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INTRODUCTION

In this thesis, we study two topics. The first part deals with basic sequences
in relation to lacunary power sequences of multiplication operators in the spaces
Cla,b] and L,[a,b] and the second part deals with the rectifiability property of
a curve arising from best approximation of non-invertible operators in Hilbert

spaces.

The space C|a,b] is the Banach space of functions continuous on the interval

[a,b] equipped with the supremum norm: || f|| o, = sup [f(t)].
t

)

The space Lyla,b], 1 < p < oo is the Banach space of functions f for which

1/
fab |f(#)[Pdt < oo and the L,[0, 1] norm is given by: || f[|, . : (fab |f(t) ypdt> P
When there is no ambiguity, we will simply write || f|| for || f|lc, ;) and [[f[[ 44

The well known approximation theorem of Weierstrass (1885 ) tells us that
the polynomials P(t) = > ¢° axt® are dense in the spaces of continuous functions,
C1[0,1]. In the more general setting, Miintz’s theorem as stated by T. Erdélyi and
W. B. Johnson [12] asserts that for a sequence {)\j};';o withO0= g <A\ <X <...,
the linear span of {t* " ...} is dense in C[0, 1] and L,[0,1], 1 < p < cc if and only

: co 1 _
lejZl)Tj = Q.

Definition 0.0.1 Let T be a linear operator on a Banach space X, and let x € X.

x 1s said to be cyclic in X if the linear span of the orbit of x for T is dense in X.

Put in the language of the above definition, Weierstrass’ theorem says that for

the multiplication operator T' : C|0,1] — C]0, 1] given by (T f)(t) = tf(t), the span of

1



the orbit {1,T1,T%1,...} = {t"}>°, of the constant function f(t) = 1 with respect to
T is dense in C[0,1]. That is, 1 is cyclic for T

A natural question is to ask if parts of the orbits of cyclic vectors in Banach
spaces are Schauder bases of the spaces or even basic sequences. As far as we

know, this problem has not been studied extensively.

In this thesis, we study more general multiplication operators. So, multiplica-
tion by ¢ in Weierstrass’ theorem is replaced by multiplication by a more general
function h(t) and instead of the constant function 1, we consider the orbit of a

more general function.

Definition 0.0.2 An infinite sequence {x;} of non-zero vectors in a Banach space
X is said to be a Schauder basis of X if for each x € X, there is a unique sequence
of scalars {\;} such that x = ) °, \jz;. It is said to be a basic sequence in X if it
is a Schauder basis of its closed linear span, denoted by [z;] := span{z;}. If ||z;| = 1

JSor all i, we say that the basic sequence is hormalized.

Definition 0.0.3 An increasing sequence of nonnegative real numbers {\;}]° is

A
said to be lacunary if i%f ’;\H
k

= p > 1. The number p is said to be the index of

lacunarity of {\i}7° .

In 1966, V.I. Gurariy and V.I. Matsaev [15] showed that for the operator of
multiplication by ¢ on C[0,b] and L,[0,b], with 1 < p < co and b > 0, the power
sequence {t’\k};i_oo, is a basic sequence if and only if the sequence {);} is lacu-
nary. This means that lacunary parts of orbits of the constant function 1 under
the multiplication by ¢ operator in C[0,b] and L,[0, 1] are basic sequences and vice

versa. In the sequel, )\; need not be integers.



In chapter 1, we show that if an increasing sequence {\;}]° of positive real

numbers is such that sup(Ay11 — A\x) < oo then the sequence {tkk }To is not a basic
k

sequence. In fact, we will show that

tk?f(t) B tk+1 f(t) _ 1
lter@] (|t @] H = O(k™"), where the

norm is the sup-norm in C[0, 1] or the L,-norm.

In chapter 2, we extend the results of Gurariy and Matsaev to the operator of
multiplication by a general function A in the spaces C|a,b] and L,[a,b], by using
and extending the techniques employed by Gurariy and Matsaev. In chapter 3,
we apply the results of Gurariy and Lusky [14], and P. Borwein and T. Erdélyi
[3] to get the generalizations in different ways. Borwein and Erdélyi used Re-
mez inequality and Muntz theorem to show that if F represents either of C/0,1]
or L,[0,1], and if > 1/\; < oo, then there exists a positive constant ¢ such that
Pl E(0,0) < cllpl|E(a) for any polynomial p in the linear span of {t*} and any subset
A of [0, a] with small Lebesgue measure. This result gives rise to an efficient alter-
nate way for the extension. In chapter 4, we introduce a new technique to show
that lacunary block sequences - which are more general than lacunary power
sequences - are uniformly minimal and even are basic sequences. Chapter 5
deals with rectifiability property of the curve ~ : € — Ty, where y is the backward

minimal vector associated to e.



CHAPTER 1
SEQUENCES OF FINITE GAP AND RATE OF CONVERGENCE
1.1 Introduction

Let {\;} be an infinite, increasing sequence of nonnegative real numbers with
Ao = 0. Consider the multiplication operator 7' given by (7'f)(t) := tf(t) for all
feC)o,1]. If f(t) =1 for all ¢t € [0,1], then the classical Miintz theorem [5, p.171]
tells us that the linear span of {77*1}{ is dense in C[0, 1] if and only if >°¢° 5 = oo,
A particular case of this is the well-known Weierstrass approximation theorem,
which says that the polynomials P(t) := > o° ayt* are dense in C[0,1]. That is, the

linear closed span, span{t*}*® = C[0,1].

On the other hand, it is known that {t*}§° is not a Schauder basis of C0, 1],
and hence it is not a basic sequence. Indeed, the sequence {t**} does not satisfy
the following well-known characterization of basic sequences, which can be found

in [13, p. 169] and [19, p. 359].

Theorem 1.1.1 A sequence of non-zero elements {x}{° in a Banach space X is a
basic sequence in X if and only if there exists a positive constant K satisfying the

inequality

(1.1) <K

X

mi
D
1

m2
PILE
1

X

Jfor every pair of positive integers mi, my with m; < mo and any sequence of scalars

a1, a9, -+, un,. K 1s called the basic constant.

4



This is equivalent to saying that there exists a K > 0, such that for every

z =7 agxy € span{zy}, and every m € N,

<K ||zl
X

m
E QkTk
1

Corollary 1.1.2 Suppose {z} is a basic sequence in a Banach space X. If {\;} is

an infinite sequence of nonzero scalars, then {\;x1} is also a basic sequence.

Definition 1.1.3 An infinite sequence {z;} of non-zero elements in a Banach space

X is said to be separated if inf,.; ||x; — z;||x > 0.

The following is an immediate consequence.

Corollary 1.1.4 Every normalized basic sequence {z;} in a Banach space X is

separated.

PROOF: Suppose inf;.; ||z; — x;||x = 0. Let K € N. Then, there exist m;, my such
that ||z, — zm,||x < 1/(K + 1). But then, choosing o,,, =1, o, = —1 and o =0

for m1 < k < mg, we obtain

K

K <1=
K+1 N

m2
g QT
1

Consequently, {z;} is not basic sequence.

<
X

mi
E QLT
1

X

Let E[0,1] represent either C[0,1] or L,[0,1] and |/z||; be the corresponding

norm.



Corollary 1.1.5 {t*}&° is not a basic sequence in E[0, 1].

PROOF: The C|0, 1]-case:

(e (kj_l) _ ok

The L,[0, 1]-case: Let

tk tk+1 tk
Ag(t) = — = Ap — t
o) = [~ ey = ey e 7 )
k+1 1
where A;, = [l - | = 14:197—1—
(] ;kp+p+1
Then,
ALl) Ap(t)  if0<t< Ay
k p—

“AR(t) fAL<t<1
1 Ay, 1
lAyP = /0 NI /0 (Ax(t)P di + /A (—A(t)? dt

k+1
Forp=1, A, = ki2,andhence




Forp > 1,
A 1
1A = / (ARt dt + / (At dt
0 Ag
k p »
< |A A A AL(1 1—A
< Jan ()| s iara - an
= O(k'?)
Thus,

ALl < O(k™H1/7)

In the following section, we will show that corollary 1.1.4 extends to more
general sequences of finite gap.
1.2 Rate of Convergence for Power sequences of Finite Gap

We will say that an increasing sequence of nonnegative reals {\;}° is a se-

quence of finite gap or of supremum gap M if supg(Ag+1 — Ax) = M < oo.
For example, {k}5° is of finite gap while the sequence {\*}5°, (A > 1) is not.

