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INTRODUCTION

Integral operators are one of the better studied operators. They are useful in many
disciplines, occurring as Fourier or Laplace transforms, convolution operators, or as plainly
as an indefinite integral operator. We will direct out attention to the latter form of an
integral operator. One of the more general forms is the Fredholm operator of the first kind.
Suppose that E is one of the spaces Cla,b] or LP[a,b]. Let k(x,t) be a function defined on
the rectangle [a, b] X [a,b]. For f € E, we define the above Fredholm operator by F} f = g,

where
b
o) = / k(o ) (1)dt.

A somewhat more general Fredholm operator, that of the second kind, is defined by F5 f = g,

where
b
g9(z) =f(x)—/ k(x,t)f(t)dt.

Such integral operators are useful in the study of differential equations (see Taylor [21]).
If we modify the kernel in the Fredholm operator in a special way, we obtain another
special class of integral operators, called the Volterra operators. If k(x,t) = 0 whenever

t > z, we have a Volterra operator (call it V1) of type one. We define Vi f = g, by

x
o) = [ K00
a
There is also a Volterra analog of F5, defined similarly. If we further require that

0 ift>x
k‘(l’,t):

1 ift<z



and a = 0, we find the Volterra operator 7', which in some sense is the prototypical indefinite

integral operator. It is given by

T = [ s

Much is know about the Volterra operator: It has an adjoint 7™ given by

1
(T*f)(x) = / F(tydt,

which satisfies (Tx,y) = (x,T*y) on the Hilbert space L2[0,1]. It is a compact operator,
meaning that the image of the closed unit ball is relatively compact (i.e. its closure is
compact). It has spectrum o(7T) = {0} and spectral radius 0, is quasinilpotent but not
nilpotent, and has operator norm ||7’|| = 2/7. The latter result may be found in Little [13],
while the others may be found in Rudin [18].

Early in the history of functional analysis, the invariant subspace problem was posed.
Given a Banach space B and an operator S on that space, does there exist a non-trivial
subspace M such that SM C M7 This question was answered in the negative by Enflo [4],
who constructed a Banach space and an operator on the subspace which had no non-trivial
invariant subspaces. Beyond the existence of invariant subspaces, one wonders about the
nature of the invariant subspaces of a given operator. Invariant subspaces are easily obtained
with the notion of the orbit of an operator. Given a Banach space B, an operator S on
B, and an element x € B, the n-th iterate of  under S is S"x, where S'z = Sz. The
collection of all iterates of x under S is called the orbit of x under S and is denoted by
Orb(S,z). A so-called elementary invariant subspace for the operator S is the closure of
the linear span of the orbit. That is, Span{Orb(S,z)} in an invariant subspace for S with
the fixed element z. (For a discussion of these notions, see Beauzamy [2].)

The orbit of a fixed element under a given operator may exhibit some special cyclic

properties. As before, let B be a Banach space, let S be a bounded linear operator on B,



and fix x € B. The operator S is called cyclic, and x is said to be a cyclic vector for .S,
if span{Orb(S,z)} is dense in B. An example of such an operator is the multiplication
operator on C|[a, b] with the vector 1. This is just a restatement of the classical Weierstrass
Approximation Theorem. Our Volterra operator is also cyclic for C|a,b] with the vector
1. Two related notions are that of hyper-cyclicity and super-cyclicity, both of which the
Volterra operator does not exhibit. An operator S is hyper-cyclic if its orbit is dense
in B and is super-cyclic if the projective span of the orbit is dense in B. That is, if
{a,T"z : n € Z,a € R} is dense in B. This last result was proved independently by
Saavedra and Lerena in [19] and by Gutierrez and Rodriguez in [11].

A Schauder basis for a Banach space B is a subset of non-zero vectors {z,}>2, of B

such that for each « € B, there exists a unique collection {a, }52; of scalars such that

[e's)
T = E QT -
n=1

Any such space will have the approximation property (any operator can be approximated by
finite-rank operators) and so will also exhibit operators with non-trivial invariant subspaces.
It will be shown that, under very general conditions on the starting element, an orbit of
the Volterra operator cannot be a Schauder basis for its closed linear span. Lacunary
subsequences of the orbit, however, will be seen to be Schauder bases for their closed linear

span.



CHAPTER 1

Iterates of the Volterra Operator

We consider here orbits of the integral operator T' on C[0, 1] with the supremum norm.

Given f € C[0, 1], the integral operator is defined by

Tf(x) = /0 " f(bya.

The n-th iterate of T on f is T"f = T(T" ' f), where T°f = f. The orbit of f under
T is the collection of all iterates of T" on f. This will be denoted by Orb(T, f) so that
Orb(T, f) ={T"f}>>,. The supremum norm will be denoted by || - || and the L, norm will
be denoted by || - ||,. Two function sequences (f,,) and (g,,) are asymptotically equal on |a, b]
if limy, o0 fr(z)/gn(z) = 1 for all x € [a,b]. We will denote this by f,, ~ g,. We say (fy) is
asymptotically less that or equal (gp) if limy, o0 frn(z)/gn(x) < 1 on [a,b]. This is denoted
by fn < gn-

The computation of T" f is a tedious and cumbersome affair, so we start with a tool
to make it more manageable. This formula may be found in Taylor ( [21] p. 291) without

proof, so we offer our own proof here.

Proposition 1. If f € C[0,1], then

17f0) = gy | -0 e

(n—1
Proof. This result follows from induction and Fubini’s theorem. The base case with n = 1

is just the definition of the integral operator, so assume the result holds for an arbitrary n.

Then



T f(a) = T(T" f)(2)

- /QC T f(t)dt

0

:/Ox [m—lw /Ot(t—s)”_lf(s)ds] dt
_ (nil)!/:f(s) U:(t—s)"—ldt] ds

1 x
x
= [ 1ol - ds
1 x
n
= — — d
SR RCERRIC
Corollary 1. Let p > 0. Then
Trgp — _L@FD iy
Fn+p+1)
Proof.
1 x
TP = 1 '/ (z —t)" Pt
n—1)Jq
1

Make the substitution v = ¢/x. Then

xn—i—p 1
TP = / (1-— u)"*lupdu
(n =1 Jo
2" T(n)l(p+1)
m—1!IT'(n+p+1)
— F(p + 1) xn-i—p_
Fn+p+1)

Here we have noticed that the last integral is the beta function

1
Blay) = [ (-0 ar

which is related to the gamma function by B(z,y) = I'(z)I'(y)/T'(x + y).



Ezample 1. For p = 0 we have that T"1(z) = 2™ /n!.

Ezample 2. The exponential function has the Taylor series expansion e* = Z;’;O 27 /5!,

This expansion converges uniformly in x so that

e = —_ = - = - .
=) = it )

Although they are not continuous, we will have occasion to make use of the orbits of

characteristic and step functions. Note that Proposition 1 still applies.

Corollary 2. Let 0 < a <b <1 and let x|y be the characteristic function on [a,b]. Then

T"X(ap)(2) = L@ —a) a<z<b

Proof. Suppose that = < a. Then

T"X(a) () = 7

This holds for x = a as well, since the support of the integrand is then a set of measure

Zero.



