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ABSTRACT

Hanfeng Chen, Advisor

The performances of penalized least squares approaches profoundly depend on the selection of
the tuning parameter; however, statisticians did not reach consensus on the criterion for choosing the
tuning parameter. Moreover, the penalized least squares estimation that based on a single value of the
tuning parameter suffers from several drawbacks. The tuning parameter selected by the traditional
selection criteria such as AIC, BIC, CV tends to pick excessive variables, which results in an over-
fitting model. On the contrary, many other criteria, such as the extended BIC that favors an over-
sparse model, may run the risk of dropping some relevant variables in the model.

In the dissertation, a novel approach for the feature selection based on the whole solution paths
is proposed, which significantly improves the selection accuracy. The key idea is to partition the
variables into the relevant set and the irrelevant set at each tuning parameter, and then select the
variables which have been classified as relevant for at least one tuning parameter. The approach is
named as Selection by Partitioning the Solution Paths (SPSP). Compared with other existing feature
selection approaches, the proposed SPSP algorithm allows feature selection by using a wide class of
penalty functions, including Lasso, ridge and other strictly convex penalties.

Based on the proposed SPSP procedure, a new type of scores are presented to rank the impor-
tance of the variables in the model. The scores, noted as Area-out-of-zero-region Importance Scores
(AIS), are defined by the areas between the solution paths and the boundary of the partitions over the
whole solution paths. By applying the proposed scores in the stepwise selection, the false positive
error of the selection is remarkably reduced.

The asymptotic properties for the proposed SPSP estimator have been well established. It is
showed that the SPSP estimator is selection consistent when the original estimator is either estima-
tion consistent or selection consistent. Specially, the SPSP approach on the Lasso has been proved
to be consistent over the whole solution paths under the irrepresentable condition.

Additionally, a number of simulation studies have been conducted to illustrate the performance
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of the proposed approachs. The comparison between the SPSP algorithm and the existing selection
criteria on the Lasso, the adaptive Lasso, the SCAD and the MCP were provided. The results showed
the proposed method outperformed the existing variable selection methods in general.

Finally, two real data examples of identifying the informative variables in the Boston housing
data and the glioblastoma gene expression data are given. Compared with the models selected
by other existing approaches, the models selected by the SPSP procedure are much simpler with

relatively smaller model errors.
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CHAPTER 1 INTRODUCTION
1.1 Background and Motivation

Variable selection, also known as feature selection, is a procedure where a subset of relevant
features are selected for constructing models. In the past two decades, feature selection has been one
of the focuses of the statistical and machine learning research, mainly because data with hundreds
of thousands of variables have largely occurred in application domains. Two typical examples are
the gene selection of microarray data and text classification. In the gene selection problems, the
variables are usually mRNA expressions from only a small number of patients. In a typical study,
there are only fewer than 100 patients, while the number of variables, mRNA expressions, could
range from several thousands to hundreds of thousands. For instance, the sample sizes of the two
data sets in the glioblastoma microarray gene expression study of Horvath et al. (2006, [31]]) are 55
and 65 respectively, while the number of the genes in both datasets is 3600. As a result, some initial
screening procedures are often applied before the gene selection. In the text classification problems,
the variables are the frequencies of hundreds of thousands of words. An initial pruning could reduce
the number of words to around 15,000 ([28]]).

There are many potential benefits of feature selection. First, it helps to defy the curse of di-
mensionality by greatly reducing the time of training models. Moreover, it also facilitates data
visualization and understanding, since it provides an estimate of the important features. Apparently,
it also avoids over fitting problems to improve the sample prediction accuracy.

In practice, many traditional variable selection approaches such as stepwise selection and best
subset selection have been widely applied. Stepwise selection, although simple and straightforward,
suffers from the fact that the order a certain variable enters or leaves the model heavily influences
the final results. Meanwhile, the best subset selection always requires exhaustive search. The com-
putational cost can be huge if the number of the variables is large.

Due to the limitations of the traditional approaches, the penalized likelihood approach has been
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a common approach for variable selection problems in the past two decades. The general idea of the
approach is to penalize the model fitting with some regularization terms to produce a sparse model.

Consider the following linear regression model,

y=XB*+e; €~ N(0,05T), (1.1)
wherey = (y1,- -+, y,)? is an n-dimensional response vector, 3* = (S}, - -, B;)T is a p-dimensional
vector of regression coefficients, X = (xy, - ,Xp) isann x p design matrix, and € = (e1, - - , €,)7

is an n-dimensional vector of i.i.d. random errors. Without loss of generality, we can assume in

model (LI), x;,j =1, - -, p are standardized and the response y are centered, i.e.,

inj:(),Zx?jzl,jzl,-~- JLZ%‘:O-
i=1 i=1 i=1

For linear regression problems described in (I.I)), the penalized likelihood approach is equivalent
to the penalized least squares (PLS) regression, where the coefficients are estimated by minimizing

the following objective function:
1 p
“ly — X8|+ A J(|5; 1.2
ally = XI5 +3 3 705, (12)

where .J(-) is a penalty function that controls the number of nonzero coefficients, and A > 0 is a tun-
ing parameter. Unlike traditional variable selection procedures, the penalized least squares approach
is computationally efficient since it can carry out variable selection and estimation simultaneously.
This is because the objective function [I.2] automatically shrinks estimates of some coefficients to
Zeros.

Furthermore, theoretical properties of the penalized least squares estimators are established when
the tuning parameter is appropriately chosen (Fan and Li, 2001, [16]; Fan and Peng, 2004, [20]; Zhao
and Yu, 2006, [64]; Zou, 2006, [65]; Zhang, 2010, [61]]; Biihlmann and Van De Geer, 2001, [8])).
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Apparently, the estimator of 3, denoted by B(\) = {B1()\), ..., B,(N)}7, is a function of the

tuning parameter A once the penalty function J(-) is specified. We name the function Bj()\), Jj =
1,- -+, p as the solution path of the coefficient 3;. In practice, one can compute B()\) for a number
of different values of A to obtain the solution paths of all the coefficients and then choose a tuning
parameter A\ using some type of criterion. The purpose of the tuning criterion is to find a A that
balances the fit and the complexity of the model. Therefore, one need to specify both a penalty
function and a criterion to select the tuning parameter A in order to carry out variable selection with
the penalized regression approach.

Much research has been devoted to the development of the penalty function. In general, there
are two classes of penalty functions, convex penalties and non-convex penalties. The L; penalty,
referred as the Lasso (Least absolute shrinkage and selection operator, Tibshirani, 1996, [52]), is
probably the most commonly used convex penalty. Zou (2006, [65]) proposed the adaptive Lasso
approach which corrects the bias of the Lasso for nonzero regression coefficients by adding a weight
to the L; penalty. As for the non-convex penalties, Fan and Li (2001, [16]) proposed the smoothly
clipped absolute deviation (SCAD) penalty by using a quadratic spline function with knots at A and
a\, where a > 2 is a constant; Zhang (2010, [63]) proposed the minimax concave penalty (MCP) by
minimizing the maximum concavity of the model for variable selection and unbiasedness; Shen et
al. (2012, [48]]) also proposed the truncated L, penalty (TLP) as a surrogate of the L, penalty. These
non-convex penalties all enjoy the oracle property in the sense that estimators obtained by applying
these penalties are as efficient as if the nonzero coefficients are already known.

Another aspect of the feature selection involves the selection of the tuning parameter. Some
general selection criteria include cross validation ([S0]), generalized cross validation ([13]]), AIC
([2]), BIC([47]), GIC ([63]). Chen and Chen (2008, [11]) pointed out that these criteria usually
identify too many irrelevant features when the number of variables is large. Such phenomenon has
also been described in Broman and Speed (2002, [7]), Siegmund (2004, [49]) and Bogdan et al.
(2004, [6]]) in their studies of quantitative loci mapping. Chen and Chen (2008, [11]) proposed the

extended BIC (EBIC), which promotes model sparsity by adjusting BIC with an additional penalty
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term for the growing number of parameters in the model. Recently, Sun et al. (2012, [S1]) also
proposed a new technique via variable selection stability, which directly focuses on the selection of
the informative variables.

Although the above criteria have been well studied for more than a decade, there has been no
concurrence of opinion on which criterion to employ for the choice of the tuning parameter. See,
for examples, Table for a list of publications on major statistics and machine learning journals
and the different criteria they use. In fact, the currently used feature selection procedure, using only
one chosen value for the tuning parameter, may suffer from inevitable drawbacks that it is often
impossible to correctly identify all the features, no matter which criterion we use. In the following,

we demonstrate these drawbacks with both a simulated example and a real data example.

Table 1.1: The general selection criteria in statistics and machine learning literature.

Criteria References

cv Adaptive Lasso Zou (2006) [65], JASA
Wong et al. (2013) [538], ICML
Fused Lasso Tibshirani et al. (2005) [54]], JRSSB
TLP Shen et al. (2012) [48], JASA

gcv Lasso Tibshirani (1996) [52], JRSSB
SCAD Fan and Li (2001) [16], JASA

AIC Hurvich and Tsai (1989) [33]], Biometrika

BIC Wang et al. (2007) [56], JRSSB
Yuan and Lin (2007) [60], Biometrika

EBIC Tilting Cho and Fryzlewicz (2012) [12]], JRSSB
Group lasso Huang et al. (2010) [32], AOS

We would use the following simulated example to illustrate the aforementioned problem. Sup-
pose there are 10 nonzero (relevant) variables and 30 zero (irrelevant) ones in the model (LI)), where
the coefficients of these 10 nonzero variables are 5 = --- = 3 = 3,55 = -+ = ]y = —2 The
entries of the variables x;,j = 1,--- , p are generated from the standard normal distribution. The
pairwise correlation between the first 10 variables is 0.9. The remaining 30 variables are independent
with each other, and are also independent with the first 10 variables. Furthermore, we generate the

error from the normal distribution N (0, 3?) and we set the sample size to be n = 50. This example
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is proposed by Wang et al. (2011, [57]), which is designed to study the performance of the existing

variable selection methods for the data with complicated correlation structure.

We apply the R package lassoshooting to obtain a set of parameter estimators B(A) at each value
of A\ and plot the Lasso solution paths in Figure We pick the grid of the tuning parameters
on the log scale, therefore we use the log values of the tuning parameter as the x-axis in the plot.
The dashed lines in Figure[l. 1l represent the solution paths for nonzero variables and the solid lines
represent those for the zero ones. The tuning parameters chosen by the 2-fold CV, GCV, AIC, BIC
and the extended BIC (EBIC) are shown by the vertical lines. We report the total number of the
selected variables, the number of false positives (FP, the number of selected zero variables) and the
number of false negatives (FN, the number of missed nonzero variables) by these criteria in Table
[[.2l Here the true model is known, therefore we also record the result of the “oracle” selection in
a sense that we select the best possible tuning parameter which minimizes the number of incorrect
selections (i.e., the number of selected zero variables + the number of missed nonzero variables).

We observe that CV, GCV, AIC, and BIC tend to select too many spurious variables and the
extended BIC tends to drop most of the nonzero variables. Even for the “oracle” selection, many
nonzero variables are excluded in the model. The problem looks more evident when we focus on
three lines in the lower panel of Figure Here the two dotted lines (1 and 3) are the solution paths
of two nonzero coefficients, while the solid line 2 is the solution path for an zero one. Apparently
selecting a small A, as AIC BIC and GCV do, misleads us to identifying all the three coefficients
as nonzero. On the other hand, a large )\, as CV, EBIC and Oracle select, incorrectly shrinks both
coefficients of the nonzero variables to zero. As a matter of fact, it is impossible to correctly identify
all the three features regardless of the value of the tuning parameter we choose, although one can
even tell the differences between the three features by simply observing the solution paths.

To better illustrate the limitations of selecting just one tuning parameter, we would use the
glioblastoma gene expression data by McLendon et al. (2008, [38]) as a motivating example. In
the dataset, by using all the censor subjects in the data and taking the logarithm of the survival time

as the response variable, we obtain a dataset with n = 185 subjects and p = 930 genes. To iden-
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Figure 1.1: Top: The Lasso solution paths of the simulated example. The dashed lines are the paths
of the 10 nonzero variables while the black lines are the paths of the 30 zero variables. The vertical
lines represent the choices of the tuning parameter by the criteria: CV, GCV, AIC, BIC, EBIC,
ORACLE. Bottom: The Lasso solution paths of the nonzero variables “1”, “2” and the zero variable

“3”. The bold line represents the zero line.
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Table 1.2: The number of the selected variables, the number of false positives (FP), the number of
false negatives (FN) of the criteria: CV, GCV, AIC, BIC, EBIC, Oracle. Note that the true model
contains 10 nonzero variables and 30 zero variables

CV | GCV | AIC | BIC | EBIC | Oracle
Total number | 16 35 37 35 4 4
FP | 12 27 30 27 0 0
FN| 6 2 3 2 6 6

tify the highly informative genes to explain the glioblastoma tumor behavior, we consider the linear
model and apply the Lasso approach for selecting the relevant genes.

The solution paths of the Lasso on the glioblastoma gene expression data are shown in Fig-
ure To better describe the problem, we focus on the solution paths of two genes: the gene
“IGF1” (insulin-like growth factor-1) and the gene “FRAT1” (frequently rearranged in advanced T
cell lymphomas-1). Previous studies have demonstrated that these two genes play important roles
in the glioblastoma behavior (See [35] and [27]). However, as shown in the second panel of Figure
selecting a small tuning parameter would ignore “FRAT1” while choosing a larger value of the
tuning parameters would miss the gene “IGF1”. We also observe that the none of CV, GCV, AIC,
BIC, or EBIC is able to identify both genes.

The above restriction of utilizing just one tuning parameter could seriously reduce the accuracy
of the feature selection in general, since solution paths like those in Figure[I.1land Figure[I.2lhappen
quite often no matter which penalty we employ. This is especially true when there exist large cor-
relations among the variables or the dimensions of the features are extremely high ([18], [19]). To
overcome this restriction, we develop an innovative and intuitive approach, which utilizes the whole
solution paths to improve the selection accuracy. Our approach can correctly identify the relevance
of the features like those 3 ones (the labeled lines 1, 2, and 3) in Figure

We achieve the objective by developing a partitioning rule that cuts the whole solution paths into
two regions, namely “zero region” and “nonzero region”. First, we develop a new clustering method

which divides all the variables into two clusters, the relevant set and the irrelevant set, for each value
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Figure 1.2: Top: The Lasso solution paths of the glioblastoma gene expression data. There are 930
lines in the plot. Bottom: The Lasso solution paths of the genes “IGF1” and “FRAT1”. The vertical
lines represent the choices of the tuning parameter by the criteria: CV, GCV, AIC, BIC, EBIC.
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of the tuning parameter A\. Then the whole plot of the solution paths can be partitioned into two

regions by the red curves as shown in Figure [1.3| (the detailed partitioning rule will be introduced in
Chapter 2). We name the region inside the two red curves as the zero region, and that outside as the
nonzero region. Finally, we choose all the variables, which have been identified as a relevant variable
for at least one value of \, as the important features. We consider a feature unimportant if its solution
path never goes out of the zero region. We name the above procedure selection by partitioning the
solution paths (SPSP). It can be well observed from Figure that this SPSP procedure correctly
selects 9 out of the 10 relevant variables and drops all irrelevant ones, outperforming the result from
any single value of ) in terms of selection accuracy. Another advantage of the SPSP is that it does
not require the coefficients of the unimportant variables shrunk to zero and it allows us to carry out
feature selection with just a ridge regression.

We consider a feature important even if its solution path enters the nonzero region just once.
The strategy may seem aggressive in identifying relevant variables. This is because, we start the
SPSP process rather conservative, in the sense that for the smallest value of \, we consider every
variable “unimportant”. We initiate the partitioning process with the smallest A\. Then the clustering
at a larger value of A depends on the results from the previous A. Therefore, the SPSP procedure
combines a conservative starting point with an aggressive selection strategy to optimize the selection
accuracy.

The SPSP procedure is connected with the stability selection approach, proposed in a discussion
paper by Meinshausen and Bithhmann (2010, [41]). Their approach is based on the probabilities
of the variables being selected, and these probabilities are obtained from generic sub-sampling ap-
proach. Therefore the stability selection does not require the selection of the tuning parameter and
also utilizes the information of the whole solution paths. However, the SPSP procedure would work
on any shrinkage penalty function, while with stability selection, one would still need to employ
a penalty that can shrink coefficients to zero. Moreover, the computational cost of the SPSP pro-
cedure is much smaller as no sub-sampling is involved and we only need to compute the solution

paths once. In addition, the cut off probability in stability selection is arbitrary, while for SPSP, the
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constant playing the similar role is data-adaptive. Finally, we find from simulation studies that the
stability selection tends to select too few variables, therefore produces a higher false negative rate
compared to the SPSP.

The work in this dissertation is also remotely related to Bayesian variable selection approaches,
where the tuning parameters or candidate models are assigned a prior distribution, and the posterior
distributions of the models are evaluated. A related idea of applying a collection of models for vari-
able selection is the Bayesian model averaging approach, which calculates the posterior probability
that a variable enters the model by averaging over all of the models (See [30], [46], [44]). An-
other similar idea is from Barbieri and Berger (2004, [4]), which constructs the posterior inclusion
probabilities for all the features using Bayesian model averaging technique. The final model would
include all the variables whose posterior probabilities of being in the model are 0.5 or higher. The
so-called probability median model also has the flavor of utilizing the results from different tuning
parameters, rather than just choosing one of them.

Furthermore, we also develop an original type of scores to rank the importance of the variables
based on the partitions of the solution paths. These scores provide precise directions on which
variables to keep, in case one would like to monitor the complexity of the model. Specifically,
we consider a feature more important if its solution path is farther out of the zero region, and less
important if it is farther inside the zero region. Hereafter, we refer these scores as area-out-of-zero-

region importance scores (AlS).
1.2 Literature Review

In this section, we provide a brief introduction of the previous research in the penalized least
squares estimation. The first part presents several penalty functions which are widely applied for
variable selection. The second part provides the general selection criteria for selecting the tuning

parameter.
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1.2.1 Penalty Functions

Extensive research has been devoted to the development of the penalty functions. In general,
two classes of penalty functions are presented, convex penalties and non-convex penalties. In this
section, we will introduce four penalty functions: the Lasso, the adaptive Lasso, the SCAD and the
MCP in details and apply these penalty functions in the simulation part of this dissertation. Note
that the former two functions are convex penalties while the latter two functions are non-convex
penalties. Furthermore, some other popular penalty functions are also listed in the last part of this

section.
Lasso

Tibshirani(1996, [52]) proposed the L; norm as the penalty to shrink the variables into zero,
which is famously known as Lasso, an acronym for Least Absolute Shrinkage and Selection Oper-
ator. In variable selection, the Lasso has become very popular for its computational feasibility with
relatively high selection and prediction accuracy.

