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ABSTRACT

DISCRETE-TIME CONCURRENT LEARNING FOR SYSTEM IDENTIFICATION AND

APPLICATIONS: LEVERAGING MEMORY USAGE FOR GOOD LEARNING

Name: Djaneye-Boundjou, Ouboti Seydou Eyanaa
University of Dayton

Adpvisor: Dr. Rail Ordéiiez

Literature on system identification reveals that persistently exiting inputs are needed in order
to achieve good parameter identification when using standard learning techniques such as Gradient
Descent and/or Least Squares for function approximation. However, realizing persistency of exci-
tation in itself is quite demanding, especially in the context of on-line approximation and adaptive
control. Much recently, Concurrent Learning (CL), through its utilization of memory (and, in that
regard, quite similarly to human learning), has been shown to be able to yield good learning with-
out the need to resort to persistency of excitation. For all intents and purposes, we refer to “good
learning” throughout this work as the ability to reconstruct the function(s) being approximated well
when using the estimated parameters.

The continuous-time (CT) domain literature on CL has seen the larger share of researches. For
our part, we have focused on the discrete-time (DT) domain. Tough many systems can be modeled
as CT systems, usually, controlling such systems, especially real-time (or, rather close to real-time),

is done via the use of digital computers and/or micro-controllers, therefore making DT framework
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studies compelling.

We have shown that, similarly to the CT domain, granted a less restrictive CL condition com-
pared to that of persistency of excitation is verified, analogous CL results to that obtained in the CT
domain can also be achieved in the DT domain. Before incorporating and making use of the concept
of concurrent learning in our studies, we thoroughly study the Gradient Descent and Least Squares
techniques for function approximation and system identification of a dimensionally complex un-
certainty, which, to the best our knowledge, is yet to be done in literature. Our main contributions
are however the derivations of a DT Normalized Gradient (DTNG) based CL algorithm as well as
a DT Normalized Recursive Least Squared (DTNRLS) based CL algorithm for approximation of
both DT structured and DT unstructured uncertainties, while showing analytically that our devised
algorithms guarantee good parameter identification if the aforesaid CL condition is met.

Numerical simulations are provided to show how well the developed CL algorithms leverage
memory usage to achieve good learning. The algorithms are also made use of in two applications:
the discrete-time indirect adaptive control of a class of discrete-time single state plant bearing para-

metric or structured uncertainties and the system identification of a robot.
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CHAPTER I

INTRODUCTION

1.1 System Identification

System identification involves making an inference about an unknown or uncertain function
based on input and/or output data [1]. It has been widely used in areas such as machine learning
and control systems for learning, prediction, adaptation, and various other tasks. Adequate system
identification involves generation and collection of input and output data as well as performing good
function approximation.

Approximating an unknown function usually takes on two forms. There are:

e The structured uncertainty approximation case (SUAC) or grey-box case;

e The unstructured uncertainty approximation case (UUAC) or black-box case.

. Uncertain function
mnput ——>f —— output

f uncertain

In both cases, the approximator is made of a set of parameter estimates, updated on-line via an

adaptation rule or law so as to provide a better estimation of the unknown (true) parameters, and a



regressor, consisting of computable signals. The emphasis here is put on the term on-line to differ-
entiate it from off-line function approximation. While only one input data point and/or one output
data point are available at each instance of time when performing on-line function approximation,
off-line function approximation make use of all available input and output data points on the set
where approximation is being performed.

Because a structured uncertainty is parameterized by unknown (true) parameters and a known,
measurable and/or computable regressor, it is assumed that an approximator designed to estimate a
structured uncertainty can closely match that uncertainty so long the true parameters are available.
When dealing with a black box case, in addition to parametric uncertainty there also is functional
uncertainty. As a result, universal approximators, such as neural networks and fuzzy systems, which
allow for construction of a regressor and estimation of the uncertainty (with a relatively small error

provided there is enough structure in the regressor), are made use of.

1.2 Need for Discrete-Time Studies

A vast majority of systems can be modeled as continuous-time (CT) systems; and, understand-
ably so, CT systems are well-studied in control literature [2, 3, 4, 5]. However, with the high-tech
world that we live in and the demands of real-time performance, CT control algorithms are usu-
ally executed by means of digital computers. Derived CT controllers have to be implemented on
sampled-data systems that combine a CT system and a discrete-time (DT) controller. As reported

in [6, 7], three approaches usually arise.

1. The CT controller can be discretized to obtain an equivalently good DT controller provided the

sampling rate is sufficiently large. However, large delays could still be potentially introduced.



2. A DT model of the CT system can be obtain via discretization and the CT controller is recovered
by converting a DT controller, developed for controlling the realized DT model, back to the CT

domain. It may however not always be possible to get a good DT model of a CT system.

3. Lastly, taking in consideration exact models of the Analog to Digital (AD) and Digital to Analog
(DA) converters and based on a sample-data model of the original CT system, a DT controller
can be directly implemented. This approach is inherently challenging, since it makes no approx-

imations.

Bearing in mind the importance of DT designs of Case 2 (above) in particular, and, maybe, to a
certain extent Case 3, the study and design of DT systems and DT controllers are as crucial as that
of CT systems and CT controllers.

Moreover, of particular importance, one of our research interests (and, as a side note, what
led to further investigation of function approximation, as we do in the present work) is that of the
discrete in nature Particle Swarm Optimization (PSO) algorithm. In the past, an adaptive particle
swarm optimization (APSO) algorithm, based on the inertia factor PSO algorithm and for which
function approximation was employed, was developed [8, 9]. The term adaptive here is employed
to underline the use of adaptive control in the design of the optimizer as opposed to a self-adjusting
optimizer. Bettering the performance of the developed adaptive swarm optimizer, i.e., that in [8, 9],
has prompted further analysis of the many aspects that constitute the aforementioned optimizer,

with one those aspects being function approximation.

1.3 Persistency of Excitation Condition for Good Learning

Adaptive control, employed when dealing with uncertainties within a plant’s system, relies on
acquired a posteriori knowledge. Through collection of information, it is usually possible to put

in place a learning or adaptation mechanism on-line [10] and, given certain conditions, design a

3



control law that can achieve desired system performance even in the presence of the aforesaid un-
certainties. The adaptation mechanism performs function approximation via identification. The
resulting inferred information is then used to compute the adaptive controller. Two different adap-
tive control schemes, indirect adaptive control and direct adaptive control, emerge from the way
the control action is computed. An indirect adaptive control (IAC) scheme is concerned with, first,
approximating the system’s uncertainties before combining their estimated values in the definition
of the adaptive controller. Conversely, the adaptation mechanism of a direct adaptive control (DAC)
scheme directly approximates the adaptive controller.

Some of the standard and widely used learning methods in literature are the Gradient Descent
and Recursive Least Squares algorithms, which, when used for standalone approximation, do help
minimize the approximation error (defined as the difference between the approximation and the
function being approximated). However, they cannot be shown to theoretically guarantee conver-
gence of parameter estimates to their true values or a neighborhood around the aforesaid true values
unless the regressor used for approximation is persistently exciting (PE) [2, 3, 4]. Similarly, standard
adaptive control, i.e., adaptive control using standard learning methods, can guarantee convergence
of the tracking error (defined as the difference between the output to control and its desired value)
to the origin or a neighborhood of the origin, but cannot analytically guarantee convergence of the
parameter estimates to their true parameters or a neighborhood of their true parameters without the
PE condition of the regressor being satisfied [2, 3, 4].

The PE condition can however be hard to achieve, especially when performing closed-loop con-
trol. A formal definition of a bounded persistently exciting regressor is given by (B.2) in Appendix
B. The PE condition essentially requires complete span of the considered space over which an ap-
proximation is made for all predefined time. As an alternative, researchers have studied conditions

under which PE conditions on the reference inputs to a system can translate to its states, outputs,



and associated regressor(s). In [11], working in the CT framework, the authors show that if the ref-
erence input to a plant contains as many spectral lines as the number of unknown (true) parameters
to be estimates, then the plant states are PE. For DT linear systems and DT linear switched systems,
for instance, respectively, output reachability of the system [12] as well as realization theory and
knowledge of Markov parameters [13] are sufficient conditions for realizing persistency of excita-
tion of the regressor granted the reference inputs are PE. However, requiring reference inputs to be

PE is equally as restrictive and not easily verifiable on-line.

1.4 Learning Concurrently: Leveraging Memory for Good Learning

Concurrent Learning (CL) is a recently introduced method for CT uncertainty estimation [14],
whereby current and stored, past data are used in conjunction to devise an adaptation law. CL is
essentially a memory based technique (hence, sharing similarities with human learning) that is capa-
ble of helping achieve better learning without necessitating persistency of excitation. In fact, it has
been proved in the CT domain that CL guarantees global exponential convergence of the parameter
error, when used for stand-alone identification of structured uncertainties, and global exponential
convergence of both the tracking error and the parameter error, when used for developing adaptive
control of a class of CT linear system bearing an underlying structured uncertainty, without requir-
ing persistency of excitation [15, 16, 14, 17, 18]. Girish Chowdhary, who developed CL, also shows
that in the presence of unstructured uncertainties, instead of exponential convergence results, one
can get uniform, ultimate boundedness results of the tracking and parameter errors. It needs to be
added that though not requiring the PE condition, the CL condition for improved parameter identifi-
cation is that the memory containing stored data is made of the same number of linearly independent

elements as there are (row) dimensions in the regressor used for approximation.



1.5 Research Motivation

System identification and, more precisely, function approximation, as noted before, have many
usages in science, engineering, and mathematics. There are a good amount of publications on CL
in the CT framework [15, 16, 14, 17, 19, 18, 20, 21, 22, 23, 24, 25, 26, 27] while, to the best of our
knowledge, CL studies in DT framework were inexistent at the time. Because, as mentioned above,
DT studies and designs are important, the ambition in this research is to study and apply the CL
concept for function approximation in DT settings.

In summary:

e The present research aims to formally study system identification and how CL fairs when

used for parameter identification, be it for the SUAC or the UUAC;

e Because CL used in CT framework has been fairly studied and mostly because our interest lies

largely on DT systems, the focus here will mostly be on applying CL in the DT framework;

e Our developments on system identification in DT settings using CL can then be applied to

control systems related problems and/or any problem(s) requiring function approximation.

1.6 Contributions

Mostly due to the fact that function approximation is looked at more in depth here because
of our initial research interests, the present work has been mainly geared towards devising CL
motivated algorithms in the DT framework and extending CL results of the CT framework to the DT
framework. We have developed a normalized gradient based discrete-time CL algorithm, which we
have used for standalone parameter identification tasks [28] as well as for uncertainty approximation
within a DT adaptive control loop [29]. Literature also suggests that the Recursive Least Squares
(RLS) algorithm can potentially yield faster convergence, better function approximation, and better
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parameter estimation. For that reason and so as to possibly exploit their beneficial sides, we have
also worked on merging the concepts of RLS and CL.

In essence, we look at the problem of on-line function approximation in the DT framework
from a very fundamental point of view, while deriving and developing learning algorithms using the
concept of CL so as to add to its already existing CT literature. On-line function approximation is
off particular interest because of its use in controls, especially within an adaptive control loop.

The following points detail our problem formulation and contributions.

e We formulate a very generic and dimensionally complex uncertainty approximation problem,

which is not the typical course of action in literature;

e In each of the following points, we investigate both the structured and unstructured uncer-
tainty approximation cases (i.e., SUAC and UUAC). It should be added that, as mentioned

above, we are mostly concerned with on-line uncertainty approximation;

— We study in great detail the use of the Normalized Gradient (NG) descent and Recursive
Least Squares learning methods for approximation in DT settings so as to derive condi-
tions for stability of the parameter error. By doing so, we add to the existing literature

on function approximation, given the nature of our problem;

— Our main contributions come from developing and thoroughly studying the DT Normal-
ized Gradient (DTNG) based Concurrent Learning and the DT Normalized Recursive
Least Squares (DTNRLS) based algorithms. Here also, we derive conditions for stabil-

ity of the parameter error;

— More specifically, we show that both the DTNG based CL and DTNRLS based CL
algorithms analytically guarantee better parameter identification properties, thus, poten-

tially, better learning properties, granted the recorded data when employing the concept



of Concurrent Learning is rich enough. Richness of the recorded data is linked with
verification of the aforementioned CL condition. In fact, provided the CL condition on
the recorded data is satisfied, in the SUAC, we can show exponential convergence and
asymptotic convergence of the parameter error to the origin when using the DTNG based
CL algorithm and DTNRLS based CL algorithm respectively. With the same condition
being verified, in the UUAC, we can show that the parameter error is ultimately, uni-
formly bounded using either algorithms and, particularly, in the case of the DTNRLS
based CL algorithm, asymptotic convergence of the parameter error to the origin. It
should be noted that, unlike the PE condition, the CL condition is less demanding as it
only concerns the recorded data, thus, only a portion of the past information. Moreover,

it is much easier to implement and verify on-line as opposed to the PE condition;

e We use our DTNG based CL algorithm for indirect adaptive control of a single state system
bearing structured uncertainties and our DTNRLS based CL algorithm for system identifica-
tion of a robot. We show via derivations and illustrations the merits of CL. For the indirect
adaptive control problem in particular, we show that, besides the parameter error, the tracking

error is also exponentially stable.

1.7 Outline

We describe in details the function approximation problem in Chapter II. We pose a function ap-
proximation problem that is generic in nature and consider two possible approximation models. The
concept of Concurrent Learning is then reviewed in Chapter III. We explore the DTNG algorithm
and develop the DTNG based CL algorithm in IV. Both algorithms, their results and properties are
summarized in Tables 4.1 and 4.2 respectively. In a similar fashion, we also study the DTNRLS al-

gorithm and derive the DTNRLS based CL algorithm in V, both of which are respectively presented



in Tables 5.1 and 5.2 along with their results and properties. Chapter VI presents data recording
procedures that can be used when applying CL. Specifically, we describe and compare two ways of
recording data in memory. Illustrations of our developed algorithms are provided in VII. In Chap-
ters VIII and IX we apply our developed learning algorithms to two problems. They are the indirect
adaptive control of a class of single state systems and the system identification of a Comau Racer

robot.



CHAPTER 1II

MATHEMATICAL PRELIMINARIES: FUNCTION APPROXIMATION, LYAPUNOV

ANALYSIS, AND DEFINITIONS

2.1 Discrete-Time Approximation

Letting kg € Ny and ks = kg + N — 1 € N, for some N € N, and, thus, ks > kg, throughout
this note, we use k € {ko, ko + 1, ko + 2, ..., ks} N N to denote a discrete-time step and x =
z(k) € R™, r, € N4, to denote a known, computable measurement. Essentially, k is the discrete-
time at which we start sampling, k is the discrete-time at which we stop sampling, and the strictly
positive integer N represents the number of samples from start to finish. Let f (z(k)) € R"F*¢f,
r¢, ¢y € Ny, be an unknown, but, measurable or computable uncertainty to approximate.

Now, let § € R"0*¢ 1y, cy € N, be an unknown, constant parameter matrix and ¢ (z(k)) €

R"¢*% 14, cy € Ni, be a computable regressor. Moreover, let F (x(k),6) € R"F*¢/ be given by
F (z(k), 0) = My (z(k),0). 2.1
For some a, € R"™*% ¢(a,) € R"*%, ap € R"*% and n = 1, 2, in the present work, we
consider models
Mo (ag, ag) = Mi(ag, ag) = ag ¢(ay), if n =1, and (2.2a)

Mo (az, ag) = Ma(az, ag) = ¢ (az)ag, if n = 2. (2.2b)
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for approximation of f (z(k)) with measurement x(k), k > ko, kept inside a predefined compact
set D, C R"*. On one hand, using model (2.2a) means ry = 74, cg = ¢, and ¢y = cy. On the
other, though we still have that ry = 74 with model (2.2b), it differs from (2.2a) in that ¢y = ¢y and

cy = 1. The previous dimensionality analysis is summarized in Table 2.1.

Table 2.1: Model dimentionality analysis.

Model 1: M,, = M1 | 179 =g, cog =1y, and cy = cy

Model 2: M,, = My | 79 =14, c9 = cy,and cy = 1y

Notice that both models (2.2a) and (2.2b) are linear in the parameter matrix ¢; and, with respect
to 8, a model in the form of those in (2.2) is known in literature as a Linear Parametric Model (LPM)
or a linear in the parameter approximator model.
Taking into account approximation imperfections, we also define the representation error w (x(k)) €

RT‘fXCf as

w(x(k)) = f (2(k)) = F (2(k), 0). (2.3)

Let ||-|| 7 denote the Frobenius norm operator (see C.7). Error w (z(k)), given by (2.3), is typically

defined as the subsisting functional reconstruction error when 6 € Dy C R"¢* ig such that
0= i k = i k)) — k), 0
arg min [[w ((k))||p = arg min || (+(k)) — F (k). )l » (2.4)

represents the best or ideal parameter matrix that can be used for approximating f on D,, with 8
either constrained to the set Dy or left unconstrained by making Dy = R"0*¢0,

For approximations of type SUAC, only parametric uncertainties exist, as ¢ (x(k)) is perfectly
known. Thus, given the appropriate 6, F (z(k), 6) can fully match f (x(k)). For these reasons, it
can be assumed that there is no representation error, i.e., w (z(k)) = [0]"f*f for all z and k when

it comes to approximating structured uncertainties. When dealing with a UUAC problem, because
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of the added functional uncertainties, i.e., the lack of knowledge of an ideal ¢ (x(k)), universal
approximators, such as Radial Basis function Neural Network (RBNN), Multi Layer Perceptron
(MLP), Fuzzy systems, are typically made use of to construct ¢ (z(k)). We mathematically define

an RBNN structure next.

2.2 Radial Basis Function Neural Network

Using the same notation for the regressor as done above, the regressor of a LPM using a RBNN

structure with Gaussian basis functions can be computed as

¢ (x(k) = [ Gulz(k), Gzk), ..., (o, (z(k) ], (2.5)
where the vectors ¢; € R, ry =rgandi =1, 2, ..., ¢y, are such that
_ b, -

1
e —sga |l
e 20&,1

Gla(k)=| o 2% , (2.6)

2
I(M’“Ci’%*lH

2
e QJC,L-,T¢ —1

with ||-|| denoting the 2-norm or ¢?-norm operator (see (C.5) in Appendix C for more details). For

1 =1,2,...,cpand j = 1,2, ...,ry — 1, p¢,; € R and o, ; € Ry are, respectively, the

_ ”z(k>7u<iﬂ' :

centroids and the spreads of the Gaussian basis functions e 2C,0s ,and b, € Ris a constant
bias term that can be used if desired or otherwise replaced by an 74-th basis function. In this work,
we will make use of such a structure to construct the regressor when approximating an unstructured
uncertainty.

Per universal approximator properties (see [3, 5]), while making use an RBNN structure, we
can assume that a good, ideal 6 exists such that the representation error w (x(k)) that results from

approximating f (x(k)) on D, (z € D,) using the models in (2.2) is bounded. That is, there exists
12



an upper bound W > 0 of ||w (x(k))| for all k, x € D,, and § € Dy such that,

W = sup [lw (z(k)) g

xEDz

or, so that
|w (z(k)[|p < W, Q2.7)

Lastly, it is known in literature that if a sufficient number of basis functions are used in an RBNN

structured regressor, it is possible to make W arbitrarily small.

2.3 On-Line Function Approximation

With the true parameter 6 being unknown, we define its estimate é(k:) € R"0*% to be used for

approximation purposes. We also define the scheme F <:1:(k), é(k:)) € R"7*¢ modeled as
F (k). 60k)) = Mo (2(h). (k) (2.8)

after F (z(k), 0) in (2.1). Let gq(k) € R"/*¢f denote the approximation error, which we can be

numerically computed as

a(k) = F (2(k), 0(k) ) = f (2(k)) (2.9)

= My (a(k). B(k)) — f (a(k)). (2.96)

Notice that (2.9b) stems from (2.1).

We now define the parameter error

0(k) =0(k) — 0, (2.10)

(k) = F (a(k), 6(8)) = (f (2(8) = F (2(k). 0)), @11)



where, given the linearity in parameter property of M,, (and, therefore, 7 = M),

=M, (x(k:), é(k)) . 2.12)

a(k) = Mo (w(k), 6(k) ) = w (w(k)) (2.13)

Because we are considering two approximation models, i.e, M1 in (2.2a) and M5 in (2.2a), for
succinctness, we define the error g.(k) € R"s* e (essentially an approximation error), which is to

be computed as

T .
o qTR) i My = My,
Ge(k) = { (k). if My = Mo, (2.14)

and, hence, meaning 7, and ¢, depend on the model used. Recall that ¢ € R"/*¢/. If using (2.2a),
M,, = M1 and, subsequently, 4, = ¢y and ¢, = 7. Instead, if using (2.2b), M,, = M3 and, in
this case, r,, = 7y and ¢, = cy. However, no matter which of the two approximation models in

(2.2) is used, from (2.9b), (2.13), and (2.14),

qe(k) = ¢ '(x(k)) O(k) — fa(k), (2.152)

= ¢ (x(k)) O(k) — we(k), (2.15b)

where the function f,, (k) € R"*“e and the residual error w¢(k) € R"a*“e are such that

it M, = My,

T(x(k)),
f”(k)_{ k). if My = Mo, (210
and
_ [ wT(@(k), it My =M,
we(k) _{ w(k), it Mo = Mo @.17)
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2.4 Normalization Signal

For some (possibly time-varying) bounded scalar « = «(k) > 0, a signal p (z(k)) € R"»*%,
with 7, ¢, € Ny, and a positive semi-definite, symmetric, and (possibly time-varying) bounded
matrix =, = Z,,(k) € R"»*™ (Z,, > 0 and Z], = Z,,), we also define the normalization signal

m(k) € R%* that is such that
m?(k) = al,, + p'(z(k)) Emp (z(k)), (2.18)

or, consequently,

NG

mik) = (ale, + p'(@(k) Zup (a(k)))

On the right hand side of (2.18), I, denotes a c,-by-c, identity matrix. Given that =, > 0, for all

_—
—

k, pT(2(k)) Emp (x(k)) is at least positive semi-definite, i.e.,

¢ (x(k)) Emo (z(k)) = 0,

and, with & > 0 and I, > 0, both m?(k) and m(k) are positive definite, i.e., m*(k) > 0 and
m(k) > 0. Hence, with m?(k) > 0, its square root m(k) is unique. Further, (mQ(kz))_1 as well
as m~ (k) exist and are also both positive definite. Additionally, given (2.18), notice that m?(k)
and m(k) are symmetric. That is (mz(/c))T = m?2(k), m" (k) = m(k). As well, their respective
inverse, i.e., (m?(k)) ~!and m~1(k), are also symmetric. We can bound the signal m?(k) in (2.18)

as
0 <al, <m?*(k) < Ap2ple,, (2.19)
with

Mz e = 0 + Amax (pT(x(k)) Emp (a:(k))) : (2.20)
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from which Apax () is used here to denote the maximum eigenvalue operator. From (2.19), we have

that

and, subsequently,

L, 12

’ ] g Il Il |Ln) -

or, given that HI cp H » = +/Cp according to the mathematical definition of the Frobenius norm in

(C.7),

< |jm= ()| < 2 .21)

Xka HF— o

il

Furthermore, noting that
-1 _ _
(m?(k)) " =m™" (R)ym™~" (k),

using (C.1), (C.9), and with )\{(mQ(k))fl} , v = 1,2, ..., cy, representing the eigenvalues of

(m?(k) ™ € Revxee,
w{ (m2(k) "} = e {m T g (R = [ R = immz(kn‘l};
. ((m2k) ™).
Hence, with Apas ( (m2(k)) ) < [|m ™1 (k)|[3. and being able to write
0< (m2(k)) " < Amax ((m2<k))_1) I,
we get that

-1

0< (m2(0) ™" < Amax (m20) 1) Loy < ™ (B[ Ly 2.22)
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Moreover, befitting its definition, m (k) ensures that the signal
pm(x(k)) = p (x(k)) m™~" (k), (2.23)

hence p,,(z(k)) € R"»*%, is bounded for all k. It will formally be shown in later chapters that

signals defined in the same vein as p,,(z(k)) are indeed bounded.

2.5 Lyapunov Analysis

Function approximation involves developing and/or applying an adaptation law for update of
the parameter estimate é(kz) Boundedness and convergence of the parameter error 0 (k) are key to
the success of the approximation scheme.

Letting tr(-) denote the trace operator, throughout this note, we will study the trajectory of 6 (k)

using the positive definite, decrescent, and radially unbounded Lyapunov function

V(k) = tr {eT(k:)EVé(k:)} : (2.24)

with (possibly time-varying) =y = Sy (k) € R™*", with ry = ry4, chosen as a positive definite,
symmetric, and bounded matrix (Zy, > 0 and E‘T, = Zy). From (2.24), with =y > 0, and because

of (C.9), there exist positive scalars 3, and By that are such that 0 < By < By and
8, |ow|[. < vey <3y o) (2.25)
Furthermore, consider the rate of change

AV(k)=V(k)-V(k—-1) (2.26)
or, equivalently,

AV(k+1)=V(k+1)—V(k)
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of V(k). If we can show at the very minimum that, for all k£, AV (k) < 0, then, according to
Lyapunov theory [3, 5]), V/(k) is bounded and 6 (k) can also be shown to be bounded. Besides

boundedness,
1. f V(k+1) < V(k), then A(k) is asymptotically bounded;
2. fV(k+1) < BV(k), forsome 0 < § < 1, then 6(k) is (not only asymptotically bounded, but

furthermore) exponentially bounded.

2.6 Some Definitions

The following list highlights noteworthy definitions and properties that we will make use of in
the present note. First, however, it is important to remember that, regardless of the model utilized

for approximation, i.e., (2.2a) or (2.2b), ry = 4.

e LetI,,r € Ny, denote an 7-by-r identity matrix. According to the definition of the Frobenius

norm, i.e., (C.7), we have that || I.|| = /7.
e Let &, € R"»*"¢ denote the instantaneous information matrix
), = ¢ (z(k)) ¢ ' (x(k)). 2.27)

We can see that @, is symmetric, i.e., @,I = &, and positive semidefinite, i.e., P > 0 for
all k. Having previously defined Apax(-) as the maximum eigenvalue operator, we now let

Amin () denote the minimum eigenvalue operator. As such, for

Ny = Anin (1) a0 K, = A1),

k

we can write that
Aoy Ir, < Op = ¢ (w(k)) ¢ (x(k)) < Ao, 1 (2.28)

for all k.
18



o The rest of the definitions, properties, and propositions, including (but not limited to) persis-
tency of excitation, vector and matrix norm operators, and the use of tr(-), vec(-), and ||-||
to respectively denote the trace, vectorization, and Frobenius norm operators, are given in the

appendices.

For brevity, we will use ||-|| to denote the £2-norm operator (see (C.5)).
Next, after defining the concept of Concurrent Learning, we study in depth both the Gradient
Descent and Recursive Least Squares methods for function approximation in discrete-time settings

and then go on to develop their respective Concurrent Learning modifications.
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CHAPTER III

CONCURRENT LEARNING

3.1 Concept, Definitions, and Rank Condition

As suitably named, Concurrent Learning is a memory based method, whereby carefully selected
and recorded past information (saved in memory) is duly combined together with current informa-
tion during the learning process. Its use of memory makes it therefore quite similar to human learn-
ing. The concept of Concurrent Learning was developed by Girish Chowdhary [15, 16, 14, 17, 18],
though in the CT framework. The implied, used memory storage when employing Concurrent
Learning, coined history stack, will be played by matrices Z and/or Zg defined below in (3.1) and
(3.8) respectively.

Recall regressor ¢ (x(k)) € R"¢*¢, used for approximation purposes and elementally defined

in (2.5) as

¢ (x(k) = [ Q(x(k), Gak), ... C,la(k)) ],

with vectors (;(x(7;)) € R™, i = 1,2, ...c4, representing the columns of ¢ (z(k)). Let Z €
Rrzx¢z ryz = rg4 = rg and cz € Ny, be a matrix whose columns are composed of vectors

Gi(z(1)), 1 € {1,2, ..., ¢y}, of the regressor ¢ (z(7;)) (see (2.5)), computed at discrete time 7,
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ko <15 <k, withj € {1,2, ..., cz}. Thatis

Z=[ Gx(n)), Gz(r)), ... Glx(re,)) ] 3.1)

Given (2.5), substituting p (z(k)) in (2.18) by ¢ (x(k)), and for the scalars g, ,(k) and gy (k),

ne{l,2, ...,cpotaswellasp € {1,2, ..., cs}, defined as

Inp(K) = G (2(R)) Byl (k) (32)
and
Gnin(k) = @+ gnin (k) = @ + (1 (2(k)) EmCa(z(k)) (3.3)
we have that
gi(k)  gr2(k) oo gre,(k)
k goo(k) ... e (k
al., + ¢ (2(k)) Eme (z(k)) = gQ’l.( ) Balh) . 9 f’( )
gc¢,1(k) gc¢,2(k) cee gc¢,c¢(k)

Given that o > 0, =,,, > 0, and
Inn(k) = G (@(k)) Ema(z(k)) > 0,

notice that for any k£ and n € {1, 2, ..., ¢y}, the scalar g, , (k) > 0. Since a scalar (and though

redundant), gn n (k) = ||Gn,n (k)]

> and, while making use of (C.5), (C.7), (C.8), (C.10), and (C.11),

we can find a scalar @, such that 0 < @, < 1 and

Inn (k) = |Gnn (k)| p > 0 (a+ AZ 1) . (3.4)
where, for
1 1
Ag e = 1Eml 7 G (@ (R) [ p = A2 [ICa(2(K))] - (3.5b)
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Expressions (3.4), (3.5a), and (3.5b) allow us to say that

‘ _1GE0, _ 1GE0 A o
G ® || VP, H\/mHF—( (a+A2 >; g
Gla(k)

Since =,, is to be picked such that it is bounded, (3.6) means that € R is indeed

VGn.n (k)

bounded. Actually, similarly to (3.6), we can show that

1
Gal(@(k)) Ga( (k) Mg ALk
G () < , 3.7
n(x(k T(x(k
and conclude that ¢ ($(7 ) %{;gx( ) € R"¢*"* is also bounded. It should be added that, for the
9n,n

derived Frobenius norm upper-bounds above, i.e., (3.6) and (3.7), boundedness is contingent upon
a4, which, according to (3.3) and (3.4), can be made to be far away from zero and closer to 1. In
any case, the main reason for going through the previous analysis is to set a basis for the definitions

of matrix Zg € R"2*¢Z matrix Zg € R"2*°Z and row vector G € R'*°Z made to respectively

Gi(z(1)) Gi(z(7))

contain the bounded vectors ——==, vectors —
vV 9i,i(75) 9i,i(75)

ie{l,2,...,¢4},7€{1,2, ..., cz}, and DT 7; being such that kg < 7; < k. That is,

, and the positive scalars g; ;(7;), with

| ) den) ¢2(7ez))
Za = [ \/gi,i(Tl)’ \/§i,¢(7'2)’ U VBi,i(Tey) :| ’ (3.8)
7 _ [ detn)  den) Gz (7ey))
Za = [ Giyi(T1) * Giyi(m2) 7 T Gi,i(Tey) } ’ (3.9)
and
G=15gii(n), Gii(m2), v Gisi(1e,) |- (3.10)

Notice that Zg and Z¢ can actually be constructed by knowing Z and . Hence, one needs not
to put together and carry along all three memory banks, i.e., Z, Zg, and Zg, saved up in memory
at all times, as having Z and GG would suffice. It is also worthwhile mentioning that Z; may be

practically easier to operate on than Z and, for that matter, Z, because of the boundedness of its
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Gix(75))
9i,i(75)
can be written as a summation of ¢z matrices of size rz-by-cz, with each matrix containing only

elements, i.e., . On that note, given (3.6), (C.10), and the fact that Z5 € R"2*°Z in (3.9)

one of the ¢z columns of Z at a time and the rest of the elements being zero, we can in fact write

that
|| Gie(ry))
1 Zallp < Z =Ll < ¢zBy. (3.11)
oV () | &

_ k
Concerning Z¢, notice that though, forall kandn € {1, 2, ..., ¢4}, M is bounded as (3.6)

Gnn (k)
shows, we cannot readily make the same conclusion for
Cn(z(K) _ Calz(k)) 1
Inn k) \/Gnn (k) /Gnn (F)
I~ . 1 Gn(z(R)) |
as \/ gn,n (k) may be so small or, equivalently, ———== may be so large that || ———=~|| isalso
9In,n k) gn,n(k) F
large. Obviously, given (3.3), we can avoid having
1 1 1
— = = - Z 1
Vinn(k)  Vatgnnk)  Va+ Glak) Enla(a(k)
by picking o > 1.
Furthermore, say for any x and k, f (z(k)) € R"f*¢f is such that
fak)=[ fi@k). f=k). ... fo(zk)) ]
and [ (z(k)) = fT(x(k)) € R *" is such that
(k) = [ 0 @®), b@k). . b, @k) ],
where f;(z(k)) e R"™f,i=1,2, ..., cp,and [j(z(k)) € R, j =1,2, ..., rf, are column vectors

of matrices f(x) and () respectively. Let F,, € R"7*°F n =1, 2 and rp, cp € N4, be a matrix
containing the uncertainty entities in f (x(7;)). That is, either f;(x(7;)) or ;(x(7;)). If using model

(2.2a), then, we set 7p = r¢, cp = cz, and, for some values of 7 = 1, 2, ..., ¢y representing the
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columns indexes of f(z),

F,=F =] filz(n)), filz(r)), ... filz(re,)) ]. (3.12)

Similarly, if using model (2.2b) instead, then, rp = cz, cp = ¢y, and

Fo=Fy=[ Lx(n), @), ... Lx,) ], (3.13)

forsomei = 1,2, ..., ry denoting the columns indexes of [(x). For conciseness, we choose not to
explicitly show time dependency of matrices Z, Zg, Zg, G, and F,ie., Z = Z(k), Zg = Zq(K),
Zg = Zg(k), G = G(k) and, forn = 1,2, F,, = F,(k), though, they could very well be time
dependent.