Now suppose that a < x < b. Then

n 1 v e
T"X[ap) () = )!/0 (2 — )" X ()dx

(n—1)!
N (n—ll)' /oa(“f = )" X (2)dz
1

+ n— 1) /a (2 — )" X (z)d

1 xX
=0+ )'/ (x —t)" da

Finally suppose that > b. Then

1 r _
T"X[a ) (T) = )!/O (z = )" " Xjgp (2)d

o1
_ (nil)' /Oa(x — )" (o () da
n (nil)' /ab(x — )" Xy (2)dz
n (nil)' /:(a: — )" Xy (¥)da
—o0+ nll)' /ab(x — )" da

R L
+(n1>!/b( "1 0d

“tan [,

t=a

O

Corollary 3. Let E; = [aj,b;] C [0,1] for j =1,...,m, where bj_1 < a;j for all j. Let f be

the simple function f(x) = 377", ajxg,(x), where aj € R. Then

T"f(2) = 3 oy T x5, ().
j=1



Proof. This is immediate from the linearity of 7™ and Corollary 2. O

We will now look for where the norm of 7" f is attained. We begin by noticing that

intervals near 0 contribute more to the norm than those intervals closer to 1.

Lemma 1. Let a1 < a9, by, bo <1 and m, M > 0. Then
T"MX(ay by) (%) = T" M X[ay 5] (2)

for sufficiently large n. Furthermore,

T MX[ay ) ()

1 =0,
n=00 T™MX(q, p,](T)

for all x > ay.

Proof. There are three cases to consider and all are proved in a similar manner, so we will
look at just one. Suppose that 0 < a1 < as < by < by < 1. Then X[al,bl](l‘) > X[alm](x)

and X[ag,b5](Z) < X[ay,11(2) for all x € [0,1]. We thus need
TnmX[al,bl](:C) - TnMX[ag,bg](x) > TnmX[al,az]('r) - TnMX[ag,l] (aj) > 0.

This happens when
m[(x —a1)" — (x —az)"] > M(z — a2)"

which requires

M _
n>lnm+ /lnx a
m

x—ay

The denominator is minimized when x = 1, so we need

M 1-—
n>lnm+ /In a
m

1—a2'

We will now establish that limy,—.co 7" M X455 () /T"MX[a; p,] (%) = 0. There are five

sub-cases to look at.



Sub-Case 1. If z < a7 then the numerator and denominator are both zero and so the

quotient is undefined.

Sub-Case 2. Suppose that a1 < z < az. Then T"MX(q, p,)(7) = 0 and T"mx|q, p,)(7) =

T (x — a1)" so that
TnMX[az,bz](x)

1 =0.
n—o0 T MX|q, ] ()
Sub-Case 3. Suppose that az < z < b;. Then T"MX|qg, p,] (x) = %(m — az)" and

T"mX|a; py)(x) = 71 (7 — a1)". Now

T M X (49,55 (%) .
im ——=~ - = lim —— >
n—oo T”mx[al’bl](a:) n—oo m(x — ay)™

since (x —az)/(x —a1) < 1.

Sub-Case 4. Suppose that by < x < by. Then T"Mxjq,p,)(7) = %(:E — az)" and
T mX (a6, () = Til(x —a1)" — (z — b1)"]. Now

T M (a)
n—00 T”mx[ahbl](x) n—oo m[(x — ay)” — (x — b1)"]

since (z —az)/(r —a1) <land (z —b1)/(z —a1) < 1.

Sub-Case 5. Suppose that z > by in case that by < 1. Then T" M x4, p,](7) = Mz —
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az)” — (x — b2)"] and T"mx[ahbl](x) = %(z —a1)" — (z — b1)"]. Now

- T M Xfag 5] (%) _
n—00 T™mx(q, p,)(¥)  n—o0 m[(x — a1)™ — (z — by)"]

since (z —az)/(r —a1) <1, (x —b2)/(z —az2) <1land (x —b1)/(z —a1) < 1.

The other two cases are a1 < b1 < as < by and a1 < as < by < by. O

This lemma has an application in the following monotonicity result for a certain class
of functions. Let a = inf{xz € [0,1] : f(z) # 0} and let ¢ be the least zero of f in (a,1]. If f
has no zeros in (a, 1], take ¢ to be 1. Notice that for any continuous function f that is not
identically 0 on [0, 1], a < ¢. It may or may not happen that f(a) = 0. We will refer to any
interval (a,b) C (a,c) as an initial part of the support of f. We will also say that f starts
out positive if f > 0 on the initial part of its support. That f starts out negative means

that — f starts out positive.

Proposition 2. If f starts out positive (negative), then the orbits of f end up positive
(negative) after a finite number of iterations of T. In fact, the orbits of f are eventually

monotonic and ||T™ f|| is attained at 1.

Proof. If f is strictly positive or negative on its support then there is nothing to do, so
suppose it’s not. Suppose also that f starts off positive and that («, ) is the initial part
of the support of f. Then there exists [a,b] C (a, ) and € > 0 such that f(x) > € for
z € [a,b]. Let M = sup,cp ) |f ()] and define

g(x) =€ Xjap) and h(z)=—M - xp1-
Then f(x) > g(z) + h(x) and so T" f(z) > T"g(x) + T"h(x). Now, by Lemma 1,

T"f(z) > T"g(x) + T"h(z) > 0
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for sufficiently large n. Once T™f is positive, integrating once more yields a monotonic

function. If f starts off negative, apply the above to —f. O

It should be noted that the above proposition does not necessarily hold if 0 is an accu-
mulation point of zeros of f and f alternates signs around those zeros. In particular, such

a function need not have a preference towards positivity or negativity under 7'

Proposition 3. There exists a function F € C[0,1] such that T" f(x) alternates sign for

all n.

Proof. We will construct a function with the desired properties. Let E; = (]ﬁ, ﬂ for

7 € N and define
fm(z) = Z(—l)j+1XEj (),
j=1
also for m € N. Then, if z € Ej,

Thala) = (1) (2= A7) + 30 (<177 (3= )

Jj=jo+1
by Corollary 3. It is clear that each T'f,, is continuous and linear on each interval Ej,
j=1,...,m. Also, T'f,, has a zero in each interval E; since T'f,, has opposite signs for
x=1/kand x = 1/(k+1). This is so since Z;”:k(—l)j(l/j —1/(j+1)) alternates signs for
successive values of k. The sequence {T fp,(2)}50_; converges uniformly in z to the function

P = 0w (- 5+ 3 ot (5= 5)

Jj=jo+1

since

F(z) = Tfu(@) = | Y (1) (1_ 1 >

j=m+1 J J +1
tends to 0 as the tail of a convergent series. That F' alternates sign on each interval E;

follows since each T'f,, does. Finally,

T"F(x) :T"< lim Tfm(x)) — lim T"*f,(2)

m—00 m—00
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This convergence is uniform in x since T preserves uniform convergence. Each function
T™F alternates sign on [0, 1] so that F' has no preference towards positivity or negativity

under 7T'. This is so since

T"F(1/k) = erl)!g(—w“ [(11 T i 1)”“ R G ) ;)W]

alternates sign for successive values of k.

Note that some values of I’ can be calculated. For example,
F(1)=2In2-1.

