GRAPH MATRICES UNDER THE MULTIVARIATE

SETTING

by

IMRAN HOSSAIN

Submitted in partial fulfillment of the requirements

for the degree of Master of Science

Department of Computing and Information Sciences

CASE WESTERN RESERVE UNIVERSITY

May 2022



CASE WESTERN RESERVE UNIVERSITY
SCHOOL OF GRADUATE STUDIES

We hereby approve the thesis of
Imran Hossain

candidate for the degree of Master of Science*.

Committee Chair

Dr. Harold Connamacher

Committee Member

Dr. Vincenzo Liberatore

Committee Member

Dr. Mark Meckes

Date of Defense

March 31, 2022

*We also certify that written approval has been obtained

for any proprietary material contained therein.



Contents

List of Figures

List of Acronyms & Symbols
Abstract

1 Introduction

2 Background
2.1 Preliminary Definitions & Notation . . . . . .. ... ... ... ...
2.2 Graph Matrices . . . . . . . . ..
2.2.1  Warm-up: Clique Indicator Matrix . . . . . .. .. ... ...
2.2.2  Generalized Definitions . . . . . . . ... ...

2.3  Multivariate Distributions . . . . . . . . . . ... ...

3 Techniques for Proving Bounds of Graph Matrices
3.1 The Trace Power Method . . . . . .. .. ... ... .. .......
3.2 Constraint Graphs . . . . . . .. ... oo

3.3 Handling the Input Distribution . . . . . . . . .. ... ... .. ...

4 Graph Matrices in the Multivariate Setting
4.1 Orthonormal Bases . . . . . . . . . . ... ... ... ... . .....

4.2 Modified Techniques . . . . . . . . . .. ...

iii

iv

vi

10
16
22

25
26
27
31



CONTENTS

5 Applications using the Multivariate Setting 44
5.1 Representing Polynomials as a Shape . . . . . .. ... ... ... .. 45
5.2 Monochromatic Cliques in Randomly Colored Graphs . . . . . . . .. 55
5.3 The Uniform Distribution on Quantum States . . . . . . . .. .. .. 61

A Orthonormal Bases for Input Distributions 65
A.1 Standard Normal Distribution . . . . . . .. .. ... .. ... .... 66
A.2 Multivariate Normal Distribution . . . . . . ... .. ... ... ... 69
A.3 Flat Dirichlet Distribution . . . . . . . . . ... ... ... ...... 72

Bibliography 74

ii



List of Figures

2.1

2.2

3.1

5.1
5.2

2.3

0.4

Ribbon R where V(R) = {1,2,4,5}, Agp = (1,2), Bg = (4,5) and
E(R) = {{1,5},{2,4},{2,5}}. . . . . . . . 13
Shape a where V() = {uy, ug, v1,v2}, Uy = (ug,uz), Vo, = (v1,v2) and

E(R) = {{u1,va}, {ug,v1}, {ua,v2}}, abstracting the ribbon in Figure 2.1. 14

Example shape «, its transpose o', and H(a,2q) for ¢q=3. . . . .. 28
Shape representation of the polynomial in Example 5.4. . . . . . . .. 48
Shape representation of the polynomial in Example 5.5. Vertex shaping

is used to resemble vertices of different types. . . . . . ... ... .. 50
Shape representation of the polynomial in Example 5.6. Coloring is
used to resemble vertices of different types, and multiple labels are
shown to denote arbitrary choice. . . . . . . . . ... ... ... ... 54

Shape representation of CLIQUE,. Choice of labels for each edge depend

il



List of Acronyms & Symbols

C(¢) constraint graph under mapping ¢

N; i-th ground set

U, Left vertex set of shape «

V.. Right vertex set of shape «

W, Middle vertex set of shape «

C(a,2¢) Class of constraint graphs on H(«, 2q)

Q) input distribution

Eq[f(z)] expectation of f(x) over distribution €2
9] big O notation ignoring polylogarithmic factors
a shape

xg Fourier character of edge set E

M, graph matrix with shape «

to(7) j-th moment of distribution 2

¢ mapping of a vertex set onto ground sets

d dimension of input distribution

v



List of Acronyms & Symbols

fa density function of distribution €2

hi(z) k-th basis polynomial

n size of largest ground set

pr(x) canonical basis monomial of degree k

iid independent and identically distributed

w.h.p. with high probability



Graph Matrices under the Multivariate Setting
Abstract
by
IMRAN HOSSAIN

We expand on the framework of graph matrices first introduced by Ahn et al. [1],
which are a class of random matrices whose entries’ dependence can be described
by a small graph. While Ahn et al. assume that a univariate distribution underlies
this dependence, we relax this assumption and introduce graph matrices whose input
structure is derived from a multivariate probability distribution. We then show
spectral norm bounds on these graph matrices as being consistent with those under
the univariate setting using the trace power method. Our result expands Ahn et al’s
work by allowing for random matrices with more complicated dependencies between
elements. We present potential applications that have such dependencies under the

multivariate setting in fields such as graph theory.
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CHAPTER 1. INTRODUCTION

In this thesis, we expand on the work of Ahn, Medarametla, and Potechin [1], who
introduce graph matrices, a class of matrices whose random-valued entries depend on
some input probability distribution. In particular, this dependence can be characterized
by a small graph. While the theory of random matrices has been studied for many
decades, with applications in nuclear physics [2], statistics [3], and quantum physics
[4], typically these applications make the assumption that entries of these random
matrices are independent. The framework that Ahn et al. introduce using graph
matrices allow for the analysis of large dependent random structures (whose size
is described by a parameter n) in a way that makes their analysis easier and more
mechanical. These structures can come in the form of (but are not limited to) matrices,
polynomials, or graphs, e.g. the Erdés-Rényi model of random graphs on n vertices,
which we discuss in Section 2.2.1. This work arose out of Potechin’s work involving
the sum-of-squares hierarchy [5], [6], and so the applications discussed often involve
problems that end up analyzing this hierarchy. In their work, Ahn et al. showed
spectral norm bounds on graph matrices and have used them to more easily reproduce
upper bound analyses of the sum-of-squares hierarchy. This sum-of-squares hierarchy is
often used to show bounds on refutation algorithms in constraint satisfaction problems
[7], a core topic of interest in theoretical computer science, as well as in inference
problems in machine learning such as tensor completion [8]. The proofs of some of
these bounds often required clever arguments, whereas graph matrices makes their
analysis more mechanical and straightforward.

One core assumption Ahn et al. made in their work is that the entries of a graph
matrix are expressed in terms of random variables that are sampled from an input
distribution on one variable, i.e. a univariate probability distribution. For example,
the presence of edges in a random graph on [n] vertices are events sampled from
the Rademacher distribution. As another example, the coefficients of a polynomial

in n variables are products of random variables sampled from the standard normal
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distribution [1, Section 9.2]. Notably, this assumption does not generally allow for
random variables that have nonzero covariance, since samples are independent of one
another.

In our work, we relax this univariate assumption and port the graph matrix frame-
work to the multivariate setting, letting these random variables instead be sampled
from a probability distribution in d > 2 dimensions. This allows for distributions
that follow a stricter set of rules that either cannot be expressed or are much more
difficult to express using a univariate distribution. By consequence, this increases the
framework’s versatility, allowing its use in more applications. We begin in Chapter 2
with preliminary backgrounds in linear algebra, graph theory, and probability theory.
We then introduce the graph matrix framework in Section 2.2, starting with a warm-up
example from [1, Section 2.1] of a clique indicator matrix for Erdés-Rényi random
graphs, then moving on to more generalized definitions. Towards the end of the
chapter, we reproduce the main theorem of Ahn et al. [1], bounding the spectral norm
of a graph matrix.

In Chapter 3, as a preface to our contributions, we present the techniques and
theorems used to prove this bound, namely the trace power method, constraint graphs,
and the handling of an input distribution. We then move on to the multivariate setting
and modify these techniques in Chapter 4. In particular, we modify theorems used
to bound the input distribution and properties of constraint graphs. Some of these
modifications required straightforward proofs that were essentially modified from Ahn
et al’s work, while others required more sophisticated arguments. This ultimately
culminates in the same upper bound on the spectral norm on a graph matrix in the
multivariate setting as in the univariate setting, though these bounds can be refined
given a specific input distribution.

Chapter 5 then presents a few potential applications that would either be much

more difficult or impossible to work with in the univariate setting. First in Chapter 5,



CHAPTER 1. INTRODUCTION

we extend Ahn et al’s application of bounding polynomials over the unit sphere.
While in [1, Section 9] the coefficients of these polynomials are random variables
from the standard normal distribution, we modify one of their examples to use a
multivariate normal distribution with non-zero covariance and show a bound on this
polynomial over the unit sphere. We then revisit the clique indicator matrix in
Section 5.2, modify it by introducing a new random graph model with edge coloring
and creating a monochromatic clique probability matrix, then show spectral norm
bounds on this matrix. Finally, in Section 5.3 we discuss a potential application in
quantum physics, using graph matrices to represent expressions involving pure states

and density matrices.
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CHAPTER 2. BACKGROUND

In this chapter we provide the necessary background on top of which our work is
built. Section 2.1 provides a basic introduction to matrices and graphs as well as related
concepts and notation used in the rest of the paper. Section 2.2 introduces the concept
of graph matrices, a type of random matrix whose dependencies can be characterized
by a graph. Section 2.3 defines some properties of probability distributions, specifically

those that are multivariate.

2.1 Preliminary Definitions & Notation

For some n € N, we write [n] to mean the set {1,2,...,n}.

Let M be some matrix over some field F. We use the notation M (i, j) to signify
the element in M at index (i, j), and the notation M () to signify the ith column
vector in M. Similarly, for some order-d tensor T where d > 2, we use T'(i1,...,1iq)
to signify a specific element in T'. We also use the notation T'(i1, . ..,i4_1) to denote a
“subtensor” of T' taken by fixing the first d — 1 indices. For example, for a ny X ny X ng
tensor T' (visually, a “cube” of elements), T'(i, j) is the vector (or “rod”) of elements
at position (7, j) in the tensor.

In the field of linear algebra, there are several matrix norms (all denoted with

|- 1), all of which obey the properties listed below.

Definition 2.1 (Properties of matrix norms). Given matrices M, N over F and scalar

k € F, a matrix norm || - || must satisfy the following properties:

1. (Non-negativity). ||[M]| >0

2. (Definiteness). ||M|| = 0 if and only if M is the zero matrix
3. (Scaling). [[kM|| = |k[[ M|

4. (Triangle inequality). |M + N|| < || M| + || V||
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In this thesis we focus on the spectral norm, which is roughly how much a vector
is scaled by a matrix. Throughout the rest of this paper, we write || - || to denote the

spectral norm. We give a concrete definition below.

Definition 2.2 (Spectral norm). Given a matrix M over a field F, the spectral norm

of M, written as || M|, is defined as

M
1M = sup MYl Az,
[ P T

where v is some vector over F and ||v||, is the Euclidean norm, or 2-norm, of v. The

spectral norm is also known as the operator norm or induced 2-norm.

We also define some additional terminology concerning matrices which we use

throughout the paper.

Definition 2.3 (Trace). For an n x n matrix M, the trace of M, written as Tr(M),

is the sum of the entries on its main diagonal. That is,
Te(M) =Y M(i,i).
i=1

Definition 2.4 (Definiteness). For some real-valued square matrix M € R™*" we

say that M is positive semi-definite, written M = 0, if €" Ma > 0 for all z € R".

Given a graph G, we write its vertex set as V(G) and edge set as E(G). Each
edge e = {v1, 12} € E(G) is a set of two vertices vy, vy € V(G). In a hypergraph H, an
edge can connect any number of vertices. That is, E(H) is made up of (non-empty)

subsets of V' (H) of any size. We introduce some properties of graphs below.

Definition 2.5 (Clique). We say that a graph G is a clique if any two vertices in G

are adjacent.

Definition 2.6 (U, V-separator). For a graph G and subsets U,V C V(G) of its vertex

set, we say that S C V(G) is a vertex separator between U and V', or a U, V -separator,

7
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if all paths between U and V' go through S. We call S a minimum U,V -separator if
no other U, V-separators are smaller. Note that paths of length zero are allowed, so

SoUNV.

