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In the late 1990s, Bertram Huppert posed a conjecture which, if true, would sharpen
the connection between the structure of a nonabelian finite simple group H and the set of

its character degrees. Specifically, Huppert made the following conjecture.

Huppert’s Conjecture. Let G be a finite group and H a finite nonabelian simple group
such that the sets of character degrees of G and H are the same. Then G = H x A, where

A is an abelian group.

To lend credibility to his conjecture, Huppert verified it on a case-by-case basis for
many nonabelian simple groups, including the Suzuki groups, many of the sporadic simple
groups, and a few of the simple groups of Lie type. Except for the Suzuki groups and the
family of simple groups PSLa(q), for ¢ > 4 prime or a power of a prime, Huppert proves the
conjecture for specific simple groups of Lie type of small, fixed rank. We extend Huppert’s
results to all the linear, unitary, symplectic, and twisted Ree simple groups of Lie type of
rank two.

In this dissertation, we will verify Huppert’s Conjecture for 2Ga(q?) for ¢? = 32m+1,
m > 1, and show progress toward the verification of Huppert’s Conjecture for the simple
group Ga(q) for ¢ > 4. We will also outline our extension of Huppert’s results for the
remaining families of simple groups of Lie type of rank two, namely PSL3(q) for ¢ > 8,

PSU3(¢?) for ¢ > 9, and PSp,(q) for ¢ > 7.



INTRODUCTION

Throughout this dissertation, G will denote a finite group. If F is a finite field of
characteristic p, where p is a prime, then we will denote the order of F' by ¢, where ¢ is a
power of the prime p. A simple group H is a group whose only normal subgroups are (1)
and H itself. Because simple groups form the building blocks of more general groups, the
search for all simple groups was an important area of research in group theory throughout
the twentieth century. In the early 1980s, group theorists completed the classification of
the finite simple groups. The only abelian finite simple groups are Z,, for prime p. The
nonabelian finite simple groups can be classified as the six families of simple groups of
classical Lie type, the ten families of exceptional Lie type, the alternating groups A, for
n > 5, the Tits group 2F4(2), or one of the 26 sporadic simple groups. Table 1 lists the
six families of simple groups of classical Lie type. Note that the rank ¢ of the group varies.
Table 2 lists the ten families of simple groups of exceptional Lie type. Note that the rank
of these groups is fixed.

A linear representation of G is a homomorphism 7' from G into GL,(F), the group of
n X n invertible matrices over a field F'. The character associated with T is a function
X : G — F given by x(g) = trace(T(g)). The character x is said to be irreducible if x
cannot be written as the sum of two or more characters. We will denote the set of irreducible
characters of G by Irr(G). The degree of the character x, computed as x(1) = n, is the rank
of the matrix in the representation. We will let cd(G) denote the set of character degrees
of G, ie., cd(G) ={x(1) : x € Irr(G)}.

The set of character degrees of G can be used to gain some information regarding the

structure of G. For example, the set of character degrees can be used to determine if a



Type Group Remarks
jyﬁqi) PSLe+1(q1) ifl=1q >4
2Ag?q12) 5 if £ =1, PSLy;1(q1) = PSUp1(q1?)
0>2 PSUs1(ar”) if0=2 ¢ >2
B .
/ﬁqlz) Qovs1(q1) if £ =2, Ba(q1) = Co(qq) for ¢1 > 2
Ci(qr) if0=2, ¢ >2
0>2 PSpo(q1) if ¢1 is even, By(q1) = Cy(q1)
D
/;qix) P (@)
2Dy(q1? _
géqi) PQoy™ (q1)

Table 1: Simple Groups of Classical Lie Type

°Da(q*) Fy(q)
Es(q) Ga(q)

2E6(q2) QBQ(qQ)’ q2 — 22777,—}—17 m 2 1
E?(Q) 21_7W4(q2>7 q2 — 22m+17 m 2 1
Es(q) | 2Ga(g?), ¢ =3*"H, m>1

Table 2: Simple Groups of Exceptional Lie Type



group G is abelian. A group G is abelian if and only if cd(G) = {1}. There is growing
interest in the information regarding the structure of G which can be determined from the
character degree set of G.

Unfortunately, the character degree set of G cannot be used to completely determine the
structure of G. It is possible for non-isomorphic groups to have the same set of character
degrees. For example, the non-isomorphic groups Dg and Qg not only have the same set of
character degrees, but also share the same character table. The character degree set also
cannot be used to distinguish between solvable and nilpotent groups. For example, if G
is either Qg or Ss3, then cd(G) = {1,2}. However, Bertram Huppert conjectured in the
late 1990s that the nonabelian simple groups are essentially determined by the set of their

character degrees. In [13], he posed the following conjecture.

Huppert’s Conjecture. Let G be a finite group and H a finite nonabelian simple group
such that the sets of character degrees of G and H are the same. Then G = H x A, where

A is an abelian group.

As abelian groups have only the trivial character degree and the character degrees of H x A
are the products of the character degrees of H and those of A, this result is the best
possible. The hypothesis that H is a nonabelian simple group is critical. There cannot be a
corresponding result for solvable groups. For example, if we consider the solvable group Qs,
then cd(Qg) = ¢d(S3) but Qg 2 S3 x A for any abelian group A.

Huppert verified the conjecture on a case-by-case basis for many nonabelian simple
groups, including the Suzuki groups, many of the sporadic simple groups, and a few of the
simple groups of Lie type [13]. Except for the Suzuki groups and the family of simple groups
PSLs(q), for ¢ > 4 prime or a power of a prime, Huppert proves the conjecture for specific

simple groups of Lie type of small, fixed rank. Table 3 gives the pre-print and the groups for



Pre-Print | Groups
I 2By(q?), ¢® = 22+ m > 1
PSLy(2/), f>2
11 PSLy(pf), p odd
111 PSUs(q), ¢ <9
v PSL3(q), ¢ <8
V PSp,(q), ¢ =3,4,5,7
PSpg(2)
VI Miy; Mgy Mag; Maz; Moy
VII Ji; Jos J3; Jy
PSU4(3); PSU5(2)
07(8,2); G2(3); Ga(4); *Da(2); *Fu(2)
VIII HS; M°L; He; Ru; O'N; Suz; Ly; Th; HN
IX Ap, 7T<n <11

Table 3: Huppert’s Work



which Huppert has verified his conjecture. As a corollary to their results concerning non-
divisibility among character degrees, Malle and Moreté [24] also verify Huppert’s Conjecture
for the groups PSLy(2/) for f > 1, 2By(22/+1) for f > 1, PSL3(4), J1, and A;. Huppert’s

method of proof typically requires verifying the following five steps.

1. Show G’ = G". Then if G'/M is a chief factor of G, G'/M = Sy x Sy X - - - X S, where

S; 22 S, a nonabelian simple group.
2. Show G'/M = H.

3. Show that if # € Irr(M) and 6(1) = 1, then 6 is stable under G’, which implies

[M,G'] =M.
4. Show M = (1).

5. Show G = G’ x Cg(G'). As G/G' = Cg(G') is abelian and G’ = H, Huppert’s

Conjecture is verified.

Our goal is to verify Huppert’s Conjecture for all simple groups of Lie type of rank two. We
begin by considering the linear and unitary groups. In [14], Huppert verifies his conjecture
for the unitary groups PSUs(¢?) for ¢ < 9. In [15], Huppert proves that his conjecture
holds for the linear groups PSL3(q) for ¢ < 8. We extend Huppert’s results to the families
of simple groups PSL3(q) for ¢ > 8 and PSU3(¢?) for ¢ > 9 in [33].

In constructing his proofs for the linear and unitary groups, Huppert is able to prove
four of the five steps for all ¢. Huppert’s proofs ultimately depend upon special properties
of the set of character degrees of the simple group H. These properties are not shared by
the families of simple groups PSL3(q) for ¢ > 8 or PSU3(¢?) for ¢ > 9.

The restrictions that Huppert places on ¢ are required for his proof of Step 2. Suppose

G'/M is a chief factor of G. As G' = G”,

G'/M = S x S x -+ x S,



where all S; 2 S, a nonabelian simple group. We need to show that k = 1 and S = PSL3(q)
in the linear case and S = PSU3(¢?) in the unitary case. With his restrictions on ¢, the
character degrees of PSL3(q) and PSU3(g?) are divisible by at most four distinct primes. As
Lempken and Huppert characterized all simple groups whose character degrees are divisible
by at most four primes [18], he is able to eliminate most of the nonabelian simple groups
as candidates for S. With a shorter list of possibilities for S, he is able to show that k =1
and, ultimately, S = PSL3(q) in the linear case and S =2 PSU3(¢?) in the unitary case.

Generally, the character degrees of PSLs(q) for ¢ > 8 are divisible by many primes.
In [33], we extend Huppert’s result to the case ¢ > 8. Our method uses properties of the
character degree set of PSL3(q) which hold for all ¢ > 8. We first show that & = 1 and
then prove that S = PSL3(q). This establishes Step 2 in Huppert’s argument and verifies
Huppert’s Conjecture for the family of simple groups PSLs(q), for ¢ > 2 prime or a power
of a prime.

Because the character degree sets of PSL3(q) and PSUs3(g?) are so closely related, many
of our results also hold for the set of character degrees of PSU3(¢?) and allow for verification

of Huppert’s Conjecture for PSU3(¢?) as well. In [33], we establish the following results.

Theorem 1. Suppose q > 2 and the sets of character degrees of G and PSL3(q) are the

same. Then G = PSL3s(q) x A, where A is an abelian group.

Theorem 2. Suppose q > 2 and the sets of character degrees of G and PSU3(q?) are the

same. Then G = PSU3(q?) x A, where A is an abelian group.

Following the verification of Huppert’s Conjecture for the linear and unitary groups of
rank two, we next consider the family of symplectic groups of rank two. Again, Huppert
verified the conjecture for specific symplectic groups of rank two. In [16], Huppert verifies
the conjecture for PSp,(q) when ¢ = 3, 4, 5, or 7. He is able to prove Steps 1, 3, and 4 hold

for all g. We extend his result for all ¢ > 7 in [34] by verifying Steps 2 and 5. Because the



required properties of the character degree sets of PSp,(q) differ for odd ¢ and even ¢, we

consider the two cases separately. We establish the following results in [34].

Theorem 3. Suppose q > 4 is even and G is a finite group such that the sets of character

degrees of G and PSp,(q) are the same. Then G = PSp,(q) x A, where A is an abelian

group.

Theorem 4. Suppose q > 2 is prime or a power of an odd prime and G is a finite group such
that the sets of character degrees of G and PSp,(q) are the same. Then G = PSp,(q) x A,

where A is an abelian group.

The remaining simple groups of Lie type of rank two are G(q) for ¢ > 2 and 2Ga(¢?)
for ¢> = 3?1 m > 1. In this dissertation, we begin with the verification of Huppert’s
Conjecture for the family of simple groups 2Ga(q?) for ¢*> = 32"+ m > 1. We will prove

the following result.

Theorem 5. Suppose ¢> = 3>+ for m > 1 and the sets of character degrees of G and

2Ga(q?) are the same. Then G = 2Go(q?) x A, where A is an abelian group.

We also will exhibit the work that we have completed toward the verification of Huppert’s
Conjecture for G2(q). In [17], Huppert verifies his conjecture for the simple groups Ga(3)
and G2(4). We have made progress in the extension of his result for ¢ > 4 and we will

outline our results. We have the following conjecture.

Conjecture 1. Suppose q > 4 and the sets of character degrees of G and Ga(q) are the

same. Then G = Ga(q) x A, where A is an abelian group.

For the families of simple groups 2G2(¢?) and Ga(q), our method of proof will follow
the five steps outlined by Huppert in [13] and used by Huppert in his subsequent attempts

to verify the conjecture. We devote Chapter 1 to background results necessary to proceed



through the five steps of Huppert’s argument. We include many basic results from Clifford
Theory.

In Chapter 2, we work through the steps in Huppert’s argument to verify Huppert’s
Conjecture for 2G(q?). We begin with results particular to the character degree set which
prove useful for later arguments. We then prove Step 1. Assume that the character degree
sets of G and 2G(q?) are the same. Using the results concerning the character degree sets
of these groups, it is possible to show G’ = G”.

With G’ = G”, we have that if G'/M is a chief factor of G, then G' /M = Sy x Sax---x Sk,
where S; & S, a nonabelian simple group. We then use the properties of the character
degree sets and the background results of Chapter 1 to show that k£ = 1 and, ultimately,
that S 22 2G5 (¢?). This proves Step 2 in Huppert’s argument.

For Step 3 in Huppert’s argument, we must show that if 6 € Irr(M) and 6(1) = 1, then 0
is stable under G’. We argue by contradiction. We suppose that 6 is not stable under G’.
The inertia subgroup I of 6 in G’ is thus contained in a maximal subgroup U of G’. Passing
to the quotient G’/M, we consider I/M < U/M < G'/M. As G'/M = 2Gy(¢?), we
have knowledge of the maximal subgroups U/M which could possibly contain I/M. Using
this information, it is possible to show that I/M is not contained in a maximal subgroup of
G'/M. Hence, I/M = G'/M and I = G'. Tt is this step that is incomplete in the verification
of Huppert’s Conjecture for Ga(q), g > 4.

We then proceed to establish that M is trivial. This is proved using Step 3 and some
background results presented in Chapter 1. Again, we proceed by contradiction with the
assumption that M is not trivial and show that this is not possible. With Step 4 of Huppert’s
argument proved, we have that G’ = 2G5 (¢?).

Finally, we establish Huppert’s Conjecture holds for ?Ga(q?) by verifying Step 5 in
Huppert’s argument. We show that G = G’ x Cq(G'). As G/G' = C(G') is abelian and G

is isomorphic to the appropriate group, this will prove Theorem 5. Our argument requires



considering G as a subgroup of its automorphism group and again proceeds by contradiction.
If G/(G' x Cg(G')) is nontrivial, then G induces on G’ some outer automorphism. Using
this and knowledge of the outer automorphism group of G’ = 2G5(¢?), we establish Step 5
of Huppert’s argument.

Hence, taken together, the five steps constitute a proof of Huppert’s Conjecture when
H =2 2G5(¢?) for ¢> = 3?1 m > 1. We devote Chapter 3 to the nearly complete
verification of Huppert’s Conjecture for G2(q) when ¢ > 4. We can verify all but the third
step for this family of simple groups. Chapters 4, 5, 6, and 7 outline the arguments used
to verify Huppert’s Conjecture in the case of the linear, unitary, and symplectic simple
groups of rank two. More details of these arguments can be found in [33] and [34]. This
dissertation, when considered with [33] and [34], shows progress toward the verification of

Huppert’s Conjecture for the simple groups of Lie type of rank two.



CHAPTER 1

BACKGROUND RESULTS

We will require several lemmas to carry out the proof of Huppert’s Conjecture. We
begin with the following results from Clifford Theory. These are presented as stated in
Lemmas 2 and 3 in [13]. Lemma 1.1(b) is often referred to as Gallagher’s Theorem.

Lemma 1.1. Suppose N <G and x € Irr(G).

(a) If xn =61+ -+ 0 with 0; € Irr(N), then k divides |G : N|. In particular, if x(1)

is prime to |G : N|, then xn € Irr(N).
(b) If xy € Irr(N), then x0 € Irr(G) for every 6 € Irr(G/N).

Lemma 1.2. Suppose N <G and 0 € Irr(N). Let I = Ig(0) denote the inertia subgroup

of 0 in G.

(a) If 61 = Zle ¢; with ¢; € Trr(I), then ¢;¢ € TIre(G). In particular, ¢;(1)|G : I| €
cd(G).

(b) If 6 allows an extension Oy to I, then (6p7)¢ € Irr(G) for all T € Trr(I/N). In
particular, 0(1)7(1)|G : I| € cd(G).

We will also need the following result, stated as Lemma 4 in [13] and Lemma 12.3 in [19].

Lemma 1.3. Let G/N be a solvable factor group of G, minimal with respect to being

nonabelian. Then two cases can occur.

(a) G/N is a p-group for some prime p. Hence there exists v € Irr(G/N) such that

Y(1) =p® > 1. If x € Irr(G) and ptx(1), then x7 € Irr(G) for all T € Trr(G/N).

10
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(b) G/N is a Frobenius group with an elementary abelian Frobenius kernel F/N. Thus
|G : F| € ¢d(G) while |F : N| = p* for some prime p and F/N is an irreducible
module for the cyclic group G/F, hence a is the smallest integer such that p® — 1 =
0 (mod |G/F)). If ¢ € Irx(F), then either |G : F|i(1) € ¢d(G) or |F : N| divides
Y(1)2. In the latter case, p divides 1)(1). If no proper multiple of |G : F| is a character

degree of G, then x(1) divides |G : F| for all x € Irr(G) such that pt x(1).
The following lemma appears as Corollary 11.29 in [19].

Lemma 1.4. Let N <G and x € Irr(G). Let 0 € Irr(N) be a constituent of xn. Then

x(1)/0(1) divides |G : N|. In particular,

x(1)
ged(x(1),[G = NJ)

divides 0(1).
The following lemma will be used in proving Step 3.

Lemma 1.5. Let G be a finite group and N < G with 0 € Irr(N). If 0 extends to an
irreducible character of S, a subgroup of I = Iz(0) containing N, then there is an irreducible

constituent ¢ of 01 with ¢(1) > 6(1)y(1) for all ¢ € Irr(S/N).

Proof. By hypothesis, there exists A € Irr(S) such that Ay = 6. By Gallagher’s Theorem,

we have

05 = > P

Yelrr(S/N)

Let 9" € Irr(S/N) be of highest degree among the irreducible characters of S/N and let
¢ € Irr(I) be a constituent of (A)’)!. Then ¢ is a constituent of (#°)! = # and A\ is a

constituent of ¢g, hence

for all ¢ € Irr(S/N). O
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The following lemma will be useful in proving Step 4. It also appears as Lemma 6 in [13].

Lemma 1.6. Suppose M QG' = G" and N9 = X for all g € G' and all X € Trr(M) such
that \(1) = 1. Then M' = [M,G'] and |M : M'| divides the order of the Schur multiplier

of G'/M.
The final lemma will be used to verify Step 5. It is stated and proved as Theorem C in [11].

Lemma 1.7. Let o be an outer automorphism of the finite simple group G. Then there

exists a conjugacy class C of G with C* # C.

We now have the lemmas necessary to begin the verification of Huppert’s Conjecture for

the twisted Ree groups 2G3(q?), for ¢ = 32™+1 m > 1.



CHAPTER 2

VERIFYING HUPPERT’S CONJECTURE FOR THE TWISTED REE GROUPS OF

RANK TWO

In this chapter, we verify Huppert’s Conjecture for the twisted Ree groups 2Ga(¢?), for
q® = 321 m > 1. We begin with results concerning the character degrees of this simple
group and then proceed through the five steps of Huppert’s argument.

2.1 Results Concerning the Character Degrees of 2G5(q?)

As listed in [35], the character degrees of 2Ga(q?) for ¢> = 3>+l m > 1, are
1
L (@ +1-aV3)(¢* + 1+ aV3), ov3ala—1)(a+ 1)@ +1-qV3),

%\/gq(q—l)(q+1)(q2+l+m/§), %@Q(q—l)(ﬁl)(q?ﬂ)’ (g—1)(g+1)(¢*+1—qV3)(¢*+1),
(- D@+ 1)@ +1—qV3)(@®+14+qV3), (@ +1—qV3)(> +1+qV3), ¢,
(@ +1)(+14qV3)(¢*+1—qV3), and (¢ — 1)(¢+1)(¢* + 1+ ¢V3)(¢* + 1).

We first establish some properties of the set of character degrees of 2G(¢?) that will enable

us to prove Theorem 5.

Lemma 2.1.1. The only character degree of 2Ga(q?) of the form p® for prime p and b > 1

is 5.

Proof. As shown in [25], the only nontrivial power of a prime among the degrees of 2G5 (q?)
is ¢b. O

We will also need to know which pairs of character degrees of 2G(q?) are consecutive

integers. By examining the degrees of 2Ga(q?), it is possible to prove the following lemma.

13
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Lemma 2.1.2. The only pair of consecutive integers among the character degrees of 2Ga(q?)

is % and (PP +1)(P+14+qV3)(P+1—qV3)=¢* + 1.

Finally, as ¢? is a power of 3, 2G2(¢?) has three odd degrees, namely
¢, (P +1-qV3)(@® +1+qV3), and ¢*(¢* +1 - ¢V3)(¢* + 1 + qV3).

Also note that of these three odd degrees of 2G(¢?), one is a power of the prime 3 while

*(¢®> +1—qV3)(¢> + 1+ ¢V/3) is a power of 3 multiple of the other odd degree of G.

2.2 Establishing G’ = G” when H = 2G,(q?)
Suppose that G’ # G”. Then there exists a solvable factor group G/N of G minimal

with respect to being nonabelian. By Lemma 1.3, G/N is a p-group or a Frobenius group.

Case 1: G/N is a p-group for some prime p.

Either p =3 or p # 3.

Subcase 1(a): Suppose p = 3.

Now (¢? +1)(¢®> + 1 — q/3)(¢® + 1 + ¢\/3) is a character degree of G and
34 (+ 1D +1—qV3) (@ +1+qV3).

