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ABSTRACT

Juan P. Bes, Advisor

An operator 7' on a Fréchet space X is said to be hypercyclic if it has a dense orbit. In that
case, the set HC'(T') of hypercyclic vectors for T is a dense G subset of X. In most cases the set
HC(T)U{0} is not a vector space. However, Herrero and Bourdon showed that if 7" is hypercyclic
then HC(T') contains a hypercyclic manifold, that is a dense linear subspace of X except for the
origin. In a different direction, a great amount of research has been carried out in the search
of hypercyclic subspaces, that is infinite dimensional closed subspaces contained (excluding the
origin) in HC'(T'). It is not always the case that a hypercyclic operator has a hypercyclic subspace.
For instance, Rolewicz’s operator on ¢ does not have a hypercyclic subspace, but on the other
hand all hypercyclic convolution operators on the space H (C) of entire functions have hypercyclic
subspaces.

If the space X is a Fréchet algebra, continuing the search for structure in HC'(T") one may ask
whether HC(T') U {0} contains an algebra. In that direction, Aron, Conejero, Peris and Seoane-
Septlveda showed that the translation operators on H(C) do not support a hypercyclic algebra.
On the other hand, Shkarin and independently Bayart and Matheron showed that the complex
differentiation operator D on H (C) has a hypercyclic algebra.

In the present dissertation we first continue the search for hypercyclic algebras in the setting
of convolution operators on H(C). Following Bayart and Matheron’s techniques, we extend their
above mentioned result with Shkarin, by establishing that P(D) supports a hypercyclic algebra
whenever P is a non-constant polynomial vanishing at 0.

With a different approach we provide a geometric condition on the set {z : |®(z)| < 1}
which ensures the existence of hypercyclic algebras for &(D) with & € H(C) of exponential type.
This new approach not only recovers the result of Shkarin-Bayart and Matheron but also gives
hypercyclic algebras for convolution operators ® (D) which do not satisfy the conditions ®(0) = 0

or that ® be a polynomial, such as I + D, DeP eP — 1, or cos(D).
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Answering a question of Seoanne-Sepulveda, we show that the operator D supports hypercyclic
algebras that are not singly generated. We next consider hypercyclic algebras beyond the setting
of convolution operators. For instance, we provide abstract criteria for the existence of hypercyclic
algebras, which in a sense generalize familiar results from Linear Dynamics. We also show that
every hypercyclic weighted backward shift operator on ¢? supports a hypercyclic algebra.

Finally, on a completely different direction we study the dynamic behavior of affine maps, that
is, maps of the form A = T+ a where 7' is a linear map and « is a vector of the underlying space.
We prove that in many cases the dynamic behavior of A is identical to that of its linear part 7. We
also show that if A is hypercyclic then 7" has to be hypercyclic as well. The converse is not true
however by an example due to Shkarin, who provided a hypercyclic operator 7" on /2 and a specific
a € (% such that A = T + a is not hypercyclic. Furthermore, we generalize several results from
linear dynamics to the affine setting, as well as discuss some open questions and provide partial

answers to those.



To my beloved wife Eleni.



vi
ACKNOWLEDGMENTS

I would like to thank my supervisor Professor Juan Pablo Bés for his contribution to my studies
all these years. He taught me a lot of the things I know, introduced me to the field of Linear
Dynamics, as well as guided me throughout my research. He was an excellent and inspiring mentor
to me, both for leading my steps by posing the right questions and giving me nice problems to
consider, but also for working with me, coming up with clever ideas and numerous comments and
spending huge amounts of time discussing with me. But appart from the mathematical point of
view, I would like to acknowledge Juan’s support during my studies in Bowling Green since he
picked me from the airport on my very fisrt day in the United States and helped me find a place to
stay. Also, I will never forget the times we gathered at his place with my wife and his family. I
will always be indebted to him and consider him a very close friend.

I would also like to thank the committee members, Professor Kit Chan, Professor Alexander
John Izzo and Professor Neocles Basil Leontis for their valuable comments and suggestions which
helped me improve the final version of the thesis.

I would especially like to express my deep gratitude to Professor Alexander John Izzo. The
classes I have taken with him have been very influencial for me and have changed the way I
perceive mathematics. Also, I owe everything I know about Banach Algebras to him. The several
questions he has posed to me, as well as the numerous conversations we have had, have been really
insightful for me and have given me food for thought for several years.

I would like to thank Professor Craig Zirbel for all his support as Graduate Coordinator through-
out my studies at BGSU. Also I thank Professors José Alberto Conejero and Alfredo Peris from
Universitat Politechnica de Valencia for their insight and encouragement.

Next, I would like to thank several professors for helping me in various different ways. Specif-
ically, I thank Richard Aron, Bernardo Cascales, George Costakis, Karl Grosse Erdmann, Vassilis
Nestoridis and Aristomenis Siskakis.

Very special thanks go to my family for the endless moral support and financial support through-

out the years, as well as to my friends Ted Voudouris, and Neocles and Vassiliki Leontis.



vii
Finally, I would not be able to complete my PhD without the priceless help from my wife Eleni
who left everything in Greece to join me despite the many difficulties. I cannot find words to

express how grateful I am to her for her full support as well as for believing in me and encouraging

me all these years.



viii

TABLE OF CONTENTS

CHAPTER 1 PRELIMINARIES|

(1.1 Topological Dynamics.|. . . . . . .. ... ... ... ... ............ 1
(1.2 Linear Dynamics. . . . . . .. .. ... . ... ... . ... e 4
1.2.1 Intr 10 1 1 4
(.2.2 Basic Definitionsand Results]. . . . . ... ............. ... 5
(1.2.3  Criteria for Hypercychcity.| . . . . .. ... ... ... ... ... .... 8
(1.2.4 Examples., . .. ... ... ... ... ... . 9
(1.2.5 Three majorresults. . . . . . ... ... ... ... ... ... 12

CHAPTER 2 CONVOILUTION OPERATORS SUPPORTING HYPERCYCLIC ALGE- |

2.1 'The Bayart-Matheron approach] . . . . . . ... ... ... ........... 15
22 Amewapproach| . . .. ... ... ... .. 21
CHAPTER 3 OTHER TOPICS ON HYPERCYCLIC ALGEBRAS 37
[3.1 Two generated hypercyclic hypercyclic algebras . . . . ... ... ... .. .. 37
[3.2 Hypercyclic Algebras for weighted backward shifts] . . . . . .. ... ... .. 45
[3.3  Criteria for the existence of hypercyclic algebras| . . . . . .. ... ... ... . 47
[3.3.1 An eigenvalue criterion for hypercyclic algebras, . . . . . . . . ... .. 47

[3.3.2 A Gethner-Shapiro type criterion for hypercyclic algebras| . . . . . . . 49

CHAPTER 4 AFFINE DYNAMICS 52

BT AffineDynamics| . . . . . . . ... ... ... 52

4.2 Open Questions and Remarks| . . . ... ... ... ... ... ......... 60




BIBLIOGRAPHY]



PREFACE

Chapter 1 lists basic definitions, standard notation and some fundamental results from topolog-
ical dynamics and linear dynamics that are used in this dissertation. The reader familiar with linear
dynamics is prompted to skip Chapter 1 and refer to it on his/her own will.

Chapter 2 is completely devoted to the search of hypercyclic algebras for convolution operators.
In the first part we prove that convolution operators induced by polynomials vanishing at the origin
support hypercyclic algebras. In the second part we provide a sufficient condition for a convolution
operator (not necessarily induced by a polynomial) to support a hypercyclic algebra, and then we
apply it to several examples of both polynomial and transcedental convolution operators.

Chapter 3 deals with more examples of hypercyclic algebras, like two generated hypercyclic
algebras for the differentiation operator, and hypercyclic algebras for weighted shifts. We also
provide general criteria for the existence of hypercyclic algebras which resemble classical criteria
from the main theory of Linear Dynamics.

Finally, in Chapter 4 we consider the dynamics of affine maps. We relate some results from the
theory of Linear Dynamics to this new setting, seeking to understand the interplay of the dynamics

of an affine map and that of its linear part.



CHAPTER 1 PRELIMINARIES
1.1 Topological Dynamics.

If X is ametric space, and 7' : X — X is a continuous map, then we can consider the sequence
of iterates {I,7,7?,T3,...) of T acting on X. Our aim is to study the dynamical properties of
this sequence, which is essentially to understand its asymptotic behavior. We will sometimes refer
to the pair (X, 7’) as a “dynamical system”.

In many cases, the less interesting for us, we have a regular behavior of the sequence of iterates.
We are mostly interested in cases were the sequence behaves “wildly”, incorporating a notion of
chaos.

In the following definition we let the sequence of iterates act on a specific point of the space.

Definition. 1.1. Let X be a metric space, and T' : X — X a continuous map. For an element

r € X we define its orbit under ' to be the set

Orb(z,T) = {x, Tz, T?z,...}.

It is obvious from the definition, that Orb(z,T') is the smallest 7-invariant subset of X con-
taining .

The next definition will turn out to be of great importance for what follows. It provides a way
to compare dynamical systems, and therefore, to transfer results from a known dynamical system

to an unknown one.

Definition. 1.2. Let X and Y be metric spaces, andT : X — X, S : Y — Y be continuous maps.
Then we say that T is quasiconjugate to S, if there exists a continuous map ¢ : Y — X with dense

range, such that

Top=¢oS

In addition, if ¢ happens to be a homeomorphism, then we say that T and S are conjugate.



As we will see, conjugate maps, have identical dynamical behavior.

Definition. 1.3. Let X be a metric space and T : X — X continuous. Then T is said to be

topologically transitive, if for any pair U,V of nonempty open sets, there exists n € Z.., such that

T (U)NV 0.

The following result relates topological transitivity of a dynamical system, to the property of

having a dense orbit.

Theorem 1.4 (Birkhoff Transitivity Theorem [15]). Let T" be a continuous map on the separable,

complete metric space X without isolated points. Then the following are equivalent:
1. T is topologically transitive,
2. T has a dense orbit.

If one of the above holds, then the set of all points x € X for which Orb(x,T) is dense, is a dense

Gs-set.

The final part of Birkhoff’s theorem is indicative of a “0-1" behavior. Either there will be no
point z € X with dense orbit, or there are going to be plenty of them.
On the other extreme of a point with dense orbit is a periodic point. The orbit of a periodic

point behaves very smoothly and except for trivial cases it is nowhere dense in the space.

Definition. 1.5. Let X be a metric space, and T : X — X a continuous map. A point x € X is

called a periodic point of T, if there exists n € 7. such that T"x = x.

There are several nonequivalent definitions of chaos. One of the most widely used is due to

Devaney and it is stated as follows.

Definition. 1.6. A continuous self-map 'T' on a metric space X is called chaotic, if it is topologi-

cally transitive and it has a dense set of periodic points.
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In fact, Devaney’s original definition of chaos included a third condition, the so called “sen-
sitive dependence on initial conditions”, which provides the dynamical system with a “butterfly
effect” behavior. However, it was proved by Banks-Brooks-Cairns-Davis-Stacey [6], that sensitive
dependence on initial conditions was implied by topological transitivity together with the existence
of a dense set of periodic points. Thus, the definition above is equivalent to Devaney’s.

We also notice, that if X is complete and has no isolated points, the map 7’ is chaotic if it has
a dense set of points having dense orbit, and a dense set of periodic points.

The following property is a strong form of topological transitivity. It demands that the orbit of

a nonempty open set U under 7, to eventually intersect every open set V.

Definition. 1.7. If X is a metric space and T’ : X — X is continuous, then I’ is said to be mixing,
if for any pair U,V of nonempty open sets, there is an N € 7, such that T"(U) NV # () for all

n > N.

Definition. 1.8. Let X, Y be metric spacesandl : X — X, S : Y — Y be continuous maps. We

define the map T’ x S on X XY endowed with the product topology, by

(T x S)(z,y) = (Tx, Sy).

Proposition. 1.9. If T is a continuous map on a metric space X, then if T' x T' is topologically

transitive, 'T' is also topologically transitive. T is mixing if and only if T' X T' is mixing.

Definition. 1.10. If T is a continuous map on the metric space X, it is called weakly mixing if

T x T is topologically transitive.

