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ABSTRACT

In 1966, S. Johansen made use of Choquets' Theorem, a result in
Functional Analysis, to obtain the Levy-Khinchine canonical form of
infinitely divisible characteristic functions. This representation was
first discovered in the 1930's and has numerous applications in
Probability Theory. Johansen's work was very gratifying in the sense
that it displayed much interplay between the disciplines of Functional
Analysis and Probability. The purpose of this thesis is to continue
exploration of extreme point methods and their applications to
Probability Theory.

The major part of this dissertation concerns itself with extending
Johansen's work to include n-dimensional infinitely divisible
characteristic functions. If one is to follow the ingenious methods of
Johansen, one has to know solutions of various functional equations in
this more general setting. These projects occupy the first portion of
the thesis.

In the final section of this paper, we derive Khinchine's
representation of unimodal distributions through the use of extreme

points.
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CHAPTER I

INTRODUCTION AND PRELIMINARY MATERIAL

This paper concerns applications of the Krein-Milman Theorem and its
corollaries to Probability Theory. Investigations of this nature were
initiated by S. Johansen, in 1966, where he used these ideas to obtain
the Levy-Khinchine canonical representation of infinitely divisible
characteristic functions. We shall further explore these methods to
extend Johansen's result to R° and also obtain an integral
representation of unimodal distributions.

Concerning the organization of this thesis, it is convenient to
separate the preliminary material into two categories. The remainder of
this chapter contains the background material from Probability Theory
and Functional Analysis which are of interest to this study. On the
other hand, there appears an appendix to Chapter II which contains
statements and proofs of technical results, used in‘Chapters II and III,
which would otherwise interupt the main discussion. The principal
results are included in Chapters II, III and IV. Let us begin with some

basic concepts from Functional Analysis.

DEFINITION Let V be a vector space over K, the real or complex
field. Let C < V be a non-empty convex set. A point X € C 1is

called an extreme point of C if whenever x,y € C and 0< A <1 and

Xg = AX + (L -2y then X,

it
bl
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These are several examples in R and more general vector spaces



where extreme points are either absent or have no significance. Thus
it is of interest to know when a convex set necessarily has extreme
points and what role the extreme points play. The following basic

theorem was discovered by Krein and Milman.

THEOREM  (Krein-Milman)

Let V be a locally convex topological vector space, and let
CC V be a non-empty compact, convex set. Then Ext(C), the set of
extreme points of C, is non-empty and C is the closed convex hull
of Ext(C).

In order for the Krein-Milman Theorem to be applicable, we must be
guaranteed of the compactness of the convex set in question. We now
mention the result which produces most of the compact, convex sets.

Let E be a normed linear space over K, and denote by E* the
collection of all continuous linear functionals on E. The weak¥
topology on E* is the topology generated by the following collection

of basic neighborhods:
{U(f,e,xl,...,xN):' f €E*, €>0, NEN, xls""xNeE}
where U(f;q,xl,...,xN) = {g € E*: |g(xj) - f(xj)| <e
for all j, 1< j<N}

Thus, a net {f&} C E* converges to f € E*¥ in the weak* topology,

denoted ﬁy ff f, if and only if f&(x) - f(x) for all x € E. In



other words, the weak* topology is equivalent to the topology of
pointwise convergence. It is easy to show that E* equipped with the
weak* topology forms a Hausdorff locally convex topology vector space,
and a linear functional 4: E* - K is weak* continuous if and only if
there exists an X, € E such that 4(f) = f(xo) for all f € E*. For
example, if E = L'( Rn), then E* = L°(R™). And for bounded

*
measurable functions fn’ f € E* we have fn % f if and only if

lim J £ (t) h(t)dt = j £(t) h(t)dt
m =* Rn Rn

for all h € L'( Rn). And a linear mapping 4£4: L~ Rn) - K 1is weak*
pping

continuous if and only if there exists an h € L'( Rn) such that

L(£) = j £(t) h(t)dt for all £ € L°( R%).

Rn

The weak* topology has a very important compactness property to which

we now turn our attention.

THEOREM  (Banach-Alaoglu)

Let E be a separable normed linear space over K, and let
B* = {f ¢ E*: ||f|| <1}. Then B* is a metrizable, compact, convex
set in the weak* topology of E¥*.

Consequently any weak* closed subset of B* is weak* compact and
hence our compact, convex sets are in abundance. In particular,
B, ={fe L°( B*): ess sup{| f(x)|: x € R"} < 1} is a weak* compact

set. The question remains as to how all of this fits into Probability



and Statistics. A tool that has been shown to be quite useful in these
disciplines is that of an integral representation. A result which can
easily be deduced from the Krein-Milman Theorem is the following version

of Choquet's Theorem.

THEOREM  (Choquet)

Let C be a metrizable, compact, convex set in a locally convex
space, E. Then for all Xy € C, there exists a finite, regular

measure P on the Borel subsets of C with
P(C\Ext(C)) = 0
and yielding the following integral representation:

Xg = I x dP(x).
Ext(C)

This is to be interpreted as a weak integral in the following sense:

For all continuous linear functional £ on E we have

£(x,) = j £(x) dP(x).
Ext(C)
And we note that the right hand side is an ordinary Lebesgue
integral.
We now turn to some of the concepts from Probability Theory that
can be investigated by appealing to the above notions from Functional

Analysis. We shall call a function F: R ~—= R a distribution



function, (generalized distribution function) if F is right
continuous, monotone non-decreasing, F(-«)= 0 and F(+e)=1
(F(+=)=C > 0). Associated to each distribution, F, there exists a
unique continuous function, ¢: R = C, called the characteristic

function of F, and given by the Lebesgue-Stieltges Integral

o(t) = f et ar(x).
R

A characteristic function ¢ is said to be infinitely divisible
if for each integer N 2 1, there is a characteristic function fN
such that o(t) = (fN(t))N for all t € R. For example, if ¢ is
any characteristic function and a 2 0, then exp{a(p(t) - 1)} is an
infinitely divisible characteristic function. An important property
of infinitely divisible characteristic functions is that they have no
zeros, and consequently, a branch of the logarithm exists so that
log o(t) is a continuous, finite valued function on R. This leads us

to the following theorem of Levy and Khinchine.

THEOREM  (Levy-Khinchine Representation)

A characteristic function ¢ is infinitely divisible if and only

if log ® admits the representation

. . 2
log o(t) = iyt + j (e -1 - Iy X gg(x)
R 1+x X

where ¥ € R, G 1is a generalized distribution function, and the
2

integrand is defined by continuity at zero to be :g—. Moreover this

representation is unique.



These discussions raise two related questions. When is a continuous
function ®: R = C a characteristic function? When is a continuous
function f: R = C such that f(t) = log o(t) where o is an
infinitely divisible characteristic function.

Positive Definiteness is involved in the solutions to both problems.
A function h: R = C is said to be positive definite if for each n € N,

Wyseeerd € C, and XpseeesXy € R we have

n n : -
Y £ h(x; -x) o, 0o >0.
1 k=1 9 KTk

THEOREM  (Bochner)

A continuous function ¢: R = C 1is a characteristic function if
and only if ¢ is positive definite.

One consequence of the Bochner Theorem is that it provides the

necessary tools to answer the second question.

THEOREM  (Johansen)
A continuous function f: R = C satisfying f£(t) = £(-t) is the
logarithmn of an infinitely divisible characteristic function ¢ if and

only if f satisfies the following condition.

(*) For any n € N, XyseeesX, € R, and o ,...,0 €C with

n
£ f(x,

-x .o > 0.
1 k=1 J k) aJ % =

TR

n
¥ o, = 0, we have
1 J

We note that the collection of positive definite functions or those
functions satisfying condition (*) is convex. With little effort, one

can establish the Bochner Theorem by first establishing the degenerate



characteristic functions i.e. o(t) = exp{iot}, « € R, as extreme
points and then appealing to Choquet's Theorem. §S. Johansen attempted
the more difficult problem of proving the Levy-Khinchine Theorem using

these techniques. He investigated the following set:
1
K = {f: £ satisfies condition (*), £(0) < 0, and f f(u)du = -1}
0

He first defined a suitable topology so that K became a compact,
convex set. Then he determined the extreme points of K to be:

(i) f(t) = -1

(ii) £(t) = -3t>

Bt 1 e Ao
B

(1i1) f4(t) = (e cos B)y (1 - Byt

And by utilizing Choquet's Theorem, Johansen had derived the very
useful Levy-kKhinchine representation.

By reviewing the above probabilistic concepts, it is easy to see
that their extension to R is immediate. The defining equation for a
characteristic function on R© is given by:
i<x,t>

o(t) = [ e dF(x)

R
where F is a n-dimensional distribution function, and for vectors
X = (xl,...,xn) and t = (tl,...,tn) belonging to Rn, < x,t > is

n
defined to be < x,t> =& Xt We also set ||x|] =< x,x‘>l/2.

1

The notions of infinite divisibility and positive definiteness are



exactly the same as the one-dimensional case. The purpose of the next
chapters is to extend Johansen's result to R

Before so doing, we first present solutions to two functional
equations. The first is well-known as it deals with the nommal
distribution and a proof can be found in Parthasarathy. The second
generalizes the cosine function on R®  and appears to be original. We
also remark that Proposition 2 can be extended to a locally compact

abelian group.

PROPOSITION 1. Let 6: R® =R be continuous, non-negative and satisfy
268(x)+26(y) =6(x+y)+86(x-y) forall x,y € R".

Then there exists an n X n non-negative semidefinite matrix P such

that
8(x) = < Px,x > for all x €R".

PROPOSITION 2. Let A: R" =R be a continuous function satisfying:
(i) A(0) =1
(ii) A 1is bounded
(iii) 2 A(x) A(y) = A(x +y) + A(x -Yy)

then there exists a vector B € Rn such that

A(x) = cos < B,x> forall x € R".



PROOF: We first iterate (iii) for an arbitrary vector x, € R™.

1+ A(2 xg) = 2 A%(x,)

i

1+ A4 %) = 2 A2 x5) = 2(2 AX(x,y) - 1)°

1+ a2 x ) =2 %25 x )= 202022 A%(xy) - 1)% - 1)
K

ver21)?

So we see at once if |A(x0)| > 1, then A would be unbounded.
Appealing to the same argument, if A # 1 and using the connectedness
of Rn, we conclude that A is onto [-1,1]. Assume the latter.

Let Yo € R® be such that A(yo) = 0. From (iii) we see that

A(2 yo) = -1 and for any, x € Rn,

Al(x + 2 yo) -A(x).

