first computing the matrix square root and then solving a linear system of equations. The

exponential is computed with the MATLAB function expm. The standard Gauss rule

el exp(—T,)T %

T

is determined by first computing the matrix square root of T and then solving a linear system of
equations for the vector T, 1/ 281.

Columns 2 and 3 of Table 4 display the errors in approximations determined by standard Gauss
and Gauss—Laurent rules for ¢ = 3. We observe that the Gauss—Laurent rules yield higher accuracy
than the standard Gauss rules when using the same number, 7, of quadrature nodes. Columns 3
and 4 of Table 4 show the errors in approximations obtained by Gauss—Laurent and associated

anti-Gauss—Laurent rules to have opposite sign and to be of about the same magnitude for each

value of 7. Therefore, the average rules
1 -
§(e{f(Hz‘:3)e1 +el f(Hi=s)er) (4.41)

for the different 7-values determine more accurate approximations of F'(A) than the corresponding
Gauss—Laurent rules. In applications, we use pairs of Gauss—Laurent and associated anti-Gauss—
Laurent rules to determine estimates of upper and lower bounds for the functional F(A), and use

the averages rule as an approximation of F(A).

Example 4.6.2. This example determines approximations of the functional
F(A) :=w! In(A)v,

with A the same matrix as in Example 4.6.1. We let v = [1,1,...,1]T € R?® and w =

[1/200,1/200,...,1/200]7 € R?® so that w’v = 1. The exact value of F(A) is approximately
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T | el f(Mer | el f(Hizs)er | el f(H;—3)ex
12 [1.08-1071 | 9.69-107* | —8.69-10"4
16 | 3.15-1072 | 2.69-107° | —2.26-107°
20 [ 8.80-1073 | 1.28-107% | —1.48-107¢

Table 4: Example 4.6.1: Errors for computed approximations of F(A) = w’ exp(—A)A~/?v with
A a nonsymmetric Toeplitz matrix.

2.924 - 1074, Columns 2 and 3 of Table 5 show the difference between the exact value and the
approximations determined by the standard Gauss and Gauss—Laurent rules for i = 3 and the
same number of nodes, 7. It can be seen that the quadrature error for the Gauss—Laurent rules
is the smallest for all values of 7. Column 4 of Table 5 displays the errors achieved with the
anti-Gauss—Laurent rules. We observe that the errors of these quadrature rules are of opposite sign
and of about the same magnitude as the error in the corresponding Gauss—Laurent rules. Similarly
as above, this indicates that the average rules (4.41) are more accurate than the corresponding

Gauss—Laurent and anti-Gauss—Laurent rules.

7| elf(Ter | elf(Hi—s)er | el f(Hi=3)er
8 | —1.10-1073 | —=1.78-107° | 1.75-107°
12| —9.71-107° | —4.61-107% | 4.36-1078
16 | —7.58-1076 | —1.19-10719 | 1.14-10710

Table 5: Example 4.6.2: Errors for computed approximations of F(A4) = w’ In(A)v with 4 a
nonsymmetric Toeplitz matrix.

Example 4.6.3. In this example, we approximate the value
F(A) == wT A7,

where A € R1000x1000 ig the nonsymmetric tridiagonal Toeplitz matrix [—1,2,1]. The vectors v and
w have normally distributed random entries with zero mean; they are scaled so that w’v = 1. The
eigenvalues of A all have real part 2 and their imaginary parts are zeros of a Chebyshev polynomial

of the first kind of degree 1000 for the interval [—2,2]. The exact value F'(A) is approximately
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0.6201. Columns 2 and 3 of Table 6 display the errors in approximations obtained by the standard
Gauss and Gauss—Laurent rules for ¢ = 3. We find that Gauss—Laurent rules give significantly
smaller approximations errors than the standard Gauss rules. Columns 4 of Table 6 shows the
Gauss—Laurent and anti-Gauss—Laurent rules to bracket the exact value. This implies that the

average (4.41) will be quite accurate.

T | el f(Tes

el f(H;=3)e1

el f(Hi=3)e1

8 | 1.22-1077

12 1 9.41-10711

3.17-10710

1.22-10°1

—3.13-10710
—1.99-10"1

Table 6: Example 4.6.3: Errors for computed approximations of F(A4) = wA~12v with A a
nonsymmetric tridiagonal Toeplitz matrix.

Example 4.6.4. In this example, we determine approximations of the functional
F(A) := w’ (A% + A %),

where A € R!000x1000 j5 the same matrix as in Example 4.6.3, v = [1,1,...,1]7, and w =
[1,0,...,0]7. Thus, w?v = 1. The value of F(A) is approximately 7.340 - 10!. Columns 2 and 3 of
Table 7 display the errors in approximations determine by the standard Gauss and Gauss—Laurent
rules for i = 3. Column 4 of Table 7 shows the approximations determine anti-Gauss-Laurent rules

and illustrates that Gauss—Laurent and anti-Gauss—Laurent rules bracket the exact value.

T ele(T)el

el f(Hi—3)e1

el f(H;—3)e1

8 | 1.60-10~°

12 | 8.75-1078

5.77-1077
1.08 - 10~ 11

—5.77-1077
—1.09-10" ¢

Table 7: Example 4.6.4: Errors for computed approximations of F(A) = w? (A% + A=%)v with A a
nonsymmetric tridiagonal Toeplitz matrix.

Example 4.6.5. In our last example, we approximate the value
F(A) :=w! In(A)v,

where v = [1,1,...,1]7, w = [1,0,...,0]7, and the matrix A is obtained by discretizing the

differential operator —A + Pla% + ,028%. Here A denotes the two-dimensional Laplacian, which is
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discretized on the unit square by the standard 5-point stencil on a uniform mesh with grid size

h= 4

17~ The discretization error is O(h?) as h \, 0. The partial first derivatives are discretized

by the standard symmetric 2-point stencil with discretization error O(h?). Dirichlet boundary
conditions are imposed. The coefficients p; are defined below. This gives a nonsymmetric matrix

A € R1600x1600 that can be represented as follows

1
A= —ﬁ(ho ® C1 + C2 ® Iyp),

where

_ b -

-2 1-pig 0 0
l+pl -2 1-pf% 0
C’i — 0 . 0 c R40X40.
1+py =2 1—pik

0 0 1+p2% -2 |

see, e.g., [53, 63]. The convection coefficients p; are chosen such that the Péclet numbers Pe; = péh

are equal to Pe; = 0.2 and Pey = 0.1, respectively. All eigenvalues of A are real and positive; the
extreme eigenvalues are \; = 1.04 - 102 and A0 = 1.33 - 10%.

Table 8 displays the difference between the exact value, F'(A) ~ 8.019, and some approximations
determined by the standard Gauss and Gauss—Laurent quadrature rules for ¢ = 1,2,3. Since
7 =m(i+ 1), only certain combinations of i and m give quadrature rules with 7 nodes. The entrries
’—? mark combinations of m and ¢ that do not correspond to quadrature rules with 7 nodes. We note
that Gauss—Laurent rules give the most accurate approximations of F'(A). Furthermore, the results
achieved with Gauss—Laurent rules are fairly insensitive to the choice of ¢ > 1. Therefore, it might
be beneficial to use a value of ¢ larger than one and in this manner reduce the computational cost.

The Tables 9, 10, and 11 show the Gauss—Laurent and associated anti-Gauss—Laurent quadrature

rules to give errors of about the same magnitude and of opposite sign.
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T | elf(Ter | el f(Hi=)er | ef f(Hi=2)er | e] f(Hi=3)e1
6 | —3.40-1073 — —4.47-1074 —
8 | =1.10-1073 | —1.84-107° — —9.11-107°
12| —1.56-107* | —=9.59-10~% | —3.40-10"7 | —1.08-10°6
15 | —4.16-107° — —8.66 - 107 -
16 | —2.72-107° | —=3.50-10~10 — ~1.33-1078

Table 8: Example 4.6.5: Errors for computed approximations of F(A) = w! In(A)v for i = 1,2,3
when A is a discretization of a differential operator.

Table 9: Example 4.6.5: Errors for computed approximations of F(A) = w” In(A)v for i = 1, when

7 | el f(Hiz1)er | el f(Hiz1)er
8 | —1.84-107° | 1.82-107°
12 | —9.59-1078 9.55-1078
16 | —3.50-10710 | 3.49.10710

A is a discretization of a differential operator.

Table 10: Example 4.6.5: Errors for computed approximations of F(A) = w” In(A)v for i = 2,
when A is a discretization of a differential operator.

