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CHAPTER 1

Introduction to the Subjects of Convexity and Geometric Tomography

Convexity and Geometric Tomography are extremely simple and natural notions in
mathematics which have intrigued humans for thousands of years. Convexity can be traced
back to Archimedes, and Aristotle used geometric tomography. Both subjects are still
important areas of mathematics in today’s world, in particular, convexity has applications
to linear programming and geometric tomography can be used in CAT scans and X-rays.

Convexity is the study of “nice” shapes, convex shapes to be precise. A convex body is
considered “nice” because it has no holes nor any loops, it is defined to have the property
that if you consider any two points in the body then the line connecting those two points
is also contained in the body, see Figure 1.1. These shapes occur in the real world and in

nature frequently.

convex convex not convex

Figure 1.1: Examples of convex and not convex shapes.

Archimedes used convex bodies to show that the inner curve has smaller length than
the outer one if the inner figure is convex, see Figure 1.2. On the other hand, if it is not

convex then no conclusion can be made.



Figure 1.2: On the left, the inner curve is shorter than the outer curve, the opposite is true

for the right.

Geometric tomography can be thought of as the detectives of geometry, the investigators
are given only some information about the original figure in various subspaces and are asked
to make conclusions about the figure in the ambient space. For instance, if you know the
shape of every shadow that an object has, can you say for certain what the object is? Mostly
geometric tomography deals with knowing information about the shadows or sections of a
body, and then concluding things about the original body.

Aristotle used geometric tomography when he reasoned why the Earth had to be spher-
ical. His solution was that the shadow of the Earth onto the moon was circular during a

lunar eclipse, see Figure 1.3.

Figure 1.3: Earth’s shadow projected onto the moon.

To give a glimpse into the problems I discuss in this dissertation, consider the following
problem. Say for instance, that every shadow I make can be rotated and translated to be
contained in a corresponding tree’s shadow, see Figure 1.4. Does that mean that I can be

rotated and translated to be contained in the tree?



D ¢

Figure 1.4: The tree’s shadow, and my shadow.

Another way this problem could be stated is, if I can rotate and translate my shadow to
hide behind the tree in every direction, does that mean I can hide inside the tree?

While convexity and geometric tomography have problems that are simple to formulate
and understand, intuition is somewhat deceptive in “obvious problems”, and hence the
beauty of the subjects shines through.

Now I will state the problems I consider more precisely.



CHAPTER 2

Introduction

My dissertation is split into two major parts.
The first part deals with problems about bodies with directly congruent projections or
sections. In particular, in this part I address the following problems (cf. [6, Problem 3.2,

page 125 and Problem 7.3, page 289)).

Problem 1. Suppose that 2 < k < n —1 and that K and L are convex bodies in R™ such
that the projection K|H is directly congruent to L|H for all H € G(n, k). Is K a translate

of £L?

Problem 2. Suppose that 2 < k <n—1 and that K and L are star bodies in R™ such that
the section K N H s directly congruent to LN H for all H € G(n, k). Is K a translate of

+L7?

Here I say that K|H, the projection of K onto H, is directly congruent to L|H if
there exists a special orthogonal transformation (rotation) ¢ € SO(k,H) in H such that
©(K|H) is equal to a translate of L|H; G(n,k) stands for the Grassmann manifold of all
k-dimensional subspaces in R™.

The second part addresses similar problems with the equality given by the directly

congruent condition changed to containment.

Problem 3. Suppose that 2 < k < n—1 and that K and L are convez bodies in R™ such that
the projection K|H can be rotated to be contained in a translate of L|H for all H € G(n, k).
(a) Can K be rotated to be contained in a translate of L?

(b) Is vol,(K) < wvol,(L)?



Problem 4. Suppose that 2 < k <n—1 and that K and L are star bodies in R™ such that
the section KN H can be rotated to be contained in a translate of LNH for all H € G(n, k).
(a) Can K be rotated to be contained in a translate of L?

(b) Is vol,(K) < wol,(L)?

2.1 Summary of Chapters

My dissertation is organized as follows. For the remaining part of the Introduction,
I state known results, results proved in this dissertation and open questions related to
Problems 1—4. In Chapter 3 I will provide preliminary information that is used throughout.
Then in Chapter 4 I prove results related to Problems 1 and 2. Chapter 5 is devoted to

results regarding Problems 3 and 4.

2.2 On Bodies with Directly Congruent Projections or Sections
2.2.1 Known Results Related to Problem 1 and Problem 2

If the corresponding projections are translates of each other, or if the bodies are convex
and the corresponding sections are translates of each other, the answers to Problems 1 and
2 are known to be affirmative [6, Theorems 3.1.3 and 7.1.1], (see also [1], [26]). Besides, for
Problem 1, with £k = n—1, Hadwiger established a more general result and showed that it is
not necessary to consider projections onto all (n— 1)-dimensional subspaces; the hypotheses
need only be true for one fixed subspace H, together with all subspaces containing a line
orthogonal to H. In other words, one requires only a “ground” projection on H and all
corresponding “side” projections, see Figure 2.1. Moreover, Hadwiger noted that in R™,

n > 4, the ground projection might be dispensed with (see [9], and [6, pages 126-127]).



w

w

Side Projection K |w™

K
@ /-

Ground Projection K|¢*

Figure 2.1: Side projection K|w' and ground projection K|¢*t.

If the corresponding projections (sections) of convex (star-shaped) bodies are rotations
of each other, the results in the case k = 2 were obtained by Ryabogin in [27]; see also [20].

Golubyatnikov [8] obtained several interesting results related to Problem 1 in the cases
k = 2,3 [8, Theorem 2.1.1, page 13; Theorem 3.2.1, page 48]. In particular, he gave an
affirmative answer to Problem 1 in the case k = 2 if the projections of K and L have no
direct rigid motion symmetries.

If the bodies are centrally symmetric, then the answers to Problems 1 and 2 are known
to be affirmative. In the case of projections they are the consequence of the Aleksandrov
Uniqueness Theorem about convex bodies, having equal volumes of projections (see The-
orem 12); in the case of sections they follow from the Generalized Funk Theorem (see
Theorem 10).

In Chapter 4, I follow the ideas from Golubyatnikov [8] and Ryabogin [27] to obtain
several Hadwiger-type results related to both Problems 1 and 2 in the case k = 3 and

n > 4.



2.2.2 Heuristics in R3, the Idea of Golubyatnikov

Let me give a simple heuristic result in R3. Its understanding will help to understand the
main results in R*. For a complete statement of the result in R3, see Chapter 4, Theorem
20.

Suppose K, L C R? are convex bodies. The diameter of a body is the maximum distance
between any two points in the body. Suppose that K and L have only one diameter. In

Figure 2.2 there is a body that has 1 diameter and a body that has infinitely many diameters.

Figure 2.2: The left body has one diameter, the right has infinitely many diameters.

Suppose that the diameter dx (¢) is parallel to ¢ € S2.

dr ()

Figure 2.3: Diameter dg(¢) of K.

Consider the “side” projections of K and L, i.e., the projections onto the subspaces w"

that contain ¢, and suppose that K|w' and L|w", for every w' > ¢, are directly congruent.



dr(¢)

Sk
Klw Ljw*

Figure 2.4: Directly congruent projections K |w and L|w™ .

In other words, every projection K |w, w' 3 ¢, can be rotated and translated to be equal
to L|w'. Notice that if these projections are directly congruent then the diameters must
be parallel (if the diameters were not parallel, there would exist a side projection such that
L’s diameter becomes smaller when projected onto it). Hence, the only valid rotations are
the identity and the rotation ¢ by m. This restriction on the angle of rotation makes the
problem almost trivial for bodies having one diameter and no projections with m-rotational

symmetries (o7 (K|w') = K|w + a for some a € w).

Figure 2.5: The first 3 sets have w-rotational symmetry, the last does not.

Thus, for such bodies, it can easily be seen that
K = +L + b for some b € R, (2.1)

I would like to briefly mention that the same idea could be applied to bodies K, L C R3?,
that have a countable number of diameters (see Chapter 4 Theorem 20). In fact, even this

assumption can be weakened (see Remark 5 in Section 4.6). In addition, the class of bodies



that have countably many diameters is large (dense in the class of all convex bodies, even

the class of convex bodies with 1 diameter are dense in the class of all convex bodies).

2.2.3 Results About Bodies with Directly Congruent Projections

My goal in this section is to state and briefly discuss my results related to Problem 1
and Problem 2 in R", for n > 4 and k = 3.

In order to formulate these results I introduce some notation and definitions. Let n > 4
and let S"~! be the unit sphere in R”. I will use the notation w= for the (n—1)-dimensional
subspace of R” orthogonal to w € S"~!. T will also denote by O = O¢ € O(n) the orthogonal
transformation satisfying O|.. = —I|.1, and O(() = ¢, see Figure 2.6.

¢

Figure 2.6: Orthogonal transformation O.

Let D be a subset of H € G(n,3), and let £ € (H N S™ 1), T say that D has a rigid
motion symmetry if (D) = D+a for some vector a € H and some non-identical orthogonal
transformation ¢ € O(3,H) in H. In addition, I say that D has a (, am)-rotational
symmetry if p(D) = D + a for some vector a € H and some rotation ¢ € SO(3, H) by
the angle am, a € R\ {2Z}, satisfying ¢(§) = £. In the particular case when the angle of

rotation is 7, I say that D has a (£, 7)-rotational symmetry.



Figure 2.7: Rotation about axis ¢ by angle a.

I start with the following 4-dimensional result.

Theorem 1. Let K and L be two convex bodies in R* having countably many diameters.
Assume that there exists a diameter di(C), such that the “side” projections K|w*, Ljw*

€1

onto all subspaces w— containing C are directly congruent. Assume also that these pro-

jections have no (C,m)-rotational symmetries and no (u,m)-rotational symmetries for any
ue€ ((tNwtnsS3). Then K=L+bor K=0L+b for some bc R
If, in addition, the “ground” projections K|, L|Ct, are directly congruent and do not

have rigid motion symmetries, then K = L + b for some b € R4,

I would like to mention the fact that K = L + b or K = OL + b is the direct analog to
the 3-dimensional statement (2.1).

I state a straight n-dimensional generalization of Theorem 1 as a corollary.

Corollary 1. Let K and L be two convex bodies in R™, n > 4, having countably many
diameters. Assume that there exists a diameter di(() such that the “side” projections
K|H, L|H onto all 3-dimensional subspaces H containing ¢ are directly congruent. Assume
also that these projections have no ((,m)-rotational symmetries and no (u,w)-rotational
symmetries for any u € ((*NHNS"™ 1), Then K = L+b or K = OL+b for some b € R".

If, in addition, the “ground” projections K|G, L|G onto all 3-dimensional subspaces G

10



of C*, are directly congruent and have no rigid motion symmetries, then K = L + b for

some b € R™.
In particular, I have the following result.

Theorem 2. If K and L are convex bodies in R™, n > 4, having countably many diameters,
and directly congruent projections onto all 3-dimensional subspaces, and if the “side” and
“ground” projections related to one of the diameters satisfy the conditions of the above

corollary, then K and L are translates of each other.

Theorem 2 was proved by Golubyatnikov [8, Theorem 3.2.1, page 48] under the stronger
assumptions that the “side” projections have no direct rigid motion symmetries. Theorem 1
and Corollary 1 under the same stronger assumptions are implicitly contained in his proof.
To weaken the symmetry conditions on the “side” projections I replace the topological
argument from [8] with an analytic one based on ideas from [27] (compare [8, pages 48-52]
with Proposition 2 in Section 4.2).

I note that the assumption about countability of the sets of the diameters of K and L
can be weakened. Instead, one can assume, for example, that these sets are subsets of a
countable union of the great circles containing ¢ (see the remark after Lemma 15 in Section
4.4). T also note that the set of bodies considered in the above statements contains the set
of all polytopes whose three dimensional projections do not have rigid motion symmetries.
This set of polytopes without symmetries is an everywhere dense set with respect to the
Hausdorff metric in the class of all convex bodies in R™, n > 4. For the convenience of the

reader I prove this at the end of Chapter 4.

2.2.4 Results About Bodies with Directly Congruent Sections

The analytic approach also allows me to obtain results related to Problem 2 (see [6,

pages 288-290, open problems 7.1, 7.3, and Note 7.1}).

11



Theorem 3. Let K and L be two star-shaped bodies with respect to the origin in R*, having
countably many diameters. Assume that there exists a diameter di (C) containing the origin,

L containing ¢, the “side” sections K Nw', LNw™", are directly

such that for all subspaces w
congruent. Assume also that these sections have no ((,)-rotational symmetries and no
(u, 70)-rotational symmetries for any u € ((* NwtNS3). Then K =L +b or K = OL+b

for some b € R* parallel to .

As in the case of projections, I state a straight n-dimensional generalization of Theorem

3 as a corollary.

Corollary 2. Let K and L be star-shaped bodies with respect to the origin in R™, n > 4,
having countably many diameters. Assume that there exists a diameter di(¢) containing
the origin, such that for all 3-dimensional subspaces H containing ¢, the “side” sections
KNH, LNH are directly congruent. Assume also that these sections have no (,m)-
rotational symmetries and no (u, 7)-rotational symmetries for any u € ((*NHNS3). Then

K=L+borK=0OL+b for some b e R"™ parallel to (.

2.2.5 Questions for Future Research Related to Problems 1 and 2
In general, Problems 1 and 2 are open. I am unaware of any results related to them
in the case k > 4. It is my belief that if n = 4, the answer to Problems 1 and 2 is that

K = L + a for some a € R*.

2.3 On Bodies Related via Containment of Rotated Projections or Sections
2.3.1 Known Results Related to Problem 3 and Problem 4

In [16], D. Klain studied the questions related to Problem 3(a) with translations only.
He proved, in particular, that in this case if £ = n — 1, the answer is negative in general,
for any dimension. A counterexample is obtained by considering a ball B, together with

the dilated simplex (1 4 €)7, where T is the simplex inscribed in B. His idea is that for

12



any € > 0, the dilated simplex (1 + )T is not contained in the ball nor can be translated
to fit inside, but if ¢ is small enough, all the projections of (1 + )T on hyperplanes can
be translated to fit inside the corresponding projections of the ball, see Figure 2.8. Klain
also proved that if both bodies are centrally symmetric, the answer to Problem 3(a) for

translations only is affirmative, [17].

LS

- D

Figure 2.8: (1+¢)T and B.

In addition, Klain showed that Problem 3(b) for translations has a negative answer for
k =n —1, in [16]. However, in this case, he found a class of bodies such that if L belongs
to that class, Problem 3(b) has an affirmative answer.

Problem 3 is related to the well-known Shephard’s Problem (see [33]).

Shephard’s Problem: Let K, L be origin symmetric convex bodies in R™. If for every

€€ 5" ol 1 (K|¢Y) < woly—1(LIEY), does it follow that vol,(K) < vol,(L)?

It was proven independently by Petty [23] and Schneider [31] that the answer to Shep-
hard’s Problem is negative in general in dimension n > 3. In other words, a body K may
have greater volume than another body L, even if all projections of K have smaller (n —1)-
dimensional volume than the corresponding projections of L. In fact, K may be taken to
be a ball, while L is a centrally symmetric double cone (see Figure 2.9 and [6, Theorem

4.2.4]). Petty and Schneider also proved that the answer is affirmative under the additional

13



assumption that the body L is a projection body (see Definition 2 in Chapter 3).

S <

Figure 2.9: K is the ball and L is a double cone.

Observe that if K and L are two origin symmetric convex bodies for which the answer
to Problem 3(a) (and trivially for Problem 3(b)) is affirmative, then Shephard’s problem
for K and L also has an affirmative answer.

Regarding sections, Problem 4 is related to the well-known Busemann-Petty Problem,

see [4] and [18].

Busemann-Petty’s Problem: Let K, L be origin symmetric convex bodies. If for every

€€ 5" wol,_1 (K N &) <woly_1(LNEL), does it follow that vol,(K) < vol,(L)?

It was proven that the answer to Busemann-Petty’s Problem is negative in general in
dimension n > 5 [18]. In other words, a body K may have greater volume than another
body L, even if all central sections of K have smaller (n — 1)-dimensional volume than the
corresponding sections of L.

Observe that if K and L are two origin symmetric convex bodies for which the answer
to Problem 4(a) (and trivially for Problem 4(b)) is affirmative, then Busemann-Petty’s

problem for K and L also has an affirmative answer.

2.3.2 Results Related to Problem 3 and Problem 4 for Rotations
In this section I will state and briefly discuss several major results of Chapter 5. I first

note that in both Problem 3 and Problem 4 for rotations only, the counterexamples for
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Klain’s and Shephard’s problems, mentioned above, will not work. Indeed, since one of the
bodies is a ball, it is invariant under rotations, as well as all of its projections and sections.
I start with counterexamples giving a negative answer to both Problem 3(a) and Problem

4(a) for rotations. The first counterexample is in R3.

Counterexample 1. Let C C R? be the cylinder around the z-axis, centered at the origin,
with radius v and height 2r, where % <r< \/m = 0.5176... Let K be the double cone
obtained by rotating the triangle with vertices (0,0,+1) and (1,0,0) around the z-axis. Then
the sections (projections) of C can be rotated to be contained in the corresponding section
(projection) of K, however the cylinder C' itself can never be rotated to be contained in the

double cone K.

2r

C K

Figure 2.10: Cylinder C' and double cone K.

This counterexample is interesting because both C' and K are centrally symmetric, and
hence, unlike the case of translations proved by Klain, Problem 3(a) for rotations does not
have an affirmative answer for centrally symmetric bodies.

The next counterexample works in all dimensions but is less intuitive. In this counterex-

ample I follow the ideas of Kuzminykh [19] and Nazarov.

Counterexample 2. Given the unit sphere in R™ where n > 3, I will perturb it by adding
bump functions to create two convex bodies K, L. I place the bumps on K so that they form
a (n — 1)-dimensional simplex on the surface of K, but no such simplex configuration of

bumps will appear on the surface on L, see Figure 2.11. Here, every (n — 1)-dimensional
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section of K (projection of L*) can be rotated to be contained in the corresponding section

of L (projection of K*) , however K itself can never be rotated to be contained in L (L*

can never be rotated to be contained in K*).

K L

Figure 2.11: Bumps on the sphere.