A strictly increasing sequence {\;}§° of positive scalars is of supremum gap

M, if and only if {cA\;}§° is of supremum gap cM for every positive scalar c. Also,
Akt1

if {\¢}5° is of supremum gap M then, lim = 1. Thus, {\;} is not lacunary.

k—oo k

Let {\;} be of a finite gap and let E be one of C[0,1] or L,[0,1]. For a non-

negative h € E, consider the operator of multiplication by by h. Let

RN hAE+ £ ()
1.2 R T PR ey




We will show that

() [[Akllc — 0 as k — oo for any f € C[0,1].

(i) if A(t) =tand f(t) = (1—1t)", for a fixed positive integer m, then ||As| is of

the order n~! but not of order n~(!*¢) for any ¢ > 0.

(iii) if h(t) = t and either f is positive, or has positive m!h derivative near 1, for

some m, then ||Ag| is of order n~!.

(iv) If the sequence {t*f} is a basic sequence then {\;} is lacunary.

If the product hf is the zero function, there is nothing to prove. Thus, assume

that (hf)(t) is not identically zero.

First we need two lemmas. Let S := {t € [0,1] : f(¢) # 0} Then,

= sup | (1) f(t)

|
H d CS)  tes

, and [[Agllcpa = [1Akllees)

Hence, we may as well assume that f(¢) # 0 for all ¢t € [0,1]. We can also assume

that [|A]| = 1 and | f||¢ = 1.

Lemma 1.2.1 Suppose {\;} is a sequence of positive scalars. If {t;.} is a sequence
in [0,1] such that there is a constant e > 0 with |h* (tg) f(ty)| > e[|h* fllc(s), for all

ke N, thenh(ty) — 1 as k — oc.

PROOF: Note that the continuity of 4 and f, guarantees the existence of such

a sequence {t;}. Assume there exists some ¢ > 0 such that |i(t;)| < 1 — 4, for all



k € N. Since ||h|| = 1 we can choose some t; € (0, 1) such that |h(to)| > 1—§2. Then,

0 < (1 — %) | f(to)| e|h (to) f(to)]

el f]

IN N

IN

R (tg) f ()
(1= )™ | f(te)]

(1—0)* since ||f|| =1

IN

IN

So, (14 6)*|f(to)| < 1, for all k € N, which is a contradiction since ¢ > 0, | f(to| > 0
and (14 6)™ — oo as k — oo.
[ ]

Lemma 1.2.2 Suppose {\;} is a sequence of supremum gap m. Then,

i -

T — 1, ask — oo

[P f]]

PROOF: Assume |[|h|| = 1. By continuity, suppose || f|| = [h*(tx) f(tx)| for all
k =0,1,2,---. Then, by lemma 1.2.1, for each small ¢ > 0, there exists K. > 0

such that |h™(tx)| > 1 — ¢ , whenever k > K..

Therefore, for all k¥ > K.,

1o

‘ = (1—e)|h™ (ty) f(tn)|
<R £ (t)]

< ]hml(tk) f(tk)( , since Ap1 < m -+ A, and |h(t)| < 1

|

IN

=
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Thus, 1 — L
us e < HhAka

<1, forall £ > K.. Letting ¢ — 0, gives the required

result.

Theorem 1.2.3 Suppose {)\;} is a sequence of finite gap. Let f,h € C[0,1] be such

that h is nonnegative and the product hf is not the zero function. Then

A f hAR+1 f
1. inf || Ag||,.. := inf — =
(-3 A =0 sy~ T =
In particular, {h** f} is not basic sequence in C[0, 1]
PROOF: Suppose {z;} C [0, 1] is such that

1Ak = [Ag(zk)]
Let Ay — HhA’“f — sup |(hf)(z)| forn=1,2,--. Then,
0<z<1
Aez)l = At (BF) () = Az, (P ) )

< At (Br) ) — At (W) )|+

At () ) = At () Gl
= A |(f) G| (=) +

+ AL ‘(h*wf) (zk)‘ A A5t =1

ALt ‘(hkkj’) (Zk)’ =R )| + A Ayt =1

IA

Now, by lemma 1.2.2, the second term goes to 0 as n — oo. For the first term,

}

since {A;"|(h*f) ()|} is bounded, there is a subsequence {A’)\k ’(h”?c f) (z},)

that converges, say to a number c.



11

If ¢ = 0, then A} [(h* f)(2)] |1 — h™(2)| converges to 0, we are done.
If ¢ > 0, then |(h*f) (2x)| > §||p*f|| for all k, sufficiently large. But then, by

lemma 1.2.1, h"(z;) — 1, and we are done.

In particular, we have

Theorem 1.2.4 If{)\;} is a sequence of finite gap, then for any m € N,

o (i)

If infi(Ag+1 — \i) > 6 >0 for some d, then [|A| is not of order \;'~¢, foranye >0

(1 — )™ A+ (1 — )™
[ =)™ e (1 =)

1Ak = ‘

PROOF: Suppose supg(Ar+1 — Ax) = M. Then,

A AN L\ ™ 1
(1.4) Ak ‘= Inaxp<t<1 ‘t (1 t) ’ (m n )\k> <)\k> O ()\2”)

Ay,

By lemma 1.2.2, for each ¢ > 0, there is a K. > 0 such that |1 — < ¢ for all

k+1
k > K.. So, for each t € [0,1],

'(t’\k —~ —AA’“ WH) — (W - t“ﬂ)‘ < et for k> K.
k+1
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Consequently for k£ > K.,

IAg| = M ’ <t)"€ — ‘Akt)‘kJrl)’
Ay Ags1
< 2 g )
k
— (11_4775)m ((t%kk + t%’\“l) (t%/\k — t%)‘kH) + st’\k>
k
22 (1 — ¢)™

(1.5)

IN

1 1
12 e 43 M 5)
A (

Now, Alkt%AkH (1—t)™ = O(1) and since A\pyq — Ay < M, t2 — 2241 = O (le)
This proves the first assertion of the theorem. On the other hand, if \;11 — Mg

becomes arbitrarily small for large &,

Ag|| can be of smaller order.

For example, consider the increasing sequence {\;}, where Agn ., = n + g for

m:0,1,2,--- ,2”—1andn:0,1,2,---. Since A2n+m+1—)\2n+m:%,

1
Azl =0 (5 )

Corollary 1.2.5 Suppose {\;} is a sequence of finite gap. If 1 < p < oo, then

(1 — )™ (1 — )™
1Ak, = 1 i T -
[t (1 — 1) HLP Ht (1 — 1) HLZ, L
(1.6) = o\

PROOF: Without loss of generality, we may assume that A\; = 1. For each k£ € N, let

Ny and N be non-negative integers such that Ny < p\y < Ny+1land N < pm < N+1.
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Then using integration by parts, we have

Htkk(l —pym|”

Ly

1
/tp’\k(l pmdt</ tNe(1 —t)Ndt
0

N! 1 o
TG+ N O((l‘i‘Nk)NH>:O</\k )

So,

oo

L= O™

Consequently, for large k, putting A := ||t*(1 — )™,

(1.7) Ht)‘k(l — t)m‘

. CHt’\k(l—t)mHC = 04

Therefore, for large k, there exists a positive constant C such that

(1.8 IS

Which means,

t’\k —tym (1 —t)m|”

dt

Apy1

ARG, = O (AT

Again, if A\ — \; goes to 0 rapidly, then ||Ak||’£p is of smaller order.