By Proposition 10, the property of weak mixing is stronger than topological transitivity, but
weaker than the mixing property. Weak mixing is equivalent to the condition that for any 4-tuple
Uy, Uy, V1,V of nonempty open sets, there exists an n € N such that 7"(U;) N Vi # (), and
T (Uy) N Vo # 0.

We close this first section with the observation that conjugate dynamical systems share the

same dynamical properties.
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Proposition. 1.11. The properties of topological transitivity, weak mixing, mixing and chaoticity

are preserved under quasi conjugacy. This means that if the map S has any of the above properties,

and T is quasi conjugate to S, then T satisfies also the same property.
1.2 Linear Dynamics.
1.2.1 Introduction.

From now on, we will restrict our interest to the case were X is a vector space with some suit-
able metric, and 7' : X — X is a continuous linear operator. Let us begin with some preliminary

definitions.

Definition. 1.12. Let X be a vector space over K. A functional p : X — R is called a seminorm

if
1. p(z+y) < p(x) + p(y), and
2. p(Az) = [Alp(x),

forallx,y € X and \ € K.

On a vector space X if a sequence of seminorms {p,, },cn is defined, then we can consider the
family of sets {y € X : p,(x —y) < e}, forz € X,;n € Nand ¢ > 0, as a subbase for a topology
on X. This is called the topology induced by the sequence of seminorms {p,, }°2 ;. If moreover,

{p,}>, is separating, which means N ;p1{0} = {0}, then the formula

=1
Zz—n n(1, pu(z —y)) (1.2.1)

n=1

defines a metric on X . This metric is also translation invariant, which means that
d(z + 2,y + 2) = d(z,y),

forall x,y,z € X.
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Definition. 1.13. A Fréchet space is a vector space X, endowed with a separating sequence of

seminorms {p, }°2_ |, which is complete in the metric given by (1).

Definition. 1.14. Let X and Y be Fréchet spaces. Then a continuous linear map T : X — Y is
called an operator. The set of all operators from X to Y is denoted by L(X,Y'), and the set of all
operators from X to X by L(X).

If X and Y are Fréchet spaces whose topologies are induced by the sequences of seminorms
{pn}22, and {q,}>2,, then we define X @ Y to be the vector space X x Y endowed with the
sequence of seminorms 7, (z,y) = p,(z) + ¢.(y), forn € Nyjz € X,y € Y. The sequence

{r,}5°, induces the product topology on X x Y.

Definition. 1.15. Let X and Y be Fréchet spaces and T € L(X),S € L(Y). Then we define the
operatorT & S € L(X ®Y) by,

T® S(x,y) = (T x S)(x,y) = (Tz, Sy),

for(x,y) e X®Y.
1.2.2 Basic Definitions and Results.

Now we are ready to transfer the theory developed in the first section, to this new linear setting.

Definition. 1.16. Let X be a Fréchet space, and T € L(X). Then T is called hypercyclic if there
exists © € X such that orb(x,T) is dense in X. In that case z is called a hypercyclic vector for T,

and the set of all hypercyclic vectors of T is denoted by HC(T).
Birkhoff’s Transitivity Theorem can be restated using the new terminology.

Theorem 1.17 (Birkhoff Transitivity Theorem). Let T' be an operator on the Fréchet space X.
Then T is hypercyclic if and only if it is topologically transitive. In this case, the set HC(T), is a

dense Gg-set.
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Therefore, for a hypercyclic operator 7', the set HC(T') of hypercyclic vectors of T is a dense

Gs-set. Concerning its algebraic structure, we have the following simple application of Baire’s

Category Theorem.

Theorem 1.18. If T is a hypercyclic operator on the Fréchet space X, then

X = HC(T) + HC(T)

which means that every vector x € X can be written as the sum of two hypercyclic vectors.

Kitai [27] noticed that when 7" is hypercyclic on a complex Banach space its adjoint 7™ cannot

have eigenvalues. More generally, we have the following.

Theorem 1.19 (Herrero[26], Bourdon[16], Bes[[10], Wengenroth[38]). IfT" is a hypercyclic oper-

ator on a real or complex Fréchet space X and x € X is a hypercyclic vector for T, then

{p(T)x : p is a polynomial } \ {0}

is a dense set of hypercyclic vectors. In particular, every hypercyclic operator admits a dense

linear subspace consisting, except for 0, of hypercyclic vectors.

As an immediate corollary of Theorem we get that HC(T) is connected. However, as
Bayart and Mather6n noticed [7, Theorem 1.33] one can say much more about the topological

structure of HC(T).

Theorem 1.20. Let X be a separable Fréchet space and T' € L(X) be hypercyclic. Then HC(T)

is homeomorphic to X.

Therefore, we can conclude that the set HC'(T'), for a hypercyclic operator 7', is a connected,
dense Gs-set, containing a dense linear subspace consisting except from 0, from hypercyclic vec-
tors, and satisfying that every x € X can be written as the sum of two hypercyclic vectors.

The following theorem says that hypercyclicity is a purely infinite dimensional property.
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Theorem 1.21 (Rolewicz [33]). There are no hypercyclic operators on a finite dimensional Fréchet

space.

In the remaining part of this subsection, we present some necessary conditions for an operator
to be hypercyclic.

We recall that for a Fréchet space X its dual space X* is defined to be the vector space of
all continuous linear functionals on X. If 7" : X — X is an operator, then its dual operator

7" : X* — X*, is defined by

T*(f)(x) = f(Tz), f€ X", zeX.
Theorem 1.22. If T is a hypercyclic operator on the Fréchet space X, then its adjoint T* : X* —
X* has no eigenvalues.

We recall the following definition.

Definition. 1.23. Let T" be an operator on the Banach space X. Then T’ is called power bounded
if

sup ||[T"|| < oo.
n>0
Since every orbit of a power bounded operator is bounded we get the following.

Theorem 1.24. If T is a power bounded operator on the Banach space X, then T fails to be

hypercyclic.

Compact operators play a central role in Banach space theory. Their dynamic properties

though, are rather poor.

Definition. 1.25. If X is a Banach space, the operator T' on X is compact, if the image of the

closed unit ball of X, has compact closure.

Theorem 1.26. No hypercyclic compact operator exists on a Banach space.



1.2.3 Criteria for Hypercyclicity.

Besides the definition, the only tool we mentioned to prove hypercyclicity until now is Birkhoff’s
Transitivity Theorem. In this subsection we provide several sufficient conditions that ensure hy-

percyclicity. Most of them, are refinements of the following criterion due to Kitai.

Theorem 1.27 (Kitai’s Criterion [27]). Let T be an operator on the Fréchet space X. If there exist

dense subsets Xq and Yy of X and amap S : Yy — Yq such that
1. T"x — 0,Vx € X,
2. S™y — 0,Yy € Yy, and
3. TSy=y,Vy €Y.

Then T is mixing.

It turns out that we can substitute the full sequence (n) for the exponents of iterates of 7" and S
in Kitai’s criterion by some subsequence (n;). In this case though, we no longer have the mixing

property as a result.

Theorem 1.28 (Gethner-Shapiro [21]]). Let X be a Fréchet space and T an operator on X. Suppose

there exist dense subsets Xy, Yy of X a subsequence (ny) of (n), and amap S : Yo — Y, such that,
1. T™x — 0,Vr € X,
2. S™y — 0,Vy € Yy, and
3. TSy =y,Vy €Y.
Then T' is weakly mixing.
A slight modification of the Gethner-Shapiro criterion due to J. Bes [9] is the following.

Theorem 1.29 (Hypercyclicity Criterion). Let T be an operator on the Fréchet space X. If there
exist dense subsets X, Y of X, a subsequence (ny) of (n), and a sequence of maps S, : Yo — X

satisfying the following,



1. T2z — 0,Vz € X,,
2. S,y — 0,Vy € Yy, and
3. TS,y —y,Vy €Y.
Then T' is weakly mixing.
The next result says that the Hypercyclicity Criterion in fact characterizes weak mixing.

Theorem 1.30 (Bes-Peris [13]). Let T' be an operator on the Fréchet space X. Then T’ satisfies
the Hypercyclicity Criterion if and only if 'T' is weakly mixing.
1.2.4 Examples.

After having presented all the fundamental notions and results, we give several examples of
hypercyclic operators. It turns out that hypercyclicity occurs quite often, and that many familiar
operators are hypercyclic.

If we consider the space H(C) of all entire functions, endowed with the increasing sequence

of seminorms

pn(f) = SupzeB(O,n)|f(Z)|7

then H(C) is turned into a Fréchet space. The topology induced by the above sequence of semi-
norms is the topology of uniform convergence on compact subsets. The following example is due

to Birkhoff and it is an application of Birkhoff’s Transitivity Theorem.

Example. 1.31 (Birkhoff [14]). On the space H(C), we consider the translation operator,

Taf(2) = f(z +a),a #0.

Then T, is hypercyclic.

Example. 1.32 (MacLane [29]]). The differentiation operator

D:f—f



10
on H(C), is hypercyclic.

Example. 1.33 (Rolewicz [33])). On the space X = [P, p € [1,00) or X = ¢y, we consider the
operator

T =)AB, (r1,%9,3,...) — ANzo, T3, 24, ...)

where B is the backward shift. Then T is hypercyclic precisely when |A| > 1.

It turns out that Birkhoff’s, MacLane’s and Rolewicz’s operators are both mixing and chaotic.

The following class of operators extends Example[1.33]
Example. 1.34 (Unilateral Weighted Backward Shifts, Salas [34]).

On the sequence space X = [P, p € [1,00), or X = ¢y, we consider the weighted (unilateral)
backward shift,

Bw(l'l, T, .. ) = (wgl‘g, wsx3z, . . )

where the sequence w = (w,,) is a bounded sequence of non zero scalars. Then the following hold,
1. B, is hypercyclic if and only if sup,,, [],_; |wi| = oo,
2. B, is mixing if and only if lim,,_, [[,_, |wi| = co.

3. B, is chaotic if and only if Y °°  —1—0 < c0.

n=1[Tp_y [wklP
Example. 1.35 (Perturbation of the identity by a weighted backward shift, Salas [34]). Let X be
the space [P;1 < p < o0 or ¢y, and B,, be the weighted backward shift with weight sequence

w = (Wn)nen, Such that sup, s [wy| < co. Then the operator I + B,, is mixing.

We note that Example[I.35|provides compact perturbations of the identity operator that are mixing,
what may seem counterintuitive given that the identity operator is far from being hypercyclic!
We recall that an entire function ®(z) = Y, a,,2™ is of exponential type provided that there

exist constants A, C' € C such that |®(z)| < C e, for all 2 € C. In that case the operator

®(D): HC)— H(C), f— ianD"f
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is well defined and continuous.The following result extends Example and Example|1.32

Theorem 1.36 (Godefroy and Shapiro [22]]). The following conditions are equivalent for an oper-
ator L : H(C) — H(C).

1. LD = DL, where D is the differentiation operator,
2. L1, = 7,L for each a € C, where 7, is the translation by a,

3. There is a complex Borel measure 1 on C with compact support such that
Lf(z) = /f(z + w)dp(w), z € C.

4. L = ®(D), for some & € H(C) of exponential type.

Furthermore, if ® € H(C) is non-constant and of exponential type, then the operator ®(D) is

mixing and chaotic. In particular ®(D) is hypercyclic.

The above theorem justifies the name “Convolution Operators” for the operators on H(C)
which commute with the differentiation operator D.

We already mentioned in Theorem|[I.19]that every hypercyclic operator has a hypercyclic man-
ifold, that is, a dense linear manifold consisting entirely (except the origin) of hypercyclic vectors.
A different situation happens with the existence of so-called hypercyclic subspaces, that is, of
closed and infinite dimensional subspaces consisting entirely (but the origin) of hypercyclic vec-
tors. For instance, each closed subspace (except the origin) of the hypercyclic vectors for the
Rolewicz operator 2B on [? is finite dimensional (see Montes [31]]). Moreover, a weakly mixing
operator on a complex, separable, infinite dimensional Banach space has a hypercyclic subspace
if and only if its essential spectrum intersects the closed unit disc (see Leén Gonzales and Montes
[23]], see also Chan[18]], Chan and Taylor [19]). On the other hand, all hypercyclic convolution
operators on H(C) support a hypercyclic subspace, thanks to the collective works of Bernal and

Montes [8]], Petersson [32]], Shkarin [36]], and Menet [30].
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1.2.5 Three major results.