By Lemma 1.1, if x € Irr(G) with x(1) = (¢ + 1)(¢®> + 1 — ¢v/3)(¢*> + 1 + ¢/3), then
xn € Irr(N). As G/N is a nonabelian 3-group, it must have a character degree 3° with
b > 1. As the character degrees of G/N are character degrees of G and the only nontrivial
power of 3 among the degrees of G is ¢®, we have that ¢® € cd(G/N). Let 7 € Irr(G/N)

with 7(1) = ¢°. Lemma 1.1 implies G has character degree
(@ + (¢ +1-qV3)(@® + 1+ qV3),

which is a contradiction.
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Subcase 1(b): G/N is a p-group and p # 3.
If x € Irr(G), x(1) = ¢% then we obtain yo € Irr(G) for every o € Irr(G/N). As G/N
is nonabelian, there is some o € Irr(G/N) with ¢(1) > 1. This again produces a forbidden

degree of G.

Case 2: G/N is a Frobenius group with elementary abelian Frobenius kernel F'//N, where

|F': N| = p® for some prime p. In addition, |G : F| € ¢cd(G) and |G : F| divides p* — 1.

Subcase 2(a): No proper multiple of |G : F| is in c¢d(G).
We will repeatedly use the result of Lemma 1.3 which states if x € Irr(G), p t x(1), then
x(1) | |G : F|. Suppose that p # 3. Thus p 1 ¢°, and so ¢° | |G : F|. As |G : F| € cd(G),

this implies |G : F| = ¢5 If p{ (¢> + 1 — q¢v/3)(¢®> + 1 + ¢\/3), then we have that
P (@ +1-aV3) (@ +1+qV3),

and so this degree divides |G : F| = ¢5, a contradiction. Hence p | (¢>+1—q¢v/3)(¢*>+14+¢V/3).
Using the degree

1
3V3alg = 1)(g+1)(¢* + 1),
by the same reasoning we have
pl(@=1)(g+1)(¢*+1).

As (¢ +1—qV3) (> +14+qV3) =¢* —¢*> +1 and ged(¢? — 1,¢* — ¢> + 1) = 1, we must
have that p | ¢> + 1. But (¢> +1)? = ¢* +2¢%> + 1 and
(@ +1)° = (¢" - +1) =3¢

and both ¢?+1 and ¢* — ¢? + 1 are relatively prime to 3. Hence ged(q? +1,¢* — ¢ +1) = 1.
Thus p cannot divide both ¢? + 1 and ¢* — ¢ + 1. We have established a contradiction, so

p=3.
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Since p = 3,
ptla—1(@+1)(@ +1-qV3)(¢" +1)
and
ptlg—1(a+1)(@ +1+qV3)(¢" +1)
so both of these degrees divide |G : F'|, which is a character degree of G. This is a contra-

diction.

Subcase 2(b): A proper multiple of |G : F| is a character degree of G.

Examining the character degree set of G, we must have that
G:Fl= (" +1-qV3)(¢* +1+qV3).
If 7 € Irr(G) with 7(1) = (¢ — 1)(g + 1)(¢® + 1)(¢®> + 1 — ¢\/3), then
ged(r(1),|G: F|) =¢*+1-qV3.
By Lemma 1.4, 77 has an irreducible constituent v such that (1) is divisible by

Ty
2l U D(g+1)(¢* +1).

By Lemma 1.3, if ¢ € Irr(F), either |G : F|(1) € cd(G) or |F : N| divides ¥(1)%. In
the first case, we must then have ¢(1) < ¢® + 1. In the second case, we get p | 1(1). If
x € Irr(G) with x(1) = ¢ then ged(x(1),|G : F|) = 1. So xr € Irr(F). Since ¢° > ¢*> + 1,
this forces p | x(1). Thus p =3. As 31 |G : F| and 3 t 7(1), we conclude that 3 { ¢(1).

Hence |G : F|¢(1) € ¢d(G). But this is not the case. Thus G’ = G”.

2.3 Establishing G'/M = H when H 2 2Gy(¢?)

We continue by proving Step 2 of Huppert’s argument. Recall that Step 2 asserts that
if G'/M is a chief factor of G, then G'/M = H. Suppose G'/M is a chief factor of G. As
G' = G" by Step 1,

G'/M = S x S x -+ x S,
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where all S; 2 S, a nonabelian simple group. We need to show that G’ /M = 2G4(¢?). The
degrees of S must divide the degrees of G. By the classification of the finite nonabelian
simple groups, the possibilities for S include the Tits group, the 26 sporadic simple groups,
the alternating groups A, for n > 5, the ten families of simple groups of exceptional Lie
type, and the six families of simple groups of classical Lie type. We must show that k =1

and eliminate all possibilities for S except 2G2(q?).

2.3.1 Key Lemma

Using tensor induction, the following lemma is proved in [2].

Lemma 2.3.1. Let G'/M be a minimal normal subgroup of G/M so that G'/M = Sy x
<o+ X S, where S; 2 S, a nonabelian simple group. Let A be the automorphism group of S.

If o € Irr(S) extends to A, then o X -+ x o € Irr(G' /M) extends to G.

We will exploit this lemma in the following manner. If we can find an irreducible character y
of S which extends to the automorphism group of S, then x(1)* is a degree of G /M, hence

also of G.

2.3.2 Eliminating the Alternating Groups for all &

Proposition 2.3.1. The simple group S is not an alternating group A, with n > 7.

Proof. Recall G'/M = S; X ---x S, where S; = S. By Lemma 2.3.1, if S has an irreducible
character x of odd degree which extends to Aut(S), then x(1)* is an odd degree of G'/M,
hence an odd degree of G. We will find two or more irreducible characters of S of distinct
odd degrees which extend to Aut(S), say x and ¢, with x(1) > ¢(1). The only odd degrees

of G are
¢, (P +1—qV3)(P+1+¢V3), and ¢* (> +1 —qV3)(¢* +1+qV3).

If x(1)¥ and ¢(1)* are not powers of 3 or satisfy x(1)*/¢(1)" is a power of 3, then we have

a contradiction. This follows from the list of odd degrees of G.
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Case 1: S= A7, S= Ag, or S = Aq

As shown in the Atlas [6], A7 and Ag have irreducible characters of degree 21 and 35
which extend to Aut(Ay) and Aut(Ag), respectively. As neither of these degrees is a power
of 3 and 35/21 is not an integer, the k' power of these degrees cannot be degrees of G.
As shown in the Atlas [6], Ajo has seven irreducible characters of odd degree which extend
to S1o, hence their k™ powers are degrees of G. As G has only three odd degrees, we have

a contradiction.

Case 2: S = Ay, m > 6
Adopting the construction and notation of [22], we have the following degrees of irre-

ducible characters of S which extend to Aut(S):

(2m —1)(m —1)(2m — 3)
3 .

x1,0(1) =2m — 1 and x3,0(1) =

As shown in [2], we also have the irreducible character x of S of degree x(1) = m(2m — 3)
which extends to Aut(S). Now x1,0(1) is odd for any m while x30(1) is odd for even m and
x(1) is odd for odd m. Examining the odd degrees of G, we see that ¢ # (2m — 1) since
(2m — 1)¥ is a factor of (x3,0(1))* and ¢% is not a factor of any of the other degrees of G.

Further, the quotients of x30(1) and x(1) with x1,0(1) yield

xs0(l)  3@m—1)(m—1)2m—3) (m—1)(2m —3)

leo(l) 2m — 1

and
(1) _ m(m—3)

XLQ(]_) 2m— 1 ’

which are not prime or a power of a prime since ged(m — 1,2m — 3) = ged(m,2m — 1) =1
and ged(m,2m —3) = 1 or 3. As the other odd degrees of G are powers of a prime multiples

of each other, we have a contradiction.
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Case 3: S = Aoppa1, m >4
Adopting the construction and notation of [22], we have the following degrees of irre-

ducible characters of S which extend to Aut(S):

(2m —1)(2m+1)(2m — 3)
3 Y

x2,0(1) =m((2m — 1), x21(1) =

and, as constructed in [2],

x(1)=(m-1)2m+1).

Now x2,0(1) is odd for odd m while x21(1) is odd for all m and x(1) is odd for even m.
None of these degrees is a power of a prime since ged(m,2m — 1) = ged(m —1,2m+1) =1
and ged(2m —1,2m + 1) = 1 or 2. Further, the quotients of x21(1) and x2,0(1) as well as

x2.1(1) and x(1) yield
x21(1) _ (2m+1)(2m —3)

X270<1) 3m

and
X271(1) (2m — 1)(2m — 3)

x(1) — 3(m—1)

Neither of these is an integer as ged(m — 1,2m — 1) = 1 or 3, ged(m — 1,2m — 3) = 1,

ged(m,2m + 1) = 1, and ged(2m — 3,m) = 1 or 3, while m > 4. So the k' power of these
odd degrees cannot be degrees of G. This eliminates from consideration the alternating

groups A, forn > 7. O

Note that we will consider As = PSLa(5) and Ag = PSL2(9) when we consider the

simple groups of classical Lie type.

2.3.3 Eliminating Sporadic Simple Groups and the Tits Group for all k£
Proposition 2.3.2. The simple group S is not one of the sporadic simple groups or the

Tits group.
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Proof. Now G has at most 10 distinct, nontrivial character degrees. If an irreducible char-
acter of S extends to Aut(S), then the k' power of its degree must be a degree of G by
Lemma 2.3.1. Consulting the Atlas [6], most of the sporadic groups have more than 10
irreducible characters of distinct degrees which extend to Aut(S). This implies that G has
more than 10 distinct character degrees, a contradiction. We only need to consider the
following cases of sporadic simple groups with 10 or less extendible characters of distinct
degrees.

First consider S & My, S = My, S = Moz, S = J1, S =2 Jo, S =2 J3, or S = 2Fy(2)’, the
Tits group. Recall that the odd degrees of G consist of a power of 3 and two other degrees,
one of which is a multiple of the other. Each of these simple groups has two irreducible
characters of distinct odd degrees which are not powers of a prime and are not multiples of
each other. Hence, for any k > 1, the k'™ power of these degrees cannot be degrees of G.
Next, consider S 22 Mss. The Mathieu group Mao has irreducible characters of six distinct,
nontrivial, odd degrees which extend. As G has only three odd degrees, it is not possible

for the k' power of these degrees to be degrees of G. O

2.3.4 Eliminating the Groups of Lie Type when k£ > 1

To eliminate the groups of Lie type when k£ > 1, we will require the Steinberg character
of these groups. The properties of the Steinberg character can be found in [4]. We will rely
on the fact that the degree of the Steinberg character is a power of a prime, which is proved

in Theorem 6.4.7 of [4].

Lemma 2.3.2. Let G be a simple group of Lie type with defining characteristic p. If x is

the Steinberg character of G, then x(1) = |G|,.
We will also rely upon the following result, proved in [29] and [30].

Lemma 2.3.3. (Schmid) Let N be a normal subgroup of a group G, and suppose that N is
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isomorphic to a finite group of Lie type. If 0 is the Steinberg character of N, then 0 extends

to G.

If S is a simple group of Lie type and y is the Steinberg character of S, then x(1) is a
power of the prime p, where p is the defining characteristic of the group. By Lemma 2.3.3,
x extends to the automorphism group of S. Once again appealing to Lemma 2.3.1, we
have that y(1)* is a degree of G. As the only composite power of a prime among degrees
of G is ¢5, we must have that y(1)* = ¢%. Hence, the defining characteristic of the simple
group S must be the same as the prime divisor of ¢®, which is 3. Now we will show that

k =1 for the simple groups of Lie type. Let S = S(q1) be defined over a field of ¢; elements.
Proposition 2.3.3. If S = S(q1) is a simple group of Lie type, then k = 1.

Proof. Suppose k > 2. The Steinberg character x of S extends to Aut(S) so x(1)* = ¢5.
Let x(1) = /. As G'/M = Sy x - - x S, there is an irreducible character of G'/M found by
multiplying £ — 1 copies of x with another nonlinear irreducible character of S, say 7 # .
Then (x*~7)(1) is a “mixed” degree, meaning that the degree is divisible by 3 but is not
a power of 3.

As the degrees of G'/M divide the degrees of G, we must have that the degree of this
character divides one of the mixed degrees of G. The highest power of ¢ in any mixed
degree of G is 2. Now ¢ = ¢17% implies ¢ = ¢17%/6. The power of ¢; in (xX*17)(1) is at
least j(k —1). We must have that

27k

which reduces to 2k < 3. Thus k < 2, a contradiction. ]

Since the sporadic, Tits, and alternating groups have been eliminated as possibilities for .S,
we have that S is a simple group of Lie type and, thus, £ = 1. We will now show that

S = 2G5(¢?) by eliminating all other possibilities for S.
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2.3.5 Eliminating Simple Groups of Exceptional Lie Type when k£ =1
Although we must consider each of the ten families of simple groups of exceptional Lie
type separately, we have a general argument that we will use for each of the groups. Unless

otherwise stated, all notation is adapted from Section 13.9 of [4].

1. We know that the prime divisor of ¢ and the underlying characteristic of the group S
are the same. We also know that the Steinberg character of S extends to Aut(95),

hence its degree is a degree of G, namely ¢°.

2. We find a mixed degree of S whose power on ¢ is large. As it is of mixed degree, it

must divide one of the mixed degrees of G.

3. By computing ¢ in terms of ¢;, the size of the underlying field of .S, and examining

the relative sizes of the degrees of S and G, we will reach a contradiction.

Proposition 2.3.4. Ifk =1 and S is a group of exceptional Lie type, then S = 2Gy(q?).

Proof. We will proceed by case analysis.

Case 1: S = Ga(q1)
The Steinberg character of S = Ga(q1) has degree ¢;°. Hence ¢ = ¢q;. But ¢; is an

integer while ¢ is not. Thus S 2 G2(q1).

Case 2: S 22 2By(q12) or S = 2Fy(q1?), @12 = 22"+ m > 1
Because ¢ is a power of 3, the underlying prime divisors of ¢? and ¢;? are not the same.

Thus 2By(q1%) and 2Fy(q1?) cannot possibly be candidates for S.

Case 3: S = 2Ga(q1?), 12 = 3>, m > 1

The Steinberg character of S = 2(Gi5(¢12) has degree ¢1°. As the only power of a prime
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Char

S =S(q1) | St(1) of S Degree

Da(q?) | ¢ 13 a1 ®12(q1)

Fy(q1) 24 o 0®3(q1)2P6(q1)*@12(q1)

4\q1 q1 9,10 q1 3\q1 641 12(41

Ee¢(q1) q13° b625 | 1Ps(q1)Po(q1)

2E(qi®) | @™ b1 | @1 Ps(q)Pis(qr)

E7(q1) a® Tas | 0 ®7(q1)®12(q1)P1a(qr)

Es(q1) | @' ®8.91 @ @4 (q1)?®Ps(q1)P12(q1) P20 (q1) Paa(qr)

Table 2.1: Eliminating Simple Groups of Exceptional Lie Type

among degrees of G is ¢% we must have that ¢° = ¢;®, which implies ¢ = ¢;. As the

character degrees are equal, we have that S could possibly be 2G2(¢?).

Case 4: S is isomorphic to one of the remaining simple groups of exceptional Lie type.
For the remaining simple groups of exceptional Lie type, we will use the same general
argument. Recall S = S(q1) is a simple group of exceptional Lie type defined over a field
of q; elements. Suppose the Steinberg character of S has degree ¢;/. By Lemma 2.3.1,
¢ = q17, so ¢> = ¢1%/6. For each of the remaining possibilities for S, there is a mixed
degree of S whose power on ¢; is greater than 2j/6. As the mixed degrees of G have
power at most 2j/6 on g1, we have a contradiction. Let ®,(q1) denote the y' cyclotomic
polynomial in ¢;. Table 2.1 exhibits the degree of the Steinberg character of S and a

character of appropriate degree which will result in a contradiction. O

2.3.6 Eliminating the Groups of Classical Lie Type when k£ =1
We are only left with the possibility that G'/M = S, where S is a simple group of
classical Lie type. Once again, we must consider each family of simple groups of classical

Lie type separately, but we use the same general argument in each case.
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Type Group Remarks
A psL(a) =1, q >4
Z(qr?) o | i 0=1, PSLesi(a1) = PSUs11(a:%)
¢>2 | PSUm(@?) it0=2, g > 2
B .
Aqlz) Qo (q) | if 0=2, By(qn) 2 Calqn) for g1 > 2
Ci(q1) if6=2q >2
£>2 PSpyc(a1) if ¢1 is even, By(q1) = Cy(q1)
D
géqi) PQos™ (1)
D 2 _
géqi) PQor™ (q1)

Table 2.2: Simple Groups of Classical Lie Type

1. As the Steinberg character of S = S(q1) extends to the only irreducible character of

prime power degree of G, we can determine ¢ in terms of ¢;.

2. We find an irreducible character of large mixed degree of S. As the degrees of S divide

the degrees of GG, this mixed degree of S must divide a mixed degree of G.

3. We will show that the degree of this irreducible character of S cannot divide a mixed

degree of G.

Table 2.2 gives the different types of classical groups of Lie type that we must consider.

Proposition 2.3.5. If k =1, then S is not a simple group of classical Lie type.

Proof. We will proceed by examining each group separately. We begin with the groups of

type Ay.

Groups of Type Ay

In general, we will find a mixed character degree of S that is too large to divide the

mixed degrees of G. We will handle the groups of low rank separately as we need to find a
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large degree of S satisfying some divisibility properties.

Case 1(a): £ =1, 1ie., S = PSLs(q) for ¢ > 4

The Steinberg character of S, which has degree ¢;, extends to Aut(S), so we must have
that ¢® = q;. As shown in [22], an irreducible character of S has degree ¢; —1 = ¢® —1. This
degree must divide a degree of G. Examining the degrees of G, it is clear that ¢% — 1 does
not divide any degree of G. Note that this eliminates the possibility that S = PSLg(4) =

PSL2(5) = A5 and S = A6 = PSLQ(Q)

Case 1(b): £ =2, 1.e., S = PSL3(q1)

As shown in [32], the degree of the Steinberg character of PSL3(q1) is ¢13. Hence ¢ = ¢
But the mixed degrees of S are ¢%(¢>+1) and ¢%(¢*+¢?>+1). These must divide ¢?(¢*—¢%+1)
since this is the only mixed degree of G divisible by ¢2. Certainly ¢? + 1 does not divide
¢* —¢®>+1, and ¢* + ¢ + 1 is relatively prime to ¢* — ¢® + 1 so neither of these degrees of S

divide degrees of G.

Case 1(c): £ =3, i.e., S = PSL4(q1)
When ¢ = 3, the Steinberg character of S has degree ¢;%, so ¢ = ¢;. But ¢ is not an

integer while ¢; is an integer. Hence we have a contradiction.
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Case 1(d): £ >4, 1e., S 2 PSLyi1(q1)
In this general case, the degree of the Steinberg character of S is ¢?“tY/2. Thus

¢> = q"“tV/6. From [36], we have that

(@@ -1 (T = D - D@ - 1)
B T T

a(g* —1)(@® - 1), if 0= 4;
a(a® =1 (@7 =D’ = D@t -1), if£>4

is a degree of PGLyy1(q1). Appealing to Lemma 1.4, as y3 is an irreducible character of
PGLyy1(q1), if p is an irreducible constituent of the restriction of y3 to PSLs11(q1), then

x3(1)/p(1) divides [PGL¢11(q1) : PSLyy1(q1)]. Since
[PGLe+1(q1) : PSLeta(q1)] = ged(€ +1,q1 — 1),

x3(1)/p(1) divides 1 — 1. Hence x3(1)/(¢1 — 1) divides (1), a degree of S, and thus must
divide a degree of (G. As this degree is mixed, it must divide a mixed degree of G.

When ¢ = 4, we have that ¢® = ¢;'%/3. But q1(q:1% + 1)(¢1° — 1) divides no degree of G.
When ¢ > 4, we would like to compare the corresponding part of the mixed degrees of G to
the size of the part of x3(1)/(¢1 — 1) that is relatively prime to 3. To do so, we will factor
g1 — 1 from each term of x3(1)/(qg1 — 1) to get a rough upper bound on the size of this part

of x3(1)/(q1 — 1). Factoring ¢; — 1 from each term gives

x3(1)
g —1

/—

>(@P+a+D) @ +ai+a+D) (@ raTr g+ 1)

1

(e TPt e+ D@ T @+ )

S g 2T+ g
= g (D/2-1-(0-2) 4

= D204
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Examining the mixed degrees of GG, we see that the degree with largest term prime to 3 is
é\/gq(qQ —D(?+14+¢V3) = %\/gq((f +¢*V3 —qv/3—1). So the part of the mixed degree
of S that is relatively prime to 3 must be less than or equal to ¢* +¢3v/3 — ¢v/3 — 1 to divide

one of these degrees. Replacing ¢ by the appropriate power of ¢; gives
q14£(1z+1)/12 4 \/§q13£(£+1)/12 _ \/§q1€(£+1)/12 1

We must have that

(et1) o 4+

2 - 12
which reduces to £2—5/+6 < 0, and is not satisfied for £ > 4. Thus this degree of S divides
no degree of G.

We will use this same general argument to eliminate the other simple groups of classical
Lie type. We will find a large mixed degree which divides a mixed degree of S and hence
also divides a mixed degree of G. We will compare the size of this degree to the size of
the largest mixed degree of G and show that the degree of S is too large to divide a mixed

degree of G.

Groups of Type 24,
We will proceed in the same manner as in the linear group case. Again, we will consider

the groups of small rank separately.

Case 2(a): £ =2, i.e., S = PSUs(q?)
The degree of the Steinberg character of PSU3(q12) is ¢1®. Hence ¢ = ¢q;. The mixed
degrees of S are ¢%(¢®> — 1) and ¢?(¢* — ¢*> + 1). These must divide ¢?(¢* — ¢*> + 1). Now

¢ — 1 is relatively prime to ¢* — ¢> + 1 so ¢*> — 1 does not divide ¢?(¢* — ¢ + 1).
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Case 2(b): £ =3, i.e., S = PSUy(q1?)
The Steinberg character of S is of degree ¢:%, implying ¢ = ¢;. Again, ¢ is not an integer

while ¢; is an integer. So this is not possible.