For a complete description of the body L, see Subsection 5.1.2.
In both Counterexamples 1 and 2, vol,(C) < wvol,(K) and vol,(K) < wvol,(L) (re-
spectively) and hence they do not provide a counterexample to Problem 3(b) or Problem

4(b). The following result shows that Problem 4(b) has an affirmative answer in the case

of rotations.

Theorem 4. Let K and L be two star bodies in R™, n > 2, such that for every & € S™1,

there ezists a rotation o € SO(n — 1,&%) such that
pe(KNer) cLng.
Then,
voly, (K) < wvol,(L). (2.2)

The proof is quite easy, due to the fact that it is possible to simply express the volume
of the body in terms of the radial function (see (3.8) and Section 5.2, Theorem 4 for the

proof). Unfortunately, no such simple formula exists for the volume of the body in terms
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of the support function (the formula that does exist requires taking the derivatives of the
support function, which makes it harder to use).

I have the following partial result (compare with heuristics in Section 2.2.2).

Theorem 5. Let K, L be convex bodies in R® with countably many diameters, and the
diameters of K and L are of equal length. Assume that there exists a diameter di (&), such
that for every w € &, there exists p,, € SO(2,wr) and ay, € wh such that o, (K|wt) C

Llwt 4 ay,. If either K or L is centrally symmetric then K C L + a for some a € R3.

In Section 5.2, I will also state results about other classes of convex bodies for which the
answer to Problem 3(b) is affirmative in R3. For example, bodies whose averages of their
support function are equal (for rotations only, Lemma 23), and bodies of equal constant

width (Lemma 24).

2.3.3 Questions for Future Research Related to Problems 3 and 4

Problem 4 is open in the case of translations. Another open problem is Problem 3(b)
for rotations. Besides questions about translations and rotations, the next idea would be
to consider similar questions for reflections, i.e., replacing the special orthogonal group
SO(k, H) with the orthogonal group O(k, H) (cf. [6, Problem 3.2, page 125 and Problem

7.3, page 289)]).
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CHAPTER 3
Preliminaries

At the beginning of this chapter I discuss standard notation that will be used throughout
the remaining chapters. After that, I state preliminary information that is used implicitly
and explicitly throughout my dissertation. In particular, material from the areas of har-
monic analysis, differential geometry, convex geometry, and topology. The final section is

additional material that will also be needed.

3.1 Notation

I will use the following standard notation. The unit sphere in R™ (n > 2), sometimes
referred as the (n — 1)-dimensional sphere, is S"~!. Given w € S" !, the hyperplane
orthogonal to w and passing through the origin will be denoted by w* = {z € R" : - w =
0}, where x - w = zqwy + - -+ + xywy, is the usual inner product in R™. The notation of
the orthogonal group O(n) and the special orthogonal group, also known as the group of
rotations, SO(n) in R™ is standard. If i/ € O(n) is an orthogonal matrix, I will write U* for
its transpose.

Refer to Figure 3.1 for the next two definitions. Given ¢ € S"~! the great (n — 2)-
dimensional sub-sphere of S"~! that is perpendicular to ¢ will be denoted by S"~2(¢) =
{6 € St : 0-¢ =0} Similarly, for ¢ € S and t € [-1,1], the parallel to S%(() at
height ¢ will be denoted by S2(¢) = S*N{x € R*: z-( = t}. Observe that when ¢t = 0,
S3(¢) = 8%(¢).

The Grassmann manifold of all k-dimensional subspaces in R™ will be denoted by G(n, k).

Let E be a two or three-dimensional subspace of R™. I will write ¢y € SO(2,E), or
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vr € SO(3, E), meaning that there exists a choice of an orthonormal basis in R and a
rotation ® € SO(n), with a matrix written in this basis, such that the action of ® on F
is the rotation ¢z in E, and the action of ® on E* is trivial, i.e., ®(y) = y for every
y € E+ (here E* stands for the orthogonal complement of E). Similar notation will be
used for o € O(3,E). 1 will also denote by O(3,5%(w)), SO(3,5%(w)), the orthogonal
transformations in the 3-dimensional subspace spanned by the great subsphere S?(w) of

3. The restriction of a transformation ¢ € O(n) onto the subspace of smallest dimension

containing F C S"~! will be denoted by ¢|p. I stands for the identity transformation.

¢

Figure 3.1: The great spheres S?(¢) and S?(¢)

I will also denote by O = O € O(n) the orthogonal transformation satisfying O|.. =

—I|¢1, and O(C) = ¢, see Figure 3.2.

Figure 3.2: Orthogonal transformation O.
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The boundary of K will be denoted by 0K, the interior of K will be denoted by int(K),
and the closure of K is denoted by K.
The even part of a function f is denoted by f.(x) = W The odd part of a

function f is denoted by f,(z) = M

3.2 Harmonic Analysis
There is a famous theorem proved by P. Funk in 1915 that I will need to use (cf. Theorem

C.2.4 from [6, page 430]),

Theorem 6. If f is a continuous even function on S™~1 such that for all u € S"1,

/Mmsn_l flw)ydv=0

then f = 0.

I will also use the Funk transform, [10, Chapter III, §1],

Rf(w) = Ref(w) = / FO)d0,  we S2C). (3.1)
S w)ns2(0)

Here df stands for the Lebesgue measure on the one-dimensional great circle E = S%(w) N

S2(C) of S2(¢).

3.3 Differential Geometry

For the next definitions I refer to [6, page 25]. Let K be smooth and x € 0K. Suppose
that u is the outer unit normal vector to K at x. The Gauss map g from 0K to S"~! is
defined by g(z) = u. The tangent space of K at x is the translate H, — z = u" of the
supporting hyperplane to K with outer normal vector u. The differential W, = dg, of the
Gauss map is a linear map from this tangent space to itself. The eigenvalues of W, are
called the principal curvatures of K at x. In 2-dimensions, curvature can be described as

the reciprocal of the radii of the osculating circle. In 3-dimensions the principal curvatures
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are the maximum and minimum values of the curvature at the point x. In other words, they
measure how the surface bends by different amounts in different directions at that point,
see [14]. In higher dimensions, say K C R™*! if the principal curvatures at p are ordered
as follows, k1(p) < ka(p) < ---kn(p), in the directions ey, ..., e, (called principal directions)
respectively, then k,(p) is the maximum value of curvature. Next, k,—1 is the maximum
value of curvature at point p for all vectors that are perpendicular to e,,, and so on, see [35,
page 86]. The product of the principal curvatures is called the Gaussian curvature of K at
x. If this value is positive, then K is said to have positive Gaussian curvature.

Define C? (R™) to be the set of convex bodies in R” having a positive Gaussian curvature.

The following theorem is a result of Schneider, [32]. For the definition of a polytope and

Hausdorff distance §(K, P) see Section 3.4.

Theorem 7. Let K € C’i(R”), n > 3. Then, for v — oo,
_2
S(K,PY) ~ ¢ v i (/\/GK(a)dJ) —
oK

where Py is a polytope with vertices on the boundary 0K, not unique in general, for which
(K, P)) equals the infimum of the Hausdorff distance (K, P) over all convez polytopes P
contained in K that have at most v vertices, ¢, is a constant depending on the dimension,

and Gk (o) is the Gaussian curvature of K at o € 0K.

I see, in particular, that the amount of vertices of P gets larger, provided the Hausdorff

distance between K and P gets smaller.

3.4 Convex Geometry

I refer to [6, Chapter 1] for the next definitions involving convex and star-shaped bodies.
A body in R™ is a compact set which is equal to the closure of its non-empty interior. A
convex body is a body K such that for every pair of points in K, the segment joining them

is contained in K. A convex polytope is the convex hull of finitely many points, where the
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convex hull of a set X is the smallest convex set that contains all of X.
A EBuclidean ball (sometimes referred to as a ball) in R™ is defined to be B = B, =

{x = (21,...,mp) : 22+ --- + 22 = r?}. An ellipsoid in R" is defined to be {(z1,...,z,) :

T
a

e

= 1}, where a; € R and are called the semi-principal azes. A standard simplex

3|

7
T in R" is the convex hull of the points ey, ..., e,41 in R™*H where ¢; is the vector that has
zeros in every coordinate except for the ith which is equal to 1.

Let K be a subset of R*, and w € S"~1, then the projection of K onto w is
Klwt = {z € wh : z + Mw € K for some \ € R},

see Figure 3.3 and [36, page 307].

Figure 3.3: Projection of K onto w.

Projections have the following property, (K — a)lw' = K|w' — alw' where a|w' is
the projection of a onto wt. A projection of a polytope is a polytope. It can be proven
that all the vertices of a projected polytope are the projections of vertices from the original
polytope.

The central section of K with respect to the direction w € S 1 is K Nw™, i.e., the slice
of K when it is cut through the origin perpendicular to w. I will refer to central sections
simply as sections. For sections, the following property holds, (K —a) Nwt = K Nw* —a

where a € wt.

22



I refer to [6, Chapter 1] for the next definitions. For x € R"™, the support function of
a convex body K is defined as hg(x) = max{x -y : y € K} (see page 16 in [6]). The
support function is continuous, uniquely determines the body, and hg, < hg, if and only if
Ky C Ks. 1 will repeatedly use the following well-known properties of the support function.

For every convex body K and Yy, is a rotation in w',

Mg (@) = b (@) and h g0 (@) = hip,. (@), Vo ew, (3.2)

(see, for example, [6, (0.21), (0.26), pages 17-18]). The average of the support function of

body K in R™ is simply [¢._1 hx(0) df.

Definition 1. Let 6(K, P) be the Hausdorff distance, or Hausdorff metric, between the

convex bodies K and P in R™, n > 2,

O(K, P) = max, |hi(6) —hp(0)]

A well-known property of the Hausdorff metric is any convex body can be approximated
in the Hausdorff metric by convex bodies with positive Gaussian curvature.
The width function wi (x) of K in the direction x € S"~! is defined as wy (z) = hy(z)+

hy(—z). The segment [z,y] C K, parallel to ¢ € S"1, is called the diameter of the body

K if |z —y| = {Grréaxl}wK(H). I will denote it by dx(¢). The length of the diameter will
esn—
be denoted as follows, diam(K) = {Hrréaxl}wK(G). I say that a convex body K C R™ has
esn-

countably many diameters if the width function wg reaches its maximum on a countable

subset of S”~1. In addition, a body has constant width if its width function is constant.

diameter

Figure 3.4: The diameter.
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A set S C R" is said to be star-shaped at a point p if the line segment from p to any
point in S is contained in S. Let z € R™\ {0}, and let K C R™ be a star-shaped set
with respect to the origin. The radial function px in the direction z € S™~! is defined as
pr(z) = max{c : cx € K}. Here the line through x and the origin is assumed to meet
K, ([6, page 18]). The radial function uniquely determines a star body, and pg, < pg, if
and only if K C Kjy. I will use the well-known properties of the radial function (see, for

example, [6, (0.33), page 20])

PRrwt (9) = pf{(e)7 pxw(f{mwl)(e) = PRrwt (X;l(e))v V0 € wh N S3. (33)

The radial function of the unit sphere is the constant function 1. Define ¢¢ 5 to be a
smooth bump function defined on S™~!, supported in a small disk on the surface of S"!
with center at £ € S"! and with radius §. The function ©¢,5 1s invariant under rotations
that fix the direction &, and its maximum height at the point £ is 1. For small enough ¢, the
body K whose radial function is 1 + € ¢ s(u) is convex, since its curvature will be positive.

The segment [z,y] C K, parallel to ¢ € S"7!, is called the diameter of the star-shaped
body K if |z —y| = {[JE]%XK} la — b|. As in the case of a convex body, I will denote this
diameter by dg (().

For a subset F of R™, the polar set of E is defined as E* = {z : -y < 1 for every y € E}
(see [6, pages 20-22]). When K is a convex body containing the origin, the same is true of

K* (which is called the polar body of K), and the following relation between the support

function of K and the radial function of K* exists: For every u € S~ 1,

prc-(u) = 1/hxc(u). (3.4)
For any linear transformation ¢ € GL(n), I have

hox (u) = hic (). (3.5)
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A similar relation
pox(u) = pr (¢~ u) (3.6)
holds for the radial function. Combining (3.5), (3.6) and (3.4), it follows that h4x)-(u) =
hg-ti«(u) (see [6, page 21]); this gives the identity (¢K)* = ¢~"K* for the polar of a linear
transformation of the body K.
Using the properties of the support function and radial function, and (3.4), I note the

polarity relation between sections and projections,
PE*rwt (W) = Pr|wy(u)  for allu € wt. (3.7)
Now consider Theorem 3.1.1 from [6, page 99].

Theorem 8. Let 1 < k < n —1, and let K be a compact convexr set in R™. Then K is
determined by all its projections K|H, where H € G(n, k). In fact, K is determined by its

projections on all 2-dimensional subspaces containing a given line through the origin.

Two bodies K and L are homothetic if K is a dilation and translation of L, see [6, page
5]. A similar theorem to Theorem 8 is also true for sections, see Theorem 7.1.1 from [6,

page 270].

Theorem 9. Suppose that K, L are compact conver sets in R™, containing the origin in
their relative interiors. Let 2 < k <n — 1. If KNS is homothetic to (or a translate of)

LNS for each S € G(n, k), then K is homothetic to L (or a translate of L, respectively).

The Lebesgue measure on R” is also called the n-dimensional volume. From this fact,
it is easy to see that the Lebesgue measure is invariant under translations, rotations and
reflections. The n-dimensional volume of a body K is denoted as vol,(K). Some formulas
that will help to compute it are the following.

The first formula relates volume to the radial function (see [18, page 16])

voln(K):% / P (6)d6, (3.8)

Sn—1
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Let K be a star body, then the volume of sections can be computed by using polar

coordinates and the Funk transform with f = ﬁ p?{l, namely,

1 / .
P (0)do.
n—1 Sn—Q(C) K ( )

Definition 2. A projection body P is a convex body such that there exists a convexr body

vol,_1(KN¢H) =

K CR" for n > 2 such that hp(u) = vol,_1(K|ub) for allu € S"!, see [6, Section 4.1].
The Generalized Funk Theorem is as follows, see [6, Theorem 7.2.6, page 281].

Theorem 10 (Generalized Funk Theorem). Let K, L be origin symmetric star bodies in

R™. If vol,_1(K Nw*) = vol,_1(LNwt) for all w € S, then K = L.

Recall the definition of the Gauss map g from Section 3.3. For the next definitions I
refer to [6, page 395]. Define g~ (K, S" 1) to be the set of points in K at which there is
an outer unit normal vector. Now define the surface area measure of a convex body K to
be

S(K) = wvol,_1(g” (K, 8™ 1)).

Thus, the surface area measure and the Gauss map are related. It can be seen that S(K)

is the (n — 1)-dimensional volume of the surface area of K, and can also be defined by
S(K) = volp_1(0K).

Additionally, the surface area of K can be expressed in terms of K’s projections, see [6,

page 408].

Theorem 11 (Cauchy’s surface area formula). Let K be a convex body in R™, then

1
K)y=———— et (K|ut
S(K) voln 1 (B) /Sn—l volp—1 (K|u™) du,

where B is the unit Euclidean ball in R™ 1.
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The following is a formula that relates volume, surface area, and width for bodies K of

constant width w in R?, namely,
2vol3(K) = wS(K) — —w”, (3.9)

see [5, page 66].

Next I state Aleksandrov’s uniqueness theorem, see [6, Theorem 3.3.1, page 111].

Theorem 12 (Aleksandrov’s uniqueness theorem). Let K, L be compact convex bodies in
R™. If the surface area measure of K is equal to the surface area measure of L, i.e.,

S(K) = S(L) then K is a translate of L.

3.5 Topology

I use many properties of open and closed sets. For instance, the complement of a closed
set is open and the union and intersection of a finite number of closed sets is closed. Another
property I use is that if the topological space A is connected then the only sets that are
both open and closed are the empty set and A.

A set A is called nowhere dense in a topological space Y, if the closure of A has an

empty interior, see [25, page 42].

Theorem 13 (Baire Category Theorem). No complete metric space can be written as a

countable union of nowhere dense sets, cf. [25, page 43].

To say this another way, if A is a complete metric space and can be written as the
countable union of sets A;, then there exists an A; such that int(A;) # 0.

A set A C B is everywhere dense in B if every ball in B contains an element from A. In
other words, the closure of A is equal to B. In particular, if B\ A has measure zero, then it
follows that A is everywhere dense in B. Additionally, if B\ A has dimension smaller than

B then B\ A has measure zero with respect to B. If A is everywhere dense in B and if there

exists C, closed, where A C C C B, then C = B.
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A manifold is a topological space that resembles the Euclidean space near each point.
A differentiable manifold is a manifold that locally is close to being a linear space in the
sense that one can apply calculus on it. A compact manifold is a manifold that is compact
as a topological space, see [15]. It is known that the n-dimensional sphere is a compact
differentiable manifold, [15].

A line field associated to a space A is a function that to each point in A assigns a line.
A tangent line field is a line field associated to a space A, where each line is tangent to A
at the assigned point. The FEuler characteristic is a number that describes a topological
space’s shape or structure regardless of the way it is bent, see [11]. The Euler characteristic
is 2 for any 3-dimensional convex polyhedron, i.e., V — E + F = 2, where V is the number
of vertices, F/ is the number of edges, and F' is the number of faces. It is also known that
the Euler characteristic is 2 for a 2-dimensional sphere.

In Chapter 4, I will need the following result of Hopf, [21], [28].

Theorem 14. If a compact differentiable manifold M admits a continuous tangent line

field, then the Euler characteristic of M is zero.

I will now discuss a definition taken from [27] in a way that is more convenient for me

(refer to Figure 3.5 for the next definition).

Definition 3. Let a € (0,1) and let S1, So be any two spherical circles in the standard
metric of S%(¢), both of radius an. The union [ Um of two open arcs | C Sy and m C S
will be called a spherical X -figure if the angle between arcs is in (0,7%), the length of the
arcs is less than am, and the arcs intersect at their centers only, LN m = {z}. The point

x € S?(¢) will be called the center of the X -figure.

For this definition, the requirements for the angle between the arcs is so that the X-
figure is a “skinny” X-figure, and the requirements for the length of the arcs is so that the

X-figure is not too large.
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Figure 3.5: The spherical X-figures from Definition 3.