In this final section we state three central results in the field of Linear Dynamics.
For an operator 7', if some power 77 is hypercyclic, we automatically get that 7" is also hyper-

cyclic. The following result due to Ansari, says that also the converse is true.

Theorem 1.37 (Ansari [1]]). Let T' be an operator on the Fréchet space X. Then for every p € N,

HC(T) = HC(TP?). In particular, T? is hypercyclic for every p € N, if T' is hypercyclic.

We recall that a subspace of a metric space is somewhere dense, if the interior of its closure is

nonempty. In other words, if its closure contains a nonempty open set.

Theorem 1.38 (Bourdon-Feldman [17]). Let T' be an operator on the Fréchet space X. If there

exists © € X such that orb(x,T) is somewhere dense in X, then it is dense in X.

Let us notice, that the Bourdon-Feldman theorem is another example of a “0-1" behavior. An

orbit of an operator 7" is going to be either nowhere dense, or (everywhere) dense.

Theorem 1.39 (Leén-Saavedra and Muller [28]). Let T' be an operator on the Fréchet space X.
Then for any A € K such that |\| = 1, the operators T and XT have the same hypercyclic vectors

(possibly none).
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CHAPTER 2 CONVOLUTION OPERATORS SUPPORTING HYPERCYCLIC ALGEBRAS

A special task in linear dynamics is to understand the algebraic and topological properties of
the set

HC(T)={feX: {f Tf,T?f,...}isdensein X}

of hypercyclic vectors for a given operator 7" on a topological vector space X. It is well known that
in general HC'(T) is always connected and is either empty or contains a dense infinite-dimensional
linear subspace (but the origin), see [38]. Moreover, when HC(T) is non-empty it sometimes
contains (but zero) a closed and infinite dimensional linear subspace, but not always [8, [23]; see
also [[7, Ch. 8] and [25, Ch. 10].

When X is a topological algebra it is natural to ask whether HC(T') can contain, or must
always contain, a subalgebra (but the origin) whenever it is non-empty. Both questions have been
answered by considering convolution operators on the space X = H(C) of entire functions on
the complex plane C, endowed with the compact-open topology; that convolution operators (other
than scalar multiples of the identity) are hypercyclic was established by Godefroy and Shapiro
[22], see also [[14} 29, 5], together with the fact that convolution operators on H(C) are precisely

those of the form

r ianD”f (f € H(C)

where ®(z) = > 7 a,z" € H(C) is of (growth order one and finite) exponential type (i.e.,
la,| < M Zr(n = 0,1,...), for some M, R > 0) and where D is the operator of complex

differentiation. Aron et al [3, 4] showed that no translation operator 7,
Ta(f)(2) = f(z+a) f€ H(C),z€C

can support a hypercyclic algebra, in a very strong way:
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Theorem 2.1. (Aron, Conejero, Peris, Seoane) For any positive integer p and any f € H(C),

the non-constant elements of the orbit of fP under 7, are those entire functions for which the

multiplicities of their zeros are integer multiples of p.

In stark contrast with the translations operators, Aron et al showed that the collection of entire
functions f for which every power f™ (n = 1,2,...) is hypercyclic for D is residual in H(C).
Later, Shkarin [36, Th. 4.1] and with a different approach Bayart and Matheron [7, Th. 8.26]

showed that D supports a hypercyclic algebra:

Theorem 2.2 (Shkarin, Bayart and Matheron). The set of entire functions that generate an algebra

consisting entirely (but the origin) of hypercyclic vectors for D is residual in H(C).

Motivated by the work of Aron et al, Bayart and Matheron, and Shkarin, we consider the

following problem:

Problem. 2.3. Which convolution operators

®(D) : H(C) — H(C)

support a hypercyclic algebra?

In Section 2.1 we use the techniques of Bayart and Matheron and extend Theorem to op-
erators of the form P(D), with P polynomial vanishing at the origin. In section 2.2 we use a new
approach, and establish a geometric condition for a convolution operator to support a hypercyclic
algebra. As applications, we get hypercyclic algebras for convolution operators induced by poly-
nomials not vanishing at the origin, as well as of convolution operators induced by transcedental

functions.
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2.1 The Bayart-Matheron approach

The main result of this section is the following:

Theorem 2.4. Let Q) be a simply connected planar domain and H () the space of holomorphic
functions on ) endowed with the compact open topology. Let ® be a non-constant polynomial with
®(0) = 0. Then the set of functions f € H () that generate a hypercyclic algebra for ®(D) is
residual in H ().

The proof of Theorem follows that of [/, Th. 8.26]. We postpone the proof of Proposi-
tion 2.5 for later.

Proposition. 2.5. Let & be a polynomial with ®(0) = 0. Then for each pair (U, V') of non-empty

open subsets of H(2) and each m € N there exists P € U and q € N so that

O(D)Y(P)=0 for0<j<m,
(2.1.1)

d(D)I(P™) e V.

Proof of Theorem[2.4} Forany g € H(2) and o € C™, we let g, := a1+ - - + g™ Let (Vi)
be a countable local basis of open sets of H (). For each (k, s, m) € N* we let A(k, s, m) denote

the set of f € H () that satisfy the following property

Vo € C™with v, = 1 and ||| < s, Jg € N ®(D)(f,) € Vi (2.1.2)

Each such A(k, s, m) is open and dense in H (£2), thanks to Proposition By Baire’s Theorem,

A - mk,s,mGNA(kv S, m)

is residual in H(Q)). Let f € A, and let g be in the algebra generated by f. Since a vector
is hypercyclic if and only if any non-zero scalar multiple of it is hypercyclic, we may assume

g=fa=arf+aof?+ -+ am_1f™ 1+ f™ Then g is clearly hypercyclic for ®(D). Indeed,
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given any non-empty open set U of H(£2), let k € N so that V;, C U. Pick s > ||a||o. Then since

f € A(k, s,m) we know that there exists ¢ satisfying (2.1.2). Hence
®(D)ig = (D) (arf +aof? + -+ am [+ M) €V C U

]

Proof of Proposition[2.5] Let ®(z) = 2" Z?:o a;z?, with ag # 0 and r € N, and let (4, B) €
U x V be polynomials. Enlarging the degree of B if necessary, we may assume that degree(B) =

p € N and p > m. It suffices to show the following.

Claim. 2.6. For any large n € 7N there exist (cy, . .., c,) = (co(n), ..., c,(n)) € CP*L so that
R:i=R,=2"Y"_¢;2 and
¢ =qn="n+(m-1)~
satisfy the following:
(i) ®(D)I((A+R)Y) =0 for0<j<m,
(ii) (D) ((A+ R)™) = ®(D)"(R™) = B,
(iii) R, — 0in H(Q).
n—oo
To show the claim, notice that for each 0 < ¢/ < m — 1 and each s € N we have the inequality
degree(A°R") < constant + (m — 1)n < (m — 1)p +mn = rq

for all large 7. Hence, since ®(D)? = (3}_, a;D')? D™, it follows that for large n we have

®(D)! ((A+ R)?) =0 for0 < j < m,and

O(D)I((A+ R)™) = &(D)(R™).
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So () holds, as well as the first equality in (i¢), regardless of the selection ¢ = (co, ..., ¢,). Next,

for each s € N and multi-index v = (7o, ...,7) € N5 we let

V=) yandy=>"jy =i
=0 =0 =1
Also, for ¢ = (cg, ..., cs) € (C\ {0})*™ and |y| = m, we let

G m m!
07:||c7jand():—.
J | |
i vy !

Yo!y1!

With this notation we have

e(D(R™ = Y (g) o Drt? 3 (:’3) P

,BGN’“H'I,B\:q aeNPtL: |a|=m
3 (e (o
(0
(a,B8)€A
() () oo
(a,8)€EA o Oé—ﬁ_<m_1)p)!

where

A

{(0.8) € NG" X NE*1+ ol =m, 8] = g, and rg + B < nm + @}

{(0.8) € NG X NEF' 2 Jal =m, 8] = g, andmp —p <@ — B}

Thus

where foreach: =0,...p
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In particular, B = Y% b;z" = ®(D)?(R™) if and only if ¢ = (co,...,¢,) is a solution of the

system
B m\ o (a\ p(nm+a) ,
bi= > (a)c <5>a g (0<i<p), (2.1.3)
(,B)€A;
We finish the proof of the claim using the following remark.
Remark. 2.7. For each fixed 0 < ¢ < p, the following occurs:
(a) Each («a, ) € Aymustsatisfy ag = - -+ = ay_1 = 0. Otherwise, if ag > Owith0 < s < (—1

we’d have since |a| = m that pm—(p—{) = {+(m—1)p < a-f<a< sas+p(m—as) =

pm — (p — s)as < pm — (p — s), a contradiction.

(b) If (o, B) € Ay satisfies that oy > 0, then § = (¢,0,...,0) and oy = 1, o, = m — 1, and
aj = 0 for j # {,p. This is forced from (a) and the inequalities pm — (p — () = & — B <

a=37"_,ja; <Lag+p(m—ag) =pm—(p— Lo

(¢) Let A, := A, \ {((0,...,0,.1 ,0,...,0,m —1),(q,0,...,0))}. Then from (a) and (b)

e
et
each («, B) € A satisfies that ag = - -+ = oy = 0.
(d) If B € Nittsatisfies | 3| = gandf € {0,..., 0}, then (g) < ¢' and|a®| < (max{|ag|,. .., |axr|})".

Now, thanks to Remark the system (12.1.3)) is upper triangular and thus solvable, and any

solution to (2.1.3)) satisfies (i7) for sufficiently large n. To see (7ii), it suffices to show that there

exists w > 1 so that foreach ¢/ = 0,1, ..., p we have
wn
cp—¢ =0 - asn — oo. (2.1.4)
[(mn + mp)!]=

Condition (2.1.4) ensures that R, — 0in H() as for each M > 0 we have M""|c;] — 0.

n—00 n—00
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Indeed, by (2.1.4) and Stirling’s formula

) (n+i)m,,,mn
(]\4n-i—z|ci|)mS M w

(mn + mp)!

B (Mw)mn—i-mp

M mn-+mp
=0 (—6 v ) — 0.
mn + mp n—00

So we finish by proving (2.1.4)) by induction on ¢. Taking i = p in (2.1.3)) we get -since in this case

(a, ) € Ay & a=(0,...,0,m)and 8 = (q,0,...,0)- that

ph= 3 (Z‘) (Z) a®c(nm + @)!

(o,8)EAD

) ((0"'?7?0%)) ((q,O,(.]..,o)) ay ;' (nm + mp)!

Thus

= 2.1.5
al (nm + mp)! ( )

@Q

and (2.1.4) holds for ¢ = 0. Inductively, suppose there exists w,_; > 1 so that

foreach j =0,...,¢ — 1. We want to show that for some w > 1

n

Cp—t = O ( v
[(mn + mp)]]

> (n — 00). (2.1.6)

3|

Now, taking ¢ = p — ¢ in (2.1.3) we have by Remark [2.7(b) and (c) that

=0y = 3 (Zj) (g>aﬂca(nm+a)!

(a,8)€A, ¢ 2.1.7)

=mc,_cy " (nm+mp — ) af + K,
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where K, =37, 5car » (o) ([qa) aPc®(nm + @)!. Also, thanks to (2.1.3]) we have that
b, ) = i
At (nm 4 mp — 0)! = (ﬁ 7,3) K[_(lnm + mp)!]
(CL() m)q Hj:?(nm +mp — j) (218)
[(nm + mp)!]

T (n — 00).
(ag ™)ant

Now, let (a, 3) € A;,_, be fixed. Notice that (q, B) € {(mp—4,j) : j =0,...,¢}, and thus

by Remark Wd) that (%) < ¢ and |a”| < [la]|,. Moreover, thanks to Remark c) and our
inductive hypothesis we also have

] = e ]

n Qap g1+t op
0 Wp_q
[(nm + mp)!]m
Hence

Z (m) <q>aﬁca(nm +a)l|=0 (nzw?_"l
(a,B)€A! o 6

p—L

So by (2.1.7), (2.1.8) and (2.1.9) we have

20, mn
Cp—t = O G T 4 (n — OO)
[(nm + mp)l|=a

m
0

) (n— o0). (2.1.9)

_1
Thus any w > w}" ;a, " satisfies (2.1.6), and Claim [2.6/holds. The proof of Proposition is now
complete.
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2.2 A new approach

Theorem [2.1) Theorem 2.2] and Theorem2.4] motivate the following question.