Specially, the Lasso estimator can be solved by the following optimization problem,

~ (Lasso) o1
— arguin Iy - X813 + Mgl

where ||B][1 = >_"_, [B;| is the L, norm of the parameters and A is the tuning parameter. The

optimization problem is convex and has an equivalent form as

~ (Lasso 1
( >:argmm_uy—XﬁHg,subjecuo||ﬁ||l <t
3 n

where ¢ is a constant which has a data-dependent one-to-one relation with \.
The Lasso can perform variable selection and estimation simultaneously in the sense that some

1
coefficients can be shrunk into exactly zero. Under the orthonormal design, i.e., —XTX = I, the
n
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Lasso estimator equals the soft-thresholding estimator,

~

11000 — sign(Z;)(1 23] = M2+

where Z; = (XTY),/n,j = 1---,p is the ordinary least squares estimator and “+” means the
positive part. Clearly, the Lasso estimator shrinks the coefficient whose OLS estimator is less than
A/2 into zero.

Many theoretical results have been established on the prediction and selection consistency of
the Lasso estimator. One main result is that the Lasso is selection consistent if and only if the
neighborhood stability (Meinshausen and Biihlmann, 2006, [40]) or the irrepresentable condition
(Zhao and Yu, 2006, [64]) holds.

A number of algorithms for the computation of the Lasso estimators have been proposed. For
instance, the coordinate descent algorithm is very efficient for solving the Lasso estimators, espe-
cially for high dimensional problems. It updates the estimator fast in a coordinate-wise way until
numerical convergence. More details about the algorithm can be found in Friedman et al. (2007,
[23]]). In addition, the shooting algorithm, proposed by Fu (1998, [26]), is also a special case of the
coordinate descent algorithm. We will employ this shooting algorithm for the computation of the

Lasso in this dissertation.
Adaptive Lasso

The selection consistency of the Lasso requires strong conditions, which can be easily violated
in practice. To reduce the bias of the Lasso estimator, Zou (2006, [65]]) proposed the adaptive Lasso,

which adds a weight on the L; norm to adjust the penalties. It is defined as

p
~ (ALasso) o1 9 R
= —|ly — X A i3,
arg;nln n||y Bllz+ E w; 55

j=1
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where W = (w0, - - ,0,) is a weight vector. Usually, if 3 is a root-n-consistent estimator such as

the ordinary least squares (OLS) estimator, one can define the weight as

W = Ai, for some v > 0.
18]
Note that if By = 0, BJ(»ALGSSO) = 0; and if Bj is large, the weight will be small, which means we
apply a small penalty (shrinkage) on this coefficient. In high-dimensional problems, we can pick the
Lasso or the ridge estimator with a small shrinkage parameter as the initial estimator.

Theoretically, if p is fixed in the model, the adaptive Lasso can achieve the selection consistency
under weak conditions while the Lasso requires stronger conditions (See [65]). In other words, the
adaptive Lasso can be consistent for cases where the Lasso is inconsistent.

The computation of the adaptive Lasso is the same as the Lasso after applying the following

transformation:

X = X . W,

where W is a p x p diagonal matrix with diagonal elements w0y, - -- ,,. Then we can solve the

following Lasso-type problem

W)

1 y
B zarg;nmglly—X( 8115+ A8l

~ (ALasso

and the solution for the adaptive Lasso is 3 5"

'_w. g™,

It is worth mentioning that the adaptive Lasso does not always outperform the Lasso since the
result of the adaptive Lasso heavily depends on the initial weight. When the OLS estimation (or the
ridge estimation) is not highly accurate, the adaptive Lasso can have a worse result than the result of

the Lasso.
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SCAD

Fan and Li (2001, [[16]) advocated that a good penalty function should satisfy the following three

properties:

1. Unbiasedness: The resulting estimator is nearly unbiased especially for the large coefficients

to reduce the modeling bias.

2. Sparsity: The resulting estimator should set small estimated coefficients to zero automatically

on the purpose of variable selection.

3. Continuity: The resulting estimator should be continuous in the data to avoid instability in

prediction.

It is shown that the L, penalty with 0 < ¢ < 1 does not satisfy the continuous condition, the L,
penalty (Lasso) does not satisfy the unbiasedness condition, and the L, penalty with ¢ > 1 does
not satisfy the sparsity condition. Hence, none of the L, penalties can satisfy these three conditions
simultaneously.

According to these three properties, Fan and Li (2001, [16]) proposed the smoothly clipped
absolute deviation (SCAD) penalty, which is a non-convex function corresponding to the quadratic

spline with knots at A and a\. The first derivative of the SCAD penalty can be given as
(a—|z[/A)
TS(121) = 1(12] < X) + L2 (2] > ),

where a > 2 is a constant which can be chosen by the cross validation. Fan and Li (2001, [[16]) also
suggested to set a as 3.7 for most problems.

The SCAD penalty satisfies the above three properties and theoretical results show that there
exist some local SCAD minimizers which are selection consistent under some strong conditions on

the design matrix (See [34] for more details).
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Generally, the SCAD estimator can be computed by the local linear approximation (LLA, [67])

or the local quadratic approximation (LQA, [16]).
MCP

Zhang (2010, [61]) proposed a MC+ method, which contains two parts: a minimax concave
penalty (MCP) and a penalized linear unbiased selection (PLUS) algorithm. The MCP provides the
minimum non-convexity of the penalized loss given the level of bias, which can remedy the bias

problem of the Lasso. Mathematically, the MCP is defined as

E—
T(J2]) = / (1= ),

where v > 0 is a regularization parameter. It minimizes the maximum concavity of the model
subject to some unbiasedness conditions.
Zhang (2010, [61]) established the selection consistency of the MCP estimator under a strictly

global convexity condition and the estimator can be efficiently computed by the PLUS algorithm.
Other Popular Penalties

In addition to those mentioned above, we also simply list some other popular ones as follows.

1. Ly penalty (Classical Variable Selection):

~(Lo) . 1 2 ?
- Sy - X AT I8, #0).
3 argmin _ly — XB|[; + > I(B; #0)

j=1

Note that the L, penalty is equivalent to the traditional feature selection method: the best
subset. Most classical model selection criteria can be casted into this framework, such as the
Akaike information criterion (AIC) with A = 202 /n, the Bayesian information criterion (BIC)
with A\ = log(n)o?/n, the risk inflation criterion (RIC) with A\ = 21og(p)o?/n; however, the
estimation is computationally infeasible since the L, penalty is non-convex and discontinuous

at 0. Normally we have to apply the exhaustive search in practice.
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2. Truncated L, penalty (TLP, [48]):

1 - 18]
= in—||ly — X8||2 )\E in(~—, 1
arg;mnnHy Bll; + min ( — ),

Jj=1

~(TLP)

B

where 7 > 0 is a threshold parameter. The TLP penalty actually is a surrogate of the L
penalty. It provides a good approximation of the Ly penalty especially when 7 — 07 with

significant computational advantages due to its piecewise linearity.

3. L, penalty:

~(Lq)

! .
B = argmin —ly = XBI5+ )18

j=1
The general L, penalty with 0 < ¢ < 2 leads to a bridge regression ([22], [26]). Whereas, the

estimator does not produce sparse solutions for ¢ > 1.
4. Elastic net penalty ([60]):

~ (Elastic)

' 1 p p
= argmin ly = XBI5+M D181+ XD 18]
p =1

where \; and )\, are two tuning parameters. The elastic net actually is a linear combination of

the L, and the L, penalties, which is proposed to overcome the limitations of the L, penalty.

1.2.2 Selection of the Tuning Parameter

Another aspect of the penalized least squares approach involves the selection of the tuning pa-
rameter. In this subsection, we begin with the introduction of the traditional selection criteria such
as cross validation, generalized cross validation, AIC and BIC. We further present the extended BIC
([11]), which adjusts BIC to produce a sparse model. Finally we introduce the stability selection,
proposed by Meinshausen and Biihhmann (2010, [41]), which bases on the subsampling technique

to avoid the problem of choosing the tuning parameter in the penalized least squares estimation.
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Cross Validation

The cross validation (CV, [50]]) is a useful technique to access the accuracy of a statistical model.
Given a dataset, we can divide the dataset into a training set and a test set. We model the training
data only to obtain the estimator, and then apply the estimator to predict the values in the test set.
The best model chosen by the cross validation should have the best prediction performance among
the candidate models.

In practice, the k-fold cross validation is widely used for model selection. In the k-fold cross
validation, the dataset is split into k equal size sets. In these k sets, we will leave one set as the test
set and use the remaining k£ — 1 as the training set. By taking each of these £ sets exactly once as the
test set, we repeat the process k£ times and evaluate the average prediction error in these k results.

In the penalized least squares estimation, we denote the whole dataset as 7'. In the k-fold cross
validation, we need repeat the process k& times. Using the same notations as in Fan and Li (2001,
[L16]]), we express the process as follows. At each time, we denote the training sets and test sets
as T — T" and T" respectively, where 7 = 1,--- k. Given a number of tuning parameters, we
compute the penalized least squares estimator as B(i) ()\) using the training set 7' — 7" at each tuning
parameter. Therefore, the tuning parameter selected by the k-fold cross validation will be the one

with the smallest average prediction error, i.e.,
1 (i)
Aoy = argmin >y = Xr,B8 (VP
i=1

where ypi and X, are the corresponding observations in the test set 7"
It is worth mentioning that since the computation of the cross validation is much more expensive
compared with the computation of the other criteria, we will apply the 2-fold cross validation in the

dissertation.
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Generalized Cross Validation

The generalized cross validation (GCV), firstly introduced by Craven et al. (1978,[13]), is con-
sidered as a weighted version of the n-fold cross validation but with significantly reduced computa-
tional burden.

In the penalized least squares estimation, given a number of tuning parameters, we can compute

the penalized least squares estimator as () at each tuning parameter. Then the tuning parameter

selected by the GCV can be expressed as ([16])

by - XBOIE
w1 =S, 1B # 0)/n)?

)\GCV = argmin
A

Akaike Information Criterion

The Akaike Information Criterion (AIC), proposed by Akaike (1974, [2]), is one of the most
widely used variable selection criteria. Generally, given a statistical model of some data, we can
compute the maximized value of the likelihood function, denoted as L and the number of the pa-

rameters in the model, denoted as 5. Thus the AIC value of this model is defined as
AIC = —2log L + 25.

The model chosen from a collection of candidate models is the one with the minimum AIC value.
In the linear regression , we can compute the likelihood of (3*, o) and derive the AIC value
as

AIC = n(log(2m) + log(|ly — X3|]?) —log(n)) + 2(n + § + 1),

where B is the estimator of 3* in the model.
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In the penalized least squares estimation, the tuning parameter selected by the AIC is

)\AIC:argmm(nlog(Hy XBN)|?) —I—ZZIBJ

Bayesian Information Criterion

The Bayesian Information Criterion (BIC), another widely applied information criterion, was
proposed by Schwarz (1978,[47]]). The BIC is also based on the likelihood function of a model and

is related with the AIC. Using the same notations, we can define the BIC value of a model as
BIC = —2log L + log(p)é.

Obviously, the BIC penalizes the number of parameters in the model stronger than the AIC.
In the linear regression (L.I)), under the assumption that the errors are generated from the normal

distribution, the BIC value can be derived as

BIC = n(log(|ly — XBI*) — log(n)) + log(p)3.

Similarly, in the penalized least squares estimation, the tuning parameter selected by the BIC is

Apic = argmin(nlog(||y - XB(N)|[) + log(p Z I(B;(n

Extended Bayesian Information Criterion

Since the BIC is too conservative for handling variable selection problems in high dimensional
data analysis, Chen and Chen (2008, [11]) proposed the extended Bayesian Information Criterion
(EBIC), which emphasizes the model sparsity by adding an additional penalty term on the BIC for
the growing number of parameters in the model. In general, the extended BIC can produce a sparser

model than the ordinary BIC criterion.
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In the penalized least squares estimation, the tuning parameter selected by the EBIC is

AEBIC = arginin(n log(|ly — XB(N)||?) + (2log(p) + log(n Z 1(B;(A

Stability Selection

The stability selection, proposed by Meinshausen and Biihhmann (2010, [41]), applies the sub-
sampling technique on the general variable selection methods. It can enhance and improve the
selection accuracy of existing penalized likelihood approaches.

Under the framework of the penalized least squares estimation, the algorithm can be simply
described as follows. At each tuning parameter \;, we draw a random subsampling of size n/2
without replacing many times. Then the probability of each variable x; being selected in all the

Ak)

subsamples can be computed as f[g ,J = 1,--- p. Given a cutoff value 7y, with 0 < 7y, < 1,

the relevant set selected by the stable selection is defined as

S0 = {7 max I >y, ).
Here the variables with higher selection probabilities can be kept in the model while those with
lower probabilities will be dropped. It is suggested that the cutoff value 7, can take a value in
(0.6,0.9). The algorithm is easy to understand and can be combined with all the penalty functions
which produce sparse solutions. Furthermore, the random subsampling method can alleviate the
correlation effect among the original data set. Note that the stability selection algorithm does not
require selecting the tuning parameter, we identify a variable as relevant if its selection probability
at any tuning parameter exceeds the threshold. Hereafter, the algorithm avoids the selection issue of

the tuning parameter.
1.3 Outline

The dissertation is organized as follows.
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Chapter 1 mainly introduces the background and the motivation of the proposed method in the

penalized linear regression. The related work by other statisticians on the penalty functions and the
selection criteria are provided in the literature review section.

Chapter 2 presents the major contribution of the dissertation: selection by partitioning the whole
solution paths (SPSP). An example is employed to demonstrate the general process of the algorithm.
Some further discussions on the penalized likelihood estimation are provided in the following sec-
tions.

Chapter 3 develops an original type of scores to rank the importance of the variables based on
the results of the SPSP algorithm. We define the scores of the variables by the areas between their
solution paths and the boundaries of the partitions. Hereafter, we refer these scores as the area-out-
of-zero-region importance scores (AIS).

Chapter 4 provides the theoretical results on the selection consistency of the proposed SPSP
algorithm. It is shown that the proposed SPSP estimators can achieve the selection consistency
as long as the original estimator is estimation consistent. Furthermore, under the irrepresentable
condition (Zhao and Yu, 2006, [64]), we prove that the SPSP procedure on the Lasso is selection
consistent over the whole solution paths. Moreover, since the irrepresentable condition is difficult
to satisfy in practice, we establish the selection consistencies under weaker conditions on both the
Lasso and the general penalties at the end of this chapter.

In Chapter 5, we conduct extensive numerical studies to illustrate the advantage of the SPSP pro-
cedure and the AIS. Six simulation examples are presented, covering different scenarios in feature
selection practices. Moreover, we also carry out a simulation study to illustrate the application of
SPSP on Gaussian graphical modeling. The results show the proposed SPSP algorithm significantly
outperforms the other methods in general.

In Chapter 6, two real applications (Boston housing data and glioblastomas gene expression data)
are presented to further investigate the performance of the proposed method. Compared with other
approaches, the models constructed by the proposed SPSP procedure are simpler with relatively

smaller model errors.
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Chapter 7 summarizes the main results in the dissertation. Some prospective future research and

discussion are provided in the chapter as well.
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CHAPTER 2 SELECTION BY PARTITIONING THE SOLUTION PATHS

In this chapter, we propose an approach which utilizes the whole solution paths to select the
informative features in the model. Firstly, we develop a partition rule to divide the variables into two
groups: relevant and irrelevant, at each tuning parameter. Based on the partitioning rule, we propose
the main algorithm of the dissertation: the selection by partitioning the whole solution paths (SPSP)
algorithm. The algorithm allows us to improve the selection accuracy by efficiently combining all
the information across the whole solution paths, especially in cases when strong correlations among
the variables are presented. Furthermore, we extend the SPSP procedure to the penalized likelihood

estimation.

2.1 The SPSP Algorithm

2.1.1 Notations and the Partitioning Rule
Considering the penalized least squares problem:

- 1 ) P
B = argmin [y - XBII*+ 2 J(;), 2.1)

Jj=1

where y = (y1,- -+ ,yn)? is the response and X = (xy, - - - , X;,) is the design matrix in model (L.
Here we also assume that x;,j = 1, - - - , p are standardized and the response y is centered. Further

denote the vector of the true regression coefficients in model as
ﬂ* = (Bikv e 75;)7

such that £y = X3*. Suppose the index set for the true relevant (nonzero) variables is S = {j :
B; # 0} with s = [S], and the index set for irrelevant variables is S¢ = {j : 3; = 0}. The goal in
the variable selection is to correctly recover this sparsity pattern from the noisy observations in the

model, and correctly estimate S.



25
Once we specify the penalty function J(-) in (2.1), a grid of the tuning parameters is required to

compute the solution paths. Typically, we would pick the grid to be equi-distant on the log scale as
follows:

)\min:)\l<"'<)\K:)\maxa

where Ay = 1/7, A\pae is the smallest A yielding B = 0. Hence we have

10g(Amax) — 10g(Amin)
K—-1

AkH:)\kexp( ),/{321,~'~,K—1.

Biihlmann and Van De Geer (2011,[8]]), Shen et al. (2012, [48]) also suggested the same way
to build the grid of the tuning parameters. Note that since the solution paths are usually continuous
with respect to the tuning parameter, they vary little for the choice of the grid as long as enough
tuning parameters are selected. In practice, we can pick almost K = 100 grid points, as suggested
in Shen et al. (2012, [48]]) and Sun et al. (2012, [51]).