Later I will show that a set that consists of points from these spherical X-figures that is
contained in the red one-dimensional circle S%(w) N S%(¢) is open and closed. Hence from
the property mentioned above I can show that the set is either the empty set or the whole

space.

3.6 Additional Definitions and Results

Define the even (and odd) part of a function with respect to orthogonal transformation

O to be

f(0) + f(O0)
5 ,

o) = 1O =190

fo..(6) = .

respectively, where O fixes direction ¢ and O|.. = —If...

Proposition 1. Let ¢ be a rotation of angle 8 around the origin in R? where 0 is irrational.

Then the closure of the set {x € St : " (x9) = x,n € Z,3xg € S*} is equal to S*.

Suppose ¢ € SO(n) then ¢ can be represented as a n by n matrix where the det(p) = 1.
From this it can be seen that every entry a;; is bounded, namely |a;;| < 1.

The following theorem is well known (cf. [24] and [34, pages 17-18]).
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Theorem 15. The composition of two rotations by ™ about axes that are separated by an

angle 8, is a rotation by 20 about an axis perpendicular to the azes of the given rotations.
I will need the results of Radin and Sadun [24].

Theorem 16. Let A and B be rotations of finite order of Euclidean 3-space, about azes
that are themselves separated by an angle which is a rational multiple of w. Then, the 2-
generator subgroup of SO(3), generated by A and B, is infinite and dense, except in the
following cases: if one generator has order 1, the group is cyclic; if one generator has order
2 and the axes are orthogonal, the group is dihedral; and if both generators have order 4 and

the azes are orthogonal, the group is the symmetries of the cube.

Later I will use the fact that

n(n—l).

dim(SO(n)) = dim(O(n)) = 5

(3.10)

Definition 4. A body K in R"™ is directly congruent to L if there exists a special orthogonal

transformation (rotation) ¢ € SO(n) and a € R™ such that ¢(K) = L + a.

I say that K|H, the projection of K onto H, is directly congruent to L|H if there exists
a special orthogonal transformation (rotation) ¢ € SO(k,H) in H such that ¢(K|H) is
equal to a translate of L|H. Similarly for directly congruent sections.

A body K C R" is said to be origin symmetric if z € K then —x € K. Similarly, K is
said to be centrally symmetric if there exists p € R™ such that K is invariant under point
reflection about p. In other words, if K + a is such that p is translated to the origin, where
a € R™, then K + a is origin symmetric.

A body of revolution is a body in R™ that is obtained by rotating a curve in H € G(n,n—1)
around an axis that lies in H.

Next, I define the notion of rigid motion symmetry.
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Definition 5. Let D be a subset of H € G(n,3). I say that D has a rigid motion symmetry
if (D) = D + a for some vector a € H and some non-identical orthogonal transformation
v € O(3,H) in H. Similarly, D has a direct rigid motion symmetry if p(D) = D + a for

some vector a € H and some non-trivial rotation ¢ € SO(3, H).

In some cases I specifically say that D has a &-rotational symmetry if o(D) = D + a
for some vector @ € H and some rotation ¢ € SO(3,H) by the angle ar, a € R\ {2Z},
satisfying ¢(§) = . In the particular case when the angle of rotation is 7, I say that D has
a (&, m)-rotational symmetry.

In R? I say that a body D has m-rotational symmetry if (D) = D + a for some vector
a € R? and some rotation ¢ € SO(2) by angle 7. In this case, 7-rotational symmetry is
equivalent to being centrally symmetric. Additionally, if D has a m-rotational symmetry
and a = 0 then D is origin symmetric.

Similarly I define what it means for a function to have rotational symmetry. Let f be a
continuous function on S3 and let ¢ € S3. I say that the restriction of f onto S%(€) (or just
f) has a (¢, am)-rotational symmetry if for some rotation ¢¢™ € SO(3, S2(¢)) by the angle

ar around vector ¢ € S?(£), one has

fopd™=f on S*¢)

In particular, if o = 1, I say that f has a ((, 7)-rotational symmetry on S2(¢).
A permutation is the rearrangement of all the members of a set. A permutation can be
written as the disjoint union of cycles. A j-cycle is a cycle that rearranges j elements.
Fubini’s Theorem states when it is possible to compute a double integral using iterated

integrals and when it is possible to switch the limits of integration.

Theorem 17 (Fubini’s Theorem). One may switch the order of integration if the double

31



integral yields a finite answer when the integrand is replaced by its absolute value, i.e.

/X(/Yf(x’y)d?/> dw:/y(/){f(mw)m) dyZ/Xxyf(x,y)d(a:,y)

Next I state the definition of the Hausdorff dimension, [12].

Definition 6. Given any subset E of R™ and o > 0, the exterior a-dimensional Hausdorff

measure of E is defined by m’(E) = lim inf HS(E), where

6—0t

HO (E) := inf{ Z( diam Fy)* : E C U Fy, diamFy < 6},
k=1 k=1

and diam (S) = sup |xr — y| stands for the length of the diameter of S. The Hausdorff
T,yeS

dimension of E is dimg(E) = inf{a > 0: m*(E) = 0}.

Now for the implicit function theorem, see [13]. For this I will need the Jacobian matrix,

i.€., ) )
1 T
J =
9F,  OF,
L ox1 Oxn ]

A well known property of determinants is if the matrix is an upper triangular matrix,

then the determinant is the product of the diagonal entries.

Theorem 18 (Implicit Function Theorem). Let f : R"™™ — R™ be a continuously differ-
entiable function, and let R"™*™ have coordinates (z,y). Fiz a point (a,b) with f(a,b) = 0.
If the Jacobian matrixz that involves fi,..., fm and y1,...,ym has a nonzero determinant,
then there exists an open set U containing a, an open set V containing b, and a unique

continuously differentiable function g : U — V' such that

{(z,9(z)) 2 €Ut ={(z,y) €U XV : f(z,y) = 0}.

In other words, if there is n 4+ m equations with n variables then M = {(z,y) e U x V :

f(z,y) =0} C R™™ has dimension m.
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CHAPTER 4
On Bodies with Directly Congruent Projections and Sections

Chapter 4 is organized as follows. In the first section I give a heuristic idea of the proof
of the main results. In Section 4.2 and Section 4.3 I formulate and prove the main auxiliary
results Proposition 2 and Proposition 3. Section 4.4 is devoted to the proof of Theorem
1 and Corollary 1. Theorem 3 and Corollary 2 are proved in Section 4.5. In Section 4.6,
I state and prove the analogous statement to Theorem 1 in R3. Then in Section 4.7, I
show that the set of bodies that are considered in the main results is dense in the set of
all convex bodies. The way I do this is by proving that the set of polytopes in R™, n > 4,
with 3-dimensional projections having no rigid motion symmetries is dense in the Hausdorff

metric in the class of all convex bodies in R”.

4.1 Additional Heuristics in R3

To motivate and explain the proof ideas of this chapter, I consider the analogous theorem
to Theorem 1 in R3, for a full detailed proof see Theorem 20 in Section 4.6. Suppose that
K and L are two convex bodies in R? and have one diameter each. Assume that K has
its diameter in the ¢ direction. Assume that the “side” projections K|w® and L|w' onto

all subspaces w=

containing ¢ are directly congruent. In addition, assume also that these
projections are not centrally symmetric. Then it easily follows that K = +L + b for some
beR3.

For if the diameters of K and L are not parallel,
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i (0) dr(n)

Figure 4.1: K and L, diameters not parallel.

then looking at the projections K |w® and L|w* where w' contains ¢,
N
di (C) -1 Vi
K ™ L
w L ’U)l

Figure 4.2: K and L and w™.

dk(€)

Kwt Llwt

Figure 4.3: K|w" and L|w™.

and knowing that these projections are directly congruent, I get a contradiction. Thus, the

diameters of K and L are parallel.
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Figure 4.4: K and L.

Next I translate K and L to make the diameters coincide and be centered at the origin.

g

Figure 4.5: Translated K and L.

In a sense this step is “separating” translations and rotations. Next, I consider any 2-

dimensional projection of the translated bodies K and L that contains the diameter.

L|wt
K|wt

Figure 4.6: Trick of Golubyatnikov.
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The direct rigid motion given by the statement of the theorem must fix this diameter. There
are only two possibilities, namely, that the rigid motion is the identity, or a rotation by .
Due to the lack of the corresponding symmetries, these cases are mutually exclusive. If all
rigid motions are the identity, then K =1L. Alternatively, if all rigid motions reflect the
diameter, then K = —L.

The proof for Theorem 1 in R* is much more involved, yet the idea remains the same.

4.2 First Result About a Functional Equation on 53

In [27, page 3429, Theorem 1], Ryabogin proves the following theorem.

Theorem 19. Let F and G be two continuous functions on the unit sphere S"~' in R™,
n > 3, and let their restrictions to any one-dimensional great circle E coincide after some
rotation ¢ € SO(2) of this circle: f(¢pr(0)) = g(0) for every 6 € E. Then, f(0) = g(0) or

f(0) = g(=0) for all € S*L.

The main result of this section is a related statement for S®, which, in my opinion, has

independent interest.

| $2(w) N $2(¢)

/

Figure 4.7: S3.

Proposition 2. Let f and g be two continuous functions on S®. Assume that for some

¢ € 83 and for every w € S?(C) there exists a rotation p, € SO(3,5%(w)), verifying
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Figure 4.8: S%(w) N S2(¢).

Pw(¢) = ¢, and
fovw=g on S*(w), (4.1)
(see Figures 4.7 and 4.8). Then either f = g on S* or f(8) = g(00) VO € S3, where

O € O(4) is the orthogonal transformation satisfying Olg2(c) = —I, and O(() = C.

4.2.1 Auxiliary Observations
The direction ¢ € S? will be fixed throughout the proof. I start with an easy observation

about the geometry of the three dimensional sphere.

C—n-

S2(w)

= $%(w) N S2C)

) $2(w) N S2(C)

Figure 4.9: Parallels.

Lemma 1. Let ¢ € S% and let € € S*(¢). Then

S8 = U S2(w). (4.2)
{wes(€NS2(O)}

Proof. As it is shown in Figure 4.9, for any w € S?((), the two-dimensional sphere S?(w)
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tC+V1—t2¢ StQ(O

tC+V1—t2w

§2(w) N SE(C)

Figure 4.10: S?(¢) and SZ(C).

can be written as the union of all one-dimensional parallels S%(w) N SZ(¢), t € [~1,1], i.e

SPwy= |J ($*w)nSFQ). (4.3)
{te[-1,1]}

On the other hand, I can write the two-dimensional sphere S?(¢) as the union of all meridians
S%(w)NS?(¢) containing a fixed direction & € S2(), for every w € S?(£)NS?(¢) (see Figure

4.10, left), by

S2(¢) = U () nS*©Q),
{weS2(§)NS2(¢)}

and, rescaling, the same is true for every S?(¢), t € [~1,1] (see Figure 4.10, right, where
the points on the sphere are found using the Pythagorean Theorem). I would like to note
that ¢ + V1 — 126 € S%(w) N S%(¢) because ¢, ¢ € S?(w), and similarly t¢ + V1 — t2w €

S2(¢) N S2(¢). Thus, I have

SH(¢) = U (S*(w)NSF(Q))  vte[-11]. (4.4)
{wes?(ONS?(0)}

£
Indeed, let w € S2(&) N S2(¢) then S?(w) and SZ(¢) intersect in a 1-dimensional circle
(refer to Figure 3.1), hence the right hand side is contained in the left hand side. To show
the opposite containment, let = € S?(¢) then there exists w € S%(¢) N S2(¢) such that x is
in the meridian S%(w) N S?(¢) (see Figure 4.10, right), thus proving (4.4).

Combining (4.3) and (4.4), I obtain
= U sw= U U $wnsi) =
{te[-1.1]} {te[-1.1]} {fwes?(NS?(0)}
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S2(C)
0=v1—2x+t

S%(¢)

Figure 4.11: 6 on S?(().

Let O € O(4) be an orthogonal transformation, satisfying O|g>(¢) = —1, and O(() = ¢.
Observe that Og2(,,) commutes with every rotation ¢, € SO(3, S2%(w)), such that ¢y, (¢) =
¢, where w € S%(¢). Indeed, from the fact that rotations are distance preserving and the

properties of the functions I have,

(Ols2(w) © 9w)(0) = (Olg2w) © pu) (V1 — 2z + ()
= V1 —12(0ls2() 0 pw) (@) + HOl 52 © 0w ()
= V1-—82pu(—z)+ 1
= V1 —12(py 0 Olg2u)) (@) + t{w © Olg2()) (€)
= (pw ° Olg2(u))(0),
since o () € S2(w) N S2(C).
Remark 1. Notice that if ¢u(C) = —C, then Olge(y) still commutes with o, Just apply

the same argument as above with ¢, (¢) = —C.

It is clear that any function f on S can be decomposed in the form

F(0) + F(O0) | f(0) — F(O0)

2 5 = fo.(0) + fo.o(0), 0€S? (4.5)

f0) =
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where I will call fo, fo.., the even and odd parts of f with respect to O. Since O? = I, 1

have

fO,e(e) = fO,e(Oa)v fO,o(a) = _fO,o(OQ)‘ (46)

It is also clear that every § € S belongs to S?(¢) for some t € [—~1,1], i.e., can be written

in the form

0=11-t2z+1tC, (4.7)

for some t € [—1,1] and = € S?(¢) (see Figure 4.11).

Let t € [~1,1]. For any function f on S3, define the function F; on S2((),

Fy(z) = Fie(z) = f(V1 -tz +10),  xeS*(), (4.8)

which is the restriction of f onto S?(¢). Observe that

f(W1 =82z +t0) + f(—V1—t2x+t)  f(0)+ f(O0)

(Ft)e(x) = 9 = 9 )

where 6 is as in (4.7), and similarly for (F}), (), i.e.,

(Ft)e<$) - fO,e(e)v (Ft)o(x) = f@,a(9)~ (4'9)

Note that (F})e(x) = (Fy)e(—x) for every x € S?(().
As seen in Lemma 1, every one-dimensional great circle of S?(¢) is of the form S?(w) N

S2(¢) for some w € S?(¢). To simplify the notation, I will denote such great circles by
E=F¢p=5*w)NS*¢)={0eS*:0-(=0-w=0}.

Since ¢, (¢) = ¢ and ¢, (S?(w)) = S?(w), I have
Pu(Bew) = pu(S%(w) N S*(Q) = 5%(w) N S*(() = E¢.u-

Thus, for every t € [—1, 1], and for the corresponding one-dimensional equator £ = E¢ ,,

of S?(¢), there is a rotation ¢p € SO(2, E), which is the restriction to E of the rotation
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0w € SO(3,5%(w)) given by the conditions of Proposition 2, and which satisfies
Fio¢p(x) = Gy(x) Ve € E, (4.10)

(see Figure 4.10). Here G; is defined from g similarly to F} in (4.8). Indeed, let 2 € E and
0 =1 -2z +t¢ € S%(w) N SZ(C), then (f o ¢y)(0) = g(f) and hence
Gi(z) = g(V1—=1x+1t0) = (fopuw)(V1—1tz+1()
= f(V1=tyu(2) +t() = f(V1—t¢p(z) +1() = (Fi o ¢E)(2).

4.2.2 Auxiliary Lemmata

I will use the Funk transform, see (3.1),

Rf(w) = Ref(w) = / f0)do,  we S*0).

52(w)NS?(C)

Here df stands for the Lebesgue measure on the one-dimensional great circle E = S%(w) N

S2(C) of S2(¢).

Lemma 2. Let f and g be as in Proposition 2. Then fo. = go.c.

Proof. Let w € S?(¢), and let ¢,, € SO(3,5%(w)) be such that (4.1) holds. Then, ¢p =
wls2w)nsz) € SO(2, E) is the corresponding rotation in F = S%(w) N S%(¢). By the

rotation invariance of the Lebesgue measure on E and (4.10),
/Ft(x)dx = /Ft o pp(r)dr = /Gt(m)dz‘, vt e [-1,1]. (4.11)
E E E

Hence, R¢Fi(w) = R:Gy(w) for every w € S%(¢). Thus, (F).(z) = (Gy) () for every
z € S?(¢) (apply Theorem 6 to (F}), — (Gt), and S?(C) instead of S™71). Using the first

relation in (4.9), its analogue for g, and (4.3), I have

fO,e(G) = (Ft)e(x) = (Gt)e(fﬂ) = gO,e<9)a

which is true for all ¢ € [—1,1] and all z € S?(¢). Hence the desired result is obtained. [
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Remark 2. By Lemma 2, I can assume that my functions f and g are odd with respect
to O. Indeed, I need to show either f = g, which suffices to show the odd parts of the
functions are equal, or show f(0) = g(O0), which using the first relation in (4.6) gives the
same equation with the original functions replaced with their odd parts. In order to simplify
the notation, from now on I will write f and g instead of fo, and go,. I will also write

FE; for (F})o and Gy for (Gt),.

Let »2™ be the rotation of the sphere S?(w) by the angle am around ¢, i.e., 927 (¢) = ¢.
By this I mean that ¢ is the restriction to the 3-dimensional subspace spanned by S?(w)
of a rotation ® € SO(4) with the following properties: ®(() = ¢, ®(w) = w, if {z,y,w,(}
is a positively oriented orthonormal basis of R, then for every v € (span{x,y} N S3) =
S2(w) N S?%(¢), the angle between the vectors v and 27 (v) € S%(w) N S?(¢) is ar, and if «
is not an integer, {v, 2" (v),w,(} form a positively oriented basis of R*.

For any a € R, consider the sets =, defined as
{w e S%(¢) : o™ € SO(3,5%(w)) such that f oo™ =g on S*(w)}. (4.12)
Observe that =g = {w € S%(¢) such that f = g on S?(w)}, and

21 ={we S%C): f(8) =g(08) VYO e S*(w)}. (4.13)

—_

My aim is to show that S?(¢) = Z9 U Z;. This will be achieved in Lemma 8 if I prove

the following Lemmata.
Lemma 3. The set =, is closed.

Proof. If 2, = 0 then it is closed, hence I can assume that Z, is not empty.
Let (w;)f2, be a sequence of elements of =, converging to w € S2(¢) as | — oo, and let
6 be any point on S?(w). Consider a sequence (6;)72, of points 6, € S?(w;) converging to 0

as | — oo.
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(It is readily seen that such a sequence exists. Indeed, let B 1 (0) be a Euclidean ball
centered at 6 of radius 7, where I € N. Since S%(wy,) — S?(w) as m — oo, for each | € N

there exists m = m(l) such that
S% (wp) N B1(0) # 0.