Question. 2.8. Let & € H(C) be of exponential type so that the convolution operator ®(D)

supports a hypercyclic algebra. Must ® be a polynomial? Must ®(0) = 0?

We answer the above questions in the negative, by establishing for example that (D) supports
a hypercyclic algebra when ®(z) = cos(z) and when ®(z) = ze* (Example and Exam-
ple[2.17), as well as when ®(z) = (ag + a,2")* with |ao| < 1 and 0 # a; and when ®(z) = ¢* —a
with 0 < @ < 1 (Corollary and Example[2.18). All such examples satisfy a geometric condi-

tion on the level set {z : |®(z)| = 1} that ensures ®(D) to have a hypercyclic algebra:
Theorem 2.9. Let & € H(C) be of finite exponential type so that the level set {z : |®(z)| = 1}
contains a non-trivial, strictly convex compact arc I'y satisfying

comv(T; U {0}) \ (T; U {0}) C & (D). (2.2.1)
Then the set of entire functions that generate a hypercyclic algebra for the convolution operator
O (D) is residual in H(C).

Here for any A C C the symbol conv(A) denotes its convex hull. We also recall that for
a planar smooth curve C with parametrization v : [0,1] — C, v(¢t) = =(t) + dy(t), its signed

curvature at a point P = 7(to) € C is given by

' (to)y" (to) — y'(to)z" (to)
[ (to) 2 '

K(P) =

and its unsigned curvature at P is given by |x(P)|. It is well-known that |x(P)| does not depend
on the parametrization chosen, and that the signed curvature «(P) depends only on the choice of
orientation seleted for C. It is simple to see that any straight line segment has zero curvature. We

say that C is strictly convex provided it contains no straight segment. In particular, any planar
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smooth curve with zero-free curvature is stricty convex. Notice also that for the particular case
when C is given by the graph of a function y = f(x), a < z < b, (and oriented from left to right),

its signed curvature at a point P = (g, f(x¢)) is given by

k(P) = y"(z0)

(1+ (¢ (0))2)2

In particular, < 0 on C if and only if y = f(x) is concave down (i.e., (1 — s)f(a) + sf(b) <
f((1 = s)a + sb) for any s € (0,1)).

We first note the following invariant for composition operators with homothecy symbol

Lemma. 2.10. Let & € H(C) be of exponential type, and let ¢ : C — C, p(z) = az be a

homothecy on the plane, where 0 # a € C. Then ®, := C,(®) is of exponential type and
CL(HC(®,(D))) = HO(®(D)).

In particular, the algebra isomorphism C,, : H(C) — H(C) maps hypercyclic algebras of ®,(D)

onto hypercyclic algebras of ®(D).

Proof. For each f € H(C) we have C,(f)(2) = f(az) (2 € C), and thus
DFC,(f) = d"C,D*(f) (k=0,1,2,...).

Hence given ®(z) = >, cx2" of exponential type @, := C,(®) is clearly of exponential type

and

O(D)C,(f) =D D Cu(f) =) exa*C,D*(f)

=C, <i ckaka> (f)

= Co®u(D)(f) (f € H(C)).

So ®,(D) is conjugate to ®(D) via the algebra isomorphism C.,. O
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Remark. 2.11.

1. Lemma is a particular case of the following Comparison Principle for Hypercyclic
Algebras. Any operator 7' : X — X on a Fréchet Algebra X that is quasi-conjugate via a
multiplicative operator () : Y — X to an operator S : Y — Y supporting a hypercyclic

algebra must support a hypercyclic algebra. Indeed, if A is a hypercyclic algebra for S then
Q(A) = {Qy : y € A} is a hypecyclic algebra for 7.

2. If ® € H(C) satisfies the assumptions of Theorem then so will ®, := C(®) for any
non-trivial homothecy p(z) = az. Indeed, notice that for any r > 0 we have
a®, ' (rob) = &' (roD).
Hence if T C ®~(rdD) is a smooth arc satisfying

comv(T U{0}) \ (TU{0}) C @ (rD),

then T, := 1T' C ®,1(rdD) is a smooth arc satisfying

conv(l, U{0}) \ (T, U{0}) C &, (rD).

Moreover, if I is a strictly convex, compact, simple and non-closed arc whose convex hull
does not contain the origin, say, then I, will share each corresponding property as these are
invariant under homothecies. In particular, the angle difference between the endpoints of I

is the same as the corresponding quantity in I',,.

We make use of the following three results. The first one ellaborates on the geometric assump-
tion of Theorem By D and D we respectively denote the open unit disc centered at 0 and its

boundary, and by Arg(z) the Principal argument of a non-zero scalar .
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Proposition. 2.12. Let ® € H(C) and let T C &' (rdD) be a simple, strictly convex arc with

endpoints zy, zo satisfying 0 < Arg(z1) < Arg(zz) < m and Re(z) # Re(z3), where r > 0.

Suppose that 0 ¢ conv(I") and that
Q= com(l U{0})\ (T U{0}) C &' (rD). (2.2.2)
Then S(0, z1, z2) \ I consists of two connected components of which ) is the bounded one, where
S(0,21,22) ={0#w e C: Arg(z) < Arg(w) < Arg(z2)}.

Moreover,

Q={tz: (t,2) € (0,1) xT'} ={tz: (t,2) € (0,1) x conv(T")},

and 02 = [0, z1) U (0, 29) U L. In addition,
DA (0,6 % (0,00)) = Graph(f) U {21, 2}

for some smooth function f : I — R, where I is the closed interval with endpoints Re(z,) and

Re(z9)} and where f is concave up if Re(z1) < Re(z3) and concave down if Re(z3) < Re(z1).

Proof. Since |®| < 7 on conv(I'U{0}), by (2.2.2)) and the Maximum Modulus Principle we have
I Nint(conv(I' U {0})) = 0. (2.2.3)

We claim that

Fc{0#weC: Arg(w) € [Arg(z1), Arg(z2)]}. (2.2.4)

To see this, notice that since 0 ¢ conv(I") the arc I" cannot intersect the ray {tei(Arg(@)”) it >0},

and by (2.2.3)) it cannot intersect the interior of the triangle conv{0, z, 25}, either. Also, notice that
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if H denotes the open half-plane not containing 0 and with boundary

OH = {21 +t(22 —Zl) 1t e R}7

then

D=TNHN{0#weC: Arg(w) < Arg(z1)}, (2.2.5)

as any z € I' N H with Arg(z) < Arg(z;) would make z; € int(conv({z, z9,0}), contradicting

(2.2.3). Finally, since I is simple it now follows from (2.2.5]) that

D=TnN{0#weC: Arg(w) € [r + Arg(z),27) U [0, Arg(z1))},

and thus any w € I satisfies Arg(z;) < Arg(w). By a similar argument, each w € I satisfies
Arg(w) < Arg(zy), and (2.2.4) holds. Next, using (2.2.3)) and the continuity of the argument on

S(0, 21, z2) it is simple now to see that for each 6 € [Arg(z;), Arg(z2)] the ray

{te? . t >0}

intersects ' at exactly one point, giving the desired description for I'. For the final statement,
assume Re(z2) < Re(z;) (the case Re(z1) < Re(z) follows with a similar argument).

Notice that for each = = tRe(23) + (1 — t)Re(2;) with 0 < t < 1 there exists a unique y € R
so that

(x,y) € T" with y € [tIm(zq) + (1 — t)Im(z), 00). (2.2.6)

Indeed, the continuous path I" from z; to 2 lies in S(0, 21, 29) and only meets the closed triangle
conv({0, z1, 22 }) at z; and 2, so the existence of a y veryfing (2.2.6)) follows (it also follows for

the cases ¢ = 0, 1, in which case there may exist up to two values per endpoint, by (2.2.4)). To see
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the uniqueness, if yo > y; > tIm(z2) + (1 — ¢)Im(2;) with (z,y1), (z,y2) € T, then

(z,y1) € int(conv({z1, 22,2 + iy }) NT C QN T =0,

a contradiction. Hence (2.2.6) defines a smooth function f : [Re(z1),Re(z2)] — (0, 00) whose
graph Iy is a subarc of I, provided that if at either endpoint = € {Re(z1),Re(z2)} there are two

values y satisfying x + iy € I" we let f(x) be the largest of such two values. O
The next lemma is used to apply the forthcoming Proposition [2.14]

Lemma. 2.13. Let & € H(C) be of exponential type supporting a a non-trivial, strictly convex

compact arc Ty contained in ®~1(9D) so that

comv(l'; U {0}) \ (T, U {0}) C & (D).

Then for each m € N there exist v > 1, a strictly convex smooth arc T C ®~1(rdD) and ¢ > 0 so

that
comv(T U{0})\T) C & (rD). (2.2.7)
and
71 T
A+ —TCQ and Y —TCQ foreachl <j<m, (2.2.8)
m m
k=1 k=1
where

Q= conv(I'; U{0}) \ (I'y U{0})
A:=QnND(0,¢) Nconv(I" U {0}).
Proof. Since I'; is strictly convex, replacing it by a subarc if necessary we may further assume by

Remark 2) that I’y is simple and with endpoints 21, 2o satisfying 0 < Arg(z;) < Arg(z) <
and Re(z2) < Re(21) and so that 0 ¢ conv(I';). By Proposition[2.12]

Q= {tz: (t,z) € (0,1) x conv(I'1)} C S(0, 21, 29), (2.2.9)
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with 9Q = [0, z;) UT'; U (0, 22) and we may assume I'; is the graph of a concave down function
[ [Re(22),Re(21)] — (0,00) (i.e., replacing z; by z; = Re(z;) + if(Re(z;)) (j = 1,2) if
necessary). Now, pick zy € Ty \ {21, 2o} with ®'(z) # 0, and let wy := ®(zy) = €%, where

6y € [0,27). Choose p > 0 small enough so that the only solution to
d(2) = wy
in D(zy, p) is at z = zp, and so that D(zg, p) N ([0, z1] U [0, 2}]) = 0. Next, pick
0 <s<min{|®(z) —wp| : |z — 20| = p}
and let 0 < § < min{1, s} so that the polar rectangle
Rs:={z=re": (r,0) €[1—6,1+06] x [0y — 6,60+ ]}
is contained in D(wy, s). Then

g: Bs = D(z0,p), g(w)zi, / fidz

270 (2) —w
lz—z0|=p
defines a univalent holomorphic function satisfying that
® o g = identity on Ry, (2.2.10)

see e. g. [20, p. 283]. So W := g(Ry) is a connected compact neighborhood of z,, and & maps W
biholomorphically onto Rs. Hence foreach1 — 9 <r <149

N == g(Rs N roD)

is a smooth arc contained in W N ®~!(rdD). In particular, 5, = W NT is a strictly convex subarc
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of I';. Next, notice that since
WnNQ and W NExt(Q)

are the two connected components of g(R; \ D) = W \ n; and Q C &~ }(D), by (2.2.10) the
homeomorphism g : Rs\ 0D — W \ 1; must satisfy

g(Rs NExt(D)) = W N Ext(Q2)
g(Rs D) =W N Q.

Hence

WNExt() = U

1§r§1+5m

and ¢ induces a smooth homotopy among the curves {7, }1<,<1+s. Namely, each 7, (1 <r < 1-/)

has the Cartesian parametrization

X(r,t)
Ny 0o — 0 <t <By+09,
Y (r,t)

where X, Y : [1 — 0,14 6] X [#g — J,6p + d] — R are given by

X(r,t) := Re(g)(re")

Y (r,t) :=Im(g)(re™).