Case 2(c): £ =4 ie., S = PSUs(q12)
The Steinberg character of S is of degree ¢11°, so ¢2 = ¢119/3. As shown in Section 13.8

of [4], the unipotent character of degree
X (1) = g (@ =+ D(a® + 1)

is a character of PSUs(q1?). But this degree is mixed, with a factor of ¢;3. Thus it must
divide ¢?(¢* — ¢*> +1). As q1 is a power of 3, ;2 + 1 is even, while ¢* — ¢ + 1 is odd. So

X(Ll’?’)(l) does not divide ¢?(¢* — ¢ + 1).

Case 2(d): £ =51i.e., S = PSUg(q1?)
When ¢ = 5, the Steinberg character of S has degree ¢;'° so ¢*> = ¢;'%/3. From Sec-

1,2,3)

tion 13.8 of [4], S has unipotent character ! of degree

X (1) = o' (@ - D — D) (@® + 1)

This is a mixed degree of S, hence must divide a mixed degree of G. But this degree is
mixed, with a factor of ¢;*. Thus it must divide ¢?(¢* — ¢*> + 1). Again, ¢;2 + 1 is even,

while ¢* — ¢ 4 1 is odd. So x(123)(1) does not divide ¢%(¢* — ¢® + 1).

Case 2(e): £ > 6, i.e., S = PSUp1(q1?)

In this general case, the degree of the Steinberg character of S is ¢1?“t1)/2. Thus
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¢> = "“t1/6. As shown in [36],

(1) = g @ = D@P D@t ) (" = ()T D@~ (D)Y@ - (D))
R (@ = D@ = (1))

=q(@®+ D@ =1 (a7 = (1))@ = (D) a™" = (D))

is a degree of PUy;1(q12). Again, appealing to Lemma 1.4, as 3 is an irreducible character
of PUy11(q1?), if pu is an irreducible constituent of the restriction of x3 to PSUyy1(q1?), then

x3(1)/p(1) divides [PUgy1(q12) : PSUgy1(q12)]. Since
[PUst1(a1%) : PSUgpa(01”)] = ged(¢ + 1, q1 + 1),

x3(1)/p(1) divides g1 + 1. Hence x3(1)/(¢1 + 1) divides (1), a degree of S, and thus must
divide a degree of G. As this degree is mixed, it must divide a mixed degree of G. If £ is

even, factoring ¢; — 1 from all the even degree terms gives

>(@P+al+a+ D)@+ D)@’ +at+aP e’ +a+1)

(@ D@ e e D (@ T A D (@ ),

while if ¢ is odd, factoring ¢; — 1 from all even degree terms gives

x3(1)
q +1

>(@*+al+a+ D)@+ )@’ +at+aP +a’+a+1)
(@ TP D@ T+ A T D@ D (@ @+ ).

The degree of the leading term is

202 — 12

B+5+T7+ -+l -1+ UL+ +B+T+---+(—-3)] = 1

if ¢ is even and

202 — 10

B+5+7+ 0+ [B+T+ - ((-2) ="

if £ is odd. In this case, the part of the mixed degree of S that is relatively prime to 3 must

be less than or equal to

q14e(£+1)/12 i \/§q13£(€+1)/12 _ \/§q15(2+1)/12 1



30

To divide these small mixed degrees of GG, the degree of the leading term of the character
degree of S must be less than or equal to 44(¢ +1)/12. As

202 — 12 <2£2—10
4 4

we must have that
202 — 10 S+
4 - 12 ’

which reduces to 2 — 2¢ — 15 < 0 and is not satisfied for ¢ > 5.

Groups of Type By
We will examine the groups of low rank first and then show that S cannot be of type By

in general in Case 3(b).

Case 3(a): £ =2,1e., S = Qs5(q1) = PSpy(q1)

The Steinberg character of S has degree ¢1*. Thus ¢® = ¢;*/3. As shown in [37], S has
degrees q1(q1 — 1)(q12 + 1) and q1(q1 + 1)(q12 + 1). As ¢*> = ¢1*/3, these can only divide
*(¢* — ¢®> +1). As q is a power of 3, ¢12 + 1 is even, while ¢* — ¢®> + 1 is odd. So these

degrees of S do not divide ¢?(¢* — ¢® + 1).

Case 3(b): £>3,1e., 5 = Qopr1(q1)
In this general case, the degree of the Steinberg character of S is qlﬂ_ Thus ¢> = qlﬂ/ 3,

As shown in [37],

(@ =) (@® = 1) (2D — )2 - 1)
a1

xi(1) =q
is a character degree of SO9/41(q1). Again, appealing to Lemma 1.4, as
[SO2041(q1) : Q2041(q1)] = ged(2,q1 — 1) = 2,

x1(1)/2 divides a degree of S, and thus must divide a degree of G. As this degree is mixed,

it must divide a mixed degree of G.
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When ¢ = 3, we have that x1(1) = ¢1(q12 — 1)(¢1% — 1). Thus x1(1)/2 divides a degree
of S = Q7(q1), which must divide a mixed degree of G. In this case, the degree of the
Steinberg character of S is ¢1”, so ¢ = ¢1®. Thus x1(1)/2 cannot divide a degree of G.

When ¢ > 3, we establish a rough bound on the size of the degree by factoring q; — 1

from each term and considering only the factors of the degree prime to 3. We obtain

%M(l) > (@' = D@’ =1 (@™ = (@ - D(@a* - 1)

>(@*+a’+a+ )@’ +at+ o+ q+1)
"'(Q12Z_1+"'+Q1+1)

S gy BHOHTH D= M=) =D)+(-2) | 4

2_
> @

In this case, the part of the mixed degree of S that is relatively prime to 3 must be less

than or equal to

@70 + V3300 — /3,10 — 1.

To divide these small mixed degrees of G, £2 — ¢ + 1 must be less than or equal to 4¢%/6.
Now
40?

Pl +1< —
tis 6

reduces to /2 — 3¢ 4+ 3 < 0, which is not satisfied for ¢ > 3.

Groups of Type C;
Case 4(a): £ =2,1i.e., S = PSp,(q1)

As Cs(q1) = Bs(q1), we are done by Case 3.

Case 4(b): £ =3 and ¢ is a power of 3, i.e., S = PSpg(q1)

The Steinberg character of S has degree ¢1°, so ¢> = ¢1®. From Section 13.8 of [4], we
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see that S has unipotent character x“ of degree
X*(1) = ¢ (g — Dig + 1)(@® + 1) (¢® + 1)
corresponding to the symbol

1 3

01

This is a mixed degree of S, hence must divide a mixed degree of G. Thus it must divide
@ (g* — > +1). As q1 is a power of 3, x¥(1) is even, while ¢* — ¢+ 1 is odd. So x*(1) does

not divide ¢?(¢* — ¢ +1).

Case 4(c): £ > 4 and ¢; is a power of 3, i.e., S = PSpyy(q1)
In this general case, the degree of the Steinberg character of S is qlfz. Thus ¢? = q1€2/ 3,

Once again, from [37],

(@2 + 1) (@® = 1) (2D — )2 - 1)
@2 +1

xi(1) = ¢
is a character degree of PCSpy,(q1). Again, appealing to Lemma 1.4, as

[PCSpas(q1) : PSpas(q1)] = ged(2,q1 — 1) = 2,

x1(1)/2 divides a degree of S, and thus must divide a degree of G. As this degree is mixed,

it must divide a mixed degree of G. Now

/

@ (@® = 1)(q® - 1) if ¢ = 4;
a2 (@2 + (g - D) (@® = D(@'°—1) if £=5;

a?(q? +1)(q® —1)--- (q12(£—3) ~1)

(@2 = D)@Y — D) (¥ —1)  if£>5.

When ¢ = 4 or £ =5, it is clear that y1(1)/2 is too large to divide a mixed degree of G. For

¢ > 5, we obtain a rough bound on the size of x;(1)/2 by factoring out ¢; — 1 from each
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term and only considering the part of the degree prime to 3. We obtain
1 o N o
*Xl(l) > q12+5+7+ +(20—1)—1)+(20—-1)—(2(4—2)—1)+((¢—2)—1) 41

= 61162_Z + 1

In this case, the part of the mixed degree of S that is relatively prime to 3 must be less

than or equal to

q14£2/6 + \/gql:«w?/ﬁ . \/§q1€2/6 _1
To divide these small mixed degrees of G, £? — ¢ must be less than or equal to 4¢2/6. Now

2
g2_g<%
- 6

reduces to 2 — 3¢ < 0, which is not satisfied for ¢ > 4.

Groups of Type Dy
Case 5(a): £ =4, ie., S =2 PO (q1)
The Steinberg character of S has degree ¢;'% so ¢*> = ¢;*. Hence ¢;2 = ¢. But ¢ is not

an integer, so we have a contradiction.

Case 5(b): 5 </ <7, ie., S =PQyt(q1)

For 5 < ¢ <7, we will use the same general argument. Suppose the Steinberg character
of S has degree ¢;7. By Lemma 2.3.1, ¢° = ¢17, so ¢> = ¢//3. For 5 < ¢ < 7, there is
a mixed degree of S = Py T (q;) whose power on ¢ is greater than j/3. As most of the
mixed degrees of G have power j/3 on ¢, the only mixed degree of G that it could divide
is ¢*(¢* — ¢*> + 1). But this degree of G is odd while the given degree of S is even. So it
is not possible for this degree of S to divide a degree of G. Table 2.3 exhibits the degree
of the Steinberg character of S and a character of appropriate degree which will result in a

contradiction. All notation is adapted from Section 13.8 of [4].
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5= (@) | St () o
POt (@) | @® | @1%®a(q1)®s(q1)Ps(a1) G ;’)
PO (a) | @® | a0 aan) Palan)s(an)uola) (; 3)
PO (@) | 0 | a0 @ola)trl) (Pt | (G ] )

Table 2.3: Eliminating PQg, " (q1), 5 < <7

Case 5(c): £>8 ,ie., S =Py (q1)

As shown in [37], a degree of P(CO4,(q1)°) is

2(@?+ D)@ — 1) (2D = 1)( 2V — 1) (qf — 1)
(@1 + (a3 +1)
2@+ (@’ 1) (Y = D(@* Y - D(@* Y - (' - 1)

- o g +1 ’

x1(1) =q

Again, appealing to Lemma 1.4, as
[P(CO5(01)°) : P2 (q1)] = ged(4, 1" — 1)

and ¢ is odd, x1(1)/2 or x1(1)/4 divides a degree of S.
Now the degree of the Steinberg character of S is ¢:*“~1), so ¢2 = ¢ “¢~V/3. We obtain
a rough bound on the size of x1(1)/4 relatively prime to 3 by factoring out ¢; — 1 from each

term and examining the remaining positive terms. We obtain

1 g
le(l)>(q12+1)(Q12+ql+1)(Q17+q16+---+m+1)~~-(Q1“ D14 41)

. (Q12(£_2)_1 Lt 1)((]12@_1)_1 Lt 1)((]15_1 +odq 1)

> ql2+2+7+---+[2(671)—1}+(£71) ey

The leading term has degree

(2@2—1))2_1_3_5_[g(g_g)_1]+(£—1)+[(£—3)—1]+2+2=(5—1)2—2—4-
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In this case, the part of the mixed degree of S that is relatively prime to 3 must be less

than or equal to

@ MED/6 L[5 BE-D/6 _ [z (=1)/6 _

To divide these small mixed degrees of G, (£ — 1)2> — 2 — ¢ must be less than or equal to

40(¢ —1)/6. Now

(5_1)2_2_5§M

reduces to /2 — 7¢ — 3 < 0, which is not the case for ¢ > 8.

Groups of Type 2Dy
Case 6(a): £ =4, 1ie., S =P (q1)
The Steinberg character of S has degree ¢;'% so ¢*> = ¢1*. Hence ¢;2 = ¢. But ¢ is not

an integer, so we have a contradiction.

Case 6(b): £ =5, i.e., S = PQo (q1)

As shown in [37], when ¢ = 5, we have

2(@? + D) (q1® — D) (@1® — 1) (q1° + 1)
g3 +1

= (@ + D(a® = D(@® = D(@® + 1)

xi(l)=aq

is a character degree of P(CO7y(q1)°%). Again, appealing to Lemma 1.4, as
[P(CO(@1)°) : PQio™ (¢1)] = ged(4, ¢1° + 1)

and ¢ is odd, x1(1)/2 or x1(1)/4 divides a degree of S. Now the degree of the Steinberg
character of S is ¢12°. Hence ¢% = ¢12%/3. Examining the degrees of G, we see that it is not

possible for this degree of S to divide a degree of G.
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Case 6(c): £ > 6, i.e., S 2 PQoy (q1)
The degree of the Steinberg character of S is ¢/, so ¢2 = ¢;*“~V/3. For £ > 6, as
seen in [37],

2@+ D)@’ = 1) (@2 = )@Y — 1)(@f + 1)
@2+ 1

=X (@ + 1)@ = 1) (@ = (a2 = (@Y - D@t + 1)

xi1(1) =q

is a degree of P(CO,,(q1)°). Again, appealing to Lemma 1.4, as
[P(CO%(a1)") : PQar ™ (q1)] = ged(4, a1 + 1)

and ¢ is odd, x1(1)/2 or x1(1)/4 divides a degree of S. Factoring out ¢1%(q; — 1) from the
appropriate factors and finding a rough upper bound on x1(1)/4 gives

1
oM > (@ + D@+ a1 (@ D@

. (q12(£—1)—1 4+ .+ 1)(q1€_1 + o4 q1 + 1)

S g 2T R 1]

The leading term has degree

(2“2—1)>2_1_3_[2(5—2)—1]+(z—1)+[(€—2)—1]+2=52—2E+1-

In this case, the part of the mixed degree of S that is relatively prime to 3 must be less
than or equal to

@HED/6 /34,3016 _ /30 6E-1)/6 _ 1
To divide these small mixed degrees of G, 2 —2¢+1 must be less than or equal to 4¢(¢ — 1)/6.
Now

g2_2g+1gw

reduces to /2 — 4¢ — 3 < 0, which is not satisfied for ¢ > 5. ]

This was the last case to consider to prove that k = 1 and S = 2G5 (¢?).
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Maximal Subgroup Structure Order Index
[4°] + Zgo 4 ¢°(¢* — 1) ¢°+1
2 x PSLy(¢?) (¢ - 1) ¢*(¢* — ¢ +1)

(22 : D%(q2+1)) : 3

22.3- (¢ +1)

15 - 1)(¢* — > +1)

Z Zg

P+V3q+1

6(¢> +V3q+1)

o=

(P +1)(¢* —1)(¢* —V3q+1)

L fig41 * L

6(q®> —V3q+1)

@+ 1) - )P+ V3qg+1)

2Ga(90?), ¢* = q0*“, « prime

20°(q0® + 1)(go* — 1)

0% (qo®* + 1)(go®* — 1)

q0%(q0% +1)(go® — 1)

Table 2.4: Maximal Subgroups of 2G2(¢?)

2.4 Establishing I (0) = G’ when H 2 2G5(q¢?)

We are now ready to prove Step 3 of Huppert’s argument. We must prove if 6 € Irr(M),

6(1) = 1, then @ is stable under G'. By Lemma 1.6, this implies [M,G’] = M’. We can

prove a stronger result for 2G5(q?). We will remove the restriction that 6(1) = 1 and prove

the result for all 6 € Irr(M).

Suppose Ig(0) = I < G’ for some 0 € Irr(M). Let U be maximal such that I <U < G'.

If

HI = Z¢Z>

for ¢; € Irr(I), then by Lemma 1.2, ¢;(1)|G’ : I| is a degree of G’ and thus divides some

degree of G. As m > 1, ¢ > 3 and the list of maximal subgroups of 2G3(¢?) in [21] gives

Table 2.4. The notation is as follows: [¢°] denotes an unspecified group of order ¢ and

A : B denotes a split extension.

Lemma 2.4.1. The only mazimal subgroups of 2G2(q?) whose indices divide a degree of G

are the mazimal parabolic subgroups with structure [q°] : Lgp_1-



38

Proof. The index of the parabolic subgroups with structure [¢°] : Ly divides the degree
¢® + 1. The indices for all but the last subgroup in Table 2.4 must divide mixed degrees
of 2G2(q?). A close examination of the mixed degrees of ?Ga(g?) shows that these indices
have exponents on ¢ too large to divide a mixed degree of G. For the subgroup in the last
row of Table 2.4, note that ¢? = ¢o?® so the power on qq in the mixed degrees of 2Ga(¢?) is
at most 2a. To divide a degree of 2Ga(¢?), we must have that the power on gq in the index
of the subgroup must satisfy 6 — 6 < 2. This implies o < 3/2, so a = 1, a contradiction.

Hence the only maximal subgroups of 2G(¢?) whose indices divide a degree of G are the

parabolic subgroups. ]

Recall that we are assuming I/ () = I < G’ for some 6 € Irr(M). Let U be maximal

such that I <U < G'. If
o' =2 o

for ¢; € Irr(I), then by Lemma 1.2, ¢;(1)|G’ : I| is a degree of G’. Hence ¢;(1)|G’ : U||U : I|
divides some degree of G. By Lemma 2.4.1, the only possibility is that |G’ : U| = ¢® + 1.
But then ¢;(1) = 1. Hence ¢; is an extension of 6 to I.

By Lemma 1.2(b), (¢;7)" € Irr(G’) for all 7 € Irr(1/M). But then (¢° 4+ 1)7(1) divides
a character degree of G. This forces 7(1) = 1 for all 7 € Irr(I/M). Hence I/M is abelian.
But I/M contains a Sylow 3-subgroup of 2G(¢?), which is nonabelian (see [35]). Thus we

must have that I () = G'.

2.5 Establishing M = (1) when H = 2Gy(¢?)

We now prove that the subgroup M of G is trivial. By Step 2, we know that G'/M =
2G5(¢?). Hence, when paired with this step, we have that G’ = 2G5(¢?). In general, we will
assume that M is not trivial and derive a contradiction. Recall that we were able to prove

a stronger result in Step 3. This simplifies the argument in Step 4.

For all ¢, the Schur multiplier of 2Gs(g?) is trivial. Thus M’ = M by Step 3 and
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Lemma 1.6. If M is abelian, we are done. Suppose M is nonabelian. Then there is an
irreducible character  of M such that (1) > 1. By Step 3, I+ (0) = G'. As G'/M = 2G5 (¢?)
has trivial Schur multiplier, 6 allows an extension 6y to G’. Then 6y € Irr(G’) for all
7 € Irr(G'/M). Consider 7 € Trr(G'/M) with 7(1) = ¢°. Then ¢%0y(1) € cd(G’), a

contradiction. Hence M is abelian. So M = M’ = (1).

2.6 Establishing G = G’ x C(G') when H = 2G5 (¢?)

We can now conclude Huppert’s argument and verify the conjecture for the simple
groups 2Ga(q?). The previous steps imply G’ = 2G5(¢?). In this step, we will show that
G =G xCg(G). As G/G' = Cg(G') and G/G' is abelian, this will prove Huppert’s
Conjecture for this family of simple groups.

Let ¢ = 3/. Suppose G’ x Cq(G') < G. Then G induces on G’ some outer automor-
phism «. By Lemma 1.7, some conjugacy class of G’ is not fixed by a. As the irreducible
characters of G’ separate the conjugacy classes of G’, there exists some y € Irr(G’) such
that x is not fixed by . Let ¢ € Irr(G) such that [¢gr, x] > 0. Then (1) = ex(1) where
e > 1 and e divides |Out(G’)| = f. Now x(1) > 1 and ex(1) € ¢d(G). As x € Irr(G’) and
G’ = 2G9(q?), we have that x(1) and ex(1) are both character degrees of G. Examining the
character degrees of G to find degrees with proper multiples which are also degrees of G
shows that

X(1) = (¢ +1—qV3)(¢* + 1+ qV3)

and

e=¢* -1, e=¢* ore=¢*+1.

As e | f, we have

fre>¢g?—1=3 -1

Hence f > 3/ — 1, a contradiction. Thus G = G’ x Cq(G").



40

This concludes the verification of the five steps of Huppert’s argument and proves The-

orem 5.



CHAPTER 3

HUPPERT’S CONJECTURE AND THE FAMILY OF SIMPLE GROUPS Ga(q), ¢ > 4

In this chapter, we present our results concerning the verification of Huppert’s Conjec-
ture for the family of simple groups G(q), for ¢ > 4. We are able to verify four of the five
steps in Huppert’s argument. Our argument for Step 3 requires more information regard-
ing the structure of the maximal subgroups of G2(¢q) than is currently available and thus
remains incomplete. We again begin with some results concerning the character degrees of
Ga(q).

3.1 Results Concerning the Character Degrees of G(q)
We first consider the character degrees of G2(q) and establish results similar to those in

the 2Go(q?) case. As listed in [5], the character degrees of Ga(q) are

1 1
1, gq(q27q+1)(qfl)2, gq(q2+q+1)(q+1)2,

1 1 1
~q(g— 1) g+ 1% Sa(@+q+1) (¢ —qg+1), 561((12 +q+1)(qg—1)%

3 34
%q(q2—q+1)(q+1)27 (=)@ +q+1)(*—q+1), (q+ 1) +q+1)(¢" —q+1),
(@ +a+1) (@ —q+1)(g—17 (@ —q+1)(g—1)*(¢+ 1) qlg— (@ +q+1)(¢" —q+1),

(—D(@+D(@+q+1)(@ —aq+1), ¢ (@ +aq+1)(a—1)*(q+1)%

a(q+ 1) (¢ +q+1)(¢* —q+1), and (¢* + ¢+ 1)(¢° — g+ 1)(g+ 1),

In addition, there are the following degrees.