Definition 2.7 (Matching). For a graph G, a matching is a set of edges M C FE(G)
such that no two edges are incident to the same vertex. We call M a mazimum
matching if no other matching on G is larger. For subsets U,V C V(G), a U,V -
matching is a set of edges M C F(G) such that no two edges are incident to the same

vertex, and each edge has an endpoint in U and another in V.
Our work also deals with probability distributions, so we provide some definitions.

Definition 2.8 (Support). Let 2 be some probability distribution. The support
of Q is defined as supp(Q2) = {z | X ~ Q, p(X = z) > 0}, the set of all values with
nonzero probability under 2. Intuitively, this is the set of all values which can be

sampled from ).

Definition 2.9 (Moments). Let X ~ € be some random variable drawn from a
probability distribution, and Eq(f(X)) be the expectation of f(X) over €. For all

J €N, the j-th moment of 0 is defined as uq(j) = Eq[X7].

Definition 2.10 (Polynomial vector space). The vector space of polynomials F[z] is

the set of all expressions of the form

k
Co+cCixr+...+cpx

where coefficients ¢; are elements of the field F. Further, we define the canonical basis

of F[z] to be the set of all monomials {1, z, x5, x3,...}.
Lastly, we provide a definition regarding asymptotic complexity.

Definition 2.11 (Soft-O notation). We define the notation O(f(n)), called soft-O,

as shorthand for big O notation ignoring polylogarithmic factors: O(f(n)log®n) for

8
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some ¢ > 0. That is, a function g(n) = 6( f(n)) when it grows asymptotically no

faster than a polylogarithmic factor of f(n).

2.2 Graph Matrices

Many problems in fields such as quantum physics [9] or sum-of-squares [10] boil down
to analyzing some class of matrices. In many cases, entries of this matrix may be
random variables drawn from some distribution. We call these random matrices. The
properties of random matrices whose entries are independent random variables have
been well-studied in random matrix theory, a field with many applications in physics,

mathematics, and computer science. Some examples of such properties are as follows:

o For a symmetric random n x n matrix whose entries are iid random variables from
the standard normal distribution A/ (0, 1), Wigner’s Semicircle Law [11] describes
the limit of the distribution of eigenvalues, or the limiting spectral distribution,

as n — oo stating that its probability density function is a semicircle.

e For a random n x n matrix whose entries are iid complex random variables with
unit variance, Girko’s circular law [12] states that the limiting distribution of
eigenvalues as n — oo follows the uniform distribution over the unit disc on the

complex plane.

o Given a symmetric n X n matrix whose off-diagonal entries are iid random
variables drawn from a distribution with unit variance and whose diagonal
entries are iid from another such distribution, the spectral norm of the matrix is

bounded from above by 2(1 + o(1))/n. [13], [14]

As seen in these examples, random matrix theory is often interested how properties of

a random matrix behave asymptotically as the size of the matrix increases.
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Now, rather than a matrix whose entries are iid, consider a matrix whose entries
are dependent on some underlying random input distribution such that entries are
no longer independent of each other. Ahn et al. [1] introduce such a class of random
matrices, called graph matrices. As we will discuss in this section, we can express this
dependence with a small graph we call a shape. In their paper, Ahn et al. prove a
rough bound on the spectral norm of these matrices and demonstrate applications of
these bounds by reproducing results of various theorems concerning the sum-of-squares

hierarchy.

2.2.1 Warm-up: Clique Indicator Matrix

To introduce the concept of a graph matrix, we consider a simple example excerpted
from [1, Section 2.1] throughout this subsection. We will revisit this example and

modify it later in Section 5.2.

Example 2.12. Consider the distribution of graphs G whose vertez sets V(G) = [n],
and each possible edge has independent probability 1/2 of appearing in G. This is
known as an Erddés-Rényi distribution of random graphs, denoted G(n,1/2).

Suppose we want to analyze the following n - (n — 1) X n - (n — 1) indicator matrix

CLIQUE, defined as

o o 1 ifiy,19, 1, Jo are distinct and form a clique in G
CLIQUE((#1,12), (j1,J2)) =
0 otherwise.
(2.1)
Note that the matrix indices are tuples of 2 vertices or monomials, and that each
of the indices are elements of the vertex set [n]. Also note that the entries of this
matrix are random, but not independent, as they each depend on varying factors of

the same underlying graph G ~ G(n,1/2). We provide the following definitions to

formalize the indices of a matrix.

10
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Definition 2.13 (Ground set). Since each monomial takes on a value from [n], we

call this set a ground set.

Definition 2.14 (Matrix index). A matrix index A = (aq,...,a,) is an m-tuple of
distinct indices for some m € N, where each a; is drawn from the ground set [n]. We

define V(A) to be the set of vertices {ay, ..., am}.

One way we could try to analyze this matrix is by decomposing each of its
entries M ((i1,12), (j1,j2)) into all possible graphs on the 4 vertices {iy, s, j1, jo},
then querying the existence of each edge in those graphs. We call this analysis by
decomposition Fourier analysis.

To perform this analysis, we first need a way to encode the existence of some edge

{k1,k2} in G. We encode these as variables X, k,}, Where

+1 if {k1, ko} € E(G)
X{k1,k2} =
—1 if {ky, ko} ¢ E(G).
We can then decompose the CLIQUE matrix into a sum over each possible subgraph

on four vertices as in the following proposition.

Proposition 2.15 ([1, Equation 2.2]). For distinct iy, 12, j1,j2 € [n],

CLIQUE((i1,%2), (j1, j2)) = % : > IT x (2.2)

R: graph on {i17i27j17j2} EGE(R)

If a clique exists for a particular index of CLIQUE, then each factor x. = +1 in the
product, and this is true across the sum over all graphs over those indices. Otherwise
some edge e is missing, and y. = —1 in half of the summands, resulting in a perfect
cancellation.

Note how each summand is a product of all the y. variables on the edge set of

each possible graph on the given indices. We call this the Fourier character of the

11
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edge set.

Definition 2.16 (Fourier characters). Given some edge set £ whose elements are

pairs of distinct indices from the ground set [n], the Fourier character of E is defined

as XE = HeeE Xe-

Consider a specific entry of CLIQUE, taken by mapping indices i1, 2, J1, j2 to
distinct values from [n]. We call this a realization of the variables in the matrix index.

For example,

CLIQUE((1,2), (4,5)) = = > xew) (G)

26
R: graph on {1,2,4,5}

We call each graph R corresponding to a summand in the entry a ribbon, for which
we give a precise definition in Definition 2.17. Each ribbon has a set of left and right
vertices, signified by the matrix index, which we call Agr and Bg. Ribbons may also
have middle vertices distinct from the matrix index, which we call Cg. In this case,
A= (1,2) and B = (4,5). We define the Fourier character of a ribbon R as that of
its edge set E(R). That is, xg := Xgr). Thus, we can express the above entry using

ribbons and Fourier characters as:

1
CLIQUE((1,2), (4,5)) = 5 - > X&-
ribbon R
V(R)={1,2,4,5}
Ap=(1,2), Br=(4,5)
Consider one of the terms in Equation (2.2). For example, one such term is

X{1,51X{2.4}X{2,5}- Figure 2.1 shows the ribbon corresponding to this term.

We give a formal definition for ribbons below.

Definition 2.17 (Ribbons). A ribbon R consists of (possibly intersecting) matrix
indices Ag and Bpg, a set of additional distinct indices C'g, and a set of pairs of indices

E(R). We represent R as a graph with left vertices V(Ag), right vertices V(Bg),

12
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AR BR

@

@—®

Figure 2.1: Ribbon R where V(R) = {1,2,4,5}, Agp = (1,2), Bgp = (4,5) and
E(R) = {{1,5},{2,4},{2,5}}.

middle vertices V(CR), and edge set E(R). The left and right vertices may intersect,
but the middle vertices are distinct. The Fourier character yg of a ribbon is defined

as that of its edge set, xg(r)-.

Note how, in Figure 2.1, the left and right vertices in R correspond to the first
and second matrix indices in CLIQUE((1,2), (4,5)), respectively.

We can then consider all terms across all entries that have the same configuration,
or shape, as this ribbon. Call this shape a. To do this, we replace the exact assignments
1,2,4,5 with free variables uq, us, v1, v9, respectively. Each of these variables, when
realized, will take on values from the ground set [n]. Additionally, we replace the exact
matrix indices Ag and Bg with tuples U, = (uq,uz2) and V,, = (vq,v2), respectively.
We call these tuples index shapes, and say that a matrix index A has index shape U
if they are the same size. Figure 2.2 shows the shape of the ribbon R in the above
example.

Shapes then are essentially an abstraction of ribbons, where indices are replaced

by free variables. To formalize this, we give a definition for shapes.

Definition 2.18 (Shapes). A shape « consists of index shapes U, and V,, a set of
additional distinct indices W, and a set of pairs of variables E(«a) taken from any of
those sets. We represent « as a graph with left vertices V(U,), right vertices V(V,),

middle vertices V(W,,), and edge set F(«) between these vertices. The left and right

13
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Ua Va

@ @

Figure 2.2: Shape o where V(a) = {uy, us, v1,v2}, Uy = (u1,u2), Vo, = (v1,v2) and
E(R) = {{u1, v}, {ua,v1},{ua, v2}}, abstracting the ribbon in Figure 2.1.

vertices may intersect, but the middle vertices are distinct. Variables in U,, V,,, W,

are written as u;, v;, w;, respectively.

Now, we can rewrite the CLIQUE decomposition in Equation (2.2) using shapes.
Given a specific shape, we take all ribbons with that shape together to construct a
matrix. In other words, for each shape «, we take all ribbons such that we can map
the shape variables to the ribbon’s indices. We then construct a matrix M, from this

as follows:

o o Xr if 41,99, J1, jo are distinct
M., ((i1,i2), (j1,J2)) = 7
0 otherwise

where R is a ribbon with shape a such that Ar = (i1,72) and Br = (j1,2). We call

this matrix M, a graph matriz, and give a precise definition below.

Definition 2.19 (Graph matrices). Given a shape «, the graph matrix M, is a

n! n!
=1UaD! = = |VaD!

Bl = [Val,

matrix where, for indices A, B C [n] such that |A| = |U,| and

M, (A, B) = > XE-

ribbon R: R has shape «
We can then rewrite the entire CLIQUE indicator matrix using graph matrices over

each applicable shape. Recall that CLIQUE is indexed using 2-tuples. This means we

14
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sum over all shapes with 2 left vertices and 2 right vertices (i.e. |U,| = V4| = 2),

giving us the following equation:

1
CLIQUE = - > M, (2.3)

shape a
V(a)={u1,u2,v1,v2}
Ua=(u1,u2), Va=(v1,v2)

By the triangle inequality, the norm of CLIQUE then involves bounding the norm
of each of its parts M,, which Ahn et al. demonstrate in [1, Section 2.5]. For
completeness, we restate their informal norm bounds on a graph matrix with some

shape «.

Theorem 2.20 ([1, Theorem 2.24]). Let a be a shape, u be the number of isolated
middle vertices in Wy, and Sy, be the minimum size of a U,, V,-separator. Then,

w.h.p., | M, < 5<n$<\V<a>\+ufsmm>>_

We show a more formal bound on the norm of a graph matrix in Theorem 2.35.

Next, we show rough norm bounds on CLIQUE.
Proposition 2.21. ||CLIQUE| = O(n?).

Proof. Given the expression for CLIQUE in Equation 2.3, all shapes « have 4 vertices,
i.e. |V(a)|] =4 and no middle vertices. To show a norm bound, we split these shapes

into three groups:

o For shapes where there are no edges between U, and V,,, the size of a minimum

Uy, Va-separator is smim = 0, so | M| = O(n?).

o For shapes with a maximum U,, V,-matching of size 1, the size of a minimum

Uy, Va-separator is spmin = 1, so || M, || = 5(71%)

o Lastly, for shapes with a maximum U,, V,-matching of size 2, the size of a

minimum U,, V,-separator is smin = 2, so || M|l = O(n).