Recall that given a point P = g(re?) in W, the (signed) curvature £ (P) of 7, at P is given by

K (P) = ( e)a_y(r 0) — %}tf (r,0) %22)53(717 9)7
(5502 + (2 o))}

Hence the map K : W — R, K(g(re®)) := k™ (P), is continuous. Now, since 7; is strictly convex

there exists some P = g(e*) in n; for which each of x™ (P), 2¥(1, 6,) is non-zero. Hence by the
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continuity of X and of X we may find some 0 < ¢’ < 4 so that the polar rectangle

R(;/ = {Z:TGZBI (7“,0) S [1—5,,1+5/] X [91—5,,01+5/]}

d(?X

is contained in the interior of 175 and so that K an are bounded away from zero on g( Ry ) and

on Ry, respectively.
In particular, either %° > 0 or %X < 0 on Ry, and either K > 0 or K < 0 on g(Ry). So each

N Ng(Ry) (1 <r<1+ 5’) is the graph of a smooth function

fr: (ar,b.) — (0, 00),

with

: ) (X(r,00— &), X(r,6,+06)) if % > 0on Ry
Qy, br =
(X(r,00+6"),X(r,0, —0") if & < 0on Rg.

Since g(re') e g(e") uniformly on ¢ € [6; — 4, 0; + ¢, there exists 0 < §” < ¢’ so that
r—

SUPy<pcpign@r = a < b= infi<,<1 451D,

and thus each

= {(z, fr(2)); = € [a,b]}

is a subarc of 7, In particular, f; = f on [a, b] must be a concave down function, and so must be

each f, with 1 <r <14 ¢§”. Thus choosing > 1 close enough to 1 the arc I" := 7. satisfies
conv( U {0})\ (T U {0}) c @ '(+D)

and

J

1
d —IrcQforj=1,...,m-1.
—'m
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By the compactness of I' we may now get e > 0 small enough so that the subsector
A:=QnND(0,¢e) Nconv(I" U{0})

satisfies that

J
1
A+ZEFCQ foryj=1,...,m—1,
k=1

and Lemma holds. O
Finally, we recall the following key ingredient used to establish Theorem

Proposition. 2.14. (Bayart-Matheron [7, Th. 8.26]) Let T be an operator on a (real or complex)
topological vector algebra X that is a Baire space and so that each triple (U, V, W) of non-empty

open subsets of X with 0 € W and each m € N there exists P € U and q € N so that

TPy e W for0<j<m,
2.2.11)

Ti(P™) e V.
Then T supports a hypercyclic algebra. Indeed, the set of f in X that generate an algebra con-
tained in HC(T') U {0} is residual in X.
We are ready now to prove the main result of this section.
Proof of Theorem Let U,V and W be non-empty open subsets of H(C), with 0 € W, and let

1 < m € N be fixed. By Proposition 2.14] it suffices to find some f € U and ¢ € N so that

D) (fYeW forj=1,....,m—1,
(2.2.12)

S(D)(f") eV

Now, let » > 1, let ' € ®'(rdD) and let  and the subsector A be given by Lemma

Since I" and A have accumulation points in C there exist (ay, by, Ax, 7)) € Cx Cx A x I' (k =
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1,...,p) so that

A2

P P
(A, B) =) age ™,y be™*) €U x V.
k=1 k=1
Next, set R = R, = > »_, cke% , where for each 1 < k < p the scalar ¢, = c¢(q) is some
solution of
by

2" = =0.

(D (k)1
|br |

Notice that for any k = 1,...,p we have |®(y;)| = 7 > 1 and thus |c;|™ = e 0-So
q—00

R=R, — 0. (2.2.13)

q—o0

For 1 < 7 < m we have

(A+RY = (é) gt ¥ )

l=(u,v)eL;

where £; conists of those multiindexes ¢ = (u,v) € Nj x Nf satisfying |¢| := |u| + |v] =

Y or_iuk+ > r_, v = j and where for each ¢ = (u,v) € L;

U .— %1 q4¥2 ... g4
V. oY1 U2 U
c’ =" ¢ ¢, and

ANE J!
14 up!e - uplog! ol

So for 1 < 5 < m we have

where



32

Now, notice that if {ey, ..., e,} denotes the standard basis of C?, our selections of (cy, ..., ¢,)
ensure that

®UD)(A+R)™) =B =Y Uny, (2.2.14)
tecs,

where

L ={0=(u,v) € Ly, : |u/=0and v & {mey,...,me,}}.

Also, foreach 1 < j <mand { = (u,v) € L; with |v| < m we have
Ujj — 0,
q—00

as our selections of A and I' give by (2.2.8) that “**2 € Q) and thus

u-A+uv-vy

| ( ) <1<r=I[®Mm)l = =2l

m

Hence since each £; is finite we have

®(D)I((A+R)) — 0 (1<j<m). (2.2.15)

q—0o0

Finally, recall that by Lemma [2.13] we have
conv(l',)\ T, € & (rD).

Hence if ¢ = (u,v) € L}, with |v] = m (so ||v||c < m and u = 0) we also have that U,,, — 0,
q— 00

as

u-A+v-7y

( )| = 1R(=)] < 7 = [@()] 7 ... [@(3)] .

m

Thus
*(D)((A+ R,)™) — B,

q— o0

and (2.2.12)) follows by (2.2.13)) and (2.2.13). O
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Theorem [2.9] gives another extension of Theorem [2.2]and complements Theorem
Corollary. 2.15. Let P(z) = (ag + a12F)" with |ag| < 1, a1 # 0, and k,n € N. Then P(D)

supports a hypercyclic algebra on H(C).

Proof. Notice first that Q1(z) = ag + 2" satisfies the assumptions of Theorem and hence so
does Q2(z) = ag + a, 2", by Remark The conclusion now follows by a result due to Ansari
[1] that the set of hypercyclic vectors for an operator T coincides with the corresponding set of

hypercyclic vectors for any given iterate 7" (n € N). N
We may also apply Theorem [2.9|to non-polynomials.

Example. 2.16. The operator cos(D) supports a hypercyclic algebra on H(C). Indeed, ®(z) =
cos(z) is of exponential type, and

1> |®(2)]* = | cos(2)|* = cos?(x) + sinh®(y) (z = x +iy,x,y € R).

SoTy = {(z, f(x)): 0 <z <7} C D HID) for the smooth function f : [0, 7] — [0,00), f(x) =

—2sin(x)

sinh ™! (sin(x)), which is concave down since it’s second derivative f"(x) = ()]
1+4sin“(x))2

is negative
on (0, 7). Now

conv(l’y U{0}) \ (T'; U{0})

is the region bounded by the graph of f and the x — axis, on which |®| < 1, and the conclusion

follows by Theorem

The next two examples should be contrasted with [3, Corollary 2.4].

Example. 2.17. The operator T = D71, = DeP on H(C), where T is the translation operator
g9(z) = g(z + 1), g € H(C) supports a hypercyclic algebra.
Let ®(z) = ze*. Clearly ¥ is of exponential type, so we may check the conditions of Theo-

rem[2.9] Writing z = x + iy we get

f(2) =1y’ =e -2 (2.2.16)
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The above equation has solutions provided the function ¢(x) = e~ ** — 2 satisfies that ¢(x) > 0.

By doing some elementary calculus, one shows that ¢ is strictly decreasing on R and has a unique

solution say r € (0, 1). Thus the graph of the function
h(z) = Ve 2 — 22 x € (—oo,r]

lies in f~1(OD). Taking derivatives, we get that ' < 0 and h" < 0 on (0,r), thus h is strictly

decreasing and concave down on [0, r|. Furthermore, it is evident that the sector
S={z=2x4+1wyeC:0<z<r,0<y<h(x)}
lies in f~*(D). Thus, the strictly convex arc
M={z=a0+iyeC:0<z<ry=nh(z)}

satisfies the conditions of Theorem which guarantees the existence of a hypercyclic algebra

for the operator f(D).

Example. 2.18. For each 0 < a < 1, the operator T = 11 — al = P — al supports a hypercyclic
algebra. To see this, we will show that the exponential type function ®(z) = e* — a, z € C satisfies

the assumptions of Theorem If z = x + 1y then an easy calculation shows that
|B(2)| <1 e* —2acosye” +a> —1<0. (2.2.17)

If we restrict y € [0, §] inequality has solution © < In(acosy + /1 — a?sin?y). Hence,

setting

Flz{z:x+iy€C:O§y<Z x =In(acosy + /1 — a®sin?y)



we get that Ty C @1 (OD), and that

{z=z+iyeC:0<y< E,x < In(acosy + /1 — a2sin?y)} C @~ H(D).

— 4

Moreover, since 0 < a < 1and 0 <y < %, it follows that

and that

— 4’

z = lIn(acosy + /1 — a%sin?y) >0

dz a sin
di____asiny
dy 1 — a?sin?y

d*x acosy

er_ <o.
dy? (1 — a?sin?y)3/?
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Hence, the function x = In(a cos y++/1 — a?sin®y),y € [0, ] is positive, decreasing and concave

down. It follows that conv(T) \ Ty C ® (D) and hence, by Theorem that (D) has a

hypercyclic algebra as claimed.

Since any quasi-conjugacy induced by a linear and multiplicative map preserves algebras as

well as hypercyclic vectors, we conclude in Corollary below the existence of hypercyclic

algebras on spaces of smooth functions on the real line C*>°(R, C). We first need the following

remark.

Remark. 2.19. (Godefroy and Shapiro) The restriction operator

is continuous, of dense range, and multiplicative, and for any complex polynomial P = P(z, . ..

we have

R :H(CY) = C=RY,C)

f:f<zla---,ZN)'—>f($1,...

0 0 P 0 0

8—21,...,%): a—xl,...,%

7xN)

7ZN)
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Theorem together with Remark and Theorem [2.4] give now the following corollary.

Corollary. 2.20. Let P € H(C) be either a non-constant polynomial vanishing at zero, or so that
the level set {z : |®(z)| = 1} contains a non-trivial, strictly convex compact arc 1'; satisfying
conv(l'y U{0}) \ (I'; U {0}) C P~H(D).
Then the operator P(%) supports a hypercyclic algebra on C*(R, C). In particular, T = a[—i—b%
support a hypercyclic algebra on C*(R, C) whenever |a| < 1 and 0 # b.
We don’t know whether [2.4]is fully implied by Theorem 2.9}

Question. 2.21. Let P € H(C) be a non-constant polynomial vanishing at the origin. Must it
support a non-trivial strictly convex compact arc I'y C {z : |P(2)| = 1} so that conv(I'y U {0}) \

(M u{o}) € P7H(D)?
We conclude the section with the following question for future research.

Question. 2.22. Let (D) : H(C) — H(C) be a convolution operator not supporting a hyper-

cyclic algebra.
(i) (Aron) Can ® be a (non-constant) polynomial?

(ii) Must & € H(C) be either constant or of the form ®(z) = e**?
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CHAPTER 3 OTHER TOPICS ON HYPERCYCLIC ALGEBRAS
3.1 Two generated hypercyclic hypercyclic algebras

As we saw earlier the operator D on H(C) supports a hypercyclic algebra. However, all the
proofs of this result provide singly generated hypercyclic algebras for D. Therefore, it becomes
natural to ask whether D supports multigenerated hypercyclic algebras as well. This question has
a trivial positive answer since if A is a hypercyclic algebra for D, the algebra generated by any
finite subset of A \ {0} will also be hypercyclic. However in the case of two generated hypercyclic

algebras Seoane-Sepilveda posed the following question.

Question. 3.1. (Seoane-Sepulveda) Does there exist a pair of algebraically independent functions

which altogether generate a hypercyclic algebra for the differentiation operator?

Our first aim is to provide an affirmative answer to the above mentioned question. In what
follows we denote the algebra generated by the entire functions fi, ..., f, by A(f1,..., f). Also,
for a polynomial P € Clz,...z],k > 1, by ||P||oc We denote the maximum of the absolute

values of its coefficients.

Theorem 3.2. The set of algebraically dependent pairs of functions is a set of first category in the

space H(C) x H(C). More precisely, the set

{(f,g9) € H(C) x H(C) : 3h € H(C), such that A(f,g) C A(h)}

is of first category in H(C) x H(C).
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Proof. We first introduce some notation. If P is a nonzero polynomial in H (C), let

supp(P) = {j € Z, : PY(0) # 0},
M(P) = max{uj(;w :0<j <deg(P)} and

m(P) = min{wi& :j € supp(P)}.