Corollary 1.2.6 Suppose 0 # h € C[0,1] is differentiable in (0,1). Then, for any
sequence {\;} of finite gap,

\ o)

PROOF: With out loss of generality, we may assume that ||h| = 1. Let Ag(t) =

hk R k+1
[p ] R
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Rk (t) — R +1(t). Then, A}, attains its maximum value at a number t; € [0, 1] such

1
A\ Mo
b > T or R (t) =0
Ak+1

that either h(t;) = <

1

Py

Case i: h(ty) = <A§+1> e implies that
k

Ak41

M1 =M [ A\ Apaq — )\ M
Ap(ty)] = ktl = Ak <
|Ak(tr)] " <)\k+1> <3

Case ii: Suppose /'(},) = 0. If h(t},) = 0, then (h**)’ (t;) = 0 and hence, |A(t;,)| = 0.
If0 < |h(ty)| =~ < 1, then |Ap(tg)| = Y (1 — 4 +172%) < M <O (A1),
In any case, [|[Ag] <O (A1)

n

Corollary 1.2.7 Suppose h(t) = t and f € C[0,1] with |f(1)| > 0. Then, for any

sequence {\} of finite gap,

t/\kf t>\k+1f
R [trs |

Akl := ‘

‘ <O (NY)

PROOF: Since f is bounded, for each fixed ¢t with 0 < ¢ < 1, t" f(t) — 0 as k — oo,

which means that eventually, {

M f|| — | f(1)|. Thus, for sufficiently large ,

— 1 [ _
Ap(1 =\t ~ —— )] (1 = ) < L e gk} < @ (2L
21 =AD] =y O )< sy ( ) <00
The last inequality holds since 0 < A\y1; — A\ < M < oo and h(t) = t’ — t*+1 implies
Akt1 — A\ M 1
that [|hl| < (1— 2t = M) M1y
atlnl < (1= M52 S =0t
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Lemma 1.2.8 Suppose f € C]0,1] is n times continuously differentiable in some
interval (1-4, 1] where (" (1) is the left side n'" derivative of f at1 and f© (1) = f(1).
Iff®1)=0fork=0,1,2,--- ,n—1and f™ (1) # 0, then there are positive constants
c and d such that

c(I1—t)" < |f@®)] < d(1—t)" forallt sufficiently near 1

PROOF: The proof is by inductive construction.
By continuity, the case n = 0 is trivial. For n = 1, again by continuity of f/,

|f'(1)| = Ly > 0, implies that there exists §; > 0 such that for all ¢ € (1 — 6, 1),

(1.9) %Ll <F() < ng

Then for all ¢t < s in (1 — 41, 1), by the mean value theorem for derivatives, there

exists a v with ¢ < < s such that

(1.10) [f(s) = F@O = [F' ()]s — |

Using inequality (1.10) and letting s — 1, we get
1 3
(1.11) §L1(1 —t) < f(t) < §L1(1 —t), forall te (1—-4,1)
If f(1)=f'(1) =0and f”(1) # 1, similar arguments as above give us
1 . 3
(1.12) §L2(1 — t) <f (t) < §L2(1 — t), forall ¢t € (1 — 09, 1)

for some Ly > 0 and d2 € (0,1]. Then, another application of the mean value
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theorem gives

(1.13) %Lgu 0% < f() < ng(l _ 1), forall te(1—6,1)

Continuing this way gives

(1.14) %Ln(l < () < L1 =ty forall e (1—dn1)

[\CR V]

Lemma 1.2.8 says that under the given conditions on f,

f@)| ~c(l—1t)" fort

sufficiently near 1 and some positive constant c.

Corollary 1.2.9 Suppose h(t) = t and f € C[0,1] has a bounded positive m'"
derivative in some interval (1 — §,1) . Then, for any sequence {\;} of finite gap ,

1Al =0 (A1)

PROOF:  If ||t f|| = ‘tg’“f(tk)), then by similar arguments as in lemma 1.2.1,
ty — 1 as k — oo. On the other hand, by lemma 1.2.8, for all ¢ sufficiently near 1,
|f(t)] = (1 —t)™, for some constant ¢ > 0. Thus, for large ,

(1 — )™ A1 (1 — )™
[t (L =)™ e (1= t)m||

Akl = ‘

But then, theorem 1.2.3 gives the required result.

Corollary 1.2.10 Let {\;}?° be a positive increasing sequence and let 0 # f €

C[0,1]. If the sequence {t* f}° is a basic sequence, then {\;,}5° is lacunary.
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PROOF: Suppose {t)‘k f } is a basic sequence. Then, by corollary 1.1.4, there exists

a d > 0 such that

Ak f tAk+1 f

2% 7] — Ht’\k+1fH >4, forallk=1,2,3,---

1Al = |

On the other hand, for each &, considering the sequence {;j + )‘k}?o:o’ and applying

corollary 1.2.4, we get

H t)\kf tl-‘r/\kf H
[EXf [ £

for k large and some ¢ > 0.

Now if | Ap+1 — Ak | = px is the largest integer less than or equal to ;1 — A\g, the
triangle inequality gives

1AL < (14 pr)ey !

Thus, (M\et1— M)Ayt > (1 + pp)edyt > 6, which implies that A\gyq > A(1 + 0).

A
That is, ;“ >146>1.
k



CHAPTER 2
LACUNARY POWER SEQUENCES IN C[a,b] and L,|a, b]

The first section of this chapter contains known results on the power se-
quences of the constant function 1 under the multiplication operator 7" : f — tf
in C[0,1]. The last fours sections discuss generalizations and theorems 2.2.3,
2.3.1, 2.4.1 and 2.5.1 give min results of such generalizations to lacunary power
sequences of a general function under a general multiplication operator in C|a, b]

and L,la, b].

2.1 Lacunary Power Sequences of ¢ in C[0, 1]

In 1966, V.I. Gurariy and V.I. Matsaev [15] established necessary and suffi-
cient conditions for a sequence {t’\’“}zoz,oo’ t € [0,b] to be a basic sequence in

C0,b] and L0, b].

Recall that separated sequences were defined in chapter 1 to be sequences

{l’j} such that infj;,gk ||a:j — .TkH > 0.

Definition 2.1.1 We say that a sequence {z;} in a Banach space X is uniformly
minimal if there exists a positive number 3 = (({z;}) depending only on the se-
quence A = {z;}; such that inf{||z; — f| : f € S =span{xy},k # j; j,k=1,2,3,---} >
g

Definition 2.1.2 (Gurariy and Matsaev [15]) Two Banach spaces E and G are
isomorphic if there exists a bounded operator T, having a bounded inverse, that

maps E onto G. Let {¢;}>_ and {g;}>. be sequences in E and G, and let E; and

18
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G1 be their closed linear spans. The sequences {e;}™.  and {¢;}=, are said to be

equivalent if there exists an isomorphism T mapping E; onto GG, such that

Te; = gi, i =0,+1,£2, . ...

Let ¢,, 1 < p < oo and ¢, be spaces of sequences {z;}~_ for which respectively,

o)
—0o0

o0
D JailP < oo, sup |a| < oo,

with the natural definition of algebraic operations and norms

o)

Jiall = (320 ) sl =i

—00

Let c be the subspace of /,, containing sequences {z;}>_ such that klim =0

——00

and klim z, exists. The basis in ¢ is the sequence {g;}™ _:
——400

Y 00 . 1 for k >4
gi = {arg)}k:_oo where x,(;) = -

0 fork<i

Theorem 2.1.3 (Gurariy and Matsaev, [15]) Let A = {\;}>_ be a positive, increas-

ing sequence. Let B = {t’\k }iooo The following conditions are equivalent.

() A is lacunary

(i) B is separated in C0,1]
(it} B is uniformly minimal in C[0, 1]
(iv) B is a basic sequence in C[0, 1]

(v) B is equivalent to the usual basis in ¢
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Theorem 2.1.4 (Gurariy and Matsaev [15]) Let {\;}>. be an increasing sequence

with A, > —1/p, (1< p<o0), k=0,£1,+2,..., . LetB = {(\+1/p)/Pt*}” . The

[e.o]
—00

following conditions are equivalent.
@ {\+1/p}> is lacunary

(i) B is separated in L0, 1]

(iti) B is uniformly minimal in L, |0, 1]

(iv) B is a basic sequence in L0, 1]

(v) B is equivalent to the natural basis inl,

As Gurariy and Matsaev remarked in the same paper, the results are true for
C10,b] and L,[0,b] for any b > 0, which immediately follows using the transforma-

tion ¢ — t/b. The results are also true for one-sided sequences {t*} " or {t*} [

In this thesis, we consider generalizations of these results for one-sided se-

quences.