We begin by finding the series expansion for In(1 4 x), which is obtained by first differenti-

ating the function.

d 1
%ln(l—i-af)— 52
_ 1
)

=> (—z).
j=0

Integrating now returns In(1 4+ ) and its series expansion.

In(l+z) = /Z(—:):)jdx
=0

= (—z)dx
>/
o pdtl
B Z(_l)]j 1

The interchange of the sum and integral is valid since the series is uniformly convergent on

its radius of convergence. We can now see that

— (—1)
In2=In(1+1)= - .
n n( ) ;34_1
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We can now calculate F'(1):

=S (-2

j=1

L& (| (e
;( )
R G VAR o G Vi

This last step is valid since the series is absolutely convergent. Now make the substitution

j =k 4+ 1 in the first series.

prd kE+1 — +1
S
k=0 Jj=0
=In2+n2-1
=2ln2-—1.

O]

The preceding example was designed to mimic the behavior of sin(1/z). More accu-
rately, it is mimicking — sin(7w/z) and the function F' above is T sgn(—sin(r/z)) almost
everywhere. The graphs of —sin(w/z) and T'(—sin(r/x)) and f = lim,,—,o frn and F' are

shown below for comparison.
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1.0 1.0 nr
0.5 0.5
0 02 0.4 0.6 0?8 110 °] 012 ONAG 0?8 10
-0.5 -0.5
1.0 1.0- = —
(a) —sin(m/z) and T'(— sin(w/z)) (b) fand F=Tf
FI1GURE 1

The next figures show some of the early oscillatory behavior of the orbits of —sin(7/x).

0.00003+
0.006

0.00002

0.004
0.00001+

0.002

0.2 0.4 0.6 0.8 1.0

-0.00001+

T T
0.2 0.4

-0.00002+
-0.002

(a) Iterates 3-9 (b) Iterates 10-15

FIGURE 2
It must be noted that each graph has been scaled by a factor of (n — 1)!, according to the

iterate, so that many graphs may be seen at once.
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We will now acquire bounds on the norm of the iterates.
Proposition 4.
(a) If f € C[0,1], then there are constants m and My such that

m/ (2" Fml) < | TR F|| < My/(n+ 3)L.

(b) If f € Lyl0,1], then there are constants m and My such that

m (22T < T fl, < Mo/((n+2)! {/np + 2p + 1)

if f happens to be bounded, then
T2 fllp < M/ ((n+3)!/np+3p + 1).

Proof. Suppose that f is integrable and bounded on [0, 1]. Since f is bounded there so that

|f(x)| < M; for some positive number M;. Thus

[T fl = sup |T"f(z)]
z€[0,1]

< sup [T"M;]
z€[0,1]
M,

n!l’

and

1T fll; < (177 Ml

M P 1
<1> /m”pd:v
n' 0
M \P gnptl 1
B (n') np+1

0




16

If f e L,[0,1] and f is not bounded, then

T2 fllp < 1T *(THI

< (1T

() v
“\(n+2)!) np+2p+1

so that
My
(n+2)W¥np+2p+1°

1T £l <

where My = sup,cjo17 |7 ()]

There is more work to do for the lower bound. Suppose that f # 0 is integrable on
[0,1]. Let F = T3 f so that F' € C"*+2)[0,1]. Since F is continuous and not identically 0,
there is an a € (0,1) and an n > 0 such that F' # 0 on (a — n,a + n). Choose € < 1 so that

F#0on A=[a—ea+e¢. Since F e C™2)[0,1], F has a series development

JI—CL2
(2!)F”(CL)+-~-

(—a)" (n) a (z —a)
+ F(a) + (n+1)!

F(z) = F(a) + (x — a)F'(a) +

= FO D (0) + Rpyio(2),

where

Fn+2) .
Rosafa) = = s (@ a2,

and fip+2 is between a and x. Let P be the polynomial part of F' so that

AL
P(x)=F(a)+ (z —a)F'(a) + -+ ((n+)1)!F(nH)(a)

on A. Transform P on A to P on [-1,1] by

P(z) = P(ex + a)

so that

IPll=1,1] = IP]a-
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Let apy1 = PP F+)(a)/(n + 1)! and define
P(z) = P/lant1]

so that P has a leading coefficient of 1. The normalized Chebyshev polynomials T,, have
minimal supremum norm on [—1, 1] amongst all n-th degree polynomials with leading coef-

ficient 1 (see Rivlin [16]). In fact, given any such polynomial p,

Ipll—11) = 1Tl 1,0 =

In particular, for n > 0,

I1Pll[=1,1) = 2t

Consequently,
- N 6"+1|F(n+1)(a)’
P14 = WPllay = laneall P > s
Now,
[F[la = [P+ Rni2||
> |[1P]| = [[Rnt2ll]
entl ’F(n+1) (a)‘
> | R, |
27(n+1)!
and
‘F(TH_Q) (Nn+2)| 2
R < IRl ent
” n+2H = (TZ+2)' €
n+2
=T .
Therefore

e HFCD (@) €T S ()]

IEN = 1 F[la =

27(n +1)! (n+2)!

_ TR ()] 6"”|Tf(un+1)|’

| 27(n+1)! (n+2)!
6n—&—l

72 f(a)] _ G\Tf(/ln+2)\‘
(n+1)!

2n n—+2
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Take € = 1/2", then

TP (@) T ()l TS (@) TS (pnv2)l
(n+1)| 2n n+2 | (n+1)!| 27 27 (n +2)
LY 1 [T f(a)
N<2n> (n+ 1)1 2n
_ |7 f()]
2n+2n(pn + 1)1
Thus
n+3 |72 £ (a)]
1T 11 2 S+ T

This bound holds on the interval (a — 1/2",a 4+ 1/2™), so that

TS \

MX( 1/2n +1/2n)(l‘)
2n*+2n(p + 1)! ’ »
B m

B on2+2np| Fon—1 ’

Let m = |T?f(a)|. O

So far we have examples of functions whose norms attain the lower and upper bounds.
But is there a function whose norm is strictly between these bounds?

1z —1/z

Ezample 3. Consider the function e~ We can’t evaluate ||T"e | directly, so we
will bound it above and below by approximating functions and evaluate the norms of their
iterates. To this end, let € > 0. Define g(z) = e_l/ex[gl} () and h(z) = e_l/exmﬁ]—i—e_lx(e’l}.