7 | el f(Hizo)er | el f(Hi=2)e
6 | —4.47-107% | 4.42-107*
12| —3.40-1077 | 3.39-1077
15| —8.66-107Y | 8.67-107°

7 | el f(Hizs)er | el f(Hi=3)e
8 | —9.11-107° | 9.06-107°
12| —1.08-107% | 1.08-1076
16 | —1.33-107% | 1.34-10°8

Table 11: Example 4.6.5: Errors for computed approximations of F(A) = w” In(A)v for i = 3,
when A is a discretization of a differential operator.

69



CHAPTER 5

Rational Gauss-Type Quadrature Rules

5.1 Overview

This chapter is concerned with computing approximations of matrix functionals of the form F(A) :=
vT f(A)v with the aid of rational Gauss quadrature rules. Associated rational Gauss—Radau
and rational anti-Gauss rules are developed. Pairs of rational Gauss and rational Gauss—Radau
quadrature rules, or pairs of rational Gauss and rational anti-Gauss quadrature rules, can be used
to determine upper and lower bounds, or approximate upper and lower bounds, for F'(A). The
application of rational Gauss rules, instead of standard Gauss rules, is beneficial when the function

f has singularities close to the spectrum of A.

5.2 Introduction

We are interested in computing approximations of matrix functionals of the form

F(A) =vT f(A)v (5.1)

RNXN

by quadrature rules, where A € is a large symmetric positive definite matrix, the vector

v € R¥\{0} is of unit Euclidean norm, and f is a Stieltjes function, i.e., f has the representation

f@w:Awtjzmm» 2 €C\ (~20,0], (5.2)

where the nonnegative measure du is such f(z) is well defined; see, e.g., [7, 9, 18, 19, 36, 46, 52] for

discussions and illustrations of Stieltjes functions. Examples include

_ sin(ar) [ 1 ) _
=z %= dp(t th du(t) =t %t 1 .
fe) === L [T ), it dp(t) = £, a € (0.1), (53)
log(1 + 2) | ) 0, 0<t<1,
£ = 2 = [T, v dutr)

t—tat, t>1.
Let the matrix A have the spectral factorization (3.4) where the eigenvalues \; of A are ordered

according to 0 < Ay < --- < Ay. The spectral factorization is used in the derivation of the

70



quadrature rules of this chapter, but application of these rules does not require the computation of

this factorization.

ot

Using the factorization (3.4), the expression (5.1) with f defined by (5.2) can be written as

[e.o]

vl f(A)v = v SF(A)STw vl ST+ A) 18T v du(t)

g

||M2

(t+ ) Mvidu(t)
P (5.4)

o0

(t+y) " dv(y)dp(t)

3
S—

[e.e]

f(y)dv(y) = Z(f),

where the vector v7'S is defined in Chapter 3, and the nonnegative measure dv(y) has support at the
eigenvalues \; of A. The associated distribution function v(y) can be chosen to be a nondecreasing
piece-wise constant function with jumps at the eigenvalues \;.

The approximation of expressions f(A)v when f is a Stieltjes function, as well as the computation
of error bounds or estimates, has received considerable attention; see, e.g., [7, 18, 19, 52] and
references therein. Frommer and Schweitzer [18, 19] approximate f(A) by a polynomial, while
Massei and Robol [52] use a rational function. A difficulty with polynomial approximants is that
their degree may have to be large to yield desired accuracy of the computed approximation of (5.1).
This is illustrated in Section 5.6.

Our contribution differs from the works [18, 19, 52] in that we use rational Gauss quadrature
rules for the approximation of (5.1). These rules were introduced in [56] and are based on orthogonal
rational functions that satisfy short recurrence relations and have prescribed poles. Rational Gauss
quadrature rules associated with the measure dv in (5.4) can be computed by applying a few steps
of a rational Lanczos process to the matrix A with initial vector v. These rules are exact for certain
rational functions with prescribed poles. This chapter defines rational Gauss—Radau quadrature
rules, and shows how pairs of rational Gauss and Gauss—Radau rules can be applied to determine
upper and lower bounds for the functional (5.1). These bounds are analogues of bounds provided by
pairs of standard Gauss and Gauss—Radau rules that have been described by Golub and Meurant
[29]. The evaluation of these bounds requires that bounds for extreme eigenvalues of A be available.

We also define rational anti-Gauss quadrature rules and simplified rational anti-Gauss rules.

Pairs of rational Gauss and rational anti-Gauss rules or pairs of rational Gauss and simplified
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rational anti-Gauss rules also provide upper and lower bounds for the functional (5.1) under suitable
conditions, and do not require knowledge of extreme eigenvalues of A. Rational anti-Gauss rules
provide an extension to rational Gauss quadrature of the anti-Gauss rules associated with (standard)
Gauss quadrature rules that were introduced by Laurie [49].

This chapter is organized as follows. Section 5.3 reviews how (standard) Gauss quadrature rules
for the approximation of (5.4) can be determined by carrying out a few steps of the Lanczos process
applied to the symmetric matrix A with initial vector v. Section 5.4 discusses available results on
recursion formulas for orthonormal bases for rational Krylov subspaces associated with orthogonal
rational functions with several fixed poles. The recursion formulas are determined by the vector
v, the symmetric matrix A, and by shifted matrices (A — o;1)~!. In our computations, the o; are
negative poles of the rational functions that determine the rational Gauss, rational Gauss—Radau,
rational anti-Gauss, and simplified rational anti-Gauss quadrature rules used to approximate (5.1).
It also is possible to let some poles appear in complex conjugate pairs. Recursion relations for
rational orthogonal functions with poles a; are reviewed in Section 5.4, and their application to
rational Gauss, rational Gauss—Radau, rational anti-Gauss, and simplified rational anti-Gauss

quadrature rules is discussed in Section 5.5. Section 5.6 presents a few computed examples.

5.3 Gauss Quadrature Rules

This section reviews the application of the symmetric Lanczos process to the symmetric positive
definite matrix A € RV*N to evaluate Gauss quadrature rules for the approximation of the functional
(5.1); see, e.g., Golub and Meurant [29] for further details. The application of 1 < m < N steps of

the symmetric Lanczos process to A with initial unit vector v gives the Lanczos decomposition
AV, = Vi Ty + BrVmsrel, (5.5)

where the matrix V;,, = [v1,v2,...,0y] € RN*™  with v := v, has orthonormal columns that form

a basis for the Krylov subspace
K, (A, v) = span{v, Av, ..., A" 1o},

Moreover, the unit vector vy, 11 € RY satisfies V,g Ume1 = 0, and T, € R™*™ is a symmetric

positive definite tridiagonal matrix; the scalar 5, is nonnegative. We assume that 1 < m < N is
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chosen small enough so that the decomposition (5.5) with the stated properties exists. This is the
generic situation.

It follows from the recursion relation (5.5) for the columns of V;,, that the jth column can be
expressed as

’Uj :pjfl(A)’U, j:1,2,...,m,

where p;_1 is a polynomial of degree j — 1. Golub and Meurant [29] show that the expression

Gon(f) = e f(Tin)er (5.6)

is the m-point Gauss quadrature rule for the approximation of (5.1), i.e.,
G (f) =0T f(A)v,  Vf € Pom,

where Py, denotes the space of all polynomials of degree at most 2m — 1, i.e., a space of dimension

2m. This Gauss rule is associated with the bilinear form

(f.9) = (f(A)v)" (g(A)v), (5.7)

which is an inner product for polynomials f and g of sufficiently low degree. This can be seen by
substituting the spectral factorization (3.4) into (5.7). Substituting the spectral factorization of the
matrix T,,, into the right-hand side of (5.6) shows that G,,(f) indeed is a quadrature rule with m
nodes.

When the integrand f has one or several singularities close to the support of the measure dv
n (5.4), Gauss rules (5.6) with a moderate number of nodes, m, may yield poor approximations
of the functional (5.1). This difficulty can be remedied by using rational Gauss rules. They were
first discussed by Gonchar and Lépez Lagomasino [31], and have subsequently received considerable
attention; see, e.g., [8, 22, 40, 42].

We will use the rational Gauss quadrature rules described in [56] and define associated rational
Gauss—Radau rules, as well as rational anti-Gauss and simplified anti-Gauss rules. The computation
of the rational Gauss rules described in [56] is based on the observation in [58] that a sequence of
certain orthogonal rational functions satisfy short recursion relations, i.e., the number of terms in
the recursion relations can be bounded independently of the number of orthogonal rational functions

in the sequence. We note that different sequences of orthogonal rational functions that satisfy a
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three-term recursion relation have been developed by Deckers and Bultheel [13]. These sequences
also can be used to construct rational Gauss rules; see [14]. We use the rational Gauss quadrature
rules described in [56], because their computation requires fewer linear systems of equations with

matrices that are determined from A to be solved than the approach in [14].