If g=1 (mod 6) or ¢ =4 (mod 6):

(g+1)(¢° —q+1), (¢ —q+1)(g+1)* and ¢*(g+ 1)(¢* — ¢+ 1).

41
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If g=1 (mod 6), ¢ =3 (mod 6), or ¢ =5 (mod 6):
(@*+a+1)(¢* —q+1), a(¢® +q+1)(¢° —q+1), and ¢*(¢* + ¢ +1)(¢* — g+ 1).
If g =2 (mod 6) or ¢ =5 (mod 6):

(a—1)(*+q+1), al¢®+q+1)(g—1)% and ¢*(¢— 1)(¢* + g+ 1).

We establish some properties of the set of character degrees of Ga2(q) that will enable us
to work toward the verification of Huppert’s Conjecture for Ga(q). We are first interested
in determining which degrees of G2(g) are nontrivial powers. This reduces to the question

of which degrees can be written as yP, where p is a prime.

Lemma 3.1.1. The number ¢ 4+ q + 1 cannot be written in the form y™ for n > 1. The

number ¢> — q + 1 is of the form y™, for n > 1, only for ¢ = 19.

Proof. As Nagell showed in [27], ¢> + ¢+ 1 = y? has no solutions unless p is 3. In that case,
as proved in [23], the only solutions are (¢,y,p) = (18,7,3) and (¢,y,p) = (—19,7,3). As ¢
is prime or a power of a prime, we see that neither of these cases is possible. Thus ¢®+q+1
cannot be expressed as y" for n > 1. As ¢> — g+ 1 is obtained from ¢ + ¢+ 1 by replacing ¢
with —¢, we see that the only solutions to ¢> — ¢+ 1 = y? are (q,y,p) = (—18,7,3) and
(19,7, 3). As we are concerned with ¢ prime or power of a prime, we see that 192—19+1 = 73

is the only solution. O

As shown in Lemma 3.1.1, ¢®> + ¢ + 1 is never a power and ¢> — ¢ + 1 is a power only
when ¢ = 19. In addition, as shown in [27], ¢> + ¢ + 1 and ¢ — ¢ + 1 can never be written
in the form 3y" for any n > 1. As ged(q+1,¢> + ¢+ 1) = ged(q — 1,¢*> — g+ 1) = 1 while
ged(q —1,¢° + ¢+ 1) and ged(q + 1,¢% — ¢ + 1) are either 1 or 3, we see that the products
(q£1)(¢* £ q+1) and (¢*> + ¢ + 1)(¢*> — ¢ + 1) are never nontrivial powers. Now all the

degrees of G except ¢® and %q(q — 1)%(¢ + 1)? contain one of these products. As shown
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in [25], the only power of a prime among the degrees of Ga(q) for ¢ # 3 is ¢ Again, we
will assume ¢ > 4 as Huppert has verified the conjecture for G2(3) and G2(4) in [17]. We

have the following lemma.

Lemma 3.1.2. For q > 4, the only nontrivial powers among the degrees of G2(q) are ¢°

and possibly %q(q —1)2(g+1)2. The only degree of the form p° for prime p and b > 1 is ¢5.

We will also need to know which pairs of character degrees of Ga(q) are consecutive

integers. By examining the degrees of G2(q), it is possible to prove the following lemma.

Lemma 3.1.3. The only pair of consecutive integers among the character degrees of Ga(q),

forq>2,is¢% —1 and ¢.

Excluding ¢% and 1 from consideration, the only pairs of relatively prime degrees of Ga(q)

are possibly

1
(g+1)(¢*—g+1) and §q(q2 +q+1)(g—1)° for ¢ =4 (mod 6);
1
(¢ +q+1)(@* —g+1) and zq(g—1)*(g+1)* for ¢ =3 (mod 6);
1
(=@ +g+1) and Sald® g+ 1)(g+1)* for ¢ = 2,5 (mod 6).

Hence, excluding 1 and ¢° from consideration, there is at most one pair of relatively prime
character degrees of Ga(q). We will frequently use the following well-known result found

in [26] and [28].

Lemma 3.1.4. The only divisors of ¢*> +q+ 1 are 3, but not 3%, and numbers of the form
1+ 3m. The only divisors of ¢*> —q+ 1 are 3, but not 32, and numbers of the form 1+ 6m.

Thus, the divisors of ¢ —q+1 are 3, but not 32, and odd numbers congruent to 1 (mod 3).

3.2 Establishing G’ = G” when H = G1(q)
Suppose that G’ # G”. Then there exists a solvable factor group G/N of G minimal

with respect to being nonabelian. By Lemma 1.3, G/N is a p-group or a Frobenius group.
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Case 1: G/N is a p-group for some prime p.

Either p | g or p1gq.

Subcase 1(a): Suppose p | q.

Now (¢?+q+1)(qg—1)%(g+1)? is a character degree of G and p 1 (¢?+q+1)(g—1)2(q+1)2.
By Lemma 1.1, if x € Irr(G) with x(1) = (¢*> + ¢ + 1)(¢ — 1)®(g + 1), then xx € Irr(N).
As G/N is a nonabelian p-group, it must have a character degree p® > 1. As the character
degrees of G/N are character degrees of G and, by Lemma 3.1.2, the only degree of G of the
form p®, for p prime, is ¢®, we have that ¢® € cd(G/N). Let 7 € Irr(G/N) with 7(1) = ¢°.

Lemma 1.1 implies G has character degree
(@ +q+1)(a—1)*a+1)%
which is a contradiction.
Subcase 1(b): Suppose p 1 gq.
By Lemma 1.1, if y € Irr(G), x(1) = ¢5 then xo € Irr(G) for every o € Irr(G/N).

Since G/N is nonabelian, there is some o € Irr(G/N) with (1) > 1. Hence we obtain a

forbidden degree of G as no degrees of G are proper multiples of ¢°.

Case 2: G/N is a Frobenius group with elementary abelian Frobenius kernel F'//N, where

|F': N| = p® for some prime p. In addition, |G : F| € ¢cd(G) and |G : F| divides p* — 1.

Subcase 2(a): No proper multiple of |G : F| is a character degree of G.
Suppose that p{¢. Then as p{¢°, Lemma 1.3 implies ¢° | |G : F|. As |G : F| € cd(G),

this implies |G : F| = ¢% If ptq— 1, then as ged(¢+ 1,¢> + ¢+ 1) = 1, we have that either
1 1
ptzala=12+1)* or ptsal@®+a+1)(g—1)7%

Hence one of these degrees divides |G : F| = ¢%, a contradiction.
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We are left with the case where p{gbut p | ¢g—1. If p =2, then as p 1 ¢, ¢ is odd. Hence
¢ =1 (mod 6), ¢=3 (mod 6), or ¢ =5 (mod 6). But then 24¢> +¢+1and 24 ¢*> — g+ 1.

So2t¢*(¢*+q+1)(¢> —qg+1). Thus
(> +a+1)(¢* —q+1)
divides |G : F| = ¢%, a contradiction. If p = 3, then 3 | ¢ — 1. Thus
éq(cﬁ +aq+1)(q+1)°
is not divisible by 3 since 32t ¢ + ¢ + 1. Hence

1
gq(q2 +q+1)(g+1)

divides |G : F| = ¢%, a contradiction.
We have pfq,p|q¢—1andp>3. Sincep #2,pfqg+1. Nowged(q—1,¢> +q+1) =1
or 3, so as p # 3, then
pt éq(q2 +a+1)(g+1)%
We obtain that $q(¢? + ¢+ 1)(g + 1)? divides |G : F| = ¢5, a contradiction. Hence p { g is
not possible.

Suppose next that p | ¢. Then

pt(@®—a+1)(a—1)*(qg+1)*and pt (q+1)(¢° —q+1)(¢® +q+ 1),

so both of these degrees divide |G : F'|, which is a character degree of G. Examining the

character degree set of G, we see that this is not possible.

Subcase 2(b): A proper multiple of |G : F| is a character degree of G.
Consulting the list of possibilities for |G : F|, we see that ged(|G : F|,¢°%) = 1 or q.
If x € Irr(G), x(1) = ¢°, then, by Lemma 1.4, xr has an irreducible constituent v such

that ¢° divides ¥(1) and (1) | ¢ As |G : F|i(1) ¢ cd(G), p® | 1(1)?. Hence p | q. Since
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|G : F| divides p® — 1, ged(|G : F|,p) =1 and so |G : F| is relatively prime to ¢q. As we are

assuming that a proper multiple of |G : F| is a degree of G, |G : F| is one of
(a= D@ +a+1)(* —g+1), (a+ 1)@ +q+1)(¢* —g+1),

(g+1)(*—q+1), (@+q+1)(*—q+1), or (q—1)(¢*+q+1).

If 7 € Irr(G) with 7(1) = (¢ — ¢+ 1)(¢ — 1)*(¢ + 1)?, then

ged (T(l),(q— 1)(q2+q+1 q —q+1) ) divides 3(q — 1)(q2 —q+1);
ged (7(1), (g + 1)(¢* + ¢+ 1)(¢* — ¢ + 1)) divides 3(g + 1)(¢*> — ¢ + 1);
gcd(7(1)7(q+1 W2 —q+1) ) equals (g + 1)(¢®> — ¢+ 1);
ged (1(1), (¢* + g + 1)(¢> — ¢ + 1)) divides 3(¢> — g + 1);
))

ged (7(1), (¢ — 1)( ¢* + q+1)) divides 3(q — 1).

By Lemma 1.4, 77 has an irreducible constituent ¢ such that (1) is divisible by

Ha—1D2q+1), (a-D2g+1),

S0+ 17— 1), 5

5
S0 12+ 1% or 3¢ —a+ Dlg— (g + 17

respectively. As pti(1), |G : F|i(1) € ¢cd(G), but this is not the case. Thus G' = G".

3.3 Establishing G'/M = H when H = G5(q)
In this section, we will establish Step 2 for the family of simple groups G(q) for ¢ > 4.
Many of the arguments are similar to the 2G5(¢?) case, so we will refer to that case when

appropriate.

3.3.1 Eliminating the Tits, Sporadic, and Alternating Groups when £ > 1
To eliminate the alternating groups when k > 1, we need the following result, obtained

by the construction outlined in [22].
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Lemma 3.3.1. Ifn > 7, then Irr(Ay,) contains at least four nonlinear irreducible characters

of different degrees which extend to Aut(A,,).

To eliminate the sporadic groups, we need the following result, found by checking the
Atlas [6]. Since the Tits group is in the Atlas [6], we will include it with the sporadic

groups.

Lemma 3.3.2. Let S be a sporadic simple group or the Tits group, and let A be the auto-
morphism group of S. Then there exist at least five nonlinear irreducible characters of S of

different degrees which extend to A.

Proposition 3.3.1. If S is an alternating group A, with n > 7, a sporadic simple group,

or the Tits group, then k = 1.

Proof. Suppose that k> 1 and S = A,, for some n > 7, a sporadic simple group, or the Tits
group. Lemmas 3.3.1 and 3.3.2 imply that S has nonlinear characters of distinct degrees,
b1, ¢2, and @3, say, which extend to Aut(S). By Lemma 2.3.1, ¢1*, ¢2F, and ¢3* extend
to G/M. As shown in Lemma 3.1.2, there are at most two nontrivial powers among the
character degrees of G/M. Thus, if S = A, with n > 7, a sporadic simple group, or the

Tits group, then k& = 1. O

Note that A5 = PSLy(5) and Ag = PSLy(9) will be considered with the simple groups
of classical Lie type. We have proved that if S & A,, with n > 7, a sporadic simple group,
or the Tits group, then k£ = 1. In this case, G'/M = S. We will now show that S cannot

be one of these groups.

3.3.2 Eliminating Sporadic Simple Groups and the Tits Group when k£ =1

Proposition 3.3.2. The simple group S is not one of the sporadic simple groups or the

Tits group.
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Proof. By the same reasoning as in the proof of Proposition 2.3.2, we only need to consider
the following cases of sporadic simple groups with 22 or less extendible characters of distinct

degrees.

Case1l: S & MH, S = M12, S = Mgg, S = MQ4, or S = Jl
For each of these sporadic simple groups, irreducible characters of consecutive degrees
extend. The higher degree of these consecutive degrees is not a prime power. As stated in

Lemma 3.1.3, the only consecutive degrees of G are ¢° —1 and ¢°. Hence this is not possible.

Case 2: S = My
The simple group Mas has irreducible characters of relatively prime degrees 45 and 154
which extend to Aut(Mas2). Examining the list of pairwise relatively prime degrees of G,

we see that this is not possible.

Case 3: S= Jyor S=J;

The simple group Jo has an irreducible character of degree 225 = 152 which extends to
Aut(Jo) while the simple group .J3 has an irreducible character of degree 324 = 182 which
extends to Aut(J3). The only nontrivial powers among the degrees of G are ¢® and possibly

%q(q —1)%(¢ 4+ 1)? and we see that neither of these could possibly be 225 or 324.

Case 4: S HS, S=O'N,or S= McL

The simple group HS has five pairs of irreducible characters of relatively prime de-
grees which extend to Aut(H.S), while the simple group O’N has three pairs of irreducible
characters of relatively prime degrees which extend to Aut(O’N). The simple group McL
has irreducible characters of relatively prime degrees 22 and 5103 as well as 3520 and 5103

which extend to Aut(McL). As G has at most one pair of relatively prime degrees, we see
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that it is not possible for S =~ HS, S =2 O'N, or S = McL.

Case 5: S = He
The simple group He has irreducible characters of relatively prime degrees 1275 and
6272 which extend to Aut(He). Examining the odd degrees of G relatively prime to another

degree we see that it is not possible for 1275 to be a degree of G.

Case 6: S = 2Fy(2)', the Tits group
The Tits group has irreducible characters of eight distinct nontrivial degrees which
extend. The only power of a prime which extends is 27. The only character degree of G

that is a power of a prime is ¢%, so we have a contradiction. ]

3.3.3 Eliminating A4,, when k=1

Proposition 3.3.3. The simple group S is not an alternating group A, with n > 7.

Proof. Case 1: S = A7, S = Ag, or S = Ajg

As shown in [6], the simple groups A7, Ag, and Ajp have irreducible characters of
consecutive integer degrees which extend to Aut(A4,,), and hence to G, by Lemma 2.3.1. The
higher degree of these consecutive degrees is not a prime power. As stated in Lemma 3.1.3,

the only consecutive degrees of G are ¢% — 1 and ¢®. Hence this is not possible.

Case 2: S = Aoy, m>60r S = Aoy, m>4

By [2], Ag, has irreducible characters of the following degrees which extend to G:

xi(1) = M(QQM =m(2m — 3) = 2m* — 3m
(2m —1)(2m — 2)

2

x2(1) = =(m—-12m—-1)=2m? -3m+1
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and Ag,1+1 has irreducible characters of the following degrees which extend to G:
x1(1) = (m—-1)2m+1)=2m* —m —1
x2(1) = m(2m — 1) = 2m? — m.

In both cases, x1(1) and x2(1) are consecutive integers, with x2(1) larger. But ¢% #
(m —1)(2m — 1), as ¢° is a power of a prime while ged(m — 1,2m — 1) = 1. Similarly,

q® #m(2m — 1), as ¢% is a power of a prime while ged(m,2m — 1) = 1. O

3.3.4 Eliminating the Groups of Lie Type when £k > 1
Let x denote the Steinberg character of S. By a similar argument to that presented

6

in the introduction of Section 2.3.4, we must have that x(1)¥ = ¢%. Hence, the defining

characteristic of the simple group S must be the same as the prime divisor of ¢°.

Lemma 3.3.3. If S = S(q1) is a simple group of Lie type, and S 2 PSLa(q1), then S

contains an irreducible character of mixed degree.

Proof. Examining the list of unipotent characters for the simple groups of exceptional Lie
type found in Section 13.9 of [4], we see that it is true for these groups. In [36] and [37],

such irreducible characters are constructed for the simple groups of classical Lie type. [

Proposition 3.3.4. If S = S(q1) is a simple group of Lie type and S 2 PSLa(q1), then

k=1.

Proof. Suppose k > 2. The Steinberg character x of S extends to Aut(S) so x(1)* = ¢5.
Let x(1) = ¢17. Since S 2 PSL2(q1), Lemma 3.3.3 implies that S contains an irreducible
character of mixed degree, say 7. As G'/M = S x - - - x Sy, there is an irreducible character
of G’ /M found by multiplying k — 1 copies of x with 7. Then (x*~'7)(1) is a mixed degree
of G'/M.

As the degrees of G'/M divide the degrees of G, we must have that the degree of this

irreducible character divides one of the mixed degrees of G. The highest power of ¢ on any
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mixed degree of G is 3. Now ¢% = ;7% implies ¢ = ¢;7¥/6. The power of ¢; in (x*~17)(1) is

at least j(k — 1) + 1. We must have that
K
j=1y+1< 2
which reduces to 3j(k —2) +6 < 0. Thus k¥ < 2, a contradiction. Hence k = 1 if § 22

PSLa(q1). O
We must now eliminate the case when k£ > 1 and S = PSLa(q1).
Proposition 3.3.5. If S = PSLa(q1) for q1 > 4, then k = 1.

Proof. Recall that S has the character degree ¢; — 1 and Steinberg character of degree ¢ .
Repeating the argument of Proposition 3.3.4, noting that x(1) = ¢, so ¢ = ¢;* and
choosing 7 to be the irreducible character of S of degree ¢q; — 1, implies that £ < 2. Suppose
that k = 2. Then ¢1%2 = ¢% so ¢1 = ¢®. Hence (¢> — 1)? divides a character degree of G. But
examining the degrees of G, we see that this is not possible. Hence k£ = 1 in this case as

well. O

Since the sporadic, Tits, and alternating groups have been eliminated as possibilities for .S,
we have that S is a simple group of Lie type and, thus, £ = 1. We will now show that

S = (2(q) by eliminating all other possibilities for S.

3.3.5 Eliminating Simple Groups of Exceptional Lie Type when k =1

Proposition 3.3.6. If k =1 and S is a group of exceptional Lie type, then S = Ga(q).

Proof. We will examine each of the families of simple groups of exceptional Lie type indi-

vidually. Again, all notation is adapted from [4].
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Case 1: S = Ga(q1)
The Steinberg character of S & Ga(q1) has degree ¢;%. As the only power of a prime
among degrees of G is ¢, we must have that ¢5 = ¢;° which implies ¢ = q;. As the character

degrees are equal, we have that S could possibly be Ga(q).

Case 2: S 2 2By(q1%), 12 = 22"t m > 1

Now
cd(*Ba(?)) = {1, at*, a* + 1, (@® = Da, (@ = 1b, (¢* — Dr},
for
@2 =22+l > g T:qu a:q12+iq1+1 andb:q1zfiq1+1-
- ) \/Q ) \/i b} \/i

As the Steinberg character of S has degree ¢;%, we have that ¢;* = ¢5. Then ¢;*+1 =¢%+1

must divide a degree of G. But this is not the case. Hence S % 2Bs(q12).

Case 3: S = 2Go(q1?), 12 = 3>, m > 1

Here, 1% = ¢ so ¢ = ¢1. But ¢ is an integer while ¢; is not. Thus S 2 2Ga(q1?).

Case 4: S =2 2Fy(q1?), 1®> = 22", m>1
The Steinberg character of S = 2F(q;2) has degree ¢;?*. As the only power of a prime
among degrees of G is ¢%, we must have that ¢ = ¢;?*, which implies ¢ = ¢;*. Consider

the character € of 2Fy(q2) of degree
ot -’ + D@’ —at +1).

This degree must divide a mixed degree of G. As ¢ = ¢1%, this degree must divide ¢®(¢3£1).

But ¢*+1=¢'?+1 and ¢:® — 1* + 1 does not divide ¢1'2 £ 1. Thus S 2 2Fu(q1?).
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Case 5: S is isomorphic to one of the remaining simple groups of exceptional Lie type.
For the remaining simple groups of exceptional Lie type, we will use the same argument
as in Case 4 of Proposition 2.3.4. Each of the remaining possibilities for S has a mixed
degree whose power on ¢; is greater than 35/6. As the mixed degrees of G have power at
most 3j/6 on g1, we have a contradiction. Table 2.1 on page 23 exhibits the degree of the
Steinberg character of S and a character of S of appropriate degree which will result in a

contradiction. O

3.3.6 Eliminating the Groups of Classical Lie Type when k =1
We are only left with the possibility that G'/M = S, where S is a simple group of
classical Lie type. Once again, we must consider each family of simple groups of classical

Lie type separately, but we use the same general argument in each case.

Proof. We will proceed by examining each group separately. We begin with the groups of

type Ay.

Groups of Type Ay
Case 1(a): £ =1, i.e., S = PSLy(q) for g1 > 4

The Steinberg character of S extends to Aut(S), so we must have that ¢% = ¢q;. For
q1 =4 or q; =5, certainly ¢; = ¢% is not possible. For ¢; > 5, consider the character of S of
degree ¢ +1 = ¢% + 1. This degree must divide a degree of G. Examining the degrees of G,
it is clear that ¢% + 1 does not divide any of them. Note that this eliminates the possibility

that S & PSL2(4) = PSL2(5) = A5 and S = A6 = PSL2(9)

Case 1(b): £ =2, 1.e., 5 = PSL3(q1)
The degree of the Steinberg character of PSL3(q1) is ¢13. Hence ¢ = ¢*. But the mixed

degrees of S are ¢?(¢>+1) and ¢?(¢* +¢?+1). These must divide ¢3(¢®>£1) or ¢*(¢* +¢>+1).
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Certainly ¢% + 1 does not divide ¢ £ 1, and ¢® + 1 is relatively prime to ¢* + ¢ + 1 so it

does not divide ¢?(¢* + ¢® + 1) either.