For each \;, we obtain a vector of the penalized least squares estimators as
% 3 A N\T
Br = B, Brp) -

A variable is more likely to be identified as relevant if its estimator is farther away from 0, regardless

of the sign of the estimator. Therefore we take the absolute values of the estimators as

~ (abs

B ™ = (1Beal, - 1B

In general, variables with a larger | Bk7p| are more likely to be important. Therefore, we are
interested in finding a proper cutoff point 7}, = T'(\;), such that the estimated relevant set S, and

irrelevant set S¢ at A = ), are derived as

Sk =17 : |Brjl > Ti} (2.2)
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and
= {j : 1Brsl < Ti}. 2.3)
To obtain (T}, Sg, S¢) for each Ay, we sort the absolute values |31, - - - , |k,| in ascending order
to obtain
H(abs abs
B < < B
where B,ga&s)) is the jth order statistics of \Bk,l\, o Bk7p|. Then we define the adjacent distances

between these ordered values as

_ Alabs) (abs) _
Dk,j _5k,(] 5]@(] 1)’ 17 y P-
Note that D, ; is the adjacent distance between 5k W ) and 0 as we define ﬂka(bg = ( for convenience.
Let 5, = |Sk| be the number of variables in the estimated relevant set Sy, then there are p — 8,
variables in the estimated irrelevant set ﬁg Hereafter, by (2.2)) and (2.3)), the selected variables in S
are those variables whose estimated coefficients correspond to the s; largest values:

5 (abs) .. plabs)

k,(p—38p+1)7 VP k()
while the variables in 3,3 are those whose estimated coefficients correspond to the smallest p — 5,

ordered values:

(abs (abs)
k(1) Bk (p—3k)

We simply define the gap between S, and S¢ .. as the adjacent distance between B 3labs) ) an nd B,gal;f Spt1)”
1.e.,

A Ac (abs) abs
D(Sk, S§) = Dipsye1 = B0 (p—skt1) /i,(ngky

Note that it suggests given the number of the variables in S, one can compute the adjacent distance

which separates Sj, and S}, as Dy, ,—s, +1-
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In principle, D(S’k, S’,‘;), the gap between S, and S*;; should be sufficiently large to separate the

irrelevant features from the important ones. We consider D(gk, g,‘;) large enough if it meets the

following two criteria,

ma"<S k) <0, (2.4)
(Slm )
M > C (2.5)
DmaX(Slg)

where Dmax(gk) =max{Dy; : j > p— 5 + 1} is the largest adjacent distance in Sh., Dmax(gg) =
max{Dy; : j < p — §; + 1} is the largest adjacent distance in 5’; and C' is a certain constant.
The criterion ensures that the gap between the relevant set and irrelevant set should have the
same order as the distances between the estimated nonzero coefficients, while (2.3 guarantees that
D(S’k, S ©) has a higher order than the distances between the estimators of the zero coefficients. The
constant C' is used to control the differences of the magnitudes between the estimators of the zero
coefficients and those of the nonzero coefficients. The principles (2.4) and (2.3) here are equivalent
to saying that the order of the estimators for the nonzero coefficients should be higher than those
of the zero coefficients. Instead of comparing every pair of the estimators, we just use adjacent
distances for simplicity of the calculation. Therefore, finding the proper 7}, now transforms to find-
ing an adjacent distance that is large enough—satisfies and (2.3)—to be the gap between the
estimators for the zero coefficients and those for the nonzero ones.

In order to introduce our proposed algorithm for partitioning the solution paths, we further define

the largest adjacent distance under where DmaX(S,g) happens in S*,g as

DmaxZ(Sli) — maX{Dk,j : ] < jla Dk,j’ = Dmax(sﬁ)}-

Then following the aforementioned principles, we develop the algorithm for partitioning the solution

paths as follows.
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Selection by Partitioning the Solution Paths (SPSP) Algorithm

1 Set the initial values as Ty = 0o, So = 0, g{j ={1,...,p}, and proceed to A;.

. A oA A A ~ (ab
2 Ateach \g, we estimate T}, S, S, from T},_q, Sy—1, S;_, and Bk(a ?

2.1 Update Ty, = max [y ], Se = {j : |B,| > i} ¢ = 1« 1Byl < Tis

JESK

2.2 Calculate Dy 1, . .., Dy ,. Further obtain Dmax(S,g), Dmaxg(g,j) and D(Sk, S,j)

23 If D(gk, 5’,?) < C x Dmax(g,‘;) and Dmax(ég) > C x Dmaxg(g,‘;), we update
Ty, = B;i?&sr)_l), Sk ={j : |Begl > T}, S5 = {5+ 1Brsl < T}

Otherwise T, S ks ﬁg remain unchanged as in Step 2.1.
3 Proceed to A\ and repeat Step 2 until £ = K.

N N K
4 TIdentify the union of all Sy, as the index set for our selected relevant variables, i.e., S = |J S;.
k=1

At each )\g, we find in Step 2 the cutoff point 7}, the location of the gap that distinguishes
the relevant and irrelevant variables, based on the results from A\;_;. This not only simplifies the
computation process, but also makes the boundary line T}, = T'(\;,) relatively more smooth to avoid
unstable selection results. Specifically, in Step 2.1, we first use the largest estimated coefficients
among those identified as “zero-coefficients” for \;_; as the current boundary. This could take care
of the case where some coefficients in S’k_l becomes small and enters into the zero region at \;. At
Step 2.2 and Step 2.3, we decided on whether any adjacent distances within S*;; is large enough to
be considered as the new gap between the zero and nonzero coefficients. This manages the scenario
that there are too few variables in S}, so that a “large” gap still exists.

For A1, we use the initial values set in Step 1, where all the variables are considered “irrelevant”,
which means we are conservative in identifying the relevant variables at the start of this process.

This is because we implement an aggressive selection strategy at Step 4 to use the union of all Sp’s
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as our estimated index set for the relevant variables, allowing us to minimize the false positive rate
at each \;. Another reason is that the estimation at the small \;’s are usually unstable, because the
design matrix corresponding to nonzero coefficients is usually ill-conditioned. Therefore it is better
to select fewer relevant variables, rather than taking the high risks of committing false positive
errors.

Here the choice of the constant C' for the partitioning rule is data-adaptive. In practice, we first
obtain the estimator with a small value of A, then take the absolute value and compute the adjacent
distances of the sorted values. We then choose the constant C' as the ratio of the maximal adjacent
distance to the second maximal adjacent distance. Simulation studies confirm that the strategy is
practically effective. In fact, both the simulations and our theoretical results show that our final
results are not sensitive to the choice of C.

Once we identify the index set of all the relevant variables S, we estimate the regression param-

eters B ¢ a model that only includes the features that has been selected,
y = XgBs t ¢,

where Xg = (Xj),c5, Bs = (ﬁj);,re - In most cases, the number of features in S is smaller than the
sample size, we just use the least squares estimator as Bs If the number of selected variables are
larger than the sample size, we could use a ridge regression with a small shrinkage factor.

To gain more insights for the approach, we demonstrate the general process of the SPSP algo-
rithm by the following example.

Suppose Figure 2.1lis the plot of the solution paths of the penalized least squares estimators over
4 tuning parameters. There are also 4 lines in the plot, where each one represents a variable in the
model. To better describe the process, we name these variables as “17, “2”, “3” and “4” based on
the /3 values from top to bottom at \;.

In the SPSP approach, the threshold value, the estimated relevant set and irrelevant set are ini-
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B - -
3.0 1 Ty = 00, So = 0, 5¢ = {1,2,3,4}
|
| ~ ~
25 1 T, =3,9 =0,5¢={1,2,3,4}
|
|
2.0 11 _—DpnaXSF) =2 2>Cx0.7
|
I x X
1.5 +! Ty =1,8 = {1}, §¢ = {2,3,4}
|
1.0 +
0.5 1
I
|
0 |
/\1 )\2 )\3 /\4 A

Figure 2.1: Demonstration of the SPSP approach on a simple example: Partitions at ;.

tialized as

TO = OO>’§O = ®7 gg = {1727374}

At the first tuning parameter \;, we firstly update the threshold value as the largest value of the
irrelevant variables in the previous step. Since the initial estimated irrelevant set contains all the
variables, we have

Ty =3, =0,5¢ = {1,2,3,4}.

We recommend the constant C' can be chosen as the ratio of the largest adjacent distance and the
second adjacent distance at a small tuning parameter (A = 0.01). For instance, suppose we pick
C = 2 for this example. Note that currently the estimated relevant set is an empty set, therefore the

adjacent distance in S, is defined to be 0. According to the partitioning rule, we update the adjacent
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distance 2 as the new gap between the relevant set and irrelevant set, i.e.,
Ty =1,5 = {1}, 5 = {2,3,4}.

Similarly, we follow the same steps for the remaining tuning parameters. Figure (2.2)),
demonstrate the partitioning processes at the tuning parameters Ao and 3. In particular, at A, the

maximal adjacent distance 0.45 in the irrelevant set is large enough to satisfy the partitioning rule
0.3 <(C x0.45and 0.45 > C x 0.1.

Therefore we update the adjacent distance 0.45 as the new gap, then we have
Ty =0.25,5, = {1,2}, S5 = {3,4}.

At )3, the maximal adjacent distance 0.10 in the irrelevant set does not satisfy the second partitioning

rule, where 0.10 < C' x 0.05, thus the estimated relevant and irrelevant sets remain unchanged as
Ty = 0.15, 55 = {1,2}, 55 = {3,4}.

Obviously, we can easily perform the SPSP algorithm for all the remaining tuning parameters
and finally union all the relevant sets as our final result. In this example, based on the first 3 tuning

parameters, the final relevant set is
S=38J%JS%=1{12},

which is reasonable based on the solution paths of these variables since the estimators of the vari-

ables “1” and “2” are remarkably larger than the remaining two variables.



3.0 Ty =1,8 = {1}, 5¢ = {2,3,4}
2.5 + Ty = 0.7, 5 = {1}, S5 = {2,3,4}
2.0 + 045> C x 0.1 & C x 0.45 > 0.3
15+ Ty =0.25, 5, = {1,2}, S5 = {3,4}
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Figure 2.2: Demonstration of the SPSP approach on a simple example: Partitions at \,.

3.06* Ty, = 0.25, S, = {1,2}, S5 = {3,4}

2.5 + Ty = 0.15, S5 = {1,2}, S5 = {3,4}

2.0 + 0.10 < C x 0.05

1.5+ Ty =0.15, S5 = {1,2}, S5 = {3,4}

/\1 )\2 )\3 /\4 A

Figure 2.3: Demonstration of the SPSP approach on a simple example: Partitions at \3.
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2.1.2 The SPSP Algorithm on the Ridge

One advantage of the proposed SPSP procedure is that it can not only be applied to the penalties
like the Lasso, the adaptive Lasso, the SCAD, the MCP, but also it can be applied for the penalties
which cannot produce sparse solutions, such as the ridge penalty. As a result, the SPSP algorithm on
the ridge can greatly reduce the computation complexity for feature selection problems since strictly
convex penalties like ridge are easier to solve.

Particularly, the ridge estimator in the linear regression model (I.I), which refers to the L,

penalized least squares estimator, is defined as

~ (ridge)

!
B = angmin{ly — X113 + 18113

where ||B[[5 = >_%_, 57 is the Ly norm of the parameters.
Compared with other penalties, the advantage of the ridge estimator is that it has a closed solu-
tion:

~ (ridge)

B = (XTX 4+ nAI) XMy,

which simplifies the computation compared with the other penalized least squares estimators. Nonethe-
less, it is well known the ridge estimator can not perform the variable selection since it does not
automatically shrink the estimates of the regression coefficients to zero. To remedy the problem,
we can apply the proposed SPSP algorithm on the ridge estimator for the variable selection. The
simulation studies in Chapter 5 show the selection accuracy is quite satisfactory.

Additionally, for some special problems, the SPSP algorithm on the ridge has a remarkably good
performance. Take Example 5 in Wang et al. (2011, [S7]) for instance, there are 120 variables and
50 observations in the example. The first 60 coefficients are generated from N (3,0.5) while the

remaining 60 coefficients are zero. The design matrix X is generated from a multivariate normal
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distribution with zero mean and the covariance matrix

g O 0O O
0 > 02J O
0 02J X O

0O O 0 >

where Y is a 30 x 30 matrix with diagonal elements 1 and off-diagonal elements 0.7, J is a 30 x 30

matrix with all elements 1 and the error e; ~ N(0,1),i =1,--- ,n.
Lasso Adaptive Lasso
© ©
g g
log(lambda)
Ridge SCAD
o S
~|33333Z3ZI335:izzizzzac. 3
L T
3 N_:::::::::.!..!.!!.!!!! g9
o
- 4 Y

log(lambda) log(lambda)

Figure 2.4: The solution paths for the Lasso, the adaptive Lasso, the ridge and the SCAD of a
simulated example.

Figure shows the solution paths of the Lasso, the adaptive Lasso, the ridge and the SCAD for

the same simulated example. The dashed lines represent those 60 nonzero variables and the black
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lines represent the remaining 60 zero variables. We implement the Lasso and the adaptive Lasso by

the R package lassoshooting and the SCAD by the R package plus. It is observed that for this high
dimensional problem, the solution paths of the Lasso, the adaptive Lasso and the SCAD are chaotic,
which hardly distinguish the relevant coefficients from the irrelevant ones. Whereas, the solution
paths of the ridge regression can perfectly divide the relevant and irrelevant coefficients into two
clusters. The gap between the relevant set and the irrelevant set at each tuning parameter is so large
that one can identify the nonzero variables intuitively. Obviously, the SPSP algorithm on the ridge
can be perfectly applied on this example. For more details, we evaluate the average performance of
the SPSP algorithm on these penalties over 100 replicates. It turns out the solution paths of the ridge
are similar and the SPSP approach on the ridge has the best performance.

In general, the SPSP algorithm on the ridge can have wide applications in practice due to its
computational feasibility. We now have the power to replace the L, penalties and all the non-convex
penalties with a strictly convex penalty function like the L, penalties. More simulation studies can

be found in Chapter 5 of the dissertation.
2.2 The SPSP Algorithm in the Penalized Likelihood Estimation

The penalized least squares estimation can be easily extended to handle feature selection prob-
lems in many other models such as graphical modeling, generalized linear models, Cox’s propor-
tional hazards models. In these models, we usually apply the penalized likelihood approach, which
obtains a sparse estimate by solving an objective function consisting of likelihood and a penalty
function. It is well known that the penalized least squares estimation in the general linear regression
model is equivalent to a transformation of the penalized likelihood estimation. As a result, we can
apply the SPSP algorithm on penalized likelihood estimators with a similar fashion.

Let f(V,3) be the likelihood for a random vector V = (V4 --- , V), then the penalized likeli-

hood estimator can be obtained by maximizing the following function:

B

8= argmax{%zlogf(vi,ﬂ) — AZJ(IﬂjI)},
i=1 Jj=1
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where J(+) is a penalty function, and A > 0 is the tuning parameter. Obviously, the problem has an

equivalent form as

8= arg[rjnin {—% > log f(Vi.B) + A J(Iﬁjl)} ,
i=1 Jj=1

which is similar to the penalized least squares estimation in (1.2)).

Fan and Li (2004, [20]) established the theoretical results for the non-concave penalized like-
lihood estimators under the infinite parameter setting. It is shown that under several regularity
conditions, the penalized likelihood estimators enjoy the oracle properties that the estimation is as
accurate as if we knew nonzero coefficients and applying MLE on the submodes which contains the
true nonzero coefficients only. See [16] ,[20] for more asymptotic results of the penalized likelihood
estimators.

The computation of the penalized likelihood estimation often requires some numerical algo-
rithms. The coordinate descent algorithm along with the shooting algorithm can be applied for the
computation of convex penalties (See [26]). For the computation of nonconcave penalties, Fan and
Li (2001, [16]) proposed an effective local quadratic approximation (LQA) algorithm.

Using the same notations, we select a sequence of the tuning parameters \; < --- < Ag. At
each tuning parameter, the penalized likelihood estimator is denoted as Bk = (Bm, . ,Blﬁp)T.
Therefore, the same SPSP approach can be applied on these estimators.

Note that the choice of the constant C' in the SPSP algorithm for the penalized likelihood esti-

mation is similar as mentioned above. We can obtain an initial estimator as the MLE firstly:

~(MLE 1 &
M) argmax -3 log £(Vi )
Ot
and then compute the adjacent distances of the sorted absolute values. The constant C' can also

be chosen as the ratio of the maximal adjacent distance to the second maximal adjacent distance in

practice. In case MLE does not exist due to the high dimensionality of 3, we can apply the penalized
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likelihood estimator with a small shrinkage parameter as the initial estimator.

After we obtain the relevant index set S , we perform the estimation as

~(SPSP)

1 n
B = argmax > log £(Vi, B ge):
i=1
where 6356 = (5§, Ogc)T.

2.2.1 Graphical Modeling

Graphical models use graphs to represent the conditional dependencies between random vari-
ables. In Gaussian graphical models, suppose there are n multivariate normal observations of di-
mension d, with mean p and covariance matrix . We are interested in inferring the conditional
dependencies between these d variables (x;,- -+ ,X4). Denote the precision matrix as the inverse
of the covariance matrix © = X~!. Note that two variables x; and x; are conditionally depen-
dent given all the other variables if and only if ©,;, # 0. Therefore the problem is equivalent to
the estimation of the precision matrix ©. To discover the sparsity pattern of the precision matrix,
the graphical Lasso, proposed by Friedman et al. (2008, [25]]), has been a popular approach in the
graphical models. Generally, the graphical Lasso is a penalized likelihood approach which can be

defined as follows,

© = argmin {— log(det(©)) + tr(SO) + A Z |@jk|}
© j<k
over all the non-negative definite matrices, where det(A) denotes the determinant of A, tr(A) de-
notes the trace of A and A > 0 is the tuning parameter. A simple and fast algorithm to compute the
graphical Lasso is also proposed in Friedman et al. (2008, [23])).
If ©;, # 0 which indicates the conditional dependency between x; and x;, we draw an edge

between nodes 7 and k in a corresponding graph (Lauritzen, 1996, [36]). Therefore, the number of

d

2) and the SPSP algorithm can be applied to select the nonzero values in this

the parameters is p = (

Gaussian graphical model.
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2.2.2 Generalized Linear Models

In the generalized linear models, we simply assume that conditioning on X;), the density of y; is
f8(yilg™(x@))), where g~ is a real-valued, known inverse link function. For instance, in logistic

regression, the conditional distribution of y;|x(;) is Binomial(1, 7(x))) and the link function is

g(m) =log (L) That is,
1—m

log <&1))))> —x»'B.