15
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Because matrix norms follow the triangle inequality as in Definition 2.1, ||CLIQUE]| is
bounded from above by the sum of these individual norms. Adding these all together,
the O(n2) terms dominates all others, so we obtain a norm bound of O(n?), concluding

the proof. n

2.2.2 Generalized Definitions

Ahn et al. generalize their technique for bounding the norm of graph matrices beyond
the Erdos-Rényi model, to bounding the norm for random matrices whose dependence
can be described using a small hypergraph. This generalization extends the potential
applications of graph matrices. For instance, Ahn et al. use graph matrices to replicate
various proofs in papers that use the sum-of-squares hierarchy, such as in the work
of Hopkins et al. [15]. To show this, we introduce an example of a homogeneous
polynomial of even degree and demonstrate how we can upper bound the value of this
polynomial over the unit sphere using graph matrices. We discuss this application in

more detail in Section 5.1.

Example 2.22. Rather than a random graph, suppose the input is an m X n matric
A with off-diagonal entries drawn from the standard normal distribution N(0,1), and
that we would like to bound polynomials whose coefficients are factors of entries from
A. For example, suppose row index i € [m] and column indices ji, jo € [n|, and the

polynomial

flan,mn) = Y | D Al (AG,j2)° = 1) |22, (2.4)
J1#j2€[n] [ i€[m]
If we construct another matrix M whose entries are coefficients of this polynomial,
it turns out that bounding the norm of this matrix will upper bound the value of the
polynomial over the unit sphere, and we can derive this bound using a generalized

graph matrix. To do this, we need to:

16
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1. Represent entries A(i,j) by an edge between some vertices that represent indices
i € [m] and j € [n]. Since these indices are taken from different ground sets, we

represent them by two different types of vertices: row and column vertices.

2. Represent varying-degree polynomials of the input entries, such as A(i, j)%. To
achieve this, we project these polynomials onto a basis for the input distribution
N (0, 1), then create labeled edges for each element of the basis that appears in

the projection.

Towards these ends, we provide the generalized framework for graph matrices over
a given input distribution €2 as given in [1]. We will return to this specific example
and bound its value over the unit sphere later in Example 5.5. First, we generalize
definitions from the previous section. Index monomials can now consist of variables of
multiple types (e.g. row and column indices), so we assume there are ¢ such types of

variables. Thus, we define notation for the ground sets of different types.

Definition 2.23 (Ground sets [1, Definition 7.6]). For all i € [t], we write N; to
mean the i-th ground set of indices for variables of type i. Usually, N; = [n;] for some

niEN.

In representing Equation (2.4), we have two types of variables: those representing
row indices and column indices, so our ground sets would be [m] and [n] (the dimensions
of A), respectively.

Next, we generalize the matrix indices in Definition 2.14. Note that entries of the
input structure (e.g. a polynomial or a matrix like CLIQUE) can now be expressed in
terms of higher-degree polynomials such as (A;lj — 1)A?j, instead of simply the product
of 1 entries as in [[, x.. We therefore need a way to encode these expressions in
the indices of the graph matrix. Below, we define a new type of matrix index by

decomposing expressions by type and exponent.
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Definition 2.24 (Generalized matrix indices [1, Definition 7.10]). A generalized matrix
index A = {A;} is a set of disjoint matrix index pieces A; = ((ay, ..., amn),t;, pi), where
each a; € N;, represents the jth monomial of type ¢; raised to the power p;. All pieces
(for ¢ < j) are ordered by type (¢; < t;) then exponent (t;, =t; = p; < p;).

The size of A is a tuple |A| = (|A1], |As], . ..), where |A4;] is the number of indices

in Az
To clarify the definition above, we provide an example of a matrix index.

Example 2.25. Suppose we want to represent the monomial x12,x3x3Yy1y2, where ;
and y; are variables of two different types. To represent this monomial as a matriz

index, we perform the following:
1. Decompose the expression by type, then power: x1Ts, T3T2, y19s.

2. Create index pieces for each decomposition: Ay = ((1,2),1,1), Ay = ((1,3),1,2),
As =1((1,2),2,1).

3. Compose the pieces together to create the matriz index A = {Aq, As, As}.

We can generalize the index shapes similarly as U = {U,}, each piece U; carrying a
type and exponent. We say that a matrix index A has index shape U if they have the
same number of pieces of the same type and power, and all pieces are of the same size.

Next, we generalize the input distribution 2. An example of €2 is the standard
normal distribution, N(0,1). For an input structure with some underlying Q, we
need to define a way to perform Fourier analysis on the structure similar to how we
analyzed the CLIQUE matrix. To do this, we need to use some orthonormal basis for

() so we can analyze expressions in terms of that basis.

Definition 2.26 (Orthonormal basis for Q [1, Definition 7.14]). Given an input

probability distribution € and its associated probability function fq, we define {h;}

18
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as a set of polynomials found by applying the Gram-Schmidt process to the canonical

basis of the polynomial space R[z]. These polynomials have the following properties:
1. Vi, Eq[h?(x)] =1,
2. Vi # j, Ealhi(x)h;(x)] = 0,
3. Vi, the leading coefficient of h; is positive.

Note that, if [supp(Q?)| is finite, there are a finite number of basis polynomials

{hi =i € [[supp(Q)[ — 1]}

See Definition 4.2 for a definition of the Gram-Schmidt process as applied to
a canonical basis. We also provide the orthonormal basis for the standard normal
distribution in Appendix A.1.

Obtaining a basis then lets us project expressions such as Equation (2.4) onto that
basis, i.e. represent expressions as a linear combination of the basis polynomials {h;}.
Recall that each edge e in a shape is associated with a random variable, such as x.
from the Rademacher distribution (i.e. taking on +1 or —1 with probability 1/2) in
the case of the CLIQUE matrix. Additionally, recall how in Equation (2.4) there were
multiple terms of varying degrees in each summand for entries A(z, j;), A(%, j2), and
how we represent such entries by edges between vertices that represent such indices.
When projecting this expression onto a basis, we will end up with elements of that
basis in each summand instead. Thus, when coming up with a shape representation for
this polynomial (which we define in Section 5.1), we assign labels to each edge in the
shape denoting which element of the basis to use for the random variable associated

with that edge. We use these to define the Fourier character of a set of edges below.

Definition 2.27 (Fourier characters [1, Definition 7.17]). For a hyperedge e, we
assign label [, to denote which element of the orthonormal basis to use for the random

variable associated with e. For a set E of hyperedges, we define the Fourier character

19



CHAPTER 2. BACKGROUND

XE as

XE = H i, (ze),

eckE

where z. is the random variable associated with e.

We make the following additional definitions for an input distribution which we

use in Theorem 2.35.

Definition 2.28 (Bound function of Q [1]). For a given input distribution €2, we say

that a function Bg : N — R is a bound function of € if

1. Bq is non-decreasing.

2. Vj €N, |ua(j)] < Balj).

Definition 2.29. For a given input distribution Q and a basis {h;}, let hy(z) =
Z?:o cjxj be the polynomial expansion of the degree k polynomial in that basis. We

define
k
O
§=0

We are now ready to generalize ribbons and shapes.

Definition 2.30 (Generalized ribbons [1, Definition 7.18]). A generalized ribbon
R consists of (possibly intersecting) generalized matrix indices Ar and Bpg, a set of
additional distinct indices Cg, and a set of subsets of indices E(R). We represent R
as a graph with left vertices V (Ag), right vertices V(Bg), middle vertices V(Cg), and
hyperedge set E(R). The left and right vertices may intersect, but the middle vertices

are distinct. The Fourier character xr is defined as xg(r).

Definition 2.31 (Generalized shapes [1, Definition 7.19]). A shape « consists of
generalized index shapes U, and V,, a set of additional distinct variables W,, and a
set of subsets of variables E(«). We represent o as a hypergraph with left vertices

V(Uy), right vertices V' (V,), middle vertices V(W,,), and hyperedge set F(«) between
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these vertices. The left and right vertices may intersect, but the middle vertices are

distinct.

Because these shapes can now consist of vertices of different types, we assign
weights to these vertices depending on their type, which will be used later in the norm

bound.

Definition 2.32 (Weights of vertices). Let n = max;c[q|Vy|, the size of the largest
ground set. Given a generalized shape «, the weight of a vertex v of type i is defined
as w(v) = log,, | NV;|. The weight of any subset of vertices S C V(«) is defined as the

sum of the weights of each vertex in S.

This gives us a way to define some ordering on the types based on the size of their
ground set.
Recall that shapes are simply abstracted ribbons with index assignments replaced

by free variables. We generalize what it means for a ribbon R to have shape a.

Definition 2.33 (Realizations of shapes). Given some realization o : U — UiV
(i.e. mapping an index shape to elements of all ground sets), we say o is type-respecting
if vertices of type 7 in the index shape are mapped to elements of NV;, the i-th ground
set.

For a shape a and ribbon R, we say that R has shape « if there exists a type-

respecting realization o such that o(a) = R.
Next, we define the graph matrix of a generalized shape «.

Definition 2.34. For a generalized shape «, we define the graph matrix M, as

Ma(A, B) = E Xo(E(a))>
0:0 is type-respecting for a
o(Ua)=A, 0(Va)=B

where A and B are generalized matrix indices such that |A| = |U,| and |B| = |V,].
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Lastly, we state the main theorem of [1] showing probabilistic bounds on the norm

of a generalized graph matrix.

Theorem 2.35 (Norm bound on generalized graph matrices, [1, Theorem 8.4]). For a
given generalized shape «, let Spin be a minimum weight Uy, V,-separator, and let Wi,
be the set of isolated middle vertices in W,. For each i € [t], let m; be the number of

vertices of type © not in U, N'V,. Then, with probability 1 — e,

t
M| < 2<H mm) V(@) SV

i=1

w(smin)
] 2 |V(Oé)\(UO,ﬂVa)| -+ B 2 2q n
'y ) [T riBaca) | /™,

e€E(a)

We refer readers to [1, Section 8.1] for a formal proof of this theorem, the techniques

for which are described in Chapter 3.

2.3 Multivariate Distributions

In Section 2.2.2, we made the assumption that the input distribution €2 was univariate,
i.e. single-valued. However, in this thesis we seek to expand the graph matrix framework
by letting 2 be multivariate. To that end, we provide some definitions concerning
multivariate random variables and distributions. Let d be the dimension of the

multivariate distribution.

Definition 2.36 (Multivariate moment). For all j = (41, j2,...,j4) € N% the j-th

moment of € is defined as

pa(g) = na(j, jo, - - - ja) = Eq

d
Ji
IEAE

i=1

where © = (21, x9,...,24) ~ Q.
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The multivariate moment is a generalization of Eq[X7] for a univariate distribution.
We also define the marginal distribution of an individual random variable in a

multivariate distribution.

Definition 2.37 (Marginal distribution). Suppose some d-variate distribution 2 with
density function fq(xy,...,24), and let X = (X7, Xs,..., Xy) ~ Q. The marginal
distribution of the random variable X; is defined as a probability distribution in X

with density function

in(x):/f9(9517--~7$d)d901"'dxi—ldxiﬂ"'dxd-

As an example of a multivariate distribution, recall the univariate normal distribu-

tion N (p, 0?), with probability density function #ﬂ exp(—% (%)2> The standard
normal distribution is defined as A(0,1). We can generalize these distributions to the

multivariate case, which we define below.

Definition 2.38 (Multivariate normal distribution). The d-variate normal distribution
Na(p, 2), with mean vector p € R? and d x d covariance matrix ¥ = 0 is defined

with the following probability density function:

1 1 Ts1(y
f(w)—WeXp<—§(w—u) Rl u)),

where £ € R? and |X| is the determinant of the covariance matrix.

We can define the parameters of a multivariate normal distribution: Suppose

x ~ Ny(p,X). Then, we define the mean vector p as

p=Ex]= |E[z,] B[z ... E[zg]| -
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and each entry of the covariance matrix 3 as

3(i,j) = B(j,1) = E[(2; — i) (25 — py)] = Covlwy, ;).