Define f: R® =R by

£(x) = Ay, - %) = Ax - ¥o)-

“+

then 2 A(x) A(y) + 2 £(x) £(y)

2 A(x) A(y) + 2 A(yy - %) Alyg = ¥)

i

2 A(x) A(y) + A(2 Yo - X - y) + A(x +y)

i

A(x +y) +A(x -y) —Ax +y) + A(x -y)

2 A(x ~y).
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We now show A 1is positive definite. Let N € N, XyseresXy € Rn,

LOERREFL € C, then

N N
¥ £ A(Xx. -X )o@ = A(x.) A . o
R, ( 3 i) 5 % T A( J) (%) oy o

+ LT f(xj) f(xk) aj Ek = |z A(xj) ajlz + |8 f(xj) “j‘Z > 0.

Thus by the n-dimensional Bochner Theorem, there exists a symmetric

(since A 1is real) probability measure P on R® such that

A(t) = JF cos < t,x > dP(x) for all t € R'.

Rn

n

Let t € R be arbitrary. Then

0= A(2t)+1-2 Az(t)=J cos < 2t,x > +1dB(x) - 2(] cos < t,x > dp(x)’
n n

R R

ZEJ‘ cos < ZtEX >+ 1 dP(x) . (J‘ cos < t’x > dP(X)ZJ
n

R® R

1]

2[I cos? < t,x > dP(x) - (I cos < t,Xx >-dP(x))2]
R" R"

2 var(cos < t,X >) where X 1is a random vector with

induced measure P.
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Hence for all t € Rn, cos < t,x > is almost surely constant [P].
Let E_ = {x € R": cos < t,x > is constant} be such that

P(Et) = 1. Nowset E= N E where Qn denote the countable
teqQ
dense subset of R" consisting of all vectors in R® with rational

t,

components. Using the continuity of P, we have P(E) = 1. Thus E is

non-empty and so let Xy € E. Then X, € E and suppose y € E. Then

cos < t,y > = cos < t,xo > for all t ¢ Qn.

and consequently cos < t,y > = cos < t,xy > for all t € R®. Thus
y =%X5 or Xg. Hence B={x0,-x'0]~ Since P is symmetric

P{xo} =1/2 = P{-—xo} and finally

%- (cos < t,x, > + cos < t,-x, >)

]

A(t) = f cos < t,x > dP(x) 0

Rn

1

cos < t,x, > as asserted.
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CHAPTER II

THE n-DIMENSIONAL LEVY-KHINCHINE REPRESENTATION

In this chapter we present a proof of the Levy-Khinchine for real
n-dimensional infinitely divisible charactéristic functions. The
approach here is similiar to the one-dimensional case established by
Johansen, [ 4 ], in 1966. In his paper, Johansen gave a necessary and
sufficient condition for a continuous function to be the logarithmn of
an infinitely divisible characteristic function. His result was easily
extended to R© and was written out in detail by Prakasa Rao [ 8 ]. It

reads as follows:

PROPOSITION 1. Let o: R" = ¢ be continuous and hermitian
(o(t) = o(-t) for all t € Rn). Then ¢ is the logarithmn of an
infinitely divisible characteristic function if and only if ¢ satisfies

the following condition (*):

(*) For any choice of N € N, XppeeesXy € RY and Oy yeee sy €C

N
with ¥ eo. = 0, we must have
1
N N _
z T oo(x, -x )o. o >0.
j=1 k=1 J K I K

Let Q be the collection of all real continuous functions, ¢, on
Rn, satisfying o(t) = @(~t) and condition (*). And set
Q = {w € Q: ©(0) = 0}. Various properties of functions belonging to
Q are given in the appendix. However, we state the frequently used

ones below.
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PROPOSITION 2. The following assertions hold:

and o € Rn, then the function

0o b

(1) if o€Qy -3¢
y(u) = o(u) + e (o(u + @) + o(u - &) - 29(x)) also belongs to Q4
(ii) if o € Q and n € N, then for all u € Rn, we have
n® o(u) < o(nu) < 0.
(iii) ¢ € Q if and only if for all « € R®, the function
f(u) = o(u) - % (o(u + @) + o(u - @) 1is positive definite.
We now make a detailed investigation of the following subset of (.

Let

K ={p €Q o0(0)<0 and J ¢o(u)du = —Zn-l}
E

where E = {x = (Xxy,---,%X ) € R": Sl<x; <1, 1<j<n-1,
and 0<x_ <1}

Following Johansen, a function f € Q is called degenerate if
f(u) = £f(0), and two functions fl,f2 € Q are said to be of the same
type if there exists an a > 0, b € R such that f2(u) = a fl(u) + b

ol

for all u € R'. The sets Q and K are connected in the following

manner: If f € Q, there exists a function g € K of the same type
as f. 1In the sequel, we shall establish the compactness and extreme

points of K, and with the aid of Choquet's Theorem, conclude our main

theorem.
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THEOREM 1 Let f: R" =R be continuous and satisfy condition (*).
Then there exists a real number a € R, & negative semi-definite
matrix A, and a symmetric measure y defined on the Borel subsets of
R" with w{0} = 0 such that

2

1+]18||
f(t) = a + <At,t > + J (cos < B,t > - 1) du(B)

gD THk
Moreover this representation is unique, and takes the usual form of the
Levy-Khinchine Representation by assuming f£(0) = 0.

We will only be concerned with the existence of such a
representation, as the uniqueness is given in Takano [10]. As to be
expected, the proof requires a number of steps. Our initial task is
determination of Ext(K), the set of extreme points of K. For the
remainder of the discussion, we will let B be those functions in K

corresponding to ﬁormal distributions. i.e.
M=1{p €K: 2(u) + 2(c¢) =o(u + @) + o(u - &) for all u, o € Rn}.
n
for all u, « € R }.

PROPOSITION 3. Ext(K) consists of the following functions:

fil

(i) f(u)=-1.

(ii) £(u) =cg (cos <B,u>-1), B€ R\{0}, and cg is the

appropriate constant.

(iii) Ext(R).
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PROOF: Let f € K. By integrating the inequality f(u) < f(0) over E
we obtain -1 < £(0) < 0. Suppose f € Ext(K) and let 1 = -£(0).

Then A =0 or 1, for otherwise, we could express f as

£(u) = (1 - 1) (HEL=EO) 4y ).

If f(0) = -1, we must have f(u) = -1 for all u € E. But the
evenness of f forces f to be constant on a neighborhood of the
origin, and hence f is necessarily constant. Thus f(u) = -1.

Now assume f(0) = 0. Let o € R® and 0 <e 5-%. Then

+
w;'e(u) =f(u) + e (f(u + @) + f(u - o) - 2f(x))

belongs to QO and

+
1i oo (t)(t) = [ ft)dt = 221
s [ oo ]

+
Fix on ¢ > 0 such that ¢, ¢ 7 0, and choose positive numbers
2

al(a),a2(a) and functions ©,,9, €K such that

M OEENCOENCY
I OEENCIENCY
Now £= % (¢;,e ¥ m;,e)
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= % (al(a) wl(U) + az(a) ¢2(u))

and by integrating over E, we conclude that al(a) + 62(a) = 1l. So
by assuming f to be an extreme point, it follows that f satisfies

the following identity:
£(u) = 5-1%37 f(u) + e(f(u + @) + f(u = &) - 2 £(a)
Thus for an appropriately defined A(«a) we have for all u, & € Rn,
A(e) f(u) = f(u + @) + f(u - o) - 2 f(a) (1)
By interchanging u and o and subtracting we arrive at
A(u) f(a) - 2 f(@) = A(e) f(u) - 2 £(u) (2)

Let us first determine the function A.

Case 1: A(u) = 2, then f satisfies the functional equation
2 f(u) + 2 f(¢) = f(u + @) + f(u ~ o) so that £ ¢ M. But if

f € Ext(K), it must be the case that f € Ext(%).
Case 2: A(ao) # 2. Then f(u) = c(A(u) - 2) (3)
where c¢ = f(ao)/A(ao) _ 9+ Now ¢ # 0 and by substituting (3) into

(1) we get
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c A(@) (A(u) - 2) = c(A(u + @) - 2) + c(A(u - @) - 2)
- 2c(A(e) - 2)
or
A(e) A(u) = A(u + @) + A(u - o) (4)
and A(0) = 2.
For any f € Q0 we have |f(u + @) + £f(u - o) - 2f(o)| < - 2f(u)
and consequently |A(u)| < 2. Thus the only solution to (4) is given by
A(u) = 2 cos < B,u » for some B # 0.
In terms of f, we have
f(u) = 2¢(cos < B,u>-1)
and so cg = 2¢ = (j; 1 - cos < B,u >'du)_l 2n—l, thus

f(u) = °q (cos < Byu> - 1).

It remains to prove that the above functions are in fact extreme

points. We first show that the function f£(u) = -1 is an extreme point
of K.
Let fl’ f2 € K and 0< X <1 be such that
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-1 = Xfl(u) = (L - %) f5(u). It then follows that £.(0) = -1 and so
by arguing as above fi 2 -1 and thus f(u) = -1 is an extreme point

of K.

We next observe that M is an extremal subset of K and hence if
f € Ext(®) then f € Ext(K).
We finally establish the extremal nature of fB(u) = cB(cos<B,u:>-l)

where B € R\{0}. Let fi, £, €K and 0<A <1 and suppose that

£g = A + (1 -1) £,y

p
Let a € Rn, for i=1,2 we define fi,a as
£, o) = £(u) = 5 (£,(u + @) + £;(u - &)
Then fi,a is positive definite and
)\fl’a(u) + (1 - M) fQ’Q(u) = 3 o cos < B,u >.
Thus each fi,a must be of the form
fi,a(u) = Ai(oz) cos < B,u > (See Appendixpage )

Thus each fi satisfies for all u, o € R?

fﬁu)-%(fﬁu—+a)+—§gu-an==Aﬁa)cm;<e,u>
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which implies, upon letting u = 0, that
fi(cv) = -Ai(a)
and so
1
fi(u) -3 (fi(u+a)+ fi(u—u)-Zfi(a) cos <B,u>) =0 (5)
Or by interchanging u and @
l — 3
fi(a) -5 (f;(ura) + £.(u-o) - 2£,(u) cos < B,a>) =0 (69
And substracting yields
£.(u) - f.(a) + £;(e) cos <B,u> - £,(u) cos <B,oa>=0

or fi(u) (1 - cos <B,a>) = fi(a) (1 -~ cos < B,u>) and hence

fi(u) = ¢ (1L - cos < B,u »). But since £, € K, we must have

c; = -Cg and fB is an extreme point as asserted. This completes the
proof of Proposition 3.

An enumeration of functions belonging to Ext(®) is not necessarily
for this development, however this list of functions is given in the
appendix.