1 —7m(x(

Generally, we can compute the penalized likelihood estimators in generalized linear models as
A 1 & P
B = argmin {—5 > log falyilg™ (x@)) + A J(Iﬁjl)} :
i=1 j=1

Several fast algorithms have been developed for the estimation of the generalized linear models with
convex penalties, such as the path following algorithm (Park and Hastie, 2007, [43]]) and the cyclical
coordinate descent algorithm (Friedman et al., 2010, [24]). We can commonly pick the Lasso and
the adaptive Lasso as the penalty functions and then apply the proposed SPSP algorithm for the

variable selection.
2.2.3 Proportional Hazards Models

Tibshirani (1997, [53]) firstly proposed the Lasso for variable selection in the Cox’s proportional
hazards model. Fan and Li (2002, [17]) then proposed the penalized partial likelihood approach for
the Cox’s proportional hazards models. Using the same notations in their paper, we denote 7', C' and
x be the survival time, the censoring time and the associated variables respectively. Additionally,
let Z = min(7, C') be the observed time and 6 = I(7" < C') be the censoring indicator. Assume
the observed data (x;, Z;,9;),% = 1--- ,n is an independently and identically distributed random
sample from a certain population. The hazard function of 7" given x in the model is h(t|x) =

ho(t)exp(x® 3), where ho(t) is an baseline hazard function and 3 is the vector of the parameters in
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the model.

More notations are needed for the likelihood in the model. The observed failure times can be
sorted as ¢ < --- < t% and the variables with the corresponding N failures are x(1, - - - ,X(n). Let
R; be the risk set right before the time ¢), that is R; = {i : Z; > tJ}. Then the penalized partial

likelihood estimator can be defined as

N p

R ' 1

I D ) EES prr) Ry e
i=1 1ER; J=1

More details can be found in Fan and Li (2002, [17]). Note that we have to use the partial likelihood
in the model due to the censoring issue in the survival data. Based on the partial penalized likelihood
estimation, we can easily perform the variable selection by the proposed SPSP algorithm. Since the
estimators are computed from the incomplete likelihood, one can expect the selection based on the

whole solution paths should be more stable than the selection by a single tuning parameter.
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CHAPTER 3 AREA-OUT-OF-ZERO-REGION IMPORTANCE SCORES

The SPSP procedure automatically identifies the important variables. However, it is possible
that one may want to keep the flexibility for tuning the model complexities in actual applications.
Traditional approaches such as forward/backward selection ranks the variables by their order of
entering/leaving the model. While typical lasso type of approaches rank the variables by the order
of the tuning parameters at which the estimates of their coefficients are shrunk to zero. In other
words, if the estimate for the coefficient of variable A hits zero at a smaller value of the tuning
parameter compared to variable B, then it is impossible to include A in the model without B, even
if A is more important than B.

We propose to assess the importance of each variable using their solution paths. Here we develop
an original type of scores, noted as area-out-of-zero-region importance scores (AIS), to rank the
importance of the features. The scores we define also incorporate the information of the whole
solution paths, and is based on the SPSP procedure described in Chapter 2.

Specifically, we rank the importance of the variables by the areas between their solution paths
and the boundary of the partitions, which can be computed as the integral of the difference of the

variable curve and the boundary, i.e.

log(A k)

Alj) = / £, (log(A) — c(log(A))]d log ().

og(A1)

where f;(log(\)) represents the curve of solution path for 3;, and ¢(log(\)) represents the boundary
of the partitions. Here we use the log transformation of the tuning parameter as the independent
parameter because we commonly pick the tuning parameters equidistant on the log scale. In this
sense, the variable with the solution path which mostly stays in nonzero region is more likely to be

chosen in the model.
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We use the trapezoid rule to approximate the integral. Since we choose A in the log scale, let
Ak = log()\k-i-l) - log()\k)7 k= ]-7 e 7K - 17
and we summarize how to calculate A(j) and rank the importance of the variables as follows.

Area-out-zero-region (AIS) Algorithm

~ (abs
1. Input the absolute values of the estimators Bk( ), the cutoff points T}, k = 1,---, K, the

final relevant set S obtained from the SPSP algorithm.

2. Foreachj =1,---, p, compute

=

-1

[(1Brjl = Th) + (1Brsrg] = Ter)] (D).

1

A(j) =

DO =
e
I

3. Sort the index set S by A(j),j € S decreasingly and also the index set S¢ by A(j),j € S¢

decreasingly.

The general idea of the aforementioned algorithm is that if a variable is more important, the
estimate of its coefficients tends to be larger. The AIS is a measurement of the average magnitude
of these estimates across the whole solution paths. Compared to the other existing approaches, the
AIS directly targets on the importance of the variables, minimizing the possibilities of less important
variables coming into the model before more important ones. Therefore, models yielded from AIS

tend to have a lower false positive rate, as evidenced by our simulation studies.
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CHAPTER 4 LARGE SAMPLE THEORIES

This chapter derives the large sample theories of the proposed SPSP estimator on the general
penalized least squares estimators. Basically, there are two types of consistencies in the variable

selection. An estimator B is called estimation consistent if
P(B=8*) — lasn — oo,
and called selection consistent if
P(S(B)=5S) — 1asn — oo,

where 5’(5) ={j: Bj # 0}.

For most penalties, the estimators can satisfy either selection consistency or estimation consis-
tency or even both when the tuning parameter )\, is appropriately chosen. In particular, the Lasso
penalty is selection consistent under some conditions when y/n), — oo and A\, — 0 ([64]); the
ridge penalty is estimation consistent when A\, — 0; the adaptive Lasso penalty is selection con-
sistent when y/n)\, — oo and \/nA — 0 ([65]); the SCAD penalty is selection consistent when
VN, — oo and A, — 0 ([16]).

As mentioned in Chapter 2, the estimation of the SPSP algorithm is the OLS estimation based on
the selected relevant variables while the OLS estimators are estimation consistent under the general
assumptions in (LI). Hence, the estimation consistency of the SPSP estimator can be obtained
directly if the selection consistency is satisfied. Hereafter, we will focus on the selection consistency
of the SPSP estimator in the chapter.

We firstly show the SPSP estimator can possess the selection consistency built on the solution
paths over the interval where the original estimator is either selection consistent or estimation consis-

tent. In the sense, although the ridge estimator cannot produce sparse solutions, the SPSP estimator
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on the ridge can still be selection consistent. Then we establish the selection consistency of the

SPSP estimator on the Lasso over the whole solution paths. We mainly apply the irrepresentable
condition, proposed by Zhao and Yu (2006, [64]]), to control the estimation behavior of the Lasso
and then discuss the consistency under some weaker conditions. Finally we extend the consistency

properties of the SPSP estimator to the general penalized least squares estimation.
4.1 Selection Consistency

The SPSP algorithm bases on the idea that the gap between the estimated relevant and irrelevant
coefficients should be significantly large, which actually means that the distances of the relevant es-
timators are one or several orders of magnitude larger than the distances of the irrelevant estimators.
According to this partitioning rule, the selection consistency of the proposed SPSP estimator can be
established as follows.

Let S (A\n) be the estimated relevant set at the tuning parameter \,, then the relevant set of the

SPSP algorithm built on the solution paths over the interval / should be

We establish the following property as our first result for the SPSP estimator.

Theorem 1. For any penalized least squares estimator which is either selection consistent or es-
timation consistent when \, € (Apmins Anmaz)> Where Ay pin, — 0 as n — oo, then the SPSP

estimator built on the solution path over (A, min, An.maz) s selection consistent. That is

A

P(S=5)— 0asn— co.

Proof. Suppose the penalized least squares estimator B is estimation consistent when \,, € (A mins Anmaz)s

that is 3 -2 3*, thus we have

18;] = |B;],j € Sand |B;] 0,5 € S°.
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Hence with probability 1, we have for any ji, jo € S J3,j1 € S,

Ol =Bl N1l =185 0] _ 85— 18511 _ e
A~ N — Y
Bl =18, RIS 1B
\&J%%I%H@p4@|:mg—o:m
A~ N )
185 = 1851 BRI =185 0=0
max | 57] — min | 57|
where C* = < /e is a constant. Therefore the partitioning rule for the true relevant

min |5*
nip |5
and irrelevant sets has been verified at \,, € (A min, Anmaz ), that is, with probability 1,

Dme(?) < C*
D(S,8¢) —
D(S’SAC) — 00
DmaX(SC)

In the SPSP algorithm, we begin with all the variables unimportant, i.e., So = (). Since the true
relevant set and irrelevant set satisfies the partitioning rule over (A, min, Anmaz). there exists at least
one A, € (Anmins Anmaz) Such that S (A\,) = S for a large enough constant C' in the SPSP algorithm.

Then we have

S=Js0) 5.
>\7L

The proof is similar for the selection consistent case since the selection consistency of the penalized
least squares estimation requires stronger conditions than the estimation consistency, then we still

have with probability 1
8] > C >0,j € Sand|B;] =0,j € S°,

where C'is a positive constant. O

It is well known that the existing penalized least squares estimators all enjoy either estimation

consistent or selection consistent as \,, — 0. For instance, the Lasso, the adaptive Lasso, the SCAD,
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the MCP all enjoy the selection consistency under some strong conditions while the ridge holds the
estimation consistency. Hence, Theorem [Il can establish the selection consistency of the SPSP esti-
mator on a wide class of the penalty functions. Since the selection consistency of the penalized least
squares estimator is usually more difficult to obtain, applying the SPSP algorithm on the estimators
which possess the estimation consistency is adequate to obtain the selection consistency. Moreover,
Theorem [1|can be easily extended to other applications. Take the penalized likelihood estimation as
an example, Fan and Peng (2004, [20]]) established the asymptotic properties of the penalized likeli-
hood estimators with diverging number of the parameters. One important conclusion in their paper
is that under several regularity conditions on the penalty functions and the likelihood functions, in a

certain range of )\, there exists a local penalized likelihood estimator 3 such that

18 = B%[ly = Op(v/p(n™* + an)),

where a, = maxjes A\, J(|5;]). In other words, the general penalized likelihood estimators can
enjoy a root-(n/p)-estimation-consistent property in a certain range of \,,. Therefore the SPSP algo-
rithm on the penalized likelihood estimators can possess the selection consistency over the solution

paths on this range.
4.2 Lasso

Generally, the Lasso estimator is defined as

~ (Lasso)

1
B :argénlnglly—Xﬁ||2+)\nHﬁH17 4.1

where )\, is the tuning parameter.

Lots of work has been done on the selection consistency of the Lasso estimator. It was shown the
selection consistency requires a strong condition on the design matrix, called neighborhood stability
([40]) or irrepresentable condition ([64]]). In this section, we will focus on the selection consistency

of the SPSP estimator on the Lasso under the irrepresentable condition firstly and then discuss the
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consistency under a weaker condition - the restricted eigenvalue condition ([.5]).
4.2.1 Irrepresentable Condition

Theorem [I] established the consistency over the solution paths on (A, min, Anmaz). But actually
we anticipate the proposed SPSP estimator should be selection consistent over the whole solution
paths. In other words, even if we select the correct model over a part of the solution paths, we still
need to ensure that the irrelevant features won’t be selected over the remaining solution paths. On

this purpose, we introduce the following property of the Lasso estimator firstly.

Lemma 2. Let B = (Bl, 0) be the solution of the Lasso at the tuning parameter \. Let X, be the
sub matrix of X that consists of the columns corresponding to Bl and X5 be the sub matrix with the
remaining columns. If |(1XT X1)(2XT X1)7'| < 1 where 1 is a vector of 1s, then there exists a
vector A > 0 of the same dimension as (3,, such that (3, — SIGN(3,)A,0) is a solution for the
Lasso with a larger tuning parameter \ + [, where SIGN (Bl) is a diagonal matrix with the diagonal

vector sign(Bl) and | > 0 is any positive number.

Proof. By the KKT condition, the sufficient and necessary condition for B to be the solution of the

Lasso at \ is

1 1 N ~ ) ~
ngE + EXfX(ﬁ — B3) = Asign(B,)
1

1 ~
—XJe+ —X{X(B*—B)] <AL
n n
Same equations can be derived for 8 = (3, — SIGN(3,)A, 0). That is, if A3’ is the solution at

A + [, then we need to make sure

IXTet SXTX(8~ B) = (04 1) sign(By)

1 1 o
EXge + ;XfX(ﬁ* -B) < (A+D1.

Taking the differences of the above two sets of equations, we only need the following to be true
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in order for ﬁ/ to be the solution at A\ + [,

1 . .
—XTX,SIGN(B,)A = I sign(B3,)
n

1 R
—XJXSIGN(B,)A| < 11.
n

It follows from the condition |(£X7 X,)(2X{ X;)™!| < 1 immediately that A = (1 X]X;)"'1

satisfies both the above equation and inequality. O

The lemma actually suggests that once the coefficient of a certain feature has been shrunk to
zero, it will not jump back to a non-zero value for a larger tuning parameter. The lemma is quite
useful to control the behavior of the irrelevant variables in the model.

Before we establish the selection consistency of the SPSP algorithm on the Lasso over the whole
solution paths, it is natural to assume some regularity conditions on the design matrix. Zhao and Yu
(2006, [64]) proposed some regularity conditions as follows.

There exist 0 < ¢; < ¢ < 1 and M, M5 > 0 such that

T Clha > My, forV||a||3 =1, 4.2)
p=0(n"), (4.3)
s=0(""),0< 5 < ¢y —cy, 4.4)
n 2% min | Bi| > M, (4.5)
jeS
where s is the number of the relevant variables in the model, C7;, = %(Xf )T X} and X7 is the

sub matrix of X that consists of columns corresponding to the relevant features. Note that these
conditions are commonly assumed in the theoretical studies of the penalized least squares estimation.
See [64] and [|39] for more details on the conditions.

Now we can establish the following result:

Theorem 3. Under the regularity conditions 4.2)-@.5), there exists A, in, Where Ny min, — 0 as
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n — oo, such that the SPSP estimator on the Lasso built on the solution paths over (A, min, 00) is

selection consistent under the following irrepresentable condition ([l64)])
G5 (Cu) [ < 1=,

where 1) is a positive constant, C7y = S(X7)' X}, C5 = 2(X3)" X}, and X7 is the sub matrix
of X that consists of columns corresponding to the relevant features, X3 is the sub matrix with the

irrelevant columns.

Proof. For A\, nc%l with 0 < ¢4 < 1, the Lasso estimator is selection consistent based on the
Theorem 4 in [64], therefore the selection consistency of the SPSP estimator over (A, min, An.maz)
can be obtained directly from the previous Theorem [Il, where A, jin, Anmaz X n4771 That is, for
An € (Anmins Anymaz)s

S(\) 2+ Sasn — .

As A\, > A\ maz» according to Lemma 2] under the strong irrepresentable condition, the estimated
zero coefficients in (A, ;min, An.maz) femain to be zero, which indicates that these variables will be

identified as relevant at \,, > A, ;4. Thus we have for A\, > A\, 100,
S(An) C 8.

Especially, when \,, — oo, we have |BJ\ 250, =1,---,p, which also suggests S(\,,) C S with
probability 1. Since the final relevant set of the SPSP approach is | J S (A\n) == S, the selection
An

consistency of the SPSP estimator on the Lasso built on the solution paths over the (A, ymin, 00) has

been proved.
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4.2.2 Restricted Eigenvalue Condition

We established the selection consistency of the SPSP estimator on the Lasso over the whole
solution paths in Theorem [3; however, one issue on the concern of the conditions in Theorem [3 is
that the irrepresentable condition is too strong to fulfill. Much work has shown that if the condition
is violated, the Lasso may perform poorly in selecting the correct model ([42]). Hence, it will be
better if we can seek some weak assumptions for the SPSP algorithm on the Lasso.

For controlling the prediction error of the Lasso in high dimensional cases, Bickel et al. (2009,

[S]) proposed the following restricted eigenvalue condition.

Assumption 1. Restricted Eigenvalue Condition RFE(sg, ) ([5l]) For some integer sy such that

1 < sg < p, and a positive number cy, the following condition holds:

K(S0,¢0) = min min Xl >
SC{1,p} 670, Vn||ds]|2

= )
1S|<s0  l18sell1<collds]1

0. (4.6)

The number ¢, indicates that this condition is valid only for the vectors satisfying

[0

1 < col|dsll1,

and the integer s plays the role of an upper bound on the sparsity of the vector. The general idea is
that the minimum eigenvalue of the Gram matrix %XTX should be greater than 0 over a restricted

~ (Lasso

subset of the vectors instead of all the vectors. While for the Lasso residuals 6 = 3 ' B, we
have with probability close to 1,

[195e[[s < 3[|dsl]1,

hence we only require ¢y = 3 for the Lasso in the assumption (See [5]).
It is known that the restricted eigenvalue condition (REC) is weaker than the irrepresentable
condition ([8]]). Note that there are some other related assumptions with the restricted eigenvalue

condition such as the compatibility condition ([53]), the restricted isometry condition ([10]), and the
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coherence condition ([9]).
Under the REC assumption, we can control the prediction error of the Lasso in a non-asymptotic

form and then we have the following result:

Theorem 4. Suppose that RE(s, c) is satisfied with ¢y = 3 and k. Consider the Lasso estimator

B = (Bl, e ,Bp)T defined in with \,, = Ao 10%, where A is a constant and A > 4+/2.

Suppose r]nelsr} 85| — 8:%5 k’% > O > 0, where C is a constant. If s\/log p < \/n, then
P jQEglCI’ﬁes “ﬁj2| ) |Aﬂj3| — 00 | =1lasn — oo, 4.7)
smax |6 | = 10|
max_||5,] — |5,
p | J2es — —— < C"| =2 lasn — o0, (4.8)
min_||3] = 18,

max |B¥| — min |5F
where C* = ies |5J| jes |ﬁj|

] *
min 1551

Proof. Under the Restricted Eigenvalue Condition RE(sg, 3), if A\, = Ao/ k’%, then with proba-

bility at least 1 — p'~4*/32 (See [3]]),

2Ac  [logp 6Ac  [logp
185l < 25754/ 282 |165e]]y < 25T 5y /282
K n K n
To prove (@.7), it suffices to see that
jInax [5,] = 185l ] < max[5;] < [[0s[]1,



and for any j, € 5S¢ j3 € S,

[1352] = 135

> 185,1 — |1Bsal = 183, = 135

> min |5 ~ [0, = 195

> min |8 — ,
> i |51~ (9]
Then with probability at least 1 — p'~47/32,
max [15,] 13| [185e[]s 640 5\logp
J1,J2€S

— o0 asn — 0.

The proof of (4.8) is analogous. We can see for any js, j, € S

18] = 18

<1851 = 18,1

+ 185l - 13

AR

< I?Eaglﬁfl - fyneigl 1851+ 1[ds]]1-

Then with probability at least 1 — p!~4°/32,

max |8 - 15

I?Easgdﬁﬂ - Ijﬂelg}‘ﬁﬂ + 1105l

J3,J4€S
. 3 5 - min | 3% — || ’
P A e g 161 = el

— (C"asn — oo.
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O

The beta-min condition here is a common condition in the selection consistency which requires

the true nonzero coefficients to be sufficiently large. Theorem H] states that in a certain range of

the tuning parameters, the distances between the irrelevant coefficients of the Lasso estimator are

much smaller than the distance between the relevant coefficient and the irrelevant coefficient while
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the distances between the relevant coefficients and the irrelevant coefficients should be at least the
same order of magnitude as the distances between the relevant coefficients. Consequently, we can
apply this property in the SPSP algorithm to distinguish the relevant variables from the irrelevant
variables.