Set also

N = (H(C) x {0}) U ({0} x H(C))

which is a union of two nowhere dense subsets of H(C)?. Now for any m € N we let

F,={P €C[z]: P(0) =0,1 <deg(P) <m and ,M(P) <m}

1
m(P)
and we observe that F,, is a compact subset of H(C). Finally, for m € N we set

A = {(P(h),Q(h)) € H(C)2: h € H(C),P,Q € F,}.

Our aim is to show that each set A,, is nowhere dense in H (C)?2. To do this we break the argument
in two steps.

Step 1: Here we show that for each m € N, the set A,, is closed.

Let {(fn, 9n) 152, in A,, such that (f,,, g,) — (f,g) € H(C)?. This means that for each n € N
there exists tuple (P,, @y, hy,) € F,, X F,,, x H(C) such that f,, = P,(h,) and g, = Q,.(h,). By
the compactness of F;,, passing to a subsequence if necessary, we may assume that 7, — P and
@, — @ forsome P, () € F,,. Passing to a further subsequence we may also assume that pY #0
for each j € supp(P) andn € N.

We claim that the sequence {h,, } is locally uniformly bounded. If not, there is X' C C compact

and sequence {z,}>2, C K such that |h,(z,)| > n for each n € N. Then, if we set m* =
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max(supp(P)) we have

PO(0) .
[ fn(zn)| = [Bu(hn(zn))] = | 7 ol =
j€supp(P) '
1 1
n E—m Z e — 00 as n — o0

Jj€supp(P)\{m*}

contradicting that f,, — f.

By Montel’s theorem passing to a further subsequence we may assume that there is h € H(C)
such that h,, — h. It is an easy exercise now to see that P, (h,) — P(h) and Q,(h,) — Q(h)
hence, f = P(h) and g = Q(h) and thus A,, is closed.

Step 2: Here we show that for each m € N, int(A,,) = 0.

If we assume that there exist nonempty open subsets of H(C) say U,V suchthat U x V' C A,,,
then we may pick (P, Q) € U x V such that deg(P),deg(Q) > m and so that deg(P), deg(Q)
are relatively prime. Then P = P;(h) and Q = Qi(h) for some P,,Q; € F,,, h € H(C).
Now, h is not constant since P is not, and h does not have essential singularity at co since in that
case P;(h) = P would also have an essential singularity at oo, which is not true. Hence, h is a

nonconstant polynomial. Also, we have that

deg P = deg P, deg h

deg Q) = deg () deg h.

By the above display we get that deg h = 1 and hence that m < deg P = deg P; < m which is a
contradiction.

Having established that the sets A,, are nowhere dense for each m € N we conclude the proof
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of the theorem as follows,

{(f,9) € H(C)* : 3h € H(C) such that A(f,g) C A(h)} =

{(P(h),Q(h)) € H(C)*: h € H(C), P,Q € C[z] with P(0) = Q(0) =0} =

vo i)

m=1
and the set N U |J)_, A, is of first category in H(C)?. O

Proposition. 3.3. Let X be a topological F-Algebra and let T' be a continuos operator on X.
Suppose that for each non-empty open subsets U,,U,, V of X, and each nonzero polynomial P :

C x C — C which vanishes at the origin, there exist (f1, f2) € Uy x Us and q € N so that
TUP(f1, f2) € V. (3.1.1)

Then the set of elements (f, g) of X x X for which the algebra A(f, g) generated by f and g is a

hypecyclic algebra for T is residual in X x X.

Proof. Let (V)r>1 be a basis for the topology of X. For any polynomial P € C[zy, 25 of degree
m we use the standard notation P = (P, ..., P,,) to denote its decomposition in j- homogeneous
polynomials (j = 1,...,m). This means that P = 3 ™" | P;, where Pj(z1, z3) = S ap ko "
Now, for each (k,s,m) € N x N x Nlet A(k, s, m) consist of those (f1, f2) in X x X satisfying
that for each P = (P,..., P,) : C* — C polynomial with ||P|s < s and ||P,| s = 1, there

exists some ¢ € N so that

T9P(f1, f2) € V.

Each A(k, s, m) is open and thanks to the assumption (3.1.1)) it is dense in X x X. Since Y =

{(f,9) € X x X : f=0o0rg=0}is nowhere dense in X x X, by Baire the set

A=) Alk,sm)\Y

(k,s,m)EN3
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is residual in X x X. Pick (fi, fo) € A. If 0 # g € X belongs to the algebra generated by f; and

f2 , then

9= P(f1. f2)

for some P = (P4, ..., P,) with each P; : C* — C a j-homogeneous polynomial and || P, ||oc #
0. Re-scaling ¢ if necessary, we may assume that || P,,||.c = 1. Given any k € N, taking an integer

s > || Pl we know that since (f1, f2) € A(k, s, m) there exists some ¢ € N for which
qu = TqP<f1,f2) € V.

Thus, A(f1, f2) is a hypercyclic algebra for 7" which completes the proof. 0

Theorem 3.4. The set of pairs (f1, fo) € H(C)? such that A(f, g) is a hypercyclic algebra for the

operator D is residual in H(C)>.

Proof. Let Uy, Uy, V be non empty open subsets of H(C), and P : C*> — C be a nonzero polyno-
mial with P(0,0) = 0. If deg P = m, m > 1, then P has the form

m .
P(z1,2) = Z ;2123

itj=1
Set

g =max{i,j:a;; #0}.

If there is an 7( such that g = 7, set
s = min{j : a,; # 0},
otherwise, there will be a j, such that g = j, and then we set

s = min{i : a;, # 0}.
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Define Kp := agy, if the first case holds or Kp := ay, if the second one does. Therefore, Kp
is uniquely determined by P, 0 < Kp < m, and Kp is the coefficient a;; corresponding to the

highest power that occurs in P accompanied by the smallest one. So if
P(z1, 20) = 22825 4+ 32722 + 42723 4+ 52] + 62727,

say, then Kp = 3, the coefficient of 2722, Now, let A = (:=,5-) C (0,1), and notice that

3m’ 2m
A+ ---+ A C D. Consider the point 7 = 1 + = and notice that —r + A C . Take D a disc
——— m

m—times

around —r such that

D+A+---+ACD.
—_——

[<m—times
Define I' := {|z| = r} N D. Since the sets A and I" have accumulation points, we can find A € Uy,
B € Uyand C € Vsuchthat A = Y7 qe’*, B = >0 bed* and C = Y7 | ¢;e”*. For

1 <i<pandn € Nletr; = r;(n) be a solution of the equation

n’c;
rd

L Kpyjt

Since I' C ﬁc, r; — 0asn — oo. Set

p .
R,.(z) = Z rie%z.
i=1

Clearly, R,, — 0 as n — oo. In what follows we are going to use the following classical multino-

mial notation. For each p € N and multi-index v = (7o, ...,7,) € N/™" we let

p
="
=0
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Also, for ¢ = (cg, ..., c,) € (C\ {0})P*! and |y| = m, we let

P
. m m!
Y i _
c—”cj and(v)— '
=0

Yolma!. .oyl

Finally, if x,y € C? we denote by x - y the usual inner product of x and y. For n € N we have

P(A+Rn,B+ )= Y aj(A+R)(B+-) =
i+j=1 n
ubkc(v/g)

Z > au( )( ) T LrthA+ )2
i+i=1 (u,0,k,0)EN; ; n(t=(vls/9)~(nv/g)

where N; ; = {(u, v, k, () € N x Nj x Nj x Ny : |u| + |v| =1, |k| + ¢ = j}. Hence,

. i j atbkv/g)
D"P(A+ R,,B —I— Z Qi Z < ) (k 5) \U\/g)n(e ([0]5/9))

i+j=1 (u,v,k,£)EN;;

(w+k)- AN+ @-v)/g\" (k) +(07)/9)2
vVl

We will show that D"P(A + R,,B + 1) — C asn — oo. If [u| # 0 or |k| # 0, then by the

definition of the sets A and T, |(u +v) - A + “2| < 1 while |[y/9)| = r{*/9) > 1, 50

((u—l—k:)-/\-l—%

o) ) — 0 as n — oo.
,-Y’U

If |[u| = 0 = |k|, and |v| < gorif |[v] = gbutv # ¢,l = 1,...,p, where ¢; is the standard basis
vector for C?, then [(u + k) - A + 21| = [=1| < r, and |y@/9)| = r(l/9) = r since now |v| > 0.

Hence, we get again that

~(/9)

((u+k)~)\+%

> — 0 as n — oo.
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Finally, if |u| = 0 = |k|,v = ¢, for some [ € {1,...,p}, and ¢ > s, then

'y(v/g) Yi

butf—%:é—s>0hence

1
——— s 0asn— oo.

o lvls
n

Thus,

T

n—o0 n¢—(vls/9)) /yv/g

whenever i # g, j # s, orv # ge; forany [l € {1,...,p}. We conclude that

1 "L
1 n — ) = —Z Vi —
nlLHoloD P(A—i—Rn,B—i—n) GQS;KPS C
by the definition of Kp. Taking n large enough to ensure that A + R, € Uy, B + % € U,, and
D"P(A+ R, B+1) € V, and applying the previous proposition with (f, f2) = (A+R,, B+ 1)

we get the result. [

Now combining Theorem [3.2] and Theorem [3.4] we get the following corollary which provides

the answer to Question 3.1

Corollary. 3.5. The operator D on H(C) supports a two generated hypercyclic algebra not con-

tained in a singly generated one.

Remark. 3.6. Corollary holds for operators ®(D), where ® is entire function of exponential
type which satisfies that 0 € ®~1(D) and that {|®(z)| = 1} contains a nontrivial strictly convex
arc 1 such that

conv(I'U{0}) \ (T U {0}) c &~ 1(DD).

As a result we get for example, that D + %] and DeP contain a two-generated hypercyclic
algebra.

We conclude this section with some questions for future research.
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Questions.

1. Does D+I contain a two generated hypercyclic algebra?

2. Do Theorem [3.2] and Theorem [3.4] extend to any n € N? In other words, is it true that for
each 2 < n € N the operator D supports an n-generated hypercyclic algebra, that is not

contained in an (n — 1)-generated hypercyclic algebra?

3. Does D support an infinitely generated hypercyclic algebra?
3.2 Hypercyclic Algebras for weighted backward shifts

Here we change the setting by considering /7,1 < p < oo the space of p-summable complex
sequences endowed with the pointwise product which gives ¥ a Banach algebra structure. For a
sequence of complex numbers w = (w,) € > let B, be the weighted backward shift operator
acting on (?. Salas has proved that B, is hypercyclic if and only if sup,,»; [ [;,_; |w,| = oc. In that
case it is natural to ask whether B,, supports a hypercyclic algebra. We make use of the following

proposition which is a more primitive version of [2.14]

Proposition. 3.7. Let X be an F'- algebra with the following property. For each U,V nonempty
open subsets, and each p nonzero polynomial with p(0) = 0, there exist x € U and q € N such
that Tp(z) € V. Then there is a residual set of vectors which generate a hypercyclic algebra for

T.

Proof. Let {V}}?2, be a basis for the topology of X. For each (k,s,m) € N set A(k, s, m) to
be the set of x € X such that for each p nonzero monic polynomial with p(0) = 0, degp < m,
and [|p||s < s, there exists ¢ € N such that Tp(x) € V. Each set A(k, s, m) is open and, by the

assumption dense. Hence by the Baire Category theorem

ﬂ A(k,s,m)

(k,s,m)eN3

is a dense G-set, and any vector x € () ( ens A(k, s,m) is a generator of a hypercyclic algebra

k,s,m)

for 7. ]
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Theorem 3.8. If B, is hypercyclic, then it supports a hypercyclic algebra.

Proof. We prove the theorem by making use of the proposition. Let U, V' C ¢? open and nonempty,
and let x = (z1,...,24,0,0,...) e Uandy = (y1,...,¥%,0,0,...) € V, (k € N). Lete > 0

such that if ||z — x|, < € then zy € U. Consider p € C[z] nonzero polynomial with p(0) = 0.

Then there exists > 0 such that whenever |z| < d, there exists 2o with |2| < 357 and p(zo) = 2.