5.4 Recursion Relations for Rational Krylov Subspaces

The first part of this section reviews results in [58] on recursion relations for certain orthogonal
rational functions. The number of terms in the recursion relations depends on the number of distinct
poles of the rational functions and on the ordering of certain elementary rational basis functions.
The recursion relations are applied in a rational Lanczos process, which is described in Subsection
5.4.1.

Introduce linear spaces of rational functions with finite poles,

Qik = span{l. D j= 1,2,...,]{2}, 1=1,2,...,¢, (5.8)
(y —aq)’

where the «; are real distinct poles of multiplicity k;,7 = 1,2,...,f. They are assumed to lie outside
the convex hull of the support of the measure dv. In the applications of this chapter, they will live
on the negative real axis.

Now let agio9i, @ = 1,2,... ,g, denote distinct complex conjugate poles with nonvanishing
imaginary part, and assume that each pole and its complex conjugate are adjacent, i.e., ayyo; =
Qu+2i—1, where the bar denotes complex conjugation. Since we are interested in integrating functions

f, such that f(y) € R for y > 0, we replace each pair of rational functions

1 1

(v — oug2i—1) (y — @pgoimr)’

by a pair
1 y
W2+ Biy+v%) WP+ Biy+w)
where the coefficients 3;,v; € R are defined by y?+B;y+vi = (y—apr2i-1)(y—ui2;_1). Analogously

to (5.8), we define the spaces

1 )
W, 95, = Span - Y =12 s, i=120
W2+ By +v) W2+ Biy+ )

where s; is the multiplicity of the complex conjugate poles.
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Let R
¢ i

k= Zk“ s = ZSZ', (5.9)
i=1

i=1

and introduce the (m + 1)-dimensional linear space
Sma1 =Pry1-k-2s D Qup; B+ & Qug, ©Wyog, O+ D Wi 24,0 (5.10)

where we assume that the k; and s; are chosen so that 0 < k + 2s < m — 1. Then the space (5.10)

contains linear functions. Let

\Ilerl = {wOawla"wd}M} (511)

denote an elementary basis for the space S, 41, i.e., ¥o(y) = 1 and each basis function ;(y), for

i =1,2,...,m, is one of the functions

j 1 1 Y
y M y ) y ) y
(y—a;) W2+ By+7v) W2+ Biy+v)

for some positive integers ¢ and j. The notation s < 7; indicates that the basis function s comes
before ;. We say that the ordering of the basis functions (5.11) is natural if 1o(y) = 1 and the

remaining functions v¢;, j = 1,2,...,m, satisfy:

1. 97 < ¢! for all integers j > 0,

1 1 . . '
© e =< o for all integers j > 0 and every real pole a;,

. 1 B Y < 1 -
W2 +Biy+v) T W2HBiy+v)’ (WRHBiy+y)’ T

for all positive integers j and every pair {f;,7;},

if s -1 . I /R
41 Py(y) = (W2 +By+7;)"” then 911 (y) = (W2 +By+7,)"”

It is shown in [58] that a Stieltjes procedure for orthogonalizing elementary basis functions with
respect to some inner product ! on S,,,1 only requires short recursion relations when the basis
functions are in natural order. We mention three types of recursion relations from [58] that are

needed in this chapter. We start with recursions for y¢,:

y¢T(y) = Z CT,T+j¢T+j(y)7 r= 07 ]-7 E) (512)

J=—n1

!We can also orthogonalize the elementary basis with respect to a bilinear form [f, g] = £L(fg), where L is a linear

functional on Sp+1, as long as £(¢3) # 0.
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where r — ny is the largest integer smaller than r such that ¢,_,, is a monomial if there is such a
monomial (otherwise r —ny = 0), and r + ny is the smallest integer larger than r such that v, 4, is
a monomial.

In order to introduce a new real pole «; we need the following recursions:

T4

oy)= > &) riily), r=012... (5.13)

Jj=-n3

Y-
where r — n3 is the largest integer smaller than r such that ,_,, is a rational function with a pole
at «; if there is such a rational function (otherwise r — n3 = 0), and r + n4 is the smallest integer
larger than r such that ¢,,, is a rational function with a pole at «;.

To introduce a new pair of complex conjugate poles, we use the the following formulas with

p=0,1:
yp

m 7» Z CTT+Z¢7'+Z ), 7":0,1,2,... s (514)
J J

i=—ns5

where r — ns is the largest integer smaller than r such that ¥,_p, (y) = (y* + By +7;)* if there is
such a rational function (otherwise r» — ns = 0), and 7 + ng is the smallest integer larger than r such

that ¥,ing (y) = y(¥2 + Bjy +75)°.

Define the vector of orthonormal rational functions,

D (y) = [P0(y), #1(Y), - -, Pm—1(y)]-

If 4, is a monomial and m — d is the largest integer smaller than m such that ,,_4 is a monomial,
then the recursion formulas (5.12) can be written in the matrix form

YyPm(y) = Hin®p, +th jim®m(Y)em41—;- (5.15)
7j=1

The matrix H,, has the following block-diagonal structure: it has m — k — 2s — 1 square blocks along
the diagonal such that any two consecutive blocks overlap in one diagonal element. The jth block
of H,, is of dimension r X r, where r — 2 is the number of rational functions between consecutive
monomials y/~! and y/. More precisely, the jth block of H,, is the submatrix H,, (r1 : 72,71 : 72)
(in MATLAB notation) with the entries h;; for 71 <, j < 7o, where 1, (y) = /=1 and 9, (y) = ¢7.
Also, r = ro — r; + 1. The non-zero entries of H,, = [hij]?fj_:lo are recursion coefficients for the

functions ¢;,7 = 0,1,...,m — 1. They satisfy

hig = (yoi(y), ¢5(y)) = (yo;(v), ¢i(y)) = hyj, (5.16)

76



which shows that the matrix H,, depends only on the first m elementary basis functions v,
j=0,...,m—1, and does not depend on v,,. In this chapter we will always assume that 1), (or
Ym+1 if we deal with H,,41) is a monomial only for one reason: the zeros of ¢, are eigenvalues of
H,,.

The following example illustrates the structure of the matrix H,,.

Example 5.4.1. Let «;, 3;,7; be defined as described in the beginning of this section and consider

the elementary basis

1 1 1 1 1
{Ly—al’y’ (y—al)Q’yQ’“"y—ag’yk ST (y—ag)k‘f’yk’y2+5ly+’h7
Y k+1 1 Y k+s1 1
P18yt U WP+ By ) P+ Byt P+ Byt

Yy ksit1 1 Yy k-l—s}
v+ By + 2’ A By ) WA Byt S

This basis together with the function v, (y) = y**5*1, where k and s are defined by (5.9), and
m = 1 4 2k + 3s, satisfy the requirements of natural ordering and make up the space S,,+1. The

matrix H,, in this case has k 3 x 3 blocks and s trailing 4 x 4 blocks along the diagonal:

ERE ]
* % %k
EEEE:
* ok ok
* % %
H,, = ¥ k% %
* ok ok %
* ok ok %
* ok ok ok ok ok %
* %k % %
* ok k%
* %k % %

Matrix entries that may be nonvanishing are marked by “x”. If we place one more rational function
between two consecutive monomials 3/ ~! and 3/ in the elementary basis, then the size of the jth
block of H,, increases by one. Similarly, removing one rational function between two consecutive

monomials would decrease the size of the corresponding block by one.

5.4.1 The Rational Lanczos Algorithm

In the rest of this chapter we focus on functionals Z defined by (5.1) when A is a symmetric positive

definite matrix, and v is a normalized vector. If the functions ¢;, j = 0,...,m, are orthonormal
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with respect to the bilinear form

(f,9) :==Z(fg) = v" f(A)g(A)v,
then the vectors
{’UO = gf)o(A)’U, -, U5 = QZ)J(A)'U} (517)

form an orthonormal basis for the rational Krylov subspace

Kj+1(A,v) = span{tg(A)v, Y1 (A)v, ..., ;j(A)v}, (5.18)

for  =0,1,...,m. Indeed,
vjv; = (¢;(A)0)T (di(A)v) = v 9;(A)i(A)v = (6, ¢0)-

The vectors v; satisfy the same recursion relations as rational functions ¢; and can be constructed
by the rational Lanczos process. This process is analogous to the Stieltjes-type procedure [58,
Algorithm 3.1] for computing an orthonormal basis for the space S,,+; which is based on the
recursion relations (5.12), (5.13) and (5.14).