Choose any 6, € SQ(wm(l)) N B1(#) and rename w,,(;y to be w; since wy,) converges to w.

o~

Then 6; — 6 as | — 00).

By the definition of =, I see that
fopu@)=g®) 0 €S*(w), leN (4.14)

Passing to a subsequence if necessary, I can assume that the sequence of rotations (¢u, )%,
Cu, = ©o7 € SO(3,5%(wy)), is convergent, say, to ¢, € SO(3,5%(w)) because all the
entries in the corresponding rotation matrices are bounded and w; converges to w. Writing
out the matrices of rotations ¢gT in the corresponding orthonormal bases {zy,y1, wy, C},
x, € S?(w;) N S?(¢), and passing to the limit as [ — oo I see that ¢, is the rotation by
the angle ar and the limit of (4.14) is f o ¢, () = g(6). Since the choice of # € S%(w) was

arbitrary, I obtain w € Z,, and the result follows. ]

Lemma 4. Ifa € R\ Q, then E, C Ey.

Proof. Let w € Z,. Following the ideas of Schneider [30], I claim at first that f? = g% on
S2(w). Indeed, since f and g are odd with respect to O, f? and ¢* are even with respect

to O because

F2(0) + f2(00) — f(0)(00) — £(0)£(O0)

£2(6) = ;

f2(0) + f2(00)
2 Y

from the right equation in (4.6), and similarly for g?. Here, both f2 and g¢? satisfy the

conditions of Proposition 2, since

(20 0u)(0) = f(eu(0))® = (9(0)* = ¢°(9).
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Thus, by Lemma 2, I obtain that f2 = g2 on S?(w).

This gives the following equation,

20 pu(0) = g%(0) = () Vo € S (w).

Iterating for any k € Z,
fPogu®)=Powy (0)=---=f0) Vb€ S (w),

and using the fact that for every 6§ € S%(w), the orbit of (¢F (0))rez is dense on every
parallel of S%(w) orthogonal to ¢, I obtain that the restrictions of f2 and g? onto S?(w) are
invariant under rotations leaving ¢ fixed. In other words, f? and g2 are constant, say k, on
every parallel of S?(w) orthogonal to ¢. This implies that f(6) and g(#) must be +v/k on
these parallels, but since f and ¢ are continuous, f = +vk and ¢ = +vk. Notice that this
says that f and g are invariant under rotations that leave ( fixed, i.e., f o ¢, = f. Hence,
using (4.1) T have f = g on S?(w), and therefore w € Zy. Since w from Z, was chosen

arbitrarily, I obtain the desired result. O

In Lemma 4, I have shown that rotations whose angle is an irrational multiple of 7 are
not relevant under the assumptions of Proposition 2. My next goal is to prove that rational
multiples are not relevant either, except for the rotations by the angles 0 and 7. This will be
achieved in Lemma 8, by means of a topological argument, which is based on one definition
and two Lemmata from [27] (see Lemmata 5 and 6 below). The argument will show that for
each t € (—1,1) and an appropriate w € S?((), the subset of the great circle S?(w) N .S?(¢)
where the functions F; = G; are equal to each other, is open. Since such a set is closed by
definition, and it is non-empty, I will conclude that F} equals G; on this large circle. Using
(4.3) T will obtain that f = g on the corresponding S?(w), which will give the desired result.

I will reformulate the corresponding statements from [27] in a way that is more conve-

nient for me here. Recall the following definition stated in the Preliminaries and refer to
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Figure 4.12.

Definition 7. Let o € (0,1) and let Sy, So be any two spherical circles in the standard
metric of S%(¢), both of radius an. The union [ Um of two open arcs | C Sy and m C S
will be called a spherical X -figure if the angle between arcs is in (0,7), the length of the
arcs is less than ar, and the arcs intersect at their centers only, [N m = {x}. The point

x € S?(¢) will be called the center of the X -figure.

For this definition, the requirements for the angle between the arcs is so that the X-
figure is a “skinny” X-figure, and the requirements for the length of the arcs is so that the

X-figure is not too large.

Figure 4.12: The spherical X-figures from Definition 7.

Let t € (—1,1), F} be a function on S?(¢), and z be the center of a spherical X-figure. If
for every u € X Thave Fy(u) = Fy(), I will say that there exists an X-figure Xp,(,) C S2(¢).

The following result is Lemma 10 from [27] with f = F}, g = Gy, f. = F?, and S? = S?(().

Lemma 5. Let t € (—1,1), and let F, and G, be two continuous functions on S%(().

Assume that there is an open spherical cap U C Zp, with g € (0,1)NQ, such that for every
q
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w € U, there exists a rotation ¢, = ¢ ¢ of the great circle S%(w) N S?(¢) by the angle %ﬂ,
verifying

Fiodu(x) = Gi(x) Vo€ S*(w)Nn S*(C). (4.15)

Then, for every x € S*(w) N S%({) there exists an X -figure Xpz() C S2%(¢), with one of the
arcs of Xp2(y) being orthogonal to S%(w) N S?(¢). Moreover, for every z,y € S%(w) N S?(¢)

there exist X-figures Xp2(,), Xp2(,) € S2(¢), such that

O(Xp2(2)) = Xp2(y)

where © € SO(3,5%(C)) is such that ©O(w) = w and O(x) = y.

In other words, if there is an open spherical cap U C Z=» then for every w € U and every
q

x € S%(w) N S?(¢) there exists an X-figure whose center is  and all the X-figures of this

type are congruent.

Lemma 6. Lett € (—1,1), and let Fy, Gy, and U be as above. Then, for every w € U there

exists a constant ¢ such that FZ(x) = G%(x) = ¢ for every x € S?(w) N S2(().

Observe that since any two great circles of S?({) intersect, the above constant is actually
independent of w € U.

The idea of the proof is, assuming that Lemma 6 is not true, to use Lemma 5 to show the
existence of an uncountable family of disjoint spherical X2 (,y-figures, z € S%(w) N S%(¢)
(with F? being constant on the corresponding figure). But this family cannot exist: if the
X-figures are disjoint, one can find a collection of disjoint open balls, each centered at the
center of the corresponding X-figure; I obtained the uncountable collection of disjoint open
balls, which gives the desired contradiction. Next, the points 2 € S?(w) N S%(¢) that are in
X F2(x) form an open set, because the spherical X-figures intersect. The exact details can
be found in the proof of Lemma 12, [27], starting 17 lines from below on page 3438 until

the end of the proof on page 3439 (use F? instead of f. and S%(w) N S2(¢) instead of £1).
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Lemma 7. Lett € (—1,1), and let F;, Gy, and U be as above. Then f = g =0 on S%(w)

for every w e U.

Proof. Let w be any point in U, and let t € (—1,1). By Remark 2, f and g are odd with
respect to O on S3. Using the second relation in (4.9), I see that F, Gy are odd on S2((), i.e.,
F,(z) = —F;(—x) and similarly for G;. From this fact, if F;(z¢) > 0 then Fi(—z¢) < 0, and
hence by continuity, there exist x1, 2o € S?(w) N S%(¢) such that Fy(z1) = G¢(z2) = 0. By
Lemma 6, F?(x) = G?(x) = 0 for every x € S%(w)NS?(¢), which implies Fy(x) = G¢(x) = 0
for every x € S?(w) N S%(¢). Since t was arbitrary, the previous statement is true for all
t € (—1,1). Next, using (4.8) and the continuity of f and g, I see that the last statement is
indeed true for all ¢t € [—1, 1]. Finally, using (4.3) and (4.8) again, I conclude that f =g =0

on S?(w). O
Now I am ready to prove

Lemma 8. The sets S?(¢) = Zg UZ; are equal.

Proof. Assume the contrary, the set A := S%({) \ (Zo U Z1) is not empty. By Lemma 4,
ZaNA =0, provided @ € R\ Q. Hence, A may be written as

A= |J @&

{2eQ.2#0,1)

N A).

[

By Lemma 3, all Z» are closed and A is open. Hence, by the Baire Category Theorem,
q
(Theorem 13), there exists % € Q where % # 0,1 such that int(Ex N A) # 0. I can assume
q
that there exists an open spherical cap U C (Ez N A) such that for every w € U, there is a
q

Lo
rotation ¢ € SO(3,5%(w)) such that
B’Tr
fopd =gon S*(w).

In particular, for any ¢ € (—1,1), and for every large circle E = S%(w) N S%(¢) of S?(¢)
there exists a rotation ¢, € SO(2, E) by the angle Z577 such that (4.15) holds. Changing

the orientation if necessary, I can assume that p/q is strictly between 0 and 1.
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By Lemma 6, FZ(z) = GZ?(x) = c for every x € S*(w) N S?(¢), and by Lemma 7 I
have f = g = 0 on S?(w). Hence, w € =g, which is impossible, since w € A. The result

follows. O
I need one more simple lemma.

Lemma 9. Let ( € S3, € € S?(¢). Assume that
(S2(&)N S%(C))NZyNE; = 0.
Then, either
(S%(€) NS*(¢)) € (B0 \E1) or (S*(€)NS*(C)) C (51 Zo). (4.16)
Proof. By Lemma 8,
S%(¢) = (20 \ E1) U (B0 N E1) U (E1 \ Eo). (4.17)
By assumption, (S%(£) N S%(¢)) N (29 NZ;) = 0. Therefore,
(5%(€) NS*(¢)) € (S0 \ E1) U (B1\ Bo)).
If (4.16) is not true, then
SHENSHON(E\E) #0,  and S NS*()N(E1\ Eo) # 0.

Take any w; € S2(£) N S%(¢) N (Zp \ Z1) and wa € S?(¢) N S%(¢) N (21 \ Zo). Rotating if

necessary I can assume that
S2(6)NS%(¢) = {w = w(t) € S®: w(t) = (cost,sint,0,0), t e [0,2x]},
and

wy = (costy,sinty, 0,0), wy = (coste,sints, 0,0),
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for some t1,t5 € [0,27], t1 < to. Now define
t=sup{t € [t1,t2) s w(t) € S NSO N(Eo\E)},  w" = w(t).
I have two possibilities,
(@) w*eS*(NS(N(E\Er), (b)) w'eS*E)NS* )N (EL\ o)

If (a) is true, then w* € S2(£)NS?(¢)N(Z1\Zg) due to the fact that w(t) € S2(£)NS2()N

(21 \ Zo) for all to >t > t*, and S?(£) N S?(¢) NZ; is closed. But then,
w* e (EO \ El) N (E.l \ Eo), (418)

which is impossible since the set is empty.
If (b) is true, then for every I € N there exists a t; € [t* — 7,¢*) such that w; = w(t;) €
52(&)NS?(¢) N (20 \ Z1), (otherwise, there would be an [ such that for every ¢ € [t* —1,t*] 1

have w(t) ¢ S?(€)NS%(¢) N (Ep \ 1), and t* is not a supremum). Since w; — w* as [ — oo

and S%(¢£) N S%(¢) NZp is closed, I again have (4.18). Hence, (4.16) is proved. O

4.2.3 Proof of Proposition 2

By Lemma 8, I have that S?(¢) = ZgUZ=;. If I assume that =; = (), then S?(¢) = =g, and
therefore () = g(0) for every § € S3. On the other hand, if 2y = (), I have that S?(¢) = =y,
which means that f(6) = g(00) for every # € S3. Hence, in these two situations I obtain
the desired conclusion.

Now I can assume that both =y, Z; are not empty. It is impossible for them to not
overlap, hence Zg N2y # (). Indeed, let w be a point on the boundary of Z, (w € Zy, since
Ep is closed). Then for every [ € N, the set B% (w) N S3 contains a point w; from =;. But
then w; — w as | — oo, hence w € =1, and w € Zy N =1.

I shall consider two cases:

1) There exists ¢ € S2(¢) such that Zg N =1 N S2(E) = 0.
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2) For every = € S?(¢) I have Zg N =1 N S?(x) # 0.

Consider the first case. Using (4.17) and Lemma 9, I obtain (4.16). If the first relation
in (4.16) holds, then, by Lemma 1, I have S* = |J S%(w), and f() = g(0) for every
6 € S3. If the second relation in (4.16) holds, th;rqf,ei;ing Lemma 1 again, I obtain $® =

U S%(w), and f(0) = g(O0) for every 0 € S3. This concludes the first case scenario.

{weE1}
Next consider the second case. I claim that

SO= U (SPwns). (4.19)
{ue(E0NE1)}
Indeed, let 2 € S%(¢). By the hypothesis of the second case, the set ZgNZ1 N S?(x) is non-
empty. Let u € Z9 N Z1 N S%(z). This says that v and = are perpendicular, i.e., x € S?(u),
and hence z € S?(u) N S?(¢), from which it follows that
re | (S*w)ns),
{ue(ZoNE1)}

thus proving (4.19).

Using (4.19) and an argument similar to the one in the proof of Lemma 1, I conclude
that

= |J Sw. (4.20)

{ue(E0NE1)}

Indeed, I can create a similar equation as (4.19), namely if ¢ € [—1, 1] then
stO= U (SPwnsio). (4.21)
{ue(Z0NZ=1)}
To prove this equality, let § € S?(¢). Then § = /1 — t2x + ¢ for some x € S?(¢) and hence
EoNZE1NS%(x) # 0. Let u € ZgNZ3NS?(x) then u € S?(x)NS%(¢) and x € S2(u) N S%(()

which implies that § = /1 — t2z + t¢ € S%(u) N S?(¢). Thus, (4.21) holds.
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Now I use (4.21) and (4.3) to finish (4.20),

s = U so= U U  SPwnsi©)
)

{te[-1,1] {te[-1,1]} {u€(E0NZE1)}
= U U ($*w)nsi)

{ue(E0NE1)} {te[-1,1]}
= U S2(u

{uE(EoﬂE1)}

~—

It is easy to see that if (4.20) holds, then f and g are zero on S®, and I am done.
Indeed, let § € S3. Then § € S?(w) for some w € (Eg N Z1). Using (4.13) I see that
f(0) = g(0) = g(O0). Since g is odd with respect to O I have the property g(6) = —g(O0)
and hence g(0) = f(0) = 0. Since 6 was arbitrary, I have proved that if (4.20) holds, then
f=g=0on S3.

Thus, in all possible cases, I have shown that if f and ¢ are odd with respect to O,
then either f(0) = g(0) for every 8 € S3, or f(6) = g(O0) for every § € S? (see Remark 2).

Proposition 2 is proved. ]

4.3 Another result about a functional equation on 5>

In this section I prove Proposition 3, which is a consequence of Proposition 2. In order
to formulate it I recall the following definition.

Let f be a continuous function on S3 and let ¢ € S3. I say that the restriction of f onto
S2(¢) (or just f) has a (¢, ar)-rotational symmetry if for some rotation pe™ € SO(3, S2(¢))

by the angle ar around vector ¢ € S?(¢), one has

fog™=f on S
In particular, if o = 1, I say that f has a ((, 7)-rotational symmetry on S2(¢).

Proposition 3. Let f and g be two continuous functions on S3. Assume that for some

¢ € 83 and for every w € S?(C) there exists a rotation p, € SO(3,5%(w)), verifying
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foow=9g  on S*(w). (4.22)

Assume also that f and g have no (¢, )-rotational symmetries and no (u,)-rotational
symmetries for any u € S?(¢) N S?(w). Then either f = g on S or f(0) = g(00) Vo € S3,

where O € O(4) is the orthogonal transformation satisfying O|s2(cy = —1, and O(¢) = (.

4.3.1 Auxiliary Lemmata

Consider the sets
E={weS%C¢): (422) holds with ¢,(¢) = (¢} (4.23)

and

U ={weS?C¢): (422) holds with ¢,(¢) = —C}. (4.24)

My final goal is to show that S?(¢) = =, which will be achieved in Lemmata 10—14. Then

I will be able to invoke Proposition 2.
Lemma 10. The sets Z and ¥ are closed, and ZU ¥ = S%(().

Proof. 1 prove that = is closed. I can assume that Z is non-empty. Let (w;);°, be a sequence
of elements of = converging to w € S?(¢), and let # be any point on S?(w). As in the proof
of Lemma 3, I see that there exists a sequence (6;)$2,, 0, € S%(w;), converging to 6 as

I — 00. Then,

foww () =9g(6), 0w, () =¢, VI=1,2,.... (4.25)

Using the compactness of SO(4) and passing to a subsequence if necessary, I can assume
that the sequence (py,)72, of rotations is convergent, say, to ¢,. Passing to the limit in
(4.25) as I — oo, and using the fact that @ is an arbitrary point in S%(w), I obtain (4.22)

with ¢, (¢) = ¢. Hence, w € E.
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The proof of the fact that W is closed is very similar. One has only to repeat the above
arguments with ¢y, () = —( instead of the second equality in (4.25).

By conditions of the proposition it is clear that ZU ¥ = S2((). O

Lemma 11. The sets = and ¥V remain the same if, instead of the pair f, g in equation

(422)7 I take f(?,oz 9O,0-

Proof. 1 claim at first that the conclusion of Lemma 2 (and Remark 2) remain valid, i.e.
f and g can be assumed to be odd with respect to O. Indeed, let w € S%(¢), and let
0w € SO(3,5%(w)) be such that (4.22) holds. Denoting E = S?(w) N S%(¢), if w € Z, then,
br = @u|lp € SO(2, E) is the corresponding rotation in S?(w) N S%(¢). If w € ¥, then
YE == pu|E € O(2,F) is the corresponding reflection with respect to u € S%(w) N S2%(¢),
see Figure 4.13. By the rotation and reflection invariance of the Lebesgue measure on F,
I see that (4.11) holds (with ¢ g instead of ¢ if w € ¥). Thus, one can repeat the rest of
the argument in the proof of Lemma 2, to see that fo . = go.. The claim follows.

Since the even parts fo ., go . are equal, and ¢,, commutes with O (see Remark 1), and

(4.32), I conclude that (4.22) holds for fo,, g0, Indeed,

foro pul) = [T TOAO) _ o0 500 _ )

and from here I can prove the statement of the lemma. O

Remark 3. In order to simplify the notation, from now on I will write f and g instead of

f@,o and 90O,0-

As I did in the proof of Proposition 2, for a € R, I consider the sets =, defined by
(4.12) with ¢57(¢) = (. I see that the conditions of Lemma 3 are satisfied, hence the sets

= are closed.