24
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CHAPTER 3. TECHNIQUES FOR PROVING BOUNDS OF GRAPH MATRICES

In this chapter, we discuss techniques used to bound the spectral norm of a graph
matrix. We begin with the trace power method in Section 3.1 as a means to bound the
spectral norm of a general matrix. Section 3.2 then introduces constraint graphs, a
concept used to apply the trace power method to the spectral norm of a graph matrix
based on its shape. We then discuss how to handle the input distribution in the norm

bound of a graph matrix in Section 3.3.

3.1 The Trace Power Method

As explained by van Handel in [16], the spectral norm as a function M — || M| is
nonlinear, since it is a complicated function in terms of entries M (i, j). Recall the

definition of the spectral norm given in Definition 2.2. We can rewrite this norm as

M| = Omax(M) = \/ Amax (M M),

where 0. (M) is the largest singular value of M, and Ay.c(M) is the largest
eigenvalue of M. This is indeed a complicated function in terms of entries of a matrix.

Now consider the trace of a matrix, which by contrast is very much linear in the
entries of M, as seen in Definition 2.3. We have the linear algebra identity that
Tr(M) = >, \i(M), the sum of M’s eigenvalues. More generally, we can also say

that

Tr(M9) =) M.
=1

We then have the following lemma, derived from the above, relating ||M]|| to

Tr(MMT).

Lemma 3.1 ([1], [16]). For some matriz M and q € N, let Ay, ..., A\, be the eigenvalues
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of MM " . Then,

IM " = Ao (MM ") = | MM T||* <Y "N =Te((MM")").

i=1

This lemma lets us bound the spectral norm with the trace, which is a simpler
expression to analyze. This is known as the trace power method or the moment method
as described in other texts.

Thus, if we can bound the expected trace power of a random matrix for each ¢
with some function, it follows that we can bound the spectral norm with those bounds.

Ahn et al. give the following variant of the trace power method using this reasoning.

Lemma 3.2 (The trace power method [1]). Suppose M is a random matriz, and

that we have bounds {B(2q) | ¢ € N} such that Vg € N, E[Tr(MMT")")] < B(2q).

Pr [HMH > rqneigll{ 2{1/ B(fq)}

The proof for this lemma uses Markov’s inequality: Pr (;1: > @) <ec.

Then, for all e > 0,

Thus, bounding the spectral norm of a graph matrix M, involves finding a bound

on the expected trace power of MM, for some ¢ € N.

3.2 Constraint Graphs

Ahn et al. then derive a bound using the trace power method by encoding the terms
of the expectation in Lemma 3.2 for some shape « using a concept called a constraint
graph. To introduce these graphs, we first provide a definition of a multi-graph based

on a shape a.

Definition 3.3. Given a shape «, we define its “transpose” shape o' by taking o and
swapping its index shapes U, and V,. Next, given a ¢ € N, we define the multi-graph

H(a, 2q) by doing the following:
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a) Shape « Transpose of shape «

¢) H(o,2q) for ¢ = 3. Edges in copies of a' are colored red.
(c) g

Figure 3.1: Example shape a, its transpose o', and H(«,2q) for ¢ = 3.

1. Stitch ¢ copies of & and " together by their left / right vertices, forming a cyclic
structure. That is, for copies oy, , .. cag,a,, set Vo, = U, and V7 = U,,,,,

where ¢ is modulo q.
2. Keep any overlapping edges as multi-edges.

We provide an example shape «, its transpose o', and H(«,2q) for a fixed ¢ in

Figure 3.1, using the following notation:
« Each unique vertex in Uy, and V,, is labeled / and v, respectively.

« Fach vertex in W,, is labeled w; The same copy of the vertex in the transpose

shape is labeled @?.

Having defined these graphs, the reader might notice the symmetry between
the (M,M.,)? terms and the H(«,2q) graphs. In particular, expanding the former

expression yields copies of a matrix and its transpose strung together ¢ times, while
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graphically the latter expression shows its associated shape and its transpose strung
together ¢ times. Indeed, this gives us one of the tools needed to map terms in
E[(M,M, )] to different graphs that build upon H(«,2q). To that end, we consider
mappings on the vertex set of H(a,2q), which we write as V(«a,2q), that assigns
indices from the ground sets Uie[t] N; to those vertices. We restrict these mappings
to only those such that no two vertices in the same copy of a (or a') receive the
same index. Additionally, because vertices can be of different types, mappings need
to respect those types. The following definitions and proposition formalize these

restrictions.

Definition 3.4 (Type-respecting mappings [1]). We say that a mapping ¢ : V' — |, N;
is type-respecting if and only if, for each i € [t], vertices of type i are mapped to the

ground set N;.

Definition 3.5 (Piecewise injectivity [1]). A mapping ¢ : V(a,2q) = Uy Vi is
piecewise injective if ¢ is injective on each copy of o; and o, for all i € [g]. That is, no

two vertices in the same copy of a shape (or its transpose) receive the same mapping.
Ahn et al. rephrase the expected trace power as a summation over such mappings
using the H(«,2q) graphs.

Proposition 3.6 ([1]). For all shapes o and q € N,

E[Tr((M.M])")] = > B [Xo(E020))

¢V (e,29)=U; N
¢ 1s piecewise injective
¢ is type-respecting

where E(a,2q) denotes the edge set of H(a,2q).

We note that the expectation of the terms of both sides are over the input
distribution ).
Ahn et al. then observe that the expectations on the right-hand side of the above

proposition only depend on sets of vertex pairs in V(«,2q) (i.e. the vertex set of
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H(a,2q)) that receive the same mapping from each ¢. We therefore define constraint
graphs for a given mapping on a set of vertices, which capture this concept by linking

such vertices together by constraint edges.

Definition 3.7 (Constraint graphs [1]). Given a set of vertices V' and a mapping

oV = Uie[t] N;, the constraint graph C(¢) on V is constructed as follows:

1. Give C(¢) the vertex set V.

2. For each pair of vertices u,v € V that receive the same mapping ¢(u) = ¢(v),

add a constraint edge {u,v} to C(¢).

3. Remove one constraint edge from any cycles to remove redundancies.

We say that two constraint graphs on V' are equivalent, written C' = (", if for each

pair u,v € V, there exists a u, v-path in C if and only if there exists a u, v-path in C".

Next, we provide some definitions concerning constraint graphs specifically on

H(a,2q).

Definition 3.8. Let Ca.29) = {C(¢) | ¢ : V(c,2q) = J; N;} be the class of all possible
constraint graphs on H («a, 2q) with some type-respecting, piecewise injective mapping

¢. We define the following:

1. N(C) to be the size of the equivalence class on C' under the set of all possible

such mappings ¢.
2. val(C) = Eq[Xo(E(a2q))] for some ¢ such that C(¢) = C.
¢ in the above definitions are assumed to be type-respecting and piecewise injective.
Then we simplify Proposition 3.6 as follows:
Proposition 3.9. For all shapes o and ¢ € N,

E[Tr(M.M,)")] = Y N(C)val(C).
CECla29)
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Ahn et al. then analyze the expected trace power using combinatorial arguments
to bound N(C') and val(C). After coming up with these bounds on the expected
trace power, Ahn et al. use another technique called the vertex partitioning lemma,
which is a way to break up a more complicated graph matrix M, into well-behaved
pieces M, p by partitioning the ground set of indices. These pieces are bounded
individually using some bounding function, then recombined to form a norm bound
on the graph matrix itself. As this technique does not change when relaxing the

univariate assumption, we refer readers to [1, Section 5] for more details.

3.3 Handling the Input Distribution

The analysis of these constraint graphs is done for any general (univariate) input
distribution €2, over which expectations throughout the previous section are computed.
Bounding val(C') however requires bounding moments of the input distribution. For
completeness, we re-state these definitions and refer readers to [1, Section 7.4] for the
proofs of the given lemmas. We modify such lemmas and give our own proofs under
the multivariate setting later in Chapter 4.

Recall the definition of basis polynomials in Definition 2.26 and their absolute
value counterparts in Definition 2.29. The latter set of polynomials have the following

bound on the former:
Lemma 3.10. For all k,r € N, Eq[hy(z)"] < b (Ba(kr))".

The h* polynomials are then used to finally bound val(C') for some well-behaved
constraint graph C' € C(q,2). We define this well-behaved property below, then state
the bound on val(C).

Definition 3.11 (Well-behaved constraint graph). We say that a constraint graph

C(¢) € Cla,2q) is well-behaved if, for every constraint edge (u,v) € E(C(¢)), u and v
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are both copies of the same vertex in « across different copies of a (or o). That is,

vertices that receive the same mapping under ¢ are copies of the same vertex.

Lemma 3.12. For a generalized shape o with edge labels {lc}ecp@) (as in Defini-

tion 2.27) and constraint graph C' € Cq2q),

2
val(C) < ] hf(Ba(2qle))™.
ecE(a)
Proving the norm bound then just requires bounding the expected trace power
terms along with the vertex partitioning lemma mentioned in Section 3.2. The bound

on the expected trace power terms is given by the following lemma:

Lemma 3.13 ([1, Lemma 8.7]). Let Syin be a minimum weight U,, V,-separator.

Then, for all vertex partitions P and q € N,

E[TI'((Ma’pM;P)q)} < H hZ(BQ(que))Zq (QQ)QQH/(O‘)‘n‘](w(a)_w(smin))“l‘w(smin)'

e€cE(a)

The proof for this lemma involves combinatorial arguments that examine the
weight of constraint edges (i.e. the weight of one of their endpoints, well-defined under

the well-behaved constraint) and number of constraint graphs in Ca,2)-
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In this chapter we extend the graph matrix framework to accomodate multivariate
input distributions. From here on, we assume the input distribution €2 has dimension
d. That is, values sampled from €2 are vectors of size d. For example, € could be the
standard d-variate normal distribution N(04, I), where 04 is the zero vector of size d,
and I is the d x d identity matrix.

Previous sections as well as theorems throughout [1] assumed a univariate input
distribution €2, so we must retrofit some of these theorems to the multivariate case.
We begin by redefining an orthonormal basis for €2 in Section 4.1. Section 4.2 will

then modify the techniques introduced in Chapter 3 to fit the multivariate case.

4.1 Orthonormal Bases

Recall the definition of an orthonormal basis in Definition 2.26. An orthonormal
basis in the univariate case is taken by performing the Gram-Schmidt process on
the canonical basis of the polynomial vector space F[z], where F is usually R. We

generalize this vector space to the d-variate case F[x] in the following definition.

Definition 4.1 (Multivariate polynomial space). We write a monomial in d variables

as
a __ ,.a1,.02 aq
T =Ty Ly Xy,
where a = (ay,...,aq) is a vector of exponents we call the degree of the monomial.

We also call ||a||, the degree sum of the monomial. The vector space of polynomials

Flx4) is the set of all expressions of the form

E CaX®,

acNd

where ¢4 = ¢4, .0, USes the multi-index notation to denote the coefficient of monomial
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x®. Further, we define the canonical basis of F[x,] as
2 2
{121, ..., 2q,27, ..., T3, X109, T1X3, . .., Tg_1Tq, - - .}

or, more succinctly, (J;—, {® | |||, = k}, the union of all monomials with degree

sum k and unit coefficient for £ = {0, 1,2,...}.

Unless otherwise noted, we use R as our field.

Next, we define the Gram-Schmidt process as used in deriving an orthonormal
basis. All distributions €2 have a probability mass or density function associated with
them, which we will write as fq(x4). The Gram-Schmidt orthogonalization process

with respect to this density function is as follows.

Definition 4.2 (Gram-Schmidt process for multivariate €2). Consider the polynomial

vector space Flxy| equipped with the following inner product:

(P, ) = Balpi(@)p;(2)] = / pi(x)p;(x) fo() Az, (4.1)

supp(2)

where p;(x) and p;(x) are polynomials in x4 (shortened to p; and p; for clarity).