Note that Theorem 4] only shows the selection consistency of the SPSP estimator on the Lasso
over part of the solution paths. For the consistency over the whole solution paths especially at small

tuning parameters, we still need to add some stability conditions to control the estimation behavior.
4.3 General Case

In this section, we will generalize the theoretical results of the Lasso to the general penalty
functions using a similar restricted eigenvalue condition. Firstly, We define the general penalized

least squares estimator as

. 1 P
B = argmin _{ly = XBIP + X, > J(18,), (4.9)

i=1

where J(-) is a general penalty function.

Due to the high dimensionality of the data, we must impose some uniform conditions on the
penalty function. Under the framework of the least squares (L5) loss, we have to control the penalty
terms on the purpose of the estimation accuracy. A higher-order derivative restriction on the penalty

function is a simple way to bound the penalty terms.

Assumption 2. There is a large enough open subset €} of RP which contains the true parameter
B* and all the possible penalized least squares estimators in {&.9), such that for almost all B in
Q, all J" (Bj), j =1,---  pexist. Furthermore the supremum of the absolute values of the second

derivatives exists, denoted as

D =sup{|J"(B))l,j =1,--- ,p,B € Q}.
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Under the assumption, the second derivative of the penalty function is bounded, which is nec-
essary for controlling the error bounds in the estimation. Clearly, the Lasso and the adaptive Lasso
penalties both satisfy this assumption with D = (. For the ridge penalty, we have D = 2. Moreover,

for the SCAD penalty,

(@ =0)s g 3

Jscap(0) = 1(0 < \,) + Ta—1n,

for some a > 2 and # > 0 and the hard thresholding penalty function

RS

Jur(0) = A, ~

(10] < An),

the second derivatives are bounded as long as we restrict the range of the tuning parameter \,,.

Define the general residual as § = B — 3" and the maximal value of the first derivative of the
true nonzero coefficients as f, = maxjes J'(|3;]), we present a basic inequality for the general

penalized least squares estimator as follows.

Lemma 5. Consider the linear model (1), let 3 be the estimator in @&9) with )\, = Aoy /ker

n

where A is a constant and A > 4+/2, under Assumption[Z} then with probability at least 1 — pl_AQ/ 32

, we have

1 ch A D
~|IX8]13 + A > J)) < 5 1011+ An(falldslln + = [185][2)-

jese
Proof. The first part of proof is similar with the proof of Lemma B.1 in [5]. For the completeness,

we begin from the following basic inequality

1 Ve ¢ A 1 * ¢ *
~lly = XBI5+ 2 T3 < —lly = X875+ Y (151,

J=1 J=1
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which is equivalent to

1 5 . i1 Tij€i
~|IX8([5+ A D JUBD <MD IUB1) = DT + 22 #)
jese jes jes
> i Tij€i o’
Define V; = ==Y " 1 < j < p, then V; ~ N'(0, —) and consider the event
n n

thus

vn Vi, Ay 1-42/32
¢ < . _ . < — n g .
P(a) <p IP’( Wil > == ) spexp | —55 ) =p

Hence on event <7,

A An A "
IR+ A0 D2 05D < T8l - M IAB) - S0 @10

JjES*® JjES JjES

Consider J(|3;]) — J(|85]),7 € S, by Taylor Expansion,

A * / * . * JU(|6 |)
J(1551) = J(18;51) = J'(|B;1)d;sign(5}) + &7,
where |3;] lies between |37| and |3;|. Thus
. D
[ 7(1851) = JUBDI < faldsl + = 82,

S I8 = T8N < fallds|h + —H5sH2

jeSs
Then the result can be derived from directly. O

This lemma suggests one interesting property on the general residual, that is, with probability
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close to 1, the general residual must satisfy

1
§||5s||1 + fullosli + = ||5s||§-

S 705D — sl

jeSse

Similarly, in the general high-dimensional scenario, we impose some conditions on the design

matrix in order to obtain the error bounds for the general penalized least squares estimator.

Assumption 3. (Generalized Restricted Eigenvalue Condition RE sy, V)) For some integer s such

that 1 < sq < p, and a function U, the following condition holds:

X9
K(S0,¥) = min min IXall> > 0,
sellp), 020, \F||5H1

D
where U(S) = {6 eSS o T10,D) — Mibsells < HiBslh + fullBsll + 5||5s||3}.

The assumption is similar as the restricted eigenvalue condition (4.6). We also require that the
minimum restricted eigenvalue of the design matrix over a subset of the vectors is positive. Note that
we use the L, norm in the denominator to facilitate the derivation in the general case. In particular,

we can specify the subset once we choose the penalty function.

Theorem 6. Let the conditions of Lemmal3l be satisfied, then under the condition RE(s, V) with k,

2 /
ifA< Di 1 , with probability at least 1 — p'~ A%/32 \ve have
o\ logp’

(1+2f,)Ac/logp
~ 2y/nk? — ADo+/logp

16]]x <

Proof. Under Assumption 3, the general penalized least squares residual satisfies

1X6]]2 > v/nkl|8] 1.
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And in Lemmal[3] we have
1 A D
—[|1X8[3 < Z0[1 + An(fulldslls + 5 116s]13),
n 2 2
1 D ,
< (5 + FMall8ll + 21311 @11)

1 D
< (5 + FAall6lh + A1

Hence

1 D
2181 < G+ FAl8ll + A1

D 1
(1* = AT < (5 + fu)Aalld] 1,

18]], < (1 +2f,)Acy/plogp
' = 2y/nk2 — ADo/logp’

Thus the inequality in Theorem [ holds. O

Theorem [6 provides the bound of the estimation error for the general penalized least squares
estimator. Moreover, the prediction error =||X4||3 can also be derived from @.II). The upper
bound on the constant A controls the range of the tuning parameter \,. Particularly, the upper
bound is infinity for the case D = 0 such as the Lasso and the adaptive Lasso. In general, in the
asymptotic sense, assuming /log p < /n, the upper bound can be sufficiently large.

Now we can summarize the following result for the SPSP algorithm on the general least squares

estimator.

Theorem 7. Consider the general penalized least squares estimator B = (Bl, e ,Bp)T defined

in 4.9) with \,, = Ac 10%, where A is a constant and A > 4v/2. Under the same conditions

(1+2f,)Ac+/logp
2y/nk? — ADo+/logp

in Theorem [6] suppose migl 85| — > Cy > 0, where Cy is a constant. If
je



Viogp < \/n, then

J
where C* =

min 18]~ 13, o
max Birl = 15;]

jf,%?é(s |Bj3| - |Bj4| <
Lamin (18] = 13

x| 3 *
max | 53] — min | 5]]

M *
min |85

Proof. The proof is analogous to the proof of Theorem 4l

=1lasn — oo,

— lasn — oo,
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O

Here Theorem [7] provides the similar results as Theorem [l It proves the partitioning rule for the

SPSP algorithm on the general penalty functions over a certain range of the tuning parameters. It

is worth mentioning that the conditions in Theorem [7] can be relaxed once we specify the penalty

function in (4.9). The further theoretical properties of the SPSP estimators over the whole solution

paths will be left as the future work.
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CHAPTER 5 SIMULATION STUDIES

This chapter examines the selection accuracy of the SPSP algorithm through six simulated ex-
amples. Specifically, we apply four popular penalty functions in the simulation studies: the Lasso,
the adaptive Lasso, the SCAD and the MCP. For each penalty, we compare the performance of the
proposed algorithm with the criteria for selecting the tuning parameter including the CV, the GCV,
the AIC, the BIC and the EBIC. Moreover, we also present the comparison between the AIS algo-
rithm and two other stepwise selection approaches: the forward selection and the LARS algorithm.
Finally, we provide a simple example of the SPSP algorithm in the graphical modeling. All of the

simulation studies in the chapter are implemented in the R environment.
5.1 SPSP for variable selection

We carry out extensive simulation studies to compare the SPSP procedure and the AIS algorithm
with the current existing approaches. For the examples either with small number of the variables or
with simple correlation structures (such as Example 1 and 2 in [52]), the simulation studies show
that both the proposed SPSP algorithm and some of the existing approaches have good performance

in selecting the correct model. The results of these examples are available upon request.
5.1.1 Simulation Settings

We mainly propose the SPSP algorithm for the variable selection problems with high correla-
tions in the data sets, especially for the high dimensional data problems. Therefore, we present six
simulation examples with relatively complicated correlation structures here. The first simulation
illustrates one low dimensional case, where the relevant variables are highly correlated. The other
five simulation settings all have high dimensional features (p > n). In the second simulation, the
relevant variables are highly correlated with different signs. To examine the performances of the
proposed SPSP algorithm over different noise levels, we increase the noise level of the second sim-

ulation for the third simulation setting. For the following two simulation examples, the true models
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both contain 3 relevant variables, while the number of irrelevant variables are 97 and 997 respec-

tively. We can evaluate the performance of the proposed algorithm for sparse models through these
two examples. The last simulation is also from a high dimensional linear regression, but the true
model is not contained in the model space. The simulation is used to examine the performance of
the proposed algorithm in the misspecified models.

All the following simulations are generated from model with

and ¢; ~ N (0, 0?). The details of the simulations are described as follows.

(1) Let
ﬁ* = (37 37 37 37 37 _27 _27 _27 _27 _27 07 T 70)7

where the first 10 coefficients are nonzero and the remaining 30 coefficients are zero. The
pairwise correlation between the first 10 variables is 0.9. The remaining 30 variables are
independent with each other, and are also independent with the first 10 variables. We set

o = 3 and n = 50.

(2) Let B8 = (3,3,-2,3,3,—2,0,---,0), where the first 6 coefficients are nonzero and the re-
maining 94 coefficients are zero. The pairwise correlation between the first 3 variables is
0.9, the pairwise correlation between the second 3 variables is also 0.9 and the remaining 94
variables are independent with each other. Furthermore, the first 3 variables, the second 3
variables, and the remaining 94 variables are independent with each other. We set ¢ = 1 and

n = 50.
(3) The same as Model (2) except that we set o = 3.

(4) There are 100 variables in the model. Let 57 = 3,35 = 1.5, 8f = 2, and the remaining 97

coefficients are zero. The correlation between x;; and xj is 0.51=72l We set ¢ = 2 and
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n = 50.

(5) The same as Model (4) except that we set 1000 variables in the model.

(6) The true coefficients in the model is

B* = (1,-1.25,0.75,-0.95,1.5,0,--,0),

where among these 100 coefficients, the first 10 are nonzero and the remaining 95 are zero.
All the variables are independent of each other, i.e, the rows of X is generated from N (0, L,).

We consider n = 50 and o0 = 0.25 in the model. Here the response y is obtained from

y :Xﬁ*_'_xp—‘rl +€7

where x,,1 = X; 0 Xy is an interaction term which is the product of the first two variables.
However, we still apply the model (II): y = X3* + € to estimate the coefficients. Therefore,

the true model cannot be correctly specified in this simulation study.

The first three examples are similar with the examples in the random lasso paper by Wang et
al. (2011, [57]), which are designed to investigate the performance of the existing methods for the
data with complicated correlation structures. The following two examples are selected from the
truncated L, penalty paper by Shen et al. (2012, [48]]). The last misspecified model is taken from
Lv and Liu (2014, [37]). We aim at examining the performance of the proposed methods through
these six examples with different correlation structures.

To compute the solution paths for Lasso and adaptive Lasso, we utilized the R package las-
soshooting ([1]]), and while the initial weight of the adaptive Lasso is obtained by the ridge estimator
with a small shrinkage factor (A = 0.01). For SCAD and MCP, R package plus ([62]) is imple-
mented to obtain the solution paths.

For computing the solution paths of the penalized least squares estimators, we need to initially
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select a grid of tuning parameters A. For the Lasso and the adaptive Lasso, as discussed before, we

select the grid to be equi-distant on the log scale as follows:

)\min:)\l<"'<)\K:)\maxa

where Ay = 1/7, A\pae is the smallest A yielding B = (. That is,

log()\max) - log()\min)
K -1

)\k+1:)\kexp< ),k:zl,---,K—l.

We apply K = 100 in all the simulations. For the ridge, we apply the same grid as the Lasso. For the
SCAD and the MCP, the grid of tuning parameters are generated automatically by the plus function.

In the SPSP algorithm, the selection of the constant C' is data-adaptive. Generally, for each
penalty, we obtain an estimator with a small shrinkage factor (A = 0.01), and then compute the
adjacent distances of the sorted absolute values of the coefficients. Thus, the constant C' can be

computed as
Maximal adjacent distance

= . 5.1
Second maximal adjacent distance -1

Considering the criteria for selecting the tuning parameter A\, we apply the two-fold CV to reduce
the computational cost. And for the GCV, the AIC, the BIC, the EBIC, as introduced in Chapter 1,

the formulas are given as follows,

Agoy = argmin
Ak

( SSE(\) ) |

n(l — 8 /n)?

Aarc = argmin(n log(SSE(A)) + 25;),
Ak

Aprc = argmin(n log(SSE(M;)) + §x logn),
Ak

Aeprc = argmin(nlog(SSE (M) + $k(2logp + logn)),
Ak

where SSE(\,) = ||y — XBk||2 4 is the number of the nonzero variables at the tuning parameter
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)\k’ i.e.,

Sk="> 1(Br; #0).
j=1

For each simulation, we record the following measures: FP (False Positive, the number of zero
variables incorrectly identified as nonzero), FN (False Negative, the number of nonzero variables
incorrectly identified as zero), PS (FP+FN, the total number of the incorrect selections), and ME
(Model Error=(3 — 8*)T3(8 — 3*)/0?). Note that in each simulation, the true model is known,
therefore we also record the result of the “oracle” selection in a sense that we select the “best” tuning
parameter which minimizes the number of the incorrect selections (i.e., the smallest “PS” value).

We report the mean and the standard error (standard deviation/ \/E) of all these values over

B =100 replicates for these six examples. We also tried B = 200 and the results are similar.
5.1.2 The Main Results

The results for these six examples are summarized in Table

From Table 5.1l we can observe that the CV, the GCV, the AIC and the BIC on all the penalties
tend to select too many variables in the model, which lead to large FP values. For the EBIC, the
FP value is almost 0 but the FN value is large. It indicates that this criterion excludes most of the
informative variables for producing an over-sparse model. It is also seen that the SPSP on the Lasso,
the adaptive Lasso, the SCAD and the MCP all perform well in excluding the irrelevant variables in
the model (small FP values). Meanwhile, the SPSP on all the penalties exclude almost half of the
relevant variables in the model, which is better than the results of the EBIC. Finally, we also notice
that the model errors of the SPSP are smaller than the other selection criteria for all the penalties.

Table show the results for high dimensional examples. In Table[5.2] we can see that the
FN values of all the approaches are close on the same penalty; however, the SPSP algorithm on the
penalty has much smaller FP values than the other selection criteria. It indicates that the proposed
algorithm can remarkably reduce the number of the irrelevant variables for this high dimensional
example. Even when the noise level increases in Example 3, the SPSP Algorithm still performs well

in reducing the FP values compared with the other criteria.
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Table 5.1: Simulation Results of Example 1 (low-dimension) over 100 replicates for the Lasso, the
ALasso (Adaptive Lasso), the SCAD, the MCP (Standard Error in the parentheses).

SPSP | 2-CV | GCV | AIC | BIC | EBIC | Oracle
Lasso | FP | 0.63 | 8.31 | 1042 | 26.12 | 5.03 | 0.77 | 0.82
(0.24) | (1.61) | (1.28) | (0.77) | (1.32) | (0.13) | (0.13)
FN | 511 | 558 | 579 | 1.69 | 627 | 7.03 | 6.95
(0.28) | (0.39) | (0.32) | (0.27) | (0.33) | (0.13) | (0.12)
PS| 574 | 13.89 | 16.21 | 27.81 | 11.30 | 7.80 | 7.77
(0.33) | (1.27) | (1.03) | (0.60) | (1.05) | (0.20) | (0.19)
ME | 044 | 059 | 053 | 0.72 | 059 | 057 | 0.57
(0.02) | (0.02) | (0.02) | (0.03) | (0.02) | (0.02) | (0.02)

ALasso | FP | 0.65 | 5.63 | 10.62 | 22.59 | 4.12 | 0.19 | 0.37
(0.20) | (1.44) | (0.91) | (1.01) | (0.97) | (0.07) | (0.09)
FN | 4.03 | 657 | 455 | 140 | 6.73 | 8.09 | 7.19
(0.29) | (0.43) | (0.38) | (0.24) | (0.33) | (0.11) | (0.18)
PS | 4.68 | 11.93 | 15.17 | 23.99 | 10.85 | 8.28 | 7.56
(0.30) | (1.05) | (0.69) | (0.84) | (0.71) | (0.13) | (0.15)
ME | 040 | 0.80 | 051 | 0.69 | 055 | 0.63 | 0.55
(0.02) | (0.04) | (0.02) | (0.03) | (0.02) | (0.03) | (0.02)

SCAD | FP| 1.09 | 0.86 | 12.21 | 15.03 | 5.07 | 0.00 | 0.24
(0.37) | (0.28) | (0.68) | (0.61) | (0.88) | (0.00) | (0.08)
FN| 586 | 834 | 625 | 584 | 7.10 | 8.94 | 6.90
(0.17) | (0.13) | (0.16) | (0.18) | (0.20) | (0.05) | (0.16)
PS| 6.95 | 9.20 | 18.46 | 20.87 | 12.17 | 8.94 | 7.14
(0.40) | (0.27) | (0.72) | (0.68) | (0.82) | (0.05) | (0.14)
ME | 047 | 0.61 | 066 | 0.71 | 057 | 0.61 | 0.66
(0.02) | (0.03) | (0.03) | (0.03) | (0.03) | (0.02) | (0.04)

MCP | FP| 0.96 | 0.61 | 12.04 | 15.38 | 6.92 | 0.00 | 0.97
(0.35) | (0.24) | (0.63) | (0.66) | (0.82) | (0.00) | (0.17)
FN | 531 | 886 | 579 | 539 | 647 | 8.94 | 6.88
(0.20) | (0.07) | (0.18) | (0.17) | (0.21) | (0.05) | (0.22)
PS| 627 | 947 | 17.83 | 20.77 | 13.39 | 8.94 | 7.85
(0.39) | (0.23) | (0.67) | (0.68) | (0.74) | (0.05) | (0.17)
ME | 045 | 0.61 | 0.68 | 0.73 | 0.61 | 0.60 | 0.48
(0.02) | (0.02) | (0.03) | (0.03) | (0.03) | (0.02) | (0.02)
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Table 5.2: Simulation Results of Example 2 (high-dimension) over 100 replicates for the Lasso, the
ALasso (Adaptive Lasso), the SCAD, the MCP (Standard Error in the parentheses).