Lemma 12. [ have S?(¢) = ZgUZ1 UV and (EgUZ) NT = 0.
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Figure 4.13: If ¢y € O(2, E) the red point gets reflected to the opposite red point.

Proof. If @ € R\ Q, then using Lemma 4 I obtain that Z, C Zy. Also, arguing as in the
proof of Lemma 8 (with A = S2(¢) \ (29 UZ; UW)), I obtain that the only possible rational
values for o are 0 and 1.

Now I show that (ZgUZ1)NW¥ = (). If this is not true, let w be any element of (ZgUZ;)NW.

Using the definition of = and ¥, T have
Jowvw=ag, foty=g on 82(11)),

where y,, ¥y € SO(3,8%(w)) are rotations satisfying ¢, (¢) = ¢, ¥w(¢) = —C.

If w € Zg, then ¢, is trivial, and I have f = f o1, on S?(w). Since any 3-dimensional
rotation has a one-dimensional invariant subspace, there exists u € S?(w) N S%(¢) such
that 1, (u) = w. This means that f has a (u,7)-symmetry, which is impossible by the
assumptions of Proposition 3.

If w € =1, then ¢, is the rotation of angle 7 around ¢, while 1),, is the rotation of angle
7 around u € S%(w) N S?(¢). Since p ' = @y, it follows that f = f o ¢, 0 1,. Recall
Theorem 15, namely the composition of two rotations by 7 about axes that are separated
by an angle 3, is a rotation by 28 about an axis perpendicular to the axes of the given
rotations. Since ¢ and u are perpendicular, I conclude that ¢, o 1, is a rotation by =

around v € S?(w) N S%(u) N S?(¢). Hence, f has a (v, 7)-symmetry, which is impossible by
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the assumptions of Proposition 3. Thus, (£g UZ;) N ¥ = (), and the lemma is proved. [

Hence from this lemma, I see S?(¢) = Zg UE; or S%(¢) = V.

To prove the next lemma recall Theorem 16 from the Preliminaries. Let A and B be
rotations of finite order of Euclidean 3-space, about axes that are themselves separated
by an angle which is a rational multiple of w. Then, the 2-generator subgroup of SO(3),
generated by A and B, is infinite and dense, except in the following cases: if one generator
has order 1, the group is cyclic; if one generator has order 2 and the axes are orthogonal,
the group is dihedral; and if both generators have order 4 and the axes are orthogonal, the

group is the symmetries of the cube.

Lemma 13. Let S%(¢) = V. Then Yw € S%(¢) there exists a unique rotation @, €

SO(3,5%(w)) by the angle m around some u € S*(w) N S2(¢).

Proof. If for some w € S?(¢) there were two different rotations, (1 # o, around uy # Fus,

uy,ug € S%(w) N S?(¢), then I would have had

fopi(0)=g(0), fop(d)=g(0) VOeS*(w). (4.26)

In other words, f o ¢1(0) = f o $2(f) for every § € S?(w). As in the proof of the previous
lemma, I see that f = f o ¢1 o g3 on S?(w), where &1 o o must be the rotation by 23
around (, and [ is the angle between u; and uy. Hence, f would have a ((, 2/3)-rotational
symimetry.

I claim that 8 cannot be rational nor irrational multiple of 7 (except the case § = 7,
which is excluded by the conditions of the Theorem).

Indeed, if 3 is a rational multiple of m, 8 # 7, by the remarks before the Lemma 13,
I see that the 2-generator subgroup, generated by @1, @2, is dense in SO(3, 5%(w)). Using
(4.26), I obtain

fPodi(0) =g°(0) = fPop(l) VO e S (w), (4.27)
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which implies

fPogiog(0)=f2(0) Ve S*Hw). (4.28)
Since for every 6 € S?(w) the sequence of points 1 (6), G2(0), G1 o Pa(h),..., generated by
the words with letters @1, s, is dense in S?(w), the functions f2 and g must be identically
constant (zero, since they are the squares of the odd functions) on S?(w), and hence f and
g must equal zero. Then, w € Zy, which, by the previous lemma, is impossible.

If 8 is an irrational multiple of 7, then, using (4.28) and the argument which is similar
to the one in Lemma 4, I see that f is constant on every parallel of S?(w) orthogonal to
¢. This implies that f has a ((,7)-rotational symmetry, which is impossible due to the
hypothesis of the proposition.

Thus, the rotation ¢, € SO(3, S?(w)) must be unique, and the lemma is proved. [

To prove this Lemma 14 I will need Theorem 14. The idea of the proof of the following

statement is taken from [8, Lemma 3.2.1, page 48, and the third paragraph on page 51].
Lemma 14. [ have S*({) = ZgUZ=;.

Proof. Since S%(() is connected, it cannot be written as a disjoint union of two closed sets.
Using Lemma 12, I see that either S%(¢) = Z¢ U Z1, or S%(¢) = ¥. I will prove that second
case does not occur, by showing that the assumption S?(¢) = ¥ leads to the existence of a
continuous tangent line field on S?(¢), which is impossible due to Theorem 14.

Assume that S?(¢) = ¥ and let A be the function assigning to each w € S%(¢) the
rotation A(w) = ¢, € SO(3,5%(w)) by the angle 7 around some u € S?(w) N S%((),
©w(¢) = —(. By the previous lemma the map A is well-defined. I claim that A is continuous.
Let (w;)°, be a convergent sequence of directions from S%(¢), with lliglo w; = w, and let
(¢1)72, be the corresponding sequence of rotations in S?(w;),with ¢;(¢) = —(¢, for every

I € N. First, I prove that (), is convergent. Let (6,)%2,, 6, € S?(w;), be a sequence

converging to any point # € S?(w) as I — oo (the existence of such a sequence can be
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shown as in Lemma 3). Since each ¢; is embedded in SO(4) and SO(4) is compact, every

sequence has a convergent subsequence. If (¢;)7°, were not convergent, then there would

exist two subsequences (¢p,);2; and (p;,)i2,, with ¢1 := lim ¢, #lim ¢;, =: @2. Using
- - l—0o0 l—00

the assumptions of Proposition 3 on the corresponding equators SQ(wml), SQ(wjl), I have

fo Pwm, (Om,) = 9(6m,), fo Py, (65,) = 9(6;,)

Passing to the limit in the above equalities and using the fact that 6 was an arbitrary point
in S?(w), I obtain (4.26). As I saw in the proof of the previous lemma, this is impossible.
This contradiction shows that the sequence (¢;);°, is convergent.

To show that A is continuous, it remains to prove that ll_lglo Y1 = Y- Assume that the
last equality is not true, and let lliglo 01 = ¢p1 # @u. Then I have (4.26) with ¢a = @y,
which is impossible (as seen before). Thus, A is continuous.

Consider now the map B assigning to each w € S%(¢) the one-dimensional invariant
subspace J(w) of the corresponding rotation ¢, € SO(3,5%(w)), ¢w(¢) = —(. By a similar
argument as the one used for A, the map B is well-defined and continuous. Observe also
that Y(w) C (w N ¢*). Thus, assuming that S2(¢) = ¥, I have constructed a continuous
tangent line field Y(w) on S%(¢). Since the Euler characteristic of the two-dimensional

sphere is 2, this contradicts Theorem 14. The proof of the lemma is finished. O

4.3.2 Proof of Proposition 3.

I have S?(¢) = Z9 U Z; and hence I can apply Proposition 2 to finish the proof.

4.4 Proofs of Theorem 1 and Corollary 1

The main idea of the proof is more easily understood if I consider the case in which each
of the bodies K and L has exactly one diameter d({) (cf. [8, pages 51-52]. First, I show
that the diameters of K and L must be parallel (Lemma 15), and that I can translate the

bodies to make the diameters coincide and be centered at the origin (Lemma 16). Next, for
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any 3-dimensional projection of the translated bodies K and L that contains the diameter,
the direct rigid motion given by the statement of Theorem 1 must fix this diameter. There
are only two possibilities, namely, that the rigid motion is a rotation around the diameter,
or a rotation around a line perpendicular to the diameter. In other words, I reduced matters
to Proposition 3 with f = hz and g = hj.

Throughout this section, the direction ¢ € % will be fixed.

4.4.1 Auxiliary Lemmata

By the conditions of Theorem 1, the projections K|w' and L|w' are directly congruent
for every w € S%(¢). Hence, for every w € S?(¢) there exists x, € SO(3,5%(w)) and
ay € wt such that

Yo (K|wb) = Liw" + ay,. (4.29)

During this part of my dissertation, I will use the well-known properties of the support
function (3.2).

Let Ax C S3 be a set of directions parallel to the diameters of K. Observe that K has
at most one diameter parallel to a given direction § € S3 (for, if a convezr K has two parallel
diameters d; (), d2(0), then K contains a parallelogram Y with sides d; (), d2(0), and one
of the diagonals of Y is longer than d;(0)).

My first goal is to reduce matters to rotations fixing the one-dimensional subspace
containing ¢. I will do this by showing that for most of the directions w € S2(¢) the

projections K|w' and L|w" have exactly one diameter, parallel to ¢. I define
Q={weS*¢): (AxUAL)NS*(w)={+C}}. (4.30)

In other words, w € Q means that K|w' and L|w" only have one diameter that is the

length of dg (().
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Lemma 15. Let K and L be as in Theorem 1, and let ( € Ax. Then ¢ € A and

Q is everywhere dense in S*(C). Moreover, for every w € Q I have Xu(¢) = +( and

wi (€) = wr(C)-

Proof. Using (3.2), I see that the length of diameters d,,1 (¢) and dx(() is the same for

every w € S%(¢). For completeness I include the proof, if w € S%(¢) then

{Oél,lgg()fu)} Wit (0) < {Ielé%%(} wi (0) = wg (¢) = hi(C) + hx(=() =

= h‘K\wJ- () + hK|wJ-(_C) = Wi |wt (©)-

Thus, {eer{lgéaév)}wK‘wL (0) = wi)pr (€) and dg,, 1 () is the same length as dg(C).
Let & be any element of Af, and let w € S?(¢) be such that ¢,¢ € S%(w). Since K|w'
and L|w' are directly congruent, and the length of the diameters does not change under
rigid motions, I have wk (¢) = wr(£).
I will prove that Q is everywhere dense in S?(¢). Suppose £ € (S%(¢) \ ©2). Then there
exists n € A U Ap, n # ¢ such that 1, € S?(¢). Hence £ € S?(n) N S?(¢), and
(S*(O\9Q) ¢ U (5%(m) N S2(¢)) -

{n€AgUAL n#*C}

Since the right-hand side of the above inclusion is a countable union of one-dimensional
circles, the measure of S2(¢) \ Q is zero. Hence, ) is everywhere dense in S2(().

Next I show that ¢ € Ak implies ¢ € Az. By definition of Q, T have Ax N S?(w) C
(A UAL) N S?(w) = {£(} for every w € Q and since ¢ € Ay, I have A N S?(w) = {£(}.
If A;, N S%(w) = 0, then Ljw® has no diameter but y,,(K|w') does, where x,, is as in
(4.29). This contradicts the fact that K|w' and L|w' are directly congruent. Thus,
Ar N S%(w) = {£¢} and hence ¢ € Ar.

Finally, assume that for some w € Q I have x,(¢) # +¢. Then y,(K|w') has a
diameter in a direction 1 # +(. Since y,(K|w') and L|w' are translations of each other,

L|w" must have a diameter parallel to 1, which is impossible. Hence for every, w € Q I
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have Xw(C) = %(, and WK(C) = WK |wt (C) = wxw(K|wl)(C) = Wrjwt (C) = wL(C)' The result

follows. O

Remark 4. The previous lemma remains valid if, instead of the condition about countability
of the diameters of the bodies, one assumes that, say, the sets of diameters of K and L are
countable unions of large circles containing (. The only fact that was used in the proof is
that the set of the directions w € S%(¢), such that dg () and di(¢) are the only diameters

of the projections K|w' and Llw", is dense in S%(().

My next goal is to “separate” translations from rotations. I translate the bodies K and
L by vectors ag, ar, € R*, to obtain K = K +ag and L = L+ ay, such that their diameters

d;(¢) and dj (¢) coincide and are centered at the origin.

Lemma 16. Let x,, be the rotation given by (4.29), and let w € Q. Then the function

pw = (xw)' verifies pu () = +¢ and
hizopw(®) =h;(0) V0 € S*(w). (4.31)

Proof. Define b, = xuw(ax|w) — ap|wt + ay, where ag|w', ap|w' are projections of
vectors ag, ar, onto w. Then (4.29) holds with K and L instead of K and L, and b,
instead of a,,. This can be seen by using properties of projections and the fact that rotations

are isometries. I claim at first that b, = 0 for all w € ). In other words,
Xo(K|wt) = Ljw™. (4.32)
Indeed, using the definition of K and L, and Lemma 15, for every w € Q C S2(¢) T have
Ay (€) = d(Q) = dj () = dj,, 1 (C)

and



from which it follows that

A 12 (€) = Xuw(d g2 Q) = dy 1 (€) + b = d g1 (C) + bu-
Thus, by = 0 and (4.32) holds for every w € Q. Then,
th(fﬂwJ-)(x) =R (2) Vo € wt,
together with (3.2) gives us the desired conclusion. O

I define = and ¥ similarly as before,
ZE={weS%¢): (431) holds with ¢,(¢) = (¢} (4.33)

and

U ={weS?C¢): (4.31) holds with ¢,(¢) = —C}. (4.34)

By Lemma 16 we have Q C (EU V), hence ZU ¥ # ().

I claim that S%(¢) = E. Indeed, by Lemma 10 with f = hz and g = hj I see that the
sets = and U are closed. Since ZU WV is closed, and the set 2 C (EU W) is everywhere dense
in S%(¢) by Lemma 15, T conclude that ZU W = S%(¢). Thus, using the fact that (4.31) and

(4.32) are equivalent, I have reduced the matters to Proposition 3.

4.4.2 Proof of Theorem 1

By Lemma 14, for every w € S?(¢) there exists either a trivial rotation, or a rotation by
the angle 7, ¢ € SO(3,5%(w)), ¢T(¢) = ¢, such that (4.31) holds. Applying Proposition
3 with f = hj and g = h; 1 obtain that either hz = hj on S or hj(0) = hz(U6) for
every 0 € S3, where U € O(4) is the orthogonal transformation satisfying U| s2(¢c) = —1I, and
U(C) = (. Letting O = U, it follows from (3.2) that hz(U8) = hyz(0) for every 6 € S3,
and therefore either K +ax = L+ar or K +ax = OL+ O(ar). This proves the first part

of the theorem.
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Assume, in addition, that the ground projections K|¢ -+ L|¢ L are direct rigid motions

of each other. Then, there exists x¢ € SO(3,5%(()) and a¢ € ¢t such that
Xc(K|¢H) = LI¢H + ac.
If K = OL + b holds, then I have
K|t = (OL)[¢™ +b|¢H = —LI¢T +bIC

The last two equations imply that x¢(K|¢1) —ac = —K|¢T+b[¢*, and K|¢* has a rigid
motion symmetry, which is impossible by my assumptions. Thus, I conclude that K = L+

and the proof of Theorem 2 is finished. ]

4.4.3 Proof of Corollary 1
First I note that if dx () exists then dr(¢) does as well. The argument is similar to the

one in Lemma 15. Indeed, in this case I define
Q={HecGn,3): (€ Hand (Ax UAL)NH = {£(}}

where Ag is the same as before, i.e., the directions of the diameters of K. By definition
Ax NMH C (Ax UAL) N H = {£(} for every H € . Since ¢ € Ag then Ax N H = {£(}
and hence if Ap N H = () then there are no diameters in L|H which is impossible because
K|H and L|H are directly congruent. Thus ¢ € Az, and dr,(() exists.

Next I translate the bodies K and L by vectors ax, ar, € R”, to obtain K=K+ aK
and L = L+ ay, such that the origin is the center of di(¢) = dj(¢). Let J be an arbitrary 4-
dimensional subspace of R", containing {. Observe that K |J and I:]J satisfy the conditions
of Theorem 1 with K|J and L|J instead of K and L. By Theorem 1 I have K|J = L|J
or K|J = O;(L|J) where O; € O(4,J), Oyler = =1 and Oy(¢) = (. If there existed two
different 4-dimensional subspaces .J; and Jy, such that K|J; = L|.J; and K|Jo = O, (L|J2),

then L would have a 3-dimensional projection with a (¢, 7)-rotational symmetry. Indeed,
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assume that J; N Jy is a 3-dimensional subspace. Then,
LI(Jy N 2) = (L)1 0 J2) = (KA (0 o) = (K] )| (10 J2)

= (04,(L)|J)|(J1 N J2) = O gl (L|(J1 N Ja)),

and L|(J; N Jy) has a (¢, 7)-rotational symmetry, contradicting the assumptions of the
corollary. Hence, either K|J = L|.J for every J, or K|J = O(L|J) for every J. If T am
in the second case, let O € O(n) such that O|.. = —I and O(¢) = (. Then I have that
O|; = Oy. Since J was arbitrary, the projections of K and L onto all two-dimensional
subspaces containing ¢ coincide or are reflections of each other (with respect to the line
containing (). Using Theorem 8 I have K =Lor K =0L. Thus, K = L+ aj, — ax or
K =0L+ O(ar) — ak.

Now assume that the dimension of J; N Jy is 2. In this case, let {(,v1,v2,v3} be an
orthonormal basis of Ji, and {(,v1,v5,v5} be an orthonormal basis of J;. Define Jy to be
the 4 dimensional subspace with basis {(,v1,v2,v5}. Then, both J; N Jy and Jo N Jy have
dimension 3, and the above argument can be used. A similar argument can be used if the
dimension J; N Jy is 1.