Moving along, let @7, € R™#*"7 and ® 7, . € R"2*"7 be defined as
Syp=27" (3.14)
and, based on the definition of Z, Zg, and Zg in (3.1), (3.8), and (3.9) respectively,
Syon=ZcZs =2aZ". (3.15)

We want to bring attention to the second equality in (3.15) because we will make use of it later.
Notice further that both ® 7 ;. and ¢z, . are symmetric, i.e., @;’k = ®y 1 and (I)}G’k = ®y, ,and
(at least) positive semidefinite, i.e., @z > 0 and @z, > 0. Moreover, based on the definitions

of Z, Zq, and Zg in, respectively, (3.1), (3.8), and (3.9), we have that

Srp =227 =3 Glalr)) ¢ (a(r)) (3.16)
i=1
and

(TJ)) B cz CZ(Q}(T])) CZT(«’L'(T]))
Z \/g“ ) \/g” - > (7)) , (3.17)

Py k= ZgZG

j=1
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Gi(z()) ¢ (1))
Gi,i(75)
{1,2, ..., cz}and kg < 7; < k, as (3.7) shows. Defining

with

being bounded for any i € {1,2, ..., ¢y} and 7; that is such that j €

A<I>z,1c = Amin(Pz,k) X‘I>z,k = Amax(®z.k) »

A@Zc,k = Amin(®zq.k) » and Xéza,k = Amax(Pz4.k) »
for all k,
Aoy, Iry = Aoy dry S Pup =22 < Xay i dvy = Nog Iy (3.18)
and

(3.19)

— — T <) -\
A(I)ZG,ICITZ - A(DZGv,kIT¢ S (bZG,k - ZGZG S Aq)ZG,kITZ - )\(I)ZG,kITd)’

given that rz = ry. From (3.16) and (3.17), notice that A\ Zgyk and A\ Zek AT€ functions of A Zik
and Ao 2. Tespectively, as well as the strictly positive scalars g ;.

Now, as done in the CT framework, we present the condition on the linear independence of the
data in the history stack(s). This condition is also known as the rank condition. We will however
formulate it in terms of matrix Z, which, as mentioned earlier, might be more appropriate to use in
practice for numerical operations due to its columns being bounded (and/or, also, the fact that Zg
is bounded as (3.11) reveals). However, it is important to explicitly mention that, because, as show
(3.1), (3.8), and (3.9), Z, Zq, and Zg, are constructed with the same column vectors, a condition

on Zg also applies to Z and Zg.

Condition 3.1.1. The history stack Zg € R"2*°%, r; = ry, = rg and ¢z € N, given by (3.8)

contains rz linearly independent columns.

Mathematically speaking, Condition 3.1.1 means Z is full row rank, cz > rz = r4 = 1y, and,

considering rank(-) as the rank operator, rank(Zg) = rz. Thus, from (3.15), @, = Zng is
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are both

positive definite, i.e., Pz, > 0. With &z, ;. > 0, its eigenvalues AézG X

" and )‘@Zc,

and Ao 2, also strictly positive when taking in account

strictly positive, therefore making Ag,, ,

(3.16), (3.17), and, as shown before, the fact that g; ; > 0 for any 7 € {1,2, ..., C<i>}- As a result,

® 7. 1. being positive definite also means that &z, = ZZ T is also positive definite.

3.2 Persistency of Excitation for Good Learning

We know from literature that the standard and widely used learning methods of Gradient Descent
and Recursive Least Square, which we will closely look at in the next chapters, cannot theoretically
guarantee good parameter identification, i.e., convergence of the parameter estimates to their true,
ideal values or a neighborhood about their true, ideal values unless the regressor used for approxi-
mation (or its bounded version) is persistently exciting [2, 3, 4]. In Appendix B, we mathematically
define what it means for a (bounded) signal to be persistently exciting (see Definition B.2). A look
at the aforementioned definition shows that the PE condition means realizing complete span, for all
time, of the approximation space. For that reason, it is a hard, demanding, and impractical condition
to achieve, especially in the context of closed-loop control.

Compared with the PE condition, the rank condition, i.e., Condition 3.1.1, is a more moderate
condition. It certainly differs from the PE condition in that it only deals with a subset of the past
information stored in the history stack Z5. Moreover, it can be implemented and monitored on-line,

Gilz(7y))

and can be attained even with \/_i() in Z¢g (refer to (3.8)) being, for instance, exciting, therefore
9i,i\Tj

verifying Definition B.1, as opposed to being PE, as given by Definition B.2.

3.3 Using Memory for Concurrent Learning

Granted the history stack Z in (3.1), we denote F (Z, #) € R"F*°F given by

F(Z,0) = My (Z,0), (3.20)
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where, depending on the model used, i.e., (2.2a) or (2.2b), for some a; € R"2*°Z with ry = Ty =

rg as mentioned before, and, again, ag € R"0*° we define

My (az, ag) = Mi(az, ag) = ag az, if M, = My, and (3.21a)

My (az, ag) = Ma(az, ag) = ayap, it M,, = Ma. (3.21b)

Recalling our discussion in Chapter II, notice, from (3.21a) and (3.21b) respectively, that when
n=1c =ry = rp, cp = ¢z, and M1(Z,0) € R¥xz while, forn = 2, rp = cg,
co = ¢ = cp, and My(Z, 0) € R°2*. Hence, the dimensions of M, (Z, §) and, according
to (3.20), F (Z, ) agree with that of F}, in each case (i.e, n = 1, 2), which is given by (3.12) or
(3.13). In fact, remark that F (Z, 0) approximates the recorded F,, € R"F*°F n = 1, 2. Moreover,

similarly to (2.8), we also define
F (Z, é(k:)) = M, (Z, é(k:)) (3.22)

for on-line approximation purposes.

By using memory (Z and F,) and by comparing F (Z , é(k‘)) to F, (which contains items
pertaining to the actual uncertainty being approximated, i.e., f(z) or [(z) = f'(z)), we could
gauge the learning ability of the approximation algorithm. Such a comparison would tell us, as time
evolves, how well 6(k) is able to adjust if it were to be used to reconstruct F, with F (Z , é(k))
or, said differently, how good of a learning generalization is being performed. That information can
then be re-used when devising the adaptation law.

As such, based on (3.22), we define the approximation error qz(k) € R"z*“z based on

recorded data as

qz(k) = n(Z, 9(/~c)) - F, (3.23a)

= Ma(2, é(k)) _ R, (3.23b)



Notice how similar (for good reasons) the expressions in (3.23) are to the ones in (2.9). According to
(3.21a) and (3.21b) respectively, if M,, = M1, 14, = cgand ¢4, = cz, whereas, when M,, = Mo,
rq, = ¢z and ¢4, = cg. It is worthwhile re-emphasizing that Z and F),, n = 1, 2, can vary with
k and depend on the column vectors in the regressor ¢ (z(7;)) and the uncertainty f (x(7;)) or
I(z(;)) = f"(2(r})) respectively, for discrete times 7;, ko < 7; < k, with j = 1,2, ..., cz, as

(3.1), (3.12), and (3.13) show. Subsequently, we then have, just like (2.13), that
az(k) = M (2, 8(k)) = wz((k), (3.24)
where the incurred representation error wz(z(k)) € R"z*“z is given by
wyz(x(k)) = F,— F(Z,0) = F, — M,(Z,0), (3.25)

with the second equality due to (3.20). Moreover, letting Wz > 0 denote an upper bound to

|lwz(x(k))| p for all k, i.e.,
lwz(@ (k)| < Wz,

since the columns of F,, are made of either columns or rows of f (z(k)) (see (3.12) and (3.13) for
reasons why), due to (2.3), (2.7), (3.25), (C.7), and (C.8), and because wz(z(k)) € R"1z*%z can
be written as a summation of ¢,, matrices of dimension r4,-by-c,,, with each matrix containing

only one column of wz(z(k)) at a time and the rest of the elements being zero, W is such that
cz
lwz(@(k)p <Y llw (@)l < czW =Wa. (3.26)
j=1
Lastly, we also define the error gz (k) € R°Z*% as

QZ,e(k) =

T . _
{ qy(k), if M, =My, (3.27)

qZ(k:), if./\/ln :Mz.
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From, respectively, (3.23b) and (3.24), and regardless of the expressions of M,, in (3.21), notice

that the error ¢z (k) in (3.27) is also

qz.c(k) = ZT0(k) — F, (3.282)

= ZT0(k) — wz.(k), (3.28b)

where the matrix F;, € R2*% and the residual error wyz (k) € R are respectively given by

R, M, =My,
F, _{ AR (3.29)
and
T .
_J wy(x(k)), if My =My,
wz,e(k) = { waz(k)).  if My, = Mo, (3.30)
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CHAPTER IV

DISCRETE-TIME GRADIENT BASED CONCURRENT LEARNING

In the present chapter, we explore the fundamental method of Gradient Descent for discrete-
time uncertainty approximation. Doing so, we only consider approximators that are linear in all
parameters to identify. We study both the structured and unstructured uncertainty approximation
cases. From the established foundations, we develop a Gradient Descent Based Concurrent Learning
algorithm and show how Concurrent Learning can help achieve better parameter identification.

First, setting p (z(k)) = ¢ (z(k)) and =, = I, > 0in (2.18), in this chapter, we will make

use of the signal
m?(k) = ale, + ' (x(k)) ¢ (2(k)) . @1

That means m(k), m?(k) € R . Now, consider the scalar cost function .J (k) defined as

1

J(k) = 5t {al (k) (m? (k)

-1

qe(k)} ; (4.2a)

A~

= g { (6N k) — (k) (1)~ (67(k)) (K ~ FuB)) } . @2b)

where (4.2b) comes to be because of the expression of g, in (2.15a). Recall that, according to Table
2.1 and the definition of g, in (2.14), if M,, = My, (k) € R"a<*%e = R*"7, ¢y = 1y, and
cy = cf, whereas, when M,, = My, q.(k) € R"e*% = R"/*°/ ¢y = ¢y, and ¢y = ry. That

means, in any case, 14, = ¢4 and ¢, = cy, and, subsequently, the right hand side of (4.2a) is
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dimensionally correct.

Now, for some scalar > 0, the cost J can be recursively minimized with respect to fina

steepest descent direction using the update law

P - oJ(k —1)
0k)=0k—-1) —n——-—=
() = 0= 1) = =
or, equivalently,
A A 0J (k)
Ok+1)=0(k) —n— 4.3
(o 1) = 000) =5 @3

An illustration of the concept of Gradient Descent on Figure 4.1 shows a ball moving on the right
side along the gradient of the cost J. Depending on its velocity each step of the way, it may be able
to avoid falling into crevices and make it all the way to the bottom, where .J is absolutely minimized.
If that velocity is too high, though it may skip the crevices, it is possible that it gets over to left side
and, undesirably, it may exit the enclosure altogether. Parameter 7 plays the role of the velocity of
the ball or, at least, has control over the velocity at which the ball is moving. If 7 is appropriately
set each step of the way then, it is likelier that one is able to guide the ball down the gradient of J

without having it falling and dwelling into a crevice.

150

o moving along gradient of J

100+

cost J

50

-10 -5 0 5 10
one dimension of parameter estimates

Figure 4.1: Gradient descent illustration
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As far as function approximation goes, minimizing J leads to the reduction of the instantaneous
approximation error g. or, equivalently, ¢ (as (4.2a) hints to). The latter update law, i.e., (4.3),
is actually what is commonly known as the discrete-time Normalized Gradient (DTNG) descent
algorithm. From (4.3), given an initial parameter estimate matrix é(ko) = 0y € R"0%% where
ko € N is an initial discrete-time step, for & > kg, a more general DTNG update law can be

formally given as
O(k+1) = 0(k) — TAOnc(k), (4.4)

where I' € R"¢*"%_ with r¢ = Ty, is a positive definite, symmetric matrix (I' > 0 and I'" =T)and,

k .
by deriving the gradient gg((k)) using (4.2b), (C.4), and recalling (2.15a), Afng (k) € R"*Cae,

with ¢4, = cy, is given by

-1

Adya(k) = 6 (x(k) (m* (k)" (k). 4.5)

with the error ¢ (k) € R %% computed as in (2.14), i.e.,

T .
o qTR) i My = My,
ge(k) = { (k). if My = Mo.

4.1 Discrete-Time Normalized Gradient for both the Structured and Unstructured
Uncertainty Approximation Cases

Consider the DTNG update rule of (4.4), from which, using (4.5), the parameter matrix error

given by (2.10) can also be expressed as

-1

Ok +1) = (k) — T (x(k)) (m* (k) ge(k). (4.6)

Since I' > 0, by setting
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the Lyapunov function given by (2.24) becomes
V(k) =t {éT(k)r—lé(k)} . 4.7)
With I being symmetric, I'~! also is. While letting A, (k) € R70*¢ (cp = c,.) be defined as
Aby(k) = ¢ (x(k)) (m* (k) " qe(k). (4.8)
along (4.6), or, essentially, (k + 1) = 0(k) — TAf,(k), we write, using (4.7), that
V(k+1) = tr{éT(k)r—lé(k) ~T, -1, + Tqu},
where T, € R* and T pg, € R* are defined as

T, = 0(k)Ab,(k), (4.92)

Y a0, = A0, (k)T AO,(K). (4.9b)
Thus, given (2.26) and the definition of V' (k), i.e., (4.7),
AV (k+1) :tr{—rq—T;JrTMq}. (4.10)
Let (k) € R%* (cy = ¢4, ) and W(k) € R%* be such that

q(k) = m~1(k)q(k) and (4.11a)

w(k) = m ™ (k)we(k). (4.11b)
Also, given (4.11a ) and (4.11b ), let p5 x > 0 and pz;,1 > 0 be defined as

pak = [a(E)| p = [|m ™" (k)ge(k)|| p and (4.12a)

pw e = [WE)| = [|m~" (k)we(k)| - (4.12b)

Recalling (2.15b), we can write



0 (k) (x(k)) = g/ (k) +w/ (k).

Hence, given (4.8), (4.11a), (4.11b), and because the signal m~1 (k) is symmetric, T, defined above

in (4.9a), is also

-1

Ty = g (k) (m*(k)) " qe(k) + wl (k) (m* (k) " gc(k)

= [m 7 (k) (k)] " [m 7 (R)ge(k)] + [m (k)we(k)] " [m (k)ge (k)]

By making use of (4.12a), (4.12b), (C.2), (C.8), and (C.9),

w{Y,) = tr {T}} — 2y 4 {@T(k)g(k)}. (4.13)
Additionally, from (4.8), (4.9b), and (4.11a),

-1

Tao, = q (k) (m2(k)) ™" ¢ (@(k)) T (x(k)) (m?(k)) ™" qc(k)

= [m T (k)ge (k)] M (k)0 (2 (k) T (w (k) m™ (k) [m™" (k)ge ()]

=g ' (kym~'(k)o (x(k)) ¢ (x(k)) m™ (k)q(k).
We define the scalar
7 = Amax(I') , (4.14)
meaning T" < pl,., = 11, since g = r4. With > 0 given that T' > 0,
Yoo, <07 (Kym =" (k)¢ (x(k)) ¢ (x(k)) m™" (K)g(k).
Hence, from (C.16 ) and (4.12a),

te{Tag,} < nll6 kDI [ B[ 12 (4.15)
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Moreover, given (4.12a) and (4.12b), for all k,
w{@ ()a(k) } = — k)| [0 = —pig et (4.16)
With n > 0, based on (C.2), (4.13), (4.15), and (4.16), we get from (4.10) that

AV(k+1) = —2u{Y;} +tr {Tpg,}

< —2p2 = 2w {@ (K)g(k) | + n 6 (@) [lm ™ ()5 122
<~ 202 + 2pigpiz e + 1 |6 (@ (k)% ||m (k)5 12 = Q. 4.17)
where, letting the scalar
Bulk) =2 = 6 (k)3 [ (B (4.18)

the quadratic expression Q) in fig, ) and pi; 1, is defined as

Qe = —Bulk)d i + 2pighiw g = —tig g (Bu(k) g — 20w,k) - (4.19)

Notice that, for all k, since 17 > 0, m?(k) > 0, and || (z(k))||% > 0, then S, (k) < 2.
Given (2.25) and bearing in mind that Q@ < 0 implies

2 2

3, Hé(k; + 1)H By Hé(k-)HF <AV(k+1) < Qp <0,

=
with, by the way, 0 < év < By, which therefore leads to stability results, we are now interested in
determining the sign of Q g as a function of the design parameter 7). Recall that 15, = ||g(k)||» > 0
for all k. We have from (4.19) that Qr = 0 if 5 1 = 0 or, because of (2.14), (4.11a), and given that

m~ (k) > 0, effectively, g.(k) = [0]"% %< or g(k) = [0]"/*¢f, which cannot always be expected.

Hence, we will investigate the case when piz 5 > 0.
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4.1.1 DTNG for the SUAC

Assuming f is a structured uncertainty, then, as pointed out before, we can set w (z(k)) =

[0]"f*¢f and, given (2.17), we(k) = [0]"e *“e for all k. Also, from (2.1) and (2.3), essentially,

f(2(k)) = F (x(k), 0) = Mn(x(k), 0), (4.20)

a(k) = M (2(k), O(k) @21)
and
qe(k) = ¢ (x(k)) O(K). (4.22)

Moreover, as a result of having w, (k) = [0]"¢ *“e for all k, according to (4.12b), piz 1 = ||[W (k)| =

0. Given (4.19), that means
AV (k+1) < Qp = —Bu(k) 2 (4.23)

with Qg = _ﬁu(k)ﬂ%,k < 0if By (k) > 0, which, given (4.18), means picking 7 = Apax(I') and,

subsequently, designing I" such that

2
16 @EDIE m— (1) %

0<n =Tinya(k). 4.24)

In the case that ¢ (x(k)) = [0]"¢*%, T (k) becomes undefined. However, when that happens,
there is no need picking n and designing for I' as, for any I' > 0, (4.4) reduces in that case to
0(k + 1) = 0(k) since, from (4.5) Abyc (k) = [0]70*“. Moreover, with 1 picked according to
(4.24), notice that 0 < S, (k) < 2.

Inall, AV(k + 1) < Qg < 0 implies boundedness of V (k) and 6(k). In fact, from (2.25),

(2.26), and (4.7), AV(k + 1) = V(k+1) — V(k) < 0 means that V(k + 1) < V(k) and,
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consequently, for all k, V' (k) < V (ko). Thus,

~ 2 _ ~ 2
8, 6w < vy < Viko) < By |Jitko)|
implying, for all k,
Jis], < v, = /2 e, @29

We could have actually gotten a larger upper bound of n by going back to (4.6) and rewriting it,
while using g.(k) in (4.22), as
Ok +1) = [I, — T®,,4] 0(k), (4.26)
where

¢ (x(k)). 4.27)

Notice that ®,,, ;. is symmetric, i.e., @] = @y 1, as (mQ(k))f1 also is. By evaluating the Lya-

punov function (4.7) along (4.26) and using (2.26),
AV(k+1) =tr {éT(k:)@NG’ké(k:)} : 4.28)
where,
Qnak == (2, = i) D (4.29)
From (2.22) and (4.27), we can write that
B < [ ()| 6 (2(k)) Ty & (@ (R)) = |[m ™" (k)| s
with @, defined in (2.27). Furthermore, given (2.28), 79 = ¢, and ) = Apax (I'),
Bt < Ay [R5 1y = Noy || (B)| 5 Ly (4.30)
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and
21, — ®pil > (2 — e, Hm—l(k)||§) I,
Consequently, for the scalar
Bs(k) = 2 — e, [|[m L (k)| 4.31)
Q NG,k 10 (4.71) can be upper bounded as
Qngr < —Bs(k) P .
As aresult, given (4.12a), (4.22), (4.27), and (4.28),
AV(k+1) < =B,(k)te {07k = 1) (2(k)) (m2(k)) ™ 6" (x(k)) 00k — 1) }

QE(k)}
<~k { [m= R)ae(k)] " [m ™ (K)ac(k)] }

-1

< —Bu(k)tr {g/ (k) (m?(k))

< —Bu(k)pgr <0 4.32)

if Bs(k) > 0, which from (4.31), means

O<n< =
Ay, lm =1 (k)17

=Tng, (k). (4.33)
We formally show in Remark 4.1.3 why, given in (4.24) and (4.33), Ty (k) < v, (k).

Consider the following remarks.

Remark 4.1.1. Parameter 1) can vary as k evolves, i.e., 7 = n(k), so long as (4.24) (or (4.33)) is met.
Hence, I', which is such that Ay,ax(I") = 7, can be set to vary with time also. Moreover, let )\{%}T,

r=1,2, ..., rg, denote the eigenvalues of Py.

Remark 4.1.2. Both 7]y (k) and 7y (k) become undefined if ¢ (x(k)) = [0]"¢*“?, as, in that case,
|¢ (x(k))|| » and A, in, respectively, (4.24) and (4.33) are exactly zero. However, when that is the

case, 1) and I" need not to be designed for, as (4.4) reduces to 0(k + 1) = (k).
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Remark 4.1.3. Because, for all k,

T¢
r=1

and, using (2.27), (C.1), (C.8), and (C.9),

T
S Ay, = (@4) = 6 (k)3
r=1

then \g, < ||¢ (z(k))||%. This therefore proves why 7 (k) in (4.24) and Mg, (k) in (4.33) are
such that (k) < ya. (k).

Remark 4.1.4. Because we are working here with a dimensionally complicated approximation prob-
lem, the upper bound 7y (k) on 7 in (4.33) may seem different from the one we previously found
in [28] (and used in [29]). However the upper bound 7 (k) of 7 is only written here in a more
general form. Notice that, if the normalization signal m (k) is scalar, then (4.24) and (4.33) can be

rewritten as

2m? (k)
<< ———5 (4.34)
e (x(k))1 7
and
2
0<n< k) (4.35)
No,

as is the case in [28, 29]. Moreover, notice that if m (k) is scalar, then ¢ (x(k)) is a column vector,

thus, ¢s = 1, and m?(k) in (4.1) becomes

m®(k) = a+¢((k) ¢ (2(k)) = a+ |l¢ (@(k))lF = o+ |l¢ (k)]

which consequently means that

m®(k) > |l (2(k))lIF = [l (x(k)]* (4.36)

Hence, if for all k, g, > 0, i.e., ¢ (x(k)) # [0]"¢*, or, with ¢y, = 1, ¢ (x(k)) # [0]"2,

Lom _me)
[6@E)IE = e,
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and, again, given (4.24) and (4.33) or rather (4.34) and (4.35), )y (k) > Iy (k) > 2. The upper
bounds 7 (k) and )y (k) can indeed be chosen to be constant in general, precisely 7y (k) =
Nnc(k) = 2 as done in [2, 3] when dealing with a scalar normalization signal. However, we elect

not to do so here to allow for less restraining upper bounds of 7.

Remark 4.1.5. Using (2.21) and because we have, in this chapter, substituted p (z(k)) by ¢ (z(k))

in the expression of the m?(k) in (2.18), we have that

2 < 2Xm2,k

= > < —TE (4.37)
Ay [[m=H(R)[[F — acpda,

Nng(k)

where the strictly positive scalar A2 ;, is defined in (2.20). If ¢ (z(k)) # [0]"¢*¢4, then Ag, > 0.
We can therefore say from (4.37) that, for all k, if ¢ (z(k)) # [0]"¢*“¢, for which we have to design
for I as pointed out in Remark 4.1.2, 77y (k) is bounded away from infinity as long as @ # 0 and
¢, < oo (which should be the case in practice). With 75 (k) < g (k) as we have shown in

Remark 4.1.3, that also means 77 (k) being bounded away from infinity.

In summary, when dealing with structured uncertainties, we are guaranteed to have
AV(E+1)<Qgp<0

provided 7 is picked according to (4.24) or (4.33). By doing so, V' (k) is nonincreasing and, as a
result, (k) remains bounded for all k.
Proceeding, the following properties can be obtained. First, given (4.1), (C.8), (C.10), and

(C.11), there exists some scalar @, 1 such that 0 < @1 < 1 and

1
2

)l = @t ([ + 16 DI ) (438)

Thus, from (2.14), (4.22), (4.38), (C.8), (C.10), and (C.11),

a0l _ el [P0, 16 @0

Il = WM = 5 (e + 6 o)
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and, using (2.23) to define ¢, (z(k)) € R"™¢*%, ie.,
Sm(x(k)) = & (x(k)) m™" (k), (4.40)

(4.12a), and (C.13), for some scalars 3, and 34,1, such that 1 < 8, < ooand1 < By < o0,

g = 12E) e = [m (R gl < 1m0 el < B 1o 5 W (441)
and
pm(z(k)) = |6 (@(R) m ™ (k)| o < |6 (@(®) g [|[m ™ B)|| 5 < Bot || Tes || |H¢((IZ))‘|‘|2
< toa[ie. 16 (2(6) :
ot (0 [ |+ 116 @R
(4.42)
la(k)ll

Hence, with 5(/@) being bounded, given (4.39), is also bounded and, from (4.41) and

[m (k)|
(4.42), so are

pgk = a0 p = [|m™" (k) (k)| 5 and [|¢m (@ (k)| p = [/ (2 (k) m ™" (k)|

Nevertheless, the previously mentioned boundedness results are dependent on @,,,,1. Based on (4.1)
and (4.38), we can say that there exists at least an instance of @1 that is much closer to 1 than
0 and for which the aforementioned boundedness results stand. Additionally, we get from (2.26),

(4.12a), and (4.32) that

k k
V(k+1) = V(ko) = Y Bolrhpidr = Vko) = Y Bo(r) [m ™ (T)ae(r)][5
T=ko T=ko
meaning
k
> Bo(r) [ (a5 = Viko) = V(k+ 1) < Vo) = {87 (ko)T*8(ko) }
T=ko

given that, for all k, V'(k), which is defined in (4.7), is nonincreasing,

Zﬂs ) [[m = ()ae(n)|7 = hmZﬂs ) L (7)ae(7) [ < V (ko)

T=ko T=Kko
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and, subsequently, Hm_l(k)qg(k:)HF € L? or, given (C.9), vec {m~*(k)qc(k)} € L2. Notice that
we could also have used (4.23) to get the same results. For the definitions of £?, p € [1, o), and
L> signal spaces as well as properties pertaining to those spaces, consult Appendix C. From (4.6),
the fact that = Apax (I'), meaning, for I' € R"¢*7¢ T < nIrd), and given r4 = 79, we can also

bound
AG(k+1) = 0(k+1) — 6(k) (4.43)

as

|20+ 1], =||re () (m2) ™

ac(®)|| = I [ (k) m™ ()] [ (k) (R)] ||
<Pl [l @(R)) m = )| [l (B)ge ()|

<0 | Ly || [ (2 (k) m™ (B || o [ ™" (k) ge(K) | - (4.44)

With 7 being bounded away from infinity, ||¢ (z(k)) m~(k) H » bounded (as shown by (4.42)), and

|m =t (k)qe(k)|| » € £2, (4.44) means that, aside from being bounded,

Aé(k)HF € L2, or, written

differently, from (C.9), vec { Aé(k)} € L2,

4.1.2 DTNG for the UUAC

When considering the unstructured uncertainty case, we can no longer assume that w (z(k)) =

[0]"f*¢f and/or we (k) = [0]"2e %, From (4.19) and (4.23), we have that
AV(k+1) < Qp = —Bu(k)pd i + 2ugiwk = —pgk (Bu(k) g r — 20wk) - (4.45)
For pi,5 > 0 and pgp 1, > 0 for all k, Qg < 0 (which, as mentioned before, implies stability of é) if
Bu(k) g,k — 24w, > 0, (4.46)

which in turns can only be possible if 3, (k) > 0 or, consequently, 7 is picked such that 0 < n <

nna(k), ie., (4.24) is verified. Consider the following analysis.
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It is worth wondering if we can ensure that condition (4.46) holds by adequately designing
for n? Recall that Qg = 0 if pgr = |[m~'(k)ge(k)||» = 0. which implies that g.(k) =
[0]"a *“ae, and, just like in the case when ¢ (z(k)) = [0]"¢*“, picking 7 is of no use as, from
(4.5), AOyg(k) = [0]"2% and, as a result, (4.4) simply becomes (k + 1) = (k). For

g,k > 0, because of (4.18), (4.46) leads to

2 [ — 2 2w,k
Bu(k) = 2 = nll¢ (@(k))I[7 [|m™ (k)| = ==
Hg,k
2 __
Noticing that Sk _ 0 is a possibility (essentially when p,, = 0), to make sure 3, (k) is
Mg,k

strictly greater tan zero, i.e., 5, (k) > 0, we need

Bulk) = 2= 016 (RIS [m A )| > 2k

Ha,k
instead. That is
Hg .k — M,k 2 Mg,k — Mk
0<n< ; 7| = Tva(k), (447
17,k ¢ (2B 5 Im=1(B)]| % Ha,k

given the definition of 74 (k) in (4.24). Moving along, we can find some constant scalar

W > 0 such that
pak = [0kl p = [|m™ (k)we (k)] , < W (4.48)
for all k£ > k. In fact, going back to (2.19) we can write that
(k) < ——I._ and |jm~
m~( )_ﬁ%an |m

Hence, given the £ property of |w (z(k))|| . i.e., (2.7), and considering (2.17), (4.48),

1 QcCgy
W< g e = Y55 s

(4.49), (C.8), and (C.11),

pag = W) g = [[m™ (R)we(®)[| o < [|m™ (k)| p llwe (k)| p

T

Q C _
‘wW=w.

(4.50)

< A (k)| llw (e () <

«
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Thus, picking up from (4.47), as a more general rule, 1 can be picked to verify

_ Mg,k — Wo_
0 <n<Tng(k) = —2—— - Mva(k), (4.51)
q,

where, for some upper bound Wy > W > 0, since pgr < W,
tigg — Wo < pigg. — W < gk — tw,k-

Noticing that, for any k > kg,

Mg,k — Wo <
Mg,k

L,

since W > 0, if i is picked such that (4.51) is met then (4.24) will also be verified. As a side
note, remark that 7y, (k) = Tiyg (k) if, by design, Wy = 0. However, an W = 0 assumes
W = 0, given that W > W, and, effectively, that there is no representation error w (x(k)),
i.e., w(z(k)) = [0]"7%¢/. Hence, setting W = 0 would only be a good idea if dealing with

the SUAC. Moving on, as hinted to, satisfying (4.51) can only be feasible if pig, > Wo. If

that is in fact the case then

2uw
Bu(k) > ﬁ or Bu(k) gk — 2pw > 0,
q,

(4.46) is verified, and
AV(E+1)=V(k+1)-V(k) <Qp <0.

It should nevertheless be noted that (4.51) requires knowledge of W for possible implemen-
tation and, in practice, it may be difficult to acquire such Wy. Moreover, even if we could
find a viable W, the question still remain as to what happens when pz,; = [|[g(k)| » < Wo
and (4.51) is no longer realizable. Again if we know for a fact that W = 0 (SUAC), then
we need not to worry about the representation error and can proceed to apply the DTNG

algorithm as is. Otherwise, in the event W > 0, (4.51) is no longer valid for values of

44



2 e

pze = g(k)||p < Wy and, therefore, picking n for which 8,(k) > cannot be

Hag,k
achieved. This analysis can however become useful if we were to implement a dead-zone

modification [30].