SPSP | 2-CV | GCV | AIC | BIC | EBIC | Oracle
Lasso | FP | 0.04 | 24.60 | 49.74 | 49.48 | 49.27 | 8.89 | 0.01
(0.03) | (1.66) | (0.29) | (0.28) | (0.28) | (2.58) | (0.01)
FN | 211 | 1.97 | 1.68 | 1.68 | 1.68 | 2.00 | 2.01
(0.06) | (0.02) | (0.08) | (0.08) | (0.08) | (0.03) | (0.01)
PS | 2.15 | 26,57 | 51.42 | 51.16 | 50.95 | 10.89 | 2.02
(0.07) | (1.66) | (0.30) | (0.29) | (0.30) | (2.57) | (0.02)
ME | 154 | 121 | 135 | 1.35 | 1.35 | 2,09 | 2.54
(0.07) | (0.07) | (0.05) | (0.05) | (0.05) | (0.15) | (0.17)

ALasso | FP| 0.02 | 9.20 | 40.47 | 42.95 | 42.86 | 0.1 | 0.08
(0.02) | (1.18) | (0.44) | (0.19) | (0.20) | (0.05) | (0.04)
FN| 1.05 | 1.05 | 024 | 022 | 022 | 21 | 1.92
(0.13) | (0.12) | (0.06) | (0.06) | (0.06) | (0.06) | (0.05)
PS | 1.07 | 10.25 | 40.71 | 43.17 | 43.08 | 22 | 2.00
(0.14) | (1.13) | (0.46) | (0.22) | (0.23) | (0.07) | (0.03)
ME | 1.00 | 1.14 | 1.31 | 1.33 | 133 | 1.8 | 1.82
(0.09) | (0.07) | (0.05) | (0.05) | (0.05) | (0.12) | (0.11)

SCAD | FP| 0.02 | 1.52 | 39.08 | 40.03 | 39.69 | 20.02 | 0.01
(0.02) | (0.43) | (1.06) | (0.98) | (1.03) | (3.28) | (0.01)
FN | 342 | 389 | 3.68 | 3.68 | 3.68 | 3.81 | 2.46
(0.11) | (0.05) | (0.09) | (0.09) | (0.09) | (0.08) | (0.09)
PS | 344 | 541 | 42.76 | 43.71 | 43.37 | 23.83 | 247
(0.11) | (0.42) | (1.08) | (1.01) | (1.05) | (3.27) | (0.09)
ME | 227 | 248 | 1.36 | 1.36 | 1.36 | 2.07 | 6.40
(0.09) | (0.11) | (0.05) | (0.05) | (0.05) | (0.13) | (0.38)

MCP | FP | 0.01 | 0.85 | 46.47 | 46,54 | 46.43 | 42.74 | 0.03
(0.01) | (0.24) | (0.67) | (0.54) | (0.55) | (2.03) | (0.02)
FN | 359 | 396 | 3.68 | 3.76 | 3.78 | 3.80 | 3.68
(0.10) | (0.03) | (0.10) | (0.09) | (0.08) | (0.08) | (0.08)
PS | 3.60 | 4.81 | 50.15 | 50.30 | 50.26 | 46.54 | 3.71
(0.10) | (0.25) | (0.68) | (0.56) | (0.58) | (2.03) | (0.08)
ME | 248 | 2.76 | 1.35 | 1.36 | 1.36 | 1.50 | 2.62
(0.10) | (0.11) | (0.55) | (0.05) | (0.05) | (0.08) | (0.10)
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Table 5.3: Simulation Results of Example 3 (high-dimension with large noise) over 100 replicates
for the Lasso, the ALasso (Adaptive Lasso), the SCAD, the MCP (Standard Error in the parentheses).

SPSP | 2-CV | GCV | AIC | BIC | EBIC | Oracle
Lasso | FP | 0.87 | 33.45 | 51.57 | 51.39 | 51.37 | 38.91 | 1.75
(0.28) | (0.72) | (0.31) | (0.31) | (0.31) | (2.81) | (0.20)
FN | 296 | 225 | 1.96 | 1.95 | 1.95 | 213 | 231
(0.13) | (0.10) | (0.10) | (0.10) | (0.10) | (0.10) | (0.09)
PS | 3.83 | 35.70 | 53.53 | 53.34 | 53.32 | 41.04 | 4.06
(0.28) | (0.73) | (0.34) | (0.34) | (0.34) | (2.78) | (0.23)
ME | 039 | 0.66 | 1.02 | 1.02 | 1.02 | 0.94 | 0.51
(0.04) | (0.03) | (0.03) | (0.03) | (0.03) | (0.04) | (0.03)

Alasso | FP| 1.36 | 22.84 | 43.06 | 44.42 | 44.19 | 0.19 | 0.30
(0.47) | (1.15) | (0.31) | (0.19) | (0.20) | (0.07) | (0.07)
FN| 261 | 1.87 | 1.21 | 1.11 | 1.10 | 3.02 | 251
(0.15) | (0.13) | (0.13) | (0.12) | (0.12) | (0.10) | (0.10)
PS | 3.97 | 24.71 | 44.27 | 45.53 | 45.29 | 321 | 281
(0.45) | (1.15) | (0.37) | (0.28) | (0.28) | (0.12) | (0.12)
ME| 039 | 058 | 1.01 | 1.02 | 1.02 | 053 | 0.44
(0.05) | (0.03) | (0.03) | (0.03) | (0.03) | (0.05) | (0.04)

SCAD | FP| 1.37 | 3.36 | 39.23 | 40.04 | 39.74 | 21.81 | 0.02
(0.57) | (0.54) | (1.12) | (1.06) | (1.09) | (3.28) | (0.02)
FN | 366 | 391 | 394 | 394 | 394 | 3.99 | 2.76
(0.08) | (0.04) | (0.04) | (0.04) | (0.04) | (0.04) | (0.10)
PS | 5.03 | 7.27 | 43.17 | 43.98 | 43.68 | 25.80 | 2.78
(0.58) | (0.55) | (1.12) | (1.06) | (1.09) | (3.27) | (0.10)
ME | 040 | 042 | 1.02 | 1.02 | 1.02 | 0.74 | 088
(0.03) | (0.03) | (0.03) | (0.03) | (0.03) | (0.07) | (0.05)

MCP | FP| 1.69 | 1.90 | 45.37 | 45.93 | 45.81 | 39.64 | 0.02
(0.70) | (0.43) | (0.90) | (0.79) | (0.85) | (2.56) | (0.02)
FN | 395 | 402 | 393 | 394 | 394 | 3.96 | 3.96
(0.03) | (0.03) | (0.04) | (0.03) | (0.03) | (0.03) | (0.03)
PS| 564 | 592 | 49.30 | 49.87 | 49.75 | 43.60 | 3.98
(0.70) | (0.43) | (0.90) | (0.80) | (0.86) | (2.55) | (0.02)
ME | 045 | 046 | 1.02 | 1.02 | 1.02 | 0.94 | 0.46
(0.03) | (0.04) | (0.03) | (0.03) | (0.03) | (0.04) | (0.03)
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Table 5.4: Simulation Results of Example 4 (high-dimensional sparse model, p = 100) over 100
replicates for the Lasso, the ALasso (Adaptive Lasso), the SCAD, the MCP (Standard Error in the
parentheses).

SPSP | 2-CV | GCV | AIC | BIC | EBIC | Oracle
Lasso | FP | 023 | 22.04 | 4982 | 49.87 | 49.87 | 11.72 | 0.37
(0.08) | (1.49) | (0.29) | (0.26) | (0.26) | (2.88) | (0.08)
FN| 034 | 000 | 002 | 0.02 | 0.02 | 0.01 | 0.00
(0.09) | (0.00) | (0.02) | (0.02) | (0.02) | (0.01) | (0.00)
PS | 057 | 22.04 | 49.84 | 49.89 | 49.89 | 11.73 | 0.37
(0.11) | (1.49) | (0.30) | (0.26) | (0.26) | (2.88) | (0.08)
ME | 057 | 043 | 1.02 | 1.02 | 1.02 | 062 | 0.50
(0.06) | (0.04) | (0.03) | (0.03) | (0.03) | (0.05) | (0.04)

Alasso | FP| 0.86 | 13.28 | 42.95 | 45.55 | 45.46 | 0.16 | 0.10
(0.25) | (1.28) | (0.78) | (0.15) | (0.15) | (0.06) | (0.04)
FN | 021 | 000 | 001 | 0.00 | 0.01 | 0.10 | 0.00
(0.07) | (0.00) | (0.01) | (0.00) | (0.01) | (0.04) | (0.00)
PS | 1.07 | 13.28 | 42.96 | 45.55 | 45.47 | 0.26 | 0.10
(0.25) | (1.28) | (0.78) | (0.15) | (0.15) | (0.07) | (0.04)
ME | 023 | 031 | 098 | 1.01 | 1.01 | 023 | 0.24
(0.04) | (0.03) | (0.03) | (0.03) | (0.03) | (0.03) | (0.03)

SCAD | FP| 285 | 2.84 | 31.08 | 3341 | 3258 | 9.68 | 0.11
(0.79) | (0.45) | (1.23) | (1.14) | (1.23) | (2.59) | (0.04)
FN| 032 | 024 | 011 | 011 | 0.11 | 037 | 0.13
(0.08) | (0.06) | (0.04) | (0.04) | (0.04) | (0.07) | (0.05)
PS | 3.17 | 3.08 | 32.09 | 33.52 | 32.69 | 10.05 | 0.24
(0.77) | (0.44) | (1.22) | (1.14) | (1.23) | (2.56) | (0.06)
ME | 042 | 035 | 1.00 | 1.00 | 1.00 | 053 | 0.52
(0.06) | (0.05) | (0.03) | (0.03) | (0.03) | (0.05) | (0.06)

MCP | FP| 1.38 | 1.47 | 42.56 | 43.04 | 43.84 | 29.13 | 0.16
(0.43) | (0.41) | (0.94) | (0.78) | (0.80) | (3.24) | (0.05)
FN| 037 | 040 | 012 | 0.12 | 0.12 | 0.25 | 0.13
(0.08) | (0.07) | (0.05) | (0.05) | (0.05) | (0.06) | (0.05)
PS| 1.75 | 1.87 | 42.68 | 44.06 | 43.96 | 29.38 | 0.29
(0.42) | (0.41) | (0.93) | (0.77) | (0.79) | (3.21) | (0.07)
ME | 045 | 046 | 1.02 | 1.02 | 1.02 | 0.94 | 0.46
(0.06) | (0.06) | (0.03) | (0.03) | (0.03) | (0.06) | (0.04)
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Table 5.5: Simulation Results of Example 5 (high-dimensional sparse model, p = 1000) over 100
replicates for the Lasso, the ALasso (Adaptive Lasso), the SCAD, the MCP (Standard Error in the
parentheses).

SPSP | 2-CV | GCV | AIC | BIC | EBIC | Oracle
Lasso | FP | 0.04 | 41.55 | 56.85 | 56.56 | 56.03 | 0.11 | 0.14
(0.03) | (2.29) | (0.42) | (0.41) | (0.39) | (0.04) | (0.05)
FN | 0.75 | 0.00 | 000 | 0.00 | 0.00 | 0.69 | 0.07
(0.12) | (0.00) | (0.00) | (0.00) | (0.00) | (0.14) | (0.04)
PS | 0.79 | 41.55 | 56.85 | 56.56 | 56.03 | 0.80 | 0.21
(0.12) | (2.29) | (0.42) | (0.41) | (0.39) | (0.13) | (0.06)
ME | 061 | 0.82 | 1.05 | 1.05 | 1.05 | 1.50 | 1.09
(0.09) | (0.05) | (0.03) | (0.03) | (0.03) | (0.17) | (0.08)

ALasso | FP| 0.13 | 20.08 | 41.70 | 44.78 | 44.78 | 0.11 | 0.09
(0.06) | (1.92) | (0.87) | (0.29) | (0.29) | (0.04) | (0.04)
FN | 057 | 001 | 000 | 0.00 | 0.00 | 051 | 0.12
(0.11) | (0.01) | (0.00) | (0.00) | (0.00) | (0.12) | (0.05)
PS| 0.70 | 20.09 | 41.70 | 44.78 | 44.78 | 0.62 | 0.21
(0.11) | (1.92) | (0.87) | (0.29) | (0.29) | (0.12) | (0.06)
ME | 049 | 053 | 098 | 1.02 | 1.02 | 0.79 | 0.61
(0.08) | (0.04) | (0.04) | (0.03) | (0.03) | (0.13) | (0.06)

SCAD | FP| 1.95 | 6.20 | 29.56 | 31.61 | 30.70 | 15.45 | 0.07
(0.43) | (0.77) | (0.60) | (0.70) | (0.69) | (2.19) | (0.04)
FN| 050 | 027 | 037 | 037 | 0.37 | 059 | 0.13
(0.09) | (0.06) | (0.07) | (0.07) | (0.07) | (0.12) | (0.05)
PS | 245 | 6.47 | 29.93 | 31.98 | 31.07 | 16.04 | 0.20
(0.42) | (0.77) | (0.60) | (0.70) | (0.69) | (2.16) | (0.06)
ME | 058 | 057 | 1.04 | 1.04 | 1.04 | 1.18 | 0.95
(0.06) | (0.07) | (0.03) | (0.03) | (0.03) | (0.15) | (0.09)

MCP | FP| 0.66 | 2.25 | 46.06 | 46.07 | 46.02 | 44.81 | 0.03
(0.25) | (0.46) | (0.54) | (0.49) | (0.53) | (1.31) | (0.02)
FN| 069 | 044 | 030 | 0.30 | 0.30 | 0.30 | 0.30
(0.10) | (0.08) | (0.07) | (0.07) | (0.07) | (0.07) | (0.07)
PS| 1.35 | 2.69 | 46.36 | 46.37 | 46.32 | 45.11 | 0.33
(0.25) | (0.46) | (0.54) | (0.50) | (0.53) | (1.30) | (0.07)
ME | 058 | 058 | 1.04 | 1.04 | 1.04 | 1.03 | 0.48
(0.07) | (0.06) | (0.03) | (0.03) | (0.03) | (0.03) | (0.04)
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Table 5.6: Simulation Results of Example 6 (misspecified model) over 100 replicates for the Lasso,
the ALasso (Adaptive Lasso), the SCAD, the MCP (Standard Error in the parentheses).

SPSP

2-CV

GCV

AIC

BIC

EBIC

Oracle

Lasso

FP

FN

PS

ME

0.39
(0.13)
0.95
(0.16)
1.34
(0.18)
14.66
(1.97)

27.20
(1.65)
0.06
(0.06)
27.76
(1.64)
13.71
(1.16)

4472
(0.34)
0.03
(0.02)
44.75
(0.35)
18.77
(1.04)

15.47
(0.17)
0.03
(0.02)
45.50
(0.17)
18.88
(1.04)

15.47
(0.17)
0.03
(0.02)
44.50
(0.17)
18.88
(1.04)

23.35
(3.14)
0.83
(0.21)
24.18
(3.02)
27.21
(2.75)

0.66
(0.13)
0.38
(0.09)
1.04
(0.14)
28.91
(1.81)

AL asso

FP

FN

PS

ME

0.67
(0.17)
0.77
(0.14)
1.44
(0.19)
12.94
(1.78)

19.09
(1.59)
0.20
(0.08)
19.29
(1.57)
12.86
(1.32)

36.91
(1.14)
0.11
(0.04)
37.02
(1.14)
17.21
(1.03)

42.18
(0.25)
0.08
(0.04)
42.26
(0.26)
18.29
(1.02)

42.15
(0.25)
0.08
(0.04)
42.23
(0.26)
18.29
(1.02)

0.30
(0.08)
1.55
(0.26)
1.85
(0.24)
26.99
(3.70)

0.37
(0.08)
0.36
(0.08)
0.73
(0.12)
16.14
(1.28)

SCAD

FP

FN

PS

ME

5.28
(1.17)
0.48
(0.14)
5.76
(1.15)
14.77
(2.13)

4.00
(0.73)
0.44
(0.15)
4.44
(0.71)
18.13
(2.36)

37.86
(1.07)
0.14
(0.06)
38.00
(1.08)
18.82
(1.03)

38.67
(0.97)
0.14
(0.06)
38.81
(0.98)
18.84
(1.03)

38.47
(1.01)
0.14
(0.06)
38.61
(1.01)
18.83
(1.03)

25.71
(3.01)
0.58
(0.19)
26.29
(2.94)
22.65
(3.33)

0.45
(0.10)
0.16
(0.06)
0.61
(0.11)
16.68
(1.70)

MCP

FP

FN

PS

ME

2.50
(0.75)
0.57
(0.15)
3.07
(0.74)
13.96
(2.23)

1.96
(0.46)
0.65
(0.16)
2.61
(0.44)
16.97
(2.46)

44.00
(0.58)
0.11
(0.05)
44.11
(0.58)
18.90
(1.04)

44.30
(0.43)
0.11
(0.05)
44.41
(0.44)
18.93
(1.04)

4411
(0.56)
0.11
(0.05)
44.22
(0.57)
18.90
(1.04)

40.96
(1.84)
0.23
(0.11)
41.19
(1.79)
19.37
(1.61)

0.16
(0.07)
0.15
(0.07)
0.31
(0.09)
10.69
(1.16)
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Table[5.4H5.5lpresents the simulation results for Example 4 and Example 5. Note that in these two

examples, the true models are highly sparse and the relevant variables and the irrelevant variables are
all correlated. We observe that the SPSP procedure can remarkably improves the selection accuracy
by selecting fewer irrelevant variables on the existing penalties in general. From these two tables,
we also notice that the adaptive Lasso with the EBIC also has a competitive performance in selection
due to the over-sparsity patterns of the true models but the model errors are much larger than those
of the SPSP approaches especially in Example 5.