Define the projection operator proj as

(ps, pj>
<pi ) pi>

7.

proj, (p;) =

Let {po,p1,p2,--.,Pn} be a basis for F[a,], possibly with infinitely many elements in

the case where €2 has infinite support. The Gram-Schmidt process for obtaining an
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orthonormal basis is defined as first calculating the polynomials

do = Po
a1 =P — pfojqo (p1)

q2 = P2 — pfojqo (p2) — proqu (p2)

k—1

qx = Pr — Z proj,, (pr)
=0

Tk
VK ,qk)

for k € [|supp(€?)|]. We then normalize each g to get polynomials hy = SO

that (hy, hy) = 1.
Finally, we are ready to define an orthonormal basis for 2 using this process.

Definition 4.3 (Multivariate orthonormal basis for §2). Given an input distribution
) in d variables and its associated probability function fqo, we define {h;} as a set of
polynomials bound by applying the Gram-Schmidt process in Definition 4.2 to the
canonical basis of the polynomial space F[x,]. The set of basis polynomials is indexed

by a vector ¢ € N%. These polynomials have the following properties:
1. (Normality). Vi, Eq[h?(x)] = 1.
2. (Orthogonality). V2, j such that ¢ # j, Eq[h;(x)h;(x)] = 0.
3. (Positive leading coefficient). Vi, the monomial x* of h; has a positive coefficient.

Note that the first two properties can be restated as: the polynomials form an
orthonormal basis of the polynomial vector space equipped with the inner product
defined in Equation (4.1).

A careful reader might notice that the indices of the basis polynomials in Defini-

tion 4.2 are scalars while those in Definition 4.3 are vectors. For our purposes, since
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we will use the canonical basis to obtain an orthonormal basis, we associate a basis
polynomial h; with the polynomial obtained using the canonical basis monomial *
during the Gram-Schmidt process.

With these polynomials, we can then modify the techniques described in Chapter 3

to apply the graph matrix framework in the multivariate case.

4.2 Modified Techniques

Recall that bounding the norm of a graph matrix involves bounding the expected trace
power of that matrix as explained in Section 3.1, and that this expression is bounded
using properties of constraint graphs, specifically the functions N(C') and val(C) for
a class of constraint graphs C(a,2). In [1], this involved bounding val(C) using the
orthonormal bases of the input distribution €2, which we showed in Section 3.3. Because
) is now a d-variate distribution, we must modify the lemmas given in Section 3.3
that were used to bound val(C').

First, we make the following definitions for bounding functions for a distribution

Q.

Definition 4.4 (Bound function of 2). For any input distribution €2, a bound function

Bq : N? — R for Q satisfies the following
1. It is component-wise nondecreasing.

. . . . . 4 5
2. Vi1, 2,5 Ja € N, [pa(dr, gas - - -5 Ja)| < Ba(jr, Jas - - -)ZZ:I]Z-

Note that this function is not unique for each €2, but finding a bound function
that produces tighter bounds on the moment of the distribution will produce a better
refined bound on val(C).

Next, to bound each polynomial in the orthonormal basis {hg}, we define a new
set of polynomials that are a “flattening” and normalization of the basis polynomials,

similar to Definition 2.29:
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Definition 4.5. For some vector k = (ki, ka, ..., kq), let hg(z1,29,...,24) be the
polynomial taken by applying the Gram-Schmidt process for ) to the element of
the canonical basis with degree ki in x1, degree ks in x5, and so on. Consider the

polynomial expansion of hy as

(@) = ) Cjgorna®

jeNd
We define i (z) to be
lI&lly A
hE@) =Y Y e | 27 (4.2)
J=0 \ Ji,-Jdd
JitJa=j

That is, we group all monomials with a given degree sum j and sum the absolute
value of their coefficients, giving us the coefficient for the monomial 7. This is done
for all j from O to ||k||,, since no monomials will have a higher degree sum due to the

way we index each hy.
With these, we can state the following theorem.

Theorem 4.6. For allk € N, r € N,

Eolhw(®)'] < hy, (Bo(rk))",

where rk = (rky,rka, ..., Tkq).

Proof. Consider the polynomial expansion of hg(x)" and h; (x)". That is, write

kir kor kaqr
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and
kir kor kar

ML) =D > by,

J1=0 j2=0 Ja=0

where j = Zle Ji- Then, we can write the expectation as

kir kor kqr

Eolhi(@)] =YY -+ ;. j,Ba [o]'af - 2]
Jj1=0 j2=0 Ja=0
kir kor kqr

- Z Z o Z Wjy,..jalt(J1s -+ Ja)

71=072=0 Ja=0

kir kor kqr

< Z ZZ |aj1 ----- jdwﬂ(jlv"'?jd)

J1=0j2=0 Ja=0
By Definition 4.4, Bg bounds the moment of €2, so

kir kor kqr

< Z Z - Z |a’j1,-~-7jd|BQ(-j1’ . ,jd)j

J1=0752=0 Ja=0
And since Bq is component-wise nondecreasing,

kir kor kqr

S Z Z R Z |6Lj17_._7jd|BQ(k’1’f’, ey k’dT‘)j.

J1=0j2=0 Ja=0
Before we proceed any further, we make the following proposition.

Proposition 4.7. Using the polynomial expansions above, each coefficient a; in hy(x)"

is matched by a coefficient b; of equal or greater value in hi (z)".

Proof. Fix the vector j. Each a;, . ;, = a; is a product of multiple coefficients {¢;}
and a multinomial coefficient (j|1|k“1;d). Similarly, each b; is a product of the same

ERREE)

coefficients {|¢;| > ¢} and the same multinomial coefficient (.”"“Hl’f ).
jl"“?]d
To show this, consider how monomials in hg(x) are grouped by degree sum in
h{(x) as in Equation (4.2), so that each monomial z! in the latter has coefficients

equal to the sum of monomials @' in the former where |||, = I. We can separate this
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sum of coefficients out so Equation (4.2) becomes

%I,
hl:@j) = Z Z |Cl1 ~~~~~ ld‘xl
1=0 Iyl

It lg=l

(Note how the z; term is distributed to the coefficients in the inner sum.) Each of
these monomials thus corresponds to a monomial ¢;, _;,@" in hy(x).

So when expanding h; ()", to calculate the coefficient b;, we would multiply the
monomials in i} (z) that correspond to those in hg(x), the only difference being the
coefficients in the former are the absolute value of those in the latter. The resulting
product of coefficients in the former, b;, is therefore the same as the absolute value of

that in the latter, a;. In other words, b; = |a;|. We repeat this for all j as necessary,

proving the proposition. [

Returning to the proof for Theorem 4.6, using the above proposition, we can then

bound the left-hand side of the theorem’s inequality by

kir  kor kaqr

EQ[hk(w)r] < Z Z T Z |aj1 ----- jd|BQ(k1r7 R de)j

Jj1=0j2=0 Ja=0
kir kor kqr

SZZZ[)JI 77777 deQ(k‘lr,...,de)j.

Jj1=072=0 Ja=0

But this is just the polynomial expansion of i (z) for x = Bq(rk), so
= hy, (Bao(rk))",

which concludes the proof. [
With this theorem, we can state our bound on val(C).

Theorem 4.8. For a shape o containing hyperedges labeled with {le}eeE(a); let
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C € Cla,2q) be a well-behaved constraint graph. Then

val(C) < [[ M (Ba(2qk.)*

e€E(a)

Proof. Let ¢ be the mapping associated with C' € C(,,24). Recall from Definition 3.8
that val(C) = Eq[Xé(E(a.2q)]- In the case where val(C) = 0, this bound is trivial.

Consider val(C') # 0. We can say that

val(C) = Eq [Xo(E(a20))]

= Eq H hy, () (by definition of yg)

e€p(E(a,2q))
Partition H(c,2q) into {Ce},cpy), Where each C; is the subset consisting of only the
2q copies of e. Since C' is well-behaved, two hyperedges e;, e5 € E(a,2q) correspond
to the same hyperedge e under the mapping ¢(F(«,2q)) if and only if e; and ey
are copies of each other, and are thus in the same set C.. The random variable
corresponding to each hyperedge is independently drawn from the input distribution

), so the expectation becomes

Val H EQ X¢ Ce (43)

e€E(a)

Now suppose each of the p unique hyperedges e; € C. appears r; times for i € [p].

Then, each term in the above product becomes

Eqo [Xs(c.)] HEQ [Py, ()],
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and using Theorem 4.6,

< [ 7 (Ba(rite))".

i=1

Since r; < 2q, and by Definition 4.4 Bq is component-wise nondecreasing,

| A

ﬁ BQ 2ql

< h (Ba(2q.))™ (i1 i = 29)

Returning to Equation (4.3), we can then apply this bound to each factor in the

product (i.e. all edges e € E(«)), which gives us

val(C H Eqo[xs(c)(X)] < H hZ(BQ(que))2q

e€E(a) e€E(a)
]

Because the bound mostly stays the same with a few adjustments to account for
the multivariate setting, the bound on the expected trace power of a graph matrix

piece is mostly the same as well:

Lemma 4.9. Let Sy, be a minimum weight Uy, V,-separator. Then, for all vertex

partitions P and g € N,

]E[Tr((Ma,PMO—ZP>q)i| S H hlt(BQ(2ql6>>2q (2q>2q|v(a)‘nQ(w(a)_w(smin))+w(smixl)‘
e€E(a)
The most notable change to the bound is that the labels of the shape’s edges
e € E(a) are now vectors [, of length d rather than scalars, since basis polynomials
for ) are now in d variables. As a result, the main theorem bounding the norm of a

graph matrix M, in Theorem 2.35 also is unchanged aside from the same change to
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the labels. For completeness, we state the modified theorem here.

Theorem 4.10 (Norm bound on graph matrices for multivariate ). Given a gener-
alized shape o, let Syin be a minimum weight U,, V,-separator, and let W, be the set
of isolated middle vertices in W,. For each i € [t], let m; be the number of vertices
of type i not in Uy NV, and let n = max;cp |N;|, the size of the largest ground set.

Then, with probability 1 — €,

t
M| < 2<H m;m) V(@) S0V
i=1

2¢q nw(smin)

min { (20)V O\ T i (Ba(2al,)

q23 €
e€E ()

Again, we refer readers to the proof in [1, Section 8.1] as the proof is largely

unchanged. As a brief summary, proving Theorem 4.10 roughly involves

1. Bounding Np(C) and val(C) for a well-behaved constraint graph from the class

C(a,Qq)a

2. Using these bounds and Lemma 3.10 to bound the expected trace power of a

partitioned graph matrix M, p, and

3. Using the bounds over all partitions P of the ground sets with the vertex
partitioning lemma ([1, Lemma 5.14]) to derive a bound on the spectral norm

of a graph matrix M,.

Ahn et al. also remark that a nearly optimal minimum value for ¢ is often ¢ =

’V log (nw(smin) /e)

m—‘ (the factor 3 is included to ensure g > 3).
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This chapter discusses the various applications that we can analyze with graph

matrices under a multivariate distribution.

5.1 Representing Polynomials as a Shape

One of the primary motivations for developing graph matrices was analyzing the sum-
of-squares hierarchy, used to solve some special optimization problems. Some proofs
for these problems involved proving an upper bound on the maximum value of some
polynomial over the unit sphere. Ahn et al. show that, while the proofs for some of
these bounds involved complex and technical reasoning, reproducing the same bounds
using graph matrices (within a polylogarithmic factor) is fairly straightforward and
mechanical [1, Section 9]. For a given polynomial, we first find a shape representation
of this polynomial, then apply the theorem bounding the norm of the graph matrix of
this shape. Bounding this norm will end up bounding the norm of the polynomial
over the unit sphere.

These polynomials involve coefficients whose factors are drawn from a univariate
distribution, usually N'(0,1). We expand this by letting several of these factors be
grouped into samples from a multivariate distribution instead.

For completeness, we first introduce what it means to have a shape representation
of a polynomial. We consider only the set of homogeneous polynomials of even degree,

defined below.

Definition 5.1 (Homogeneous polynomial). We say that a polynomial is homogeneous
if all its terms have the same degree sum r. Further, we say that the polynomial is a
homogeneous polynomial of degree r. For example, z* + 22y? + 23z is a homogeneous
polynomial of degree 4. On the other hand, z* 4+ zy? is not a homogeneous polynomial,

since its terms have different degree sums.