We still have to prove that K is compact in a suitably chosen

topology. We first show that K a uniformly bounded and then appeal

to the compactness of the unit ball in L"(RY).
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LEMMA 1. The set K is uniformly bounded by a constant multiple of the

function 6(t) = 1 + Ht||2

PROOF: Let f € K and suppose £f(0) = 0. Let « = (al,...,an) e R"

and define § € Q, as follows:
$(u) = £(u) + 7 (£(u + o) + £(u - o) = 2 £(@).
since y(u) < 4(0) = 0, we obtain
£(o) 2 £(u) + 7 (£(u + @) + £(u - 0))-

Now integrate this inequality over In, the n-dimensional unit square,

to conclude

f(a)gf f(u)du+%—f f(u + @) + F(u - )du
" "

B}

sz fwdu +3 [ fa sz [  Ewa

o+ +
In o In

u in the latter integrals, we have

H

Letting 2t

f(o) > 271 4 o071 J‘ f(2t)dt + 2°°% J' £(2t )dt.
-o:+1n _ ar+In

2 2

Since f(2t) > 22 f(t) we have
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f(@) > -2+ 2" | g(e)de + 2 [ (e
-o+1 o+l
n
2 2

Now assume |{a||< 1, then -1 Soy<1 for 1<j<m, where

tot In
a’ = (al,...,an). ThEH _"—2"'—""' S {X = (xl"o-o’xn): “1 5 Xj _<. l fOI‘

1< _<_n} = E U (-E). Hence

f(o) > -l , ootl [ f(t)dt + 1 f(t)dt

“E U (-E) E U (-E)

2

- _2n-l + 2n+3 (-

n-1, _
) - “Ml‘
Thus for all f € K with f£(0) = 0 and for all o, |lo|]| <1, we

have f(o)> M,. Now let o € R® \ {0} be arbitrary. Then letting

1’
[ ] denote the.largest integer less than or equal to, we have
(1 + [1el)d)e 9
0> £(g) = )2 @+ [lel)7 ()
ST IRITIE

> - u(L + |l %)
So if feK with f(0) =0 and o € R® we have
|£(a)] < M(L + |1of|?).

For arbitrary f € K we have f(0) > -1. So by repeating the
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above argument we get |f(o) - f(O)\‘f M(1 + l‘al]z) and the desired
conclusion is an immediate consequence of this last inequality.
Using the usual limiting techniques, a continuous even function

@ €Q is and only if ¢ satisfy the condition (*¥*).

(**) if h € Cc( Rn) is any continuous function with compact support

Rn Rn

We now define a' to be the set of all measurable functions, o,

and f h(u)du = 0 then Jr J o(u - v) h(u) h{v)du dv > 0.
~

essentially bounded on every bounded neighborhood of the origin and
satisfying o(t) = @(-t) a.e. and condition (**). We want to identify
Q with ‘a and in order to so do we must show that each equivalence

[and
class of Q contains one and only one function from Q.

PROPOSITION 4. For any o E‘a, there:exists a function o, € Q such

that o = 2 almost everywhere with respect to Lebesgue measure on R

PROOF: See Appendix.

Utilizing this fact, we can identify K with the correspending set

of equivalence classes

R=loel® [ o(waw=-2""
E

and o(u) < 0 a.e.}.

We also know that the functions in K are bounded by

6(t) = M(1 + |‘t||2). Thus the mapping, T, defined on K by
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T(¢) = ¢/6 is an injective mapping into B_ = {f € LQ(RP): | £ ‘m < 1}.
By appealing to the weak* compactness of B_, T(K) will compact
and K will be compact in the topology induced by T if and only if

T(K) or equivalently T(’E) is weak?* closed.

PROPOSITION 5. T(K) is a weak* closed subset of B_.

~ £f. .
PROOF: Let fj €Q for j=1,2,... and suppose _G{l WY oe fé(_;‘._ . e
must show fG € K. Since fj <0 a.e., it follows that fG < 0 a.e.
f. .
Now -él i %? entails for all h € L'(R). 1lim J —l-h = f if h.
J=e R R
In particular, with h = Gxp we have
lim J —Q-h = lim I = -1

joe joe

therefore J fG = _2n—l.

Also for any g € CC(Rn) we have

Lim j £5(t) g(t)dt = j £(t) 6(t) g(t)dt. And so let geC (R")
3 - Rn
with J g(u)du = 0. Let h =g *g' where g'(x) = g(-x), then
Rn
n
h GCC(R) and
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o< [ £ -9 e @
R

£.(x) h(x)dx - [ £(x) 6(x) h(x)dx
B “R"

=[] ) (x-y) ex) E5ax gy
R" R

thus f£G G’E and hence the desired conclusion.

We now turn to the proof of Theorem 1.

Let f € K. By Choquet's Theorem there exists a non-negative
regular Borel measure P on T(K) such that P is concentrated on

v dp(y) = | ¥ dB(¥).-
T(K) Ext(T(K))

Letting B = Ext(T(K)), this integral is to be interpreted in the

the extreme points of T(K) and f£/G = J

following sense: For every weak* continuous linear functional 4 we

have
we/6) = [ a(v) apey)
B
And consequently for each h € L'(Rn)

£(t) 44 =
h(t dt = h(t) y(t)dt) dP(y)-
IR" () 5055 IB (I . (t) ¢(t)dt) dP(y)

Before utilizing the Fubini Theorem, we first verify that the
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function L ¢ R? X B = R defined by Lh(t,w) = h(t) ¢(t) is
integrable for dt X dP.

The measurability of Lh is given in the appendix and since
h € L'(R") and P is a finite measure and |Lh(t,w)| < |h(t)| we
conclude that Lh is summable for the product measure and hence the
Fubini Theorem applies.

Let h € L'(R") and express $ €B as ¢ = ¢/G where

o € Ext(K). Then

In h(t) %-3 dt = J'B (jRn h(t) °—g—% dt) dpP(p)

R

o

1

BCE) ([ o(t) dp(o))dt.
JR“ G(t) IB °

And this in turn implies

£(t) = fB o(t) dP(p)  a.e.

We now verify the right hand side of (8) is continuous in t.

Suppose t - tg, then for every ¢ € Ext(K), m(tm) - w(to).

Let n € {0,1,2,...} and define U,: B~ R by

U (0/6) = o(t )

U(@/6) = o(t,)

(8)
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Now Ext(K) are uniformly bounded in a neighborhood of t, and

hence
lUm(cp/G)) <M for m = 0,1,2,...

and U, = U0 as m = o. So by the Dominated Convergence Theorem,

Lim J'B o(t ) dP(p) = lim IB Up(0/G) dP(o)

m — ¢ m = ¢

= [ Ug(0/0) aB(@) = | o(ty) dR(o).

Since the left hand side of (8) is surely continuous in t, we have
f(t) = J o(t) dP(w) everywhere.
B

We now analyze j o(t) dP(o).
B

We will use the following notation.
: n .
S={(xl,...,xn)eR: X, >0, x;€R 2< j<n}

Ul(xqs-00ox ) €RT: X) =0, X, >0, X, €R, 3<j<n)

U{(xl,...,xn) e R": x,

<3< -
j 0 1<j<n-1, xn>0}

By = {£/6 € B: £(t) = Cg(cos < Bt >-1), B¢ R™\{0}
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= {£/6 € B: £(t) = Cg(cos < B,t>-1), B¢ s}
B, = {f/6 € B: f € Ext( M)}.

Then 82 is a measurable subset of B and when identifying
x € R? with -x, one concludes that B, 1is homeomorphic with §, and

thus

[ ot) aee) = [ o(t) d(e) + [ o) are) + [ o(t) dr(o)
B

B B 1
1 2 {_E}

- J"S Cg(cos < B,t > - 1) dP(p) - P{- é} " jB o(t) dP(o).
2

Now the function g(t) = J o(t) dP(p) belongs to M and consequently
B
2
may be expressed as g(t) = < At,t > where A is a negative

semi-definite matrix. Combining all this, we now rewrite (8) as

£(t) = (- 5} + < At,t >+ IS Cy(cos < B,t > - 1) dB(B).
Finally if f € Q, then there exists unique numbers ay >0,
b € R such that alf + b € K, and consequently there exists a real
number a, a negative semi-definite matrix A, and a symmetric finite
measure P on R' with P{0} = 0 such that
1+ |]8]1”
ek

this completes the proof of our main theorem.

B(t) = a + < At,t >+ [ (cos < Byt > 1) dP(B), and
R
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APPENDIX TO CHAPTER II

Chapters II and IIL are concerned with the Levy-Khinchine
representation of the logarithmn of n-dimensional infinitely divisible
characteristic functions. 1In this section, we present the technical
properties of such functions. Here we shall let
Q = {o: R" = C: o = f + ig, o(t) = o(-t), and ¢ satisfies condition

(*)} where as before

(*) For any choice N €N, X seeesXy € Rn, and @psecesty €C

N
N N N
with ¥ o,=0, wehave £ T o(x,- x ) o.a >0.
1 J j=1 k=1 9k 3k

We shall let Q = {o € K: o©(0) =0} and retain K = {¢ € Q: o real-
valued, ©(0) <0, and f o(t)dt = -2"’1}.

E
LEMMA 0. Let~ o: R* =+ C be any complex function with o(0) = 0 and

o(u) =o(-u). Let SC R® be a finite subset and h be any complex

function defined on S. The following three conditions are equivalent:

(1) ¢ T o(u-v)h(u)h(v)>0 for all (S,h) with

u€Es veS
v h(u)=0

ue€s

(2) = T exp{Mo(u - v))} h(u) i{v) > 0 for all (S,h)
nues veS
and for all X > 0.

(3) = £ (p(u - v) - o(u) ~o(=v)) h(u) h{v) > 0 for all
ueESsS veS

(S,h).
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PROOF: This lemma is given in Prakasa Rao [ 8 ]. See also Johansen [ 4].
LEMMA 1. Let o € Q, X, € Rn, a>0, beR. Then the function

'K R" = C defined by ¢(t) =ae(t)+ic< Xpt >+ b also belongs to
Q.

PROOF: We must show ¢ satisfies condition (#). Let N €N,

n . N
XyseeesXy € R and OyseeesOy be complex numbers with ? aj = 0.

Then £ T rt(xj - xk) oy ¥ =aEs :p(xj - xk) oy o
+1i8E (< XgoXg > = < Xpo¥y >) s @+ bEcs a5 & =a T T ro(xj-xk)ozj o
since X ozj = 0., Thus ¢ € Q entails § € Q.