Then g(x) < e~'/* < h(x) on [0,1] so that ||T"g|| < || T"e" Y/

| < ||[T"h||. By Corollary 2

. B 0 T <e€
T g(.f)— )
6_1/6(33:17!6)n 3326

and

1 _ n
gl = /L
n!
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This provides us with a lower bound for |7 f|| but we want an e that maximizes it. Dif-

ferentiating with respect to e gives

d 1 1 1
i _ = —1/e 1) — —1/e 1 n—1
HIT"sll = 2+ e 1 =" = e =)
1 _ _ 1

= e Ve —ent <€2(1—6)—TL>

_ iefl/e(l )n71(672 el n)

~n! ’

which is zero when ¢! = Hvldn V21+4" so that € = ﬁ ~ % Now ||T"g|| is maximized

with € ~ ﬁ and

_\/ﬁ 1 n
n (&
IT7gl| ~ Q—)

2
Tl
: L \V -1
since (1 — ﬁ) ~e .
For the upper bound,
e:!/ex” fo<z<e
T"h(zx) = )
671/6

T [z" = (z— )] + € I(ZL‘—E)n ife<ax<l1

so ||[T™h|| = e;j!/e [1—(1—¢e"]+ en;,l(l —€)™. This gives an upper bound for | T"e~/#||, but

we are seeking an € that minimizes the expression. Differentiating with respect to € gives

d n _ 11 —1/e n 1 —1/e n—1 e ! n—1
£||T hH—mge 1—(1—¢) ]+me n(l—e) —Wn(l—e)
—1/e
== {6—2[1 S (1= +n(l— )t 4 Vel — e)”_l}
mn.
—1/e
=2 {6—2[1 (1= +n(l— "1 - 61/6_1)}
mn.

This expression has a zero that is asymptotically 1/y/n. The derivative is negative for

€ < 1/4/n and is positive for € > 1/y/n. We thus get a minimum for ||7"h| when € ~ 1/y/n.



CHAPTER 2

Asymptotic Equivalence of Iterates

The fact that the bulk of the weight of |7 f]| is carried by the initial support of f is
highlighted by the asymptotic equivalence of 7" f and T" fx(4 4, Where (a,b) is an initial

part of the support of f.

Proposition 5. Suppose that the closure of the initial part of the support of f is [a,b]
and that f starts off positive or negative. If [a,c] C [a,b], then T" f(x) ~ T" fX[q,q (7). In

particular, [|T" fI| ~ [T fx[aq -

Proof. Let ¢ € (a,b). Then

Tnf(.%') = Tan[O,c] (‘:U) + Tan[c,l] ((L‘)

= Tan[a,c] (Hf) + Tan[c,l} (33)

for all z € [0,1]. If x > a then

™f(x) _, N T" fXe) (%)

Tan[a,c] B Tan[a,c] ($> ‘

T" fX[e,1](®)

T Fxn ) (@) — 0 as n — oo and so

By Lemma 1

" f(x)

im ———— =1.
=0 T fX[q,¢) (%)

In particular, since f starts off positive or negative, || T"f[| = 7" f(1) and || T" fx[a,qll =

T" fX[a,q (1), so that

T’n
T

=1.
n—oo ||Tan[a,c} H

20
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Proposition 6. Let p(x) = apz™ + apm_12™ 1+ - 4 a2+ agzt. Then T"p(z) ~

Trapx’ and, in particular, | T"p|| ~ || T™apzt||.

(41)!
Proof. T"p(x) = am (nﬁ!n)!x"‘*'m + 4 ap %x”’%*l + ay (nie),:n and T"apx’ =

ay (nﬂg),x’“re by Corollary 1. Now
T"p(z) ammlz™ ! ap+1(0+ 1)z

— I 2 A M I I |
Trext agél(n+m)---(n+€—|—1)+ +ag€!(n—|—€+1)+ -

as n — oo. Note that this convergence is uniform on [0, 1]. Since the norms are attained at

1, we have in particular that | T7p|| ~ ||T"azz]|. O

Corollary 4. Let p and q be two polynomials with the same least significant term. Then

T"p(x) ~ T q(x).

Proof. Suppose that p(z) = apm, 2™ + --- + ap12 + cat and q(x) = bpya™2 + --- +
bep1x'! + cat, where £ < min{mi,my}. Then T"p(z) ~ T"ca’ and T"q(x) ~ T cx’ by

Proposition 6. Hence T"p(x) ~ T"q(z). O

This is interesting. Since the orbits of two polynomials whose least significant terms
coincide are asymptotically equal, one wonders if the same holds true for the Taylor series
expansion of an arbitrary function. That is, is the orbit of any function with a Taylor series

expansion equal to the orbit of the first, least significant term of that expansion?

Ezample 4. Consider the exponential function e®. The series expansion at 0 is e* =

>0 27 /5! so that

o0

z™
+
= n+] n! Zn+]

J Jj=1



We want to show that T"e” ~ T™1(z) for all x.

" et xn+j "
o ’]’L'
:1 ’ J
2t )
J=1
1 & (n+1)!
+n+1Z(n+])'x

j
1)! [ 1)!
_ (4D (n+1) +Z(n+-
(n+1)!  (n+2)! j:3(n+])'
> 1
+2 ;(n+]) (n+2)
j—1
=1
<14 -
LD Dl
Jj=3 >~~~
7j—1

Hence T"e” ~ T™1(z). In particular, ||T"e"| ~ 1/nl.

Ezample 5. In a manner analogous to the preceding example,

T"sinz ~T"z = 2" /(n + 1)

22
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Theorem 1. Suppose that f has a series expansion f(x) = Z]oio f(j)(())‘% and that f

starts off positive. Let ng be the least integer for which f(”o)(O) #£0. Then
T"f(x) ~ f")(0)2" " /(n + no)!
for all x # 0. In particular,
171l ~ | £70(0)] /(0 + mo)t
Note: It may be that ng = 0, where f(O) = f. Also, the derivatives of f may eventually
vanish so that the sum is finite.

Proof. The series expansion of f is f(x) = Z;’ino fu )(0)?—{ so that

()= Y £90)

Jj=no

J) "

Now

T f(x)/(f)(0)2" " /(n +no)!)

~ (n+np)! 2 fO(0)znt
WCOEE (]Z n+ ) )

no

S I UL R
= (n+7)!
oo

1 Z f(j)(o) (n+mno + 1)!$j_n0

n+ng+1 = f@0)(0)  (n+4)!

=1+

—1
as n — oo since the series converges. O

Ezample 6. Let 7(z) = 22 + 23/2. Then T"r(z) ~ T™x3/? by Corollary 1:

an(m)/Tnx3/2 — <F(3) n+2+ F(5/2)xn+3/2> /Mxnﬁ-?)ﬂ

T(n+3)" T(n+5/2) T(n+5/2)
_ LB3)I'(n+ 5/2)901/2 1
T(n + 3)0(5/2)

—1
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as n — o0o. The point here is that even though only the first derivative at 0 exists, the
orbits of the function are asymptotically equal to the least significant term, as with the

polynomials. This is seen in the next example as well.

Ezample 7. Let s(z) = 23/2 + 1. Then T"s(z) ~ T™1(z) by Corollary 1:

_ (/2P0 +1) 5
= Tm1572) % 41

—1

as n — OoQ.

The asymptotic behavior of functions without series expansions at 0 remains a mystery.

1z and

Such functions obviously defy the proof presented. Two such functions are e~
T'sin(1/z). The first function has a zero derivative of all orders at 0 and hence has no series
expansion about 0. The growth of this function is slower than that of any power function,
however large the power. The sine function has no expansion about 0 as the derivatives

aren’t even defined there. Beyond that, the chronic oscillation of the orbits of the sine

function defies even the calculation of the norm.



CHAPTER 3

Orbits Yielding Basic Sequences

We want to determine if there exists f € C[0,1] so that Orb(T), f) is a Schauder basis
for span Orb(7, f). Now, while the Schauder system is a basic sequence for C[0,1] (it is,
after all, a Schauder basis for it) it is clearly not the orbit of any C[0, 1] function under the
integral operator. The actual question we wish to address is whether or not there exists a
function f € C]0,1] whose orbit (T™f) yields a basic sequence. The following proposition

will be our main tool in addressing this question.