These polynomials are scalar-valued and will take some number n of input variables
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drawn from some ground set, so we need some operator which takes a vector of inputs
x = (r1,T9,...,x,) and some matrix M and outputs a scalar. In this case we can

use the vector-matrix-vector operator &' Mx. For example, consider n = 2 and

0
M = . This gives us

2 1

T i 1 0 T
x Mx = T x2:|
- 2 1 T
- I (5.1)
= |1 + 229 172:|
L x2

2 2
= x] + 22129 + 5.

The reader might notice that this only allows us to represent homogeneous polynomials
of degree 2. We would like to be able to express polynomials of arbitrary (even) degree
using this method. To achieve this, we need to somehow expand the vector of inputs
so they contain every possible monomial of a certain degree. To that end, we use the

tensor product over vectors, which we define below.

Definition 5.2 (Tensor product of vectors). Suppose two vectors x,y, where

T n
T2 Y2
€XTr = s y =
| Ld | | Yd |

The tensor product of these vectors, written & ® y, is the vector containing the product

of each pairing of the elements of  and y. Formally, this is the vector

TROY = |1 T1Y2 - T1Ya Talh Lol - TolYd - Tald
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We use the notation ®* for some integer k to denote

=z - .
——

k times
Trivially, when k£ = 1, this is equivalent to x.

Note that £®* gives all monomials of degree k in . Given this definition, we can
then proceed to define the shape representation of a homogeneous polynomial of even

degree.

Definition 5.3 (Matrix and shape representations of polynomials). Let r be some even
natural number. For some degree r polynomial f in n variables x4, ..., x,, we say that

an n'/? x n™/? matrix M is a matriz representation of f if, V& = (x1,...,z,) € R,
T
flan, .. x,) = (x7%) Mz

Additionally, we say that a matrix representation M is a graph matriz representation
it M = M, is a graph matrix with corresponding shape «. In this case we also call «

a shape representation of f.
We provide a few illustrative warm-up examples below.
Example 5.4. As a brief warm-up example, consider the polynomial
flxy, 20, 2p) = Z TjTj, = 2010 + 20123 + .. 2051 Xy,
J1#j2€[n]

where the last equality is due to the fact that each pair of monomials x; x;, appears
twice with indices in different order. Clearly this is a homogeneous polynomial of

degree 2, so we do not need to use the tensor product on our input vector x.

To determine the matrix representation M of this polynomial, we can work

backwards. If we expand each term 2z, z;, into x; x;, + x,z;,, we can observe that
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Ua Va

Figure 5.1: Shape representation of the polynomial in Example 5.4.

these entries correspond to the entries M (jq,j2) = M (ja,71) = 1, since each term
only occurs once in the sum, and the term has unit coefficient. Additionally, since the
summation is over all pairs of distinct indices ji, jo, terms like x;, 2;, do not appear in
the polynomial, so the diagonal entries of M are zero.

To obtain a shape representation a that corresponds to this matrix, recall in
Definition 2.18 how each vertex corresponds an index in the underlying structure.
In this case, we need two vertices in our shape, which we put in the left and right
sets U, and V,, respectively. Also note that this polynomial is deterministic, i.e. its
coefficients do not follow a probability distribution. It follows that no elements of
any basis appears in the polynomial, and therefore our shape representation does not
need any edges. Thus, we are left with the empty graph on two vertices, shown in
Figure 5.1. As this shape has no edges, the left and right vertex sets U, and V,, are
already separated.

Thus, using Theorem 4.10, the norm of the graph matrix has a bound of 5(n)
To relate this to a bound on the actual polynomial, recall the definition of a spectral
norm in Definition 2.2. As mentioned in Chapter 2, one intuition for the spectral norm
| M || is the maximum amount that a vector is scaled by that matrix. Similarly, we can
view the vector-matrix-vector multiplication operator ' Mz as a “generalized dot
product” (x, x), distorted by M as a basis matrix (or alternatively as the dot product

between & and Mx). It should then follow that, for a unit vector @ = (x1, ..., z,),

max f(zy,...,2,) = Max < |M]||.

l[2]=1
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(Note that the same will apply in general we replace & by £®™/2 for a homogeneous
polynomial of degree r, since our matrix indices will have size r/2.) So we can conclude
this example by saying maxjz|=1 f(x) = O(n).

Let us now modify this polynomial to add some random-valued coefficients. Specif-
ically, we revisit the introductory polynomial used in Example 2.22 to introduce

generalized graph matrices.

Example 5.5. Let A be an m X n matriz whose values are drawn from the standard

normal distribution, where m < n. Consider the following homogeneous polynomial:

flan, e, an) = Y apr, | Y AGL ) (A, j2)* - 1)
J17#j2€[n] i€[m)

Here we now have two ground sets: one for row indices [m| (from which 7 is drawn)
and one for column indices [n] (from which jy, j, are drawn). The matrix representation
for this polynomial will then be filled with products of normally-distributed entries,
because the coefficients themselves are products of normally-distributed random
variables.

To come up with the shape representation « for this polynomial, we first observe
that the variables of the polynomial have indices 71, 72, both of which are column
indices. This implies that the two indices I3, I of our matrix representation M (11, I5)
should each be of size 1: one to represent the variable z;, and another to represent z;,,
as in the previous example. The vertex set of our shape, which represent the indices
used in each summand, is then comprised of three vertices: two of the type for column
indices, and one of the type for row indices. Since the left and right vertex sets U, and
V,, correspond with the matrix indices, each get one “column index” vertex u; = j;
and v; = js, respectively. The remaining vertex for the row index ¢ is placed in the
middle vertex set W,, so we call it w; = 1.

Next, recall that edges in a shape represent the random variables drawn from the
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U, Wa v,

@——@——@

Figure 5.2: Shape representation of the polynomial in Example 5.5. Vertex shaping is
used to resemble vertices of different types.

input distribution. In this case, the input distribution Q@ = N(0,1), and its basis
polynomials are the normalized Hermite polynomials, as shown in Appendix A.1. We

give the first few below:

ho(;U) =1
hi(z) ==
1, , (5.2)
ho(z) = E(m — 1)
hs(z) = i(  — 3x)

S

To project the coefficients of our polynomial onto this basis, we take note of the terms
for each random variable, in this case A(i,j;) and A(i, jo)? — 1. These are equal to
hi(A(i,7,)) and /2 - hy(A(i, j2)), respectively. This translates to two edges in our
shape: one connecting u; to wy with label 1, and one connecting v; to w; with label 2.
We show the final shape in Figure 5.2.

Finally, to calculate the norm bound using Theorem 4.10, we need to find a
minimum-weight U, V,-separator. We have three different choices for a separator:
{u1}, {v1}, or {wy}. To determine the best to use, recall that in Definition 2.32
we assign weights according to the size of the ground set of the vertex. In this
case, since m < n, we let N = max{m,n} = n and assign weights as follows:

w(uy) = w(vy) = logy n and w(w;) = logy m. This implies that {w;} is our minimum
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weight separator, giving us a bound of:

IIHII?X f(w) — 6<n%(210gn n+log, m—log,, m)) — O(n)
z||=1

Now let’s introduce a polynomial whose coefficients are drawn from a multivariate

distribution.

Example 5.6 (Adapted from [1, Example 9.2] and [15]). Let d = 2, and suppose the

following input distribution.:

[S—y
N[ =

0
Q=N ,

=)
N
—_

Note how each sample drawn from this distribution is a vector of length 2 where the
two entries have non-zero covariance. Next, suppose some m X n X 2 tensor B for
n < m, where each “rod” of the tensor B(i,j) = (a;;,bij) ~ Q. That is, each pair
of entries B(i, j, 1), B(i,j,2) is drawn from the distribution Q, and thus the entries

themselves are dependent on each other. Consider the following polynomial:

flay, ... z,) = § T, T, E aij,bi g, (af 5, — )by,
J1#j2€[n] i€[m], jaz€[n]
Jja¢{j1.g2}

Here we have one row index ¢ and three column indices j1, j2, j3, implying that our
shape representation a will have one row vertex and three column vertices. We also
note that the column indices are distinct. Similarly to Example 5.5, the left and right
vertex sets will have one column vertex each for 7; and js, since those indices are used
in the variables of the polynomial. Call these vertices u; and vy, respectively since
they go into U, and V. The remaining vertices for indices ¢ and j3 go to the middle

vertex set W, call them w; and wy, respectively. Given the indices of the coefficients,

o1



CHAPTER 5. APPLICATIONS USING THE MULTIVARIATE SETTING

we can also write our shape’s edge set E(«) = {{u1, w1}, {vi, w1}, {wy, ws}}.
However, we also need to assign labels to these edges. To do this, we first need
to compute the basis polynomials of €2 so that we may project the coefficient terms
onto that basis. As mentioned in Definition 4.3, we begin with the canonical basis, in
this case the basis in two variables (for consistency, we use a and b). If we separate
the coefficients by index, we have three terms: a;;,b;,, a7, — 1, and b; ;,. Because
these coefficients are only up to degree two, we only need to consider the canonical

basis monomials up to degree two: {1,a,b,a?, ab,b?}. We also take note of the density

function of :

fola,b) = %ﬁ exp (—g(cﬂ —ab+ b2)>.

Using this density function, we apply the Gram-Schmidt process on the canonical

basis to obtain the following basis polynomials up to degree two:

hoo(a,b) =1
hio(a,b) =a
hoa(a,b) = _“TZ%
hao(a,b) = “2\/_51
hy1(a,b) = M

V3
40* — dab+a®> — 3

3v/2

h0,2 (av b) =

See Appendix A.2 for the derivation of these polynomials using the Gram-Schmidt
process. To project our coefficients onto this basis, i.e. express each coefficient term as
a linear combination of the basis polynomials, for each of the coefficient terms, we
can devise a system of equations Hc = b and solve for ¢, where H is the matrix of
coefficients of each basis polynomial (call this the “basis coefficient matrix”), ¢ is our

desired vector of coefficients to apply to our basis polynomial, and b is the vector of
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coefficients of the polynomial we are projecting. The matrix H is given by populating

each column with the coefficients of each term in the basis polynomial.

10 0 -4 o %
01—%0 0 0
HZOO% 0 0 0
00 0 % -k -a
00 0 0 =
00 0 0 0 3%@_

Each row corresponds to the coefficients of a certain monomial in each basis polynomial.
For example, the first row corresponds to the constants in each polynomial, the second
to the coefficients of the monomial a, then b, a2, ab, and finally b%.

Now consider the first coefficient term a;; b; ;,. Because it only involves the

-
monomial ab, we need only to set b = [0 0010 0} and solve He = b for c.

.
Solving gives us ¢ = % 0 0 \/73 0] , which tells us that

-

1,3

1
a; j, bi g, = §h0,0 + \/§h2,0 + 7h1,1.

Repeating this process for the rest of the coefficients gives us

(1127]-3 —1= \/§h270
1 V3

bij, = 2h1,0 + Tho,l-

Note that hyg, x,(a, b) has been shortened to hy, x, for clarity. Additionally, observe that
expressing something even as simple as b; j, requires more than one basis polynomial
due to the covariance between a; j, and b; j,. This implies that, under the inner product

space equipped with the density function fq, it is not possible to express one variable
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U, Wa A

@ a, <1,0),<0,1@

Figure 5.3: Shape representation of the polynomial in Example 5.6. Coloring is used to
resemble vertices of different types, and multiple labels are shown to denote arbitrary
choice.

b without using the other variable a, which we see here.

These equations tell us the labels that we can assign to each edge in E(«a), in
particular using the indices of the polynomials on the right-hand sides that have
non-zero coefficients. For example, for edge {u;,w;} representing coefficient a; ;,b; j, ,
we can assign any of (0,0), (2,0), (1,1). Since our choice of label for all three edges
does not affect the minimum weight separator, we pick some arbitrary label. The final
shape representation « is show in Figure 5.3.