LEMMA 2. Let o €4Q, Byseees8y € Rn, Yoo va¥y € C, then

$(u) = Lr8o(u ~ g5 + gk) Y5 Y, is an element of Q.

PROOE: Let N €N and Xj,e..,X € R®, @1s+es0 € C be such that

N
T &@. = 0. We set
1 J
= - < < < <
u’i,k xk gl 1<k <N, 1<i<M
Bl,kz”l"’k 1<k<N, 1<i<M
Then ¢ B. = Q0 and
ik ok

T #(x, ~x,) o & =S ELEo(X, -8, =X, +g.) 0. O v ¥,
k £ k 47 "k "4 ijk4 k i L j7 L] kT4
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=2 T ol Y )8 >
ik 3.4 ik 4,37 Ti,k J:I‘

s, BER, and o € Rn. Then the

2|

COROLLARY: If ¢ € Q, - %—f_ e <

function

t(u) = o(u) + e (e-ie o(u + o) + e® o(u - @))

belongs to Q.

PROOF: In the above lemma let g = 0, g,=a v; = 1, vy = A el

where A € R. Then we get ¢(u) = o@(u) + 1 eie o(u -a) + A e_ie

o(u + a) + AZ o(u) € Q and so &ﬁg% € Q. And the result follows
1+\

<t < 3 forall xer
1\

Henceforth, we shall express ¢ = f + ig.

i

from ~

LEMMA 3. If o €Q, then f(u) <0 for all u € R".

PROOF: In condition (*), let X, = 0, X, =u, o= 1, o,=-1 and
we get that -o(u) - o(u) < 0 and thus f(u) < 0.
LEMMA 4. If o EQO, and N> 2, then
(1) N° £(u) < £(Nu) < 0
(i1) Jg(Nu) - N g(u)] < -N(N - 1) £(u)
Proof (i) It remains to show for all n>2, all u €R',

n2 f(u) < f(nu). Let o € R®. Then ml(u) = ml(u) - % (o(u + @)
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+op(u -o) -ole) -~ o(-)) € Q, which implies that Re (pl(u) < 0. Thus

2 f(u) - flu +a) - f(u ~a&) + 2 f(&) <0 or
(1) f(u) - f(u ~ @) + 2 f(a) < f(u + o) - f(u)

let N>n>2, u=jo and sum from j =1 to n - 1. Then
n=1 n=1

zl £(3a) - £((3 - 1)o) + 2(n - 1) £f(a) < £ £(j + L)a) -~ £(Jo),
j= . =1 ‘

and so f((n - 1)) + 2(n - 1) f(o) < f(n&) - f(e). We now sum n =1

to N. Thus
N N
T f((n-1))+2n-1) f(a)< £ f(no) ~ (o)
n=1 n=1
N N
or fla) £ (2n-1)< ¢ f(nw) - £((n -~ 1))
n=1 n=1

which implies that N° f(a) < f(Na).
(ii) Here we use the fact that if o € Rn, the function
9y(u) = o(u) - 5 (#(u + @) = o(u - @) - o(a) + o(~a)) belongs to Q.

Consequently
(2) Re p,(u) = £(u) + %— (g(u + @) ~ g(u - o) - 2 g(a)) <0.

or g(u+ o) -g(e) <g(a) - g(a -=u) -2 f(u). Again suppose n > 2,
n-1
o=Jju, and sum fron j=1 to n-1l. £ g((j+ 1)u) - g(ju)
=1
n-1
< ¢ g(ju) - g((3 = Lu) - 2 f(u) which implies that

j=1
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g(nu) - g(u) < g((n - L)u) - 2(n - 1) f(u). Now summing n =1 to N,

we have that

(3) g(Nu) - N g(u) € -N(N - 1) £(u).

By repeating the above argument applied to bthe inequality
(4) 2 f(u) -fgu+ea)-g(u-a)-2g(@))<0
we see that N(N - 1) f(u) < -N g(u) + g(Nu) and so

lg(Nu) - N g(u)| < -N(N - 1) £(u).

COROLLARY. If o € Qo and f(u) = 0 on a neighborhood of the origin,

then f(u) = 0.

LEMMA 5. For all o € QO’ we have the inequality
|cp(u - v) = o(u) - o(-v)| 2 <4 f(u) £f(v) holding for all u, v € R™.

PROOF: In condition (3) of Lemma 0, let S = {u,v} and o« and B be

arbitrary complex numbers. Then (-p(u) - @(-u))pof 2, (=o(v) -o(-v))| 8| 2

+ (o(u = v) = @(u) ~o(=v)) of + (o(v = u) - o(v) - p(-u)) Bz > 0.

This implies the matrix

-2 £(u) o(u - v) - o(u) - o(-v)

o(v = u) - o(v) - o(-u) -2 f(v)

is hemitian and pasitive definite. Hence the determinant is > 0 and
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the result follows.

LEMMA 6. Suppose ©® € Qs and for all u € R® and r € R,
f(ru) = r? f(u). Then g(ru) = rg(u).

PROOF: Let ny, N €N and u € R®. From Lemma 5, we see that
2 2
(£(n + ny)u) - £(ngu) - £(n,m))? + (g((ny + nyu) = g(ngu) = g(au))
2
<4 f(nlu) f(n2u) =4 n; ng f(u) and thus g((nl+-n2)u)+-g(nlu)__g(n2u).

So g(2u) = 2 g(u) and the result follows by induction, and the usual

method of considering the rationals then the reals.

THEOREM 1. Normal Characterization.
Suppose ¢ € Q0 and f(u +v) + f(u-v) =2 f(u) + 2 £f(v) for

all u, v € R®. Then g(u + v) = g(u) + g(v) for all u,vwv € R".

PROOF: Since o € QO’ the function ¢(u) = ¢(u) - % (o(u + o) = o(u - @)
- 2 f(a)) € Q,- But Re $(u) = 0 and thus by Lemma 5, Im ¢ is
linear. Let q = Im 4. Then gq(u) = g(u) - % (g(u + @) + g(u - a)).

Appealing to Lemma 6, we have

(1) n q(u) = q(nu) = g(nu) - 3 (g(nu + @) + g(nu - a))

n g(u) -5 (§(nu + @) + g(nu - @))

and consequently n g(u + @) + n g(u - &) = g(nu + @) + g(nu - o). Now
the homogeneity of g yields g(u + o) + g(u -~ o) = g(u + %) + g(u - %)

for all n € N. Thus by letting n approach iénfinity, we have for all
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o € Rn, 2 g(u) =g(lu+9) +g(u~-o). Interchanging u and o« and
using the oddness of g we have that g(u +o) = g(u) + g(o) which
completes the proof. ' _

We shall let C (R ) = {h: RY='C: h is a continuous complex

function with compact support}.

LEMMA 7. Suppose © 1is a continuous complex function on K" and
o(t) =o(-t) for all t € R®. Then @ € Q ® ¢ satisfies condition (*¥)

where

(**) for all h € Cc(Rn) with J‘ h(u)du = 0 we have
n
R

J j @(u - v) h(u) h(v)du dv > 0.
n'n

PROOF: The sufficiency of the condition follows from the usual limiting

techniques.

et © €Q and h € C (R") with J‘ h(u)du = 0. Then for all

0
finite choices XpseersXy € R® we have £ I (q)(x:j - xk) - cp(xj) - cp(-xk)
- 9(0)) h(xj) h(xk) > 0. We now integrate this inequality over the
N-fold product of K. the support of h, with respect to dxl,...,de.
Thus
N

N
W = j j (05 = %) = ox)) = 903p) - 9(0)) hix;) KR

J -

dxl,...,de >0
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(2) =N m(l(h)N-l th -2 Re o(x) |h(x)‘ 2 dx

sN - D) [ [ (ex - 3) = 9(x) - o() - 9(0))
X Kn

h(x) h{y) dx dy > 0.

Here m denotes n-dimensional Lebesgue measure. In (2), divide by

N(N - 1) m(l(h)N"2 and let N approach e, to obtain

@ [ jK (o(x - ¥) - #(x) - () - 9(0)) h(x) KF) dx dy > 0
h

K
But recalling that h(u)du = “ h(u)du = 0, (3) reduces to
% R" |
[ J. o(x - y) h(x) h(y) dx dy > 0 as asserted.
Rt R .

We now define ?f to be the collection of all measurable functions,
';, essentially bounded on every bounded neighborhood of the origin for
which ; satisfies condition (**) and o(t) = o(-t) a.e. We now

mention the theorem relating Q' and 3

THEORM 2. If ?, € 6 there is a continuous function ¢ € Q such that

? =0 almost everywhere with respect to n-dimensional Lebesgue measure.

PROOF: let k € C(R") and o € R". Define h(u) = k(u) - k(u + a).

Then h € C_(R") and j h(u)du = 0. Thus
n
R
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ngfwl(u-v) h(u)mdu dv

= [ [ou - v) (k) - K(u + @) T =Kv 78)) du dv
=II(2¢l(u-v) - (u-v+a)-o(u-=-v-0a))ku)k{V)du dv

Consequently the function W&(u) = ml(u) -~% (ml(u + o) + ml(u -w)) is

positive. definite. In view of the Fubini Theofem,.the function

M(u) = f %(u)da is also positive definite. By the Cartan-Godement
Theorem, see Edwards [ 2], there is a continuous positive definite

function ﬂl with 1 = “1 a.e. But

M) =e ) -5 et -F[ eyt
™+ I"-u

and the integrals are continuous functions of u. Thus ¢, equals
almost everywhere a continuous function and the result now follows.

From the proof of the above theorem, we see that ¢ 1is a logarithmn
of an infinitely divisible characteristic function if and only if for
all o€ Rn, the function ¢°!(u) = o(u) - %— (p(u + &) + o(u - @)) is

positive definite.

LEMMA 8. Suppose fl and f2 are real continuous positive definite
functions on Rn and for some B € Rn and 0 < XA <1 we have

cos < B,u > = )\ fl(u) = (1 =-1) fz(u) for all u ¢ R®. Then there
exists constants ¢, and c, such that fi(u)=ci cos<B,u> for

i=1,2,.
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PROOF: Llet F, F,, and F, be the corresponding generalized distributions
of cos < B,u >, fl(u) and f2(u). By the n-dimensional Uniqueness
Theorem, F is a symmetric two point‘ distribution and F=)\ Fl+ (1- X)Pz.
Thus each Fi must be a symmetric two point generalized distribution
with the same jump points as F, hence the result.

This concludes over study of the general properties of logarithmns
of infinitely divisible characteristic functions. We now mention the
technical results used in Chapter II. We shall adhere to the notation

in that chapter by letting

Q={f: R*"~R: f(u) = f(-u) and f satisfies condition (*)}
= _  oft=l
K=(feq £0)<o, f £(u)du = -2°"4
“E
R={feK: fu+a)+f(u-e)=2*£f(u)+2£f(e) forall

u, o € RY}.