Case 1(c): £ =3, i.e., S = PSL4(q1)

When ¢ = 3, the Steinberg character of S has degree ¢1%, so ¢ = ¢;. As shown in [36],
S has a character degree which is divisible by q(¢® — 1)(¢? 4+ 1). This degree of S must
divide a mixed degree of G. As ¢ + 1 is relatively prime to both ¢> + ¢+ 1 and ¢°> — ¢+ 1,

we see that this degree divides no mixed degrees of G.

Case 1(d): £ >4, 1e., S =ZPSLyi1(q1)

In this general case, the degree of the Steinberg character of S is ¢1““t1/2. Thus
q = "“*D/12 Consider the mixed degrees of G2(q) whose factor relatively prime to ¢ is of
degree four or less as a polynomial in g. The largest of these degrees is ¢(¢>+q-+1)(¢g+1)? =
q(q* +3¢> 4+ 4¢® + 3¢ + 1). So the part of the mixed degree of S that is relatively prime
to g1 must be less than or equal to ¢* + 3¢® + 4¢® + 3¢ + 1 to divide one of these degrees.
We consider these “smaller” degrees first to eliminate them from consideration. We will
eliminate the larger mixed character degrees separately. Replacing ¢ by the appropriate

power of ¢; gives

q14é(Z+1)/12 +3(]13@(£+1)/12 +4(1124(£+1)/12 +3qle(6+1)/12 s

By the same bound argument as presented in Case 1(d) of Proposition 2.3.5, we must have
that

0+ 1) 4000+ 1)
i L 1< == 7 7
2 brls—p—

which reduces to ¢ — 5¢ + 6 < 0 and is not satisfied for £ > 4. Thus, if £ > 4, this degree

must divide

g+ D@ +q+1)(@ —q+1) or qlg—1)(*+q+1)(¢"—q+1).
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As (q+1)(®+q+1)(¢* —q+1) and (¢ — 1)(¢* + ¢+ 1)(¢> — ¢ + 1) are both factors of
q® — 1, if the degree divides one of these factors, it must divide ¢% — 1.

Now ¢f —1 = ¢®+D/2 1. If £ is even, (1 — 1) 1 (q1/“+D/2 — 1) since £ ¢ W;l).

Similarly, if £ is odd, (g — 1)t (.*“+1)/2 — 1) since (£ + 1)t @.

This is a common argument that we will use to eliminate the other simple groups of
classical Lie type. We will find a large mixed degree of S which divides a degree of G. We
will compare the size of this degree to the largest mixed degree of G whose factor relatively
prime to g is of degree four or less as a polynomial in ¢q. The degree of S is too large to

divide this mixed degree and any smaller mixed degrees of GG. This implies that the mixed

degree of S must divide

qla+ 1)@ +qg+1)(@® —q+1) or qlg—1)(*+q+1)(¢®—q+1).

But then this mixed degree of S must divide ¢% — 1. We will show that this is also not

possible. Hence no degree of G is divisible by this degree of S, which is a contradiction.

Groups of Type 24,
We will proceed in the same manner as in the linear group case. We will consider the

groups of small rank separately.

Case 2(a): £ =2, i.e., S = PSU3(q1?)
The degree of the Steinberg character of PSU3(q1?2) is ¢13. Hence ¢; = ¢®>. The mixed
degrees of S are ¢%(¢> — 1) and ¢*(¢* — ¢® +1). These must divide either ¢?(¢* 4+ ¢* +1) or

(¢ £1). Now ¢* — ¢® + 1 is relatively prime to ¢* + ¢> + 1 and does not divide ¢3 + 1.

Case 2(b): £ =3, i.e., S = PSUy(q1?)

The Steinberg character of S is of degree 1%, implying ¢ = ¢;. As shown in [36], there
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is a character degree of S that is divisible by

Bl — g - 1)+ 1)

So q(qg — 1)(¢® + 1) must divide a mixed degree of . Examining the mixed degrees of G
and noting that ¢ + 1 is relatively prime to both ¢ + ¢+ 1 and ¢> — ¢+ 1 and the greatest

common divisor of g2 + 1 and ¢ + 1 divides 2, we see that this is not possible.

Case 2(c): £ =4ie., S = PSUs(q12)
The Steinberg character of S is of degree ¢;'°, so ¢ = ¢1'%%. As shown in Section 13.8

of [4], we have that the unipotent character of degree
X)) =¥ (@ - q+ D@ +1)

is an irreducible character of PSUs(q;2). But its degree is mixed, with a factor of ¢;®. Thus
it must divide one of the degrees ¢%(¢* + ¢> + 1) or ¢*(¢> £ 1). As ¢ = ¢1°/3, we have that
¢>+1=¢q°+1. Certainly ¢;2 + 1 does not divide ¢;° + 1.

If 1 = £1 (mod 3), then ¢;? +1 = —1 (mod 3) and so cannot be a divisor of ¢> + ¢+ 1
or ¢> — ¢+ 1 by Lemma 3.1.4. If ¢; is a power of 3, then ¢;? + 1 is even, while FG P+l
is odd. So it does not divide ¢* 4+ ¢> + 1 in this case either. This argument will be used

repeatedly in the following cases.

Case 2(d): £ =5, i.e., S = PSUg(q1?),

15/6

When ¢ = 5, the Steinberg character of S has degree ¢;'® so ¢ = q1 From Sec-

1,2,3)

tion 13.8 of [4], we see that S has unipotent character x! of degree

X1 = gt (@ - V(g — 1)@ + 1),

This is a mixed degree of S, hence must divide a mixed degree of G. But this degree is

mixed, with a factor of ¢;*. Thus it must divide one of the degrees ¢?(¢* + ¢®> + 1) or

Pl +1).
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If ¢; = £1 (mod 3), then ¢;? +1 = —1 (mod 3) and so cannot be a divisor of ¢> + ¢+ 1
or ¢> — g+ 1. If ¢1 is a power of 3, then ¢;2+ 1 is even, while ¢* + ¢> + 1 is odd. So it does
not divide ¢* + ¢® + 1.

So this degree of S must divide ¢3(¢> £ 1). As ¢ = ¢1°/2, we must have that ¢; = p?"
for some prime p and positive integer 7 > 1. Then ¢* £1 =p"" £ 1, 12+ 1 =p* +1, and
1% —1=p" —1. Now p — 11 p!® —1 since 6r { 15r. Thus we are left with the case where

this degree divides p'®" + 1. But p* + 1 ¥ p'®" + 1. Hence this case is eliminated as well.

Case 2(e): £ > 6, i.e., S = PSUp1(q1?)
In this general case, the degree of the Steinberg character of S is ¢1?“t1)/2. Thus
g = qtn/12, By the same bound argument as presented in Case 2(e) of Proposition 2.3.5,

we must have that

252—10<4£(£+1)
4 - 12 7

which reduces to £ — 2¢ — 15 < 0 and is not satisfied for £ > 5. Since £ > 6, this degree
must divide ¢® — 1. Now ¢% —1 = ¢®+D/2 — 1. If £ is even, (q:° — 1) 1 (¢:*“+D/2 — 1) since

0+ 45D Similarly, if € is odd, (1“7 — 1) 1 (¢ “CTD/2 — 1) since (£ 4 1) 1 251

Groups of Type By
We will examine the groups of low rank first and then show that S cannot be of type By

in general in Case 3(b).

Case 3(a): £ =2,1.e., 5= Q5(q1) = PSpy(q1)
The Steinberg character of S has degree ¢*. Thus, ¢ = ¢12/3. As shown in [37], S has
degrees q1(q1 — 1)(q12 + 1) and ¢1(q1 + 1)(q12 + 1). As ¢ = 1%/3, these can only divide the

degrees ¢>(q* +¢®> + 1) or ¢3(¢> £ 1) of G. Now ¢® £1 = ¢12 £+ 1 so it is clear that these



o8

degrees of S must divide
P+ +1) =P +a+ D —g+1).
If ¢ = £1 (mod 3), then ¢;2 +1 = —1 (mod 3) and so cannot be a divisor of ¢> + ¢+ 1 or

¢®>—q+1. If ¢ =0 (mod 3), then ¢12 + 1 is even, while (¢ + ¢+ 1)(¢*> — ¢+ 1) is odd. So

q12 + 1 does not divide (¢> + ¢+ 1)(¢® — ¢ + 1) in this case either.

Case 3(b): £ > 3,1e., 5 = Qyi1(q1)
In this general case, the degree of the Steinberg character of §' is q1€2. Thus g = q1€2/ 6,
By the same bound argument as presented in Case 3(b) of Proposition 2.3.5, we must have

that

402
52—€+1§?,

which reduces to ¢? — 3¢ + 3 < 0. This inequality is not satisfied for ¢ > 3.
Thus, if £ > 3, the degree must divide ¢ — 1. Now ¢% — 1 = qu2 —1. But "1 =1

divides this degree of S and does not divide ¢;** — 1 since (£ — 1) { ¢2.

Groups of Type C;
Note that if ¢; is even, Cy(q1) = Be(q1), and we are done by the cases in the previous

subsection. Thus we may assume that ¢ is odd.

Case 4(a): £ =2,1.e., S = PSp,(q1)

As C3(q1) = Ba(q1), we are done by Case 3.

Case 4(b): £ =3 and ¢; odd, i.e., S = PSpg(q1)
In this case, the Steinberg character has degree ¢1°, so ¢ = ¢1%/2. From Section 13.8

of [4], we see that S has unipotent character xy® of degree

X*(1) =a¢*(qn — Dig + 1)(¢® + 1) (¢® + 1)
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corresponding to the symbol

1 3

01

This is a mixed degree of .S, hence must divide a mixed degree of G. Thus it must divide
P+ g+ 1)@ —q+1) o ¢’ +1).

If this degree divides ¢® & 1, then it divides (¢® —1)(¢* +1) =¢®* —1 = ¢° — 1. But ¢;2+1
does not divide q;* — 1. If ¢; = £1 (mod 3), then ¢;°> +1 = —1 (mod 3) and so cannot be a
divisor of g2+ ¢+ 1 or ¢> —q+1. If ¢ =0 (mod 3), then ¢;2 + 1 is even, while ¢* + ¢> + 1

is odd. So ¢;% + 1 does not divide ¢* + ¢% + 1 either.

Case 4(c): £ > 4 and ¢; odd, i.e., S = PSpy,(q1)
In this general case, the degree of the Steinberg character of S is q1£2. Thus g = qlgz/ 6,
By the same bound argument as presented in Case 4(c) of Proposition 2.3.5, we must have

that

2
52_g<%7
- 6

which reduces to £2 — 3¢ < 0. This inequality is not satisfied for ¢ > 4.
Thus, if ¢ > 4, this degree must divide ¢ — 1. Now ¢% — 1 = q1€2 —1. But ¢ =1

divides this degree of S and does not divide ¢;* — 1 since (£ — 1) 1 £2.

Groups of Type D,
Case 5(a): £ =4, ie., S 2PQsT(q1)
First suppose g1 = 2. Then we are considering the group Og™(2) in Atlas [6] notation.

212 50 ¢ = 22 = 4. But we are assuming that

The Steinberg character of S has degree
q > 4.

Next suppose ¢; = 3. We are considering the group Og™(3). The Steinberg character
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of S has degree 3'2, so ¢ = 32. But Og™(3) has a character degree x113(1) = 716800, which
is larger than any of the degrees of G2(9).
Suppose g1 > 3. The Steinberg character of S has degree ¢;'? so ¢ = ¢12. From [37], we

see that S has an irreducible character x of degree

1
x(1) = §Q13(Q1 + D)@ —q +1).

This is a mixed degree of S, hence must divide a mixed degree of G. But the power of ¢;
on this degree of S implies it must divide ¢?(¢* + ¢ + 1) or ¢3(¢® £ 1). If it divides one of

the latter, then it divides
@ -D(@+1)=¢"-1=q” -1

But (g1 + 1)* does not divide ¢1'? — 1. Now ¢* + ¢> + 1 = ¢ + ¢1* + 1 and it is clear that
(q1 +1)* does not divide this term either. So it is not possible for this degree of S to divide

a degree of G.

Case 5(b): 5 < £ <7, ie., S=PQy"(q)
For 5 < ¢ <7, we will use the same general argument. Suppose the Steinberg character
of S has degree ¢i/. By Lemma 2.3.1, ¢® = 17, so ¢ = ¢19/5. For 5 < ¢ < 7, there is a

mixed degree of S = P{y ™ (q1) whose power on ¢ implies it must divide
(" +¢*+1) or ¢*(¢>£1).

The degree of S can be chosen to be too large to divide ¢3(¢®>4 1) and to have divisor ¢;2+1
or 1* +1. If ¢y = +£1 (mod 3), then ¢;2 +1 = ¢:* +1 = —1 (mod 3) and so cannot be a
divisor of g2 +q+1or ¢>—q+1. If ¢ =0 (mod 3), then ¢;?+ 1 and ¢;* + 1 are even, while
¢* 4+ ¢® +1is odd. So it does not divide ¢* + ¢ + 1 in this case either. Table 2.3 on page 34
exhibits the degree of the Steinberg character of S and a character of S of appropriate

degree which will result in a contradiction.
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Case 5(c): £>8 ,ie., S = PQyt(q1)

0—1)

The degree of the Steinberg character of S is ¢1/¢~Y, so ¢ = ¢;*¢~V/6, By the same

bound argument as presented in Case 5(c) of Proposition 2.3.5, we must have that

(g_1)2_2_g§4€(%_1),

which reduces to £2 — 7¢ — 3 < 0 and is not the case for ¢ > 8.
Thus, if £ > 8, this degree must divide ¢° — 1. Now ¢® —1 = ¢;*“1) — 1. But ¢;* 2 -1

divides this degree of S and does not divide ¢;““~Y — 1 since (£ —2) 1 £(£ — 1).

Groups of Type 2Dy
Case 6(a): £ =4, 1ie., S PO (q1)

This is the group Og™(q1) in Atlas notation. As shown in [37],

x1(1) = a*(q1 — D + D(a* + a1 + Dig* —qr + V(g + 1)

is a degree of P(COg (¢1)?). Again, appealing to Lemma 1.4, as
[P(COg (@1)°) : PQs™ (q1)] = ged(4, ¢ * + 1),

if g1 is even, then x(1) divides a degree of S. If ¢; is odd, then x1(1)/2 or x1(1)/4 divides
a degree of S. This degree is mixed, so must divide a mixed degree of G. The Steinberg
character of S has degree ¢!, so ¢ = ¢12. Examining the possibilities shows that this

degree cannot divide any of the mixed degrees of G.

Case 6(b) =05 ie.,S5= PQIO_(QI)
This case can be eliminated by a similar argument to the one presented in Case 6(b) of

Proposition 2.3.5.
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Case 6(c): £ >6,1i.e., S =2 PQy (q1)

0—1)

The degree of the Steinberg character of S is ¢1/¢~Y, so ¢ = ¢;*¢~V/6, By the same

bound argument as presented in Case 6(c) of Proposition 2.3.5, we must have that

22—2£+1§4w%_1>,

which reduces to ¢ — 4¢ — 3 < 0, and is not satisfied for ¢ > 6.
Thus, if £ > 6, this degree must divide ¢° — 1. Now ¢® —1 = ¢;*“1) — 1. But ¢;* 2 -1

divides this degree of S and does not divide ¢~ — 1, since (£ —2) 1 £(£ — 1). O

This was the last case to consider to prove that kK =1 and S = Ga(q).

3.4 Progress Toward Proving I/(0) = G’ when H = G(q)

Again, let 6 € Irr(M) with (1) = 1. If 0 is not stable under G’, then I (0) < G'.
Thus I¢(0) is contained in a maximal subgroup of G’ and the index of I (6) in G’ divides
a degree of G. Hence the index of the maximal subgroup in G’ must also divide a degree

of G. We wish to show that no such maximal subgroup exists. More formally, suppose

Ie(0) =1 < G for some 6 € Irr(M). Let U be maximal such that I <U < G'. If

0" =" o,

for ¢; € Irr(I), then by Lemma 1.2, ¢;(1)|G’ : I| is a degree of G’ and thus divides some
degree of G.

We will need to find indices of maximal subgroups of Ga(q) which divide character
degrees of Ga(gq). From a list of maximal subgroups of Ga(¢) in [7] and [21], we have
Table 3.1 for odd ¢ and Table 3.2 for even ¢q. Let ¢ = p/. Recall that the notation is as
follows: [¢°] denotes an unspecified group of order ¢°, A : B denotes a split extension, Ao B

denotes a central product, and A - B denotes a non-split extension.
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Index

[¢°] : GLa(q)

¢*g—1)(¢* = 1)

@+ —q+ 1) +q+1)

202 _1)2
(SL2(g) o SLa(q)) - 2 2(12((;_1)12) g—1D(P—=1)(*—q+1)
3(93 _ 2 _ 6(,6 _ 2 _
23 . PSL3(2) (when ¢ is prime) | 23 - 2°(2 12)(2 D 35233 — 3232 — 3

SL3(q) : 2

2¢%(¢* — 1)(¢* - 1)

3¢°(@° +1)

SUs(q) : 2

2¢*(¢* +1)(¢* - 1)

—_

§q3(q3 - 1)

G2(q0), ¢ = @, a prime

20°(q0°® — 1)(q0* — 1)

q0°*(qo®* — 1)(qo®™ — 1)
q0%(q0% — 1) (g% — 1)

26;12((]2)7 q2 — 32m+1

O+ 1)(¢*-1)

(@ -1+ D"+ +1)

PGL2(q), p 2 7, ¢ > 11 a(¢® = 1) 7°(¢° - 1)
(¢° - 1)(¢* — 1)
N 2 7°(q
PSLy(8), p > 5 8-(82—1) BT
| ) ¢ (¢ —1)(a" —1)
PSLy(13), p # 13 5(13)(13° - 1) 22.3.7.13
o ¢ -1)(¢" - 1)
G2(2), ¢ > 5 is prime 20(2° -1)(2* - 1) 26.33.7

J17q:11

23.3.5.-7-11-19

115(23 - 3%.5.37)

Table 3.1: Maximal Subgroups of Ga(q), ¢ Odd
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Lemma 3.4.1. The only mazimal subgroups of Ga(q), for ¢ > 4, whose indices divide
degrees of G are the parabolic subgroups with structure [¢°] : GLa(q) and the subgroups with

structure SL3(q) : 2 and SU3(q) : 2.

Proof. We begin by examining the case when ¢ is odd. The index of the parabolic subgroups

with structure [¢°] : GLa(q) divides the degrees

(+D(@+q+1)(—q+1), (¢—D(g+1)(P+q+1)(¢"—q+1),

(g +1)(*+q+1)(¢" —q+1), and (¢ +1)*(¢* — g+ 1)(¢* + ¢+ 1).

The index of the maximal subgroups with structure (SLa(q) o SLa2(g)) - 2 does not divide
degrees of G as the power on ¢ in the index of the maximal subgroup is too large. The same
reasoning eliminates the maximal subgroups with structure 2% - PSL3(2), as ¢ is odd.

The index of the maximal subgroups with structure SL3(q) : 2 divides the degree ¢>(¢®+
1) if g =1 (mod 6). The index of the maximal subgroups with structure SU3(q) : 2 divides
the degree ¢3(¢3 — 1) if ¢ =5 (mod 6).

Next consider the indices of maximal subgroups with structure Ga(qp). Here a > 1, so
this index must divide a mixed degree of G. Now 6 — 6 > 3 when o > 2. So this index
will not divide a degree of G when a > 2. If o = 2, we have that the index of the subgroup
is q0®(qo® + 1)(go? + 1) and this does not divide go%(qo® & 1).

The index of the maximal subgroups with structure 2Gs(g?) is too large to divide the
mixed degrees ¢3(¢® + 1) and ¢*(¢® — 1) and the power of ¢ is too large to divide the other
mixed degrees of G. The index of the maximal subgroups with structure PGLa(gq) does not
divide degrees of G as the power on ¢ in the index of the maximal subgroup is too large.
The index of the maximal subgroups with structure PSLy(8) and PSLy(13) must divide
mixed degrees of G. As ¢ is odd, we see that the power on ¢ in the index is too large to

allow the index to divide a mixed degree of G.
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Maximal Subgroup Structure Order Index
[¢°] : GLa(q) “lg-1)(-1) | (@+D(@—g+1)(¢*+qg+1)
SLs(q) : 2 2¢*(¢* = 1)(¢* — 1) 307 +1)
SUs(q) : 2 2¢°(¢* +1)(¢* = 1) 5°(¢° = 1)
SLs(g) x SLa(q) ¢*(¢* — 1)? ¢*(¢® —q+1)(¢* +q+1)
Galz™), fjmprme | B e -y | IO

Table 3.2: Maximal Subgroups of G2(q), ¢ Even

If the maximal subgroup of Ga(g) has structure G2(2), then the index must divide a
mixed degree of G. As ¢ is odd, the index will not divide a mixed degree of G if ¢ # 3 and
q# 7. If ¢ =7, then the power on ¢ in the index is 5 and thus too large to divide a mixed
degree of G. If ¢ = 3, the mixed degrees of G have power 2 or less on ¢, so this does not
divide a degree of G.

Finally, if the maximal subgroup of G2(q) has structure of Jq, then the power on 11 is
too large to divide a mixed degree of G.