Lemma 2.1.5 Suppose M = {aij};’;:l is an infinite matrix. Define an operator
T : {1 — f; given by Ax = Mx. If there exists a positive number A such that
sqpi laij| = A, then ||T|| < A.
i o
The proof follows from theorem 25, in the book Inequalities by G. Hardy, J. E.
Littlewood and G. Polya [16, P31] that says: If p > 1and a;; > Oforalli =1,2,--- | N
and j =1,2,--- , M then

1/p 1/p

M N p N M
> (z) <Y (2
J ( ’ J

)
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2.2 Lacunary Power Sequences of ¢ in C|a, ]
In this section, we extend theorem 2.1.3 to the space Cla,b], 0 < a < b.

Observe that due to the transformation ¢ — bt from [7, 1] to [a,b], it is sufficient
to prove that the results are true on C|a, 1] for any a € (0,1). Again due to the

following lemma, it suffices to prove the result for any one particular a € (0,1).

Lemma 2.2.1 If there exists some a € (0,1) such that {t*} is a basic sequence
in Cla, 1] for every lacunary sequence {\}, then the same is true in C|b, 1] for any

be (0,1).

PROOF: This result follows from the facts that: (i) if a,b € (0,1) then ¢ := logya > 0;

(ii) the transformation ¢ — ¢© maps [b, 1] onto [a, 1]; and (iii) {2} is lacunary.

Lemma 2.2.2 If {z;} is a basic sequence in a Banach space X, then every infinite

subsequence {y;} of {z;} is itself a basic sequence in X.

Theorem 2.2.3 Let A = {\;}]° be a positive increasing sequence. Let0 < a < 1 and

let B= {t"}” . The following statements are equivalent.

() A is lacunary.
(i) B is separated in C|a, 1]
(it B is uniformly minimal in C|a, 1]

(iv) B is a basic sequence in C|a, 1]
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(v) B is equivalent to the summing basis {z;} where x; = (0,0,... ,21, 1,1,...) of c.

PROOF: A part of this proof is an adoption of the methods used by Gurariy and
Matsaev [15]. We will assume that A\; = 1, for otherwise, we can use the transfor-

mation ¢ — /A1,

Clearly, condition (iii) implies condition (ii). Also condition (i7) implies condi-

tion (i), for if m < n, then

An

)\TL )\m An—Am 1 )\YL
— (2 q)(Lm < An ),
[0,1] <)‘m > (An> = <)‘m >

If {\;} is not lacunary, then there will be a subsequence {)\, } of {\;} such that

e

<o

la,1

Ht’\"’fﬂ —tMe|| — 0, as { — o0

Hence, {t**} will not be separated.

To show condition (i) implies condition (iii), it suffices to show that there is a

positive number D depending only on the index of lacunarity v such that

2.1) > D|{ar}pzill,.

Cla,1]

o0
E Oékt)\k
k=1

for any sequence {a;};-, that has finitely many nonzero terms.

To this end, let P be a polynomial of the form P(u) = >_)", cou’ and let M(P) =

m-sup{|ce| : £ =1,2,...,m}



23

Then,
o0 o0 m m o
> aiP () = XY > adau™
7j=1 C[al/m,l] 7=1 /=1 C[(ll/"l,l} =1 j=1 C[al/m,l}

= sup CgZOéjtJ < ZCg - sup Zajt)‘

am<t<1 =1 ast<l

IN

a<t<1

sup Za | = M (P) iajt)\j
j=1

Cla,1]

Therefore, choosing a = e,

= . 1 || ,
(2.2) ;ajt% > M) Z;osz (u)‘f)

Cle—1,1] - Cle=t/m 1]

Sup ZO‘J ( —Aj/Ak)

i<k

v

Let the operator T be defined on /., by the matrix {mjk}ﬁ:f

P (e7X/M)  for j<k
mjk =
for j >k

relative to the naturale basis e = {¢;}?°,, where ¢; = (1,0,0,...), e2 = (0,1,0,...), ....
If I is the identity operator on /., then (2.2) can be written as

(2.3) e >

Cle—1,1]

I+ T) e},

1
M(P)

Let v := mf;.C + L be the index of lacunarity. Choose a polynomial P with the

properties:
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@M PelH=1
(ii) P is decreasing in the interval (e~!/™7 1), and

() Plu) <G 1 -w) for e /™ <u<1

1—u
1—el

For an appropriate m , P(u) := ( > is one such polynomial.

Since ;\—i < yi7kfor j < kand 1 — e < t for all ¢,t € (0,1), using (i) and (iii)

above, for each fixed k we get

S R

i<k <k i<k
v—1 1k T—len o, 1
< T (- s e -
i<k =1

[o.¢]
1
Since ijk =0, for eachk, ijk < 3

i<k J=1

> 1
> m < 3
k=1

By similar arguments, for any j ,

So by lemma 2.1.5,

T|| < 5 which means [[( +T)7|| < g7y < 2.

Therefore, from (2.3) we get

[ee]
Z akt)‘k
1

1
> o0
Cle—1,1]

which is what we wanted in (2.1).

To show that (i) and (iii) implies (iv), we will show that the projection maps P,
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given by

o0 n
P, (Zakt)‘k> = ZaktA’“, n=1,2.3,--
1 1

are uniformly bounded.

By (ii7) there exists § > 0, depending only on the sequence A = {\;}; such that

the distance between ¢ and the linear space generated by the sequence {t*» Frooti

is not less than 3. Clearly 3 < 1 and

1
(2.4) supload = = Y ont™, I <1} < 5
k

Let 3, == (1 - ﬁ) Define a linear transformation 73, on M (A) by

T5,(f)(t) := f(Bnt)

By the arguments in the proof of corollary 6.2.4 in Gurariy and Lusky [15, p.

81], lim |7}, f — f|| = 0. Accordingly,

(2.5) sup [| 7, [| < oo

Moreover, using the fact that e*” > e¢-a® > a” for alla > 0, z > 0,

o)
g

e} 1 Ak n (k) o0
o= > (1mg) =X e Yoyt
k=n+1 k=n+1 " 1 k=n+1 i
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and

Zn:(1—ﬂ2k) gixka_ﬁn): zn:ikﬁzn:<1>nkg7
o 1

1 1

Consequently,

n

> 2
Pf—T, < 1— 3 Mlag| < ———
I1Bf =T fl < 32 (16 ) o + 2 Avlenl < e

Therefore, by (2.6),
Pl < |ITs, |l + 5—— < o0
[Pl < [T, | 30— 1)
This means that the sequence of projections, {P,} is uniformly bounded in

Cla,1]. As a result, {t**} is a basic sequence in C|[a, 1].

Corollary 2.2.4 If {\;}{° is a lacunary sequence, then for 0 < a < b the sequence

{t*}]" is basic in the space Cla, b].

PROOF: Let 0 < a < b. Let m;, my be positive integers such that m; < my and let

{a}} be any sequence. By theorem 2.2.3, there exists a positive number K such
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that

mi

Z O[kt/\k

1

mi
1

Cla,b] Cla,b]

mi

= Z (akb)"“) M

1

msa
K E akb)‘ku/\’“
1

IN

ma2

= K ZaktA’“

1

Cla,b]

2.3 Lacunary Power Sequences of h in C|a, D]

Here, we consider generalizations to a multiplication operator by a general

function h € Cla,b], namely, T : C[a,b] — Cla,b] such that (T'f)(t) := h(t) f(t).

Theorem 2.3.1 Let0 < a < b. Suppose h € Cla,b] is non-negative and not constant
on any subinterval of [a,b]. Suppose {\;};° is a lacunary sequence. Then {h*: }(1)0 is

a basic sequence in Cla, b|.

PROOF: Suppose h([a,b]) = [¢,d] for some 0 < a < band 0 < ¢ < d. Let n be a positive

n

integer and oy, as,...a, be scalars. Then, the function Zakh“ € Cla,b] attains
1

its maximum value,

n
E akh)"“
1

Zakh)‘kH at some point, say t, € [a,b]. Suppose h(tr) = up.