6(t) = M(L + |!t||2) is the function which uniformly bounds K.
Then by setting K* = {£/6: f € K} we know that K* is a compact

metric space. So K* together with the collection of its Borel subsets

forms a measurable space.

LEMMA 9. Define £: R® X K* = R by 2(x,£f/6) = £f(x)/6(x). Then 2 is

a measurable mapping.

PROOF: For each x € Rn, let C(x) be a cube with center x and a

fixed side length. We first define L: R® x K* =~ R by
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L(x,£/6) = f 2%2% du. We now show L is continuous. Let x € Rn,
G(u
. C(x)

f €K Let x,=x in R and fi wof

’ J G . 6°

Let M be a bounded measurable subset of R" for which C(x)S M
and for all j sufficiently large, C(x.)g_ M. Since f./G is uniformly
bounded for all ¢ > 0 there exists a 6>0 such that if ACM is

| £.(u)l
measurable and m(A) < 8 then J ——%—7—— du<e for j=1,2,ec..
A
Since C(xj) -~ C(x), for alll j large m(C(x) \ C(xj)) < 6§ and

(C(x;) \ C(x)) <8 d | r fj(t) - H©) dt| < H
m X 2 X . an € . ence

£ (t) £, £,
-é—% at] = ..J- - -
‘Icoc ) S C(x> C(x> fcm—c(xj) ¢

£,
+ - f‘ < 3e.
fc<xj)-C(x) ¢ Ic(x> ©

Hence L is continuous. Now let j € N, and Cj(x) be the cube with

. . -1 f(t
center x and side length 1/j. Then LJ.(x,f/G) = m J.C - 'G%?g' dt
J

is continuous and lim L_(x,f/G) = 4(x,f/G) and the measurablity of

3’ -
4 now follows.
2
n n L+ ]t

LEMMA 10. Let h e L'(R ), x €R . Then hx(t) = —_— h(t - x)

1+ | ex]|
also belongs to L'(R").

2
1+ ||t

PROOF: For any x € R", there exists a T such that —_— LT
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and if h € L'(R") then h (t) =h(t - x) € L'(R") and the lemma

follows from Holder's Inequaiity

fa w* f
LEMMA 11. Suppose fj’ feK, j=1,2,... and 7%- - T Then for
(t)
all x € R® and all h € L'(R"), we have lim f h(t - x) dt

=
- f h(t-x) £(t)
T 6(t=x)
g0
PROOF: Let x €R®, h € L'(Rn), by lemma 10,

£.(t)
jlim” J‘ h(t) gy dt = [ () g{% dt. But

R
£.(t) £.(t)
J‘n hx(t) & dt =Q[R h(t - x) E%?:ET dt and the result is now
R
immediate.

We shall now make further investigations of M = {f € K:

f(u+ &) + £f(u - ) = 2 £f(u) + 2 £f(a) for all u, o € R* .

LEMMA 12. Suppose f €M and f = ¢ a.e. Then for almost all

(x,t) € R2n we have o@(X + t) + o(x = t) = 2 o(x) + 2 o(t).

PROOF: Define F, F,: R =R by

Fy(x,t) = £(x) + £(t)
Fp(x,t) = o(x) + o(t)

Then  {(x,t) € Rt Fy(x,t) # Fy(x,t))
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< {(x,t): t €R", £(x)# o(x)}

U{(x,£): x €R, £(t) # o(t)]
Let p.(n) denote Lebesgue measure on R". Then M(Zn) {(x,t) € R
Fy(x,t) = Fz(x,t)} = 0. Also {(x,t) € R%: Eyj(x + t,x - t) #,'Pz(xm,x-t)}
has 2n-dimensional Lebesgue measure 0.

Consequently
F(xt)=F(xt)=-]-'F(x+tx-t)=-]=F(x+tx~-t)
PANE S A 271 ’ 2 72 4

and thus

(2 {x,t) € B2 o(t + x) + o(t - x) # 2 o(t)+2 9(x)} = 0

and hence the result.

£, .
LEMMA 13. Suppose fjem ji=1,2,... and f € K and —Gl kX -(fg,

then £ € M.

PROOF: We shall in fact show that for all x € R", lim fj(x) exists.

joe

Let x €R" and h € L'(Rn). In view of Lemma 11,

h(t
lim % (F.(t -x) + £ (t +x) -2 f (t))dt
j*“IRn G(t J J J

exists and
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P h(t
0 = J'Rn 'C:%"E% (506 =) + £y(E 4 %) - 2 84(¢) - 2 £(x))dt

for j = 1,2,.... Consequently lim fj(x) f 2 : dt exists
n
R :

j=e

and thus lim f_ (x) exists. And so F(x) = lim f(x) satisfies

j~e joe
the defining functional equation and F = f a.e. So by Lemma 12,
f € M. It is now convenient to identify M with a collection of

quadratic forms. If f € M, then there exists dyyeeesdy € R such that

f(x) = h) .ali:j xix:j where x = (xl,...,xn).
1,d

Since f < 0, we must have a; < 0 1<1i<n. and hence the

i

matrix A = (a ij) is a symmetric n X n negative semi-definite matrix.

Recall E

H

{(xg5e0esx ): -1<%x; <1 1<i<n-1,0<x <1.

If we integrate f over E we obtain

Lo

Xy = -1 xn

1

o) 4

I z .ali'j x5 x:j dxl,dxz,...,dxn =
x =0 Tod

M
[+3

—tr Ao

[t}

In order to determine the extreme points of M, it is necessary

and sufficient to enumerate the extreme points of the following set.

P = {A: A a non-negative semi-definite n X n matrix with

tr A= 1}.
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PROPOSITION. The extreme points of P are precisely those matrices A

u
of the form A =uu’ when u = ul] ’ ut is the transpose of u, and

fl

n

n
Hu”2=2 u? = 1.

PROOF; Let © be the collection of all n X n matrices

U= [u}i,...,un] where {u',...,un) forms an othonormal set for R".

And let A™1 be the (n - 1) simplex
An-l={l=(l ece )GRn|x >0 1<j<n and ; )\ =l}
1ok jz? t=9= ThTH
n-1

Then we have a mapping (in fact, continuous) of A X 6 onto P

n .
given by (A,u) A where A =% Aj u‘.j (u‘])t. Thus P is compact
1
and connected.

n . .
Suppose A = % xj (uJ) (u'] )t with 0 < )‘l < 1. ‘Then we can write
1

[
l

=2 B+ (1-1%))C where B=(u') (u)"

1
n A, u‘j(u:j )t
M =

both belong to P. Am{i since A is unequal to B and C, A is not an
extreme point of P. This shows the only possible extreme points of P
are the rank 1 projections u u® where ||ul| = 1.

It remains to show that the rank 1 projections are extreme points
of P Let u€R" with ||ul| = 1. And suppose 0<% <1, A, B¢P
and uut = » + (1 -12) B.

Let v € R® be perpendicular to u. Then 0 =<u ut v, v>

=A<Av, v> + (1 -2L)<Bv, v>



43

But A, B are both non-negative semi-definite and so < Av, v> =0
and < Bv, v > = 0. But this implies that Av = 0 = Bv. This implies
that the null space of u ut, A, and B are identiéal, and since
tr A= tr B=1, we necessarily have A =B =u ut.

Let us now translate this result to M. Let £ €M, and let A  be

the matrix representing f. Then we know that A is a negative semi-

definite matrix and -2““l = r f(u)du = % tr A. Thus
g
f € Ext(M) © A, € Ext(~-P) where A, = 1 __ A. And consequently
1 1 3.211--1

£ € Ext(R) © there exists a vector u € R* with ||u]] =1 and

'
"

A= —3-2“‘l u u’. And thus an explicit determmination of Ext(R) is

completed.
As was indicated earlier, a listing of the extreme points is
unnecessary, however the abowe results can be combined to formulate

the following theorem.

THEOREM 3. Let K = {f € Q: f real valued, £(0) < 0, and

J f(u)du = -2"‘1}. Let R =(f€K: fu+o)+flu-~ao)=2~£f(u)+2f(a)
E .

for all u, o € R,

Then M is a weak* closéd subset of K and hence weak* compact.
The Krein-Milman Theorem guarantees that Ext(®) is non-empty, and
f € Ext(M) if and only if the matrix A corresponding to f is of the

form A = --3'2“-l u ut where u is a unit vector in R.
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CHAPTER II1

THE GENERAL LEVY-KHINCHINE REPRESENTATION

In this chapter, we make further investigation of general
continuous functions o: R® = C which are logarithmns of infinitely
divisible characteristic functions. Again, we shall let Q stand for
this collection of functions, and write ¢ = f + ig. We start with
redefining the set K and show that K is uniformly bounded and the
extreme points of K are precisely those functions which appear in the
Levy-Khinchine integrand.

2n-l

let K={p€Q: p=f+ig, 0(0)<0, [ flu)du=-
E
and for all i 1<4i<n, 8050 vesX 500.0)dx, = o}.
0
We may sometimes use f and g indiscriminately, but they will

always stand for the real and imaginary parts of the ¢ in question.

LEMMA 1. Suppose ® € K and g is a continuous linear functional.

Then g = 0.

PROOF: If g is a continuous linear functional, there exists a vector
8 € R® such that g(u) =< B,u> for all u € R". write
B =(Bj,-0e5B ), and let i€ {1,2,...,n}. Then

2
B:

0= Jl g(o,...,xi,...,o)dxi = Il Bi X; dxi = ﬁ% and so B = 0, and

0 0

hence g(u) = 0.

DEFINITION. ¢ € Q is called degenerate if f(u) = £(0).

P15 Py € Q are said to be of the same type if there exists an a > 0,

b € Rn, ¢ € R such that a ml(u) + i<bju>+c = wz(u) for all u € R
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LEMMA 2. For every non-degenerate ¢ € Q there is a 2 € K of the

same type as o.

PROOF: lLet ¢ € Q be non-degenerate. Define cpo(u) = o(u) - ©(0),
then P € Qyc Nov o, is non-degenerate and so f0 <0 and f0 # 0.
Thus if J‘ <P0(t)dt = A + iB, we must have A < 0. For each

E
i=12,...,n, set t, = Jl gO(O,...,xi,,...,O)dxi and t = (tl,...,tn).

0
n-1
By defining cpl(u) = 2-A (cpo(u) - 2i < u,t>) we see that 2 €K

and @, is of the same type as o.