The results of Example 6 are shown in Table[5.6. We observe that for this example where models
are misspecified, the SPSP algorithm on all the four penalties all have a good performance in both
selection and estimation accuracy. Note that the adaptive Lasso with the EBIC, the SCAD with CV,
the MCP with CV all perform similarly with SPSP in terms of FP values. It is worth mentioning
that the ME values are all relatively large since we divide o2 in computing ME and the noise level
o = 0.25 is quite small in this simulation study.

To show the overall patterns of the results over these 100 replicates, we also report the box plots
of the “PS” values of all the methods for these six examples in Figure It is observed that
the SPSP algorithm yields smaller medians of “PS” values than the other methods almost across
all cases . In addition, we notice that the SPSP algorithm delivers some outliers of “PS” values for
some simulations, especially as shown in Figure and 5.4l This is because the SPSP algorithm
may select some irrelevant variables at the beginning of the process in these simulations, which leads
to high “PS” values. As discussed before, we may need a conservative modification to control the
number of the selected irrelevant variables at the beginning of the SPSP algorithm.

In summary, from these simulation examples, we can see that the SPSP approach can improve
the selection accuracy of the penalized least squares estimations in general, especially when high
correlations among the variables are presented. It can well balance the trade-off between the model
fitting and the model sparsity compared with the other criteria. Compared with the other criteria, the
proposed algorithm can select fewer irrelevant variables without excluding more relevant variables

for high dimensional data problems.
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Figure 5.1: The box plots of PS values for Example 1: SPSP(S), 2-CV(C), GCV(G), AIC(A),
BIC(B), EBIC(E), Oracle(O).
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Figure 5.2: The box plots of PS values for Example 2: SPSP(S), 2-CV(C), GCV(G), AIC(A),
BIC(B), EBIC(E), Oracle(O).
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Figure 5.3: The box plots of PS values for Example 3: SPSP(S), 2-CV(C), GCV(G), AIC(A),
BIC(B), EBIC(E), Oracle(O).
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Figure 5.4: The box plots of PS values for Example 4: SPSP(S), 2-CV(C), GCV(G), AIC(A),
BIC(B), EBIC(E), Oracle(O).
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Figure 5.5: The box plots of PS values for Example 5: SPSP(S), 2-CV(C), GCV(G), AIC(A),
BIC(B), EBIC(E), Oracle(O).
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Figure 5.6: The box plots of PS values for Example 6: SPSP(S), 2-CV(C), GCV(G), AIC(A),
BIC(B), EBIC(E), Oracle(O).
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5.1.3 The SPSP Algorithm on the Ridge

One compelling advantage of the proposed SPSP procedure is that it can be applied for the
penalties which cannot produce sparse solutions, such as the ridge penalty. Here we also implement
the SPSP algorithm on the ridge for these examples. The results are presented in Table For the
convenience of comparison, we also report the ranking of the performance of the ridge among all
the five penalties (the Lasso, the adaptive Lasso, the SCAD, the MCP and the ridge) with the SPSP
procedure. For instance, if rank equals 3, it means this result of ridge with SPSP is the third smallest
among these five penalties. In two of the examples, the ridge actually returns the best results in
terms of selection accuracy. Although the ME numbers of ridge are generally large compared to
other penalties, the differences between the ME values of ridge and those of other penalties are

relatively small.

Table 5.7: Simulation results of the SPSP approach on the ridge (Standard Error in parentheses),
ranking among all the five penalties in the third row.
Ex(1) | Ex(2) | Ex(3) | Ex(4) | Ex(5) | Ex(6)
Ridge | FP | 4.32 0.52 2.33 0.36 0.18 0.37
(0.81) | (0.16) | (0.61) | (0.11) | (0.07) | (0.11)
5 5 5 2 3 1
FN | 3.38 0.48 1.50 0.61 0.96 2.19
(0.32) | (0.10) | (0.21) | (0.10) | (0.10) | (0.18)
1 1 1 5 5 5
PS | 7.70 1.00 3.83 0.97 1.14 | 2.56
(0.70) | (0.19) | (0.60) | (0.12) | (0.11) | (0.15)
5 1 1 2 3 3
ME | 0.49 0.77 | 0.53 0.55 0.86 | 31.33
(0.03) | (0.08) | (0.08) | (0.08) | (0.08) | (2.77)
5 1 5 4 5 5

5.1.4 The Comparison with the Stability Selection

As introduced in Chapter 1, the stability selection (SS) approach, proposed by Meinshausen
and Bithhmann (2010, [41]]), also avoids the selection issue of the tuning parameter by using the

subsampling techniques. Hence, we compare the performance of the SPSP procedure with the SS
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approach for the first four examples and the last example. Here we omit Example 5 because of
the huge computational cost for stability selection. As suggested in Meinshausen and Biihlmann
(2010, [41]), we evaluate the selection probabilities over 100 subsamples and choose the threshold
value as 0.9. The results of the SS algorithm can be found in Table [5.§] and Table It can be
seen that generally the SPSP algorithm has better performance than SS in terms od both selection
accuracy and model errors. Particularly, the SS approach tends to exclude many relevant variables.
In addition, we also notice that the computational cost of the SS algorithm is dramatically higher
than that of the SPSP procedure since its process involves resampling and solution paths for all the

100 subsamples to be computed.

Table 5.8: Results of the SS algorithm and the SPSP on the Lasso.
Ex(1) | Ex(2) | Ex(3) | Ex(4) | Ex(6)
SS FP | 0.35 0.01 0.01 0.10 0.00
(0.64) | (0.10) | (0.10) | (0.32) | (0.00)
FN | 9.47 2.37 4.79 0.30 2.30
(0.56) | (0.54) | (0.73) | (0.48) | (0.82)
PS 9.82 2.38 4.80 0.40 2.30
(0.89) | (0.56) | (0.74) | (0.52) | (0.82)
ME | 1.93 1.68 1.64 0.26 | 28.02
(1.31) | (0.57) | (0.97) | (0.34) | (9.93)
SPSP | FP | 0.63 0.87 0.01 0.23 0.39
(0.24) | (0.03) | (0.28) | (0.08) | (0.13)
FN | 5.11 2.11 2.96 0.34 0.95
(0.28) | (0.54) | (0.09) | (0.48) | (0.16)
PS 5.74 2.15 3.83 0.57 1.34
(0.33) | (0.07) | (0.11) | (0.52) | (0.18)
ME | 0.44 1.54 0.39 0.57 | 14.66
(0.02) | (0.07) | (0.04) | 0.06 | (1.97)

Table 5.9: The average time for computing the SS and the SPSP estimators (in seconds)
‘ Ex(1) ‘ Ex(2) ‘ Ex(3) ‘ Ex(4) ‘ Ex(6)
SS | 41.23s | 88.79s | 121.16s | 199.29s | 162.39s
SPSP | 0.44s | 1.55s 0.39s 3.89s 2.90s
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5.2 Ranking by the AIS

In this section, we will investigate the performance of the proposed AIS algorithm and compare
the results with the other stepwise selection methods: the forward selection, the Least Angle Re-
gression (LARS) algorithm ([[15]) and the stepwise selections by the original penalized least squares
estimators..

In details, the AIS algorithm is based on the results from the SPSP procedure. We will compute
the AIS on the Lasso, the adaptive Lasso, the ridge, the SCAD and the MCP for all these six exam-
ples. The forward selection and the LARS algorithm are implemented by the R package lars ([29]).
The stepwise selections by the original estimators are ranked by the order of the tuning parameters
at which the estimators of their coefficients are shrunk to zeros.

For all the examples, we compare the False Positive Rate (FPR) of the AIS method with the other
two methods at each step. Particularly, in these stepwise selection methods, we select ¢ variables

after ¢ steps, ¢ = 1,- - - , p, then FPR is computed as

rpr=T4
q

where F'P(q) =the number of irrelevant variables in these ¢ variables. Clearly, a higher FPR of one
method indicates that the method mistakenly choose more irrelevant variables at this stage.

The average FPRs of all the methods over 100 replicates are shown in the Figure

Figure[5.7]shows that the FPRs of the AIS on all the penalties are smaller than the other methods
for Example 1. Even at the beginning, the FPR curves of the AIS methods are much lower than the
other FPR curves. For Example 2 and Example 3, the AIS approaches and the LARS algorithm are
remarkably better than the Forward Selection. It is also noticed that the AIS on the ridge penalty
have the best performance for most steps in these two examples. Among these three examples,
we also notice that the results of AIS algorithm on each penalty are much better than those of the

original penalty, which suggests that the AIS algorithm can improve the selection accuracy of the
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Figure 5.7: The mean of FPRs over 100 replicates for Example 1: the Forward Selection (FW), the
Least Angle Regression (LAR), the original Lasso (L), the original adaptive Lasso (A), the original
SCAD (S), the original MCP (M), the AIS on the Lasso (AISL), the AIS on the adaptive Lasso
(AISA), the AIS on the SCAD (AISS), the AIS on the MCP (AISM), the AIS on the ridge (AISR).
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Figure 5.8: The mean of FPRs over 100 replicates for Example 2: the Forward Selection (FW), the
Least Angle Regression (LAR), the original Lasso (L), the original adaptive Lasso (A), the original
SCAD (S), the original MCP (M), the AIS on the Lasso (AISL), the AIS on the adaptive Lasso
(AISA), the AIS on the SCAD (AISS), the AIS on the MCP (AISM), the AIS on the ridge (AISR).
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Figure 5.9: The mean of FPRs over 100 replicates for Example 3: the Forward Selection (FW), the
Least Angle Regression (LAR), the original Lasso (L), the original adaptive Lasso (A), the original
SCAD (S), the original MCP (M), the AIS on the Lasso (AISL), the AIS on the adaptive Lasso
(AISA), the AIS on the SCAD (AISS), the AIS on the MCP (AISM), the AIS on the ridge (AISR).
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Figure 5.10: The mean of FPRs over 100 replicates for Example 4: the Forward Selection (FW), the
Least Angle Regression (LAR), the original Lasso (L), the original adaptive Lasso (A), the original
SCAD (S), the original MCP (M), the AIS on the Lasso (AISL), the AIS on the adaptive Lasso
(AISA), the AIS on the SCAD (AISS), the AIS on the MCP (AISM), the AIS on the ridge (AISR).
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Figure 5.11: The mean of FPRs over 100 replicates for Example 5: the Forward Selection (FW), the
Least Angle Regression (LAR), the original Lasso (L), the original adaptive Lasso (A), the original
SCAD (S), the original MCP (M), the AIS on the Lasso (AISL), the AIS on the adaptive Lasso
(AISA), the AIS on the SCAD (AISS), the AIS on the MCP (AISM), the AIS on the ridge (AISR).
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Figure 5.12: The mean of FPRs over 100 replicates for Example 6: the Forward Selection (FW), the
Least Angle Regression (LAR), the original Lasso (L), the original adaptive Lasso (A), the original
SCAD (S), the original MCP (M), the AIS on the Lasso (AISL), the AIS on the adaptive Lasso
(AISA), the AIS on the SCAD (AISS), the AIS on the MCP (AISM), the AIS on the ridge (AISR).
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original approach in these examples. For the remaining three sparse high dimensional examples, we
only report the results over the first 10 steps since all the approaches can select the relevant variables
in the first steps. For Example 4, the AIS methods are a little worse than the other approaches while
in Example 5, the AIS algorithm on the Lasso has the smallest FPRs among all the methods. Figure
[5.12] shows the FPRs of the misspecified model for Example 6. It is seen that the AIS on MCP has

the best performance.
5.3 SPSP in Gaussian Graphical Modeling

In this section, we investigate the performance of the SPSP algorithm in the Gaussian graphical
models through a simple simulation study.

The data is simulated from the following sparse scenario, and then we can perform the selection
methods to select the nonzero entries in the inverse covariance matrix. In details, the Gaussian data

is simulated as X ~ N, (0, X), where the inverse of the covariance matrix is set as

(), =1L ("), =05,("");41,;,=05,7=1,---,p/4,

and zero otherwise. We set p = 100 and n = 50 in the simulation.

This simulation study is similar with the example of the AR(1) model in Yuan and Lin (2007,
[60]]), which has also been used by Friedman et al. (2008, [25]) for the numerical study of the
graphical Lasso. Considering all the 100(100 — 1)/2 = 4950 conditional dependencies among the
100 variables, the number of the nonzero dependencies is 100/4 = 25 and the number of the zero
dependencies is 100(100 — 1)/2 — 25 = 4925.

We will compare the performance of the proposed SPSP algorithm with the graphical models
selected by BIC and the EBIC. Here the details about using BIC and the EBIC to choose the tuning
parameter in the graphical models are described in Foygel and Drton (2010, [21]). We apply the R
package glasso to solve the graphical Lasso estimators and apply the package ggraph to select the

graphical Lasso models by BIC and the EBIC. Note that the grid of the tuning parameters in the
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Table 5.10: The mean of FP, FN values of the SPSP algorithm, BIC, and the EBIC over 100 replicates
(Standard Error in the parentheses). The true model has 25 nonzero dependencies and 4925 zero
dependencies.

SPSP BIC EBIC
FP | 19.31 | 116.56 0
(248) | (32) | (0)
FN| 250 | 0 25
(0.80) | (0.0) | (0)

simulation is generated automatically by the function glassopath and all the graphs are drawn by the
function ggraph.

We report the mean and the standard error of the number of the false positives (FP), the number of
the false negatives (FN) of the SPSP algorithm, BIC and the EBIC over 100 replicates in Table[5.10
It is observed that the BIC tends to include too many zero dependencies (high FP value) while the
EBIC missed all the nonzero dependencies (high FN value) in the model. Compared with the results
of these two criteria, the SPSP algorithm has a much better performance, which selects most of the
nonzero dependencies without adding many zero dependencies in the model.

To infer the nonzero entries in the inverse of the covariance matrix, we draw the graphs of one
replicate in this simulation study. The true model, the model obtained from the SPSP algorithm, the
model selected by BIC, the model selected by the EBIC are shown in Figure In all the graphs,
we draw an edge between nodes j and k if the entry in the j-th row and k-th column of the estimated
inverse covariance matrix is nonzero.

As can be seen from Figure [5.13] the SPSP algorithm correctly selects most of the edges where
the corresponding true dependencies are nonzero. Meanwhile, it only includes a small number of
the edges without dependencies in the true model. However, the models selected by BIC contains
too many edges in the graph and the model selected selected by the EBIC does not have any edge in

the graph.
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Figure 5.13: The graphical models of one replicate. Top left: the graph of the true model. Top right:
the graph of the graphical model from the SPSP algorithm. Bottom left: the graph of the model

selected by BIC. Bottom right: the graph of the model selected by EBIC.
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CHAPTER 6 DATA ANALYSIS

In this chapter, we present two real data variable selection problems to further demonstrate the

performance of the proposed algorithm.
6.1 Boston Housing Data

In this section, we apply the SPSP algorithm with the other selection criteria on the Lasso,
the adaptive Lasso, the ridge to the Boston housing data (available in R package MASS). In the
dataset, we are interested in identifying the informative variables on the housing prices in Boston.
Particularly, we use the median value of owner-occupied homes in Boston as the response. For
the predictors, as suggested in Radchenko and James (2001, [45]]), we include all the remaining 13
variables as well as all the interaction terms between the variables in the analysis. Hence we have
p = 91 variables and n = 506 observations in the dataset. Apparently, high correlations among the
variables are presented in the dataset due to the existence of the interaction terms. Note that Cho and
Fryzlewicz (2012, [12])) also used the same setting to compare the performance of different feature
selection methods in their paper.

We randomly divide the dataset into a training set with n; = 91 observations (= p) and a test
set with n, = 415 observations 100 times to evaluate the average performance of the selection
approaches. Each time we standardize the data firstly; then we apply the SPSP approach and the
other popular selection criteria including GCV, AIC, BIC, the EBIC on the Lasso, the adaptive Lasso
and the ridge to the training set. We record the number of the selected features (/N m) and the average
prediction error (PE = n; ||y — y||2) by applying the estimations in the test set.

Table[6.1]shows the results of all the approaches averaged over the 100 training and test data sets.
It is seen that the SPSP algorithm on the Lasso has the minimum prediction error with selecting a
small number of variables in the model. The SPSP algorithm on the adaptive Lasso and ridge also
perform well in the prediction accuracy. The GCV, AIC, BIC, EBIC on both Lasso and adaptive

Lasso all include many more variables than the SPSP algorithm, which also produce large prediction



errors in the test sets.
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Table 6.1: Results of Boston Housing data analysis (Standard Error in the parentheses)

Lasso SPSP GCV AIC BIC EBIC
Nm 14.26 84.97 85.60 72.15 45.44
(6.95) (5.08) (4.90) | (10.33) | (11.78)
PE 30.43 88.41 93.43 65.69 32.25
(15.42) | (62.39) | (89.45) | (42.83) | (16.06)
Alasso | SPSP GCV AIC BIC EBIC
Nm 14.47 71.33 72.32 59.20 45.41
(8.76) (7.62) (7.44) (7.02) (9.45)
PE 33.18 82.29 84.86 63.60 46.20
(11.02) | (57.78) | (61.23) | (40.85) | (31.78)
Ridge SPSP
Nm 10.24
(7.19)
PE 30.85
(13.00)

6.2 Glioblastoma Gene Expression Data

In this section, we apply the SPSP approach on the glioblastoma gene expression data ([38]]),
which aims at identifying the highly informative genes to explain the glioblastoma tumor behavior.
In the analysis, we use all the censor subjects and take the logarithm of the survival time as the
response variable. Finally we obtain a data with n = 185 subjects and p = 930 genes.

Similarly, we randomly divide the dataset into a training set (120 observations) and a test set (65
observations) 100 times to evaluate the average performance of the selection methods. Each time we
standardize the data firstly; then we apply the SPSP approach and the other popular selection criteria
on the Lasso, the adaptive Lasso and the ridge on the training set. We also record the number of the
selected features (Nm) and the average prediction error (P E') by applying the estimations in the test
set.

Table[6.2/shows the results of all the approaches. We can see that the GCV, the AIC, and the BIC

selected many features in the model which makes the model excessively complicated to interpret.
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For the extended BIC, it cannot identify any features and proposes a simple average model. The

SPSP algorithm on the Lasso, the adaptive Lasso and the ridge select a few informative features
with small PF values. Here we notice that although the average simple model yields the smallest
prediction error, the SPSP algorithm can provide some information with regard to identifying the

informative genes in the model.