1
n
That is, E QU
1

Cla,b]
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Since h is onto [c,d], for every u € [c,d], there exists a t, € [a,b] such that

h(t,) = u. This means that for all u € [c, d],

= S =

n
> o
1

> aph(ty)
1

D aph(ty)
1

n
> o
1

That is,

n
E Ozkh/\k
1

n
E akuA’“
1

Clab] Cled]

Therefore, by theorem 2.2.4 we conclude that {hkk}io is a basic sequence in

Cla, 0]

2.4 Lacunary Power Sequences of t in L,|a, ]

Here we show that the result of Gurariy and Matsaev extends to L,]a, b] for all

0 < a < b and to sequences {hkk }Cfo where h satisfies certain conditions.

Lemma 2.4.1 Let {)\;} be a positive increasing sequence. The following are equiv-
alent.

@) {)\} is lacunary

(i) {c\i} is lacunary for all ¢ > 0.

(iii) {\x + b} is lacunary for any b > 0.

Ak+1

PROOF: Equivalence of (i) and (ii) is clear. On the other hand, since -~
k
b b
M for all b > 0, (iii) = (i) follows. Conversely, if ki1 > 1+e¢, then M >
)\k +b )\k +b

Ak 1+

1+ o+ > Aﬁ ;¢ and so (i) = ().
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Theorem 2.4.2 Suppose 1 < p < oo and {\;}]° is a lacunary sequence. If

0 <a<b, then {t*}° is a basic sequence in the space Ly[a,b].

For the proof, observe that letting ¢ = bu,

b 1
/ "=
@ b

Since ¢ < 1, it suffices to show that the sequence {t**} is basic in the space

p p

o

1
ZakbEJrA’“ /pA +1 wM | du
1

[e.9]
Zak Yph +1
1

L, [b,1] for every b with 0 < b < 1

We will do this in two steps. First we show the existence of one such a and

then we prove the general case. Then we prove it for any b € (0, 1).

Lemma 2.4.3 Suppose {)\;}° is a lacunary sequence. If 1 < p < oo, then there

exists a number a > 0 such that {t** }1’0 is a basic sequence in the space Ly[a,1].

PROOF: By Gurariy and Matsaev [15], for any a > 0, the sequence {t’\k};x) is a
basic sequence in the space L,[0,a] equivalent to the natural basis of /,. Thus,

there exist positive numbers A, B, such that

[e.9]

1
(2.6) AP oyl < /
0

p 00
dt < BPY " |ay|?
1 1

oo
Z ap /P + 1t
1

for all sequences {4} with finitely many nonzero terms.



30

For 0 <a <1,

r

p

dt < / Z]ak]p p/\k+1)tp)‘kdt
Z ]ak]pZap)"“H
. .
D o) at
1 1

o0

= ol

1

Y/ pA + 1"

IN

IN

Since £ is increasing in (0,1) and converges to 0 as z — 07, for all a € (0,1)

such that 1% < 14p,

1| ©° p 1| o0 p
Z R/ PAE + 1t Z ap A/ pAk + 1w
1 1

a | % p
Z ag X/ p + 1M
R 1
> 2Apzlj|ak|1°.

On the other hand,

1 p 1
i e
a 0

Thus there exists a number a € (0, 1) and two positive numbers C; and C5 such

p 00
dt < BP> " |oy|”
1

oo
Z ag X/ p + 1M
1

00
Z ag X/ pAi + 1M
1

that for any sequence {a;,}{° with finitely many nonzero terms,
y s€q 1 y y

2.7) Cr [{ar}t®llg, < Zakz U/ pAi + 117

< s [{aw}ll,
Lyla,1]
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That is, the sequence is equivalent with the natural basis of /,. Consequently,

there exists an a > 0 such that {t’\k} is a basic sequence in the space L,a, 1]

Now we show that the same is true for any 0 < b < 1.

Lemma 2.4.4 Under the hypothesis of the theorem, the sequence {tAk} is basic in

the space Ly[b, 1] for every b with0 < b < 1.

PROOF: Let 0 < b < 1. By lemma 2.4.3, there exist a € (0,1) and positive numbers

C4,Cy such that

oo

1
CPY lawl < /

1

oo

p
dt < C3Y oyl
1

o0
Z ar/ pAi + 1M
1

for all sequences {ay}{° with finitely many nonzero terms.

Clearly,

oo
Z o /P + 1t

1

(2.8) <

Ly[b,1]

< G2 [{aw}?"ll,,
Lpf0,1]

e.@)
Z o/ P + 1t
1

for some C5 > 0.

On the other hand, putting ¢ = log, b, and replacing ¢ by t“** we have

1| o0 p 1| o0 p
/ > ap{/phe + 1M dt c/ > apd/phe + 1N ot
b 1 a 1
1| o p
> c/ > ap{/php + 1M dt.
@ |1
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Thus there exists a positive number C; such that

(2.9) Cr [{ew}ll,, <

o0
Z o A/ Pk + 1M
1

Ly[b,1]

Therefore, by (2.8) and (2.9), the sequence {t’\k}fo is a basic sequence in the

space L,[b,1] for any 0 < b < 1.

2.5 Lacunary Power Sequences of h in L,a, b]

Theorem 2.5.1 Suppose h : [a,b] — [¢,d], (¢ > 0) is increasing, differentiable and
+ < W (t) £ K for some K > 0. Let {\;};2, be a positive increasing sequence. Then

Jor any sequence {cy,}7° and anyn € N,

<VK

LP[avb]

<
Lyle,d]

n
> o
1

n
> e
1

n
> o
1

1
K
{/7 Ly[e,d]

Consequently, {h*<}5° is a basic sequence in L,[a,b] for0 < a <band1 < p < oo,

provided that {\;} is lacunary.

PROOF: Using the transformation ¢ — (b—a)t+ a, we may assume that [a, b] = [0, 1].
Let L = d — c. For each positive integer N and m =1,2,--- | N, let

Smn={t:c+ AL <h(t)<c+ %L}, and I,y = [c+ AL, c+ L]
Since h is increasing and + < I/(t) < K, for all ¢, we see that

L KL

. < m S _
(2.10) TN = (Sm,N) N
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That is,

1
EH(Im,N) < N(Sm,N) < KN(Im,N)-

n
Now, let {a;}] be a finite sequence of scalars. Since p(t) := Zakh’\k is uni-
1

formly continuous on [a, ], for every ¢ > 0 we can choose an N > 0, large enough

such that
n p n p
Z aphM ()| — Z aput| | < e
k=1 k=1
forallte S, yand alluw € I,, y, forall m=1,2,--- | N.

That is, for each u € I, n.,

P P P
—e< < +e,

n
E aku)""
k=1

Zakh)‘k (t)
k=1

n
E aku/\"’
k=1

Integrating with respect to t over S,, y, and using (2.10),
L ' < / pdt < KL
[ J— 6’ [
KN S, N N
and integrating with respect to u over I, y, we obtain,

p n
L / L L / N
— du——e| < — arh* (1)
(] v oL
KL / - N
< — apu’k
N ( Im,,N ;

n

E aku)"c

1

n
g aku’\k
1

P
+£>

P
dt

n
E aku’\’“
1

p
L
du + Na)
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Adding up,
L N n p L N n p
e [ et due e < L [ S e @
m=1 Im,Nn 1 m=1 Sm,N 1
N n p
< KLY / > apu| du+ KLe
m=1"Im,N |1

Dividing by L and letting n — oo,
p
I 1 @
— du — —
K /C U KS < /b
Letting € — 0,

1 rd
<)

Therefore,

P
du+ Ke

p d
dt<K/

n
> o
1

D aph(t)
1

n
> o
1

p b
dug/

n
> o
1

< VK

LP [071]

<

n
> o
1

D aph(t)
1

n
> o
1

1
W Lylc,d] Lyple,d]

Thus, {h* }‘1)0 is a basic sequence in L,[a, b], whenever {)\;} is lacunary.