LEMMA 3. There exists a real number c¢ such that for all ¢ € K, we

have |f(u)l < c(1 + ||ul} 2.
PROOF: This argument was presented in Chapter II.

LEMMA 4. Let o € K with o(0) = 0. Then there exists a c¢ such that

PROOF: Let i € {1,2,...,n} be fixed. We shall use the inequality
2 £(u) - (g(u + @) - g(u - o) - 2g(@)) <0 for all u, a €R"

(See Appendix, page 30 ). Let @, = (0,...,012,...,0) and

BO = (0,...,62,...,0) be such that g(ao)= max g(o,...,ai,...,o)
Oiaiﬁl

0

0
< .
i Bi

and g(80)= min g(0,000,0,,0+.,0). First assume that o
i
0<a; <1

In the above inequality, let « = %y and u = Bo - %y We then have

2 £(By - a,) 2 2 8(8,) - B(By) + &(B, - 2 @) > g(#,) since

8By - 2045) >8(By) - 8(ey)-
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Since ¢ € K entails ¢ € K, if “g > B(i) we then would replace

g by -g, and obtain -2 f(ao - BO) > -g(BO). Since

1 1
JO g(05.003X;,00.,0)dx, = 0, we have ‘fo ‘g(o,...,xi,...,0)| dx, =

1
+ -
= ZJ' g (0".',xi,...,o)dxi=2ﬁg (0,000,Xi’.O.’O)dxi’
0

Recalling that f's are uniformly bounded on every bounded
neighborhood of 0, if ag < ﬁg, we have

1 .
‘[0 |g(0,...,xi,...,0)\dxi <2 g(ozo) < -2 f(ay - B ) < e. Orif

0 0
ai > Bi’ Jt lg(o,...,xi’0oo,0)' dxi S_ -2 g(Bo) .<_ -2 f(ao - BO) S. Ce

And if @, = BO, then. g(o,...,xi,...,o) =0 on 0<x;,<1l.
So if @ € K with o(0) =0, and i e {1,2,...,n}, there exists

a real number c¢ such that

1
J‘o‘g(o’...’xi’.'.’o)'dxi5(:.

LEMMA 5. Let o € K with o(0) = 0. Then there is a real number c
such that |g(a)] <c for all o € K" of the form o = (0yees,@;,--4,0)

where i is arbitrary and -1 < o <1.

PROOF: Let u and « be of the form specified in the lemma. By
integrating the inequality 2 f(o,...,ui,...,o) + (g(O,...,ui _ ai,...,o)
- g(O,...,ui - ozi,...,o) -2 g(O,...,ai,...,O)) < 0 over 1" we have
1
1
‘g(os“"a’i"“,o)‘ _<_J‘:; ‘f(O,...,ui,.-.,O)‘dui + i’fo ‘3(0,"‘:‘11""“]-_;"'90)‘dui
1 1

+-2- olg(o""’ui "ai,...,O)‘dui-



47

By the oddness of g we have
1
‘g(o,ooo,ai’oo.’o)‘ _<_ J‘o ‘f(o,oo-,ui’ooo’o)' dui

1 i+1
+ E-Ja ]g(o,...,ui,...,o)|dui
ai-l

o.+l
i

n-1 2 .
<2 +‘f ‘g(oy"'92u}""so)‘dui
ai-l

2

since -1<a, <1 and lg(2u)] < 2|g(u)ly + 2| £(u)
n-1 1
|g(0,...,ui,...,0)| <27 +2 JLl Ig(o,...,ui,...,0)| +|f(0,...,ui,...,0)|dui
< c by lemmas 3 and 4.

LEMMA 6. If o € K with ¢(0) = 0, then there is a real number c

such that |g(u)| <ec(1 + |‘u||2) for all u € R".

PROOF: By lemma 5, there exists a o such that 'g(ei)l < o for all
g where e, is the standard basis vector e, = (0y000,1,0..,0). To
complete the proof we make use of the inequalities

lg(u + v) - g(u) - g(v)]? <4 £(u) £(v) and

]g(nu) - n g(u)| < -n(n - 1) f(u) for all u, v € Rn, n € N. (See
Appendix page , page ). Let U= {x = (Xyseeesx ): =1 f.xj <1 for
all j=1,...,n}. Let x € U with x = (Xyseee5%, ). First let

u = (xl,o,...,o) and v = (0,x2,0,...,0). Then

| 8(x5%y0,0++,0)1 2 < 4 £(u) £(v) + |g(u)]® + Jg(v)] > < ¢, by
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lemmas 2 and 4. Now let u = (xl,xz,o,...,o) and v = (0,0,x3,0,...,0)
and again we get ]g(xl,xz,x O,...,O)] <c,e Continuing in this manner,
we easily see that there exists c¢ such that if ¢ € K with ¢(0) =
and x € u, then |g(x)] <ec.

Now let t ¢ R®™\{0} be arbitrary. Then

@+t e
lg(t)| = et I | @+ ey | g(-—:—ET]-]]?i

@+ 0 @t (——[—‘—‘—mﬂ <c(l+|]t])

se@+ 1) ] <er@+|14]1%)

and the lemma now follows.

Realizing if o € K, then -1 <o(0) < 0, we have the following

theorem.

THEOREM 1. There exists a real number ¢ such that for all o € K,
lo(t)l < (1 + \‘t\]z) for all t € R,

We now detemine the function belonging to EXt(K). By the Nommal
Characterization Theorem, (See Appendix, page 33), if o €K andh 3
satisfies f(u + a) + f(u -a) = 2 f(u) + 2 f(o), then g must be
linear. But if g is linear, and @ € K, then g = 0. So we shall
again let M = {0 €K: f(u +a) + f(u - o) = 2 f(u) + 2 f(o) for all

u, o € R°}.



49

PROPOSITION 1. If o € Ext(K), then

(1) o(u) = -1 or

i<B,u>

(ii) o(u) = cs(e -1l-2i< Ygou >) for appropriate

cﬂER and 'YBERn or
(iii) o(u) e Ext(M).

PROOF: This proof somewhat parallels the argument given in Chapter II.
Let o € Ext(K), then we know ¢(0) = -1 or 0. If o(0) = -1,
then f(u) = -1 and so g is linear. Which in turn implies that g = 0.

and o(u) = -1.
. Then the

LR o

Now assume o(0) = 0. Let o € R® and 0 <e<

functions "uiv,e (u) =op(u) + e (p(u +a) + o(u -0) - o(e) - o(~=a))

DO

belong to QO' As before, fix in e, 0<e < such that %‘ e are
’

non-degenerate, and pick 0150, € Qo N K to be of the same type as
N and ¢_ respectively. Thus for suitably chosen positive
Yo o,6 P

numbers al(a), a2(a) and vectors bl(cz), bz(a) we have

8, () = ay(@) oy(u) ¥ i <by(a)u>

(1)
";,e(“) = ay(@) 9 (u) + i < by(a)u >
However, cp=-]i‘-¢; . +%—¢; o implies
] b
(2) (v) = 3 + L a (@) oy(u) + 3 < by(a) +by(a),u >
o(u) = 7 a;(@) oy(u) + 7 ay(e) y(u) + 7 < byl@)+by(@),u

By taking the real part of (2), and integrating over E, we see

that al(a) + a2(a) = 2., Now o € K and
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al(a) az(a)
— cpl(u) t — cpz(u) €K, so bl(a) + b2(a) = 0. Thus

o(u) = A cpl(u) + (1 -12) coz(u) for some A, 0<\A<1. Butif o is
extreme, o =@, = @,. Collecting this, if ¢ € Ext(K), for suitably

chosen A(o) € R, and B(o) € R
(3) A(@) o(u) =o(u + o) + o(u - a) -o(a) - o() -2i < u,B(e) >

for all u, o € R".

Let us first consider the real part of (3). Then we get
(4) A(e) £(u) = £(u + a) + f(u - @) - 2 f(a).

The analysis of Chapter II, shows that either A(¢) = 2, and

f € Ext(M) or A(v)=2cos< B,o > for some B € R"\{O} and
n-1 e
£(u) = ‘-‘B(COS < B,u > - 1) vwvhere cg = 2 (J 1 - cos < Byt > dt).
E

In the former, we also know that if o =f + ig and £ € M, then
g = 0. Assuming the latter, we turn to the solutions of the imaginary

part of (3), namely
(5) A(e) g(u) = g(u + @) - g(u - o) - 2 < u,B(a) >.

let o, € R be such that A(al) = cos < B,al >=0 and
sin < B,cvl> =1l. In (5), let a = @, u=t+o to obtain

0=g(t+ 2 al) +g(t) -2<t+ °’1’B(°'l) > and so



S1

(6) gt + 2 al) +g(t)=2<t+ al,B(al) >

In particular if t = 0, g(2 al) =<2 al,B(al)>. Now let o be

arbitrary, and u = 2 ;. Then 2 cos < Byo > g(2 )

=g(2al+a)+g(2al-a) -2<2011,B(a)> or
(7) 2cos<B,a>2< ozl,B(ozl) >=g(2 al+c:)+g(2 01—2)-4 < al,B(a) >

=g(20) ta)+ge) +g(2a; ~a) + g() - 4 <ap,Ble) >

i

2<ao + al,a(al) >+ 2< o+ al,B(d'*'l) > -4 <a),B(e)>

i

4(< a’lsB(al) > ~-< dl,B(d) >)‘

Thus 4 < dl,B(a) > = 4(< al,B(al) > ~cos < B, >< al,B(al) >)

which implies that
(8) < al,B(a) ” =< afl,B(oel) > (1 - cos < B, >)

for all aER". In (§), let a=t+ozl,u=al

A(t + al) g(ozl) = g(t + 2 o) + g(-t) - 2< al,B(t + al). But
A(t + o:l) = -2 sin < t,B8 >, g(t + 2 al) = ~g(t) + 2 < t+cvl,B(al) > and

2< al,B(t + al) >=2< ozl,B(al) > (1 - cos < B,t + @y >) =

2< afl,B(al) > (1 + sin < B,t >). Thus
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(9) -2sin<t,B> g(al) = 32 g(t) - 2< al,B(al) > sin < B,t >

+

2 < t,B(e,) > and finally
1

(10) g(t) (g(al) -< al,B(al) >) sin < t,f >+ < t,B(O’l) >

i

c(cB(sin <Bt>»®+ < t,B(al) >)).