We thus go back to studying the sign of Qg and look more closely to what happens when

tig, > 0. Remark that if the approximation error g.(k) is such that

pgk = 7Rl p = [|m™" (k)ae (k)| o > 5.1

Mw k
~ Bulk)’

V (k) and H0 HF are bounded. However, when jig 1. < g7 ), then

with €4k then (4.46) is verified, AV (k + 1) < Qg < 0 and, consequently, both

5u(k)ﬂﬁ,k — 2um <0,

Qp > 0, AV(k + 1) can be positive, which would lead to Hé(k)HF possibly growing un-

bounded. We can say a few things from this.

1. First, because of (4.48) and since, by picking n to verify (4.24), 3,(k) > 0 for all

Hw k
Bu(k)

B, such that, forall k > ko, 0 < 8, < Bu(k) < 2, we have

k > ko, we can find an upper-bound to &5 ;. = In fact, for some constant scalar

2W
Even though AV (k+1) < 0 when pig = [[q(k)||p > g5 (O pg,x > 5 ——), we cannot

claim ultimate boundedness of [[G(k)|| z = ||m ™! (k)qe(k) HF or ||ge(k)|| » or, according

U

to (2.14), ||g(k)||  in view of the fact that the Lyapunov function V' (k) is defined in

terms of § and not g or ¢ or ¢. An equivalent argument can be made by recalling from

(2.15b) that



and, for jig < g5 and AV (k +1) > 0, Hé(k)HF growing large will cause ||gc(k)|| »
to also become large. As a result, claiming that ||gc|| » or ||¢||  are ultimately bounded

18 not accurate.

. Second, boundedness of q., even if possible, does not directly translate into that of 6.

According to (2.15b), (C.8), (C.10), and (C.11),

lae ()l < 1o @E)Ip |00+ el o g < toe 15+ H

r 1= [009)

where we define jiq.k = [|g¢(F) || p» g, = [ (2 ()]

Fa and /"Lwe,k' =
|we (k) || . For pig, & # 0, solving for p5 , yields

ILLQG’k B /‘I’wesk
gy > sk — Hwek
0,k Leb

Thus, analytically speaking, a bounded fi,, . does not necessarily imply a bounded g -
Actually, even for a small 114 = ||¢e(k)||  (Which also means a small ||¢(k)|| ) such
that pg . = Hm‘l(k:)qe(k:)HF < g5 and AV (k + 1) > 0 for the remainder of the
time, P = Hé(k:) HF will keep growing indefinitely. When that happens, considering
0 is bounded, it implies (k) = 6(k) — 6 and, subsequently, A(k) possibly drifting to
infinity. Caused by the presence of the representation error w (z(k)), this phenomena is

known as the “parameter drift” phenomena [30].

With the NG update rule of (4.4), in the UUAC as opposed to the SUAC, it is therefore, accord-

ing to the previous analysis, possible that ||¢(k)|| » is small while Hé(k) HF grows without bounds.

Hence, when dealing with unstructured uncertainties, the DTNG algorithm may therefore lack ro-

bustness in certain cases. We will now look more in depth into what needs to happen in order to

realize boundedness of 5(/{) given the possibility of AV being positive.

First, recall that when pi 3, < g0 0 < Qr < max Qg. We can actually write
’ Hq

AV(E+1) < Qrp <maxQg
Hq
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regardless if g < g,k OF Ugk > Eg) €VeN though, in the event that pg; > Eq,k» AS We have

seen in the previous analysis, we can with all certainty further say that AV (k) < 0. Consider the

0QEk
a/la,k

expression of ) in (4.19). Since =0 at

N _ Hw,k
Mg,k = Mgy, = 5u(k)’

g,, > 0,and, granted 3, (k) > 0 as long as 7 is chosen so as to satisfy (4.24),

*Qp
= —28,(k) <0,

then pig,, is where Qg reaches its maximum value. As a result,

_ _ = > ().
r/?;,iiz(QE QE|,U«q,k::u‘?]\4 5u(k) B

Because of (2.26) and with i i, = [[w(k)|| = ||[m ™! (k)we(k)|| , (see (4.12b)),

ik ke R ||

AV(k+1) = V(k+1) = V() < Qp < maxQp = 57, Bu(k)

implies V' (k 4+ 1) < V(ko) + Anc,1, Where the scalar

Jwe)|lr

(1
Bu(T)

92,2 k Hm—1
w k

k
Avea=D, 275=2
2 B~ 2
=ko T=Ko0
Thus, for all k& > kg, we can show boundedness of the parameter error é(k) provided that there

exists a finite scalar B,,_ 1 such that

< By,1 < 00. (4.52)

2 [ (wen)|;
Zo | I

_ > 2u2,
A <A = o =
NG,1 = ANG,1 T_Zk Bul7) 2 Bul(7)

In fact, if (4.52) is verified then, V' (k + 1) < V' (ko) + Ang,1 also means
V (k) < V(ko) + Buc,, (4.53)

which, due to (2.25), implies

2

8, |ow||, < Vi) < Vko) + Buoa < By ko) + Bue
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Therefore,

é(k)HF < Ona, = \/gv Hé(k:o)Hi n ;Bwe,l. (4.54)
v v

Hence, if (4.52) is guaranteed, for all &, both V (k) and (k) are bounded.

Here, using (2.14), (2.15b), (4.38), (C.8), (C.10), and (C.11), we get that

Jalle _ lack)le ) A e o
H’m(k)HF ”m(k)”F T <a HICwHF I ”Qf)(m(kﬁ))ni)?

Because of (2.7), (2.17), and (C.8), ||w¢(k)|| p = ||w (z(k))|| » < W and, subsequently,

e _ IOl H9< )|, 16 @D le+ W

(4.55)

- k
Thus, so long as (4.52) is met and 6(k) is bounded, (4.55) implies that “q((k))”F is also bounded.
m F

Inequalities (4.41), (4.42), and (4.44) remain the same even in the UUAC. Hence, boundedness of

la(B)ll o
lm (k) o
Going further, by “completing the square,” the expression of )z in (4.19) can be rewritten as

also means boundedness of ||m ! (k)q.(k)

| s |6 ((k)) m~ (k)| - and HA@(/@)HF.

2%y Bulk)zy,  Bulk)en,
Bu(k) 2 2

Qr = (4.56)

where the scalar signal

2

Eu,k = Mg,k — m#w,k- (4.57)

Notice that the first term in (4.56) is indeed 2 max () . Recalling, from (2.26) and (4.23), that
Ha,k

AV(k+1)=V(k+1)-V(k) <Qp,

and proceeding like we did before while using the expression of Qg in (4.56) this time around, we

would get

V(k+1) <V(ko)+2ANna,1 — Ang,2 — Ana,3
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where Ang,1 is as defined above, and the scalars

Bu(7) i b Bu(r)el,
ANG,2 g Z 2 q, and ANG’?) = Z T’

T=ko T=ko

Because both —Ang,2 < 0and —Ang,3 < 0, we could separately write

V(k+1) <V(ko)+2AnGg,1 — Ang,2 — Anva,z < V(ko) +2ANG,1 — Ang,2 and

V(k+1) <V(ko) +2AnGg1 — Ang,2 — Ang,s < V(ko) + 2ANnc,1 — Ana,s-
Consequently,

ANG’Q < V(k}o) — V(k‘ + 1) + QANGJ < V(k?g) + 2ANG,1 and

Ana,s < V(ko) = V(k+1)+2Ana,1 < V(ko) +2ANG,1,

since, by definition, V (k) > 0 for all k. Granted that 6 and 6 (ko) are bounded, V (ko) is also
bounded. Hence, if (4.52) is in fact verified then QKNG,l < 00, therefore leading to

- . Bu(T) 15 . —
ANG’Q = lim ANG’Q = E ( ) — T < V(ko) + 2 lim ANG,I = V(k:o) + 2ANG,1 < o0
k—o0 2 k—00

T=ko
and

“ . = 5“(7-)51217' . e
Aya,s = Jim Ang,s = > —— " < V(ko) +2 lim Ang,1 =V (ko) +2Ang,1 < oo,

T=Kko

Because, « > 0 and 0 < 3, (k) < 2 for all k, we can thus conclude that
tigg = la(k)| g = |m™ " (k)ge(k)|| » € L2 N L> and g, € L7 N L

(actually, as Appendix C points out, for a signal [], [[] € £2 causes [] € £L>). As we have done

before, given (4.44), ||m™ (k)qc(k)||, € £* also implies HA@(Z{:)HF € L2

I
It is nevertheless worth reminding again that the previously derived stability results and prop-

erties are obtained with the assumption that (4.52) is guaranteed, which may not be true for all

types of representation errors. In fact, as we found out, (4.52) is verified for ||w.(k)|» € £? or
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vec {w.(k)} € L£2, which, given (2.17), also means vec {w (z(k))} € £2. However, we have only
assumed that w (z(k)) is given by (2.7). That s, vec {w (z(k))} € £°°, which is less restrictive than
requiring an £2 property of vec {w (z(k))}. For the class of representation errors w (z(k)) such that

vec {w (x(k))} € L is the lone assumption made, (4.52) may still work out in practice but cannot
_ 2
lm = (T)we(n)|[
Bu(T)

in (4.52) to decreases exponentially as time evolves so that it sums up over infinite time to a finite

be formally proved. One thing that one may consider doing is to force the term

aggregate. We may well attempt such a task in the future.

Ideally, we would like to show that §(k) — [0]"* as time evolves. However, in the SUAC
when using the DTNG update rule of (4.4), proving convergence of 9 (k) to the origin is only possi-
ble if ¢y, (z(k)) in (4.40) is PE [3, 30]. Matters get even more complicated when dealing with un-
structured uncertainties due to the presence of the representation error. Nevertheless, in the UUAC,
as it turns out, for a PE ¢,,,(x(k)), regardless of the condition given by (4.52), it could be shown
that f(k) is bounded [3, 30], with the bound only depending on the upper bound W of w (x(k))
and the level of excitation [30]. However, the PE condition on ¢,,,(z(k)) is demanding and possibly
even more restrictive than requiring (4.52).

If (4.52) is met, as suggested by (4.54),

)é (k) HF dwells inside a bounded neighborhood as large
as Oy, . which basically also serves as its ultimate bound. The smaller © y¢,, is, the closer 0 (k)
gets to [0]"0*"s. It therefore begs the question, how large is O ¢, ? As (4.54) shows, the size of
Ona, is affected by initial conditions, i.e., A(ko) since (ko) = O(ko) — 0. The closer 6(kq) is to 6,
the smaller © y ¢, becomes and the better the learning/prediction performance of the algorithm will

. 2
be. However, 6 being unknown, it is difficult to say how to pick 6(kg) so as to minimize

(ko)
‘ (ko) .
and, consequently, © yg,. What we may be able to control however, is how to minimize B, in

(4.54) so as to get at least closer to the results obtained in the SUAC, i.e., (4.25).
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4.1.3 Concluding Remarks about DTNG

Unlike in the SUAC, the boundedness of 6 (k) in the UUAC is obtained if (4.52) is guaranteed,
which is true for w (z(k)) € £2. Notice how conveniently w (z(k)) = [0]"/*¢f € £ for the SUAC.

For performance and robustness sakes, it is desirable that é(k) converges to 6 or é(kz) converges
to a (small) neighborhood around 6 as k — co. However, as far as the NG algorithm is concerned,
this is only realizable if ¢,,(x(k)) is PE [2, 3, 30]. The PE condition, as already mentioned, is
demanding however. Persistency of excitation, as Definition B.2 in Appendix B and/or expression
(B.2) show, imposes conditions on past, current and future regressor vectors, and, for those reasons,
is not simple to achieve and/or monitor on-line.

Table 4.1 summarizes the DTNG algorithm, its results and properties.

Table 4.1: DTNG algorithm, results, and properties.

DTNG algorithm

For k > ko, ¢ (z(k)) € R"¢*°¢ being the regressor, g (k) given by (2.14), some I' € R"¢*"¢,
and some initial guess O(ko) = 6o € R"?*°, update 0 by applying:

m?(k) = ale, + ¢ (2(k)) ¢ (z(k)),

Ade (k) = ¢ (x(k) (m* (k) " ge(R),

Design ' =I'" = I'(k) > 0 such that, = Amax (L") verifies (4.24) (or (4.33) only in the SUAC),
O(k +1) = 0(k) — TAOnc (k).

SUAC results and properties UUAC results and properties

0(k).

m™ (k)ge (k)|

Hm’l(k)qe(k:)HF, and HA@(I@)HF belong to £2.

- and HAé(k) H are bounded,
F Same as SUAC only if vec {w (z(k))} € £>.

Convergence Properties

0(k) converges to the origin (meaning A(k) converges to ) in the SUAC or f(k) converges to a
neighborhood of the origin (meaning #(k) converges to a neighborhood of 8) in the UUAC if ¢, ((k))
in (4.40) is persistently exciting.
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Next, we present the Normalized Gradient based Concurrent Learning algorithm in DT frame-
work. We show that, given a less constraining condition comparatively to that of persistency of

excitation, Concurrent Learning can help achieve better parameter identification.

4.2 Discrete-Time Normalized Gradient based Concurrent Learning for both Struc-
tured and Unstructured Uncertainty Approximation Cases

After presenting the discrete-time Normalized Gradient based CL algorithm in Section 4.2.1,

we investigate the SUAC and the UUAC when using it.

4.2.1 Discrete-Time Normalized Gradient Based Concurrent Learning Algorithm

Starting with an initial guess é(ko) = 6y € R"0*< and, with rg = 4, given positive definite,
symmetric matrices T, Eng, o, € R™X76 = R™0*70 (ie, T, Eng, o, > 0and DT =T, &L =

éEnas §g 1, = &cr), we put forth for k& > kg the DTNG based CL update
O(k+1)=0(k)—T {éNGAéNG(k) + §CLA90L(/<?)} : (4.58)
The instantaneous update term A NG (k) € R¢*%e, with ¢, = ¢y, is as expressed in (4.5). Given

matrix Z¢ and the approximation error based on recorded data gz (k), both of which are defined

defined in (3.27) and (3.9) respectively, we define A (k) € R"¢*e ag
Abcr(k) = Zg qz.. (k). (4.59)

Notice that the adjustments terms Afy¢ and Afcy, in (4.58) do not necessarily contribute equally
to the update of the parameter estimate 0, as &ng does not have to be set equal to c,. Conse-
quently, if need be, either update terms can be prioritized over the other. It should also be added
that, just like I', ¢ and ¢, can be set to vary with time, i.e., {ng = Eng(k) and Eor, = o (k).

The term Afcy, in (4.58) provides adjustments based on recorded data. In doing so, update of
the parameter estimate é(k) (if any) can and/or might continue even when the instantaneous approx-

imation error g (k) = [0]"¢a ¥ or, equivalently, A0y ¢ (k) = [0]74* e, since gc(k) = [0] cae X ae
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and, thus, from (2.14), (k) = [0]"*¢/ does not necessarily mean that A(k) has converged to 6.
Let Amax(Enve) = envg and Apax(§cr) = eor. If Condition 3.1.1 is met, using the CL update

rule of (4.58) for

2

2encAay [m (k)5 +eotha,,, ,

0<n< =T (k) (4.60)

and T constructed such that Ay (') = 7, we can achieve convergence of the parameter error (k)
to the origin for the SUAC and to a neighborhood of the origin for the UUAC as time evolves.
We prove our assertion next. However, first, from the expressions of ® 7, ;. in (3.15) and gz (k)

in (3.28b), notice that (4.59) can be rewritten as

Aber(k) = Zg (ZTé(k) — wz,e(k)) = Z26ZT0(k) — Zgwy. (k)

= Oy, 10(k) — ew s (4.61)
with &, 1, € R0 (rg = ry = rz) given by
Ewk = Za wz,e(k). (4.62)
Let A0, (k) € R"* be such that
we (k). (4.63)

Substituting the expression of (k) in (2.15b) into that of AéNg(k) in (4.5), using (4.58), (4.61),

and letting
f‘«:w,k = A@w(k‘) + Ew, k> (4.64)
the parameter error, fundamentally defined in (2.10), can be rewritten as

0(k+1) = [I;, — TéNGPmi — Técr Pz k) (k) + TeoLEw i (4.65)
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where ®,,, 1 is defined by (4.27). Now, let matrices Q(k) € R™*", Ey € R"0*% and E,, ) €

R > be such that

Qr = Iry —TéngPmi — TPz ks (4.66)
Ey, = Q) €cLEw,k» and (4.67)
Eug = poLTECrEw h- (4.68)

With 6(k + 1) given by (4.65), V (k + 1) obtained using (4.7) expands to
Vik+1) =t {éT(kz)@ké(k)} o {Tpi} + 0 {Bui}, (4.69)
where Q) = Q' 'Q(k) and T, € R%* given by
Ypx=0"(k)E, + E]0(k).
Since, for any m, € R™>¢m r € N, and ¢, € N, tr(m. ) = tr(m,), we get that
tr {éT(k)QkéT(k)} _ {éT(k:)EkéT(k)} :
where, based on the expression of @k above and (4.66),
Q="'+ ENG,IC 2%z, ko + 2Pz, kL TENG Pk + Pzo 1 Sc T o Pz iy (4.70)
with
Qe = = @Iy, — EncPm D) S péne, @71
as well as
tr () = 2r {éT(k)Ek} . 4.72)

Requiring that I', ¢, and {c, be positive definite matrices, then, 7 = Apax(I') > 0, eng =

Amax(Ena) > 0, ecr = Amax(§cr) > 0. Notice that 5NG,1<; in (4.71) is exactly @NG’k in (4.29)
54



if v = Ir,,. To find an upper-bound for ENG, > we will use (4.30). Doing so while recalling that

rg = T¢, We have that

21, — el > (2 newcha, [m™ 0)]2) I,

and, using (4.71),

ENG,k < - <2 — NENGA®, Hm_l(k?)HQF) ENGPm,r <0

first because ®,,, , > 0 for all k and, second, if I, with 7 = Apax(I"), is such that, for ¢ (z(k)) #

[0] T XCq ,

2 _
0<n< — =T (k). (4.73)
enc ey [lm=1 ()|[7

It is worth noting that (4.73) is quite similar to (4.33). Moving along, if we were to pick 7 (and
therefore I') such that (4.73) is met, then, by leaving aNG’k < 0 out of the expression of 5k in

(4.70), we get
@i < (L = @204 Qers ) T (4.74)
with
50L,k =26crl — 28cTénGgPm il — SorTécr Pz, kL
Denoting A7, = Amin(I') Amin(§c) and given (4.30), we can say that
56‘L,k > (QACL —2°engecLAa, |[m T (k — 1)”? - n2€%LX©ZG,k> L.

If Z¢ is full row rank (as required by Condition 3.1.1), then ¢z, , = Zng is positive definite
(P 2.,k > 0), which means the minimum and maximum eigenvalues of @7, ., i.e., AézG,k and \¢ ek

respectively, are such that Xq,zc’k > Ao Zgok 0. For

PR P _ 2 p—
Byer=1-2e, <2ACL —2°engecL e, |m T (B)||p — 772620L)\<1>zc,k) ;
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from (4.74), a further upper bound of Ek is 5k < RNG,;CF_I. However, with

—TNeEcCL < _)\min(r) Amin(ﬁCL) = _ACL’

ensuring @k < RNG,kF_l,

P _ 2 p—
Rnap=1-necrde,,, [2 _q (%NGN% [m (k) ||% + ECL/\¢,ZG’,€>] . (4.75)

For convenience, as Ryar < Ry, we have that Q, < Rygixl'™' < Ryg,xI'~!. Finally, with

ak < Ryg,I'™!, from (4.69), and given (4.7), we write
V(k+1) < RygV (k) + 2tr {éT(k:)Ek} ttr {Fup). (4.76)
4.2.2 DTNG based CL for the SUAC

If f is a structured uncertainty then w (z(k)) = [0]"/*¢f and, similarly, wz (z(k)) = [0] 9z *“z
for all k, which, according to (2.17), (3.30), (4.62), and (4.63), means w, (k) = [0] s>, wy (k) =
[0]¢2%¢, g, = [0]"0*“, and A, (k) = [0]"0*“ respectively. Hence, given (4.64), (4.67), and

(4.68), £ = B = [0]"*"f and E,, ; = [0]"7*"f. Consequently, (4.76) reduces to
V(k+1) < RygiV (k). 4.77)

Now, notice that we effectively have 0 < Rygx < 1if 7 in the expression of Rygx, i.e., (4.75),
verifies (4.60). It is however necessary to add that a value of 7 that meets (4.60) also verifies the
first condition that was imposed onto it while developing this proof, i.e, (4.73), as, given (4.60) and
4.73), e (k) < na (k).

In summary, by appropriately designing for 1 such that 0 < Ry, < 1, i.e., making sure that

(4.60) is valid, then, as a result of (2.25) and (4.77),

lim 3, Hé(k)‘f < lim V(k) =0

k—o0— F k—o0
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if the rank condition on Zg (as opposed to persistency of excitation) is satisfied. Hence, é(k:) =
[0]"¢*¢ is exponentially stable. Additionally, given (4.77) and 0 < Ryq,, < 1, forall k, V (k) <

V (ko) and, just like (4.25),

Hé(k)HF < Ong,cL, = \/27 Hé(ko)HF (4.78)
Py

lak)ll

[m (k)| ¢
and (4.44). Hence, with é(k) being bounded and converging to the origin exponentially, so do

la(k)ll |

Im (k)| "
shown that both Hm_l(k)qe(k)HF € £? and HA@(I{:)HF € L2

The upper bounds of

m” (k) qe (k)]

»and HAé(k‘) HF are as given in (4.39), (4.41),

m_l(k‘)qe(k‘)HF, and HA@(Z{:)HF Besides, much like in Section 4.1.1, it could be

4.2.3 DTNG based CL for the UUAC
Given (2.26) and going back to (4.76), we can write
AV(k+1) < Ry = DV (k) + 2 {07 (R) By b + tr {Bu}

As previously defined and because (C.8), let p15 , = Hé(k) HF = HGNT(k) HF Using the expression

of Ey k in (4.68), realize that

tr {Ew,k} = {(Ew,k)T (Ew,k)} )

where

Euwi = VTECLEw k- (4.79)
1
Finally, given (C.9), (C.15), based on the definition of V' (k), i.e., (4.7), with Apax (Ffl) = Nouim (D) ,
min
1
which means 0 < T < A\pax (Ffl) I, = ~——Ir,, and letting
)\min (F)
Rygr—1
A= —————
! )\min(r) ’
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we have that
AV(k+1) < A, + 2|1 Bl p g g+ 1 Bl 3 (4.80)

We now proceed to upper bounding || Ey || and || E,, k|| . Before continuing, it is worth recall-

ing that, according to (4.49), (4.50), and (4.42), for all &,

_ 1 _ c
m~1(k) < —af% and ||m d

7 {0l <z el = 2

I Wb <7 =\,

and

I (k) 5
A
Gt (| Leol o + 16 @DIF)

w (z(k))|| < W and |[wz(xz(k))|| < Wz = czW, which, given (2.17),

|6 (@(k) m™ (k)| p < Bon

[ eoll

From (2.7) and (3.26),

(3.30), and (C.8), means ||w.(k)|| < W and ||wz (k)| < Wz. Also, ||I.|| = /r forany r € N,
rg =1y =1z, U < nl, =nlyy, e < enclr, = enclyy, oL < ecrlr, = ecrly,, and
ok = 2624 < Aoy lvy = Aoy, 41y Hence, |1yl = /o, |Tllp < 1y, lléncllp <
engy/To, and ||¢crllp < ecrn+/Te- Among other properties, we will make use of (C.8), (C.9),

(C.10), (C.11), and (C.12) when finding upper bounds for || E||  and || E,

P

First, using the expression of Fy, i.e., (4.67),

1Bkl r < 1Qkllr cLllF 1wkl p < ccrvrolQullr 16wkl -

Recalling (4.66), ®,, ;. in (4.27), then

1@kl < MEvgll s + Il Il (16 2() m= )5 + TN el [ 227

< \/Te +nry <5NGB(2bm + ECLXbZG,k\/?Te) .
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Carrying on, from (4.64), ||&,,

F < A0 (R) || p + llew,k

p- Given (3.11, (4.62), and (4.63),
lewkllp < || Za|| lwz,c(k) p < c2BWz = ¢ BgW
and
180, (k)| = || [¢ (@(k)) m™ (k)] [m™ ! (F)we(k)] || -
< [l (k) m = )] [lm ™" (R)we(®) | o < By, W = \/fB%W-

Thus,

B _ c c
sl < 26l ozl < /20, + 8w = (\[ %84, + &5, ) W

and

B

_ 1
1Bkl < ecrvro Qg IEwkll p < -

where, for

By =2\/ry <\/779 +nre (ENGstm +EecL D, 4 \/T»e)) ,

; J—— <ﬂ /%B% + czng> WB,.

Further, the expression of £, 5, in (4.79) allows us to write
2
2 2 1= g2
1Buly < |[VT|| Ngcnlis lwal < Ca,

with

- 2

C1 = nro/racsy (, |2 By, + CZZBg) W2,
«

B\ 2
Notice that Bo # 0 as rg > 1 by definition. Also, with W > 0, By > 0 and C = rg+/7g <B1> >
2
0.
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As pointed out before, making sure that 7 is picked such that (4.60) is verified when applying

R -1
CLleadsto 0 < Ryg,;, < 1. Asaresult, =1 < Ay = NGk — < 0. From (4.80), we get
)\min(r)
AV(k+1) < Qp = Ay, + Bipg, + Ch, (4.81)

given our upper bounds of || E|| - and || Ey, || - Because Ay < 0 if (4.60) is met and p15 , > 0, the

only valid root (because nonnegative) of the quadratic expression Qg in (4.81) is

—B) — /B —4A,C,

244

Bya,cL, =

—ﬂ 0Qp = 0 and 82QE
2417 Ougy, 8M§,k

At pg . = Hg,, = = 2A; < 0 granted (4.60) is verified. Hence, Qg

. . . . B .
attains its maximum at the stationary point —j > 0. That is,
1

Bi
max Qr = Qg| =——+C1 >0.

Hg,k ok =Hon 4A;
With 41 < 0, if K g > BNG,CLua
AV(k+1)=V(k+1)—-V(k) <Qgr <0,

whereas, when 0 enters the set

Sna,cL, = {éi Hé(k)HF < BNG,CLH},

AV(k)=V(k)—V(k—1) <maxQpg,

M,k
meaning that it is possible to have AV (k) > 0 in that case. However, for discrete times thereafter, 0
stays within the positively invariant set Sy, cr,, (consult [31] to see how Sy, cr., can be formally

proved to be positively invariant). Thus, for all &,
Hé(k‘)HF S @NG,CLu = Imax (Hé(ko)HF . BNG,C’Lu> (4.82)
and, based on (2.25),

V() < By 00|, < By max (Héwo)HQF, B%VG,CLJ -
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Here also, without requiring PE condition, provided instead that the rank condition on Zg is
verified and 7 satisfies (4.60), the DTNG based CL algorithm of (4.58) guarantees that V' (k) and
0 (k) are bounded. We do not have convergence of the parameter error matrix to the origin as we did

in the SUAC, but, rather, with Sy, ¢, being invariant,

lim Hé(/{)HF < BNG,CLU~

k—o0

We could find a scalar, constant upper bound to Bnyg,cr.,, and conclude that Hé(k) HF is uniformly,

ultimately, bounded (UUB).

4.2.4 Concluding Remarks about DTNG based CL

For the more general approximation case, i.e., the UUAC, unlike in Section 4.1.2, we were able
to show that the ultimate bound of Hé (k) HF, i.e, Bng,cL,» which, by the way, is obtained without
necessitating that vec {w (x(k))} € L2, solely depends on entities such as the upper bound W of
the representation error w, spectral properties Ag s Ao ek Ao Zaak? and design parameters such as
71, a, cz, and 7g. This makes it easier from a design point of view because W might be the only
parameter over which there may not be much control. Proper choice of design parameters can help
reduce the size of Byg,cr,,,» which, ideally, we would want to make as close as possible to zero.

lg(B)l

As a result of Hé(k)HF being bounded for all k, in the UUAC, T, m~(k)ge (k)|
MRl F

and HA@(I@) HF, which are as given in (4.55), (4.41), and (4.44) receptively, are bounded and their

bk

upper bounds, similarly to that of é(k:)’

- can be rewritten so as to show explicit dependency on

the previously mentioned controllable parameters. Lastly, we would like to point out that each of
la(k)ll

[m (k)| "
to its ultimate bound.

|m™(k)qe(k) HF and || A0(k) HF converges to an ultimate bound as Hé(k) HF converges

The following theorem summarizes our results.
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Theorem 4.2.1. Let f be an uncertainty to approximate. Consider the approximation model (2.1),
the on-line scheme (2.8), and the approximation error (2.9a) (equivalently, (2.9b) or (2.13)). If the
rank condition, described by Condition 3.1.1, is met and parameter 1) = Amax (1) is picked to satisfy

(4.60), then, the DTNG based CL adaptation law (4.58) guarantees that:

o O(k), consequently 0(k) (since 0 is considered to be constant), m~(k)qe(k) and AO(k) =

0(k) — 0(k — 1) are bounded;

e if in the SUAC, é(k) — [0]"0%"s exponentially, or, equivalently, é(l{:) — 0 exponentially as

k= oc. Also, both ||[m = (R)ac(k)| |, € £2 and [ 20(0)|| € £2;

o ifin the UUAC, é(k:) is ultimately, uniformly bounded, as its Frobenius norm converges to a

positively invariant set.

Table 4.2 is a summary of the DTNG based CL algorithm, its results and properties.
We make the following remarks.

Remark 4.2.1. The upper bound 7j-;(k) on 7 given in (4.60) is written in a more general form than
what we previously found in [28] (and also used in [29]). For a scalar normalization signal m(k),

as is the case in [28, 29], (4.60) can be rewritten as

2m? (k)

25]\[(;Xq>,c + Z:‘CLX@ZG’ka(k:) i

0<n< (4.83)

Remark 4.2.2. Because eng, ecr > 0, and from (4.33), (4.60), and (4.73), we can say that

e, (k)

and 7y (k) < 7oy (k).
ENG

ﬁNG(k') =

Hence, with 7y (k) being bounded away from infinity for all time, as shown in Remark 4.1.5, so

are both 7y (k) and T (k).
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Table 4.2: DTNG based CL algorithm, results, and properties.

DTNG based CL algorithm

For k > ko, ¢ (x(k)) € R"#*¢ being the regressor, the history stack Z given by (3.8), m? (k)
given by (4.1), g<(k) given by (2.14), qz,(k) given by (3.27), some Eng, écr, T € R" "¢ such
that Enva, Eor, I > 0, and some initial guess, é(ko) =0y € R"® %<6 update 0 by applying:

m?(k) = ale, + ¢ (x(k)) ¢ (« ( ),

Abna(k) = ¢ (z(k)) (m* (k)" qc(k),

Abcr(k) = Za qz,(k),

Design ' =T'" = I'(k) > 0 such that, = Amax (L") verifies (4.60),
6k +1) = 6(k) — T {éncAlna (k) + Ecdber (k) }.

SUAC results and properties UUAC results and properties

Same as DTNG algorithm in the UUAC

Same as DTNG algorithm in the SUAC (see Table 4.1);

(see Table 4.1);

If Condition 3.1.1 is verified:
If Condition 3.1.1 is verified: B
0(k) is UUB;

(k) = [0]"¢*°¢ is exponentially stable.
[[m = (k)ge ()|

> and HAé(k)HF belong to L.