Proposition 7. If (z,) is a normalized basic sequence in a Banach space X, then
|z = @nal| - 0.

Proof. Since (z,,) is a basic sequence, there is an M > 0 such that for every sequence (o)

of scalars and mq and my € N with m; < ma,

m1 mo
Z ajrj|| < M Z ;T
j=1 j=1
In this particular situation, take m; =n, mas =n+1, o, = 1, a1 = —1, and o = 0 for

every j < n. Then

L= |lzn|| < Mllzn — 2nia]

so that

|zn — Tpya|l > 1/M.

O]

We begin with an example that motivates the exclusion of a large class of possible

functions.

25



Ezample 8. The distance between successive normalized orbits of 1 is

To find the norm, notice that ™ — z"*! is maximized when z = n/(n + 1). Hence

+1
n—+1 n—+1
_ n |
S \n+1) n+1

~et/n.

T1(x) T" ()
(A I (VAR

= la" .

This example motivates the following two lemmas.

Lemma 2. Let [a,b] C [0,1] and f = X[q5- Then

oo~ |~
|

T fll T
Proof. Let
Tnf T Tn+1f T
fn(x) = TL( ) - n+1( )
e fll Tl
Then
f (w) _ (x _ a)” _ (x _ b)n B (x o a)nJrl o (x o b)n+1
B e e (A (O e (L
n n+1
) r—
B <x—a)”1_(x—a) <:1: a>”+11_(m>
- _ A\ _ n+1
1 a 1 (%2) 1 a 1 (1T_2)
r—a\" _(z—a et
1—-a 1—-a
This last expression is maximized when = =z, = #5¢ = 25(1 — a) 4 a. Now

n n+1
Il ~ (=) - (=2
" 1—a 1—a
n
(tn—a 1_:Bn—a
(1—@) ( 1—a>
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O]

Lemma 3. Let E; = (aj,b;] C [0,1] for j =1,...,m, where bj_1 < a; for j > 1. Let f be

the step function f(x) = > " ajxg, (), where a; € R. Then

H Tnf Tn+1f
|

—1
— ~ € n.
Tl T H /

Proof. According to Proposition 1

f(x) T f(@)  T'xe () T xe,(2)

o f T 1T el (T x |
so that
H ™f T f H N H T"xp, T+ y g, e
[ fll 1T ] 1Txe I 1T x|l
by Lemma 2. O

These two lemmas, together with the preceding proposition, show that the orbit of no
characteristic or step function is a basic sequence. As a consequence, no function with a
step function as a derivative has an orbit that is a basic sequence. Since the characteristic
functions are dense in C[0, 1], we suspect that this result extends to all C[0,1] functions.
Unfortunately, the preceding lemma cannot be used to extend the result: The more closely
an arbitrary C[0,1] function is approximated, the larger n must be to obtain the O(1/n)

bound. Functions that have a series expansion at 0, however, are easily handled.

Lemma 4. Let p > 0. Then

Trap  T7lgp
H [Tnae] [T+ La?

’ ~et/n.

Proof. By Corollary 1, T"z? = T'(p+1)z"™?/T'(n+p+1) so that ||[T"2P|| =T(p+1)/T(n+

p+1). Now

H TP Tn+1xp
|

— ntp _ xn+p+1||.
Trapl| || TP

\znx
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This expression is maximized when x = np/(np + 1). Thus

n np—1
_ 14 1— np
np+1 np+1

~et/n.

Trap  Tlgp
H TP [T+ La? |

Theorem 2. Suppose that f has a series expansion at 0. Then

H Tnf Tn-i—lf H
1T fl - T

Proof. Let f() be the first non-zero derivative of f at 0. (It is possible that ny = 0.) By

Theorem 1,
Tnf Tn+1f( ) Tnf("o)(O)an/n()! Tn+1f(n0)(0)xn0/n0!
o~ T [T el ~ T @t
T "o Tn+1.an0
- H [Tl [T+ H
By Lemma 4,
T 0 TnJrlan N _1/
HTnanH ‘Tn—l—lanH € n.

O

Lemma 5 (Asymptotic Squeeze Theorem). Suppose that gn(z) < fn(z) < hyp(z) and that

gn(z) ~ hp(x) for all x € [a,b]. Then f,(z) ~ gp(x) for all x € [a,b].

Proof.
. ful2) . ha(z) _
S g (o) S e ga(e)
Thus lim,, 00 fn(z)/gn(x) = 1 so that f,(z) ~ gn(x). O

Before we proceed, we need a definition. We will say that f has Hélder growth at a if

there exist p; and pa with 0 < p; < po such that f(a) + 2P* < f(x) < f(a) + xP2.
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Theorem 3. Let f € C[0,1]. Suppose that f(0) # 0 and that f is of Holder growth at 0.

Then

H Tnf B Tn+1f
[ fll (1Tl

H ~en.

Proof. Suppose that f(0) = a > 0 and that the growth is positive. Let [0,b] be an initial
part of the support of f such that f(0) < f(x) < f(0)+ 2P on [0, b] for some p > 0. That is,
FO)xp(x) < f(x)xq0(2) < [f(0) + 2P]x[0,5)(2) for all z € [0,1]. Then T f(0)x[o,5)(x) <
T fxqo (@) < T"[f(0) +2P]x[o) (). Since T f(0)xo,5)(x) ~ T"[f(0) +2”]x[0,)(x), Lemma
5 gives T" fx(o,p)(x) ~ T" f(0)x[o5) (). In particular, [|T" fx(o 4]l ~ 177 f(0)x[oll- Now

T f(x)  THf(x)  T"fxpe(z) T fxpy ()

1T f T 1T fxwll 1T Fxpo |
T O)xpy @) T O)xp0 (@)
T O Xl 1T F0)xpou ]
_ T"xp(@) T (0,4 (2)
1T xpgll 77
Finally,
HT”f T () T"xpn (@) T x0(2)
[rfl T 1T xppll 1T
~el/n
by Lemma 2. O

Theorem 4. Let f € C[0,1] and suppose that f >0 on [0,1]. Fiz e > 0. Then

T fll - [[T0Fon ]

" f T(1+€)nf H 0
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Proof. Consider z =1—1/(n+ 1) = x,, and let n > 0.

T+ f () B % OJC" (1 — %H - t)nf(t)dt
(t

[T f LN =ty f(t)dt
N f(?( - tl(n—l—l)) (1- dt
fo (I —t)nf(t)dt
> f()n< (1— n1(n+1 ) (1 t
- Jo (@ —t)nf(t)dt
1 n
(1 <1—n><n+1>>
—1/(1-n)

For the second term we have

N (1+¢)
0ot (e, e b (k1) 0

[T+t g — m fol(l —t)A+9n f(t)dt
f01/2 (1 B m)(l%)n (1 — )1+ f(4)dt
f1/2(1 — )+ £ (1) dt
< f01/2 (1 B m>(1+6)n (1- t)(1+6)”f(t)dt
= f01/2(1 — )+ f(¢)dt

~

— e~ (49,
Hence
Tn-i—lf T(l-‘re)n-‘rlf gt (149
- —e
[y I VASLRY |
in the limit. For this to be positive we need n < ¢/(1 + ¢). O

While the preceding theorem tells us that subsequences of the orbits are bounded away
from one another, we do not necessarily get basic subsequences. We will have to look to

lacunary subsequences of the orbit to find basic sequences.