The implementation of the rational Lanczos process requires the solution of linear systems of
equations with matrices of the forms A — a;I and A2 + ;A + 1, where «y, 3;,; are suitable real

scalars. The norm || - || in Algorithm 4 denotes the Euclidean vector norm.

Algorithm 4 Orthonormalization process, Part 1.

1: Input: v € RV\{0}, and functions for evaluating matrix-vector products with A and for solving
linear systems of equations with matrices of the form A — oI and A% + B;A+~;1. Thus, we do
not explicitly form the matrices A7, (A — a,I)™7, and (A% + B;A+~,1) 7.

2: Output: Orthonormal basis {v, }7,.

3: Initialization: vy := v/||v||;r = 1;

4: while »r < m do

5: if 1), = A’ for some j € N then

6: u = Av,_1;
7: fori=7:r—1do

. PR/ L R .
8: Cr—1 1= V; U; U := U — Cr_1iV;;
9: end for
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Algorithm 4 Orthonormalization process, Part 2.
10: O = |ull; vy = u/dy;

11: else if v, = (A — ayI)~7 for some j € N then

12 u:=(A-— agl)_lvr,l;
13: fori=7:r—1do

. R/ — ay..
14: Cro1,i i=U; U; U = U — Cr_1;V;;
15: end for
16: O = ||ull; vy = u/dy;

17: else if ¢, = (A% + B; A+ 'yl;I)_j for some j € N then

18: u = (A2 + ﬁlfA + ’7@])711}71,1;
19: w = A(A? + B A + D) oy
20: fori=7:r—1do

. N/ - ay ..
21: Cr—1,i ‘= V; U} U 1= U — Cr_14Vj;
22: dr—l,i = UZT’w; w=w — dr—l,i'vi;
23: end for
24: O = ||ul|; vy = u/dr;
25. Pp— T . pp— — .

: NI=V,W; W =W — NV
26: 8L = ||lwl||; vry1 :=w/d);

27: end if

28: ri=r+1;
29: with the exception of r := r + 2 when pairs of complex conjugate
30: poles are evaluated

31: end while

We assume in Algorithm 4 that the basis (5.11) satisfies conditions 1-4 of natural ordering. The
value of 7 is such that 1; is a basis function having the same pole(s) as v, but of order one less (of
order two less if 7 = r + 1) if there are such rational basis function; otherwise # = 0. Performing m
steps of Algorithm 4 yields an orthonormal basis {vg,v1,..., v} for the rational Krylov subspace

Kint1(A, v). The matrix
Vin = [v0,v1,. .., 0m_1] € RV*™  with vy = v,
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and the symmetric matrix

satisfy the decomposition

d
AV = VinHon + Y hinjmVmeh 11, (5.19)

j=1
where v,,, € RY is such that V,Jv,, = 0. The orthogonal projection of A onto the rational Krylov
subspace (5.18) is given by
H,, = VLAV,
We tacitly assume that m is small enough so that the decomposition (5.19) with the stated properties
exists. This is the generic situation. Algorithm 4 breaks down before m steps have been carried out

if 6, =0 or 5; = 0. Ramification of breakdown is out of scope of this chapter.

5.5 Application to Rational Gauss Quadrature

This section discusses rational Gauss quadrature rules for the approximation of functionals (5.1)

when f is a Stieltjes function (5.2) and A is a symmetric positive definite matrix. Then
F(A) =vTf(A)wv = /000 vl (tI + A) Lo du(t) = Z(f). (5.20)
It is shown in [56] that the expression
G (f) = €l f(Hn)er

is a rational Gauss quadrature rule for the approximation of the expression (5.20). It is characterized

by the property

Gm(f) =Z(f), V[ € Som, (5.21)
where
Som = Pom—2k—45s ® Qr 8, © - D Qpop, ®DWigs, ©--- D WgASé = %
denotes a 2m-dimensional linear space of certain rational functions and
¢ i
w(y) =[[w—e)® [ @* + By +)” (5.22)
i=1 j=1
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is a polynomial of degree k 4 2s with k and s defined by (5.9). The scalars o, 3;,; are determined
as described in the beginning of Section 5.4. In view of (5.4), this rational Gauss quadrature rule

can be written as
()= [ b1+ Ho) terdut) = el f(H e (5.23)
The orthonormal rational function ¢, has m distinct zeros {y;}", that lie in the convex hull of
the support of the measure dv, and they are the eigenvalues of H,, in (5.15); see [56, Theorem 2.5].

Recall that we assume 1, to be a monomial. Thus

H;il (y — vi)

w(y) S Sm+1, (5.24)

Om (Z/) =Cm

where ¢, is a constant.
The remainder term for rational Gauss rules (5.23) can be derived by considering rational
Hermite interpolation. The following result is shown similarly as [42, Theorem 5.4]. The Lagrange

fundamental functions associated with the function (5.24) are defined by

() = Pm(y)

= O\ i_q12....m,
& (i) (Y — i)

and satisfy
1 if j=i,
0 if j#i

Introduce the rational Hermite interpolation function

li(y;) =

L) = (L) ) + L) W) (5.25)

i=1
where

L(y) =12y —v)li(w)] B W), L) = (y— )l ().

Then the function L(y) satisfies the interpolation conditions

N

Theorem 12. Let L be the rational Hermite function (5.25) determined by the interpolation nodes
Y1 < y2 < ... < Ym, which are the m zeros of ¢m € Sp+1. Assume that f is 2m times continuously
differentiable in the interval between the nodes y1 and yn,. Then for some scalar ¢ = ¢(y) depending

on y in this interval, we have

(wn?r(e),_ Lm®) (5.26)

t=c 2 (2m)!’




Proof. If y =y; for somei=1,2,...,m, then

fly) = L(y),

n (5.26). Thus, the error vanishes. The result holds for an arbitrary constant c. Now, assume that

y #£ y; for all i. In this case, we consider
_ w? R — w? i T w)?
g(t) = w(£)(f(t) — L(t)) — w”(y)(f(y) L(y))H 55

where wz(z)f/(:z) is a polynomial of degree 2m — 1. The function g is 2m times continuously
differentiable and has 2m + 1 zeros. By Rolle’s theorem, there exists a scalar ¢ = c(y) depending on

y in the interval between the nodes y1 and y,,, for which

2m
= (o=

2m ) o . o
- iﬁm (wt)*f (1), — w* () (f(y) — L(y))L (H (tyz)2)

2m ) "
N CZW (Wt F(®),, ~ W) ) — L)) o

Rearranging terms, and dividing by w? yields (5.26).

Theorem 12 can be used to construct an error term for the m-point rational Gauss quadrature

rule ém. The following results can be shown similarly as [42, Corollary 5.5].

Corollary 13. Assume that [ is 2m times continuously differentiable in the convex hull of the

spectrum of A. Then, the reminder term for the rational Gauss rule (5.23) can be expressed as

En() = () = Gu() = o (PO s | L ly y]) dvly)  (5.27)

for some scalar ¢ in an interval that contains the spectrum of A.

Proof. Theorem 12 shows that the rational Hermite interpolation function L lives in Sopm. It now

follows from (5.21) that
and we obtain

This shows (5.27).
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Assume that f satisfies the conditions of Corollary 13, and that

d2m

g (W) 20, (5.28)

in some open interval containing the spectrum of A. Then Corollary 13 gives a lower bound for
Z(f). We have
G (f) < Z(f).

5.5.1 Rational Gauss—Radau Quadrature Rules
This subsection discusses the computation of rational Gauss—Radau rules and error bounds that
can be determined with these rules. This approach of bracketing (5.1) is a rational analogue of the
technique advocated by Golub and Meurant [29] for computing upper and lower bounds for (5.1) by
evaluating pairs of (standard) Gauss and Gauss-Radau quadrature rules.

The (m + 1)-point rational Gauss—Radau quadrature rule with a prescribed node 6 can be
expressed as

R, (f) = /0 T+ HY ) erdu(t) = T F(HE, e (5.29)

m+1)x(m+1)

for a suitable matrix an 41 € R( . This quadrature rule is characterized by the property

ﬁfnﬂ(f) =1I(f), VYf €S,

where

Pomt1
Som+1 = Popi1—2k—1s © Qrop, @+ D Qpog, ®Wiys, ©--- @ Wmsé = ;n; .