We will now consider the maximal subgroups of Ga(q) for even q. These were determined
in [7]. The maximal subgroup structure is summarized in Table 3.2.

The index of the parabolic subgroups with structure [¢°] : GLa(q) divides the degrees

@+ D)@ +a+ 1)@ —q+1), (¢—D(g+D(@+q+1)(¢*—q+1),

q(q+1)(+q+1)(¢* —q+1), and (¢ +1)*(¢* — g+ 1)(¢* + ¢+ 1).

The index of the maximal subgroups with structure SLa(q) x SLa(g) does not divide degrees
of G as the power on ¢ in the index of the maximal subgroup is too large.
The index of the maximal subgroups with structure SL3(q) : 2 divides the degree ¢>(¢>+

1) if ¢ =4 (mod 6). The index of the maximal subgroups with structure SU3(g) : 2 divides
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the degree ¢3(¢® — 1) if ¢ = 2 (mod 6).

Next consider the index of maximal subgroups with structure G2(2™). Here f/m > 1,
so this index must divide a mixed degree of G. Now 6 f —6m > 3f when f/m > 2. So this
index will not divide a degree of G when f/m > 2. If f/m = 2, then f = 2m and the index
of the subgroup is 26™(26™ 4+ 1)(22™ +1). Now ¢ = 27 = 2?™ and so the only degrees of G
this index could divide are ¢3(¢3 & 1) = 26™(26™ £ 1) and it is clearly too large to do so.

Thus, the only maximal subgroups of Ga(q), for ¢ > 4, whose indices divide degrees of G

are the parabolic subgroups and the subgroups with structure SL3(q) : 2 and SU3(q) : 2. O

3.4.1 Maximal Subgroups with Structure SL3(¢) : 2 or SU3(q) : 2
First, consider the maximal subgroups with structure SL3(q) : 2 or SU3(q) : 2, whose

indices divide the degree ¢®(¢ + 1) or ¢3(¢® — 1) respectively. We have
L3 3 ‘s 30,3
54 (¢ £ D|U/M : I/M|¢p;(1) divides ¢°(¢° £ 1).

Thus |U/M : I/M|¢;(1) divides 2. There are three cases to consider.

Case 1: |[U/M : I/M| =2 and ¢;(1) = 1.

Since |U/M : I/M| =2, I/M is a normal subgroup of U/M of index 2. As ¢;(1) =1,
¢; is an extension of @ to I. By Lemma 1.2(b), (¢;7)¢" € Irr(G’) for all 7 € Irr(I/M). Now
(p;7)E (1) = |G : I]gh(1)7(1) € cd(G"), which forces 7(1) = 1 since |G’ : I| = ¢*(¢® £ 1)
and this degree must divide a degree of G. Hence I/M is abelian. But I/M < U/M and

U/M = SL3(q) : 2 or U/M = SU3(q) : 2. Since I/M is abelian, it is solvable. But

U/M
T

is of order 2 and thus solvable. But then U/M is solvable, which is a contradiction. So this

case is not possible.
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Case 2: [U/M : I/M|=1 and ¢;(1) = 2.
In this case, I /M is a maximal subgroup of G(q) with structure SL3(q) : 2 or SU3(q) : 2.
First suppose that 6(1) = ¢;(1) for some i. Then ¢; is an extension of 6 to I and thus

(i) € Irr(@) for all 7 € Irr(I/M). By Lemma 1.2,
¢*(¢° £ 1)7(1) € cd(G)

and thus must divide a degree of G. Examining the character degrees of G, we see that this
forces 7(1) =1 for all 7 € Irr(I/M). This implies I /M is abelian, which is not the case.

Now suppose that 6(1) < ¢;(1) for all i. As ¢;(1) = 2, we must have that 6(1) = 1
and ¢;(1) = 2 for all j. Now I/M = SL3(q) : 2 or I/M = SUs(q) : 2. Let S/M < I/M
be a Sylow p-subgroup of I/M when ¢ is odd. When ¢ is even, let S/M be the subgroup
corresponding to the pre-image of the stabilizer of an imaginary triangle of order 3(¢%+q+1)
in PSL3(q) or of order 3(¢®> — g+ 1) in PSU3(¢?). This is shown to exist in [20]. In all cases,
ged(|S : M|,2) = 1.

By Lemma 1.1, if (¢;)s € Irr(S), then (¢;)ar € Irr(M) as ¢;(1) = 2 is relatively prime
to |S : M|. But (¢;)am = 26, so this is not possible.

Thus, (¢i)s = A1 + A2, where \; € Irr(S), Ai(1) = 1. Then \; is an extension of
to S. By Lemma 1.5, there is an irreducible constituent ¢ of 87 with ¢(1) > 6(1)y(1) for all
Y € Irr(S/M). By design, S/M is of odd order. When ¢ is odd, it is the Sylow p-subgroup
of I/M, hence is nonabelian. When ¢ is even, it is the pre-image of the stabilizer of an
imaginary triangle in PSL3(q) of order 3(¢? + ¢ + 1) or PSU3(¢?) of order 3(¢> — ¢ + 1).
This stabilizer is shown to be a Frobenius group in [12]. Hence, S/M is nonabelian in the
even case as well. Thus S/M has an irreducible character ¢ with (1) > 2. But ¢;(1) = 2

for all 7, so we have a contradiction to the inequality ¢;(1) > 6(1)¥(1).
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Case 3: [U/M : I/M|=1 and ¢;(1) = 1.

In this case, I /M is a maximal subgroup of G(q) with structure SL3(q) : 2 or SU3(q) : 2.
As ¢i(1) = 1, ¢ is an extension of 0 to I. By Lemma 1.2, (¢;7)¢ € Irr(G') for all
7 € Irr(I/M). Now (¢;7) (1) = |G’ : I|¢s(1)7(1) € cd(G’), which forces 7(1) = 1 or
7(1) = 2. Hence all the irreducible characters of I/M are of degree one or two. But this
is not the case, as I/M has structure SL3(q) : 2 or SU3(q) : 2. In particular, I/M has an

irreducible character of degree ¢3, which is greater than 2.

Hence it is not possible for U/M to have the structure SL3(q) : 2 or SU3(q) : 2.

3.4.2 Maximal Parabolic Subgroups with Structure [¢°] : GLa(q)

Next we will consider the maximal parabolic subgroups. We begin with a couple of
remarks. First, if H is a subgroup of GLa(q) of index ¢ — 1, g, or ¢ + 1, then H is
nonabelian. This can be determined from the character table of GLa(g). For example,
let H be a subgroup of GLy(q) of index q. Then H contains all elements of order ¢ — 1.

Let g be an element of order ¢ — 1. Examining the character table of GLa(q), we see that
1CaLy(q)(9)] = (¢ — 1) But

(> —1)(g—1)

| =12 — (>~ 1)(g—1).

Thus |Car,(g)(9)] < [H| so H is nonabelian. A similar argument works for the indices ¢ — 1
and q + 1.

Second, the character tables of the parabolic subgroups of Ga(q) are available in [1], [8],
and [9]. These tables show that [¢°] : GL2(q) has character degrees other than 1, ¢ — 1, ¢,
and q + 1.

Suppose U/M is a maximal parabolic subgroup of G'/M. We have I/M < U/M <
G'/M. Then

(g+1)(* =g+ 1)+ q+D)U/M : I/M|gi(1)
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divides a degree of G. So |[U/M : I/M|¢;(1) divides ¢ — 1, ¢, or g + 1.

Suppose first that ¢;(1) = 1 for some i. Then ¢; is an extension of § to I and so (¢;7)%" €
Irr(G) for all 7 € Irr(1/M). Now (¢7)¢ (1) = |G : I|¢s(1)7(1). If |U/M : I/M| =1, then
I/M =2 U/M and this forces I /M to have character degrees 7(1) which can only be 1, ¢ —1,
q, or ¢ + 1. But [¢°] : GLa(q) has degrees other than 1, ¢ — 1, ¢, and ¢ + 1. So if ¢;(1) = 1,
then |U/M : I/M| > 1.

Let t = |[U/M : I/M]|. Then t¢;(1) divides ¢ — 1, ¢, or ¢+ 1. Now U/M = [¢°] : GLa(q)
and I/M < U/M. Examining the maximal subgroups of GLa(q) from [20], we have that
either t | ¢ — 1, ¢ | g, or t = g + 1. We see this from the following argument. Suppose that
t | g+ 1. Then I/M is a subgroup U/M = [¢°] : GLa(q) of index dividing ¢ + 1. So I/M is
a subgroup of U/M containing [¢°] and a part of GLa(q) of order at least (g — 1)2. Hence
I/M contains Z(GLa(q)) as |[I /M| contains the full (¢ —1)-part of the order of GLa(g). But
examining the orders of maximal subgroups of GLz(q) containing Z(GL2(q)), we see that
the only possibility is t = ¢+ 1 or t = 1. Next, we show that if ¢ is a proper divisor of ¢,
then either ¢ = 1 or I/M contains GLa(q). If ¢ is a proper divisor of ¢, and I/M does not
contain GLg(q), then GLo(g) has a subgroup whose index is a proper divisor of ¢. Again,
I/M contains Z(GL2a(q)) as |I/M| contains the full (¢ — 1)-part of the order of GLa(q).
But examining the orders of maximal subgroups of GLy(q) containing Z(GLa(q)), we see
that the only possibility is ¢ = 1. Hence, if ¢ is a nontrivial proper divisor of ¢, then U/M

contains GLa(q).

Case l: t=qort=q+ 1.

Ift = qort = g+1, then ¢;(1) = 1 and ¢; is an extension of 8 to I. Thus (¢;7)%" € Irr(G)
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for all 7 € Irr(I/M). Now

(6:im)% (1) = |G+ Igs(1)7(1)
= \G'/M :U/M||U/M : I/M|7(1)
=@+ 1) —q+1)(@+q+D)U/M : I/M|r(1)

=(¢+1)(¢* — g+ 1)(¢* + g+ Dtr(1),

which implies 7(1) = 1 as (¢ + 1)(¢> — ¢ + 1)(¢*> + ¢ + 1)t7(1) must divide a degree of G.
As 7(1) =1 for all 7 € Irr(I/M), I/M is abelian. But any subgroups of index ¢ or ¢+ 1 in

U/M are nonabelian.

Case 2: t¢r(1) | ¢ — 1 for all k or tgr(1) | ¢+ 1 for all k.

First note that if t¢r(1) | ¢+ 1 for all k, then ¢t = 1, as we have shown that either t = 1
ort=¢q+1,and t = ¢+ 1 was eliminated as a possibility in Case 1. Let R/M QU/M
such that |R: M| = ¢°. As ged(t,q) = 1, R < I. Since 6 is invariant under I, ker(#) < I
and 0(g~thg) = 0(h) for all g € I and h € M. Since 6(1) = 1, 0(g~*hgh™!) = 1 and
[I, M] < ker(#). Hence

M /ker(0) < Z(I/ker(6)).
Since R < I, M/ker(6) < Z(R/ker(f)) and

R/ker(0)
M /ker(60)

= R/M,

which is a p-group. Hence the irreducible characters of R/ker(f) containing M /ker(f) in

their kernels have degrees which are powers of the prime p. But as M /ker(f) is central in

R/ker(0), these are all the degrees of R/ker(6). So the degrees of R/ker(f) are powers of p.
As ¢(1) | ¢ =1 and ¢ is a power of p, ¢r(1) is not a multiple of p. Let

(k)R =D _ N,

J
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for A\j € Irr(R). Now

ker(0) = [ ker(¢:) C ker(¢i)r = [ |ker(};),
i J

so the irreducible constituents of (¢y)r are irreducible characters of R/ker(f) since ker(f) <
ker(Xj). As ¢ (1) is not a multiple of p, while \; is a power of p for all j, it must be that
some J\; is linear, say A1. Then ) is an extension of 6 to R. By Lemma 1.5, there exists an
irreducible constituent ¢ of & with ¢(1) > 6(1)w(1) for all ¥ € Irr(R/M). Now ¢(1) < g—1
if tg(1) | ¢ — 1 for all k and ¢(1) < g+ 1 if tdp(1) | ¢+ 1 for all k.

As R/M < U/M, Lemma 1.4 implies that if x € Irr(U/M) and ¢ € Irr(R/M) is a
constituent of x g/, then

XD 77 Ry = QLa(g)).

w(1)
Now |GLa(q)| = q(¢*> — 1)(¢ — 1) and U/M is a maximal parabolic subgroup of Ga(q).
First let us consider the case where t¢y(1) | ¢ — 1 for all k. By examining the character
tables of the maximal parabolic subgroups of G2(q), we see that U/M has an irreducible
character y such that y(1) = ¢ -y for some integer y. Indeed, examples of such irreducible
characters are listed in Table 3.3. All notation is adapted from [1], [8], and [9]. Hence
(1) > q. But this results in a contradiction. We have ¢(1) > 6(1)y(1) for all ¢ € Irr(R/M).
Now ¢(1) < ¢ — 1 and we have found an irreducible character ¢ of R/M with ¢ (1) > q.
So we are left with the possibility that t¢x(1) | g+1 for all k.  We have that ¢(1) < g+1
and ¢(1) > 1(1). Suppose p # 3. Then letting x = g of P, we have that ¥(1) > ¢?. But
then ¢ +1 > ¢(1) > (1) > ¢, a contradiction. Similarly, if we consider p > 3 and the
parabolic subgroup @, letting y = ZQ 03, we see that ¢ — 1 must divide ¥ (1). But ¢(1) is
a character degree of R/M, which is a p-group. So ¢ — 1 cannot divide ¥(1). So we are left
with the possibility that p = 3 or p = 2 and the parabolic subgroup is ). In those cases,
Table 3.3 gives a degree of U/M which forces 1)(1) > q. As ¢(1) | ¢+1 and ¢(1) > (1) > ¢,

this forces ¢(1) = ¢+ 1 and t = 1. We cannot eliminate the cases when p = 3 or p = 2 and
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L s
P 0s(1) = ¢*(¢ — 1) ein(l) =q*(g—1)
Yo ba(x)(1) = Q( —1)*(¢*-1)ifp>3
Q 612(1) = —1)ifp>3 012(1) = ¢*(g — 1)
03(x)(1) = ¢ (q - 1)( P-1)ifp=2

Table 3.3: Particular Degrees of Maximal Parabolic Subgroups of G2(q)

the parabolic subgroup is ) because, in those cases, there is not an irreducible character of
degree divisible by ¢% or (¢ — 1)3. Also, note that this case requires that (1) = 1. (In the
case when p = 3 or p = 2 and the parabolic subgroup is (), we no longer need to assume
that all ¢x(1) | ¢ + 1. Indeed, in this step we prove that ¢ (1) must divide ¢ or ¢ + 1 for
all k.) So we are left with the possibility that p =2 or p =3, ¢ =1 and ¢;(1) = ¢+ 1 for

all 7.

Case 3: tor(1) | g for all k.

The subgroup structure of GLa(gq) shows that if the subgroup of index dividing g comes
from GLo(q), then t = g or t = 1. But ¢ = ¢ has been eliminated in Case 1. So if ¢ is a
nontrivial proper divisor of ¢, then I /M contains GLa(q).

Suppose that ¢(1) > 1 for some k so (¢r)rr = ed where e | q. We also have that U = I
or |U : I|is a proper divisor of q. In either case, I has a subgroup S with S = S/M = SLs(q).
If ¢ is even, ged(2,q — 1) = 1, so the Schur multiplier of S is trivial. Thus @ extends to an
irreducible character 6y of S. By Lemma 1.5, there exists 7 such that ¢;(1) > 7(1) for all
7 € Irr(S/M). But SLa(q) has an irreducible character of degree ¢ + 1 while ¢;(1) < ¢ for
all i. The comments preceding Case 1 imply that ¢ = 1 and ¢ is even and ¢;(1) = 1 for
all k is also not possible.

We are left with the case when ¢ is odd and t¢g(1) | ¢ for all k. We must also consider
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the case where ¢ (1) differs for different values of k.

Summary

e We have proved that t¢;(1) | ¢ — 1 for all k is not possible.

e We have proved that t¢g(1) | ¢+ 1 for all k£ is not possible when p > 3 and is also not

possible when p = 2 and the maximal parabolic subgroup is P.

e We have proved that t¢(1) | ¢ for all k is not possible if g is even.
The following cases need to be considered:

e ¢y has varying degrees for different values of k.

o t¢r(1) | ¢+ 1 for all k£ and p = 3 for parabolic subgroups with structure P or @ or

p = 2 and we are considering the maximal parabolic subgroup Q.

e t¢r(1) | ¢ for all k and ¢ is odd

3.5 Establishing M = (1) when H = Gs(q)

We will assume Step 3 holds for Ga(q). For ¢ > 4, the Schur multiplier of Ga(q) is
trivial. Thus M’ = M by Step 3 and Lemma 1.6. If M is abelian, we are done. Suppose
M =M > (1). Let M/N = T} x --- x T}, be a chief factor of G’, where T; = T, a
nonabelian simple group, and the T; are transitively permuted by G'. Then G'/M = G1(q)
has a subgroup of index k.

Suppose k > 1. Examining the list of maximal subgroups of G2(q), we have, for ¢ > 4,
k2 (@ + 1)@ +q+1) = (g +1)(¢" +¢* +1).

As T; is a nonabelian simple group, |7T;| is divisible by at least three distinct primes. Hence

there is a prime divisor p of |T;| greater than or equal to 5. By the It6—Michler Theorem,
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p divides a character degree of T;. Hence T; has an irreducible character of degree 5 or

larger. Take 1; € Irr(7;) such that ¢;(1) > 5. Then M /N has degree
k
[Twi1) > 5",
i=1
and this degree must divide a degree of G. The largest degree of G is
@+ 1@ +a+ 1)@ —g+1) = (¢+1)*(¢" +¢* +1).

Thus

g+ D (* + @+ D2 > (g+ 1)2(¢* + ¢% + 1) > 5latD@ +a*+1)

a contradiction for all q. Hence £ = 1. Schreier’'s Conjecture states that the outer au-
tomorphism group of a nonabelian simple group is solvable and has been verified by the

classification of finite simple groups. We have (M/N)NCq/ny(M/N) = Z(M/N) = (1) and

Ngyn(M/N) 4
Corp 1Ny = MM,
a/N )

Caryn(M/N) = AutM/N).
As

M/N ~

200N M/N = Inn(M/N),
we have
@ /N Aut(M/N)

< = .
M/N x Cgr/n(M/N) = Tan(M/N) Out(M/N)
By Schreier’s Conjecture,
G'/N
M/N X CG’/N(M/N)

is solvable. But G = G” by Step 1. So we must have that
G'/N = M/N x Ceryn(M/N) = M/N x Ga(q),

which produces forbidden degrees. Hence M = (1).
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3.6 Establishing G = G’ x C¢(G') when H = Gs(q)

Recall ¢ = pf. Suppose G’ x Cq(G') < G. By the same reasoning as presented in
Section 2.6, we must have that cd(G) contains degrees x(1) and ex(1), where e > 1 and e
divides |Out(G")|, which is either f or 2f. Examining the character degrees of G to find
degrees with proper multiples which are also degrees of G establishes that e =2, e = 3, or
e>q—1.

Ife>qg—1,thenase|2f,
2f >e>q—1=p/ —1>2/ -1,

so f <2 If f =2, then g =4. If f =1, then ¢ < 3. These cases were considered in [17].

Suppose that e = 2. Then the possibilities for x(1) are

X(1) = Sa(e® — g+ D(g+17 and ex(1) =a(® — g+ 1)(g +1)?

or

X(1) = a( +a+ Dlg— 17 and ex(1) = (¢ + g+ 1)(g ~ 1%

In each of these cases, G’ = G2(q) has only one irreducible character of degree x(1), so it is
not possible for two characters of Ga(q) of degree x(1) to fuse into an irreducible character
of G.

Suppose that e = 3. Then

x(1) = %Q(QQ +q+1)( —q+1) and ex(l)=q(¢*+q+1)(¢° —q+1).

But G’ = G2(q) has only two irreducible characters of degree x(1) so it is not possible for
three characters of Ga(q) of degree x(1) to fuse into an irreducible character of G. Thus
G =G xCe(@).

We have proved all but Step 3 for the family of simple groups Ga(q) for all ¢ > 4.



CHAPTER 4

VERIFYING HUPPERT’S CONJECTURE FOR THE SIMPLE LINEAR GROUPS OF

RANK TWO

In this chapter, we provide a brief outline of the arguments we use to verify Huppert’s
Conjecture for the simple linear groups of Lie type of rank two. In [15], Huppert verifies
his conjecture for PSL3(q) for 2 < ¢ < 8. He proves four of the five steps for all g. The
restriction that ¢ < 8 is required to prove Step 2. We prove Step 2 by using properties
of the character degree set of PSL3(¢) which hold for all ¢ > 8. We begin by examining
the character degrees of PSL3(q) and establishing these properties. For a more detailed
verification, the reader can refer to [33].

4.1 Results Concerning the Character Degrees of PSL3(q)

For ¢ > 4,

cd(G) = cd(PSLs(q)) = {1, ¢*, q(q+ 1), (¢—1)*(¢+1), ¢(@ +q+1), (g—1)(¢* +q+1),

1
@ +aq+1, (¢+1(*+q+1), §(q+1)(q2+q+1)}-

The last degree appears only if ¢ = 1 (mod 3). We again will rely on properties of this
character degree set. In particular, we will need to determine the nontrivial powers among
the degrees of (G, the nontrivial prime powers among the degrees, and whether the degree

set of G contains any consecutive integers.
Lemma 4.1.1. For ¢ > 8, the only nontrivial powers among the degrees of G are ¢° and
possibly (¢ — 1)2(q 4+ 1). The only degree of the form p® for prime p and b > 1 is ¢>.