CHAPTER 4

Lacunary Subsequences

The following 1969 result of Gurariy and Macaev [10] provided us with a list of necessary
and sufficient conditions for a sequence (x,)5>_. C C[0,1] to be basic. With this we find

n=—oo

that a lacunary subsequence of an orbit is basic. A sequence (n)72 __ of positive numbers

is called lacunary if infg ngiq/ng = r > 1. The number r is called the index of lacunarity.
Let (zy, ) be a sequence in a Banach space with norm || - ||. The sequence (zy, ) is separated
if inf g |20, — @, || > 0. It is called uniformly minimal if the distance between z; and
the closed linear span of the remaining elements is positive. The sequence is basic if it is a

Schauder basis for its closed linear span.

Theorem 5. Let (n)32 _ . be a positive, increasing sequence. The following are equivalent.
i. The sequence (ny) is lacunary.

ii. The sequence (x™*) is separated in C[0,1].

iii. The sequence (z"*) is uniformly minimal in C|0,1].

iv. The sequence (x™) is basic in C[0,1].
v. The sequence (x™*) is equivalent to the usual basis in c.

The following proposition provides us with more basic sequences than just the lacunary

power sequences above. It is stated for Schauder bases, but clearly holds for basic sequences.

Proposition 8. Suppose that (z,) is a Schauder basis for the Banach space X and that

(An) is a sequence of non-zero scalars. Then (Apzy) is also a Schauder basis for X.

From this proposition, we can see that a normalized basic sequence is also basic.
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Corollary 5. If (x,) is a basis for a Banach space, then (xy,/||xn||) is a normalized basic

sequence for the space.

Gurariy and Macaev’s Theorem 5, together with the preceding proposition, shows us that
a lacunary subsequence of the orbit of a power function and a normalization of such is also

a basic sequence.

Corollary 6. Let ¢ be a non-negative integer. If (ny) is a lacunary sequence, then (T z*)

and (T™xt/||T™2"||) are both basic sequences.

Given a basic sequence, we see that a permutation of that sequence is also basic if is small

enough in the sense of the following theorem.

Proposition 9. Suppose that X is a Banach space, that (xy) is a normal basic sequence
in X, that K is the basis constant for (x,), and that (y,) is a sequence in X such that
Yol —ynll < 1/(2K). Then (yn) is a basic sequence equivalent to (). If (xn) is a basis

for X, then so is (yn).

Ezxample 9. The orbit of 1 has a lacunary basic subsequence, as does the orbit of 1 + z.

This can be calculated directly, but here we will use the preceding proposition. Let

@)
nle) = ) =

n

and let
R o ) () B v
771 + )] ¥ ol
Then
n n+1

Ty () — yn(z) = n_i”
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and ||z, — yn|| is obtained when z =1 — n%rl Hence
1 1 " 1
lon =vall = 575 (1 n+1> <n—|—1)
o1
St ) t2)
< 1

(n+1)(n+2)

and so

Yollzn—wul <D ———— =5
Z Lt Dn+2) 2

Since the series converges, there is a lacunary subsequence (ny) such that

o0
1
Z [ = Ynell < 9K’
n=1
where K is the basis constant of (z,,). Hence both (z,, ) and (y», ) are both basic sequences.

It is of interest to note the angle between elements of some specific subsequences of the

orbit of 1. Let f : N — N be an unbounded strictly increasing function.

This difference is maximized when

- < £(n) >1/(f(n+1)f(n)).
I

7)1 Tf(n+1)1
|TF1) [T

‘ _ fo(n) _ St H '

n+1)
Now,
f(n) f(nt1)
fo(n) _ xf(n+1)H _ ( f(n) >f<n+1>—f<n> B ( f(n) )f(n+1)—f<n)
f(n+1) f(n+1)
f(n)
_( f(n) >f<n+1>—f<n> (1 _ fn) )
- \f(n+1) f(n+1)

We will look at different functions f with various growth rates.

If f(n) = kn for some k # 0, then the norm is

(o) (i) = () ()

~et/n




as before.
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Let a > 1 and let f(n) = a™ so that f grows at an exponential rate. The norm is then

an \ T LA\ (17T (a1
ant+1 _an—i—l - 5 a
1\ a1
—a=D(=)"".
@-v(3)

As a concrete example, for a = 2 the norm is 1/4 for all n.

If f(n) = n!, then the norm is

()™ ()= ()

n
n+1’

3=

<1_n—1i-1>

~

which tends to 1 at the rate of 1/n.

Finally, if f is doubly exponential, say f(n) = 22", then the norm is

n L n 1
22 2T _jom 22 1 \2Z" 1
2T 1= | = (2 1= oo
1

This tends to 1 at an exponential rate.



CHAPTER 5

Uniform Minimality

Let {e; };?';0 be a sequence in a Banach space X. We say that this sequence is uniformly

minimal if there exists p = p({e;}) > 0 such that

lej — spany.;(ex)|| = p-

The goal here is to determine if the orbit of any f € C|0, 1] is uniformly minimal.

We wish now to find a number « (# 0) that minimizes

H "1 Tn+
|

_ — n n+1 .
1] “nTnHlﬂ' I =™

Let f(x) = 2" — az"*!. Then
fl(x) =nz" ' —a(n+ 12" = 2" n — a(n + 1)z].

Since f(0) =0, |f| is maximized when

an+1)

Since we are seeking zeros in [0, 1], we must have o > 1. Now,

Hﬂw—(avg%n)n<i—aa@ﬁkn>
- <i¢> <nil> n—li—l

or

11l = 11— al.
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Case 1:

If @ 2 1, then (1/a)™ — 0 exponentially. Since || f|| > |1 —«f, ||f|| = |1 — .

Case 2:

If & ~ 1, then we have three subcases to consider.

Subcase 1:

n

If « =1+ k/nP, where p > 1, and k is any non-zero real number, then o™ — 1 as n — oo

so that || f|| ~ e~ !/n.

Subcase 2:

n

If « =14 k/nP, where p < 1, and k is any non-zero real number, then o= — 0 as n — oo

so that |1 — a| > a e~ ! /n. Hence ||f]| = |1 — .

Subcase 3:
Suppose that o = 1 + k/n, where k is any non-zero real number. Now || f|| ~ e Fe™!/n =

e *=1/n. Since | f|| > |1 — |, we need to choose k so that
e ¥t n>1—al =1 (L+k/n)| = [k|/n.

We thus need the k that satisfies

—k—1 — k.

This equation has a solution given by k =~ 0.27846.
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Example 10.

Tn-‘rll N Tn+21
HT”HI IT"“1II [Tm+21]]

| =t = 2ot .
Differentiating with respect to x yields

I(xn — 9t + xn+2) — ™l 2(n + 1).%" + (n + 2)x”+1
XL

= 2" n—2n+ 1)z + (n+2)2?
The zeros of the quadratic factor are

_on
Cn+ 2

The norm is obtained when x = n/(n + 2) since x = 1 gives a value of zero. Now

4
n+ 2)?