Since sup,,>; [[,_; |w,| = oo, and w € ¢, there exists N € N, N > k such that for each
i=1,....k

<.
Wit - - WN44

Forevery i € {1,...,k} choose r; such that

€ Yi
i| < 5777, and p(r;)) = —————.
|r | 2k1/p an p(r ) Wit1 .- WN
Setr = (0,0,..., 71 ,72,...,7%,0,0,...). Now since ||r|[, = §, 2 +r € U and
—~—
N

By 'p(z+1) =B, 'p(r) =y € V.

By Proposition the shift B,, supports a hypercyclic algebra. O

Remark. 3.9. Several authors in the definition of the weighted shift operator, demand the weight
sequence w = (wy,) to consist of positive (real) numbers. In that case we may let B, act on the
space of real p-summable sequences (?;1 < p < oo. Salas’s condition on hypercyclicity of B,
remains the same but in the real case B,, can never support a hypercyclic algebra. Indeed, for
any x € (P, its square x* has only nonnegative entries, and hence by the assumption on the weight
sequence w, the same is true for B"x? n € N. This means that x* fails to be a hypercyclic vector
for By, for any x € (P. However, the question remains open if we consider the real case but with

weight sequence w € RY.
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3.3 Criteria for the existence of hypercyclic algebras
3.3.1 An eigenvalue criterion for hypercyclic algebras

Theorem 3.10. (Eigenvalue Criterion for Hypercyclic Algebras) Let T' be an operator acting on a
separable commutative topological vector algebra X that is a Baire space. Suppose that for each

m € N there exist Xy, Yy subsets of X so that
(i) Each of span(Xy) and span{y™ : y € Yy} is dense in X,

(ii) For each (u,v) € Z* X ZT withv <mand 1 <u+v <m

(JTXo)(I[¥6) € Up<iKer(T = AI), and

Jj=1 J=1

(iii) Foreachy,...,ym €Yy

U\/\|<1‘[§:1 |Ak|%K€’”(T — M) otherwise,

where \;, the eigenvalue of y", isin (| - | > 1).

Then T supports a hypercyclic algebra. Moreover, the set of vectors [ in X that generate a

hypercyclc algebra for T' is residual in X.

Proof. Let U and V' be non-empty open subsets of X. By (), there exist z; € X, and y; € ¥, and

non-zero scalars a;,b; (j = 1,...,p) so that
r=ar1+ - -+ar, €U andy=biy1 +---+ by, €V.

Foreachn > 1 let

p
_n
Tn = E )\kmckylw
k=1
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where for each & = 1, ..., p, the scalar ¢y, is a solution of 2™ = b;, and )\, is the eigenvalue of y;".

Notice that by (i7i) each Ay has modulus larger than one, so

rn, — 0.

n—o0

Also, foreach 1 < 7 < m we have

p

(+m)f = Y (i) @b ([Lre ™) ey

l=(u,v)eL; k=1

where £; = {{ = (u,v) € Nj x N} : |u| + |v| = j} and for each ¢ = (u,v) € L;
P P P p
at = Ha}j’“, ' = Hbzk, " = l_IxZ’c7 and i’ = Hy};"
k=1 k=1 k=1 k=1

Now, when j < m we know by (i) that for each ¢ = (u,v) € L; the vector z*y" has eigenvalue
of modulus strictly less than one, so (since |A;| > 1 for each k) we have

T"((x +r,)’) — 0 foreachj < m.

On the other hand, we have

nvp

A RV DI (A L2401 | Ea E R}

L=(uw)eL:, k=1

where L£* consists of those multiindexes ¢ = (u,v) € L,, for which %v is not an element of the

standard basis of CP. Thus the assumption (7ii) ensures that

T"((x+ra)") =y

n—oo

The conclusion now follows by Proposition [2.14] O
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3.3.2 A Gethner-Shapiro type criterion for hypercyclic algebras

Proposition [2.14] by Bayart and Matheron or more generaly Proposition are obviously a
stronger version of Birkhoff’s Transitivity Theorem. Similarly, the Eigenvalue Criterion presented
above (Theorem 3.10) is the analogue of the Godefroy-Shapiro Criterion ([22] or see [25, Theorem
3.1]) in the setting of hypercyclic algebras. The next criterion may be viewed as an adaptation of

the Hypercyclicity Criterion to ensure the existence of hypercyclic algebras.

Theorem 3.11. Let X be a commutative, topological F- algebra and T € L(X). Suppose that for
each m € N there exist dense subsets D, and D,, 5 of X such that each x € D,, 2 has an mth
root in X (i.e. there exists y € X such that y"™ = x) and with the property that whenever x, — 0
with x,, € Dy, 9, then l‘}/ "™ — 0 for any selection of m'" roots. (This condition holds for any
subset of (7). Assume also that there exist functions S,, = S : Dy, o — D, 2 and subsequences

ng(m) = ny such that the following conditions hold:
1. Sy —0,as k — oo, Vy € D,, 0,

2. T (2% (S™y)?/™) — 0 as k — oo, forany 0 < i < m,0 < j < msuchthat1 < i+ j <

m,x € D1,y € Do,
3. T™S™y — vy, as k — oo, Yy € Dy, 0.
Then the set of generators for a hypercyclic algebra for the operator T is residual in X.
Proof. Letm € Nand U, V, W nonempty open subsets of X with0 € W. Take x € UN D, ; and
y € VN D,, . For each k € N consider the vector

2 = x4 (S"Ey) ™,

By condition 1we have that z; — x.0n the other hand, for each 0 < 5 < m we have,

i,
T”’“(zi) = Z (‘?)T”’“x"(sn’“y)j/m — 0,

- 1
=0



50
by condition 2. Finally,

m m A 1
) =3 (7 ) Tatsmn R 0
=0

by conditions 2 and 3. Proposition [2.14{now yelds the existence of a residual set of generators for

a hypercyclic algebra for the operator 7. [

We observe that any operator satisfying the assumptions of the Eigenvalue Criterion (Theo-
rem [3.10) also satisfy the assumptions of Theorem [3.1T] We note the latter is more general by

providing a second proof of Theorem [3.8]
Example. 3.12. We consider as in the previous section the operator B,, acting on (P (complex
case). For eachm € N, set D,,1 = D,, 2 = coo, and S, = S = B, on ¢y,

S(x1,m9,...) = (0,wy w1, w3 wy, ... ), (2,) € coo-

It is not hard to see that since sup,,>, [[)_, |w,| = 0o and w € (>, there is subsequence (n;) C N
such that

Snky — 0,\V/y € Coo-
Therefore, Condition 1 of Theorem 7 holds, and Condition 3 is automatic by the choice of S. For
any r,y € cop and n € N large enough we have x°(S™y)’/™ = 0, hence

By, (2 (S™y)?/™) = 0, for any n large enough,

and condition 2 is also established.

According to the previous example any hypercyclic weighted backward shift satisfies Theo-
rem [3.8]. The next example shows however, that there are hypercyclic weighted backward shifts

which do not satisfy the Eigenvalue Criterion.
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Example. 3.13. Let B, : (* — (' be the weighted backward shift with weight sequence w =

(w52, defined inductively as follows.

Let ny = 1 and n| = 3. Then for each k > 2 integer find nj, > n)_, such that

2n1—n’1+n2—n’2+~~+nk—1—n;_l—&-nk >k,

and ny, > ny, such that

2711—n’l—&-ng—n’2—|—-~~—§—nk—n;g < 1 ]

Set N, = ny + k, k € N. Now take

w=(1,2,2722,...,2,27" 2 ..,2.27% ).
—_—— N =

na WNa+1 ng WN3+1

Wl = 2 and Hiv:’“l w, >k — 0o as k — oo, hence B,, is hypercyclic.

Clearly,
For a \ € C to be an eigenvalue for B, it is necessary and sufficient to exist v = (x,)>>, € (!

nonzero such that
_ =l Kk, —1 —1
By(7) = Ax & Tpp1 = Mwy o = Nwy . w1, k> 1

Therefore x = x(1, \wy ', Nwy 'wyt, .. .), where x; € C\ {0} is arbitrary. Now, x € (* if and
only if

o0
Z A wy L wp ) < oo
n=2

But | \|NMrwy b -wz_v,i+1 > (NNENM = 00 as k — oo, whenever \ # 0. We conclude that \ = 0
is the only eigenvalue for B,, and the corresponding eigenspace is Ker(B,,). The later one though
is a closed proper subspace of {* and thus B,, can not satisfy the Eigenvalue Criterion. However,

as marked before, B,, being hypercyclic satisfies Theorem|3.8
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CHAPTER 4 AFFINE DYNAMICS
4.1 Affine Dynamics

As we know from geometry an affine map on a vector space is the composition of a linear
map with a translation. In this section we study the dynamical behavior of affine maps, and try
to relate it with the dynamical behavior of their linear part. Essentially every theorem or question
from linear dynamics, has a corresponding statement in affine dynamics simply by replacing linear
operators by affine maps. Therefore, it becomes natural to see to what extend can one generalize

the results from linear dynamics to the setting of affine maps.
Definition. 4.1. Let X be a Fréchet space and A : X — X a map on X. We will say that A is an
affine map if there exist T € L(X) and a € X such that

A(z) =T(x) + a,Vz € X.

Sometimes we will use the notation A, for the affine map A =T + a.

It is obvious from the above definition that the affine map A, is not linear except from the
trivial case when a = 0. For simplicity though, we are going to adopt the notation and terminology
from linear dynamics. For the rest of the section unless otherwise specified, X will be a separable

Fréchet space.

Definition. 4.2. An affine map A on X is said to be hypercyclic provided that there exists a vector

x € X such that its orbit under A

Orb(z, A) = {z, Az, A%z, ...},

is dense in X. In such case x is called a hypercyclic vector for A. Also we denote the set of all

hypercyclic vectors for A by HC(A).
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Since the space X is separable and has no isolated points, Birkhoff’s Transitivity Theorem says
that the affine map A is hypercyclic if and only if it is topologically transitive. In that case the set
HC(A) will be a dense G5 subset of X.

Now let as before A = T + a be an affine map on X and take an x € X. Forn € Z, we have

n—1
Ag = T + Z Ta. (4.1.1)

=0

The above relationship shows that the dynamical behavior of A depends partly on the dynamical
behavior of its linear part 7', as well as on the behavior of the sequence of operators {1, 7"} .
Therefore, it seems that the presence of the summation in the right hand side of could increase
the chaotic behavior of the system, potentially lower it (in the case of cancellations), or play no
role (if the family {>_" , 7"}52 , is stable enough). However, the next result by Shkarin [35] shows

that the dynamics of 7" and {3 T"}°  are closely related.

Proposition. 4.3 (Shkarin). Let X be a Fréchet space and T € L(X). Then T is hypercyclic if

and only if the sequence {Y_;_, T"}2, is universal and moreover,
(I =T)HC(T) cu({)_ T'},) C HO(T).
i=0

The next proposition, shows that for many a’s the dynamical behavior of A, is equivalent to

that of its linear part 7'.

Proposition. 4.4. Ifa € (I — T)(X) then A, = T + a and T are conjugate via an affine map.
Specifically, if c € (I — T) Y(a) and ¢ : X — X is given by ¢(z) = x + ¢, then Ago ¢ = ¢poT.
In particular,

HC(A,) = HC(T) +c.

Proof. If ¢ € X such that ¢ — T'c = a then for x € X we have, Ao ¢(z) = Az + ¢) =
Tx+c)+a=Tr+c=To¢(z). O

Therefore, if I-T is onto then A, is always hypercyclic, provided 7" is. But even if [ — T is



54

not onto, assuming hypercyclicity for 7', we get that (/ — T")(X) is dense in X, so there is a dense
set of indices a, for which A, is hypercyclic. Actually we can say much more as the next result

indicates.

Proposition. 4.5. If T € L(X) is hypercyclic, then the set
A={a€ X : A, =T+ a is hypercyclic} (4.1.2)

is a dense G subset of X. Indeed, A is homeomorphic to X.