The standard (m + 1)-point Gauss-Radau rule for the approximation of (5.1) can be determined
by modifying the tridiagonal matrix T,+1 in (5.5). Analogously, we will show that the rational
Gauss—Radau rule (5.29) can be determined by modifying the last diagonal entry of the matrix
Hypor.

Note that in our definition of the rational (m + 1)-point Gauss-Radau rule we assume exactness

Pom+41

P with the same w as in definition of ém In other words, we do not introduce a

on the space
new finite pole. Thus, we can introduce the finite poles in the same order as in the construction of
C?m: take ¥, to be a monomial, and determine the matrix H,,+; such that

YPm41(y) = Hint1Pm+1(y) + mt1(y)€m+1, (5.30)
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and

T f(Hnp)er = I(f), Vfe 2me2.

We will show that the rational Gauss—Radau rule (5.29) with a fixed node 8 < A; can be determined

by replacing the last diagonal entry hy, ., of Hp,+1 by hfmm so that the resulting matrix

Hy  wm
Hg’l+1 = T 0 € R(m"rl)X(erl)’ Wm = [07 s 707 hm7m,d, s 7hm,m—1]T € Rma
wm hmm

has an eigenvalue at § < A;. Only d trailing entries of the vector w,,, might be nonvanishing, where
d is the same as in (5.15). We use @11 = hmm+1¢m+1 instead of ¢y, 41 for simplicity. The last

equation in (5.30) can be written in the form

m—1
Som-i-l(y) = (y - hm m ¢m Z m ’L¢2
i=m—d
First we show that
el f(Hp1)en =ZI(f), Vfe Z”H (5.31)

for any hfmm. Replacing A, in the matrix Hy,11 by hym + ¢, we obtain the recursion coefficients

for the rational functions ¢q, @1, - .., Om, Pm+1, Where

@m—i—l = Pm+1 — C¢m-

We see that ¢,,41 is orthogonal to the space P—m = span{¢o, ..., dm—1} with respect to the bilinear

form defined by the integral Z. Then we can construct the new functional Z on the space P2m+2 in

the following way: Z(f) = Z(f) for f € 2;”2“, and 7 on % \ % is such that Z(Pmi1¢m) = 0.
Thus ¢g, @1, - -, dm, Pm+1 is the sequence of orthogonal rational functions with respect to 7, and

P2m+2

elf( +1)61 i(f)v Vf e

The formula (5.31) follows from the fact that Z(f) = Z(f) for f € %.
We finish the construction of the rational Gauss-Radau quadrature by choosing ¢ so that

Pm+1(0) = 0. Thus, we get

_ Pm+1(6)
dm(0)
The rational function @, 1 can be written in the form
. y—0)am(y
G (y) = a Y= DY),



where a is a constant and g, is a polynomial of degree m. Since ¢,,+1 is orthogonal to the space I%’",

we see that 22 is orthogonal to the space = with respect to the integral I(f) = Z((y — 6)f) with
nonnegative measure (y — 0)dv(y). Thus, we conclude that the rational Gauss-Radau quadrature
§m+1 has a node at # and m distinct nodes in the open interval that contains the spectrum of A.

Similarly, we may define rational Gauss—Radau rules with a fixed node 6§ > An. The following

result is shown in the same manner as [42, Theorem 7.1].

Theorem 14. Assume that f is 2m + 1 times continuously differentiable in the convex hull of the

spectrum of A and 0. Then the remainder term for the rational Gauss—Radau rule (5.29) can be

written as
Em+1(f) =I(f) = Rip 1 (f) (5.32)
2m—+1 00 m RY
e IO iy [ ),

where the scalar ¢ lives in an interval that contains the spectrum of A and 6.

Proof. Let the function ¢, in Theorem 12 have an additional node 60 and assume that the rational
Hermite interpolation function L e Som+1 also interpolates f at y1,yo,...,ym and 8. Then by

modifying the error term (5.26) and applying Corollary 13, we obtain (5.32).

Assume that f satisfies the conditions of Theorem 14, and that
d2m+1 5
gt (W) (v) 20 (5.33)

in some open interval containing the spectrum of A and 6. Since
>0 175 (v — ;)2
=1 j
(y = M) =5 ~——dv(y) > 0,
/0 w?(y)

>0 T2 (y — w5)?
/0 (y — AN)wg—(y)dV(y) <0,

the remainder terms for the rational Gauss—Radau rule with a prescribed node 8 < A\; or 8 > Ay

(5.34)

are of opposite sign. It follows that

Rl (f) SI(f) <RI (S)- (5.35)

Analogously to (5.35), when the derivative (w?f)?™ in (5.27) is of constant sign in an interval

that contains the spectrum of A, and the derivative (w?f)?™*1) in (5.32) is of constant sign in an
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interval that contains the spectrum of A and 6, and the Radau point § < A1 or 8 > Ay is suitably
chosen, the values G, (f) and ﬁfn +1(f) bracket (3.1). We tacitly assume here that 6 is chosen so
that ﬁfnﬂ(f) can be evaluated.

It is known that for every Stieltjes functions f, we have for all nonnegative integers k£ and ¢,

. dk+t ’
(—1) e (" f(z)) >0, x>0; (5.36)

see, e.g., Sokal [65, Theorem 1] and references therein. Setting ¢ = 0 shows that Stieltjes functions
are completely monotonic. Formula (5.36) demonstrates that for certain simple polynomials (5.22),
such as w(z) = z, the properties (5.28) and (5.33) hold. Then pairs of rational Gauss and rational
Gauss—Radau rules, or pairs of rational Gauss—Radau rules, can be used to bracket (5.1); this is a
consequence of Corollary 13 and Theorem 14. However, the bracketing cannot be guaranteed for all
polynomials (5.22). Note that the computation of a Gauss—Radau rule requires knowledge of the

location of the largest or smallest eigenvalue of A in order to allocate the Radau point.

5.5.2 Rational Anti-Gauss Quadrature Rules
When the derivatives (w?f)®™ or (w?f)?"+1 change sign on the convex hull of the spectrum
of A, pairs of rational Gauss and rational Gauss—Radau quadrature rules are not guaranteed to
bracket (5.1). In this case, estimates of upper and lower bounds for (5.1) can be determined by
evaluating appropriate pairs of rational Gauss and anti-Gauss quadrature rules. An advantage of this
approach is that the sign of derivatives of (w?f) are allowed to change in an interval that contains
the spectrum of A. Moreover, knowledge of the location of the largest or smallest eigenvalues of A
is not required.

In this subsection, we will show that rational anti-Gauss rules can be computed analogously to
the standard (m + 1)-point anti-Gauss quadrature rule.

The (m + 1)-point rational anti-Gauss rule §m+1 associated with the functional Z defined by

(5.4) is determined by the requirement that

(T = G 1)(f) = —(T = G)(f), Vf € Somsa, (5.37)

where

_ Popq2
As; w? '

Som+2 1= Pomi2-2k—1s ® Qr o, D+ D Quog, ®Wias, ©---OW;
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We will show that Gy,41(f) can be expressed as

&mﬂﬂzéméﬁbnﬁﬂ>%mmozﬁﬂmmnq (5.38)

for a suitable matrix Hy,4q € RmTDx(m+1)

The relation (5.37) shows that G, is the (m + 1)-point rational Gauss rule for the functional

T(f) = (2T = Gu)(f).

Introducing the poles in the same way as in construction of the rational Gauss-Radau rule gives the
matrix ﬁm+1 having the same block-diagonal structure as Hy,1.

Define, analogously to (5.17), the vectors
v =oj(Av, j=0,1,....,m+]1,
where the qb}- are orthonormal rational functions with respect to the bilinear form

{f,9}=T(f9) (5.39)

ie, {g?)z, qgj} =0 for i # j, and {ggj, qB]} =1 for all j. These orthonormal functions satisfy recurrence

relations of the form

Y@rmi1(y) = Hinp1@m1(y) + Gt (Y)€ma1, (5.40)

where @mﬂ (y) = [g?)o, g?)g, e sz]T, and the remainder term @,,41(y)em+1 in (5.40) is of the form

hm,mﬂggmﬂ(y)emﬂ since the elementary basis functions 1, and 1,11 are monomials. Analogously
to (5.16), the matrix Hy,4q = [ilij]??j:() is determined by the coefficients of the recursion relation

that express the bilinear form (5.39),
hijj = {ydi 5} = {yds, di} = s (5.41)
It follows from (5.21) and (5.37) that for rational functions f and g such that fg € Sy, we have

{f,9} =(f,9) =Z(f9).