Finally, assume that, in addition, the “ground” projections K|G, L|G onto all 3-dimen-
sional subspaces G of ¢, are directly congruent and have no rigid motion symmetries, then,
using Theorem 1, I see that K |J = E\J for an arbitrary 4-dimensional subspace J. Hence,
the projections of K and L onto all two-dimensional subspaces containing ¢ coincide. Using

Theorem 8 T have K = L. Thus, K + ax = L + az, and the corollary is proved. O

4.5 Proofs of Theorem 3 and Corollary 2
The proofs are slightly different from the ones about projections. I recall that I consider
star-shaped bodies with respect to the origin. The direction ¢ € S? will be fixed through

the proof. By the conditions of Theorem 3, the sections K Nw* and L N w' are directly
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congruent for every w € S?(¢). Hence, for every w € S%(¢) there exists x,, € SO(3, 5% (w))
and a,, € w* such that

Yo (K Nwh) = (LOwh) + ay. (4.35)

Let [({) denote the one-dimensional subspace containing ¢. As in Section 4.4, I use
the notation Ax C S3 for the set of directions that are parallel to the diameters of K. I
consider the set 2", which is defined in the same way as €2, by (4.30), with K and L being
star-shaped. Here I choose the notation 2" to stress that I am concerned about sections and
that instead of considering the support function I will be considering the radial function,

hence the superscript r. I will also use the notation vk (¢) = pr(¢) + pr(—Q).

4.5.1 Auxiliary Lemmata

My first goal is to reduce matters to rotations leaving /() fixed. I will do this by showing
that for most of the directions w € S2(¢), the sections K Nw* and L Nw™ have exactly
one diameter contained in [(().

For this part of my dissertation I will use the well-known properties of the radial function,

see (3.3).

Lemma 17. Let K and L be as in Theorem 3. Then L has a diameter dr,(¢) C I(¢), and

Q" is everywhere dense in S?(C). Moreover, for every w € Q" I have xw(() = £( and

vk (¢) = vr(¢)-

Proof. The proof that " is everywhere dense in S?(() is exactly as the one of Lemma 15
with " instead of €.

I will show that ¢ € Ag implies ¢ € Ar. By definition of Q", T have Ax N S?(w) = {£(}
for every w € Q. If Ay, N S%(w) = 0, then L Nw' has no diameters that are the length of
di(¢) and dg(¢) € K Nw= . This contradicts the fact that K Nw® and L Nw" are directly

congruent. Thus, Az N S?(w) = {&(}.
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Now I show that there exists dr,(¢) C I({). Assume that this is not true. Then, for
each diameter dr (¢) parallel to ¢, the linear subspace span(dr(¢)) is two dimensional. Let
R(¢) be the union of all such two-dimensional subspaces, which is a countable union by
the conditions of Theorem 3. Since Ay is also countable, there exists w € S?(¢) such that
wtNR(¢) = 1(¢) and w* does not contain any direction n # ¢ that is parallel to a diameter
of L. But then L does not have a diameter in w', while K does. This contradiction shows
that there exists dr,(¢) C I(C).

Finally, assume that for some w € Q" I have x(¢) # £¢. Then Y, (K Nw') has a
diameter in a direction 7 # +¢. Since X, (K Nw™ ) and L Nw™ are translations of each
other, L N w' must have a diameter parallel to 7, which is impossible by the definition of
2". Hence, for all w € Q" I have x,(¢) = £(, and vk (¢) = v1(¢), since both dx(¢), dr(C)

are subsets of [({). The result follows. O]

My next goal is to separate translations from rotations. I translate the bodies K and L
by the vectors ax, ar, € R*, which are parallel to ¢, to obtain K=K+agand L = L+ay,

with dz(¢) = d;(¢) and the origin at the center of these diameters.

Lemma 18. For every w € Q" there exists o, = x5! € SO(3,5%(w)), vw(¢) = £(, such

that

pic opw(0) = pp(0) VO € 5*(w). (4.36)

Proof. Define b,, = xw(ax) — ar + ay. Then (4.35) holds with K and L instead of K and
L, and b,, instead of a,, using properties of sections. I first claim that b,, = 0 for all w € Q".

In other words, for all w € Q" I have
oK Nwt) = LNwt (4.37)

for some x., € SO(3,5%(w)), xw(¢) = £¢. Indeed, using the definition of K and L, and
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Lemma 17, for every w € Q" C S%(¢) I have

A (€) = dg () = di () = djpy, 1 (C)

and
Xuw(dz(€)) = dz(Q),

where dz(¢) and d; (¢) are contained in [(¢). Therefore,

df(mwi- (C) = Xw(df(mwl- (()) = dﬂme- (C) +by = d[(mwi_ (C) + by

Thus, b, = 0 and (4.37) holds. Then, pr(fme)(:v) = Pirpe(®) for all z € wh. In
particular, I have that p, (k) (0) = pjq,. (0) for all 6 € S%(w). 1 now use properties of

the radial function, see (3.3), to conclude the proof. O

Consider the sets
Zr={we S*¢): (4.36) holds with ¢,(¢) =}

and

U" = {we S*¢): (4.36) holds with ¢, (¢) = —¢}.

By Lemma 17, T have Q" C (" U ¥"), hence (E" U ¥") # ). Similarly to the arguments in
the proof of Lemma 11, it can be shown that the sets Z" and ¥ remain the same if, instead

of the pair Pis PL» I take (P[{)O,o, (pﬂ)('),o-
Let 2™ be the rotation of the sphere S?(w) by the angle ar around ¢. For any w €

S2%(¢), and any a € R, I consider the sets Zf,, which are defined by (4.12) with f = (pz)0,0

and g = (Pi)o,o-

4.5.2 Proof of Theorem 3
By Lemma 17, I have Q" C (E" U ¥"), hence Z" U ¥" = S%(¢). Now I can apply
Proposition 3 and Proposition 2 (with f = pz, g = pj, and 2 = Z", ¥ = ¥") obtaining
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that either pz = p; on S3, or p(0) = p; (UO) for all § € S3. Here i € O(4) is an orthogonal
transformation, satisfying U|g>(¢) = —I and U(¢) = (. In the first case, K = L, and in the
second, K = OL, where O = Y{~'. Thus, K = L+ a; — ag, or K = OL + O(ar) — ak.

This finishes the proof of Theorem 3. O

4.5.3 Proof of Corollary 2
The proof is similar to the one of Corollary 1. One has only to consider the sections
KnJ , LnJ , instead of the projections K |J, fL\J , and Theorem 9, instead of Theorem

8. U

4.6 Congruent Projections in R3
Now I would like to discuss the specific statement for R?, and give a rigorous proof of

the statement. For the heuristics of the statement of this theorem, see Section 2.2.2.

Theorem 20. Let K and L be two convex bodies in R having countably many diame-
ters. Assume that there exists a diameter di (&), such that the “side” projections K|w",

1

Llwt onto all subspaces w containing & are directly congruent. Assume also that these

projections are not centrally symmetric. Then K = £L + b for some b € R3.

I refer to the discussion in Section 4.1 for the idea of this proof. Notice that in R?,

centrally symmetric is equivalent to having a w-rotational symmetry.

Proof. 1 first observe that K and L have at most one diameter parallel to a given direction
(for the same reasoning as in Section 4.4.1).

Next I show that L must also have a diameter in the direction &y. If this is not the case,
then there exists a plane H that contains £ and none of the directions of the diameters
of L. Then K|H contains a diameter of K (namely dx(§)) and L|H does not contain a
diameter of L, hence K|H can never be rotated into L|H. This contradiction shows that L

has a diameter dr,(&p).
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Let {£0, &1, . - .} be the countable set of directions of the diameters of K and the diameters

of L, and H; be the plane that contains the directions &y and &;. Next consider the set
A= {we S (&) : w¢ H; for all i}.

I claim A is everywhere dense in S'(&). The proof of this is hidden in the proof of
Theorem 5 in Section 5.2.1. I prove this by showing S'(&) \ A is nowhere dense. Let
w € (S*(&) \ A). Then w € Hj, for some k. Then there are two cases that can happen.
In the first case there exists a neighborhood of planes that contains £ around Hj such
that this neighborhood does not contain any other H; for i # k. In the second case every
neighborhood of planes that contain &y around Hy, there is some other Hy. If the first case
occurs then I am done. If the second occurs then for every neighborhood there is some
plane Py that is not H; for every i. Thus, there exists wy € P, N A, and in this case I am

done as well. Therefore A is everywhere dense in S1(&p).

Remark 5. For the proof of Theorem 20, all I need is A is everywhere dense. Hence as

long as this happens, I could have more than countably many diameters.

Next I “separate” translations and rotations. I translate K and L so that their diameters
dx (o), dr(¢p) are equal and are centered at the origin. I can do this for the same reasons
as in Lemma 16 in Section 4.4. Name the translated bodies K and L. In addition, for
the same reasoning as in Lemma 16 in Section 4.4, gpw(f(]wj-) = I:]wJ-, i.e. there is no
translation.

Denote H), to be the plane that contains w and &. Now for all w € A the only diameter
of K|H!, is dz(&), and hence the direct rigid motion must fix this diameter. The only two
rotations that do this are the identity and a rotation about the origin by 7. Notice in the
first case, K|H!, = L|H!, and in the second, K|H! = —L|H, since a rotation by 7 about

the origin in 2 dimensions is the same as a reflection about the origin. Define
== {we S &) : K|H, = L|H,
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and

W = {we S'(&) : K|H], = —L|H,}.

I note that = and ¥ are closed. The proof of this is the standard argument when
proving a set is closed and can be seen in more detail in Lemma 10 in Section 4.4. From
the definitions of Z and ¥ I have A C ZEU W C S1(&), and since ZU V¥ is closed and A is
everywhere dense, I have ZU ¥ = S1(&).

Next I claim that 2N ¥ = (). Indeed, if this was not the case, let w € 2N ¥. Then I

have

which implies that I~/|H1’U is origin symmetric, and hence L|H], is centrally symmetric. This

contradicts my assumption, thus 2N ¥ = (.
Therefore, E = S(&) or ¥ = S1(&). If = = SY(&) then let § € S? then 6 € H], for

some w € S'(&). Hence

hi(0) = hf(\H;U(e) = hL|H;H<9) =hg(0).

Thus, K = L.
If U = S1(&), let € S? then 6 € H], for some w € S'(&), note also that — € H..

Hence
hi(0) = hf{\H{U(Q) = h—i\H{U(Q) = h(—i)|H;ﬂ (0) = h_;(0).

Thus, K = —L. Therefore, from both cases, K = +L + b. O

This concludes the major results of Chapter 4.

4.7 Polytopes Without 3-dimensional Projections Symmetries
For this section, I prove that the class of polytopes whose 3-dimensional projections do

not have rigid motion symmetries is dense in the set of all convex bodies. This implies
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that the class of bodies considered in Corollary 1 is dense in the set of all convex bodies. 1
will do this by showing that any convex body can be approximated by polytopes without
3-dimensional projections that have rigid motion symmetries. The idea of the proof of
Proposition 4 is due to Mark Rudelson.

Recall Definition 1 where §(K, P) is the Hausdorff distance between the convex bodies
K and P in R", n > 2,

O(K, P) = max |hi(6)—hp(0)].

The goal is to prove

Proposition 4. Any convex body K in R™, n > 4, can be approrimated in the Hausdorff

metric, by polytopes without 3-dimensional projections that have rigid motion symmetries.

Since polytopes have finitely many diameters, Proposition 4 shows that the set of bodies
satisfying the conditions of Corollary 1 contains the set of polytopes which is dense in the
set of all convex bodies.

Proposition 4 is not a new result (see [8, page 48]). An abstract geometric proof of this
fact can be given [22]. However, for the completeness of this dissertation and the convenience
of the reader, I include an elementary proof. The idea is, assuming that K has positive
Gaussian curvature, to observe first that K can be approximated by polytopes whose 3-
dimensional projections have many vertices. If a polytope has a 3-dimensional projection
with a rigid motion symmetry, then I use (4.38) to form a system of linear equations, and
use the implicit function theorem to prove that these polytopes form a “manifold” of small

dimension.

4.7.1 Auxiliary Results

I will need the following two lemmata. Let C%(R") be the set of convex bodies in

R™ having a positive Gaussian curvature. It is well-known, that any convex body can be
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approximated in the Hausdorff metric by convex bodies K € C2(R™) [29, pages 158-160].
Hence, I can assume that K € C% (R").

Recall, Theorem 7 from Chapter 3. In particular, the closer K and P are in terms of
Hausdorff distance, the more vertices P will have.

The next known statement will be used to show that the same is true for all 3-dimensional

projections of K.

Lemma 19. Let K € C%(R"), n > 4. Then K|H € C%(H), where K|H is the projection

of K onto H € G(n,3).

Proof. Let x be any point on the boundary of K. Changing the coordinates if necessary I
can assume that z is the origin and the tangent hyperplane to K at x is the (z1,...,Zp_1)-
hyperplane. From the fact that K is smooth, I can assume that for a small enough neigh-
borhood around the origin K can be described as part of an ellipsoid. Using the Taylor

decomposition of the boundary of K near the origin I have
Tn = f(21,. . 2 1) = kgt 4+ + kp 122 4 o(2),

where k; > 0, j =1,...,n — 1, are the main curvatures of the boundary at x (see Section

3.3), and o) 5 0 as |x| — 0. Consider the ball B,

||

B={zeR": 2l + - +a2_ i+ (v, — )QZﬁ}, k= min k;.

j=1,....,n—1

Since the main curvatures are the reciprocals of the main radii of curvature I see that in
a small enough neighborhood W of the origin, K N W is contained in B. Let u € S"~!
be such that u, = 0, i.e., u is the unit vector contained in the (x1,...,2,_1)-hyperplane,
and let H, € G(n,3) be contained in the (z1,...,zy—1)-hyperplane, and orthogonal to u.
Observe that the boundary of the projection (K NW)|H, is contained in the 3-dimensional
ball of radius %, which is the projection of B. Since the main curvatures of the boundary

of (K NW)|H, are the reciprocals of the radii of curvature, I see that the main curvatures
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of (K NW)|H, at the origin are positive. Since x was an arbitrary point on the boundary

of K, the result follows. O

To formulate my last auxiliary lemma, I recall the definition of the Hausdorff dimension,
Definition 6 in Chapter 3. Given any subset E of R” and a > 0, the exterior a-dimensional

Hausdorff measure of E is defined by m*(E) = lim inf HS (F), where

50+
H (E) := inf{ i(diaka)a . EC G Fy, diam F}, < 6},
= k=1
and diam (5) = supS |z — y| stands for the length of the diameter of S. The Hausdorff
dimension of E 1:flz€mH(E) = inf{a > 0: m}(F) = 0}.
Lemma 20. Let M be a smooth manifold of dimension k in R™, m > 3, k < m—2, and let

MIH be the orthogonal projection of M onto a l-dimensional subspace H, k <1 <m — 1.

Then the Hausdorff dimension of M|H does not exceed the dimension of M.

Proof. Let § > 0 and let U F;, diam(Fj) < 4, be a covering of M. Since U (Fj|H) is a
J=1 J=1
covering of M|H, and diam(F;|H) < diam(F};) < 4, I see that

i diam(F;|H))* i diam(F’
Jj=1 j=1

and m},(M|H) < m},(M). The result follows. O

4.7.2 Proof of Proposition 4

To prove the proposition it is enough to show that each P, having sufficiently many
vertices, can be approximated by polytopes without any 3-dimensional projection rigid
motion symmetries. I will do this by proving that the set of polytopes having v vertices
with 3-dimensional projection rigid motion symmetries is a nowhere dense set contained in

the set of all polytopes having v vertices.
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Define P, to be the set of polytopes in R, n > 4, with v vertices p1,po, ..., py. I see that
P, can be parametrized by points from R™, with p; = (p1j,...,pnj) € R", j =1,...,v,
and I can identify P, with an open domain in R™.

I denote by I, the set of polytopes in P, that have a 3-dimensional projection with
rigid motion symmetries. My goal is to show that II, is nowhere dense in P,, provided that
v is large enough. I can partition II, into equivalence classes such that two polytopes are
in the same class if there is a rigid motion in R™ taking one to the other. Letting Hy be
the (z1, z2, z3)-plane in R", each equivalence class can be represented by a polytope whose
projection on Hy has rigid motion symmetries. Let me define 9, to be the set of these

representatives, i.e.,
Q, ={Q € P, : Jpn, € O3, Ho), pn, # I,3ag, € R* such that

o, (Q|Ho) + am, = Q|Ho}. (4.38)

Observe that every P € II, can be written as P = ¢(Q) + b for some ¢ € O(n), Q € Q,,
b € R™, and hence can be represented as the triple (Q, ¢,b) € Q, x O(n) x R™. Thus using

(3.10),
n(n + 1).

dim(I1,) < dim(Q,) + dim(O(n)) + n = dim(Q,) + 5

(4.39)

All that remains is to find the dimension of Q,. Consider the set M = M(Q,) of all triples
(Q, 0y, am,) € R™ x O(3, Hy) x R,

satisfying (4.38).
Let H € G(n,3). Since for every # € H N S""!, I have hyp(0) = hi(0) (3.2), K|H
can be approximated in the Hausdorff metric by polytopes P)|H. Let Vi be the number

of vertices of P}|H. Using Lemma 19 and Theorem 7, I can assume that

n(n+1).

to := mi
0 m}}nVH>5+ 5

(4.40)
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Lemma 21. The set M is manifold in R™*6 with dimension at most (nv+5—tg), provided

that v is so large that to > 5 + w

Proof. Let @ be a polytope in Q,, and consider its projection Q|Hp, which is also a polytope
with ¢ vertices, where ¢ > ¢y. I will write the assumption that Q|Hp has rigid motion
symmetries as a system of linear equations that equal zero precisely at the vertices of Q|Hy,
and explicitly compute the determinant of its Jacobian matrix to show that it is nonzero.
The Implicit Function Theorem (Theorem 18) will allow me to obtain the result.

Since any rigid motion maps a vertex into a vertex, an equation, similar to (4.38), can

be written for the corresponding vertices ¢;|Hp of Q|Hp,

qilHo = o1, (qj) | Ho) + ay, (4.41)

where ¢g, is a nonidentical orthogonal transformation whose 3 x 3 matrix has coordinates
(01,m)1,m=1,2,3, and j is a permutation on the set {1,...¢}, which indicates that the j(i)-th
vertex gets mapped to the i-th vertex. As it is well known, a permutation can be written
as a product of cycles. I will consider two cases: cycles of length one, and cycles of length
greater than one.