Convergence Properties

0(k) converges to the origin (meaning 0(k) converges to 6) in the SUAC or 6(k) converges to a

neighborhood of the origin (meaning 6 (k) converges to a neighborhood of ) as long as Condition 3.1.1

is verified. Condition 3.1.1 is less demanding than the PE condition on ¢, (z(k)) in (4.40) and/or
requiring that vec {w} € £?).
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Remark 4.2.3. As (4.77) and (4.81) show, Ry¢., i, which is given by (4.75), dictates how fast V' (k)

OR
converges to zero. Solving %G’k(n) = 0 for n,
n

ner (k 1
0= = ”CLQ( A — _ (4.84)
2enGAe, [lm~1 (k)7 + ECL)\‘:I)Zc,k
OR OR
is the lone stationary point. Notice that 1, € (0, 7jo,(k)). For ZENGE <0 and aLG’k > 0,
n
n < nm and n > 1y, respectively. Further,
62RNG,k 2€CLA<I>ZG,I€
5 = >0
an Thm
and, as a result, 7, is a minimum point. At 7,,,
5CLA<1>Z &
RnGkly—y, =1—ccrde, NMm=1- = 5 — : (4.85)
’“”" et 2enghay [T (R + ecnhay, .
_ Top(k)
Because a small Ry, leads to a faster convergence of V (k) to zero, then, 1, = > is a good
choice for 7 when applying the CL algorithm.
Remark 4.2.4. Based on the expression of Ryq, | — above in (4.85), the higher the ratio
e
rop = =2 (4.86)
q)ZG,k:

is, the smaller Ry¢, x| becomes. This result, though obtained in the DT domain, supports even

n="m

further the CT framework studies in [32] as wells as [15, 16, 14, 17, 18]. While applying the CL
AP

algorithm, maximizing rcy, = — ek (as the procedures for data recording, detailed Chapter VI,

Pz
reveal) can therefore be enforced when selecting the data that goes into Z and/or Z.

Remal’k 425 Given that Xq)ZG,k Z Aq)Zc,k > 0 if ZG € RTZXCZ’ ry = 7"¢ =Ty and Cz 2 T,

is full row rank, then r¢p, < 1. If rcr, = 1 then, necessarily, @z, = Z(;Zg = ¢l,,, for some
1 . . . . .

€ > 0, and, consequently, —= Z is an orthogonal matrix, with Z being a square matrix. We thus

VE

postulate that it may be possible to get a higher r¢, for values of cz closer to rz = 14 = ry.

This concludes our study of the DTNG algorithm and its CL modification. We will now look at

Least Squares algorithm for uncertainty approximation.
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CHAPTER V

DISCRETE-TIME NORMALIZED LEAST SQUARES BASED CONCURRENT

LEARNING

The current chapter investigates the use of the Least Squares (LS) technique for discrete-time
uncertainty approximation. The LS method minimizes the sum of instantaneous cost J(k), de-
fined in (4.2a), for all time, and, therefore, could potentially lead to a better learning generalization
when compared to Gradient Descent. As in Chapter IV, here also, we only consider approximators
that are linear in the parameters to identify, study both the structured and unstructured uncertainty

approximation cases, as well as develop a DTNRLS based Concurrent Learning algorithm.

5.1 Discrete-Time Normalized Recursive Least-Square Algorithm for both Struc-
tured and Unstructured Uncertainty Approximation Cases

Given an initial parameter estimate é(k’o) = éo € R"* for k > ko, the discrete-time NRLS

algorithm for updating the parameter estimate 0 (see (5.1d)) can be given as

V(k) = ¢ (x(k)), (5.1a)
Kps(k) = P(k = )3 (k) (m*(k)) ", (5.1b)
Afps(k) = Krs(k)Qdk), (5.1¢)
Ok +1) = 6(k) — Abpg(k), (5.1d)
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where, recalling r¢ = 79, (k) € R™*% ie., ry =14 = rg and ¢, = ¢4 according to (5.1a) in this
case, Kg(k) € R™#*¢  the adjustment term Afpg(k) € R"*¢, the gain matrix P(k) € R"*"v

is such that
P(k) = P(k—1) — Kps(k)y "(k)P(k — 1), (5.2)

P(kyp — 1) = Py € R™*™, Py chosen as a symmetric, positive-definite matrix (i.e., PJ = Py and

Py > 0) from the start, the normalization matrix signal m(k) € R *“ is such that
m?(k) = al., + (k) P(k — 1)y (k), (5.3)

for some scalar « = «(k) > 0 (meaning « can be time-varying), and, given the error ¢.(k) €

R"4 %% computed as in (2.14), i.e.,

iy = { 170 IEM, = My
‘ q(k), if My = Mo,
with the approximation error ¢(k) given by (2.9a) or (2.9b), we define the overall approximation

error Q¢ (k) € R"@c*Qe as

Qc(k) = qc(k). (5.4

Having that ¢(k) € R"/*¢/ and based Table on 2.1, if M,, = My, 7q, =cy =cpandcq =1y =
cg, whereas, if M,, = M, ry = 1y = c4 and ¢;, = ¢y = cp. Also, given (5.4), rg, = 74 and
cQ. = cq.- We will see later on how r¢_ and c(, vary depending on the definition of (). Moreover,
notice that, for & > ko, we have set p (z(k)) = ¢ (z(k)) and =, = P(k — 1) in (2.18) to get the
expression of m?2(k) given in this case by (5.3). Atk = ko, we have that Z,,, = P(kg—1) = Py > 0
by definition. Requiring that =,, > 0 as initially intended when defining the normalization signal,
we will show later on that P(k) > 0 for any k& > ko.

We introduce the matrix ¥, € R™*"¢ which we define as

Uy, = (k) (k). (5.5)
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Based on (5.5), ¥y, is symmetric, i.e., vl = Wy, (at least) positive semidefinite, i.e., ¥ > 0, and,

for all k, we can thus write
for some finite

A (k) = Ain (Uk) s Ay (k) = Ammax (Pe) -

Notice also that, in this case, given (2.27) and (5.5), U}, = @ if in fact ¢)(k) is as given by (5.1a).
It should be added that, though seemingly redundant and unnecessary, reasons for defining (&),
Q(k), and ¥}, will become clearer soon, as we look to tie together this section and the next one,
where we present our main results.

Expression (5.2) of P(k) will be derived in the upcoming sections. For now, first, notice that

P(k) is symmetric for all k. In fact, given that
P(kg—1)=Py=PF) =P'(kg—1)

and using (5.2), showing that, for all k, P(k) = P'(k) can be done by induction, starting with
the computation of P(ky) and P (k). Second, with P(k) being symmetric, then m(k) is also
symmetric (see expression (5.3) of m?(k) for reason as to why), i.e., m'(k) = m(k); and, its
inverse, which, for now, we can assume to exist for the sake of the argument to follow, is also
symmetric, i.e., (m_l(k))—r = m~1(k). Actually, m(k) or m?(k) can be shown to be invertible by

induction, with the premise that P(kg — 1) = Py > 0. Third, P(k) can be rewritten as

P(k) = Pa+ Py (~1.,) Py,
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where, given both (5.1b) and (5.2), P4 € R™*"™, Py € R™*% and Py € R“%*" are such that

Py=P(k—1),
Py = Pa¢ (z(k)) m™ (k) = Pap(k)ym~*(k), and

Py =Pj =m (k)¢ (x(k)) Pa = m™" (k)¢ (k) Pa.

Hence, assuming for the time being that, for any k, P(k) is invertible (or, alternatively, proceeding
with a proof by induction instead to prove invertibility of P(k)) so as to be able to use the Woodbury

Matrix Identity (A.1), we get
P7\(k) = Py — Py Py (<1, + Py Py Py) ' PyPy (5.7)
Let Pp € R™*% and Pg € R > be such that
Pp = Py' Py = (k)m™" (k) and P = (k) Payp(k):
and, notice that
Py =PyPyt = m™ (k)¢ (k)
and
Py P Py =m (k) Pem ™ (k).
Now, using (5.3), m?(k) = ., + P and

Pg=—I.,+PyP;'Py
= —IL, + m~ ' (k)Ppm~ (k) = —m (k) (m*(k)) m™" (k) + m™" (k) Pgm ™" (k)

= —m~ (k) (m*(k) — Pg) m~ ' (k) = —m~ (k) ((alc, + Pg) — Pg) m~' (k)
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Based on our definitions above, (5.5), and given (5.7),

P Y k)=Py'—Pp(Pg) ' Py =P Yk —1)+ ~ U, (5.8)
meaning
P k) =P Hko — 1)+ Eg(k) = Py ' + Zu(k), (5.9)
where, for k > kg, we define E¢ € R™*"v as
Pl
Sp(k) =) ~T,. (5.10)
T=ko

With @ > 0 and ¥y, > 0 for all k, Zg(k) > 0. Further, Py > 0 (and, as a result, PO_1 > 0) and

given that P(k) is symmetric, (5.9) allows us to write
P k)= (P k) >P ho—1)=P; >0 (5.11)
for all k. Subsequently,
0< P(k)=P(k) < R,. (5.12)

That is, P(k) = P (k) is positive definite and bounded for all k so long as Py is bounded, which
should be the case in practice. With P(k) being positive definite, then, m(k) (or m?(k) given by
(5.3)) is also positive definite. These results thus confirm the existence of both P~Y(k) and m~1(k),
which, as mentioned above, could also have been proven by induction. Moreover, notice that, given

(5.3), (5.6), and (5.12), there exist some scalar 3rj; > 0 for which
ale, <m?(k) < (o + Brm)le,. (5.13)

Before looking any further into each approximation case, notice that, with (2.9b), (2.13), (5.1a),

(2.14), and regardless of the approximation models in (2.2), the error Q.(k) in (5.4) can also be
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rewritten as

Qc(k) = qe(k) = ¢ (x(k)) O() — fu(k) (5.14a)

= ¢ '(k)0(k) — we(k), (5.14b)
where the function f, (k) € R"a*¢e = R"c*Qe and the residual error w, (k) € R"Qc*“Qe are as
given is (2.16) and (2.17), i.e.,

k), if M, =My,
), My = Mo,

and

~ wT(x(k),  if My, = My,
wf(’“)_{w k). if My = Mo,

respectively. Additionally, from (5.2),
P(k)P~Yk —1) = I, — Kps(k) (k). (5.15)

Thus, considering the DTNRLS update law (5.1), Qc(k) in (5.14b), and (5.15), we express the
parameter error defined in (2.10) as
0k +1) = (L, = Kps(k)0 ()] 6(k) + Kps(k)w(k) (5.16a)
= P(k)P~ Yk — 1)0(k) + Krs(k)we(k). (5.16b)
5.1.1 DTNRLS for the SUAC
If f is a structured uncertainty, then, we can set w (z(k)) = [0]"f*f or, equivalently, given

(2.17), w (z(k)) = [0]"@e ¥« for all k. Based on (2.1) and (2.3), that essentially means f (z(k)) is

given as in (4.20), i.e.,



and, from (5.14b),
Qc(k) = T(k)0(k). (5.17)
Moreover, the parameter error equations of (5.16) reduce to

Ok +1) = |1, — Krs(k)y (k)| 0(k) (5.18a)

= P(k)P~ Yk —1)0(k). (5.18b)
For analysis purposes, consider the Lyapunov Function (2.24), with
Sy =S, =P k-1)= (P (k1) >P;'>0
considering (5.11), i.e.,
Vk) =t {éT(k;)P—l(k - 1)§(k:)} . (5.19)
Along (5.18b) and given (5.19),
V(k+1) =tr {éT(k +1)P(k)A(k + 1)} _ {éT(k; +1) Pk - 1)@(@} .
Hence, using (2.26) and (5.19),
AV(E+1)=V(k+1) - V(k) =tr {AéT(k + 1Pk — 1)5(@} : (5.20)
where Af € R"0%70 is as defined in (4.43), i.e., such that, for values of &k > ko,
AG(k+1)=0(k+1) — ().

From (5.1b) and (5.18a),

AG(k+1) = =Krs (k)0 (k)0(k) = —P(k — 1)(k) (m?(k)) " o (k)0(k)
In light of that, (5.20) can be rewritten as
AV (k4 1) = =t {07 (R)p (k) (m(k) ™ (R)IR) |
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which, because of (5.17), also means

-1

AV(k+1) =~ {Q[(k) (m*(k) ™ (k) } =~ { [ (B)Qe()] " [ (1)Qe(k)] }

or, using (C.9),
AV(k+1) = — [m ™ (k)Qc(k)|[% < 0. (5.21)

The result in (5.21) allows us to conclude that V' (k) is bounded for all k. Now, given (5.9) and

(5.19), we can write
V(k) = tr {éT(k)Pglé(k)} tu {éT(k)Eq,(k - 1)&(@} .
Therefore, with V (k) being bounded and Zg (k) > 0 for all &,
tr {éT(k)Pglé(k)} —V(k)—tr {éT(k:)Eq,(k - 1)5(@} <V (k)

is also bounded and, further, so is é(k:) Considering (5.3), (C.8), (C.10), and (C.11), we can find

some scalar @y, 2 such that 0 < @, 2 < 1 and

1
2

I > @ (0 ey o+ PG = Dl 08 2) (5.22)
Hence, from (5.22), as well as (2.14), (5.4), (5.17), (C.8), (C.10), and (C.11),

Qe _ fawly [0 Arit

= < (5.23)
[[m (k)] [m(k)llp — _ 3
r T (ol o A2)
and, using (C.13), for some scalars 3, and 3, 1, such that 1 < 3, < ooand 1 < fB,1 < 00,
[m = (B)Qe(R)]| o < [[m ™ (B) || p Qe (®) | o
[Qc(F)|
<Facleslle gy, 029
and, for p (z(k)) = (k) in (2.23), ¢, (k) € R"™* is defined as

Ui (k) = p(k)m~" (k). (5.25)



with

_ [ (k)]
[m(B)lle = [ ®m™ ®) o < e m™ E) e < ot el iy
A, 2A¢,k
< By ey || - T (5.26)
— 2
¥m,2 (O‘ ey | + A?pk)
where
Apy =||P(k—1)| and (5.27a)
1 1
App =[Pk = D E 10K p = Ap g [0 (R - (5.27b)
We also have from (2.26) and (5.21) that, for values of k > kg,
2
V(k+1) = Z Hm (1) 6(7')HF,
7=k
and, thus, with V (k) being nonincreasing for all k as a result of (5.21),
b 2
S Im T DR = Viko) = VI(k + 1) < V(ko), (5.28)

T=ko

where, according to (5.19),

V(ko) = tr {éT(ko) (Py) ! é(ko)}

is finite so long as Hé(ko) HF is. Consequently, first, given that (k) and P(k) are bounded for all

el
5 mB)

(5.22), there exists at least an instance of o, 2 that is closer to 1 tan O so that the previously men-

m_l(kz)Qe(k‘)HF, and Hqﬁ(k‘)m_l(k)HF also are. As a side note, given (5.3) and

tioned boundedness results hold. Also, ensuring the boundedness of v, (k) = ¥ (k)m~'(k) is the
reasoning behind the use of the normalization signal m (k). Second, even better than its £°° property

is the £? property of Hm (k)Qe(k )‘

, or, equivalently, given (C.9), vec {m~!(k)Q.(k)} € L2,
which is obtained from (5.28). Refer to Appendix C for definitions of £, with p € [1, co), and L

signal spaces. Continuing and referring back to the algorithm in (5.1), while also using (2.10) and
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(4.43), we have that

1

HAé(k n 1)HF - Hé(k 1) - é(k)HF - HP(k — 1)y(k) (m2(k)) Qe(k)H

F

< Apk

[ (R)ym = (B)|| o [[m ™ (k) Qe (k) || 1 - (5.29)

Hence, not only is HAé(k)HF bounded since ||¢(k)m~!(k)||, € £ and ||m~(k)Qc(K)| , €
£, but, with ||m = (k)Qc(k)||, € L2, we also have HAé(lﬁ)HF € L2 or, correspondingly, due to
(C.9), vec {Aé(k)} c L2,

Now, notice, using (5.2), that, for all &,
P(k)=P(ko—1)—Zpi(k) = Py — Ep1(k), (5.30)

)

where, with Zpy € R™ " given by
Epa(k) = Kps(k)y ' (k)P(k — 1).

which, from the expression of K1g(k) in (5.1b) and because, for all k, P(k) > 0 and m?(k) > 0

as (5.12) and (5.13) respectively show, also means
Epa(k) = P(k — 1)y (k) (m*(k))

we define =p; € R™*"™ as

Let z, € R™ be an arbitrary, constant vector. Also, we define the scalar function
h.(k) = 2z, Zp1(k)za.
With P(k) > 0 for all k, we get from (5.30) that

24 P(k)zq = 2, Poza — ha (k) > 0; (5.31)

a
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thus, resulting in &, being bounded from above, as (5.31) leads to h. (k) < z] Pyz,. It can also be

shown that
ho(k+1) — ho (k) = 2, Zpa(k + 1)z, > 0,

since Zpa(k) > 0 for any k, and, therefore, h, is monotonically increasing. Both properties of
h.,,1.e., boundedness from above and monotonic growth, imply that klggo h., (k) exist and is finite.
We have essentially applied Proposition A.1 from Appendix A. Further, given that P is bounded
(at least in practice), z;r Pyz, is also bounded and finite. Hence, given (5.31), klgglo z;r P(k)z,
exists and is finite. Since z, is constant and arbitrary, we can conclude that there exists a constant

P,, € R™*"™ such that

lim P(k) = P, (5.32)

k—oo

Now, considering (5.18b), for all k& > kq,
0(k) = P(k — 1) P~ (ko — 1)8(ko) = P(k — 1) Py *0(ko). (5.33)
Recalling the definition of A(k) in (2.10),

lim A(k) =0+ lim G(k) =0+ lim P(k — 1)P; 0(ko),
k—o0 k—o0

k—o0

with 6, as defined in (2.4), being constant. As a result, because Fy is constant and due to (5.32),

there also exists a constant és s € R0 that is such that

lim 0(k) = 0. (5.34)

k—o0
This however does not mean that éss = 6 is to be expected. From (5.12), P(k — 1)P0_ <[ . and,

Tafy

using (5.33), for all &,

low)|, <es. =15,

r 00| = v o) - (5.35)
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5.1.2 DTNRLS for the UUAC

Here, we can no longer assume that, for all &k, w (z(k)) = [0]"/*¢f or, equivalently, w.(k) =
[0]7@ *c@c . We go back to Q. (k) and A(k) respectively given by (5.14b) and (5.16). Analyzing the
trajectory of 0 (k) is nevertheless done in a similar fashion to what we did in Section 5.1.1.

With (5.16b) and (5.19), we get that
Vik+1)=tr {éT(k + 1Pk — 1)(k) + Te,k} :
where
Yo =0"(k+1) (P(k) ™ Kps(k)we(k). (5.36)
That means, according to (2.26) and (5.19), that
AV(k+1) =t {AéT(k + 1Pk — DA(k) + Te,k} . (5.37)
From (5.1b) and (5.16a), while using (4.43),

A6k +1) = —Kps (k)0 T(R)B(k) + K s (k)we(k)

-1 -1

= —P(k—1)y(k) (m*(k)) " ¢ (k)0(k) + P(k — Do(k) (m* (k) ™ we(k).
Therefore, (5.37) can be rewritten as
AV(k+1) = —tr {éT(k)w(k) (m2(k)) " w(k)é(k)}
(5.38)

+ e {w] (k) (m(k))

Let Tpx € R* be defined as

Y =m (k)W (k)Y ppp(k)m™" (k) = [W(k)ym (k)] YTpi [v(k)m (k)],

where T p € R™*"™ is



which, because of (5.8), also means
1
Yprp=Pk—1)+—Pk—-1)V.P(k—1).
«@

Since, for all k, ¥y, > 0, given (5.12), with Py being bounded, and because ‘W(k)m_l(k:) HF € L™
(as shown above, towards the end of Section 5.1.2) means v(k)m ' (k) is bounded, we can say that

there exists some scalar Sp > 0 for which
Tpi < Bple,.

While using (5.1b) and substituting the expression of 0~(k: + 1) given by (5.16b) in (5.36), we get

that

Yoo = 01 (k)$(k) (m* (k)™ we(k) +wl (k)m™" (k)T pxm ™" (k)we(k)

< T (k)p(k) (m2(k)) ™ we(k) + Bpwl (k) (m?(k)) ™

we(k),

which, going back to (5.38) and “completing the square”, in turn means

AV (k+1) <~ {QI(k) (m?(k) ™ Qclk) | + Bk tr {w] (k) (m? (1))

-1

we(k)}
< o[ 1)Quw)] " [ B2}

+B(k) tr { [ (k)we(k)] " [m (k) we (k)] } ,
with Q. (k) given by (5.14b) and 5(k) = 1 + Bp > 0. Further, using (C.9),

AV (k +1) < = [|m™ (k) Qe(k) || + BGk) [|m ™" (k)we (k)7 (5.39)

< B(k) ||m ™ (k)we(k) ||+ (5.40)

since Hm_l(k:)Qe(k) Hi, > 0. From (2.26) and (5.40), it can be shown for k£ > kg that

k
V(k+1) < V(ko) + Y B(r) [[m™ (P)we(r)| .-

T=ko
Provided that there exists a finite scalar B,, > > 0 that is such that

o0

3" B() [[m () we(D) |5 < B,z < o0, (5.41)
=0
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then, for all k& > ko,
V(k+1) < V(ko) + By,,2 (5.42)

meaning V (k) is bounded, which, as shown in Section 5.1.1, leads to A(k) being also bounded.
Based on (5.42), we use the definition of V (k) in (5.19), the lower bound of P~!(k) in (5.11), and

relationship (C.9) together with the fact that, with both ) > 0 and F;” >,
Mol < Po < Mol and Mol < Pyt < Mol
where we denote
20 = Amin(Po) = Amax(Py 1) s Ao = Amax(Fo) = Amin (P ).,
to arrive at

o[k + 1)H2F < V(k+1) < V(ko) + Bupo < Ay Hé(ko)Hi + By,

Therefore, if in fact (5.41) is verified,

6], < 015, = /% 30 0| + %" B (5.43)

for all k.

Given that (k) is finite and, according to (5.13), m(k) is bounded from above and below, con-
dition (5.41) implies that both vec {w,(k)} and vec {w (x(k))} (recall (2.17)) possess L properties,
ie., vec {w.(k)} € £? and, equivalently, vec {w (z(k))} € £?. We have previously only required

that vec {w (z(k))} € L (see (2.7)). Hence, necessitating (5.41) is quite restrictive.

B

Notice also that © 1,5, in (5.43), which, in this case, also serves as an ultimate bound to Hé(k) ‘ .

is function of the initial value Hé (ko) HF Hence, the larger Hé (ko) HF is or, equivalently, the farther
by is picked (unknowingly) from the true 6, the larger the size of the neighborhood (at least in the-

ory) in which Hé (k) HF could ultimately end up in.
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Assuming (5.41) is satisfied, which means é(k‘) is bounded, as done in Section 5.1.1, we now
proceed to bounding other approximation related signals. The process is similar to before. The
only difference, in this case, is the presence of the representation error. Recall (2.7), which features
W as the upper bound to ||w (z(k))|| . Because of (2.17) and the fact that, according to (C.8),
lw (z(B)]|p = [Jw (2(k))]

(5.14b), (5.22), (C.8), (C.10), and (C.11),

7> W is also the upper bound to |we(k)|| p- Given (5.3), (2.14), (5.4),

Qe _ lathly _ [P0, Arihes+w

B~ k)|~ 3
[m (k)| ¢ lm (k)| ¢ T (O‘“Icw“F""A%b,k)Q

where Ap ;. and Ay j are as defined in (5.27a) and (5.27b) respectively. Consequently, we have that

QK .
[m (k)| 7

changed even in this case, we conclude that ||m ! (k)Q.(k )‘

is also bounded here. With (5.24), (5.26), and (5.29), which, by the way, remain un-

(k)ym =" (k)]

7 and HA@(!{:)HF

are all bounded. If we were to go back to (5.39), while making use of (2.26), we could write that

V(k+1) < V(i) - Z [m L (") Qe(r)|[3. + Z B(r) [[m ™ (rywe ()|
T=ko T=ko
and
k k 2
S m  OQe()|[5 < —V(k+1) + Viko) + > B(7) [[m (r)we()||
T=ko T=ko
k
<Vko)+ 3 B(r) Im™ ()we()|5.
T=ko

since, for all k, V (k) in (5.19) is positive definite. Hence, if (5.41) is verified,

o k
2 ™ Qe = Jim 3 ™ (@

T=ko T=Kko

k
< V(ko) + lim 3 5(r) [~ (rywe(r)| |7

T=ko
V (ko) + Z B(7) [|m~ (Mwe()|| % < V (ko) + Bu,as
T=ko

which with V' (kg) being bounded means Hm_l(r)Qg(T) HF € L2

Having P(k) — Pss as k — oo also applies in this case, as the manner in which P(k) is
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computed here, i.e., (5.2), remains unchanged. As for the convergence of é(k:) in this case, from

(5.16b), we get, for all & > kg, that

O(k) = P(k — 1)P (ko — 1)0(ko) + Zc1(k)

= P(k —1)Py '0(ko) + Zca(k),
where 2. ; € R is defined as
k—2
Ee1(k) =P(k—1) Y Sco(r)we(r) + Kps(k — Dwe(k — 1),
T=ko
with 2 o € R™*% given by

Zea(k) = P Hk)Kps(k).

Making use of the definition of K7,¢(k) in (5.1b) and, then, relationship (5.15),

Based on (5.1b), (5.46), (C.10), and (C.11),

Ak = [[otk) (m2(k) 7| < o m™ W) [l (-

Mea = K25l < 10— Dl (k) (m20) 7" = 1P = Dl A,

and

Eealllp < Ara + Ara [T 000 (m2() | -

(5.44)

(5.45)

(5.46)

Additionally, given (5.22), (C.7), and (C.13), we could find some 32 such that 1 < 8y, » < oo and

0Ty e) (m2) 7| < I [m W[5 < Bue

AL A2
ey

Q2 (O‘ 1 7e, HF + A%pk:) ’

< By,2
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Therefore, given (5.12), (5.13), and (5.26), for all k, (k) (m2(k)) ", ¢ T(k)eb(k) (m2(k)) ", and,

subsequently, K1,5(k) and Z2(k) are all bounded from above. Continuing, from (2.10), with 6
being constant, and, because, as stipulated above, P(k) — Pss as time evolves, (5.44) allows us to

say that

lim A(k) =0+ lim G(k) = 0+ lim P(k — 1)P; *0(ko) + Zc,1 (k)
k—o0 k—o0

k—o0

is finite and constant if kll}n;o Z,1(k) is finite and constant. Given the expression Z (k) in (5.45)
and because P(k), K1s(k), and = 2(k) are bounded from above for all k, klgrolo Ze,1(k) is finite and
constant if, for instance, vec {w(k)} € LP or, correspondingly, vec {w (z(k))} € LP, p € [1, ),
because that would mean kli)ngo we(k) = [0]"@*@e or kh_{lgo w (z(k)) = [0]"F </ (see properties of
LP, with p € [1, 00), signal spaces in Appendix C). Hence, if (5.41) stands, then vec {w(k)} € L2
or, equivalently, vec {w (z(k))} € £2 and, as k — oo, (k) — 0.

Better learning is achieved by having é(k:) converge to 6 (or a neighborhood of it) as time
evolves. When it comes to the NRLS algorithm, this is only possible if ¥, (k) = ¥(k)m~1(k) €
R™ > is PE [30, 2, 3]. The PE condition on 1,,(k), as mentioned before, is quite demanding
however. Because it imposes conditions on past, current, and future regressor states, persistency of

excitation is not simple to achieve and/or monitor on-line.

We present a summary of the DTNRLS algorithm, its results and properties in Table 5.1.

Next, we present our main contribution, i.e., the NRLS-based Concurrent Learning algorithm
in DT framework. For a less demanding condition than the PE condition and/or the £? property of

vec {w (z(k))}, we show that CL leads to good learning.
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Table 5.1: DTNRLS algorithm, results, and properties.

DTNRLS algorithm

For k > ko, ¢ (z(k)) € R"¢*“¢ being the regressor, qe (k) given by (2.14), some positive definite
P(ko —1) = Py € R"*°¥_and some (ko) = Oy € R™*°¢_update § by applying:

P(k) = ¢ (x(k)) € R ™V,

m?(k) = ale, + 9 T(k)P(k — 1)9(k),
Krs(k) = P(k = 1) (k) (m*(k)) ",
Qe (k) = ge(k),

Abps(k) = Kis(k)Qdk),

O(k +1) = 0(k) — Adps(k),

and, for next iteration,

P(k) =Pk —1) — Krs(k)y (k)P(k —1).

SUAC results and properties

UUAC results and properties

o(k),

mil(k)%(kn

- and HAé(k) H belong to £2;
F

> and HAé(k)HF are bounded;

[[m ™ (k)ge ()|

P(k)=P7 (k) > 0forall k > ko, P(k) remains

X T

bounded and converges to a constant Ps; € R™

as k — oo;

6(k) converges to a constant fss € R"0*0 as k — oo;

P(k)=P" (k) > Oforall k > ko, P(k)
remains bounded and converges to a
constant Pss € R™*™ as k — oo;

Same as SUAC (if not already mentioned)
only if vec {w (x(k))} € L.

Convergence Properties

6(k) converges to the origin (meaning (k) converges to 0) in the SUAC or A(k) converges to a

neighborhood of the origin (meaning 0 (k) converges to a neighborhood of ) in the UUAC if

¥m (k) in (5.25) is persistently exciting.
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5.2 Discrete-Time Normalized Recursive Least Squares Based Concurrent Learning
for Both Structured and Unstructured Uncertainty Approximation Cases

Similarly to what is done in [3], it can be shown that the NRLS algorithm of (5.1) could be
obtained via minimization with respect to §(k) of the scalar cost function
1 )&
Jrs(k) = St > o Tos(m) +To(k) ¢,
T=ko
where o = (k) is the same positive scalar that figures in the expression of m?(k), i.e., (5.3), we

define T1g € R%*%e and Ty € R%* ag
Yrs(k) = Q! (k)Qc (k).
with Q¢ (k) defined in (5.4), and
To(k) = <é(k:) - @0)T o (é(k) - éo) . (5.47)

Notice that Y ¢(k) is an instantaneous cost, alike the one minimized when applying the Gradient
Descent algorithm. The Least Squares algorithm, instead, minimizes a summation of instantaneous
costs.

As aforementioned (see Section 9.4.1), given (2.14) and (5.4), if M,, = M, i.e., model (2.2a),
cQ. = ¢q. = Ty = cp, while, when M,, = Mo, i.e., model (2.2b), cg, = ¢4, = ¢y = cy. There
are therefore no dimensional ambiguities in the definition of J1g(k) above. Moreover, proving that
(5.1) is derived through minimization of .Jzg(k) will be indirectly shown through the derivation of

our CL law.

5.2.1 Discrete-Time Normalized Recursive Least Squares Based Concurrent Learn-
ing Algorithm
Recalling that r,, = ¢4 and ¢, = ¢4 no matter which model, i.e., (2.2a) or (2.2b), is used for

approximation, let £, € R"e*"e and £z € R°Z*“Z be positive definite matrices, i.e., £ > 0 and
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€7 > 0. Also, let Y15, Tor, € R*% be defined as

Trs(k) = ql (k) £s€4 ae(k). (5.48)

with instantaneous approximation error ¢.(k) defined in (2.14), and

Yor(k) = 47,dk) €285 qz.(F), (5.49)

where the approximation error based on recorded data ¢z (k) is defined in (3.27). Consider the

scalar cost function

k—1
Trs.on(k) = %tr 3 é [TLs(r) + Yor(r)] + Yo(k)
T=ko

Notice that J1,g ¢, is a modification of Jrs (previously defined). To minimize Jpg,cr (k) with

0Jrs,cL

. oJ
respect to 0(k), we first express the gradient T(k) and equate it to the origin, i.e., = L5CL

a0(k)
[0]rg Xco .

For the following calculation of the gradient, we use the expression of Jis cr (k) above in
conjunction with the expressions of g.(k) in (5.14a), T s (k) in (5.48), To(k) in (5.47), qz.c(k) in

(3.28a), T (k) in (5.49), as well as relationships (C.3) and (C.4). As it turns out,

dJrscon(k) = 1 (g
B = 2 a 06 Sl el + 2t aa(n] + B (009 o)

=P Yk —1)0(k) — v(k—1),

where, with vz = ry = 79 and, ¢, = ¢y whether model (2.2a) or (2.2b) is used, because of (5.14a)

and (3.28a), and denoting @), € R™6*"s, &, € R"2%"Z, Cf)fmk € R"¢*%% and (i)fn,k € R"¢% ag

i = 6 (k) £6) 67 (@(k)) = [ (@(k)) €1 [0 (2(k)) &6l - (550)
brp=2626, 7" =[264)1287)" (5.51)
_ T
Df = 0 (@(k)) &68] Fulk) = [6 (2(R) &) [ £1R) €] (5:52)
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and

7 T .17
Bs = 0 (@(R)) €265 fu = [0 a(k)) &2] [£162] (5:53)
for k > ko,
k—1 1 ~
P k—1)=P "+ TZ}; = [2r + @2,] (5.54)

and v € R"*% is such that

k—1
s 1o _
v(k —1) = Py '+ z}; LIRS T (5.55)
T=ko
Hence,
aJLSA,CL(k) _ —1( o 1)é(k‘) o I/(]C - 1) _ [O]TQXCQ
90(k)
means

d(k) = P(k — )v(k —1). (5.56)

Recall that P(ky — 1) = Py > 0 means Po_l > 0. Therefore, because, for all k, both ®;, > 0 and
@Z,k > 0, judging by (5.50) and (5.51) respectively, it is not wrong to assume (as (5.54) hints to)
that the inverse to P (k) exists for all k since, based on (5.54), P~Y(k) > 0.