We now determine c¢ and B(al). Since J'lg(o,...,xi,...,o)dxi =0
0

for all i, we see that B(al) = -2(y1,...,yn) where

1 - cos B,
Y:j:—gj——-l if BJ#O and Yj=0 if Bj=0- et
YB :(yl,...,yn). Then we have g(t) = c(ca(sin <tB>-2K< t,yB >)).
Substituting f(u) = cB(cos < B,u» - 1) in the inequality

‘8(201) - 2 g(u) < -2 f(u) we see that
lg(2u) - 2 g(u)| = |c(ca(sin <u,8?-2< 2u,yg >))

-zc(cB(sm < u,B>-2<u,y >))l

fel '°B| (2 sin < u,B » cos < u,B > - 2 sin < u,B5]
< -2 f(u) = 2|‘CB‘ cos < u,8 >~ 1|.

Thus |c| |sin<u,8>| <1 forall ueR" So |c| <1. But if o

is extreme c = + 1. However the ¢ corresponding to ¢ = -1 and B
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is the same as if cq =1 and -B. So the solution in the second case

is cpp(t) = cs(ei<s’t>-— 1-2i< u,Yg >) where
1l - cos Sl 1l - cos ﬁn
s 00 )
Bl ’ ’ §n

Appealing to the arguments given in Chapter II, we will have completed

= 2n-l(J‘ 1 -cos<B,u> du)“l and Yg = (
E

s

the task of determining Ext(K) provided we prove

PROPOSITION 2: For any B € R®\{0}, the function

(el <Bst>

ch(t) = cg(e -1-2< t,yB >) defined above, is an extreme

point of K.

PROOF: Suppose q')l‘, 0, €K and 0<1 <1 are such that

¢B=xqpl+(1-x)cp2. Fix @ € R? and define Ly K=Q, by the

rule

) - [e-i<esB>

(L) (L, o)(u) = 2 o(u (o(u + ) - o(a))

+ e SHPZ (0 u — @) - o))

< * i
Then La g €Q, and so Re La vg < 0. We also note that if
®'s 0" €K and 0< ¥ <1, then L(yo'+(l-y)")=yL o' +(1-y)L o

Now

(2) (L, 9g)(u) = Ly(eg(e” “PH7 o1 - 21 < uyyy >)

i<B,u>

= 2(cB(e -1-2i< u,¥g >)) -
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o :
[e :L<¢:z,B>c (el Byuta> 1-2i<u+ @,vg > -

B

i< i< i<u-
el<Bsa> ., 21 < 0,y >) + et a,B>cB( i<u-a,B>

-i<o,B>

-l-21<u—-a,va>-—e +l-21<a,ya>)]

i<B,u> i<B,u>_; _-i<e,B>,

1-

H

i<u,v5)

cB[2(e -l—2i<u,YB>)—(e

i< Byu>_ 1 - e1<oz,3>2i < 0, ¥ >)]

i<B,u> i<p,u> -i<a,B>

+ 1+ ie

1]

cg 2(e -1-2i<uy >-e ’Y3>

iei<a’a>< Us¥g >). Thus

pl<e,B>  -1<a,B>
(3) (L, og)(u) = cg 2(2i < u,yg >) ( 5 - 1)

= 2 cB(2i < u,¥g >) (cos < B, > - 1).

B
0 for i = 1,2.. Henceforth, we shall let ¢ stand for

Thus Re Lacp = 0, and since Lach=XLa<p+(l—>\) La'q;2 we have

Re La o
either ®, or o,. Since Re L o= 0, there exists a vector A(a) € R?
such that La o(u) = 2i < A(or),u> for all u € R®. Thus o satisfies

the following identity
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-i<e,B> i<o,B>

(4) o(u) -3 (e (P(u+a)-o(@))+e (p(u-a) -o(-)))

= i <nA(a),u > for all u € R". By taking the imaginary parts of both

sides of (4), we obtain
< A(e),u>=g(u) - % {cos < &,B > (g(u + &) - g(e))

sin < a,B » (f(u + @) - f(a) + cos < a,B > (g(u - o)

+

g(@)) + sin < @,8 > (£(u - @) - £(a))]

g(u) + 3 sin < o, > (£(u + o) - £(u - @)

H

(5)

- .2]: cos < a,B > (g(u +a) + g(u - a)).

We now determine A(»). We shall use [B] to denote the vector

space spanned by B. Let @ € [B] be such that cos < B,al >=1 and

cos < B,a142 >»=<1l. Let o€ Rn. We shall now show

< A(a),u > = -;'- (1 - cos < B,o>)< A(al/Z),u > for all u € R™.
If uy B, then fB(u) =0 and so f(u) = 0. Then f(u+o)=~f(a)

and g(u + o) = g(u) + g(e) for all o ¢ R®. Therefore

< A(er),u > = g(u) - -%- cos < a,B> 2 g(u) =g(u) (L -cos <a,p>). On
the other hand, < A(al/2),u > = 2 g(u) and consequently

< A(a),u > = -2:-l- (1 -eos < B, >) < A(a1/2),u > for all uj B. Now

< A(c.\'),czrl > = g(o/l) (1 -cos <o,8>) from (5) and f(al) = 0. Thus
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1
< A(al/'Z),crl >=2g(ey) and 3 (1 -cos <B,a; >) < A(al/2),azl > =
g(ql) (1L - cos <a,p>) =< A(o:)2,ctl >. Now let u € [B] = [cxl]. Then
u=koy for some k € R. Then < A(),u>=k < A(cxl),u1 >

= k(% (1 - cos < B,a >)) < A(e )’al > = %‘ (1 -cos<Be>) < A(al/?)9u>‘

1/2
Finally let u € " be arbitrary. Then we may express u = vyt v,

vwhen vy 1 B and v, € [B]. Using the above computations we have

< Ale),u> =< A(a),vl >+ < A(a),v2 >
= % (1L - cos < B, >) (< A(orl/_?_),vl >+
< A(cvl/Z),v2 >) = % (1 - cos < B, >) < A(al/Z_),u > .

Since < A(x),u > —;‘- (1 -ce8 <B,0>) < A(al/Z),u > for all u,
4 e

we must have

(6) A(e) = 12'- (1 - cos < B, >) A(al/Z).

A(w, /2)
Let ¢ = ..__._,._._g -~ . ~i<u,p>

By setting ¢(u) = e (p(u) = i< cyu>) we

see that

(1) #(u) - 3 08(u + @) + 4(u - o) - e <P (y(a) + 4]

[o(u) - i<cu> -2 (B> (o +a)

-i<
= o1 u,B> -
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. i<
si<cyjut+to>-ola)ti<c,>)+ et o"B>(cp(u -a)
-i <c,u -a) -g(-) - i<c,0>))].

Applying (4) and (6) to (7) we have (7)

e T B> ) = 2 (@ SNPZ (o(u + a) - 0(0))+ eX WP (o(u-a) ~a(=)))

il

1 (e-i<a,a> i<Q,B>

-i<cu>-3 (-i<c,u>+e (=i < c,u>))]

-i<
et u’B>[i<c,u>(l-cos<B,a>) -i<c,u>

1}

i<o,8>» -i<o,B> ‘<
i<c,u> (e ; £ )] =™t u’B>[J‘.<c,u>(l--cos<B,cv>)

f

i

i<cu>(l-cos<B,d>)] =0

Thus ¢(u) = e-i<u’¢>(fp(u) - i<c,u>) satisfies ¢(u)=y(-a)

and

-i<B,u>

(8) #(u) -5 [s(u+a)+4(u-a)-e (4(e) + 9(=2))] = 0.

Express ¢ = p + iq, take the real part of 8, and interchange u and

@ to get
(9) p(u) -3 (p(u + @) + p(u = @) = 2 cos < B,a > p(a)) = 0
p@) = 3 (p(u - @) + p(a = u) = 2 cos < B,u >p(u)) = 0

And by subtracting, we have
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p(u) (L - cos < B, >) = p(a) (1 % cos < B,u>)
or
(10) p(u) = cl(l - cos < Byu >)
for some c; €R. Next take the imaginary parts of (8).
q(u) - % (q(u + o) + q(u - &) + sin < B,u> 2 p(e¢)) = 0. This
implies
(11) q(u) - -21- (q(u + o) + q(u - @)) = ¢;(1 - cos < Byo >)2 ain < B,u >.
Set F(u) = q(u) - c; sin <B,u >. By using the usual trigonometric
rules and the oddness of q, we see that F is linear, and hence there

is an a € R® such that F(u) =< g,u> for all u ¢ R®. This in turn

yields q(u) = ¢y sin < B,u >+ < g,u > Collecting this we have

(12) e BT ) - i<cuB) = (u)

plu) + iq(u)
= cl(l - cos8 < B,u >)

+iclsin<B,u>+ i<au>

i<B,u>

i

cl(l—e ) + 1i<a,u>
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which yields

i<g,u> i<B,u>

-1l)+ie < a,u >.

(13) o(u) - i <c,u>=c,(e

Taking the real parts of (13), we have (14) f(u) = cl(cos <B,u>-1)

- s8in < B,u>< a,u> If a # 0, it would be easy to produce a u € R®
such that f(u) > 0. Consequently a = 0. and f(u) = cl(cos<6,u>—l ).

But since f € K we must have ¢) = Cge Returning to (13), we see that

(u) = c,(sin < B,u >) + < c,u >. But the restrictions of K on .g
g B

force ¢ = 32 cs YB’ where YB is as above. Thus

o(u) = cB(ei<B’u>-— l1-2ic< u,¥g >) = qoB(u) which completes the

proof of Proposition 2.
It would be very gratifying to conclude the Levy-Khinchine
Representation by appealing to Choquet's Theorem. However at present,

the fact that K is compact can not be established.
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CHAPTER IV

AN APPLICATION TO UNIMODAL DISTRIBUTIONS

In this chapter, Khinchine's representation of unimodal distributions

is obtained through the use of extreme points.

DEFINITION Let F: R =~ R be monotone non-decreasing, right continuous,
and 0 <F(-®)<F(+»)<1l. If F is convex on (-=,0) and F is

concave on (0O,+e), F is called a (generalized) unimodal distribution.

The concept of unimodality is closely related to absolute continuity

as the following can be established. See Lukacs [ 6].

LEMMA 1. F is a unimodal distribution if and only if there exist two
non-negative, integrable functions f,g, f: (-«,0)= R is non-decreasing

g: (0,+®)= R is non-increasing and

X
F(-=) +I f(u)du if x<0
F(x) = ;
F(+o) - f gu)du  if x>0
X

With the aid of Lemma 1, Khinchine established the following theorem.

THEOREM 1. A distribution F is unimodal if and only if there exists a

corresponding distribution G yielding the following representation:
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( A+ AZ[G(X) - X J‘ i QELQ)J if x<0

F(x) =4 A A G(0) if x=0

(-]
d e
At ALe(x) + x J; —G—éﬂ] if x> 0.

here 1, = F(-o), Ay = F(+®) - F(~®). G(-®) =0, G(+=) = 1.
Using integration by parts and Theorem 1, assuming A =0, A= 1,
we obtain the following corollary concerning the corresponding

characteristic funetions.