~ 4e7?/n?,

n
n_9 n+1 n+2 — n
||z T + 2" —— (

The point here is that the norm of the difference of an iterate and a linear combination of
subsequent iterates can tend to zero at a rate faster than O(1/n). Perhaps it is possible to

find a linear combination that tends to zero faster than a polynomial rate.

Ezample 11.

1 7 1 Lyl L2
_ _l.n n
Hufmlu 2] 2HTW+2HIH =" 37"

Differentiating with respect to x yields
—_— (:1:" - %x”“ - %x”+2) =nz" ! — %(n + 1)z" + %(n + 2)z" !

— 12" 120 — (n+ Da — (n + 2)27]

The zeros of the quadratic factor are

_n+l —1+£49- 8/n+1

n+2
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of which only

w2 IZHOEDEL (gt 2)

is in [0,1]. The norm is obtained here since x = 1 gives a value of zero. Now

Hxn . %xn—i-l o %Jjn+2H ~ %6_1/77,.

Example 12.

T'rz—l—ll 9 T'rz+21
Humu Sy Y ajTe

H _ Hxn _ 3xn+1 4 %l‘n—i_QH.

Differentiating with respect to x yields

d
di (:En _ 3l,n+1 + Zl,n+2) nl’n_l _ 3(n + 1)1,71 + %(n + 2)1,71-{-1
X

=2""!' [n=3(n+ 1)z + 2(n+2)2?

= 12" [9(n + 2)2® — 12(n + 1)z + 4n]

The zeros of the quadratic factor are

2n 2

3(n+2) 3

The norm is not obtained at either of these values, however: substituting z = 2n/(3(n+2))
gives an expression that is ~ 4e~2 (%)n /n? while x = 2/3 evaluates to 0. The norm is thus

obtained when x = 1 so that

Tn+11 9 Tn+21
H i ey T ajre

H = ||lz" — 32"t + 2272 = 1/4.

Ezample 13.

1 Tn+11 1 Tn+21
H HT"1H 2T 2T

| =l ot = gan).

Differentiating with respect to x yields

d
e (z" + 32"t = 1amt2) = 12" [(n 4+ 2)2% — (n+ 1)z — 2n]
x
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The zeros of the quadratic factor are

(n+1)£vIn2+18n+1
2(n+2) '

Since these zeros are asymptotically —1 and 2, respectively, the norm is attained at = = 1.

Thus

H ™1 1 T+ 1 7721
|

o+ _ n 1,.n+1 1 _n+42 =1.
T 2 [T 2\|Tn+21\|H o + 3™ = 5™

Example 14.
Tn+11 Tn+21
H TR GG

H = la" + ™" 42"

Differentiating with respect to x yields

% (2" + 2"+ 2"2) = 2" [(n+2)2% + (n + L)z + n]

The zeros of the quadratic factor are

—(n+1)++v-3n%2—-6n+1

Xr = 5

2(n+2)

neither of which are real. The norm is thus obtained at x = 1 so that

Tn-‘rll Tn+21
H i) e T

H = ||z + "t 4 x"“H = 3.
These five examples illustrate two important points. Let
f(z) = 2" — az" ! — Ba" 2
so that

Tn+11 T7L+21
HHT”IH AT HT"+21H

H — 1.

Finding the norm thus amounts to maximizing |f| on [0,1]. The last three examples show
that if the critical numbers of f are not real, lie outside of [0,1], or are asymptotically

interior to [0, 1], then the norm is attained when z = 1 and

Tn+11 Tn+21
” e T HT”“1H H
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All such differences are thus O(1).

The first two examples show that at least on critical number of f must be in [0, 1],
asymptotically 1, and f(1) = 0 to get a norm tending to 0. In the first example we found
that the norm is O(1/n?) and in the second the norm was found to be O(1/n). The
difference here is the requirement that f’(1) = 0. This results in a slower growth of the
function around 1 and hence a smaller norm. The minimum norm for f(z) is thus given by
the equations f(1) =0 and f'(1) = 0. We will find that this is the general situation for the
difference of an arbitrary span.

We wish to calculate

m

Tn+iq . m _—
— _ . J
|T"1|| Z | [T )
]:

where a; # 0 for each j = 1...m. We also wish to find the a; that minimize the norm.
Let f(z) =a" — Z;n:l ajz™I. The a; we are looking for are given by f(1) = f/(1) =--- =
f(m_l)(l) = 0. This yields a system of m equations in the m variables o, j = 1,...,m.
The surprising solution to this system is given by the m-th row of Pascal’s triangle, starting
with the second entry and alternating sign from positive to negative. Thus we find that
f(z) =a™(1—x)™. Tt is easily seen that this f satisfies the conditions f(1) = f'(1) =--- =

fm=1(1) = 0. The critical numbers are given by

fl(x) =nz" 11 —2)™ - 2"m(1 — z)™ !
=z" 11— 2)" nl - z) — ma]

=z" 11— 2)" Yn - nz — mz).
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n
n+m

1= () (=)
-(w) ()

~mme ™ /n™

The one we are interested in is x = since f evaluates to zero at the others. Now

This shows that ||f]| is O(1/m!) by Stirling’s formula so that the orbit of f is not uniformly

minimal.



CHAPTER 6

L, Spaces

We wish to extend the above results to the L,[0, 1] spaces, p > 1. We will first look at

our ubiquitous motivating example f = 1.
Ezample 15. Recall that for the constant function 1, 7"1(x) = %x” and

L
il = ([ fza )

1

_ 1 1 P
— n! \ np+1 :

The difference between successive normalized orbits is

Tn—l—l 1 p

H 1771, 71,

p

1 1 p
- H(np+ 1)z — (np+p+ 1)ixn+1H
p

1
:/ ’(np%—l)%a:"—(np+p+1)%x"+1‘pda:
0
b(p) 1 1 117
= [ [+ 05" — g pt 30 o
0

L 1o 1P
+/ [(np+p—|—1)1’:v” —(np—l—l)px”] dx,
b(p)

where
1

o) = (petn)”

To evaluate these integrals, we will make use of Euler’s Beta Function

1
B(z,y) —/0 t* 1 — )y tdt

and the identity



(p)
/ [(np—kl)%a:"—(np%—p—k 1)%x"+1}pdx
0

b(p) 1 9P
=<np+1>/0 m”p[l—(%)”w} dz

1 A +p+1 1" +p+1 5 1P
P P n, P
— 1) ()" [ () e| 1 (22) ] e

1

Make the substitution ¢t = <"Z;€J{l> z so that

b(p) 1 P
/ [(np—i— 1)%1'”— (np—i—p—f—l)ﬁ:r”“] dx
0

L np+1 1
= (np+1) (ng_{;ﬂ) i /Ot”P(l—t)Pdt
(np+1) (2222 ) L(np+ )0(p +1)
_ ( npt1 >"‘°+1 (np +2)T(p+1)
npptl T(np+p+2)
~e 'T(p+1)

(np)p '

Now for the second integral.