CHAPTER 3
LACUNARY POWER SEQUENCES : AN ALTERNATE APPROACH

In this chapter, we use the results of Gurariy and Lusky [14] and Borwein
and T. Erdélyi [3], [5] to obtain generalizations of Gurariy and Matsaev, which
in general are similar to those we had in chapter 2. We will use the notations:
Ela, b] to represents one of C[0,1] or L,[0,1], E(A) to represent one of C(A) or L,(A),
1 <p<oo,and M(A) = span{t',t*2 ...}, called the Miintz space associated with
the sequence A = {t*,¢*2 ...}, The polynomials p(t) = .7 a,t’ in M(A) are said

to be Muntz polynomials on the sequence A. We will show that,

(i) If f is nonzero almost everywhere in some interval (1-4,1) C (0, 1), then every
lacunary orbit {t* f(¢)}3° of f under the multiplication operator T(f)(t) :=

tf(t) is a basic sequence in E[0, 1]
(ii) For the case f = 1, the interval [0, 1] will be extended to [a, b], where 0 < a < b

(iii) Under certain conditions on h, lacunary power sequences {h*:} are basic

sequences in Ela, b]

3.1 Known Results

Lemma 3.1.1 (V.I. Gurariy, W. Lusky [14, p.82]) Definen : [0,1] — [0,1] by n(y) =

4y(1 — y). There exists a positive integer M, independent of n such that

(3.1) Z 77(2_’\’“/*")]\/[ < — for every neN
k=1, k#n

N —

35
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Putting ¢; = 4 (Y1) (1)}, we get

M M
(3.2) @ MM =N g 9 A EMA and Y g = 8M
1 =0

We will also use the following two theorems by Borwein and T. Erdélyi [3]).

Theorem 3.1.2 (Borwein and T. Erdélyi, [3]) Suppose Y "1/, < oo. Lets > 0.
Then there exists a constant c depending only on A = {\;}{° and s (and not ona, A,

or the “length” of p) so that

Pl < cllpllca

Jor every p(t) = Y1 axt™ € M(A) and for every set A C [a, 1] with u(A) > s.

Consequently, for each a € (0,1), there exists a positive number C such that

¢ HpHC[O,l] < ”PHC[a,l} < ||pHc[o,1]

for every Muntz polynomial p.

Theorem 3.1.3 (Borwein and T. Erdélyi, [3]) Suppose Y "1/, < co. Lets > 0 and
q € (0,00). Then there exists a constant ¢ depending only on A := {\;}{°, s, and ¢

(and not on a, A, or “length” of p) so that

Ipllcr,a < cllpllz,a

for every p € M(A) and for every set A C [a, 1] with u(A) > s.
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Consequently, for each a € (0, 1), there exists a positive number C such that

¢ HpHLp[O,l] < HpHLp[a,l] < HP”L,,[O,H

for every Muntz polynomial p.

Now, for each p € (0, 1), define an operator 7}, : M(A) — M(A) by T,(p)(t) = p(pt).

3.2 Lacunary Power Sequences in C[0,1] and L,[0, 1]

Corollary 3.2.1 If 0 < a,6 < 1, then there exists a constant ¢ > 0, depending only

on A,a,p and § such that

J

(3.3) p{z € la 1] : [p(2)] = e[ Tppl po}) 2 (1~ a)(1 = 7)

Sorallp € M(A) and for all p € (0,1], where p is the Lebesgue measure.

PROOF:  Observe that || T,pllci, < |Iplljo,1) for all p € M(A). Now, let Ay = {z €

[a,1] : [p(x)| < N7H|Tppl gro,; 1Pl oo, < 13-

If (3.3) were not true, then for each N > 0 there would exist some p € M (A)
with [pllcjpy < 1 and p € (0,1) such that u(Ay) > (1 —a)§ = s > 0. Then,
by theorems 3.1.2 and 3.1.3 there exists a constant ¢ > 0, independent of N
and p such that ||p|[gj1 < c|pllpay)- On the other hand, by definition of Ay,
1Pl Eay) < N7 Tppllc,)- Combining these conditions, we get 1 < ¢N~! for all

N > 0, which is impossible.

Corollary 3.2.1 says that for each p € (0,1), there exists a constant ¢, indepen-

dent of p such that |p| g1 > cl|Tppllgp,- Therefore, there exists a C > 0 such
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that

(34) sup HTpHE[O,l] <(C <
0<p<1

For a fixed h € F[0,1] and 0 < p < 1, define T),.j, : M(A;h) — M(A;h) by T, (F) :=
(T,p) - h, where F(t) := p(t)h(t) € M(A;h) = {p(t)h(t) : p € span{t’}}.

Lemma 3.2.2 Suppose h € E[0,1] is such that h(t) # 0 a.e. in some interval (1—6,1).

Then, for each 0 < a < 1, there exist a constant ¢ > 0 such that

> w

(3.9) p({z € la, 1] : [h(@)] > cllhllpp,}) = (1 —a)d,

where 1 is the Lebesgue measure.

PROOF: Let A:=[a,1]N[1—0,1]. If (3.5) were not true, then, for all ¢ > 0, we would

have

(1 —a)d

o

(3.6) p({z e A:|n(x)] > clhlppy}) <

Consequently,

1-a)§ < wA)
= p({re A:|h@)] > cllbllgon}) + ({z € A: k)] < cllhlpo})

2(1 —a)d + p({z € A:|h(x)] < cllhllgpy})

IN

Letting ¢ — 0, gives 0 < 1(1 —a)§ < u({z € A: |h(z)| = 0}), contradicting the

hypothesis.
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Theorem 3.2.3 Suppose h € E[0,1] is such that h(t) # 0 a.e. in some interval (1 —
J,1). Then, for every a € (0,1), there is a constant ¢ that depends only on ¢,a, and

A, but not on p such that

(3.7 HT§hF”E[O,1] < CHF”E[a,l]v fOT allF € M(Av h)a fOT allp € (Ov 1)
Consequently,
(3.8) sup || Tpnllgjoa) < C < oo for some C >0

0<p<1

PROOF: Fix 0 < a < 1. For each p € M(A) and k > 0, let
Ay = A{z € [a, 1] = [h(2)| > Kl|P]l 0,11}

and

Bip = A{x € [a,1] : [p(2)| > k[ Tpnpllpp0,1), [Pl o < 13

By corollary 3.2.1 and lemma 3.2.2, there is a positive constant ¢ such that

w(Ae) > 3(1—a)s and p(Bep) >1—a— (1 —a)d. Then, for all p € M(A),

p({z € la,1] : [ph(z)| > | Tpnphllgo,}) > w(AcN Bep)
= p(Ac) + pu(Bep) — u(Ac U Beyp)

%(1—@5 >0

v

Since p € M(A) is arbitrary, we get, ||, F|lgpo1 < ¢ '||Fll g1, forall p e
M (A), which implies (3.8).
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Theorem 3.2.4 Suppose f € C[0,1], and f(t) # 0 a.e. Then, the sequence {t* f(t)}°

is a basic sequence in E|0, 1].

PROOF: Let A, = ||T>\thE[O,1] and e, = Akt/\kh(t), kE = 1,2,---. Then |e] =

lexllgo,) = 1, forall k € N. First, we will show that {At*h(t)}° is uniformly

N
minimal. To this end, let Fx(t) = Z arAger, € [M(A)].
1

Suppose
lalllenll = sup{lax/exll : k= 1,2,--- , N}

From lemmas 3.1.1 and theorem 3.2.3,

1

)
slanlleall < lanllleall = D= n@ ™ )Ml ex
k#n
N
M
< 10 (27 ke
1
M N —(k+M) N
< Do lall D anAr@™ 3 0 ()]
0 1
= 81‘/[||Tp;hF||,where2_’?771M
< M| Tynll[|F |l £o.y
< 8Me|Fligpq

Since |lex|| = 1, we obtain |ay| < 2-8M¢||F|| gy, forall k =1,2,- -
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Equivalently,
N
(3.9) ej — Z arep|| > (20071 87M > 0,
k=1,k#j

forall k =1,2,---,N and for all N = 1,2, ---. Therefore, {A;t*h(t)}$° is uniformly

minimal.

To finish the proof of the theorem, we will show that the projection maps

P, (3°7° aker) = Y] ager, are uniformly bounded.