Unlike in Section 9.4.1, let (k) € R™*% = RT2X(0¢+CZ), ie,ry =rz =1y = 19 and

¢y = C¢ + cz, be given by

Pk)=1[ o (z(k) & ZEz ], (5.57)

with ¢ (z(k)) and Z defined in (2.5) and (3.1) respectively. Given the definitions of ®; in (5.50),

® .1 in (5.51), and based on (5.57),

Uy = (k) (k) = B + D (5.58)

85



We thus have from (5.54) that

k—1
1 1 1
P k) =Pyt + ) b T P k—1)+ Wy,

T=ko

which is exactly what we got before in (5.8). Therefore, working backwards and using the Wood-
bury Matrix Identity (A.1) to invert the expression of P~1(k) above (or (5.8)), we get P(k) given by
(5.2), with both K1 ¢(k) and m2(k) defined respectively in (5.1b) and (5.3). This is the derivation
of P(k) we alluded to back in Section 9.4.1. Further, recalling that f,, (k) € R > (see (2.16)
for definition), with, as discussed before, r,, = c4 and ¢, = cg regardless of the model used, and

fn € Re2%% (see (3.29) for definition), we denote f(k) € Ree*(cotez) 4

fR) =1 fak) & fléz ], (5.59)
Hence, notice, from (5.52), (5.53), (5.57), and (5.59), that

(k) (k) = P, o + P

As a result, from (5.55), we can write

k—1
V() = Po+ 3 ~u(n)fT(r) + (k) (k)
T=ko

= vk~ 1) + (k) fT(R) (5.60)

Going back to (5.56) and using (5.60), we have that

R 1
O(k+1) = P(k)v(k) = P(k) |v(k — 1) + aw(k)fT(k;) .
Because, for all k, P~ (k) exists, then (5.56) means

v(k—1) = P~k —1)A(k).

We also get from (5.8) that



Subsequently, 0 (k 4+ 1) above could also be expressed as

b+ 1) = P | P70 = DBR) + (00
=P [ (P - 20 o + Lo 0]
or, given the definition of Wy, in (2.27),
0k +1) = B(k) — ~ PRYG(RQ.(R), (5.61)

where, here, the overall approximation error Q. (k) € R"@e*Qec = R(co+ez) X j.e., now rg, =

cy +czand cg, = ¢y, 18
Qc(k) = ¢ (k)O(k) — fT(k), (5.62)

with (k) and f(k) respectively defined in (5.57) and (5.59). Hence, given the definitions of ¢ (k)

and ¢z (k) in (5.14a) and (3.28a) respectively, (5.62) can be rewritten as

Qe(k) = €5 qe(k) + EZaze(k). (5.63)
Because (5.3) allows us to write

o' (k)P(k — 1)(k) = m?(k) — al.,,

we also have, using (5.1b) and (5.2), that
P(k)p(k) = P(k = 1)p(k) — Kps(k) (m®(k) — al,)
= Pk = 1)o(k) | I, — (m*(k)™"

-1

= aP(k - 1)u(k) (m*(k))
As aresult, (5.61) becomes

Ok +1) = (k) — P(k — 1)y (k) (m*(k)) " Qc(k).
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We summarize our NRLS-based CL algorithm as follows. Starting with an initial parameter
estimate vector O(ko) = fy € R™*%, given a positive definite, symmetric matrix P(ky — 1) =
Py € R™*“ and given positive definite matrices {; € R ", r, = c4, and {7 € RZ*Z the

discrete-time NRLS-based CL algorithm for updating the parameter estimate 0 for k > ko is

Abps,on(k) = Kps(k)Qdk), (5.64a)

O(k+1) = 0(k) — Aps.or(k), (5.64b)

where 1(k), which is to be used in the computation of K7,¢(k) in (5.1b), P(k) in (5.2), and m?(k)
in (5.3), is given by (5.57) and the error Q. (k) is given by (5.62).

Matrices £, and £z are essentially weighting matrices, as portrayed by (5.63). Hence, the de-
signer could choose to emphasize the contribution of either the instantaneous approximation error
qe(k), especially, on suspicion that the history stack Z may contain outdated or corrupted informa-
tion, or the error gz (k), which is based on recorded data, for possibly better learning generaliza-
tion. For numerical consideration however, because 7, = cg or cz could be quite large, in practice,
both £ and £z could be reduced to just scalars. This can essentially be done by setting {, = €41},
and {7 = €z1.,, for some scalars €4 > 0 and £z > 0. It should be noted that the previous deriva-
tions do remain the same if this is opted for.

Notice that, form wise, the initial DTNRLS algorithm (5.1) and the DTNRLS based CL al-
gorithm (5.64) look identical. The only differences between the two are the manner in which the
regressor ¢ (k) ((5.1a) versus (5.57)) and the overall estimation error Q¢ (k) ((5.4) versus (5.62)) are
computed. Consequently, when it comes to the DTNRLS based CL algorithm (5.64), proving the
boundedness of 5(/@) and other properties that follow, be it in the SUAC or the UUAC, has already
been established in Section 9.4.1 and, thus, need not be repeated again.

Nevertheless, as we will show in the next section, when using the DTNRLS based CL al-

gorithm and faced with the UUAC, boundedness of é(k‘) can be proven without necessitating
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thatvec {w (z(k))} € L? as it was needed in Section 5.1.2. Moreover, we will investigate how
the DTNRLS based CL algorithm can guarantee good parameter identification even in the absence

of the PE condition.

5.2.2 Convergence of the Gain Matrix

Let the rank condition, i.e., Condition 3.1.1, be verified. If so, the history stack 7 is full row
rank and, as a result, ®z ;. (defined in (3.14)) is positive definite. Given that both £, > 0 and

&z > 0, then §¢£J > 0and £z¢), > 0 also. Letting

A = Amin (6667 ) > 0. %y = Amax (8067 ) > 0.

Az = dmin(§2€% ) > 0.and Xz = Anax (€267 ) > 0,

granted ®;, > 0 for all k£ and ry, = 74 = 1y, we can write, from (2.27), (3.14), (5.50), (5.51), and

(5.58), that
Az, Iry S AP+ AP0 < U < Ay @p + Az Pz (5.65)

With @75 > 0, A, , > 0 and (5.65) imply ¥, > 0.

Now, with o > 0, Py > 0, and ¥ > 0, (5.9) and (5.10) allow us to write

k k
1 1
Pk =P+ S > > ~Ur >0,

T=ko T=ko
Moreover, we can find a small scalar é v > 0 such that, given (5.6),
g\plw < A\I,k(k:)lw <P, < X\pk(k)lw (5.66)
and
k k
PE) > Awin (PTR) Iy, > > Bl = | D By | I
T=ko T=ko
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Hence,

k
. ) —1 > T R .
i A (P70) 2 fim, 3, By = Jim (k= ko + D)5, 567
T=ko
= Q.
With
Amin (P7Y(K)) = (Amax (P(k))) ™" — oo,
then A\pax (P(k)) — 0, and, consequently, regardless of the approximation case,
lim P(k) = P,y = [0]7**", (5.68)

k—o0
Now, recall the dynamics of 0 (k) given by (5.44) in the UUAC and, in particular, for the SUAC,
with we(k) = [0]"Qe Qe thus Z¢ 1 = [0]"0%° (see (5.45) for the reason why), (5.44) is reduced to

(5.33).

5.2.3 Convergence of the Parameter Error in the SUAC
As P(k) — [0]"+*™, we get, from (5.33), that

lim A(k) = lim P(k—1)P; *8(ko) = [0]"0> <.

k—o0 k—o0

Thus, we conclude, in this case, that (k) = [0]"0*% is asymptotically stable. Given (5.33) and,

using (5.12), P(k — 1) P, 1 < I, , alike in the case of standard DTNRLS algorithm, we have that

”
Hé(/‘ﬁ)HF < Ors,oL, = ||In, ]| Hé(ko)HF = \/@H@N(/@O)HF (5.69)

for all k.
As discussed above, because of the similarity of the standard DTNRLS algorithm and its CL
modification, boundedness of é(k) can be attained with the same analysis as in Section 5.1.1. The

asymptotic convergence of é(k) to the origin as well as its boundedness can then be used to deduce

all approximation related properties of Section 5.1.1, namely the boundedness of Hm_l (k)Qc(k) ‘
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whose upper bounds are respectively expressed in

[om ()| p = ([ (k)m " (k)]

(5.24), (5.26), and (5.29). In particular, given that é(l{:) — [0]"*¢ using (5.23), for some scalars

7 and HA@(Z{:)‘ o

Bq’1 > 0 and Bq,g >0,

3 (llQe v HF> S B, |60 < Boo < o0

lm ()l 7

T=ko T=ko
at 1s to say c an as a resu t Cconsi erlng an respectlve Y, ot
That i ”‘QE; ))NF £2 and, 1 id (5.24) and (5.29) ly, both
F

[m=1 (k) Qc(k)| € £2 and HAé(k)HF e L2,
5.2.4 Convergence of the Parameter Error in the UUAC

We have shown earlier that ¢ (k) (m?(k)) !, K1s(k), and 5 (k) are all bounded from above.
If (2.7) is verified, then W is an upper bound to ||w (z(k))|  and, equivalently, ||w.(k)||  for all
k. With P(k) — [0]"™»*™ as k — oo, given (5.1b), we also have that K g(k) — [0]"**“ as time

evolves. Given the previously cited attributes and properties, not only are both

k—2
P(k—1) Z Ee2(T)we(r)|| and || Krs(k — 1we(k—1)|x
T=ko F

bounded from above and for all time, but also

k—2
Jlim P(k —1) Zk: Ee2(T)we(r) = [0]70c
T=K0

and

lim Kpg(k — Dwe(k — 1) = [0]"0%.

k—o0

Hence, given (5.45), there exists a scalar By, 3 > 0 that is such that ||Z. (k)| < By,,3 and

lim Z (k) = [0]"0*“. Now, using (5.12), P(k — 1)P; ' < I

k—o00 T2

and, recalling (5.44),

[0, < Orscr, = 11l ||0ko) | + Bucs = v |0ko) | + Buos. 6709
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Moreover, keeping with (5.44),

lim (k) = Jim P(k — 1) P 0(ko) + B (k) = [0]70%C.
—00

k—o0

That is, 6(k) is bounded for all k& and A(k) = [0]"**“ is asymptotically stable. Notice that we did
not need vec {w,(k)} to belong to an LP, p € [1, 00), space to get this result. Instead, if Z satisfies
the rank condition, then, we can achieve boundedness of 0 (k) as well as its ultimate convergence to
the origin in the UUAC. Subsequently, what this allows us to do is to deduce the other approximation

~ k
related properties. Using (5.23), boundedness of #(k) implies boundedness of M, which

[m (k)| 7
can in turn be used to justify boundedness of both Hm_l(k)Qe(k:)HF € £? and HA@(I{:)HF € L?

expressed respectively in (5.24) and (5.29).

5.2.5 Concluding Remarks about DTNRLS based CL

The following theorem summarizes our results.

Theorem 5.2.1. Let f be an uncertainty to approximate. Consider the approximator F in (2.1),
which can be modeled by (2.2a) or (2.2b). Also, consider the on-line scheme (2.8) and the approx-
imation error (2.9a) (equivalently, (2.9b)). If the rank condition (described by Condition 3.1.1) is
satisfied, then the discrete-time Normalized Recursive Least Squares based Concurrent Learning

adaptation scheme (5.64) guarantees:

e P(k) = P'(k) > 0and P(k) is bounded;

e O(k), consequently (k) (since 0 is considered to be constant), m~(k)Qc(k) and AO(k) =

0(k) — 0(k — 1) are bounded;

lim P(k) = [0]*™;

k—o0

A~

° é(kz) — [0]"0*<0 asymptotically or, equivalently, 0(k) — 6 asymptotically as k — co;
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o ifin the SUAC, both ||m="(k)Q.(k)|| , € £? and HAé(k)HF e L2,

We also make the remarks that follow.

Remark 5.2.1. An argument can be made that the DTNRLS algorithm of (5.1) already uses memory
because, given (5.2), as time goes by, ¥ (k) at different k values is “absorbed” into P(k). By exclu-
sively picking the memory items that form the history stack Z, the DTNRLS based CL algorithm

of (5.64) can possibly help deliver better approximation results.

Remark 5.2.2. Recall that having Amin (P~Y(k)) — oo (see (5.67)) is what then leads to all the
convergence results. It would thus be ideal, for instance, that 3 g O, subsequently, given (5.66),

Ay, 1s very large for faster convergence. From (5.65), notice that the larger Ag, , is, the larger

k

Ay, would also be. Hence, when running the CL algorithm, it would be a good idea to compute,

k

monitor, and maximize either the minimum eigenvalue

rery = Ae,, (5.71)

of &y =27 T or, done differently, the inverse condition number

. A‘1>Z,k
rcr,2 = X
7

(5.72)

of @y = Z7 T also, by selective selection of the data that goes into the history stack Z. As
highlighted later in the data recording procedures, we opt for maximizing

A‘I’Z,k
reL =TrCeLp = =———

(5.73)
>\<I)Z,k

so as to have a well-conditioned ® 7 ;.

Remark 5.2.3. Let kg € N, with kg > kg, be the DT at which Condition 3.1.1 is met. Also,
let kz € N, represent any DT that is such that k; > kg. As previously established, for any

k=ky > kg, ), = U, > 0. Using (5.9) and (5.10),

kz 1
Pl(kz) = Byt D 0

T=Kko
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Multiplying each side of the equality in the equation above by P (k) and rearranging, we get

kz
_ 1
Py(kz) = I, — P(kz)Py " = P(kz) ) ~U: >0

T=ko

given that, for all k&, P(k) > 0 (see (5.12)), « > 0, and, for k = kz > kg, V), > 0. Now,

considering (5.44) in general,
O(kz +1) = P(kz)Py 0(ko) + Ee,1(kz + 1),
which, due to (2.10), is also
O(kz +1) — 0 = P(kz)Py [é(kg) - 9} + S (kz +1).

Recalling that r = 74 = 79 and having established that P;(kz) > 0 (implying Pj_l(kz) exists),
the unknown, true parameter 6 is identified as

0= Py ky) [6(kz +1) - P(kZ)Po—lé(ko)}
5.74)
— Py k)21 (kz +1).
When it comes to the SUAC, because w,(k) = [0]"@<*“@e implies Z.,; = [0]"9*“ given (5.45),

then (5.74) becomes
0 = Py N(ky) [0(kz +1) — P(kZ)Po_lé(kzg)] . (5.75)

We have shown that é( k) — 6 ultimately (which Theorem 9.4.2 also stipulates). Notice that, for the
UUAG, the identified € in (5.74) is subject to the representation error w, (k) (or w (z(k))) present
in the expression of = 1 given by (5.45). It is therefore even more apparent that, for good learning,

a good approximation structure that commands a small ||w,(k)||  has to be realized.

Remark 5.2.4. Similar expressions to (5.75) for the SUAC and (5.74) for the UUAC can be obtained
when employing the DTNRLS algorithm of (5.1) instead and assuming that ¢)(k) in (5.1a) is excit-
ing over a period of time. Based on Definition B.1 in Appendix B and the preceding analysis, con-

sidering some DT 7 > ko, scalar g € N, and the time sequence Ay = {7, 7+ 1, ..., 7 + 0y},
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the key to being able to do so would be to have

T+dy T+by
U= ¢k (k) >0, (5.76)
k=T k=
It should be noted that (5.76) is only possible if the duration of Ay is at least the number of rows (or
columns) in Wy,. Thatis, (7 + dy)—(7)+1 > ry or dg > ry,—1. Moreover, verifying (5.76) is quite
similar to having ¥, > 0 if and when the rank condition on Z is met. Nonetheless, in the case of
the DTNRLS based CL algorithm, verification of the rank condition can happen over the course of
time, as opposed to necessarily having it happen over a long enough Ay. Additionally, the designer
not only has the freedom of selectively picking what goes into Z, but, doing so constructively can
lead to faster convergence. For those reasons, necessitating that (5.76) be verified in the case of the
DTNRLS algorithm could turn more restrictive than having the rank condition on Z being satisfied

in the case of the DTNRLS based CL algorithm.

Table 5.2 is a summary of the DTNRLS based CL algorithm, its results and properties.

Next, provided are data recording procedures, similar to the CT framework data recording pro-

cedure proposed in [15, 16, 14, 17, 18].
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Table 5.2: DTNRLS based CL algorithm, results, and properties.

DTNRLS based CL algorithm

For k > ko, ¢ (x(k)) € R"**°? being the regressor, the history stack Z given by (3.1), g.(k) given
by (2.14), gz, (k) given by (3.27), some positive definite £, € R™**%¢ 5 € R"2*°Z and
P(ko — 1) = Py € R"™*“¢_ and some 0(ko) = Oy € R"*°0_update 6 by applying:

V(k) = (¢ (x(k)) &s, Z E2] € R™¥*¥,
m?(k) = ale, + ¢ (k)P(k — 1)y (k),
Kis(k) = P(k = 1) (k) (m*(k)) ",
Qc(k) = &5 qe(k) + €2z, (k)
Afrs(k) = Kis(k)Qdk)),

O(k +1) = 0(k) — Adps(k),

and, for next iteration,

P(k)=P(k—1) — Krs(k)y (k)P(k — 1).

SUAC results and properties UUAC results and properties

Same as DTNRLS algorithm in UUAC
Same as DTNRLS algorithm in SUAC (see Table 5.1);

(see Table 5.1);

If Condition 3.1.1 is verified:
If Condition 3.1.1 is verified: ~ ) )
-~ 0(k) = [0]"7*°? is asymptotically stable;
6(k) = [0]"*“¢ is asymptotically stable;
P(k) — [0]"¥*¥ as k — oo;

P(k 0]"* > as k — oo.
=10 - [ (k) ge ()]

cand || A0(k)|| belong to £,
Fan‘ ()Feongo

Convergence Properties

0(k) converges to the origin (meaning (k) converges to ) in the SUAC or A(k) converges to a
neighborhood of the origin (meaning é(k) converges to a neighborhood of ) as long as
Condition 3.1.1 is verified. Condition 3.1.1 is less demanding than the PE condition on

m (2(k)) in (5.25) and/or requiring that vec {w} € £?).
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CHAPTER VI

DATA RECORDING PROCEDURE FOR CONCURRENT LEARNING IN

DISCRETE-TIME FRAMEWORK

Verification of the rank condition is essential to realizing the CL algorithm properties. Given
some recorded off-line data, it is possible, depending on the richness of the data, to begin parameter
adaptation with a full row rank history stack Z (or Zg). However, for on-line implementation
(which is of importance in the present research), Z starts empty and, if the regressor is sufficiently
rich, then the rank condition can be realized. The designer can nevertheless decide if CL adaptation
is to be carried from the start or only after achieving the rank condition (i.e., Condition 3.1.1).

This chapter presents data recording procedures for CL implementation in DT settings. The
recording procedures that follow are described in terms of both Z (defined in (3.1)) and Z (defined
in (3.8)). Recall, as we have pointed out earlier, that Z5 may be much more suitable to use for
numerical operations rather than Z (and Z¢ in (3.9) for that matter) given that its contents, i.e., the
columns of Z, are bounded. Also, as pointed to earlier, knowing Z and G, with the latter defined
in (3.10), Z¢ (and Zg) can be constructed, though, as we have seen in Chapter V, in the case of
the DTNRLS based CL algorithm, keeping track of G, Z¢, and Z is not necessary. Lastly (but

importantly), recall the definition of the regressor signal ¢ (xz(k)) € R"¢*% in (2.5). That is

¢ (z(k)) = [ Gx(k), Gz(k). ... C,(x(k)) ],
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where, fori = 1,2, ..., ¢4, Gi(z(k)) € R".

6.1 Data Recording Procedure 1

Data Recording Procedure 1 (DRP1) can be implemented if CL is to be applied from the very
beginning, i.e., k = kg. Recall that Condition 3.1.1, which we need to verify, implies c; > rz =
rg = 19. Let nz = nz(k) be the number of filled slots (columns) in Z at time k. Without prior
knowledge, we start out with an empty cz-slot (column wise) memory bank Z € R"2*¢Z je.,

nz(ko —1) = 0. Aslongasny < ryz, atany DT k > ko,

ny =min (cz —nz(k —1), cy) (6.1)

vectors G;(z(k)), i = 1,2, ..., cg, of ¢ (x(k)) that increase the rank of Z are selected and stored

in Z. Essentially, for k > kg,

nz(k) =nz(k—1)+n%.

A co-strategy (besides and less important than that of meeting the rank condition) for picking the
(; vectors can be devised. For instance, (;’s can be picked such that the ratio r¢y, is maximized
(given that this is imposed later). Regardless, once Z is full, for faster convergence of the learning
algorithms, old data in Z is strategically replaced so as to increase the metric r¢. Procedure 1

outlines DRP1.

6.2 Data Recording Procedure 2

With Data Recording Procedure 2 (DRP2), CL is only applied after sufficient collection of data
is able to guarantee the rank condition. Let H € R"2*“H ¢y € N, be a matrix in which data is
stored during the transition period. That is, the time period before verification of the rank condition.

If/when the rank condition is verified, we would have that ¢y > r. In the case when ¢y > rz, we
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Data Recording Procedure 1 DRP1 for maximizing r¢p,
Require: Initialize ny =0
Consider one (;(x(k)), s = 1,2, ..., Cehs of ¢ (z(k)) (see (2.5)) at a time and do the
following for all (;’s
if n; = 0 then
Update counter: nz < nz + 1;
Store ¢;(x(k)) in slot nz of Z, corresponding g; ;(k) in G, and corresponding row or column

of f (z(k)) in F, (see (3.12) and (3.13)). Construct Zg and Z¢ using Z and G;
else

if n; < ryz then
Za, W]) > rank(Z¢) then

if rank =
Gi,i(k)

Update counter: nz <— nz + 1;
Store (;(z(k)) in slot nz of Z, corresponding g;,;(k) in G, and corresponding row or
column of f (z(k)) in F), (see (3.12) and (3.13)). Construct Z¢ and Z¢ using Z and
G;
end if
elseif ny; > rz and nz < cz then
Update counter: ny < nz + 1;
Store (;(z(k)) in slot nyz of Z, corresponding g; ;(k) in G, and corresponding row or
column of f (z(k)) in F}, (see (3.12) and (3.13)). Construct Zg and Zg using Z and G
else
Find metric 7,4 = r¢, of current Z¢ (for DTNG based CL) or of current Z (for DTNRLS
based CL);
Create an empty row Vector 7peqw;
for j =1tocy do
Set Zg = Zg (for DTNG based CL) or Z = Z (for DTNRLS based CL);
N N . k
Replace data in column j of Z by (;(x(k)) and/or column j of Z¢ by W((ll));
Giyi
Find metric r¢p, of ZG (for DTNG based CL) or of A (for DTNRLS based CL) and
save in column j of 7,45
end for

Let rpaz = I{1ax Tnew found at column j,,q. Of Thew;
Jj=1l,..cz
if 7102 > To1q then

Store (;(z(k)) in slot jye, of Z, corresponding g;,;(k) in G, and corresponding row
or column of f (x(k)) in F, (see (3.12) and (3.13)). Construct Zg and Zg using Z
and G;
end if
end if
end if
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extract the rz linearly independent columns of H. Let Tz(-) € R"4*¢Z denote such an extraction
transformation. We compute Z = Tz (H ). However, in the case when the rank condition has been
found to be verified and ¢y = rz, Z = Tz (H) = H. Next, we can proceed to apply DPRI1 starting
with a full Z = Tz (H) € R"2*"Z matrix and, therefore, with ny = r.

It is important to add, while data is being recorded in H, Z remains empty and therefore standard
algorithm can be implemented instead. The DTNG based CL algorithm of (4.58) can for instance
be implemented for £c, = [0]7#%"¢ and Afcy, = [0]7¢*e, with 7 picked according to (4.73).
Essentially, this amounts to implementing a slightly modified version the standard DTNG algorithm.
Similarly, the standard DTNRLS algorithm can be implemented in place of the DTNRLS based CL
algorithm.

DRP?2 is given by Procedure 2, where nyg denotes the number of filled slots in H. Moreover,
associated with H are the row vector Gy € R of g; ;(7;) values, i € {1,2, ...,cs} and j €
{1,2, ..., cz}, and the matrix Fr, € R"7*°F containing entities in the uncertainties f (x(7;)), in

a similar fashion to GG in (3.10) and F;, in (3.12) or (3.13).

Data Recording Procedure 2 DRP2 for Maximizing rcp,
Require: Initialize ng =0
Consider one (;(z(k)), i = 1,2, ..., Ceps Of & (z(k)) (see (2.5)) at a time and do the
following for all (;’s;
if Z is empty then
Update counter: ng < ng + 1;
Store (;(x(k)) in slot ng of H, corresponding g, ;(k) in Gy (constructed similarly to G in
(3.10)), and corresponding row or column of f (x(k)) in Fr ;, (constructed similarly to £}, in
(3.12) and (3.13));
if rank(H) = rz then
Z =Tz(H),
Similarly, properly extract G from G gy and F), from Fyy ,;
Construct Z¢ and Z¢ using Z and G;
Update counter: ny = rz;
end if
else
Implement DRP1, i.e., Procedure 1;
end if
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6.3 Comparing DRP1 to DRP2

DRPI1 is initiated at the start of parameter adaptation, i.e., at k = kg, and, thus, subsequent rank
check could be biased towards initially recorded data. Extracting and using the richest stored data
in H before turning on the CL adaptation, DRP2 therefore prevents the bias issue that DRP1 might
introduce. However, unlike DRP2, applying CL modification with DRP1 could be less susceptible

to carry outdated and/or corrupted data.
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CHAPTER VII

ILLUSTRATIONS

In this chapter, we apply and illustrate the previously investigated and developed algorithms (of
Chapters IV and V), i.e., the DTNG and DTNRLS algorithms, as well as their CL modifications, to
parameter estimation and uncertainty approximation problems.

For all simulations, we set « = 1 and run the algorithms for & € [ky = 0, ks = 500]. Let
xr, xp € R be some scalars that are such that 27 > x . For k > ko, measurements z(k) span the
set D, = [z, xg] C R uniformly, i.e., z(ko) = x1, and

TH — L

x(k+1)=x(k)+ .

(7.1)

Regardless of the algorithm used, parameter estimates are initialized at the origin, i.e., é(kzo) =

~

90 — [O]TQXCG‘

To run the DTNG algorithm, we set I' = nl,,, with n = % when in SUAC to validate

(433)and n = 771\7?(: in UUAC to validate (4.24). For its CL modification, i.e., the DTNG based

CL algorithm, we use I' = nl,,, withn = n,, = 77% so as to validate (4.60), Evg = englrys

and {c1, = ecrly,, for some scalars eyg > 0 and e, > 0, which would decide the weights of
the contribution of the purely instantaneous term Afy¢ or that of the term based on recorded data

Afcr,. When applying DRP2 and the rank condition is yet to be verified, as pointed out earlier, the

NG

CL adaption law is applied for £oz, = [0]70%™ and Aoy (k) = [0]7¢*"a, while setting 1) = 5
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in order to validate (4.73), thus reducing it to a marginally modified version of the standard DTNG
algorithm.
For simulation of all LS based algorithms, we initialize the gain matrix at P(kg — 1) = Py =

100 1

r,» unless otherwise explicitly mentioned. To run the DTNRLS based CL algorithm, we set

§¢ = €ply, »§z = €z1.,, and pick scalars €4, > 0 and €7 > 0. Recall that {4 and £z (and, hence,
€4 and £z) are weights that can be used to accentuate the contribution of either the instantaneous
approximation error ¢.(k) or the error gz (k), based on recorded data, in the expression of the
overall approximation error Q.(k), i.e., (5.63). It should be added that, when using DRP2, the
standard DTRNLS algorithm is implemented till verification of the rank condition before mixing in
the CL modification.

As a gauge of how good estimates é(k) become over time, we will, for the most part, compute

metric

e(k) = /D H]—"(a: é(k)) - f(x)HF &=z (7.2)

and plot it versus time. Speaking of plots, on the figures shown in this chapter, legends ‘NG’, ‘NG-
CL, ‘LS’, and ‘LS-CL’ will be used to denote the DTNG, DTNG based CL, DTNRLS and the

DTNRLS based CL algorithms respectively.

7.1 SUAC Simulations: Applying CL in DT

We start by approximating the structured uncertainty

(=(k)-3)?

ys (x(k)) = f (z(k)) = —0.25 4+ 10 (e— T )
= 0" ¢ (x(k)),

(7.3)

with

SOREIE
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representing the true, unknown parameter vector and

ool = [ 1. exp (~COFES) f R

denoting the computable regressor vector. In this example, notice that (7.3) uses model (2.2a), ry =
cp=LlLry=rz=ry=19g=2,c =cg=1. Settingcy =19 =2,e4 =z =1, = —2m,
and zy = 3w, DRP1 is used as the data recording procedure when running CL. We actually get
very similar results when using DRP2 as the data recording procedure for CL approximation instead
of DRP1. For the present numerical simulation example, i.e., (7.3), r4 = r9 = 2 and, therefore,
waiting for the rank condition to be verified before applying CL might only require two samples of
the x measurement. In Section 7.2, we will demonstrate how using DRP1 or DRP2 can influence

the estimation results.

7.1.1 Applying Gradient Descent Based Algorithms

Experiment 1

Figure 7.1a shows the true uncertainty, its DTNG and DTNG based CL on-line approximations
(plotted as functions of x) while Figure 7.1b shows the true parameters, their DTNG and DTNG
based CL estimates. As anticipated the DTNG based CL parameter estimates converges to their
ideal values unlike the DTNG parameter estimates. The on-line DTNG based CL estimation of
ys lags behind for just a while as y; starts changing rapidly, but eventually catches and matches
ys, whereas the on-line DTNG estimation only matches ys; when in steady state. As the DTNG
based CL parameter estimates get to their ideal values, it can be seen on Figure 7.2 that e(k) goes
to zero. The DTNG algorithm does relatively well at estimating the uncertainty, as Figure 7.1a
shows. However, its parameters estimates are fundamentally adjusted to minimize the instantaneous

approximation error g(k) as opposed to being guided towards their ideal values. In the end, as Figure
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7.2 consequently reveals, no set of the DTNG parameter estimates can be used to reconstruct the

uncertainty ys in this particular example.
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(a) On-line uncertainty approximation.
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(b) On-line parameter estimation.

Figure 7.1: Standalone on-line approximation results of the structured uncertainty described by
(7.3) while using Gradient Descent based algorithms: DRPI is used for CL, eng = o, = 1.
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Figure 7.2: Metric e(k) given on-line approximation of the structured uncertainty described by
(7.3) while using Gradient Descent based algorithms: DRPI is used for CL, eng = ecr, = 1.

Experiment 2

Next, for cz = 5, 200, we look into how the DTNG based CL algorithm performs. The uncer-
tainty and parameter estimations are shown on Figure 7.3a while Figure 7.3b shows the metric e
and the evolution of the ratio r¢ 1, (given by (4.86)) as time goes by. As shown, parameter estimates
converge at different rates depending on the ratio r¢y,. The higher ¢, is the faster the convergence.
Moreover, as conjectured earlier in Remark 4.2.5, the rate of convergence seems to be higher for

values of cz closer to rz = 14 = ry.

7.1.2 Applying Least Squares Based Algorithms

Experiment 3

The true uncertainty, its DTNRLS and DTNRLS based CL on-line approximations (plotted as
functions of x) are shown on Figure 7.4a while Figure 7.4b shows a plot of the true parameters, their

DTNRLS and DTNRLS based CL estimates. For this particular example, i.e., the approximation of
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Figure 7.3: Standalone on-line CL approximation results of the structured uncertainty described
by (7.3) while using Gradient Descent based algorithms: DRPI is used for CL, cz = 2, 5, 200,

ENG:EZZI.
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ys given by (7.3), both methods lead to convergence of the parameter estimates to their true values
and, as shown on Figure 7.5, e(k) goes to zero in both cases. Convergence seems to be a little faster
with the CL modification of the standard DTNRLS algorithm however. Shown on Figure 7.5 is also
the evolution of the entries in P(k), which achieve zero (or near to zero) steady states, therefore

corroborating (5.32) as far as the DTNRLS method is concerned and (5.68) for its CL modification.