Assume that the vertex ¢;|Hp is mapped to itself, i.e., ¢;|Ho = on,(¢:|Ho) + am,. Since
©H, is not the identity, given a basis e, ea, e3 of Hp, there exists r € {1,2,3} such that

©H,(er) # er. For this 7, consider the function Fy; : R™ x O(3, Hy) x R? — R defined by

Fn(ﬂﬁn, <o s Tpos PHy s aHO) = (($1i7$2i7$3i) - @Ho(wu, X2i, 9631') - aHo)r-
= Tri — Op1T15 — Op2X2; — Op3T35 — (CLH())T"

Since the right hand side depends only on the variables x1;, z9;, x3;, 1 see that g%:" =0
for all s # ¢ and all k, while ?)zL: # 0 because ¢m,(e,) # er. Thus, this cycle forms a

(1 x 1)-Jacobian block whose entry is not 0.
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Next, suppose that the cycle is of length k and permutates the vertices ¢;,, gi,, - - -, ¢,
(for £ < k, g;,,, gets mapped to g;, and ¢;, is mapped back to g;, ). Consider the system of

3(k — 1) functions F,s : R™ x O(3, Hy) x R® — R defined by

FTS(xlla -~y Lnv; PHy, aHo) = ((37137 L2s, x38) — $Hy (xlj(s)v x2j(s)7x3j(s)) - aHo)T

for r=1,2,3 and for s = 41,72, ...,%k_1-
I will order the variables in such a way that the Jacobian block corresponding to this
cycle will be upper triangular. I note that for r =1,2,3, and s = 41,...,1x_1, Frs depends

on the variables ;s and xy;(,) for k =1,2,3. Thus, gf;: =0 for k # r, and gf;; = 0 for all

0 # s, 0 # j(s)and all k. Order the Jacobian block as follows, x1,, £2i,, T3, , T1igs - - - s T34y, -
Since ng:j = 1, the diagonal entries are all 1. In addition, the variables zy ;) occur after

Zrs, SO the Jacobian block is upper triangular. Therefore, the determinant of this block is
equal to 1. Thus, the Jacobian of the system of equations is a block diagonal matrix with
nonzero determinant.

I observe that the number of equations in this system depends on the decomposition of
the permutation j into cycles. Each 1-cycle gives one equation, while each cycle of length
k > 1 contributes 3(k — 1) equations to the system. Hence, the smallest possible number of
equations in the system is 3 + (¢ — 2), which occurs if the decomposition of the permutation
7 into cycles contains only one two-cycle and all the rest are one-cycles. By the Implicit
Function Theorem (Chapter 3, Theorem 18), I can express at least ¢ + 1 variables z,5 as
functions of the coordinates of ¢m,,an, and at most nv — (¢t + 1) other variables. Since

t > o, this shows that the dimension of the manifold M in R™%6 is at most

(nv 4+ dim(O(3)) + dim(Hp) — (to + 1)) =nv+3+3 —tg— 1 =nv+5 —tp.

I am now ready to prove my goal.
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Lemma 22. The set I, is nowhere dense in P,.

Proof. By definition, Q, is equal to the projection of M onto R™ and by Lemmata 20 and
21,

dim(Q,) = dim(M|R™) < dim(M) < nv + 5 — 1.

Hence, using (4.39), I have dim(IL,) < nv+5—tp+ @ Finally, (4.40) yields dim(II,) <

dim(P,) = nv. O

To complete the proof of Proposition 4, I use Theorem 7 to approximate K € Cf_(R”)

in the Hausdorff metric, by polytopes P with v so large that tg > 5 + w By Lemma

v

22, I can approximate P, by polytopes without 3-dimensional projections that have rigid

motion symmetries. ]
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CHAPTER 5
On Bodies Related Via Containment of Rotated Projections or Sections

Chapter 5 is organized as follows. In Section 5.1, I present bodies that give a negative
answer to Problem 3(a) and Problem 4(a) for rotations. The first counterexample is in
R3, and consists of a cylinder C' and a double cone K. I note that both the cylinder
and double cone are centrally symmetric bodies, and hence, unlike the case of translations
proved by Klain, Problem 3(a) for rotations does not have an affirmative answer for centrally
symmetric bodies. The second example, which works in general dimension n, is given by
appropriately chosen perturbations of two balls, following ideas of Kuzminykh [19] and
Nazarov. However, none of these counterexamples are counterexamples to Problem 3(b) or
Problem 4(b) for rotations.

In Section 5.2, I prove that the answer to Problem 4(b) for rotations has an affirmative
answer (Theorem 4). However, for the case of projections, the argument only allows me to
conclude the relation vol(K*) > vol(L*) for the polar bodies. I obtain partial positive an-
swers for Problem 3(a) for rotations, in R?, assuming a Hadwiger type additional condition
on the bodies K and L (see [9], and similar to results in Chapter 4), while Problem 3(b)

for rotations remains open in the general case.

5.1 Counterexamples for Problem 3(a) and Problem 4(a) for Rotations
5.1.1 Counterexample in R3.

My first counterexample is three-dimensional, and it is provided by two centrally sym-
metric convex bodies, a cylinder C' and a double cone K. I show that all sections of the

C can be rotated to fit into the corresponding sections of the body K, and that C' cannot
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be rotated to fit inside K. Due to the relations (3.5), (3.6), and polarity (3.7), this will
imply that all projections of K* fit into the corresponding projections of C* after a rotation,
while no rotation of K* is included in C*. Thus, my two bodies provide at the same time
counterexamples for Problems 3(a) and 4(a) for rotations. For the convenience of the reader

I repeat the statement that appears in the Introduction.

Counterexample 1. Let C C R3 be the cylinder around the z-axis, centered at the origin,
with radius r and height 2r, where % <r< \/m = 0.5176... Let K be the double cone
obtained by rotating the triangle with vertices (0,0,£1) and (1,0,0) around the z-axis, see
Figure 5.1. Then the sections (projections) of C can be rotated to be contained in the
corresponding section (projection) of K, however the cylinder C itself can never be rotated

to be contained in the double cone K.

2r

C K

Figure 5.1: Cylinder C' and double cone K.

This counterexample is interesting because both C' and K are centrally symmetric, and
hence, unlike the case of translations proved by Klain, Problem 3(a) for rotations does not
have an affirmative answer for centrally symmetric bodies.

As mentioned previously, it will be enough to show that every section of the cylinder C
by a plane passing through the origin can be rotated to be included in the corresponding
plane section of K. Observe that the polar body of C is the double cone obtained by
rotating the triangle with vertices (0,0,+1/r) and (1/r,0,0) around the z-axis. The polar

body of K is a cylinder with radius 1 and height 2. Hence, the dilation of C* by a factor r is
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equal to K, and similarly the dilation of K* by r is equal to C'. By proving that all sections
of C can be rotated to fit into the sections of K, I am in fact proving that all projections
of C are included in the corresponding projections of K after a rotation. Here I present a

sketch of the argument, with the detailed calculations shown in Section 5.3.

%
05T f 1
6 ..

Figure 5.2: Section of the cylinder C' and the double cone K through a vertical plane
containing the axis of revolution.

Since C' and K are centrally symmetric bodies of revolution, it is enough to study
their sections by planes perpendicular to {g = (—sin(6), 0, cos(#)), where 6 € [0,7/2] is the
vertical angle from the axis of revolution (see Figure 5.2). The radial function of the section

of the double cone K by fj is

sec(u)
sin() + /tan2(u) + cos2(6)

PK,(u) = (5.1)

For the cylinder, when 6 € [0, 7/4], the section by &+ is an ellipse with semiaxes of length

rsecf (for u=0) and r (for u = 7w/2). Its radial function is

_ rsec(u)
pes (1) = VtanZ(u) + cos2(6) (5:2)

On the other hand, when 6 € (7/4, /2], the section of the cylinder looks like an ellipse

with semiaxes of length rsec (along the z-axis) and r (along the y-axis), that has been
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truncated by two vertical lines at © = £rcsc(f). Its radial function is

rsec(u)csc(d) 0 <wu < u,
pey(u) = ° (53

rsec(u) < <
tan? (u)+cos?(0) o = = 71-/27

where ug = arctan(y/sin?(f) — cos2(6)).

Let 6y = arctan (1=2). For 6 € [0,6o], the section C'N &y is contained in K N & and
there is nothing to prove (see Figure 5.2). For 0 € (fy,7/4], C N &f is not a subset of
K 056%. However, a rotation by 7/2 of the section of the cylinder is contained in the section
of the cone. Indeed, from equation (5.2) it can easily be seen that the rotation by /2 of

the section of the cylinder has radial function

_ rcsc(u)
V/cot?(u) + cos?(6)

ﬁC@ (u)

Figure 5.3: Left: For 6 € (6y, 7/4], the section of the cylinder is not a subset of the section
of the cone. Right: The section of the cylinder has been rotated 90 degrees. Here r = 0.51,
0 =m/4.

I will prove that pc,(u) < pgk,(u), for every u € [0,7/2], 0 € (0y,7/4]. The crucial

observation is that for fixed u, pc,(u) is an increasing function of 6 € [0, 7/4], while pg, (u)
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L
OT ' 1.0

Figure 5.4: Section of the cone and the 90-degree rotation of the section of the cylinder for
r = 0.51. For the left figure, 6 € (7/4,61); for the right figure 6 = 6.

-1 =1

Figure 5.5: In both figures, r = 0.51. The left figure shows the same sections as Figure 5.4
(right), but the section of the cylinder has been rotated 45 degrees. The right figure shows
the case where 6 = /2.

is decreasing. It is enough, therefore, to show that pc_,(u) < pk, ,(u) for u € [0,7/2].
Figure 5.3 shows this situation for » = 0.51. The calculations are in the Section 5.3.

When 6 € (7/4, /2], the section CNE;- is never contained in KNE;-, but if r < /2 — /3,
there exist angles 61,60, € (7/4,7/2), with 6 < 6y, such that for 6 € (7/4,6;] a rotation
by 7/2 of the section of the cylinder is contained in the section of the double cone, and for
0 € [02, 7/2] a rotation of angle ug of the section of the cylinder is contained in the section of
the double cone. The reason why this is true is that when 6 = 7 /4, the 7/2 rotation of the

section C'NE TJ;/ 4 1s strictly contained within K ﬂ{#/ 4» Which implies the same, by continuity,
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for 6 in some interval (7/4,61]; on the other hand, when § = 7/2 and both sections are
squares, a rotation by /4 = wug(m/2) of the section of the cylinder is strictly included in
the section of the cone, and by continuity the same is true on some interval [f2, 7/2]. The
calculations in Section 5.3 show that for r € (1/2,/2 — /3], 62 < #; and hence all sections
of the cylinder can be rotated to fit within the corresponding section of the cone. Figures

5.4 and 5.5 illustrate both cases. This concludes Counterexample 1.

5.1.2 Counterexample in R™
The idea of the next counterexample belongs Kuzminykh [19] and Nazarov. The coun-
terexample works in all dimensions but is less intuitive. For the convenience of the reader

I repeat the statement that appears in the Introduction.

Counterexample 2. Given the unit sphere in R™ where n > 3, I will perturb it by adding
bump functions to create two convex bodies K, L. I place the bumps on K so that they form
a simplex on the surface of K, but no such simplex configuration of bumps will appear on
the surface on L, see Figure 5.6. Here, every (n — 1)-dimensional section of K (projection
of L*) can be rotated to be contained in the corresponding section of L (projection of K*),
however K itself can never be rotated to be contained in L (and similarly L* can never be

rotated to be contained in K*).

K L

Figure 5.6: Bumps on the sphere.
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I will prove the counterexample for sections, then one can prove the counterexample for

projections by considering the polar bodies.

£

SP(E)
Sn—l

S"2(6)

Figure 5.7: Parallels.

Recall the following notation, given ¢ € S"~!, the great (n — 2)-dimensional subsphere
of S"~! that is orthogonal to ¢ will be denoted by S" 2(¢) = {# € S" 1 : 0 -& = 0}. For
t € [~1,1], the subsphere that is parallel to S"72(¢) and is at height ¢ will be denoted by
S2(€) (see Figure 5.7).

Recall that the radial function of the unit sphere is the constant function 1. I consider
a smooth bump function ¢¢ s defined on S"—1 supported in a small (n — 1)-dimensional
spherical ball D¢ on the surface of 571 with center at ¢ € S"! and with radius 6. The
function (¢ 5 is invariant under rotations that fix the direction &, and its maximum height at
the point £ is 1. The body whose radial function is 14¢ ¢ s(u) is convex, since its curvature
will be positive provided that ¢ is small enough (here the computations are similar to [7,
page 267]).

The first body K is defined to be the unit sphere with n bumps placed on the surface, so
that their centers form a regular (n — 1)-dimensional spherical simplex. Its radial function
is

n
() =143 [EFea@),  wes
j=

i.e. each bump is supported on a (n— 1)-dimensional spherical ball of radius 0 (to be chosen
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later), and has height 13> Where € is small enough so that the body whose radial function
is 1 + €y, s is convex. Here I see that ¢ depends on n. I assume that the vertex &; is the
north pole, and that v < % is the spherical distance between the vertices of the simplex.
Given any two vertices of the simplex §; and ;, with ¢ # j, consider the lune formed by the
union of all (n — 2)-dimensional great spheres passing through any two points « € Dy, and
y € Dg,. Let a be the maximum width of the lune. I can find the width of a by considering
similar Euclidean triangles on the parallels of S"~! that include a and 24. First I note some
distances by considering two spherical triangles on the surface of the (n — 1)-dimensional
sphere (see figure 5.8). The spherical height of the smaller triangle is § and spherical base is
26. The spherical height of the larger triangle is 5 and the spherical base is a. (To find the
lengths and prove that the Euclidean triangles are similar, I see that they are both isosceles
and the smaller one has two legs of length sin (%) and the other leg is slightly smaller than
26 and bigger than §. The larger triangle has two legs of length 1, and the remaining leg
is slightly smaller than a and bigger than §. The angle opposite the non-congruent sides
is the same in both triangles, hence both triangles are similar.) By using the properties of
similar Euclidean triangles, I see that %5 <a< 4%5 (noting that £ < sin(y) < ). If I

choose § = v*, it follows that a < 4mv3. I consider a because it will correspond with the

sections of K that I will rotate.

\J

Figure 5.8: A lune.

To guarantee a rotation of a section K is contained in the corresponding section of L I
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place “larger” bumps on L in the specific places.

Define L to be the unit sphere with bumps placed on the surface in the following way.
For every center & # & of a bump function on K, I place the same bump function on L.
Thus, by construction, any section of K that passes through any combination of bumps
except for the bump whose center is the north pole &1, is automatically contained in the
corresponding section of L.

Now to take care of any section of K that passes through any combination of bumps
including the bump whose center is the north pole & . First, I split the top half of the
sphere into 2" layers. For k = 1,...,2" — 1, the k-th layer Lj is the spherical ring placed
between the parallels SZ;? (&1) and 5&4(5’1), where 1, = 2% The top layer is the spherical
cap centered at the north pole, and above the parallel 8"2;31(51). Observe that the (n —1)

4—n

103 Whlle

bumps I have already placed are all on the top layer, since § = v* < v and v <
the spherical radius of the top layer is arccos(1 — 2%) (To check this, I first note that it is
enough to show is that the distance between two centers of the bumps, v, plus the radius of

a bump, ¢, is smaller then the spherical radius of the top layer, i.e. v+ 9§ < arccos (1 — zin)

4—7’L
103

at x = 0, concluding that v/2x < arccos(1 — z). Next I observe that V271 < 1034", which

Second, I note v* < v < and consider the Taylor expansion of arccos(l — z) centered

247"
103

implies that <4/2 (%), and thus v + § < arccos (1 — %))

For every odd k, the layer L; will contain no bumps. Next, I place bump functions on
the even layers in a special way so that if a section of K goes through 7 bumps including the
north pole &1, the section of K can be rotated to be contained in the corresponding section
of L. For each 2 < 7 <n — 1, and for each configuration of j vertices of the simplex in K,
one of which is the north pole, I place on a layer L, with k£ even an identical configuration
of vertices (i.e. a rotation of the original configuration into L, see figure 5.6). On each

vertex x I place the bump function ep_ 7, where 6 = v2. I note that these “larger” bumps

still do not overlap, since the radii of two bumps, 25, is smaller than the distance between
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the two centers of the bumps, v, i.e. 25 < v. (To check this, 2 < 103 - 4" which implies that

v < % < %, and hence 2§ = 202 < v.) The definition of v guarantees that the layers are
wide enough to contain each configuration of bumps. Indeed, the smallest spherical height of
any layer Ly is Ly, which is equal to arcsin (2%) Thus, it is enough to show that the distance

between the two centers of the bumps, v, plus the radii of both of the bumps, 25, is smaller

than arcsin (2%), i.e. v+ 20 < arcsin (2%) (First, note that v + 20 = v+ 202 < 3'1407371, and
considering the Taylor expansion of arcsin(z) centered at z = 0, I have = < arcsin(x). Then
observe that 3-2" < 1034, which implies that % < 2%, and hence v+ 23 < arcsin (%) )

Since & >> a, every section of K that intersects j of the bumps including the bump
whose center is the north pole & will be contained after a rotation in the corresponding
section of L. Here, 5 > a because 47 < 1034" which implies, a < 4mv3 < v? = 5. On the
other hand, since 5 << v, no layer can contain n bumps of smaller height /103 placed in
the shape of the original simplex on K. One way to see this is to construct the bumps that
are on K in a layer Li. For every “larger” bump I could only place one “smaller” bump
to ensure that all the centers of the “smaller” bumps are a distance of v away from each
other. Hence it is impossible for a spherical simplex to be formed in L.

Finally, I define a function ¢, as the function obtained by placing a bump functions
on L in the following way. Suppose z € S"~2(£1), then place the bump function 165 P,6-
Repeat this for all 2 € S"2(¢;). One can think of this function as “sliding” the bump
function ;53¢ around the equator S"=2(&1) of L. This guarantees that every section of
K that passes through only the bump function whose center is the north pole &1, can be

rotated by angle 7 /2 into the corresponding section of L. This concludes the n-dimensional

counterexample.
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5.2 Sections, Projections, and Volumes
5.2.1 Theorems and Lemmata

Both Counterexamples 1 and 2 to Problems 3(a) and 4(a) for rotations presented in
Section 5.1 have vol,(C) < wvoly(K) and vol,(K) < wvol,(L), respectively and hence do
not provide a negative answer to Problems 3(b) and 4(b) for rotations. However, one can
obtain the desired relation vol, (K) < voly,(L) if the sections of K are assumed to fit into
the corresponding sections of L after rotation. This is proved in the next theorem. On the
other hand, Theorem 21 below shows that my assumptions on the projections of K and L
only imply that the volume of the polar body K* is larger than the volume of L*, but gives
me no relation between the volumes of K and L. Besides this fact, I find classes of convex
bodies for which I have an affirmative answer for Problem 3(b).