These equalities show that

>

i’j:hi,ja i)jZO,l,...7m—1.
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Therefore, qgj = ¢ for 0 < j <m, and

- H, w, - - T
Hm+1 = ~ € R(m+1)><(m+l)7 ,a]m = |:07 . 707 hmfd,mv s 7hm—1,m:| e R™.

Further, we get
hm—l,m(bm( ) (Z/ hm 1,m—1 (bm 1 Z m— 1,]¢] :Em—l,m(;m(y)-
j=m—d

We use the previous equality, (5.41), and the fact that Gp,(¢mg) = 0 for any function g to show that
bm = V20m. Indeed,

~ ~ ~ hm—l,m hm—l,m 2h7271—17m
hm—l,m = j(y¢m—1¢m) == j(y(lsm—l(bm) == 21(y¢m—1¢m) == .
hmfl,m hmfl,m hmfl,m

The same relation holds for other entries (if any) of wy,:

- 1
hm—j,m = j(y(z)m—j(z)m) = E 2I(y¢m—j¢m) = \/ihm—j,ma J= dy...,2.

Finally,

Therefore, the matrix I:Im+1 associated with the rational anti-Gauss rule g}nH is given by

- H, Vow
Hypiy = " " e RDX(mAD) (5.42)

\/sz; hm,m

Analogously to formula (5.23), the rational anti-Gauss quadrature rule can be evaluated according
o (5.38).
We are now in a position to provide some sufficient conditions for Gy, (f) and Gyt (f) to bracket
Z(f). Assume that we can carry out N steps of the Algorithm 4 without breakdown. This yields
an orthonormal basis {vj N 1 of RV, and an associated sequence of orthonormal rational function

{qu}j;() determined by (5.17).

Theorem 15. Consider the expansion of the integrand

N—
)= widi(y), yEAA), (5.43)
=0
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in terms of the rational function ¢; determined by (5.17), and assume that the coefficients w; in

(5.43) are such that

2m+1 R N—-1 R N—-1 »
Y wiGm(@y)| zmax | D wiGn(d)|.| D wiGmri(d))) ¢ (5.44)
j=2m j=2m+2 j=2m+2

Then the quadrature rules gAm(f) and Gma1(f) bracket Z(f).

Proof. Since
Z(f) = woZ(¢o), I(¢j) =0, Vj>0,

we have, in view of (5.21) and (5.37), that

N-1 R 2m—1 N-1 R
= Z wiGm(65) = Y wiGn(d)) + D wiGm(dy)
Jj= 7=0 j=2m
. N N-1 R
:I(f) + w2mgm(¢2m) + w2m+1gm(¢2m+1) + Z wjgm(¢j) (545)
j=2m+2
and
" N-1 » 2m—+1 R N—-1 _
Gnt1(f) = D wiGmer (@) = D wjT=Gu)($) + D wiGmti(ey)
Jj=0 Jj=0 j=2m+2
:I(f) - w2mgm(¢2m) - W2m+1gm(¢2m+l) + Z w]'gm+1(¢j). (546)
Jj=2m+2

Combining (5.45) and (5.46) shows (5.44).

Theorem 15 shows that if the coefficients w; decay sufficiently rapidly with increasing index j,
then rational Gauss and anti-Gauss rules provide quadrature errors that are of opposite sign and
of roughly the same magnitude. Since it is difficult to verify for a given expression (5.1) whether
the conditions of the theorem hold, we say that pairs of rational Gauss and rational anti-Gauss
quadrature rules provide estimates of upper and lower bounds for (5.1).

It is natural to consider the average quadrature rule

—_

Aoms1(f) = i(gm + Gint1) (). (5.47)
It follows from (5.45) and (5.46) that
N—1
Aomi1(f) =Z()+ D wjAoms1()-
j=2m+2
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This shows that

Aom1(f) =Z(f), [ € Samso.
This rule is an extension to the average rule defined by Laurie [49].

The computation of the matrix H,, that determines the rational rule §m( f) requires that m steps
of Algorithm 4 be carried out, while the calculation of the matrix ﬁmH that defines the associated
rational anti-Gauss rules fjvm( f) demands m + 1 steps of Algorithm 4. The last step of the algorithm
determines the last diagonal entry entry, Ry, m, of (5.42). We can reduce the number of steps by
replacing this entry by an arbitrary scalar, h. This defines the matrix ﬁ[mﬂ e Rim+1)x(m+1) e

refer to the quadrature rule so obtained,

Gmi1(f) = /OOO el (tI + Hyy1) erdp(t) = ef f(Hmy1)en, (5.48)

as a simplified rational anti-Gauss rule. This rule is an extension to rational Gauss quadrature
of the simplified anti-Gauss rules associated with (standard) Gauss rules discussed in [1]. In the
computed examples of Section 5.6, we found the choice h= Pm—1,m—1, where hy,—1,m—1 is the last
diagonal element of the matrix H,, to yield good results.

The following result provides sufficient conditions for the quadrature rules ém( f) and §m+1( f)

to bracket (5.1), and holds for an arbitrary scalar h.

Theorem 16. The simplified rational anti-Gauss rule (5.48) satisfies

Grm1(f) = Z(f), V) € Sam, (5.49)

Cmi1(f) =T —Gu)(f), VY € Somsr1. (5.50)

Consider the expansion (5.43) with the rational function ¢; determined by (5.17), and assume that

the coefficients w; in (5.43) are such that

N—-1 N-1
W2m§m(¢2m) > max Z wjém(¢j)v Z ngum+1(¢j) . (551)
j=2m+1 j=2m+1

Then the quadrature rules G (f) and Gumi1(f) bracket (5.1).

Proof. The rational anti-Gauss rule Gmi1(f) satisfies Gmy1(f) = (2T — ém)(f) for all rational

functions in Somio. This rule is determined by the matriz fIm_H, while the simplified rational
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anti-Gauss rule, Qm+1(f), is defined by the matrix FImH. These matrices have all the same entries
except the last diagonal element. In the same way as in Subsection 5.5.1 we conclude that the

simplified rational anti-Gauss rule satisfies

Gnr1(f) = Gmar(f) = (22 — G (), Vf € Sami1-

This shows (5.50). Property (5.49) follows from (5.50) since Gm(f) = Z(f) for f € Sam. Property

(5.51) can be shown similarly as Theorem 15.

Similarly to (5.47), we define the average quadrature rule

Ao (£) = 5 Gon + i) ().

It follows from Theorem 16 that this rule satisfies

JZ(Zerl(f) =Z(f), [f€Sons1.

5.6 Computed Examples

In this section, we illustrate the performance of the rational Gauss rules when applied to Stieltjes
matrix functions of a symmetric matrices.

The examples of this section compare the performance of standard Gauss and rational Gauss
rules. We also illustrate in Example 5.6.4 that rational Gauss rules (5.23) with several distinct poles
may give higher accuracy than rational Gauss rules with a single pole at the origin with the same
number of nodes.

In all examples, when m > k + 2s, where k + 2s is the degree of w(y) defined by (5.22), we
observed that the derivative (w?f)*™) in (5.27) is positive in an interval that contains the spectrum
of A, and the derivative (w?f)™+1) in (5.32) is negative in an interval that contains the spectrum
A and 6. It follows from (5.34) that pairs of rational Gauss and rational Gauss-Radau rules with a
fixed node at > A\ do not bracket F'(A), while pairs of rational Gauss and rational Gauss-Radau
rules with a fixed node at 8 < A\ give lower and upper bounds for F(A), respectively. We also
will illustrate that error bounds for certain functionals (5.1) can be computed by pairs of rational
Gauss-Radau rules, and estimates of upper and lower bounds can be determined by pairs of rational
Gauss and simplified rational anti-Gauss quadrature rules. To determine the quadrature error we

explicitly evaluate the functionals (5.1). This limits the size of the matrices A considered. To
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compute the quadrature rules (5.38) and (5.48), we require the elementary basis function ¢,,—1 to

be a monomial. In all examples, we let the elementary basis functions ¢, and ¥,,11 be monomials.

Example 5.6.1. Consider the Stieltjes function (5.3) with a = 1/2. We would like to approximate
the functional

F(A) =0T A2, (5.52)

where A € R1000x1000 jg 5 symmetric Toeplitz matrix with first row [1,1/2,...,1/1000], and
v = [1/+/1000,...,1/4/1000]7 € R0 The smallest eigenvalue of A is A\; = 0.3863 and the largest
one is Ajgop = 12.1259. The value of F(A) is approximately 0.2897. Approximations of (5.52)
determined by standard and rational Gauss rules, rational Gauss—Radau rules, rational anti-Gauss
and simplified rational anti-Gauss quadrature rules are presented. The computations require the
solution of linear system of equations with the symmetric positive definite Toeplitz matrices A — a; 1,
where the «; are poles. We remark that fast algorithms for the solution of systems of equations
with this kind of matrix are available; see, e.g., [3].