For each projection P,, consider the corresponding operator 7),,, where p, < 1

is to be chosen below. Then,

(8.10) [P, F =T, F| < (Z(l—Pﬁk)Jr > PQ") |aklex|
1 k=n+1
< (Z)\k(l_Pn) + ) Pﬁ’“) 2¢- 8|1 F|| go.y
1 k=n+1

This is using (3.7) and the fact that 1 — 2" <r(1 —z) for all z € (0,1) and r > 0.

Aii1 - choosing p, such that 1 — ﬁ < pp < 1-— ﬁ gives

Now, if v := infy, "

M ST —pa) € XT3E < X7y < 5%, and
Ak

Ak Ani1] Fmit o ken1
.. A 1 . 1 1 Ny
() ppt < (1 N )‘n+1) N [<1 N An+1) ] < (E) Tt < (E) .

Thus, >7°, ., pp* < 1. Therefore, using (3.7) and (3.9). we see that ||P,|| < C for

some constant C, for all n = 1,2, 3, ---, which is what we wanted.
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3.3 Lacunary Power Sequences in C[a,b] and L,|a, ]

An application of theorem 3.2.3, gives us that if A = {\;} is lacunary then {t**}

is basic sequence in E|0, 1]. The converse is also true.

Theorem 3.3.1 Let {)\;,}5° be a positive increasing sequence, Then, {t**} is basic

sequence in E[a,b] if and only if {\;} is a lacunary sequence.

PROOF: Without loss of generality, suppose b = 1, for otherwise, we can consider

the transformation ¢ — ¢/b.

Suppose {\;} is lacunary. Let 5,82 (61 < (2) be any two positive integers and

let {ay}7° be a sequence of scalars. Then,

<
Cla,1]

B1 A1
Z ozkt’\’“ Z akt’\’“
1 1

E[0,1]
By theorems 2.1.3, 3.1.2 and 3.1.3, there exist constants c and M > 0, such that

B2

Z Oékt/\k’

1

<M
E[0,1]

< Mc
£[0,1]

B1 B2
Z OéktAk Z OéktAk
1 1

Cla,1]

Therefore, {t*+}is a basic sequence.

Conversely, assume {\;} is a positive increasing sequence that is not lacunary.
Let ¢ > 0. Consider a decreasing sequence of scalars {¢;} such that ¢ — 0 and

[[¥er < 1+e. Since {)\;} is not lacunary, there exists a subsequence {3} such
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that ﬁg—zl <1+ ¢,. We claim that

Htﬁ’c — Bk Hc[aﬂ — 0, as k — oo,

which implies that {¢’*} is not a basic sequence.

To prove this claim, observe that f(t) := t% — t%. Then, using calculus,

By
Il = (ﬁfj) e (1 - ﬁf_’;) |

1
attained at tg = (Bf—iJ Pe+1=Pr

Using the conditions on {3}, we see that

1
1 “kBr 1
to > 1 and <l—-—- 0
o> (1) " =1 and Ifllon <1- 5 -

Thus, for k sufficiently large, we have ¢ty > a and hence, | f|,1 = |f(to)] <

Iflljo,] — 0. This means that, |flcf1) = [[t7 — t7+1]|g(e,1 — 0.

Theorem 3.3.2 Suppose h € Cla,b] is nonnegative and not constant on any subin-
terval of [a,b], where 0 < a < b. Then {h*}° is a basic sequence in C[a,b] if and

only if {\;} is lacunary.

PROOF: Let E represent one of C[0,1] or L,[0,1]. If {\;} is lacunary, then by the-
orem 3.2.4, {h*} is a basic sequence. So, {hAk}io is a basic sequence in C|a, b].
Without loss of generality, assume b = 1 and ||A[|¢(,,1) = 1. Suppose h([a, 1]) = ¢, d]

for some 0 < a < band 0 < ¢ < d. Let L be a positive integer and a;, aq,...ar,
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L
be scalars. Then, the function Zakh)‘k € Cla,b] attains its maximum value,

1
L

I Zakh’\kH at some point, say ¢z, € [a,b]. Suppose h(tr) = ur,

1
L L
E aph™* E ockuz’c
1

1

That is,

Cla,b]

Since h is onto [c,d], for every u € [c,d], there exists a t, € [a,b] such that

h(t,) = u. This means that for all u € [c, d],

= S =

L L
Z o Z b (ty)
1 1

L L
D anh ()| = |3 axur!
1 1

That is,

L
> e
1

L
g aku)"“
1

Cla,b] Cled]

Therefore, by theorem 3.3.1 we conclude that {hkk}io is a basic sequence in

Cla, b



CHAPTER 4
LACUNARY BLOCK SEQUENCES
4.1 Introduction

I. Singer, 1970 [20] and J. Lindenstrauss and L. Tzafriri, 1977 [17] used of
block sequences to obtain new basic sequences from given basic sequences. Ev-
ery block sequence {y;}{° in a Banach space X defined as follows from a basic
sequence {z,}{° is itself a basic sequence whose basic constant is not larger than

that of {z,}{°.

Definition 4.1.1 Let{z,}° be a basic sequence in a Banach space X. A sequences

of non-zero vectors {y;}7° in X of the form

ME4+1-1

w= ) az;

Jj=my

with {a;}7° scalars and m; < my < ...an increasing sequence of integers is called a

block basic sequence with respect to {x, }5°
In this chapter, we define a special class of block sequences of Miintz polyno-

mials {p;} in C|0, 1] with respect to a sequence of scalars A and show that {p;} is

a basic sequence sequences if and only if A is lacunary.
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4.2 Main Result

Definition 4.2.1 Let 0 < A\ < X\ < ---. We say that {p;} is a positive block se-

quence of powers of t of logarithmic length < ¢ if

mk+171

(4. 1) Pk = Z ajt)‘j

Jj=mg

1

-1
whereajEOandkari<1+€.
my

> r for

Amy,
m

We say that the sequence is lacunary with lacunarity index r if "
o

all %.

Theorem 4.2.2 If for every r > 1 there is an ¢ > 0 such that if {p;} is a lacunary
positive block sequence of powers of t in [0, 1] of lacunarity index r and logarithmic

block length < ¢, then {p;} is uniformly minimal.

PROOF: Without loss of generality, we assume that {p;} is normalized. Consider
a sum Z;V:l bjpj. We assume that max;<;<n |b;| = by = 1. We will show that, given

lacunarity index r, there is an ¢ > 0 and a C' such that

N
> bipj|| = C
=1

By making the transformation ¢ — t* for suitable «, we can, without loss of

generality, assume that

where \g, ,y1 = n and Ak, < n(l+¢) and \; > /n and we can have n arbitrarily

large.
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We will work with the m* derivative (3 b;p;)™ of 3" b;p;. Let C1, C, be positive

numbers and m,n € N.

Lemma 4.2.3 Assume that f'(t) > C; - n on an interval I of length Cs - 1. Then,

c,C 1
FO)> =7 -

C
on an interval of length f .

Corollary 4.2.4 Assume that f(™(t) > C-n™ on an interval I of length Cs- 1. Then

Cc,-Ccm
uuw>4i@£)

. CQ 1
on an interval of length YR

We will show that, given r > 0, there is an ¢ = ¢(r), an m = m(r), a C; = C(r)

and a Cy = Cy(r), all depending only on r such that

)

on an interval of length > C, - 1. By corollary 4.2.4, this will give the proof of the

>Cp-n™

theorem.

We now have

Lemma 4.2.5 Ifp{" (1) > A1 1b; \p§'m) fort = t1, then p\™ (t) > AD s 1bj !pﬁm) for

t<tp
and

Lemma 4.2.6 If p"™(t) > A, [b;|p\"™ for t = to. then p{™ > AY._ [b;[p\™ for

t>1g.