Finally, we can compute the minimum weight U,, V,-separator and bound the
norm of the graph matrix representation, thereby bounding the polynomial over the
unit sphere. Recall that n < m in our tensor of coefficients B, so a minimum weight
Ua, Vi separator would be either {u;} or {v;}. The size of the largest ground set is
m, so using Theorem 4.10, this gives us a bound of

max f(w) _ 6<m%(31°gm n+log,, m—log,, n)) _ 6(n\/ﬁ),

l[z]=1

where the second equality above is due to the following:

m%(i’) log,,, n+log,, m—log,, n) — m%(2 log,,, n+log,,, m) — mlogm n+% —n /m.
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As we have shown, we are able to bound the norm of random polynomials over
the unit sphere, where the polynomials’ coefficients are sampled from a multivariate
distribution (especially one whose random variables are dependent). This can easily
be extended for d > 2. Importantly, if we had refined bounds for our choice of (2,
i.e. if we had a sufficient bounding function Bq and a bound on &} (z) as defined
in Definition 4.4 and Definition 4.5, we would be able to derive a refined version of
Theorem 4.10 specific to €2 by picking a proper minimum over g. This refined bound

may give us insight into an optimal choice of label to use for each edge.

5.2 Monochromatic Cliques in Randomly Colored

Graphs

Let us return to the CLIQUE indicator matrix example introduced in Section 2.2.1 and
introduce more complex dependencies between its entries. Suppose now that, instead
of regular cliques in a random graph, we were interested in monochromatic cliques
in a randomly-colored complete graph. Specifically, suppose we label (or “color”)
each edge of a complete graph according to some discrete probability distribution,
called the categorical distribution. We would like to compute the expected number of
monochromatic 4-cliques in this graph, i.e. the number of 4-cliques in which all edges
in the clique have the same color. Before we formalize this problem, we first go over a

few definitions. First, we briefly define the categorical distribution.

Definition 5.7 (Categorical distribution). The categorical distribution with parame-
ters pi,pa, ..., pq is a discrete probability distribution describing the probability of
drawing each of the d possible outcomes. Its support is [d], and its probability mass
function is p(z = i) = p; for i € [d].

Recall that in the CLIQUE matrix, the distribution of graphs used was G(n,1/2),

the Erdés-Rényi random graph model. The random variables in that example were
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appearances of each possible edge in the graph, which followed the Rademacher
distribution (each sample taking on +1 or —1 with equal probability 1/2). Clearly
this model does not fit our new problem, so we need to define a new model of random
graphs.

One of the advantages of working in the multivariate setting is that distributions
are able to accommodate more complicated supports. For example, rather than just
a single random variable, we can use a distribution whose sample is a d-vector with
values in the interval (0, 1) that all sum to 1. In fact, samples from this distribution
can themselves be treated as categorical distributions. This distribution is called the

Dirichlet distribution, and we define it below.

Definition 5.8 (Dirichlet distribution). The Dirichlet distribution with shape param-
eter s, denoted Dir(s) for d-vector with positive entries s, is a d-variate probability
distribution whose support is the (d — 1)-simplex. That is for (xi,...,2z4), z; € (0,1)

and Z;flzl x; = 1. The distribution has density function

d
1 pa—
fDir(s)(:Ul, CeyXg) = B(s) Hfﬂfl 1’
=1
where B(s) is a normalization constant defined as the multivariate beta function

g) — H?ﬂ ['(s;) $) — ~ 51—t
Bl ="qary > T / e

For the remainder of this section, we set {2 = Dir(1,1,...,1), akin to the uniform
distribution on the (d — 1)-simplex. This is also known as the “flat” Dirichlet dis-
tribution, as its density function is flat across the simplex. We can now define our
random graph model. Our vertex set is the same as that of the Erdés-Rényi model, i.e.
V(G) = [n]. However, our base graph is the complete graph K, on the vertex set [n].

For each edge, we sample a random variable (py, ..., pq) from the Dirichlet distribution
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Q). Each p; is the probability that the edge receives the color ¢. To encapsulate this

into a structure, we let C be an n x n x d tensor where

(

<p17'~'7pd>NQ 1f2<.]

C(j,17) otherwise.

\

Note that C(i,j) is used to denote the “rod” of elements at index (i, j) of the tensor.
Then, for each edge i,7 € G, we assign color k with probability C(i, j, k) for k € [d].

We are thus interested in bounding the spectral norm of the following matrix:

(
Pr(iy, iz, j1, jo form a monochromatic clique)

COLORCLIQUE((i1,42), (41, j2)) = if 1,42, j1, jo € [n] are distinct

0  otherwise.

\

(5.3)
For simplicity, we assume there are d = 3 colors, but remark that this can easily be
extended to any finite number of colors. Additionally, for a sample (py, ps, p3) ~ €,
note that ps = 1 — (p; + p2). In this sense, ps is a redundant element, and for this
reason, we assume that the density function fq(z,y, (1 —x —y)) is in two variables

instead, written fo(z,y).
Theorem 5.9. ||[COLORCLIQUE|| = O(n).
Proof. The proof of this bound involves a few steps:

1. Split COLORCLIQUE into different “submatrices” such that they sum to the

original matrix.
2. Derive the norm bound for each submatrix.

3. Compute the bound of COLORCLIQUE using the bounds of the submatrices.
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Step 1 To determine how we split up COLORCLIQUE, we first write an explicit form

for each of its entries in the following proposition.

Proposition 5.10. For iy, is, j1,J2 € [n],

d
COLORCLIQUE((i1,42), (j1.2)) = > [[  C(i.j. k).
k=1 i#je{i1,iz,j1.52}
Proof of Proposition 5.10. For fixed matrix indices (i1, i2), (j1,J2), consider the sub-
graph H of G where V(H) = {iy, 2, j1,J2}. (Note that H is the complete graph on 4
vertices.) Then, the matrix entry is the probability that H is a monochromatic clique.
Recall that each edge {7, 7} in G has a color k with probability C(i,j, k), and that
the color of each edge is sampled from its own categorical distribution, so they are
independent events. Thus, the probability that H is a monochromatic clique of color
k is the product of the probabilities that each edge in H has color k, giving us the
product of C(i, j, k) for each {i,j} € E(H). Adding this up for all k € [d], we recover

the sum in the proposition. [

Looking ahead to projecting each matrix entry onto the basis for 2, we see that
each entry is the sum of products of elements from a sample of (2. In particular, the
sum is over each index k, and the product is over the kth element of each sample. To
make analysis easier, we therefore break up COLORCLIQUE by color into d submatrices.

That is, for k € [d], we define

CLIQUE((i1,i2), (j1, ) = [ Clid, k). (5.4)

i#je{i1in,j1,J2}

It is then clear that
d
COLORCLIQUE = Z CLIQUE,,. (5.5)
k=1
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Step 2 Now we find the norm bound of each submatrix CLIQUE;. To do this, we
first give an orthonormal basis for €2, project each entry of CLIQUE, onto this basis,
then derive the shape representation of each entry. Note that each entry in CLIQUE,
is made up of terms that are of degree 1 for each pair of indices ¢, 7. For this reason,
we only need to apply the Gram-Schmidt process on the canonical basis monomials
up to degree 1, i.e. {1,z,y}. See Appendix A.3 for the application of this process.

This gives us the three basis polynomials below:

h()p(l’,y) =1
h170($,y) = \/§(BQE — 1)

hoi(z,y) = \/E(Qy +x—1),

giving us the basis coefficient matrix

1 V2 -6
H=|0 32 V6
0 0 26

If we expand Equation (5.4) for each k, we get

CLlQUEl«Zlv i2)7 (jlva)) = TiyipTiy 51 Lin,jo Lia,j1 iz, j2 Lj1,52
CLlQUE2((Zlv i2)’ (jlva)) = Yivi2Yiv,j1 Yir g2 Yia,j1 Yia,ja Yijn jo (56)

CLIQUE3((217 i2)’ (jlva)) = Zi1,i2 701,51 %152 Fi2,51 Fi2,j2 21,52

Where xi,j = C(Z,], ].), yi,j = C(Z,j7 2), and Zz‘,j = C(Z,j, 3) =1- xi,j — yi,j'

Like in Section 5.1, we now need to project these expressions onto our basis for €2.
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In other words, we need to solve the equation Hc = b for ¢ given H from above and

0| 1|0 1
be 11,10, |-1
ol |1] |-1

Solving for each value of b gives us the following projections:

o 1 1
x5 =C(i,j,1) = —Zhoo + —=hio

3 3v2
o 2 1 1
Yij = C(i,j,2) = gho,o - 6_\/§h1’0 + mho;

2 1 1

-2 —vi; =C(,5,3) = gho,o — 6_\/§h1’ - mhom

where h,, ,,(2;;,9i;) is shortened to h,, ,, for clarity. This means that, while the
shape of each CLIQUE (call it a4) will have the same vertex and edge sets (they
use the same indices, after all), the edges potentially could have different labels. For
example, while the edges in asy could have any of the labels (0, 0), (1,0), (1,0), those
in ay could only have the label (0,0) and (1,0).

Next, for each k, we bound ||[CLIQUE,|| by deriving the shape representation. Note
that there is only one ground set [n], so all vertices will be of the same type. We have
four indices 1,19, J1, J2 used in the formula for each entry, so our shapes will have
four vertices representing these indices. Additionally, the matrix indices are (i1, 72)
and (j1,j2), so the left vertex set U, = {u; = i1,us = jo} and the right vertex set
Vo = {v1 = j1,v2 = jo}. Finally, recall that in Equation (5.4), the product is taken
over all possible (distinct) pairs of the four indices, i.e. all edges on the subgraph H.
It follows that the edge set of our shape will then have all possible edges on the vertex
set. The final shape representation of CLIQUE, is shown in Figure 5.4.

Since this is a complete graph, the minimum U,, V,-separator is in fact either

U, or V,. In either case, the separator will have 2 vertices, so we can then invoke
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Ua Va
Uy (%1
U (%)

Figure 5.4: Shape representation of CLIQUE,. Choice of labels for each edge depend
on k.

Theorem 4.10 to show that
[CLIQUE,|| = O(n2“2) = O(n).

Step 3 Recall that all matrix norms obey the triangle inequality. Therefore, using

Equation (5.5),

d
<> [ICLIQUE|.

k=1

d
Z CLIQUE,

k=1

|COLORCLIQUE|| =

Since we have a bound on ||CLIQUE|| for each k, adding these up gives a bound on
|ICOLORCLIQUE|| of O(n), concluding the proof. O

Again, while we only showed this for d = 3, it is simple to expand this to higher
(but finite) values of d, since it would only leave us with more submatrices of the same

kind to bound.

5.3 The Uniform Distribution on Quantum States

One potential application for the multivariate setting is representing expressions
involving quantum pure states with shapes. As a brief introduction, consider the

state of some system in classical computing, such as the state of a bit b in memory.
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This bit can either be set to 1 or 0, so overall one number is used to specify the
state of this system. In contrast, a quantum system is described in qubits |¢), such
as the polarization of a photon. A 2-state quantum system is described in the form
a|0) + B[1), where a, 3 € C, |a)* +]8]* = 1, and |0) and |1) are basis states. (This
is sometimes written as a vector [a 4]'.) In other words, the state of a quantum
system can be described as a complex convex combination of basis states, Such a state
is called a “pure state“, and is said to be in a “superposition” of basis states. (In
contrast, a “mixed state” cannot be expressed purely in terms of basis states, but for
now we focus on pure states.)

This was our primary motivation for investigating graph matrices under the
multivariate setting. Letting the input distribution €2 be multivariate increases the
expressive power of graph matrices, since we can use them to represent structures
that follow a more strict set of rules. In this case, we would like a way to uniformly
sample from the space of quantum pure states in d dimensions, i.e. a quantum system
whose state can be described as Zz;é ay, |k), where oy, € C, ZZ;& lag|® = 1, and |k)
is a basis state.