COROLLARY 1 A characteristic function ® 1is of a unimodal distribution

if and only if there is a characteristic function g such that

t

o(t) =-t1- fo g(u)du.

Qur goal is to obtain Theorem 1 using the method of extreme points.
For this purpose, we make a detailed investigation of the following set
K: K={F: R-R: F is a unimodal distribution}.

We first want to establish K is a compact, convex set, but it is

necessary to consider equivalence classes of K as follows:

K ={f: R=R: there isan F €K, f=F a.e.}
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We may identify K with K. 1In order to establish the compactness of

K, it suffices to do the same for X.

LEMMA 2. K is a weak* closed subset of B, where B = {f € ﬁ”(R):

ess sup | f(x)| < 1}.
X € R

~ *
PROOF: Let £ €K n=1,2,..., and f €B be such that £ % Of.

Choose Fn € X such that F = fn a.e. By the Weak Compactness Theorem
(Loeve, [ 5 ]) there exists a subsequence {nk} and a distribution

function ¢ such that F_ % G¢. This implies G is unimodal,

k

(Lukacs, [6]) and F_(t) = G(t) a.e. (t). Hence f - G a.e.
P "

So by the Lebesgue Dominated Convergence Theorem, for all g € L'(R) we

have

lim £ (t) g(t)dt = j 6(t) g(t)dt.
k=® °R "k R

And, hence for all g € L'(R) it is the case that

[ 6(t) g(t)dt = J £(t) g(t)dt.
"R R
This implies £(t) = 6(t) a.e. so 'f € K-
Thus we have established that K is a compact set and clearly K
is convex, so that the Krein-Milman Theorem applies. To establish the

extreme points we introduce the following concept.

DEFINITION Let F be a unimodal distribution. F 1is called an
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elementary unimodal distribution if, in addition, F satisfies the

following two conditions:
(1) F(-=) =0, F(+tw) =1

(ii) If 6 and F - G are both unimodal distributions, then

there is a real number, X, 0 <\ < 1, such that G = AF.

THEOREM 2.  The extreme points of K are the elementary unimodal

distributions together with the functions F__ =1 and Fl o

M

OO

F are extreme points of K. Let F € K be

- ? + oo

PROOF: Clearly F

an elementary unimodal distribution. We now show F is an extremal

point of K. Let F F, €K and 0< A <1 be such that

l’
F = XFl + (1 -2\) F,-. Since it is true of F, we necessarily have

1
(=]

Fl(_a) = Fz(‘“)

1]
o]

and F1(+°°) = F2(+°°) *

If 0<A<1 themn F, AF,, F - AF; € K so since F 1is elementary,

l,
there exists an @ >0 such that F =aF;. But F(+o) = Fl(+°°) )

1

therefore o = 1. So F = Fl = F2 and as a result F 1is an extreme

point of K.

Conversely, let F be an extreme point of K. If F is constant,
then F =T or F, . So assume F(+e®) - F(-=) > 0.

- + @

Suppose 0 < F(+«) < 1. Then

F = F(+o) (E,-(—f-;) ) + (1 - F(+®)) F,_ -
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This forces F(+«) = 1. Now suppose 0 < F(-«) < 1. Then

T e IR velons w0 K, and

Pex) = 25) (EE ;(E&—Q)J

1l - F(-= F -~ F(->
L LorCe) (H - Hee),

but if F is to be extreme, it must be that F(-«) = 0. Finally, let

G €K be such that 6 #0, F and F - G € K.

. . _ G(x _ F(x) - 6(x
Define Fl(x) = ET%"% and F2(x) Bl sy grape then

F(x) = G(+=) Fl(x) + (1 - G(+®»)) F,(x) but F is extreme, hence
F = Fl so AF =G for some A > 0. Thus F is an elementary unimodal

distribution.
LEMMA 3. Let F be an extreme point of K. Then F(0) =0 or 1.

PROOF: Suppose to the contrary 0 < F(0) < 1. Define G(x) to be F(x)
or F(0) accordingly as x< 0 or x> 0.
Then G and F - G are unimodal but G is not a multiple of F

since F(+») = 1.

THEOREM 3. The elementary unimodal distributions are the following:

o
ke
1A
o

<0, Pu(x) = 1 - x/a o

A
<
A
o

=
b

v
o
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o =0, Fo(x) = ¢(x)

0 x<0
a> 0, Fa(x)= x/a 0<x<ua&
1 x> o,

PROOF: We first show each Pa(x), ® ¢ R, 1is an elementary unimodal
distribution. Clearly PO is elementary. Let o < 0 be fixed. Let
G € K be such that F, - 6 also belongs to K. Thus 1 - G(x) and

G(x) are both non-decreasing on (0,+e), hence G(x) = G(0) if x> 0.

1]

0. So assume Yy >» 0. (Claim G =% F_.

Let v =6(0). If vy =0, G o

Since G and F, are convex on (-»,0), there exists non-decreasing

non-negative functions g and fa such that

X

G(x) = J g(u)du x<0
x
and Fo’(x) = Jl_-“ fa(u)du x < 0.
1 X
Now fa(x) =-= I[oz,O]' Thus (ch -G) (x) = I—w fa(u) - g(u)du

and f - g is non-decreasing and non-negative. Hence g(u) =c I .
[+ [G‘,O]

y = G(0) = J‘ g(u)du = clo| .

Thus g(u) = v £ (u).
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So G = YE, Similarily if o > 0, Fa is an elementary unimodal
distribution.
Thus it remains to show if F is elementary, then F(x) = e(x) or

a suitable uniform distribution.

1]

Let a = F(0-). If F(0) =0, then a =0 and F is continuous

0 or 1. For if 0<a <1, pick

at a. If F(0) =1, then a

€>0 such that 0< (L -¢)a<(l+ e)a<1l. Nowdefine Fy and F,

as
(1 +¢) F(x) if x <0
Fy(x) =
1 if x20
(1 - e) F(x) if x<0
Fz(x) =
1 if x 2 0.
then F = % Fit % Fy which contradicts F as being extreme. So a =0

il

or 1. If a =0, F(x)=e(x), otherwise F 1is continuous at 0.

i

1 and F(x) # e(x). Then there is an f € L'(-=,0),

0
£>0 a.e., ‘[ f(u)du = 1 and f 1is non-decreasing.

- 00

Suppose F(0)

Let K. = supp f = Ule,0] where the union is taken over all
intervals [o,0] such that f(x) >0 a.e. on [a,0]. Let y € K. be

such that

v
0< J f(u)du < 1.

e
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Define
Cf(x)  if  x <y
£,(x) =
£(v) if x>y
and
X
J £(t)dt  if  x<0
- 00 -
Fy(x) =
Fy(0) if x>0
Then Fl is unimodal and F - Fl is unimodal. Now since F 1is

elementary, there is an o = e&(y) such that
Fl = oF.
But this implies

fl(x) = of(x) a.e. x<0.

But if x <, fl(x) = f(x), therefore ao(y) =1 which implies if

x>y, f(x)=~f(y). But vy € Ke was arbitrary, thus f is a.e.

constant on Kg- Thus Kg = [e,0] for some o, and f = -l1/o since
0

f f(u)du = 1.
-0

Hence F is the uniform distribution prescribed above. Proceeding
in exactly a similar manner, if F(0) = 0, then if F is to be

extreme, F = F, for some o > 0.
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Collecting the above, we now formulate the following theorem.

THEOREM 4. K is a compact, convex set in the weak* topology of Lw( R).

Moreover the extreme points are precisely the following functions:

F . (x)=1

F(x)= (1 - g) Lol ¥ Low) @0
Fo(x) = ¢(x) = I[O’w)
= X a>0

Bl =5 Io,a] ¥ Lioytw)

F, o (x) = 0.

Now let [-w,+®] denote the compactified real line. Define
$: [~-o,#w] » K by &) = F,, then clearly $ is a homeomorphism,
so that Ext(K), the set of extreme points of K, is compact and

homeomorphic to [-®,+=].

So, in view of Choquet's Theorem, for each F € K, then is a

probability measure P on [-®,+®] such that

F = r E, dP(er).

L3

["‘”a; =]
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This integral is to be interpreted in the following sense: For

every weak* continuous linear functional £ we have

“F)= | uE,) dr(a)
["”,'H”J
Consequently, for each h € L'(R), we have

h(t) F(t) dt = h(t) F_(t)dt)dP
[ nee) e [ ne) gepee)

[—“,M]

. J he) ([ B (t) dp(e))dt.
R ["°°3+°°]
The last interchange of integrals is permitted by the Fubini

Theorem. But since this holds for all h € L'(R) we have

F(t) = f F_(t) dB()
["°°>+°°]

= P{-w} + f ) F(t) dP(a)

v Let us consdder J Fa(t) dP(). Since for fixed t, the integral
R
is continuous in o, we can consider

f Fg(t) dG(e) where G 1is given by
R
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G(x) = P(-»,x].

1 if <0

F(0) =
0 if a>0

it

thus F(0) = [ E,(0) d6(e) = 6(0). If t<o, and &<,
R

l-t/a if o<t<o0
E (t) = : » Fo(t)=0, and E (t)=0 for & >0

A

t

Consequently ‘fR Pa(t) dG(er) = J -(l - g) de(«@).

t
:G(t)_t{‘ M.

If t>0, and o<t, Pd(t) = 1. And if o> t, Fa(t) = t/a.
-] dG
Thus j F (t) d6(a) = 6(t) + tj d6(a) |
o o
R , : t
Collecting all this, we now state the following Theorem.

THOEREM 5. For each F € K, then exists a probability distribution 6

on R, and real numbers Xl, k2 >0, >‘1 + 7\2 <1 such that
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e X
dG(o .
*1*‘2[G(x)'x‘[_c‘é“l if x< 0
F(x)-=ﬁ3* Aty G(0) if x=0
® de
Al+)\2[G(x)+xf —%)- if x>0
w X

here '\, = F(-®»), A, = F(+=) - F(-w). By ignoring these constants
and assuming F to be a probability distribution, we see F has the

following representation:

fo) = [ (- Slahg x <0

f i%ﬂ]dy + 6(0) x> 0.

(0,x) ‘“y

- |

By using this last form and integration by parts, it is easy to
establish that if ¢ is the characteristic function of F and § is
the characteristic function of G, then for all t e R,

t

o(t) = £ jo £(u)du.

So by the Uniqueness Theorem (Lukacs [ 6]), we immediately conclude

the probability distribution G occurring in Theorem 5 is also unique.
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