Experiment 4

Keeping the recorded data (obtained from running Experiment 3) in the history stack(s) and
running the approximation schemes again, we get the results shown on Figure 7.6. Though the
standard DTNRLS algorithm works very well, its CL modification, aided by the recorded history

data, yields a faster convergence, therefore encouraging our research motivations.

Experiment 5

For further analysis, we run the DTNRLS based CL algorithm with ¢z = 10, 200 for compar-
ison’s sake. Figure 7.7a shows the uncertainty and parameter estimations while the metric e and
the evolution of the ratio ¢y, which is given by (5.73) in this case, are shown on Figure 7.7b.
All instances do well as far as function approximation is concerned (see Figure 7.7a). Parame-
ter estimates converge at different rates (with the CL estimates converging faster than the standard

DTNRLS parameter estimates), partly depending on r¢r, (see Figure 7.7b).

7.2 UUAC Simulations: Applying CL in DT

Now, say that we want to approximate the unstructured uncertainty

yu (z(k)) = f (2(k)) = sin (z(k)) . (7.4)

Notice from (7.4) that ry = ¢y = 1. For approximation purposes, we use model (2.2a), meaning

cy = ¢y = 1, a RBNN with 79 = 15 basis functions and no bias term. See (2.5) (and (2.6)) for
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(b) On-line parameter estimation.

Figure 7.4: Standalone on-line approximation results of the structured uncertainty described by
(7.3) while using Least Squares based algorithms: DRP1 is used for CL, ¢4 = €7 = 1.

109



—LS
—LS-CL, ¢z =2

0 50 100 150 200 250 300 350 400 450 500

k (time step)

§ 100

— —1LS

g sof —LS-CL, ¢z =2
<)

&\ 0

N—

Ry -s0 ‘ ‘ : ‘ : ‘ : ‘ : !

0 50 100 150 200 250 300 350 400 450 500

k (time step)

Figure 7.5: Metric e(k) and evolution of the entries in P(k), given on-line approximation of the
structured uncertainty described by (7.3) while using Least Squares based algorithms: DRPI is
used for CL, ey = €7 = 1.

expression of the regressor ¢ (x(k)). Forany i € {1, 2, ..., ¢4} and, because no bias term is used,
Jj € {1,2,...,74}, centroids yg, ;’s are uniformly spaced on the interval [z, = —2m, xy = 27]
and spreads o, ;’s are all set equal to half of the absolute value of the distance between two con-

secutive centroids.

We first set out to perform off-line training using the RBNN structure. Our motives are two-fold.
First, we want to find a good set of “true” parameters. Second, we want to make sure that we have
a good RBNN structure for function approximation. We proceed by using both the standard DTNG
and the DTNRLS algorithms. It is worth reminding again that, as opposed to on-line approximation,
off-line training is run with all z(k) measurements in D, = [z, 2], obtained through (7.1), for
values of k € [ko, ks|. After 501 epochs of training with the DTNG algorithm, we plot the off-line
approximation performance and the /2-norm (absolute value would be fine given problem (7.4)) of

the representation error w(x) in D, on Figure 7.9a as well as the evolution of the identified “true”
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(b) On-line parameter approximation.

Figure 7.6: Standalone on-line approximation results of the structured uncertainty described by
(7.3) starting with saved history stack Z obtained from Experiment 3 while using Least Squares

based algorithms: DRP1 is used for CL, ey = €7 = 1.
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Figure 7.7: Standalone on-line CL approximation results of the structured uncertainty described
by (7.3) while using Least Squares based algorithms: DRPI is used for CL, cz = 2, 10, 200,
€¢ =¢&z = 1.
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Figure 7.8: Basis functions used for approximating the unstructured uncertainty described by (7.4).

parameters on Figure 7.9b. Similalry, we have Figure 7.10a to show the #2-norm of w(z) and Figure
7.10b to show the evolution of the “true” parameters when using the DTNRLS algorithm. Notice
the subtle difference between Figure 7.9 and Figure 7.10. For instance, Figures 7.9b and 7.9b show
that the parameters obtained in the case of the DTNG algorithm seem to converge slightly faster to
their final values than the ones obtained in the case of the DTNRLS algorithm. In each case, the end

parameter values are used to form the sough after true parameter set 6.

The off-line training done, from here on, we will treat its findings as the gold standard. That
is, we will compare on-line parameter estimates to the “true” parameters found via off-line training.
In the following, we run the the DTNG algorithm, the DTNRLS algorithm, and their respective CL

modifications for on-line approximation of y,,.
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Figure 7.9: Off-line training results of the unstructured uncertainty described by (7.4) using the
DTNG algorithm.
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Figure 7.10: Off-line training results of the unstructured uncertainty described by (7.4) using the
DTNRLS algorithm.
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Figure 7.11: Standalone on-line approximation results of the unstructured uncertainty described by
(7.4) while using Gradient Descent based algorithms: DRPI is used for CL, eng = o, = 1.
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Figure 7.12: Frobenius norm Hé(k)” , metric e(k), and ratio rcy, given on-line approximation

of the unstructured uncertainty described by (7.4) while using Gradient Descent based algorithms:
DRPI is used for CL, eng = ecr, = 1.
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Figure 7.13: Standalone on-line approximation results of the unstructured uncertainty described by
(7.4) while using Gradient Descent based algorithms: DRP2 is used for CL, eng = o, = 1.
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Figure 7.14: Frobenius norm Hé(k)” , metric e(k), and ratio rcy, given on-line approximation

of the unstructured uncertainty described by (7.4) while using Gradient Descent based algorithms:
DRP?2 is used for CL, eng = ecr, = 1.
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7.2.1 Applying Gradient Descent Based Algorithms

Experiment 6

First, we set exyg = €cr = 1 for the DTNG based CL implementations, therefore granting
the same contributing weight to both the instantaneous update term A ~a (see (4.5)) and the term
based on recorded data Aéo 1 (see (4.58)). We obtain the results shown on Figures 7.11 and 7.12
with DRP1 whereas Figures 7.13 and 7.14 are obtained when using DRP2.

It is clear in this case (Figure 7.11a versus Figure 7.13a) that DRP1 and DRP2 affect the ap-
proximation results differently. It is easy to see the difference here, as opposed to the corresponding
SUAC example, because, for the present example, achieving the rank condition is more difficult due
to the larger number of (row) dimensions in the RBNN regressor.

While, with DRP1, the rank condition tends to be biased towards or centered around initial
recorded data, DRP2 allows for collection of data while waiting for the rank condition to be verified
(here, around k£ = 375) to fully deploy CL. This is further demonstrated by the fact that, in the long
run, as Figures 7.12b and 7.14b show, DRP2 achieves a much higher ratio r¢j, comparatively to
DRPI1. It should be noted that, before the k = 375 mark, applying the modified DTNG algorithm
in place of the full DTNG based CL law is the reason why the DTNG based CL function approxi-
mation on Figure 7.13a and parameter estimation on Figure 7.13b while using DRP2 follow closely
that of the its DTNG counterparts. From that mark on, however, substantial changes in the evolution
of the parameter estimates (see Figure 7.13b) lead to function approximation degradation (Figure
7.13a).

Moreover, regardless of the data recording technique used, as far as function approximation
is concerned, the DTNG algorithm does see to do better than the DTNG based CL algorithm, at
least, for the present simulation example (see Figures 7.11a and 7.13a). However, when it comes

to parameter estimation, as shown on Figures 7.11b, 7.13b, 7.12a, and 7.14a, the DTNG based

120



CL algorithm fares better than the DTNG algorithm. The plots of the evolution of the metric e(k)
on Figures 7.12b and 7.14b reinforce our argument for CL having a better learning generalization
property than pure NG. When using CL, as Hé(k)HF decreases (Figures 7.12a and 7.14a) with k
increasing, e(k) also follows suit (Figures 7.12b and 7.14b). Given that DRP2 leads to a higher
ratio r¢z, than DRP1, as expected, we ultimately get much lower Hé HF and e with DRP2. More-
over, it should be added that, by the end of the simulations, 77, # 0 in both cases means, based on

Procedures 1 and 2, that the rank condition has been satisfied.

Experiment 7

We save the history stacks obtained at the end of Experiment 6. We then proceed to rerun the al-
gorithms on-line for estimation of y,, while starting with the previously saved histories. In essence,
we are guaranteed that the rank condition is verified even before the parameter updates take place.
Rerunning the approximation algorithms, we get Figures 7.15 and 7.16 while respectively using
DRP1 and DRP2. The DTNG based CL algorithm does much better than before (Experiment 6),
both function approximation wise and parameter estimation wise. Its learning generalization is fur-
ther improved. The reason for undertaking this experiment was to show how good an approximation
the DTNG based CL algorithm could provide (Figures 7.15a and 7.16a compared to Figures 7.11a
and 7.13a) if the rank condition is verified and the value of r¢, is significant. Recall that the rate
of convergence of the DTNG based CL algorithm is dependent upon the spectral properties of the
history stack Zg.

Although rerunning the DTNG based CL algorithm using saved up histories yielded better ap-
proximation of the uncertainty, the fact remains that when implementing on-line approximation, we
usually have to start with an empty Z or Zg. Next, we look into how we can make the function

approximation performance better even when Z starts empty.
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Figure 7.15: Standalone on-line approximation results of the unstructured uncertainty described by
(7.4) starting with saved history stack Z obtained from Experiment 6 while using Gradient Descent
based algorithms: DRP1 is used for CL, eng = e, = 1.
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Figure 7.16: Standalone on-line approximation results of the unstructured uncertainty described by
(7.4) starting with saved history stack Z obtained from Experiment 6 while using Gradient Descent
based algorithms: DRP2 is used for CL, eng = e, = 1.
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Figure 7.17: Standalone on-line approximation results of the unstructured uncertainty described
by (7.4) while using Gradient Descent based algorithms: DRPI is used for CL, eng = 1, and
ecr, = 0.1.
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Figure 7.18: Standalone on-line approximation results of the unstructured uncertainty described
by (7.4) while using Gradient Descent based algorithms: DRP2 is used for CL, eng = 1, and
ecr, = 0.01.
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Experiment 8

Recall that in the case of the DTNG based CL algorithm with DRP2 and in Exprement 6, the
modified DTNG algorithm is first implemented in place of CL till the rank condition is guaranteed,
and, only then, is the full DTNG based CL algorithm carried out. Doing so, the approximation result
(Figure 7.13a) only degraded after the CL rank condition was verified and, equivalently, after the
inclusion of the update term based on recorded data Afc . Tt therefore does seem that the adaptation
based on recorded data, i.e., Aéc 1., affects the one based on current data, i.e., A NG, at least as far
as function approximation performance is concerned. While Afn¢ seeks to address instantaneous
approximation, Al , aims for better learning generalization. Hence, unless the parameter updates
are being pulled in the same directions, ) Ng and Aéo 1, could be working destructively. To
alleviate the effect of Aéc I, on A ~na (or vice versa), we can set € y¢ and ¢, to different values.

First, while using DRP1, we set eyg = 1 and ec, = 10% eng = 0.1. Simulation results are
shown on Figure 7.17. Then, using DRP2 and setting ey = 1 and e, = 1% eng = 0.01 yields
the results on Figure 7.18. As those figures demonstrate, good function approximation performance

can still be achieved while also achieving good parameter estimation.

7.2.2 Applying Least Squares Based Algorithms

Experiment 9

Letting e = €z = 1 for DTNRLS based CL implementations, we obtain the results shown on
Figures 7.19 and 7.20 with DRP1 whereas Figures 7.21 and 7.22 are obtained when using DRP2.

By comparing Figure 7.19 to Figure 7.21 (more so, Figure 7.19b compared to Figure 7.21b), it
is clear in this case that DRP1 and DRP2 lead to different results. DRP2, for which the DTNRLS
based CL algorithm is only applied if the rank condition is verified (here, around k = 375), achieves

a much higher ¢, (see Figure 7.22b) than DRP1 (see Figure 7.20b), which is more inclined to be
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Figure 7.19: Standalone on-line approximation results of the unstructured uncertainty described by
(7.4) while using Least Squares based algorithms: DRP1 is used for CL, ¢4 = €7 = 1.
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Figure 7.20: Frobenius norm Hé(k)HF entries in P(k), metric e(k), and ratio rcy, given on-line

approximation of the unstructured uncertainty described by (7.4) while using Least Squares based
algorithms: DRP1 is used for CL, ey = €7 = 1.
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Figure 7.21: Standalone on-line training results of the unstructured uncertainty described by (7.4)
while using Least Squares based algorithms: DRP2 is used for CL, ey, = €7 = 1.

129



e
= 1 —1LS
RS —LS-CL, ¢z = 15
0 ‘ ‘ . .
0 100 200 300 400 500

k (time step)

AL

P(k) entries

—1.S
—LS-CL, ¢z = 15
_50 T T 1 1 |
0 100 200 300 400 500

k (time step)

(a) Frobenius norm of parameter error and entries in P(k).

—1LS
—LS—CL7 Cz = 15

0 50 100 150 200 250 300 350 400 450 500

k (time step)

\—LS-CL, cg = 15\

50 100 150 200 250 300 350 400 450 500

k (time step)

(b) Metric e(k) and ratio rcrp,.

Figure 7.22: Frobenius norm Hé(k)HF entries in P(k), metric e(k), and ratio rcy, given on-line

approximation of the unstructured uncertainty described by (7.4) while using Least Squares based
algorithms: DRP2 is used for CL, ey = €7 = 1.
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biased towards initially recorded data.

It should be noted that, regardless of the data recording technique used, as far as function ap-
proximation is concerned, both the DTNRLS algorithm and its CL modification do well (see Figures
7.19a and 7.21a). The entries in P (k) achieve zero (or near to zero) steady states (see Figures 7.20a
and 7.22a), thus, substantiating (5.32) and (5.68). Additionally, when it comes to parameter estima-
tion, plots of the metric e(k) on Figures 7.20b and 7.22b show that good learning is achieved for
both algorithms.

Hence, one may wonder if there is any benefit to applying the DTNRLS based CL algorithm.
If so, remember first and foremost that we have theoretically proven that the CL modification of
the standard DTNRLS algorithm does in fact lead to convergence of the parameter estimates under
less restrictive conditions than the DTNRLS algorithm. Furthermore, to show how the DTNRLS
based CL algorithm improves the standard DTNRLS algorithm we set the inital gain matrix to
P(ko — 1) = Py = 0.11,, and rerun both technique for approximation of y,. Figures 7.23 and
7.24 are obtained when using respectively DRP1 and DRP2. Here, because the maximum eigen-
value of Fj is set low at the start (i.e., 0.1 versus 100, as we have done before), the approximation
performance of both algorithms suffers. Nevertheless, the inclusion of selectively picked data in the
parameter update law helps clearly separate the DTNRLS based CL algorithm from the standard

DTNRLS algorithm, as Figures 7.23 and 7.24 show.

Experiment 10

Having saved the history stacks obtained from DTNRLS based CL implementations at the end
of Experiment 9 (when using P(kg — 1) = Py = 100 I, ,»)» we rerun the learning algorithms on-line
for approximation of y,,. That means we start with non-empty Z matrices and are guaranteed veri-
fication of the rank condition at k& = 0 given that, from Figures 7.20b and 7.22b, ¢, # 0 at the end
of the simulations. We get Figures 7.25 and 7.26 while respectively using DRP1 and DRP2. The
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Figure 7.23: Standalone on-line approximation results of the unstructured uncertainty described by
(7.4) while using Least Squares based algorithms: DRPI is used for CL, Py = 0.11,y, €y = €7 =
1.
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Figure 7.24: Standalone on-line approximation results of the unstructured uncertainty described by
(7.4) while using Least Squares based algorithms: DRP2 is used for CL, Py = 0.11,y, €y = €7 =
1.
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Figure 7.25: Standalone on-line approximation results of the unstructured uncertainty described
by (7.4) starting with saved history stack Z obtained from Experiment 9 while using Least Squares
based algorithms: DRP1 is used for CL, ey = €7 = 1.
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Figure 7.26: Standalone on-line approximation results of the unstructured uncertainty described
by (7.4) starting with saved history stack Z obtained from Experiment 9 while using Least Squares
based algorithms: DRP2 is used for CL, e = €7 = 1.
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convergence of the DTNRLS based CL algorithm is much faster than in Experiment 9, especially
when using DRP2 (see Figure 7.25b for DRP1 and Figure 7.26b for DRP2). However, it should be
said that, though fast in the opening stages, convergence does stall towards as k increases.

Alike when running Gradient Descent based algorithms, the main goal behind running this
experiment was to show that the DTNRLS based CL algorithm could provide good function ap-
proximation granted the rank condition is not only verified, but, also, the value of r¢y, is significant
enough. After all, it has been shown in Remark 5.2.2 that the convergence of the DTNRLS based
CL algorithm is a function of r¢y, 1 in (5.71) or rc¢y 2 in (5.72), hence, indirectly function of the
spectral properties of the history stack Z. The present experiment also shows how off-line data
(especially, if rich enough, i.e., verifies the rank condition) can be used when running the DTNRLS
based CL algorithm on-line. Moreover, running the same algorithms as in Experiment 9, but, with
the added saved data, and getting faster convergence results shows that the DTNRLS based CL
could work very well when dealing with similar and/or repetitive tasks to be identified over and
over.

Though using saved up data can be beneficial, when running on-line approximation with the
DTNRLS based CL algorithm, there usually are no other choices than starting with an empty Z.
From a parameter approximation point of view, we clearly see from the plots of Hé(k) HF versus
time on Figures 7.20a and 7.22a that, for the most part, CL methods might actually under perform
a bit compared to the standard DTNRLS algorithm (at least for the present example and when the
maximum eigenvalue of the initial guess of the gain matrix is set to be large). Therefore, next, we

look into how those lapses in performance can be alleviated even when starting with an empty Z.
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Figure 7.27: Standalone on-line approximation results of the unstructured uncertainty described by
(7.4) while using Least Squares based algorithms: DRP1 is used for CL, e, = 1, and ez = 0.1.
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Figure 7.28: Standalone on-line approximation results of the unstructured uncertainty described by
(7.4) while using Least Squares based algorithms: DRP2 is used for CL, e, = 1, and ez = 0.1.
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Experiment 11

When running DRP2, as mentioned before, the standard DTNRLS algorithm is applied first and
it is when the rank condition comes to be verified (after collection of data) that the CL modifica-
tion is implemented. Looking back at Experiment 9, we see when using the DTNRLS based CL
algorithm with DRP2 that Hé(k) HF and e(k) only degraded around or after the £ = 375 mark (see
Figure 7.22), which coincides with the full application of the CL modification. Hence, it seems that
incorporating the error based on recorded data gz (k) into the overall approximation error Q.(k)
does conflict with the instantaneous error g.(k). To create more balance or to choose the more in-
fluential approximation error, next, we experiment with the weighting matrices {4 and .

While using both DRP1 and DRP2, we setey = 1 and {7 = 10%5¢ = 0.1. Simulation results
are shown on Figures 7.27 and 7.28 respectively. Again, for this particular example the standard
DTNRLS algorithm does really well. However, as the previously mentioned figures show, besides
the theoretical guarantees, we obtain good performances all around using the CL algorithm by ap-

propriately setting the weights g and €.

7.3 Concluding Remarks

Overall, we have showed via illustrations in this chapter why Concurrent Learning and the use
of memory can help achieve better learning, though, in the case of the Least Squares based Con-
current Learning scheme, it is a little bit difficult to show just that, especially when the spectral
properties of Py are picked to be (very) large.

As we have pointed out in Remark 5.2.1, it could be argued that the standard DTNRLS al-
gorithm is a memory based method. If so, the challenge is to show that the standard DTNRLS
algorithm with an improved (or increased) external memory, which the DTNRLS based CL algo-

rithm could (rightly) be described as, can actually bring about better results. That is what we have
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done in Experiment 9 when setting the minimum and maximum eigenvalues of the initial guess of
the gain matrix low before running the learning algorithms. We would like also to emphasize the
theoretical results obtained when using the DTNRLS based CL algorithm, i.e., the convergence of

the parameter error to the origin asymptotically under less demanding condition.
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CHAPTER VIII

APPLICATION 1: DISCRETE-TIME INDIRECT ADAPTIVE CONTROL OF A
CLASS OF SINGLE STATE SYSTEMS USING GRADIENT BASED

CONCURRENT LEARNING FOR PARAMETER ADAPTATION

We use the discrete-time Normalized Gradient based CL algorithm developed in Chapter IV for
parameter estimates adaptation when designing a discrete-time adaptive controller for a single state
discrete-time system bearing structured uncertainties. We only focus on the well studied indirect
adaptive control (IAC) scheme [2, 3, 4, 5]. We show that if the Concurrent Learning condition, i.e.,
Condition 3.1.1, is verified, we can achieve both exponential error tracking and, simultaneously,
exponential convergence of the parameter estimates to their true values.

Some of the previously used notations, which we advise against referring back to, have been

changed in the present chapter.

8.1 Problem Statement

Consider the uncertain single state discrete-time system (or plant) given by

z(k+1) = f (x(k) + g (x(F)) u(k), (8.1)

where, at the discrete time-step k € {ko, ko + 1, ko + 2, ...}, with ky € N being the initial starting

time-step, (k) € R and u(k) € R respectively are the state and the control input in (8.1). The
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causal vector y(k) € R"x, Ty € N*, which appears in (8.1), can consist of known, computable
and/or available for measurement past and present signals. The uncertain nature of (8.1) stems from

the plant dynamics f (x(k)) € Rand g (x(k)) € R being unknown functions of the signals in x (k).
Assumption 8.1.1. The functions f (x(k)) and g (x(k)) are structured uncertainties.

Assumption 8.1.2. The function g (x(k)) is bounded away from zero for all k. Further, there exists

some known g > 0, such that |g (x(k))| > g.

Per Assumption 8.1.1, there exist ideal, constant, but unknown parameter vectors 6y € R, ro, €
N*, and 6, € R™, g, € N, and known regressor vectors ¢ (x(k)) € R™7 and ¢4 (x(k)) €

R" such that, for all x(k) € R"x,

f(x(k) =07 ¢y (x(k)). (8.22)

g (x(k)) =0, ¢y (x(k)) . (8.2b)

As for Assumption 8.1.2, we require that g (x(k)) # 0 for all & so that the control action u(k) is
not lost at any instance of time. We will later show how g can be made used of.

Our goal is to design a closed-loop discrete-time control action (k) that causes the state x (k)
to track a bounded reference r(k) € R, even in presence of the uncertainties f and g.

We assume knowledge of not only (k) but also r(k + 1). If (k + 1) is not available, a stable
reference model whose state x,, (k) asymptotically tracks r(k) can be constructed. That way, both
ZTm (k) and x,,(k + 1) can be made available for use when computing the control action. We will
later on show how such a reference model can be devised. Otherwise, if 7(k + 1) is exactly known,
then let x,,, (k) = r(k) and z,,(k + 1) = r(k + 1).

We define the tracking error e(k) € R

e(k) = x(k) = zm (k) (8.3)
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to quantify closed-loop performance of (8.1). If e(k) — 0, then z(k) — z, (k) — (k).
We approach the present design problem in a somewhat similar fashion to Lyapunov design
and analysis procedures commonly undertaken for CT systems (see [2, 3, 4, 5]). First, we express

e(k+1)as
e(k+1) = a(k+1) — 2k + 1) = £ ((B) + g ((B) u(k) — 2k + 1), (84

Assume for a moment that f and g are exactly known and consider the stabilizing controller

_ eelk) = f (X(F) + &m(k +1)
g (x(k))

If u(k) = u(k), from (8.4), we get that e(k + 1) = 7.e(k); and, a Lyapunov proof can then be put

u(k) o el < 1. (8.5)

forth to show that e(k) — 0 or (k) — x,,,(k) exponentially.
However, with f and g being unknown, it is impossible to implement (8.5). We therefore resort

to using adaptive control, and, more precisely, an IAC scheme.

8.2 Discrete-Time Indirect Adaptive Control

To implement the Indirect Adaptice Control (IAC) scheme, we first have to approximate the
unknown plant dynamics f and g and use their approximations to define the adaptive controller. Let
F and G be the approximations of f and g, respectively. Given the expressions f in (8.2a) and g in

(8.2b), we let
Fk) = F (&5 (k). 65(k)) = 07 (k)os (x(R)), (8.6)
G(k) = G (69 ((R)) . 0y (k) ) = Oy (k) (x(k)) (8.7)
where the time-varying parameter estimate vectors f;(k) € R™ and ,(k) € R are estimates

of, respectively, ; and 6,. Based on (8.5), for some 7, such that 0 < |v,| < 1, the indirect adaptive

controller is defined as

(8.8)



We abstain from the choice of v, = 0 for reasons that will soon become clearer. The subscript ¢ (in
u;) will be used throughout this chapter to designate indirect, as in IAC. Setting u(k) = w;(k) in

(8.4), adding G (k) (u;(k) — ui(k)) = 0 to the right hand side of (8.4), and using (8.8), we get
e(k+1) = yee(k) — Ti(k) + Ty(k), (8.9)

where, from (8.2a), (8.2b), (8.6), and (8.7), the signal

A

Ti(k) = F(k) + G(k)ui(k) = 0] (k)gi (x(k)) (8.10)
can be considered an estimate of its true value
Ty(k) = f (x(k)) + g (x(k)) us(k) = 6] ¢ (x(k)), (8.11)

. . . T
with 6;(k) = GI(k) 9;;(/{)} € R", rg, = rg, + 1y, being the parameter estimate vector of the

T
new, augmented unknown parameter vector ; = [9} 0;] € R and

o7 () = [o] (). o7 (W) i) € B

being the new, augmented regressor vector. Let 0;(k) = 0;(k) — 6; € R™ denote the parameter

error vector. We define the approximation error g; as

gi(k +1) = Ti(k) — Ti(k) = 6] (k)i (x(k)) (8.12)

and rewrite (8.9) as
e(k +1) = ~ee(k) — qi(k + 1). (8.13)

Hence, from (8.13),
gi(k+1) = yee(k) —e(k +1) (8.14)

gives us a way to numerically compute ¢;(k+1) for & > kg. It should be added that, for convenience,

many signals in this chapter (including ¢;) are expressed at discrete-time k + 1 even though actually
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computed at discrete time k, k > kg, in simulation because they are causal.

Next, we investigate closed-loop behavior of error signals e and 0;, if the IAC scheme were to
employ either one of the standard gradient descent algorithm or the gradient based CL algorithm
(both, discussed in Chapter IV) for parameter adaptation.

Before going further, given our definitions in Chapter II, notice that (8.10) is expressed in the
form of model (2.2a). Moreover, we are dealing here with a scalar approximation problem (7; € R).

The adaptation laws of Chapter IV will then be adjusted accordingly.

8.2.1 IAC with Normalized Gradient Adaptive Algorithm

In our current notation, for some gain 7; > 0 and given an initial parameter vector 0; (ko), the

discrete-time Normalized Gradient (NG) descent adaptive algorithm for k > kj is given by
0;(k + 1) = 0;(k) — 1A, (K), (8.15)
where we define Ab; (k) € R" as

A (k) (8.16)

and, letting ||-|| denote the 2-norm operator, as we have done up to now, the normalization signal

ma(k) = \fas + 070c(k)) 65 (x(k)) = /i + 16 (eI @i > 0,
defined after (4.1), ensures that ¢,,,, (x(k)) € R™:, expressed as

Om, (x(k)) = W

is bounded.
Let ®;(k) € R™:*"% be given by
(k) = ¢i (x(k)) ¢i (x(k)) "
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and notice that ®;(k) is symmetric (®; (k) = ®;(k)) as well as positive semi-definite (®;(k) > 0)
for all k. Also, let X%k = Amax (®i(k)), where, as defined before, A\ ax(+) denotes the maximum
eigenvalue operator. Because ®;(k) > 0, Ag, x > 0 as long as ¢; (x(k)) # [0]"%. From (8.12) and

(8.16), the parameter error

can also be expressed as

) {I _ m®ilh)

O;(k +1) = }@w; (8.17)

where, as noted before, I, € R"% "% represents the rp,-by-ry, identity matrix.

The positive definite Lyapunov function

Vs, (k) = 0, (k)bi(k) =

i(k)

j H2 (8.18)

is used to study the parameter error éz(k) in (8.17). Denoting

AV(k+1) =V(k+1) — V(k)

~ mida(k)
m?2(k)

)

IV (see (4.32), (4.35), and related expressions) that

for a given function V and letting 3;, = 2 , we have shown in [28] as well as in Chapter

i 2(k+1
AVj (k+1) < —m% <0 (8.19)

so long as, for ¢; (x(k)) # [0]"%, B;; > 0 or

2m?(k)  _
0<n < )\Z( ) = TNine- (8.20)

P,k

At any time step k, A, x = 0 means ¢; (x(k)) = [0]"%, which, given (8.16), implies 6;(k + 1) =
é,(k:) and there is therefore no need to pick n;. It can be shown, as done in Chapter IV, that

< ooand 0 < B;; < 2if n; meets (8.20). In the end, based on (8.19), ng(kz) is nonincreasing
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and, thus, bounded for all &.
Let us now study the tracking error e(k). The ensuing analysis is adapted from [5] and is similar
to what we have done in [9]. First, for some 3;, > 0, consider the positive definite Lyapunov

function
Ve(k) = Bine? (k). (8:21)
For any a, b € R and € > 0, relationship (13.52) in [5] says
(a+b)?*<(1+¢e)a®+ (1 + i) b2 (8.22)
Thus, for some ; > 0 and 3;; = 1 —~v2(1 + &;), we have from (8.13), (8.21), and using (8.22) that

AVA(E +1) < =8V + 6 (142 ) @6+ 1), 5.29

We now put to use both (8.19) and (8.23). For some 3;, > 0, we define the positive definite

Lyapunov function
Vi(k) = Ve(k) + BaV, (K). (8.24)
Using (8.19), (8.23), and (8.24), we get that

AVi(k+1) = AVe(k +1) + 5;, AV (k + 1)

~ pi(k)gF (k +1)

< —BigVe(k : 8.25
where
1 2
pi(k) = miBafr = B, ( 1+ — ) mi (k). (8.26)
1
For stability result purposes, we require that 3;, > 0, meaning
1— 2
0<ei<—e, (8.27)
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which then leads to 0 < 3;, < 1 — 2 < 1since 0 < |7¢| < 1, as well as p;(k) > 0, which, from

(8.26), means

Bia (1+ 1) m2(k)

Biy >
" i Bi

(8.28)

2

Now, assuming ¢; (x(k)) is bounded for all k, then, m; (k) is defined and, subsequently, so is (3;,.

By having 3;, > 0 and p;(k) > 0, we get from (8.25) that
AVi(k+1) =Vi(k+1) = Vi(k) < =B, Ve(k) < 0. (8.29)

Hence, both e and 6; are bounded. Actually given (8.29) and the fact that Vj is positive definite, for

all k, Vi(k) < Vi(ko). It is thus possible to uniformly bound both e and 6;. Applying Theorem 13.5

in [5] here, we further have klim Ve(k) = 0, which, by (8.21), means e ultimately goes to zero.
—+00

The same theorem allows us to write

Ve(k) < max (Ve(k‘o), gMVé(ko)) .
iz
Thus, given (8.21) again, for all k,
e _ 2 /8i4 ~‘ 2
le(k)| < bSyg = ([ max | e?(ko), 0; (ko) . (8.30)
6%2623
. 4m?(k) .
For perspective, because 0 < 3;, < 1,6, > 0,0 < 3;, <2and 0 < n;81 < Xzi given (8.20),
@,k
from (8.28),
,67;4 <m2(kz)> 1 —
> max | ———= | > —max (Ae,k) > (8.31)
Blzﬂzg k nlﬁll 4 k ( @ k)

with X, 1. < ||¢h (x(k))||> < m2(k) as shown in [28].
In all, when the IAC scheme of (8.8) is implemented with the NG algorithm of (8.16) used for
parameter adaptation, both error signals e and 0; are uniformly bounded. In addition, e(k) — 0 as

k — oo. Proving parameter identification, i.e., éz(k) — [0]", is however not possible unless ¢y,

is PE [3].
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8.2.2 [IAC with Normalized Gradient Based Concurrent Learning Adaptive Algo-
rithm

To use CL for parameter adaptation, we first establish the uncertainty to be approximated. Iin
this case, that uncertainty is 7;. Next, for k > kg, we require knowledge of T;(k). This can be done
in the two following fashions. For k > ko, being able to compute 7} (k) using (8.10) and ¢; (k + 1)

using (8.14), from (8.12),
Ty(k) = T;(k) — qi(k + 1)
Also, referring back to (8.1) and (8.11), we have that
Ti(k) = f (x(k)) + g (x(k)) wi(k) = x(k + 1).