Proof. We begin by examining the product of consecutive integers ¢q(q + 1). As proved

in [10], this is never a nontrivial power.
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As noted in Lemma 3.1.1, ¢? + ¢ + 1 is not a power. Since ged(q, ¢ + ¢+ 1) = ged(q +
1,¢> + ¢+ 1) = 1, we have that ¢> + ¢+ 1, ¢(¢*> + ¢+ 1), and (¢ + 1)(¢%> + ¢ + 1) are not
nontrivial powers.

By a result in [27], ¢*> + ¢ + 1 = 3y™ has only trivial solutions. Thus, (¢ —1)(¢> +q+1)
and %(q 4+ 1)(¢* + ¢ + 1) are not nontrivial powers.

As shown in [25], the only possible powers of a prime among the degrees of G are
¢> +q+1and ¢®. But ¢*> + ¢+ 1 is never a power with exponent greater than one, so the

only composite prime power among the degrees of G is ¢>. O

We will also need to know which pairs of character degrees of G are consecutive integers.

By examining the degrees of G, it is possible to prove the following lemma.

Lemma 4.1.2. The only pairs of consecutive integers among character degrees of G, for

q>2, areq(qg+1) and ¢> +q+1 as well as ¢ — 1 and ¢>.

4.2 Establishing G'/M = H when H = PSL;(q)
4.2.1 Eliminating the Tits, Sporadic, and Alternating Groups

Using Lemma 4.1.1 and a proof similar to that of Proposition 3.3.1 on page 47, we can
eliminate the possibility that £k > 1 and S is an alternating group, sporadic simple group,
or the Tits group. For more details, see Proposition 2.8 of [33].

When k£ = 1, we can eliminate the sporadic simple groups and the Tits group by the
same reasoning as in the proof of Proposition 2.3.2 on page 19. We only need to consider the
sporadic simple groups with eight or less extendible characters of distinct degrees. Hence,
we must consider S = Myy, S = My, S = Jy, and S = 2F(2), the Tits group. Examining
the character degree sets of these groups and using the properties of the character degree
set of PSL3(q), we find that none of these groups is a possible candidate for S. We are left

considering k=1 and S = A,,.
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Proposition 4.2.1. The simple group S is not an alternating group A, withn > 7.

Proof. Recall that A5 = PSLy(5) and Ag = PSL2(9), and so they will be considered with
the groups of classical Lie type. Further, A7, Ag, and Ay can be eliminated using their
irreducible characters of consecutive integer degrees which extend to their automorphism

groups and comparing them to the consecutive integer degrees of G.

Case 1: S = Ay, m>6

By [2] and [22], Ag,, has irreducible characters of the following degrees which extend

to G:
() = 8m(m — 1)(m — iz)(m —3)(2m —3)
xa(1) = 2m(22m_3> =m(2m —3) = 2m? — 3m
(1) = &M= 1)2(27” =2 i D@m—1) = 2m? — 3m+ 1.

Now x2(1) and x3(1) are consecutive integers, with y3(1) larger. As m > 6, ¢ # (m —
1)(2m — 1), as ¢* is a power of a prime while ged(m — 1,2m — 1) = 1.

Thus, ¢> + ¢+ 1= (m —1)(2m — 1) and ¢(q + 1) = m(2m — 3). Hence ¢(q + 1) divides
15x1(1). Excluding g(q+ 1), the remaining degrees of G are relatively prime to at least one
of g or ¢+ 1. This implies either ¢+ 1 | 15 or ¢ | 15. Again, we are assuming g > 8, so this

is not possible.

Case 2: S = Agypy1, m > 4.

By [2] and [22], A2y,+1 has irreducible characters of the following degrees which extend
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to G:

2m(m — 1)(m — 3)(2m — 3)(2m + 1)

2(1) = (m—-1)(2m+1) =2m* —m -1

x3(1) = m(2m — 1) = 2m? — m.

Now y2(1) and y3(1) are consecutive integers, with y3(1) larger. Once again ¢ # m(2m—1),
as ¢° is a power of a prime while ged(m,2m — 1) = 1.

Thus, ¢> + ¢+ 1=m(2m — 1) and ¢(g+ 1) = (m — 1)(2m + 1). Hence ¢(q + 1) divides
5x1(1). Excluding g(q + 1), the remaining degrees of G are relatively prime to at least one
of g or ¢+ 1. This implies either ¢+ 1| 5 or ¢ | 5. Again, we are assuming ¢ > 8, so this is

not possible. O

4.2.2 Eliminating the Groups of Lie Type when k > 1

Let x denote the Steinberg character of S. By an argument similar to that presented in
the introduction of Section 2.3.4 on page 20, we must have that y(1)* = ¢®. We can again
show that if S = S(q1) is a simple group of Lie type, then k = 1 by an argument similar to

that of Proposition 2.3.3.
Proposition 4.2.2. If S = S(q1) is a simple group of Lie type, then k = 1.

Since the sporadic, Tits, and alternating groups have been eliminated as possibilities
for S, we have that S is a simple group of Lie type and, thus, K = 1. We now need to

eliminate the groups of exceptional Lie type as possibilities for S.

4.2.3 Eliminating Groups of Exceptional Lie Type when k£ =1

Proposition 4.2.3. The group S is not a simple group of exceptional Lie type.

To establish Proposition 4.2.3, we examine each of the families of simple groups of

exceptional Lie type separately, using the general procedure outlined earlier. For S = G3(q1)
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and S = 2Go(q12), we find particular mixed degrees of these groups and show that these
mixed degrees do not divide either mixed degree of G. For S = 2By(q1?), we show that
the largest degree of S is larger than any of the degrees of G. The remaining groups of
exceptional Lie type are eliminated by an argument similar to that presented in Case 4 of

Proposition 2.3.4.

4.2.4 Eliminating the Groups of Classical Lie Type when k£ =1
We are only left with the possibility that G'/M = S, where S is a simple group of

classical Lie type.
Proposition 4.2.4. The simple group S = S(q1) = PSL3(q).

To establish Proposition 4.2.4, we again proceed by examining each family of simple
groups of classical Lie type separately. As the Steinberg character of S extends to Aut(.S),
the degree of the Steinberg character of S, say ¢/, is a character degree of G. As ¢ is the
only composite prime power among the degrees of G, we have that ¢;7 = ¢®. For groups of
low rank, we then typically find a mixed character degree of S that is too large to divide
the mixed degree q(g+ 1) of G and then use the divisibility properties of ¢+ ¢+ 1 (outlined
in Lemma 3.1.4 on page 43) to show that this degree of S cannot divide q(q?+ ¢+ 1) either.
To eliminate the simple groups of Lie type of higher rank, we use the bounds established
on the mixed degrees used in the proof of Proposition 2.3.5 to show that these degrees of S
are too large to divide g(q + 1). We then show that this degree of S has a factor that
cannot divide ¢? + ¢ + 1, which implies this degree of S cannot divide ¢(¢> + ¢ + 1), the
other mixed degree of GG. Hence, this degree of S does not divide a degree of G, which
is a contradiction. These arguments eliminate all simple groups of classical Lie type as
candidates for S except S = PSL3(q), which establishes the result. For a complete proof of
this result, see Proposition 3.12 of [33].

These arguments establish Step 2 of Huppert’s argument for all g. As Huppert verified



the other four steps, his conjecture is verified for PSL3(q)
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CHAPTER 5

VERIFYING HUPPERT’S CONJECTURE FOR THE UNITARY SIMPLE GROUPS OF

RANK TWO

We will now consider the family of simple groups PSUs(¢?). In [14], Huppert verifies
his conjecture for this family of simple groups for ¢ < 9. He is able to establish all but
Step 2 for all g. We will establish Step 2 for all ¢ and thus verify Huppert’s Conjecture for
PSUs(q¢?) for all . We will proceed in much the same manner as in the linear case presented
in Chapter 4.

5.1 Background Results on the Character Degrees of PSU;(¢?)

Suppose ¢ > 9 and the character degrees of G and PSU3(¢?) are the same. We first

establish some properties of the set of character degrees of G that will enable us to prove

k =1 and ultimately show that S = PSU3(g?). We have

cd(G) = cd(PSU4(¢*)) ={1, ¢*, (¢—D)(qg+ 1) qlg—1), ¢ —q+1, (¢—1)(¢*—q+1),

A~ a+ 1), (D@ —a+1), 3D~ g+ D)

The last degree appears only if ¢ = —1 (mod 3). As the character degrees of PSU3(¢?)
can be obtained from the character degrees of PSL3(q) by replacing ¢ by —¢, many of our
previous results hold.

First note that ged(q — 1,¢ +1) = 2 if ¢ is odd and ged(¢®> —q+ 1, +1) =3 if ¢ =
—1 (mod 3). All other factors given in the set of character degrees of PSU3(¢?) are pairwise
relatively prime. Now let us examine the character degrees of G. Using Lemma 3.1.1 on

page 42 and a proof similar to that of Lemma 4.1.1 on page 76, we have the following result.
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Lemma 5.1.1. For ¢ > 9, the only nontrivial powers among the degrees of G are ¢°,
possibly (¢4 1)%(q — 1), and ¢*> — ¢+ 1 when q = 19. The only composite power of a prime

among these degrees is ¢° and, when ¢ = 19, ¢*> — ¢+ 1.

We will also need to know which pairs of character degrees of G are consecutive integers.

By examining the degrees of G, it is possible to prove the following lemma.

Lemma 5.1.2. The only pairs of consecutive integers among character degrees of G, for

q>2,are q(qg—1) and ¢*> — q+ 1 as well as ¢> and ¢> + 1.

If we handle the case when ¢ = 19 separately when dealing with groups of Lie type, we

have exactly the same conditions as in the PSL3(q) case.

5.2 Establishing G'/M = H when H = PSU;(q¢?)
5.2.1 Eliminating the Alternating, Sporadic, and Tits Groups for all k&
Using Lemma 5.1.1 and a proof similar to that of Proposition 3.3.1, we have the following

result. For more details, see Proposition 4.5 of [33].

Proposition 5.2.1. If S is an alternating group A, with n > 7, a sporadic simple group,

or the Tits group, then k = 1.

By the same reasoning as in the proof of Proposition 2.3.2, we only need to consider
the sporadic simple groups with eight or less extendible characters of distinct degrees.
This leaves the cases where S = My, S = Mya, S = Jp, and S = 2F,(2), the Tits
group. Examining the character degree sets of these groups and using the properties of the
character degree set of PSU3(¢?), we find that none of these groups is a possible candidate

for S. We have the following result.

Proposition 5.2.2. The simple group S is not one of the sporadic simple groups or the

Tits group.
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By a proof similar to that of Proposition 4.2.1, we have the following result.

Proposition 5.2.3. The simple group S is not an alternating group A, with n > 7.

5.2.2 Eliminating Groups of Lie Type

Now suppose that ¢ # 19. Since the Steinberg character of both PSL3(q) and PSUz(¢?)
is of degree ¢%, and the mixed degrees of PSL3(q) and PSU3(¢?) both have g to the same
power, the same argument used in the linear case to show that £ = 1 will hold in the unitary

case as well.
Proposition 5.2.4. If S is a simple group of Lie type, then k = 1.

The proof of Proposition 5.2.4 is the same as proof of Proposition 4.2.2, replacing g + 1

byg—1and ¢>+q+1by ¢*—q+1.
Proposition 5.2.5. If ¢ # 19 then S = PSU3(¢?).

Proof. In the PSL3(q) case, we eliminated the simple groups of exceptional Lie type when
k =1 by finding a mixed degree of S that was too large to divide a mixed degree of G. The
same arguments hold for PSU3(¢?). The only case that explicitly relied upon the character
degrees of PSL3(q) occurred when considering ?Ba(q12). In that case we found the largest
degree of PSL3(q) and showed that it was not large enough to be divisible by the largest
character degree of 2By(q1?). The largest degree of PSU3(¢?) is (¢—1)(¢+1)? = ¢*+¢*—q—1,
which is smaller than the largest degree of PSL3(q), so the same result holds.

In the PSL3(q) case, we eliminated the simple groups of classical Lie type when k£ = 1 by
considering the properties of the factors of ¢ + ¢+ 1 and finding degrees that were too large
to divide ¢ + 1. As the factors of ¢ — ¢ + 1 share the same properties as those of ¢% 4+ ¢ + 1

and ¢ — 1 is smaller than ¢+ 1, our arguments will also work to establish S = PSU3(¢?). O

Thus, if ¢ # 19, we have that S = PSU3(¢?). We need to consider the case when g = 19

separately as it contains two composite prime power character degrees.
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5.2.3 The Case of PSU3(19?%)

Now consider
cd(G) = cd(PSU3(19%)) = {1, 19, 2-3%.19, 2.3%. 7%, 73.19, 22.5.73 73 2°.32.5%)

If the Steinberg character extends to the character of degree 193, then the earlier arguments
show S = PSU3(19%). So we are left with the possibility that the Steinberg character of S
extends to the character of PSU3(192) of degree 73. Then the underlying characteristic of
the group S is 7. Most of the simple groups of Lie type have Steinberg characters whose
degrees have an exponent greater than 3. So it is not possible for the Steinberg character
of S to extend to a character of G of degree 73. The groups of Lie type in characteristic 7
with Steinberg characters of degree with exponent 3 or less are PSLy(7), PSL(73), PSL3(7),

and PSU3(7?).

Case 1: S = PSLy(7)

In this case, cd(S) = {1, 3, 6, 7, 8}. First suppose that k& > 2. Then 8% = 20 is a
character degree of G'/M, hence must divide a character degree of G. But none of the
character degrees of PSU3(19?) is divisible by 26. Thus k = 1.

As shown in [22], irreducible characters of PSLa(7) of degrees 6, 7, and 8 extend to
Aut(PSL2(7)), hence are character degrees of G by Lemma 2.3.1. But 6, 7, and 8 are

clearly not character degrees of PSU3(192). Thus S % PSL2(7).

Case 2: S = PSLy(73)
In this case, cd(S) = {1, 2-32-19, 73, 23.43, 32.19}. Thus k = 1. Now 2%-43 is a

character degree of S, but this divides no character degree of G.
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Case 3: S = PSL3(7)
Here k = 1 since the degree of the Steinberg character of S is 73. Now 7(72 +7 +1) =

3-7-19 is a character degree of S. But this divides no character degree of G.

Case 4: S = PSU3(7?%)
Again, we have that k& = 1 since the degree of the Steinberg character of S is 73. Now

7(7? — 7+ 1) = 7-43 is a character degree of S. But this divides no character degree of G.

Thus, if cd(G) = c¢d(PSU3(19?)), then S = PSU3(19%). So in all cases, we have estab-
lished Step 2 of Huppert’s argument for the simple unitary groups of rank two. Hence,

Huppert’s Conjecture is verified for the family of simple groups PSUs(g?).



CHAPTER 6

VERIFYING HUPPERT’S CONJECTURE FOR THE SIMPLE SYMPLECTIC

GROUPS OF RANK TWO IN EVEN CHARACTERISTIC

In this and the next chapter, we outline the arguments used to verify Huppert’s Conjec-
ture for the remaining simple groups of Lie type of rank two, namely the symplectic groups.
For a more detailed verification, the reader can refer to [34]. In the case of the symplectic
groups of rank two, Huppert verifies Steps 1, 3, and 4 for all ¢ in [16]. We will establish
Steps 2 and 5 of Huppert’s argument for this family of simple groups. Because the character
degree set of PSp,(q) differs in fundamental ways for even g compared to odd ¢, we handle
odd ¢ and even ¢ separately. We begin in this chapter by examining the symplectic groups
PSp,(q) for even q. Note that PSp,(2) is not simple and Huppert verifies his conjecture for
PSp,(4) in [16].

Suppose ¢ > 4 is a even and the character degrees of G and PSp,(q) are the same. We
first establish some properties of the set of character degrees of G that will enable us to
prove k = 1 and ultimately show that S = PSp,(q).

6.1 Results Concerning the Character Degrees of PSp,(q), ¢ Even

Now

cd(G) = cd(PSpy(q)) = {1, %Q(QQ +1), %Q(q +1)% ¢, %Q(q - 1% ¢' -1,
(=D +1D), (=12 (g+ (@ +1), (g—1)(¢"+1),

qla+1)(*+1), ql¢—1)(*+1), (g+1)*(¢*+ 1)}

The last degree appears only for ¢ > 4.
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As giseven, ged(q—1,q+1) = 1, ged(¢—1,¢*>+1) = 1, and ged(g+1,¢>+1) = 1. Thus,
all the factors in the degrees of G listed above are pairwise relatively prime. Zsigmondy’s
Theorem also assists in the classification of nontrivial powers. This version of the theorem

appears in [25].

Lemma 6.1.1. (Zsigmondy’s Theorem) Let x > 1 be an integer. For each n € N, there is
a prime £ such that £ divides x™ — 1 and does not divide x™ — 1 for m < n, except when
r=2andn =6, orn =2 and x is a 2-power. For each n € N, there is a prime £ such

that ¢ divides x™ + 1 and does not divide ™ + 1 for m < n, except when x =2, n = 3.

Lemma 6.1.2. Let q be a 2-power. The number g+ 1 is a power with prime exponent only
when ¢ = 8. The number ¢ — 1 cannot be written in the form yP where p is an odd prime.

The numbers ¢> + 1, ¢*> — 1, and ¢* — 1 are never nontrivial powers.

Proof. Suppose ¢ + 1 = yP for some odd integer y and odd prime p. Then ¢ = y? — 1 =
(y — 1)®,(y), where ®,(y) denotes the p'" cyclotomic polynomial. As y — 1 is even while
P, (y) is odd, it is impossible for ¢ = y” — 1 to be prime or a power of a prime, since it has
at least two distinct prime divisors.

When p = 2, we have that ¢ +1 = y? so ¢ = (y — 1)(y + 1). Certainly ¢ # 2. If ¢ > 2
is a 2-power, say ¢ = 2", then 2 | y — 1 and 2 | y + 1. But the only powers of 2 satisfying
y—1=2"and y + 1 = 2 satisfy 2™~ + 1 = 257!, This only occurs for m = 1 and s = 2,
giving rise to the exceptional case when ¢ = 8.

Next, suppose ¢ — 1 = yP for some odd integer y and odd prime p. Then g =yP +1 =
(y+1)R(y), where R(y) is an integer. By Lemma 6.1.1, y? 4+ 1 has at least one prime factor
that y + 1 does not have. So it is impossible for 4 + 1 to be prime or a power of a prime,
except in the case where y = 2, p = 3, and thus ¢ = 9. But again we are assuming that ¢
is even.

Replacing ¢ by ¢ and appealing to Lemma 6.1.1 and the previous argument, we see
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that ¢> + 1 cannot be a prime power.

Next, if ¢> — 1 = P, then ¢®> = y? + 1 and, appealing to Lemma 6.1.1, we can eliminate
the case when p is an odd prime. When p = 2, we have ¢>—1 = y2. But ¢>~1 = (¢—1)(¢+1)
and ged(q — 1, + 1) = 1. So for ¢ — 1 = y2, each of the factors ¢ — 1 and ¢ + 1 must
be perfect squares. But ¢ + 1 is a perfect square only for ¢ = 8. Replacing ¢ by ¢* and

appealing to Lemma 6.1.1, we see that ¢* — 1 cannot be a nontrivial power. ]

Lemma 6.1.3. For q > 8, the only possible nontrivial powers among the degrees of G are
g, (¢ —1)?, %q(q +1)2, and %q(q —1)2. The only nontrivial power of a prime among the

degrees of G is ¢*.

Proof. As shown in [25], the only power of a prime among the degrees of G is ¢*. As the
factors of the character degrees of G are pairwise relatively prime, the only way that a
degree can be a nontrivial power is if each of its factors is a nontrivial power. Lemma 6.1.2

shows that this is not the case for the remaining degrees of G. 0

We will also need to know which pairs of character degrees of G are consecutive integers.

By examining the degrees of G, it is possible to prove the following lemma.

Lemma 6.1.4. The only pair of consecutive integers among the character degrees of G, for

g>2,isq¢*—1 and ¢*.

Finally, as ¢ > 2 is even, we see that G has exactly six nontrivial even degrees and six

nontrivial odd degrees.

6.2 Establishing G'/M = H when H = PSp,(q), ¢ Even
6.2.1 Eliminating the Tits, Sporadic, and Alternating Groups for all k

Using Lemma 6.1.3 and a proof similar to that of Proposition 3.3.1, we have the following

result. For more details, see Proposition 3.3 of [34].
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Proposition 6.2.1. If S is isomorphic to an alternating group A, with n > 7, a sporadic

simple group, or the Tits group, then k = 1.

Next we consider S to be a sporadic simple group or the Tits group. We can eliminate
most of the sporadic simple groups from consideration. By the same reasoning as presented
in the proof of Proposition 2.3.2, we only need to consider sporadic simple groups with 12
or less extendible characters of distinct degrees. Using the consecutive degrees of G, the
parity of the degrees of G, and the prime power degree of G, it is possible to eliminate these

sporadic simple groups.

Proposition 6.2.2. The simple group S is not one of the sporadic simple groups or the

Tits group.

By an argument similar to that of Proposition 3.3.3 of Section 3.3.3, we can establish

the following result.

Proposition 6.2.3. The simple group S is not an alternating group A, withn > 7.

6.2.2 Eliminating the Groups of Lie Type when k£ > 1
Let x denote the Steinberg character of S. By an argument similar to that presented
in the introduction of Section 2.3.4, we must have that x(1)¥ = ¢*. Using this and a proof

similar to that of Proposition 2.3.3, we have the following result.