Consider the rational Krylov subspace
K (A, v) = span{'v, Av, (A —a ) v, A%, ... (A —a]) o, ATy,
(A—aol)to, AR 20, (A — apl) R, ARitketly (5.53)

(A— D) o, (A= apd) Mo, Ak“v},

where k is determined by (5.9). The Stieltjes function (5.3) is defined in the complex plane except
for on the interval (—oo,0]. It therefore is natural to allocate poles on this interval. We consider

rational Krylov subspaces K, (A, v) with poles allocated on (—oo, 0] in three different ways:

(i) Kg(A,v) is determined by a simple pole, a; = —1/2 of multiplicity two.

(ii)) Kg(A,v) is determined by two distinct poles, ay = —0.4310 of multiplicity two and ay =
—0.9024 of multiplicity one. These poles are the zeros of the Chebyshev polynomial of the

first kind of degree two for the interval [—1,—1/3].

(iii) Kip(A,v) is determined by four equidistant poles «; € {0,—1/2, —1,—3/2} of multiplicity one.
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The poles in Kg(A, v) are the zeros of the polynomial w(y) defined by (5.22). We have

1
w(y) =y +y+ .

In the same manner, we can define w(y) associated with Kg(A, v) and Kyo(A, v). We evaluate (5.52)
as vT A1/2p, where the vector A~1/2p is calculated by first computing the matrix square root and

then solving a linear system of equations. The standard Gauss rule
e{Tn_ll/ 2e)

requires the computation of m steps of the standard Lanczos process. The rational Gauss rule is
evaluated as

Tr7—1/2
e H, / e,

where Hn_f/ 261 is determined by first computing the matrix square root and then solving a linear
system of equations. Analogously to the rational Gauss, the simplified rational anti-Gauss, and
Gauss-Radau rules with a fixed node 8 < Ay or 8 > Ajggo can be computed by carrying out m steps
of the Algorithm 4, while the rational anti-Gauss rule is determined by m + 1 steps of Algorithm 4.

Columns 2 and 3 of Table 12 display the errors in approximations determined by standard and
rational Gauss rules. We observe that rational Gauss rules yield higher accuracy than the standard
Gauss rules. Column 4 of Table 12 displays the errors achieved with the rational Gauss—Radau
rules. We chose the Radau point 8 = 0.3. A comparison with the errors in column 3 shows that
pairs of rational Gauss, ém( f), and rational Gauss—Radau rules, ﬁ?ﬁ?’( f), provide lower and upper
bounds for (5.52), respectively.

Columns 5 and 7 of Table 12 display the errors in approximations obtained by rational anti-
Gauss and simplified rational anti-Gauss rules, respectively. It can be seen that the errors of
these quadrature rules are of opposite sign and of about the same magnitude as the errors in
the corresponding rational Gauss rules. In this example, we chose the last diagonal entry of the
matrix ﬁm+1 that determines the simplified rational anti-Gauss rules to be h = hm—1,m—1. We also
observed that the choice of h = (hm—1,m—1 + hm—2,m—2)/2 yields similar results. For instance, we
found for m = 8 that

F(A) = Gy1(f) = —9.21 - 10711,
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This illustrates that the results achieved with simplified rational anti-Gauss rules are fairly insensitive
to the choice of h. Therefore, simplified rational anti-Gauss rules can be used to reduce the
computational cost. Table 12 also shows that the pairs of rules {ém, g~m+1} and {ém, C;m+1} yield
tighter error bounds than the pairs of {G, ﬁfnﬂ}.

Columns 6 and 8 of Table 12 show the errors in computed approximations determined by the
average rules associated with rational Gauss and anti-Gauss rules, and rational Gauss and simplified
rational anti-Gauss rules, respectively. These quadrature rules yield more accurate approximations
of (5.52) than the corresponding rational Gauss rules.

Table 13 displays the errors in the computed rational Gauss—Radau quadrature rules with fixed
nodes at 6 = 0.3 and 6 = 13. The table illustrates that pairs of rational Gauss—Radau rules provide

upper and lower bounds for (5.52), we have

RY3 L (f) > F(A) > RSB, (f), Ym.

m | F(A) = Gu(f) | F(A) = Gun(f) | F(A) = RO 1(£) | F(A) = Gmea(§) | F(A) = Asmia(F) | F(A) = G (F) | F(A) = Aomia(f)
6 5.79-1077 2.75-107° —6.09 - 1079 —2.86-107" —5.57-10711 —-2.38-107 1.85-10710
8 7.28-1078 3.95-10~1 ~1.16-10710 —4.10-10"1 —7.65-10713 —3.45-10"11 24810712
10 9.20-107° 5.46 - 1071 —2.23.10713 —5.71-10714 —1.22-1071° —4.99-1071 2.38-1071

Table 12: Example 5.6.1: Errors for computed approximations of F(A) = vTA~1/2p with A a
symmetric Toeplitz matrix. The Radau node is fixed at § = 0.3

m | F(A) =R () | F(A) =R ())
6 —6.09-107° 2.21-107°
8 ~1.16-10710 3.32-1071
10| —2.23-10713 4.61-10714

Table 13: Example 5.6.1: Errors for computed approximations of F/(A) = vT A=1/2y by rational
Gauss—Radau rules with A a symmetric Toeplitz matrix. The Radau nodes are § = 0.3 and 6 = 13.

Example 5.6.2. This example determines an approximation of the functional
F(A) == vl log(A+ I)A™ ,

where A € R1000x1000 i5 symmetric Toeplitz matrix with first row [3,3/2,...,3/1000]. The vec-

tor v € R19% and the rational Krylov subspaces Kg(A,v) and Kg(A,v) are defined to be the
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same as in Example 5.6.1. The subspace Kjo(A,v) is determined by four equidistant poles
a; € {0,—1/4,—1/2,—1} of multiplicity one. The smallest eigenvalue of A is A\ = 1.1589 and the

largest one is A1ggp = 36.3776. Consider the Stieltjes function

~log(1+y)

') t_l
y _/1 t+y

Columns 2 and 3 of Table 14 show the difference between the exact value and the approximations

() dt.

The value of F(A) is approximately 0.1009.

determined by the standard and rational Gauss rules. We note that the quadrature error for the
rational Gauss rules is the smallest for all values of m. Column 4 of Table 14 displays the errors in
approximations obtained by rational Gauss—Radau rules with a fixed node at # = 1.1. The table
illustrates that pairs of rational Gauss rule, é\m(f ), and associated Gauss—Radau rules, ﬁ}nﬁrl( f),
bracket the exact value.

Columns 3 and 5 of Table 14 show the errors in the rational Gauss rules, ém( f), and in rational
anti-Gauss rules, §m+1( f), to have opposite sign and be of about the same magnitude. Similarly,
Columns 3 and 7 of Table 14 show the errors in rational Gauss rules, Q\m( f), and in simplified
rational anti-Gauss rules, ém+1(f), with h = (hm—1,m—1 + hm—2,m—2)/2 to be of opposite sign and
of about the same magnitude. Columns 6 and 8 of Table 14 illustrate that the average rules yield
the best approximations of F'(A).

Table 15 displays the errors in approximations obtained by rational Gauss—Radau quadrature

rules. The table illustrates that

RLLL(f) = F(A) > R (f), Vm.

m | F(A) = Gu(f) | F(A) = Gn(f) | F(A) = RE,.1(F) | F(A) = Grya(f) | F(A) = Apmia(f) | F(A) = Gmia(f) | F(A) = Aoy (f)
6 9.65-1078 1.88-107° -7.92.107 -1.91-107* —1.57-1071 -3.13-107° —6.25-10710
8 5.93-1079 1.32-101 —3.98-1011 —1.33-10711 —8.45-1071 —2.01-10"11 —3.44-10712
10 3.56- 10710 1.99 - 1013 —5.21-10713 —2.01-10713 —1.05-1071% —2.97-10713 —4.87-1071

Table 14: Example 5.6.2: Errors for computed approximations of F(A) := vT log(A + I)A~ v with

A a symmetric Toeplitz matrix. The Radau node is 6§ = 1.1.