Khatri in [17] discusses such a distribution, calling it a Haar measure, and expands
on this distribution in a note [18]. Specifically, we are interested in the following

procedure:

Proposition 5.11. To sample a random pure state uniformly from distribution on

pure states in d dimensions,

1. Let Q be the 2d-variate standard normal distribution N(0,I,). From this

distribution, sample {(ag,ay,...,a4-1,bg,...,bq_1) ~ L.
2. Let N = Zz;é(ak +by,)?. Construct the pure state as

=5 (% )

k=0
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Khatri proves this in [18] by first showing that the uniform distribution on d-

dimensional pure states has density function f;(¢) = (id_,ll) : using a derivation of the

volume of the space of pure states. If we consider |¢) in the form Zz;é /Pre'x k),
where pj, is a probability and ¢ € [0,27] is an angle, marginalizing the angles out
gives us a uniform distribution on the (d — 1)-simplex, which happens to coincide
with the density function of the Dirichlet distribution Diry(1,1,...,1). This implies
that the probabilities {pk}z;é jointly follow the same distribution. Khatri then proves
a theorem that shows that the above random variables % and bﬁk follow the same
distribution.

This procedure would then allow us to use Q = N (0, I;) as our input distribution
and produce large random expressions involving quantum states formed using the
expression in Proposition 5.11.

Another recently published article from Chen and Tumulka [19] defines a uniform
distribution on density matrices, which are used to expressed mixed states, i.e. quantum
states which cannot be expressed purely in terms of basis states. This mirrored prior
work from Hall [20], answering a similar question of how to derive the “most random”
distribution of possible states of a quantum system. In a purely mathematical sense,
density matrices are simply complex matrices that are Hermitian, positive definite,
and have unit trace. A distribution on such matrices could be used to form even more
complicated expressions involving quantum states, such as large random quantum
operators. We refer readers to Bengtsson and Zyczkowski’s text [21] for more details
on the geometry of the space of density matrices and of quantum states more generally.

Additionally, while this thesis focused on bounding the spectral norm of graph
matrices, further work has been done on analyzing other properties. Cai and Potechin
in [22] determined the limiting distribution of singular values of graph matrices whose

shape forms a ‘Z’. An important property of quantum operators states that the possible

measurement outcomes of an operator A are the set of eigenvalues of A. Further
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work in investigating the extent of the expressive power of graph matrices under a

multivariate distribution remains, and we leave such exploration to future research.
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In this appendix, we show the Gram-Schmidt process for deriving orthonormal
basis for some input distribution {2. We begin with the univariate standard normal
distribution as a warm-up in Appendix A.1, then move on to a multivariate distribution
with covariance in Appendix A.2. Finally, in Appendix A.3 we tackle a different

distribution used in Section 5.2, the “flat” Dirichlet distribution.

A.1 Standard Normal Distribution

Recall that in the space of polynomials with real coefficients R[z|, we defined our
canonical basis in Definition 2.10 as the set {p;(7)}2, = {1, z,2% 23,...}. The first
step in the Gram-Schmidt process is to define the inner product space over which
we orthogonalize this basis. The standard normal distribution A(0,1) has density

function:

2
fN(o,l)(ﬂf) = \/12—7TeXp <—%) .

This gives us the inner product between two polynomials under N (0, 1):

(pi(2), 3 () = %27 / pi()py(x)e /2,

where the integral is taken over the support of the distribution. For clarity, throughout
this chapter we use p;, ¢;, h; as shorthand for p;(x), ¢;(z), hi(x), respectively.

Next, we use the Gram-Schmidt process to orthogonalize the canonical basis.
Looking at the process as defined in Definition 4.2, we start by calculating the
polynomials g, using the projection operator, then normalizing each ¢, with respect
to our inner product to obtain our desired basis polynomials hy. Trivially we have

that po(x) = qo(z) = 1. Normalizing this gives us

’ (g, q0) (2m)7V2 [T e=*2dx |\ /(2m)~1/2(27) 12
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We note that [~ e~ 2dx = /27
Next, we orthogonalize p;(z) = x. We first use the projection operator to calculate

qi1:

g1 =p1 — Projqo (p1) = x — proj; ()
(1,z)

—r— 1
ENIRY
B [ wem*/2dx .
0
= r — —
1
=z.
Then we normalize ¢:
h]. = = z = x’
(z,z) 1

which turns out to have no effect, giving us hy(z) = =.

Notice how the first two basis polynomials are actually equivalent to the canonical
basis monomials. The first one is trivial since ¢; = p; in general, but the second one is
more notable because it is explained by the fact that the first moment (more generally,

odd moments) of the normal distribution, i.e. its mean is equivalent to zero:

. , 0 if 7 is odd
a0, (J) = Eal2’] = (A.1)
(j — D! if j is even,

where n!! denotes the double factorial n(n—2)(n—4) --- 1. We use this when calculating
(1,z) = Ex0,1)[%] = pav0,1)(1) = 0. We will return to this fact later as we calculate
more basis polynomials, because it leads to another observation about these basis

polynomials further along the Gram-Schmidt process.
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Next in the process is pa(x) = 2. We first use the projection operator to calculate

qa2:

@2 = p2 — Proj,, (p2) — proj,, (p2) = x° — proj; (z*) — proj, (=)
1 2 2
:x2_<al‘>' _<Iam>'r

(1,1) (z,z)
ffooo z2e=*?dx ffooo re~2dx

2

=2 — pnn)(2) — v (1)
=z —1.
Then normalize it:
x?—1 2 —1 x?—1

hy =

V(a2 = 1a%—1) ) \/ffooo(ﬁ —1)%e=*/2dg V2

z2-1

75

Continuing this process for the next few canonical basis monomials gives us the

giving us the basis polynomial hy(z) =

following;:

r)=x2°—= hs(x) =
QS() 3() \/6
4622 +3
P () = S0+ 3
wlo) = () V24
5 — 1023+ 15
gs(x) = 2° — 102 + 152 h5(m):x v T

V120

At this point, the reader may notice that each polynomial only uses monomials
of the same parity as its index. This is due to the fact that the projection step
for monomial 27 involves subtracting polynomials ¢;(z) with coefficients that have
pao)(i) as factors from a7, In particular, when ¢ is odd, this moment factor is

zero, removing that monomial altogether from the projection. Additionally, when
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orthogonalizing, the reader may notice h;(z) = ﬁ%‘ (x). We will stop the process here
but note that the process continues infinitely since the distribution has a support of
infinite size. However, for a given expression of degree j we can truncate this process
at p;(z) = a7, since the resulting projection will never use monomials of any degree
greater than j.

The polynomials ¢; are commonly known as the probabilist’s Hermite polynomials.
Rahman gives us the following formula for these Hermite polynomials based on the
density function of the normal distribution [23]:

(=YD
Hj(z) = m@f/\/m,l)(@,

where the normalization is given by

Hj(x)
h]<1’) = .
JEvon @)

A.2 Multivariate Normal Distribution

In this section, we set {2 to the same input distribution used in Example 5.6,

[a—y
N —=

0
Q=N ,

=)
N[
—_

Notably, the two elements of random vectors sampled from this distribution have a
covariance of % For clarity, since there are only two elements (i.e. d = 2), we write
them as x and y. Again, we start with defining the inner product space.

Since we are now in the multivariate setting, we move to the 2-variate canonical
basis monomials {p; ;(z,y)}i; = {1, 2,y,2% zy,y?, ...}. We note that there are many

orderings of this basis since it is in multiple variables, and in this case we use the graded
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lexicographic order: first comparing the degree sum, then applying a lexicographic
ordering on monomials of the same degree sum. We also use the degree in x and
y of each monomial as the indices i and j in p; ;j(x,y), respectively. For example,
p12(z,y) = xy?. Similarly to the previous section, we use the notation p; ; as shorthand
for clarity.

To find the density function for this distribution, first recall the formula for the
density function of a general multivariate normal distribution from Definition 2.38.
We substitute our specific mean vector (the zero vector) and covariance matrix into

this formula to get

(52 (5-)

1 2
exp(—g(x2 —zy + y2))

-—

This gives us the inner product under €2:

1 2
<pi1,j17pi2,j2> = 7r_\/§ /R2 Diy g1 (%y)pm,jfz(%y) exp (—5@2 —xy + ?f))dxdy-

Now that we have an inner product defined on our polynomial space, we can use it
to orthogonalize the canonical basis monomials using the Gram-Schmidt process. This

will be very similar to Appendix A.1, with the primary difference being the indices
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used. Again, the trivial monomial pyo(z,y) = qoo(x,y) = 1. Normalizing it, we get

hoo(z,y) = ——2l—
(90,05 90,0)
B 1
(W\/g)il Jae exp(%(m2 —xy + yQ))dxdy
1

After applying this process to a few of the monomials, we get the following:

qio(z,y) = hyo(z,y) =«
Qoa(z,y) =—x+2y hoa(z,y) = _‘WTEQ?J
Go(z,y) =2 —1 hao(r,y) = $2\/_§1
Q11 (z,y) = 2y — z? hii(z,y) = Qxy—\/—ga?

42 — day + 22— 3
Q2(z,y) = 4y* —day + 2 =3 hoao(x,y) = J 33/5

Again, note how each basis polynomial only uses monomials of the same parity in
degree sum. For example, h; 1, the polynomial taken from zy in the canonical basis,
only uses monomials z?, y?, zy, and a constant, where hg; uses monomials z and y
(with no constant). This is similar to the basis for the univariate normal distribution,
as their moment functions share a similar property. Additionally, we also note that
this process continues infinitely since the support of €2 is of infinite size.

Rahman also gives an expression for multivariate Hermite polynomials for a given
covariance matrix [23], which also can serve as an orthonormal basis for {2

(=)l g
a fnox) () Oz’ fnoz) (@),

H(x)

J
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where % is shorthand for 9l /9 - - -0zl Plugging our covariance matrix in, we

obtain the polynomials:

hoo(z,y) =1
1
hio(x,y) = ﬁ(% - )
1
hoa(z,y) = %(_ﬁ + 2y)
1
hia(z,y) = ——=(3 + 102y — 42* — 49/°
11(z,9) 3\/5( Y y)
1
hoo(z,y) = (=3 — dzy + 42” + y*)

w
HS
[\

hoa(z,y) = 3_\/5(_3 — dxy + 2° + 4y°).

These are mostly different from the basis we obtained through the Gram-Schmidt
process, but we remark that different basis polynomials may be obtained by changing
the ordering of the canonical basis monomials. As noted earlier, we used the graded

lexicographic ordering.

A.3 Flat Dirichlet Distribution

The Dirichlet distribution Dir(s), defined in Definition 5.8, is a multivariate distribution
with a support that is notably different from the previous two distributions we have
examined. Rather than being R?, the support is a set of d-dimensional vectors where

each element is positive and the sum of these elements is one. Alternatively, one can

d—1
i=1

consider the last element x4 of these vectors as simply 1 — > °_| x;, in which case
the support can also be defined as the open interval (0,1)?"!. In particular, we will
examine the flat 3-variate Dirichlet distribution € = Dir((1,1,1)), but for simplicity
we will do it in two variables z, y for the reason mentioned above, i.e. that the third

variable is simply 1 — x — y and the resulting support is easier to use for integration.
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Having different support does not change the basis over which we apply the Gram-
Schmidt process however: we still use the canonical basis monomials (specifically in
graded lexicographic order). Rather, the support changes our domain of integration

when defining the inner product. The density function of €2 turns out to be a constant:

1 1-1,1-1
e T R
O T(+4141) 2
BORIOBTORNTE
=2

which gives the “flat” Dirichlet distribution its nickname. Our inner product then

becomes
<pi1,j17pi27j2> = 2/ Piy g ’pi27j2dxdy'
(0,1)d=1
Now we generate our orthogonal basis, starting with hoo = goo = poo = 1.

Applying the Gram-Schmidt process as before gives us:

Q10 =3x—1 hio = V2(3r — 1)

Qo1 =2x+y—1 hoyp = V6(2x +y — 1)

g0 = 102" — 8z — 1 hao = V3(102% — 8z — 1)

q11 = 102y + 52 — 60 — 2y + 1 hi1 =3 (10xy + 52° — 62 — 2y + 1)

Qo2 = 6y* +2° + 61y — 22 — 6y +1 hoo = V15(6y* + 2* + 62y — 22 — 6y + 1).
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