48

PROOF: Both these lemmas are immediate consequences of the fact that

tnl ni
iftl >ty > 0 and ny > na, then tsz > tZTQ
1 2
and equivalently,
m m
if t1 <ty and nq > ng, then tng < ;72
1 2

We choose m such that »™ > 2 - 10*. We will now consider the point o = 1 — %

where
B mlnr — 1n 1000
= i

1+€_7"(1+5)

which gives k(1 +¢) =mlnr + ﬁ —In 1000. At this point,

(m) k n(l+e)—m
i (to) = n(n—l)-...~(n—m+1)-<1—n>
> %nm e *1+2) " if p is large enough

Moreover, for j > 1, we have

nr~I(1+e) 7 —m
My < (™ ). 1ok
pl—j(tﬂ) = (rjm 1) <1 n
< 2nj— e k7497 if p is large enough
Tm
This gives

(m)
pl_‘(tl)) ) k
m) <ln4—jmlnr—m+mlnr+m—ln1000

D, (tO)

In
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For j = 1, this is —In250. The term jmlInr decreases by mlnr > 10 ev-

k
ery time j increases by 1. The term T tey is increasing with j and has
T €
its largest increase when j goes from 1 to 2. Putting in the value of k, the
Inr —In100
increase is then % < mlnr — In100. This gives that at ¢y we have
r £

pl(m) (to) > 10- 22;11 |b; ]p;m) (tp) and so by lemma ?? this holds in the interval [to, 1].

1 Inl
Now, consider k& = m DT—E - EOOO and t; =1 — % If € is small enough, we obvi-
r—1—

ously have ¢y < t; and the length of the interval [tg, ;] is Co - % where (5 and ¢ just

depends on r.

(m)

For p. ¢,

17> 1, we have

pl(:_ni)(t) < nri(l +e) (m“i(l + &)t — 1) ... (nri(l &) —m+ 1) gt —m

and so att =1 — £ we have pl(fi) (t) < 2n™pim(1 4 g)im . g=hr",

This gives

(m)

J(t i

) (pi%é ;) <2 miln(r(1 +2)) — kr' + 2+ k(1 + )
D, 31

The argument is the same as for >, _, [b; |p§m) and so the theorem is proved.

By the techniques we used in the proof of theorem 3.3.2, the above theorem

implies that if {\;}{° is lacunary, then {p;}}” is basic sequence in C[0, 1]



CHAPTER 5
RECTIFIABILITY AND EXTREMAL VECTORS
5.1 Introduction
Let H be a Hilbert spaces over C, and let T : H — H be a bounded linear

operator with dense range R(7"), but not onto.

Definition 5.1.1 (Ansari and Enflo, 1998 [1]) Let xy € H, x9 # 0, 0 < £ < ||z¢|| and

n € N. There exists a unique vector y;, ., ¢H such that

HT’n )

Yn,zo —H?()H <€

and

1Yzl = mE{{ly]l = [Ty — zoll < e}

Such vectors y;, . are called backward minimal vectors of T". In case of no ambi-

guity, we simple write y. or y,.

Clearly,

1Yy — wol = &

Ansari and Enflo [1] proved the following orthogonality equations.

Theorem 5.1.2 There exists a constant §. < 0 such that

(5.1) Ye = 0T (Tye — o)

50
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Applying T on both sides of (5.1),
Ty = 0.TT*TY, — 6. TT" xp.
Thus, isolating T'y. and adding =y — xo,

Ty. = —0.(I—06.TT*) 'TT*x
= z0— [(I = 6.TT*) (I — 6.TT*)xo + 0:( — 6.TT*) ' TT*xy]

= x9— (I —6.TT*) g

Replacing 6. by —é., (note: —d. > 0) it follows that

(5.2) Ty. = xo — (I +0.TT*) 1z

In the same paper, S. Ansari and P. Enflo showed that for each zy € H \ {0},

the functions ¢ — y. and ¢ — ¢, are analytic on (0, ||z¢|)). P. Enflo and T. Hoim

[10] proved that the function f(e) := ||y.|| is convex and has derivative
d _ I3l
def(g) || Ty:]||cosb.

where 6. is the angle between Ty. — xp and Ty..

Observe that if zy € H, xo ¢ R(T), then |y.|| — oo, and J. — o0 as ¢ — 0 and

1l = 0, 0: — 0 as & — |0

PROBLEM: Is the curve ¢ — T, rectifiable on (0, ||z¢||) for every Hilbert space H

and every non-invertible linear map 7' on H with dense range?



52

5.2 Rectifiability in Lz[0, 1]

Let a € L20,1] be nonzero function. Suppose 7' is the multiplication operator

on Ls[0,1] given by Tf(t) := a(t)f(t). Then, T* = T and hence, (I + §TT*)"1(f)(t) =

mf(t)' For each zy ¢ R(T) and each ¢ € (0,]|/z¢||), there exists a unique

minimal vector y.. If g = 1, equation (5.2) gives us

(5.3) Ty.(t) = <1 _ 1+61a2(t)) zo(t)

Thus, the curve ¢ — Ty, is rectifiable for ¢ € (0, ||zo||) if and only if the map
b — gs(t) = 1++a2(t) is rectifiable on ¢ € (0,00), where ¢t € [0,1]. We have the

following theorem.
Theorem 5.2.1 Ifa(t) =t fora > 0, then the map 6 — g5 is rectifiable for é € (0,00).

PROOF: Consider a partition P = {05 : 0 = §; < d2 < ---} of (0,00). Let Aj, :=
5k+1 — 519 Then,

1 4o
t
5.4 - 2= A52/ dt

If 65, € [0,1] we get (1 + §;xt>*)% > 1, for all k and so

o (M4 V2 Ady,
— < [ Ao t*dt =—— <A}
”95k g5k+1” = ( k/o > Tt 1o k

Therefore, for any partition P = {03 : 0 =91 < dy < --- < 6, = 1} of (0,1),

(o] n n
Sl;pz 195, = Gopan |l < Sl;pZAfsk = sup D Ok — k) =1
1 1 1

Thus, it suffices to show rectifiability for §; € [1,00). To this end, putting u =
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1+ 6xt%@ in (5.4), we get

du

A(SQ 140k (u . 1)1+1/2a
Hgék - g5k+1H2 < k /1 - 1

2 146
< Adi / g w3120,
20 5z+1/2a 1

ud

2062
3,

Adg 5212 —241/2 ;
% —3i/%a [(1+0)72* /2 — 1], ifa#

ln(l—l—ék), if a =

e LN

2062
O
1 A§? 1 .

do—1 5i+1/2a 1- (1+o,)—1/2a ) if a >

9—2+1/2a A§? 1 .
T—da & |1~ s-2+i/za | if or <
k k

2A67 .
W, lf o =
k
Az;i 1
4da—1 52+1/20¢’
k

A§Z 4
1-4a &8

In(1+ o), ifa =

PN

IN

ENT,

=

if a >

=

if a <

W=

In any case,
A2

Hgdk - g5k+1|| < M(Sljp
k

for some constants M, p > 0.

Now, for any partition P = {4, } of [0, 00), taking P’ = P UN, if necessary, we get

§OO A9 ZOO AS
g5k — 96141 | < M =k <M E 174_];
K

51+p
1 k n=1 ¢, 6k+16[n,n+1] k
=1 1
= MZan Z A‘SIfSMZ:an:S<OO
n=1 Ok Opt1€[n,n+1] n=1

Therefore,

oo
Sl;pz ”gék - g5k+1H <S§ <o
1

Using a similar argument, it can be shown that the curve is rectifiable for every

polynomial a € L]0, 1].
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Theorem 5.2.2 Let I, := 11 where n € N, h € Ly[0,1] and let S, be the

1
(T_A,_lan

essential supremum of h on I,,. Suppose

T . —_— Sn
i M, = g, —ooasn — oo

(ii) %z)lelasneooa.e. onl,

Then, the curve § — g5 = Hﬁ is not rectifiable on [0, )
Such a function & exists in L.[0, 1]. For example, h(t) := exp (—1/exp (1/t?)) is one
such function.

PROOF: Consider the partition & of [S;? c0) with 6§, = S, . Then, there exists

some K such that

1/2
H =1/ 1 ! ! it
Pou = Pl = A Jo \ T 87202(8) — 1+ M2S2R2()
) ) 1/2
> /k (1—1) dt :1¥, for all k > K,
2273 ISRy
Therefore,

[a—

> 1
— > — — =0
El Hgék 95k+1|| = E k(k n 1)

k> Ko
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