Now, let Zg, € R"% X€z;  for some cz; € N, be a matrix whose columns are comprised of
the normalized regressor vectors ¢, (x (7)), Gi € R'*“Z be a row vector of m; (7;,) values and

F; € R°% be a vector containing the actual true values T; (7}, ) recorded at some discrete time-step

7j, in the past, ko < 75, < k, for j; = 1,2, ..., cz,. Thatis
Ze, = | Fm ()0 G ()0 s O ((e) |
Gi: mi(ﬁ), mi(Tg), ceey, MMy (TCZZ-> },and
F=[Tim), Tim). o Ti(rs,) |-

Notice that, because dealing with a vector regressor in this case, for any k, m?(k) = gi1,1(k) for
=m = ro, and where g, ,, (k) (with n = 1 for the current problem) is defined in (3.3). Matrix
Zg, will be our history stack. Moreover, notice that &z, . = Zg, Z(R- € R"%:*7% is symmetric.

Additionally, much like (3.17)

iy (x(3.)) 7 (x (75,
i = 26,20, =S by (¢ (1) oh (7)) = 3 & e Jﬂi)gb 0T (g3

ji=1 Ji=1 k)
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Given an initial parameter vector 0; (ko), we pose for k > kg the gradient based Concurrent

Learning algorithm adaptive algorithm

where Af; ~ve (k) is defined in (8.16), the gain 7; > 0, and the adjustment term

Oicr.( Z s leg) 4, (k1) (8.34)
m; (7;)

Ji=1

features the approximation error based on recorded data g;,. Letting E;, (k) = 97 (k)i (x (15,))

take after (8.10), by using (8.11), and proceeding similarly to (8.12), we define
qji (k +1) = Ej, (k) = Ti(75,),
=0, (k)i (x (73.)) = 6/ (x (73,)) O (k). (8.35)
For k > ko, gj,(k + 1) can be numerically computed as
g5 (k +1) = & (x (73,)) 0i(k) — Ti(75,) (8.36)

while using the stored data in Z¢;,, G;, and Fj to do so. Given (8.32) and (8.35), AéiCL (k) in (8.34)

compactly reduces to

. i i (X (15)) |68 (X (T 0:(R)| 2 . (v (7)) 6T (x (7)) =
ji=1 v \'Ji ji=1 v \'Ji
= 26,26,0i(k) = Bz, 1 0i(k). (8.37)

Hence, though we have expressed the adjustment term Aéic . (k) differently here, i.e., (8.34) versus
(4.59), both expressions are equivalent, as setting e, = [0]"9*“, 1y = 1y, and ¢y = 1 for the
present problem, (4.61) and (8.37) are identical. Moving on, it then follows from (8.33) and (8.37)

that the parameter error 0;(k + 1) = 0;(k + 1) — 0;, in this case, can be written as

G+ 1) = [y, = 58 — 26,28, | ) = |1, - )~ ] e

(3 K3

(8.38)
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We will impose the rank condition on Zg,, i.e., Condition 3.1.1 for Z = Z;,. Condition
3.1.1 requires that ¢z, > 7y, and rank(Zg,) = 7p,. As mentioned before, it is less restrictive than
persistency of excitation because it only deals with a subset of past data, can be implemented and
verified on-line, and can be achieved with ¢,,, being (sufficiently) exciting over a time sequence.

We state the following theorem, which we prove next.

Theorem 8.2.1. Consider the single state plant defined by (8.1) bearing structured (or parametric)
uncertainties. When implementing the IAC scheme of (8.8) while using the gradient based CL
algorithm given by (4.58) for parameter adaptation, e(k) — 0 and él(k:) — Oas k — oo if the

rank condition on Zg,, i.e., Condition 3.1.1 for Zg = Zg,, is verified.

Proof. We start the proof of Theorem 8.2.1 by noting that, if Condition 3.1.1 is met, then Z, is

full row rank and ® 7, . = Zg, Z—Gri is positive definite (7, r = Zg, Zgi > (). Letting

Aoy, k= Amin <‘I)Zci,k> = Amin (ZGZZ&)

and

X@ZG- k= >\max (q)ZGi,k> = )\max (ZG, Z&’;) s

with, this time around, Apin(-) denoting the minimum eigenvalue operator as initially defined,

Qy, k= ZGiZgi > (0 means XDZG.,k > Aq’Zgnk > 0. Making use of (8.18), we showed in

[28] that, along (8.38),

nig; (k +1)

Vi, (k1) < Bis Vg, (k) = Biy = O (8.39)
where
2\p, -
0< /Bi5 =1- Th‘Aq)ZG‘,k (2 — i <m24221;]; + )\(I)Zci’k>> <1 (840)
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if 7; not only satisfies (8.20) but is also picked such that

0<ny <

2m?(k
m; (k) i = T, (8.41)

2X<I)“k; + X':I)ZG_ ak mi
expressed similarly to (4.83), but with ey = ¢, = 1. Notice that n;,;, < ;... Therefore,
picking 7; that guarantees (8.41) also guarantees (8.20). Next, considering the functions Vj. in

(8.18), V. in (8.21), and Vj in (8.24),

- 2
Vilk) = Velk) + 81V, (k) = Biae*(k) + B, | k)|
For all k£, we can thus write
min (By,. Bi,) [10: (k)|1* < Vi(k) < max (Biy. B,) [19:(k)|I” . (8.42)

where min(-) and max(-) respectively denote the minimum and maximum operators, and 9J;(k) =
. T
[e(k:), 0, (k:)] € R™: T, Since CL is only used for approximation purposes, then (8.23) remains

unchanged here. Thus, reworking (8.23) to get

Ve(k 4 1) < BigVe(k) + Bi, (1 + €1> @Z(k+1), (8.43)

7

where 8;, =1 — i, = 72 (1 + ¢&;), and, using (8.39), (8.43), we have from (8.24) that

_ pi(k)gi(k+1)

m2(k) , (8.44)

V:L(k + 1) S 616‘/;2<k) + 624615‘/91(]6)

where p; (k) is given by (8.26). Notice that 0 < |v.| < 1 and ¢; satisfying (8.27) means 0 < f3;; < 1.
We avoid having . = 0 as a choice so that 3;,V.(k) = 0 only when V,(k) = 0. Moving on, here
also, by setting (3;, such that (8.28) holds, p;(k) > 0. If so, i.e., p;(k) > 0, continuing along from

(8.44),
Vilk +1) < BiyV(k) + B Bis Vi, (k) < B Vi(k). (8.45)

where f3;, = max (5, 3;,). Picking n; to satisfy (8.41) implies 0 < f3;; < 1. Coupling that with

0 < Big < 1,then 0 < B, < 1. As a result, (8.45) implies that klim Vi(k) = 0 exponentially,
—+00
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and, given (8.42), klim [|9;(k)|| = 0 exponentially as well. Hence, e(k) — 0, and 6;(k) — [0]"%
—+00

~

or 0;(k) — 0; exponentially as k — oo, therefore completing the proof of Theorem 8.2.1. |

Further, with V;(k) being positive definite and considering (8.45), Vi(k) < B;,Vi(ko) for all k.

max (Bi,, Biy)

min (Biy, Biy) =1

Hence, from (8.42) and denoting 3;, =
19: (k)1 < Bz Bis 19 (ko) ||

- 2
For all k, given that ||0;(k)||> = e*(k) + ||0;(k)|| , then both |e(k)| < bicz, and

éi(k)H < bicr,

with

bicr, < \/52'75@8 <€2(k0) + éi(ko)H2>. (8.46)

8.3 Reference Model

For k > ko, a stable reference model system that tracks a desired bounded reference (k) can

be given by
Tm(k+1) = —amam (k) + byr(k), (8.47)

where |a,,| < 1 [3].
If r(k) = r is constant (at least for a long period of time), it can be shown for k& > kg that, given

an initial state x,,(ko),

b
14+am,

b
1+ apm,

zm(k) = |zm(ko) — (—am)’”‘:_k0 +

Hence, by picking b,, = 1 + a,, as k — 00, &, (k) — 7 since |a,,| < 1.
Let the reference be such that |r(k)| < M, for all k. If b,,, = 1 + a,, then, for all k, |x,, (k)| <

M, , where M, > 0can be chosen as M, = |z, (ko)|+ 2M,.
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8.4 Design Fine-Tuning

Let us say that we want x to be such that, for some M, > M, > 0,

z(k)| < M,. From (8.3),

[z(k)] < [e(B)] + |zm (k)] -

We can therefore find some M. > 0 such that |e(k)| < M, means |z(k)| < M, for all k. Such an
M, can simply be M, = M, — M,,. Then, given (8.30) and (8.46), we will have to ensure b5y <
M, and b;c, < M. For both designs, given (8.3), notice that e(ko) = 0 if z,,, (ko) = (ko).

For the NG-based IAC design, if e(kg) = 0, given (8.30) and (8.31), bing < M, can be

achieved if, for some My, > 0 such that ||¢; (x(k))|| < My,,

e

M¢i

b (ko) | <2

Given our definition of ¢; and that of u; in (8.8), we can write

2
. 9 2 ’YeMe‘i‘M}'"i‘Mmm
M¢i_\/M¢f+Mg< ; ,

where for some My, My , Mz > 0, ¢ (x(K))[| < My,, [|¢g (x(k))|| < Mg,, and |F(k)| <
Mr.

As for the CL-based IAC design, if e(kg) = 0, given (8.46), b;cr, < M, if

8.5 Numerical Simulations

Before describing our simulation example, given g defined in Assumption 8.1.2, we make sure

that the approximation G of g, as given by (8.7), verifies |G(k)| > g for all k. For that, we redefine

(G it o)
g(k) = { w(G(K) g it [G(F)
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where, for all k& > kg,

1 ,ifG(k) >0,
)1 ifG(k)=0andG(k—1) >0,
HOE) =9 1 it g(k) = 0and G(k — 1) < 0,
~1 ,ifG(k) <o0.

However, this necessitates that 8, (ko) be initialized such that G(ko) # 0 since G(ko — 1) is not
defined.
Consider the single state system in (8.1), where the structured uncertainties f and g, given by

(8.2a) and (8.2b) respectively, are such that

Il
| — |
=
¢]
>
e}
/_l\
—
8
S
T
ol
IN—"
V)
~_
| I
4|

0; =[-0.25,10]", k
=1 I, o5 (x(k) (8.48)

0, =5, and ¢4 (x(k)) = 1.

We desire to track train steps reference input of various heights, but for which M, = 10. In the
legends of the figures below, NG and CL are used to respectively indicate the use of the standard

DTNG and DTNG based CL algorithms.

25

-
20 | —_—Ty

—— 1 with NG-u;
15 z with CL-u; |

10

el | 1f 471

-15

State z(k)

0 50 100 150 200 250 300 350 400 450 500

k (time step)

Figure 8.1: Evolution of the state x when implementing both IAC designs for tracking of the train
steps.
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e with NG-u;
20 ——— ¢ with CL-u;
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k (time step)

(a) Tracking error e(k).

— NG-Ui

Controller u(k)

I —
fion Blla -

_3 1 1 1 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400 450 500

k (time step)

(b) IAC scheme controller.

Figure 8.2: Evolution of the tracking error e and IAC scheme control action u; when tracking the
train steps.
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For all simulations, we set o; = 1. We pick n; = 0.57;,, when using the NG algorithm and
n; = 0.57;,,, for the gradient based CL algorithm. Additionally, we set ¢z, = 7y, and use DRP1
(described in Chapter VI) as the data recording procedure when implementing CL.

Let k € [ko, kf|NN, where k¢ denotes a final simulation time-step. We set kg = 0 and ky = 500
here. Furthermore, since ¢4 (x(k)) = 1 in our example, choosing ég(kzo) = 1 for instance ensures
G(ko) # 0. The other parameter estimates are set to the origin. We assume knowing g = 1. We
start at (ko) = (ko) = 0 and set v, = 0.5, a,,, = —0.5.

Figure 8.1 and Figure 8.2a compare the performance of the NG-based and CL-based IAC de-
signs when tracking the train steps reference. As shown, tracking is achieved with both designs.
Only when using CL however are we able to recover the true parameters in the plant dynamics f
and g as Figure 8.3 and Figure 8.4 show. With the CL-based IAC design, judging by Figure 8.2a (or
even Figure 8.1), tracking is significantly better during transients after convergence of the parameter

estimates to their true values. Figure 8.2b shows the control signals.

10

81  —
n
E _I"J_\_
6l
© Oy
E — 0 with NG-u;
< 0; with CL-u;
oy}
Ay

4 ]‘
2 "
0 _\tm_—ll_'f_\—'—&

0 50 100 150 200 250 300 350 400 450 500

k (time step)

Figure 8.3: Evolution of the parameter estimates in F when implementing both IAC designs for
tracking of the train steps.
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- 0!/
 — é,, with NG-u;
2F 0, with CL-u; | 1

Parameters

0 50 100 150 200 250 300 350 400 450 500

k (time step)

Figure 8.4: Evolution of the parameter estimates in G when implementing both IAC designs for
tracking of the train steps.

8.6 Concluding Remarks about IAC Design

The present chapter studies a single state DT system with structured uncertainties. We develop
an IAC scheme to cope with the inherent parametric uncertainties in the system. The behavior of
closed-loop error signals when the designed IAC scheme utilizes either the DTNG algorithm or the
DTNG based CL algorithm developed in Chapter IV for parameter adaptation is analyzed.

With the NG-based IAC design, we can ultimately drive the tracking error to zero but cannot
formally prove parameter identification without requiring persistency of excitation.

We have previously showed that the gradient based CL algorithm for stand-alone approxima-
tion can help achieve parameter identification if a condition less restrictive than the persistency of
excitation condition is met. CL is implemented by using in its adaptation law data saved in the form
of past normalized regressor vectors inside a history stack. Provided that there are as many linearly

independent normalized regressor vectors in the history stack as the number of dimensions in the
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same normalized regressors, we show exponential convergence of the tracking error and parame-
ter error to zero when applying the CL-based IAC design. Numerical simulations are provided to

corroborate our results.
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CHAPTER IX

APPLICATION 2: FRICTION PARAMETER IDENTIFICATION OF
COMAU RACER ROBOT USING LEAST SQUARES BASED CONCURRENT

LEARNING

We perform system identification of the Comau Racer robot (described in Section 9.1.2) using
the discrete-time Normalized Recursive Least Squares based algorithm developed in Chapter V.

We would like to add that the work described in this chapter has been done collaboratively with
a team of researchers. Everything pertaining to modeling, design of experiments and off-line system
identification has previously been done by the aforementioned research group. We have worked to
use our developed CL method for on-line system identification.

Moreover, it is advised that the reader does not refer to previously used notations as some have

been reused and redefined in the present chapter.

9.1 Background and Problem Formulation

9.1.1 Robot Dynamics

Throughout this chapter, we consider an rg-link robotic manipulator, r, € N, with ¢ =
[ql, qo, ...,qrq]—r € R" denoting a vector of 7, positions in joint coordinate space. Several
publications (see [33, 34, 35, 36, 37]) outline standard methods often made use of to describe the

dynamics of a rigid body manipulator. Here, using Euler-Lagrange equations, the dynamics of an
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r¢-link rigid robotic manipulator can be expressed as
D(q)i+C (¢ )¢+ 9(q) + 7+ 70 =T, (9.1)

where ¢ € R and § € R" represent joint velocity and acceleration vectors respectively, D(q) €
R"*7a is a positive definite inertia matrix, C (g, ¢) ¢ € R" represents centrifugal and Coriolis
forces, g(q) € R" is a vector of gravitational torques, and the torques 7. € R", 7, € R, and
T = [7'1, T «ovy Tr q]T € R" respectively represent a vector of Coulomb frictions, a vector of
viscous frictions, and a vector of joint torques for control of the manipulator. To viaually illustrate
a robot manipulator, on Figure 9.1, we show a sketch of a three degree of freedom (DoF) robot with

joint positions ¢;, ¢ = 1, 2, 3, and lengths L; of the manipulator’s links.

Figure 9.1: Sketch of a 3-DoF robot manipulator.

Consider the diagonal matrices F, € R"*"s and F,, € R"¢*"¢, which we define as

fC,l 0 o 0 f’l],l O o 0
0 feo2 .. O 0  fo2 ... 0
F. = . ¢ ) . and I, = ) ! ) . s
0 ... 0 fer, 0 R U
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with scalars f.; and f,; respectively denoting Coulomb and viscous friction parameters for each

of the joints 7 € {1,2, ..., rq}. The Coulomb friction torque 7, and viscous friction torque 7, are
modeled as

7. = F.sign(q), 9.2)
where sign (-) denotes the signum function and is such that, for some arbitrary vector z = [z1, Zg, ..., frf]T €
R, rz € N+,

sign(z) = [sign(z1), sign(Za), ..., sign(z,,)] € R™,
and
Ty = Foq. (9.3)

As [35, 36, 37] show, the dynamical equation (9.1) of the manipulator can also be expressed as

Yy (x () py = 7(2), 9.4)

where, for ¢ € R representing continuous time or process time,

X() = [d(t), 4(t), q(8)] " € R™,

ry = 31y, the constant vector p, € R'7, r,, € N_, contains 7,, parameters that are functions of
inertial and/or friction parameters, and the matrix Y;(x(¢)) € R"*"» depends on the geometry of
the robot (which is assumed to be known). We note that the dynamic model (9.4), which is said
to be linear in the parameter vector p; or a Linear Parametric Model (LPM), certainly looks like a
regression or function approximation model, with Y;(x) playing the role of the regression matrix

while p;, consists of the unknown, but ideal parameters to be identified.
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9.1.2 Comau Racer Robot

We experiment with an r, = 6 rotational joints Comau Racer industrial robot. The Comau
Racer is made of an anthropomorphic arm and a spherical wrist, where the rotation axes of the last

three joints intersect at a single point.

The parameters in p; are independent and fully define the dynamic model of the manipulator,
i.e., (9.1) and/or (9.4). Hence, they form what is known as the base parameter set [34, 37, 38, 39].
Though py, is not unique, its dimensions can be well defined. Given the method described in [38], a

rp, = 02 base parameter set for the Comau Racer can be found.

9.1.3 Model Identification

Several schemes (see [35, 36, 40, 41, 42, 43, 44] and references within) for control of robotic
manipulators can be found in literature. In particular, model-based control techniques make use of
dynamical equations, which, in turn, depend on specific inertial and/or friction parameters. There-
fore, good knowledge of these parameters is crucial when performing model-based control. In
contrast, when interested in model-free control, knowing the parameters in p, may not be as nec-
essary, but would help design a good base controller, which could enhance the performance of the
overall control scheme.

Though robot manufacturers often provide kinematic and some inertial parameters, in many
instances, not all parameters are given. Friction parameters, for example, are usually not known.
Computer-aided design (CAD) drawings can be used to determine many parameters. However,
a physically built robot is usually slightly different from its CAD drawings after addition of the
screws, cabling, and, possibly, other add-ons. Hence, researchers have been conducting parameter
identification through experiments (or by running experiments and using experimentally collected

data) in order to determine appropriate parameter values (see [34, 45, 46]).
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Considering the LPM given by (9.4), the following off-line parameter identification procedure

is usually employed.

p—

. Step 1: Defining excitation tracking trajectory for the robot that are suitable for identification;
2. Step 2: Running experiments and sampling data points;

3. Step 3: Signal filtering for calculation of velocity ¢ and acceleration ¢ using joint positions ¢,

which can then be used for computation of Yj;
4. Step 4: Constructing an overdetermined linear system based on (9.4);

5. Step 5: Applying a system identification learning technique of choice for parameter identifica-

tion.

First, as we have done previously, we define off-line parameter identification or off-line training as
running a learning technique for identification purposes once it is deemed that a sufficient number
of data points have been collected and the simulations of and/or experiments on the system have
been completed. Now, say N € N, number data points are collected at times ¢ = tg, t1, ..., tN—1
with sampling time T = ¢; — t;—1,7 € {1, 2, ..., N — 1}. The overdetermined system mentioned

above in Step 4 is given by

Spy = by, (9.5)

where the information matrix S € R0 %", and the vector b, € RN"a are such that

Y (x(to)) 7(to)
o Yb(X‘(tl)) and b, — T(fl) ,
Y (x(tn-1)) T(tn-1)

with x(t;) = [G(t:). 4(t;). q(t:)] " and 7(¢;), i € {1,2, ..., N}, assumed to be available at sample

times t;.
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For collection of necessary data for off-line training using (9.5), as Step 1 stipulates, an excita-
tion trajectory for robot tracking has to be defined first. The aforesaid excitation trajectory has to be
not only practical, i.e., meet joint angles, velocity, and acceleration constraints, it also has to be rich
enough to yield good system identification. Richness of the excitation trajectory, which is closely
related to the concept of persistency of excitation (see Appendix B), mathematically translates into
matrix S being at least full row rank if Nr, < r;,, or full column rank Nry > r),.

Several methods for defining excitation trajectories exist, some of which can be found in [47, 48,
49] and the references within those papers. The present research uses the method defined in [49],
where desired joint positions (and, as a result, velocities and accelerations) to track are functions of

harmonic sine and cosine waveforms, hence finite Fourier series. That is, the desired joints position

T
vector ¢ = [q{l, qg, cee, qﬁlq} € R" to track is such that, for joints i = 1, 2, ..., 7y,
M
¢d(t) = qzo + Z (s, sin(kwyst) + b; g cos(kwyt)) , (9.6)
k=1

with qfl’o being a constant (with respect to time) desired joint position offset, a; j and b; j, repre-
senting Fourier coefficients, M being the number of harmonics to use, and w being a fundamental
frequency. Desired velocity ¢¢(¢) and acceleration ¢¢(t) can be analytically derived from (9.6). It
is worth mentioning that a large M, i.e., a large number of harmonics, leads to higher accelera-
tions, which could prove important for good identification. Frequency wy needs to be appropriately
picked proportionally to the sampling frequency w; = Z while making sure not to excite the
robot at its resonance frequency. Moving on, as [49] advocates, parameters qld’o, a; k., and b; j, for
i=1,2,...,rgand k = 1,2, ..., M, are found by maximizing the determinant of .S TS evaluated
at ¢;i(t;) = q¢l(t)), 4i(t;) = ¢X(t;), and G;(t;) = ¢(t;), i = 1,2, ...,rgand j = 1,2, ... N,
while making sure to take in consideration the robot joint and workspace constraints.

Position ¢(t) and torque 7(t) vectors are measured at every sample time. Also, as Step 3 stip-

ulates, velocity ¢(t) and acceleration §(t) are obtained via signal filtering of ¢(¢). In that sense,
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letting g (t) = [gm1s Gmzs - > Gmrg] - € R7%, Gu(t) € R, Gu(t) € R™0, and 7, (1) =
[T, 1 (£), Tin,2(8), - s Tongry (8)] " € R" be the measured and/or filtered position, velocity, accel-
eration, and torque vectors respectively, it is not always the case that the previously listed measured
and/or filtered entities are exactly equal to their true (analytic) selves. Actually, how good ¢, G,
Gm» and 7, are in comparison to their correspondingly true g, ¢, ¢, and 7 has to do with the quality of
the measuring devices and filtering process. Moreover, in essence, this also means that it is not pos-
sible (at least, not always) to compute Y;(x). Rather, Y;(xm), where X = [Gm» Gm.> qm]T € R'x,

is what we would be computing. Let S;, € RWTa) X5, and b, € RN7a be such that

Yy (xom (t0)) Tn(to)
o | Wol) | )
Yy (tv-1)) r(tn1)

Now, defining the errors ey € R4, e, € R™, e € R™, eg € RN, ¢, € RN7a, & € RN as

ey (t) = Yo(xm(t)) pb — Yo(x(?)) Pos
er(t) = Tm(t) — 7(1),
e(t) = e-(t) — ey (),

es(t) = Smpy — Spp,

from (9.4) and (9.5) respectively, we get that

Tm(t) = Yo (Xm (1)) Do + €(t) 9.7

and

bTm = OmDb + é(t)' 9-8)
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Using the Weighted Least Squares estimation (WLSE) method, for some positive definite co-
variance matrix C' € RINT)x(Nra) e ' > 0, while ignoring €(t) in (9.8) or, rather, assuming no
error exists, i.e., &(t) = [0]V"« and, therefore, b,, = S,,ps, the estimate Do,wrLse € R of py is

computed as
PN T —1 R
Db,WLSE = (SmC Sm) SpnC™ b 9.9)

Expression (9.9) can also be described as a weighted batch Least Squares computation, where all
existing recorded data for approximation is used for calculation of the parameter estimates. It should
be noted that, with C' > 0, (SnTlC _1Sm) ! exists if S;Sm is invertible, which, in turns, is possible
to achieve granted the recorded data is rich enough. This is why the robot has to be commanded to
track an excitation trajectory.

In light of all the points made previously and in the case of off-line training of the Comau Racer
robot, first, given all joints and workspace restrictions, an optimal desired excitation trajectory is
designed. Then, after running the robot through the trajectory and collecting enough data point,
the WLSE method is used to solve for p, w5 given in (9.9). The estimate py, 1155 can then be
used to compute the predicted torque vector 7,(t, Py, wr.sk) that is such that, for some estimation

P € R of py, we define 7, = 1,1, Tp20 - Tpor,| T e Rraas
Tp(ts Do) = Y (Xm (1)) Do (9.10)
Hence, using (9.10),

(L, Do,wrse) = Yo(Xm (1)) Po,wLsE-

Notice that 75, in (9.10) is actually modeled after (9.4). From the experiments run on the Comau

Racer robot, the prediction 7, (¢, pp,wr.sE) satisfactorily matched the measured torque 7, (¢).
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9.1.4 Problem Formulation

In the present research, we focus on on-line approximation as opposed to its off-line counterpart.
That is, the parameter identification algorithm is run as the robot is commanded to move. Identifi-
cation needs not wait for collection of all data points to be implemented, as is the case for off-line
training. Rather, with on-line approximation, the unknown parameters in p; are being identified as
each robot data point is being collected. On-line identification is of particular interest in the context
of adaptive control, where approximation results (be it function approximation or identification of
parameters) are made use of in the definition of the control law. We will use the off-line parame-
ter estimation results as the “measuring stick” to which we will compare what we obtain when we

perform on-line approximation instead.

9.2 Discrete-Time Representation

We consider model (9.7) as opposed to (9.4) for its more generic structure. Though (9.7) de-
scribes a CT system, because data points, collected and used for parameter estimation, are being
sampled at times ¢;, ¢ = 0, 1, ..., N — 1, therefore creating a process that is discrete in nature, we
will use approximation schemes suited for the discrete-time framework.

We start by first redefining the approximation problem in the DT domain. As mentioned above,
data is collected a times t = tg, t1, ..., ty—1 with sampling time T between consecutive sam-
ples. Written differently, we have ¢t = tg + kTs, k € {ko, k1, ..., kn—1} € N, with kg = 0 and
ki =ki—1 +1fori € {1,2, ..., N — 1}. Dropping T for conciseness, (9.7) translates to the DT

model

Tm (k) = Yy (xm(k)) pp + e(k). (9.11)

We have nevertheless essentially assumed that the system is being sampled fast enough that (9.11)

is able to closely mimic (9.7).
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9.3 Partial Approximation

It may be the case that certain parameters are well known or, at least, known well enough and,
consequently, the complexity of the approximation problem could be reduced by only identifying
unknown parameters, as opposed to all r,, parameters. To do so, the contribution of known param-
eters (if any) to 7, (given by (9.11)) must be subtracted from 7,,, and the approximation problem
should be redefined.

Let 7¥" € R" be the known portion of 7, and 7%¥" € R be the unknown portion of 7.
Known parameters can be made use of to reconstruct (to certain degree) 7°" by extracting and
using the known portions plbm € R, ry, € Nand ry, < rp, of p, and, correspondingly,

V¥ (Xm) € RT*7kn of Yj(Xy,). While neglecting measurement errors that may have occurred,

7k" can be calculated or, rather, approximated (alike Tp) as
Tt () = Y3 (xm (K)) 25" (9.12)
Thus, if

for all k, using (9.12), 7™ can be numerically computed or, again, approximated (given that (9.12)

is an approximation of 75" (k)) as

T4 (k) = T (k) = 70 (k) 2 T (k) = Y (X (k) pE™ (9.13)

m

We could then express 74"

¢ much like 7, in (9.11). That is, we could find unknown portions

p};‘k" € R, with 79 = 7, — 7kp, of pp, and, correspondingly, Y})“k”(xm) € R"*70 of Yj,(xy) such
that
ukn _ yvukn ukn unk
T (K) = Y, (xm (k) py™" + """ (), (9.14)
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where we define ¢**" (k) € R« as

e (k) = T (k) = Y3 (xm (k) 5™

In that sense, ¢“¥” is the error incurred by numerically computing T%k" using (2?). Letting
ukn ukn ukn wkn 17T
Tm = [ Tm, 1> Tm,2> ’ Tm,'rq ] >
ukn ukn T ukn T ukn T
vk = | Y T v T ke T ]
and
unk __ unk unk unk 17
e == [ 61 5 62 5 e erq ] 5
where, fori = 1,2, ..., 7, Tﬁlkf € R, Yb“f” € R", and e%‘”k € R are, respectively, the row
elements of T#Lkn, Yb“k”(xm), and e elementally, (9.14) means
k k k k
Ty (k) = Y50 " (xm (K)) py™" + €5 (k). (9.15)

9.4 On-Line Approximation and Parameter Identification

Analyses and derivations regarding function approximation and parameter identification will be
done considering T#f" in (9.14), instead of 7,,,. Notice however that, for ry,, = 0,79 = rp, — T, =

Tpy» rukn — 1 and we therefore return to the original problem of approximating 7,,. Also, any

subsequent result we arrive at by studying function approximation while considering 7“*" would

m

also be applicable to function approximation when only considering any of the scalars T#Jf{‘, 1=

1,2, ..., rq, defined in (9.15) instead, given that T#ff is essentially a special case of T#Lk”.

Now, drawing parallels to Chapter V, while considering (9.14), let f(k) € R", ¢ (xm(k)) €
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R™*7e @ € R", and ef(k) € R" given by

F(k) = 70 (k) (9.162)

¢ (xm(k)) =Y, (xn (k). (9.16b)
0 = pikn, (9.16¢)

er(k) = " (k) (9.16d)

be, respectively, the uncertainty to approximate, the regressor, the unknown but constant and ideal
parameter vector, and the representation error due to approximation imperfections. It should be
added that, though labeled as uncertain and as mentioned above, f(k) = 7% is nevertheless

computable via (9.13). Continuing, given the expressions in (9.16), in the newly adopted notations

used for conciseness, (9.14) is rewritten as

f(k) = (xm(k)) 0 + ef(k), 9.17)

The LPM F (xm(k), 8) € R", such that

F (Xm(k), 0) = ¢ (xm(k)) 0, (9.18)

approximates 7, (k) for x,, € D,,, C R™ and § € Dy C R™, with D, and Dy being compact
sets. It should be noted that (9.18) is in model (2.2b) form. Assuming that e (k) is bounded, there

exists a scalar ¥/ > 0 such that, for all k, x,,, € D,,,, and § € Dy,
ley(B)ll < E. (9.19)

This is a fair assumption to make given that the dynamical equation (9.1) can be written as (9.4),
featuring the same regression matrix Y3 as in (9.11), (9.14), and (9.17), and measurements X, (k)
are in practice supposed to be bounded. Furthermore, going back to (9.17), it is worthwhile noting
that, we are, in essence, dealing here with an unstructured uncertainty approximation case as op-

posed to its structured uncertainty counterpart, given that, as (9.17) stipulates, it is not always the
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case that F (x(k), py) can be used to exactly and fully reconstruct f(k) even if we are provided
with the best 6 that can be found on Dy.

Chapter V (or reference [50]) investigates using the Least Squares method for function ap-
proximation and system identification. More specifically, it studies and compares the standard DT
Normalized Recursive Least Squares (DTNRLS) algorithm and its CL modification. CL consists of
selectively picking and recording past data so as to use it together with current data for parameter
identification. Unlike standard learning techniques, CL does not require persistently exciting (PE)
inputs but rather a more relaxed condition, involving the past, stored data being rich enough for
results listed above to be achieved.