Proof. If {Uy }ren is a basis for the topology of X, we define
Z/lm = {CL e X:dne N,AZ(UZ) N Uj 7é @}

U; j is open. Indeed, let a € U; j, then there exists n € N such that A?(U;) N U; # 0, so, there

is an x € U; such that A}z € U;. Since the map

n—1
a— Alx =T"x + ZTia
=0
is continuous, there is a neighbourhood W of a in X, such that for the above n € Nand z € X,
we have A7z € U;,Vz € W, which means that W C Uf; ;.
U; ; is also dense. Since for a € (I — T')(X), A, is hypercyclic hence topological transitive,

we get that (I — T")(X') C U, ; hence U; ; is dense.

Now Baire category theorem completes the proof since

A - ﬂ Z/[Z'J‘
ij=1
is a G set containing the dense linear subspace (I — T')(X) (see [Z, p. 17]). O

By Proposition 4.5] it becomes natural to ask whether the set .4 defined in [4.1.2] for a hyper-

cyclic operator 7' is always all of X . Shkarin [37] constructed a hypercyclic operator 7" on a Hilbert
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space, such that A, is not hypercyclic for some choice of a, proving that .4 could fail to be the full

space.

Example. 4.6 (Shkarin). Let B, € L({?) the weighted backward shift with weight sequence
w = (e™®), and a = (#1) € (2. Then the operator T = I + B, is hypercyclic, while the affine

map A, =T + a is not.

Remark. 4.7. Although Shkarin’s example shows that for a hypercyclic T € L(X) the set A =
{a € X : A, =T + a is hypercyclic} can fail to be X, Propositionstill ensures in those cases
the existence of vectors a € A\ (I — T)(X). Whenever I — T is not surjective, (I — T)(X) isa

proper subspace of X and hence of first category in X while A is residual in X.

The next proposition provides a necessary condition for an affine map to be hypercyclic. That
is, the adjoint of its linear part must have empty point spectrum. This generalizes a classical result

from linear dynamics.

Proposition. 4.8. Let T' € L(X) such that T* has an eigenvalue. Then for any a € X, the affine

map A, =T + a is not hypercyclic.

Proof. By the assumption, there is a A € K, and a y* € X*, y* # 0, such that
T*y* — Ay*‘

Let a € X, and suppose there is an = € X such that Orb(A,, z) is dense in X. If A\ # 1, for each
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n € N we get
n—1
<Az, yt >=<T"x + ZT’a,y* >=
i=0
n—1
=<T'z,y" >+ < ZT’a,y* >=
i=0

n—1
=<, (T)'y" >+ <a, (T7)y >=
=0

n—1
:)\"<x,y*>+<a,y*>2)\i:

i=0

Mooyt st <ay s o]
= T a =
7?/ 7y )\_1
<a,y*>) < a,y* >
A—1 A—1

N(<z,y" >+

Therefore, we get that the set {< A%z, y* >: n € N} is not dense in K, contradicting the assump-

tion that Orb(A,, x) is dense in X.

The case A = 1 is similar, as in this case

< Alz,y" >=<ux,y" >+n <a,y" > foreachn € N.

Therefore, in any case, A, is not hypercyclic. [

Proposition @.8jmplies that an affine map cannot be hypercyclic if its linear part is not hyper-
cyclic. We notice that this does not follow immediately from Proposition 4.3], since two sets may
fail to be dense even if their sum is dense in the space. An instance of this phenomenon is the case

of two proper complemented subspaces.
Theorem 4.9. If A, is hypercyclic for some a € X, then T is also hypercyclic.

Proof. We observe first that the hypercyclicity of A, implies that I — 7" has dense range. If by
means of contradiction we assume that the range of I — 7' is not dense, then by the Hahn-Banach

theorem one easily gets that 7™ has a nontrivial fixed point, which is it has A = 1 as an eigenvalue.
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By the previous proposition, we get that A, can not be hypercyclic, contradicting the assumption.

Leting now x € X be a hypercyclic vector for A, and applying the operator [ — T to the

equality
n—1
Al =T"x + Z T'a
=0
we get that

(I-TA'e =T"(x —Tx —a) + a.

Since the operator / — 7" has dense range, we conclude that the set

{T"(x — Tz —a) :n € N}

is dense in X, thus 7' is hypercyclic. 0

Corollary. 4.10. If X is a Banach space and T € L(X) is a compact or a power bounded operator,

then for any a € X, the affine map A, is not hypercyclic.
Corollary. 4.11. There exist no hypercyclic affine maps on a finite dimensional space.

In the proof of Theorem [4.9] we established that if A, is hypercyclic for some a € X then the
range of I — T"is dense. The conclusion of the theorem though, provides an immediate general-

ization of this fact.

Corollary. 4.12. If A, is hypercyclic for some a € X then p(T') has dense range for each nonzero

polynomial p.

It is also natural to study other notions close to hypercyclicity, like weak mixing, mixing or
chaoticity on affine maps. Since all those properties are preserved under conjugacies, it is clear
thatif a € (I — T')(X), the affine map A, has any given of these properties if and only if its linear

part 7" has it. Moreover, as with Proposition .5 we have the following

Proposition. 4.13. If T is weakly mixing, then the set of all a € X for which A, =T + a is also

weakly mixing is a dense G s-set homeomorphic to X.
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Proof. LetU = {a € X : A, is weakly mixing}, and {U, }en a basis for the topology of X.

We define
uz‘,j,k,l = {CL cX:dne N,AZ(U» N Uj 75 () and AZ(Uk) Ny, 7& (Z)}

Each U; ; ., is open. Indeed, let a € U; j 1, then there exist n € N, € U;, and y € Uy, such that

Ajx € Uj and Ayy € U,. Since the maps

a

a— Ajx and a— Ay

are continuous, we can find a neighbourhood W of a, such that A”x € Uj, and A’y € U, for all
z € W. This means that W € Uf; ; 1.,
Each Uf; ; 1., is also dense since it contains the dense subspace (/ —7")(X). Hence by the Baire

Category Theorem,

U= ﬂ Ui ki

i7j7k7l
is a dense (G5 subset of X, and it is homeomorphic to X since it contains the dense linear subspace

(I - T)(X). O

Proposition. 4.14. If A, = T + a, and A, =T + b satisfy that A, © Ay is hypercyclic, then T' is

weakly mixing. In particular, if A, is weakly mixing for some a € X, then T is also weakly mixing.

Proof. Wehave that A, ® Ay(z,y) = (Tx+a,Ty+b) = (Tx,Ty)+(a,b) =TT (z,y)+ (a,b).
Thus,

A, @A =T®T+ (a,b).
Soif A, & Ay is hypercyclc, then T' @ T is hypercyclic, so 7' is weakly mixing. 0

The last assertion of Proposition 4.14|also follows from the quasi- conjugacy established in the

following proposition.



59
Proposition. 4.15. If an affine map A, = T + a is chaotic, weakly mixing, or mixing then its linear

part T is also chaotic, weakly mixing, or mixing, respectively.

Proof. We notice that since for x € X, A,z =Tz +a,then ([ — T)Ax =T(x — Tz —a)+a
which is

(I —T)Aux —a=T(x — Tz —a). (4.1.3)

Define 7_, : X — X, the affine map 7_,(z) = = — a. Then consider the map ¢, = 7_,0 (I —T).
Notice that since A, is in every case hypercyclic, 7" is hypercyclic, therefore I — 7" and hence ),

have dense range. Now equation {.1.3|becomes

waoAa:Towa-

This means that 7" is a quasi factor of A,, and hence inherits the dynamical properties from A4,. [

The next example shows that the Ledn-Miiller theorem does not hold in full generality for

affine maps.

Example. 4.16. First we notice that if |\| = 1, a € (A1 — T)(X), and ¢(x) = = + ¢ for some
ce (N —T)Ya), then NA, o ¢ = ¢ o \T which means that NA, and \T are conjugate and
furthermore, HC(AA,) = HC(A\T')4c¢ = HC(T)+ c by the Leén-Miiller theorem. Now, consider
the operator T = I — B on X = (* where B(z,,)°%, = (2,11)5%, the unilateral backward shift.
We know that T is hypercyclic, and let h = (h,)>, € HC(T). For fixed A # 1 with |\| = 1 we

set

A A A
o= (ot x Tyt e )

A A A
02:(/\_1h2—h1,mh3—h2,/\_1h4—h3,...),

A A A
CL:(mhi’._h%m}m_hg,mh@—h4,...).

It is straightforward to check that (\™'I — T)c; = a = (I — T)cy, and ¢y — c3 = h. Thus, since
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0¢ HC(T), we get that HC(T') + (¢1 — co) # HC(T) which yields that HC(A\A,) # HC(A,).

Nevertheless, both \A, and A, are hypercyclic. In general, if | \| = 1and a € (\"' 1 —=T)"1(X)N
(I — T)"Y(X), then since as noticed before A, is conjugate to \T, and A, is conjugate to T, it

holds that AA, is hypercyclic if and only if A, is hypercyclic.

Example shows that even if we cannot hope to get the full Ledn-Miiller theorem for affine

maps the following question remains still open.

Question. 4.17. If a € X and |\| = 1, is it the case that AA, is hypercyclic if and only if A, is

hypercyclic?

4.2 Open Questions and Remarks

The open questions in Affine Dynamics are numerous since as we noticed before, every theo-
rem from Linear Dynamics has an analogue statement for affine maps. Because of the conjugacy
between 7" and A, whenever a € (I —T')(X), most of the properties of 1" pass to those specific A,.
However, since the conjugating map is affine and not linear some results become slightly different
in the affine setting. For instance, HC(T") contains a dense linear subspace except from the origin,
whenever HC(T') # 0, yields that HC'(A,) contains a dense affine manifold, except from one
point, whenever a € (I —T)(X) and HC(A,) # 0.

The fact that if x € HC(T) then p(T)x € HC(T) for each nonzero polynomial p is not true
for affine maps. Indeed, if 7" is hypercyclic consider d € HC(T'). Then d — T'd € HC(T). Set
¢ =Td,and a = ¢ — Tcso that T and A, are conjugate via the affine map ¢(x) = x + ¢. Then
d=(d—Td)+ce HC(A,), but Td ¢ HC(A,), since Td = (Td —c¢) + ¢ = 0+ ¢ and
0 ¢ HC(T). However, it is true that if x € HC(A,) then p(T)x — p(T)c + ¢ € HC(A,) for any
nonzero polynomial p.

An interesting question is whether HC'(A,) is always connected. We notice that when a € (I —
T)(X) the answer is clearly positive since then the set HC'(A,) is just a translation of HC(T'). At
Shkarin’s example though (Example [4.6), HC(A,) = 0 while HC(T') # (), hence it is not always
the case that HC'(A,) is a translation of HC'(T'). If one could establish that HC(A,) is connected
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for all @ € X then appart from its own interest, using a result by Shkarin [35] it would follow
that A, is hypercyclic if and only if A is hypercyclic, and furthermore, HC'(A,) = HC(A™),
m € Z.,,a € X. Let’s notice that this generalization of Ansari’s theorem follows immediately in
the case when a = ¢ — T'c, ¢ € X, since in this case A" is conjugate to 7", m € Z, via the affine
map ¢(x) =z + ¢,z € X, and hence HC(A™) = HC(T™) +c¢= HC(T) + c= HC(A,).

The last theorem whose analogue to the affine setting we discuss here is the Bourdon-Feldman
theorem. The question is, if A, = T + a has a somewhere dense orbit must this orbit be (ev-
erywhere) dense in X? If there exists A such that (A\] — 7)(X) is dense in X which, by the
Hahn-Banach theorem, is equivalent to the statement that 7™ has an eiganvalue, we know that A,
does not have a dense orbit for any a € X. In that case, if A is an eigenvalue for 7™ with corre-
sponding eigenvector y* as we showed in the proof of Proposition 8, for x € X and n € N, we

have

n * )\n(< $,y* > +<(/I\i!1>) - <ii}1>’>\ 7& 1’
< Ajx,yt >=

<x,yt>4n<a,yt >, A=1.
Therefore, since any nonzero continuous functional is an open map and hence, it maps somewhere
dense sets to semewhere dense sets, we conclude that A, does not have a somewhere dense orbit
either. In the case when 7™ does not have eigenvalues but a € (I — T')(X), since A, is conjugate
to T, we immediately get that a somewhere dense orbit for A, must be dense in X. The question

though remains open for those affine maps A, = T + a with 0,,(T*) =0 anda ¢ (I — T)(X).
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