For the convenience of the reader I repeat the statement that appears in the Introduction.

Theorem 4. Let K and L be two star bodies in R™, n > 2, such that for every & € S*1,

there exists a rotation p¢ € SO(n — 1,&1) such that
pe(KNEr) CLngt.

Then,

voly (K) < woly(L).

Proof. By hypothesis, for every ¢ € S"~! there exists a rotation ¢ € SO(n — 1,&5) such

that

Poe(net)(0) < prage(8) VO € ¢t
By (3.6), this is equivalent to
pr(0t(0)) < pL(0) VO € &t
Raising to the power n, integrating, and using the rotation invariance of the Lebesgue
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measure, I obtain

| dtkone= [ gows [ g

ngSnfl sLmSnfl gJ_mSnfl

Averaging over the unit sphere, I have

/dg/ d6</d§/

n—1 é'J_mSn 1 n—1 é'J_mSn 1
Finally, using Fubini’s Theorem and the formula for the volume in terms of the radial

function, see (3.8),
volp(K) =

I obtain the result. O

For the next theorem I use the standard notation int(K) to stand for the interior of K.

The proof is very similar to that of Theorem 4.

Theorem 21. Let K and L be two convex bodies in R™, n > 2, such that 0 € int(K)Nint(L),

and for every & € S"1, there exists a rotation e € SO(n — 1,&4) such that
¢(K|ET) € Llg™.

Then,

vol, (K*) > vol, (L*).

Proof. By hypothesis, for every ¢ € S"~! there exists a rotation ¢ € SO(n — 1,£1) such
that

hgo.g(K\gl)(a) < hL‘gL (9) Vo € fJ‘.
By (3.4) and (3.5), this is equivalent to

pic+(@E(0)) = pr+(0) VO € ¢
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Raising to the power n, integrating, and using the rotation invariance of the Lebesgue

measure, I obtain

| dectonw= [ geow= [ g

€LmSn—l éLﬂSn—l éimSn—l
Averaging over the unit sphere, I have
[ | sow= [a [ oo
Sn—1 éLﬁS"71 Sn—1 5L05”71

Finally, using Fubini’s Theorem and (3.8), I obtain the desired result.

O

In order to obtain a positive answer to Problem 3(b), I need to impose additional

conditions on the bodies K, L. I do this in Theorem 5, following ideas of Hadwiger [9] as

in Chapter 4, by assuming the existence of a diameter dx (§y) of K in a fixed direction &,

such that the hypotheses of Problem 3 hold on every plane that contains that diameter.

Recall that K|w" (resp. L|w™) is called a side projection of K (resp. of L) if w € & (see

Figure 5.9).

w-L dK(ﬁO) dK(gO)

Side Projection K |w™*

Figure 5.9: Side projections.

For the convenience of the reader I repeat the statement that appears in the Introduction

(cf. with Theorem 20 in Chapter 4).
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Theorem 5. Let K, L be convex bodies in R3 with countably many diameters, and the
diameters of K and L are of equal length. Assume that there exists a diameter di (&), such
that for every w € &, there exists ¢, € SO(2,wh) and a,, € wh such that ,(K|wt) C

Llwt 4 ay,. If either K or L is centrally symmetric then K C L + a for some a € R3.
The idea of this proof is similar to those given in Section 2.2.2.

Proof. First I note that there exists a diameter of L in the &y direction and that K and L
have at most one diameter parallel to a given direction for the same reasons as in Theorem
20 in Chapter 4.

Next I “separate” translations and rotations. I translate K and L so that their diameters
dx (&), dr (&) are equal and are centered at the origin. I can do this for the same reasons
as in Lemma 16 in Section 4.4. Name the translated bodies K and L. In addition, for the
same reasoning as in Lemma 16 in Section 4.4, @, (K|w') C Ljw’.

Let D be the countable set of all directions of the diameters of K and L, excluding

L contains

&o. For w € fé‘, let wt be a plane containing no direction in D (clearly, w
&). Since oy (K|wt) C Ljwt, it follows that o, is either the identity or a rotation by
7 about the origin. If ¢, is the identity, then K|wt C L|jw'. If ¢, is a rotation by =,
then —K|w™ C Llwt. But either K or L is centrally symmetric and their diameters are
centered at the origin this implies either K or L is origin-symmetric. This means I can
obtain K|w® C L|wt also in this case. Thus, for every 6 € S? such that § € w' and w™*
does not contain any direction in D, I have that hz(0) < h;(0).

Let H; be the plane that contains & and & € D, and assume that § € S?> N H;. Since
there are only countably many such H;’s, I can choose a sequence {6;} of points in S2,
converging to @, such that none of the §; are contained in U;>1H;. Hence, hz(0;) < h;(6;),
and by the continuity of the support function, hz(0) < hj(0).

Thus, I have hz(0) < hz(6) for all § € 52, so K C L and hence K C L + a where
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a € R3. O

I now present two related results that use different hypotheses.

For the first one I will need the following theorem from [27],

Theorem 22. Let K and L be two convex bodies in R containing the origin in their
interior. Then K = +L, provided the projections K|H,L|H onto any two-dimensional

subspace H of R® are rotations of each other around the origin.

Lemma 23. Let K, L be two convex bodies in R, such that

VEEe S? pe € SO(2,€1) 1 pe(K|EH) C LIgH,

/hK:/ i
S2 S2

and

Then K = +L.

Proof. Assume that ¢¢(K |€1) is strictly contained in L|¢. By continuity, there is a open
set of directions in S? where the containment is strict. Integrating, f g2 hg < f g2 hr,
contradicting my hypothesis. Therefore, for every ¢ € S2, there exists e € SO(2, ¢1) such

that ¢¢(K|¢L) = L|¢+. Thus by Theorem 22, I conclude that K = £L. O

Recall the following formula that relates volume, surface area S(-) and width for bodies
K of constant width w in R3, namely,

2v0l3(K) = wS(K) — %ﬁw?’, (5.5)

see Chapter 3 Equation (3.9).
Lemma 24. Let K, L be two convex bodies of equal constant width in R3, such that
VE€S? Tpe € SO(2,6Y) Fage &t pe(KIET) C LIET +ag.

Then volz(K) < wols(L).

91



Proof. The assumption on the projections implies that the surface area of K is less than
or equal to the surface area of L, see Cauchy’s surface area formula (Theorem 11 in the

Preliminaries). By (5.5), I conclude that vols(K) < volz(L). O

5.3 The Sections of the Cylinder and Cone in R3

Here I provide the calculations for the example in Section 5.1.

5.3.1 Determining the Radial Function of the Boundary Curves of the Sections
of K and C.
The upper half of the cone has equation z = 1—/22 + 32, and the plane &, has equation

z = tan(f)z. The curve of intersection in parametric equations is given by
rica(t) = (1 - 2) cos(t), (1 - 2)sin(t), 2)

where z = tan(6)(1 — z) cos(t) (from the equation of the plane). Solving for z in this last

tan(f) cos(t)
1-+tan(6) cos(t)’

cos(t) sin(¢) tan(#) cos(t) >
1+ tan(6) cos(t)’ 1 + tan(f) cos(t)’ 1 + tan(f) cos(t) /-

equation, I obtain z = and therefore

rro(t) = <

This curve is still expressed as a subset of R3, so now I will write it as a two dimensional curve

on the plane §9L. The vectors (1,0, 0) and (0, 1,0) project onto €} 9 = <\/1+t1anQ(6) ,0, Jlti?;il(9)> =

(cos(8),0,sin(f)) and €39 = (0,1,0) on the plane z = tan(f)xz. Therefore, for t € [0, 7/2],

the parametric curve written on this basis becomes

Fra(t) = < cos(t) sec(6) > Gro+ < sin(¢) > &0

1 + tan(0) cos(t) 1 + tan(@) cos(t)

Finally, it will be more convenient to express it in polar coordinates. Setting
Tro(t) = pK,(u) cos(u)el g + pr, (u) sin(u)es p and solving, I obtain that the radial function

of the section K N&; is

sec(u)
sin(6) + /tan?(u) + cos2(6)’

PKy (u) =
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for u € [0,7/2]. The function is extended evenly to [—m/2,0]. It can easily be checked
that pf, (u) > 0 when 6 € [0,7/4], and thus pk,(u) is an increasing function of u on

[0, 7/2], with minimum value pg,(0) = and maximum value pg, (7/2) = 1. Also,

1
sin 0+cos 6’

for fixed u € [0,7/2], pk, is a decreasing function of § € [0,7/4]. In contrast, when

0 € (n/4,7/2], pk,(u) has a local maximum at v = 0 and a local (and absolute) minimum

at ug = arctan(y/sin?(t) — cos2(t)), with value pg, (up) = 1/v/2. Tts absolute maximum is

PKy (m/2) =1.

Similarly, I calculate the radial function of C'N fel. The intersection of the cylinder with

the plane z = tan(f)z, for 6 € [0,7/4], is an ellipse with parametrization
rco(t) = (rcos(t), rsin(t), r cos(t) tan(h)) .
In terms of the basis {€] ¢, €0}, the parametrization is given by
T o(t) = rcos(t) sec(0)€y g + rsin(t)és g,

and the radial function is
B 7 sec(u)
Vtan2 (u) + cos2(6)’

PCy (u)

and evenly extended on [—m/2,0]. The section is an ellipse with semiaxes of length r sec

(for w = 0) and r (for u = 7/2), and the radial function is strictly decreasing on u € [0, 7/2].

It is also useful to note that for fixed u, pc, is an increasing function of 6 € [0, 7/4].
When 6 € [r/4,7/2], the plane cuts the top and bottom of the cylinder, and I obtain

the following radial function:

rsec(u)csc(d) 0 <wu < wu,
PCy (u) =

rsec(u) <y <
tan? (u)+cos?(6) Uo =¥ = 7T/27

where ug = arctan(y/sin(f) — cos2(6)). The section looks like an ellipse with semiaxes

of length rsec (along the z-axis) and r (along the y-axis), that has been truncated by
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two vertical lines at « = £rcsc(f). Here pc,(u) has a local minimum at u = 0, is strictly
increasing on (0, ug), reaches a local (and absolute) maximum at u = g with pc, (ug) = v/2r,
and is decreasing on (ug,7/2). The absolute minimum is pc,(7/2) = . Observe that the
absolute maximum of pc, occurs at the same point as the absolute minimum of pg,, and
that v2r = pc,(uo) > pr,(uo) = 1/v/2, since r > 1/2, thus reflecting the fact that for
0 > /4, the section of the cylinder is not contained in the section of the cone. Figure 5.10
shows the graphs of px,(u) and pc, (u) with u € [0, 7/2], for » = 0.51. On the left, § = 7/4;

on the right, 7/4 < 0 < 7/2.

101 101
0.8

Pk(u) Pk(u)

pc(u) ..f pc(u)

0.2 0.2

' ' ' L L L
0.5 1.0 15 0.5 1.0 15

Figure 5.10: Left: § = 7/4; Right: 7/4 < 6 < 7/2.

Now I am ready to compare the sections of the cylinder and the cone on each plane 55‘.
As noted in Section 5.1, if 6y = arctan (1%), for 6 € [0, 6], the section of the cylinder is
contained in the section of the cone and there is nothing to prove. For 6 € (6, 7/4], the
section of the cylinder is not contained in the section of the cone, but a 90-degree rotation
of the section of the cylinder is contained in the section of the cone. Since for fixed wu,
pc, (u) is increasing as a function of § € (6, 7/4], while pg,(u) is decreasing, it is enough
to show that for u € [0,7/2], pc_,,(u) < pK,,,(uv). Here, pc,_,(u) is the radial function of
the 90-degree rotation of the section of the cone, as defined in equation (5.4). I want to

show that

72 csc?(u) sec?(u)

3+ cot?(u)

(5.6)

N[

X

(% + y/tan?(u) +
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This can be rearranged as

7 (1 + tan?(u) + V24 /tan?(u) + ;) < tan®(u) (; + cotz(u)) :

Va7 [tan2(u) + 5 < tan*(u) (; - 7‘2> +(1—r2).

Squaring both sides, I obtain

or

1
0< 1(1 —2r%)2tan u + (1 — 3r?) tan®u + (1 — 21%),

a quadratic equation on tan? u whose discriminant is (1 — 372)% — (1 — 2r2)3 = r4(8r2 — 3).

But this expression is negative for r € (1,v/2 — /3], and thus (5.6) holds.

5.3.2 Calculation of the angles 61, 0

As noted in Section 5.1, when 6 = 7/4, the 90 degree rotation of C' N fj is strictly
contained in the section of the double cone, and by continuity the same is true for 6 €
(m/4,61) for some angle 0. Similarly, for § = 7 /2 the rotation of the section of the cylinder
by ug = /4 is strictly contained in the section of the double cone, and thus the same must
hold for 6 € (02,7/2). Here I compute 61 and 02, and prove that 0 < 61, allowing me to

always rotate the section of the cylinder to fit into the section of the cone.

101 101

__/ 0.6 \ _/

0.2 0.2

L L L L L L L L L L L L
-1.5 -1.0 -0.5 05 1.0 15 -1.5 -1.0 -0.5 0.5 1.0 1.5

Figure 5.11: The radial functions of the sections of the cone (red), cylinder (blue) and the
rotation of the cylinder by 7/2 (green). In both figures, 6 € (7/4,6;). On the left, 6 is close
to m/4; on the right, 0 is close to 6.
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Let

e, (u) = Ve VSUST/2
resc(u)esc(0) /2 —ug <u<7/2,
be the radial function of the 90-degree rotation of the section of the cylinder for 6§ €
(w/4,7/2]. Observing Figures 5.4 and 5.11, I notice that the sections of the cone and the
cylinder will touch first at the “corner” point v = 7/2 — g, where pc, (u) has its maximum.

Thus, I will define 6, as the angle such that pc, (7/2 —uo) = pr,, (7/2 —ug). As seen

above, pc, (7/2 —ug) = v/2r, while for the cone I have

V2
(1+ /=1 = 25ec(20))+/sin*(0) — cos(6)

picy (/2 — ) =

These two expressions will be equal if

172 = (14 /—1 — 2sec(26,))? (sin2(91) - COS2(91))

=2 —2c0s(260;)\/—1 — 2sec(26y),

or equivalently, —4cos(20) (2 + cos(20)) = (2 — r=2)2, which is a quadratic equation on

(2—r—2)2
—

cos(20), with solutions —1 4+ /1 — Only the positive sign makes sense, and |

obtain that the two radial functions are equal at u = 7/2 — ug only for = 01, where
1 4r2 — 1
01 = 3 arccos (—1 + ;“2) .

Now I compute 8. Let pc,(u) = pc,(uw — up). By the above considerations on p¢,, the
two absolute maxima of pc, happen at © = 0 and u = 2ug; the local minima happen at u =
—m/2 +up and at u = up, (see Figure 5.12). At the point u = 0 where pc, has a maximum
with value v/2r, pk, has a local maximum with value 1/(sin@ + cosf). The two values
coincide for 65 = § arcsin (1/(2r%) — 1), and pe, (0) < px, (0) for 6 > £ arcsin (1/(2r?) — 1).
I claim that pc, (u) < pk, (u) for every u € [—n/2,7/2] and 0 € (02, 7/2]. In fact, the slope

at u = 0 for pg is zero, while for p, ) (0+) is negative, so it decreases faster; both functions
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attain their local minimum at u = wug, with pc,(ug) = rcscd and pg,(up) = 1/v/2. But
rescly < 1/4/2 for r € (1/2,v/2 —/3), and rcsch is decreasing in . Hence the cylinder
function stays below the cone up to u = ug. Additionally, at the other maximum for the

cylinder, pc, (2u) < pk, (2up).

1.0,

L L L L L L L L L L L L
-1.5 -1.0 -0.5 0.5 1.0 15 -15 -1.0 -0.5 05 1.0 15

Figure 5.12: The radial functions of the sections of the cone (red), cylinder (blue) and the
rotation of the cylinder by ug (orange). The left figure shows the case § = 7/2, and the
right one 6 = 6,.

Finally, let me check that 6, < 61 for r € (1/2,v/2 —/3). Indeed, cos(20;) = —1 +

: 42222—1, while cos(26;) = — 42TT22_1, and the angles will be equal if 7“1:;_1 =1,0rrt—4r2 4+
1 = 0, which has solutions r» = £v/2 4 /3. Since for r = 1/2, 7/4 = 0 < ; = /2, the
same relation holds for r € (1/2,v/2 — v/3). T have proved that all sections of the cylinder

can be rotated into the corresponding section of the double cone.

5.3.3 The Cylinder Can Never Be Rotated To Be Contained in the Double
Cone

Lemma 25. No three-dimensional rotation of the cylinder C fits inside the cone K.

Proof. By construction, C' ¢ K. Since both C' and K are origin symmetric and rotational

symmetric, it is enough to consider rotations of C' around the 2-axis by an angle ¢ € (0, 5.

™

I will show that for each angle ¢ € (0, 3], there is a point P(y) on the top rim of C,

that remains outside of K after a rotation by the angle ¢ around the x-axis. Consider the
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l—cosy
sin

point P(y) = (rcosag,rsinag,r), where ap = arcsin( ) The rotation of angle ¢

maps P(¢) to the point R(y) = (7 cos ap, rsinagcos p — rsinp, rsinagsing + rcosp) =

<fr sin? p—(1—cos)? r(cosp—1)

s A ,r). Note that the z-coordinate is positive, hence it will be

enough to show that R(y) is outside the top part of the cone K, whose equation is z =

1 — /22 + y2. But it is clear that
2
L (r\/sin2<p—(1—cosg0)2> N (r(cosgp—l)>2

1 <1<
=1l-r<-= .
5 T

sin ¢ sin ¢
Therefore, R(y) is outside the cone and no three-dimensional rotation of the cylinder fits

inside the cone.
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