For on-line approximation purposes, we define 9 (k) € R"» as the estimate of 6. Notice that
é(k‘) is function of DT time k, as it is to be adjusted as k evolves via an adaptation law. In contrast,

the ideal, true parameter vector 6 is, as mentioned above, assumed to be constant. Also, consider

the scheme F (Xm(k), é(k)) € R« modeled as
F (xR (k) ) = 6 Cxm(k)) k) 9:20)
after F (xm(k), 0) in (9.18). Let (k) € R" and f(k) € R"4, given by
O(k) =0(k)— 0 (9.21)

and

Flk) = F (x (k). 0(k) ) = £ (k). 9.22)

be the parameter error and approximation error respectively. Notice that, numerically speaking,

(9.22) gives us a way to compute f Now, using (9.18), (9.20), and (9.21), f(k) in (9.22) is also

Flk) = F (dem (k). 0(k) ) = [£(k) = F (k). 0)], 9.23)
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where, given the linearity in the parameter approximator of F,

From (9.17), (9.23) also means

Fk) = F (k). 0k) ) = e5(k) 9.24)
Consider the following definitions.
o Let(i(xm(k)) e R™,i=1,2, ..., rg, represent the column vectors of ¢ (x,(k)) € R"0*7q,
That is
¢ (xm(k)) = [ Glxm(K). GOm(K). v Gy, (xm(R)) . (9.25)

o Let Z € R"z2%°z_ withry = rg and ¢z € N, be a matrix that is filled column-wise with

vectors C;(xm(0j)). 4 € {1,2, ..., rp}, obtained or found at discrete time oj, kg < 0; < k,

with 7 =1, 2, ..., cz. Essentially,

Z =] Glxm(o1)), Glam(o2)), - s CGilxm(oe,)) |- (9.26)
Moreover, for any k, say that the uncertainty f(k) € R" is such that
f) =t (k) = [ (k). fok), s fry(h) ]
where the scalars f;(k), i = 1,2, ..., rq, are the entries of vector f(k). Now, let F' € R°Z
be a vector containing the uncertainty entities in f (k). That is,
F=1{ fio), fioa), - filoey) ], 9.27)

173



for some ¢ € {1,2, ---, ry}, denoting the columns indexes of f(o;), j € {1,2, ..., cz}.
It should be noted that matrices Z and F' could be time dependent, i.e., Z = Z(k) and

F = F(k). Finally, we define ® ; € R"2*"Z as
g =27". (9.28)

Notice that ®z j, is symmetric, i.e., @;,k = ®z 1, and (at least) positive semidefinite, i.e.,

Dz > 0.

Next, we describe and state the properties of the learning algorithms used here for on-line function
approximation and parameter identification. As aforesaid, these learning algorithms are studied

more in Chapter V.

9.4.1 Applying the Discrete-Time Normalized Recursive Least Squares Algorithm

Let é(k‘o) € R be an initial vector parameter estimates. For £ > kg, we have from Chapter V

the DTNRLS algorithm for updating the parameter estimate 0 as

P(k) = ¢ (xm(k)), (9.29a)
Qc(k) = f(k). (9.29b)
Krs(k) = P(k =)0 (k) (m*(k) ", (9.29¢)
Afps(k) = Ks(k)Qdk), (9.29d)
O(k+1) =0(k) — Adps(k), (9.29)

where ¢ (xm(k)) is given by (9.16b), by letting (k) € R™*“ and Q(k) € R"<« then, for the
present algorithm, ry, = 79 and ¢, = ry given (9.29a) while ro,. = r, given (9.29b), K rs(k) €

R Xy AéLg(k) € R", we define the gain matrix P(k) € R™*" as

P(k) = P(k —1) — Kps(k)y (k) P(k — 1), (9.30)
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with P(kg — 1) = Py € R™ "% chosen from the start as a symmetric, positive-definite matrix (i.e.,
P! = Pyand P, > 0), and the normalization matrix signal m(k) € R *¢¥ is such that, for some
0 g

scalar o > 0,
m?(k) = al., + ¢ (k)P(k — 1)¢(k). (9.31)

Referring to Chapter Chapter V, when dealing with an unstructured uncertainty, it can be for-

mally shown that the DTNRLS algorithm in (9.29) guarantees that:

e The parameter error 0(k) is uniformly ultimately bounded (UUB) or, said differently, 0(k)
(and, thus, é(k’)) ultimately ends up in a neighborhood around the origin (in a neighborhood
around 6) provided ef(k) € £? (see Appendix C for the definitions of £, p € [1, 00), and

L signal spaces);

e Forall k > ko, P(k) = P (k) is positive definite and bounded. There also exists a constant

matrix Pss € R™* gsuch that lim P(k) = Psg;
k—o00

e For some constant matrix , € R'7, klim (k) = Ossif e (k) € LP,p € [1, 00).
— 00

Theoretically speaking, stability of 6(k) could also be shown if we are guaranteed a PE 1/, (k) =
Y(k)m~1(k) € R™*¢ [3,2, 4], and that is without any other requirement on e;. Nevertheless,
requiring PE condition and/or £L?, p € [1, 0o), properties of e is quite demanding. Concurrent
Learning, which we employ and apply next, requires a milder condition than both previously men-

tioned conditions for stability guarantees.

9.4.2 Applying the Discrete-Time Normalized Recursive Least Squares Based Con-
current Learning Algorithm
CL makes use of memory bank, dubbed as history stack, where carefully chosen past data is

saved. That history stack is what we have denoted here as Z above in (9.26).
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Consider the following notations and definitions. Let {; € R"*"« and {z € R“2*“Z be positive
definite matrices, i.e., {5 > 0 and {z > 0. Similarly to F, consider the approximation based on

recorded data F (Z, §) € R°? and its corresponding on-line scheme F (Z , é(k)) € R°Z given by
F(z.0)=2"0 9.32)

and
F (Z, é(k)) = Z70(k), (9.33)

respectively. Much like f , we compute the approximation error based on recorded data f 7(k) € Rz

as
fz(k)=F (Z, 9(k)> ~ F, (9.34)
with F' given by (9.27). This time around, let ¢)(k) € R"*“ be defined as

P(k) = [¢ (xm(K)) £, Z E2] - (9.35)

That is 1y, = rg and ¢, = 4 + cz. We also define the row vector F(k) € R'*(atez) a5
F(k) = |f'(k) € F'éz]. (9.36)

In light of the expressions of (k) in (9.35) and F(k) in (9.36), let the overall approximation error

Q(k) € R« be given by

Qc(k) = ¥ T(k)0(k) — F (k) 9.37)

which consequently means that 7o = r, + cz in this case. Notice that f(k) in (9.22), fz(k) in
(9.34), along with expressions (9.20), (9.33), (9.35), and (9.36) make it possible to re-express (9.37)

as

Qc(k) =& f(k) + &5 f2(k). (9.38)
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As (9.38) shows, matrices {4 and {7 are weighting matrices that could be used to emphasize either
the contribution of the approximation error based on current data, calculated as f (k), or the contri-
bution of the approximation error based on recorded, past data, calculated as f 7(k).

The DTNRLS based CL algorithm, which we described below in (9.39), very much resem-
bles the standard DTNRLS algorithm in (9.29). For k& > kg, for some positive definite matrices
£ € R"*7a and £z € RZ*°Z, given an initial parameter estimate 0(ko) € R, and for a chosen
positive definite gain matrix P(ko — 1) = Py, with P,/ = Py, updating the parameter estimate 6 is

done by recursively carrying out

(k) = [0 (xm (k) €6, Z 2],
Qe(k) = &) f(k) + &5 f2(k),

-1

Kcop(k) = P(k—1)p(k) (m*(k)) ", (9.39)
Abor (k) = Kor(k)Qdk),

B0k + 1) = B(k) — Ao (k),
with P(k) and m? (k) respectively given by (9.30) and (9.31). Comparing the DTNRLS algorithm

in (9.29) and its CL modification in (9.39) reveals that the actual calculations of (k) and Q. (k) is
where their differences lie. Otherwise, form-wise at least, both algorithms are very similar.

CL needs not PE inputs for realization of convergence of the parameter error 0. Nevertheless, it
requires linear independence of the data in the history stack Z. This condition, also known as the
rank condition, is given by Condition 3.1.1.

Condition 3.1.1 means ¢z > rz and, denoting rank(-) as the rank operator, rank(Z) = rz = ry.
It is less demanding than persistency of excitation as it only deals with a subgroup of past data (in
the history stack). Additionally, unlike the PE condition, it is possible to implement and supervise
the rank condition on-line.

If Condition 3.1.1 is verified, we have from Theorem that, for the unstructured uncertainty

case, the DTNRLS based CL algorithm guarantees that:
177



e The parameter error 6(k) — [0]" asymptotically, or, equivalently, 8(k) — p, asymptotically

as times evolves;

e Here also, P(k) = PT(k) is positive definite and bounded for all k¥ > k. Moreover,

klim P(k) = P, = [0]"*"¥ (which actually allows to show convergence of  to the ori-
—00

gin).

Remark 5.2.4 in Chapter V emphasizes that necessitating £2 and/or LP, p € [1, co), properties for
ey to realize some of the theoretical guarantees of the standard DTNRLS algorithm could be, just
like the PE condition, more restrictive than requiring that the rank condition on Z be met in the case
of the CL modification.

We have mentioned throughout this work that the data that goes into the history stack Z (or the
data that makes up Z) undergoes a selective process. Chapter VI provides data recording procedures
for constructing Z. Two procedures are presented in [50] therein, namely the Data Recording Pro-
cedure 1 (DRP1) and the Data Recording Procedure 2 (DPR2). Both procedures seek to maximize
the minimum eigenvalue of ® 7 ;. (defined by (9.28)) given that, as shown in [50], such a maximiza-
tion would speed up the convergence of 5(/@) towards the origin. However, while DRP1 calls for
application of the CL modification starting at k = ko, i.e., actively looking to start mixing current
and past data from the on-start, with DRP2, CL is only applied after sufficient data guaranteeing
verification of the rank condition has been collected. Both procedures have their advantages as well

as disadvantages, as [50] points.

9.5 Numerical Simulations and Experimental Results

We now put both the standard DTNRLS algorithm and its CL. modification to task on the r, = 6
rotational joints Comau Racer industrial robot. Both algorithms are used for on-line parameter

identification.
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We are however only interested in identifying the 12 friction parameters associated with robot,
which have been labeled parameters 41 through 52 (out of the 52 parameters in pp). It is not too
far-fetched to assume that kinematic and inertial parameters are known well enough based on the
information provided by robot manufacturers and/or CAD drawings. Friction parameters, as we
have pointed to before, are however not necessarily (readily) known. Identifying them on-line, as
we have set out to do, could, for instance, help better a friction torque compensation scheme when
controlling the robot.

Numerical simulations of Section 9.5.1 are obtained by simulating a model of the robot in
Matlab/Simulink. Real-life experiments are also carried out and reported in Section 9.5.2.

For implementation of the algorithms, we start with
P(ko — 1) = Py = 1001, and f(ko) = [0]"?,

while setting o = 1, unless otherwise explicitly stated. For CL only, DRP1 is chosen as the data
recording procedure, we set cy = rz = ry. Lastly, on the figures shown in Sections 9.5.1 and 9.5.2,

legends ‘LS’ and ‘LS-CL’ are used to denote the DTNRLS and the DTNRLS-based CL algorithms

respectively.

9.5.1 Numerical Simulations

Let éW LsE € R be the unknown portion of the estimate py, 15 found via off-line training

using the WLSE method. We define and compute metric

eg(k) = ||0(k) — éWLSEH (9.40)

as a measure of the difference (in norm) between the estimates obtained on-line and off-line as time
evolves.
Seen on Figure 9.2 is the evolution of the parameter estimates, the evolution of metric > and

the final values of the parameter estimates after 20 seconds of simulation. It should be added that,
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for CL implementation, we set {; = I;,, and &z = 1.,. What Figure 9.2 shows is that, as far
as recovering OwrLsE, though both algorithms perform well, the CL modification seemingly does

better than the standard DTNRLS algorithm.

9.5.2 Experimental Results

Here, parameter identification is performed on the actual Comau Racer robot in real-time. We
have set {; = I, and £z = I., for use of the DTNRLS based CL technique. From the data
collected, as Figure 9.3 shows, we are able to plot the evolution of the parameters estimates and
their final (steady-state) values. Notice on Figure 9.3a that we experience large transients between
t = 7 seconds and ¢ = 10 seconds marks when using the DTNRLS based CL method. This could
be due to setting the minimum (and, thus, maximum) eigenvalue of Py to a large number. Hence,
to see with better clarity what happens in steady state, we have added Figure 9.3b as a zoomed-in
version of Figure 9.3a.

Additionally, we set Py = 0.001 I, (hence, with much smaller spectral properties than what
they were for the previous run) for use of both LS methods and repeat the real-time parameter
identification experiment. It should also be said that we set £, = 50 I,., and {z = 0.1 I.,, this time
around. Our results are shown Figure 9.4. Unlike before, we do not experinece large transients in
the evolution of the DTNRLS based CL parameter estimates.

Notice on both Figures 9.3c and 9.4b that, unlike in Section 9.5.1, there are more discrepancies
between the WLSE off-line estimates and both the final values of the DTRNLS and DTNRLS based
CL on-line estimates. We have up to now considered the WLSE estimates as the “golden standard,”
with respect to which, in Section 9.5.1, we have computed metric ;. However, an ultimately better
measure of how good the parameters estimates are would be to compute the predicted torque 7,
defined in (9.10).

Let py,rs and pp 1 be the final values of the DTNRLS and DTNRLS based CL parameter
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Figure 9.2: Numerical simulations: parameter identification results of the Comau Racer robot using
the DTNRLS algorithm and the DTNRLS based CL (with DRP1, {4 = I, and §z = I.,) algorithm.
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estimates of p,. That means py, 1,5 and py, ¢, contains the known parameters and the correspondingly
final values of the estimated unknown friction parameters using either methods. For some estimate

oy € R, let

p(k, Do) = Yo (xm (k)) D, 9.41)

be the DT version of CT framework 7,,(¢, pp) in (9.10). Aside from 7,(k, pp,w rsE), we can thus also
compute the predicted vector torques 7, (k, Pp,1.5) and 7,(k, py,cr,) using (9.41). For illustration

purposes, on Figure 9.5, for when Py = 100 I,

we plot measurements 7,,,;, ¢ = 1,2, ..., 6, and
their predictions 7, ;(k, po,wrSE)s Tp,i(k: Db,1s), and 7, ;(k, Pp,c1,). Moreover, from a numerical

point of view, we compare measured and predicted torques. In fact, for IV being the number of

sample points collected and 7 = 1, 2, ..., 6, we compute metrics
1 kn_1
en(P) = Z]; |7p.i(0 Bb) — Tmi ()7 9.42)
o=ko

which, essentially, are the mean square error (MSE) between the predicted and measured torques
for each of the 6 joints of the Comau Racer robot, and tabulate them in Table 9.1 for when Py =
100 1. " and Table 9.2 for when Py = 0.001 I, " All units are in SI. We see that the obtained
on-line parameter estimates provide better torque predictions than the WLSE estimates. Moreover,
as previously remarked in Chapter VII, when the spectral properties of F are large, as Table 9.1
shows, from an application standpoint, it is difficult to clearly point to the benefit (aside from the
theoretical guarantees) of using the DTNRLS based CL algorithm. Instead, when choosing F
with smaller spectral properties, we can now, as Table 9.2 reveals, say that the DTNRLS based CL

method improves the standard DTNRLS algorithm.

9.6 Concluding Remarks

We use the Normalized Recursive Least Squares algorithms of Chapter V for system identifica-

tion of the Comau Racer robot. In particular, we are interested in estimating friction parameters.
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Figure 9.3: Experimental results: parameter identification results of the Comau Racer robot using
the DTNRLS algorithm and the DTNRLS based CL (with DRP1, {y = I, and {7 = I.,) algorithm:
Py =100 I,
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Figure 9.4: Experimental results: parameter identification results of the Comau Racer robot using
the DTNRLS algorithm and the DTNRLS based CL (with DRPI, §s = 501, and £z = 0.11.,)

algorithm: Py = 0.001 Irw'

Table 9.1: Mean square torque prediction errors: Py = 100 I,

with DRPI1, § = I, and {7 = I .

" DTNRLS based CL is implemented

WLSE | DTNRLS | DTNRLS based CL
e, X 1000 | 432.24 | 431.84 431.85
€r, X 1000 | 533.56 | 524.43 524.43
€ry, X 1000 | 15743 | 154.41 154.41
€r, X 1000 | 6.65 6.27 6.28
€rs x 1000 | 5.38 5.05 5.05
€rs X 1000 | 3.35 3.14 3.14
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Figure 9.5: Experimental results: measured torques T, ;, © = 1, 2, ..., 6, and predicted torques
Tp,i When performing parameter identification of the Comau Racer robot using the DTNRLS algo-
rithm and the DTNRLS based CL (with DRP1, §4 = I, and {7 = 1.,) algorithm: Py = 100 Iy,.
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Table 9.2: Mean square torque prediction errors: Py

= 0.0011,,, DTNRLS based CL is imple-

mented with DRPI, £, = 50 Irq, and &z =0.11.,. "
WLSE | DTNRLS | DTNRLS based CL
eq x 1000 | 432.24 | 431.87 431.84
€r, X 1000 | 533.56 | 525.37 524.43
€r, x 1000 | 157.43 | 154.78 154.41
€r, X 1000 | 6.65 6.34 6.27
€r x 1000 | 5.38 5.17 5.05
€7 X 1000 | 3.35 3.15 3.14

First, a Weighted Least Squares Estimation method is used off-line for system identification of
the robot. It should be added that experiments with and results obtained from using the Weighted
Least Squares method are the work of a team of researchers we have collaborated with.

We have for our part performed on-line parameter identification using both the standard discrete-
time Normalized Recursive Least Squares algorithm and its Concurrent Learning modification.
Considering the parameter estimated off-line via Weighted Least Squares Estimation as a refer-
ence to compare our results to, Figure 9.2 shows that our discrete-time Normalized Recursive Least
Squares based Concurrent Learning algorithm is able to perform better than the standard algorithm
when it comes to recovering the parameters obtained off-line. Experiments are then performed on
the actual robot and as we see on Figure 9.5, there is quite a bit of mismatch between the on-line
estimated parameters and their off-line counterparts. For better comparison, we then go on to com-
pute, given each set of estimated parameters, the mean square errors between the measured torques
and the predicted torques, the latter obtained using the aforementioned set of estimated parameters.
Tables 9.1 and 9.2, both of which contain the mean square torque prediction errors for each dimen-
sion of the torque vector and for each estimation method used, show that the on-line methods, i.e.,
the standard discrete-time Normalized Recursive Least Squares and the discrete-time Normalized

Recursive Least Squares based Concurrent Learning methods, generate less error. There however
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isn’t a clear and distinct separation between the standard Least Squares algorithm and its Concur-
rent Learning modification given the results in Table 9.1. Hence, one could again be left wondering
if there are any benefits to using the Concurrent Learning technique. However, as remarked in
Chapter V, the standard algorithm can be thought of as a memory based method, therefore with
the same underlining purposes as Concurrent Learning. From the experimental results of Table 9.1,
it would then seem that it is not always the case that adding more memory can help the CL mod-
ification perform better. In Chapter V, we have seen that, when setting the minimum (and, thus,
maximum) eigenvalue of Py (initial guess of the gain matrix) to a large value, it becomes difficult
to distinctively tell how good the CL modification is compared to the standard algorithm. Choosing
Py with small spectral properties, we can then clearly see, as Table 9.1 shows, the advantage(s)
of using the Concurrent Learning modification of the discrete-time Normalized Recursive Least
Squares from an application point of view. In any case, all theoretical properties guaranteed by
using the discrete-time Normalized Recursive Least Squares Concurrent Learning algorithm (which

the standard algorithm cannot or does not always provide) have been validated.
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CHAPTER X

CONCLUSION AND FUTURE RESEARCH

Commonly used in science and engineering for various tasks such as function approximation,
learning, and signal processing (among other), system identification is the process of using input
and output data to build models of unknown or uncertain systems [1]. When approximating a func-
tion, one usually either deals with the structured uncertainty approximation case or the unstructured
uncertainty approximation case. Regardless of the type of approximation encountered, putting to-
gether a function approximation scheme involves defining a regressor, made of computable signals,
and a set of parameter estimates, updated using an adaptation rule in order to arrive at a better rep-
resentation of some unknown, true parameters that would yield the best approximation on some
predefined approximation set.

When used for standalone approximation, standard learning methods (typically, Gradient De-
scent and Recursive Least Squares), do help minimize the approximation error. However, conver-
gence of parameter estimates to their true values or a neighborhood around the aforesaid true values
when employing standard learning methods can only be theoretically proved if the regressor used
for approximation is persistently exciting (PE) [2, 3, 4]. In Appendix B, we formally define what
it means for a regressor to be persistently exciting. A look at the aforementioned definition shows

that the PE condition means realizing complete span, for all time, of the approximation space. For
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that reason, it is hard, demanding, and impractical to achieve the PE condition, especially when im-
plementing closed-loop control. Moreover, though many researchers have studied alternative con-
ditions that could yield persistently exciting inputs when devising control algorithms [11, 12, 13],
requiring persistency of excitation conditions remains restrictive and not easily verifiable on-line.

We have in recent years investigated Concurrent Learning (CL), a method that was first intro-
duced as a continuous-time (CT) uncertainty approximation method [14]. CL, much like human
learning, makes use of current data and stored, past data. Without requiring persistency of exci-
tation, CL is shown, in CT settings, to guarantee global exponential convergence of the parameter
error (defined as the difference between the parameter estimates and their true values) when em-
ployed for standalone identification of structured uncertainties, while yielding uniform ultimate
boundedness of the parameter error when dealing with unstructured uncertainties instead instead
[15, 16, 14, 17, 18]. Those results however necessitate that the stored, past data be (at least) rich
enough. More specifically, there should be the same number of linearly independent columns in
the matrix containing the stored, past data as there are (row) dimensions in the used regressor for
approximation, which, as discussed about before, is less demanding than requiring persistency of
excitation.

To this day, several research endeavors (see [15, 16, 14, 17, 19, 18, 20, 21, 22, 23, 24, 25, 26, 27])
on CL in the CT framework have been published. For our part, to add to its already existing liter-
ature, we have looked at how the concept of CL can be implemented in the discrete-time (DT)
framework. To this end, the present research intends to provide a fundamental study of the CL
method for function approximation in the DT domain while using both the DT Normalized Gradi-
ent and the DT Normalized Recursive Least Square techniques. The following is a summary of our

problem definition and contributions.

e We formulate a very general discrete-time function approximation problem;
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e We investigate both the DT Normalized Gradient (DTNG) and the DT Normalized Recursive
Learning (DTNRLS) algorithms for function approximation in DT settings. Because of the
generic nature of the approximation problem that we have set out to solve, our studies of the
previously mentioned techniques are not mere repetitions of the current state of literature.

Rather, we add to the already existing literature work on both standard algorithms;

e Our main contributions comes from developing a DTNG based CL algorithm and a DTNRLS

based CL algorithm;

e For each studied and developed algorithm, we study both the structured and unstructured

uncertainty approximation cases,

e Unlike in the cases of the standard DTNG and DTNRLS algorithms, we show analytically
that the DTNG based CL and DTNRLS based CL algorithms yield better parameter identifi-
cation (i.e., convergence of the parameter error to the origin or a neighborhood of the origin)

provided that the CL condition for richness of the stored data is verified.

Last, it is worthwhile mentioning that the derived stability results in the present work are ob-
tained via a Lyapunov proof, which therefore makes them conservative. In that regard, violating the
conditions for which those results are obtained does not necessarily or automatically mean that the

same results cannot be attained.

10.1 Future Research

10.1.1 Optimizing the Developed Concurrent Learning Algorithms

When developing the CL algorithms in both Chapters IV and V, we have derived upper bounds
on the Frobenius of the parameter error, with those upper bounds dependent on many variables,

including the spectral properties of the learning or gain matrices. It may be the case that the gain

190



matrices can be optimally designed so as to yield smaller upper bounds or ultimate bounds of the

parameter error and, thereby, improve approximation results.

10.1.2 Data Recording for Concurrent Learning

We have seen in our numerical simulations of Chapter VII that, in the case of the DTNG based
CL algorithm, though still performing well as far as parameter estimation is concerned, the adjust-
ment term based on recording data can potentially damage function approximation performance
depending on the current state of the data saved in memory. Similarly, we have seen, in the case of
the DTNRLS based CL algorithm that, because the standard DTNRLS algorithm essentially uses
memory, it can be difficult to show the benefit of the DTNRLS based CL algorithm aside from
its theoretical guarantees. Moreover, when it comes to the data recording procedures of VI, as
backed by our theoretical derivations, if/when the CL rank condition is met and the history stack
7Z € R"2%¢z or Z € R"2*¢Z jg full, we seek to update them so as to maximize the the metric r¢y,.
At the software level, as depict Procedures 1 and 2, this is done by replacing each of the present
column in the history stack by the newly considered one(s) and computing cz different metric r¢y..
To do so we use a for loop. Hence, as cz increases (and/or r increases, since cz > ryz), more time
is used during the data recording processes, which can be a detriment when it comes to real-time
implementations. It would therefore be advisable that more study be done on the generation and
maintenance of the memory bank when using CL methods. It should be noted such studies are

present in the CL in CT framework literature.

10.1.3 Approximation Structure

The present work only uses an approximation structure that is linear in all parameters being es-
timated. Nonlinear in the parameter approximator such as Multi-Layer Perceptron have been shown

in literature to be able to provide improved function approximation performances. Devising CL
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inspired algorithms using a nonlinear in the parameter approximator while working in DT settings

could therefore be an avenue for future studies.

10.1.4 More Real-Time Applications

We have studied in Chapter VIII the use of the DTNG based CL algorithm when implementing
indirect adaptive control of a class of single state plant. We have also used the DTNRLS based
CL algorithm for system identification of a Comau Racer industrial robot, as shows Chapter IX.
Nevertheless, for the most part, the present work has been much more concerned with fundamental
work than applied work. Hence, compelling research directions could therefore involve using the
derived CL algorithms and applying them to more problems, especially problems involving real-

time implementations.
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APPENDIX A

Matrix Identity and Propositions

Consider the expression
B=A4+UCV,

where matrices A, B, C, U, and V are of appropriate size. The Woodbury Matrix Identity or Matrix

Inversion Lemma stipulates that
Bl=UA+Ucv)™!
(A.1)
—A' AU (T vATiD) T ATt
provided A~! and C~! exist and are computable.
The following proposition, given without proof and obtained from [3], is about convergence of
monotonic functions. However, first, we define what it means for a function to be monotonic. A

function h(k) is monotonically increasing (or decreasing) if, for discrete-time k1 and k2 such that

kQ > kl, h(kQ) > h(kl) (01‘ h(kz) < h(kl))

Proposition A.1. If a function A(k) is either monotonically decreasing and bounded from below or

monotonically increasing and bounded from above, then klim h(k) exists and is finite.
—00
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APPENDIX B

Persistency of Excitation

By adopting and adapting the definitions in [3], we define here what it means for a signal to be
exciting or persistently exciting.

Consider w(k) € R™=*%= r, ¢ € N, to be a bounded signal.

Definition B.1. The signal w(k) is exciting over the time sequence set {7, 7 + 1, ..., T 4+ dz},

T > ko and 6 € Ny, if for some 5 > 0 it holds that
T+0
> wk)w (k) > Bol... (B.1)
k=1
Definition B.2. The signal w(k) is persistently exciting (PE) if there exist 6, € N and S5 > 0
such that
T+

Y- @k)w (k) 2 Baly,, V7 2 ko, (B.2)
k=T
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APPENDIX C

Vector Norms, Matrix Norms, and Properties

The reader is encouraged to refer to [3, 5] for proofs. Consider:

_ o . .
e Vectorv=[ 0y U2 ... Uy | €R", neN,. Thatisv’s,i=1,2, ...,n,are scalars.
e Vectors v, € R™a and v, € R™ , with r,,,, 1, € N4

e For n € N, the discrete-time vector signal

e Square matrix Ay, € R™sq *TAsq | where TA,, € Ni.

e Matrix A = [a,,,]"* " € R"™4%¢A where 74,c4 € Ny and, forr, = 1,2, ...,74,

ca=1,2, ..., ca, ar,c, are the elements of A.

e Matrices mg, mp € R™ %™ and mq, , Mgg, € R™ >, with ry, and ¢, such that 7, ¢, €

N,.
We make use of the following definitions and properties.

e Let tr(-) denote the trace operator, which can only be applied to square matrices, and vec(-)

denote the vectorization operator. While tr (As,) = tr (A;rq) € R is the sum of the main
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diagonal entries, vec(A) € R"4¢4 is obtained by appropriately stacking up columns of matrix

A one after the other, starting with the very first one. We have that

TAsq
tr(Asg) = D Aan), (C.1)
r=1
with )\{Asq}r, r=1,2, ..., TAugs being the eigenvalues of A,
tr(msq, + Msgy) = tr(msg, ) + tr(mgg, ). (C.2)

and, if myq, is neither function of m g, nor my,

otr {m5q1m8q2} _ o {m5q2msq1} = m;l;l, (C.3)
amqu 6Trqug
and
otr {m)] msq, ma
{ amaql ! [msql +m;rql} . (C.4)

The ¢P-norm, p € [1, co), of vector v is defined as

P v
I5]l, = <Z |vrrp> : (C.5)
r=1
while

[l = max [7,

) (C.6)

where max(-) denotes the maximum operator, is the ¢>°-norm of v.

Let ||-|| r represent the Frobenius (or Hilbert-Schmidt) matrix norm operator. By definition,

A p = (Z > |ama!2> : (C.7)

re=1cq=1

Given (C.7),

ol =t
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and
1A% = vec (A) Tvee (A) = [[vee (A)]* = tr (AM) . (C.9)

Among other properties, the Frobenius norm is subadditive, submultiplicative, and subordi-
nate to the #2-norm. That is, for n € N, matrices m;, 7 =1, 2, ..., n, whose dimensions are

suitably and appropriately chosen (depending on (C.10) and/or (C.11)),

Iy £ ma £t mallp < ol + Imallp + oot lmallp.(€10)

[mimy...ma||lp < lmallp lmallp - Imallg (C.1D
and, given a vector v, € R,
[mavall < lfmallz [[vall (C.12)
where ||-| is the £2-norm operator. Additionally, for some positive scalar 3, such that
1< b <o,
and assuming that matrix A, is invertible,
Ly, = AsgAy <BL,,

Given the submultiplicate property (see (C.11)) of the Frobenius norm, we can write

Iy, FSHAS‘IHFHA;IlHF<B I, P
Thus,
7. |z
LHNE o A2 < gL 2IF C.13
A, = A lle <P (13

e Consider the following:
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— We have
tr <maTmb> =tr <mgma) = vec(mg) 'vec(my).
Therefore, from (C.9),

T T, 2 2
tr (L migy ) = veo(mag,) Vee(mag,) = IVec(mag I = meq [}, (€.14)

tr (m;rmb> < ‘tr (m;rmb>‘ < Imallp msl (C.15)

and, given (C.11) and (C.15 ), for n € N, dimensionally well-chosen matrices m;,
1=1,2, ...,n,

tr(mymy - --mp) < e (mamg - --mp)| < lmallp [mellp- - lmallp. (C.16)

— Similarly, tr (vqv, ) = v vp = v} vq = tr (vpv, ), which means ’tr (vavy )| < llvall [losll

and

T
a

e Norms and signal spaces [3]:

Vala |, 2 tr (vavg) =0, vg = ||Jva)?. (C.17)

- For p € [1, 00) and ||-||, representing any vector norms, the £? signal norm of Z(k) can

be defined as

o=

| lcp=<2\ H”) : (C.18)

Moreover, the £ signal norm of Z(k) is given as

[Z(F) | oo = sup [[Z(F)| o » (C.19)
k>0
where sup(-) stands for the supremum operator
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— The LP, with p € [1, 00), and L signal spaces are respectively

£P = {3(k) € R™ : |3(k)]| o < 00} (C.20)

£ = {z(k) € R": | £(k)|| poo < 00} (C.21)

— Some properties:

* For p1,p2 € [1, 00) such that p1 < po, if (k) € LP' then z(k) € LP2. For
instance, if (k) € £ then Z(k) € LP, p € (1, 0).
* Moreover, if Z(k) € LP, for p € [1, 00), then Z(k) € £ and lim z(k) = [0]" or

k—o0

lim ||z(k)| = 0.

k—o0
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