b(p

1 A2 p
:(np+1)/b(p)a:”p [(%)px—l] dx

+1 £ ! +p+1 0 " +p+1
n, P n, p n,
(w0 (k) * [ | () ] ()

b(p)

! 1o 1P
/ [(np+p+ ezt — (np + 1)?1’"} dx
)

1
P

P
33—1] dx
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1
Again, make the substitution ¢t = (%) ? 2. Then

! 1 1P
/ [(np +p+ ez — (np+ 1)P$”] dz
b(p)

nptl o eb(p) !
= (np+1) (n;_{;il) ’ /1 P (t — 1)Pdt

npt+l  rb(p)
< (np+1) (k) /1 % [b(p) "t — 1)7 dt

=+ 1) (s255) 7 @) -1 e { ) - 1)

~e nl s(e—1)

P)
== p
Hence
[ : S TE+ Dy + (1= gy
= (n;)p {e'T(p+1)+1—e1}
= G Le [Tl +1) 1] +1}
and

Tntly
IIT"1IIp IT"“1Hp

Sef/e 1 Mp+1) -1+ 1.
As with the sup norm, we find that the norm of the orbits is asymptotically equal to
the norm of the orbits of the initial part of the function.
Ezample 16. We find that || T"1|[, ~ [|[T"X[0,q|lp, Where 0 < a < 1. Recall that
%x" if r <ag

T"X[0,0) (%) =
Ll —(z—a)"] ifz>a
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The p-th power of the norm is

1
17" X012 = /0 T 0.0 (z) P
a 1
— /0 T (0.0 () P + / T (0.0 (z) P
P 1 P
dx —I—/ dx
= (n‘)p . X X (n‘)p i X i a X
1 ik a 1 a\np
(n!)l’{np+1+/a . [1 (1 ar) ] d:):}.

We need to get bounds on the second integral as it cannot be calculated directly. First is

the upper bound:

1 1
n 1
/ x"P [1 - (1 - E) ]pdaz < / x"Pdr = (1 —a™th).
a T np +1

Next is the lower bound:

1

/al Pk [1 — <1 — %)"rdx > / 21 — (1 - a)"Pda

a

_ [1 . (1 o a)n]pi xnp—i—l’ﬂcil
np—+1 =
=[1-(=a)——-a™")
np
Now,
1 a”pH 1 anp-i—l
TTL p < -
1 1
~ (n)Pmp+1
so that
1 1
™ <)
IT"X[0,alllp < ol (/;7
and

1T x[0,q1115 > COR {np—l—l(l — a1 - (1-a) ]p}
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so that

1 1
n _ _ anp+1 _ _ n
Tl > {2 (0 - a1 = (1 - aple,

From the upper bound

o 1T Xl

1 C/ 1

. n! np+1

o ALANE - oV T

A T, S
n! np+1

and from the lower bound

1 1
1Tl . m{EEEA—arT L= (= e
lim ————— > 1i
n! np+1

= lim {’/(1 — anp+1)[1 —(1—a)"]p

n—oo
= 1.
Thus [Tl ~ [T X[0.q] -

We will next check the sharpness of this result. We’ll look first at p = 1 then p = 2. For

p =1 we get:

™1 Tt
H [T IR

1

b(1)
— / [(n + 1)az" — (n+ 2)x"+1] dx
0

1
n "t —(n " | dx
+/b(1)[( +2) (n+1)z"] d

_ [x”“ _ xn+2]g(1) i [$n+2 _ n+1]1

b(1)
n+1 ntl n+1 n+1 ntl n+1
n+ 2 n+ 2 n+ 2 n+ 2

~2e¢71/n.

x

The formula above gives 1/n for p = 1 for a difference of (1 —2e~1)/n ~ 0.26/n.
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Now let p = 2.
Tn+11 2
H 1T 1l [T+

b(2)
:/ [(2n+1)
0

1 2
+ / [(212 + 3)%30"+1 —(2n+ 1)%30"} dx.
b(2)

2

w\»—t
—~
[\
S
+
N
N}
8
3
+
—
—
[N}
IS
8

The first integral is ~ 2e71/(4n?). From the second integral we get

1 2
/ [(Qn + 3)%337”“1 —(2n+ 1)%33”} dx
b(2)
2n+1

_, [1 - (2n—}—3)1/2(2n—|—1)1/2] - <2n+1)3 1

2n + 2 2n+3 (2n+3)(n+1)

1 2¢ 1
4n?2  4n? -

Putting these together we find that

T+ |
’uTnan T+l ||, 4n?
so that
' "1 Tt 1
[Tl T2 ]], 20

From the formula for the p = 2 norm we get ve=! + 1/(2n), for a difference of
(Ve T+1—1)/(2n) ~ 0.085/n.

Questions: Is this approximation sharp for any p? Do these differences increase without
bound?

For p = 3, the norm is ~ v/12e~! —2/(3n). The formula gives v/5e~1 +1/(3n) for a

difference of (v/5e=1+ 1 — v/12¢=1 —2)/(3n) ~ 0.025/n.

For p = 4, the norm is ~ v/9/(4n). The formula gives v/23e~1 — 1/(4n) for a difference
of v23e~1 —1/(4n) — v/9/(4n) =~ —0.020/n.



CHAPTER 7

Conclusions and Further Research

We have shown that the orbit of a sufficiently regular function under the integral operator
cannot be a Schauder basis for its closed linear span. Here we mean sufficiently regular in
the sense that the function starts off positive or negative. In fact, it is enough that some
function in an orbit has a non-zero derivative of some order at 0.

There are orbits for which some of the proofs do not hold. Some such orbits are those
where all the functions have 0 as an accumulation point of zeros and alternate sign around
those zeros (e.g. sin(1/x)). Also, those orbits whose functions lack non-zero derivatives of
all orders at 0 defy the asymptotic analysis presented in some of the proofs, as is the case
with the orbit of e~1/%. However, the estimate on the norms of the member functions of an
orbit in Proposition 4 works for all orbits. It is unknown whether this is the best possible
estimate.

It seems that the further study of pathological orbits like {7" sin(1/x)} and {T"e~1/*}
may be easier in the Ly setting. In this space we have additional tools at our disposal. Not
only does an inner product become available, but we also gain the use of the adjoint of
the integral operator. It is the availability of the adjoint that may allow us to sidestep the
problematic behavior of pathological orbits.

In light of the theorem of Gurariy and Macaev, we see that lacunary subsequences of
a sufficiently regular orbit are basic. Since a sequence {z"} is basic if and only if {A\,z"}
is basic, where A,, # 0 for any n, a subsequence {\,, x"} is basic if and only if {a"#} is
lacunary. Coupled with the results presented in this dissertation, we find that the orbit of a
regular C|0, 1] function with a series development about 0 has a subsequence that is basic.

While some results analogous to those in this dissertation remain incomplete in the
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L, spaces, the initial analysis provided agrees with the established results and leads us to
expect similar behavior from orbits in the L, spaces. This work may be extended to other
integral operators as well. Generic Volterra and Fredholm operators with arbitrary kernels
deserve consideration, and one can generalize the measure as well. There are many open
problems concerning these operators similar to those stated here. Hopefully, those problems

will be readily solved following the analysis given here.
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