Example 5.6.3. Consider the Stieltjes function

f()

1

- log(1+y

1 dt

>:/100<
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m | F(A) = REL () | F(A) =R (f)
6 ~7.92-107° 1.23-107°
8 —3.98- 1071 8.60 - 10712
10| —5.21-10713 1.31-10713

Table 15: Example 5.6.2: Errors for computed approximations of F(A) := v’ log(A + I)A™'v by
rational Gauss—Radau rules with A a symmetric Toeplitz matrix. The Radau nodes are fixed at
f=1.1and 6 = 37.

We would like to approximate the functional
F(A) :=vT (log(I + A)) v,

where the matrix A € R1000%1000 j5 the same as in Example 5.6.2. The vector v € R has normally
distributed random entries with zero mean and is normalized to be of unit norm. The value of F'(A)
is approximately 0.9472. We consider the rational Krylov subspace (5.53) with poles «; in (—o0, 0]

allocated in three different ways:

(i) Kg(A,v) is determined by two equidistant poles, a; = 0 of multiplicity two and ay = —1/2 of

multiplicity one.
(ii) Kip(A,w) is determined by four equidistant poles «; € {0, —1, —2, —3} of multiplicity one.

(iii) Ky4(A,v) is determined by three equidistant poles «; € {0, —1/4, —1/2} of multiplicity two.

Columns 2 and 3 of Table 16 report the errors in approximations determined by the standard
and rational Gauss rules. Columns 4 and 5 of Table 16 show the approximations determined by
rational Gauss—Radau and simplified rational anti-Gauss rules. The table illustrates that pairs
of rational Gauss and Gauss—Radau rules with fixed node at § = 1.1, or pairs of rational Gauss
and simplified rational anti-Gauss rules with h = hm—1,m—1, bracket the exact value. Column 6 of
Table 16 illustrates that the average rules can yield much higher accuracy than rational Gauss and
anti-Gauss rules. Table 17 shows that the values determined by rational Gauss—Radau quadrature

rules bracket F'(A).

96



m | F(A) = Gu(f) | F(A) = Gn(f) | F(A) =R 1 (f) | F(A) = G (f) | F(A) = Agia ()
8 1.10-1073 1.81-1078 —1.11-1077 —1.36-1078 2.24-107°
10| 1.81-107* 2.18 - 10712 —4.13-10712 —1.80-10712 1.93-10713
14| 5.84-1076 3.60- 10~ —~1.70-10713 —-3.91-1071 —1.55-1071°
Table 16: Example 5.6.3: Errors for computed approximations of F(A) := v’ (log(I + A))™'v with
A a symmetric Toeplitz matrix. The Radau node is § = 1.1.
m | F(A) = REL () | F(A) =R (f)
8 —~1.11-1077 1.14-1078
10 —4.13-10712 1.24-10712
14| -1.70-10"13 2.29-107
Table 17: Example 5.6.3: Errors for computed approximations of F(A) := v’ (log(I + A))~'v with
A a symmetric Toeplitz matrix. The Radau nodes are § = 1.1 and 0 = 37.
Example 5.6.4. In our last example, we compute an approximate of
F(A) = v (n(I +VA) Yo, (5.54)

where the matrix A is obtained from the discretization of the self-adjoint differential operator
L(u) = %um + uyy in the unit square. Each derivative is approximated by the standard three-point
stencil with 40 equally spaced interior nodes in each space dimension. Homogeneous boundary
conditions are used. This gives a symmetric positive definite matrix A € R1600x1600 The initial vector
v is given by v = e; € R1600 The extreme eigenvalues of A are Ay = 0.0646 and 1690 = 43.9354.

Define the Stieltjes function

Vit
1—|—t

fly) = ——)dt,

1+ \f
and consider the subspace (5.53) with a single pole, a1 = —1/2, of high multiplicity.

We compare the performance of the methods of this chapter with rational Gauss rules that are
presented in [42]. The latter rule is exact for Laurent polynomials, which are rational functions,
whose only finite pole is at the origin, and it is known as a Gauss—Laurent quadrature rule. We will
denote these rules by QA,%( f); they are described in [42]. Algorithm 4 requires the solution of linear

systems of equations with the matrix (A — ay 1), where ay = —1/2. An algorithm for computing an
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approximation of (5.54) by Gauss—Laurent rules is presented in [41]. The computation of this rule
requires the solution of linear systems of equations with the matrix A.

Columns 2 and 3 of Table 18 display the difference between the exact value, F(A4) ~ 0.5983,
and the approximations obtained by rational Gauss rules, G, (f), and Gauss-Laurent rules, @%( f)-
We find that rational Gauss rules associated with the rational Krylov subspace (5.53) give higher
accuracy than Gauss—Laurent rules for all values of m. Columns 3, 4, and 5 of Table 18 show
the pairs {Gm (f), ﬁ?ﬁ(fl(f)} and {Gn(f), Gms1(f)} to bracket F(A). The average rules, which are
displayed in column 6 of Table 18, are seen to be quite accurate.

Table 19 displays the errors in approximations obtained by the rational Gauss—Radau rules. The

table illustrates that

R%E(f) > F(A) > R;‘fﬂ(f), vm.
m | F(A) = GE(f) | F(A) = Gm(f) | F(A) =R, 1 (f) | F(A) = Gmya(f) | F(A) = Apmir (f)
8 1.70 -107° 3.85-1077 -1.99.106 —3.90-107 —2.82.1079
10 3.17-1076 2281078 —1.24-107 —2.33.10°8 —2.75-10710
14 9.77-1078 1.09 - 1010 —4.67-10710 —1.13-10710 —1.83.10712

Table 18: Example 5.6.4: Errors for computed approximations of F(A) := ™ (7 (I ++/A)~")v when

A is a discretization of a differential operator. The Radau node is fixed at 8 = 0.05

m | F(A) = RO () | F(A) =R (f)
8 —1.99-1076 2.51-1077
10| —1.24-1077 1.51-1078
14| —4.67-10710 8.33- 10711

Table 19: Example 5.6.4: Errors for computed approximations of F(A) := v™ (7(I ++/A)~")v when

A is a discretization of a differential operator. The Radau nodes are § = 0.05 and 0 = 45
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CHAPTER 6

Conclusions

In this chapter we draw conclusions about the methods that we proposed in this thesis to approximate
expression of the form w’ f(A)v, where v, w are given vectors and A is a large symmetric or

nonsymmetric matrix.

6.1 Conclusion for Gauss-Type Quadrature Rules of Chapter 3

Golub and Meurant [28, 29] described a technique for computing upper and lower error bounds
for a Stieltjes integral by evaluating pairs of Gauss, and suitable Gauss—Radau or Gauss—Lobatto
quadrature rules. This technique is not guaranteed to furnish upper and lower error bounds when
derivatives of the integrand f change sign on the convex hull of spectrum of A. This chapter extends
the technique by Golub and Meurant by using pairs of Gauss, and suitable generalized Gauss—Radau
or generalized Gauss—Lobatto rules, to determine upper and lower error bounds for Stieltjes integrals
with an integrand f, some of whose derivatives change sign on the convex hull of the support of
the measure. New methods for evaluating generalized Gauss—Radau and Gauss—Lobatto rules are

described. Computed examples illustrate the benefit of using these quadrature rules.

6.2 Conclusion for Gauss—Laurent-Type Quadrature Rules of Chapter 4

It is known that Gauss—Laurent quadrature rules associated with a real nonnegative measure with
support on the real axis are determined by symmetric pentadiagonal matrices. This chapter extends
the methods described in [42] to complex-valued measures with support in the complex plane. We
investigate the structure of the matrices for Gauss—Laurent and associated anti-Gauss—Laurent
quadrature rules and discuss properties of these quadrature rules. Computed examples show that
Gauss—Laurent rules may give higher accuracy than standard Gauss rules with the same number of
nodes. Moreover, they illustrate that pairs of Gauss—Laurent and anti-Gauss—Laurent rules provide

upper and lower bounds for certain matrix functionals.
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6.3 Conclusion for Rational Gauss-Type Quadrature Rules of Chapter 5

This chapter discusses the approximation of the expression v’ f(A)v, where A is a symmetric
positive definite matrix and f is a Stieltjes function, by rational Gauss rules with preselected
poles. Associated rational Gauss—Radau and anti-Gauss rules are introduced. Computed examples
show that when the integrand f has singularities close to the spectrum of A, rational Gauss rules
with poles at or close to these singularities give higher accuracy than standard Gauss rules and
Gauss—Laurent rules with a pole at the origin with the same number of nodes. The examples
also illustrate that pairs of rational Gauss and Gauss—Radau rules, or pairs of rational Gauss and
rational anti-Gauss rules, or simplified rational anti-Gauss rules, provide error bounds, or estimates

of bounds.
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