Proposition 6.2.4. If S = S(q1) is a simple group of Lie type, then k = 1.

6.2.3 Eliminating Simple Groups of Exceptional Lie Type when k =1
We now have that G'/M = S, where S = S(q1) is a simple group of Lie type defined over
the field of ¢; elements. We now want to show that S = PSp,(q). We begin by eliminating

the possibility that S is a simple group of exceptional Lie type.

Proposition 6.2.5. The group S is not a simple group of exceptional Lie type.
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To establish this result, consider S = 2Ga(q12), S = Ga(q1), and S =2 2 By(q1?) separately.
As the characteristic of the underlying field of 2G2(g;12) is 3, while the characteristic of the
underlying field of PSp,(q) for even q is 2, 2G2(q1?) is eliminated as a candidate for S. For
S = Ga(q1), it is possible to find a mixed degree of G2(q1) that divides no mixed degree of G.
Finally, for 2B(q1?), the prime power degree of G forces ¢ = g1, which is a contradiction as ¢
is an integer while ¢; is not. The remaining groups of exceptional Lie type are eliminated

by an argument similar to that presented in Case 4 of Proposition 2.3.4.

6.2.4 Eliminating the Groups of Classical Lie Type when k =1
We are left only with the possibility that G'/M = S, where S is a simple group of

classical Lie type.
Proposition 6.2.6. The simple group S = PSp,(q).

To establish Proposition 6.2.6, we again proceed by examining each family of simple
groups of classical Lie type separately. As the Steinberg character of S extends to Aut(.S),
the degree of the Steinberg character of S, say g1/, is a character degree of G. As ¢* is the
only prime power among the degrees of G, we have that ¢/ = ¢*. For groups of low rank,
we then typically find a mixed character degree of S that is too large to divide the mixed

degrees of G. The mixed degrees of G are
1 1 1
S0(@® +1), Sala+ 1% Sala—1)? qlg+1)(g* +1), and g(g —1)(¢* +1).

To eliminate the simple groups of Lie type of higher rank, we use the bounds established
on the mixed degrees used in the proof of Proposition 2.3.5 to show that these degrees of S
are too large to divide the mixed degrees of GG, which is a contradiction. These arguments
eliminate all simple groups of classical Lie type as candidates for S except S = PSp,(q),
which establishes the result. For a complete proof of this result, see Proposition 8.1 of [34].

This was the last case to consider to prove that £ = 1 and S = PSp,(¢). This verifies
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Step 2 in Huppert’s argument.

6.3 Proving Step 5 for PSp,(¢), ¢ Even

To complete the verification of Huppert’s Conjecture for the family of groups PSp,(q)
for even ¢, we must establish Step 5 of Huppert’s argument. This requires proving that
G = G' x Cg(G"). Suppose that ¢ = 2/. As G’ = PSp,(q) and q is even, |Out(G’)| = f. By
the same reasoning as presented in Section 2.6, we must have that cd(G) contains degrees

x(1) and ex(1) for some e > 1. Examining all possibilities for x(1) and e shows that

1
X(1) = 5a(¢* +1), x(1) = (@ = D(¢* +1), or x(1) = (¢+1)(¢"+1),
and
e=2(qg—1), e=2(qg+1), e=q—1, e=q, ore=qg+ 1.
As e | f, we have
fze>q—1=2"—1.

Thus f > 27 — 1, which implies f = 1. Hence there is no nontrivial outer automorphism, a
contradiction. Thus G = G’ x Cg(G’) and Step 5 is verified.

With Steps 2 and 5 verified, Huppert’s Conjecture is established for PSp,(q) for even q.



CHAPTER 7

VERIFYING HUPPERT’S CONJECTURE FOR THE SIMPLE SYMPLECTIC

GROUPS OF RANK TWO IN ODD CHARACTERISTIC

In this chapter, we conclude the dissertation by outlining the proof of Huppert’s Con-
jecture for the family of simple symplectic groups in odd characteristic. Again, we must
establish Steps 2 and 5 of Huppert’s argument. In [16], Huppert verifies his conjecture for
PSp,(q) when ¢ =3, 5, or 7, so we will consider the case when ¢ > 7.

7.1 Results Concerning the Character Degrees of PSp,(¢), ¢ Odd

For odd ¢ > 7,

cd(G) = cd(PSpy(q)) = {1, (¢* = 1)%, (¢—1(¢*+1), q(g —1)(¢* + 1), %(q4 —1),q(¢* + 1),

1 2 1 2 122 1 2
- 1), = 1), - 1), - 1
2(q + ),2q(q +1), 2q(q +1), 5 (g + 1),

1
§q(q—1)2, ¢ ¢* =1, (g+1)(¢*+1), qlg+1)(¢* + 1),

%(q DX +1), (¢—1*(¢+1), %(q +1)%(¢* + 1),

(0 + D& + 1), g+ & + 1), gala + )@ + 1)},

with ¢ = (—1)@~D/2_ First we determine which degrees of G are nontrivial powers of a

prime.

Lemma 7.1.1. For q > 7, the only nontrivial powers of a prime among the degrees of G
are g* and possibly %(q2 +1). In particular, %(q2 +1) is possibly prime, a square of a prime,
or ¢ =239 and 3(239% + 1) = 13%,

Proof. As shown in [25], the only possible powers of a prime among the degrees of G are ¢*

and 1(g? +1). Let us examine the second case more closely. If $(¢% 4+ 1) = p?, where p is
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prime and d > 1, then ¢ + 1 = 2p?. As shown in [3], this Diophantine equation has no
solution for integers ¢ > 1, p > 1, and d > 3 odd. Further, ¢*> + 1 = 2p* only has solution
(z,p) = (239,13). Suppose d > 4 is even. If 4 | d and (21,p1) satisfies 212 + 1 = 2p;%,
then 212 +1 =2 (pld/4)4. Hence p1%* = 13, a contradiction. If 4 { d, then d is divisible
by an odd number, say d = 2m, where m is odd. If (29, p2) satisfies 292 + 1 = 2py?, then
22 +1 =2 (pgd/m)m. Hence (1:2,p2d/m) is a solution to ¢ + 1 = 2p™, a contradiction.
Thus, ¢+ 1 = 2p? has no solution for even d > 4. Hence, if %(q2 +1) is a power of a prime,

it is either prime, a square of a prime, or ¢ = 239 and %(2392 +1) =134, O

We will also need to know which pairs of character degrees of G are consecutive integers.

By examining the degrees of G, it is possible to prove the following lemma.

Lemma 7.1.2. The only pair of consecutive integers among the character degrees of G, for

qg>2,isq*—1 and ¢*.

Finally, we will need to know which degrees of G are odd. As g is odd, the only odd degrees

of G are
4 1 2 1 2 1 20 .2
q-, i(q +1), iq(q +1), and 34 (¢°+1).

Notice that the only odd degrees of G are the prime power ¢* or are prime power multiples

of %(q2 + 1). Note that the odd degree %qQ(q2 + 1) is the only mixed degree of G divisible

by ¢°.

7.2 Establishing G'/M = H when H = PSp,(q), ¢ Odd
7.2.1 Eliminating the Tits, Sporadic, and Alternating Groups for all k&

By the same reasoning as in the proof of Proposition 2.3.1 of Section 2.3.2, it is possible
to eliminate the alternating groups from consideration for S for any k£ > 1. Consider the
possibility that S is a sporadic simple group or the Tits group. By the same reasoning as

in the proof of Proposition 2.3.2, we only need to consider sporadic simple groups with 20
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or less extendible characters of distinct degrees. Using the number of odd degrees of G and
the properties of these odd degrees, it is possible to eliminate these sporadic simple groups

and the Tits group from consideration. This leads to the following result.

Proposition 7.2.1. The simple group S is not an alternating group A, with n > 7, a

sporadic simple group, or the Tits group.

7.2.2 Special Cases in the Elimination of the Groups of Lie Type

Thus S is a simple group of Lie type. If x is the Steinberg character of S, then x(1) is a
power of the prime p, where p is the defining characteristic of the group. By Lemma 2.3.3,
x extends to the automorphism group of S. Once again appealing to Lemma 2.3.1, we have
that x(1)* is a degree of G. As the only composite powers of a prime among degrees of G
are ¢* and possibly 3(¢* + 1), we must have that x(1)* = ¢* or x(1)¥ = £(¢®> + 1). In the
latter case, if ¢ # 239, we must have that x(1)* = p? or x(1)¥ = p. Thus, if x(1)* = %(qz—i—l)
and q # 239, then kK = 1 or k = 2. As the only simple group with Steinberg character of
degree p? is PSLy(p?), we have the possibilities that k = 1 and S = PSLa(p?) or k < 2 and

S = PSLy(p). In all other cases, the defining characteristic of the simple group S must be

the same as the prime divisor of ¢*. Hence we have the following cases.

Case 1: ¢ = 239 and the k' power of the degree of the Steinberg character of S is %(2392 +

1) =13%

Case 2: S 2 PSLs(q1) and the k*" power of the degree of the Steinberg character of S is ¢*

or 3(q*+1).

Case 3: S 2 PSLa(q1) and the k"' power of the degree of the Steinberg character of S is ¢*.

We begin with the assumption that ¢ = 239 and the k' power of the degree of the Steinberg



96

character of S is 1(239% + 1) = 13%.

7.2.3 Casel

When ¢ = 239, we have that cd(G) = cd(PSp4(239)) has two prime power degrees,
namely 239* and %(2392 +1) = 13%. Suppose that the k" power of the degree of the
Steinberg character of S is 13

Most of the simple groups of Lie type have Steinberg characters whose degrees are
powers of a prime with exponent greater than 4. So it is not possible for the k" power of
these degrees to be 134

The groups of Lie type in characteristic 13 with Steinberg characters of degree with

exponent dividing 4 are PSLy(13), PSLy(13%), PSLy(13%), and PSp,(13).

Subcase 1(a): S = PSL9(13") for r =1, 2, or 4
For each possible value of r and resulting value of k, we can find x € Irr(PSLy(13"))

such that x(1)* does not divide a degree of G, a contradiction.

Subcase 1(b): S = PSp,(13)

In this case, k = 1 since the degree of the Steinberg character of S is 13%. All the char-
acter degrees of PSp,(13) divide degrees of G. The outer automorphism group of PSp,(13)
has order 2 and consists of the trivial automorphism and a diagonal automorphism. Extend-
ing PSp,(13) by the diagonal automorphism results in the group PCSp,(13). Examining
the irreducible characters of PCSp,(13), we see that the unipotent characters of PSp,(13)
extend to PCSp,(13), hence must be character degrees of G by Lemma 2.3.1. This results

in many contradictions. For example, the unipotent character of PSp,(13) of degree
1 2
513(13 +1)=1105=5-13-17

extends to PCSp,(13), and thus must be a degree of G. But examining the degrees of
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PSp4(239), we see that 1105 is not a character degree of G. So Case 1 is not possible.

7.2.4 Case 2
Subcase 2(a): S = PSLa(q1) for ¢; > 5 prime.

Suppose that k = 1. The degree of the Steinberg character of PSLa(q1) is ¢1. As ¢ is
prime, it is impossible for ¢; = ¢*. Next, suppose that q; = %(q2 +1). Now g1 # 5 since
this implies ¢ = 3 and we are assuming that ¢ > 7. Suppose ¢; > 7. Irreducible characters
of degrees q1 — 1, q1, and ¢q; + 1 extend to the automorphism group of S, hence must be
character degrees of G. But ¢; — 1, ¢1, and ¢; + 1 are three consecutive integers, and cd(G)
does not contain three consecutive integers for ¢ > 2. Hence k # 1.

Now consider the possibility that k = 2. We could have that ¢;2 = ¢* or ¢;2 = %(q2 +1).
Again, as ¢ is prime, it is not possible for ¢;2 = ¢*. Suppose ¢;% = %(q2 + 1). Note that
q1 = 5 is not possible (as we assume g > 7). Consider ¢; > 5. By Lemma 2.3.1, (¢ — 1)?

and (g1 + 1)? are both character degrees of G. Hence, the sum
(@ -1+ (@+1)*=2¢"+2=¢"+3

is the sum of two character degrees of G. Examining the character degrees of G, we see

that no two degrees of G sum to ¢> + 3. So this is not possible.

Subcase 2(b): S = PSLy(q1) for g1 > 4 composite.
Suppose first that & = 1. The Steinberg character of S extends to Aut(.S), hence to G,
so first suppose that ¢; = ¢*. Replacing ¢; by ¢* gives ¢* + 1 € cd(S). But ¢* + 1 does not

divide any of the character degrees of GG, so we have a contradiction. If ¢g; = %(q2 +1), then

1 1
Q1+1:§(q2+1)+1:§(q2+3)

must divide a character degree of G. But this is not possible. In particular, ¢ = 4 eliminates

PSL, (4) = PSL2(5) = As and ¢; = 9 eliminates PSLQ(Q) =~ Ag.
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Now consider the possibility that & = 2. We could have that ¢;2 = ¢* or ¢1%2 = %(q2 +1).

Suppose first that ¢;2 = %(q2 +1). By Lemma 3.1.2, %(q2+ 1) is a square of a prime while ¢;
is assumed to be composite. So this is not possible. Now suppose that ¢;2 = ¢*. Then
g1 =¢*and > +1 € cd(S). As k=2, (¢> +1)? is a character degree of G'/M, hence must
divide a degree of G. But it is clear that (¢? 4 1)? divides no degree of G.

Finally, consider the possibility that k > 2. As we are assuming g # 239, ¢;* = %(q2 +1)
is not possible. Hence ¢i* = ¢*, which implies ¢ = ¢1*/*. Consider the irreducible character
of G'/M found by multiplying k — 1 copies of the Steinberg character with a character of S

of degree g1 — 1. As the degree of this character must divide a degree of G, we find that

k—1< %, which implies k£ < 2, a contradiction.

7.2.5 Case 3

We have shown that neither Case 1 nor Case 2 is possible. As Case 3 requires substan-
tially more detailed arguments than the previous two cases, we will devote the following
sections to Case 3. We are assuming S 2 PSLs(q;) and the &' power of the degree of the
Steinberg character of S is ¢*. First we will show that k = 1 for the simple groups of Lie

type.

7.2.6 Case 3: Eliminating the Groups of Lie Type when k£ > 1
Let x denote the Steinberg character of S. Since we assume x(1)¥ = ¢* in this case, a

proof similar to that of Proposition 2.3.3 establishes the following result.

Proposition 7.2.2. If S = S(q1) is a simple group of Lie type and S 2 PSLa(q1), then

k=1.

Since the sporadic, Tits, and alternating groups have been eliminated as possibilities for .S,
we have that S is a simple group of Lie type and, thus, £ = 1. We will now show that

S = PSp,(q) by eliminating all other possibilities for S.
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7.2.7 Case 3: Eliminating Simple Groups of Exceptional Lie Type when k =1
We have proved that G'/M = S, where S = S(q1) is a simple group of Lie type defined
over the field of ¢; elements. We now want to show that S = PSp,(q). We will begin by

eliminating the possibility that S is a simple group of exceptional Lie type.
Proposition 7.2.3. The group S is not a simple group of exceptional Lie type.

To establish this result, we find characters of mixed degrees for most of the simple groups
of exceptional Lie type which are too large to divide the mixed degrees of G. For 2Bs(q1?),
@2 =22 n > 1, and 2Fy(q1?), @12 = 22"+, m > 1, it is enough to note that the defining

characteristic of S must be odd. Hence these groups cannot be candidates for S.

7.2.8 Case 3: Eliminating the Groups of Classical Lie Type when k =1
We are only left with the possibility that G'/M = S, where S is a simple group of

classical Lie type.
Proposition 7.2.4. The simple group S = PSp,(q).

To establish Proposition 7.2.4, we again proceed by examining each family of simple
groups of classical Lie type separately. As the Steinberg character of S extends to G, the
degree of the Steinberg character of S, say q17, is a character degree of G. Since we are in

Case 3, we are assuming ¢;7 = ¢*. The mixed degrees of G are

1 1 1
alg—1)(¢* + 1), q(¢* +1), 5(1((12 +1), 5(12((12 +1), 5a(a+ 1)?,

1 1
54— 1)%, q(g+1)(¢* + 1), and g+ €)(¢® + 1),

for e = (1)@ 1/2. For groups of low rank, we then typically find a mixed character
degree of S that is too large to divide all the mixed degrees of G except ¢?(¢* + 1)/2,
and then use the divisibility properties of ¢?(¢? + 1)/2 (particularly that this degree of G

is odd while the constructed degree of S is even) to show that this degree of S cannot
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divide ¢%(¢? + 1)/2 either. To eliminate the simple groups of Lie type of higher rank, we
use the bounds established on the mixed degrees used in the proof of Proposition 2.3.5
to show that these degrees of S are too large to divide all the mixed degrees of G except
¢*(¢*> +1)/2. Again employing the parity argument, it is possible to show that the degree
of S does not divide ¢?(q® + 1)/2. Hence, this degree of S does not divide a degree of G,
which is a contradiction. These arguments eliminate all simple groups of classical Lie type
as candidates for S except S = PSp,(q), which establishes the result. For a complete proof
of this result, see Proposition 8.1 of [34].

This was the last case to consider to prove that £k = 1 and S = PSp,(q). This verifies

Step 2 in Huppert’s argument.

7.3 Proving Step 5 for PSp,(q), ¢ Odd

All that remains to establish Huppert’s Conjecture for PSp,(q), for ¢ > 7 prime or a
power of an odd prime, is to verify Step 5 in Huppert’s argument. We have shown that
G'/M = PSp,(q). In [16], Huppert proved that M = (1) so we have that G’ = PSp,(q).
Suppose ¢ = p". Then |Out(G’)| = 2n and every element of Out(G’) can be written
as the composition of diagonal and field automorphisms. Suppose G’ x Co(G') < G. By
Lemma 1.7, G induces on G’ some outer automorphism «. All notation is adapted from [31].

Let F i = (k), 0 = kIHL 4 = g9t and = 6971, Then |y| = ¢ — 1 and || = ¢ + 1. Let

It can be shown that all diagonal automorphisms of G are induced by conjugation by
powers of § and conjugation by 42 is an inner automorphism of PSp,(q). So modulo inner

automorphisms, conjugation by ¢ is of order 2. Now « can be written as the composition
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of diagonal and field automorphisms. Let o = ¢*§%, for some 0 < k < n—1and t = 0
or t = 1. We will examine the field automorphisms ¢* and diagonal automorphism ¢ in
some detail. Note that ¢ refers to both the matrix element defined above and the diagonal
automorphism of PSp,(g). The meaning of ¢ will be clear from context.

It can be shown that § interchanges the conjugacy classes Ao and Ao, A41 and Ays, Cop
and Coag, and Doy and Dos, while these classes remain fixed under the field automorphisms.
Hence, if o« = ¢*§ for some 0 < k < n—1, then « does not fix the conjugacy classes Aaq, Ago,
A1, Ago, Co1, Coa, Doy, and Doy. Examining the character table of G’ = PSp,(q), we see
that G’ has characters 61 and 6 which are not fixed by o and must fuse in G. In particular,
we have that the stabilizer of 0; is PSp,(q){¢). Hence, I(61)/PSp4(q) is cyclic of order n.
By Corollary 6.11(a) of [19], 61 extends to I(#;) and then induces irreducibly to G. As G
contains o, G # I(01). Let ¢ € Irr(G) such that [¢gr, 01] > 0. Then (1) = e61(1), where
e >1and e | 2n. But 6; has degree 3¢*(1+ ¢*) and no proper multiple of 6(1) is a degree
of G. So we have a contradiction.

Thus a = ¢* for some k satisfying 1 < k < n — 1. Consider the conjugacy class Bg(1) of
PSp,(q). We can establish that Bg(1) is moved by a. So Bg(1) is moved by a to another
class of the form Bg(s), where s # 1.

We now claim that the irreducible character x2[2] (denoted by x2(2) in [31]) is not fixed
by a~!. On the class Bg(1), this character has value (1 + q)B2, where 3; = n* + 77" If
x2[2] = x2[2]*", then as

—1

x2[2* (Bs(1)) = x2[2)(Bs(1)?")
= x2(2](Bs(s)) for some s # 1
= (1 + Q)ﬁQS

= (1+q)(n* +n7>),
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this implies
L +a)* +072) = AL+ ) (0> + 7).
It can be shown that
Pyt =n g
implies p™ +1 | 2(p* + 1) or p” +1 | 2(p* —1). Thus p" +1 < 2(p* +1) < 2p" 1 + 2,
hence p" —2p" 1 <1sop" l(p—2)<1. Butp>3andn>2s0op" (p—2)>p>3 a
contradiction. So y2[2] is not fixed by a~!.

Now 4, the diagonal automorphism of PSp,(q), fixes the conjugacy classes on which
x2[2] is nonzero. In particular, we have that the stabilizer of x2[2] is PSp,(q)(d), where §
is the diagonal automorphism. Hence, I(x2[2])/PSp4(q) is cyclic of order 2. By Corollary
6.11(a) in [19], we have that x2[2] extends to I¢(x2[2]) and then induces irreducibly to G.
As G contains «, G # Ig(x2[2]). Let ¢ € Irr(G) such that [¢gr, x2[2]] > 0. Then ¢ (1) =
exz2[2](1), where e > 1 and e | 2n. But x2[2] has degree ¢* — 1 and no proper multiple of
x[2](1) is a degree of G. So we have a contradiction.

Thus, « = 1 and G = G’ X Cg(G’), which verifies Step 5 in Huppert’s argument. With
Steps 2 and 5 verified, Huppert’s Conjecture is proved for the family of simple groups

PSp4(g) for odd gq.
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