Table 6.2: Results of glioblastoma gene expression analysis (Standard Error in the parentheses)

Lasso SPSP GCV AIC BIC EBIC
Nm 12.81 139.65 | 140.92 | 140.65 0.00
(0.989) | (0.433) | (0.467) | (0.438) | (0.000)
PE 1.25 1.62 1.62 1.62 1.00
(0.025) | (0.024) | (0.024) | (0.024) | (0.02)
ALasso | SPSP GCV AIC BIC EBIC
Nm 8.58 70.88 71.53 44.96 0.04
(0.561) | (1.554) | (1.538) | (3.520) | (0.020)
PE 1.22 1.31 1.31 1.22 1.00
(0.023) | (0.023) | (0.024) | (0.025) | (0.019)

Ridge SPSP
Nm 3.29
(0.330)
PE 1.08
(0.021)

Specifically, RRAS2, PAK1 and FRATI are identified by the SPSP procedure on the Lasso
and the adaptive Lasso for almost all the replicates. Some previous studies have demonstrated
the strong relations between these genes and the glioblastoma tumor behavior. Throughout the
experiments, Aoki et al. (2007, [3]]) found out that the presence of phosphorylated PAK1 in the
cytoplasm of glioblastoma cells is associated with shorter survival, which suggests that the PAK1
plays a role in the invasiveness of glioblastoma and it might be a potential target for the management
of glioblastoma. Demuth et al. (2008, [14]) showed the RRAS?2 is one of the candidate genes whose
functions are linked to glioblastoma via technical validation. Guo et al. (2010, [27]) detected that
the expression of the FRAT1 in human gliomas by immunohistochemistry, Western blot and RT-

PCR and concluded that FRAT1 may be an important factor in the tumorigenesis and progression of



gliomas. These studies all confirmed the selection accuracy of the proposed SPSP algorithm.
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CHAPTER 7 DISCUSSION

In the thesis, we mainly propose to carry out feature selection based on the whole solution paths
instead of choosing a single tuning parameter, in the framework of the penalized least squares esti-
mation. Based on the adjacent distances between the estimated coefficients at each tuning parameter,
we partition the variables into two sets: the relevant and the irrelevant. Then we identify the union of
all the relevant index sets as the final relevant index set. We name the algorithm selection by parti-
tioning the solution paths (SPSP). It turns out that this algorithm can efficiently balance the trade-off
between the model fitting and the model complexity. The simulation studies illustrate that the al-
gorithm can significantly improve the selection accuracy especially when complicated correlation
structures exist among the variables in the data. Especially, the SPSP algorithm has a remarkably
good performance in handling the high dimensional problems.

In addition, we present a new type of scores, noted as the Area-out-of-zero-region Importance
Scores (AIS), to rank the importance of the variables. The scores, defined as the areas between
the coefficient curves and the boundary curve, also utilizes the information over the whole solution
paths. The simulation studies show that the AIS algorithm performs well in ranking the variables
for the stepwise selection problems.

Regarding the theoretical properties of the SPSP estimators, we establish several large sample
theories in the dissertation. The main result illustrates that the SPSP estimators are selection con-
sistent over the the solution paths while the original estimators are either estimation consistent or
selection consistent. Specially, the SPSP estimator on the Lasso can possess the selection consis-
tency over the whole solution paths under the irrepresentable conditions, proposed by Zhao and Yu
(2006, [64]]). The theoretical results of the SPSP estimators on the general penalized least squares
estimation are also provided under the restricted eigenvalue conditions.

For the future work, we will continue working on the theoretical properties of the proposed

SPSP algorithm for the general penalized least squares estimations over the whole solution paths.
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For the selection consistency of the SPSP algorithm, we only need to guarantee the existence of a
sufficiently large gap between the relevant and the irrelevant estimators. Therefore, compared with
the conditions we applied in the dissertation, we will develop some weaker conditions on the design
matrix to obtain the selection consistency of the proposed SPSP algorithm.

In practice, we look forward to exploring more applications on the proposed algorithms par-
ticularly when the data carries a more complicated structure. For instance, the parameters in high
dimensional problems can have a group structure, which means the variables are partitioned into
disjoint groups, such as the factor variables. Yuan and Lin (2006, [59]) has proposed the group
Lasso to solve the problem and we are interested in modifying the SPSP algorithm for the group
Lasso to analyse the data with such a group sparsity. In addition, we also want to extend the pro-
posed algorithms into a wider family of models such as the non-parametric additive models, the
graphical models. We believe that the fact a strictly convex penalty could be applied based on the
proposed SPSP approach could have a huge potential in areas where computations or optimizations

are a major challenge.



94

BIBLIOGRAPHY

[1] Tobias Abenius and Maintainer Tobias Abenius. lassoshooting: LI regularized regression

(Lasso) solver using the Cyclic Coordinate Descent algorithm aka Lasso Shooting, 2012.

[2] Hirotugu Akaike. A new look at the statistical model identification. Automatic Control, IEEE

Transactions on, 19(6):716-723, 1974.

[3] Hiroshi Aoki, Tomohisa Yokoyama, Keishi Fujiwara, Ana M Tari, Raymond Sawaya, Dima
Suki, Kenneth R Hess, Kenneth D Aldape, Seiji Kondo, Rakesh Kumar, et al. Phosphorylated
pakl level in the cytoplasm correlates with shorter survival time in patients with glioblastoma.

Clinical Cancer Research, 13(22):6603-6609, 2007.

[4] Maria Maddalena Barbieri and James O Berger. Optimal predictive model selection. The

Annals of Statistics, 32(3):870-897, 2004.

[5] Peter J Bickel, Ya’acov Ritov, and Alexandre B Tsybakov. Simultaneous analysis of lasso and

dantzig selector. The Annals of Statistics, 37(4):1705-1732, 2009.

[6] Matgorzata Bogdan, Jayanta K Ghosh, and RW Doerge. Modifying the schwarz bayesian
information criterion to locate multiple interacting quantitative trait loci. Genetics, 167(2):989—

999, 2004.

[7] Karl W Broman and Terence P Speed. A model selection approach for the identification of
quantitative trait loci in experimental crosses. Journal of the Royal Statistical Society: Series

B (Statistical Methodology), 64(4):641-656, 2002.

[8] Peter Biihlmann and Sara Van De Geer. Statistics for high-dimensional data: methods, theory

and applications. Springer, 2011.



95
[9] Florentina Bunea, Alexandre Tsybakov, Marten Wegkamp, et al. Sparsity oracle inequalities

for the lasso. Electronic Journal of Statistics, 1:169-194, 2007.

[10] Emmanuel J Candes and Terence Tao. Decoding by linear programming. Information Theory,

IEEE Transactions on, 51(12):4203-4215, 2005.

[11] Jiahua Chen and Zehua Chen. Extended bayesian information criteria for model selection with

large model spaces. Biometrika, 95(3):759-771, 2008.

[12] Haeran Cho and Piotr Fryzlewicz. High dimensional variable selection via tilting. Journal of

the Royal Statistical Society: series B (statistical methodology), 74(3):593-622, 2012.

[13] Peter Craven and Grace Wahba. Smoothing noisy data with spline functions. Numerische

Mathematik, 31(4):377-403, 1978.

[14] Tim Demuth, Jessica Rennert, Dominique Hoelzinger, Linsey Reavie, Mitsutoshi Nakada,
Christian Beaudry, Satoko Nakada, Eric Anderson, Amanda Henrichs, Wendy McDonough,
et al. Glioma cells on the run—the migratory transcriptome of 10 human glioma cell lines.

BMC genomics, 9(1):54-68, 2008.

[15] Bradley Efron, Trevor Hastie, Iain Johnstone, and Robert Tibshirani. Least angle regression.

The Annals of Statistics, 32(2):407-499, 2004.

[16] Jianging Fan and Runze Li. Variable selection via nonconcave penalized likelihood and its

oracle properties. Journal of the American Statistical Association, 96(456):1348-1360, 2001.

[17] Jianging Fan and Runze Li. Variable selection for cox’s proportional hazards model and frailty

model. The Annals of Statistics, 30(1):74-99, 2002.

[18] Jianging Fan and Runze Li. Statistical challenges with high dimensionality: Feature selection

in knowledge discovery. arXiv preprint math/0602133, 2006.



96
[19] Jianging Fan and Jinchi Lv. A selective overview of variable selection in high dimensional

feature space. Statistica Sinica, 20(1):101-148, 2010.

[20] Jianging Fan and Heng Peng. Nonconcave penalized likelihood with a diverging number of

parameters. The Annals of Statistics, 32(3):928-961, 2004.

[21] Rina Foygel and Mathias Drton. Extended bayesian information criteria for gaussian graphical

models. In Advances in Neural Information Processing Systems, 2010.

[22] LLdiko E Frank and Jerome H Friedman. A statistical view of some chemometrics regression

tools. Technometrics, 35(2):109-135, 1993.

[23] Jerome Friedman, Trevor Hastie, Holger Hofling, Robert Tibshirani, et al. Pathwise coordinate

optimization. The Annals of Applied Statistics, 1(2):302-332, 2007.

[24] Jerome Friedman, Trevor Hastie, and Rob Tibshirani. Regularization paths for generalized

linear models via coordinate descent. Journal of statistical software, 33(1):1, 2010.

[25] Jerome Friedman, Trevor Hastie, and Robert Tibshirani. Sparse inverse covariance estimation

with the graphical lasso. Biostatistics, 9(3):432-441, 2008.

[26] Wenjiang J Fu. Penalized regressions: the bridge versus the lasso. Journal of computational

and graphical statistics, 7(3):397-416, 1998.

[27] Geng Guo, Xinggang Mao, Peng Wang, Bolin Liu, Xiang Zhang, Xiaofan Jiang, Chengliang
Zhong, Junli Huo, Ji Jin, and Yuzhen Zhuo. The expression profile of fratl in human gliomas.

Brain research, 1320:152-158, 2010.

[28] Isabelle Guyon and André Elisseeff. An introduction to variable and feature selection. The

Journal of Machine Learning Research, 3:1157-1182, 2003.

[29] Trevor Hastie and Brad Efron. lars: Least Angle Regression, Lasso and Forward Stagewise,

2013.



[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

97
Jennifer A Hoeting, David Madigan, Adrian E Raftery, and Chris T Volinsky. Bayesian model

averaging: a tutorial. Statistical science, 14(4):382—-401, 1999.

S Horvath, B Zhang, M Carlson, KV Lu, S Zhu, RM Felciano, MF Laurance, W Zhao, S Qi,
Z Chen, et al. Analysis of oncogenic signaling networks in glioblastoma identifies aspm as
a molecular target. Proceedings of the National Academy of Sciences, 103(46):17402-17407,

2006.

Jian Huang, Joel L Horowitz, and Fengrong Wei. Variable selection in nonparametric additive

models. The Annals of statistics, 38(4):2282-2313, 2010.

Clifford M Hurvich and Chih-Ling Tsai. Regression and time series model selection in small

samples. Biometrika, 76(2):297-307, 1989.

Yongdai Kim, Hosik Choi, and Hee-Seok Oh. Smoothly clipped absolute deviation on high

dimensions. Journal of the American Statistical Association, 103(484):1665-1673, 2008.

Kenneth W Kinzler, Sandra H Bigner, Darell D Bigner, Jeffrey M Trent, Martha L Law,
Stephen J O’Brien, Albert J Wong, and Bert Vogelstein. Identification of an amplified, highly

expressed gene in a human glioma. Science, 236(4797):70-73, 1987.
Steffen L Lauritzen. Graphical models. Oxford University Press, 1996.

Jinchi Lv and Jun S Liu. Model selection principles in misspecified models. Journal of the

Royal Statistical Society: Series B (Statistical Methodology), 76(1):141-167, 2014.

Roger McLendon, Allan Friedman, Darrell Bigner, Erwin G Van Meir, Daniel J Brat, Gena M
Mastrogianakis, Jeffrey J Olson, Tom Mikkelsen, Norman Lehman, Ken Aldape, et al. Com-
prehensive genomic characterization defines human glioblastoma genes and core pathways.

Nature, 455(7216):1061-1068, 2008.

Nicolai Meinshausen. Lasso with relaxation. In Seminar fiir Statistik, Eidgendssische Technis-

che Hochschule (ETH), 2005.



[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

98
Nicolai Meinshausen and Peter Biihimann. High-dimensional graphs and variable selection

with the lasso. The Annals of Statistics, 34(3):1436—-1462, 2006.

Nicolai Meinshausen and Peter Biihlmann. Stability selection. Journal of the Royal Statistical

Society: Series B (Statistical Methodology), 72(4):417-473, 2010.

Nicolai Meinshausen and Bin Yu. Lasso-type recovery of sparse representations for high-

dimensional data. The Annals of Statistics, 37(1):246-270, 2009.

Mee Young Park and Trevor Hastie. L1-regularization path algorithm for generalized lin-
ear models. Journal of the Royal Statistical Society: Series B (Statistical Methodology),

69(4):659-677, 2007.

David Posada and Thomas R Buckley. Model selection and model averaging in phylogenetics:
advantages of akaike information criterion and bayesian approaches over likelihood ratio tests.

Systematic biology, 53(5):793-808, 2004.

Peter Radchenko, Gareth M James, et al. Improved variable selection with forward-lasso adap-

tive shrinkage. The Annals of Applied Statistics, 5(1):427-448, 2011.

Adrian E Raftery, David Madigan, and Jennifer A Hoeting. Bayesian model averaging for
linear regression models. Journal of the American Statistical Association, 92(437):179-191,

1997.

Gideon Schwarz et al. Estimating the dimension of a model. The Annals of Statistics, 6(2):461—

464, 1978.

Xiaotong Shen, Wei Pan, and Yunzhang Zhu. Likelihood-based selection and sharp parameter

estimation. Journal of the American Statistical Association, 107(497):223-232, 2012.

David Siegmund. Model selection in irregular problems: Applications to mapping quantitative

trait loci. Biometrika, 91(4):785-800, 2004.



99
[50] Mervyn Stone. Cross-validatory choice and assessment of statistical predictions. Journal of

the Royal Statistical Society. Series B (Methodological), 36(2):111-147, 1974.

[51] Wei Sun, Junhui Wang, and Yixin Fang. Consistent selection of tuning parameters via variable

selection stability. The Journal of Machine Learning Research, 14(1):3419-3440, 2013.

[52] Robert Tibshirani. Regression shrinkage and selection via the lasso. Journal of the Royal

Statistical Society: Series B (Methodological), 58(1):267-288, 1996.

[53] Robert Tibshirani et al. The lasso method for variable selection in the cox model. Statistics in

medicine, 16(4):385-395, 1997.

[54] Robert Tibshirani, Michael Saunders, Saharon Rosset, Ji Zhu, and Keith Knight. Sparsity and
smoothness via the fused lasso. Journal of the Royal Statistical Society: Series B (Statistical

Methodology), 67(1):91-108, 2005.

[55] Sara van de Geer. The deterministic lasso. In Seminar fiir Statistik, Eidgendssische Technische

Hochschule (ETH) Ziirich, 2007.

[56] Hansheng Wang, Guodong Li, and Chih-Ling Tsai. Regression coefficient and autoregressive
order shrinkage and selection via the lasso. Journal of the Royal Statistical Society: Series B

(Statistical Methodology), 69(1):63-78, 2007.

[57] Sijian Wang, Bin Nan, Saharon Rosset, and Ji Zhu. Random lasso. The Annals of Applied
Statistics, 5(1):468-485, 2011.

[58] Eleanor Wong, Suyash Awate, and P Thomas Fletcher. Adaptive sparsity in gaussian graphical
models. In Proceedings of the 30th International Conference on Machine Learning (ICML-13),
2013.

[59] Ming Yuan and Yi Lin. Model selection and estimation in regression with grouped variables.

Journal of the Royal Statistical Society: Series B (Statistical Methodology), 68(1):49-67, 2006.



100
[60] Ming Yuan and Yi Lin. Model selection and estimation in the gaussian graphical model.

Biometrika, 94(1):19-35, 2007.

[61] Cun-Hui Zhang. Nearly unbiased variable selection under minimax concave penalty. The

Annals of Statistics, 38(2):894-942, 2010.

[62] Cun-Hui Zhang, with contributions from Yi Yu Ofer Melnik, and Stephanie Zhang. plus:

Penalized Linear Unbiased Selection, 2012.

[63] Yiyun Zhang, Runze Li, and Chih-Ling Tsai. Regularization parameter selections via general-
ized information criterion. Journal of the American Statistical Association, 105(489):312-323,

2010.

[64] Peng Zhao and Bin Yu. On model selection consistency of lasso. The Journal of Machine

Learning Research, 7:2541-2563, 2006.

[65] Hui Zou. The adaptive lasso and its oracle properties. Journal of the American statistical

association, 101(476):1418-1429, 2006.

[66] Hui Zou and Trevor Hastie. Regularization and variable selection via the elastic net. Journal

of the Royal Statistical Society: Series B (Statistical Methodology), 67(2):301-320, 2005.

[67] Hui Zou and Runze Li. One-step sparse estimates in nonconcave penalized likelihood models.

The Annals of Statistics, 36(4):1509-1533, 2008.



	TITLE PAGE
	ABSTRACT
	ACKNOWLEDGMENTS
	TABLE OF CONTENTS
	LIST OF FIGURES
	LIST OF TABLES
	CHAPTER 1 
	1.1 Background and Motivation
	1.2 Literature Review
	1.2.1 Penalty Functions
	1.2.2 Selection of the Tuning Parameter

	1.3 Outline

	CHAPTER 2 
	2.1 The SPSP Algorithm
	2.1.1 Notations and the Partitioning Rule
	2.1.2 The SPSP Algorithm on the Ridge

	2.2 The SPSP Algorithm in the Penalized Likelihood Estimation
	2.2.1 Graphical Modeling
	2.2.2 Generalized Linear Models
	2.2.3 Proportional Hazards Models


	CHAPTER 3 
	CHAPTER 4 
	4.1 Selection Consistency
	4.2 Lasso
	4.2.1 Irrepresentable Condition
	4.2.2 Restricted Eigenvalue Condition

	4.3 General Case

	CHAPTER 5 
	5.1 SPSP for variable selection
	5.1.1 Simulation Settings
	5.1.2 The Main Results
	5.1.3 The SPSP Algorithm on the Ridge
	5.1.4 The Comparison with the Stability Selection

	5.2 Ranking by the AIS
	5.3 SPSP in Gaussian Graphical Modeling

	CHAPTER 6 
	6.1 Boston Housing Data
	6.2 Glioblastoma Gene Expression Data

	CHAPTER 7 
	BIBLIOGRAPHY

